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PREFACE

The present book is a partially modified and extended edition
of my book 'On Mathematical Logic and Deductwe Method, which
appeared first 1n 1936 in Polish and then 1in 1937 in an exact
German translation (under the title: Eenfuhrung in die malhe-
malrsche Logik und in die Methodologie der Mathematik). In its
original form it was intended as & popular scientific book; its
aim was to present to the educated layman—in a manner which
would combine scientific_exactitude with the greatest possible
intelligibiity—a clear idea of that powerful trend of contemporary
thought which 1s concentrated about modern logic. This trend
arose origmnally from the somewhat limited task of stabilizing
the foundations of mathematies. In its present phase, however,
it has much wider axms, Forit seeks to create a unified conceptual
apparatus which would supply & common ba.sns for the whole of
human knowledge. Furthermore; T tends to perfect and sharpen
the deductive method, which 1n some sciences 1s regarded as the
sole permitted means of establishing truths, and indeed in every
domain of intellectual activity 1s at least an indispensable auxiliary
tool for deriving conclusions from accepted assumptions.

The response accorded to the Polish and German editions, and
especially some suggestions made by reviewers, gave rise to the idea
of making the new edition not merely a popular scientific book,
but also a textbook upon which an elementary college course in
logic and the methodology of deductive sciences could be based.
The experiment seemed the more desirable in view of a certain
lack of suitable elementary textbooks in this domain.

In order to carry out the experiment, 1t was necessary to make
several changes in the book

Some very fundamental questions and notions were entirely
passed over or merely touched upon n the previous editions,
either because of their more technical character, or in order to
avold points of a controversial nature, As examples may be cited
such topies as the difference between the usage of certain logical
notions in systematic developments of logic and in the language

X1
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of everyday life, the general method of verifying the laws of the
sentential calculus, the necessity of a sharp distinction between
words and their names, the concepts of the universal class and
the null class, the fundamental notions of the caleulus of relations,
and finally the conception of methodology as a general science of
sciences In the present edition all these topics aie discussed
(although not all 1n an equally thorough manner), since 1t seemed
to me that to avoid them would constitute an essential gap 1n any
textbook of modern logic Consequently, the chapters of the
first, general part of the book have been more or less extended,
m particular, Chapter II, which 15 devoted to the sentential
caleulus, contains much new material I have also added many
new exercises to these chapters, and have increased the number
of historical indications

While 1n previous editions the use of special symbols was re-
duced to a mimmum, I considered 1t necessary in the present
edition to famihianze the reader with the elements of logical
symbolism Nevertheless, the use of this symbolism in practice
remains very 1estricted, and 15 imited mostly to exercises

In previous editions the principal domain from which examples
were drawn for ilustrating general and abstract considerations
was high-school mathematics; for 1t was, and still 1s, my opmon
that elementary mathematics, and especially algebra, because of
the simpheity of 1ts concepts and the umformity of 1ts methods of
inference, 1s peculiarly appropriate for exemplifying various funda-
mental phenomena of a logical and methodological nature Never-
theless, 10 the present edition, particularly n the newly added
passages, I draw examples more frequently from other domains,
especially from everyday Life

Independent of these additions, I have rewntten certain sections
whose mastery by students had been found somewhat difficult.

The essentia] features of the book remain unchanged The pref-
ace to the onginal edition, the major part of which 1s reprinted
in the next few pages, will give the reader an idea of the general
character of the book  Perhaps, however, 1t is desirable to point
out expheitly at this place what he should not expect to find mn 1t.
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First, the book contains no systematic and stmetly deductive
presentation of logic, such a presentation would obviously not he
within the framework of an elementaiy texthook. It was ongi-
nally my mntention to include, 1n the present edition, an additional
chapter entitled Logic as ¢ Deduclive Science, which—as an 1llus-
tration of the general methodological remarks contamned in
Chapter VI—would outline a systematic development of some
elementary parts of logic, For a number of reasons this intention
could not be reahized, but I hope that several new exercises on
this subject included m Chapter VI will to some extent compensate
for the omussion

Secondly, apart from two rather short passages, the book gives
no nformation about the traditional Arnstotelian logie, and con-
tains no material drawn from 1t  But I believe that the space
here devoted to traditional logie corresponds well enough to the
small role to which this logic has been reduced 1n modern science;
and I also believe that this opinion will be shared by most con-
temporary logicians

And, finally, the book is not concerned with any problems
belonging to the so-called logic and methodology of empirical
sciences I must say that I am mchned to doubt whether any
specml ‘logic of empirical sciences,” as opposed to logic 1n general
or the “logic of deductive sciences,” exists at all (at least so long a8
the word “logic” 1s used as in the present book— _that 1s t0_say, 55
the nam&ﬁmclplme which analyzes the meaning of the cop-
cepts common to all the sciences, and establishes the general lawg,
gover mng_'he concepts) But ths 1s rather a termmologlcal
than a factual, problem At any rate the methodology of empiri-
cal sciences constitutes an important domain of seientific research,
The knowledge of logic 1s of course valuable in the study of this
methodology, as 1t 18 1n the case of any other discipline It must
be admitted, however, that logical concepts and methods have
not, up to the present, found any specific or fertile appheations
it this domain  And 1t 18 at least possible that this situation is
not merely a consequence of the present stage of methodological
researches It arises, perhaps, from the circumstance that, for
the purpose of an adequate methodological treatment, an empirical
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science may have to be considered, not merely as a scientific theory
—that 18, as a system of asserted statements arranged according
to certain rules—, but rather as a complex consisting partly of
such statements and partly of human activities. It should be
added that, 1in striking opposition to the high development of the
empirical seiences themselves, the methodology of these sciences
can hardly boast of comparably defimte achievements—despite
the great efforts that have been made Even the prelmimary
task of clarfying the coneepts mvolved in this domain has not
yet been carried out n a satisfactory way Consequently, a
course in the methodology of empirical sciences must have a quite
different character from one in logic and must be largely confined
to evaluations and criticisms of tentative gropings and unsuccessful
efforts For these and other reasons, I see little rational justifi-
cation for combimng the discussion of logic and the methodology
of empirical sciences 1n the same college course

A few remarks concerning the arrangement of the book and its
use as a college text.

The book 18 divided into two parts The first gives a general
introduction to logic and the methodology of deductive sciences;
the second shows, by means of a concrete example, the sort of
applications which logic and methodology find m the construction
of mathematical theories, and thus affords an opportumity to
assumilate and deepen the knowledge acquired m the first part
Each chapter 1s followed by appropmnate exercises  Brief historical
indications are contained in footnotes

Passages, and even whole sections, which are set off by asterisks
“." both at the begmning and at the end, contain more difficult
material, or presuppose famiharity with other passages contaning
such matenal, they can be omitted without jeopardizing the
intelhgibihty of subsequent parts of the book This also apphes
to the exercises whose numbers are preceded by asterisks.

I feel that the book contains sufficient material for a full-year
course. Its arrangement, however, makes 1t feasible to use 1t in
half-year courses as well If used as a text in half-year logic
courses in a depertment of philosophy, I suggest the thorough
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study of its first part, including the more difficult portions, with
the entire omssion of the second part. If the book 15 used in &
balf-year course in a mathematics department—for instance, in
the foundations of mathematics—, I suggest the study of both parts
of the book, with the omussion of the more difficult passages.

In any case, I should hike to emphasize the importance of work-
ing out the exercises carefully and thoroughly; for they not only
facilitate the assimilation of the concepts and principles discussed,
but also touch upon many problems for the discussion of which
the text provided no opportunity

“ 1 shall be very happy if this book contributes to the wider
diffusion of logical knowledge The course of historical events has
assembled 1n this country the most eminent representatives of
contemporary logic, and has thus created here especially favorable
conditions for the development of logical thought These favor-
able conditions can, of course, be easily overbalanced by other
and more powerful factors It 15 obvious that the future of logic,
ag well as of all theoretical science, depends essentially upon
normalizing the political and social relations of mankind, and thus
upon a factor which 1s beyond the control of professional scholars.
I have no 1llusions that the development of logieal thought, 1n
particular, will have a very essential effect upon the process of
the normalzation of human relationships, but I do believe that
the wider diffusion of the knowledge of logic may contribute
positively to the acceleration of this process For, on the one
hand, by making the meaning of concepts precise and uniform
n its own field and by stressing the necessity of such a precision
and umform\@tnon mn any other domain, logic leads to the possi-
bility of better understanding betw een those who have the will to
doso And, on the other hand, by perfecting and sharpening the
tools of thought, 1t makes men more entical—and thus makes less
likely their being misled by all the pseudo-reasomings to which
they are i various parts of the world incessantly exposed today.

I gratefully acknowledge my indebtedness to Dr. O HELMER,
who performed the translation of the German edition into Enghsh.
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I want to express my warmest gratitude to Dr A, HOFSTADTER,
Mr. L K KrapEr, Professor E NaGeL, Professor W. V. QUINE,
Mr.M G Warte and especaally Dr J C C. McKinsey and
Dr P P WiENER, who were unsparing 1 therr advice and
assistance while I was preparing the English edition T also owe
many thanks to Mr. K J Arnow for his help in reading proofs.

Alfred Tarsk:
Harvard University September 1940

The present book is & photographic reprnt of the first English
edition, and no large-scale changes could be introduced 1 it
Misprints, however, have been corrected, and a number of improve-
ments 1n detail have been made I wish to thank readers and
reviewers for thewr helpful suggestions, and I am especially in-
debted to Miss Lowise H Chin for her assistance in prepanng the
present edition for publication

AT

University of Califorma,

Berkeley, August 1945



FROM THE PREFACE TO THE
ORIGINAL EDITION

In the opimon of many laymen mathematics 1s today already a
dead science after having reached an unusually high degree of
development, 1t has become petrified in ngid perfection This is
an entirely erroneous view of the situation; there are but few
domains of scientific research which are passing through a phase
of such intensive development, at present as mathematics More-
over, this development 1s extraordinaily mamfold mathematicsis
expanding 1ts domain 1n all possible directions, 1t 15 growing in
height, in width, and 1 depth It is growing 1n height, since, on
the soil of 1ts old theories which look back upon hundreds if not
thousands of years of development, new problems appear again
and again, and ever more perfeet results are being achieved It
is growing 1n width, since 1ts methods permeate other branches of
sciences, while 1ts domain of investigation embraces increasingly
more comprehensive ranges of phenomena and ever new theories
are being included 1n the large circle of mathematical disciplines
And finally 1t 1s growing 1n depth, since its foundations become
more and more firmly established, 1ts methods perfected, and its
principles stabilized

It has been my 1ntention 1n this book to give those readers who
are interested 1n contemporary mathematics, without being ac-
tavely concerned with 1t, at least a very general 1dea of that third
hine of mathematical development, 1 e 1ts growth in depth My
aim has been to acquaint the reader with the most important con-
cepts of a diseiphine which 1s known as mathematical logic, and
which has been created for the purpose of a firmer and more
profound establishment of the foundations of mathematics, this
diseipline, 1n spite of its brief existence of barely a century, has
already attained a lgh degree of perfection and plays today a role
in the totahity of our knowledge that far transcends 1ts oniginally
intended boundames. It has been my mtention to show that the
concepts of logie permeate the whole of mathematics, that they
comprehend all specifically mathematical concepts as special cases,
and that logical laws are constantly applied—be 1t consciously or

xvi
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unconsciously—in mathematical reasonings. Finally, I have tried
to present the most mmportant principles n the construction of
mathematical theories—prineiples which form the subject matter
of still another discipline, the methodology of mathematics—and
to show how one sets about using those principles in practice.

It has not been easy to carry this whole plan through within
the framework of a relatively small book without presupposing
on the part of the reader any specialized mathematical knowledge
or any specific tramng 1n reasonings of an abstract character.
Throughout the book a combination of the greatest possible intel-
hgibility with the necessary conciseness had to be attempted, with
a constant care for avoiding errors or cruder mexactitudes from
the scientific standpomnt. A language had to be used which
deviates as little as possible from the language of everyday hfe.
The employment of & special logical symbolism had to be given
up, although this symbolism 1s an invaluable tool which permits
us to combine conciseness with precision, removes to a large degree
the possibiity of ambiguities and misunderstandings, and is
thereby of essential service in all subtler considerations The 1dea
of a systematic treatment had to be abandoned from the begin-
mog. Of the abundance of questions which present themselves
only a few could be discussed in detail, others could only be
touched upon superficially, while still others had to be passed
over entirely, with the consciousness that the selection of topics
discussed would nevitably exhibit a more or less arbitrary char-
acter In those cases in which contemporary science has as yet
not taken any defimte stand and offers a number of possible and
equally correct solutions, 1t was out of the question to present
objectively all known views A decision 1n favor of & defimte
pomnt of view had to be made When making such a decision I
have taken care, not primarily to haie 1t conform to my personal
mchinations, but rather to choose a method of solution which
would be as simple as possible and which would lend itself to a
popular mode of presentation

I do not have the illusion that I have entirely succeeded in
overcoming these and other difficulties
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ON THE USE OF VARIABLES

1. Constants and variables

Every scientific theory 1s a system of sentences which are
accepted as true and which may be called LAWS or ASSERTED
STATEMENTS or, for short, ssmply sTaTEMENTS In mathematics,
these statements follow one another 1n a defimite order according
to certain principles which will be discussed in detail in Chapter
VI, and they are, as a rule, accompamed by considerations 1n-
tended to establish their vahdity Considerations of this kind
are referred to as PROOFS, and the statements estabhished by them
are called THEOREMS

Among the terms and symbols occurnng in mathematical
theorems and proofs we distinguish cONSTANTS and VARIABLES

In anthmetic, for instance, we encounter such constants as
“number”, “ooro’’ “0:)), “one' (“1”), Houm”’ (u+n), and many
others'! Each of these terms has a well-determined meaning]
which remains unchanged throughout the course of the considera-
Tows.

As vanables we employ, as a rule, single letters, e g 1n anth-
metic the small letters of the Englsh alphabet. “a”, “b”, “c¢”,

1 By “anthmetic’’ we shall here understand that part of mathematica
which 18 concerned with the investigation of the general properties of
numbers, relations between numbers and operations on numbers In
place of the word “arithmetic’’ the term ‘‘algebra’ 18 frequently used,
particularly 1n high-school mathematics We have given preference to the
term “anthmetic” because, 1n higher mathematics, the term ‘‘algebra”
is reserved for the much more special theory of algebraic equations (In
recent years the term ““algebra’’ has obtained a wider meaning, which is,
however, still different from that of “arithmetic’’ )—The term ‘‘number”
will here always be used with that meaning*which s normally attached to
the term ‘'real number’’ 1n mathematics, that 1s to say, 1t will cover integers
\xgg fractions, rational and 1rrational, positive and negative nurbers, but ~

oiﬂq.gmary or complex numbers

3
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(195 } I {4

.y 2", “y”, "2’ As opposed to the constants, the variables
do not possess any meaning by themselves. Thus, the question:

A1
H

does zero have such and such a properiy?
eg.
18 zero an inleger?

can be answered 1n the affirmative or in the negative, the answer
may be true or false, but at any rate 1t 1s meaningful A question
concerning z, on the other hand, for example the question

18 z an tnleger?
cannot be answered meaningfully

In some textbooks of elementary mathematics, particularly the
less recent ones, one does occasionally come across formulations
which convey the impression that it 15 possible to attribute an
independent meaning to variables Thusit 1s said that the symbols
“gh “y” ... also denote certamn numbers or quantities, not
“‘constant numbers” however (which are denoted by constants
hke ““0”, 1", .. ), but the so-called ‘‘variable numbers’ or rather
‘‘vanable quantities” Statements of this kind have their source
in a gross misunderstanding  The “vanable number” z could not
possibly have any specified property, for instance, it could be
neither positive nor negative nor equal to zero, or rather, the
properties of such & number would change from case to case, that
18 to say, the number would sometimes be positive, sometimes
negative, and sometimes equal to zero. But entities of such a
kind we do not find 1n our world at all, their existence would
contradict the fundamental laws of thought The classification
of the symbols 1nto constants and vanables, therefore, does not
have any analogue 1n the form of a similar classification of the
numbers

2. Expressions containing variables—sentential and designatory
; functions

In view of the fact that vanables do not have a meaning by
themselves, such phrases as:

z 18 an inleger
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are not sentences, although they have the grammatical form of
sentences; they do not express a defimte assertion and can be
neither confirmed nor refuted. From the expression®

z 18 an inleger

we only obtain a sentence when we replace “‘z” 1n 1t by a constant
denoting a definite number, thus, for instance, if “z’’ 15 replaced
by the symbol ‘1", the result 15 a true sentence, whereas a false
sentence arses on replacing “z” by “3”  An expression of this
kind, which contains variables and, on replaccment of these
variables by constants, becomes a sentence, 1s called a SENTENTIAL
FUNCTION. But mathematicians, by the way, are not very fond
of this expression, because they use the term “function” with a
different meaning  More often the word “conpiTION" 15 employed
m this sense, and sentential functions and sentences which are
composed entirely of mathematical symbols (and not of words of
everyday language), such as

z+y =25,

are usually referred to by mathematicians as ForMuLas  In place
of “sentential function'’ we shall sometimes stmply say “sentence”
~—but only in cases where there 1s no danger of any mis-
understanding
The role of the variables n a sentent:al function has sometimes
been compared very adequately with that of the blanks left in a
questionnaire, just as the questionnaire acquires a definiie content
only after the blanks have been filled 1n, a sentential function
becomes a sentence only after constants have been inserted in
-place of the varables The result of the replacement of the
variables in a sentential function by constants—equal constants
taking the place of equal vanables—may lead to a true sentence;
in that case, the things denoted by those constants are said to
SATISFY the given sentential function For example, the numbers
1, 2 and 2} satisfy the sentential funetion

z < 3,
but the numbers 3, 4 and 43 do not.
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Besides the sentential functions there are some further expres-
sions containing variables that merit our attention, namely, the
so-called DESIGNATORY Or DESCRIPTIVE FUNCTIONS They are ex-
pressions which, on replacement of the variables by constants,
turn mnto designations (‘‘descriptions”) of things. For example,
the expression:

2z + 1

is a designatory function, because we obtain the designation of a
certamn number (e.g . the number 5), 1f 1n 1t we replace the variable
“z"” by an arbitrary numerical constant, that 1s, by a constant
denoting a number (e g, '2”)

Among the designatory functions occurring mn arnthmetic, we
have, 1n partrcular, all the so-called algebraic expressions which
are composed of variables, numerical constants and symboals of
the four fundamental arithmetical operations, such as-

z+1
e
Algebraic equations, on the other hand, that 15 to say, formulas
consisting of two algebraic expiessions connected by the symbol
‘=" are sentential functions As far as equations are concerned,
a special terminology has become customary in mathematics;
thus, the vanables occurring 1n an equation are referred to as the
unknowns, and the numbers satisfying the equation are called the
roots of the equation E g, 1n the equation

2+ 6 =5z

=1 2.(z+y—2).

T —

the varable “z” 1s the unknown, while the numbers 2 and 3 are
roots of the equation

Of the vanables “z”, “‘y"”, .., employed in arithmetic 1t is
said that they STAND FOR DESIGNATIONS OF NUMBERS oOr that
numbers are VALUES of these variables. Thereby approximately
the following 15 meant a sentential function contammng the
symbols “z”, “y”, . . becomes a sentence, if these symbols are
replaced by such constants as designate numbers (and not by
expressions designating operations on numbers, relations between
numbers or even things outside the field of arithmetic ike geomet-
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rical configurations, ammals, plants, etc) Likewise, the vari-
ables occurring 1n geometry stand for designations of points and
geometrical figures The designatory functions which we meet m
anthmetic can also be said to stand for designations of numbers.
Sometimes 1t 15 simply said that the symbols “z”, *y”, ... them-
selves, as well as the designatory funetions made up out of them,
denote numbers or are designations of numbers, but this 1s then
a merely abbreviative terminology

3. Formation of sentences by means of variables—universal and
existential sentences

Apart from the replacement of variables by constants there is
still another way m which sentences can be obtained from sen-
tential functions Let us consider the formula:

z+y=y+z

It is a sentential function containing the two varables “z” and
‘" that 1s satisfied by any arbitrary pair of numbers; if we put
any numerical constants i place of “z” and “y"”, we always ob-
tain a true formula. We express this fact briefly in the following
manner.

for any numberszandy, z4+y=y + =

The expression just obtained 1s already a genuine sentence and,
moreover, & true sentence, we recogmze in 1t one of the funda-
mental laws of arithmetic, the so-called commutative law of addi-
tion. The most important theorems of mathematics are formu-
lated similarly, namely, all so-called UNIVERSAL BENTENCES, or
SENTENCES OF A UNIVERSAL CHARACTER, which assert that arbi-
trary things of a certain category (e g, 1n the case of arithmetic,
arbitrary numbers) have such and such a property It has to be
noticed that in the formulation of universal sentences the phrase
“for any things (or numbers) z, y, --- "' 18 often omitted and has
to be imserted mentally, thus, for instance, the commutative law
of addition may simply be given 1n the following form

2+y=y+a=
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This has become a well accepted usage, to which we shall gener-
ally adhere in the course of our further considerations.

Let us now consider the sentential function:
z>y+ 1

This formula fails to be satisfied by every pair of numbers; if, for
instance, 3" 1s put in place of “'z"” and “4" 1n place of "'y, the
false sentence.

3>441
is obtamned. Therefore, if one says-
Jor any numbersz andy, z >y + 1,

one does undoubtedly state a meaningful, though obviously false,
sentence There are, on the other hand, pairs of numbers which
satisly the sentential function under consideration, if, for example,
“z"” and “y"” are replaced by “4” and “2", respectively, the result
is the true formula-

4>24+ 1
This situation is expressed briefly by the following phrase:
for some numberszandy, = >y + 1,
or, using a more frequently employed form.
there are numbers z and y such that z > y + 1.

The expressions just given are true sentences; they are examples
of EXISTENTIAL SENTENCES, Or SENTENCES OF AN EXISTENTIAL
CHARACTER, stating the existence of things (e g, numbers) with a
certain property.

With the help of the methods just described we can obtain
sentences from any given sentential function; but it depends on
the content of the sentential function whether we arrve at a true
or a false sentence. The following example may serve as a
further illustration. The formula:

z=z+1
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is satisfied by no number, hence, no matter whether the words
“for any number z' or “‘there 15 a number x such that” are pre-
fixed, the resulting sentence will be false

In contradistinction to sentences of a umversal or existential
character we may denote sentences not contaimng any variables,
such as:

3+2=2+3,

88 BINGULAR SENTENCES This classification 1s not at’'all exhaus-
tive, since there are many sentences which cannot be counted
among any of the three categories mentioned An example 1s
represented by the following statement’

Jor any numbers x and y lhere 1s a number z such thal
T=y+az

Sentences of this type are sometimes called CONDITIONALLY
EXISTENTIAL SENTENCES (as opposed to the cxistential sentences
considered before, which may also be called ABSOLUTELY EXISTEN-
TIAL SENTENCES), they state the existence of numbers having a
certamn property, but on condition that certain other numbers
exist

4, Ugiversal and existential quantifiers; free and bouind variables
Phrases hike

foranyz,y, -
and

there are z, y, - - such thal

are called QUANTIFIERS, the former 15 said to be a UNIVERsAL, the
latter an EXISTENTIAL QUANTIFIER Quantifiers are also known
as OPERATORS, there are, however, expressions counted likewise
among operators, which are different from quantifiers In the
preceding section we iried to explain the meaning of both quanti-
fiers In order to emphasize their significance 1t may be pomted
out that, only by the explieit or impheit employment of
operators, can an expression contamming varizbles occur as &
sentence, that 1s, as the statement of a well-determined assertion.
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Without the help of operators, the usage of variables in the
formulation of mathematical theorems would be excluded.

In everyday language it 1s not customary (though quite possible)
to use vanables, and quantifiers are also, for this reason, not n
use There are, however, certamn words 1n general usage which
exhibit a very close connection with quantifiers, namely, such
words as “every”, “all”, “a cerlawn”, “‘some”’. The connection
becomes obvious when we observe that expressions like.

all men are mortal
or
8ome men are wise
have about the same meaning as the following sentences, form-
ulated with the help of quantifiers
Jor any z, 1f = 18 a man, then z 1s mortal
and

there 18 an z, such thal x 18 both @ man and wise,
respectively.

- For the sake of brevity, the quantifiers are sometimes replaced
by symbolic expressions We can, for instance, agree to write in
place of

Jor any things (or numbers) z, y, - -
and
there exist things (or numbers) z, y, -. such that

the following symbolic expressions-

A and E
E3' T
respectively (with the understanding that the sentential functions
following the quantifiers are put in parentheses) According to
this agreement, the statement which was given at the end of the
preceding section as an example of a conditionally existential
sentence, for instance, assumes the following form:

o AlEE=y+2)]
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A sentential funetion in which the varables “z”, y", 2", ...
occur automatically becomes a sentence as soon as one prefixes
to 1t one or several operators containing all those vanables If,
however, some of the varables do not occur 1n the operators, the
expression in question remains a sentential function, without be-
coming a sentence For example, the formula.

z=y+z
changes into a sentence If preceded by one of the phrases:
Jor any numbers z, y and z,
there are numbers z, y and z such thal;
Jor any numbers z and y, there 1s ¢ number z such thal,
and so on. But if we merely prefix the quantifier.

there 15 a number 2z such that or E
2
we do not yet arrive at a sentence; the expression obtained,
namely:

an Ez=y+2)

is, however, undoubtedly a sentential function, for it immediately
becomes a sentence when we substitute some constants in the
place of “z’”’ and “y” and leave “z"’ unaltered, or else, when we
prefix another suitable quantifier, e g

for any numbersz andy or A

Y
It 18 seen from this that, among the variables which may occur
in a sentential funetion, two different kinds can be distinguished.
he occurrence of variables of the first kind—they will be called
FREE Or REAL VARIABLES—S the decisive factor in determining
that the expression under consideration 1s a sentential function
and not a sentence; n order to effect the change from a sentential
function to 2 sentence 1t 15 necessary to replace these variables
by constants or else to put operators in front of the sentential
function that contamn those free variables The remainng, so-
called BOUND or APPARENT VARIABLES, however, are not to be
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changed in such a transformation. In the above sentential fune-
tion (II), for instance, “‘z”” and “‘y” are free vanables, and the
symbol “z” occurs twice as a bound variable, on the other hand,
the expression (1) is a sentence, and thus contains bound vanables
only

*It depends entirely upon the structure of the sentential fune-
tion, namely, upon the presence and position of the operators,
whether any particular vanable oceurring 1n it 1s free or bound
This may be best seen by means of a concrete example Let us,
for mstance, consider the following sentential function

(III) for any number z,1f z=0 or y£0, then
there exists a number z such that z = y.z

This function begins with a umiversal quantifier contamning the
variable “z”, and therefore the latter, which occurs three times
in this function, occurs at all these places as a bound vanable,
at the first place 1t makes up part of the quantifier, while at the
other two places it 15, a5 we ~ay BOUND BY THE QUANTIFIER The
sttuation 1s aamilar with re~pect to the variable “z"  For, although
the mitial quanufier of (III) does not contain this variable, we
can, nevertheless, recognize a certain sentential function forming
a part of (III) which opens with an existential quantifier con-
taming the vamable “z”, this 1s the funetion

aw) there exrists a number 2 such that z = y.z

Both places at which the vanable “2”" oceurs i (I1I) belong to
the partial function (IV) just stated It 1s for this reason that
we say that “2”’ oceurs everywhere in (II1) as a bound vanable,
at the first place 1t makes up part of the ewstential quantifier,
and at the second place it 15 bound by that quantifier As for
the vanable ¢ also occurnng in (III), we see that there 15 no
quantifier in (I11) containing this variable, and therefore it oceurs
mn (III) twice as a free variable

The fact that quantifiers bind variables—that is, that they
change free into bound varnables in the sentential funetions which
follow them—constitutes a very essential property of quantifiers
Several other expressions are known which have an analogous
property, with some of them we shall become acquainted later
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(in Sections 20 and 22), while some others—such as, for instance,
the integral sign—play an important role in higher mathematics
The term ‘“‘operator” 1s the general {erm used to denote all ex-
pressions having this property *

6. The importance of variables 1n mathematics

As we have seen m Section 3 vaniables play a leading role
in the formulation of mathematical theorems From what has
been said 1t does not follow, however, that 1t would be impossible
in principle to formulate the latier without the use of vanables
But m practice 1t would scarcely be feasible to do without them,
since even comparatively simple sentences would assume a com-
pheated and obscure form  As an illustration let us consider the
following theorem of arithmetic

foranynumberszandy, 2 —yP=(—y)- &+ zy+ 1
Without the use of varables, this theorem would look as follows

the difference of the third powers of any {wo numbers 18 equal to
the product of the difference of these numbers and a sum of three
terms, the first of which 1s the square of the first number, the
second the product of the two numbers, and the third thesquare
of the second number

An even more essential significance, from the standpoint of the
economy of thought, attaches to variables as far as mathe-
matical proofs are concerned This fact will be readily confirmed
by the reader if he attempts to eliminate the variables 1n any of
the proofs which he will meet 1n the course of our further con-
siderations And 1t should be pointed out that these proofs are
rauch simpler than the average considerations to be found in the
various fields of higher mathematics,attempts at earrying the latter
through without the help of variables would meet with very con-
siderable difficulties. It may be added that it 1s to the introdue-
tion of variables that we are indebted for the development of so
fertile a method for the solution of mathematical problems as the
method of equations Without exaggeration 1t can be smd that
the invention of variables constitutes a turning point in the history
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of mathematies; with these symbols man acquired a tool that pre-
pared the way for the tremendous development of the mathema-
tical science and for the solidification of 1ts logical foundations ?

Exercises

1. Which among the following expressions are sentential func-
tions, and which are designatory functions

(a) z is dunsible by 3,
(b) the sum of the numbers z and 2,

(0) yz - zzn
@y =72

@z+2<y+3,
M@+3)-@+5,
(g) the mother of = and e,
(h) z s the mother of z ?

2. Give examples of sentential and designatory functions from
the field of geometry.

3. The sentential functions which are encountered in arith-
metic and which contain only one variable (which may, however,
occur at scveral different places 1n the given sentential function)
can be divided inilo three categories (1) functions satisfied by
every number, () functions not satisfied by any number; ()
functions satisfied by some numbers, and not satisfied by others

2 Vanables were already used 1n ancient times by Greek mathematicians
and logicians,—though only in special circumstances and 1n rare cases
At the beginming of the 17th century, mainly under the :nfluence of the work
of the French mathematician F VigTa (1540-1603), people begen to work
systematically with variables and to employ them consiatently 1n mathe-
matical considerations Only at the end of the 19th century, however,
due to the introduction of the notion of a quantifier, was the role of
variables 1n scientific language and especially 1n the formulation of mathe-
matical theorems fully recogmzed, this was largely the ment of the out-
standing American logician and philosopher Cr. S. Peiace (1839-1914)
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To which of these categones do the following sentential func-
tions belong.

@)z4+2=54+4 ¢,

(b) z* = 49,

© w+2)w-2 <

(d) v + 24 > 36,

(e z2=0 or 2<0 or 2>0,
H)z+24>2+36 ?

4. Gave examples of umversal, absolutely existential and condi-
tionally existential theorems from the fields of arthmetic and
geometry.

5. By writing quantifiers containing the variables “z”” and “‘y"
m front of the sentential function:

z >y
1t is possible to obtain various sentences from 1t, for nstance.
Jor any numberszand y, = > y,
Jor any number z, there exists a number y such that z > y;
there 18 @ number y such that, for any numberz, z > y.

Formulate them all (there are six altogether) and determine which
of them are true.

6 Do the same as in Exercise 5 for the following sentential
functions.

z+y2>1
and

z 18 the father of y

(assuming that the vamables “z” and “y” n the latter stand for
names of human beings).
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7. State a sentence of everyday language that has the same
mesning as:

for every z, of z 18 a dog, then z has a good sense of smell
and that contains no quantifier or varables.
8. Replace the sentence:
some snakes are poisonous

by one which has the same meaning but is formulated with the
help of quantifiers and vanables.

9 Differentiate, in the following expressions, between the free
and bound variables:

(8) z is dimsible by y,
(b) foranyz, z —y==z+ (—y),

(¢) f z <y, then there 18 a number z such that z < y
and y < z;

(d) for any number y,3f y > 0, then there 15 a number z
such that z = y.z,

e z =y and y > 0, then, for any number 2,
z> -z

(F) if there exisls @ number y such thal z > , then, for
any numberz, z > —2*

Formulate the above expressions by replacing the quantifiers by
the symbols introduced in Section 4

*10. If, 1n the sentential function (e) of the preceding exercise,
we replace the vanable “z” 1n both places by ‘4", we obtam an
expression in which “‘y” occurs 1n some places as a free and 1n
others as a bound vaneble, ;n what places and why?

(In view of some difficulties 1n operating with expressions in
which the same varable occurs both bound and free, some logi-
cians prefer to avad the use of such expressions altogether and
not to treat them as sentential functions )
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*11, Try to state quite generally under which conditions a
variable occurs at a certamn place of a given sentential function as
a free or as a bound variable.

12 Which numbers satisfy the sentential function:
there 18 a number y such that = = ¢,
and which satisfy:

there 18 a number y such that z.y =1 17



ON THE SENTENTIAL CALCULUS

6. Logical constants; the old logic and the new logic

The constants with which we have to deal in every scientific
theory may be divided mto two large groups The first group
consists of terms which are specific for a given theory In the
case of anthmetic, for instance, they are terms denoting either in-
dividual numbers or whole classes of numbers, relations between
numbers, operations on numbeis, ctc , the constants which we
used 1n Section 1 as examples belong heie among others On
the other hand, there are teims of a much more geneial character
occurring in most of the statements of arithmetie, terms which are
mel, constantly both 1n considerations of everyday hfe and 1n
every possible field of seience, and whieh repicsent an indispensable
means for conveying human thoughts and fo1 carrying out in-
ferences 1n any field whatsoever, such words as “not”, “and”,
“or”, “15”, “every”, “some” and many others belong here vIhere
is a special discipline, namely vocic, considered the basis for all
the other sciences, whose concern 1t 15 to establish the precise
meaning of such terms and to lay down the most general laws i
which these terms arc ivolved

Logic developed mnto an independent science long ago, earler
even than arithmetic and geometry And yet it has only been
recently—after a long period of almost complete stagnation—
that this discipline has begun an mte.sive development, 1o the
course of which 1t has undergone a complete transformation with
the effect of assuming a character similar to that of the mathe-
matical disciplines, 1n this new form it 1s known as MATHEVATICAL
Or DEDUCTIVE Or SYMBOLIC LogIC, and sometimes 1t 1s also called
LoGisTIC The new logic surpasses the old in many respects,—
not only because of the solidity of its foundations and the perfec-
tion of the methods employed n its development, but mainly on
account of the wealth of concepts and theorems that have been

18
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established Fundamentally, the old traditional logic forms only
a fragment of the new, a fragment moreover which, from the
pomnt of view of the requircments of other sciences, and of mathe-
matics 1n patticular, 1s entuely mnsignificant Thus, in regard
to the aim which we here have, there will 1n this whole book be
but very little opportunmty to draw the material for our considera-
tions from traditional logic !

7. Sentential calculus; negation of a sentence, conjunction and
disjunction of sentences

Among the leims of a logical character there 15 a small dis-
tinguished group, consisting of such words as “not”, “and”, “or”,
Yf , then 7 All these words are well-known to us fiom
everyday language, and scive to build up compound sentences
from simpler ones In grammai, they ale counted among the
so-called sentential conjunctions If only for this reasou, the
presence of these teims does not 1epiesent a specific property of
any particular science To establish the meaning and usage of
these terms 1s the task of the most elementary and fundamental
part of logie, which 1s called SENTENTIAL cALCULUS, 01 sometimes
PROPOSITIONAL CALCULUS ot (less happily) TiiLORY OF DEDUCTION 2

1 Logic was cteated by AnisioTLE, the great Greeh thinker of the 4th
century B C (384-322), hus logieal writings are colleeted 1n the work
Organon  As the cereator of mathematieal logie we have to look upon the
great German philosapher and mathematieran of the 17th eentury G W
LEiBn1z (1646-1716) However, the logical worhs of Luisviz faled to
have a great influence upon the further develuopment of logieal investiga-
tions, there was even o period 1 which they sank mto oblivion A con-
tinuous development of mathematieal logic began only towards the middle
of the 19th century, namely at the time when the logieal system of the
English mathematician G BooLe was published (1815-1864, principal work
An Investigation of the Laws of Thought, London 1834) So far the new
logic has found 1ts most perfect expiession 1in the apochal work of the great
contemporary ILnglish logiecians A N Winreneap and B RusseLn
Principia Mathemalica (Cambndge, 1910-1913)

2 The historically first system of sentential ecalculus 13 contammed 1n
the work Begriffsschrift (Halle 1879) of the German logician G Frece
(1848-1925) who, without doubt, was the greatest logician of the 19th
century The eminent contemporary Polish logician and historian of logie
J. Lukasiewricz succeeded in giving sentential calculus a particularly
simple and precise form and caused extensive investigutions concerning
this ealculus,
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We will now discuss the meaning of the most important terms
of sentential calculus.

With the help of the word “nof”’ one forms the NEGATION of
any sentence; two sentences, of which the first is a negation of
the second, are called CONTRADICTORY SENTENCES. In sen-
téntial calculus, the word “not” 1s put in front of the whole sen-
tence, whereas 1n everyday language 1t 1s customary to place 1t
with the verb; or should 1t be desirable to have 1t at the beginning
of the sentence, 1t must be replaced by the phrase “sf 1s not the
case that”. Thus, for example, the negation of the sentence

1 28 a posilwe inleger
reads as follows:
1 25 not a positive 1nleger,
or else.
1t 18 not the case thal 1 18 a positive integer.

Whenever we utter the negation of a sentence, we intend to express
the 1dea that the sentence 1s false, 1if the sentence is actually false,
1ts negation 15 true, while otherwise 1ts negation is false.

The jomnng of two sentences (or more) by the word “and”
results 1n their so-called CONJUNCTION or LOGICAL PRODUCT, the
sentences joined in this manner are called the MEMBERS OF THE
CONJUNCTION or the FACTORS OF THE LOGICAL propucT. If, for
instance, the sentences.

2 18 a postlwe wnleger
and
2<3
are jomned ir} this way, we obtain the conjunction:
2 18 a posilwe integer and 2 < 3

The stating of the conjunction of two sentences is tantamount
to stating that both sentences of which the conjunction is formed
are true. If this is actually the case, then the conjunction is
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true, but if at least one of 1ts members 1s false, then the whole
conjunction 1s false.

By joining sentences by means of the word “‘or” one obtains the
pISTUNCTION of those sentences, which 1s also called the LogicAL
s8UM; the sentences forming the disjunction arc called the MEM-
BERS OF THE DISJUNCTION Or the SUMMANDS OF THE LOGICAL SUM.
The word “or”, in everyday language, possesses at least two
different meanmngs Taken in the so-called NON-EXCLUSIVE
meaning, the disjunction of two sentences merely expresses that
at least one of these sentences is true, without saying anything
as to whether or not both sentences may be true, taken 1n another
meanmg, the so-called EXCLUSIVE one, the disjunction of two
sentences asserts that one of the sentences 1s true but that the
other 1s false Suppose we see the following notice put up 1n a
bookstore

 Cuslomers who are teachers or college students are enlitled
lo a special reduction.

Here the word “or’”" 1s undoubtedly used in the first sense, since
it is not intended to refuse the reduction to a teacher who 1s at the
same time a college student If, on the other hand, a child has
asked to be taken on a hike in the morning and to a theater n the
afternoon, and we reply

no, we are going on a hike or we are going lo the thealer,

then our usage of the word “or’’ 1s obviously of the second kind
since we intend to comply with only one of the two requests In
logic and mathematics, the word ‘““or” 1s always used 1n the first,
non-exclusive meaning, the disjunction of two sentences is con-
gidered true if both or at least one of 1ts members are true, and
otherwise false. Thus, for mstance, 1t may be asserted.

every number is posilwve or less than 3,

although 1t 1s known that there are numbers which are both
positive and less than 3. In order to avold misunderstandings,
it would be expedient, 1n everyday as well as in scientific language,
to use the word “or” by 1tself only in the first meaning, and to
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replace 1t by the compound expression “euther --. or --."” when-
ever the second meaning 1s mtended

* Even if we confine ourselves to those cases 1n which the word
“or" oceurs m 1ts first meaning, we find quite noticeable differences
between the usages of it in everyday language and 1n logic In
common language, two sentences are joined by the word “or” only
when they are 1n some way connected n form and content  (The
same applies, though perhaps to alesser degree, to the usage of the
word “‘and” ) The nature of this connection 15 not quite clear,
and a detailed analysis and description of 1t would meet with
considerable difficulties Av any rate, anybody unfamihar with
the language of contemporary logic would presumably be lttle
mclined to consider such a phrase as

2.2 =5 or New York is a large cily

as a'meaningful expression, and even less <o to accept 1t as a true
sentence DMorcover, the usage of the woid “or” 1n everyday
English 1s influcnced by eertain factor- of a psychological character
Usually we afliim a disjunction of two sentences only if we believe
that one of them 15 true but wonder which one If, for example,
we look upon a lawn 1n normal hight, 1t will not enter our mind to
say that the Jawm 15 green or blue, since we are able to affirm some-
thing simpler and, at the same uime, stronger, namely that the
lawn is green Sometimes even, we take the utterance of a
disjunction as an admission by the speaker that he does not know
which of the membais of the disjunction 15 true  And if we later
arrive at the convietion that he knew at the time that one—and,
specifically, which—of the members was false, we are inchned to
look upon the whole disjunction as a false sentence, even should
the other member be undoubtedly true Let us imagme, for
instance, that a irend of ours, upon being asked when he 1s leaving
lown, answeis that he 15 going to do so today, tomorrow or the
day after Should we then later ascertain that, at that time, he
had already decided to leave the same day, we shall probably get
the mmpression that we were deliberately misled and that he
told us a le.
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The creators of contemporary logie, when mtroducing the word
Hor" mto their considerations, desired, perhaps unconsciously, to
simplify 1ts meaning and to 1ender the latter clearer and mdepend-
ent of all psychological factors, especially of the presence or
absence of knowledge Consequently, they citended the usage
of the word “or”’, and decided to consider the disjunction of any
two sentences as a meaningful whole, even should no connection
between then contents or forms ewst, and they also decided to
make the truth of a disjunction—like that of a negation or con-
junction—dependent only and exclusively upon the truth of its
members Theicfore, 2 man using the woid “or’” in the meaning
of contemporary logic will consider the expression given above

22 =05 or New York 1s a large culy

as a meanmngful and even a tiue senience, since its second part 1s
sutely true Smmlaily, if we assume that our filend, who was
asked about the daté of his departure, used the word “or’ in 1ts
stuet logieal meaning, we shall be compelled to consider his
answer as true, independent of our opwion as to lus mtentions *

8. Implication or conditional sentence; implication in material
meamng

If we combine two sentences by the words ‘“of -, then ...7,
we obtain a compound sentence which 15 denoted as an IMPLICA-
TION Or & CONDITIONAL SENTODNCE The subordinate clause to
which the word “4f” 1s prefixed 1s ealled ANTECEDENT, and the
principal clause mtroduced by the word ““then” 15 called cow-
SBEQUENT By asserting an implication one asscits that it does
not occur that the antccedent 1s tiue and the consequent 15 false
An 1impheation 15 thus true m any one of the following three cases
(1) both antecedent and conscquent aie true, (1) the antecedent 1s
false and the consequent 1s true, (1) both antecedent and conse-
quent are false, and only in the fourth possible case, when the
antecedent 1s true and the consequent 1s false, the whole mplica-
tion 1s false It follows that, whoever accepts an implication as
true, and at the same time accepts 1ls antecedent as true, cannot
but accept 1ts consequent, and whoever accepts an implicalion as
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true and rejects its consequent as false, must also reject its
antecedent

* As 1n the case of disjunction, considerable differences between
the usages of implication 1n logic and everyday language manifest
themselves Agamn, mn ordmnary language, we tend to jom two
sentences by the words *+f ..., then ...” only when there 18 some
connection between their forms and contents This connection is
hard to characterize in a general way, and only sometimes 1s
its nature relatively clear We often associate with this con-
nection the conviction that the consequent follows necessarily
from the antecedent, that 15 to say, that if we assumie the ante-
cedent to be true we are compelled to assume the consequent, too,
to be true (and that possibly we can even deduce the consequent
from the antecedent on the basis of some general laws which we
might not always be able to quote explieitly) Here again, an
additional psychological factor mamfests 1tself; usually we formu-
late and assert an impheation only if we have no exact knowledge
a3 to whether or not the antecedent and consequent are true
Otherwise the use of an implication seems unnatural and 1ts sense
and truth may raise some doubt.

The following example may serve as an Ulustration Let us
consider the law of physics

every melal 18 malleable,
and let us put it mn the form of an implication containing variables:
1f = s a mefal, then x 18 malleable

If we believe in the truth of this umiversal law, we believe also
1n the truth of all its particular cases, that 1s, of all implications
obtainable by replacing “z” by names of arbitrary maternals such
asiron, clay or wood And, indeed, 1t turns out that all sentences
obtamed 1n this way satisfy the conditions given above for a true
implication; 1t never happens that the antecedent 1s true while the
consequent 13 false. We notice, further, that in any of these
impheations there exists a close connection between the antecedent
and the consequent, which finds its formal expression in the
comcidence of therr subjects We are also convinced that,
assuming the antecedent of any of these implications, for mstance,
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“sron 13 @ melal”, as true, we can deduce from it 1ts consequent
‘4o 18 malleable”, for we can refer to the general law that every
metal 15 malleable

Nevertheless, some of the sentences discussed just now seem
artificial and doubtful from the point of view of common language
No doubt 1s raised by the universal implication given above, or by
any of 1ts particular cases obtained by replacing 'z’ by the name
of & material of which we do not know whether 1t is a metal or
whether 1t 15 malleable But if we replace “z” by “wron’’, we are
confronted with a case in which the antecedent and consequent
are undoubtedly tiue; and we shall then prefer to use, instead of an
mmplication, an expression such as

since wron 18 a melal, 16 18 malleable

Similarly, if for “z"” we substitute “clay’’, we bt 1 u numplication

with a false antecedent and a true consequcn', and we shall be
inelined to replace 1t by the expression

although clay 1s not a melal, 1 18 malleable

And finally, the replacement of “z” by “‘wood” results in an
implication with a false antecedent and a false consequent, 1if, m
this case, we want to retain the form of an implication, we should
have to alter the grammatical form of the verbs

of wood were a melal, then ot would be malleable

The logicians, with due regard for the needs of scientific lan-
guages, adopted the same procedure with respect to the phrase
‘4 . ., then -.."” as they had done in the case of the word “or”.
They decided to sumphify and clanfy the meanmng of this phrase,
and to free 1t from psychological factors  For this purpose they
extended the usage of this phrase, considering an 1mplication as a
meaningful sentence even 1f no conncction whatsoever exists
between 1ts two members, and they made the truth or falsity of
an imphcation dependent exclusively upon the truth or falsity of
the antecedent and consequent To characterize this situation
briefly, we say that contemporary logic uses IMPLICATIONS IN
MATERIAL MEANING, or simply, MATERIAL IMPLICATIONS, this is
opposed to the usage of IMPLICATION IN FORMAL MEANING
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OT FORMAL TMPLICATION, mn which case the presence of & cer-
tain formal connection between antecedent and consequent 15
an indispensable condition of the meanngfulness and truth of the
mphieation  The conecept of formal implication 1s not, perhaps,
quite clear, but, at any rate, 1t 1s narrower than that of maternal
mplication, every meaningful and true formal implication 1s at
the same time a meaningful and tiue material impheation, but
not vice versa

In oider to 1llustrate the foregoing remarks, let us consider the
following four sentences

if 22=4, then New Yorksalarge cily;

f 22=5,
T (2

if 2.2 =4, then New York s a small auty,

then New York s a large culy,

1 .-
1f 22 =05 then New York s a small caly

In everyday language, these sentences would hardly he con<idered
as meamngful, and even less as true  From the point of view of
mathematical logie, on the other hand, they are all meamngful,'
the third sentence being false, while the remaining three are true
Thereby 1t 1+, of course, not asserted that sentences like these are
particularly relevant from any viewpoint whatever, or that we
apply them as premisses in our arguments

It would be 2 muistake to think that the difference between every-
day language and the language of logic, which has been brought to
light here, 15 of an absolute ¢haructer, and that the rules, outlined
above, of the usage of the words “sf | then ..” 1n common
language admit of no exeeptions Actually, the usage of these
words fluctuates more or less, and if we look around, we can find
cases 1n which this usage doe< not comply with our rules Let us
imagine that a fuiiend of ouis 15 confronted with a very difficult
problem and that we do not believe that he will ever solve1t We
can then express our disbelef 1n a jocular form by saying

of you solve this problem, I shall eat my hat

The tendency of this utterance 15 quite clear We affirm here an
impheation whose consequent 15 undoubtedly false, therefore,
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since we affirm the truth of the whole implication, we thereby,
at the same time, affirm the falsity of the antecedent, that 1s to
say, we express our conviction that our friend will fail to solve
the problem mn which he 1s interested But 1t 1s also quite clear
that the antecedent and the consequent of our implication aie i
no way connected, so that we have a typical case of a material and
not of a formal implication

R

The divergency 1n the usage of the phrase “of . , then
1n ordinary language and mathematical logic has been at the root
of lengthy and even passionate diseussions,—1n which, by the way,
professional logicians took only a mnor part?® (Curiously
enough, consideiably less attention was paid to the analogous
divergency 1n the case of the word “or’” ) It has been objected
that the logicians, on account of then employment of the matenal
impheation, arrived at paradoves and even plain nonsense  Thig
has resulted mm an outery for a reform of logic to the effect of
bringing about a far-reaching rapprochement between logic and
ordinary language regarding the use of implieation

It would be hard to grant thal these eriticisms are well-founded
There 15 no phrase 1n ordinary language that has a precisely
determined sense It would scarcely be possible to find two people
who would use every word with exactly the same meanmng, and
even 1n the language of a single person the meaning of the same
word varies fiom one period of his hife to another  Moreover, the
meaning of words of everyday language 1s usually very compli-
cated, 1t depends not only on the eateinal form of the word hut
also on the errcumstances in whieh 1t 18 utteied and sometimes
even on subjective psychological factors If a scientist wants to

31t 1s 1nteresting to notice that the beginming of this discussion dates
back to antiquity It was the Greek philosopher Prrro oF MEecana (in
the 4th century B C ) who presumably was the first 1n the history of logie
to propagate the usage of matcrial implication, this was 1n opposition
to the views of his master, Dioporus CRONUs, who proposed to use implica-
tion 1n a narrower sense, rather related to what 1s called here the formal
meaning Somewhat later (in the 3d century B C )—and probably under
the influence of PriLo—various possible conceptions of umphcation were
discussed by the Greek philosophers and logicians of the Stoic School (1n
whose writings the first beginmings of sentential cauleulus are to be
found)
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introduce a concept from everyday hfe into a science and to
establish general laws concerming this concept, he must always
make 1ts content clearer, more precise and sumpler, and free it
from messential attributes, 1t does not matter here whether he
1s a logician concerned with the phrase “of ..., then ...” or, for
mstance, a physicist establishing the exact meamng of the word
“mefal” In whatever way the scientist reahizes his task, the
usage of the term as it 15 estabhished by him will deviate more or
less from the practice of everyday language If, however, he
states exphaitly in what meaning he decides to use the term, and
if he consistently acts in conformity to this decision, nobody
will be 1 a position to object that his procedure leads to nonsensi-
cal results

Nevertheless, in connection with the discussions that have taken
place, some logicians have undertaken attempts to reform the
theory of impheation They do not, generally, deny maternal
mmphcation a place in logic, but they are anxious to find also a
place for another concept of implication, for instance, of such a
kind that the possibility of deducing the consequent from the
antecedent constitutes a necessary condition for the truth of an
implication, they even desire, so 1t seems, to place the new concept
in the foreground These attempts are of a relatively recent date,
and 1t is too early to pass a final judgment as to their value.t
But 1t appears today almost certain that the theory of material
mmphcation will surpsss a]l other theories 1n simpheity, and, m
any case, 1t must not be forgotten that logie, founded upon this
simple concept, turned out to be a satisfactory basis for the most
complicated and subile mathematical reasonings *

9. The use of implication in mathematics

The phrase “4f .., then ...” belongs to those expressions of
logic which are used most frequently in other sciences and, espe-
cially, 1n mathematics Mathematical theorems, particularly
those of a umversal character, tend to have the form of impleca-
tions, the antecedent 1s called in mathematics the HYPOTHESIS,
and the consequent 1s called the concLUSION.

4 The first attempt of this kind was made by the contemporary American
philosopher and logician C 1 Lewis
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As a simple example of a theorem of arithmetic, having the form
of an 1mplication, we may quote the {ollowing sentence:

tf T 18 @ posulsve number, then 2z 15 @ posutwe number

n which “z 15 a posifwe number” 1s the hypothesis, while ‘2z 15 a
positwe number” 1s the conclusion

Apart from this, so to speak, classical form of mathematical
theorems, there are, occasionally, different formulations, in
which hypothes:s and conclusion arc connected in some other way
than by the phrase ‘“4sf , then - ' The theorem just men-
tioned, for mstance, can be paraphrased in any of the following
forms

Jrom z1s a positive number, it follows 2z 15 @ posiliwe number,

the hypothesis z 1s a positwe number, implics (or has as a
consequence) the conclusion 2z s a positwe number,

the condilion z 15 a posilwe number, 15 sufficient for 2z to be a
posifwe number,

Jor 2z to be a positwe number 1L 15 sufficient that = be a positive
number,

the condation* 2z 18 a posutwe number, 1s necessary for z to be @
posilwe number,

Jor z o be a posulwe number 1t 1s necessary that 2z be a positwe
number.

Therefore, nstead of asserting a conditional sentence, one might
usually just as well say that the hypothesis 1MpLIES the conelusion
Or HAS 1t AS A CONSEQUENCE, or that 1t 1s 2 SUFFICIENT CONDITION
for the conclusion, or one can express 1t by saying that the conelu-
sion FOoLLOWS from the hypothesss, or that 1t 15 a NLcEss ARY CONDI-
TION for the latter. A logician may raise various objections
against some of the formulations given above, but they are in gen-
eral use in mathematics

* The objections which might be raised here concern those of the
above formulations mn which any of the words ‘'hypothesis”,
“conclusion”, “‘consequence”’, “follows”, “smples” occur
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In order to understand the essential pomnts 1n these objections,
we observe first that those formulations differ 1n content from the
ones originally grven While in the original formulation we talk only
about numbers, properties of numbers, operations upon numbers
and so on—hence, about things with which mathematics 1s con-
cerned—, 1n the formulations now under discussion we talk about
hypotheses, conclusions, conditions, that 13 about sentences or
sentential functions occurting in mathematics It might be
noted on 1his occasion that, in general, people do not distinguish
clearly enough the terms which denote things dealt with in a given
science from those which denote varous kinds of expressions
occurring within 1t This ean be observed, 1n particvlar, in the
doman of mathematics, especially on the elementary level
Presumably only few are aware of the fact that such terms as
“equation”, “inequahty”, “‘polynomial” or “algebraic fraction”,
which are met at every turn 1n textbooks of elementary algebra,
do not, strictly speaking, belong to the domain of mathematics or
logie, since they do not denote things considered 1n this domain,
equations and inequalities arce ceitamn -pecial sentential functions,
while polynomials and algebraic fractions—especially as they are
treated 1n elementary textbooks-—are paiticular instances of
designatory functions (cf, Section 2) The confusion on this
point 1s brought about by the fact that terms of this kind are
frequently used 1n the formulation of mathematical theorems
This has become a very common usage, and perhaps 1t 1s not worth
our while to put up a stand against 11, since 1t does not present any
particular danger, but 1t might be worth our while to get to
recogmze that, for every theorem formulated with the help of
such terms, theie 1s another formulation, logically more correct,
in which those terms do not occur at all For instance, the
theorem

the equation 2 + axz + b = 0 has at most two roots
can be expressed n a more correct manner as follows-
there are al most two numbers z such that z*+ax+b=0

Returning to the questionable formulations of an implication,
we must emphasize one still more important pomt In these
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formulations we assert that one sentence, namely the antecedent
of the imphcation, has another—the consequent of the implica-
tion—ac a consequence, or that the second follows from the first
But ordinarily when we cxpress ourselves 1n this way, we have n
mind that the assumption that the first sentence 1s true leads us,
50 to speak, neces~arly to the same assumption concerning the
second sentence (and that possibly we are even able to derive the
second sentcnce from the first) As we already know from
Section 8, however, the meaning of an implication, as it was
established 1n contemporary logic, does not depend on whether
1ts consequent has any such connection with its antecedent.
Anyone shocked by the fact {hat the expression

if 2.2 =4, then New York s a large cily

is considered 1n logic as a meaningful and even true sentence
will find 1t still harder to reconcile himself with such a trans-
formation of this phrase as.

the hypothesis that 2.2 = 4 has as a consequence that
New York 1s a large cily

We see, thus, that the manners discussed here of formulating
or transforming a conditional sentence lead to paradoxical sound-
mg utterances and make yet more profound the discrepancies
between common language and mathematical logie 1t 1s for this
reason that they repeatedly brought about various misunder-
standings and have been one of the causes of those passionate and
frequently sterile discussions which we mentioned above

From the purely logical point of view we can obviously avoud
all objections 1a1sed here by stating expheitly once and for all
that, 1n using the formulations m question, we shall disregard
their usual meaning and attnbute to them exactly the same
content as to the ordinary conditional sentence  But this would
be inconvenient in another respeet, for there are situations—
though not 1n logie itself, but 1n a field closely related to 1t, namely,
the methodology of deductive sciences (¢f Chapter VI)—n which
we talk about sentences and the relation of consequence between
them, and 1n which we use such terms as “smplies” and “follows”
in a different meaning more closely akin to the ordinary one.
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It would, therefore, be better to avoid those formulations al-
together, all the more since we have several formulations at our
disposal which are not open to any of these objections.*

10. Equivalence of sentences

We shall consider one more expression from the field of sentential
caleulus. It 1s one which 18 comparatively rarely met mn every-
day language, namely, the phrase ‘+f, and only +f” If any two
sentences are jomed up by this phrase, the result 1s a compound
sentence called an EQuivaLENCE The two sentences connected
in this way are referred to as the LEFT and RIGHT SIDE OF THE
EQUIVALENCE By asserting the equivalence of two sentences,
it 19 intended to exclude the possibility that one 1s true and the
other false, an equivalence, therefore, 1s true if its left and night
sides are etther both true or both false, and otherwise the equiva-
lence 15 false

The sense of an equivalence can also be characterized in still
another way. If, in a conditional sentence, we interchange
antecedent and consequent, we obtain a new sentence which, m
its relation to the original sentence, 18 called the CONVERSE SEN-
TENCE (or the CONVERSE OF THE GIVEN SENTENCE) Let us take,
for 1nstance, as the original sentence the implication

(I) o z 15 a posetive number, then 2z 13 a posilive number,

the converse of this sentence will then be.
(II) +f 2z 18 a posetive number, then T 18 a positwe number.

As 15 shown by this example, 1t oceurs that the converse of a true
sentence 15 true  In order to see, on the other hand, that this is
not a general rule, 1t 18 sufficient to replace “2z"” by “z?’ m (I)
and (IT), the sentence (I) will remain true, while the sentence (II)
becomes false. If, now, 1t happens that two conditional sen-
tences, of which one 15 the converse of the other, are both true,
then the fact of their simultaneous truth can also be expressed by
joimng the antecedent and consequent of any one of the two sen-
tences by the words “if, and only +f”. Thus, the above two
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mmplications—the original sentence (I) and the converse sentence
(II)—may be replaced by 2 single sentence

z 18 a posutrve number of, and only 1f, 2z 18 a posilwe number

(n which the two sides of the equivalence may yet be inter-
changed).

There are, incidentally, still a few more possible formulations
which may serve to express the sameides, e g

from z1s a positwe number, i follows 2z 15 a posilive number,
and conversely,

the condstrons that z 18 a poswe number and thal 2z 18 a positwe
number are equwalent with each other,

the conditron that = 18 @ posilwe number 18 bolh necessary and
sufficient for 2z o be a posilwe number,

Jor = to be a posuiwe number it 18 necessary and sufficient that
21 be a positive number

Instead of joining two sentences by the phrase “‘3f, and only +f"',
1t 18 therefore, in general, also possible to say that the RELATION
OF CONBEQUENCE holds between these iwo sentences IN BOTH
DIRECTIONS, or that the two sentences are EQUIVALENT, or, finally,
that each of the two sentences rcpresents a NECESSARY AND
SUFFICIENT CONDITION {or the other

11. The formulation of defimitions and its rules

The phrase “+f, and only 4/’ 15 very frequently used in laying
down DEFINITIONS, that 18, conventions stipulating what meaning
is to be attnibuted to an expression which thus far has not oceurred
1n a certain disciphine, and which may not be immediately compre-
hensible. Imagine, for instance, that n arithmetic the symbol
“<" has not as yet been employed but that one wants to introduce
it now into the considerations (looking upon it, as usual, as an
abbreviation of the expresston ‘s less than or equal lo”). For
this purpose 1t is necessary to define this symbol first, that is, to
explan exactly 1ts meanmng 1 terms of expressions which are
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already known and whose meanings are beyond doubt. To
achieve this, we lay down the following definition,—assuming
that >’ belongs to the symbols already known*

wesaythal z <y 1f andonlyf,tr1snotthecasethat = >y

The definition just formulated states the equivalence of the two
sentential functions.

sy
and
1t 18 not the case that z > y,

1t may be said, therefore, that 1t permits the transformation of the
formula “z £ ¥” mnto an equivalent expression which no longer
contains the symbol “<” but 1s formulated entirely in terms
already comprehensible to us The same holds for any formula
obtained from “z £ y” by replacing ‘z” and “y"” by arbitrary
symbols or expressions designating numbers The formula
3+2 =5,
for instance, 1s equivalent with the sentence:
1t 18 not the case that 3 + 2 > 5;

since the latter 13 a true assertion, so 1s the former Similarly,
the formula

4=2+1
18 equivalent with the sentence-
1t ts not the case that 4 > 2 + 1,

both being false assertions, This remark apples also to more
complicated sentences and sentential functions, by transforming,
for mstance, the sentence.

f 25y aud y=2z then z S g
we obtain*

#f 16 18 not the case that x > y and 1f il is nol the case that
y > 2z, then 18 not the case that z > 2.
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In short, by virtue of the defimtion given above, we are in a
position to transform any simple or compound sentence containing
the symbol “<" into an equnalent one no longer containng 1t;
1 other words, so to speak, to translate 1t into a language 1n which
the symbol ““<”" docs not occur  And 1t 1s this very fact which
constitutes the role which defimitions play within the mathe-
matical disciplines

If a definition 1s to fulfil its proper task well, certain precau-
tionary measures have to be observed mn 1ts formulation To
this effect special rules aie laid down, the so-called RULES oF
DEFINITION, which specaify how defimitions should be constructed
correctly  Since we <hall not hete go nto an exact formulation
of these rules, it may merely be 1emaiked that, on ther basis,
every definition may assume the form of an equivalence, the first
member of that equivalence, the pEFINIENDUM should be a short,
grammatically stmple sentential funetion contarning the constant
to be defined, the second member, the DEFINIENS, may be a
sentential function of an arbitrary structure, contaimng, however,
only constanls whose meaning either 1s 1mmediately obvious or
has been explaned previously In particular, the constant to be
defined, or any expicssion previously defined with 1ts help, must
not occur 1n the defimens, otheiwise the definition 1s meorrect, 1t
contains an error known as a VICIOUS CIRCLE IN THE DEFINITION
(just as one speaks of a viclous CIRCLE IN THE PROOF, If the
argument meant to establish a certain theorem 1s based upon chat
theorem 1tself, or upon some other theorem previously proved with
its help) 1n order to emphasize the conventional character of a
definition and to distinguish 1t from other statements which have
the form of an equivalence, 1t 15 expedient to prefix 1t by words
such as “we say that”’. It1s easy to verify that the above defini-
tion of the symbol “<" satisfies all these conditions, it has the
definiendum.

z 5y,
whereas the defimens reads:

1t 18 not the case that z > y.
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It is worth roticing that mathematicians, in laymmg down
definitions, prefer the words “sf”’ or “in case that”’ to the phrase
‘““Wf, and only 4. I, for example, they had to formulate the
definition of the symbol *“ £”, they would, presumably, give it the
following form.

wesaythat z <y, of tt1snolthecasethat z > .

It looks as if such a definition merely states that the definiendum
follows from the definiens, without emphasizing that the relation
of consequence also holds in the opposite direction, and thus fails
to express the equivalence of defimendum and definiens But
what we actually have here 18 a tacit convention to the effect that
“af”” or “en case that”, 1if used to jomn defimendum and definiens,
are to mean the same as the phrase “of, and only +f”’ ordnarily
does.—It may be added that the form of an equivalence 1s not the
only form in which defimtions may be laid down.

12. Laws of sentential calculus

After having come to the end of our discussion of the most
important expressions of sentential calculus, we shall now try
to clanfy the character of the laws of this calculus

Let us consider the following sentence.

of 1 1s a posutwe number and 1 < 2, then 115 a posilwe
number,

This sentence 1s obviously true, 1t contains exclusively constants
belonging to the field of logic and anthmetic, and yet the 1dea of
hsting this sentence as & special theorem 1n a textbook of mathe-
matics would not occar to anybody If one reflects why this 1s so,
one comes to the conclusion that this sentence is completely
uninteresting from the standpoint of arithmetie, 1t fails to enrich
in any way our knowledge about numbers, 1ts truth does not at
all depend upon the content of the arithmetical terms oceurring
in 1f, but merely upon the sense of the words “‘and”, “if”’, “then’.
In order to make sure that this 1s so, let us replace in the sentence
under consideration the components:

1 18 a posilwe number
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and
1<2

by any other sentences from an arbitrary field; the result is a series
of sentences, each of which, like the original sentence, 1s true; for
example:

if the gwen figure 18 a rhombus and +f the same figure is a
rectangle, then the gwen figure 1s @ rhombus,

1f today 1s Sunday and the sun 1s shining, then loday s Sunday.

In order to express this fact in a more general form, we shall
introduce the vanables “p” and “g”, stipulating that these
symbols are not designations of numbers or any other things,
but that they stand for whole sentences; varables of this kind are
denoted as SENTENTIAL VARIABLES Further, we shall replace
in the sentence under consideration the phrase

1 15 a positave number
by “p” and the formula.
1<2
by “¢"”’; 1n this manner we arrive at the sentential function.
if pandgq, thenp.

This sentential function has the property that only true sentences
are obtained 1if arbitrary sentences are substituted for “p” and
“g". This observation may be given the form of a universal

statement.

Foranypandgq, o pandgq, thenp

We have here obtained a first example of a law of sentential
calculus, which will be referred to as the LAW OF SIMPLIFICATION
for logical multiphcation The sentence considered above was
merely a special instance of this umiversal law—just as, for in-
stance, the formula.

2.3 =3.2
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is merely u special instance of the umversal anthmetical theorem:
Jor arbutrary numbers z and y, z-y = y-2.

In a similar way, other laws of sentential caleulus can be ob-
tained. We give here a few examples of such laws; in their
formulation we omit the universal quantifier “for any p, g, «- -"—
n accordance with the usage mentioned 1n Section 3, which be-
comes almost a rule throughout sentential calculus.

If p, then p.

Ifp, then qorp

If pumplesq and qumplesp, then psf, and onlyf, q.
If pumpliesq and qwmplesr, then pumpliesr

The first of these four statements 158 known as the Law oF
IDENTITY, the second as the LAw oF siMpLIFICATION for logical
addition, and the fourth as the LAW OF THE HYPOTHETICAL
SYLLOGISM,

Just as the anithmetical theorems of a umiversal character state
something about the properties of arbitrary numbers, the laws of
sentential calculus assert something, so one may say, about the
properties of arbitraiy sentences The fact that in these laws
only such variables occur as stand for quite arbitrary sentences
1s characteristic of sentential caleulus and decisive for 1ts great
generahity and the scope of 1ts apphicability.

13. Symbolism of sentential calculus; truth functions and
truth tables

There exists a certain simple and general method, called METHOD
OF TRUTH TABLES or MATRICES, which enables us, 1n any particular
case, to recognize whether a given sentence from the domain of the
sentential caleulus 1s true, and whether, therefore, 1t cen be
counted among the laws of this caleulus ®

* 6 This method originates with Perrce (who has slready been cited at
an earlier oceasion, ¢f footnote 2 on p. 14)
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In descmbmg this method 1t is convement to apply a special
symbohsm We shall replace the expressions,

not; and, or, if . ., then -.; 1f, and only+f
by the symbols-
~; A, " s — N “—

respectively. The first of these symbols 1s to be placed mn front
of the expression whose negation one wants to obtamn, the remain-
ing symbols are always placed between two expressions (‘‘—"
stands therefore mn the place of the word ‘‘then”, while the word
“4f”” 18 simply omitted) From one or two sumpler expressions
we are, In this way, led to a more complicated expression, and 1f
we want to use the latter for the corstiuction of further still more
complicated expressions, we enelose 1t in paientheses

With the help of vanables, parentheses and the constant sym-
bols listed above (and sometimes also additional constants of a
similar character which will not be discussed here), we are able to
write down all sentences and sentential functions belonging to the
domain of sentential calculus Apart from the individual sen-
tential vanables the simplest sentential functions are the ex-
pressions

~p, pAg pVyg P—g perg

(and other similar expres=ions which differ from these merely 1n
the shape of the variables used) As an example of a compound
sentential function let us consider the expression

pVvVao—-@®@A,
which we read, translating symbols into common language
if porgq, lhen pandr

A still more complicated expression 1s the law of the hypothetical
syllogism given above, which now assumes the form

lpmd A@g—=nl=(@—-1)

We can easily make sure that every sentential function occur-
ring 1n our caleulus 1s a so-called TRUTH FUNcTION. This means to
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say that the truth or falsehood of any sentence obtamned from that
function by substituting whole sentences for variables depends
exclusively upon the truth or falsehood of the sentences which
have been substituted As for the simplest sentential functions
“~p", “p A ¢”, and so on, this follows immediately from the re-
marks made m Sections 7, 8 and 10 concerning the meaning
attributed m logic to the words “ndt”, “and”, and so on. But the
same applies, likewise, to compound funections Let us consider,
for instance, the function “(p V ¢) — (p A 7). A sentence ob-
tained from 1t by substitution 15 an impheation, and, therefore, 1ts
truth depends on the truth of 1ts antecedent and consequent only;
the truth of the antecedent, which 1s a disjunction obtained from
“p V ¢”, depends only on the truth of the sentences substituted
for “p” and “q”, and similarly the truth of the consequent de-
pends only on the truth of the sentences substituted for “p" and
“p"  Thus, finally, the truth of the whole sentence obtained from
the sentential function under consideration depends exclusively
on the truth of the sentences substituted for “p”’, “¢’”’ and ‘7"

In order to see quite exactly how the truth or falsity of a sen-
tence obtained by substitution from a given sentential function
depends upon the truth or falsity of the sentences substituted for
vanables, we construct what 1s called the TRUTH TABLE or MATRIX
for this function, We shall begin by giving such a table for the
function “~p”.

PP
T F
F T

And here 1s the jomt truth table for the other elementary func-
tions “p A ¢”, “p V ¢", and so0 on.

g | pAg pVg p—q pog
T T T T T
T F T T F
F F T F F
F F F T T

The meaning of these tables becomes at once comprehensible 1if
we take the letters “T" and “F” to be abbreviations of “true

=3 ey
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sentence’’ and “false sentence”, respectively  In the second table,
for instance, we find, n the second line below the headings “p”,
“g" and “p — ¢", the letters “F”, “T" and “T”, respectively
We gather from that that a sentence obtamned from the implica-
tion “p — ¢" 15 true if we substitute any false sentence for “p”
and any true sentence for “g", this, obviously, is entirely con-
sistent with the remarks made in Section 8 —The varnables “p”
and “g"” occurring in the tables can, of course, be replaced by
any other varables

With the help of the two above tables, called FuxDAMENTAL
TRUTH TABLES, We can construct DERIVATIVE TRUTH TABLES for
any compound sentential function The table for the function
“{p V q) — (p A r)”, for instance, looks as follows

D r pVqg pAr (pVqg) — (pAr)
T T T T T T
FTT T F F
TFT T T T
FFT F F T
T T F T F F
FTF T F F
T F F T F F
FFF F F T

In order to explamn the construction of this table, let us concen-
trate, say, on 1its fifth horizontal line (below the headings). We
substituie true sentences for “p” and “q” and a false sentence
for “r” According to the second fundamental table, we then
obtain from “p V ¢” a true sentence and from “p A 7" a false
sentence From the whole function “(pV ¢q) — (p A7)"” we obtain
then an implication with a true antecedent and a false consequent,
hence, agan with the help of the second fundamental table (in
which we think of “p™ and “¢” being for the moment replaced by
“pV g” and “p A r’), we conclude that this implication 1s a false
sentence.

The horizontal lines of a table that consist of symbols *“T" and
“F” are called rows of the table, and the vertical hnes are called
coLumns. Each row or, rather, that part of each row which 1s
on the left of the vertical bar represents a certamn substitution
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of true or false sentences for the variables When constructing
the matnx of a given function, we take care to exhaust all possible
ways 1n which a combination of symbols “T" and “F” could be
correlated to the vanables, and, of course, we never write m a
table two rows which do not differ either in the number or in the
order of the symbols “T” and “F” It can then be seen very
easily that the number of 10ws 1n a table depends 1n a simple way
on the number of different vanables occuiring n the function, if
a function contains 1, 2, 3, .. vanables of different shape, 1ts
matrix consists of 2! = 2,22 = 4,23 = § ... rows As for the
number of columns, 1t 1s equal to the number of partial sentential
functions of different form contamed 1n the given function (where
the whole function 1s also counted among 1ts partial functions)

We are now 1n a posttion to say how 1t may be decided whether
or not a sentence of sentential caleulus 15 ttue  As we know, m
sentential caleulus, there 15 no exteinal difference between sen-
tences and sentential functions, the only difference consisting
the fact that the expiessions considered to be sentences are always
completed mentally by the umiversal quantifier In order to
recognize whether the given sentence 1s true, we treat 1t, for the
time being, as a sentential funetion, and construet the truth table
for1it If, m the last column of this table, no symbol “F"’ occurs,
then every sentence obtainable from the function in question by
substitution will be true, and therefore our original universal sen-
tence (obtamed fiom the sentential function by mentally prefixing
the universal quantifier) 1s also true  If, however, the last column
contains at least one symbol “F”, our sentence 15 false

Thus, for nstance, we have seen that in the matrix constructed
for the function “(p V ¢} = (p A )" the symbol “F" occurs four
times m the last column If, therefore, we considered this ex-
pression as a sentence (that 1s, if we prefixed to 1t the words
“for any p, g and 7’), we would have a false sentence On the
other hand, 1t can be easily verified with the help of the method
of truth tables that all the laws of sentential calculus stated m
Section 12, that 1s, the laws of simphfication, 1dentity, and so on,
are true sentences The table for the law of simplhfication:

Ao —p
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for instance, is as follows,

P g |pAg PAQ—

T T T T
F T F T
T F F T
F F F T

We give here a number of other important laws of sentential
calculus whose truth can be ascertamed 1n a similar way

~[p A (--p)], pV (~p),
Ap A p)<>p, (pVopen
PAg<e(gAD), VeV,

pA@AnNleopAg AT pVVnlel@Ve vl

The two laws 1n the first hine are called the LAW OF CONTRADICTION
and the LAW OF EXCLUDED MIDDLE, we next have the two
LAWS OF TaUToLOGY (for logical multipheation and addition), we
then have the two coMMUTATIVE LAWS, and finally the two Asso-
CIATIVE LAWS It can casily be seen how obscure the meaning
of these last two laws becomes if we try to express them in ordinary
language This extubits very clearly the valuc of logical sym-
bolism as a precise mnstiument for expressing more compheated
thoughts

*It occurs that the method of matrices leads us to accept
sentences as tiue whose truth scemed to be far from obvious
before the application of this method Here are some examples
of sentences of this kind

p— (g~ n)
("’P)"’(P—’Q):
-9 Vig—p

That these sentences are not immediately obvious 15 due mainly
to the fact that they are a mamfestation of the specific usage of
implication charactenistic of modern logic, namely, the usage of
implication in material meaning
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These senlences assume an especially paradoxical character i,
when reading them 1n woids of common language, the imphea-
tions are replaced by phrases containing “imples” or “follows”,
that 1s, if we give them, for instance, the following form

1f D 1s lrue, then p follows from any g (in other words. a true
sentence follows from every sentence),

if p 1s false, then p wmplies any ¢ (1n other words a false
senlence 1mplies every senlence),

Jor any p and q, either p vmphes q or q¢ wmphes p (in other
words, al least one of any lwo sentences mplies the other)

In this formulation, these statements have frequently been the
cause of msunderstandings and superfluous discussions Ths
confirms entirely the remarks made at the end of Section 9 *

14, Application of laws of sentential calculus in inference

Almost all reasonings 1n any scientific domain are based expli-
citly or implieitly upon laws of sentential calculus; we shall try
to explan by means of an example 1n what way this happens.

Guven a sentence having the form of an implication, we can,
apart from 1ts converse of which we had already spoken 1n Section
10, form two fyrther sentences the INVERSE SENTENCE (or the
INVERSE OF THE GIVEN SENTENCE) and the CONTRAPOSITIVE SEN-
TENCE. The inverse sentence 1s obtained by replacing both the
antecedent and the consequent of the given sentence by thewr
negations The contrapositive 15 the result of interchanging the
antecedent and the consequent in the inverse sentence, the contra-
positive sentence is, therefore, the converse of the mverse sentence
and also the inverse of the converse sentence The converse, the
inverse and the contrapositive sentences, together with the original
sentence, are referred to as cONJUGATE SENTENCES. As anillus-
tration we may consider the following conditional sentence:

(D +f z s @ posilwe number, then 2z is a positive number,
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and form 1ts three conjugate sentences
if 2z 18 ¢ positwe number, then z 15 a posiwe number;
#f z 18 not @ posiwe number, then 2z 15 not a positive number,
of 2z 18 not a posilive number, then x 15 nol a positwe number

In this particular example, all the econjugate sentences obtamed
from a true sentence turn out to be hkewise true  But this i1s not
at all so i general, m order to see that 1t 1s quite possible that
not only the converse sentenee (as has already been mentioned in
Section 10} but also the inverse sentence may be false, although
the omginal sentence 1s true, 1t 1s sufficient to ieplace “2z” by
“22" 1n the above sentences

Thus 1t 15 seen that from the validity of an implication nothing
definite can be inferred about the validity of the converse or the
mverse sentence The situation 1s quite different in the case of
the fourth conjugate sentence, whenever an implication 1s true,
the same apphes to the coiresponding contrapositive sentence
This fact may be confirmed by numerous examples, and 1t finds
1ts expression 1 a gencral law of sentential calculus, namely the
so-called LAW OF TRANSPOSITION Or OF CONTR\FPOSITION

In order to be able to formulate this law with precision, we
abserve that every implication may be given the schematic form

if p, then g,

the converse, the mverse and the contrapositive sentences will
then assume the forms

if q, then p, 1f not p, then nol g, 1f not q, then not p

The law of contraposition, according to which any conditional
sentence implies the corresponding contrapositive sentence, may
hence be formulated as follows

yf: 1f p,thenq, then 1f notgq, then not p.

In order to avoid the accumulation of the words ‘3’ 1t 15 expedient
to make a shght change 1n the formulation

(IL) from of p, then g, 1t follows that 3 not g, then nol p
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We now want to show how, with the help of this law, we can,
from a statement having the form of an implication—for instance,
from statement (I)—denve 1ts contrapositive statement.

(II) apphes to arbitrary sentences “p” and ‘“‘g”, and hence
remams valid if for “p” and *“¢” the expressions

Z 18 a postlive number
and
2z 18 o posulwe number

are substituted Changing, for stylstic reasons, the position of
the word “not”’, we obtamn

(III) from 1f z 15 a positwe number, then 2z 15 a postwe number,
at follows that 1f 2z 15 not a positive number, then x s not a postte
number.

Now compare (1) and (IITI) (III) has the form of an implication,
(I) being 1ts hypothesis  Since the whole implication as well as
1ts hypothesis have been acknowledged as true, the conclusion of
the impheation must likewise be acknowledged as truc, but that
18 Just the contrapositive statement 1 question

(XV) +f 2z 15 not a positrve number, then z1s nol a posilie number

Anyone knowing the law of contraposition can, m this way,
recognize the contrapositive sentence as true, provided he has
previously proved the original sentence  Further, as one can
easily veity, the mversc sentence 15 contrapositive with respect
to the conveisc of the ongial sentence (that is to say, the inverse
sentence can be obtained from the converse sentence by replacing
antecedent and consequent by their negations and then mnter-
changing them), for this 1eason, if the converse of the given sen-
tence has been proved, the inverse sentenee may hkewise be con-
sideted vahd If, therefore, one has succeeded in proving two
sentences—the original and its converse—a special proof for the
two remaining conjugate sentences is superfluous

It may be mentioned that several variants of the law of contra-
position are known, one of them 1s the converse of (II)

from of not g, then not p, 1 follows that of p, then ¢
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This law makes it possible to derive the onginal sentence from the
contrapositive, and the inverse from the converse sentence

16. Rules of inference, complete proofs

We shall now conwder 1n a little more detail the mechamsm
itself of the proof by means of which the sentence {IV) had been
demonstrated in the preceding section  Be<des the rules of defi-
mtion, of which we have already spoken, we have other rules of a
somewhat simular character, namely, the RULES OF INFERENCE or
RULES OF PROOF  These rules, which must not he mistaken for
logical laws, amount to directions as to how swentences already
known as true may be transformed <o as to yweld new true sen-
tences In the proof cairted out above, two rules of demonstra-
tion have becn made use of the RULE oF sUBSTIruTION and the
RULE OF DETACHMENT (also known as thc MODUS PONENS RULE)

The content of the rule of substitution 1s as follows  If a sen-
tence of a universal character, that has already heen accepted as
true, contaws sentential vaiiables, and if these vanables are re-
placed by other sentential vanables or by sentential funetions or
by sentences—always substituting equal expressions for equal
variables throughout—, then the sentence obtained mn this way
may also be recogmized as true It was by applying this very rule
that we oblained the senlence (IIT) fiom sentence (IT) It should
be emphasized that the rule of substitution may also he apphed
to other kinds of vauables, for example, to the vanables “z”,
“y’ . designating numbers 1 place of these vanables, any
symbols or expiessions denoling numbers may be substituted

*The formulation of the rule of substitution as given here is not
quite precise  This rule refers to such senlences as arc composed
of a umversal quantifier and a sentential function, the latter con-
taming variables hound by the umwversal quantifier When one
wants to apply the rule of substitution, one omits the quantifier
and substitutes for the vaiables previously hound by this quanti-
fier either other vanables or whole epressions (c g, sentential
functions or sentences for the vanables “p"”, “g”, “r”, .. , and

expressions denoting numbers for the variables “z”, “y”, “2”, ..+ ),
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any other bound variables which may occur in the sentential
function remain unaltered, and one sees to 1t that no variables of
the same form as these occur 1 the substituted expressions, if
necessaly a universal quantifier 1s set mn front of the eapression
obtaned in this way n order to turn it into a sentence For in-
stance, by applying the 1ule of substitution to the scntence.

Jor any number z there 15 a number y such that z + y = 5,
the following sentence can be obtained:
there 15 a number y such that 3 + y = 5,
but also the sentence
Jor any number z lhere 18 a number y such that 22+ y = 5,

thus, in this case, one substitutes only for “z” and leaves “y"
unaltered. We must not, however, substitute for “z" any ex-
pression contamng ‘“‘y”, for, although our original sentence was
true, we might in this way arrive at a false sentence  For in-
stance, by substituting '3 — y”, we should obtain

there 15 a number y such that B —y)+y=5*

The rule of detachment states that, if two sentences are accepted
as true, of which one has the form of an implication while the
other 1s the antecedent of this implication, then that sentence may
also be recognized as true which forms the consequent of the
mmphication  (We “detach” thus, so to speak, the antecedent from
the whole implication ) By means of this rule, the sentence (IV)
had been derived from the sentences {III) and ().

It can be seen that from this that, 1n the proof of the sentence
(IV) as cairied out above, each step consisted 1n applying a rule
of inference to scntences which were previously accepted or recog-
nized as true A proof of this kind will be called compLETE A
little more precisely a complete proof may also be characterized
as follows It consists in the construction of a chain of sentences
with these properties the imtial members are sentences which
were already previously accepted as true, every subsequent mem-
ber 1s obtainable from preceding ones by applying a rule of infer-
ence, and finally the last member 1s the sentence to be proved.
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It should be observed what an extremely elementary form—
from the psychological point of view—all mathematical reasonings
assumne, due to the knowledge and application of the laws of logie
and the rules of inference, complhcated mental processes are en-
tirely reducible to such simple activities as the attentive observa-
tion of statements previously accepted as true, the perception of
structural, purely cxternal, conncctions among these statements,
and the execution of mechanieal tiansformations as preseribed by
the rules of inference It 1s obvious that, in view of such a pro-
cedure, the possibility of committing mistakes in a proof 1s reduced
to & mmmum.

Exercises

1. Gave examples of specifically mathematical expressions from
the fields of arithmetic and geometry.

2 Diffeientiate in the following two sentences between the
specifically mathematical expressions and those belonging to the
domain of logie:

(a) for any numbers z and y, of >0 and y <0, then
there 18 a number z such that z < 0 and z = y.z,

(b) for any pownts A and B there 18 a point C whach lies belween
A and B and 18 the same dislance from A as from B

3. Form the conjunction of the negations of the following sen-
tential functions

z<3
and
T > 3.

What number satisfies this conjunction?

4 In which of its two meanings does the word “or’’ occur in
the following sentences:

(a) two ways were open to him: 1o belray s couniry or to die;

(b) f I earn a lot of money or unn the sweepsiake, I shall go on @
long journey.
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Give further examples 1n which the word “or” is used in 1ts first
or in 1ts second meaning

*5, Consider the following conditional sentences
(a) +f loday 15 Monday, then lomorrow ts Tuesday;
(b) +f today is Monday, then tomorrow 18 Saturday;

(c) +f loday 1s Monday, then the 25th of December 18 Chrastmas
day,

(d) of wishes were horses, beggars could ride,

(e) If a number 1s dunsible by 2 and by 6, then it 1s dunsible
by 12,

(f) of 18 15 dunsible by 3 and by 4, then 18 1s dunstble by 6

Which of the above implications are true and which are false from
the point of view of mathematical logic? In which cases does the
question of meaningfulness and of truth or falsity raise any doubts
from the standpoint of ordinary language? Direct special atten-
tion to the sentence (b) and examine the question of its truth as
dependent on the day of the week on which 1t was uttered

6 Put the following theorems into the form of ordnary condi-
tional sentences.

(a) for a triangle lo be equalateral, 1 13 sufficient that the angles of
the triangle be congruent;

(b) the condition z18dunsible by 3,18 necessary for z to be duwisible
by 6.

Guve further paraphrases of these two sentences
7. Is the condition: .
zy>4
necessary or sufficient for the validity of:
z>2 and y>2 ?
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8. Give alternative formulations for the following sentences:

(a) =z o5 dwisible by 10 of, and only of, z 18 dunsible both by 2 and
by 5;

(b) for a quadrangle tobe a parallelogram. ol 1s necessary and sufi-
cient that the pownt of inlersection of its diagonals be at the same time
the midpownt of each dragonal

Give further examples of theorems from the fields of artthmetic
and geometry that have the form of equivalences

9. Which of the following sentences are true.

(a) a triangle 15 1s0sceles 1f, and only +f, all the altytudes of the
lriangle are congruent,

(b) the fact that z % 0 15 necessary and sufficient for z® to be a
postiwe number,

(c) the fact that a quadrangle 1s a square implies that all sts angles
are raght angles, and conversely,

(d) for x to be dunsible by B 1L 15 necessary and sufficient thal
be divisible both by 4 and by 2 ?

10 Assuming the terms ‘“‘nafural number” and “product’’ (or
‘“quotient’’, respectively) to be known already, construct the defini-
tion of the term “‘dusible”, giving 1t the form of an equivalence

we say that T 1s dunsible by y of, and only 1f, - - .

Likewise formulate the defimtion of the term “parallel”, what
terms (from the domain of geometry) have to be presupposed for
this purpose?

11. Translate the following symbolic expressions into ordinary
language:

(8 [(~p)—7pl—0p

®) (~p)Vge@—9,
€ [~vole(p—q9),
@ (pVvige(@—9l)
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Direct special attention to the difficulty in distinguishing in ordi-
nary language the three last expressions.

12. Formulate the following expressions in logical symbolism*

(a) of not p or nol q, then ot 18 not the case thal p or ¢;
(b) of p smplies that q rmplies r, then p and g together imply r,
(e) of r follows from p and +f r follows from g, then r follows
fromporg
13 Construct truth tables for all sentential functions given 1
Exercises 11 and 12 Assume that we nterpret these functions as

sentences (what does this mean?), and determine which of these
sentences are true and which ae false

14, Venfy by the method of truth tables that the following
sentences are true

@) [~(—-ple s,

() [~(@AQ]« [(«p)V ()],
[~ V] < [(~p) A (9],

) IpAl@gvnle(eAg)V(pAD),
[eV(gAn] < (aV)A(pVr)]

Sentence (a) 1s the LAW OF DOUBLE NEGATION, sentences (b) are
called DE MoraaN’s Laws®, and sentences (c) are the DISTRIBUTIVE
vaws (for logical multiplication with respect to addition and for
logical addition with respeet to multiplication)

15 For each of the following sentences, state the three corre-
sponding conjugate sentences (the converse, the mverse, and the
contrapositive sentence)

(a) the fact thal z 1s a posiiwe number vmplies that —~ is @ nega-
twe number,

(b) of a quadrangle is a rectangle, then a circle can be circum-
scribed about 1

Which of the conjugate sentences are true?
Gave an example of four conjugate sentences which are all false

¢ These laws were given by A. DE MoreAN (1806-1878), an eminent
English logieian
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16 Explain the following fact on the basis ot the truth table for
the function “p <> ¢": 1f 1n any sentence some of 1ts parts which
are themselves sentences (or sentential functions) are 1eplaced by
equivalent sentences, then the whole new sentence obtammed m
this way 15 equivalent to the original sentence Some of our
statements and remarks in Sechion 10 were dependent on this
fact; ndicate where this was the case

17. Consider the following two sentences
(a) from if p thenq, o follows that- of q, then p,
(b) from of p, then q, ot follows that  1f not p, then not q

Suppose these sentences were logical laws, would it be possible to
apply them 1n mathematical proofs in an analogous way to the
law of contiaposition (cf Section 14)? What conjugate sentences
would 1t be possible to derive from a given asserted implication?
Consequently, can our supposition be maintained that the sen-
tences (a) and (b) are true?

18 Confirm the conclusion which has been reached in Exer-
cise 17 by applying the method of truth tables to the sentences
{a) and (b)

19 Consider the following two statements
the fact that yesterday was Monday 1mplies that today 18 Tuesday;

the fact thal today 1s Tuesday wmplies thal tomorrow wnll be
Wednesday

What statement may be deduced from them m accordance with
the law of the hypothetical syllogism (cf Section 12)?

*20 Carry out the complete proof of the statement obtained n
the preceding exercise, use the statements and law of the hype-
thetical syllogism mentioned there, and apply—in addition to the
rule of substitution and the rule of detachment—the followng
rule of inference if any two sentences are accepted as true, then
their conjunction may be recogmzed as true.
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ON THE THEORY OF IDENTITY

16. Logical concepts outside sentential cgfculus; concept of
identity

Sentential caleulus, to which the preceding chapter was devoted,
forms merely a part of logic It constitutes undoubtedly the
most fundamental part,—at least inasmuch as one makes use of
the terms and laws of this caleulus 1n the definition of terms and
the formulation and demonstration of logical laws that do not
belong to sentential calculus Sentential caleulus n itself, how-
ever, does not form a sufficient basis for the foundation of other
sciences and, i particular, not of mathematics, varous concepts
from other parts of logic are constantly encountered in mathe-
matical definitions, theorems and proofs Some of them will be
discussed 1n the present and in the following two chapters.

Among the logieal concepts not belonging to sentential caleulus,
the concept of IDENTITY or EQUALITY 15 probably the one which
has the greatest importance It occurs in phrases such as

z 18 wlenbical unth y,
z 18 the same as g,
T equals y.

To all three of these expressions the same meanimng 1s ascribed;

for the sake of brevity, they will be replaced by the symbolic
expression:

z=4y.
Instead of writing:

z 18 not identical unth y
54
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or:
z 18 different from y

we employ the formula:
z+y.

The general laws mnvolving the above expressions constitute a
part of logic which may be called the THEORY OF IDENTITY.

17. Fundamental laws of the theory of identity

Among the logical laws concerning the concept of identity the
most fundamental 1s the following

I. z =y «f, and only of, = has every property which y has, and
y has every properfy which z has

We could also say more simply
z =1y 1f, and onlyf, z and y have every properly 1n common.

Other and perhaps more apparent, though less correct, formula-
tions of the same law are known, for instance

=y 1f, and only of, everything that may be said about any
one of the things x or y may also be sard about the other

Law I was first stated by LeiBniz! (although in somewhat
different terms) and hence may be called LEiBN1z's Law. It has
the form of an equivalence, and enables us to replace the formula

z =Y,

which 1s the left side of the equivalence, by 1its rght side, that 18
by an expression no longer contaming the symbol of 1dentity
With respect to its form this law may, therefore, be considered
as the definition of the symbol “="', and so 1t was considered
by LemeNiz himself (Of course, to regard Lreieniz's law here
as a definition would make sense only 1if the meaning of the
symbol “="" seemed to us less evident than that of the expressions
on the nght side of the law, such as “z has every property which y
has"; ef Section 11).

1Cf footnote lonp 19
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As a consequence of LEiBN1z's law we have the following rule
which 1s of great practical importance If, in a certain eontext,
a formula having the form of an equation, e g :

z =y,

has been assumed or proved, theu 1t 15 permissible to replace, 1n
any formula or sentence occurring m this context, the left side of the
equation by its night side, e g “z” by “y"", and conversely It is
understood that, should “z”’ occur at several places in a formula, 1t
may at some places be left unchanged and at otheis 1eplaced by
“y", there 15, thus, an essential difference between the rule now un-
der consideration and the rule of substitution discussed 1n Section
15 which does not permit such a paihal replacement of one symbol
by another

From Leisniz's law we can derive a number of other laws
belonging to the theory of identity, that are frequently applied n
various constderations and especially in mathematical proofs
The most mpottant among these will be listed here, together with
a sketch of their proofs, mm order to exhibit by way of concrete
examples that there 1s no essential diffetence between reason-
mgs 10 the field of logic, and thosc 1n the field of mathematics

I1 Everything 1s equal to uself z = =«
Proor Substitute, n Leisniz's law, “z"” for “y”; we obtan

z =z 1, and only +f, z has every property which z has, and
z has every properly which z has

We can, of course, simphfy this sentence by omitting 1ts last
part “and z has ...” (this follows duectly from the law of tau-
tology stated mn Section 12) The sentence assumes then the
following form

z =z f, and only of, x has every property which z has

Obviously, the nght side of this cquivalence 15 always satisfied

(for, according to the law of identity mn Section 12, if z has a

certain property, 1t has this property) Hence the left side of the

equivalence must also be satisfied, 1n other words, we always have-
z =z,

which was to be proved.
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IIN If 2=y, then y=12

Proor By substituting, in LeiBNiz’s law, “z” for “y"” and
“y" for “z”, we obtain

y =z 1, and only o, y has every properly which z has, and
z has every properly whach y has,

Let us compare this sentence with the omginal formulation of
Lemexniz’s law  We have here two equivalences, the right sides
of which are conjunctions differing only 1n the order of their mem-
bers Hence the right sides are equivalent (cf the commutative
law of logical multipheation 1n Section 13), and the left sides,
that 1, the formulas

z=y and y=1=z

must, therefore, be also equivalent A fortior1 we may assert
that the second of these formulas follows from the first, as 1t 1s
stated in our law.

IVIf 2=y and y=2, then z =2
Proor By hypothesis, the two formulas

1) z=y
and
2 y=z

are assumed valid According to LemsNiz's law, 1t follows from
formula (2) that everything that may be said about y may also
be said about z Hence we may replace the variable ‘y” by “z’
in formula (1), and we obtain the desired formula

r =2

V.If =12 and y =2 then z =1y, m other words,
two things equal lo the same thing are equal to cach olher

This law can be proved 1 a way quite analogous to the pre-
ceding (1t can also be deduced from Laws III and IV, without
using LEiBNIZ'S law).
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Laws II, 11T and IV are called the LAWS OF REFLEXIVITY, OF
SYMMETRY, and OF TRANSITIVITY for the relation of identity.

18. Identity of things and identity of their designations; use of
quotation marks

*Although the meaning of such expressions as*
z=y or z%Y

seems to be evident, these expressions are sometimes misunder-
stood. It seems obvious, for mnstance, that the formula.

3=241

1s a true assertion, and yet some people are somewhat doubtful
88 to 1ts truth In their opimon, this formula appears to state
that the symbols “3"” and “2 + 1’ are identical, which 1s ob-
viously false since these symbols have entirely different shapes,
and, therefore, 1t 18 not true that everything that may be said
about one of these symbols may be said about the other (for
mstance, the first symbol 1s a single sign, while the second 1s not).

In order to avoid doubts of this kind, 1t is well to make clear
to onesclf a very general and important prineiple upon which the
useful employability of any language 1s dependent  According to
this principle, whenever, 1n a sentence, we wish to say something
about a certain thing, we have to use, in this sentence, not the
thing itself but 1ts name or designation

The appheation of this principle gives no cause for doubt as
long as the thing talked about 1s not a word, a symbol or, more
generally, an expression of a language Let us imagne, for ex-
ample, that we have a small blue stone 1n fiont of us, and that
we state the following sentence

this stone s blue.

To none, presumably, would it occur in this case, to replace in
this sentence the words “‘thzs stone”’ which together constitute the
designation of the thing by the thing itself, that 1s to say, to blot
or cut these words out and to place in their stead the stone  For,
mn domng so, we would arrive at a whole consisting 1n part of &
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stone and 1 part of words, and thus at something which would
not be a linguistic expression, and far less a true sentence

This principle 15, however, frequently violated if the thing talked
about happens to be a word or a symbol  And yet the apphication
of the principle 1s indispensable also 1 this case, for, otherwise,
we would arnive at a whole which, though being a hingustic ex-
pression, would fail to express the thought intended by us, and
very often might even be a meaningless aggregate of words. Let
us consider, for example, the following two words.

well,  Mary

Clearly, the first consists of four letters, and the second 1s a
proper name But let us imagine that we would express these
thoughts, which are quite correct, in the followin= manner.

9] well consisls of four lellers,
(In) Mary s a proper name;

we would then, 1n talking about words, be using the words them-
selves and not their names And if we examine the expressions
(I) and (II) more closely, we must admit that the first 1s not a
sentence at all since the subject can only be a noun and not an
adverb, while the second might be considered a meaningful sen-
tence, but, at any rate, a false one since no woman 1s a proper name.

In order to avoid these difficulties, we might assume that the
words “‘well” and “Mary” occut m such contexts as (I) and (II)
in a meaning distinct from the usual one, and that they here
function as their own names In generalization of this view-
pomnt, we should have to admit that any word may, at tumes,
function as its own name, to use the termwnology of medieval
logie, we may say that, in a case hike this, the word is used 1n
SUPPOSITIO MATERIALIS, &s opposed to 1ts use in SUPPOSITIO FOR-
MALIS, that 18, 1n 1ts ordinary meanmng  As a consequence, every
word of common or scientific language would possess at least two
different meanings, and one would not have to look far for ex-
amples of situations mn which serious doubts might arise as to
which meaning was intended Whth this consequence we do not
wish to reconcile ourselves, and therefore we will make 1t a rule
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that every expression should differ (at least in writing) from
1ts name

The problem arises as to how we can set about to form names
of words and expressions  There are various devices to ths effect
The simplest one among them 1s based on the convention of
formimng the name of an expression by placing 1t between quota-
tion marks On the basis of this agreement, the thoughts tenta-
tively expressed i (I) and (II) can now be stated correctly and
without ambiguity, thus

@) “well” consists of four lelters,
119 “Mary' 13 a proper name

In the hght of these remarks all possible doubts as to the
meaning and the truth of such formulas as.

3=2+4+1

are dispelled. This formula contains symbols designating certain
numbers, but it does not contam the names of any such symbols.
Thereiore this formula states something about numbers and not
about symbols designating numbers, the numbers 3 and 2 + 1
are obviously equal, so that the formula is a true assertion We
may, admuttedly, 1eplace this formula by an equivalent sentence
which 1s about symbols namely, we may say that the symbols
“3" and “2 + 1" designate the same number But this by no
means imples that the symbols themselves are 1dentical, for 1t 1s
well known that the same thmg—and, 1n particular, the same
number—can hay e many different designations  The symbols 3"
and 2 4 1" are, no doubt, different, and this fact can be expressed
in the form of a new formula

b(3" + ((2 + lu

which, of comse, n no way contradicts the formula previously
stated **

* The convention concerning the use of quotation marks has been ad-
hered to 1 this book pretty consistently. We deviate from it only in
rare cases, by way of a concession to traditional usage  For instance, ne
state formulas and sentences withoufpguotation marks, if they are printed
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19. Equality in anthmetic and geometry, and its relation to
logical 1identity

We here consider the notion of arithmetical equality among
numbers consistently as a special case of the general concept of
logical identity It must be added, however, that there are mathe-
maticians who—as opposed to the standpoint adopted here—do
not identify the symbol “=" occurring in arithmetic with the
symbol of logical 1dentity, they do not consider equal numbers to
be necessarily identical, and therefore look upon the notion of
equality among numbers as a speafically arithmetical concept
In this connection, those mathematicians rejeet LEIBNIZ’S law 1n
its general form, and merely recognize some of 1ts consequences
which are of a less gencral character and count them among the
specifically mathematical theorems Among these consequences
there are Laws II to V of Section 17, as well as theorems to the
effect that, whenever z = y and r satisfics some formula built up
of anthmetical symbols only, then y satisfies the same formula,
thus, for instance, the theorem

f =y and z <z then y<z

In our opinion, this point of view can claim no particular theo-
retical advantages, while, 1n practice, 1t entails considerable com-
pheations 1n the presentation of the system of anthmetic  Foi one
rejects here the general rule which allows us—on the assumption
that an equation holds—to replace everywhere the left side of the
equation by 1ts nght side, since, however, such a replacement 1s
indispensable 1 various arguments, 1t becomes necessary to give a
special proof that this teplacement 1s permissible 1n each particular
case m which 1t 1s applied

displayed 1n a special line or if they occur in the formulatian of mathema-
tical or logical theorems, and we do not put quotation marks about expressions
which are preceded by such phrases as “1s called”, “1s known as"”, and so on
But other precautionary measures are taken in these cases, the expression n
question 1s often preceded by & colon and 1t 1s usually printed n a different
kind of print (smsall capitals or italics) It should be observed that, in every-
day language, quotation marks gré used also in cases not covered by the above
convention, and examples of bhl\?ﬂpe can be found n this book, too
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To illustrate this situation by an example, let us consider any
system of equations 1n two variables, for mstance.

z =19,
24y =2z — 3y + 18.

If one wants to solve this system of equations by means of the
so-called method of substitution, one has to form a new system of
equations obtaned by leaving the first equation unchanged and
replacing n the second equation “‘z”” by “y*” throughout And
the question arises whether this transformation is permissible,
that 15, whether the new system is equivalent to the old The
answer 18 undoubtedly 1n the affirmative, no matter what con-
ception of the notion of equality among numbers 1s adopted But
if the symbol “=" 15 understood to designate logical :dentity, and
if LEIBN1z's law 1s assumed, the answer 1s obvious, the assumption

=

permuts us to replace “z' everywhere by “3*", and vice versa
Otherwise 1t would first be necessary to give reasons for the af-
firmative answer, and although this justification would not meet
with any essential difficulties, 1t would at any rate be rather long
and tedious

As to the notion of equality in geometry, the situation 1s en-
tirely different  If two geometrical figures, such as two line seg-
ments, or two angles, or two polygons, are said to be equal or
congruent, 1t 18 n general not intended to assert their identity
One merely wishes to state that the two figures have the same
size and shape, i other words—to use a figurative 1f not quite
correct mode of expression—, that they would exactly cover one
another 1f one were placed on top of the other Thus, for example,
a triangle 1s capable of having two, or even three, equal sides, and
vet these sides are certainly not identical There are also cases,
on the other hand, in which 1t 1s not a question of the geometrical
equality of two figures, but of their logical identity; for mnstance,
m an 1sosceles triangle, the altitude upon and the median to the
base are not only geometrically equal, but they are simply one
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and the same hne segment Therefore, in order to avoid any
confusion, 1t would be recommendable consistently to avoid the
term “equalhty” m all those cases where 1t 1s not a question of
logical 1dentity, and to speak of geometrically equal figures rather
as of congruent figures, replacing—as 1t 1s often done anyhow—
the symbol “=" by a different one, such as “~"

20. Numerical quantifiers

With the help of the concept of identity 1t 1s possible to give a
precise meaning to certain phrases which, both in their content
and their function, are closely related to the universal and exist-
ential quantifiers and are also counted among the operators, but
which are of a more special character They are expressions
such as

there 15 at least one, or at most one, or exactly one, thing z such
that ...,

there are at least two, or at most two, or ezxactly two, things z such
that ...,

and so-on, they might be called NUMERICAL QUANTIFIERS Ap-
parently, specifically mathematical terms occur in these phrases,
namely, the numerals “one”, “two”, and so on A more exact
analysis shows, however, that the content of those phrases (if
considered as a whole) 1s of a purely logical nature  Thus, 1n the
expression.

there 15 al least one thing satisfying the given condslion

the words “at least one” may simply be replaced by the article
““g” without altering the meaning The expression

there 15 al most one thing sehsfying the given condilion
means the same as

for any z and y, of z satisfies the guwen condition and +f y
satisfies the gren condelron, then = = y.
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The sentence*
there 13 exactly one thing salisfying the gwen condition
is equivalent with the conjunction of the two sentences just given:

there 15 at least one thing satisfying the gien condtion, and
at the same time there 1s al most one thing satisfying the
gwen condilzon.

To the expression.
there are at least two thangs satisfying the guwen condilion
we give the following meaning

there are z and y, such that both z and y salisfy the gwen
condilion and z &= y;

1t 15, therefore, equivalent to the negation of.
there 18 al most one thing satusfying the gien conditzon

Analogously we explain the meanings of other expressions of this
category

For the purpose of 1illustration, a few true sentences of arth-
metic may be listed here in which numencal quantifiers appear.

there 15 exactly one number z, such that = + 2 = 5;
there are exaclly two numbers y, such that 3?2 = 4;

there are al least fwo numbers z, such that z + 2 < 6

That part of logic, in which general laws involving quantifiers
are laid down, 15 known as the THEORY OF APPARENT VARIABLES
or the FUNCTIONAL cALcULUS, although 1t really ought o be called
the caLcuLus oF QuUANTIFIERs Hitherto this theory has pri-
marily concerned itsell with the univeisal and euistential quanti-
fiers, while the numerical quantifiers have been largely neglected

Exercises

1 Prove Law V of Section 17, using exclusively Laws III and
IV, thus without the use of LeiBNiz's law.
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Hint In Law V the formulas:
r=z and y=z¢z

are assumed valid by hypothesis By virtue of Law III, mter-
change the varables in the second of these formulas, and then
apply Law IV.

2. Prove the following law.
f z=y, y=2 and z=1, tlhen z =,
using exclusively Law IV of Section 17

3. Are the sentences true which are obtained by replacing in
Laws III and IV of Secction 17 the symbol “=" by “+"
throughout?

*4 On the basis of the convention stated in Section 18 con-
cerning the use of quotation marks, determine which of the fol-
lowing expressions are true sentences

(a) 015 an nteger,

(b) 0 s a cipher having an oval shape,
() “0" 28 an 1nteger,

(d) “0” 15 a cxpher hanng an oval shape,
(e) 15 =3,

M “15” = 3",

(g) 2+2 %5,

(h) “2 4 2" + “5",

*5 In order to form the name of a word we put that word n
quotation marks, in order to form the name of this name we put,
1 turn, the name of this word 1n quotation marks, and thus the
word itself 1n double quotation marks Hence, of the following
three expressions

Jokn, “John”, ‘‘“John"",

the second 1s the name of the first, and the third 1s the name of
the second Substitute 1n turn the three expressions above for
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2" in the following sentential functions, and determine which of
the twelve sentences obtained are true:

(a) z1s @ man,

(b) z 15 a name of a man,

(c) z 15 an expression,

(d) z s an expression contarnang quolation marks

*6, In Section 9 we gave vanous formulations of conditional
sentences met with in mathematical books Attention was also
called to the fact that in some of these formulations we talk, not
about numbers or properties of nurabers, and so on, but about
expressions (e g, sentences and sentential functions). It follows
from remarks made 1n Section 18 that these latter formulations
call for the use of quotation marks Indicate the formulations,
and the exact place in them, in which quotation marks are required.

*7 On the basis of the general principle concerning the use of
names of things 1n sentences stating something about these things,
we may now subject the last sentence but one of Section 12 (*“Just
as the anithmetical theorems . .’’) to some eriticism  We know
that variables occurring in arithmetic stand for names of numbers.
Do the varnables oceurring 1n sentential caleulus stand for names
of sentences or for sentences themselves? May we, therefore, say,
if we want to be exact, that the laws of this caleulus assert some-
thing about the sentences and their properties?

8. Consider a triangle with sides @, b and ¢ Let %, , & and &
be the altitudes upon the sides a, b and ¢, similarly, let ma, m,
and m, be the medians and s, , s and s, the bisectors of the angles
of the triangle

Assuming the triangle Lo be 1sosceles (with @ as the base, and
b and ¢ as the sides of equal lengtlh), which of the twelve segments
named are congruent (1e, equal in the geometrical sense), and
which are 1dentical? Express the answer m the form of formulas,
using the symbol “~" to designate congruence, and the symbol
“=" to designate identity

Solve the same problem under the assumption that the triangle
18 equilateral.
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9 Explamn the meaning of the following expressions:
(a) there are at most two thangs satisfying the gwen condition;
(b) there are eractly two things satisfyeng the given condition.
10 Determmme which of the following sentences are true:
() there 15 ezactly one number z such that = + 3 =7 — z;
(b) there are ezactly two numbers z such that z* + 4 = 4z;
(c) there are at most two numbers y such that y + 5 < 11 — 2y;
(d) there are at least three numbers z such that 2* < 2z;

(e) for any number = there 1s exacily one number y such that
t+y=2

(f) for any number z there 1s ezacily one number y such thai
z.y = 3.

11. How can one make use of numerical quantifiers in order to
express the fact that the equation:

22—5z2+6=0
has two roots?
12. What numbers z satisfy the sentential function:
there are exactly two numbers y such that z = 3* 1

Dafferentiate in this function between free and bound variables.
*Do numerical quantifiers bind variables?*
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21. Classes and their elements

Apart from separate indiidual things, which we shall also,
for short, eall NpIvipuaLs, logic 15 concerned with crassEs of
things, 1n everyday hfc as well as 1n mathematics, elasses are more
often referred to as sers Anthmetic, for instance, frequently
deals with sets of numbers. and 1n geometry our interest attaches
itself not so much to single points as to pomnt sets (namely, to
geometrical configurations) Classes of individuals are called
CLASSES OF THE FIRST ORDER Comparatively more rarely we
also meet 1n our mvestigations with CLASSES OF THE SECOND ORDER,
that 1s, with classes which consist, not of individuals, but of classes
of the first order Sometimes even CLASSES OF THE THIRD, FOURTH,
.-+ ORDERS have to be dealt with Here we shall be concerned
almost exclusively with classes of the first order, and only excep-
tionally—as 1n Section 26—iwe shall have to deal with classes of
the second order, our considerations can, however, be applied with
practically no changes to classes of any order

In order to differcniiate between individuals and classes (and
also between classes of different orders), we employ as vanables
letters of different shape and belongmng to different alphabets. It
18 customary to designate individual things such as numbers, and
classes of such things, by the small and capital letters of the
English alphabet, 1espectively  In elementary geometry the op-
posite notation is the aceepled one, capital letters designating
pomnts and small letters (of the Enghsh or Greck alphabets)
designating pont sets

That pat of logic in which the class concept and its general
properties are examined 1s called the THEORY OF CLASSES; some-
times tlus theory 1s also treated as an mndependent mathematical
diseipline under the name of the GENERAL THEORY OF SETS !

! The beginnings of the theory of classes—or, to be more exact, of that
port of this theory which we shall denote as the calculus of classes below—

68
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Of fundamental character i the theory of classes are such
phrases as:

the thing z 13 an element (or a member) of the class K,
the thang x belongs to the class K,
the class K conlains the thing z as an element (or a member),

we consider these expressions as having the same meaning and,
for the sake of brevity, replace them by the formula

ze kK,
Thus, if I 1s the set of all integers, the numbers 1, 2, 3, ... areits
elements, whereas the numbers 3, 2}, - . do not belong to the

set, hence, the formulas
lel, 2¢l, 3el ...

are true, while the formulas
2

2el, 2}el, ...

are false.

22. Classes and sentential functions with one free variable

We consider a sentential function with one free variable, for
instance:

z>0
If we prefix the words
I the sel of all numbers  such that

are already found i1n G BooLe (cf footnote 1 on p 19) The actual
creator of the general theory of sets as an independent mathematical
discipline was the great German mathematician G Caxtor (1845-1918),
we are indebted to him, 1n particular, for the analysis of such concepts as
cquality in power, cardinal number, infinity and order, which will be
discussed 1n the course of the present and the next chapters —CANTOR'S
set theory 18 one of those mathematical disciplines which are 1n a state of
especially intensive development Its i1deas and lines of thought have
penetrated 1nto almost all branches of mathematics and have exerted
everywhere a most stimulating and fertilizing 1nfluence
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to that function, we obtain the expression:
the set of all numbers z such that z > 0.

This expression designates a well-determined set, namely the set
of all positive numbers, 1t 15 the set having as 1ts elements those,
and only those, numbers which satisfy the given function. If we
denote this set by the symbol “P”, our function becomes equiva-
lent to:

z€P.

We may apply an analogous procedure to any other sentential
function In anthmetie, we can obtain mn this way various sets
of numbers, for instance the set of all negative numbers or the set
of all numbers which are greater than 2 and less than 5 (that 1s
which satisfy the function “z > 2 aend z < 5”) This procedure
plays also an important role in geometry, especially in defiming
new kinds of geometrical configurations, the surface of a sphere
18 defined, for instance, as the set of all ponts of the space which
have a definite distance from a given pomnt. It 1s customary in
geometry to replace the words “the set of all ponts'” by “the locus
of the pownts

We will now put the above remarks in a general form It 18
assumed 1n logie that, to every sentential function contaming just
one free vanable, say “2”, there 15 exactly one corresponding class
having as its elements those, and only those, things z which
satisfy the given function We obtain a designation for that class
by putting in front of the sentential function the following phrase,
which belongs to the fundamental expressions of the theory of
classes,

(In the class of all things z such thal.

If we denote further the class in question by a simple symbol,
say “C”, the formula:

zeC

will—for any z—be equivalent to the original sentential function.
Hence it is seen that any sentential function containing “z” es
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the only free variable can be transformed into an equivalent fune-
tion of the form

ze K,

where in place of “K” we have a constant denoting a class, one
may, therefore, consider the latter formula as the most general
form of a sentential function with one free varnable.

The phrases (I) and (II) are sometimes replaced by symbolic
expressions, we can, for instance, agree to use the following symbol
for this purpose-

E.
*Let us now consider the following expression
1 belongs to the set of all numbers z such that z > 0,
which can also be wnitten 1n symbols only

1eCiz > 0)

This expression 18 obviously a sentence, and even a true sentence;
1t expresses, In a more complicated form, the same thought as
the sumple formula.

1>0

Consequently, this expression cannot contain any free variable,
and the varable “z"” occurring 1n it must be & bound variable
Since, on the other hand, we do not find in the above expression
any quantifiers, we arrive at the conclusion that such phrases as
(I) or (II) function hike quantifiers, that 1s, they bind variables,
and must, therefore, be counted among the operators (cf Seec-
tion 4).

It should be added that we frequently prefix an operator hike
(I) or (II) to sentential functions which contam—besides “z’'—
other free variables (this oceurs 1n nearly all cases in which such
operators are apphed in geometry) The expressions thus ob-
tamned, for instance

the set of all numbers z such that z > y
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do not designate, however, any defimite class; they are designatory
functions 1 the meamng established in Section 2, that 1s, they
become designations of classes if we replace in them free variables
(but not “z”) by suitable constants, for instance, “y” by “0” m
the example just given *

It 1s frequently said of a sentential function with one free
variable that it expresses a certain property of things,—a property
possessed by those, and only those, things which satisfy the
sentential function (the sentential function “z 15 dunsble by 2",
for example, expresses a certain property of the number z, namely,
divisibility by 2, or the property of being even) The class cor-
responding to this function contamns as its elements all things
possessing the given property, and no others In this manner 1t
18 possible to corrclale a umquely determined class with every
property of things And also, conversely, with every class there
18 correlated a property possessed exclusively by the elements of
that class, namely, the property of belonging to that class It 1s,
accoldingly, 1n the opinion of numerous logicians, unnecessary to
distinguish at all between the two concepts of a class and of a
property, 1 other words, a special ‘“theory of properties” 1s
dispensable,—the theory of classes being perfectly sufficient.

As an application of these remarks we shall give a new formula-~
tion of LEiBN1Z’s law  The original one (in Section 17) contained
the term “property’’, 1n the following, entirely equivalent, formula-~
tion we employ the tetm “class” instead

2=y 1, and onlyf, every class which conlains any one of the things
z and y as an clemenl also contains the other as an element,

As can be seen from this formulation of Lemsniz's law, 1t 1s
possible to define the concept of identity in terms of the theory
of classes

23. Universal class and null class

As we already know, to any sentential function with one free
variable there corresponds the class of all objects satisfying this
function  This can now be applied to the following two particular
functions.

4] z=1z T*az
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The first of these functions is obviously satisfied by every indi-
vidual (ef Section 17) The corresponding class,

Cz = 2),

therefore, contains as elements all individuals, we call this class
the UNIVERSAL cLASs and denote 1t by the symbol “V” (or “17),
The second sentential function, on the other hand, 1s satisfied by
no thing Consequently, the class corresponding to 1t,

Clz + 2),

called the NULL cLiss or EMPTY cLAss and denoted by “A” (or
“0’"), contamns no elements We may now replace the sentential
functions (I) by equivalent functions of the foim

zek,
namely by.
(1) zeV, zeA,

the first of which 1s satisfied by any individual, and the second by
none

Instead of using the general logical coneept of individual within
a particular mathematical theory, 1t 15 somelimes more convenient
to specify exactly what 15 considered an individual thing within
the framework of this theory, the class of all those things will
then be denoted again by “V’" and will be called the UNIVERSE
oF p1scoURSE of the theory In anthmetie, for mnstance, 1t 1s
the class of all numbers which forms the universe of discourse

*[t should be emphasized that V is the class of all individuals
but not the class contaiming as clements all possible things, thus
also classes of first order, second order, and so on  The question
arises whether such a class of all possible things exists at all, and
more generally, whether we may consider “inhomogencous”
classes not belonging to a particular order and contaming as cle-
ments individuals as well as classes of various orders  This ques-
tion 1s closely related to the most mntricate problems of contem-
porary logic, namely, to the so-called ANTINOMY OF RUSSELL and
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the THEORY OF LOGICAL TYPES 2 A discussion of this question would
trespass beyond the mtended lmits of this book We will only
remark here that the nced for considerng ‘“inhomogeneous”
classes oceurs hardly ever in the whole of mathematics (except
for the general theory of sets), and even more rarely in other
sciences.*

24, Fundamental relations among classes

Vartous relations may hold between two classes K and L It
may, for mstance, oceur that every element of the class K 1sat
the same time an element of the class L in which case the set K 18
said to be a SUBCLASS OF THE cLASS L or to be INCLUDED IN THE
cLASS L, or t0 HAVE THE RELATION OF INCLUSION TO THE CLASS L;
and the class L 1s said to COMPREHEND THE CLASS K AS A SUB-
cuass This situation 1s expressed, briefly, by either of the
formulas.

KCL or LOK

By saymmg that K 1s subclass of L 1t is not intended to preclude
the possibility of L also being a subclass of X In other words,
K and L may be subclasses of each other and thus have all their
elements 1n common, m this case 1t follows from a law (given
below) of the theory of classes that K and L are 1dentical If,
however, the converse 1elation does not hold, that s, if every
element of the class K 1s an element of the class L, but if not
every element of the class L is an element of the class K, then the
class K 15 said to be & PROPER SUBCLASS OT 4 PART OF THE CLASS L,
and L 1s said to cOMPREHEND K AS A PROPER SUBCLASS Of AS A
PART For cxample, the set of all integers is a proper subset of
the, set of all rational numbers, a Line comprehends each of 1ts
segments as a part

Two classes K and L arc said to OVERLAP or to INTERSECT 1If
they have at least one element 1n common and if, at the same time,

2 The coneept of logical types introduced by RusseLL 1s akin to that of
the order of a class, and can even be conceived as a generalization of the
latter,—a generahization which refers not only to classes but also to other
things, for instance, to relations, which will be considered 1n the next
chapter The theory of logical types was systematically developed 1n
Principia Mathematica (ef footnote 1 on p 19)
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each contains elements not contained 1u the other  If two classes
have each at least one element (1 e 1if they are not empty), but if
they have no element 1n common, they are called MuTUALLY
EXCLUSIVE Or DISJOINT A circle, for instance, intersects any
straight line drawn through 1ts center, but it 15 disjoint from any
straight hne whose distance from the center 18 greater than the
radius  The set of all positive numbers and the set of all rational
numbers overlap, but the set of positive and the set of negative
numbers are mutually exclusive

Let us give some examples of laws concerning the relations be-
tween classes mentioned above

Foranycass K, K CK
If KCL and LCK, then K = L.
If KCL and LCM, then KCM

If K is a non-empty subclass of L, and of the classes L and M
are disjound, then the classes K and M are disjoint

The first of these statements 1s called the LAW OF REFLEXIVITY
for melusion or the class-theoretical LAW oF IDENTITY The third
is known as the LAW OF TrRANSITIVITY for inclusion, together with
the fourth statement and others of a similar structure they form
a group of statements which are called LAWS OF THE CATEGORICAL
BYLLOGISM

A characteristic property of the universal and null classes in
connection with the concept of nclusion 1s expressed i the fol-
lowng law

Foranyclass K, VO K and ACK.

This statement, particularly in view of its second part referring
to the null class, seems to many people somewhat paradoxical
In order to demonstrate this second part, let us consider the 1m-
plication.

if zeA, then zekK.

Whatever we substitute here for “z” (and “K"), the antecedent
of the implication will be a false sentence, and hence the whole
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impheation a true sentence (the implhcation—as the mathema-
ticians sometimes say—is satisfied “vacuously”) We may, thus,
say that whatever 1s an element of the class A1s also an element of
the class K, and hence, by the definition of inclusion, that A C K
—In an analogous way the first part of the law can be
demonstrated

It 15 easy to see that between any two classes one of the relations
considered here has to hold, the following law 15 to this effect

If K and L are two arbutrary classes, then either K = L or K
18 a proper subclass of L, or K comprehends L as a proper subclass,
or K and L overlap, or finally K and L are dispoint, no two of these
relations can hold simullancously ’

In order to get a clear intwitive understanding of this law 1t 1s
best to think of the classes K and L as geometrical figures and to
imagine all the possible positions 1n which these two figures may
be with respect to each other

The relations which have been dealt with 1n this section may be
called the FUNDAMENTAL RELATIONS AMONG CLASSES®

The whole of the old traditional logic (¢f Section 6) can almost
entirely be reduced to the theory of the fundamental relations
among classes, that is, to a small fragment of the entire theory
of classes Outwardly these two disciplines differ by the fact that,
1n the old logic, the concept of & class does not appear explicitly.
Instead of saying, for instance, that the class of horsesis contained
in the class of mammals, one used to say 1n the old logic that the
property of being 2 mammal belongs to all horses, or, simply, that
every horse 1s a mammal The most important laws of traditional
logic are those of the categorical syllogism which correspond
precisely to the laws of the theory of classes that we stated above
and named after them For example, the first of the laws of
syllogism given above assumes the following form in the old
logic

If every M 15 P and every S is M, then every S 13 P.

3 These relations were first investigated 1n an exhaustive manner by the
French mathematician J D Gerconne (1771-1859)
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This 15 the most famous of the laws of traditional logic, known as
the law of the syllogism BARBARA.

26. Operations on classes

We shall now concern ourselves with certain operations which,
if performed on given classes, yield new classes

Grven any two classes K and L, one can form a new class M
which contains as its elements those, and only those, things which
belong to at least one of the classes K and L, the class M, one
might say, results from the class K by adjoining to 1t the elements
of the class L This operation 1s called App1TION OF CLASSES, and
the class M 1s 1cferted to as the suM or UNION OF THE cLAsSES K
AND L, designated by the symbol

KUL (or K4+ 1IL)

Another operation on two classes K and L, called MULTIPLICA-
TION OF CLASSES, consists 1n forming a new class M whose elements
are those, and only those, things which belong to both K and L;
this class M 1s called the PRODUCT or INTERSECTION OF THE
cLAssEs K anp L and 1s designated by the symbol

KNL (or K.L)

These two operations arc frequently applied 1n geometry, some-
times 1t 15 very convenient to define with therr Help new kinds of
geometrical figures  Suppose, for instance, we know already what
18 meant by a pair of supplementary angles, then the half-plane
—that 1s, the straight angle—may be defined as the union of two
supplementary angles (an angle here being considered as an
angular region, that 1s, as a part of the plane, bounded by the two
half-lines which are called the legs of the angle) Or, if we take
an arbitrary circle and an angle whose vertex lies 1n the center
of the circle, then the intersection of these two figures 1s a figure
called a circular sector

Let us add two more examples from the ficld of arithmetic the
sum of the set of all positive numbers and of the set of all negative
numbers 1s the set of all numbers different from 0, the intersection
of the set of all even numbers and of the st of all pnme numbers,
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is the set having as its sole element the number 2, this number
being the only even prime number.

The addition and multiplication of classes are governed by
various laws  Some of these are completely analogous to the cor-
responding theorems of anthmetic concerning the addition and
multipheation of numbers—and 1t 1s for this very reason that the
terms “‘addition” and “multiplication” have been chosen for the
above operations, as an example we mention the coMMUTATIVE
and AssocIATIVE LAWS of addition and multipheation of classes.

Foranyclasses KandL, KUL=LUK and KNL=LNK,

Foranyclasses K, Land M, KU LUM)=EKUL UM
end KN(LNM)=ENL)NM

The analogy with the corresponding anthmetical theorems be-
comes evident when we replace the symbals “U"” and “N” by
the usual signs of addition and multiplication, “+” and “.”.

Other laws, however, deviate considerably from those of anth-
metic, the LAw oF TAUTOLOGY constitutes a characteristic example.

ForanyclassK, KUK=K and KNK =K.

This law becomes obvious on reflecting upon the meaning of the
symbols “K U K" and “K N K”; if, for mstance, one adds to
the elements of the class K the elements of the same class, one
does not really add anything, and the resulting class 1s again the
same class K

We want to mention one other operation, which differs from
those of addition and multiphication inasmuch as 1t can be per-
formed, not on two classes, but only on one class It 1s the
operation which consists in forming, from a given class K, the
so-called coMPLEMENT oF THE cLass K, that 15, the class of all
things not belonging to the class K; the complement of the class
K 15 denoted by:

K,
If K, for instance, is the set of all integers, all fractions and irra-

tional numbers belong to the set K'.
As examples of laws which concern the concept of complement
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and establish its connection with concepts considered earlier, we
give the following two statements

Foreveryclass K, KUK’ = V.
Foreveryclass K, KNK' = A

The first of these 1s called the class-theoretical Law or Bx-
CLUDED MIDDLE, and the second the class-theoretical Law orF
CONTRADICTION.

The relations between classes and the operations on classes
with which we have just become acquainted, and also the concepts
of the universal class and the null class, are treated in a special
part of the theory of classes, since the laws concerming those rela-
tions and operations tend to have the character of simple formulas
reminiscent of those of arithmetic, this part of the theory 1s known
as the CALCULUS OF CLASSES

26. Equinumerous classes, cardinal number of a class, finite and
infinite classes; arithmetic as a part of logic

*Among the remaining concepts which form the subject of in-
vestigation of the theory of classes there is one group which
deserves particular attention and which comprises such concepts
a8 equinumerous classes, cardinal number of a class, fimte and
infinite classes They are, unfortunately, rather imvolved con-
cepts which can only be supetficially discussed here

As an example of two EQUINUMEROUS Or EQUIVALENT CLASBES,
we may consider the sets of the fingers of the right and of the
left hands, these sets are equinumerous, because 1t 1s possible to
parr off the fingers of both hands in such a manner that (1) every
finger occurs 1n just one pair, and (i) every pair contans just
one finger of the left hand and just one finger of the right hand.
In a similar sense, the following three sets, for instance, are equi-
numerous the set of all vertices, the set of all sides, and the
set of all angles of a polygon Later, in Section 33, we shall be
able to give an exact and general defimtion of this concept of
equinumerous classes

Now let us consider an arbitrary class K, there exists, no doubt,
a property belonging to all classes equinumerous to K and to no
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other classes (namely, the property of being equinumerous with
K), this property 1s called the CARDINAL NUMBER, or the NUMBER
OF ELEMENTS, or the powkR or THE cLass K This can also be
expressed more buefly and precisely, though perhaps i an even
motre abstiact manner The cardinal number of a class K 1s the
class of all classes equinumerous with KX It follows from this
that two classes K and L have the same cardinal number if, and
only 1if, they are equinumerous

With regard to the number of their elements, classes are classi-
fied nto finite and nfinite ones Among the former, we distin-
guish between classes consisting of exactly one element, of two,
of three clements, and so on These terms are most easily defin-
able on the basis of anthmetic Indeed, let » be an arbitrary
natural number (that 1s, a non-negative integer); then we shall
say that THE cLass K consists OF » ELEMENTS, f K 15 equi-
numerous with the class of all natural numbers less than n  In
particular, a class consisls of 2 elements, if 1t 15 equinumerous
with the class of all ratural numbers less than 2, 1e, to the class
consisting of the numnets 0 and 1  Similarly, a class consists of
3 elements if 1t 15 equnumerous with the class containing the
numbers 0, 1 and 2 as elements In general, we shall call a class
K riniTE if there custs a natural number n such that the class
K consists of # elements, otherwise INFINITE

It has, however, been recognized that there s still another pos-
sible procedure  All the terms which have just been considered
can he defined n purely logical terms, without resorting at all to
any expressions belonging to the field of anthmetic We may, for
instance, say that the elass K consists of exactly one element, if
this class satisfies the following two conditions (1) there 1s an z
such that z € K, (1) forany yand 2z, fye K and ze K, theny = 2
(these two conditions may al-o be replaced by a single one  “‘there
18 exnctly one r such that 2 € K™, ¢f Section 20}  Analogously,
we can define the phrases “‘the class K consists of two elements”,
“the clas K consists of three elements”, and so on  The problem
becomes much more difficult when we turn to the question of
defining the terms “fimte class” and “infinite class”, but also 1
these cases the efforts of solving the problem positively have been
successful (of Section 33), and thereby all the concepts under
consideration have been meluded within the range of loge.
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This circumstance has a most interesting consequence of far-
reaching importance, for it turns out that the notion of number
itself and likewise all other anthmetical concepts are definable
within the field of logic It 15, indeed, easy to establish the mean-
mg of symbols designating individual natural numbers, such as
“g”, 17, 2", and so on The number 1, for instance, can be
defined as the number of elements of a class which consist of
exactly one element (A definition of this kind seems to be m-
correct and contains apparently a vicious circle, since the word
“one’’, which 1s about to be defined, oceurs in the definiens; but
actually no error 1s committed because the phrase “the class con-
sists of exactly one element” 1s considered as a whole and its
meaning has been defined previously.) Norisit hard to define the
general concept of a natural number a natural number is the
cardinal number of a finite class. We are, further, 1n a position
to define all operations on natural numbers, and to extend the
concept of number by the introduction of fractions, negative and
urational numbers, without, at any place, having to go beyond
the mits of logie. Furthermore, 1t 15 possible to prove all the
theorems of arithmetic on the basis of laws of logic alone (with the
qualification that the system of logical laws must first be enriched
by the inclusion of a statement which 1s mtwitively less evident
than the others, namely, the so-called axrom oF INFINITY, which
states that there are infimtely many different thmgs) This
entire construction 1s very abstract, 1t cannot easily be popularized
and does not fit into the framework of an elementary presentation
of anthmetic, 1 this book we also do not attempt to adapt our-
selves to this conception and treat numbers as ndividuals
and not as properties or classes of classes But the mere fact that
it has been possible to develop the whoale of arithmetic, mcluding
the disciplines erected upon 1t—algebra, analysis, and so on—, as
a part of pure logic, constitutes one of the grandest achievements
of recent logical investigations **

¢ The fundamental 1deas 1n this field are due to FREGE (c¢f footnote 2
on p 19), he developed them for the first time in his interesting book
Die Grundlagen der Arithmetik (Breslau 1884) FrpcE's 1deas found their
systematic and exhaustive realization 1n WarrereaD and RussELL’s
Principia Mathematica (cf footnote 1 onp 19)
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Ezxercises

1. Let X be the set of all numbers less than #; whieh of the fol-
lowing formulas are true:

0eK, 1e¢K, %1eK, 21eK, $eK ?
2 Consider the following four sets:
(a) the sel of all positive numbers,
(b) the set of all numbers less than 3,
(c) the set of all numbers z such that z + 5 < 8,

(d) the set of all numbers z satisfying the sentential function
Uz < 22",

Which of these sets are identical, and which are distinet?

3 What name 1s given in geometry to the set of all points in
space whose distance from a given poimnt (or from a given straight
line) does not exceed the length of a given line segment?

4 Let K and L be two concentrie circles, the radius of the first
being smaller than that of the second Which of the relations
discussed 1 Section 24 holds between these circles? Does the
same relation hold between the circumferences of the circles?

5 Draw two squares K and L so that they stand in one of the
following relations

(a) K=1L,

(b) the square K 1s a part of the square L,

(c) the square K comprehends the square L as a part,
(d) the squares K and L overlap,

{e) the squares K and L are disjoint,.

Which of these cases are ehminated, (1) if the squares are con-
gruent, or (n) if not the squares but only their perimeters are
considered?

6 Let z and y be two arbitrary numbers, with z < y. It is
well known that the set of numbers which are not smaller than
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z and not larger than y is called the interval with the endpoints
z and ¥, 1t 15 denoted by the symbol “[z, y]".
Which of the formulas below are correct

(@) 13,51 <3, 6],

(b) [4,7] <5, 10},

() [-2,4]>(-3, 3],

@ [-7,112(-5 ~2] ?

Which of the fundamental relations hold between the intervals:
(e) [2, 4] and [5, 8),

(f) (3, 6] and [33, 53],

() (13, 7and[-2,33] ?

7. Is the following sentence (which has the same structure as
the laws of syllogism given 1n Section 24) true

of K 18 dwsjownt from L and L disyount from M, then K 13
disgont from M ?

8. Translate the following formulas into terms of ordinary
language:

(a) (=s=y)<-w:\[(zeK)<—>(yeK)],
(b) (K=L) AlzeK) e (zel)]

What laws mentioned 1n Section 22 and 24 find their expression
in these formulas? What alterations on both sides of the equi-
valence (b) would be required 1n order to arnve at a definition of
the symbol “C” or “D"?

9 Let ABC be an arbitrary triangle, with an arbitrary point D
lying on the segment BC What figures are formed by the sum
of the two triangles ABD and ACD and by their product?
Express the answer in formulas.

10. Represent an arbitrary square-

(a) as the sum of two trapezoids,
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(b) as the intersection of two trangles

11. Which of the formulas below are true (compare exercise 6):
() [2,31U 3, 5] = [2 5],

() {-1,21U10,3] = [0, 2],

() {~2,8N3,7=[-28],

(d) 12,45N1[3,5 =1[23] *?

In those formulas which aic false correct the expression on the
right of the symbol “=",

12 Let K and L be two arbitraty classes. What classes are
KULand KN Lmcasc K CL? In particular, what classes are
KUV, KNV,AULand ANL?

Hmt In answering the second question keep 1n mind a law of
Section 24 concerming the classes V and A

13. Try to show that any classes K, L and M satisfy the follow-
ing formulas

(@) KCKUL and KD KNL,

MENELUM)=(ENLUKNM)
and KUEZNM)=(KUL)NEUM),

(¢} (K') =K,
@EULY=K'NL ad (KNLY=K UL

The formulas (a) are called the LAWS OF SIMPLIFICATION (for
addition and multipheation of classes); the formulas (b) are the
DISTRIBUTIVE LAWS (for the multipheation of classes with respect
to addition and for addition with respect to multiphcation), the
foimula (¢) 15 the LAW oF DOUBLE coMPLEMENT; and, finally,
the formulas (d) are the class-theoretical Laws oF DE MORGAN.F
Which of these laws correspond to theorems of arithmetic?

Hint Inorder to prove the first of the formulas (d), for instance,
1t 1s sufficient to show that the classes (K U L)’ and K’ 1 L/ consist
entirely of the same elements (¢f Section 24). For this purpose,

§Cf footnote 6 onp 52
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we must, using the definitions of Section 25, make clear to our-
selves when a thing = belongs to the class (K U L)’ and when it
belongs to the class K’ N I/

*14, Betwecn the laws of sentential calculus given in Seetions 12
and 13 and 1n Exercise 14 of Chapter II, on the one hand, and the
laws of the calculus of classes given 1n Sections 24 and 25 and 1n the
preceding exercise, on the other, there subsists a far-reaching
similanty n structure (which 1s indicated n the analogy 1n ther
names) Describe m detail wheremn this similarity les, and try
to find a general explanation of this phenomenon.,

In Section 14, we became acquainted with the law of contra-
posttion of sentential caleulus; formulate the analogous law of
the caleulus of classes

15. With the help of the symbol.
C

introduced 1n Section 22 we can write the defimtion of the sum of
two classes in the following way

EUL=Cl(zeK) Vv (zeL)],
but it 15 also possible to restate this definition 1n the usual form of
an equivalence (without the use of that symbol).
[ze(KU L]« [(zeK) V (zeL)]

Formulate analogously m two ways the definitions of the
universal class, of the null class, of the product of two classes,
and of the complement of a class

*16. Is there a polygon, n which the set of all sides 15 equi-
numerous with the set of all diagonals?

*17. Lay down defimitions of the following expressions, using
terms from the field of logic exclusively.

(a) the class K consisls of two elements,

(b) the class K conssts of three elements
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*18. Consider the following three sets:

(a) the set of all natural numbers greater than 0 and less than 4,
(b) the set of all rational numbers greater than 0 and less than 4,

(¢) the set of all irrational numbers greater than 0 and less
than 4.

Which of these sets are finite and which are infinite?
Give further examples of fimte and infinite sets of numbers,
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27. Relations, their domains and counter-domains; relations and
sentential functions with two free variables

In the previous chapters we have already met with a few
RELATIONS between things  As examples of relations between two
things we may take, for instance, 1dentity (equality) and diversity
(inequality). We sometimes read the formula.

z=y
as follows.
z has the relation of 1dentsly to y

or also: .

the relatids v, wientaly holds between x and y,

and we say that the symbol *“=" desmignates the relation of iden-
tity. In an analogous way, the formula:

zFy
is sometimes read:
z has the relalion of dwersity lo y
or:

the relalon of dwersily holds between £ and y,

and one says that the symbol “+"” designates the relation of
diversity. We have further encountered certain relations holding
between classes, namely, the relations of inclusion, of overlapping,
of disjointness, and so on. We will now discuss several concepts
belonging to the general THEORY OF RELATIONS, which constitutes a
special and very important part of logic, and in which relations

87
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of an entirely arbitrary characler are considered and general
laws concerning them are esiablished !

To facilitate our considerations, we introduce special variables
“R”, %87, ... which serve to denote relations In place of such
phrases as

the thing z has the relation R lo the thing y
and:
the thing x does not have the relation R to the thing y
we shall employ symbolic abbreviations:
- zRy
and (to use the negation sign of sentential caleulus, cf. Section 13)
.-~z Ry),

respectively

Any thing having the relation B to some thing ¥ we call a.
PREDECESSQR WITH RESPECT TO THE RELATION R, any thing y
for which there 1s a thing z such that

zRy

15 called & SUCCESSOR, WITH RESPECT TO THE RELATION B The
class of all preaecessors with respect to the relation R 1s known ag

the_poMAIN and the class of all suce ER-DOMAIN
ior CONVERSE DOMAIN) OF THE RELATION B Thus, for ex
any individual i1s both a pr and a successor-wath-respect

to the relation of identity, so that the domain and counter-domain

of his relation are both the universal class

Cﬁ'fﬁé'thé-ory of relatxons—]usm the theory of classes—we
may distingwish relations of different orders The RELATIONS

I DE MoreaN and PeircE (ef footnotes 6 onp 52 and 2 on p 14)
were first to develop the theory of relations, especially that part of 1t
known as the calculus of relations (¢f Section 28) Their work was sys-
tematically expanded and completed by the German logician E ScERrODER
(1841-1902) ScrropER's Algebra und Logik der Relative (Leipzig 1895),
which appeared as the third volume of his comprehensive work Vorlesungen
uber die Algebra der Logik, 18 stal] the only exhaustive account of the calcu-
lus of relations
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{OF THE FIRST ORDLE are those which hold betw een individuals, the
RELATIONS OF THE SECOND ORDER are those which hold between
classes, or relations, of the first order, and s0 on y The situation”
1s here all the more complicated as we must often cansider “‘mued”
relations whose precedessors are, say, individuals, and its sue-
cessors classes, or whose predecessors are, for nstance, classes of
the first order and 1ts successors classes of the second order The
most iportant example of a relation of this kind 1s the relation
which holds between an element and a class to which 1t belongs,
as we recall from Section 21, this relation 1s denoted by the symbol
len —As i the case of classes, our considerations concerning
relations will refer primanly to those of the first order. although
the concepts discussed here can and, 1n a few cases, will be applied
to relations of higher orders ]

We assume that, to every sentential function with two free

“ ,n

variables “z” and “y”, there corresponds a relation holding
between the things z and y 1f, and only 1f, they atisfy the gien
mgrﬁl this connection 1t 15 said of a sentential
Tunction with the free vanables “z”’ and “y” that it expresses a
relation between the things z and y Thus, for instance, the
sentential function °

z+y=20

expresses the relation of having the opposite sign or, briefly, of
being opposite, the numbers z and y have the relation of bemng
opposite if, and only if, z + y = 0 If we denote this relation
by the symbol “O", then the formulas
z0vy
and
z+y=20

are equivalent. Similarly, any sentential function containing the
symbols “z” and “y" as the only free variables may be trans-
formed into an equivalent formula of the form:

zRy
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where, in place of ‘R”, we have a constant which designates some
relation The formula
zRy

may, therefore, be considered as the general form of a sentential
function with two free variables, just as the formula:

ze K
Dp————

could be looked upon as the general form of a sentential function
with one free variable (cf Section 22).

28. Calculus of relations\

The theary of relations 1s one of the farthest developed branches
of mathematical logic One part of 1t, the caLcyLyus OoF R
TI0NS, 18 akin to the caleulus of classes, 1ts principal object being
the establishment of formal laws governing the operations by
means of which other relations are constructed from given ones_

In the calculus of relations we consider, m the first place, a
group of concepts which are exact analogues of those of the
caleulus of classes, they are usually denoted by the same symbols
and governed by quite ssmilar laws  (In order to avord ambiguity,
we mght, of course, employ a different set of symbols in the
calculus of relations, taking, for instance, the symbols of the
calculus of classes and placing a dot over each )

We have thus in the calculus of relations two special relations,

ghe UNIVERSAL RELAEOW and the Ng% RELATION A, the first of
which holds between any two individuals, and the second between

_hone

i _We have, further, various relations between relations, for
mnstance, theﬁu‘lom OF INCLUSION, we say that the relation R 18
INCLUDED In the relation S, n symbols.

R CS,

if, whenever R_holds\tween two things, S-helds between- them
hkewnse jor, 1n other words, if, for an any z and y, the formula:

zRy
imphes:

z8Sy.

[y
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We know, for instance, from arithmetic that, whenever

— <y
then
Ty
hence the relation of being smaller is included in the relation of

diversity.
I, at the same time,

RCS and S CRB,

that is to say, if the relations R and S hold between the same
\'hings, then they are 1dentical:

R=S.
Li'e have, further, the sUM or UNION OF TWO RELATIONS R AND
S, in symbols.

RUS,
and the PRODUCT or INTERSECTION OF R AND S, in symbols:

RNS.

The first, B U S, holds between two things if, and only 1if, at least
one of the relations R and S holds between them, in other words,
the formula g

z(R U Sy
is equivalent to the condition
zRy or z8y.

Simularly the product of two relations is defined, using only the
word “and’ wnstead of “or’” Thus, for example, if R is the
relation of fatherhood (that 1s, a relation holding between two
persons z and y 1f, and only, z 18 the father of y), and S the relation
of motherhood, then B U S 18 the relation of parenthood, while
R N 8 is, in this case, the null relation.

We have, finally, the ‘chmmx_the COMPLEMENT OF A RELA-

TION R denoted by

R,
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It 15 a telation which holds between two things if, and only if, the
“relation R does not hold between them, m other words, for any z
and y, the formulaa"\

:cR’y and ~(zRy)

are equivalent It should be noted that, if a relation 1s designated
by a constant, then its complement 1s fiequently denoted by the
symbol obtained from that constant by crossing 1t by a vertical
or obhque bar The negation of the relation <, for example,
15 usually denoted by “< ", and not by “<’ ",

In the calculus of relations there occur also entirely new con-
cepts, without analogues 1n the calculus of classes
We have here, first, two special relations, IDENTITY and DIVER-

siTY between mndividuals (which are, meidentally, famibar to us
from earlier considerations) In the calculus of relations they are
denoted by special symbols, eg, “I" and “D”, and not by the
symbols “="" and ‘‘&" used n other parts of logic We write,
thus

zly and zDy
instead of
z=y and zFy
The symbols “="" and “+” are used 1n the calculus of relations
only to denote the identity and diversity between relations.

We have here, further, a very interesting and important new
operation, with the help of which we form, from two relations R
and S, a third relation called the RELATIVE PRODUCT or_COMPOSI-
TION OF I AND .S (as opposed to 1t, The ordinary product 1s some-
times called the aBsoLuTE pRODUCT). The relative product of
R and S 15 denoted by the symbol

R/S;

——t0
it holds between two things « and”y if, and only if, there exists a
thing z such that we have at the same tithe-

zRz and z8y.

'~

Thus, for instance, if R 18 the relation of being hu
relation of being daughter, then holds between two persons
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z and y 1if there 1s a person z such that z 1s husband of z and z is
daughter of y, the relation R’/S, theiefore, comecides with the
relation of being son-n-law —We have here, in addition, another
operation of a stmular character, whose result 1s called the RELATIVE
SUM OF TWO RELATIONS This opeiation does not play a very
great role and will not be defined here

Finally, we have an operation similar to that of forming R,
namely, an operation with the help of which, from a relation R, we
form a new 1elation called the converseE oF R and denoted by

R

The relation £ holds between :c';iy if, and only f, B haolds hes
fween y and = (Jf a relation 1s denoted by a constant, then for
denoting 1ts converse we often employ the same symbol printed
in the opposite ducctlonJ The converse of the relation <, for
mstance, 1s the relation >, since, for any r and y, the formulas

z<y and y>z
are equivalent,

In view of the rather specialized character of the calculus of
relations, we shall here not go any further into the details of it.

29. Some properties of relations

We now turn to that part of the theory of relations whose task
1t 18 to single out and investigate special kinds of relations with
which one meets frequently 1n other sciences and, 1n particular, 1n
mathematics

We shall call a relation B REFLEXIVE 1%' THE CLASS K, 1if every
element z of the class K has the rclation & To itself
z Rz

if, on the other hand, no element of this class has the relation R to
1tself

~(z R 1),
then the relation B 1s said to be IRREFLEXIVE IN THE cLAsS K

The relation R 15 called sYMMETRICAL IN THE cL.ss K 1if, for a.qL
two elements z and Y of the class K, the formula

Ry



94 ON THE THEORY OF RELATIONS

always implies the formula:

y Rz
If, however, the formula.
zRy
always implies:
~(y B z),

then the relation E is said to be ASYMMETRICAL IN THE crLass K
The relation B 1s called TRANSITIVE IN THE cLass X if, for any
three elements z, ¥ and z of the class K the conditions
2Ry and yRz
always imply.
zRz

If, finally, for any two differedt elements z and y of the class K,
at least one of the formulas.

zRy and y Rz

holds, that is, if the relation R subsiwsts between two arbitrary
distinct elements of K 1n at least one direction, the relation is
called CONNECTED IN THE cLAsS K.
mﬂ, at any rate, the universe of
discourse of the science in which we happen to be interested—cf.
Section 23) we usually speak, more briefly, not of relations re-
flexive, symmetrical, and so on, in the class K, but sumply of
reflexive relations, symmetncal relations, and so on.

30. Relations which are reflexive, symmetrical and transitive_

The above-mentioned properties of relations frequently occur in
groups Very common, for instance, are those relations which
are reflexive, symmetrical, and transitive as well A typical
example of this type s the relation of 1dentity, Law II of Section 17
expresses that this relation 1s reflexive, by Law III identity is a
symmetrical relation, and according to Law IV it 1s fransitive
(and this accounts for the names of these laws that were given in
Section 17). Numerous other examples of relations of this kind
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may be found within the field of geometry Congruence, for
mnstance, 18 & reflexive relation m the set of all line segments (or
of arbitrary geometrical configurations), since every segment is
congruent to itself, 1t 18 symmetrical, since, 1f a segment 13 con-
gruent to another segment, the other is congruent to the first;
and, finally, 1t 1s transitive, since, if the segment 4 1s congruent
to the segment B and B to C, then the segment A 1s also congruent
to the segment ¢ The same three properties belong to the
relations of similarity among polygons or of parallelism N among
st.ralght limes (assuming any hne to be parallel to itself), or—out-
side the domain of geometry—to the relations of being equally
old among people, or of synonymity among words.

Every relation which 15 at the same time reflexive, symmetrical
and tranmtlve"l"ﬂﬁlfght of as some kind of equality. Instead of
saymg, t,herefore, that such g relation holds befween two two things,
one can, in this sense, also say that-these things are equalin such
and such a respect, or—in a more precise mode of speech—that
certamn properties of these things are identical 'Thus, instead of
statmg that-two-segiments are congruent, or two people equally
old, or two words synonymous, 1t may just as well be stated that
the segments are equal 1n respect of their length, that the people
have the same age, or thatTie meanings of the words ére 1dentical

*By way of an example e will give an mdication of how 1t is
possible to establish a logical basis for such a mode of expression.
For this purpose let us consider the relation of similarity among
polygons We will denote the set of all polygons similar to the
given polygon P (or, to use a shghtly more current terminology,
the common property which belongs to all polygons similar to P
and to no others) as the shape of the polygon P Thus shapes
are certamn sets of polygons (or properties of polygons, cf. remarks
at the end of Section 22) Making use of the fact mentioned
above that the relation of similanty 1s reflexive, symmetrical and
transitive, we can now easily show that every polygon belongs to
one and only one such set, that two sumilar polygons belong always
to the same set, and that two polygons which are not similar belong
to different sets From this it follows at once tuat the two
statements.

the polygons P and Q are ssmilar
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and

the polygons P and Q have the same shape (that is, the
shapes of P and Q are wdentrcal)

are equivalent

The reader will notice immediately that, in the course of the
preceding considerations, we have once before apphed an analogous
procedure, namely 1n Section 26 1n making the transition from the
€Xpression.

the classes K and L are equinumerous
to the equivalent one-
the classes K and L have the same cardinal number

It can be shown with hittle difficulty that the same procedure 1s
applicable to any reflexive, symmetrical and transitive relation
There 15 even a logical law, called the PRINCIPLE OF ABSTRACTION,
that supplies a general theoretical foundation for the procedure
which we have been consideiing, but we shall here forego the
exact formulation of this prineiple *

There 18, so far, no umversally accepted term denoting the
totality of relations which are at the same time reflexive, sym-
metrical and transitive. Sometimes they have generally been
called EQUALITIES or EQUIVALENCES But the term “equality’’ 1s
also sometimes reserved for particular relations of the category
under consideration, and two things are then called equal 1f such a
relation holds between them For instance, 1n gecometry, as has
been ponted out i Section 19, congruent segments are often
referred to as equal segments We will emphasize here once
more that 1t 18 preferable to avoid such expressions altogether,
their use merely leads to ambiguities, and 1t violates the conven-
tion 1n accordance with which we consider the terms “equality”
and ‘“1dentity” as synonymous

31. Ordering relations; examples of other relations

Another very common kind of relation 1s represented by those
which are asymmetrical, transitive and connected 1n a given class
K (they must then, as can be shown, also be irreflexive 1n the class
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K). Of arclation with these properties we say that 1t ESTABLISHES
AN ORDER IN THE CLASS K, we say also that the class K 1s ORDERED
BY THE RELATION [t Consider, for example, the relation of being
smaller (or, the relation less than, as we shall say occnsmnally),
s asymmemcal n any set of numbers for, f z and y are any
two numbers and 1f

1<y
then
y<z e ~(y<z);

it 1s transitive, since the formulas

z<y and y<z
always imply.
r <z

finally, 1t 15 connected, since, of any two distinct numbers, one
must bé smaller than the other (and 1t 1s also irreflexive, since no
number 1s smaller than itself) Any set of numbers, therefore, is
ordered by the rclation of being smaller Likewise, the relation
of being greater represents another ordering relation for any set of
numbers

Let us now consider the relation of being older  One can casily
verify that this relation is incfleive, asymmetrnieal and transitive
m any given sct of people However, 1t 1s not necessarily con-
nected, for 1t can happen, perchance, that the sct contains two
‘people having éxactly the same age, that 1s to say, who were born
at the same moment, so that the rclation of being older does not,
hold between them 1n either direction  If, on the other hand, we
consider a sct of people in which no two are of exactly the same
age, the relation of bemng older establishes an order i that set.

Many instances of relations are known that belong to neither
of the two categories discussed 1n the present section and m the
preceding one  Let us consider a {few examples

‘The relation of diversity 1s rreflexive 1n any set of things, since
no thing 1s different from 1tself, 1t 15 symmetrical, for, if

Ty,
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then we also have
y¥z
it fails to be transitive, however, since the formulas-

z+y and y*z

do not imply the formula:
z ¥ z;
it 18, on the other hand, connected, as can be seen at once
The relation of 1nc1us classes, by the law of identity

and one of the laws of syllogism (cf. Section 24), 15 reflexive and

transitive, 1t 15, further, ncither symmetrical nor asymmetrical,
since the formula——

—_—

KcCL
neither implies nor excludes the formula
LCK

(these two formulas are fulfilled simultaneously o, and only i,
the classes K and L are identical); finally, it can be seen with
ease that 1t 18 not connected Thus, the relation of inclusion
differs 1n 1ts properties from other relations thus far considered.

3276ne-many relations or functions
Ve .

We will now deal in some detail with another particularly
important category of relations KA relation R 1s called a oNE-
MANY OF FUNCTIONAL RELATION or simply a FuNcTioN 1if, to every
thmg y, there corresponds at paost one thing # such that z B y;
1n other words, 1if the formulas: \

—

zRy ’_;r_xd__zR_y

always imply the formula’
z=z

The successors with respect to the relation R, that is, those things y
for whxch there actually are things z such tha.t.

z Ry,
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are the ARGUMENT VALUES, the predecessors are the FuncTION
VALUES Of 'sTrTfﬁEr the VALUES OF THE FUNCTION R Let R b6 an
aTtrary function, y any one of its & argument values, the unique
value z of the function corresponding to the value y of the argu-
ment we will denote by the symbol “R(y)”, consequently we
replace the formula

zRy
by:
2o kW

It has become the custom, especially in mathematics, to use, not
the vanables “R”, “S"”, ..., but other letters such as “‘f”, “g",

. to denote functional relations, so that we find formulas like
these:

z=J), =z=9@),:;

the formula.

z = f(y),

for 1nstance, 1s read as follows

the functwn f assigns (or correlates) the value z to the
argument value y

or

z 15 that value of the function f which corresponds to (or 13
. correlated unth) the argument value y

(There 18 also another custom, of using the variable “z” for
denoting the argument value and the varable ‘‘y” for denoting
the value of the function We shall not adhere to this custom,
and continue to use “z” and “‘y” in the opposite order, because
this 1s more convenient in connectlon with the general notation
used 1n the theory of relations )

In many elementary textbooks of algebra a definition of the
concept of a function 15 to be found that 1s quite different from the
definition adopted here. The functional relation 1s there char-
acterized as a relation between two ‘‘variable” quantities or
numbers: the “mndependent varable” and the ‘“dependent vari-
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able”, which depend upon each other 1 50 fa1 as a change of the
first effects a change of the second  Definitions of this kind should
no longer be employed today, since they are incapable of standing
up to any logical criticism; they are the remains of a period 1n
which one tried to distinguish between ‘‘constant” and ‘“variable”
quantities (cf Section 1) He who desires to comply with the
requirements of contemporary science and yet does not wish to
break away completely fiom tradition, may, however, retain the
old terminology and use, beside the terms “argument value’’ and
“function value”, the cxpressions ‘‘value of the independent
vanable” and ‘‘value of the dependent vanable'.

The simplest example of a functional relation 1s represented
by the ordmary relation of identity  As an example of a function
from everyday hife let us take the relation expressed by the senten-
tia] function

z 18 father of y.

-~
Ut is a functional relation, since, to every person y, there exists
but one person z who 1s father of ¥ In order to indicate the
functional characler of this 1elation, we insert the word ‘“‘the”
m the above formulatlo}D ‘

z 15 the father of y,
instead of which we might also write.
z 15 wdenlical with the father of y.

Such an alteration of the onginal expression, involving the inser-
tion of the defimte article, serves, in ordinary language, exactly
the same purpose as the transition fiom the formula

zRy
to the formula
z = R(y) ]
in our symbolism
The concept of a function plays a most important role i the
mathematical sciences. There are whole branches of higher
mathematics devoted exclusively to the study of certam kinds of
functional relations. But also 1n elementary mathematies,
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especially 1n algebra and trigonometry, we find an abundance of
functional relations Examples are the relations expressed by
such formulas as

r+y =35,
T =,

z = log,y,
Z = sy,

and many others. Let us consider the second of these formulas
more closely To every number y, theie corresponds only one
number z such that z = #?, so that the formula really does repre-
sent a functional relation. Argument values of this function are
arbitrary numbers, values of the function, however, only non-
negative numbers. If we denote this function by the symbol
“f” the formula
z =1
assumes the form

z = f().

Evidently “z” and “y” may here be replaced by symbols desig-
nating defimte numbers  Since, for instance,

4 = (_2)21
it may be asserted that
4= f(—z) ’

thus, 4 is the value of the function f corresponding to the a1gument
value —2

On the other hand, and again in elementary mathematies
already, we encounter numeious relations which are not functions
For example, the relation of being smaller s certainly not a function,
since, to every number ¥, theie are infinitely many numbers

such that
z <y

Nor 15 the relation between the numbers z and y expressed by the
formula-

22+ =25
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a functional relation, since, to one and the same number y, there
may correspond two different numbers z for which the formuls is
valid, corresponding to the number 4, for instance, we have both
the numbers 3 and —3 It may be noted that relations between
numbers which, hke the one just considered, are expressed by
equations and correlate with one number y two or more numbers z
are sometimes called mn mathematics two- or many-valued func-
tions (in opposition to single-valued functions, that s, to functions
1 the ordinary meaning) It seems, however, inexpedient—at
least on an clementary level—to denote such relations as funec-
tions, for this only tends to blot out the essential difference between
the notion of a function and the more general one of a relation

Functions are of particular significance as far as the application
of mathematics to the empirical sciences 1s concerned  Whenever
we mquire into the dependence between two kinds of quantities
occurring 1n the external world, we strive to give this dependence
the form of a mathematical formula, which would permut us to
determine exactly the quantity of the one kind by the correspond-
g quantity of the other, such a formula always represents some
functional 1elation between the quantities of two kinds As an
example let us mention the well-known formula from physics

s=161¢

expressing the dependence of the distance s, covered by a freely
falling body, upon the time ¢ of 1ts fall (the distance being meas-
ured 1n fect and the time 1n seconds)

*In conclusion of our remarks on functional relations we want to
emphasize that the concept of a function which we are considering
now differs essentially from the concepts of a sentential and of a
designatory function known from Section 2 Strictly speaking,
the terms “‘sentential function” and *designatory function” do
not belong to the domain of logic or mathematics, they denote
certain categories of expressions which serve to compose logical
and mathematical statements, but they do not denote things
treated of m those statements (¢f Section 9). The term “func-
tion” n s new sense, on the other hand, 1s an expression of a
purely logical character, it designates a certain type of things
dealt with in logic and mathematics. There 18, no doubt, & con-



ONE-ONE RELATIONS OR BIUNIQUE FUNCTIONS 103

nection between these concepts, which may be described roughly
as follows. If the variable “z’ is jomned by the symbol “=""t0 a
designatory function containing ‘‘y” as the only vanable, e g to
“y2 4+ 2y + 3”, then the resulting formula (which 1s a sentential
function)

z=9+2y+3

expresses a functional relation, or, in other words, the relation
holding between those and only those numbers z and y which
satisfy this formula 1s a function 1n the new sense Thisis one of
the reasons why these concepts are so often confused *

33. One-one relations or biunique functions, and one-to-one
correspondences

Among the functional relations particular attention should be
paid to the so-called ONE-ONE RELATIONS or BIUNIQUE FUNCTIONS,
that 1s, to those functional relations mn which not only to every
argument value y only one function value z 1s correlated, but also
conversely only one argument value y corresponds to every valuez
of the function, they might also be defined as those relations which
have the property that their converses (cf Section 28) as well as
the relations themselves are one-many

If £ 15 a biumque function, K an arbitrary class of its argument
values, and L the class of function values correlated with the
elements of K, we say that the function f MaPs THE cLAss K ON
THE CLASS L IN A ONE-TO-ONE MANNER, or that 1t ESTABLISHES A
ONE-TO-ONE CORRESPONDENCE BETWEEN THE ELEMENTS OoF K
AND L.

Let us consider a few examples Suppose we have a half-line
issuing from the pomnt 0, with s segment marked off indicating
the umt of length  Further let Y be any pomnt on the half-hne
Then the segment OY can be measured, that is to say, one can
correlate with 1t a certain non-negative number z called the length
of the segment Since this number depends exclusively on the
position of the point ¥, we may denote 1t by the symbol “f(¥)";
we consequently have:

z = f(¥).
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But, conversely, to every non-negative number z, we may also
constiuct a unmiquely determined segment OY on the half-line
under consideration, whose length equals z, 1n other words, to
every z, there corresponds exactly one point ¥ such that

z = f(¥)

The function f 18, therefore, biunique; 1t establishes a one-to-one
correspondence between the pomts of the half-line and the non-
negative numbers (and 1t would be equally simple to set up a one-
to-one correspondence between the points of the entire line and all
real numbers) Another example 15 supplied by the relation
expressed by the formula.

= —y.

This is a biunique function since, to every number z, there is only
one number ¥ satisfying the given formula, 1t can be seen at once
that this function maps, for instance, the set of all positive numbers
on the set of all negative numbers 1n a one-to-one manner Asa
last example let us consider the relation expressed by the formula

z =2

under the assumption that the symbol “y” here denotes natural
numbers only Again we have a biunique function, 1t correlates
with every natural number ¥ an even number 2y, and vice versa—
to every even natural number z there corresponds just one number
gy such that 2y = z, namely, the number y = 3z The function
thus establishes a one-to-one correspondence between arbitrary
natural numbers and e¢ven natural numbers,—Numerous examples
of biunique functions and one-to-one mappings can be drawn from
the field of geometry (symmetric, collinear mappings, and so on).

*Owing to the circumstance that we have the notion of a one-to-
one correspondence at our disposal, we are now in & position to
lay down an exact definition of a term which, earlier on, we had
only been able to characterize intuitively rather than with preci-
sion It 1s the concept of equinumerous classes (see Section 26)
We shall now say that two classes K and L are equinumerous,
or that they have the same cardinal number, if there exists a func-
tion which establishes a one-to-one correspondence between the
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elements of the two classes On the basis of this defimition 1t
follows, 1n connection with the examples considered above, that
the set of all pomnts of an arbitrary half-line 1s equinumerous with
the set of all non-negative numbeis, and hikewise, that the set of
positive numbers and the set of negative numbers are equi-
numerous, and that the same holds for the set of all natural
numbers and the set of all even natutal numbers. The last ex-
ample 1s particularly instiuctive, for 1t shows that a class may be
equinumerous with a proper subclass of itself To many readers
this fact may seem most paiadonical at a fiist glance, because
usually only finite classes are compaied with respect to the num-
bers of ther clements, and a finite class has, indeed, a greater
cardinal number than any of 1ts parts The paradox disappears
on calling to mind that the set of natural numbers 1s infimte and
that we a1e, by no means, justified to ascribe properties to mmfinite
classes that we have observed cxclusively in eqnnection with fimte
classes —It 1s noteworthy that the property of the set of natural
numbers of being equinumecrous with one of tls paits 1s shared by
all infinite classes This property 1s, therefore, charactenstic of
infimte classes, and 1t permits us to distinguish them from fimte
classes, a finite class can simply be defined as a class which 1s not
equinumerous with any one of its proper subclasses (However,
this definition entails a certain logical difficulty, a discussion of
which we will not enter into here )2*

34. Many-termed relations; functions of several variables and
operations

We have, so far, considered exelusively Two-TERMED (or BI-
NARY) RELATIONs, that 1s, relations holding between two things
However, one also meets frequently with THREE-TERMED (or
TERNARY) and, In general, MANY-TERMED RELATIONS within various

2 The first to call attention to the property of infinite classes discussed
here was the German philosopher and mathematician B Borzano (1781-
1848) 1n his book Paradozien des Unendlichen (Leipzig 1851, posthumously
published), 1n this work we already find the first beginnings of the con-
temporary theory of sets The above property was later employed by
PEirce (cf footnote 2 on p 14) and others 1n order to formulate an exact
defimtion of a finite and of an infinite class
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sciences In geometry, for instance, the relation of betweenness
constitutes a typical example of a three-termed relation; 1t holds
between threc ponts of a line, and 1s expressed symbolically by
the formula.

A/B/C
which is read:

the point B lies between the points A and C.
Anthmetic, too, supplies numerous examples of three-termed
relations, 1t may suffice to mention the relation between three
numbers z, y and 2, consisting 1n the fact that the first number is
the sum of the other two*
z=1y+z

as well as ssmilar relations, such as are expressed by the following
formulas

=Yy — 2
I =1Y-2
=Y z

As an example of a four-termed relation let us point to the relation
holding between four pomts 4, B, C and D i, and only if, the
distance of the first two equals the distance of the last two, 1
other words, 1If the segments AB and CD are congruent Another
example 15 the relation holding between the numbers z, y, z and ¢
whenever they form a proportion

z y=z:1

Of particular importance amaong the totality of many-termed
relations are the many-termed functional relations, which cor-
respond to the two-termed functional relations For reasons of
simpheity we shall restrict ourselves to a discussion of three-
termed relations of this type R is called a THREE-TERMED
FUNCTIONAL RELATION 1f, to any two things y and z, there corre-
sponds at most one thing x having this relation to y and z. This
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umquely determimned thing, provided it exists at all, we denote
either by the symbol:

R(y, 2
or else by the symbol.
yRz

(which now assumes a different meaning from what 1t had in the
theory of two-termed relations). Thus, for the purpose of ex-
pressing that z stands to y and z 1n the functional relation R, we
have two formulas at our disposal

z_=_£(y, zl and z =y _IH

Corresponding to this twofold symbolism we have a twofold
mode of expression. When using the notation

z = R(y, 2),

the relation R 1s called a_FuncTION In order to differentiate
between two-termed and three-termed functional relations, we
speek, n the first case, of FUNCTIONS OF ONE VARIABLE or of
FUNCTIONS WITH ONE ARGUMENT, and, 1n the second, of FONCTIONS
OF TWO VARIABLES or of FUNCTIONS WITH TWO ARGUMENTS.
Simijarly, four-termed functional relations are called FuncrIONs
OF THREE VARIABLES or FUNCTIONS WITH THREE ARGUMENTS, and
so on. In designating functions with any number of arguments
it 18 customary to employ the varables “f”, “g", ..., the formula:

z=J (yl 2)
is read.
z 18 that value of the funclion f which 1s correlated wath the
argument values y and z
When the symbolism
=yR:z

is employed, the relation R is usually referred to as an OPERATION
or, more specifically, a BINARY OPERATION, and the above formula
is read as follows:

z 18 the resull of the operalion R carried oul on y and 2;
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in place of the letter “R” we tend to use, mn this case, other letters,
especially the letter “O”. The four fundamental anthmetical
operations of addition, subtraction, multipheation and division
may serve as examples, and also such logical operations as addition
and multiphcation of classes or relations (see Sections 25 and 28)
The content of the two concepts of a function of two variables and
of a binary opeiation 1s evidently exactly the same It should,
perhaps, be noted that functions of one variable are sometimes
also called opeiations, and, i particular, UNARY OPERATIONS,
1n the caleulus of classes, for mstance, the forming of the comple-
‘ment of a class 1s usually thought of, not as a function, but as an
operation

Operation

Although the many-termed relations play an important part in
vallous sciences, the general theory of these relations 1s yet mn its
mitial stage, when speaking of a relation, or of the theory of
relations, one usually has only two-termed relations in mnd A
moic detailed study has so far only been made of one particular
category of three-termed relations, namely, a category of binary
opcrations, as the prototype of which we may consider the ordi-
nary anthmetical addition  These investigations are carried on
within the framework of a special mathematical discipline known
a$ the theory of groups We shall get acquamnted with certan
concepts fiom the theory of groups—and thereby also with certamn
gencial properties of binary opeiations—in the second part of
this book

36. The importance of logic for other sciences

We have discussed the most important concepts of contem-
porary logie, and 1n domng so we have got acquamnted with
some laws (very few, by the way) concerning these concepts It
had not been our mtention, however, to give a complete hst of all
logical concepts and laws of which one avails oneself within scien-
tific arguments  This, inexdentally, 1s not necessary, as far as the
study and promotion of other sciences are concerned, even of
mathematics which 15 especially closely related to logic  Logic 18
justly considered the basis of all other sciences, if only for the
reason that in every argument we employ concepts taken from
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the field of logic and that every correct inference proceeds in
accordance with ibe laws of that disciphne But this does not
imply that a thorough knowledge of logic ts a necessary condition
for correct thinking, even professional mathematicians, who, m
general, do not commit errors 1n their inferences, usually do not
know logie to such an extent as to be conscious of all logical laws
of which they make unconscious use  All the same, there can be
no doubt that the knowledge of logic 1s of considerable practical
importance for everyone who desires to think and infer correctly,
since 1t enhances the mnate and acquired faculties to this effect
and, 1n particularly critical cases, prevents the commtting of mis-
takes As far as, in particular, the construction of mathematical
theories 1s concerned, logic plays a part of far-reaching importance
also from the theorctical pomnt of view, this problem will be dis-
cussed 1n the next chapter

Exercises

IGive examples of relations from the fields of arithmetic,
geometry, physics, and everyday hfe

2 Consider the relation of being father, that 18 to say, the rela-
tion expressed by the sentential function

z 18 father of y

Do all human beings belong to the domain of this relation? And
do they all belong to the counter-domain?

'Consider the following seven relations amang people, namely,
o1 veing father, mother, child, brother, sister, husband, wife  We
denote these relations by the symbols “F”, “M”, “C”, “B”, 8",
“H”, “W" By applying various operations defined 1n Section 28
to the relations, we obtan new relations for which we dometimes
find simple names m ordinary language, “H/C”, for nstance, as
can be seen very easily, denntea the relation of being son-in-law.
Find, if possible, stmple names for the following relations: '

B, H, HUW, PUB, E/M, M/C, B/C, F/HUW),
(B/C) U [H/(S/C)].
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Express with the help of the symbols “F”, “M”, and so on,
together with the symbols of the caleculus of relations, the rela-
tions of being parent, sibling, grand-child, daughter-in-law and
mother-in-law

Explain the meanings of the following formulas, and determne
which of them are true.

FCM, B=S, FUM=C, H/M=F, B/ScCB,
s c ¢/C. .

4 Consider the following two formulas of the calculus of re-
lations

R/S = 8/R and (R/S) = §/R.

Show by means of an example that the first 1s not always satisfied,
and try to prove that the second 1s satisfied by arbitrary relations
Rand 8.

Hint Consider what 1t means to say that the relation (B/S)
(that 15, the converse of the relation R/S) or the relation S/R
holds between two things z and y.

o Formulate in symbols the definitions of all terms of the
calculus of relations that were discussed 1n Section 28

Hint The definition of the sum of two relations, for instance,
has the followng form

B U8 yl=[zRy) vV =8y

@ Which among the properties of relations discussed m Section
29 are possessed by the following relations

% (a) the relation of divisibihty in the set of natural numbers;

X (b) the relation of being relatively prime in the set of natural
numbers (two natural numbers bemng calledl relatively prime if
their greatest common divisor 1s 1),

(c) the relation of congruence 1n the set of polygons;
(d) the relation of bemng longer in the set of Line segments;

(e) the relation of bemng perpendicular in the set of straight
lines of a plane;
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(f) the relation of intersecting mn the set of geometric configura-
tions,

(g) the relation of simultaneity in the class of physical events,

(h) the relation of temporally preceding in the class of physical
events;

(1) the relation of bemng related m the class of human beings;
(k) the relation of fatherhood 1o the class of human beings?

{Is 1t true that every relation 1s either reflexive or rreflexive
(in the given class), and either symmetrical or asymmetrical?
Guve examples.

8 We shall call the relation R INTRANSITIVE IN THE cLASS K
if, for any three elements z, y and z of K, the formulas:

zRy and yR:z
imply the formula.
~(z R 2).

Which of the relations hsted in Exercises 3 and 6 are intransitive?
Guve other examples of intransitive relations Is every relation
erther transitive or mntransitive?

*9, Show how to make the transition from the expression
the lines a and b are parallel
to the equivalent one:
the darections of the lines a and b are 1dentical,

and how, mn this connection, to define the expression “the dwrectton
of a line”’.
Solve the same problem for the following two expressions

the segments AB and CD are congruent
and
the lengths of the segments AB and CD are equal

What logical law has to be applied here?
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Hint: Compare the remarks in Section 30 concerning the con-
cept of simulanty,

10 Let us agree to call two signs, or two expressions consisting
of several signs, EQuirorM, if they do not differ as far as their
shape 1s concerned, but merely possibly with respect to their
position 1n space, that 1s, with respect to the place at which they
are printed, otherwise let us call them NoN-EqQuiForM. For in-
stance, 1 the formula.

z =z,

the variables on the two sides of the equality sign are equiform
whereas we have non-equiform variables in the formula.

z=y.
Of how many signs does the formula
z+y=y+z

consist? Into how many groups can these signs be divided, such
that two equiform signs belong to the same group and two non-
equiform signs belong to different groups?

Whach of the properties discussed in Section 29 belong to the
relations of equiformity and non-equiformity?

*11 Explan, on the basis of the results of the preceding exer-
cise, why 1t may be said of equiform signs that they are equal with
respect to their FoRM, or that they have the same form, and how
the term “the form of the gwen sygn’’ 18 to be defined (compare
Exercise 9).

It 1s a very common usage to call equiform signs simply equal
and even to treat them as if they were one and the same sign. It
15, for instance, often said that i an expression hke

z+ =z

one and the same variable occurs on both sides of the symbol “+4”
How should this be expressed with greater exactness?

*12. The mexact mode of speech which was pointed out n
Exercise 11 has also been employed several times in this book
(after all, we do not want to contend over deeply rooted usages).
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Show that nexactitudes of this kind ocecur on pp. 12 and 56, and
explain how they could be avoided

Another example of an mexact mode of speech of this kind 1s
the followng when speaking of sentential functions with one
free variable one means functions 1in which all free varables are
equform How can the expression

sentential functions with two free variables
be formulated more exactly?

13. Given a pomnt n a plane, consider the set of all cireles in
that plane with the given pont as their common center Show
that this set 1s ordered by the relation of being a part Would
this be true too, if the circles did not he 1n the same plane, or if
they were not concentric?

14 We consider a relation among words of the English language
which will be called the relation of PRECEDING (IN LEXICOGRAPHI-
cAL ORDER) We shall explain here the meaning of this term by
means of examples The word “and” precedes the word “can’,
since the first begins with “a”, the second with ‘““c”, and “‘¢” has
an earher place in the Enghsh alphabet than *“¢”’. The word
“air"’ precedes the word “ale”, since they have the same first
letter (or, rather, equiform first letters—ecf Exercise 10}, while the
second letter of the first word, that 1s ‘‘2”’, has an earlier place in
the English alphabet than the second letter of the second word,
that 18 “0”  Analogously, “each” precedes “‘eat”, and “lmber”
precedes “fime” Finally, “war’ precedes “warfare”, since the
first three letters of thesc words are the same, while the first word
has only these letters, and the second more than these, and
analogously “mean” precedes “meander’

Wrnite the following words 1n a line so that, of any two words,
the one on the left precedes the one on the right

care, arm, sall, art, car, sale, rouble, army, ask.

Try to define the relation of preceding among words 1n a quite
general way Show that this relation establishes an order in the
set of all Enghsh words Point out some practical applications
of this relation and explain why 1t 1s said to estabhsh a lexico-
graphical order,
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15. Consider an arbitrary relation B and 1ts negation B’. Show
that the following statements of the theory of relations are true

(a) 1f the relation R 18 reflexwe wn the class K, then the relation
R' 18 1rreflexive wn thal class,

(b) if the relation R 15 symmelrical 1n the class K, then the rela-
tion R’ 18 also symmetrical 1n that class K,

*(¢) +f the relatwon R 1s asymmelrical in the class K, then the
relation R’ 1s reflexwe and connecled wn that class,

*(d) of the relation R s transitie and connected wn the class K,
then the relation R' 1s transitwe wn that class

Are the converses of these statements hikewise true?

16. Show that, »f the relation R has one of the properties dis-
cussed 1n Section 29, the converse relation R possesses the same
property

*17 The properties of relations which were ntroduced 1n Sec-
tion 29 can easily be expiessed in terms of the calculus of relations,
provided the class K to which they refer 1s the universal class
The formulas.

R/RCR and DCRUR,
for mnstance, express that the relation R 1s transitive and con-
nected, respectively Explain why, recall the meanming of the
symbol “D” of Scetion 28  Express similarly that the relation R
15 symmetrical, asymmetrical, or intransitive (¢f Exercise 8).

What property of relations discussed in the present chapter 1is
expressed by the formula-

R/Ecl ?

M8 Which of the relations expressed by the following formulas
are functions

h(“\*(a) 22 +3y=12, °
:52:.1/2) o
@ z+2>9y-3,
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@D z+y=9>
(e) z18motherof y, ¥
() z1sdaughierofy 7+
Which of the relations considered in Exercise 3 are functions?
19 Consider the function expressed by the formula-
z=y+1

What 1s the set of all argument valuces, and what 15 the set of all
funcuion values?

*20 Which of the functions in Exercise 18 are biumique? Give
other examples of biumque funetions

*21 Consider the funclion expressed by the formula-
z=3y+1

Show that this 1s a biunique function and that 1t maps the
mterval (0, 1] on the mterval {1, 4] in a one-to-one manner (cf
Exercise 6 of Chapter IV)  'What conclusion may be drawn from
this concerning the cardinal numbers of those intervals?

*22 Consider the function expiessed by the formula
z=2"

Using this function show, along the hnes of the preceding exer-
cise, that the set of all numbers and the set of all positive numbers
are equInumerous

*23 Show that the set of all natutal numbers and the set of all
odd numbers are equinumerous

24. Gave examples of many-termed relations from the fields of
anthmetic and geometry

25 Which of the thiee-termed relations expressed by the fol-
lowing formulas are functions

(@ z+y+2=0,
() z.y > 2,
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(C) o=y 4+ 2
d z+2=p2+2 ?

26. Name a few laws of physics that state the existence of a
functional relation between two, three and four quantities.



ON THE DEDUCTIVE METHOD

36. Fundamental constituents of a deductive theory—primitive
and defined terms, axioms and theorems

We shall now attempt an exposition of the fundamental prin-
ciples that are to be applied mn the construction of logic and
mathematies The detailed analysis and cutical evaluation of
these principles aie tasks of a special disciphne, called the METE-
ODOLOGY OF DEDUCTIVE SCILNCES or the METHODOLOGY OF MATHE-
MATICS For anyonhe who miends to study or advance some
science 1t 15 undoubtedly impoitant to be conseious of the method
which 1s employed mn the constiuction of that secience, and we
shall see that, in the case of mathematies, the knowledge of that
method 1s of particulatly far-reaching impot tanee, for laching such
knowledge 1t 1s 1mpossible to compiehend the nature of mathe-
matics

The principjes with which we shall get acquainted serve the
purpose of securmng for the know ledge acquired n logic and mathe-
matics the highest possible degree of clarity and certainty  From
this point of view a method of proceduie would be ideal, if it
permitfed us to explain the meaning of every expression oceurring
in ths science and to justify ecach of its assertions It 1s easy to
see that this ideal can never be realized  In fact, when one tries
to explain the meaning of an cxpression, one uses, of necessity,
other expressions, and i order to explamn, in turn, the meaning
of these expressions, without entering mnto a 1vicious circle, one has
to resort to further expressions again, and so on  We thus have
the beginning of a process which can never be brought to an end,
a process which, figuratively speaking, may be characterized as an

117
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INFINITE REGRESS—2 regressus in infintlum  The situation 1s quite
analogous as far as the justification of the asserted statements of
the science 1s concerned, for, 1n order to estabhish the vahdity of a
statement, 1t 1s necessary to refer back to other statements, and
(if no vicious circle 1s to occur) this leads again to an infinite
Tegress.

By way of a compromise between that unattainable 1deal and
the reahizable possibilities, certain principles concerning the con-
struction of mathematical disciplines have emerged that may be
described as follows

When we set out to construct a given discipline, we distinguish,
first of all, a certain small group of expressions of this discipline
that seem to us to be immediately understandable, the expressions
of this group we call PRIMITIVE TERMS Oor UNDEFINED TERMS, and
we employ them without explaining their meanmngs At the same
time we adopt the principle not to employ any of the other
expressions of the discipline under consideration, unless 1ts
meanmng has fiist been determmed with the help of primitive
terms and of such expressions of the diseipline whose meanings
have been explamned previously The sentence which determines
the meaning of a term in this way 18 called a pEFINITION, and
the expressions themselves whose meanings have thereby been
determined are accordingly known as DEFINED TERMS,

We proceed similarly with respect to the asserted statements of
the discipline under consideration Some of these statements
which to us have the appearance of evidence are chosen as the
so-called PRIMITIVE STATEMENTS or AXIoMS (also often referred to
as POSTULATES, but we shall not use the latter term 1n this tech-
nical meaning here), we accept them as true without in any way
establishing their validity  On the othe: hand, we agree to aceept
any other statement as true only if we have succeeded 1n establish-
ing its vahdity, and to use, while doing so, nothing but axioms,
defimtions and such statements of the discipline the vahdity of
which has been estabhished previously As 1s well known, state-
ments estabhshed 1n this way are called PROVED STATEMENTS or
THEOREMS, and the process of establishing them 1s called a proOF
More generally, if within logic or mathematics we establish one
statement on the basis of others, we refer to this process as a
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DERIVATION or DEDUCTION, and the statement established n this
way is said to be DERIVED or beEpUCED ftum the other statements
or to be their CONSEQUENCE

Contemporary mathematical logic 1s one of those disciplines
which are constructed i accordance with the prineiples just
stated, unfortunately, 1t has not been possible within the narrow
framework of this book to give this important fact due promi-
nence If any other discipline 15 constructed according to these
principles, 1t 1s already based upon logic, logie, so to speak, 1s
then already presupposed This means that all expressions and
laws of logie are trealed on an equal footing with the primitive
terms and axioms of the discipline under construction; the logical
terms are used in the formulation of the axioms, theorems and
definitions, for instance, without an explanation of their meaning,
and the logical laws are apphed in proofs without first establishing
their validity Sometimes 1t 1s even convenient not only to use
logic 1n the construction of a discipline but o presuppose in the
same sense certain mathematical disciplines previously con-
structed, for reasons of brevity, these theories, together with
logic, may be characterized as the DISCIPLINES PRECEDING THE
GIVEN DIsCIPLINE  Thus logic 1tself does not presuppose any pre-
ceding discipline, in the construction of arthmetic as a special
mathematical disciphine logic 1s presupposed as the only preceding
‘discipline, on the other hand, in the case of geometry it 1s ex-
pedient—though not unavoidable—to presuppose not only logie
but also arithmetic

With reference to the last remarks 1t 1s necessary to make certan
corrections mn the formulation of the principles stated above.
Before undertaking the construction of a discipline those disei-
plines have to be enumerated that are to precede the given
disciphine; all requirements concerning the defining of expressions
and the proving of statements, however, are hmited to those ex-
pressions and statements which are specific for the discipline under
construction, that 1s those which do not belong to the preceding
disciphnes.

The method of constructing & discipline in striet accordance
with the principles laid down above is known as the DEDUCTIVE
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METHOD; and the diseiphines constructed in this manner are called
DEDUCTIVE THEORIES! The view has become more and more
common that the deductive method 1s the only essential feature
by means of which the mathematical disciplines can be distin-
gwshed from all other seiences, not only 1s every mathematical
discipline o deductive theory, but also, conversely, every deductive
theory 15 a mathematical disciphine (acecording to this view
deductive logic 15 also to be counted among the mathematical
diseaplines) ' We will not enter here into a discussion of the reasons
m favor of this view, but merely remaik that it 1s possible to put
forward ponderable arguments 1n 1ts support.

37. Model and interpretation of a deductive theory

As a result of a consistent application of the principles presented
m the preceding scetion, deductive theories acquire certan in-
teresting and important featuies which we shall describe here.
Since the questions which we are going to discuss have a rather
1nvolved and abstract character, we shall try to clucidate them by
means of a concrete example

Suppose we are mterested 1n general facts about the congruence
of line scgments, and we mtend to build up this fragment of
geometry as a special deductive theory  We accordingly stipulate
that the vanables “z”, “y", “z”, denote segments  As primi-
tive terms we choose the symbols “S” and “~" The former 1

1 The deductive method cannot be considered an achievement of recent
times Alicady 1n the Elements of the Greek mathematician Eucuip
{about 300 B C ) we find a presentation of geometry which leaves nothing
much to be desired from the standpoint of the methodological principles
stated above For 2200 years, mathematicians have seen 1n EucLip’s
work the 1deal and prototype of scientific exactitude  Anessential progress
in this field occurred only during the last 50 years, 1n the course of which
the foundations of the basic mathematical disciplines of geometry and
arithmetic were laid 1in accordance with all requirements of the present-day
methodology of mathematics Among the works to which we are indebted
for th1s progress we will mention at least the following two, which have
already become of historic importance the collective work Formulaire de
Malhématiques (Torino 1895-1908) whose editor and main author was the
Itahian mathematician and logician G PEaNo (1858-1932), and Grund-
lagen der Geometrie (Leipzig and Berlin 1809) by the great contemporary
German mathematician D HILBERT
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an abbreviation of the term ‘““the sel of all segments”, the latter
designates the relation of congruence, so that the formula.

Ty
18 to be read as follows
the segmenls z and y are congruent,
Further we adopt only two axioms

Axtom I Foranyelementi z of theset S, z =~z (in other words:
every segmenl s congruenl to wlself)

Axiov I  For any elemenis z,yandzof the set 8, f z =z
and yc=~z then z~y (nother words f{wo segments congru-
en! lo the same segment are congruent lo each other).

Various theorems on the congruence of segments may be derived
from these axioms, for instance.

THEOREM 1  For any elemenis y and z of the set 8,9 yo2z,
then zy

TreoreM II  For any elements r, y and z of the sel S,+f z o~y
and y=z lhen 2z

The proofs of these two theorems are very easy Let us, for
mstance, sketch the proof of the first
Puiting 1n Axiom II *z"” for “z” we obtan

Jor any elements y and z of the sel 8, z~z aond y e,
then zxvy

In the hypothesis of this statement we have the formula“

2z

which, on the basis of Axiom I, 18 undoubiedly valid, and may
hence be omitted We thus arrive at the theorem 1n question.

In connection with these simple considerations we want to make
the following remarks.

Our miniature deductive theory rests upon a suitably selected
system of primitive terms and axioms Our knowledge of the
things denoted by the primitive terms, that 1s, of the segments
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and their congruence, 1s very comprehensive and 1s by no means
exhausted by the adopted axioms But this knowledge 1s, so to
speak, our private concern which does not exert the least influence
on the construction of our theory In particular, m denving
theorems from the axioms, we make no use whatsoever of this
knowledge, and behave as though we did not understand the con-
tent of the concepts involved m our considerations, and as if we
knew nothing about them that had not been expressly asserted
i the axioms  We disregard, as 1t 1s commonly put, the meaning
of the primitive terms adopted by us, and direct our attention
exclusively to the form of the axioms 1n which these terms occur

This implies a very significant and interesting consequence
Let us replace the primitive terms n all axioms and theorems of
our theory by switable varables, for instance, the symbol ‘8" by
the vanable “K" denoting classes, and the symbol “~" by the
variable “R" denoting relations (in order to simplify the con-
siderations, we disregard here any theorems which contain defined
terms) The statements of our theory will then be no longer
sentences, but will become sentential functions which contain two
free vanables, “K” and “R”, and which express, i general, the
fact that the relation R has this or that property in the class K
(or, more precisely, that this or that relation holds between K
and R, ¢f Section 27) For instance, as 1t 1s easily seen, Axiom I
and Theorems I and IT will now say that the relation R is reflexive,
symmetrical and transitive respectively, in the class K Axiom II
will express a property for which we do not have any special name
and o which we shall refer as property P, this 1s the following
property

Jor any elements z, y and z of the class K, of zRz and yRz,
then zRy

Since, mn the proofs of our theory, we make use of no properties
of the class of segments and of the relation of congruence but those
which were explieitly stated m the axioms, every proof can be
considerably generalized, for 1t can be apphed to any class K and
any relation R having those properties As a result of such a
generalization of the proofs, we can correlate with any theorem
of our theory a general law belonging to the domain of loge,
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namely to the theory of relations, and stating that every relation
R which 1s reflexive and has the property Pin the class K also has
the property expressed in the theorem considered So, for n-
stance, the following two laws of the theory of relations correspond
to Theorems I and 11

I’ Every relation R whach 1s reflexwe wn the class K and has the
property P in that class 15 also symmetrical 1n K.

II' Every relation R whach 1s reflexwe wn the class K and has the
property P in that class 15 also transitie in K

If a relation R 1s reflexive and has the property P in a class K,
we say that K and R together form a MODEL or a REALIZATION OF
THE AXIOM SYSTEM of our theory, or, simply, that they satisfy the
axioms One model of the axiom system 1s formed, for instance,
by the class of the segments and the relation of congruence, that
18, the things denoted by the primitive terms, of course, this model
also satisfies all the theorems deduced from the axioms (To be
exact, we ought to say that a model satisfies not the statements
of the theory themselves, bul the sentential functions obtaned
from them by replacing the primitive terms by vanables ) How-
ever, this particular model does not play any privileged role in
the construction of the theory On the contiary, on the basis of
umversal logical laws hke I’ and II’ we arnive at the general
conclusion that any model of the axiom system satisfies all theo-
rems deduced from these axioms In view of this fact, a model
of the axiom system of our theory 1s also referred to as a MODEL
OF THE THEORY 1tself

We are able to exhibit many different models for our axiom
system, even in the domain of logic and mathematics To obtain
such a model, we select within any other deductive theory two
constants, say “K” and “R” (the former denoting a class, the
latter a relation), then we replace “S” by “K” and “~” by “R”
everywhere 1n the system, and finally we show that the sentences
thus obtaned are theorems, or possibly axioms, of the new theory.
If we have succeeded m doing so, we say that we have found an
INTERPRETATION OF THE AXIOM SYsTEM—and, at the same time,
of our whole DEDUCTIVE THEORY—WITHIN THE OTHER DEDUCTIVE
THEORY. If we now replace the pnimitive terms “S” and “~"
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by “K" and “R", not only 1n the axioms, but also in ail theorems
of our theory, we can be sure in advance that all sentences thus
obtained will be true sentences of the new deductive theory.

We shall give here two concrete examples of mterpretations of
our miature theory Let us replace in .Avoms I and IT the
symbol “S™ by the symbol of the umversal class “V”, and the
symbol “=" by the wlentity sign “=" As can be seen 1mme-
distely. the axtoms will theu become logical Jaws (in fact, Laws
I and V of Section 17 mn a ~hightly modified formy  The universal
class and the relation of wWenuty constitute, therefore, a model of
the axiom system, and our theory has found an mnterpretation
within logic  Thus, if in Theorems I and II we replace the sym-
bols 8™ and =" by the symbols “V"" and “=", we are sure to
arrive at true logical sentences (in fact, we are again famuiar with
them—cf Laws III and IV of Section 17)

Next. let us consider the set of all rumbers, or any other set of
numbers, denoting 1t by “N™  Let us call two nurnbers z and y
equivalent, in symbols

r=y,

if their difference x — y is an integer; thus we have, for example

1} =3,
whereas it is not the case that
3=21

If now. 1n bath axioms, the primitive terms are replaced by N
and “="", it can be easily shown that the resulting sentences are
true theorems of arithmetie.  Thus our theory possesses an inter-
pretation within srithmeute, for the set of numbers K and the
refation of equivalence = constitute a model of the axiom sy=
tem. And agan, without any special reasoning we are sure that
Theorems I and IT will become true anthmetical statements if
they are subjected te the same transformation ss the axioms.

The general facts deseribed above have many interesting apphi-
cations in methodologieal rescarches.  We shall illustrate this here
by means of vne example only; we shall show how it may be proved
—a2 the basis of these facts—that certain sentences cannot be da-
duced from our axiom system.
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Let us consider the following sentence A (formulated in logical
terms and mn the primitive terms of our (heoty only)

A. There exst two elements = and y of the set S for whach f 15 not
thecasethat =~y (inother words there exsst two segments which
are nol congruent)

This sentence seems to be undoubtedly true  Nevertheless, no
attempts to prove 1t on the basis of Axioms I and IT give a positive
result Thus the conjecture arises that Sentence A cannot be
deduced at all fiom our axioms In oider to confirm this con-
jecture, we aigue in the following way If Sentence A could be
proved on the basis of our aviom system, then, as we know, every
model of this system would satisfy that sentence; if, therefore, we
succeed 1n indicating such a model of the axiom system which will
not satisfy Sentence A, we shall prove thereby that this sentence
cannot be deduced fiom Axioms I and II  Now, 1t turns out that
produeing such a model does not present any difficulties Let us
consider, for instance, the set of all integers I (or any other set of
integers, e g the set consisting of the numbers § and 1 only) and
the relation of equivalence = between numbers which was dis-
cussed above  We already know from the preceding remarks that
the set I and the relation = constitute a model of our axiom sys-
tem, Scntence A however 1s not satisfied by this model, for there
are no Lwo mlegers r and y which are not equivalent, that is,
whose difference 1s not an integer Another model appropriate
to this puipose 1s formed by an arbitrary class of individuals and
by the universal relation V holding between any two mndividuals.

The type of reasoning just applied 18 known as the METHOD OF
PROOF BY EXHIBITING A MODEL Or BY INTERPRETATION.,

The facts and concepts discussed here can be related, without
essential change, to other deductive theories In the next section
we shall try to deseribe them n a quite general way

38. Law of deduction; formal character of deductive sciences

*We consider any deductive theory based upon a system of
primitive terms and axioms In order to ssmphfy our considera-
tions, we assume that this theory presupposes logic only, that 1s,
logic is the only theory preceding the given theory (ef Section 36).
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Let us imagne that 1n all the statements of our theory the prim-
tive tetms are teplaced by suitable variables throughout (as in
Section 37, and agamn for the sake of simpheity, we disregard
theorems contamning defined terms)  The statements of the theory
considered become sentential funetions eontaining as free variables
those symbols by which the primitive terms had been replaced
and not contaimng any constants but those belonging to logie
Given ceitain things one can find out whether they satisfy all the
axloms of ow theory, or, to be exact, the sentential functions ob-
tamed from these axioms in the manner just deseribed (that 1s,
whether the names o1 designations of those things, when put in
the place of the fice variables, render the sentential functions true
sentenees, ef Section 2)  If it turns out that this s the case, we
shall say that the things under consideration form a MODEL or a
REALIZATION OF THE AXIov SYSTEM of our deductive theory, we
also say sometimes that they form a MODEL OF THE DEDUCTIVE
Turomy ilscf In a quite analogous manner we can find out
whether gnen things satisfy not only the axiom system but also
any other system of statements of our theory and whether, there-
fore, they form a model of this system (it 1s not excluded that the
system consists of a single statement)

A model of the aniom systemn 1s formed, for mstance, by those
thmgs which aie denoted by the primitive terms of the given
theoty, since we assume that all axioms are true sentences, this
madel satisfies, of cowse, all the theotems of our theory But as
far as the construction of our theory 1+ concerned, this model takes
no distinguished place among all the other models When de-
ducing this or that theorem from the axioms, we do not think of
the speafic properties of this model, and we make use of only
those properties which are explicitly stated m the axioms and,
therefore, belong to every model of the axiom system  Conse-
quently, every proof of a particular theorem of our theory can be
extended 1o every model of the aviom svstem and can be thus
transformed into a much more general argument no longer be-
longing 10 our theory but to logic; and as a result of this generaliza-
tion we obtan a general logical statement (hike the laws I’ and IT’
of the preceding section) which establishes the fact that the theo-
rem 1 question 18 satisfied by every model of our axiom system
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The final conclusion at which we artive in this way ean be put in
the following form

Every theorem of a guren deductwe theory s satisfied by any model
of the aziom system of ihis theory, and moreover, o every theorem
there corresponds & general statement which can be formulated and
proved within the framewmk of logic and which establushes the fact
that the theorem in question 1s salisfied by any such model

We have here a general law from the domatn of the methodology
of deductive sciences which, when formulated i a shghtly more
precise way, is known as the LAW oF DEDUCTION (or the DEDUCTION
THEOREM).?

The tremendous practical importance of this law results from
the fact that we are usually able to exlubit numerous models of the
axiom system of a particular theory, even without leaving the
field of the deductive sciences  In order 1o arnive at such a model
1t 1s sufficient to select certain constants from some other deductive
theory (which can be logic or a theory presupposing logie), to put
them 1 the axioms 1n place of the primitive terms, and to show
that the sentences obtamned wn this way are asserted statements
of that other theory ~We say 1 this case that we have found an
INTERPRETATION OF THE AXIOM SYSTEM OF THE ORIGINAL THEORY
WITHIN THE OTHER THEORY (It may, in paiticular, occur that
the constants chosen belong to the theory onginally considered,
in which case some of the primitive terms may even have remained
unchanged, the given axiom system 1s then said to have found a
new interpretation within the theory under consideration.) We
shall also subject the theorcms of the orginal theory to an anal-
ogous transformation, replacing the primitive terms throughout
by those constants that had been employed mn the interpretation
of the axioms On the basis of the law of deduction we can then
be sure 1n advance that the scntences ainved at in this manner
are asserted statements of the new theory We can formulate
this 1 the following way.

2 This law wes formulated by the author as a general methodological
postulate, and was later proved exactly for various particular deductive
theories,
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All theorems proved on the basis of a giwen axiom system remain
valud for any inlerprelation of the system

It isredundant to give a special proof for any of these transformed
theorems, 1t would 1n any case be a task of a purely mechanical
nature, for 1t would be sufficient to transfer the corresponding
argumeni from the field of the original theory and to subject 1t
to the same iransformations that had been carried out with
respect to the axioms and theotems Every proof within a de-
ductive thcory contamns—potentially, so to speak,—an unlimited
numbe: of other analogous proofs

The facts described above demonstrate the great value of the
deductive method from the pownt of view of economy of human
thought They are also of far-reaching theoretical importance, 1f
only for this reason that they establish a foundation for various
arguments and researches within the methodology of deductive
sciences In particular, the law of deduction 1s the theoretical
basss for all so-called PROOFs BY INTERPRETATION, we have already
encountered one cxample of such proofs in the preceding section,
and we shall meet with various other examples 1n the second part
of this book

For reasons of exactness 1t may be added that the considera-
tions sketched here are applicable to any deductive theory in
whose construction logic 1s presupposed, whereas their application
to logie 1tself bings about cerlain difficulties which we would
rather not discuss here If a deductive theory presupposes not
only logic, but also other theories, some of the formulations given
abovc assume a somewhat moie complicated form

The common source of the methodological phenomena discussed
here 15 the fact pointed out 1n the preceding section, namely that,
m constructing a deductive theory, we disregard the meaning of
the axioms and take into account only their form It 1s for thus
reason that people when referring to those phenomena speak about
the purely ForvaL cHARACTER of deductive sciences and of all
1easonings within these seienees

From time to time one finds statements which emphasize the
formal character of mathematics 1n a paradoxical and exaggerated
way, although fundamentally correct, these statements may become
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a source of obscurity and confusion Thus one hears and even
reads occasionally that no definite content may be ascribed to
mathematical concepts, that m mathematics we do not really
know what we are talking about, and that we are not interested
m whether our assertions are true One should approach such
judgments rather critically If, n the construction of a theory,
one behaves as if one did not understand the meaning of the
terms of this discipline, this 1s not at all the same as denying those
terms any meaning It 1s, admittedly, sometimes the case that
we develop a deductive theory without ascribing a definite meaning
to 1ts primitive terms, thus dealing with the latter as with van-
ables, 1n this case we say that we treat the theory as a ForMAL
SYSTEM. But this 18 a comparatively rare situation (not even
taken into account 1o our general characterization of deductive
theories given i Section 36), and 1t occurs only if 1t 15 possible
to give several interpretations for the axiom system of this theory,
that 1s, if there are several ways available of aseribing concrete
meanings to the terms occurring 1n the theory, but if we do not
desire to give preference in advance to any one of these ways. A
formal system, on the other hand, for which we are unable to give
a smngle mterpretation, would, presumably, be of interest to
nobody.

In conclusion we shall call attention to certain interesting ex-
amples of interpretations of mathematical disciplines, which are
much more mmportant than those given 1n Section 37.

The axiom system of arithmetic may be interpreted within
geometry given an arbrtrary straight line, 1t 18 possible to define
such relations between 1ts pomts and operations on 1ts points as
satisfy all the axioms—and hence also all the theorems—of arith-
metic, which are concerned with corresponding relations between
numbers and operations on numbers (This 15 closely connected
with a circumstance mentioned 1 Section 33, namely, the pos-
sibiity of estabhishing a one-to-one correspondence between all
the pomnts of a hine and all numbers) Conversely, the axiom
system of geometry also possesses an interpretation within anth-
metic. ‘The uses to which these two facts can be put are mamfold.
Geometrical configurations may, for nstance, be employed in
order to give a visual image of various facts in the field of arith-
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metic,—a procedure known as the graphical method, on the other
hand, 1L 1s pussible Lo ivesligale geometrical fucls with the help
of arithmetical or algebraical methods,—there is even & special
branch of geometry, known as analytic geometry, which is con-
cerned with all investigations of this type

Arithmetic, as we have seen previously, may be built up as &
part of logic (¢f Section 26) But if we treat arithmetic as an
independent. deductive theory, resting upon 1ts own system of
primitive terms and axioms, 1ts relation to logic can be described
as follows arithmetic possesses an interpretation within logie
(with the understanding that the axiom of infinity be mncluded in
logic,—cf Section 26), in other words, 1t 1s possible within logie
to define such concepts as satisfy all the axioms, and hence also
all the theorems, of arithmetic If we remember that geometry
has an interpretation in arithmetic, we arrive at the conclusion
that also geometry can be interpreted wathin logic  All these are
facts which are exceedingly sigmficant from the methodological
pomt of view *

39. Selection of axioms and primitive terms; their independence

We will now turn to the discussion of a few problems of a more
special nature, which, however, concern fundamental components
of the deductive method, namely the choice of the primitive terms
and axioms as well as the construction of defimtions and proofs

It 18 :important to realize the fact that we have a large degree of
freedom m the selection of the primitive terms and axioms, 1t
would be quite erroneous to behieve that certain expressions cannot
be defined 1n any possible way, or that certain statements can, on
principle, not be proved Let us call two systems of sentences of
a given theory EQUIPOLLENT, if each sentence of the first system can
be derived from the sentences of the second, together with theo-
rems of the preceding theories, and, conversely, if every sentence
of the second system can be derived from the seniences of the
first (if any sentences occur 1n both systems, they do not, of course,
have to be derived) Let us imagme, further, that a certain
deductive theory has been built up on the basis of some axiom
system, and that in the course of its construction we come across
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a system of statements equipollent 1n the sense just defined to the
axiom system (A concrete example can be oblaned 1u connec-
tion with the mimature theory of the congruence of segments
discussed 1n Section 37 1t 1s easy to show that its axiom system
1s equipollent to the system of sentences consisting of Axiom I
together with Theorems I and II') If this kind of situation arises,
then, from the theoretical pomnt of view, it would be possible to
reconstruct the entire theory in such a manner that the state-
ments of the new system are taken as axioms, while the former
axioms are proved as theorems Even the circumstance that the
new axioms may, at first, to a much lesser degree have the appear-
ance of immediate evidence 1s 1nessential, for every sentence
becomes evident to a certain degree, once 1t has been derived in &
convincing manner from other evident sentences Al this apphes
hikewise—mutairs mutandis—to the primitive terms of a deductive
theory, the system of these terms may be replaced by any other
system of terms of the theory in question, provided only the two
systems are EQUIPOLLENT 1n the sense that each term of the first
system can be defined by means of terms of the second together
with terms taken from the preceding theories, and vice versa It
1s not for theoretical reasons (o1, at least, not only for theoretical
reasons) that we decide to select a certan system of primitive
terms and axioms in preference to any of the other possible equi-
pollent systems, other factors play a role here,—practical, didac-
tical, even esthetic ones Sometimes it is a question of choosing
the simplest possible primitive terms and axioms, then agan 1t
may be desirable to get along with as few of them as possible,
or we may prefer such primitive terms and axioms as would
enable us, 1n the simplest possible way, to define those terms and
to prove those statements of a given theory m which we are
especially mterested

Another problem arses 1n close connection with these remarks
Fundamentally, we strive to arrive at an axiom system which
does not contain a single superfluous statement, that 1s, a state-
ment which can be derived from the remaining axioms and which,
therefore, might be counted among the theorems of the theory
under construction An axiom system of this kind 1s called mpE-
PENDENT (or a SYSTEM OF MUTUALLY INDEPENDENT AXxIoms). We
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hkewise attempt to see to 1t that the system of primitive termsis
INDEPENDENT, that 15, that 1t does not contain any superfluous
term which can be defined by means of the others Often, how-
ever, one does not 1nsist on these methodological postulates for
practical, didactical reasons, particularly in cases where the
omission of a superfluous axiom or primitive term would bring
about great complications 1n the construction of the theory.

40. Formalization of definitions and proofs, formalized deductive
theories

The deductive method 15 justifiably considered the most perfect
of all methods employed 1n the construction of sciences It dis-
poses to a large extent of the possibility of obscurities and errors,
without resorting to an infinite regress, and 1t 1s due to this method
that any reasons for doubt as to the content of concepts or the
truth of assertions of a given theory are considerably reduced and
may hold at most for the few primitive terms and axioms

One reservation has to be added to this statement however
The appheation of the deductive method will give the desired
results only 1f all the defimtions and proofs fulfil their tasks com-
pletely, that 1s, if the definitions make fully clear the meaning
of all the tetms to be defined and 1if the proofs convince us wholly
of the vahidity of all the theorems to be proved It 1s far from
easy to examine whether the definitions and proofs actually com-
ply with these requirements, 1t 15 quite possible, for mnstance, that
an argument which seems entirely convincing to one person 1s not
even comprehensible to another In order to remove any cause
for doubt 1n this respect, the present-day methodology endeavors
to replace subjective valuations in the exammation of defimtions
and proofs by criteria of an objective nature, and to make the
decision as to the correctness of definitions or proofs dependent
exclusively upon their structure, that s, their exterior form For
this purpose, special RULES OF DEFINITION and RULES OF PROOF
(or oF INFERENCE) are stated The first tell us what form the
sentences should have which are used as definitions 1n the theory
under consideration, and the second describe the kind of trans-
formations to which statements of this theory may be subjected
m order to derive'other statements from them; each definition has
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to be laid down 1n accordance with the rules of defimtion, and each
proof must be comrLETE, that 1s, 1t must consist 1n a successive
application of rules of proof to sentenres previously 1ccogmzed
as true (¢f Sections 11 and 15) —These new methodological postu-
lates may be denoted as postulates of the FORMALIZATION OF
DEFINITIONS AND PROOFS, 4 discipline constructed in accordance
with these new postulates 1s called a FORMALIZED DEDUCTIVE
THEORY.?

*Through the postulates of formalzation the formal character
of mathematics 1s enhanced considerably  Already at an earher
stage n tle development of the deductive method we were, n the
construction of a mathematical discipline, supposed to disregard
the meanings of all expressions specific to this discipline, and we
were to behave as if the places of these cxpressions were taken
by variables void of any independent meaning  But, at least, to
the logical concepts we were permitted to ascribe their customary
meamngs In this connection, the axioms and theorems of a
mathematical discipline could be treated, if not as sentences, then
at least as sentential functions, that is, as expressions having the
grammatical form of sentences and expressing certain properties
of things or relations among things To derive a theorem from
accepted axioms (or from theorems previously proved) was the
same as to show convincingly that all things satisfying the axioms
also satisfy the theorem 1n question, mathematical proofs did not
altogether differ very much from considerations of everyday Iife.
Now, however, the meanings of all expressions encountered m the
grven disciphne are to be disregarded without exception, and we
are supposed to behave mn the task of constructing a deductive
theory as if 1ts sentences were configurations of signs void of any
content, each proof will now consist 1n subjecting axioms or pre-
viously proved theorems to a series of purely external trans-
formations *

8 The first attempts to present the deductive theories in & formahzed
form are due to FreEGE who has already been quoted twice (cf footnote 2
on p 19) A very high level in the process of formalization was achieved
1o the works of the late Polish logician S LESNiewskr (1886-1939); ome
of his achievements 18 an exact and exhaustive formulation of the rules of
definition
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In the hght of modern requirements, logic becomes the basis
of the mathematical sciences in a much more thorough sense than
it used to be We may no longer be satisfied wath the conviction
that—due to our mnnate or acquired capacity for correct thinking—
our argumentations are in accordance with the rules of logic In
order to give a complete proof of a theorem 1t 1s necessary to apply
the transformations prescribed by the rules of proof not only to
the statements of the theory with which we are concerned, but
also to those of logic (and other preceding theories), and for this
purpose we have to have a complete st of all logical laws at our
disposal that are applied 1n the proofs

It 15 only by virtue of the development of deductive logic that,
theoretically at least, we are today 1n a position to present every
mathematical disciphne 1n formalized form In practice, how-
ever, this still involves considerable complications, a gan 1n ex-
actitude and methodological correctness 15 accompanied by a loss
m clanty and mtelhgibility The whole problem, after all, 1s
fairly new, the relevant investigations are not yet defimtely con-
cluded. and there 1s reason o hope that thewr further pursuance
will eventually bring about essential simplifications It would
therefore be premature to comply fully at the present time, in a
popular presentation of any part of mathematics, with the postu-
lates of formalization In particular, 1t would be far from sensible
to demand that the proofs of theorems in an ordinary textbook of
some mathematical discipline be given 1 complete form, one
should, however, expect the author of a textbook to be intuitively
certain that all his proofs can be brought into that form, and even
to carry his considerations to a pomnt from which a reader who
has some practice in deductive thinking and sufficient knowledge
of contemporary logic would be able to fill the remaining gaps
without much difficulty

41, Consistency and completeness of a deductive theory; decision
problem

We shall now consider two methodological concepts which are
of great importance from the theoretical pomnt of view, while in
practical respects they are of little sigmficance, They are the
concepts of coNsisTENCY and of COMPLETENESS.
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A deductive theory 1s called CONSISTENT Or NOX-CONTRADICTORY
if no two asserted statements of this theory contradict each other,
or, 1 other words. f of any two contiadictory sentences {cf
Section 7) at least one cannot be proved A theory 1s called
COMPLETE, on the othet hand, if of any two contradictory sen-
tences formulated evclusively in the terms of the theory under
consideration (and the theories preceding 1t) at least one sentence
can be proved mn this theory  Of a sentence which has the prop-
erty that 1ts negation can be proved m a given theory, 1t 1s usually
said that 1t can be p1IsSPROVED in that theory In this terminology
we can say that a deductive theory 1s consistent if no sentence
can be both proved and disproved mn 1t, a theory 1s complete, on
the other hand, if every sentence formulated i the terms of this
theory ean be proved o1 disproved in1it  Both terms “consistent”
and “complete” are applied, not only to the theory itsell, but also
to the axiom system upon which 1t 1s based

Let us now try to get a clear idea of the import of these two
notions Every diseipline, even one constructed entirely correctly
n every methodological 1espect, loses its value in our eyes if we
have reason to suspect that not all assertions of this diseipline are
true  On the other hand, the value of a discipline will be the
greater, the larger the number of true sentences whose validity can
be established 1n 1t From this powt of view, a diseipline might
be considered 1deal, 1f 1t contains among its asserted statements all
true sentences which aze relevant to that theory, and not a single
falseone A sentenceis here considered relevant if 1t 1s formulated
entirely m terms of the disciphne under consideration (and 1ts
preceding disciplines), after all, 1t cannot be expected that, say,
mn artthmetie all true sentences can he proved, even such as con-
tan concepts of chemistry or biology —Let us now imagine that a
deductive theory 15 mnconsistent, that 1s to say, that two contra-
dictory sentences occur among 1ts avioms and theorems, from a
well-known logical law, namely, the law of contradiction (cf
Section 13), 1t follows that one of these sentences must be false.
If, on the other hand, we assume the theory to be incomplete,
there exist two relevant contradictory sentences of which neither
can be proved 1n that diseipline, and yet, by another logical law,
1 e, the law of excluded middle, one of the two sentences must be
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true We see from this that a deductive theory certainly falls
short of our ideal unless 1t 1s both consistent and complete
(Thereby we do not mean to iumply that every consistent and
complete discipline must, 2pso faclo, be a realization of our 1desl,
that 1s, that 1t must contain among 1ts asserted statements all
true sentences and only such sentences )

There 1s yet another aspect to the whole question which we have
been considering  The development of any deductive science con-
sists 1 formulating 1n the terms of this science problems of the
type “18 such and such the case?’”’ and then attempting to decide
these problems on the basis of the axioms that have been assumed
Any problem of this type may clearly be decided mn one of two
possible ways n the affiimative or 1 the negative On the first
alternative, the answer runs “such and such 18 the case”’, and on
the second “such and such ts not the case”  The consistency and
the completeness of the axiom system of a deductive theory now
give us a guaranice that every problem of the kind mentioned can
actually be decided within the theory, and moreover decided 1n
one way only, the consistency excludes the possibility that any
problem may be decided 1n two ways, that 1s, both affirmatively
and negatively, and the completeness assures us that it can be
decided 1n at least one way

Closely connected with the problem of completeness 1s another,
more general, problem which concerns incomplete as well as com-
plete theories It 1s the problem which consists 1n finding, for
the given deductive theory, a general method which would enable
us to decide whether or not any particular sentence formulated 1n
the terms of this theory can be proved within this theory This
mmportant problem 1s known as the DECISION PROBLEM *

There are only a few deductive theories known of which 1t has
been possible to show that they are consistent and complete.

¢ The 1mport of the concepts and problems discussed 1n this section—
and especially of the concept of consistency and of the decision problem—
was emphasized by HiLBerT (ef footnote 1 on p 120), who greatly stimu-
lated many important investigations into the foundations of mathematics
Upon hus instigation, these concepts and problems have of late been made
the subject of intensive researches by a number of contemporary mathe-
maticians and logicians
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They are, as a rule, elementary theories of a simple logical struc-
ture and a modest stock of concepts An example 15 given by
sentential caleylus, which has been discussed in Chapter II, pro-
vided that 1t is considered as an independent theory and not as a
part of logic (however, in applymng the term “complete” to this
theory, 1t 1s to be used 1n a shghtly modified meaning) Perhaps
the most interesting example of a consistent and complete theory
is that supphed by elementary geometry, we have here in mind
geometry limted to those confines wherein 1t has for centuries
been taught 1n schools as a part of elementary mathematies, that
1s to say, a discipline in which the properties of various special
kinds of geometrical figures such as lines, planes, triangles, circles
are investigated, but in which the general concept of a geometrical
configuration (a pont set) does not occur ® The situation changes
essentially as soon as one goes over to such sciences as arithmetic
or advanced geometry Probably no one working in these
sciences doubts their consistency, and yet, as has resulted from
the latest methodological investigations, a strict proof of thewr
consistency meets with great difficulties of a fundamental nature.
The situation m regard to the problem of completeness 1s even
worse, 1t turns out that arithmetic and advanced geometry are
mcomplete, for 1t has been possible to set up problems of a purely
anthmetical or geometrical character that can be neither posi-
tively nor negatively decided within these disciplnes It might
be supposed that this fact is merely an outcome of the imperfection
of the axiom systems and methods of proof at our disposal up to
date, and that a suitable modification (for mstance, an extension
of the axiom system) may, 1n the future, yield complcte systems

Deeper investigations, however, have shown this conjecture to be
erroneous. never will 1t be possible to build up a consistent and
complete deductive theory contamning as its theorems all true
sentences of anthmetic or of advanced geometry Moreover, 1t
turns out that the decision problem likewise does not admit of a

¥ For the first proof of completeness of sentential calculus (and, thereby,
for the firat positive result of the investigations concerned with complete-
ness) we are indebted to the contemporary American logician E L Posr.
The proof of the completeness of elementary geometry onginates with the
suthor,
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positive solution with respect to these disciplines, 1t 1s impossible
to set up a general method which would allow us to differentiate
between those sentences which can be proved within these dis-
ciphnes and those which cannot be proved All these results can
be extended to many other deductive theories, and, 1n particular,
to all those which either presuppose the arithmetic of mntegers
(1¢, the theory of the four basic anithmetical operations on 1nte-
gers) or contain sufficient devices to develop this theory  *Thus,
for mstance, these results can be applied to the general theory of
classes (as follows from the remarks at the end of Section 26) *8

In view of these last remarks, 11 18 understandable that the
concepts of consistency and completeness—in spite of their
theoretical importance—exert little mfuence 1n practice upon the
construction of deductive theories

42. The widened conception of the methodology of deductive
sciences

The investigations concerning consistency and completeness
were among the most important factors which contributed to a
considerable cxtension of the domain of methodological studies,
and caused even a fundamental change 1n the whole character of
the methodology of deductive sciences That conception of
methodology which was indicated at the beginming of the present
chapter has, during the historical development of the subject,
turned out to be too narrow  The analysis and critical evaluation
of methods applied 1n practice in the construction of deductive
sciences ccased to be the exclusive or even the maimn task of
methodology The methodology of the deductive sciences be-
came a general science of deductive sciences 1n an analogous sense
as anithmetic 1s the seience of numbers and geometry 1s the science
of geometrical configurations In contemporary methodology
we mnvestigate deduetive theories as wholes as well as the sentences
which constitute them, we consider the symbols and expressions
of which these sentences are composed, properties and sets of ex-

¢ These exceedingly important achievements are due to the contem-
porary Austrian logician K Gober His results concerning the decision
problem were further extended by the contemporary Americen logician
A Crurcr



WIDENED CONCEPTION OF METHODOLOGY 139

pressions and sentences, relations holding among them (such as
the consequence relation) and even relations belween expressions
and the things which the expressions “talk about” (such as the
relation of designation), we estabhsh general laws concerning
these concepts.

*Hence 1t follows that the terms which denote expressions oc-
curring 1n deductive theories, properties of these expressions and
relations among them belong, not to the domam of logie, but to
the methodology of deductive seiences This applhes 1n particular
to several of the terms introduced and employed in the previous

chapters of this book, such as “varable’, ‘“‘seniential function”
p ’

“quantyfier”, “consequence” and many others In order to make
clearer to ourselves the difference between logical and methodologi-
cal terms, let us consider such a pair of words as “‘or’” and “dss-
Junctzon”  The word “or” belongs, of course, to logic—namely,
to sentential calculus—, although 1t 15 also used 1n all other sciences,
and thus in particular in methodology The word “digjunction”,
on the other hand, which denotes sentences constructed with the
help of the word “or”, 15 a typical nstance of a methodological
term.

The reader will perhaps be surprised at the fact that n the
chapters concerned with logic we employed so many methodologi-
cal terms The explanation of this, however, 1s relatively sumple.
On the one hand, a certain circumstance here plays a role to which
we have already called attention in Section 9 there 13 a wide-
spread custom among logicians as well as mathematicians—some-
times for purely styhstic reasons—of using phrases which contain
methodological terms as synonyms for expressions of a purely
logical or mathematical character, we have to some extent com-
plied with this custom 1n the present work But, on the other
hand, a more important factor 1s also involved here, we have not
attempted 1 this book to construct logic 1n a systematic way, but
have merely talked about logtc and have discussed and commented
on 1ts concepts and laws We know however (from Section 18)
that when talking about logical concepts we must use the names
of these concepts—thus the terms which already belong to meth-
odology. Should we develop logic in the form of a deductive
theory, without meking any comments on 1t at all, then meth-
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odological terms would oceur only 1n the formulation of rules of
definition and nference *

In connection with the evolution through which methodology
has passed there has arisen a need for applymg new, more subtle
and moie precise methods of inquiry 1n this field Methodology
has become hke those sciences which constitute 1ts own subject
matter— 1t has assumed the form of a deductive discipline. In
view of the extended domain of investigations, the expression
““the methodology of deductive sciences’ itself has ceased to appear
appropriate enough, indeed, “methodology” means merely ‘‘the
science of method”. Consequently this expression is now often
replaced by others—for instance, by a (not altogether happy)
term “THEORY OF PROOF”, or by a (much better) term “META-
LOGIC AND META-MATHEMATICS”, which means about the same as
“the scicnce of logic and mathematics” Sull ancther term has
becn recently coming mnto use, ‘“LOGICAL SYNTAX AND SEMANTICS
OF DEDUCTIVE SCIENCES'’, which stresses the analogy between the
methodology of deductive sciences and the grammar of everyday
language.”

Exercises

1. The calculus of classes which was considered in Chapter IV
can be constructed as a separate deductive theory, presupposing
sentential calculus only In this construction we shall consider
the symbols “V?”, “A”, “C” and all operation signs introduced n
Section 25 as pnimitive terms  We assume, further, the following
nine axioms®

7 Methodology of the deductive sciences in 1ts widened meaning 15 a
very young disciphine  Itsintensive development began only about twenty
years ago—simultancously (and, as 1t scems, independently) in two differ-
ent centers Gottingen under the influence of D HiLBERT (¢f footnote 1
onp 120) and P BerNavs, and Warsaw where 8 LedniEwskr and J Luka-
siEwicz, among others, worked (cf footnote 3 on p 133 and footnote 2
onp 19)

8 The axiom system given here 1s essentially due to ScErRODER (ef foot-
note 1 on p 88) Various simple and interesting axiom systems for the
calcvlus of classes were published by the contemporary American mathe-
matician E V HuNTINGTON, to whom we are indebted for many important
contributions concerning the axiomatic foundations of logical and mathe-
matical theories
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Axiom I KCK
AxioMm II. If KCL and LCM, then KCM.

Axiom II KU LC M o, and only +f, K C M and
L C M.

Axiom IV. M CKNL +f, and only+f, M C K and
MCL

Axiom V, KN({LUMCKNL) U (KNM).
Axiom VI KcCV

Axiom VI ACK

Axiov VI VCK UK.

AxiomIX KNK cCA

From these axioms we may derive various theorems. Prove, in

particular, the following theotems (making use of the hints which
follow them)

TeeoreM I. KU K CK,
Hint In Axiom III replace “L” and “M" by “K" Notice
that the right side of the equivalence thus obtained 1s satisfied by

any class K (Axiom I); therefore the left side must also be always
satisfied.

Treorem II K CKNK.

Hint The proof based upon Axioms IV and I 1s analogous to
that of Theorem I,

Tueorem II KCKUL end LCKUL

Hmt In Axiom III put “K U L” 1n place of “M”’; notice that
the left side of the equivalence, by Axiom I, 1s always satisGed.

TueoreM IV KNLCK end KNLCL

Hint The proof is analogous to that of Theorem III.
Teeorem V K UL CL U K.
Hint In Axiom IIT substitute “L U K" for “M”’, and compare

the right side of the equivalence thus obtained with Theorem III
(where “X” 15 to be replaced by “L”, and “L” by “K").
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Treorem VI, KNLCLNK.

Hint. The proof based upon Axiom IV and Theorem IV is
analogous to that of Theorem V.

Tueorem VII If LCM, then KULCKU M.

Hint Assuming that the hypothes:s of the theorem is satisfied,
derive the formulas

KCKUM and LCKUM

(The first of these formulas follows directly from Theorem III,
and the second can be deduced from the hypothesis and Theorem
III by Axiom II) Apply Axiom III to these formulas.

Teeorem VIII Jf LCM, thn KNLCKNM,

Hint. The proof 18 similar to that of the preceding theorem.

TeeoreM IX KNLCKN((L UM
ond KNMCENEUM)

Hmt In Theorem III replace “K” by “L” and “L” by “M"”;
to the formulas thus obtained apply Theorem VIII
TuroreM X (KNLDYU ENM CKN(L U M),

Hint This theorem can be derived from Axiom III and
Theorem I1X.

Axioms III and IV, which play the most important role in the
proofs of the above theorems, are called LAwS OF cOMPOSITION
(for addition and multiphcation of classes)

2 Into the calculus of classes whose construction was outlined
in the preceding exercise we may ntroduce the identity sign “=",
defining 1t as follows

Dermation]l K =1L iof,andonlysyf, KCL and L CK.

From the axioms and theorems of Exercise 1 and the above
defimtion derive the following theorems:

Treorem XI K = K.

Hint Put “K” in place of “L” i Definition I and apply
Axiom L
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Terorem XII. If K =1, then L=K

Hint In Defimtion I replace “X” by “L” and “L" by “K";
compare the sentence thus obtained with Definition 1 m 1its
onginal formulation,

Teeorem XIII If K=L and L=M, then K= M.

Hint This theorem can be derved from Definition I and
Axiom II,

Teeorem XIV KU K =K

Hint. In Defimtion I replace “K” by “XK U K" and “L” by
“K”; apply Theorem I and Theorem III (with “K" put in place
of “L")

Taeorem XV KNK=K

Hint The proof 1s analogous to that of the preceding theorem.

TreoreM XVI KUL=LUK

Hint By Theorem V we have.

KULCLUK andalso LUKCKUL.

To these formulas apply Defimtion I

Treorem XVII KNL=LNK

Hint The proof 1s similar to that of Theorem XVI.

Taeorem XVIII KN (L U M) = (K NL) U (KN M.

Hint: This theorem 1s a consequence of Definition I, Axiom V
and Theorem X,

TaroreM XIX. KUK =V

Hint This theorem can be derived, with the help of Definition
I, from Axiom VI (with “K" replaced by “K U K’") and Axiom
VIIL

TreeoreM XX. KNK' = A.
Hint. Apply Definition I, Axiom VII and Axiom IX.
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Notice which of the axioms and theorems of this exercise and
the preceding one are known to us from Chapter IV (or, possibly,
III); recall their names.

3. Let us assume that, into the system of the calculus of classes
discussed 1n Exercises 1 and 2 we mntroduce a new symbol “}”
denoting a certaimn relation between classes and defined as follows:

K YL +, and only +f, nesther K C L nor L C K mnor
KNL=A

Is the relation defined n this way 1dentical with any of the rela-
tions defined 1n Section 247

Let the relation of disjointness between classes be denoted by
the symbol “)(” How can this symbol be defined within our
system of the calculus of classes?

4 Exhibit several interpretations within arithmetic and geo-
metry of the axiom system considered in Section 37

Is the set of all numbers, together with the relation less than
among numbers, a model of this axiom system? Is the set of all
straight lines and the relation of parallelism among lines such a
model?

5 Inthat fiagment of geometry which was discussed in Section
37, the relation of being shorter among segments can be defined
1n the following way.

We say thai z ts shorter thar y, m symbols. z <y, ifzand y are
segments and 1f x 15 congruent lo a segment which s @ part of y; m
other words, of z€S, ye€S, and +f there extsis a z such that
2€S, zCy, zF+y and T2

Differentiate in this sentence between the defimendum and the
defimens, determine the diseiplines (or the parts of logie, as the
case may be) to which the terms occurring in the defimens belong
Does this definition comply with the general methodological
principles of Section 36 and the rules of definition of Section 117

6 Is the proof of Theorem I, as given in Section 37, a complete
proof, 1f only those rules of proof are taken into consideration that
were stated mn Section 15?
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7. In addition to Theorems I and II, the following theorems
can be denived from the axioms of Section 37

TueoreM III  For any elementsz,y and zof the set S,1f z =~y
and Tz then yoxz

THEOREM IV. Foranyelementsz,yandzof theset S, if zxy
and y=xz lhen zxz.

TaeoreMm V  For any elemenls z, y, z and t of the set S, +f
Ty, Y~z and zxt, then Tt

Give a strict proof that the following systems of sentences are
equipollent, 1n the sense established 1n Section 39, to the system
consisting of Axioms I and II (and that each might, therefore, be
chosen as a new axviom system)

(a) the system consisting of Axtom I and Theorems I and II;
(b) the system consisting of Axiom I and Theorem III,
{¢) the system consisting of Axiom I and Theorem IV;

(d) the system consisting of Axiom I and Theorems I and V.

8 Along the lines of the remarks made 1n Section 37 formulate
general laws of the theory of relations that represent a generaliza-
tion of the results obtained in the preceding cxereise.

Hint These laws may, for mnstance, be given the form of
equivalences, beginning with the words

Jor a relalron R lo be reflexwve and to have the property P in
a class K 1l 18 necessary and sufficient that

9 Consider the system of sentences (a) of Exercise 7. Exhibit
models satisfying

(a) the first two sentences of the system, but not the last;
(b) the first and third sentence, but not the second,
(¢) the last two sentences, but not the first

What conclusion may be drawn from the fact of the existence
of such models with respect to the possibility of deriving any one
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of the three sentences from the others? Are these sentences
mutually independent? (Cf Sections 37 and 39)

10. There have occasionally been complamts to the effect that
there 18 & certain discrepancy 1n the various textbooks of geometry,
masmuch as sentences treated as theorems in some textbooks are
adopted as axioms, and thus without proof, in others. Are these
complaints justified?

*11 In Section 13 we became acquainted with the method of
truth tables, which enables ug in any particular case to decide
whether a given sentence of sentential calculus 1s true and whether
1t may be, therefore, accepted as a law of this calculus. When
applyng this method, we may entirely forget about the meaning
which was ascribed to the symbols “T" and “F” occurring 1n the
truth tables, we may assume that this method reduces to applying,
in the construction of sentential calculus, two rules, the first of
which 1s close to the rules of definition and the second to the rules
of proof According to the first rule, if we want to introduce into
sentential calculus a constant term, we must begin by constructing
the fundamental truth table for the simplest—and at the same time
the most general—sentential function containing this term.
According to the second rule, if we want to accept a sentence (con-
taming only those constants for which the fundamental truth
tables have already been constructed) as a law of sentential cal-
culus, we must construct the derivative truth table for this sen-
tence and venify that the symbol “F” never occurs in the last
column of this table

Sentential calculus constructed exclusively by means of these
two rules assumes a character close to that of formalized deductive
theories. Justify this statement on the basis of the considerations
of Section 40 Notiwce, however, some diffcrences between this
method of constructing sentential calculus and the general prin-
ciples of constructing deductive theories, which were discussed
Section 36 With the method under consideration, 1s 1t possible
to differentiate in sentential calculus between primitive and de-
fined tetms? What other distinction 1s lost here?

*12 Applying the method of truth tables as it was deseribed n
the preceding exercise, we may introduce into sentential calculus
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new terms which were not discussed in Chapter II. We can, for
mstance, mtroduce the symbol “A”, considering the sentential
function.

pAg
as an abbreviation of the expression:
neuther p nor gq.

Construct the fundamental truth table for this function, which
would comply with the intuitive meaning ascribed to the symbol
“A”, and then verify, with the help of the derivative truth tables,
that the following sentences are true and may be accepted as laws
of sentential caleulus

(~p)(@Ap),
eVvoelpagalpag),
pogeillpapagdaipap) Ad)

*13 There exists a method of constructing sentential caleulus
as a formalized deductive theory, which differs from that described
m Exercise 11, and which complies entirely with all the principles
presented 1n Sections 36 and 40° We may, for instance, assume
the symbols ““—", “«" and “~" (cf Section 13) as primitive
terms and the following seven sentences as axioms of sentential
calculus:

Axrom I p— (g—p)

Axiom I [p—(p—o9l—->(p—0)

Axiom III (p—og) = llg—n) - @—1)]
Axiom IV. (perg) > (p—9)

Axiom V pegd—(@—p

Axiom VI (p—¢g)—llg—p)— (9]
Axion VII. [(~g) = (~p)]— (p—q)

Furthermore, we agree to apply mn proofs two rules of inference
with which we are already famihar, namely the rules of substitu-

? This method onginates with FREGE (cf footnote 2 on p 19)
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tion and of detachment (In oider to formulate these rules, and
especially the 1ule of substitution, quite exactly, we should have
to establish the manner of using parentheses and to specify which
expressions aie to be considered as sentential functions 1o our
calculus and may be therefore substituted for vanables, this task
presents no great difficulty )

‘With the help of these rules of inference we are now mn a posi-
tion to deduce various theorems from our axioms Give, 1n par-
ticular, complete proofs for the following theorems (making use of
the hints which follow them)

TaEOREM I p—p

Hint Substitute “p” for “¢”” m Axioms I and II, notice that
the first sentence thus obtammed comcides with the antecedent of
the second, and accordingly apply the rule of detachment

Tueorem II p— {(p— @) —[(p—>0) — 4l

Hint In Axlom I substitute “(p — q)’’ for “g”’, in Axiom III
replace ”p” “ and H ” by [13 (p__)q) 1 “p a'nd « ” respec_
tively Notice that the consequent of the first 1mphcs,t|on thus
obtained coincides with the antecedent of the second Now re-
place, in Axiom III, “¢” by the antecedent of the second implica-
tion and “r” by its consequent {leaving “p”, which 1s the anteced-
ent of the first implication, unchanged) Then apply the rule of
detachment twice —This proof 1s a typical instance of reasoning
based upon Axiom III, which 1s another form of the law of the
hypothetical syllogism (cf Section 12)

Treorem III p—((p—q) —4q)

Hint The proof 15 analogous to that of Theorem II From
Axiom II derive, by substitution, the sentence

(=g —p—0—al —[p—o9—4ql
Compare the antecedent of this sentence with the consequent of
Theorem II, accordingly, perform a swuitable substitution on
Axiom III and apply the rule of detachment twice

Taeorem IV [p—(g—n]—l1— (p—1)]

Hint From Axiom III derive, by substitution, the sentence
M p—@-n]-{llg—on)—r]-(p—1)
Fuitheimore, replace, 1n Axiom III, “p", “g" and “7" by “¢”,
“llg—7)>7r]” and “(p—r)", respcctlvely Notlce that the
antecedent of the implication thus derived can be obtamed by
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substitution from Theorem III Perform this substitution and,
by applying the rule of detachment, derive
2 lg—=n—rl->@—-nl—le— (-1
Notice now that the consequent of (1) 15 the same as the antecedent
of (2), and, accordingly, proceed as in the proof of Theorem II (by
applying Axiom III again) —Theorem IV 15 called LAw oF coMmU-
TATION

TueorEM V. (~p) - (p—¢q)

Hint From Axiom I derive by substitution

(~p)=(~q —(~pl

Notice that the conequent of this sentence coincides with the
antecedent of one of the axioms, and proceed as wn the proof of
Theorem II

TrEOREM VI p—[(~p)—4q]

Hint Perform a substitution on Theorem IV such that the ante-
cedent of the resulting implication will be Theorem V, and then
apply the rule of detachment —We have here a typical instance of
reasoning based upon the law of commutation

TueoreEM VII [~(~ p})]— (¢ — p)

Hint The proof 1s analogous to that of Theorem II From
Theorem V and Axiom VII derive the sentences
[~(~p]—=(~p)—(~q)] and [(~p)—>(~d]l—(g—p)
Compare the antecedents and the consequents of these sentences

TuaeorEmM VIII [~ (~p)]—p

Hint Reasoning as i the proof of Theorem VI, denive first,
from Theorems IV and VII, the sentence

g {[~(~pl—p}
In this sentence put any one of our axioms 1n place of “g”’, and
apply the rule of detachment

Tueorem IX p — [~ (~p)]

Hint Perform suitable substitutions on Axiom VII and Theo-
rem VIII so as to be able to apply the rule of detachment

THeoREM X [~ (~p)lep

Hint This theorem can be obtaned from Axiom VI and Theo-
rems VIII and IX by performing a substitution on Axiom VI
and by applymng the rule of detachment twice
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*14 If we are to be able to introduce defined terms into the
system of sentential calculus described in the preceding exercise,
we have to assume a rule of definition According to this rule
(cf. Section 11), every definition has the form of an equivalence.
The definilendum 1s an expression contamning, besides sentential
variables, only one constant, namely the term to be defined, no
symbol may occur m this expression twice. The definiens 1s an
arbitrary sentential function containing exactly the same vanables
as the definiendum, and containing no constants except primitive
terms and terms previously defined Thus we may, for instance,
accept the following definitions of the symbols *“v " and “ A",

DermviTion I (p V ¢) © [(~ p) — q]
DerniTioN II (p A ) & {~[(~ D) V (~ )]}

From the above dcfimitions and the axioms and theorems of
Excrcise 13 deduce the following theorems with the help of the
rules of substitution and detachment.

TureoreM XI [(~p)—q—(p V 9
Hint In Axiom Vsubstitute “(p V )" for “p” and “[(~ p) — ¢]"

for “g”; compare the sentence thus obtamned with Defimtion

I and apply the rule of detachment
TueoreM XII p V (~p)

Hint. This theorem can be denved from Theorems X1 and I
by two applications of the rule of substitution and one application
of the rule of detachment

TrEoREM XIII p—(p V¢

Hint The proof 1s based upon Axiom III and Theorems VI
and XI, and is quite sumilar to that of Theorem II (the rule.of
substitution is applied to Axiom III only)

TueorEM XIV. (p A @) = {~[(~D) V (~ ]}

Hint: The proof, which 18 based upon Axiom IV and Definition
I1, is analogous to that of Theorem XI.

TrEorEM XV. [~ [~ (@ A Qll = [~ [~ D) V (~ 9]}
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Hint The proof 1s based upon Axiom IIT and Theorems VIII
and XTIV, and 1s similar to that of Theorem II. In Theorem VIII
replace “p” by “(» A ¢)” and compare the consequent of the im-
plication thus obtained with the antecedent of Theorem XIV

TaeoreM XVI [(~p) V (~@]l— [~ (P A 9)]

Hint Perform a substitution on Axiom VII such that the
antecedent of the resulting implication will be Theorem XV

TrEOREM XVII (~p) —[~{p A ¢)]

Hint The proof 1s again analogous to that of Theorem II In
Theorem XIII substitute “(~ p)” for “p” and “(~ ¢)" for “'¢”;
compare the resulting sentence with Theorem XVI

TeeorEM XVIII (p A g —p
Hmt Derive this theorem from Axiom VII and Theorem XVII.

Notice which of the axioms and theorems of this exercise and
the preceding one are familiar to us from Chapter II, and recall
their names.

*15 Formulate a definition of the symbol “A” (cf Exercise 12),
complying with the rule of definition staled in the preceding exer-
cise, in the definiens there should occur two constants ‘“‘~' and
[ A n”

*16 Venfy by the method of truth tables that all the axioms
and definitions given 1n Exercises 13 and 14 (and also the definition
proposed in Exercise 15) are true sentences Try to conclude
from this that all theorems which can be derived from the above
axioms and defimitions by applying the rules of substitution and
detachment must also be found to be true sentences when tested
by the method of truth tables

(It 1s possible to show that also conversely every sentence of
sentential calculus whose truth can be verified by the method of
truth tables 1s ecither one of the axioms and definitions, or is
denivable from them by means of our rules of inference—and,
consequently, that the two methods of constructing sentential
calculus, which were discussed 1n Exercises 11 and 13-14, are com-
pletely equivalent. But this task 1s vastly more difficult.)
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*17. One of the methods of constructing sentential caleulus dis-
cussed in Exercises 11 and 13-14 provides an immediate solution
of the decision problem (¢f Section 41) for this calculus, and
enshles us to show very easily that sentential ealculus 15 a con-
sistent deductive theory Which 1s this method, and how can
this be shown?

*18. One of the laws of sentential calculus 1s the following.
Foranypandgq, o pandnolp, thenq.

On the basis of this logical law, establish the following meth-
odological law

If the axiom system of any deductwe theory which presupposes
sententral calculus 15 inconsislent, then every senlence formulated in
the terms of this theory can be derwed from thal system

*19. It 1s known that the following methodological law holds.

If the aziom system of a deductwe theory 1s complele, and +f any
senlence which can be formulated but nol proved unthin that theory
18 added to the system, then the aziom system extended in this manner
18 no longer consisient,

Why 18 this the cage?

*20 Single out all those terms appearing 1n Chapter II, which
belong to the field of the methodology of deductive sciences, ac-
cording to the remarks made in Section 42.
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. VII -

CONSTRUCTION OF A MATHEMATICAL
THEORY:

LAWS OF ORDER FOR NUMBERS

43, Primitive terms of the theory under comstruction; axioms
concerning fundamental relations among numbers

With a certain amount of knowledge of the fields of logic and
methodology at our disposal, we shall now undertake to lay the
foundations of a particular and, incidentally, very elementary
mathematical theory This will be 5 good opportunity for us
to assumlate better our previously acquired knowledge, and
even to expand it to some extent

The theory with which we shall concern oursclves constitutes a
fragment of the arithmetic of real numbers It contains funda-
mental theorems concerning the basic relations less than and
grealer than among numbers, as well as the basic operations on
numbers, namely of addition and subtraction It presupposes
nothing but logic

The primitive terms which we shall adopt in this theory are the
following:

real number,
18 less than,
15 greater than,

sum.

Instead of “real number" we shall, as before, simply say “‘number”.
Also, it 15 slightly more conventent to consider, instead of the
term “number’’, the expression “the set of all numbers” as a primitive

155
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term, which, for brevity, we will replace by the symbol “N”’; thus,
in order to express that z 1s a number, we write.

zeN.

We may, on the other hand, stipulate that the universe of dis-
course of our theory consists of real numbers only and that van-
ables such as “z”, “y”, stand exclusively for the names of
numbers, in this case, the term ‘“real number’” would be altogether
dispensable 1n the formulations of statements of our theory, and
the symbol “N” mught, when needed, be replaced by “V” (cf
Section 23),

The expressions “is less than” and *1s greater than” are to be
treated as if they were entities consisting of a single word each;
they will be replaced by the briefer symbols “<” and “>",
respectively Instead of “is nol less than” and ‘45 nol greater
than'' we shall employ the usual symbols ‘“‘ <" and “3>”". Further,
instead of ““the sum of the numbers (the summanrds) z and ' or
“the result of adding T and ¥’ we shall use the customary notation.

z4 9.

Thus, the symbol “N* designates a certain set, the symbols ‘“ <"
and ““>” certain two-termed relations, and finally the symbol
#4-" g certamn binary operation.

Among the axioms of the theory under consideration two groups
may be distinguished The axioms of the first group express
fundamental properties of the relations less than and grealer than,
whereas those of the second are primanly concerned with addition
For the time bemng we shall consider the first group only; 1t con-
sists, altogether, of five statements-

Axiom 1  For any numbers z dnd y (1 e, for arbilrary elements
of thesetN) wehave. 2=y or <y or z>y.

AxioM2 If z <y, then y<z
Axiom3. If 2>y, then y ) =z
Axiom4. If <y and y <z then z <2z
AxtoMmb5. If 2>y and y >z then z > 2.
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The axioms histed here, just as any arithmetical theorem of a
umversal character stating that arbitrary numbers z, y, have
such and such a property, should really begin with the words
“for any numbers z, y, "' or “for any elements z, y, of the
set N or, simply, ‘‘for any z, y, ” (f we agree that the varn-
ables “z”, “y”, here denote numbers only) But since we
want to conform to the usage discussed in Section 3, we often
omit such a phrase and merely add 1t 1n our mind, this holds not
only for the axioms but also for the theorcms and definitions which
will occur 1n the course of our considerations Axom 2, for in-
stance, 1s meant to be read as follows

For any « and y (or for any elements z and y of the set N), of
z <y, then y <z

We shall refer to Axiom 1 as the WEAK LAW OF TRICHOTOMY
(with the strong law of trichotomy we shall become acquainted
later) Axioms 2-5 express the fact that the relations less than
and grealer than are asymmetrical and transitive (cf, Section 29);
accordingly they are called the LAWS OF ASYMMETRY and LAWS OF
TRANSITIVITY for the relations less than and greater than. The
axioms of the first gioup and the theorems following from them
are called the LAWS OF ORDER FOR NUMBERS

The relations < and >, together with the logical relation of
identity =, will be here referred to as the FUNDAMENTAL RELA-
TIONS AMONG NUMBERS

44, Laws of irreflexivity for the fundamental relations; indirect
proofs
Our next task consists in the derivation of a number of theorems
from the axioms adopted by us Since we do not aim at & sys-
tematic presentation, in this and the following chapter only those
theorems will be stated which may serve to help illustrate cer-
tamn concepts and facts of the fields of logic and methodology.

TrEOREM 1. No number 1s smaller than stself =z & .

Proor. Suppose our theorem were false. Then there would
be & number z satisfying the formula.

4)] <3
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Now Axiom 2 refers to arbitrary numbers z and y (which need
not be distinet), so that 1t remains valid if in place of “y’' we write

the variable “z"; we then obtan

@ of z<uz, thn 2Lz
But from (1) and (2) 1t follows immediately that
z € z;

this consequence, however, forms an obvious contradiction to
formula (1) We must, therefore, reject the original assumption
and accept the theorem as proved

We shall now show how to transform this argument into a com-
plete proof, using for clarity the logical symbolism (¢f Sections
13 and 15) To this end we resort to the so-called LAW OF RE-
DUCTIO AD ABSURDUN of sentential calculus-

@ = (~pl-(~p)

We further use Axiom 2 1n the following symbolic form

I <y —[~F <)

Our proof 1s based exclusively upon the sentences (I) and (II).
First we apply the rule of substitution to (I), replacing ““p” in 1t
throughout by “(z < z)”.

(M) {(z<2)=[~(z <} = [~ (z < 2)]

We next apply the rule of substitution to (II), replacing “‘y"
by “z”

Iv) z<z)—>[~(@<12)

Fmally we observe that the sentence (IV) 1s the hypothesis of the
conditional sentence (III), so that the rule of detachment may be
appled We are thus led to the formula.

V) ~(z<2
which 15 the symbolic form of the theorem to be proved

1 This law, together with a related one of the same name
[(~p) — 7] = p,
has been used 1n many intricate and historically important arguments in

logic and mathematics The Itahan logician and mathematician G
Varratr (1863-1909) devoted a special monograph to 1ts history
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The proof of Theorem 1 represents an example of what 1s called
an INDIRECT PROOF, also known as a PROOF BY REDUCTIO AD AB-
sURDUM  Proofs of this kind may quite generally be characterized
as follows 1n order to prove a theorem, we assume the theorem
to be false, and derive from that certain consequences which
compel us to reject the ongnal assumption Indirect proofs are
very common 1n mathematics They do not all fall under the
schema of the proof of Theorem 1, however, on the contrary, the
Iatter represents a comparatively rare form of indirect proof, and
we shall meet with more typical examples of indirect proofs
further below.

The axiom system adopted by us 1s perfeetly symmetrical with
respect to the two symbols “<” and “>". To every theorem
concerning the relation less than, we therefore automatically ob-
tam the corresponding theorem concerning the relation greater
than, the proofs being entirely analogous, so that the proof of the
second theorem may be omitted altogether In particular, cor-
responding to Theorem 1 we have.

THEOREM 2 No number 18 greater than ilself z » z

While the relation of 1dentity =, as we know from logue, is re-
flexive, Theorems 1 and 2 show that the other two fundamental
relations among numbers, < and >, are rreflexive; these theorems
are therefore called the Laws oF IRREFLEXIVITY (for the relations
less than and greater than).

45. Further theorems on the fundamental relations
We shall next prove the following theorem.
TrEorEM3 z >y of,andonlysf, y <=z
Proor It has to be shown that the formulas:
z>y and y<=z

are equivalent, that is to say, that the first imphes the second,
and vice versa (cf. Section 10)
Suppose, first, that

(1) y <z
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By Axiom 1 we must have at least one of the three cases.
(2) z=y, <y or z>Y.

If we had £ = y, we could, by virtue of the fundamental law of
the theory of identity, 1e Lrisniz’s law (cf Section 17), replace
the varable “z” by “‘y” 1n formula (1), the resulting formula

y<y
constitutes an obwvious contradiction to Theorem 1 Hence we
have.

3) z+y.
But we also have:
@ 4y

smce, by Axiom 2, the formulas:
z<y and y<=z

cannot hold simultaneously On account of (2), (3) and (4), we
find that the third case must apply.

5) >

We thus have shown that the formula (5) is implied by the formula
(1), conversely, the implication in the opposite direetion can be
established by an analogous procedure. The two formulas are,
therefore, indeed equivalent, qe.d 2

Using the terminology of the caleulus of relations (cf Section
28), we may say that, according to Theorem 3, each of the rela-
tions < and > 1s the converse of the other.

TreoreM 4. If z+y, then z<y or y<=z
Proor. Since
z ¥y,
we have, by Axiom 1-
z<y or zT>Y;
the second of these formulas implies, by Theorem 3.
y <=z

2 The letters “‘q e d " are the customary abbreviation of the expression
‘quod erat demonstrandum’’, meamng “‘which was to be proved”’
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Hence we have:
z<y o y<z, qed.
Analogously we can prove
TugoreM 5 If z+vy, then 2>y or y >z

By Theorems 4 and 5 the relations < and > are connected;
accordingly these theorems are known as the LAWS OF CONNEXITY
(for the relations less than and greater than)  Axioms 2-5, together
with Theorems 4 and 5, show that the set of numbers N is ordered
by erther of the relations < and >.

THEOREM 6 Any numbers z and y salisfy one, and only one,
of the three formulas z =y, z<y and z >y

Proor It follows from Axiom 1 that at least one of the for-
mulas stated must be satisfied In order to prove that the
formulas.

z=y and z>y

exclude each other, we proceed as in the proof of Theorem 3.
we replace 1n the second of these formulas “z” by “y’’ and arrive
at a contradiction to Theorem 1  Similarly 1t can be shown that
the formulas

t=y and z>y
exclude each other, And finally, the two formulas.
<y and >y

cannot hold simultaneously, because, by Theorem 3, we would
then have.

z<y and gy <z,

in contradiction to Axiom 2 Hence, any numbers z and y satisfy
one and no more of the three formulas in question, g.e d.

Theorem 6 we will call the STRONG LAW OF TRICHOTOMY, OF
simply the LAW OF TRICHOTOMY, according to this law, one and
only one of the three fundamental relations holds between any
two given numbers. Using the phrase “either  or .. " in the
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meaning proposed 1n Section 7, we can formulate Theorem 6 in &
more conclse manner.

For any numbers z and y we have esther z =y or z <y
or z > Y.

46. Other relations among numbers

Apart from the fundamental relations, three other relations play
an important part mn anthmetic. One of these is the logical rela-
tion of diversity + which we know already; the other are the
relations < and 2 which will be discussed now.

The meaning of the symbol “<" 15 explamned by the following
defimtion.

DermviTION 1 Wesaythat z <y «+f,andonly+f, z=y or
z<y.

The formula.
Ty

is to be read: “z 1s less than or equal fo y"' or “‘z 15 af most equal
oy

Although the content of the definition as stated appears to be
clear, experience shows that in practical applications 1t some-
times becomes the source of certain misunderstandings. Some
people who believe they understand the meaning of the symbol
“<£" perfectly well protest nevertheless against its applcation to
definite numbers They do not only reject a formula like

120

as obviously false—and this rightly so—, but they also consider
as meaningless or even false such formulas as.

00 o 051,

for they mamtain that there 1s no sense in saying that 0 < 0 or
that 0 < 1 since 1t 1s known that 0 = 0 and 0 < 1. In other
words, it 1s not possible to exhibit & single pair of numbers which,
in their opiion, satisfies the formula:

z =S Y.
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This view 1s palpably mistaken Just because 0 < 1 holds, 1t
follows that the sentence

0=1 or 0<1

is true, for the disjunction of two sentences 1s certanly true pro-
vided one of them 1s true {ef Section 7); but according to Defini-
tion 1 this disjunction 1s equivalent to the formula:

0=1
For a quite analogous reason the formula.
00

is also true.

The source of these misunderstandings, presumably, lies in
certamn habits of everyday life (*to which we have already called
attention at the end of Section 7*). In ordinary language it 1s
customary to assert the disjunction of two sentences only if we
know that one of the sentences 1s true without knowmng which.
It does not occur to us to say that 0 = 1 or 0 < 1, though this
1s undoubtedly true, since we can say something that i1s simpler
and at the same time logically stronger, namely, that 0 < 1.
In mathematical considerations, however, 1t 15 not always ad-
vantageous to state everything that we know i 1ts strongest
possible form  For example, we sometimes assert of a quadrangle
merely that 1t 18 a parallelogram, although we know it to be a
square, and this because we may want to apply a general theorem
concerning arbitrary parallelograms For similar reasons 1t may
occur that 1t 1s known of a number z (for instance, of the number
0) that 1t 1s less than 1, and yet 1t may merely be asserted that
z £ 1, that 1s, that eitherz = lorz < 1.

We will now state two theorems concerning the relation £.

TaEOREM 7. z Sy o, cndonlysf, zF y

Proor This theorem 1s an 1mmediate consequence of Theo-
rem 6, i e, the law of trichotomy In fact, of

) TSy
and hence, by Definition 1,
@) z=y o z<y,
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it 18 impossible for the formula.
z>Yy
to hold. Conversely, if

6] z )y,

we must have (2) and hence, again by Defimtion 1, formula (1)
must hold The formulas (1) and (3) are thus equivalent, q e d

In the termmology of Section 28, Theorem 7 states that the
relation < 1s the negation of the relation >.

On account of 1ts structure, Theorem 7 might be looked upon
as the defimition of the symbol “ <", 1t would be a different one
from that adopted here but equivalent to 1t. The statement of
this theorem may also contribute to dispel any last doubts about
the usage of the symbol “ <", for nobody will hesitate any longer
to recognize as true such formulas as

00 and 0=1
n view of the fact that they are equivalent to the formulas
0%0 and 0% 1.

If we wished, we could avoid the use of the symbol “<” com-
pletely, by always employing “3»” mstead

THEoREM 8. z <y #,andonly+f, 2 =y and z£y.
Proor. If

(1) <y,

then, by Definition 1,

@ z3y

while, by the law of trichotomy, the formula:
T=Y

cannot hold Conversely, if formula (2) holds, then by Defim-
tion 1 we obtamn

3) <y or z=1y;
but if, at the same time, we have:

T+
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we have to accept the first part of the disjunction (3), that 1s,
formula (1), The implication therefore holds m both directions,
qed

A number of other theorems concerning the relation £ we shall
pass over; among them, there are, in particular, theorems to the
effect that this relation 15 reflexive and transitive. The proofs
of none of these theorems afford any difficulties.

The definition of the symbol “Z=" 1s entirely anslogous to
Defimtion 1, and from the theorems concerning the relation <
we automatically obtain corresponding theorems concerning the
relation = by merely replacing the symbols “<”, “<” and “>"
throughout by the symbols “z”, “>" and “<".

Formulas of the form
T =Y
m which the places of “z”’ and “y”’ may be taken by constants,
vanables or compound expressions denoting numbers are usually
called EQuaTions Similar formulas of the form:
z<y or z>9Y

are called INEQUALITIES (IN THE NARROWER SENSE); among the
INEQUALITIES IN THE WIDER BENSE we have, in addition, formulas
of the form.

Ty, T2y or z2Y

The expressions occurring on the left and right sides of the sym-
bols “=", “<”, and so on, in these formulas are referred to as the
LEFT AND RIGHT SIDES OF THE EQUATION OF OF THE INEQUALITY.

Exercises

1 Consider two relations among men that of being of a smaller
stature, and that of being of a larger stature. What condition
has to be satisGed by an arbitrary set of people, so that it together
with those two relations forms a model of the first group of axioms
(cf. Section 37)?

2. Let the formula:
z@y
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express the fact that the numbers z and y satisfy one of the
followmng conditions (1) the number z has a smaller absolute
value than the number y, or (1) if the absolute values of z and y
are the same, z 1s negative and y 1s positive  Further, let the
formula

2@y
have the same meaning as the formula:

y®z

Show, on the basis of arithmetic, that the set of all numbers
and the relations @ and @ just defined constitute a model of the
first group of axioms.

Give other examples of interpretations of these axioms within
anthmetic and geometry

3. From Theorem 1 derive the following theorem:
of £<vy, then z+uy.

Conversely, derive Theorem 1 from the theorem just stated,
without making use of any other arthmetical statements. Are
these two mferences induect and do they fall under the schema
of the proof of Theorem 1 of Section 447

4 Generalize the proof of Theorem 1 of Section 44, and thereby
establish the following general law of the theory of relations
(cef remarks made 1n Section 37)

every relalion R which 15 asymmelrical «n the class K s also
wrreflexive wn thatl class

5 Show that, if Theorem 1 15 adopted as a new axiom, the old
Axiom 2 can be derived as a theorem from this axiom together
with Axiom 4

As & generalization of this argument, prove the following gen-
eral law of the theory of relations

every relalion R which 15 wreflexwe and transilwe 1n the class K
18 also asymmelrical 1n that class.

*6 At the end of Section 44 we tried to explan why the proof
of Theorem 2 may be omitted. These remarks represent an
appleation of certain general considerations of Chapter VI. Ex-
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plain this in detai, and, in particular, specify the considerations
to which this refers.

7. Derve the following theorems from the first group of axioms.
(@) z=y ,andonlyyf, z Ly and y <z
(b)of <y, then <z or z2<y

8 Dernve the following theorems from Axiom 4 and Defim-
tion 1,

@)y z<y and y=sz then z <z
(b)of 2=y and y <z then z <z
©)f 22y, y<z and z <L, then z <UL

9 Show that the relations < and 2 are reflexive, transitive

and conneeted  Are these relations symmetrical or asymmetrical?

10 Show that, between any two numbers, exactly three of the
following six relations hold =, <, >, #, < and 2.

11. Both the converse and the negation of any of the relations
listed 1n the preceding exercise are again among these six relations.
Show 1n detail that this 13 the case

*12 Between which of the relations given in Exercise 10 does
the relation of inclusion hold? What will be the sum, the product
and the relative product of any pair among these relations?

Hint Recall the terms explained 1 Section 28 Do not omit
to consider pairs consisting of two equal relations, and remember
that the relative product may depend upon the order of the factors
(cf Exercise 5 of Chapter V) Altogether 36 pairs of relations
should be examined.



. VIII -

CONSTRUCTION OF A MATHEMATICAL
THEORY:

LAWS OF ADDITION AND SUBTRACTION

47, Axioms concerning addition; general properties of operations,
concepts of a group and of an Abelian group

We now turn to the second group of axioms, which consists of
the following six sentences

Axiom 6 For any numbers y and z there ezisls @ number z such
that = =y + 2 1 other words of yeN and zeN, then
also y+zeN

Axiom7. z+y=y+=z
AxioM8 2+ @y+2)=(@E+y) +a

Axiom 9  For any numbers z and y (here exists a number z such
that z=9y+4 =2

AxioMm10 If y <z then z+y<z+z
Axiom 1l If y >z, then z+y>z 42

For the moment let us concentrate on the first four sentences
of this second group, that 1s, Axioms 6-9 They ascribe to the
operation of addition & number of simple properties which are
also frequently met when considering other operations in various
parts of logic and mathematies

Special terms have been mtroduced to designate these prop-
erties Thus we say that the operation O 1s PERFORMABLE IN THE
cLass K or that the class K 1s CLOSED UNDER THE OPERATION O,
if the performance of the operation O on any two elements of the
class K results again in an element of that same class, 1n other

168
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words, 1f, for any two elements y and z of the class K, there exsts
an element z of this class such that

z=9y0z

The operation O 1s called coMmvuTaTIVE W-THE cuass K, 1f the
result of this operation 15 independent of the order of the elements
of the class K on which 1t 1s carried out, or, in other words, if for
any two elements z and y of the class we have

20y =y0z.
The operation O 15 ASSOCIATIVE IN THE crLAss K, if the result is
independent of the way in which the elements are grouped to-
gether, or, more precisely, if for any three elements z, y and z of
the class the condition

z20@W0z)=0z0y 0z

is satisfied The operation O 1s said to be RIGHT-INVERTIBLE OT
LEFT-INVERTIBLE IN THE cLASS K, if, for any two elements =z and y

of the cluss K, there always exisis an element z of the class such
that

z=y0z or =20y,

respectively, holds. An operation O which 1s both right- and
left-invertible 1s simply called INVERTIBLE IN THE crLass K It
follows at once that & commutative operation which 1s right- or
left-invertible must be invertible We shall now say that a class
K 15 3 GROUP WITH RESPECT TO THE OPERATION O, if this operation
15 performable, associative and mvertible in K, if, moreover, the
operation O 15 commutative, the class K 1s called an ABELIAN
GROUP WITH RESPECT TO THE OPERATION 0 The concept of a
group and, m particular, that of an Abehan group, forms the sub-
ject of a special mathematical disciphne known as the THEORY oOF
GROUPS, which has already been mentioned above 1n Chapter V!

1 The group concept was introduced into mathematics by the French
mathematician E Gavors (1811~1832) The term ‘"Abehan group' was
chosen 1n honor of the Norwegian mathematician N H ApEer (1802-1829)
whose researches have had a great influence upon the development of higher
algebra The far-reaching 1mportance of the group concept for mathe-
maties has been recognized particularly since the works of another Nor-
wegian mathematician, S Lie (1842-1899)
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In case the class K 1s the universal class (or the universe of
discourse of the theory considered—cf Section 23), we usually
ormt the reference to this class when employmng such terms as
“performable”, “commutative’’, and so on

In accordance with the termmnology ntroduced above, the
Axioms 6-9 are referred to as the LAW OF PERFORMABILITY, the
COMMUTATIVE LAW, the ASSOCIATIVE LAW and the LAW OF RIGHT
INVERTIBILITY for the operation of addition, respectively; together
they state that the set of all numbers constitutes an Abelian
group with respect to addition.

48. Commutative and associative laws for a larger number of
summands

Axiom 7, the commutative law, and Axiom 8, the associative
law, 1n the form 1n which they have been stated here, refer to two
and three numbers, respectively But there are infimtely many
other commutative and assoclative laws concerning more than
two or three numbers The formula

z+ @+ =y+ @+ 1),

for instance, constitutes an example of a commutative law for
three summands, and the formula

t+y+Ge+)l=[EE+)+d+u

represents one of the associative laws for four summends In
addition, there are theorems of a mixed character which, generally
expressed, assert that any changes 1n either the order or the
grouping of the summands are without mnfluence upon the result

of the addition By way of an example the followmng theorem
may be stated

THEOREM Y. z4+ (y+2)=(z42) + ¥.

Proor By suitable substitutions we obtain from Axioms 7
and 8:

1) z+y=1y+g,
@ s+ e+y)=@E@+a+y
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In view of (1) we may, in accordance with Leisniz’s law, replace
“z 4+ ¢ 1n (2) by "y + 2”; the result 18 the desired formuia.

s+ W+ad=E+2+v

In a similar manner we can derive all commutative and asso-
ciative laws concerning an arbitrary number of summands from
Axioms 7 and 8 together, possibly, with Axiom 6 These theo-
rems are often used in practice in the transformation of algebraic
expressions By a transformation of an expression denoting a
number we mean, as usual, an alteration of such a kind as to lead
to an expression denoting the same number, which may hence be
jomed with the original expression by the identity sign; the ex-
pressions most frequently subjected to transformations of this
kind are those which contain variables and which, therefore, are
designatory functions On the basis of the commutative and
associative laws we are m a position to transform any expressions
of a form such as.

$+(y+z)y-’5+[?/+(2+u)], ’

that 1s, expressions consisting of numerical constants and variables
separated by addition signs and parentheses, mn any such ex-
pression we may interchange at will both the numerical symbols
and the parentheses (provided only the resulting expression has
not become meaningless on account of the transposition of the
parentheses).

49. Laws of monotony for addition and their converses

Axioms 10 and 11, to which we will turn now, are the so-called
LAWS OF MONOTONY for addition with respect to the relations less
than and greater than We say, more generally, that the bmnary
operation 0 is MONOTONIC IN THE CLASS K WITH RESPECT TO THE
TWO-TERMED RELATION R, 1f, for any elements z, y, z of the class K|
the formula;

yRz
implies:
(z0y) R(z02),
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which means that the result of performmg the operation O on z
and y has the relation K to the result of performing the operation
Oon z and z (In the case of non-commutative operations one
should, strictly speaking, differentiate between right and left
monotony, the one just defined being denoted as right monotony )

The operation of addition 18 monotonic not only with respect
to the relations less than and greater than—a consequence of Axioms
10 and 11—but also with respect to the other relations among
numbers discussed in Section 46  We shall show this here only for
the relation of identity:

TeeoREM 10 If y=1z2, then z+y=12z+z
Proor The sum z + y, whose existence 1s guaranteed by
Axiom 6, 13 equal to 1tself (by Law II of Section 17)
zt+y=z+y
In view of the hypothess of the theorem, the vanable “y" on the

night side of this equation may be replaced by the vanable “z”,
and we obtain the desired formula

zsty=z+-=2
The converse of Theorem 10 1s also true.
TaeorEM 11 If z4+y=2z+42 then y=2

We shall sketch two proofs of this theorem here. The first,
based upon the law of trichotomy and Axioms 6, 10 and 11, 18
comparatively simple For our later auns we require, however,
another proof which 18 considerably more involved, but does not
make use of anything except Axioms 7-9.

FirsT proor Suppose the theorem in question were false.
Then there would be numbers z, ¥ and z such that

0y t+y=z+¢z
and yet
(2) y*z

Bince z + y and z + 2 are numbers (according to Axiom 6), they
can, by the law of trichotomy, satisfy only one of the formulas

z+y=z+yz z+y<z4+z and z4+y>z+42
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Since, by (1), the first holds, the others are automatically elimi-
nated We thercfore have

3 z+ydz+z and z+yPa+z

By applymng the law of trichotomy once more, we can, on the
other hand, infer from the mequality (2) that

y<z or y>ze
Hence, by Axioms 10 and 11,
€Y z+y<z+z or z4+y>z+e,

which represents an obvious contradiction to (3) The supposi-
tion 15 thus refuted, and the theorem must be considered proved.

*SEcOND PROOF. Apply Axiom 9, with “z’" and “‘z” replaced
by “y” and “w”, respectively. It follows that there exists a
number  fulfilling the formula*

y=y+u
Since, by Axiom 7,
y+u=u+ty,

we have, on account of the transitivity of the relation of 1dentity
(ef. Law IV of Section 17)

ey y=uty

Now apply Axiom 9 again, with “z" and “‘2” replaced by “z” and
9, respectively, we thereby obtam a number v satisfying the
equat.lon

)] z=y+v

On account of (1), we may here replace the variable “y” by the
expression ‘“u + y”.

z=(@u+y) +o
Further, by the associative law, 1e Axiom 8, we have
u+ @G+ =@+y +yo,
so that, by applymng Law V of Section 17, we arrive at:
z=u+(y+v).
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On account of (2), we may here replace “y + »” by “z” (using
LEemniz’s law), so that we finally obtain:
@) z=u+z

Applying Axiom 9 for the third time, this time with “z”, “y”
and “z"” replaced by ‘“u”, “z” and “w”, respectively, we obtain
a number w for which

u=z+w
holds, and since
ztw=w+z
we have:
(4) u=w+z.
Using (4) we obtain the following formula from (1):
y=@+z)+y;

but since, by the associative law, we have.

wt(z+y) =w+z)+y
this formula becomes.
@ y=w+ (z+y).

In view of the hypothesis of the theorem to be proved, we may
replace “z + »” mn (5) by “z + 2”, which leads to:

(6) y=w+ (z+2).
Applying again the associative law, we have.
wt(z+2)=@w+2) +g
so that (6) becomes:
y=(w+1)+e=

On account of (4), we may here replace “w + 2z’ by “4”. In
this way we obtain:

) y=u+az
But from equations (7) and (8) it follows that
y =g qed.*
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A few remarks concerning the first proof of Theorem 11 may be
mserted here Like the proof of Theorem 1, it constitutes an
example of an indirect inference The schema of this proof may
be represented as follows In order to prove a certain sentence,
say “p”, we suppose the sentence to be false, that 1s we assume
the sentence “nol p” From this assumption a consequence “g"

is derived, that 1s to say, we demonstrate the implication
tf not p, then q

(in the ease under consideration, the consequence ‘‘g” 1s the con-
junction of the conditions (3) and (1) which appear in the proof).
On the other hand, however, we are able to show (either on the
basis of general laws of logic, as in the case under consideration,
or by some theorems previously proved within the mathematical
diseiphne 1n which all these arguments are carried out), that the
consequence obtained 1s false, that 1s, that “not ¢”’ holds, thereby
we are compelled to give up the orginal assumption, and thus to
accept the sentence “p’ as true  If this argument were set down
n the form of a complete proof, a logical law would play an essen-
tial part in 1t, which 15 a vanant of the law of contraposition
known from Section 14, and which reads as follows.

From: 1f notp, thenq, 1 follows that* 1f nol q, then p

The proof under consideration differs shghtly from that of
Theorem 1 There, from the assumption that the theorem is
false, we inferred that the theorem 1s true, that 1s, we derived a
consequence directly contradicting the assumption, here, however,
we derived from a similar assumption a consequence of which we
knew from other sources that i1t was false But this difference is
not an essential one; 1t can easily be seen on the basis of logieal
laws that the proof of Theorem 1—like any other indirect mode
of inference—can be brought under the schema sketched above.

Like Theorem 10, the other laws of monotony, that 1s, Axioms
10 and 11, also admit of conversion:

TerOREM 12. If z4+y<z+2z thew y<a
TeeoreM 13. If z4+y> 242 then y> 2
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The proof of these theorems can without difficulty be obtained
along the lines of the proof of Theorem 1

B0. Closed systems of sentences

There exists a general logical law the knowledge of which con-
siderably simphfies the proofs of the last three theorems (11, 12
and 13) This law, sometimes called the LAw oF cLOSED sysTEMS
or HaupER's LAW?, permits us 1n some cases, when we have suc-
ceeded 1n proving several condilional sentences, to infer from
the form of these sentences that the corresponding converse sen-
tences may be also considered as proved.

Suppose we are given a number of 1mplications, say three, to
which we will give the following schematic form

if p, lhen qu,
if D2, then ¢,
tf py, then gs.

These three sentences are said to form a cLOsED systeM, 1If their
antecedents are of such a kind as to exhaust all possible cases,
that 1s, 1f 15 true that

Di Or P2 OF Pa,
and 1if, at the same time, their consequents exclude one another
of @1, thennol gz, o qu,thennot gs; 1 qs, then not g5 .

The law of closed systems asserts that if certain conditional sen-
tences forming a closed system are true, then the cor.esponding
converse sentences arc also true

The simplest example of a closed system 18 given 1n the form of a
system of two sentences, consisting of some 1mplication

f p, then g,
and 1ts inverse sentence:
if not p, then not g.

? After the name of the German mathematician K F. Hauser (1775-
1851)
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In order to demonstrate the two converse sentences in this case,
it is not even necessary to resort to the law of closed systems, 1t is
sufficient to apply the laws of contraposition.

Theorem 10 and Axioms 10 and 11 form & closed system of
three sentences This 18 a consequence of the law of trichotomy,
since between any two numbers we have exactly one of the rela-
tions =, < and >, we see that the hypotheses of these three
sentences, that 1s, the formulas

= 2, ¥ <g ¥>z3

exhaust all possible cases, while their conclusions, that 1s, the
formulas:

z+y=1z+z¢ z+y<z+z T+y>z+z

exclude one another (The law of trichotomy implies even more,
which however 15 1rrelevant for our purpose, namely, that the
first three formulas do not only exhaust all possible cases but also
exclude each other, and that the last three formulas do not only
exclude each other but also exhaust all possible cases.) For the
mere reason that the three statements form a closed system 1t 1s
true that the converse theorems 11-13 must hold

Numerous examples of closed systems can be found m elemen-
tary geometry; for instance, when examining the relative position
of two circles, we have to deal with a closed system consisting of
five sentences.

In conclusion 1t may be remarked that anyone who does not
know the law of closed systems but tries to prove the converses of
statements forming a system of this kind may mechamcally apply
the same mode of inference which we employed in the first proof
of Theorem 11,

b1. Consequences of the laws of monotony
Theorems 10 and 11 may be combined into one sentence:

y=2z ,andonly+f, 2+ y=2+42

Similarly it is possible to combine Axioms 10 and 11 with Theorems
12 and 13. The theorems thus obtamed may be denoted as the
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LAWS OF EQUIVALENT TRANSFORMATION OF EQUATIONS AND IN-
EQUALITIES by means of addition. The content of these theo-
rems 18 sometimes described as follows if the same number is
added to both sides of an equation or inequality, without changing
the equality or inequality sign, the resulting equation or inequality
1s equivalent to the omgmal one (this formulation 1s, of course,
not quite correct, since the sides of an equation or mequality are
not numbers but expressions, to which 1t 1s not possible to add any
numbers) The theorems mentioned here play an important role
in the solution of equations and nequalities

We will derive one more consequence from the theorems of
monotony

TeeoremM 14 If ztz<y+1t, then z<y or z2<U

Proor Suppose the conclusion of the theorem is false, in other
words, neither 15 z smaller than y nor 1s z smaller than ¢, From
this 1t follows by the law of trichotomy that one of the two
formulas.

T=y or T>Y
and also one of the two formulas:
z=1%t or z>1

must hold. We thus have to discuss the following four possi-
bilities:

(1 t=y and z=1{,
(2) t=y and z> 1,
3 >y and z =1,
@ >y and z> L

Let us begin by considering the first case. If the two equations
(1) are valid, we obtain, by Theorem 10:

zt+z=2+1y
from the first equation, and since, according to Axiom 7,

z+z=z+z and z+y=y+:2
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we may infer, by a twofold application of the law of transitivity
for the relation of identity:

(5) z4+z=y+a2

If now we apply Theorem 10 to the second of the equations (1),
we obtain.

(6 y+ez=y+14
which, together with (5), yelds
(7) z+z=y+1t

By an entirely analogous inference—applying Axioms 4, §, 10
and 11—any of the three remaining cases (2), (3) and (4) lead to
the mequality.

8) z+z>y+t

One of the formulas (7) or (8) must therefore hold in any case.
But since z + z and y + ¢ are numbers (Axiom 6), 1t follows by
the law of trichotomy that the formula:

zt+e<y+1

cannot hold.

Thus, by assuming the concluston to be false, we have arrved
at an immediate contradiction to the hypothesis of the theorem.
The assumption 1s therefore to be refuted, and we see that the
conclusion does indeed follow from the hypothesis,

The argument just conducted 15 counted among the indirect
proofs, apart from an inessential modification, 1t could be brought
under the schema sketched in Section 49 in connection with the
fist proof of Theorem 11, Formally considered, however, the
procedure of the argument 18 shightly different from the one fol-
lowed m the proofs of Theorems 1 and 11 The inference has
the following schema 1In order to prove a sentence of the form
of an mphcation, say, the sentence.

if p, then g,

we assume the conclusion of the sentence, that 1s, “g”’, to be
false (and not the whole sentence); from this assumption, that is,
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from “not ¢”, 1t 15 wnferred that the hypothesis 1s false, that 1s,
that “nol p”’ holds In other words, instead of demonstrating the
sentence 1n question, a proof of the corresponding contrapositive
sentence

2 not g, then not p

18 given, and from this the validity of the original sentence 13 1n-
ferred. The basis for an inference of this kind 1s to be found 1n a
law of sentential calculus to the effect that the truth of the contra-

positive sentence always implies that of the onginal sentence (cf.
Section 14)

Inferences of this form are very common in all mathematical
disciphines; they constitute the most usual type of mndirect proof.

62. Definition of subtraction; inverse operations

Our next task 1s to show how the notion of subtraction can be
introduced into our considerations With this aim in mind, we
shall first prove the following thearem

TaEOREM 15  For any two numbers y and 2 there 1s exactly one
number z such thaty = z + =

Proor. Axiom 9 guarantees the existence of at least one num-
ber z satisfying the formula.

y=z+z

We have to show that there 15 no more than one such number, 1n
other words, that any two numbers « and » satisfying this formula
are 1dentical Let, therefore,

y=z+u and y=2+wv.

This imphes at once (by the laws of symmetry and transitivity
for the relation =):

zt+u=z+4y,
from which, by Theorem 11, we obtain:
u=u,
There is, thus, exactly one number z (cf. Section 20) for which

y==2z+a3, g.e.d.



IDENTITY SIGN IN DEFINIENDUM 181

This unique number z, of which the above theorem treats, is
designated by the symbol.

¥y—z
we read 1t, as usual, “the difference of the numbers z and y" or

“the resull of sublracting the number z from the number y”. The
precise definition of the notion of difference 1s as follows:

DerinitioN 2. We say that = = y — 2z 4of, and only of,
y=z+z.

An operation [ 1s called a RIGHT INVERSE OF THE OPERATION O
IN THE CcLASS K if these two operations O and 1 fulfil the following
condition

Jor any elements x, y and z of the class K, we have. =z = y I 2
of,and only of, y =20z

The analogous concept of & LEFT INVERSE OF THE OPERATION O
1s defined similarly If the operation O 1s commutative in the
class K, 1ts two inverses-—the right and the left—cowncide, and we
can then simply speak of the INVERSE OF THE oPERATION O (or,
also, of the INVERsSE opERATION OF O) In accordance with this
terminology, Definition 2 expresses the fact that subtraction 1s the
night inverse (or, sumply, the inverse) of addition.

63. Definitions whose definiendum contains the identity sign

*Definition 2 exemplifies a kind of definition very common 1n
mathematics These definitions stipulate the meaning of a sym-
bol designating either a single thing or an operation on a certain
number of things (in other words, a function with a certain number
of arguments) In every definition of this kind, the definiendum
has the form of an equation

z=
on the right side of this equation, we have the symbol itself which
was to be defined, or else a designatory function constructed out
of the symbol to be defined and certain vanables “y”, 2", ,
according as the symbol 1n question designates a single thing or an
operation on things The definiens may be a sentential function
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of any form, which contains the same free varnables as the defi-
niendum, and which states that the thing z—together possibly
with the things y, z, —satisfies such and such a condition —
Definition 2 establishes the meaning of a symbol which denotes
an operation on two numbers To give a different example of
this type of defimtion, let us state the defimtion of the symbol
*0" which designates a single number

we say that z = 0 o, and only +f, for any number y, the for-
mula: y+4+ 2z =1y holds

A certain danger 1s connected with definitions of the type under
consideration, for 1f one does not proceed with sufficient caution
1n laying down such definitions, one can casily find oneself con-
fronted with a contradiction A concrete example will make this
clear,

Let us leave, for the moment, our present mnvestigations, and
assume that m arnthmetic we have aheady the symbol of multi-
pheation at our disposal and that, with 1its help, we want to define
the symbol of division  For this purpose we proceed to lay down
the following defimtion, which 158 modelled precisely after Defi-
nition 2:

wesaythat z=y:2 if,andonlysf, y =zz.

If now, 1n this definition, we replace bath “y”’ and “z” by 0",
and “z" first by “1” and then by “2”, and if we observe that we
have the formulas

0=0.1 and 0 = 0.2,
we obtamn at once:
1=0.0 and 2 =0.0

But since two things equal to the same thing are equal to each
other, we arnve at

1=2
which 18 obviously nonsense.

It 1s not hard to exhibit the reason for this phenomenon. Both
in Defimtion 2 and in the definition of the quotient considered
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here, the definiens has the form of a sentential funetion with three
free vanables “z”, “y"” and “2” To each such sentential func-
tion there corresponds a three-termed relation holding between
the numbers z, ¥ and 2 if, and only 1f, these numbers satisfy that
sentential funetion (ef Section 27), and 1t 15 just the aim of the
defimition to mtroduce a symbol designating this relation  But if
one gives the defimendum the form

T=y—2z o T=yz

one assumes 1n advance that this relation 1s functional (and hence
an operation, or a function, ¢f Section 34), and that therefore,
to any two numbers y and z, there 1s at most one number z standing
to them In the relation in question The fact thatthe relation 18
functional, however, 1s not at all evident from the beginmng, and
it must first be established This we did m the case of Defini-
tion 2, but we failed to do so in the case of the definition of the
quotient, and we would indeed have been unable to do so, simply
because the relation in question ceases to be functional m & certan
exceptional case for, if

y=0 and z=0,
there exist infinitely many numbers z for which
y=22z.

If, therefore, one wants to formulate the definition of the quotient
1n the above form without introducing contradictions, one has to
take care that the case 1s exeluded where both numbers ¥ and 2
are 0,—for nstance, by mserting an additional condition i the
definiens

The above considerations lead us to the following conclusion,
Every definition of the type of Definition 2 should be preceded by a
theorem corresponding exactly to Theorem 15, that is to say, a
theorem to the effect that there 15 but one number z which satisfies
the definiens  (The question arises whether 1t 15 relevant if there
is exactly one number z, or whether 1t 1s sufficient that there 1s at
most one such number. A discussion of this rather difficult
problem will be omitted here )*
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54, Theorems on subtraction

On the basis of Definition 2 and the laws of addition we can
without difficulty prove the fundamental theorems of the theory
of subtraction, such as the law of performability, the laws of
monotony, and the laws of equivalent transformation of equations
and nequalities by means of subtraction Those theorems also
belong here which make possible the transformation of so-called
algebraic sums, that 1s, of expressions consisting of numerical
constants and varables, separated by ‘4" and “—" signs as well
as parentheses (the latter often being omitted 1n accordance with
special rules to this effect) The following theorem may serve as
an example of the last-named category:

THEOREM 16 z 4+ (y—2)=(z+y) — 2

Proor. To y and 2, according to Axiom 9, there corresponds a
number u such that

(1) y=z+uy;

this implies, by Definition 2,

@ U=y -2z

From the commutative law we have:
tt+y=y+z

On account of (1), “y” may here be replaced by “z + «” on the
right side, so that we obtaimn

(3) tt+y=0c+u t=z
From Theorem 9, on the other hand, 1t follows that:
4) z+@@+u)=0c+uw+z

But since two numbers equal to the same number are equal to
each other, we can nfer from (3) and (4):

(5) tt+y=z+4+ (z+ ).

Now, smce z + u and = + y are numbers (by Axiom 6), we may
substitute “z + v and “z + '’ for “‘z” and ‘y" in Definition 2.
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(5) shows that the definiens 15 then satisfied, and hence the defi-
mendum must also hold

z+u={&+y —-

“,n
u

If now, 1n view of (2), we replace by “y — z"” 1n this last

equation, we finally arrive at.
2+ (y—-2 =@+ ~¢ ged.

Having gotten this far, we now terminate the construction of
our fragment of arithmetic

Exercises

1 Consider the following three systems, each consisting of a
certain set, two relations and one operation*

(a) the set of all numbers, the relations £ and =, the operation
of addition,

{(b) the set of all numbers, the relations < and >, the operation
of multiplication;

(c) the set of all positive numbers, the relations < and >, the
operation of multiplication

Determine which of these systems a1e models of the system of
Axioms 1-11 (ef Section 37)

2. Consider an arbitrary straight line, to which we will refer as
the number line, let the points on this line be denoted by the
letters “X", “Y", “2", On the number line we choose a
fixed initial point O and a umt pont U distinct from O  Now
let X and Y be any two distinet pownts on our line  We consider
the two half-lines, one beginning at O and going through U, the
other beginning 2t X and going through ¥ We shall say that
the point X precedes the point Y, m symbols

Xey,

if, and only 1if, either the two half-lines are 1dentical or one of them
—no matter which—is a part of the other In the same situation
we shall also say that the point Y succeeds the point X, written:

YeoX
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The pont Z 1s called the sum of the ponts X and Y if 1t fulfils
the following conditions (1) the segment OX 1s congruent to the
segment YZ, (1) f 0 @ X, then ¥ ® Z, but if 0 ® X, then
Y ® Z The sum of the points X and ¥ 1s denoted by

Xev.

Show by means of the theorems of geometry that the set of all
ponts of the number line (that is, more simply, the number line
itself), the relations © and ®, and the operation @, together
form a model of the axiom system adopted by us, and that, there-
fore, this system has an interpretation within geometry

3 Let us consider four operations A, B, G and L which—like
addition—correlate a third number with any two numbers As
the result of the opcration A on the numbers z and y we always
consider the number z, and as the result of the operation B
the number y

zAy=1z, zBy =y

By the symbols “z G y” and “z L 4” we denote that of the two
numbers z and y which 15 not less than o1 not greater than the
other, respectively, we thus have

2Gy=2z and zLy =y mecasethat z

v

Y,
tGy=y and zLy =1 mecasethat z <y

Which of the properties discussed 1n Section 47 belong to these
four opetations? Is the set of all numbers a group and, n par-
ticular, an Abehan group with respect to any of these operations?

4 Let C be the class of all point sets, that s, of all geometrical
configurations Are the addition and multiphcation of sets (as
defined m Scetion 25) performable, commutative, associative and
mvertible 1n the class C? Is, therefore, the class C a group and,

m particular, an Abelian group with respect to any of these
operations?

5 Show that the set of all numbers 15 not an Abehan group
with respect to multipheation, but that every one of the following
sets 13 an Abehian group with respect to that operation.
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(a) the set of all numbers different from 0;
(b) the set of all positive numbers,
(c) the set consisting of the two numbers 1 and —1.

6 Consider the set S consisting of the two numbers 0 and 1,
and let the operation @ on the elements of this set be defined by
the following formulas

020=1@1=0,
tel=1@0=1

Determine whether the set S1s an Abehian group with respect to
the operation ®

7 Consider the set S consisting of the three numbers 0, 1
and 2 Define an operation @ on the elements of this set, so
that the set S will be an Abelian group with respect to this
operation

8 Prove that no set consisting of two or three different numbers
can be an Abehan group with respect to addition Is there a set
consisting of one single number that forms an Abelian group with
respect to addition?

9 Derive the following theorems from Axioms 6-8
(@ z+ @+ =0(c+2)+y
b) z+l+CE+Dl=0t+y+ @ +2).

10 How many expressions can be obtaned from each of these
expressions.

z+@+e), s++ e+, z+{y+E+ ¢+l
if they are transformed solely on the basis of Axioms 6-87

11 Formulate the general definition of left monotony of an
operation O with respect to a relation R

12 On the basis of the axioms adopted by us and the theorems
derived from them, prove that addition 1s a monotomc operation
with respect to the relations F, < and .
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13. Is multiplication a monotonic opcration with respect to the
relations < and >

{(a) in the set of all numbers,
(b) 1n the set of all positive numbers,
(e) 1n the set of all negative numbers?

14 Which of the operations defined in Exercise 3 are monotonie
with respect to the relations =, <, >, %, < and 2?

15 Are the addition and multiplication of classes monotonic with
respect to the relation of inclusion? Or with respect to any of
the other relations among classes discussed in Section 24?

16 Derive from our axioms the following theorem
<y and z<t, then z24+2<y+1

Replace m this sentence the symbol “ <’ 1 turn by “>”,
=l gt < and 2", and examine whether the sentences
obtamned 1n this way are true

17 Give examples of closed systems of sentences within arith-
metic and geometry

18 Dernve the following theorems from our axioms:
(@) zt+z=y+y then z =y,
O z+z<y+y then z <y;
@ z+z>y+y then z>y9

Hini Prove the converse scntences first (using the results of
Exercise 16), and show that they form a closed system.

*19 If a theorem 15 denvable from Axioms 6-9 alone, it can
be extended to arbitrary Abehan groups, since every class K
which forms an Abelan group with respect to an operation O
constitutes, together with this operation, a model of Axioms 6-9
(cf Sections 37 and 38) This applies, in particular, to Theorem
11 (in view of the second proof of this theorem), and we have the
following general group-theoretical theorem
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every class K which is an Abelian group with respect lo the opera-
twon O satisfies the following condriion.

f zeK, yeK, zeK and z0y =202 then y = 2.

Give a striet proof of this theorem,

Show, on the other hand, that Theorem (a) of Exercise 18
cannot be extended to arbitrary Abelian groups, by exhibiting an
example of & class K and an operation O with these properties
(1) the class K 15 an Abelian group with respect to the operation 0,
and (n) there exist two distinet elements z and y of the class K
for which 20z = yOy (ef Exercise 6) Consequently, 15 1t
possible to derive Theorem (a) from Axioms 6-9 alone?

20 Transform the proof of Theorem 14 1n such a manner that
1t conforms to the schema sketched in Section 49 in connection
with the first proof of Theorem 11

21 May the operation of division be said to be the inverse of
multiphication 1n the set of all numbers?

22. Do the operations mentioned 1n Exercises 3 and 4 possess
inverses (in the set of all numbers, or 1n the class of all geometrical
configurations)?

23. What operations are the left and the right inverses of sub-
traction (in the set of all numbers)?

*24 In Section 53, the definition of the symbol ‘0" was stated
by way of an example In order to be certain that this definition
does not lead to a contradiction, 1t should be preceded by the
following theorem.

there exzisls exactly one number z such thal, for any number y,
we have y + z = y. \

Prove this theorem on the basis of Axioms 6-9 alone

25. Formulate the sentences which assert that subtraction is
performable, commutative, associative, night- and left-invertible,
and right- and left-monotonic with respect to the relation less than.
Which of these sentences are true? Prove those for which this
is the case, using our axioms and Defimtion 2 of Section 52
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26. Derive the following theorems from our axioms and Defi-
nition 2:

(@ z—-@+2)=(0@ -y -2
B z-@-2=@E-y +g
) z+y=2z-[x—y — 1

*27 Using the law of performabihity for subtraction and Theo-
rem (c) of the preceding exercise, prove the following theorem-

for a set K of numbers lo be an Abelan group unth respect to
addibion, it 18 necessary and sufficient that the difference of any two
numbers of the set K also belongs to the set K (1¢ that the formulas
zeK and yeK alwaeys mply z — yeK).

Use this theorem 1n order to find examples of sets of numbers
that are Abehan groups with respect to addition

28 Wnte 1n logical symbolism all axioms, definitions and theo-
rems given 1n the last two chapters

Hint Before formulating Theorem 15 1in symbols, put 1t n an
equivalent form in which the numerical quantifiers have been
eliminated by virtue of the explanations given in Seetion 20.
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METHODOLOGICAL CONSIDERATIONS
ON THE CONSTRUCTED THEORY

66. Elimination of superfluous axioms i the original axiom
system

The two preceding chapters were devoted to an outline of the
foundations of an elementary mathcmatical theory which consti-
tutes a fragment of arithmetic In the present chapter we shall
proceed to considerations of a methodological nature, concern-
Ing the system of axioms and primitive terms upon which that
theory 18 based

We shall begin with concrete examples 1llustrating the remarks
of Section 39 concerning such problems as arbitrariness n the
selection of axioms and primitive terms, the possible ormission of
superfluous axioms, and so on

Let us start out with the question whether our system of Axioms
1-11—t will briefly be referred to as SysTev I—possibly contains
any superfluous axioms, that 1s, axioms which can be derived from
the remaining axioms of the system We shall sec at once that 1t
18 easy to answer this question, and, moreover, affirmatively In
fact, we have-

Three of the azioms of System 9, namely, one of the Azioms 4 or 5,
Aziom 6, and one of the Azioms 10 or 11, can be derwed from the
remaimang azioms.

Proor. We show first that

(I) ether of the Azioms 4 or 5 can be deriwed from the other
wnth the help of Azioms 1-3

191
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In fact, we observe that the proof of Theorem 3 was based ex-
clusively—whether directly or indirectly—upon Axioms 1-3.
If, on the other hand, we already have Theorem 3 at our disposal,
we may derive Axiom 5 from Axiom 4 (or vice versa) by the follow-
ing mode of inference-

If
x>y ad y>e

then, by Theorem 3,
y<z and 2z <y;

hence, by applying Axiom 4 (with “z” having been replaced by
%", and “z" by “z”"), we obtain

z <z,
which, again by Theorem 3, implies.
>z
and this 1s the conclusion of Axiom 5
Similarly 1t can be shown that

(1Y) euther of the Azioms 10 or 11 can be derwed from the
other unth the help of Azioms 1-3.

Finally, we have

(II1) Aziom 6 can be derwed from Azioms 7-9

*The proof of this latter assertion is not quite simple and
resembles the second proof of Theorem 11. Two arbitrary
numbers z and y are gven, by a fourfold applieation of Axiom 9,
four new numbers u, w, z, and v are introduced one by one, satis-
fying the following formulas,

(D y=y+uy
2 v=2z 4+ w,
@ y=w+tz

@ z =y +o.
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From (1) we have, by the commutative law,
y=u+y;

combining this equation with (4) and arguing as in the case of the
proof of Theorem 11, we obtamn, by the associative law,

(%) =4+ 2
From (5) and (2) we obtain.
z=(z+w) + ¢
and hence, again by the associative law,
z=z4+ w+2)
which, 10 view of (3), yelds.
6) z =2z 4y

We have thus shown that, for any two numbers z and g, there
exists a number z for which (6) holds, and this is just the content of
Axiom 6

It might be added that the mode of inference sketched above
applies, not only to addition, but—in accordance with the general
remarks of Sections 37 and 38—also to any other operation, an
operation O which 1s commutative, associative and right-mvertible
m a class K 1s also performable 1n that class, and the class K,
therefore, forms an Abelian group with respect to the operation O
(cf. Section 47).*

We have seen now that System U contains at least three axioms
which are superfluous and may therefore be omitted Conse-
quently, System % may be replaced by the system consisting of
the following eight axioms

Axiom 19, For any numbers = and y we have. z =y or
z<y or z>9.

Axiom 20, If z <y, then y <=
AxioMm3®M, If z>y, then y» =
AxioM4®, Jf z<y and y<z then z<s.
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AxioM 50, z4+y=y+=z
AxioM 8™, z+(y+2) =(z+y) +>2

AxtoMm 7V For any numbers = and y there exsis a number 2
suchthat z=y+ 2.

AxioM 8D, If y<gz then z4+y<z+a

We shall refer to this axiom system as System A, and we now
have the following result.

Systems ¥ and AV are equipollent

In comparison with the ongmal system, the new simplfied
axiom system has certain shortcomings, both from the esthetic
and the didactical ponts of view It 18 no longer symmetric
with respeet to the two primitive symbols “ <’ and *“>"', certain
properties of the relation < being accepted without proof, while
quite analogous properties of the relation > have first to be
demonstrated. Also, in the new system, Axiom 6 1s missing
which was of a very elementary and intuitively evident character,
while 1ts derivation from the axioms contamned mn System A®
offers some difficulties

56. Independence of the axioms of the simplified system

The question now arises whether there are any further super-
fluous axioms contamed in System AV, It will turn out that this
18 not the case

D 15 a system of mutually independent azioms

In order o establish the methodological statement just formu-
lated, we employ the method of proof by mterpretation, whichhas
already been used m a particular case in Section 37

We are to show that no axiom of System A 15 derivable from
the remaining axioms of this system  Let us consider, for example,
Axiom 2 Suppose we replace the symbol “ <’ 1n the axioms of
System UV throughout by “<", without altering the axioms 1n
any other way. As a result of this transformation, no axiom,
with the exception of Axiom 2®, loses its validity, in fact, Axioms
3, 5m, 6 and 7D, since they do not contain the symbol “ <",
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are left unaltered, and Axioms 1%, 44* and 81 ga over into certam
arithmetical theorems whose proofs on the basis of System ¥ or
%@ and the Definition 1 of the symbol “<” (ef Section 46)
present no difficulhes It may, therefore, be asserted that the
set N of all numbers, the relations £ and >, and the operation of
addition form a model of the Axioms 1™ and 3-8 the system
of these seven axioms has thus found a new interpretation within
arithmetic  On the other hand, it can be seen at once that the
sentence resulting from Axiom 2 by the transformation 1s false,
for 1ts negation can easily be proved in anthmetic, the formuls

T2y

does not always exclude:
y £z,

for there are numbers z and y simultaneously satisfying the two
inequalities

2Ly and y £z

(this, of course, 1s the case if, and only 1f, z and y are equal) If,
therefore, one behieves 1n the consistency of arithmetic (¢f Section
41), one has to accept the fact that the sentence obtained from
Axiom 2™ 15 not a theorem of this disciphne  And from this 1t
follows that Axiom 2@ 15 not derivable from the remaming axioms
of System Y@, for otherwise this axiom could not fail to be vahd
1 the case of any nterpretation i which the other axioms hold
(¢f analogous considerations 1n Section 37)

By using the same method of reasoning but by applying other,
suitable nterpretations, we can obtan the same 1esult for any of
the other axioms

*In general, the method of proof by nterpretation can be
described as follows It 1s a question of showing that some sen-
tence A 15 not a consequence of a certamn system & of axioms or
other statements of a given deductive theory For this purpose,
we consider an arbitrary deductive theory T of which we assume
that 1t 18 consistent (1t may, in particular, be the same theory to
which the statements of the system & belong) We then try to
find, within this theory, an interpretation of the system & of such 2
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kind that not the sentence A 1itself but its negation becomes a
theorem (or possibly an axiom) of the theory T, If we are suc-
cessful in domng so, we may apply the law of deduction stated in
Section 38 As we know, 1t follows from this law that, if the
sentence A could be derived from the statements of the system &,
it would remain valid for any nterpretation of this system.
Consequently, the very fact of the existence of an mterpretation of
© for which A 1s not valid 1s a proof that this sentence cannot be
derived from the system & More strictly speaking, 1t 18 a proof
of the conditional sentence-

of the theory T is consstent, then Lhe senlence A cannot be
derived from the stalements of the system &

The reason why we must include the hypothesis that the theory T is
consistent 1s easily seen For otherwise the theory £ could con-
tain two contradictory sentences among its axioms and theorems,
and we could not conclude that ¥ did not contain the sentence A
(or rather the interpretation of A), from the mere fact that T did
contain the negation of A, thus our argument would no longer be
vahd

In order to arrive, 1n the above way, at an exhaustive proof of
the independence of a given axiom system, the method described
has to be applied as many times as there are axioms 1n the system
1n question, each axiom 1n turn 1s taken as the sentence A, while &
consists of the remaining axioms of the system *

B7. Elimination of superfluous primitive terms and subsequent
simplification of the axiom system; concept of
an ordered Abelian group

We return once more to the axiom system A Since this
system 1s independent, 1t does not permut of any further simplifica-
tion by the omussion of superfluous axioms., Nevertheless, a
simphfication can be achieved in a different way. For 1t turns
out that the primitive terms of System U™ are not mutually
independent In fact, either one of the two symbols ‘< and
“>" may be stricken from the list of primitive terms, and then 1t
cen be defined in terms of the other This is easily seen from
Theorem 3, on account of its form, this theorem may be con-
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sidered as a defimtion of the symbol “>" by means of the symbol
“<”, and of m this theorem we exchange the two sides of the
equivalence, we may look upun 1t as a definition of the symbol “ <"
by means of the symbol “>". (In either case 1t 15 desnable to
have the phrase ‘‘We say thal’’ precede the theorem, ef Section 11 )
From the didactical point of view, this reduction of the primitive
terms might provoke certain objections; for the terms “<” and
““>" are equally clear in their meaning and the 1elations denoted
by them possess entirely analogous properties, so that 1t would
appear shghtly artificial to consider one of these terms immediately
comprehensible while the other has first to be defined with the
help of the first. But these objections carry little conviction

If now, in disregard of any didactical considerations, we resolve
to eliminate one of the symbols 1n question from the list of primi-
tive terms, the task arises of giving out axiom system a form in
which no defined terms occur i 1t (This 1s a methodological
postulate, by the way, which in practice 1s frequently disregarded,
I geometry, especially, the axioms are usually formulated with
the help of defined terms 1 order to enhance their simpheity and
evidence) This task does not present any difficulties; we simply
replace 1n the axiom system ¥V every formula of the type

>y
by the formula
y<r

which, by Theorem 3, is equivalent to 1t. It is then easily seen
that Axiom 1 may be replaced by the Jaw of connexity, 1e Theo-
rem 4, since each follows from the other on the basis of general
laws of logic (of sentential calculus, that 1s), Axiom 3 now becomes
a simple substitution of Axiom 2, and may hence be omitted
altogether In this way we arrive at the system consisting of the
following seven axioms.

Axtom1®. If z+y, then <y or y<=z.
Axiom2®, If z<y, then y<z.
Axiom3®, If z<y and y <z then z <2
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AxioM4®, z4y=9y+ =
AxioM 5® z 4+ (y+2) = (z+y) +e-

Axiom 6®  For any numbers z and y there exists a number z
such that =z =y + 2

AxioM 7@ If y<z then zt+y<z+a

This axiom system, called SysTem A®, 18 thus equipollent to
either of the two former Systems % and A, However, in sayng
this, we commit one mexactitude, for 1t 18 1mpossible to derive
from the axioms of System Y® those sentences of Systems ¥ or
AD which contain the symbol ‘“> 7, unless System % 1s enlarged
by adding the definition of this symbol We may, as we know,
give this definition the following form.

DerFiNiTION 1®), Wesaythat =z >y o, andonlyyf, y < z.

We also know that this last sentence can be proved on the basis of
Systems ¥ or UM, 1f 1t 15 treated, not as a defimtion, but as an
ordinary theorem (omitting, in this case, the mitial phrase “We
say that”) The fact of the equipollence of the three systems 1n
questions can now be formulated as follows.

System AD® logether unth Defiration 1® 1s equapollent to
each of the Systems U and AW

An equally cautious mode of formulation 1s ndicated whenever
two axiom systems are compared which, though equipollent,
contain, at least partly, different primitive terms

The axiom system ¥® 1s distinguished advantageously by the
simplhicity of its structure The first three axioms concern the
relation less than, and together they assert that the set N 1s ordered
by this relation, the next threc axioms are coneerned with addition,
and they assert that the set N 15 an Abelian group with respect to
addition, the last axiom finally—the law of monotony—states a
certain dependence between the relation less than and the operation
of addition A class K 18 said to be an ORDERED ABELIAN GROUP
WITH RESPECT TO THE RELATION K AND THE OPERATION O if
(1) the class K 1s ordered by the relation R, (u) the class K is an
Abelian group with respect to the operation 0, and (i) the opera-
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tion 0 15 monotonie 1n the class K with respect to the relation R.
In accordance with this terminology we can say that the set of
numbers 15 charactenzed by the axtom system A® as an ordered
Abelian group with respect to the relation less ihan and the opera-
tion of addition

The following facts concerning System A can be established:

System A® 15 an independent aziom system, and moreover,
all uts primatwve terms, namely “N”, “<” and “+”, are mutually
andependent.

We omut the proof of this statement  We remark only that, m
order to establish the mutual independence of the primitive terms,
one has again to apply the method of proof by wnterpretation,
which 1n this case however, assumes a more involved form, lack
of space prevents us from gomg into the modifications of that
method which would be requuied for this purpose

58. Further simplification of the axiom system; possible
transformations of the system of prumitive terms

System A can obviously be replaced by any system of
sentences equipollent to 1t We will here give a particularly
simple example of such a system, which may be called SysteEM
9A® and which contamns the same primitive terms as Y@ It
consists of only five sentences

AxioM1® If zfy, then z<y or y<z
Axiom 2® If z <y, then y 4 =z
Axton3® 4+ (y+z)=(+2)+y

AxioM 49 For any numbers z and y there exisls a number 2
suchthat z=y+z

AxtioMm 5™ If z4+z<y-+1 then z<y or z<L
We shall show that
Systems A and A® are equrpollent.

Proor. We observe, first of all, that all the axioms of System
U™ are either contained mn System ¥ (thus, Axiom 2® cown-
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cides with Axiom 2, and Axiom 4® with Axiom 9), or else have
been proved on 1ts basis (Axioms 1®, 3® and 5® are comecident
with Theorems 4, 9 and 14, respectively) But since the axiom
systems ¥ and ¥® are equipollent, as we know from Section 57
(Defimition 1, after all, can always be added to System A®),
we may conclude that all the sentences of System H® can be
proved on the basis of System A It remains to derive those
sentences of System A® from the axioms of System A® which
are absent m A®, that 1s Axioms 3®, 4® 5@ and 7®, This
task 1s not quite so simple.

*We begin with Axioms 4@ and 5@,
(I) Axziom 4@ can be derwed from the axioms of System Y@,

For, given two numbers z and y, we can apply Axiom 4®
(with “z” put in place of ““y”, and vice versa), there 1s, therefore, a
number 2 such that

0y y=2z +z
If now, 1n Axiom 3¢, we replace "y’ by “z”, we cbtain
(2) z+(E+2)=@+2+=z

In view of (1), ““z 4 2"’ may here be replaced by “y”” on both sides,
and we arrive at Axiom 4@,

z+y=y+=
(II) Aziom 5@ can be derwed from the azioms of System .

In fact, by Axiom 3% we have (if “y" 1s substituted for ‘2",
and conversely)

s+t =(@C+y) +z
on account of the commutative law, which has already been
derived by (I), we may here replace "'z + %" by "'y + 2”, and we
obtamn Axiom 5@,

t+@y+a)=(+y +a2

In order to faciitate the derivation of Axioms 3® and 7®,
we shall first show how some of the axioms and theorems stated
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in the preceding chapters may be proved on the basis of
System U@,

(III) Theorem 1 can be derwed from the azioms of System A®,

We merely observe that the proof of Theorem 1 given in Section
44 18 based exclusively upon Axiom 2, which 1n turn coincides with
Axiom 2 of System Y

(IV) Aziom 6 can be derwved from the azioms of System A

In fact, we saw 1n Section 55 that Axiom 6 can be deduced from
Axioms 7,8 and 9 Axioms 7 and 8 are the same as Axioms 4®
and 5@, and can therefore, by (I) and (II), be derived from the
axioms of System Y Axiom 9, on the other hand, occurs as
Axiom 4® 1n System A Hence, Axiom 6 15 a consequence of
the axioms of Y@,

(V) Theorem 11 can be derwed from lhe axroms of System Y@

In the second proof of Theorem 11, as given 1 Scction 49,
only Axioms 7, 8 and 9 were used Theorem 11 1s therefore
denivable from the axioms of System 3 for the same reason as
Axiom 6, see (IV)

(VI) Theorem 12 can be derwed from the azioms of System A,
For, suppose the hypothesis of Theorem 12 holds-

z+y<z+z
we apply Axiom 5@, having replaced ““z”, *‘y"' and “t” by *'y"”,
“z” and “2”, respectively It follows that one of the formulas
z<z or y<z

must hold; the first possibility has to be rejected because 1t con-
tradiets Theorem 1 which has already been shown to be derivable
from System A® —cf (III) Hence the conclusion of Theorem 12
must hold.

y<az

(VII) Aziom3® can be derwed from the azioms of System AP
Let us assume the hypothesis of Axiom 3@, that is, the formulas:
0)) z<y
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and
(2 y<e
If now we had:
vtz=y+z

1t would follow by Theorem 11, which has already been derived
by (V), that
z =z

Thus 1n (1) ““z” might be replaced by 2", which would lead to:
z2<y.

This mequality would contradict (2) by virtue of Axiom 2® and

must therefore be rejected  We thus have:

6)) ytz¥yt:

Since, by Axiom 6, ¥ 4+ z and y -+ 2 are numbers, we may, by

Axiom 1® 1nfer from (3) that one of these two cases must hold:

(4) y+z<y+z or y+z<y+z2

Considering the second of the formulas (4), we may replace n it
“y + z” by “z + y” by virtue of Axiom 4® which has aiready
been derived; we thus arnve at

y+z<z+y.

To this formula we apply Axiom 5@, where we replace “z” and
“0" by ‘“y", and “y” by “z"” We arnve mn this way at the
following consequence

y<z or z<y.

But this has to be rejected, since, on account of Axiom 2¢¥, it
contradicts (1) and (2) which constitute the hypothesis of Axiom
3@  We therefore return to the first of the formulas (4) and
apply Theorem 12 derived above by (VI), with ‘‘z” replaced by
“y”, and conversely; we obtain thus-

z<zg
and this 1s the conclusion of Axiom 3@,

(VIII) Aziom 7@ can be derwed from the azioms of System Y@,
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The procedure 1s here similar to the one just appled, but much
simpler. We assume the hypothesis of Axiom 7®,

M y<a

If now we had
zt+y=1z+z

it would follow by Theorem 11 that
= z;

mn (1) we mught therefore replace “‘y” by “z” and arrive at a con-
tradiction to Theorem 1, derived above by (III). Hence we must
have

z+yFz+e
from which, by Axiom 1%, 1t follows that
2 z+y<zct+z or z+z2<z+1y.

In view of Theorem 12, the second of these inequalities leads to:
z2<Y, .

but this contradicts our hypothesis (1) by virtue of Axiom 2®,
Consequently we have to accept the first of the mequalities (2):

z+y<z+eg
and this 1s the conclusion of Axiom 7@ *

We have seen 1 this manner that all sentences of System 9@
are consequences of System [, and conversely, the two axiom
systems @ and AP are thus really established as equipollent

System A®, no doubt, 15 simpler than System %, and hence
still simpler than Systems ¥ or A%, Particularly interesting 15 a
comparison between Systems % and A®, as a result of the suc-
cessive reductions that have been carred out, the orginal number
of axioms has been dimimished by more than one half On the
other hand, 1t should be noted that some of the sentences of System
A® (namely, Axioms 3® and 5®) are less natural and sumple
than the axioms of the other systems, and also that the proofs of
some, even very elementary, theorems are here comparatively
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more difficult and involved than on the basis of those other
systems.

Just hike a system of axioms, a system of primitive terms may be
replaced by any equipollent system This apphes, 1n particular,
1o the system of the three terms “N”, “ <" and “+" which oceur
as the only primitive terms 1n the axioms last considered. If,
for instance, 1n this system we replace the symbol “ < by “<”,
we obtain an equipollent system, for the second of these symbols
was defined 1n terms of the first, and Theorem 8 tells us how the
first may be defined by means of the second But such a trans-
formation of the system of primtive terms would be i no way
advantageous, 1n particular, 1t would contribute nothing to a
simphfication of the axioms, and to the reader, who 15 possibly
more familiar with the symbol “ <" than with the symbol “<”,
1t might even appear rather artificial  Another equpollent sys-
tem can be obtammed by replacing in the original system the
symbol “+” by “—", but, again, this transformation would not
be at all expedient In conclusion we should note that other
systems of primitive terms are known which are equipollent to the
system mn question and consist of but two terms,

69. Problem of the consistency of the constructed theory

We shall now bnefly touch on some other methodological
problems concerning the fragment of anthmetic considered above;
these are the problems of consistency and of completeness (cf.
Section 41) Since 1t 15 quite trrelevant whether we refer our
remarks to one or another of several equipollent axiom systems, we
shall now always speak of System .

If we believe 1n the consistency of the whole of arithmetic (and
this assumption has been made previously and will be made again

in our further considerations), then we must all the more accept
the fact that

The mathematical theory based on System ¥ 45 consistent.

But while the attempts to give a strict proof of the consistency of
the whole of anthmetic have met with essential difficulties (cf.
Section 41), a proof of this kind for System ¥ is not only possible
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but even comparatively simple. Onc reason for this is the fact
that the varniety of theorems which can be derived from the axiom
system 9 15 very small indeed, 1t 1s, for instance, not possible to
give, on 1ts basis, an answer to the very elementary question as
to whether any numbers exist at all  This circumstance facihtates
considerably the proof of the fact that the part of anthmetic
considered does not contain a single pair of contradictory theorems
With the means here at our disposal, however, 1t would be a
hopeless undertaking to sketch the proof of the consistency or
even to try to acquaint the reader with its fundamental 1dea, this
would require a much deeper knowledge of logic, and an essential
prebminary task would be the reconstruction of the part of
arithmetic 1n question as a formalized deductive theory (ef
Section 40) It may be added that, if System % 1s enriched by a
single sentence to the effect that at least two distinet numbers
exist, then the attempt to prove the consistency of the axiom
system thus extended will meet with difficulties of the same degree
as are encountercd 1n the case of the entire system of arithmetic.

60. Problem of the completeness of the constructed theory

In comparison with the question of the consistency, that of the
completeness of System ¥ can be dealt with much more readily

There are numerous problems, formulated exelusively in logical
terms and 1n primitive terms of System ¥, that do not in any way
admit of a decision on the basis of this system One such problem
has already been mentioned in the preceding section Another
example 1s given by the sentence stating that to any number z,
there exists a number y such that

z=y+y.

On the basis of the axioms of System ¥ alone, 1t 15 impossible either
to prove or to disprove this sentence That this 15 so can be seen
from the following consideration By the symbol “N” we have
denoted the set of all real numbers; that is to say, the set N com-
prehends the integers as well as the fractions, the rational numbers
as well as the irrational ones But 1t can be seen at once that
none of the axioms and, hence, none of theorems following from
them would lose their vahdity if by the symbol “N” we were to
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denote erther the set of all integers (the positive and negative ones
including the number 0), or the set of all rational numbers, that
is to say, all these statements would remamn valid if the word
“number” meant either “anteger’” or “‘rafronal number’’. In the
first case, the sentence mentioned above, which states that for
any given number there 1s another number half as large, would
be false, n the second case 1t would be true If, therefore, we
succeeded 1n proving this sentence on the basis of System ¥, we
would arrive at a contradiction within the arithmetic of integers;
if, on the other hand, we were able to disprove 1t, we would find
ourselves mvolved in a contradiction within the anthmetic of
rational numbers

The argument sketched just now falls under the category of
proofs by interpretation (¢f Sections 37 and 56), in order to make
this clear let us reformulate the argument shghtly. Let “I”
denote the set of all mtegers, and “R” the set of all rational
numbers We shall now give two interpretations of System %
within arthmetic The symbols “<”, “>” and “+4" remain
unchanged 1n both interpretations, while the symbol “N” which
occurs explicitly or implictly 1n each of the axioms 1s to be replaced
by “I” in the first and by “R” in the second interpretation.
(We disregard here the remarks made 1n Section 43 concerning the
possible elmmation of the symbol “N", since this would shghtly
complicate our reasoning ) All axioms of System ¥ retain their
validity in both interpretations, the sentence.

Jor every number z there exists a number y such thal
t=y+y

however, 1s fulfilled only in the case of the second interpretation,
while 1n the case of the first interpretation its negation holds

not for every number z 18 there a number y such that
z=y+y

On the assumption of the consistency of arithmetic we conclude
from the first interpretation that the sentence in question cannot
be proved on the basis of System ¥, and from the second inter-
pretation we conclude that 1t also cannot be disproved.

We have thus shown that there exist two contradictory sen-
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tences, formulated exclusively 1n logical terms and in primitive
terms of the mathematical theory which we have been considering,
with the property that neither of them can be denived from the
axioms of that theory Consequently we have

The mathematical theory based on Sysiem U 18 tncomplele.

Exercises
1. Let us agree that the formula:

Ty
means the same as
z+ 1<y

Now replace, in the axioms of System A® of Section 57, the
symbol ““<” throughout by “®”, and determine which of the
axioms retain their validity and which do not, and hence infer that
Axiom 1® cannot be derived from the remamning axioms What
is the name of the method of inference here applied?

2 Following the lines of the independence proof sketched n
Section 56 for Axiom 2@, show that Axiom 2® cannot be derived
from the remaining axioms of System Y

3 Let the symbol N designate the set consisting of the three
numbers 0, 1 and 2 Among the elements of this set we define &

relation < , stipulating that 1t should hold only in these three
cases:

0<1, 1<2 220
Further, we define the operation -+ on the elements of the set N
by the following formulas.
ofo=1+2=2+{1=0
0+1=1+0=2%2=1,
0f2=1f1=2F0=2
Now replace, in the axioms of System %@, the primitive terms
of that system by “ﬁ”, «Z” and “4” respectively (and the
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word “number” by the expression “one of the three numbers 0,
1 and 2"); show, by doing so, that Axiom 3® cannot be derived
from the remaining axioms

4, In order to show by means of a proof by interpretation that
Axiom 4@ 15 not derivable from the remaming axioms of System
A 1t 15 sufficient to replace the symbol of addition in all axioms
by the symbol of a certain one among the four operations men-
tioned 1n Exercise 3 of Chapter VIII, Which 1s the operation
that has to be used?

5 Consider the operation @ satisfying the following formula
t@y=2(+p.

Show, with the help of this operation, that Axiom 5® cannot be
deduced from the other axioms of System %A@,

6 Construct a set of numbers of such a kind that, together with
the relation < and the operation +, 1t fails to satisfy Axiom 6®
but forms a model of the remaiming axioms of System A®  What
conclusion may, therefore, be drawn with respect to the possibility
of deriving Axiom 6®?

7. In order to show that Axiom 7 15 not a consequence of the
other axioms of System %@, one can proceed by replacing m all
axloms two of the primitive terms of the system by corresponding
symbols introduced in Exercise 3, leaving the third primuitive term
unchanged Determine which term should be left unchanged.

8 The resulls obtamed 1n Exercises 1-7 go to show that none
of the axioms of System A can be derived from the remaming
axioms of that system  Carry out analogous independence proofs
for the axiom systems A® of Section 55 and A® of Section 58

(using, n part, the interpretations applied in the preceding
exercises).

9 Show, on the basis of the axiom system A®, that any set of
numbers which 18 an Abelian group with respect to the operation
of addition is at the same time an ordered Abelian group with
respect to the relation less than and the operation of addition.
Give examples of sets of numbers of this kind.
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10 In Exercise 5 of Chapter VIII several sets of numbers were
given which form Abehan groups with 1espect to multiplication.
Which of these sets are ordered Abelian groups with respect to the
relation less than and the operation of multipheation, and which
are not?

11 TUse the result obtained in Exercise 10 for a new proof of the
independence of Axiom 7% from the remaimning axioms of System
A® (cf. Exercise 7)

*12 On the basis of the axiom system A® prove the following
theorem*

« of there are at least two different numbers, then there is, for
any number z, a number y such that z < y

As a generalization of this result, prove the following general
group-theoretical theorem*

of the class K 15 an ordered Abelion group unth respect io the
relation R and the operation O, and +f K has at leas! two elements,
then, for any element  of K, there exists an element y of K such thal
zRy.

Show with the help of this theorem that no class which 15 an
orderced Abelian group can consist of exactly two, or three, and so
on, elements Can 1t consist of just one element? (Cf Exercise 8
of Chapter VIII)

*13. Show that the system of Axioms 1®-3® (of Section 57)
15 equipollent to the system consisting of Axiom 1% and the
following sentence

Y z<y, y¥<z 2<| t<u and u<v, then v{z.

As a generalization of this result establish the following general
law of the theory of relations

Jor the class K to be ordered by the relation R ot 18 necessary and
sufficient that R 1s connected in K and that 1t satisfies the follownng
condrtion:

ifz,y,2 1, uand vareany elementsof K,and+yf z Ry, yRe
2Rt, tRu and uRv, thenitisnotthe casethal v R z.
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*14. Using the considerations of Sections 48, 55 and 58, show
that the following three systems of sentences are equipollent-

(a) the system of Axioms 6-9 of Section 47,
(b) the system of Axioms 4®-6® of Section 57,
(¢) the system of Axioms 3% and 4 of Section 58.

Generahizing this result, formulate new definitions of the ex-
pression:

the class K 15 an Abelian group unth respect to the operation O,

that are equivalent to, but simpler than, the defimtion given in
Section 47

*15 Consider the system A“ consisting of the following five
AXI10MS

AxioMm1® If z+y, then z<y or y<z

Axion 2% If z<y, y<e z<t (<u and u<y,
then v € z

Axiom3® z4+@+2)=(@+2)+y

Axiom 4% For any numbers z and y there exisls a number z
suchthat z=y+ 2

Axiom 51, If y <z then z+y<z+-=z

Uwing the results of Exercises 13 and 14, show that System 3®
1 equipollent to each of the Systems A and AP,

16 In Section 58 1t was asserted that the system of the three
primitive terms “N”', “ <" and “+" 1s equipollent to the system
of the terms “N”, “<” and “4", to this assertion 1t should
really have been added that these systems are equipollent with
respect to a certain system of sentences, for instance, with respect
to System %™ of Section 58 and Definition 1 of Section 46 Con-
sider why such an addition 1s indispensable  In general, why 1s 1t
necessary always to refer to a particular system of sentences when
intending to establish the equipollence of two systems of terms
(in the sense of Section 39)?
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*17. Consider the system %® consisting of the following seven
sentences

AxioM 1®. For any numbers ¢ and y we have z Sy or
ysz

Axion2® JIf z Sy and y<z, then z=1y.
AxiomM3®, If z<y and y <z then z 52
AxioM4®, z4+y=y+4z

Axiom5®. z+ (y+2)=(z+y) +2

AxioM 6®). For any numbers z and y there exists a number z
suchthat z=y+ =z

Axiom7® If y<z, then z+y<z+:

Show that the axiom systems A® (of Section 57) and A®
become equipollent systems of sentences, if Definition 1 of Section
46 1s added to the first, and Theorem 8 of Section 46 to the second,
considering the latler theorem as a definition of the symbol “ <",
Why may we not sumply say that Systems % and UA® are
equipollent?

18 Following the line of argument taken in Section 60, show
that, on the basis of System %, the following sentence can be
neither proved nor disproved*

of z <2z then there exists a number y for which z <y and
y<z

*19. Show that, on the basis of System ¥, the following sentence
can be neither proved nor disproved

for any number z there exisls o number y such that z < y.

*20. In the present chapler we have used the method of proof
by 1nterpretation in order to establish the independence or mncom-
Dleteness of an axiom system The same method 1s also employed
in mvestigations concerning 1ts consistency In fact we have the
following methodological law at our disposal which represents &
consequence of the law of deduction*
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If the deductwe theory © has an wnierprelation in the deductwe
theory T and the theory T 18 consustent, then the theory & 18 also
consistent,

Show that this statement 18 correct. In Section 38 some re-
marks have been made concerning possible interpretations of
anthmetic and geometry; applying the law just given, deduce
from these remarks consequences concerning the consistency of
arthmetic and geometry and its connection with the consistency
of logic.
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EXTENSION OF THE CONSTRUCTED
THEORY

FOUNDATIONS OF ARITHMETIC OF REAL NUMBERS

61. First axiom system for the arithmetic of real numbers

The axiom system ¥ 1s insufficient as a foundation for the
whole of the arithmetic of real numbers, because—as has been
seen in Section 60—numerous theorems of this disciphne cannot
be deduced from the axioms of this system, and also for another,
no less important and, mcidentally, quite analogous reason a
number of concepts belonging to the field of amthmetic can be
found that are not definable with the help of the primitive terms
occurring in System ¥. Thus, System % does not enable us to
define the symbols of multiplication or division, or even such
symbols as ‘1", 2", and so0 on.

The question at once presents 1tself as to how we have to trans-
form and supplement our system of axioms and primitive terms in
order to arnve at a sufficient basis for the construction of the
entire arithmetic of real numbers This problem can be solved
in a variety of ways Two different methods of solution will be
sketched here !

In the case of the first method, we choose as our pomnt of de-
parture the system U™ (¢f Section 58), to the primitive terms
appearing in that system we add the word “one’’ which, as usual,

1 The first axiom system for the entire arithmetic of real numbers was
pubhished by HiLBERT 1n 1900, this system 15 related to System %” with
which we shell become acquainted further below Before the year 1900,
axiom systems for certain less comprehensive parts of arithmetic had been
known, the first system of this kind relating to the arithmetic of natural
numbers was given 1n 1889 by Peano (cf footnote 1 on p 120) Several
axom systems for arithmetic and various parts of 1t—and, 1n particular,
the first axiom system for the arthmetic of complex numbers—were pub-
lished by HuntineTon (of footnote 8 on p 140)

213
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will be replaced by the symbol “1”, and the axioms of the system
are supplemented by four new sentences In this way a new
SysteM 9’ 1s obtamed, contaning the four primitive terms
“N”, “<”, “4" and “1” and consisting of the nine axioms which
we shall List exphicitly below

Axioml" If z %y, then z<y or y<z

Axiom?2' If z<y, theny Lz

Axiom 3’ If z < z, then there emists a number y such that
z<y and y<z

Axiom 4’ If K and L are any sets of numbers (e, KCN
and L C N) satisfying the condilion.

Jor any 1 belonging to K and any y belonging to L, we have: z <y,
then there exisls a number z for which the followng condilzon holds:

of = 18 any element of K and y any clement of L, and of z + 2
and y¥xz then <2z and z2<y

Axion5 z+ (y+2)=@+2) +v

Axiom 6. For any numbers z and y there erisls a number z
suchthal z =y + 2

Axiov7' If z4+z2<y+1t then z2<y or <!
Axiom8 1eN
Axiov?d 1<1+41

62. Closer characterization of the first axiom system; its
methodological advantages and didactical disadvantages

The axioms listed 1n the preceding section fall into three groups.
In the first group, consisting of Axioms 1’-4’, only the two primi-
tive terms “N” and “<” occur; n the second group, to which
Axioms 5'-7 belong, we have the additional symbol “+, finally,
n the third group, 1n which we have Axioms 8’ and 9', the new
symbol “1" appears
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Among the axioms of the fiist group thete are lwo which we
had not met before, namely Axioms 3’ and 4’ Axiom 3’ 1s called
the LAW OF DENSITY for the relation less than—t expresses the
fact that this relation 1s densc in the set of all numbers. In
general we say that the relation R 1s DENSE v THE crAss K if, for
any two elements z and y of this class, the formula-

zRy

always implies the ewistence of an element z of the elass K for
which

2Rz and zRy

hold. Axiom 4’ 1s known as the LAW oF coNTINUITY for the rela-
tion less than or as the AXxIoM OF CONTINUITY or, also, as DEDE-
KIND'S AX10M?, 1n order fo state 1n general, under what condition
the relation R 1s called coNTINUOUS IN THE cLASS K, 1t 1s sufficient
to replace, 1n Axiom 4', “N” by “K” (and, in connection with
that, the word ‘‘number’’ by the cxpression ‘“element of the class K},
and further “<” by “R”. If, 1n particular, the class X is ordered
by the relation R, and if R 1s dense or continuous in K, then K
1s saild to be DENSELY ORDERED Or CONTINUOUSLY ORDERED,
respectively

Axiom 4’ 1s intuitively less evident and more complicated than
the remamming axioms, for one thing, it differs from the other
axioms 1nasmuch as 1t 1s concerned, not with individual numbers,
but with sets of numbers In order to give this axiom a simpler
and more comprehensible form, 1t 1s expedient to have 1t pre-
ceded by the following defimtions:

We say that the set of numbers K prECEDES the sel of numbers L
tf, and only +f, every number of K 1s less than every number of L

We say that the number z SEPARATES the sels of numbers K and
L +f, and only +f, for any two elements z of K and y of L, both distinct
fromz,wehaver z <z and z<y.

* This axiom—in a shghtly more complicated formulation—onginates
with the German mathematician R DEpEkIND (1831-1916), whose re-
searches have contributed greatly to the foundations of arithmetic and,
especially, of the theory of irrational numbers
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On the basis of these definitions we can give the axiom of con-
tinuity the following very simple formulation:

If one set of numbers precedes another, then there exists at least
one number separating the two sels

All the axioms of the second group are already known to us
from earlier considerations The axioms of the third group,
though new, have so simple and obvious a content that they
hardly require any comment. We might only remark this much,
that1f Axiom 9’ 1s preceded by defimtions of the symbol *“0” and
of the expression “positive number”, then 1t may be replaced either
by the formula:

0<1
or else by the sentence:
1 13 a positive number

The Axioms 1/, 2’, 5, 6 and 7 form just what we called System
A which—like the equipollent System A®*'—characterizes the
set of all numbers as an ordered Abehan group (ef. Section 57)
Considering the content of the newly added Axioms 3’, 4/, 8’
and 9’, we may now describe the whole system as follows

System U’ expresses the fact that the sel of all numbers 1s a densely
and continuously ordered Abelian group with respect to the relation <
and the operatwon of addition, and 1t singles out a cerlain positwe
element 1 in thal sel

From the methodological point of view, System 9’ possesses
several advantages Foimally considered, 1t appears to be the
simplest of all known aviom systems that form a sufficient basis
upon which to found the entire system of arithmetic With the
exception of Axiom 1, which—though not quite easily—can be
derived from the remawmning axioms, all the other axioms of the
system as well as the primitive terms occurring i these axioms
are mutually independent The didactical value of System %',
on the other hand, 1s far smaller, because the simphecity of the
foundations causes considerable compheations n the further con-
struction. Even the definition of multiplication and the denva-
tion of the basic laws for this operation are not easy to carry
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through  Almost from the very beginming, the arguments will
have to make essential use of the continuity axiom (without 1its
help, for mnstance, 1t would not be possible to prove, on the basis
of System ¥’, the euistence of the number 4, 1e of a number y
such that ¥y + y = 1), and the inferences based on that axiom
are usually found rather difficult by the beginner

63. Second axiom system for the anthmetic of real numbers

For the reasons mentioned above 1t 15 worth while to search for
a different axiom =ystem upon which to construct arithmetic A
system of this kind can be obtained in the following way As our
pomnt of departure we use System H® Thice new primitive
terms will be adopted “zero™, ‘“‘one’” and ‘‘product”, the first two
will, as usual, be replaced by the symbols “0" and *“1", while,
mstead of the expiession “‘the product of thc numbers (or faclors)
z and y" (or “‘the result of multwplying z and y') we shall use
the customary symbol “z.y” Further, thirtcen new avioms
will be added, of these, iwo are already known to us, namely
the axiom of continuity and the law of performability for addition
We thus finally arrive at SysTem %” contamning the six primi-
tive terms “N”, “<”, “47 “0"”, “." and “1”, and consisting of
the following twenty sentences

Axionl” If z=y, then z<y or y<z
Axiom2” If z<vy, then y =z
Axwom 3’ If z<y and y <z then z <z

Axiom 4”. If K and L are any sets of numbers salisfying the
condition

Jor any x belonging to K and any y belonging lo L, we have z <y,
then there exists a number z for which the follounng conditron holds:

of 2 18 any element of K and y any element of Lyand of z %2
and y+z then z<z and z2<y

Axtom 57, For any numbers y and z there exists a number
suchthat z =y -+ z(inotherwords:sf yeN and zeN, then
¥+ zeN),
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AxioM6” z+4y=y-+ =z
AxioM7’. z+ (W42 =(+y) +=z

Axtom 8”  For any numbers z and y there exisis a number z
such that z =y + 2.

Axiom 9", If y <z then z4+y<z+ea
Axiom 10”7, OeN.
Axiom 11”7, 40 = =z.

Axiom 12*  For any numbers y and z there exisls a number z
such tha! z =y z (n other words: 4/ yeN and zeN, then
y.zeN),

Axiom 13", =.y = y.2.

Axiom 14", z.(y-2) = (z y)-=.

Axtom 15"  For any numbers z and y, of y £ 0, there exisis
a number z such that z =y z

Axiom 16" If 0<z and y <z, then z.y < z-2.

AxioM 17", z (y + 2) = (z.y) + (z.2).

Axiom 18”. 1eN

Axiom 19”7 z.1 =12

Axom 20”. 0+ 1.

64. Closer charactenization of the second axiom system;
concepts of a field and of an ordered field

In System %”, as in System ¥, three groups of axioms may be
distinguished  In Axioms 1”-4”, which form the first group, we
have only the two primitive terms “N" and “<”, the second
group, consisting of Axioms 57-11”, contains the two further
symbols the addition sign “4”” and the symbol “0"”; finally, the
third group, which 1s made up of Axioms 12”-20”, involves pri-
marily the multipheation sign “.” and the symbol “1”,
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All axioms of the first two groups, with the exception of Axioms
10” and 11”7, are already known to us Axioms 10” and 11”
together state that 0 1s a (rnight-hand) unit element of the opera-
tion of addition For, 1n general, an clement u 1s said to be a
RIGHT-HAND OI LEFT-HAND UNIT ELEMENT OF THE OPERATION O
v THE cLass K, if u belongs to K and if every element z of K
satisfies the formula.

z0u=2 or ulz =z,

respectively  If u 1s both a right- and left-hand umt element it 18
simply called a UNIT ELEMENT OF THE OPERATION O IN THE
cLass K; evidently, in the case of a commutative operation O,
every right- or left-hand unit element 1s simply a unit element

In the first three axi0ms of the third group, 1e Axioms 12”-14",
we recognize the LAW OF PERFORMABILITY and the COMMUTA\TIVE
and AsSoCIATIVE LawS for multiphication; they correspond pre-
cisely to Axioms 5”-77. Axioms 15” and 16” are called the Law
OF RIGHT INVERTIBILITY for multiphcation and the Law oF
MONOTONY for multiplication with respect to the relation less than
These axioms correspond to the laws of invertiblity and monotony
for addition, but not quite exactly The difference lhies m the
fact that therr hypotheses contain the restrictive conditions
‘9 % 0” and “0 < z”, 1 spite of their names, therefore, they do
not permit us to assert simply that multiplication 1s invertible, or
that 1t 158 monotonic with respect to the relation < (in the sense
of Sections 47 and 49).

Axiom 17” establishes a fundamental connection between addi-
tion and multiplication; 1t 1s the so-called DISTRIBUTIVE LaW (o,
strictly speaking, the LAW OF RIGHT DISTRIBUTIVITY) for multi-
phcation with respect to addition In general, the operation P
is called RIGHT- or LEFT-DISTRIBUTIVE WITH RESPECT TO THE
OPERATION O IN THE CLASS K if any three elements z, y and z of
the class K satisfy the formula:

zPy02)=@Py)0 (P2,
or (zOy)Pz=(zP2)0(yPz),
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respectively  If the operation P 1s commutative, the notions of
right and left distributivity coincide, and we simply say that the
operation P 1s DISTRIBUTIVE WITH RESPECT TO THE OPERATION O
IN THE CLASS K

The last three axioms concern the number 1  Axioms 18” and
19” together state that 1 1s & nght-hand umit element of the
operation of multiphcation The content of Axiom 20” does not
call for any explanation, the role played by this axiom 1n the con-
struction of arithmetic 1s greater than might at first be supposed,
for without its help 1t 15 impossible to show that the set of all
numbers 15 mfinite

In order to deseribe briefly the totality of properties atiributed
to addition and multiplication in Axioms 5”-8”, 12”~15” and 177,
one says that these axioms characterize the set N as a FIELD (or,
more precisely, & COMMUTATIVE FIELD) WITH RESPECT TO THE
OPERATIONS OF ADDITION AND MULTIPLICATION If, in addition,
the axioms of order 1”-3” and the axioms of monotony 9” and
16” are taken into account, the set N 1s said to be characterized
as an ORDERED FIELD WITH RESPECT TO THE RELATION < AND THE
OPERATIONS OF ADDITION AND MULTIPLICATION. The reader will
easily guess how the concepts of a field and of an ordered field are
to be extended to arbitrary classes, operations and relations —
If, finally, the continuity axiom 4” and the-axioms concerning the
numbers 0 and 1, 1e Axioms 10”7, 117, 18”-20", are taken mto
consideration, then the content of the entire axiom system "
may be described as follows

System N” expresses the facl that the set of all numbers 18 a con-
tinuously ordered field with respect lo the relation < and the opera-
lwons of addiaon and mulliphcation, and singles oul lwo distinct
elements 0 and 1 1n thal sel, of whach the first 2s the unit element of
addition. and the second the unit element of multiplication.

66. Equipollence of the two axiom systems; methodological
disadvantages and didactical advantages of the
second system

The axiom systems %’ and A” are equipollent (or, rather, they
become equipollent as soon as the first system 1s supplemented by
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the defimtions of the symbol “0" and of the multipheation sign
“.” which can be formulated with the help of its primitive terms).
However, the proof of this equipollence 15 not easy. It 1s true
that the derivation of the axioms of the first system from those of
the second 1s not especially difficult, but as far as the opposite
task 1s concerned, 1t already follows from our earlier remarks that,
on the basis of the first system, both the definition of multiplica-
tion and the proof of the basie laws goverming this operation
(which occur as axioms 1n the second system) present considerable
difficulties

In methodological respects System A’ surpasses System %" con-
siderably The number of axioms 1n H” 15 more than twice as
large The axioms are not mutually independent, thus, for in-
stance, Axioms 5” and 12”,1¢ the laws of performability for addi-
tion and multiplication, are derivable from the remaining axioms,
or, 1if these two axioms are retained, certain others such as Axioms
6”7, 11” and 14” may be eliminated The primitive terms, too,
are not independent, for three of them, namely “<”, “0” and
‘1", can be defined 1n terms of the others (*one of the possible
definitions of the symbol “0” has been stated in Section 53*),
and consequently the number of axioms can be further reduced

We see, therefore, that System %” admits of important simpli-
fications of various kinds, but as a consequence of these simphfica-
tions the didactical advantages of the system would be diminished
considerably And these advantages are indeed great On the
basis of System %” 1t 15 possible to develop without any difficulty
the most important parts of the anthmetic of real numbers,—
such as the theory of the fundamental relations among numbers,
the theory of the four elementary arithmetical operations of addi-
tion, subtraction, multiplication and division, the theory of linear
equations, mequalities and functions The methods of inference
to be apphed here are of a very natural and quite clementary
character; 1n particular, the axiom of continuity does not enter at
all at this stage, 1t plays an essential role only when we go over to
the “higher” arithmetical operations of rasing to a power, of ex-
tracting roots and of taking logarithms, and 1t 1s indispensable for
the proof of the existence of irrational numbers  No other system
of axioms and primitive terms appears to be known that might
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furnish a more advantageous basts for an elementary and, at the
same time, strictly deductive construction of the amthmetic of
real numbers,

Exercises

1. Show that the set of all positive numbers, the relation <,
the operation of multipheation and the number 2 form a model of
System U’ and that, therefore, this system possesses at least two
different nterpretations within anthmetic.

2 Which of the relations listed in Exercise 6 of Chapter V are
dense?

*3 How can we express—in the symbolism of the calculus of
relations—the fact that the relation R 1s dense (in the universal
class)? How can we express the fact that the relation R 1s both
transitive and dense by means of one equation from the calculus
of relations? (Cf Exercise 17 of Chapter V)

4 Which of the following sets of numbers are densely ordered
by the relation <

(a) the set of all natural numbers,

(b) the set of all integers,

(c) the set of all rational numbers,

(d) the set of all positive numbers,

{e) the set of all numbers different from 0?

*5 In order to prove, on the basis of system ¥’, the existence
of the number }, 1e of a number 2 such that:

z24+2z2=1,

we can proceed as follows. Let K be the set of all numbers z
such that.

z+z<1,
and, similarly, let L be the set of all numbers y such that
1<y+4y.
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We show first that the set K precedes the set L  Applymg now
the axiom of continuity, we obtain a number z separating the
gets Kand L  Next 1t can be shown that the number 2 can belong
neither to K (otherwise a number z mm K greater than z would
exist) nor to L  From this we can conclude that z 15 the number
looked for, 1n other words, that

z+z=1
holds. Carry out in detail the proof sketched above.

*6 Generahizing the procedure of the preceding exercise, prove
the following theorem T on the basis of System ',

T, For any number z there exists a numbery such that z = y + y.

Compare the result obtained in this way with the remarks in
Section 60

*7 Replace, mn System ¥’, Axiom 3’ by Theorem T of the
previous exercise Show that the system of sentences obtained
thereby 1s equipollent to System A’

Hint In order to derive Axiom 3' from the modified system,
substitute “z + 2” for 2" in T; in view of the hypothesis of
Axiom 3, 1t can then be shown easily that the number y fulfils
the conclusion of this axiom

*8 TUse the method of proof by interpretation to show that,
after omussion of Axiom 1, System 3’ becomes a system of mutually
independent axioms

*3 Give a geometric interpretation of the axiom systems o’
and ¥”, by way of an extension of Exercise 2 of Chapter VIII.

*10. Write all axioms of Systems %’ and %” n logical sym-
bolism

11. Do the operations of subtraction and division and the opera-
tions mentioned in Exercise 3 of Chapter VIII possess rnight- or
left-hand unit elements, or simply unit elements i the set of all
numbers? Do the operations of addition and multiplication of
point sets possess umt elements 1n the class of all point sets?
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*12. Show that any operation cominulalive 1 & class possesses
at most one unit clement in that class  Fuither, in generahzation
of the result obtained in Exercise 24 of Chapter VIII, prove the
following group-theoretical theorem

of the class K 1s an Abelwan group with respect lo the relation O,
then the operahion O possesses exaclly one unat element n the class K.

13 Consider the five anthmetical operations of addition, sub-
traction, multiplication, division and raising to a power. Formu-
late the sentences asserting that one of these operations 1s right-
and left-distributive with respect to another (there are altogether
40 such sentences), and determine which of these are true

14 Solve the same problem as in the preceding exercise with
respect tothe fouroperations A, B, G and L introduced 1n Exercise
3 of Chapter VIII Further, show that every operation per-
formable 1n a certain set of numbers 1s right- and left-distributive
n that set with respect to the operations A and B

15 Is the addition of classes distributive with respect to multi-
plication, and vice versa? (Cf Exercise 15 of Chapter IV )

16 Which of the sets of numbers histed 1 Exercise 4 are fields
with respect to addition and multiplication or ordered fields with
respect to these operations and the relation < ?

17 Show that the set consisting of the numbers 0 and 1 1s a
field with respect to the operation @ defined in Exercise 6 of Chap-
ter VIII and to multiplication.

18 Tind two operations on the numbers 0, 1 and 2, of such a
kind that the set of these three numbers forms 2 field with respect
to those two operations

19 How 151t possible to define the symbol “1" with the help of
multiphecation?

20 The following theorem can be derived from the axioms of
System %”:

tf 0 < z, then there ezisls @ number y such that z = y-y.
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Supposing thus theorem to have been proved already, derive with
its help from the axioms of System 3" the following theorem.

r<y fyandonlyif, %y and if there exisls @ number
zsuchthal r + = 2 =

Does this theorem justify a remark made in Section 65 con-
cerning & possible reduction in the number of primitive terms of
System "7

¥21 Prove Theorem T of Exercize 6 on the basis of System 3”.
Compare this proof with the one suggested in Exercise 6 with
reference to System ', which of the two proofs Is more difficult,
and requires a greater knowledge of logical concepts?

Hint- In order to derive Theorem T from System 2", apply
Axiom 15", with 'y’ and “z" replaced by “1 4+ 1" and ‘‘y"
respectively (it has, however, first to be shown that 1 + 1 1s
distmnet from 0), thereby a number y 15 obtained, of which 1t can
be shown with the help of Axioms 13", 177 and 197 that 1t fulfils
the formula given in Theorem T,

*22 Denve all the axioms of System ¥’ from the axioms of
System %",

Hint. In order to deduce Axiom 3’, assume Theorem T of
Exercise 6 to have already been proved on the basis of System %”
(cf. the previous exercise), from there on proceed in the same way
as mn Exercise 7.
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In concluding this book we should like to pomnt out to the
reader a number of works which may be of service to him 1n
deepening and extending the knowledge acquired here How-
ever, none of the works histed below offers a systematic and ex-
haustive treatment of all the problems upon which we have
touched. As 1t 1s, the literature of the field in which we are
interested 1s as yet comparatively poorly supplied with textbooks,
and 1t 1s hard to name many books whose presentation combines
comprehensibility with the required degree of exactitude

E V. HuntingTON  The Fundamental Proposiizons of Algebra
Monograph IV 1n Monographs on Topics of Modern Mathematics
relevant lo the Elementary Field, edited by J W A. Youne New
York 1911

We commend this work to the attention of those readers who are
mterested in the considerations contained 1n the last two chapters of the
present book They will find there a simple, precise and clear presenta-
tion of the results of methodological investigations into the aviomatic
foundations of the arthmetic of real and complex numbers

C.I Lewis A Survey of Symbolic Logic. Berkeley 1918 (out
of print}.

Though the systematic part of this book 1s somewhat outdated, 1ts
historieal part can be warmly recommended, since 1t offers a great deal
of interesting and instructive imnformation on the development of modern
logic

C.I. Lewis and C H Langrorp Symbolic Logic New York
1932.

This book contains much interesting and relevant materal from
vanious parts of symbolic logic and the methodology of deductive sciences,
and, especially, from the domain of sentential calculus and 1ts method-
ology It cannot, however, serve as a systematic text of logic and
methodology, since 1t fails to touch on many important topies belonging
to these fields The valuable historical material contained in Professor
Lewis’s work mentioned above has not been included 1n this book.

B. Russerr  Introduciion lo Mathematical Philosophy. Lon-
don 1921 (2d edition)

22
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This work gives & clear and easily ntellbgible presentation of the most
mportant concepts of modern logie, especially of those necessary for the
establishment of mathematics as a part of logic It treats among other
things of many topics not discussed or only superficially touched upon
1 the present book, such as the theory of types or the problems con-
nected with the axiom of infimty and the multiphcative axiom, it can
serve as a preparatory text for the study of the work Prinaipie Mathema-
tica histed below

J W. YouNna. Lectures on Fundamental Concepls of Algebra
and Geometry New York 1911

In this extremely informative hittle book the reader will find many
interesting considerations and examples from the domain of the method-
ology of mathematics Moreover, the reader may acquaint himself here
with some of the basic concepts of the general theory of sets

J H Woopager  The Technaque of Theory Construction  Chi-
cago 1939. (International Encyclopedia of Unified Science, vol 2,
no. 5.)

This short monograph will acquaint the reader by means of a concrete
example with the technique of constructing formahzed deducttve theories,
it contains also a discussion of general methodological problems and 1n-
teresting considerations as to the possibihity and usefulness of applying
deductive methods within empircal sciences It can be warmly recom-
mended, especially to readers interested 1n the last-mentioned problem

The following two works are much more difficult

*R. CARNAP. The Logical Syniaz of Language New York and
London 1937

This book 1s interesting but not easy  As for 1ts content, 1t corresponds
to what we have called the methodology of deductive sciences, but 1n
that wider conception which was discussed 1n Section 42 Emphasis 18
laid, however, not so much on a presentation of the results achieved 1n
this field, as on the development of the conceptual apparatus The sys-
tematic, deductive part of the book 1s treated rather sketchily, and 1t calls
for quite a considerable amount of skill in abstract deductive thinking on
the part of the reader, to enable him to fill the gaps which he will find
and even, n places, to mtroduce some corrections i the arguments of
the author The book should be recommended, first, of all, to those read-
ers who are interested 1n the question of the sigmficance of methodological
1nvestigations for general philosophical problems, they will find numerous
remarks on this subject throughout the text and, moreover, more sys-
tematized considerations on it 1n the last part of the book.
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*A. X. WarrereaD and B. RusseLr.  Procipia Mathematica.
vol. 1-3. Cambridge 1925 and 1927 (2d ediuon),

This work has already been quoted seyeral tumes i the present book.
It 1s undoubtedly the most representative work of modern loge, and as
for the wnfluenve 1t has everted 1t has been no less than epoch-msking in
the development of logwal investigations. The purpose which the
authors had 1n mind was to construct a complete system of logic which
vwould provide a sufficient basis for the foundations of mathematics
This task was fulfilled 1n a very thorough and exhaustive manner (though
not 1n every detal complyng with the very stmctest requirements of
present-day methodology! By most people the study of this work,
which is wntten preponderantly i symbolic language, wil not be found
easy, but 1t 15 indispensable for anybody who desires to acquure a thorough
knowledge of the conceptual apparatus of modern logie

From the foreign literature we recommend a few books, exact
equivalents of which are not available in Englsh:

R Carnar Abrmssder Logisitk  Vienna 1929  (Schriften zur
wiszenschaftlichen Weltauffassung, vol 2)

In spite of 1ts shortness this book gives a clear survey of all important
concepts of contemporary loge, thereby constituting a populanzation of
the ahove-mentioned work Prinamae Mathemeltica, moreover, we find
there interesting examples of applying logieal concepts and methods 1
other sciences.

K. Greunixg. Mengenlehre, Leipzig and Berhn 1924,
(Mathematiseh-physikahsche Bibliothek, vol 58)

We recommend this easily ntelhgible hittle book to those readers who
desire to become acquainted with the most important concepts and funda-
mental results of the general theory of sets,—without intending to devote
themselves to more profound studies i this field

D. HiLerT and W AcKERVANN. Qrundziige der theoretrschen
Logtk  Berln 1938 (2d edition) (Grundlehren der mathe-
matischen Wissenschaften, vol. 27)

This book outlines the more elementary and fundaments! parts of
mathematical logic and discusses the most important methodological
problems concermng these parts of logic It 1s both precise and intellg-
ble, and may well serve as an introduction to a systematic study and more
profound 1nvestigations 1n the fields of logic and methodology
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H. Scrorz Geschichte der Logik  Berlin 1931. (Geschuichte
der Philosophie in Langsschnitten, vol 4)

We have here a historical survey of the development of logic up to
the present time  The belief 1n the far-reaching role of contemporary
mathematical logic permeates every page of this book, and the wivacity
and colourfulness of the style will make the book attractive reading even
to a layman,

As a more advanced work we list the following

*D Hiserr and P BerNavs Grundlagen der Mathemaitk
Vol 1-2 Berhn 1934 and 1939 (Grundlehren der mathe-
matischen Wissenschaften, vol 40 and 50 )

This hook 1s a very comprehensive, though not exhaustive, exposition
of the more important results obtained so far in the methodology of
mathematics (in that conception of this science which was diseussed
Section 42) In accordance with the theoretical outlook of the authors
in the question of methodological investigations, emphasis i1s laid on the
results ohtained by means of so-called constructive methods Whthout
a thorough study of this work, which 1s unique s 1ts kind 1n the hiterature,
1t would scarcely be possible to conduct independent research work 1n the
field of methodology The reader may find some difficulttes in studying
the book, and the reasons for the chosen arrangement of the matenal
may perhaps not always seem obvious to him, but shortcomings of this
kind are, after all, hardly avoidable, in view of the fact that the results
presented 1n the work are quite recent and belong to a field which is still
n the process of mtensive development

In conclusion we may mention that there exists in the United
States a special society, the Association for Symbolic Logie, which
brings together all seientific workers i the fields of logic and
methodology Since 1936, the Association has published 1ts own
quatterly, the Journal of Symbolic Logwc, edited by A CrurcH
and E Nager, in which both ongmal contributions and reviews
of the entire current logical hiterature are published Volume 1
(1936) of this penodical contamns an exhaustive bibliography,
assembled by CrHuURcH, of all publications i the domain of mathe-
matical logic durmng the whole period of its existence up to the
year 1935; a supplement to this bibliography appeared in Volume 3
(1938).
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The index contams the more important terms and expressions used 1n
this book 1n a technical meanming as well as the names of scientists men-
tioned 1n the text The square brackets following a term enclose ex-
pressions used in the book as synonyms of that term

All numbers refer to pages, numbers 1n bold type indicate the mamn

references and most important passages

A certan, 10

AserL, N H, 169

Abehan group, 168 ff , 193, 196 {

Absgolute product of relations, 92

Absolutely evistential sentence, 9

AckErMAN, W, 229

Addition of classes, 77 ff , 84, — —
numbers, 168 ff, 218 ff , — —
sentences, see Logical —

Advanced geometry, 137

Algebra, xn, 3, 30, 81, 99

Algebraic equation, 3, 6, — ex-
pression, 6, — fraction, 30, —
sum, 184

All, 10

Analysis, 81

Analytic geometry, 130

And, 19 ££,, 36, 39 1

Antecedent (hypothesis] of an 1m-
plication, 23 ff , 311, 44, 48, 176

Antinomy of RussELL, 73

Any, see For any

Apparent vanable, see
variable

Artwirary, see For any

Argument, see Function of one,
two, variables, — value
[value of the independent vari-
able], 99 f., 103, 107

Anstotelian logie, see Traditional
logic

ARISTOTLE, 19

Anthmetie, 3, 6, 61, 796, 119 f,
129 f, 137 f, 204 f , — of real
numbers, 155, 213 ff , 227

Arnthmetical equality [equality of
numbers], 61 f.

Article, see Defimte —

Asserted statement [assertion, law,
iggtg_ment], xiv, 3, 1178 ,126 f ,

Bound

Assign a value of a funclion, see
Correlate
Associalion for Symbolic Logic, 280

21

Associative laws (in anthmetie),
, 219, — — (in sentential
calculus), 43, — — (in the the-
ory of classes), 78, — operation,
169, 193
Asymmetrical relation, 94, 96 ff,
114, 157, 166
At most equal, see Less than or
equal to
Aviom(s) [primitive statement(s)].
ff ; — of continmtv [con-
tinmty —, DEDEKIND'S —, law
of continuity], 216 ff , 221, —
of infimty, 81, 130, 228 — sys-
tem [system of axioms], 121 ff ,
135 i, 140 f , 147, 152, 156, 159,
168, 191 ff, 213 &

Barbara, see Law of the Syllogism
Belong to, 69, 89

Bervays, P, 140, 230
Blbl;g(g)raphy of mathematical logre,

Binary operation, 107 f , — rela-
tion, see Two-termed relation

Biuruque funetion [one-one rela-
tion], 103 f.

BooLk, G, 19, 69

Bound [apparent] variable, 11 f.,

16, 71
Borzano, B, 106

Calculus, see Sententisl —, — of
classes, 68, 74 ff+ 79, 84f, 90,

40 ff., — of quantifiers, see
Funetional —, — of relations,
88,904, 114

Canror, G, 69

Cardinal number [number of ele-
ments, power] of a class, 69,

CAH.NAP,.'R , 228 f

Categorical syllogism, see Laws of
the — —
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Caurch, A |, 138, 230

Circle, see Vicious —

Class(es) {Set(a)], 68 ff.,88f , 103 ff ;
class of all things such tha,
70 f.; — of the firat, second,

order, 68, 73, 89

Class-theoretical law(s), of contra-
diction, 79; of DE MORGAN, B4;
of 1dentity, 76, 08, of excluded
middle, 79

Closed class, 168, — system of sen-
tences, 176 f.

Column of a truth table, 41 £., 146

Common language, see Everyday
language

Commutation, see Law of —

Commutative field, 218, — law(s)
(in anthmetie), 7, 170, 219, —
— (in seniential calculus), 43;
— — (in the theory of classes),
18, — operation, 169 f., 172,
181 10% 210 f

Complement of a class, T8 f , 84, 108,
— [negation] of o relation, 91f€,
114

Complete axiom system, — deduc-
tave theory, 134 &., 152, 205 ff ,
— proof, 48, 133 f , 158

Complex number, 3, 213, 227

Composition, see Lawsg of —, —
of relations, see Relative
product

Comprehend as a part [— as a proper
subclass], — us a subclass, 74,76

Concept, see Logical —, Mathe-
matical —, Methodological —

Conclusion of an mmplication, — —
2 theorem, 28ff , see also
Consequent

Condition, 6, 29

Conditional sentence, see Impli-
cation

Conditionally existcntial sentence, 9

Configuration, sce Geometrical —

Congruent geometncal figures, 62 f ,
951, 1204

Conjugate sentences, 44 ff

Conjunction, see Sentential —,
— [logical product) of sentences,

)

Connected relation, 94, 96 ff, 114,
161, 197, 208

Consequence, 29 ff., 119, 139, 195 f

Conscquent [conclusion] of an 1m-
plication, 23 f£.,31 { , 44, 48, 176

Comiszgtfof one, lwo, -+, n elemenis,

INDEX

Consistent [non-contradictory] ax-
1om system, — [non-contradic-
tory] deductive theory, 134 ff.,
204f, 2111

Constant, 3 f., 5 ff, 18; dee also-
Logical —, Mathematical —,
“— npumber”, ‘“— quantity’,
4,100

Constructive method, 230

Contain es an element (— — a
member), 89

Contemporary logic, see Mathe-
matical logie

Continuity axiom, see Axiom of —

Continuous relation, 2156

Continuously ordered Abelian
group, 216, — — class, 216, —
— field, 220

Contradiction, see Law of —
Contradictory sentences, 20, 135
Contraposition, see Law of —
Contrapositive sentence, 44 ff,
Converse of a relation [— relation],
93, 114, — of a sentence [—
sentence], 32, 44 ff , 176 {
Converse-domain [Counter-domain]
of a relation, 88
Correlate [assign| a value of a func-
ton, 99, 102 f , 107
Correspondence, see Establish ¢
one-lo-one correspondence
Corresponding value of a function,
)
Counter-domain [converse-domain]
of a relation, 87 f.

Decision problem, 134 ff., 152

DevexInD, R, 216

DEDEKIND'S aviom, see Axiom of
continuity

Deduced statement, see Derived
statcment

Deduction, sce Sentential caleulus,
— of a statement, see Dernva-
tion, — theorem, see Law of —

Deductive logic, see Mathematical
logic, — method, 1, 117 ff.,
228, — theory [— discipline, —
science], I17H., 152, 195f,
211 f

Defined term, 117 f., 130 ff , 146, 150

Definiendum, defimens, 36 £., 150,
181 fi

Definite article, 100

Definition, 33 €., 118 ff , 132 f, 150,
181 ff

Dz Morean, 63, 88
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De MoruaN's laws, 52; see also
Class-theoretical laws of De
Morgan

Denote (designate), 4 ff, 18, 30,
102, 139

Dense relation, 216

Densely ordered Abehian group, 216,
— — class, 216

“Dependent vanable’’, 99 f

Denvation (deduetion] of a state-
ment, 118 f.

Derivative truth table, 41, 146

Denved [deduced] statement, 119,
124,130, 152, 195

*‘Description’’, see Designation

Descriptive funetion, see Designa-
tory function

Designate, see Denote

Designation [“‘description”], 6 f,
58 T, 139

Designatory [descriptive] function,
6£,30, 71 f,102f

Detachment, see Rule of —

Dafference of [result of subtracting)
numbers, 181

Different from [not identical uith),
b4, 97 £

Droports Cronvus, 27

Disciphne, sec Theory

Discourse, see Universe of —

Disjoint [mutually exclusive] elas-
ses, 6 f., 83, 87, 144

Disjunction [logical sum] of sen-
tences, 21 ., 40, 139, 163

Disproved sentence, 135

Distributive law(s) (in anthmetie),
219, — — (1n sentential calcu-
lus), 62, — — (in the theory of
classes), 84, — opcration, 219 f

Diversity, 817, 92, 97 f , 162

Division of numbers, 182

Domain of a relation, 87 f

Double complement, see Law of

Double negation, see Law of — —

Euther or, 21 £,, 161 {

Element(s), see Unit —, — [mem-
ber(s))] of a class, 68 1., 70 T, 89

Empty class, see Null class

Empirical science(s), xu ff , 102, 228

Equal to, 64 ff.; see also Identical
wilh, Less than or —

Equality, 54, 61 ff , 87, 95 f , — of
geometrical figures, 82 f., 96, —
of numbers, 61 f.

Equation, 30, 62, 166, 178

Equiform expressions, — signs, 112
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Equinumerous [equivalent) classes,
79 £, 96, 104 £

Equipollent systems of sentences,
130 f., 194, 198 ff , 220 f , — sys-
tems of terms, 131, 204, 210

Equivalence (as a category of rela-
tions), 96, — (as a category of
sentences), 32 ff., 151

Equivalent classes, see Equinu-
merous clagses, — numbers,
124 f , — sentences, 33 ff., 53,
— transformation of equations
and inequalities, see Law of

Establish an order, 97, — a one-to-
one correspondence [map 1n a
one-{o-one manner], 103 £, .

EvucLip, 120

Every, 10, 76, see also For any

Everyday [common, ordinary] lan-
guage, 10, 19 ff , 24 ff , 31, 59, 163

Excluded middle, sce Law of —

Lxclusive classes, see* Disjoint, —
meaning of a disjunction, 21

Existential quantifier, 9 ff., 63 {,
— sentence [absolutely — —,
ge;ltence of an — character],

Ezxpress a property, 72, — a relation,

89, 103

Expression(s) [—- of a language,
hnguistic —), 58 fi, 112, —
contarning vanables, 4ff ; —
occurring 1n logic and mathe-
maties, 30, 102, 117 ff , 130, 133,
138 f, see also Algebraic —,
Specific —

Factor of a logical product, see
Member of a conjunction, —
— — produet of numbers, 217,
— — — relative product, 167

False sentence, 8 f, 20 ff, 40 f,
58 f , 135, 159, 175, 179 f

Field [commutative —], 218 &

Figure, see Geometrical configura-
tion

Fimte class, 79 ., 106

Follow, 29 ff., 44

For any [for arbitrary, for everyl,
748., 381,42 157

For some, 8

Form of a sign, 112

Formal character of deductive se1-

ences [— — — mathematies],
125 fi, 133, — implication
implication 1m — meaning],

26 ff., — system, 129
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Formalization of defimtions and
proofs, 132 ff

Formalized deductive theory,
132 ff., 146 f
Formula, 6

Four-termed relation, — functional
relation, 106 f

Fraction, 3, 81

Free [reel} vaniable, 11 {., 16, 69 fT ,
87, 113

Freck, G, 19, 81, 133, 147

Function [functional relation, one-
many relation), 98 ., 107§ , —
of one, two, variables [—
with one, two, arguments),
106 ff , — value [value of & —,

> value of the dependent var-
able}, 97 £, 103, 107

Functional ealculus [calculus of
quantifiers, theory of apparent
variebles], 64

Functional relation, see Function,
see also Four-termed relation,
Many-termed relation, three-

termed relation, two-termed
relation

Fundamental relations among
classes, T4 § , 79, — — — num-

bers, 167 ,—truthtable, 41,146

Gavors, E , 169

General theory of sets, 68 f , 105

Geometrical configuration [— figure,
point set], 621,68, 70,77,129 f ,

37, — equality [equality of —

figures], 62 f , 96

Geometry, 61 ff , 68, 119 ff, 129 f,
13714

GERGONNE, J D, 76

Gobper, K , 138

Gottingen center, 140

Graphical method, 130

Grealer than (relatton of being
greater], 97, 166 ff , 171 f

Group(s), 168 f , see also Abelian—

GRELLING, K , 229

Half-line, 103 ff
Hauser, K F, 176
HavuBeR's law, see Law of closed

systems

Hriugerr, D, 120, 136, 140, 213, —
and ACKERMANN, 229, — and
Bernays, 230

Hosmingron, E V, 140, 213, 227

Hypothesis of an impheation, — —
a theorem, 38 ff.; see also Ante-
cedent

INDEX

Hypothetical syllogism, see Law
of the — —

Identical with [equal to, the same as],

Identity [logical —], 64 f., 58 ff , 72,
8 ] 92' 1] ] i of
classes, — of properties, 74,
95f, 98, — of relations, 91f;
— sign, 181 f

If , then, 19, 23 £., 36, 39

f{, and only +f, 33 ff., 39

maginary number, 3

Implication [conditional sentence],

ff,40f,44 11,176 f, —1n

formal meaning, — — matenal
meaning, see Formal —, Ma-
terial —

Imply, 29 ff., 44

In case that, 36

Inclusion of classes, 74 ff., 87, 98,
— — relations, 90

Incomplete axiom system, — dedue-
tive theory, 135 f , 207

Inconsistent axiom system, — de-
ductive theory, 135, 152

Independent axiom system, —[mu-
tually—]— independent axioms,
130 ff., 194 ff, — system of
primitive terms, —[mutually—]

rimitive terms, 130 ff., 199

‘‘Independent vanable'’, 99 f

Indirect proof [— inference, —
mode of inference, proof by
reductio ad absurdum}, 189,
175, 179 f.

Individusl, 68, 73, 81, 89

Inequality, 30, 87, 186, 178, in the
narrower gense, — — — wider
sense, 186

Inference, see Indirect proof, Rule

o —
Infimte class, 79 f , 106, — regress
[regressus vn infinstum], 118, 132
Infimity, see Axiom of —
“‘Inhomogeneous’’ class, 73 f
Integer, 80, 138, 205 f
Interpretation of an axiom system,
— — g deductive theory, 130 ff.,
195 £ , 206, 212
Intersecting classes, 74 f.
Intersection [product] of classes, 77,
— — relations, 81
Intransitive relation, 111
nversg of a sentence [— sentence],
., 176, — — an operation,
180 f.
Invertible operation, 168, 219
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Irrational number, 3, 81, 205, 215,
221
Irreflevive relation, 93,96 f , 114, 166

Journal of Symbolic Logic, 230

Lancerorp, C H,see Lewisand —

Language, 58 f , see also Everyday
—, Scientific —

Law(s), see Asserted statement,
— of addition of numbers,
168 ff , — — asymmetry, 157,
— — closed systems [HAUBER's
—1], 176 f , — — commutation,
148, — — composition, 142, — —
connexity, 161, 197, — — con-
tinuity, see Axiom of con-
tinuity, — — contradiction, 43,
135, see also Class-theoretical
— — —, — — contraposition
[— — transposition], 96 ff , 175,
177, — — deduction [deduction
thcorem|, 126 f , 196, 211f,
— — density, 216, — — double
complement, 84, — — double
negation, 62, — — equivalent
transformation of equations
and 1nequalities, 177 f, 184,
— — excluded middle, 43, 135,
see also Class-theoretical — —
— —, ——dentaty 38, sec also
Class-theoretical — — —, —
— arreflesivity, 167 ., — —
monotony, 1TL &, 177 ff, 184,

219, — — order for numbers,
1566 ff., — — reductio ad ab-
surdum, 158, — — reflexivity

(in the thcory of 1dentity) 58,
(in the theory of classes) 76,
— — nght distributivity, 219,
— —nightinvertibility, 170,219,
— — sentential calculus, 36 ff ,
42 ff., 52, 54, 66, 85, 146 fl , 152,
175, — — subtraction of num-
bers, 184 f , — — symmetry,

, — — tautology (1n senten-
tial caleulus) 43, (in the theory
of classes) 78, — — the calculus
[— — — theory] of classes,
Taff, B4f, 140 ff, — — the
categonical syllogism, 75 f., 83,
— — the hypothetical syllo-
gism, 38 f., 149, — — the syl-
logism Barbara, 76 f.; — — the
theory of identity, 66 ff, 94,
— — the theory of relations,
122 £, 166, 209, — — transitiv-
1ty (in arithmetic) 167, (in the
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Law(s) (cont )
theory of 1dentity) 58, (1n the
theory of classes) 76, — —
transposition, see — — contra-~
position, — — trichotomy
(strong) 161, (weak) 167

Left 1nverse of an operation, 181

Left sude of an equation, — — — —
inequahty, 166, — — — —
equivalence, 32

Left-distributive operation, 219 f

Left-hand unit element of an opera-
tion, 219

Left-invertible operation, 169

Left-monotomic operation, 172

Length of a segment, 95, 103 {

Lemeniz, G W, 19, 55

Lerenis’s law, 66 f, 61, T2

Less than [relation of being smaller),
97, 166 fF, 1711, 198f, 215,
219, — — or equal (o [al most
equal], 33 f , 162 ff.

LeS~tEW ok1, 5, 138, 140

Lewts, C 1, 28, 227, — and Lang-
FORD, 227

Levicographieal order, 113

Lig, S ,169

Line [straight hne], 104, 129, 185, —
segment, see Segment

Linguistic expression(s), see IEx-
pression(s)

Locus of the points [set of all
points), 70

Logic, xi ff ,18 £, 761, 108 f , 134,
139, “— of deductive scicnces,”
“— of empincal sciences,’” xin

Logical addition of scntences, 38,
43, §2, — concept, ~- constant,
— term, xvi1, 18, 54, 80 f, 108,
119, 133, 139, 229, — 1dentity,
see Identity, — laws, xvu, 18,
54f,76f,81,1081,119,126f,
134, — multiplication of sen-
tences, 37, 43, 52, — product of
sentences, see  Conmjunction, —
sum of sentences, sce Dis-
junction, — symbol, — sym-
bolism, xu xvi, 10, 38 f, 43,
54f, 69, 71, 73f, 771, 88,
90 fT, 99, 107, 144, 116, 150 f ,
158, — syntax and semantics of
deductive sciences, 140, —
type(s), T4

Logistic, see  Mathematical logie

LunasiEwicz, J, 19, 140

Many-termed relation, — functional
relation, 106 ff.
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Meny-valued function, 102

Map in a one-lo-one manner, see
Establish an order

Matenal m lphea.tnon, 1mphea.hon n
matertal meaning, 2

Matnx, see Truth table

Mathematical concept, — constant,
— term, xv1, 3, 18, 63, 129, —
logie [contempora.ry, deductlve,
modern, new, symbohc loge,
logistic], x1 f , xvi1, 18 £, 54, 68,
79 ff, 87, 117 ff, 128, 130 134
227 ﬁ — proof — rensonmg),
xvi, 13, 54, 133, — symbeol, 3,
61, 63, 81, 120, 124, 156, 162,
165, 181f, 213f, 217f, —
theorem, 3 7, 10, 13f 28 fF.,
54, 61, — theory [— dlSClpllne,
— sclence], 109, 118 ff., 129 f
1331, 155fF, 168 fF

Mathematies, xu, xvn, 3,13 f , 28 ,
53, 1001, 108 f, 117 f., 128 f ,
1331, 228f

Meaning, 27, 33, 95, 117, 122,
128, 1321

Member of a class, see Element of a
class, ——a conJunctlon [factor
of & logical product], 20 f
a digjunction [summand of a
logical sum], 21 ff

Meti.;](;)glc and meta-mathematics,

Method(s), 117, 132, 138, — of
constructing sentential calcu-
lus, 146 ff , — of equations, 13,
— of proof by mt.erpretatmn
[~ — — — exhibiting a model],
126, 194 ff,, 199, 211f, — of
truth tables [— — matnces],
38 f., 146 1.,

Methodologlcal concept — term,
139 f.; —law, 127, 152, 211 f ,—
postu]nte, — prmclple, 117 ﬂ'
127, 132§, 197

Methodology of deductive sciences
[— — mathematics], x1 ff , xviu,
117, 120, 127 f, 138 f., 227 ff ,
—— empmcal scxences, xlli f.

‘‘Mixed” relation, 89

Mode of inference, see Indirect
roof

Maoadel [reahzatlon] of an axiom
syste: — of a deductive
theory, 120 £., 195

Modlern logie, see Mathematical
ogic

Modus poneps rule, see Rule of
detachment

INDEX

Monotonic operation, 171 £., 219

Multipheation of classes, 77 f.; — —
numbers, 182, 219 f.;
sentences, see. Logical —

Multipheative axiom, 227

Mutually exclusive classes, see Dis-
joint classes, — independent
axioms, see Independent axiom
system, — — primitive terms,
see- Independent system of
primitive terms

NagEL, E, 230

Name, 58 ff 65f,

Natural number, 80 f 104 £, 213

Necessary condltlon, 29; — and
sufficient condition, 33

Negation [complement] of a rela-
tion, 91 £., 114, -— of a sentence,
20, 52, 135 195 f

Negatwe number,
104 £, 205

New logxc. see Msathematical logic

Non-contradictory axiom system, —
deduetive theory, see Consist-
ent axiom system

Noniigulform expressions, — S1gns,

integer, 3, 81,

Non-exclusive meaning of a dis-
junction, 21

Non-negative number, — integer,
80, 103ﬁ

Not, 19f 39

Null [empty] class, 721£.,75 79, —
relation, 90

Number(s) [real —], 3ff, 61,
68 ff, 81, 1011, 129, 205f , —
line, 185 f , — of elements of a

class, see Cardinal —
Numenical constant, 6, — quanti-
fier, 63 €

Old logie, see Traditional logic

One, 631,80 f ,213f

One-many relation, see Function

One-one relation, see Biumque
function

One-to-one correspondence [— map-
ping), see Establish an order

Operation(s), 105 ff., 168fF, 181,
193, 198f,219f ,— on classes,
77 f., —_— relahons, 80 ff.

Operator, 9 ff ,

0r, 19,21 ., 27 39 139 163

Order, see E’atabhsh an order, Laws
of — for numbers, — of a class,
g.fﬁ f, 89, —— & relation,
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Ordered Abehan group, 198 ff.,
208 f , 216, — class, 87, 209, 215,
— field, 218 ff.

Ordering relation, 98 f.

Ordinary language, see Everyday
language

Overlapping claesses, 74 f , 87

Parenthesis, 39, 148

Part {proper subeless], 74, 76, 105

Peano, G, 120, 213

Peircg, Cr S, 14, 38, 88, 105

Performable operation, 168 ff., 193

Parro of MEGARA, 27

Pornt, 63, 103 T, 129, 185, see also
Locus of the points, — set, see
Geometrical configuration

Polynomiel, 30

Pom;i\ée number, 3, 70, 104 f , 206,

Post,E L, 187

Postulate, 118, see also Meth-
odological —

Power of a class, see Cardinal

number

Preceding theory [— disciphine,
presupposed theory], 119, 128,
138, 152, — set of numbers,
215 f., — word 1n lexicograph-
1cal order, 113

Predecessor with respect to a rela-
tion, 88 f , 99

Presupposed theory {— discipline],
see Preceding theory

Primitive statement, see. Axiom,—
[undefined] term(s) [— sym-
bol(s)], 117 f.,146 f , 150,155 f ,
196 f1 , 204, 210, 213 f , 217 [ , 221

Principle, see Methodological, —
of abstraction, 96

Product of [intersection of] classes,
77, — — |[result of mult:plying]
numbers, 217; — — (absolute
— —, intersection of] relations,
1, — — sentences, see Con-
junction

Proof, 3, 13, 46 ff, 118, 122, 126,
132ff , — by 1nterpretation,
128, 206, — by reductio ad
absurdum, see Indirect —

Proper subclass, see* Part

Property(1es), 55 f , 72, 76, 95, — of
operations, 108, 168 f., — —
relations, 93 ff., 114, 122 (

Propositional caleulus, see Senten-
tial calculus

Pioved statement [— sentence], see

heorem
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Quantifier(s), 9 £., 14, 139

Queantity, see “Constant -,
“Yariable —"

Qe ?w(quod erat demonsirandum),

Quotation marks, 58 ff., 65 {
Quotient of numbers, 182 {

Real number(s), 8, 1551, 168 ff,
2138 f., 226, see also Number(s)
Real vansble, see Free vanable
Realization of an axiom system, —
— a deductive theory, see
Model of an axiom system
Reductto ad absurdum, see In-
direet proof, Law of — — —
Reflexive relation, 98 ff., 114, 122 f
Reflexivity, see Law (s) of —
Regress [regressus 1n infinilum), see
Infinite —
Relation(s), 87 £., 111, 114, 122 f,
139, 166, 1711, 198 1 , 209, 215,
— among classes, see. Funda-
mental — — —, — — numbers,
162 ff , — of bewng greater, — ~—
— smaller, see Greater than,
Less than, — — the first,
second, order, 88 £,
Relative product of {composition of]
relations, 92, 167 — sum of
relations, 93
Result of an operation, 107, 160
Right inverse of an operation, 181,
— side of an equation, — — —
— 1nequalty, 1165. _————
equivalence, 32
Right-distributive operation, 219 f.
Right-hand umt element of an
operation, 219 f
Right-invertable operation, 189, 193
Right-monotonic operation, 172
Root of an equation, 6, 30

Row of a truth table, 41 f

Rule(s) 1n sentential caleulus,
146 ff., — of defimtion, 35,
132 f, 140, 150, — — detach-
ment {modus ponens —}, 47 f£.,
1471, 151, — — nference
[— — proof]|, 47 ff.,, §3, 132 ff ,
140, 146 ff

RusseLL, B, 19, 73, 81, 227 f

Satisfy a sentenlial function [— a
condition), § &£., 131, 14, 63 I,
70ff, 731,89, 123, 1261

Scrovrz, H, 230

ScHRGDER, E , 88, 140

Science, see Theory
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Suentific language, 25 29, —
theory, x1iv, 3

Segment Hme —], 103,120 ff , 144

Selection of axioms, 130 £., 191 T,
- — pnmtive terms, 130 f,,
1091, 204

Semantics, see Logical syntax and

Sentence(s), 31,116,194 ,59¢,
66, 130 f , 133,135 ff , 152, 195 f ,
— of an existentiel character,

sec Existential —, — — &
umversal character, sec Um-
versal —

Sentential

celeulus [fproposmonal

calculus, theory of deduction],
19, 54, 66, 85, 137, 148fF , 227,
— conjunction, 19, — function,
4, 111, 14, 37, 39fF, 471,
Goff, 87Tf, 102f, 122, 126,
133, 139, 146, 148, — varable,
37 ff., 47, 66

Separate two sets of numbess, 216 §

Set(s), 68

Set of all numbers such that, 69 ff.

Set of points, see (leometric con-
figuration, Locus of the points,
— — numbers, — — 1ntegers,
68T, 1241, 166 £ , 170, 198 f ,
251,214 ff

Side of un eguation, — — — in-
equality, 165 178, — — —
equivalence, 32 f

Sign(s), 112

Single-valued funetion, 102

Singular sentence, 9

Socra res, 228

Some, 10

Specific expression, — statement, —
term, 18, 119, 133

Stand for o designation, — — a
name, — — a senlence, 6 f , 66

Statement, sece  Asserted —

Stoic Sehool, 27

Strong law of trichotomy, see Law
of trichotomy

Subclass, T4 £.

Substitution, see Rule of —

Subtraction of numbers, 180 f.,
184 f

Successor with respect to a relation,
88 f.,08f

Sufhcient condition, 20

Sum, see Algebraic —, of [umen]|
of classes, 77, — of [result of
adding] numbers, 166f., —
|union]| of relations, 91; — of
sentences, see Disjunction
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Summand of a logical sum, see
Member of a dis)unction, — —
a sum of numbers, 156, 170 f

Supeifluous avioms, 131 f, 191 T |, —
primitive terms, 132, 196

Sup%omtlo formalis, — matenals,

Syllogism, see Law of the —
Barbara, Laws of the categon-
cal —, Laws of the hypothetical

Sym;ol, 4, 58, 60

Symlbohc logie, see Mathematical
Og1C

Symbolism, see Logical —, — of

sentential calculus, 38 f.
Symmet{:ca’l relation, 93 ff, 114,
122

Synonymous, 95

Syntax, see Logical —

System(s) of avioms, see Aviom
system, — — mutually 1nde-
pendent axioms, see Independ-
ent axiom —, — — — — primi-
tive terms, see Independent —
of pnimitive terms, — — terms,
— — primitive terms, 131, 204,
210, — — sentences, 3, 126,
130, 195

Table, see Truth —
Tautology, see Laws of —
Term(s), 3, 18

Ternary  relation, see Three-
termed relation
The, 100

The same as, see Idenlical wnth

Theorem |proved statement], 3,
1T, 133/

Theory [discipline, science], see
Deductive —, Mathematical —,
Scientific —, — of apparent
vanables, see Functional cal-
culus, — — classes, 88 ff., — —
deduction, see Sentential cal-
culus, — — groups, 108, 169,
— —dentity, 64 ff.; — — [——
logical] types, 74, 228, — —
proof, 140; ““— — properties,”

, — — relations, 87,
1221, 166, 209, — — sets, see
General — — —
Then, see If , then

There 18 [— exists], — are [— exisl],

fi.; — — at least, at mosl,

ezactly, one, — are al least, al

most, ezactly, two, 30, 68ff.,
80 8
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Three-termed [ternary] relation, —
functional relation, 106 ff., 183

Traditional [Anstotehan, old] logie,
xu, 19, 78 f.

Transformation of an algebraie
expression, 171, 189
Transitive relation, 94 ff.,

122, 157, 166

Transpomtion, see Law of contra-
position

Trichotomy, see Law of —

True sentence, 3 ff , 20 ff, 31, 36,
40 ff, 58, 60, 118, 135, 146,
151, 175 §

Truth function, 39 f.

Truth table(s) [Matrx], 40 ff.

114,

wo.

Two:termed [binary] relation, —
functional relation, 106, 106 ff

Two-valued function, 102

Unary operation, 108

Undefined term,see Primitive term

Umon of classes, see Sum of
classes, — — relations, see
Sum of relations

Unit element of an operation, 319 £,,

Um@e?:sal class, 72 £., 75, 79, 88, 94,
170, — quantifier, 9 ff,, 38, 42,
471, 63f, — relation, 90;.—
sentence [sentence of a um-
versal character), 7, 9, 37 { , 157
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Umverse of discourse, 73, 94, 156,

Unknown, 6

”Va;gously” satigfied impheation,

Varaty, G, 168

Value of a function, see Function
—, — — a vaneable, 6, — — the
degendcnt vanable, — — —
independent variable, 100, sce
also Function —, Argument —

Vanable, 8 f., 47, 66, 68, 881,
99, 107f, 139, “— number,”’
“— quantity,” 4, 99 f

VIETA, F, 14

Vicious circle in defimtion, 36, 81,+
117, — — — proof, 36, 118

Warsaw center, 140

We soy that, 3¢ £,

Weak law of trichotomy, 167

WHITEREAD, A N, 19, 81, — and
RusseLy, 19, 74, 81, 228 f

Woobnger,J H, 2

Word, 88ff, 113

Youne, J W, 228

Zero, 182, 216 fi.






