1
p
!
{
{
X

g

DELHI U}\llVERSlTY
LIBRARY

A Tt P Pt § ot ¢ Pt e 9 A U | P 5 4 € 4 9 ot e St




DI%{I UNIVEEISEITY LIBRARY

CL No. §ITRAVR 2B

g £ yeloase for
AcLNoJ\P]Sﬁ DTR,’F .

This book should be returned on or before the date last stamped
belaw. As overdye charge of ome anna will be charged foreach day

the book is kept gvestime.







THE FACTORIAL ANALYSIS
OF HUMAN ABILITY






THE
FACTORIAL ANALYSIS

OF HUMAN ABILITY

By

SIR GODFREY THOMSON
D CL, D.Sc., Ph.D.

UNIVERSITY OF LONDON PRESS LTD.
WARWICK SQUARE, LONDON, E.C4



FirsT PRINTED . 1939

S8EcoND EpiTION . . . 1946
TrieDp Ebprriow . . . . . 1948
FourTH EDITION . . 1950
Frrry EprTioNn . 1951

Reprinted 1056

Printed & Bound in England for the UNIVERSITY OF LONDOK Pirrs<, LTDh,
by HAZELL WATSON & VINEY I1D., Aylesbury and London



PREFACE TO THE FIRST EDITION

THE theory of factonal analysis 1s mathematical in nature,
but this book has been written so that 1t can, 1t is hoped, be
read by those who have no mathematics beyond the usual
secondary school knowledge. Readers are, however, urged
to repeat some at least of the arithmetical calculations for
themselves.

It 1s probable that the subject-matter of this book may
seem to teachers and administrators to be far removed from
contact with the actual work of schools. I would hke
therefore to explam that the incentive to the study of
factorial analysis comes m my case very largely from the
practical desire to mmprove the selection of children for
higher education. When I was thirteen years of age and
finishing an elementary school education, I won a * scholar-
ship > to a secondary school mn the neighbouring town, one
of the early precursors of the present-day * free places >
i England. Ihave ever since then been greatly impressed
by the mfluence that event has had on my lfe, and have
spent a great deal of time 1n endeavouring to 1mprove the
methods of selecting pupils at that stage and in lessenmg
the part played by chance. It was mevitable that I should
be led to inquire into the use of imntelligence tests for this
purpose, and mevitable 1n due course that the _Bg_s”_s_g_lggllﬁt_igs‘
of factorial analysis should also come under consideration.
It seemed to me that before any practical use could be
made of factorial analysis a very thoroughgoing examina-
tion of 1ts mathematical foundations was necessary. The
present book 1s my attempt at this. ... It may seem remote
from school problems. But much mathematical study and
many calculations have to precede every improvement
in engineermg, and 1t will not be otherwise in the future
with the social as well as with the physical sciences.

Goorrey H. THOMSON

Moray Housl,

UNIVERSITY OF EDINBURGH,
November 1988



PREFACE TO THE FIFTH EDITION

IN earhier editions since the first, the chief changes in the
second edition were that the origmal chapter on Simple
Structure was expanded imnto three, to cover oblique
factors and second-order factors, while Dr, D. N. Lawley
provided a chapter on factor analysis by maximum like-
Ithood, and a corresponding section mn the mathematical
appendix. The main changes in the third edition con-
cerned the 1dentity of simple structure factors after
umvariate sclection, and the relations between two sets of
vanates. In the fourth, the principal addition was of
Lawley’s formule for the standard errors of mmdividual
residuals, and of factor loadings, when maximum likehihood
methods have been used.

In the present (the fifth) edition 1t has for the first time
been possible to reset the whole book. This has permitted
more extensive alterations to be made, and the oppor-
tunity has been taken of rearranging the order of the chap-
ters and recasting several of them, as well as inserting 1n
their proper places 1n the text those pages which in former
editions bad to be added as appendices. Chapters V,
VIII, and X will supply the mmimum of technique, and the
remamder of Parts IT and III will give 1n addition a descrip-
tion of the methods of analysis using prineipal components,
using the principle of maximum hkelihood, or using
Thurstone’s Simple Structure.

I hope, however, that readers wiil not merely use the book
as a set of recipes on how to carry out certain computations,
but will study the geometrical explanations (twelve new
diagrams have been added) * and especially that they will
ponder the implications of the two chapters, XVIII and
XIX, on the mnfiuence of selection on factors, and the final
two chapters on the samphng theory and certan funda-
mental questions.

Goprrey H. THOMSON

UNiversiiY oF EDINBURGH,
Apnl 1951

Vi
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All science starts with hypotheses—in other words,
with assumptions that are unproved, while they may be,
and often are, erroneous; but which are better than
nothing to the searcher after order in the maze of pheno-
mena.

T. H. HuxLEY

I am not nsensible of the advantage which accrues to
Apphied Mathematics from the co-operation of the Pure
Mathematician, and this co-operation 1s not infrequently
called forth by the very imperfections of writers on Apphed
Mathematics,

R. A. FisHER
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CHAPTER 1
THE THEORY OF TWO FACTORS

1. Factor tests.—The object of this book is to give some
account of the “factorial analysis ” of ability, as 1t 1s
called. In actual practicc at the present day this science
1s endeavouring (with what hope of success 15 a matter of
keen controversy) to arrive at an analysis of mind based
on the mathematical treafment of “experimental data
obtained from tests of intelhgence and of other qualities,
and to mmproVé vocatromal” and scholastic advice and
prediction by making use of this analysu m 1ndividual
cases. It s a development of the * testing ”” movement—
the movement m which experimenters endeavour to “devise
tests of intellgence and other qualities in the hope of
sorting mankind, and especially children, into different
categores for various practical purposes ; educational (as
i directing children into the school courses for which they
are best suited) ; administrative (as in deciding that some
persons are so weak-minded as to need lifelong mstitutional
care) ; or vocational, ete.

There are many psychologists who would deny that from
the scores mn such tests, or indeed from any analysis, we
can (ever) return to a full picture of the indrvidual ; and
without entermg mto any discussion of the fundamental
controversy which this demal reveals, everyone who has
had anything to do with tests will readily agree that this
18 certaimnly so at present in practice But the tester may
be allowed to try to make his modest diagram of the
individual better, more uscful, and if possible simpler.

Now, the broadest fact about the results of “ tests *’ of
all sorts, when a large number of them 1s given to a large
number of people, 1s that every mmdividual and every test
is different from every other, and yet that there are certain
rather vague similarities which run through groups of
people or groups of tests, not very well marked off from

3



4 THE FACTORIAL' ANALYSIS OF HUMAN ABILITY

one another but merging imperceptibly mnto neighbouring
groups at their margins. To describe an individual ac-
curately and completely one would have to administer to
him all the thousand and one tests which have been or
may be devised, and record his score 1n each, an 1mpossible
plan to carry out, and an unwieldy record to use even 1f
obtamned.  Both practical necessity and the desire for
theoretical simplification lead one to scek for a few tests
which will deseribe the mdividual with suffiment accuracy,
and possibly with complete accuracy if the nght tests can
lbe found. If, as has been said, there 15 some tendency
for the tests to fall into groups, perhaps one test from each

oup may suffice. Such a set of tests nught then be said

0 measure the~“factors ” of the mind

2 Fictatious foctors.—Actually the progress of the
** factorial > movement has been rather different, and the
factors are not real but as it were fictitious tests which
represent certain aspects of the whole mind. But con-
ceivably 1t might have taken the more concrete form. In
that case the * factor tests” finally deeided upon (by
whom, the reader will ask, and when * finally ” ?) would
be a set of standards which, Like any other standards, would
have to be kept mnviolate, and unchanged except at rarc
mtervals and for good reasons Some tendency towards
this there has been  The Bmet scale of tests 1s almost an
mternational standard, and there 15 & general agrecment
that 1t must not be changed except by certain people upon
whose shoulders Binet’s mantle has fallen, and only seldom
and as little as posaible even by them  But the Binet
scale 15 a very complex entity, and rather represents many
groups of tests than any one test. By * factor tests ” one
would more naturally mean tests of a * pure” nature,
differing widely from one another so as to cover the whole
personality adequately. And smce actual tests always

are more or less mixed, 1t 1s understandable why “ factors ”’
have come to be fictitious, not real, tests, to be each
approximated to by various combinations of real tests so
weighted that their unwanted aspects tend to cancel out,
and their desired aspects to reinforce one another, the team
approximating to a measure of the pure * factor.”
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113

But how, the reader will ask, do we know a ‘‘ pure »’

factor, how are we to teil when the actual tests approximate
to it? To give a preliminary answer to that question we
must go back to the pioneer work of Professor Charles

Spearman 1n the early years of this century (Spearman,
1904). he main 1dea which still, mghtly or wrongly,

dominates fact s was_enunciated then by him,
and practically all that has been done since has been either
mspired or provoked by his writings His discovery was
that the “ coefficients of corrclation ’ between tests tend
to_fall into “ hicrarchical order,” and he saw that this
could be explained by his Tamous ¢ Theory of Two Factors.”
These technical terms we must now esplain

8. Haierarchical order.—A coefficient of corrclation 1s a
number which indicates the degree of resemblance between
two sets of marks or scores. If a schoolmaster, for example,
gives two examnation papers to his class, say (1) 1n anth-
metie and (2) in grammar, he will have two marks for every
boy in the class If the two sets of marks are i1dentical
the correlation 15 perfect, and the correlation coefficient,
denoted by the symbol ry,, 1s said to be + 1. If by some
curious chance the one lList of marks is exactly like the
other onc upside down (the best boy at arithmetie being
worst at grammar, and so on), the correlation 1s still perfect,
but ncgative, and r;, = — 1. If there 15 absolutely no
resemblance between the two hsts, rj, = 0. If there 1s a
strong resemblance, but falling short-of 1dentity, r;, may
equal 9; and so on. There 15 a method (the Bravais-
Pearson) of caleulating such coefficients, given the list of
marks.* ‘ Tests ” can obviously be correlated just like

* The * product-moment formula * 15—
sum (a,,)
= \/{;mn (%) X sum (zy*)
where 2, and z; are the scores 1n the two tests, measured from the
average (50 that approximately half the scores are negative), and
the sums are over the persons to whom the scores apply. The

quantity—

. sum__(a:,i)_
%" = humber of persons
18 called the varance of Test 1, and o, 1ts standard deviation. If the
scores 1n ¢ach test are not only measured from their average, but
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examinations, and a convenient form i which to write
down the mtercorrelations of a number of tests is in a
square chequer board with the names of the tests (say
a, b, ¢ . .) written along the two margins, thus :

i a b [ d e I

a | 48 24 B34 42 30

b i 48 82 72 56 40

« | 24 82 36 28 20

d | 54 7 36 63 15

e 82 56 28 63 35
f | 80 0 20 45 35

Totals| 1498 248 140 270 224 1490

It was early found that such correlations tend to be
positive, and 1t 1s of some nterest to see which of a number
of tests correlates most with the others  This can be found
by addmg up the columns of the chequer board, when we
see mn the above example that the column referring to
Test d has the highest total (2 70). The tests can then be
rearranged and numbered 1n the order of these totals, thus :

1 2 3 4 5 6

d b e a I c
1 d 72 63 54 15 36
2 ) 72 56 48 40 32
3 e 63 56 42 35 28
4 a 54 48 42 . 30 24
5 f 45 10 35 30 20
6 ¢ 36 32 28 24 20

After the tests have been thus arranged, the tendency
which Professor Spearman was the first to notice, and which

are then divided through by their standard deviation, they are said
to be standardized, and we represent them by 2, and 2, About
two-thirds of them, then, lie between plus and minus one. With
such scores Pearson’s formula becomes—
sum of the products 2.z,

number of persons p

In theoretical work, an even larger unmit 15 used, namely ov/p.
With these units, the sum of the squares 1s unity, and the sum of the
products 1s the correlation coeflicient. The scores are then said to
be normalized, but note that this docs not mean distributed n a
* normal » or Gaussian manner.

Tye =
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he called “ hierarchical order,” 1s more easily seen. It 1s
the tendency for the coefficients i any two columns to have
a constant ratio throughout the eolumn. Thus in our
example, 1f we fix our attention on Columns a and f, say,
they run (omitting the cocfficients which have no partners)
thus :

54 45
48 -40
42 35
24 20

and every number on the right 15 five-sixths of its partner
on the left.

Our example 15 a fictitious one, and the tendency to
hierarchical order mn 1t has been made perfect i order to
emphasize the pomnt It must not be supposed that the
tendeney 1s as clear in actual experimental data  Indeed,
at the time there were some who demed altogether the
existence of any such tendency 1n actual data. Those who
did so were, however, mistaken, although the tendency 1s
not as strong as Professor Spearman would seem origmally
to have thought (Spearman and Hart, 1912). The follow-
g 1s a small portion of an actual table of correlation coeffi-
cients* from those days (Brown, 1910, 309). (Complete
tables must, of course, include many more tests ; 1n recent
work as many as 57 mn one table )

1 2 3 4 5 6
1 . 78 43 27 59 30
2 78 18 28 il 24
3 45 18 52 10 38
4 ' 27 28 a2 41 38
5 1+ 59 51 40 41 . 13
6 . 30 24 38 38 13 .

* In thus, as 1n other mstances where data for small examples are
taken from expcrunental papers, neither criticism nor comment 15
m any way intended Illustrations are restricted to few tests for
economy of space and clearness of exposition, but 1n the expermments
from which the data are taken many more tests are employved, and
the purpose may be quite different from that of thus book
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4. G saturations.—This tendency to ‘ hierarchical order”
was explained by Professor Spearman by the hypothesis
that all the correlations were due to one “ factor ” only,
present i every test, but present in largest amount 1n the
test at the head of the hierarchy. Ths factor 1s s famous
“g,” to which he gave only this algcbraic name to avoud
making any suggestions as to 1ts nature, although in some
papers and 1n The Abihtres of Man he permitted himself
to surmise what that nature mght be. Each test had also
a second factor present 1n 1t (but not to be found elsewhere,
except mmdeed i very similar varicties of the same test),
whence the name, ““ Theory of Two Factors ”’—really one
general factor, and innumerable second or speeific factors.

It will be proved in the Mathematical Appendix* that
this arrangement would actually give rise to * hierarchical
order.” Meanwhile this can at least be made plausible.
For if Test d has that column of correlations (the first
m our table) with the other tests solely because 1t 1s
saturated with so-and-so much g; and if Test b has less g
i 1t than d has, 1t seems likely enough that &’s column of
correlations will all be smaller 1n that same proportion.
We can, morcover, find what these ““ saturations ” with g
are. For on the theory, ecach of our six tests contains the
factor g, and another part which has nothing to do with
causing correlation Moreover, the higher the test 1s m
the hicrarchical ranking, the more it 1 * saturated ” with g.
Imagime now a fictitious test which had no spealfic, a test
for g and for nothing else, whose saturation with g 15 100 per
eent, or 1 0. This fictitious test would, of course, stand
at the head of the hierarchy, above our <1x real tests, and
its row of correlations with each of those tests (their
“ saturations ”’) would each be larger than any other in the
same column. What values would these saturations take ?

Before we answer this, let us direct our attention to the
diagonal cells of the ‘‘ matrix ”’ of correlations (as 1t 1s
called—a matrix 1s Just a square or oblong set of numbers),
cells which we have up to the present left blank. Since
each number 1 our matrix represents the correlation of the
two tests m whose column and row 1t stands, there should

* Para 8. and see also Chapter xvm, end of Section 6, page 288,
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| & | 1 2 3 4 5 é
F | 1 i l T3, Ta Tss Te 5, Tey
1 o, | 72 a3 54 15 36
2 \ Tay 72 56 18 10 82
3 Ty 63 56 . 42 -35 28
4 1 Te | B4 48 42 30 24
5 T, | 45 40 85 -30 . 20
6 | 7, | 36 32 28 24 -20 .

be inscrted m cach diagonal ccll the number unaty, repre-
senting the correlation of a test with its own 1dentical self.
In these self-correlations, however, the specific factor of
each test, of course, plays its part. These self-correlations
of unity arc the only correlations in the whole table in
which specifics do play any part. These * unities,”” there-
fore, do not conform to the hierarchical rule of propor-
tionahty between the columns.

But the case 1s different with the fietitious test of pure g.
It has no specific, and 1ts self-correlation of umty should
conform to the hierarchy. If, therefore, we call the
*“ saturations ” of the other tests 7y, 7y, 7y, 7y, 75 and 7,
we see that we must have, as we come down the first two
columns within the matrix—

r, 12 63 54 45 86

1 1y Ty Ty Ty Ty
and similar equations for each other column with the g
column, which together indicate that the six * saturations ”

are— 9 8 T 6 5 4
Furthermore, cach correlation 1n the table 1s the product
of two of these saturations Thus—
A2 = O X -8
42 = 7T X -6
Tag = Tyy X Tyy
The six tests can now be expressed i the form of

equations : z = 9g + 4863,
3y = 8¢ - *600s,
B3 = '7g + '71433
z‘ 'Gg + ’8003‘

25 = -5¢ + 8663;
2g = 48 + ‘0173,

TA—1*
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Herein, each z represents the score of some person in the
test indicated by the subscript, a score made up of that
person’s g and specific 1in the proportions mndicated by the
cocfficients. The scoies are supposed measured from the
average of all persons, bemng reckoned plus if above the
average and mius 1if below ; and so too are the factors g
and the speetfies.  And cach of them, tests and factors, 1s
¢ standardized,” 1.e. measured i such umts that the sum
of the squares of all the scores equals thc number of
persons  This 1s achieved by dividing the raw scores by the
“standard deviation ”  The saturations of the specifics
arc such that the sum of the squares of both saturations
comes m cach test to unity, the whole variance of that test.

Thus— 1486 = /(1 - -9%)

5 A wewghted battery.—This brief outhine of the Theory
of Two Factors must for the moment suffice. It 1s
enough to enable the question to be answered which at the
end of our Section 2 led to the digiession.  “ How,” the
reader asked, ¢ do we know a pure factor, how are we to
tell when the aclual tests approximate to 1t ?> 1In the
Two-factor Theory the important pure factor was g itself,
and a test approximated to 1t the more, the higher 1t stood
m the hierarchy. Its accuracy of measurement of g was
indicated by it “ saturation” And a battery of hicr-
archical tests could be weighted so as to have a combined
saturation higher than that of any one member, each test
for this purpose being weighted (as will be shown in Chapter

‘r,,
1— 7

XV) by a number proportional to where r,; 15 the

g saturation of Test i (Abilities, p. x1x). The battery
saturation or multiple correlation with g 1s then—

JS
1+ S

where S = X

Tyt
1 —r7,t
Although g remaimned a fiction, yet a complex test, made up
of a weighted battery of tests which were hierarchical,
could approach nearer and nearer to measuring it exactly,
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as more tests were added to the hierarchy. Each test added
would have to conform to the rule of proportionality m its
correlations with the pre-existing battery. If it did not
do so 1t would have to be rejected. The battery at any
stage would form a kind of defimtion of g, which 1t ap-
proached although never reached. And a man’s weighted
score 1n such a battery would be an estimate of his amount
of g, his general intelligence. The factorial description of
a man was at this period confined to onc factor, smce the
specific factors were useless as deseription of any man.
For one thing, they were innumerable ; and for another,
being specific, they were only able to indicate how the man
would perform in the very tests m which, as a matter of
fact, we knew exactly how he had performed

6. Oval dwagrams —It 1s convenient at this pomt to
mtroduce a diagrammatie illus-

tration which will be useful in the >
less technical part of this book, %
although like all Hlustrations =7

must be taken only as such, and the
analogy must not be pushed too fur
If we represent the two abilities,
which are measured by tests, by
two overlapping ovals as m
Figure 1, then the amount of the
overlap can be made to represent
the degree to which these tests are
correlated. If we call the whole
area of each oval the  varance
of that ability, we shall be intro-
ducing the reader to anotha
technical term (of which a de-
finition was given 1n the footnote
to page 5). Here 1t need mean
nothing more than the whole
“amount > of the ability. The
overlap we shall call the ' covariance.” If the two
variaficés are each equal to unity, then the covarance is
the correlation coefficient To make the diagiam quantita-
tive, we can mdicate m figures the contents of each part of

Figure 3
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the variance, as in the instance shown, which gives a
correlation of &, or ‘6. If the separate parts of each
variance (1e. of each oval) do not add up to the same
quantity, but to v; and v,. say, then the covariance (the
amount n the overlap) must be divided by 4/v,z, m order
to give the correlation. Thus, Figure 2 represents a
correlation of 8 — 4/(4 X 9) = 5. No attempt 15 made
m the diagrams to make the actual areas proportional to the
parts of the variance, it 15 the numbers written in each cell
which matter

The four abilities represented by four tests can clearly
overlap 1 a complicated way, as in Figure 8, which shows
one part of the variance (marked g) common to all four of
the tests, four parts (left unshaded) each common to three
tests ; six parts (shaded) cach common to two tests ; and
four outer parts (marked s) cach specific to one test only.
The early Theory of Two Factors adopted the hypothesis
that, except for very similar varieties of the one test, none
of the cells of such a diagiam had any eontents save those
marked g and s, the general and the specific factors  The
““ variance ” of each ability was 1n that theory completely
accounted for by the variance due to g, and the variance
duc to s

7 Tetrad-differences.—In Scction 8 it was explamed that
the discovery made by Professor Specarman was that the
correlation coefficients n two columns tend to be m the
same ratio as we go up and down the pair of columns.
That 15 to say, if we take the columns belonging to Tests
b and f, and fix our attention on the correlations which
b and f make with d and ¢, we have -

| &  f

d | 712 45

e 56 85
here 72 56
wher 45 85

This may be written—
72 X 85 — 45 X 56 =0
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and in this form is called a  tetrad-difference.”” In
symbols this one is—
Taley — Taffy = 0

Spearman’s discovery may therefore be put thus: *“ The
tetrad-differences are, or tend to be, zero.” It 1s clear that
this will be so if, as we said was the case in the Theory of
Two Factors, each correlation 1s the product of two cor-
relations with g. For then the above tetrad-difference
becomes— TaTssTooTtg — Tagh gl edT,

a9 by eg' fo dg'fg" eg" by

which 1s 1dentically zero. The present-day test for hier-
archical order 1n a correlation matiix 15 to calculate all the
tetrad-differences (always avoiding the mam diagonal) and
see If they are sufficiently small. If they are, then the
correlations can be explamned by a diagram of the same
nature as Figure 3, by one gencral factor and specifies, It
1s, of course, not to be expeeted in actual experimenting
that the tetrad-dillerences will be ezactly zero ; no experi-
ment on human material can be as accurate as that.  What
s required 15 that they shall be clustered round zero m a
narrow curve, falling ofl steadily mn frequency as zero 1
departed from  The number of tetrad-differences increases
very rapidly as the number of tests grows, and in an actual
experimental battery the tetrads arc very numerous indeed.
In the small portion of a real corrclation table given above
(page 7), with «ix tests, there are 45 tetrad-differences,*®
and m this mstance they are distributed as follows (taking
absolute values only and disregarding signs, which can be
changed by altering the order of the tests) :

From 0000 to -0999, 28 tetrad-differences
From 1000 to 1999, 13 tetrad-differences.
From 2000 to 2796, 4 tetrad-differences

This distribution of tetrads can be represented by a
* histogram > hke that shown in Figure 4, which explans
itself. It 1s clear that some criterion 1s required by which
we can know whether the distribution of tetrad-diffcrences,
after they have been caleulated, 15 narrow enough to justify
us 1n assuming the Theory of Two Factors. This criterion

* Not all independent,
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is explained in Chapter III, page 41. One form of it con-
sists in drawing a distribution curve to which, on grounds
of sampling, the tetrad-differences may be expected to con-
form Any tetrad-differences which seem to be too large
to be accounted for by the Theory of Two Factors are then
examined, to sece whether the tests giving them have any
special pomnts of resemblance,
m content, method, or other-
wise, which may explain why
they disturb the hierarchy.

8 Group fuctors.—As time

28]28 went on 1t became clear that

the tendeney to zero tetrad-

13 13 differences, though strong, was

4 4 not universal enough to permit
32401 23 an explanation of all correla-
Figure 4 iions between tests m terms of

g and specifies, with a few
shght * disturbers * m the form of shghtly overlapping
specifics It became necessary to call i group factors,
which run through many though not through all tests,
to explam the deviations from strict hierarchical order.
The Spcarman school of experimenters, however, tend
always to explain as much as posaible by one central
factor, and to use group factors only when nceessitated.
They take the point of view that a group factor must, as
it were, establish its right to existence, that the onus of
proof 15 on him who asserts a group factor. As a tiny
artificial illustration, a matrix of correlation coefficients :

' 1 2 3
1 . 5 -5 5
2 5 8 5
3 5 -8 5
4 5 5 5

would be examined, and 1ts three tetrad-differences found

to be -
ZEero

‘15
15
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Inspection shows that the correlation rg; 1s the cause of
the discrepancies from zero, and the experimenter trained
i the Two-factor school would therefore explain these
correlations by a central factor running through them all,
plus a special Iink jomning Tests 2 and 3, as in Figure 5.

There are nnumerable other possible ways of explaining
these same correlations For
example, the linkages between
the tests might be as in Figure 6,
which gives exactly the same cor-
relations. This lack of unique-
ness 15 somcthing which must
always be borne mn mind in study-
ing factorial analysis. There are
always, as here, innumecrable
possible analyses, and the final
decision between them has to be
made on some other grounds
The decision may be psycho-
logical, as when for example in
the above case an experimenter
chooses one ot the possible dia-
grams because 1t best agrees with
his psychological 1deas aboutl the
tests. Or the decision may be
made on the ground that we
should be parsimonious m our
mvention of “ factors,” and that
where one general and one group factor will serve we should
not mvent five group factors as requwed by Figurc 6.
Both diagrams, however, fit the correlational facts exactly,
and so also would hundreds of other diagrams which might
be made. As has been said, the two-factor tendency 1s to
take the diagram with the largest general factor (and the
largest specifics also) and with as few group factors as
possible,

9. The verbal factor.—In this way the Theory of Two
Factors has gradually extended the ““ two ” to include, 1n
addition to g and specifics, a number of other group factors,
still, however, comparatively few. These group factors

Kigure 6
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bear such names as the verbal factor v, a mechanical factor
m, an arithmetic factor, perseveration, ete. The charac-
teristic method of the Two-factor school can be well
seen, without any technical difficulties unduly obscuring
the situation, m the search for a verbal factor. The i1dea
that, m addition to a man’s g (which 1s generally thought
of as somecthing mnate) there may be an acquired factor
of verbal facihty which enables him to do well 1n certan
tests, 1s a not unnatural one A battery of tests can be
assembled of which half do, and half do not, employ words
in their construction or solution. The correlation matrix
will then have four quadrants, the quadrant V contamming
the correlations of the verbal tests among themselves, the

|

|
vV ! ¢

|

quadrant P the corrclations of the non-verbal or, say,
pictorial tests, and the quadrants C containing the cross-
corrclations of the one kind of test with the other. If the
whole table 1s «ufficiently ‘ hierarchical,”” there 1s no
evidence for a group factor v or a group factor p. If
either of these factors exists, there will be differences to be
noticed between the six kinds of tetrad which can be
chosen, namely .

v PP
v v | x p|lz =
(2) @ |
v vz = pl @ &
v p v p
v pl . a v| @ .
(5) (6)
v P z ' p| . =
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A tetrad like 1, with two verbal tests along one margin
and two pictorial tests along the other, will be found n
quadrant C. Neither a factor common to the verbal tests
only, nor one common to the pictorial tests only, will add
anything to any of the four correlations 1n such a tetrad-
difference, which may be expected, therefore, to tend to be
zero. If the tetrads in C seem to do so, the other tetrads
can be examined. Tetrad 2 is taken wholly from the V
quadrant. In it the verbal factor, if any is present, will
remforce all the four correlations, and should not thercfore
disturb very much the tendency to a zero tetrad-difference.
(Remforced correlations arc marked by 2 in the diagrams.)
The same 15 true of Tetrad 8 taken wholly from the P
quadrant. Tetrads 4 and 5 have each two of their cor-
relations remnforced, by the v factor m 4 and by the p
factor in 5, but m each case in such a way as not to change
very much the tetrad-difference It 1s when we come to
tetrads like 6, which have one correlation in each of the
four quadrants, that the presence of either or both factors
should show itself strongly for the two reinforced correla-
tions here occur on a diagonal, and mflate only the one
member of the tetrad-difference—

TeTpp — TupTpw

If, then, a verbal factor, and also a pictonal factor, are
present, the tendency for the tetrad-differences to vanish
should become less and less strong as we consider tetrads
of the kinds 1, 2 and 8, 4 and 5, and cspecially 6, where
the tetrad-differences should leap up  If only the verbal
factor 1s present, tctrad-differences of the kind 3 should
vanish rather more than those of the kind 2. But it will
not be easy to distinguish between cither suspected factor,
and both. Tetrads hike 6, however, should give conclusive
evidence of the presence of one or the other, 1f not both
Methods like this were employed by Miss Davey (Davey,
1926), who found a group factor, but not onc running
through all the verbal tests, and by Dr. Stephenson
(Stephenson, 1981), whose results indicated the presence
of a verbal factor.*

* T. L. Kelley had already found by other methods strong evidence
_of a verbal factor (Kelley, 1928, 104, 121 ¢/ passim),



18 THE FACTORIAL ANALYSIS OF HUMAN ABILITY

10. Group-factor saturations.—Just as the g saturations
of tests can be calculated, so also can the saturation of a
test with any group factor it may contamn. The general
method of the Two-factor school 1s first to work with
batteries of tests which give no unduly large tetrad-
differences, and which also appear to satisfy one’s general
mmpression that they test mtelligence. From such a
battery, of which the best example 1s that of Brown and
Stephenson (B. and S, 1988), the g saturations can be
calculated.* Each test has, however, also 1its specific,
whuch, so long as 1t 18 wn the hierarchical battery, 15 unique to 1t
and shared with no other member of the battery. A test
may now be associated with some other battery of different
tests, and with some of these 1t may share a part of its
former speeific, as a group factor which will mcrease 1its
correlation beyond that caused by g The excess correla-
tion enables the saturation of the test with this group
factor to be found —the details are too technical for this
chapter—and the specific saturation correspondingly
reduced. Fmally, the tester may be able to give the
composition of a test as, let us say (to invent an example)—

71g 4+ 40v + 34n 4 -47s
where g 15 Spearman’s g, v 15 Stephenson’s verbal factor,
n is a number factor, and s 1s the remaming specific of the
test. The coefficients are the *“ saturations > of the test
with each of these; that 1s, the correlations belheved to exist
between the test and these fietitious tests called factors.
The squares of these saturations represent the fractions of
the test-variance contributed by cach factor, and these
squares sum to unity, thus :
Saturation Squared

g 5041
v . . -1600
n . . 1156
s 2209

1-0006

* For the sake of clarity the text here rather oversimplifies the
situation The battery of Brown and Stephenson contains in fact
a rather large group factor as well as g and specifics.



CHAPTER II
BIFACTOR ANALYSIS AND CLUSTERS

1. The bifactor method.—Holzinger’s Bifactor Method
(Holzinger, 1935, 1987a) may be looked upon as another
natural extension of the simple Two-factor plan of analysis.
It endeavours to analyse a battery of tests into one general
factor and a number of mutually czclusiwe group factors.
A diagram of such an analysis looks like a * hollow stair-
case,” thus :

1 ~ X

2 > g

3 A .

4 X K

5 e X

[ N X

7 ¥ X
8 ’ X
9 X X

Here factor g runs through all, as 15 indicated by the
column of crosses. Factors k, k, and [ run through mutu-
ally exclusive groups of tests each. The saturations with
g can be calculated from sub-batteries of tests which form
perfect hierarchies, by selecting only one test from each
group (in every possible way). After these are known,
the correlation due to g can be removed, and then the
saturations duc to cach group factor found.

The following artificial example will illustrate some of
the pomnts of this method Consider these correlations,
which to save space are printed without their decimal

.points:
19
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1 2 8 4 5 6 7 8 9 10 11 12

[
i

1 57 40 45 68 63 20 28 74 52 45 34
2| 57 34 25 58 89 17 44 68 43 89 56
8| 40 84 18 57 27 53 16 44 70 73 20
| 45 25 18 27 51 09 12 32 22 20 15
| 63 53 57 27 42 40 26 68 67 63 31
63 39 27 51 42 18 18 50 34 30 23
20 17 59 09 40 13 08 22 60 64 10
28 44 16 12 26 18 08 85 21 18 43
74 68 44 32 68 50 22 85 56 50 44
52 43 70 22 67 34 60 21 56 78 25
45 89 73 20 63 30 64 18 50 78 23
84 56 20 15 81 23 10 43 44 25 28

R -

el )

Therc are two stages in a bifactor analysis  The first
problem 15 to decide how to group  the tests so that those
arc brought together which share a second or group factor.
Then the best method of calculating 15 needed to find the
loadings

The groupmg can partly be donc subjectively by con-
sidermg the nature of each test and putting togethe:
memory tests, or tests mvolving number, and so on
Holzmger uses a * coeffictent of belonging,” B, to determine
the coherence of a group B 1s equal to the average of the
mtercorrelations ot the group divided by therr average
corrclation with the other tests in the battery  The hugher
B 15, the morc the group 1 distinguishable as a group.
He begins with a pair of tests which correlate lghly with
one another, and finds their B Then he adds a third test
and finds the B of the three Then another and another,
until B drops too low There 1s no fixed threshold for B,
but a rather sudden drop would mdicate the end of a
group.

2. T'ryon’s grouping —Another plan 1s to make a graph
or profile of each row of correlations and compare these
(Tryon, 1939), groupmg togcther those tests with similar
profiles 1 find 1t easier to consider only the peaks of each

row and comparc the rows with regard to these. If we
mark, in each row of the above, the five highest correlations
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in that row, and also the diagonal cell, we get the following
set of peaks :

l 1 2 3 4 5 (] 7 8 9 10 11 12
1 X X X X X X
2 X X ‘ XX X
3 X A X X A X
4 X X £ > X X
5 % ¥ v X A X
(4] X “ X « A X
7 e N by X X ¥
8 XX S X X X
9 . % Y ? ~ > 9
10 | AN X X X X
11 | . . X X X X
12| x x - X % x

We then see that, in the rows,

(a) Tests 8, 7, 10, 11 have 1dentical peaks,
(b) 2] 2’ 8! ]2 " ” L1
(C) ”» 4‘9 6 s ” "

and we tahke these as nucler for three groups. There re-
main Tests 1, 5, and 9. Therr average correlations with
each of the above nucle1 are *

I o b ¢

1 | -89 40 54
5 57 37 35
9 43 49 41

We therefore add Test 1 to group ¢, Test 5 to group a,
and (less certamly) Test 9 to group . We then rewrite
our matrx with the tests thus grouped (see next page)

1t will be seen that certain additions have been made n
readiness for the various methods of calculation of the g
loadings which are then possible If we symbolize the
table overleaf as

A D E
D B F
E F C
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35 7101 2 8 9 12 1 4 6

57 59 70 73 | 84 16 44 20 | 1:14 l 40 18 27 | -85
587 40 67 63 53 26 08 31 |1.78 | 63 27 42 [1.82
59 40 60 64 17 08 22 10 5720 09 18 ;| -42
70 67 60 78 43 21 56 25 | 143 84 {1-08
73 63 64 78 39 18 50 23 [ 130 80 95

I

Yot
L= ]

&8
88

]
|
1
" 624! 462
- }
34 53 17 43 391186;
16 26 08 21 18 ! 89 |
44 68 22 56 50 | 240 | 68 35 44
20 81 10 2523,]00;564344
i
|
1
I
i

28 12 18 58
74 32 50 |1 56
34 15 28 72

I
41 68 56 i572539 121
]

Neext

'624

| 84108 45 63
15, 81,45 51
50 23 130, 63 51

40 63 20 32 45 {220

18 27 09 22 20 . 96

27 4213 84 30 146! 3
I

[

l402 |07 |

all methods depend on using only the corrclations m the
rectangles D, E, and F, since the suspected group factors
which merease the correlations n A, in B, and in C do not
mfluence D, E, and F Each corrclation in the latter
rectangles 16 therefore the product of two g-saturations
(see page 9). Thus

ry = 40 = Ll

T = 34 = b,

ryg = 57 = l,lz
40 X -84
O = = 2. 1,=49

where 1t should be noted that the three correlations come
from E, D, and F respectively.

But this value for the loading of Test 8 depends upon three
correlations only and would, 1 a real experimental set of
data, vary somewhat with our chowce of the three. A
method of using all the possible corrclations in these three
rectangles is needed. One such 15 given by Holzinger mn
his Manual (1987a).
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8. Holzinger’s formula.—1If all possible ways of choosing

the two other tests are taken, and the fraction Taly formed
T,

i each case; and if the numerators of these fractions are
added together to form a global numerator, and their
denominators to form a global denominator ; it will then
be found that the fraction thus formed 15 equal to
. 114 X -85
Y
and this time all available corrclations have been used.
The rule 15 to multiply the two totals in the row of the
test (1-14 x -85) and divide by the grand total of the
block formed by the other tests concerned (1, 4, and 6
with 2, 8, 9, and 12, 1.e. 4 07) For Test 2 this 1ule gives
186 x 121
4 62
This Holzinger method is not difficult to extend to four
or more groups. If we symbolize a four-group matrix by
A D E G
D B F H
E F C K
G H K L
and consider the first test, then its g-loading I 1s given by

Iz — di-*_-_g’g -_}_ g
F+H4+K
where d, ¢, and g are the sums of its row in D, E, and G,
4. Burt’s formula —Another method 1~ given by Burt
(1940, 478). For the numerator of each g loading he takes
the sum of the side totals which Holzimger multiplied.
Thus the numerators are :

for Test 8,1 14 4+ 85 = 1-99
5,178 + 1382 =-310
[TIET) 29 186 + 1-21 = 8:07
” L] 12’ l 09 + 72 = 1'81

=24, Iy = 49

B =

=— 49,1, = 70.

E2] >

» s 6,116 4130 =276,
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The denominators differ in group «, group b, and group ¢,
but all are formed from the three quantities 6-24, 4-62,
and 4:07. For group a the denominator is :

6-24 4 62
\/407{J ———}:408.
462 624

It will be seen that the two quantities within the curly
brackets are the totals of D and E, the two rectangles
from which the numerators of group a come By analogy
the reader can write down the denominators of group b
and group c—they come to 4 40 and 501. Dividing the
numerators by the appropriate denomators, we get for
the g loadmngs -

Test 3 5 7 1011 2 8 9 121 4 6
g Loading +49 76 -24 62 55 70 33 90 41 82 ‘86 55

The proof of Burt’s formula 1s surprisingly easy. If the
reader will write down, 1n place of the correlations in D,
E, and F, the lteral symbols Il (for r;)—smece our
hypothesis 1s that only g 15 concerned 1n these correlations
—and will wrnite out the sums, ete., of the above caleulation
hterally, he will find that Burt’s formula sumplifies almost
immediately to onc I, that of the test in question  Burt
only gives his formula for three groups It can be extended
to the case of more groups, but becomes cumbersome and
rather unwieldy.

5. The test of correct grouping —Now comes the test of
whether our grouping 1s correct, and our hypothesis valid
that groups a, b, and ¢ have nothing in common but the
factor g. Usmng the loadings we have found, form all the
products Ll, and subtract them from the experimental
correlations. All the correlations m D, E, and F should
then vanish or, 1n a real set of data (ours are artificial),
become msignificant There should, however, remam
residues mn A, B, and C due to the second factors running
through groups a, b, and c respectively. In our example
the subtraction of the quantities Ll gives the residues
shown at the top of page 25.

The correlations left m A, if they are due to only one
other factor (now that g has been removed), ought to show_



BIFACTOR ANALYSIS AND CLUSTERS 25

8 5§ 71011 2 8 912 1 4 6
g Loadings 49 76 24 62 55 70 83 90 41 82 86 55

3 49 20 47 40 46
5 76|20 22 20 21
7 24| 47 22 45 51
10 62| 40 20 45 44
11 55| 46 21 51 44

|
|
|
|
|

2 70 23 63 29 |

8 38 23 30 14

9 90 63 30 87

12 41 29 14 87

1 82 15 18
4 86 15 81
6 55 18 31

zero or very small tetrads, and <o they do Those m B
are also hierarchical. Those m C are too few to form a
tetrad. The second factor i each of these submatrices
can now be found m the same way as g 15 found from a
matrix with no other factor sce page 9 and, later m this
book, pages 42 to 44, The reader should complete the
calculation, and will find these loadmgs .

Factors
Test 8 u v w

3 49 65
5 ‘76 30
7 24 72
10 62 -62

11 55 71
2 70 44
8 -33 . 47
9 -90 11

12 41 . 62
1 82 . -29
4 -36 . . 50
6 55 . -62
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An actual set of data will not give so perfect a hollow
staircase, but at this stage the strict bifactor hypothesis
can be departed from and additional small loadings or
further factors added to perfect the analysis. Where a
bifactor pattern exists, a simple method of extracting
correlated or oblique factors has been given by Holzinger
(1944) “ based on the 1dea that the centroid pattern
coefficients for the sections of approximately umt rank
may be mterpreted as structure values for the entire
matrix.”

6. Cluster analysis.—This 1s connected with the bifactor
method, which 1s possible when clusters do not overlap.
But 1t 15 by no means rare to find two or three variables
entering into several distinet clusters. Raymond Cattell’s
article (1944a) describes four methods of determining
clusters, and gives references which will lead the mnterested
reader back to much of the previous work, and see also
Tryon’s work Cluster Analysis, 1989. The most naive
method of classifying tests into clusters, one needing no
mathematies whatever, 1s simply to put together all the
tests which intercorrelate above a certam level. We can
lustrate this adequately on the above example Let us
collect into clusters tests which correlate with one another
at least 0-40. A routne 15 desirable to ease the task and
avoid overlooking any clusters. Turn to the table on
page 20 and write down from the first row all the tests
which have correlations of 040 or more with Test 1,
including 1itself,

1 2 3 4 5 6 9 10 11
2 5 9 10
5 9 10
9 10

Cluster A, Tests 1, 2, 5, 9, 10.

Then consider the test next to No. 1 m this hne, which
happens to be Test 2, and go along its line 1n the correlation
table to see which of the tests already noted also correlates
sufficiently with Test 2. They are 5, 9, and 10. The
other tests of our first line drop out. We then look along
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the line of Test 5°s correlation coefficients, and find that
Tests 9 and 10 survive this scrutiny. Finally, we note
that Tests 9 and 10 themsclves correlate enough. The
cluster A is therefore (reading down the left-band edge of
the above triangular set of notes) composed of Tests 1, 2,
5, 9, and 10. At this point, to avoid missing other clusters
which may begin with Test 1, it 1s necessary to consider
what would have happened had Test 2 not been in the
battery. It would be tedious to describe the whole pro-
cedure here, but the reader 1s urged to go through it, when
he will find six clusters, shown n this diagram.

Figure 7

7. Comparison wnth the bifactor groups.—If we compare
these clusters with the groupmg we found by Tryon’s
method of profiles (or peaks), we see that our present clustets
F, E, and C are those we arrived at formerly (execept for the
absence of Test 9 from cluster E) And we notice also
that 1n our diagram these are mutually exclusive clusters.
The missing Test 9 1s the one we formerly had most doubt
about classifymng  The reason can be seen from the analy-
sis we have already made It 1s highly saturated with the
general factor, and only very weakly with the verbal
factor which decides 1ts bifactor group.

8. A less artrificial example —The above example was an
artificial one, made so as to * come out ”” exactly. Let us
turn to a more reahstic example where this 1s not the case.
The following correlations—decimal pomts are agam
omitted—are from an actual report, but to obviate some
embarrassments 1n a didactic example I have made all the
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coefficients rather larger than they actually were. The
first seven * tests ” are examinations 1n school subjects,
the next four are * non-verbal ’ tests with simple pieces
of apparatus, and the last three are special tests supposed
to be uncontammated by any group factor other than g,
v, and k (the ‘ space ™ factor)

1 2 3 4 3 6 7 8 9 1011 12 13
1 Physics 76 82 68 64 40 28 44 19 16 21 45 11
2 Chenustry 76 68 62 52 26 26 43 36 29 283 38 15
8 Mathematics| 82 G8 68 47 48 21 37 23 13 20 43 19
4 French 68 62 68 45 28 34 29 25--13 05 26 34
5 Mcch Draw | 64 52 47 45 36 17 53 55 38 21 86 07
6 Problems 10 26 48 23 36 19 51 47 20 10 47 05
7 Reading 28 26 21 34 17 19 09 07 02 17-07 38
8 Koh’s Blocks| 44 43 37 29 53 51 09 81 50 50 64 43
9 Cube Constr | 19 86 28 25 55 47 07 81 42 53 53 87
10 Form Board | 16 20 13 -13 88 20 02 50 42 52 34 19
11 Passalong 21 28 20 05 21 W 17 50 53 52 82 32
12 gtest | 45 88 43 26 36 4707 64 38 34 32 40
13 v test (11 15 19 34 07 05 38 43 37 19 32 W0
14 k test 110 13 18 00 42 36 03 65 66 38 46 57 45
When by the above method we sort these tests mto clus-

ters, using 0-40 as boundary hne, we obtam the following
diagram :

Figure 8

In passing, we may note that this diagram lustrates
what Raymond Cattell (1946) calls u nuclear cluster, 1e.
one which forms the centre of a number of larger looser
clusters Here the pair 8 and 9 are never separated,
occur together in clusters B, C, D, and E, and are such a
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nuclear cluster. For bifactor analysis, however, we want
non-overlapping clusters.

9. A first attempt at grouping.—Searching m this diagram
for at least three non-overlapping contours, we find
clusters A, F, and either C or D. Of the alternatives let
us take D, and rewrite our table of correlations with these
clusters separated This leaves Tests 6 and 7 out of the
picture, and further study of the diagram leads us also to
omit 5, which 15 hinked with both F and 1) through cluster B
Our table, and 1ts calculations, then 15 as follows :

1 2 38 4 8 9 1011 12 13 14
1 76 82 68 ' ' 44 19 16 21 [100, 45 11 10 ' e
2! 76 68 62 143 36 29 23 |131]3881513 €6
3! 82 68 68 87 23 18 2 93,4319 18 80
4| 68 62 68 ‘20 2518 05 | 46|26 3100 60
— | ———

370 ;272
81 44 3 87 29 !153’ 81 50 50 6+ 43 65 172
91 19 36 23 25 (103' 81 42 53 53 37 66 | 156
10| 16 29 18—13 « 45| 50 42 52 84 19 38 i 91

11| 21 28 20 05 69 50 53 52 |32 32 46 '110

529

-3
o

s

53 34 32 183

|

1

]

|
12| 45 38 18 26 152! 64

bt ||4337 19 32 {131

|
|

131 11 15 19 3¢
14| 10 13 18 W0

|
: |

2
9
11

65 66 38 46 215]57 45

27

w

From this table, by Holzinger’s formula, we obtain the
g loadings shown at the mght of the next table. For
example °
045 X 091
Bo= —pg - = 15055, L = 888
When, using these g loadings, we remove the parts of the
correlations due to that factor, we get the following table
of residues For example :

76 — -853 X 404 = -62.
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Resdues
i g

1 2 8 4| 8 9 10 1} 12 18 14| Load-
L ) .i L o _ ngs
62 60 60, 0908 02 02 14 —08 —07| 853

62 58 53 03 05 13 02] 03 —08 —07| 404
69 58 591 00 -06 —02 00; 10 —01 00| 375
60 53 59 i 07 07 —22 —07, 06 22 —11] 228
09 03 00 07 05 12 —02' —21 —09 17| 984
—08 05 —06 07 05 12 120 —14 —04 28] 769
02 18 —02 —22; 12 12 32/ o0 -0z 19| 888
02 02 00 —07| —02 12 32 —14 04 20 528
14 03 10 06 —21 —14 00 —14 -06 15| 867
—08 —06 —01 22| —09 —04 —02 04 —06 19| 529

—-07 —07 00—-11! 17 28 19 20 15 19 1 488

On examining these residues, however, we see that thrs
time our hypothesis, that the clusters arc exclusive with
regard to their second group factors, 1s not justified. True,
many of the residues m the side squares are very small
But two facts strike the eye: Test 14 (the k or space
factor test) has quite large residues with the middle or non-
verbal group, and Tests 10 and 11 (Form Board and
Passalong) have a much larger residue than the other
tests 1n the middle square. These facts suggest further
purging the battery of 14 and either 10 or 11 It 1s very

Residues
4

1 2 38 4; 8 9 N 12 13 | Load-
S R
1 57 64 52| 08 -08 02' 10 —11! -424
2 57 48 45 05 07 03 00 -09 . 455
3! 64 48 52, 00 —05 01 07 —04 | -436
4 52 45 52 ~02 02 —11 —05 15 368
—————— —— - - - —_ ! —_ !
8 08 05 00 —u2 28 18' -06 —01 : 842
9. —08 07 —05 02 28 25 00 04 633
11, 02 08 01 -11 13 25 —04 09{ 487
—‘ - e ——— —_— - - ! -
12/ 10 00 07 —05 06 00 —04. 18 | -885
18

~11 —09 —04 15, —01 04 09 13 -522
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frequently necessary to “ purge” a battery before the
proper loadings of the remaining tests can be ascertained.
10. The purged batiery—When we do this (the reader
should rewrite the tables and carry out the work), we get
the loadings and residues shown at the foot of page 80.
This table 1s much more like our artificial model. None
of the correlation coefficients m the side squares are far
from zero—we shall learn later how to decide whether they
are, i fact, small enough to be ignored. Meanwhile, let us
assume this, and supposc, that 1s to say, that these three
groups of tests really arc exclusive of one another in their
second group factors. Ther loadings m these we could
then proceed to calculate. This 1s easily done in the middle
group, where there are exactly three tests. We have:

28 x -18 X
i = 25 = 1456, my; = -882
28 X 25
m o= % % _ 5884 m, = 734
13
25 x 18
my; = g = 1161, my = 341

The equations of these three tests are therefore

25 = -842g + 882h + -888 s,
%, = 638g + T84 -+ 246 s,
2z, = 437g + -841h + -882 s,

where the group factor common to them 1s given the non-
commuttal name k. The coefficients of the specifics are
settled by the fact that the sum of the squares of the co-
efficients of such an equation (since the factors are inde-
pendent) must equal unity It will be noticed that Test 11
(Passalong) has here a large specific. It probably shares a
good deal of this with Test 10 (Form Board) which we
excluded from the battery meanwhile for this very reason.*
We cannot similarly caleulate the group factor loadings of
the third group of tests, for there are only two of them and

I

* It should be repeated at thus point that this example 1s purely
lustrative, and no conclusions about actual tests may be drawn
from this or from any of our examples This 15 8 book about
factorial methods, not results.
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three tests are necessary. We only know that the product
of their two group factor loadings 1s 13 This emphasizes
the necessity, in planning a bifactor battery, to have a
sufficient number of tests. There must be at least three
groups, and at least three tests m each group.

The first group has four tests, and our first step should be
to see whether 1ts tetrad-differences are zero  If they were
exactly zero, it would be immaterial which three of the
four tests we chose to caleulate loadings from. Here the
tetrad-differences, though small ( 0084, 0384, 0468), are
not exactly zero We shall defer to the next chapter
(page 438) the question of how to make the best estimate
of the loadings under these circumstances, hut the reader
might care to calculate them from every possible three of
the four tests and average the results.  Our 1llustration has
served 1its purpose of bringing to hght difficulties which do
not exist mn an artificial example made to avoid raising
them.



CHAPTER 11t

SAMPLING ERROR AND THE THEORY OF TWO
FACTORS

1. Sampling error.—The general idea underlying the
notion of a samphng error 1s not a difficult one. Take, for
example, the average height of all iving Englishmen who
are of full age. This could, if need be, be ascertained by the
process of measuring every hving Enghshman of full age.
Actually this has never been done, and when anyone makes
a statement such as * The average height of Enghshmen 1s
6731 inches,” he 1s basing 1t upon a sample only. This
sample may not be an unbiased one. Indeed, samples of
Englhishmen whose height has been officially recorded are
heavily loaded with certam classes of Enghshmen—for
example, prisoners m gaol, and unemployed young men
jomning the army of preconscription days. The average
height of such men may well differ from that of all English-
men. But when we speak of sampling error, we do not
mean error due to the sample being known to be a based
one. Even if the sample of Enghshmen used to find the
average height of their race were, as far as could be seen, a
perfectly farr sample, containing the proper proportion of
all classes of the community and of all adult ages, ete, it
yet would not necessarily yield an average exactly equal
to that of all Englishmen. Several apparent replicas of the
sample would yield different averages. It i1s these differ-
ences, between statisties gathered from different but
equally good samples, that we mean by samphng errors.

It is worth while calling attention at this pomnt to a
general fact which will be found of importance at a later
stage of this book. The frue average height of Enghshmen
is only so by definition, and does not mn principle differ
from the average of a sample. We had to define the popu-
lation we had 1n mind as * all hiving Enghshmen of full
age.” This is a perfectly well-marked body of men. But

*®  ra—2 33
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1t 1s itself 1 its turn only a sample : a sample of all hving
Europeans, or all iving men. It 15, indeed, altering daily
and hourly as men die or reach the age of 21, and each
generation 1s a sample of those that have been and may be.
Those who reach the age of 21 are only some, and thercfore
only a sample, of those born. And even those born are
only a sample of thosc who might have been born had
times been better or had there heen no war, or a tax on
bachelors. So the idea of sampling 15 a relative one, and
the * complete population  from which we take samples
15 a matter of definition only  The mathematical problem
mm connexion with sampling which 1t 15 desirable to solve
if possible for each statistie 15 to find the complete law of
its distribution when 1t 15 derived from cach of a large
number of samples of a given size  Mathematically this
1s often very dificult, and frequently we have to be
content with a formula which gives its approximmate
variance if ceitain assumptions are allowed and eertain
small quantities are negleeted.

Sampling problems aie of two kinds, direct and mverse.
The casier kimd of problem 15 to say what the distribution
of a statistic will be 1 samples of a given w1ze when we
know all about the true values m the whole population :
the more difficult kind 1s to estimate what the true value
of a statistic 15 1n a complete population when we know
its observed value i certain samples, Thev differ as
do problems of mterpolation and extrapolation. As an
example of the direct kind of problem, Ict us suppose that
we actually knew the height of cvery adult Englishman
of full age. We could then, on bemg told a certain sample
of p Englishmen averaged such and such a height, calculate
the probability that thus sample was a random sample, a
probability that would obviously grow less as the average
of the sample departed from the average of the whole
population It would also depend on the vize of the sample,
for if a very large sample deviates far from the true average,
1t 1s less hikely to be random, more hkely to have some
reason for the difference, than a small sample with the
same average would have.

2. Standard errors.—By the distmibution of a certain
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variable mn the population we mean the curve (usually
expressed as an equation) showing 1ts frequency of occur-
rence for each possible value  Thus the curve mn Figure 9
might show the distribution of height in hiving adult
Enghishmen, by its height above the base line at each point.
More men (represented by the line MN) have the average
height, 674 mches, than have the height 78 inches, the
frequency of the latter being shown by the hne PQ. The
shaded area represents all men whose height is 78 mches
or more, and its ratio to the area under the whole curve
1s the probability that an Englishman taken absolutely at
random will have a height of 78 inches or more.

Very often distributions are, at any rate approximately,
of a certain shape called the *“ normal curve ”  The normal
curve has a known ecquation, it 15 symmetrical about its
mid point, and with the aid of published tables can be
drawn accurately (or

reproduced arithmet:- N

cally) if we know the

mid pomnt M (which sl T g'

15 the average of the Q
measurements) and a

certain distance ST or M P
ST (which 15 equal to ey ey e
the standard deviation Figare 9

of the measurements)
S and S’ arc the pomts where the curve changes from
being convex to being concave

If the distiibution of a variable, say the heights of adult
Englishmen, 15 ** normal,” then the distribution of the
means of samples of p KEnglishmen’s heaghts will also be
normal, but will be more closely concentrated about the
pomnt M than are the mecasurements of mdividuals : in
pomt of fact, its varnance will be p times smaller, its
standard deviation thus 4/p times smaller. That 15 to
say, if we take sample after sample of 25 Enghshmen
each time, and for each sample record the average height,
the means thus accumulated will be distributed 1n a curve
of the same shape as that of Figure 9, but narrower from
side to side, so that 8’ would be one-fifth (4/25) of what
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it is in Figure 9, which is the distribution of single
measurements.

If a sample were made with some special end in view,
such as ascertaining whether red-headed men tend to be
tall, we would decide whether we had detected such a
tendency by calculating the probability that a mean such
as our red-headed sample showed, or a mean still farther
away from M, would occur at random. For this purpose
we would compare the dewviation of our sample from M
with the standard deviation of the distribution of such
samples, obtamed by dividing the standard deviation of
individuals by the square root of p, the number in the
sample. The ratio of the deviation found, to the standard
deviation, 1s the criterion, and the larger 1t 1s the more
likely 1s it that red-headed men really do tend to be tall
For many practical purposes we take a deviation of over
twice the standard deviation as * sigmficant.”

Sometimes the reader will find significance questions
discussed in terms of the * probable error ”’ mstead of the
standard deviation. The probable error 1s best considered
as a conventional reduction of the standard deviation (or
standard error, as 1t 1s sometimes called) to two-thirds of
its value (more exactly, to -67449 of its value)

Not only would the average height, or the average weight,
of the sample of red-headed men differ from sample to
sample. Statistics calculated 1n more complex ways from
the measurements will also vary from sample to sample,
as, for example, the variance of height, or the vamance of
weight, or the correlation of height and weight. Let us
consider first the variance of the heights. In the whole
population this 1s calculated by finding the mean, expres-
sing every height as a plus or mmus deviation from the
mean, squaring all these deviations, and dividing the sum
by the number in the population.

Thus is also how we would find the variance of the sample
if we really want the variance of the sample. But f we
want an estimate of the variance in the whole population,
and the sample is small, it 1s better to divide by one less
than the number in the sample. A glimpse of the reason
for this can be got by considering the case of the smallest
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possible sample, namely, one man. Here the mean of the
sample is the one height that we have measured, and the
deviation of that measurement from the mean of the sample
is zero. The formula if we divide by the number in the
sample (one) will give zero for the variance—and that is
correct for the sample. But it would be too bold to estimate
the vanance of the whole population from one measurement:
if we divide by one less than the sample we get variance
= 0/0, that is, we don’t know, which is a wiser state-
ment.*

More generally we can begin to understand the reason
for dividing by (p — 1) nstead of by p by the following
considerations.

The quantity we want to estimate 1s the mean square
deviation of the measurements of the whole population,
the deviations being taken from the mean of that whole
population. We do not, however, know that true mean,
and therefore 1 a sample we are reduced to using the mean
of the sample, which except by a miracle will not exactly
comcide with the true or population mean. The conse-
quence 1s that the sum of the squares we obtain 1s smaller
than 1t would have been had we known and used the true
mean. For it 1s a property of a mean that the sum of the
squares of deviations from it 1s smaller than of deviations
from any other pomnt

* It 1» 1mportant to remember that sampling the population 1s not
the only source of error in the mecasurement of statistics, e g the
correlation coefficient  All sorts of mfluences may disturbit  These
will usually * attenuate ** the correlation coeflicient, 1e. tend to
bring 1t nearer to zero, as can be seen when we consider that a perfect
correlation only can be reduced by error But they will not always
do so, and 1f the errors 1n the two trait measurcments arc themselves
correlated, they may even increase the true correlations in a majority
of cases An estimate of the amount of variable error present can
be made from the correlation of two measurements of the same
trait on the same group, a correlation called the * rehability,” which
should be perfect if no vanable errors are present Spearman’s cor-
rection for attenuation (see Brown and Thomson, 1925, 156) 1s based
upon this, Like all estimates, the correction for attenuation 1s correct,
even 1if the errors are uncorrelated, only on the average and not in
each mstance, and 1t should never be used unless it 1s small, If 1t

_1s large, the experiments are “ unreliable ”* and should be improved,
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Consider for example the numbers 2, 3, ar.ld 7. Their
mean 1s 4, and the sum of the squares about 4 is—

(— 2)f 4 (— )t + 8 = 14

About any other point this sum will be greater than 14.
About 5, for example, the sum 15—

(~ 3) 4 (— 2)2 4 22 =17
About 2 the sum 15—
0% 4 12 4 52 = 26

It follows that the sum of the squares we obtained by
using the sample mean was as small as possible, and 1 the
immensc majority of cascs smaller than the sum about the
true mean It 1s to compensate for this that we divide
by (p — 1) mstead of by p.

These elementary considerations do not of course indi-
cate just why this procedure should, in the long run, ex-
actly compensate for using the sample mean. Why not
(p — 2), one might say, or (p — 8) ? 1t 1s not possible, in
an clementary account like the present, to answer this
Geometrical considerations, however, throw some further
light on the problem The p measurements of the sample
may be thought of as existing in a certain space of (p — 1)
dimensions. For example, two pomts define a line (of one
dimenston), three points define a plane (of two dimensions),
and so on. The true mean of the whole population 1s not
likely to be within that space, whereas the mean of the
sample 25. The deviations we have actually squared and
summed are therefore in a space of onc dimension less than
the space containing the true mean  One ““ degree of frec-
dom "’ has been lost by the fact that we have forced the
lines we are squaring to exist 1n a space of (p — 1) di-
menstons instead of permitting them to project into a
p-space. Hence the division by (p — 1) mstead of p.

This principle goes farther. For cach statistic which we
calculate from the sample itself and use in our subsequent
calculations, we lose a “ degree of freedom.”

The standard error of a variance v, if the parent popula-
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tion from which the samples are drawn 1s normally distr-
buted, 1s estimated as -

where p 1s the number of persons m the sample. The
standard error of a correlation coefficient » 1s, with the
same condition, estimated as—
1—r
vip—1)

The use of this standard error, however, should be dis-
contmued (unless the sample 15 large and r small)

Fisher (1925, page 202) has pointed out that the use of the
formula for the standard error of a correlation coefficient
1s valid only when the number in the sample 15 large and
when the true value of the correlation does not approach
-- 1. For in small samples the distiibution of r 1s not
normal, and even i large samples 1t 15 far from normal
for high corrclations The distribution of r for samples
from a population where the corrclation 15 zero differs
markedly from that where the correlation 1, say, 08
This means that the use of a standard error for testing
the sigmficance of corrclation cocflicients should, except
under the above conditions, be discouraged

To get over the difficulty Fisher transforms r into a new
variable = given by—

2 — Hlog(1 + r) — log,(1 — )}
L 1A S

It 15 not, however, necessary to use this formula, as com-
plete tables have been pubhshed for converting values
of r mto the corresponding values of = As r goes from — 1
to + 1, z goes from — oo to + oo, and 7 = 0 corresponds
toz =0

The great advantage of using = as a variable mstead of r
1s that the form of the distribution of 2 depends very hittle
upon the value of the correlation in the population from
which samples are drawn. Though not strictly normal, 1t
tends to normalty rapidly as the <ize of the sample 15
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increased, and even for small samples the assumption
of normality is adequate for all practical purposes. The
standard deviation of z may in all cases be taken to be
1/vp — 8, where p 15 the number of persons in the sample.
8. Error of a single tetrad-difference.—For our discussion
of the influence of sampling on the factoral analysis of
tests one of the most important quantities to know 1s the
standard error of the tetrad-differcnce There has been
much debate concerming the proper formula for this. (See
Spearman and Holzinger, 1924, 1925, 1929 ; Pearson and
Moul, 1927 ; Wishart, 1928 ; Pearson, Jeffery, and Elder-
ton, 1929 ; Spearman, 1981 ) That generally employed 1s
formula (16) in the Appendix to Spearman’s The Abilities
of Man -
Standard error of 731y, — rery, =
[Spearman and

"Zﬁl"(l ~ 7o — Taq -+ 72) + (1 -- 2r2)s?]!  Holzinger's
v formula (16).]

where N is the number of persons in the sample,*

r 1s the mean of the four correlation cocfficients, and
st1s therr mean squared deviation (vananece) from r

The probable crror 1s -6745 tumes the above. A worked
example will be found on page x1 of Spearman’s Appendix,
usmg (which 15 all one can do) the observed values of the r's,

It will be remembered that in Section 7 of Chapter I
we stated Spearman’s discovery m the form * tetrad-
differences tend to be zero.” If tetrad-differences in the
whole population, however, were all actually zero, they
would not remain exactly zero 1n samples, and 1t 1s only
samples that are available to us. We are faced, therefore,
with a two-fold problem. (a) We have to decide, from the
size of the tetrad-differcnces actually found mn our sample,
whether the sample 1s compatible with the theory that the
tetrad-differences are zero 1n the whole population. But
(b) we should also go on to consider whether the sample is
equally compatible with the opposed hypothesis that the

* We use p to mean the number of persons in this book, but are
retaining N here and 1n ** formula 16A ™ below to preserve the usual
appearance of these well-known and much-used expressions,
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tetrad-differences are not zero in the whole population,
leaving a verdict of * not proven.” (See Emmett, 1986.)

4. Distribution of a group of tetrad-differences.—The
actual calculation, for every separate tetrad-difference, of
its standard error by Spearman and Holzinger’s formula
(186) 1s, however, an almost impossibly laborious task. In
a table of correlations formed from n tests there are
n{n — 1)/2 correlation coefficients, and n{n — 1)(n — 2)
(n — 8)/8 different (though not independent) tetrad-
differences. Any one particular correlation-coefficient is
concerned m (n — 2)(n — 8) different tetrad-differences,
and any one test m (n — 1)(n — 2)(n — 8)/2 different
tetrad-differences. Thus with ten tests there are 680
tetrad-differences, and with twenty tests 14,585 tetrad-
differences. In the latter case, any one test 1s concerned
m 2,907. Under these circumstances, 1t 1s natural to look
for a more wholesale method than that of calculating the
standard error of cach tetrad-difference. The method
adopted by Spearman 1s to form a table of the distribution
of the tetrad-differences, and compare this distribution
with that of a normal curve centred at zero and with
standard deviation given by—

2
vN
where N = number of persons in the sample,
r = the mean of all the 7’s in the whole table,
st = therr mean squared deviation from 7.

[Spearman and Hol-

[P =7+ 0 =R} oer's formula (16a).]

—4
R=3r.n

n—=6
—~ 27* ——-, and
n—2 n—2

n — number of tests

Numerous examples of the comparison of * histograms *’
of tetrad-differences with normal curves whose standard
deviation 1s found by (16a) are given in Spearman’s The
Abilities of Man. This method of establishing the hypo-
thesis, that the tetrad-differences are derived by sampling
from a population in which they are really zero, 1s open to
the same doubt as was explammed in the simpler case of
one tetrad-difference. The comparison can prove that

F A.—2*
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the tetrad-differences observed are compatible with that
hypothesis. It does not m itself prove that they are
compatible with that hypothesis only ; and, as Emmett
has shown n the articie already mentioned, the odds are
commonly rather agamnst this.

The usual practice, morcover, 1s to * purify  the battery
of tests until the actual distribution of tetrad-differences
agrees with (164), so that in eflect all that 1s then proved
15 that a team can be arrived at which can be described 1n
terms of two flactors This, although a more modest
claim than has often been made, and certainly less than
1s 1mpheitly understood by the average reader, 1s never-
theless a matter of some importance. Not all teams of
tests can be explained by one common tactor, but it 1
not very difficult to find teams which can. There 15 little
doubt in the minds of most workers that a tendency towards
hicrarchical order actually exists among mental tests.

5. Spearman’s saturation formula --It wil be remem-
bered from Section 4 ot Chapter 1 that the calculation of
the g saturation of cach test torms an important part of
the Spearman process We saw there that m a hierarchieal
matrix cach corrclation 1 the produet of the two g satura-
tions of the tests, for cxample—

Tgy =73 Ty

Since this 1» so, each g saturation can be caleulated
from the correlations of a test with two others, and themr
inter-correlation  Thus to find r;, we can take Tests 2 and
8 as reference tests, when we have——

Tieh _ Ty Twls ryo?
oy Ty 7o ’

When the matrix 1s really luerarchieal, and there are
no sampling errors present, 1t 1s immateiial which two tests
we associate with Test 1 1n order to find 1ts g saturation.
We have, n fact, m that case—

Tizg T3 Ta+Tis _ Tig-T15 ele

To3 tas Y5
But even if the correlations, measured in the whole
population, were really exactly hierarchical, samphng
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errors would make these fractions differ somewhat from
one another, and we are faced with the problem of deciding
which value to accept for the g saturation. The average
of all possible fractions hke the above would be one very
plausible quantity to take but 1s laborious to compute
Spearman therefore adopts a fraction—-
e Mat e Mttt T tele )

Togs + T4 T+ Ty -+ oele B
whose numerator 1 the sum of the numerators, and whose
denomunator 1s the sum of the denommators, of the single
fractions. This combmned fraction he computes in a
tabular manner which we will next describe, by the
algebraically equivalent formula —-

A2 — A {Spearman’s formula (21),

"y T o 2;11 Appendix, Ahilties of Man.]

The quantities .4;, A,, ete., are the sums of the rows (or
columns) of the matrix of correlations without any entnes
in the diagonal eddls  (The anthmetical example 15 con-
fined to five tests to economize space)

1 2 3 4 5 A A2
1 50 34 33 24 141 1 988
2 30 56 32 15 153 2341
3 34 56 13 35 138 1 904
4 33 32 13 29 107 1145
5 24 15 335 29 103 1 0061
T =642

T 1s the sum of all the 4, and thercfore of all the
correlations 1n the table (where each occurs twice) A
new table 15 now wiitten out, with cach cocfficient squared,
and 1ts rows summed to obtain the quantities 4’ :

1 2 B 4 5 A’
1 250 116 109 058 333
2 250 314 102 023 689
3 116 314 017 123 570
4 109 102 0 083 312
5 058 023 123 084 288



44 THE FACTORIAL ANALYSIS OF HUMAN ABILITY

The calculation of all the saturations 1s then best per-
formed in a tabular manner, thus:

! l

‘ ! . . ‘42 41 B
A A A A4 24 T-24 fiT— ::- | Satu

‘ , - ration

— :
i 1988 ] 583 1 455 2 82 3 60 3042 66
1 23841 | 689 1852 306 3 36 4917 70

|

I

!

Svib W

| \
| 1004 | 570 1334 276 | 366 | 8615 60
| 1245 , 812 833 214 , 428 | 1946 44
' 1081 : 11778 42

288 773 206 4-36

where the last column 1s the square root of the preceding.
The reader should caleulate the six different values of
ry, from the ongmnal table by the formula (ry . ry/r)h,
for comparison with the value -66 obtained above. He
will find—
55 72 89
98 48

52
with an average of -68.

6. Residues.—If the correlations which would arise from
these saturations or loadings are caleulated, and subtracted
from the observed correlations, we obtain the residues
which have then to be exammed to see if they are small
enough to be attributable to sampling error. In the
followmng double table of correlations are set out the ob-
served correlations uppermost, and those calculated from
the g saturations below. The difference 1s the residue,
which may be plus or minus .

g Loadings { ‘66 70 60 44 42
06 . 30 34 33 24
46 40 29 28
70 i 50 56 82 15
' 46 42 81 29
60 "84 56 . 13 85
40 42 26 25
44 ‘38 -32 .13 . 29
29 31 -26 18
42 24 15 35 29

28 29 25 18
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The lower numbers are the products of the two
saturations. In this case the residues range from — -14
to + ‘14 and at first sight appear in many cases to be
too large to be neglected mm comparison with the original
correlations.

To check this impression, consider the correlation -56
and the value -42 from which 1t 15 supposed to depart only
by sampling error, a deviation of -14. Fisher’s z corres-
ponding to r = 42 1s -45, and that corresponding to r =
+561s 2 = 68, so that the z deviation 1s -18. The standard
deviation of z for 50 cases 1s 1 — 4/47 = :15. The devia-
tion 1s little larger than one standard deviation and cannot
therefore be called significant. But as the reader will ob-
serve, this conclusion 1s due more to the large size of the
standard error than to the small size of the residue. The
residue 15 here attributable to sampling error, because the
latter 1s so large. But because the latter 1s large 1t does not
follow that the large residue 1s certainly due to 1t.

7 Reference values for detecting specific correlation —If
after a calculation like that described, one of the residues
1s found to be too large to be explicable by samphng error,
the excess of correlation over that due to g 1s attributed to
‘“ speetfie correlation,” meaning correlation due to a part
of therr specific factors being not really unique but shared
by these two tests. In the case of our numerical example,
if the number of subjects tested had been larger, the standard
errors of the coefticients would have been smaller, and some
of the discrepancies between the experimental values and
those calculated from the g saturations would have been
too large to be overlooked, but would have had to be
attributed to specific correlation. In such a case, the g
loadings would, of course, be wrong and would have to be
recalculated from the battery after one of the tests con-
cerned in the specific correlation was removed from it.
Later, the other test could be replaced in the battery
instead of the first, and thus és g saturation found. The
difference between the experimental correlation of the
two, and the product of their g saturations, with a standard
error dependent on the size of the sample, would be then

_ attributed to their specific linkage.
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If two tests, v and w, are thus suspected of having a
specific ink as well as that due to g, 1t 1s clear that the
smallest battery of tests which could be used in the above
manner to detcet that hink would be one of fwo other tests,
z and ¥, say, to make up a tetrad :

v &I
w LT
/) T,.! L

and these two “1cference * tests would have to be known
to have no specific inks with each other or with the two
suspected tests  The example which gave rise to Figure 5
(see Chapter 1, page 15) iMlustrates this  Testls 2 and 3
there are, let us suppose, those with a suspected speeifie
Ink. The tetrad-difference to be exammed by means of
Spearman s formula (16) 15 that which has 1,5 as one corner.
In such a case, where the two reference lests 1 and 4 are
known to have no ink exeept g with one another, or with
the other two tests, two of the possible tetrad-differences
ought to be larger than three times the standard crror
given by formula (16), and equal to one another, while the
third tetrad-difference should be zero (or sufhiciently near
to zero, in practice) (Kelley, 1928, 67)

The g saturation of each of the tests undar exammation
for speetfic correlation can be tound by grouping it with
the two refcrence tests.  Thus i the case of our Figure 5,
we have

, e 33
Ty = 5=
AT
s T Iy 99X 3 N
lot = - =—s -9
14 .

Therclore the correlation between 2 and 3 which 15 due
to g 15—
by = VB X V5=5

Tay

and the difference between this and 8, the actual value,
is the part to be explamed by the specific factor shared by
these two tests.
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When there are several reference tests available, all
believed to have no hnk except g with one another or with
the two tests suspected of specific overlap, there will be
a number of ways of picking two of them to obtamn the
tetrad required to decide the matter, and the results will,
because of sampling and other errors, be diserepant. Under
these circumstances Spearman has devised an interesting
procedure for amalgamating the results mto one A
numerical example 15 given by him on page xxn of the
Appendix to The Abiitres of Man.



CHAPTER IV
THE DEFINITION OF g

1. Any three tests define a ** g.”—The 1dea of g arose out of
Professor Spearmau’s acute observation that correlation
coefficients between tests tend to show hierarchical order :
that 1s, that their tetrad-differences tend to be zero or small;
or in more technical terms still, that the rank to which a
matrix of correlation coefficients can be ‘‘ reduced by
suitable diagonal elements tends towards rank one. This
fundamental fact 15 at the basis of all those methods of
factorial analysis which magmfy specific factors. In con-
sequence, correlation coefficrents between a number of vamn-
ables can be adequately accounted for by a few common
factors To be adequately described by one only—a g—
the *“ reduced ” rank of the correlation matrix has to be
one, within the hmits of sampling error.

Supposc now that we have three tests and have, 1n the
whole population, measured therr correlation coefficients.
If, as 1s usually the case, these coefficients are all positive,
and if each of them 1s at lcast as large as the product of the
other two, we can explamn them by assuming one g and
three specifics sy, 8;, and s;3. There are many other ways
of explaimming them, but let us adopt this one. We have
thereby defined a factor g mathematically (Thomson, 1985a,
260). It 1s then for the psychologist to say, from a
consideration of the three tests which define 1t, what name
this factor shall bear and what 1ts psychological description
1s. The psychologist may thmk, after studymng the tests,
that they do not seem to him to have anything m common,
or anything worth nammng and treating as a factor. That
is for him to say. Let us suppose that at any rate he does
not reject the possibility, but that he would like an oppor-
tunity of studying other tests which (mathematically
speaking) contamn this factor, and have nothing else n
common, before finally deciding.

48
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In that case the experimenter must search for a fourth
test which, when added to these three, gives tetrad-
differences which are zero ; and then for a fifth and further
tests, each of which makes zero tetrad-differences with the
tests of the pre-existing battery. This extended battery
the experimenter would lay before the psychological judge,
to obtan a ruling whether the smgle common factor, of
which 1t 1s the now extended but otherwise unaltered
definition, 1s worthy of bemng named as a psychological
factor.

2. The extended or purified merarchical batlery.~—Mathe-
matically, any three tests with which the experimenter
cared to begin would define ““ a ” g, if we except temporanly
the case, to which we shall later return, of three correlation
coefficients, one of which 1s less than the product of the
other two. The experimental tester, however, might n
some cases have great difficulty in finding further tests, to
add to the origmnal three, which would give zero tetrad-
differences. Unless he could do so, 1t 1s unlikely that the
psychological judge would accept the factor as worthy of
a name and separate existence i his thoughts. It 1s, for
example, an experimental fact that starting with three
tests which a general consensus of psychological opmion
would admit to have only “ intelligence > as a common
requirement, 1t has proved possible to extend the battery
to comprise about a score of tests without giving any
tetrad-differences which cannot be regarded as zero.*
Even that has not been accomphshed without difficulty,
and without certain blemishes i the hierarchy having to be
removed by mathematical treatment. But the fact that
with these reservations it is possible, and that psychological
judgment endorses the opinion that each test of this battery
requires ‘‘ intelligence,” 1s the man evidence behind the
actual “ existence ” of such a factor as “ g, general ntelli-

* The process of making such a battery of tests to define general
intelligence (see Brown and Stephenson, 1988) has not in fact taken
the form of choosing three tests as the basal definition and then
extending the battery Instead, a number of tests which, 1t was
thought from previous experience, would act 1n the desired way have
been taken, and the battery thus formed has then been purified by
the removal of any tests which broke the merarchy.
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gence.” It must be noted that the word * existence »

here does not mean that any physical entity exists which
can be identified with this g. It does mean, however, that,
as far as the expermmental evidence goes, there is some
aspect of the causal background which acts “as if ” it
were a single unitary factor i these tests.

The important point to note 1s that the cxperimenter has
produced a battery of tests which 1s, he claims, hierarchieal;
that the mathematician assures him that such a battery
acts “ as 1f "1t had only one factor in common (though 1t
can also be explamned in many other ways), and that the
psychologist agrees that psychologically the existence of
such a factor as the sole Iimk in this batiery seems a reason-
able hypothesis.

8. Defferent hrerarchies with two tests in common. —Now,
it must be remembered that, starting with three other
tests, which may contain two of the former sct, 1t may
very well be posable to build up a different hicrarchy.
Only experiment could show whether this were possible in
cach case, there 1s no mathematical difficulty m the way.
Such a hierarchy would also define “ a ” g, but this would
be usually a dilferent factor from the former g. If there
wcere three tests common to the two hierarchies, then the
two g's could be identified with one another (sampling
errors apart), and the three tests would be found to have
the same saturations with the one g as with the other. But
if only two tests were common to the two batteries this
would not in genceral be the case, and the different satura-
tions of these tests with the two g's would show that the
latter were different (Thomson, 19354, 261-2) Under
such errcumstances the psychologist has to choose He
cannot have both these g’s. Both are mathematically of
equal standing, it 15 a psychological decision which has to
be made. When onc g 1s accepted, the other, as a factor,
must then be rejected and a more complicated factorial
analysis of the second hierarchy has to be built up which
18 consistent with this.

4. A test measuring ** pure g.”’—Although the hierarchical

battery defines a g, 1t does not enable 1t to be measured
exactly (but only to be estimated) unless either 1t contains
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an mfinite number of tests, or a test can be found which
conforms to the hierarchy and has a g saturation of unity.*
In the latter case this test which is * pure g ” is such that
when it 15 considered along with any other two tests of its
hierarchy, its correlations with them, multiplied together,
give the intercorrelation of those two with one another :
if k 1s the “ pure ” test, then—

Taly =1y
its ¢ saturation bemg—

J* 1
r,,

Na such *“ pure ” test of the g which 15 defined by the
Brown-Stephenson hierarchy of ninctcen tests has yet been
tound. Such a pure test, with full g saturation, must not
be confused with tests which are sometimes called tests of
pure g because they do not contamn certam other factors,
m patticular the verbal factor Thus the “SV.P.”
(Spearman Visual Perception) tests arve referred to by
Dr. Alexander (1985, 48) as a “pure measure of g”, but
therr saturations with g are given by him (page 107) as
757, 701, and 736 respectively, so that m each case only
about half the vamanee 1s *“ g ” and half 1s a specific

5 The Heywood casc.—(Consider the case where three
tests are such that--

Ny ya > 15)

In such a case the g saturation of the test 4, if we calcu-
late 1t, s greater than umty, which 1s impossible. Yet 1t
15 possible, n theory at least, to add tests to such a triplet
to form an extended hierarchy with zero tetrad-diffirrences.
There can be one such case (but only one) n a hierarchy,
We shall call them Heywood cases, as this possibibty was
first pomted out by mm (Heywood, 1981)  As an artificial
example, consider these correlations .

* It 19 understood, of course, that even such a test would give
different measures of a man’s g from day to day, if the man’s per-
formance 1n 1t varied (83 1t undoubtedly would) from day to day
By measuring with exactness 1s meant, 1n this part of the text,
measurement free from the uncertainty due to the factors out-
numbering the tests We are assuming sampling errors to be mil.
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1 2 8 4 5

1000 845 840 785 680
945 1000 720 680  -540
-840 720 1000 560 480
735 680  -560 1000 420

| 680  -540 480 420 1000

cnt-eann-i

This 1s a perfect hierarchy, every tetrad-difference bemng
exactly zero. It 1s, morcover, a perfectly possible set of
correlations, and passes the tests required for a matnx of
correlations to be possible. For example, the determinant
of the matrix is positive. But when we calculate the g
saturations of the tests we find them to be :

Test 1 2 3 4 5

& saturation ' 105 9 8 7 6

so that a single general factor 1s an 1mpossible explanation
of this hierarchy as far as Test 1 1s concerned. The
correlations of Test 1 with the other tests are possible, and
they give exactly zero tetrad-differences - but yet the test
cannot be a “ two-factor ” test, for the correlations of the
first row are too high to be explamned n that way. The
rule governing 1ts possible existence has been given by
Ledermann, namely, that the g saturation of the Heywood

case cannot exceed—
J 1+ 8
S

where § 1s the quantity famihar from Spearman’s formula—

— ")

§=2 gy

for the remainder of the hierarchy (2 =2, 8, 4 . . .). If,
then, a Heywood test can be found to conform to a hier-
archy, 1t seems likely that the g defined by that hierarchy
must be abandoned. The seeker for a test for pure g 1s
thus in a delicate position. He wants to find a test with
full saturation of umity. But he must just hit the mark.
If the saturation exceeds unity, his whole hierarchy must
be abandoned as a defimtion. And even when the exact
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saturation of unity has been found, there seems to be too
narrow a line dividing the perfect from the impossible, and
the reality of the g seems to be balanced on a knife edge.
In actual practice, of course, sampling errors would make
the situation less acute and could for some time be called
mn to explamn & certain amount of excess saturation over
unity.

6. Hierarchical order when tests equal persons in number.—
If a test cannot be found whose saturation with g 1s unity
(“ pure g”’), the other method of measuring g exactly
would seem to be to extend the hierarchy until 1t comprised
so many tests that the multiple correlation with g—

_ A/__f._
™= N§ 51

became practically unity. For § mereases with the number
of tests, being the sum of the positive quantities—

There 1s here a pont of some theoretical interest, namely,
what happens when we have icreased the number of
hierarchical tests until they are as numerous as the persons
to whom they are given ?  This, in view of the difficulty of
finding tests to add to a herarchy, 1s admttedly not a
question likely to trouble experimenters, but its theoretical
implications are considerable.

It can be shown that whenever we have a matnx of
correlations based upon the same number of tests as
persons, its determmant 1s zero. Now the determmant of
a hierarchical matrix (with unity in each diagonal cell)
can be shown to be of the form—

(1 — (1 — 7)1 — 720 —7g®) . . .
+ 12 (1 — rp?) (1 — 7o) (1 — 7gt) . . .
+ (1 — 1Y) ret (1 —rg") (1 -- 747 . . .
4 (1 — 7® N1 — 1rg,®) 752 (1 —1g?) . . .
+ (1 — 1)1 — 7B L = 7g") Tyt
+..
and 1t 1s clear that each of these quantities 1s positive
unless we have a case of pure g, or a Heywood case. A
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case of pure g will leave one of the rows of the above sum
non-zero. To make the whole sum zero, one case must be
a Heywood case, giving—

1 - r,?negative
iy g

It would seem, therefore, that bv the tune we have
added hierarchical tests to make thens equal in number to
the persons, we will necessanly have added 2 Heywood
hierarchical case (of which therc can be ounly one in a
hierarchy). But we have agreed that the discovery of a
Heywood case will cause us to abandon the hierarchy as
a definition of g!

The case where the number of tests 1s mereased to equal
the number of persons may scem to the reader to be an
acadenue case only  But the case of reducing the number
of persons until they equal the number of tests 15 one which
could casly be rcalized m practice, and presents equal
theoretical difficulties  This draws attention to the
dependence of any defimtion of factors on the sample of
persons tested. It we have a periect hierarchy of, sav,
50 tests, 1n a population of, sav, 1,000 persons, a sample of
fifty persons from the above thousand, it it gives hier-
archical order, will give a Tlevwood ease, and 1ts g wall be
1mmpossible

If the g corresponding to the orginal analysis on the
thousand persons were anything 1cal, such as a given
quantity of mental energy available m each person, then
it ought always to be possible, one mght erroncously
think, to find fifty persons and fifty tests to give o hierarchy,
without a Heywood case  But that cannot be casily said.
It 15 impossible, from the correlations alone, to distinguish
a real g from one imitated by a fortuitous commeidence of
specifics. Even 1f g were a reality. a sample of persons
equal i number to the tests could not give a hierarchy
without a Heywood case, and their apparent g would be
fortwitous

Now the case of a test of pure g 1s on the border line of
the Heywood cases. It s clear then that )t will be suspect,
as being probably only fortuitous, if the number of persons
does not far exceed the number of tests.
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7. Singly conforming tests.—There remamns one other
concervable method of measuring g exactly,* by the use
of certain tests which, when they are all present, destroy
the hierarchy, although any one of them can enter the
battery without marring 1t—* singly conforming ”’ tests
(Thomson, 1984b; and 1985a, 258-6). It will be shown
m later chapters on factor estimation that the reason
factors cannot be measured cxactly, but have to be esti-
mated only, 1s that they outnumber the tests. Every
new test which conforms to a hierarchy adds a new specific
(unless 1t 15 purc g), and thus contimues the excess of factors
over tests It can occur, however, that the correlation of
two tests with each other breaks a herarchy, although
cither of them alonc¢ conforms otherwise. Such a case
occurs i the Brown-Stephenson battery, for example, one
of whose corrclation coeflicients has to be suppressed before
the hicrarchy 1s acceptable

In such a case, 1f the psychologist 15 prepared to aceept
either test as a member of the battery, the erring correlation
coefhcient must be due to these two tests sharing some
portion of their specifics with one another  If, as may
happen (apart from crror which we are supposing absent),
their intercorrelation shows that they have only one specific
factor between them, and differ only m their saturations,
then they enable the estimate of g to be turned into aceurate
measurcment For cxample, consider the following matrix
of corrclations

. 2 3 4 5 6
1| 660 392 458 835 251
2 | 669 366 138 870 240
3 592 566 387 288 212
' 458 188 387 219 164
5 335 870 283 219 120
6 | 251 240 212 164 120

This 1s a perfect hierarchy except for the correlation—
g5 = ‘870
* By “exactly ” 15 meant, with the same exactness as the test

scores, without the additional indetermmacy due to an excess of
factors over tests
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Every tetrad-difference, which does not contain this
correlation, is zero. If either Test 2 or Test 5 is removed
from the battery, there remamns a perfect hierarchy. If
Test 5 1s removed, we can calculate from the remaming
battery the g saturations

1 2 3 4 6

Test

| (e 28

8 saturation -887 800 707 -548 -800

If we remove Test 2 and restore Test 5, we get the fol-
lowing :

Test 3 4 5 6

| 1
8 saturation ! -887 707 -548 400 300

From either hierarchy we can estimate g. The correla-
tion of our estimates with * true g »’ will be---

A/ S
S+1
where §=x saturation?
1 — saturation?
and we find for the two hierarchies the g correlations of
-92 and -90,

From the two Tests 2 and 5 alone, however, we can ob-
tan a g correlation of umty.

The reason for this 1s that the corrclation of Tests 2
and 5 1s such as to show that their speaifics are 1dentical,
the two tests differing only in their loadings. Therr
equations are—

% = 8¢ + /(1 — 85

23 = 48 + V(1 — 4*)s5
If the whole of s, 15 1dentical with the whole of s;, themr
intercorrelation should be—

8 X 4 + V(1 — 83)(1 — ‘4%) = 870

and this 1s 1ts expermmental value.
We could, therefore, have seen at the beginning, 1f we
had tested the above fact, that these two tests would make
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a perfect battery for measurinz g. We have the simul-
taneous equations—

%9 = 8¢ + ‘68

g = 42 + 9178
from which we can elimmate .

We see, therefore, that under certain hypothetical
eircumstances, a more exact estimate of g can be obtamed
from two of these ‘ singly conforming > tests than the
hierarchy with which they conform individually. Those
cirecumstances are, that their correlation with one another
(the correlation which breaks the herarchy because 1t is
too large) should either equal—

ToyTig + Vi - 1y )1 — 1Y)
or should approach this value.

It cannot 1n actual practice be expected to equal 1t, as
in our artificial example. For we have disregarded errors,
which are sure in some measure to be present. At what
stage will the pair of singly conforming tests cease to be
a better measure of g than the better of the two hierarchies
made by deleting either the one or the other ? If in our
example the correlation 870 of Tests 2 and 5 be imagined
to sink little by httle, the correlation of their estimate
with g will sink from unity. The better of the two hier-
archies gives a multiple correlation of :922. When the
correlation rg; has sunk from -870 to 847, these two singly
conforming tests will give the same multiple correlation,
922, If this defect from the full 870 is due entirely to
error, then a fall to ‘847 corresponds to reliabilities of the
two tests of the order of magmtude of -98, if they are
equally rehable. This is a very high rehiability, seldom
attained, so that in a case hike our example quite a small
admixture of error would make the singly conforming
tests no better at estimating g than the hierarchy. We
are here, however, neglecting the fact that error would also
diminish the efficiency of the hierarchy. Nevertheless, the
chance of finding a pair of singly conforming tests, highly
reliable, and having no specifics except that which they
share, seems small, as small as the chance of finding a test
of pure g, perhaps. It might possibly turn out, however,
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that a matrix of several (say t) singly conforming tests
would be practicable. Such a set would measure g exactly
if among them they added only ¢ — 1 new specifics to the
hierarchy. Therr saturations would be found by placing
them one at a time 1n the hierarchy, and then their regres-
sion on g calculated by Aitken’s method (see Chapter XIV).
The necessity for the hierarchy i the background, in all
this, 15 elear 1t 1s there to assurc us that each singly con-
forming test 15 compatible with the defimtion of g, and to
cnable its g saturation to be calculated

8. The danger of *‘ reifyung > factors.—The orthodox view
of psychologists tramed in the Spearman school 15 that g1y,
of all the factors of the mind, the most ubiquatous. ¢ All
abilities mvolve more or less g,”” Spearman said, although
m some the other factors are *“ so preponderant that, for
most purposes, the g factor can be neglected.” With
this view, the present author has always agreed, provided
that g 1s mterpreted as a mathematical entity only, and
judgment 1s suspended as to whether 1t 1~ anything more
than that

The suggestion, however, that g 15 ** mental cnergy,” of
which there 1s only a limited amount available, but avail-
able m any direction, and that the other factors are the
neural machines, 1s one to be considered with caution.
The word energy has a definite physical meaning., ¢ Mental
energy ”’ may convey the meaning that the encrgy spoken
of is the same as physical cnergy, though devoted to mental
uses. If that meaning is accepted, innumerable difficulties
follow, not the least being the nsoluble questions of the
connexion of body and mind, and of freewill versus
determmism. A less obscure difficulty 1o that there seems
to be no easily concervable way in which the “ cnergy
of the whole brain can be used in any direction indifferently,
except by the “ neural engines ” also all tuking part  The
energy of a ncurone seems to reside n 1t, and the passage
of a nerve mmpulse along a ncurone seems to resemble
rather the burning of a very rapid fuse, than the conduction
of electriaity, say, by a wire.

If “ mental energy > does not mean physical energy at
all, but 1s only a term comed by analogy to indicate that
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the mental phenomena take place * as if  there were such
a thing as mental energy, these objections largely disappear.
Even 1n physical or biological seience, the things which are
discussed and which appear to have a very real existence
to the scientist, such as ‘‘ energy,” * electron,” * neutron,”
“ gene,” are recogmzed by the rcally capable expermmenter
as being only manners of speech, easy ways of putting into
comparatively conerete terms what are really very abstract
ideas  With the bulk of those studying science there exists
always the danger that this may be taken too literally, but
this danger does not justify us in ceasing to use such terms.
In the same way, if terms like * mental energy » prove to
be useful, and can be kept in their proper place, they may
be justified by their utihity. The danger of * reifying ”
such terms, or such factors as g, r, cte.. 1s, however, very
great.
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CHAPTER V
THE CENTROID METHOD

1. Need of group factors —The two-factor method of
analysis, deseribed in an earlier chapter, began with the 1dea
that a matrix of correlations would ordinarily show perfect
hierarchical order if care was taken to avoid tests which
were *“unduly similar,” 1¢. very similar mmdeed to one
another If such were found coexisting m the team of
tests, the team had to be * punfied by the rejection of
onc or other of the two  Later 1t became clear that this
process mvolves the expermmenter i great difficulty, for it
subjects him to the temptation to discover * undue simi-
larity ** between tests after he has found that their correla-
tion breaks the hierarchy. Morecover, whole groups of
tests were found to fail to conform ; and so group factors
were admitted, though always, by the experimenter tramed
m that school, with reluetance and 1n as small a number as
possible. It had, however, become quite clear that the
Theory of Two Factors mn 1ts onginal form had been super-
seded by a theory of many factors, although the method
of two factors remamed as an analyhical device for
mdicating their presence and for wolatmg them n com-
parative purity

Under these circumstances 1t 15 not surprising that some
workers turned therr attention to the possibility of a method
of multiple-factor analysis, by which any matrix of test
correlations could be analysed direct mto its factors
(Garnett, 1919¢ and b). It was Professor Thurstone of
Chicago who saw that one solution to this problem could
be reached by a generahzation of Spearman’s 1dea of zero
tetrad-dufferences.

2. Rank of a matrix and number of factors.—We saw that
when all the tetrad differences are zero, the correlations
can all be explamed by one general factor, a tetrad being

63
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formed of the intercorrelations of two tests with two other
tests, thus :

3 4
1 | 712 T14
2 ! Ty Tog

and the tetrad-difference being—

718721 — Tas"ne
Thurstone’s 1dea, though rather differently expressed by
him, can be based on a second, third, fourth . . . calcu-
lation of certan tetrad-differences of tetrad-differences.
To explain this, let us consider the correlation co-
efficients which three tests make with three others

. 4 5 6
—
1y Ig T1e
2 Tos Y95 Tog
8 | ry T35 T3¢

This arrangement of nine correlation cocfficients might
have been called a “ nonad,” by analogy with the tetrad.
Actually, by mathematicians, 1t 1s called a “* minor deter-
minant of order three ” or more briefly a three-rowed
munor ; a tetrad 1s m this nomenclature a *“ mmor of order
two.”

We can now, on the above three-rowed determinant,
perform the followng calculation. Choose the top left
coefficilent as “ pivot,” and caleulate the four tetrad-
differences of which 1t forms part, namcly .

(r1aTas — T2a¥1s) (T14Tes — T2a"10)
(14735 — T34T15) (14738 — Ta4716)

These four tetrad-differences now themselves form a
tetrad which can be evaluated. If it 1s zero, we say that
the three-rowed determinant with which we started
“ vanshes.”

Exactly the same repeated process can be carried on with
larger minor determinants. For example, the minor of
order four here shown vanishes .



THE CENTROID METHOD 65

( 26) -32 -88 34

-42 -86 62 72

44 62 66 *46

45 58 -68 60
for 1ts pivotal (— 0408) 0016 0444
t.d.’s are 0204 0044 —+0300
0068 — 0072 -0030

and then (— 00021216) 00031824

‘00028288 — 00042432

and finally zero

This process of eontinually calculating tetrads i called
“ prvotal condensation.” The reader should be given a
word of warning here, that the end-result of this form of
calculation, if not zero, has to be dinided by the product of
certain powers of the pivots, to give the value of the deter-
nmunant we began with A routine method (Aitken, 19874)
of carrymg out pivotal condensation, mcluding division
by the pivot at each step, 1s deseribed m Chapter XIV,
pages 201f1.*

We can m this way examune the munors ol orders two,
three, four (and so on) of a corelation matny, always
avoiding those diagonal cells which conespond to the
correlation of a test with itsell. We may come to a pomnt
at which all the minors of that order vamsh.  Suppose these
minors which all vamish are the munors of order five. We
then say that the “ rank * of the correlation matrix 15 four
(with the exception of the diagonal cells) There then
exists the possibility that the * rank ” of the whole corre-
lation matrix can be reduced to four by mserting suitable
quantities 1 the diagonal cells (sec next scction) The
“rank ” of a matrix 1s the order of its largest{ non-vanish-

* If the process gives, at an earlier stage than the end, & matnx
entirely composed of zcros, the rank of the ongmnal determmant 18
correspondingly less, bemng equal to the number of condensations
needed to give zeros

t “ Largest '’ refers to the number of rows, not to the numerical
value,

F.A-—-3
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ing minor. The tests can then be analysed into as many
common factors as the above reduced rank of their corre-
lation matrix—the rank, that is to say, apart from the diag-
onal cells—plus a specific 1n each test.

8. Thurstone’s method used on a hwerarchy —Thurstone’s
rule about the rank includes Spearman’s hierarchy as a
special case, for mn a hierarchy the tetrads—that 1s, the
mnors of order fwo—vanish  The rank 15 therefore one,
and a hicrarchical set of tests can be analysed into one
common factor plus a specific n each A simple way of
introducing the reader to Thurstone’s hypothesis and also
to his “ centroid ” method* of finding a set of factor satura-
tions will be to use 1t first of all on the perfect Spearman
hierarchy which we cited as an artiicial example 1n our
first chapter.

Tests ] 1 2 3 4 5 6
1 ; 72 63 54 45 36
2 X 72 56 48 W 32
¢ 63 56 . 12 35 28
4 . 54 ] 42 30 24
5 45 40 35 30 20
6 36 32 28 24 20

The first step n Thurstone’s method, after the rank has
been found, 1s to place n the blank diagonal cells numbers
which will cause these cells also to partake of the same rank
as the rest of the matrix, numbers which, for a reason which
will beecome clear later, are called ‘‘ communalities.” In
our present Spearman example that rank 1s one, 1.e the
tetrads vanmish. The communalities, therefore, must be
such numbers as will make also those tetrads vamish which
mclude a diagonal cell : this enables them to be caleulated.
Let us, for example, fix our attention on the communality
of the first test, which we will designate k,* (the reason for
the “ square™ will become apparent later) Then the
tetrad formed by Tests 1 and 2 with Tests 1 and 81s :

* We shall see why it 1s called the * centroid ” method in the
next chapter.
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1 3

1 | h* 68
2 72 -56
and the tetrad-difference has to vamish. Therefore—
56h,* — 72 X 68 =0
s htr =81

Similarly all the communalities can be calculated, and

found to be—

81 64 49 36 25 16
(The observant reader will notice that they are the squares
of the * saturations *’ of our first chapter ; but let us con-
tinue as though we had not noticed this )

The method of finding the saturations of each test with
the first common factor 1s then to mnsert the communalities
i the diagonal cells and add up the column<* of the
matrix, thus :

Ongnal Correlation Matrie

(81) 12 -63 54 45 36
72 (-84) 56 48 10 32
68 56 (49) 42 35 28
-54 48 42 (36) 30 21
‘45 40 35 20 ( 25) 2
36 32 28 24 20 (16)

351 312 2738 234 193 156 1521

The column totals are then themselves added together
(15 21) and the square root taken (3-90). The * satura-
tions ”’ of the first (and here the only) common factor
are then the columnar totals diided by this square root,
namely-—

351 312 278 234 195 156
390 390 890 3% 390 390
or 9 8 7 [ 5 4

* This, the “ centroid *’ method of inding a set of loadmngs, 18 not 1n
any way bound up with Thurstone’s theorem about the rank and
the number of common factors It can be used, for example, with
unity 1n each diagonal cell, 1n which case 1t will give as many common
factors as there ure tests and no specific factors
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as i the present mnstance we already know them to be.
(Very often in multiple-factor analysis the * saturation ”
of a test with a factor 1s ealled the * loading,” and this 1s
a convenient place to introduce the new term.)

As applied to the hierarchical case, this method of
finding the saturations or loadings had been devised and
employed many years previously by Cyril Burt, though it
1s not quite clear how he would have filled in the blank
diagonal cells (Burt, 1917, 53, footnote, and 1940, 448, 462).
It <hould be explamed that mn actual practice Thurstone
and his followers do not calculate the mmor determinants
to find the rank and the communality, for that would be
toolaborious Instead they adopt various approximations,
of which the simplest 15 to nsert m cach diagonal cell the
largest corrclation coefficient of the column (see Section
10).

4. The second stage of the ** centrowd ° method.—If there is
more than one commion factor, the process goes on to
another stage Even with our example we can show the
begmning of this second stage, which consists in formmg
that matrix of correlations which the first factor alone
would produce. This 15 done by writing the loadings
along the two sides of a chequer board and filling every cell
of the chequer board with the product of the loading of
that row with the loading of that column, thus

Furst-fuclor Mairre

9 8 7 6 5 -4
9 81 72 o8 34 15 . 36
8, 12 81 36 48 10 32
T 63 56 19 42 33 28
: 54 18 12 36 30 24
5 45 40 35 30 25 20
4 36 22 28 24, 20 16

This 15 the * first-factor matrix ” which gives the parts of
the correlations due to the first factor. This matrix has now
to be subtracted from the original matrix to find the resi-
dues which must be explained by further common factors.

In our present example the first-factor matrix 1s identical
with the omginal matrix and the residues are all zero. Only
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the one common factor is therefore required. (Of course,
the Teader will understand that T a real expermental
matrix the residues can never be expceted to be ezactly
zero : one 15 content when they are near enough to zero to
be due to chance expermmental error.) Had the rank of
our original matnx of correlations been, however, higher
than one, there would have been a matrix of residues.

Let us now make an artificial example with a larger
number of common factors, say three, which we can after-
wards use to illustrate the further stages of Thurstone’s
method. We can do this in an illummating manner by
the aid of the oval diagrams deseribed in Chapter T.

5 A three-factor example —In Figurc 10, a diagram of the
overlappimg vanances of four tests, let us nsert three
common factors and speatfics to
complete the varniance of each test
to 10 (to make our anthmetical
work easy). No factor here 15
common to all the four tests. The
factor with a vanance of 4 runs
through Tests 1, 2, and 8. That
with a vamance 3 runs through
Tests 2, 3, and 4 That with a
variance 2 runs through Tests 1 Figuro 10
and 4 The other factors arc
speetfies  The four test varmaneces bemg cach 10, the
correlation coctheients arc written down from the overlaps
by mspection as :

(1 2 3 4
1| (6) 4 4 2
2 i 4 (7 7 3
3 1 7 7 3
4 2 3 3 (5)

Morcover, we can put mto our matrix the communalities
corresponding to our diagram Each communahty s, in
fact, that fraction of the variance of a test which 1s not
specific. Thus -6 of the variance of Test 1 1s * communal,”
*4 bemng specific or “selfish.” In this way we have the
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matrix above, with communalities inserted. We can now
pretend that 1t is an experimental matrix, ready for the
application of Thurstone’s method, as follows :

(+6) 4 4 2
4 (7) 7 3 Origmal
4 7 (" 3 expermmental
2 3 8 (5) matrix

16 21 21 13 =71 = 26646%

1st Loadwmgs . 6005 7881 7881 4879 = 2 6646*

6005 (8606) 4783 4738 2030

7881 ' 4733 (6211) 6211 3845  Finst-factor
7881 1783 6211  (6211) 3845 matrix
4879 2030 3845 3845  (2380)

Here 1t 15 scen that the loadings of the first factor, when
cross-multiphied 1n a chequer board, give a first-factor
matrix which 1s not identical with the original experimental
matrix, unhke the casce of the former, hierarchical, matrix.
Iere (a8« we who made the matrix know) one factor will
not suffice. We subtract the first-factor matrix from the
ornigmal expermental matrix to see how much of the
correlations still has to be explamed, and how much of the
“ communalities ” 01 communal vanances. The latter
were-—

6 7 7 5

and of these amounts the lirst factor has explamed—
3606 6211 6211 2880

If we subtract the first-factor matrix, element by element,
from the original experimental matrix, we get the residual
matrx .

(2394) — 0733 - 0783 - 0880

- 0733 (0789) 0789 0845 Iirst ressdual
— 0733 0789 ( 0789) — 0845 matrix
— 0930 — 0845 -— 0845 (-2620)

* This check should always be apphed To avoird complication
1t 18 not printed in the later tables 1t apphes to the loadings with
their temporary signs (see page 72).
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To this matrix we are now going to apply exactly the same
procedure as we applied to the original experimental
matrix, in order to find the loadings of the second factor.
But we meet at once with a difficulty. The columns of the
residual matnx add up exactly* to zero! This always
happens, and 1s indeed a useful check on our arithmetical
work up to this point, but 1t seems to stop our further
progress.

To get over this difficulty we change temporarily the signs
of some of the tests 1 order to make a majority of the cells
of each column of the matnix positive. The best plan 1s to
change the sign of the test with most minuses mn 1ts column
and row, and so on until there 15 a large majority of plus
signs, Copy the signs on a separate paper, omitting the
diagonal signs, which never change. Since some signs
will change twice or thrice, use the convention that a
plus surrounded by a ring means minus, and if then
covered by an X means plus again. Near the end, watch
the actual numbers, for the minus signs 1 a column may
be very small. The object is to make the grand total
a maximum, and thus take out maximum variance with
each factor. We shall here, however, for simpheity adopt
an easier rule, 1e. to seek out the column whose total
regardless of sygns 15 the largest, and then temporanly change
the signs of vanables so as to make all the signs 1n that
column positive

The sums of the residual eolumns, regardless of sign, are—

4790 3156 8156 5240

and therefore we must change the signs of tests so as to
make all the signs m Column 4 positive ; that 1s, we must
change the signs of the first three tests.} Smce we change
the three row signs, as well as the three column signs, this
will leave a block of signs unchanged, but will make
the last column and the last row all positive. We can
then procecd as shown overleaf.

* When enough decimsls have been retamned. In practice there
may be a discrepancy 1n the last decunal place

+ Changing the sign of Test 4 would here have the same result,
but for uniformity of routine we stick to the letter of the rule.



72 THE FACTORIAL ANALYSIS OF HUMAN ABILITY

2894 — -0733 — 0783 (—) 0930
— «0738 0789 0789 (—) 0845 First residual

— 0733 0789 0789 (--)-0845 matrix with
( )0930 (-)0845 ( -) 0845 2620 changed signs.
1858 1690 1690 5210 == 10478
= 1-02862
2nd 1815 -1651 1651 5119 With temporary
Loadings | S1gns.
1815 ’ 0329 0300 0800 0929
1651 | 0300 0273 0273 0845 Second-factor
1651 | 0300 0273 0273 0845 matnix.
5119 ! 0929 0845 0845 2620
20656 1033 — 1033 0001
- 1033 0516 0316 Second residual
— 1033 0516 0516 matrix
0001 .

On the matrix with these temporarily changed signs we
then operate exactly as we did on the original experimental
matrix, and obtain second-factor loadimgs which (with
temporary s18ns) are-—

1815 -1651 1651 5119

The sccond-factor matrix, that is, the matrix showing
how much correlation 1s due to the second factor, 1s then
made on a chequer board siill using the temporary signs,
and subtracted from the previous matrix of 1esidues (with
is temporary signs, not with ats first signs) to find the
residues still remaining, to be explamed by further factors.
In the present instance we sce that the whole variance ot
the fourth test entirely disappears, and also all the correla-
tions in which that test 1s concerned * This test, therefore,
1s fully explammed by the two factors alrcady extracted.
Only the first three test variances remain unexhausted,
and therr correlations  Again the columns of the residual
matrix sum exaactly to zero.  Following our rule, the signs
of Tests 2 and 8 have to be temporarily changed before
the process can continue. After these changes of sign the

* When enough decimals are retained We shall treat the
0001 as zcro
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second residual matrix 1s as follows, and the same operation
as before 1s agamn performed on it :

2085 (—)10338 (—)-1083 . Second residual

{~) 1033 0516 0516 . matrix with signs
{—)1083 0516 0518 . temporardy
. . . changed
4131 20065 2065 = 8201 = 80892
3rd Loadings 4545 2272 2272 . with temporary
s1gns

With these third-factor loadings we can now calculate the
variances and correlations due to the third factor - and we
find these arc exactly equal to the second 1esxdual matris.
On subtracting, the third residual matrnix we obtain s
entirely composed of zeros  (In a practieal exumple we
should be content 1if 1t was sufficiently small) We thus
find (as our construction of the artificial tests entitled us to
cxpect) that the matrix of correlations can be completely
explamed by three common factors.

After the analysis has been completed, some care 1s
needed 1 returming from the temporary <igns of the load-
mgs to the correct signs. The only safe plan 15 to wrnite
down first of all the loadmgs with their temporary signs
as they came out in the analysis In our present example
these happen to be all powitive, though that will not
always occur.

Loadwings with Temporary Signs

Test } 1 i 111

1 6005 1815 4545
2 ‘7881 1651 ‘2272
3 ‘7881 ‘1651 2272
4 4879 -5119 .

Now, 1 obtaining Loadings 1T the signs of Tests 1, 2, and
8 were changed. We must, therefore, in the above table
reverse the signs of the loadings of these three tests in
Column II and each later column. Then in obtammng
Loadings III the signs of Test 2 and 8 were changed ; that

T A—3*
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is, in our case changed back to positive. The loadngs
with their proper signs are therefore as shown in the first
three columns of this table :

| Loadmgs of the Factors (Signs Replaced)
Test

1 I Speerfic
1 i 6005 — 1815 — -4545 6324
2 , 7881 -— 1651 - 2272 5477
3 \ 7881 — 1651 -+ 2272 5477
4 4879 5119 ) . ’ 7071

In this table each column of loadings, for the common
factors after the first, adds up to zero. The loading of the
specific 1s found from the fact that in each row the sum of
the squares must be umty, being the whole variance of the
test. The nner product * of each pair of rows gives the
correlation between those two tests (Garnett, 1919a).
Thus—

Tis = 6005 X 7881 4 1815 X 1651 — 4545 X 2272 — 4000

in agreement with the entry m the original correlation
matrix. With artificial data like the present, the analysis
results 1 loadings which give the correlations back exactly.

It will be seen that all the signs in any column of the
table of loadings can be reversed without mahing any
change m the mner products of the rows , that 1s, without
altering the correlations We would usually prefer, there-
fore, to reverse the signs of a column hke our Column III,
o as to make 1ts largest member positive.

The amount which each factor contributes to the vanance
of the test 15 indicated by the square of its loading 1n that
test The sum of the squares of the three common-factor
loadings gives the ‘* communahty ” which we originally

* By the * inner product  of two series of numbers 15 meant the
sum of their products in pairs  Thus the mner product of the two
sets

a b c d
and 4 B C D
it a4 + bB + ¢C + dD
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deduced from Figure 10 and inserted in the diagonal cells of
our original correlation matrx. These facts can he better
seen If we make a table of the squarcs of the ubove loadings :

Variance contributed by Each Faclor

Test ' — ~~ ~ 7 o . -
1 II Il  Communality | Specific o
Varance
1 | 3606 0329 20465 | 6000 ! 000 ! 1
2 1 6211 0273 -0516 7000 | 3000 1
3 i 6211 0273 0516 7000 | 3000 1
4 | 2380 2620 5000 i 5000 1
Total 1 8408 3485 3097 2 3000 1 5000 4

6. Comparison of the analysis with the diagram.—The
reader has probably been turning from this calculation of
the factor loadings back to the four-oval diagram with
which we started (page 69), to detect any connexion ; and
has been disappointed to find none. The fact 1s that the
analysis to which the Thurstone method has led us 1s,
except that 1t too has threc common factors, a different
analysts from that which the original diagram naturally
mvites. That diagram gave for the vanance due to each
factor the following :

Varwance contributed by EKach Factor

Test :
| 0
I y 4 111 ' Communality ‘?p ecific Total
! i Varance
1 4 2 6 t 1
2 4 3 , 7 -8 1
: 4 - ke 3 1
4 . 3 2 5 . 5 1
Totals 12 9 4] 25 18 4

and the factor loadings are the positive square roots of
these.
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Loadings of the Faclors

Test
I I 1 nr ' Specifies
.
1, 6825 . 472 0824 . .
2 | 6825 5477 5477 . .
3 6325 5477 . . 5477 .
4. 5477 412 . . 7071

The only pomnts i common between the two analyses are
that they both have the same communalities (and therefore
the same specifie variances) and the same number of com-
mon factors. The Thurstone analysis has two gencral
factors (running through all four tests), while the diagram
had none : and the Thurstone analysis has several negative
loadings, while the diagram had none. We shall see later
that Thurstone, after armving at this first analysis, en-
deavours to convert it into an analysis more like that of
our diagram, with no negative loadings and no completely
general factors. This 15 one of the most difficult yet
essential parts of lus method.

7. Analysis 1nto two common factors.— When we began
our analysis of the matrx of correlations corresponding to
Figure 10, we simply put the communahties suggested by
that figmie into the blank diagonal cells. That served to
Mlustrate the fact that the Thurstone method of calculation
will bring out as many factors as correspond to the com-
munalities used, here three factors. But it disregarded
(intentionally for the purpose of the above illustration) a
cardinal pomt of Thurstone’s theory that we must seck
for the communakhties which make the rank of the matrix a
mitumum, and thercfore the number of common factors a
mimmum. We sumply accepted the communalitics sug-
gested by the diagram. Let us now repair our omission
and see 1f there 15 not a possible analysis of these tests mto
fewer than three common factors. There 15 no hope of
reducing the rank to one, for the ongmal correlations give
two of the three tetrads different from zero, and we may
(in an artificial example) assume that there are no exper-
mental or other errors. But there 1s nothing 1n the experi-
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mental correlations to make 1t certain that rank 2
cannot be attained. With only four tests (far too few, be
1t remembered, for an actual experiment) there 1s no mmor
of order three entirely composed of experimentally obtained
correlations. It may then be the case that communalties
can be found which reduce the rank to 2. Indeed, as we
shall see presently, many sets of communalities will do so,
of which one 1s shown here *

(-26) -4 4 2

4 (7) 7 3
4 7 (7 3
2 -3 3 (15)

These communalities 26, -7, 7, and -15 make every
threc-rowed minor exactly zero. For example, the minor

( 26) 4 -2
4 (-7) 3
2 3 (15)
becomes by ¢ pivotal condensation ™ :
-026 0
0 0
and hinally 0

1t must, therefore, be possible to make a four-oval
diagram, showing only two common factors, and mndeed

more than one such diagram can be found. One 1s shown
m Figure 11.
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This gives exactly the same correlations. For example—

Lo 24214
27 V(20 x 20) 20
12 12

T 20 x80) T W0

It also gives the communahities 26, 7, 7, -15. For
example, 1n Test 1, varance to the amount of 12 out of
45 15 communal, and 12/45 = 26.

The mscrtion of these communalities, therefore, in the
matrix of correlations ought to give a matrix which only
two apphecations of Thurstone’s calculation should com-
pletely exhaust. The reader 15 advised to carry out the
calculation as an exercise. He will find for the first-factor
loadings—

3000 8290 -8290 3750
andif 1 the first residual matnx, followmg our rule, he
changces temporarily the signs of Tests 2 and 38, the second-
factor loadings will be -
1201 — -1128  — -1128 0968

The second residual matrix will be found to be exactly
zero in each of its sixteen cells, The variance (square of
the loading) contributed by each factor to each test 1s then
in this analysis

I ariance contribnded by Each Fuacior

Test
1 I | Communrality Specific Total
¥ arwance

250 0167 206067 7333 1

2 6873 0127 7000 3000 1

3 6873 0127 7000 SO0 1

1 W6 0094 1500 8500 1

Totals 17652 03145 1 81067 21833 4

If we now compare these analyses, we «ec that the three
common factors of the previous analysis ** took out,” as
the factorial worker says, a variance of 25 of the total 4,
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leaving 1-5 for the specifics. The present analysis leaves
2-1888 for the specifics, which here form a larger part of
the four tests.

8. Alexander’s rotation.—We saw m Section 6 that the
Thurstone method there led to an analysis which was
different from the analysis corresponding to the diagram
with which we began. That is also the case with the
present analysis mnto two common factors—the very fact
that 1t gives the second factor two negative loadings shows
this, for the diagram (Figure 11) corresponds to positive
loadings only. We said, too, in Section 8 that a difficult
part of Thurstone’s method was the conversion of the
loadings mnto new and equivalent loadings which are all
positive. This will form the subject of a later and more
technical chapter ; but a simple illustration of one method
of conversion (or *‘ rotation ™ as 1t 15 called, for a reason
which will become clear later) can be given from our present
example. Itisa method which can be used only if we have
reason to think that one of our tests contains only one
common factor (Alexander, 1985, 144) Let us suppose 1n
our present case that from other sources we know this fact
about Test 1. The centroid analysis has given us the
loadings shown m the first two columns of this table :

Unrotated ‘ l Rotated i Rotated
Test Loadings i Communality | Loadings . Loadings
P e ) | ———— e e
A | m | l AR ¢ AR LU § AL
1| 5000 1201 2667 | 5164 | 4781 1052
2 8200 — 1128 7000 TI46 3162 | 8367 .
3 | 8200 — 1128 7000 TI46 8162 | 8367
4 !

8750 0968 1500 3878 . '] 3586 1464

The communalities are also shown ; they are the sums of
the squares of the loadings. If now we know or deaide to
assume that Test 1 has really only onc common factor, and
if we want to preserve the communalities shown, then the
loading of factor 1* in Test 1 must be the square root of
-2667, namely -5164.

The loadings of factor I* in the other three tests ean
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now be found from the fact that they must give the corre-
lations of those tests with Test 1, since Test 1 has no
second factor to contribute. The loadings shown in
column I* are found in this way for example, -7746 is
the quotient of -5164 divided into r;, (-4), and -8878 1s
simiarly ry, (-2) divided by -5164

The contributions of factor I* to the communahties are
obtamed by squaring these loadmngs. In Test 1, we
already know that {actor I* exhausts the communality, for
that 15 how we found 1its loading. We discover that n
Test 4, factor I* hkewise cxhausts the communality, for
the squarc of 8873 1s -1500. The other two tests, however,
have cach an amount of conimunality remaining equal to
:1000 (1.e. 7000 — 77462)., The square root of -1000,
thercfore ( 3162), must be the loading of factor II* n
Tests 2 and 3 The double column of loadings ought now
to gve all the correlations of the origmmal correlation
matrix, and we find that 1t does so. Thus, c.g.—

Teg = TT46 % 7746 4 3162 > 3162 = 7000
and 7y — 7746 X 38873 == 3000

Morcover, the analysis mto factors 1* and II* corre-
sponds exactly to Figure 11. For example, the loading of
factor 11* m Test 2 i that diagram 15 the square root of
2/20 ( 8162), and the loading of factor I* m Test 115 the
square root of 12/80 ( 3878)

If, howcver, the eaperimenter
had reasons for thinking that Test
2 (not Test 1) was frec from the
second common factor, his “ rota-
tion ** of the loadmngs would have
given a different result, shown in
the table on page 79 1n column I**
and TI**, This set of loadings
also gives the correct commu-
nalitics and the experimental corre-
lations, but does not correspond
to Figure 11 A diagram can, however, be constructed to
agree with 1t (Iigure 12) and the reader 1s advised to cheek
the agreement by calculating from the diagram the load-

4.

Figure 12
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ings of each factor, the communahties of each test, and the
correlations.

We have had, in Figures 10, 11, and 12, three different
analyses of the same matrix of correlations. If with
Thurstone we decide that analyses must always use the
mimimal number of common factors, we will reject Figure 10.
Between Figures 11 and 12, however, this principle makes
no choice. Much of the later and more technical part of
Thurstone’s method 15 taken up with his endeavours to
lay down conditions which will make the analysis unique,

9. Unique communalities —The first requirement for a
unique analysis is that the set of communahties which gives
the lowest rank should be unique, and this 15 not the case
with a battery of only four tests and mmmimal rank 2, like
our cxample. There are many diffecrent scts of com-
munahties, all of which reduce the matrnx of correlations
of our four tests to rank 2. If, for example, we fix the
first communality arbitranly, say at 5, we can condense
the determmant to onc of order 8 by usimng 5 as a pivot
(as on page 635) cxcept that the diagonal of the smaller
matrix will be blank

(5) 4 4 2
4 . 7 3
4 7 3
2 -3 3

. ‘19 07
‘19 07
07 07 .

We can then fill the diagonal of the smaller matnx with
numbers which will make each of 1its tetrads zero, namely—

19 19 0258
and then, working back to the origmal matrx, find the
communalities—
-5 7 7 13816

which make its rank exactly 2 We can sumlarly insert
different numbers for the first communahlity and calculate
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different sets of communalities, any one set of which will
reduce the rank to 2. In this way we can go from 1-0
down to 0-22851 for the first communahty without obtain-
ing madmissible magmitudes for the others. Some sets
are mven 1n the following table * :

1 2 3 4 | Sum
10 7 7 12063 | 252068
5 7 7 18158 2 03158
3 7 7 14 , 184
26 7 7 15 I 1816
25 7 7 16 ' 1816
24 7 7 20 ' 184
22051 T 7 10 2 62951

If, however, we scarch for and find a fifth test to add to
the four, which will still permit the rank to be reduced to
2, this fifth test will fix the communalities at some point
or other within the above range. Suppose that this test
gave the correlations shown m the last row and column -

1 2 3 4 5
1 | 4 1 2 5883
2 ¢ 7 3 2832
3 ! 4 7 3 2852
4 | 2 3 3 -1480
5 | 5883 2852 2852 1480

If we now try to find communalhties to reduce this
matrix to rank 2 (as can be done), we find only the one

set—
7 7 7 18080 -5

The reader can try this by assigning an arbitrary value for
the first one.t and then condenung the matrix on the lines

* The circumstance that the communalities of Tests 2 and 3
remain fixed and alike 15 due to these tests being identical except for
therr speeific . This hightens the anthmetie, but would not occur
in practice

1 Alttrmatively, the communalities (which are now unique) can
be found by equatmg to zero those three-rowed mmors which have
only one element 11 common with the disgonal  In this connexion
se¢ Ledermann, 1937a
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employed above, when he will always find some obstacle
in the way unless he chooses 7. Try, for example, ‘5 for
the first communality :

5) 4 ! 2 5883
4 7 3 2852
4 " . 3 2852
2 3 3 1480
5888 2852 2852 14K0
(z) 19 o — 08272
19 07 ~ 09272
o7 07 — 04366
- 09272 — 09272  — 04366

Now, if the upper matrix 15 to be of rank 2, the
second condensation must give only zeros (see footnote,
page 65) But if we fix our attention on different tetrads
m the lower matnx which contain the pivot x, we see that
they give, if they have to be zero, incompatible values for
z. Thus from one tetrad we get z = -19, from another
x = -14866. With 5 as first communalty, rank 2
cannot be attamned With five tests (or more), if rank 2
can be attained at all, it can be by only one umque set of
communalities  Just as 1t took three tests to enable the
saturations with Spearman’s g to be calculated, so it takes
five tests to enable communalities due to two common
factors to be calculated. For larger numbers of common
factors, the number of tests 1equired to make the set of
communalities unique 1s shown 1n the following table
(Vectors, 77). The lower numbers* are given by the
formula—

"> (2r 4+ 1) +o\/(8r + 1)

r Factoms : 1 2 3 4 5 6 7 8 6 10 11 12

n Tests 6 8 9 10 12 13 14 15 17 18

(=]

3

* With six tests the communalitics wluch reduce to rank 3 are
not necessarily unique, for there are, or there may be, two sets of
them See Wilson and Worecster, 1939

I think the ambigmity, which 15 not practically important, only
occurs when n 18 exactly equal to the formula, e.g. when r = 8, 6
10, etc.
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If we were actually confronted with the matrix of correla-
tions shown on page 69, and asked what the communalities
were which reduced 1t to the lowest possible rank, we would
find 1t very unsatisfactory to have to guess at random and
try each sct ; and our embarrassment would be still greater
if there were more tests in the battery, as would actually be
the case i practice. There would also be sampling error
(which 1n this our prehminary description of Thurstone’s
method we are assuming to be non-existent)  Under these
circumstances, devices for arriving rapidly at approximate
values of the communalities are very desirable.

10. Mecthod of approxvmaling lo the communalities —Thur-
stone has described many ways of estimatmg the com-
munalities, and articles still 1ssue fiom his laboratory on
this subject  Ile points out, however, that if the number
of tests 18 farrly large, an exaet estimate 1s not very import-
ant, and can n any case be improved by iteration, using
the sums of squares of the loadings for a new estimate.

The smmplest plan 1s to usc as an approximate com-
munahty the largest correlation coefficient m the eolumn
That this 15 plausible can be seen from a consideration of the
case where there 15 only one factor, when the communality
of Test 1 would be 7y 7,5/725, which 1s hikely to be roughly
equal to etther ry, or 74, tf these tests correlate highly with
Test 1 and probably therefore with cach other.

We shall illustrate this, the easiest, method on the same
example as we used above, for the sake of comparison and
for case m arithmetical computation, even although that
example 1s really an exact and artificial one unclouded by
sampling error. Inserting then the highest coefficients 1n
each column we get .

(5883) 4 4 2 5883
4 () 7 3 2852
-4 T () 3 2852
2 3 3 (8) 1480
-5883 2852 2852 1480 ( 5883)

21766 23852 2 3852 1-2480 1 8950 == 10:0900
= 8-1765*
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Fiurst
Loadmgs G852 7500 7509 38929 5966

The communahties which really give the mimimum rank

are, 8s we saw on page 82—
7 7 7 ‘1808 -5

and the correct first-factor loadimgs obtaned by their nse—
‘7257 7564 7564 -3420 -5729

With a large battery the difference between the loadmgs
obtamed by the approximation and by the correct com-
munalities would be much less. For the “ centroid *” method
depends on the relative totals of the columns of the coriela-
tion matrix ; and when there are twenty or more tests,
these relative totals will not be seriously changed by the
exact valuc given to the communality m the column
When the number of tests » large, the influence of the one
communality in each column 15 swamped by the influence
of the numerous correlations.

The process now goes on as on page 71, and the residuals
left after subtraction of the first-factor matrix check by
summing i each column to zero, as there.

Before, however, proceeding any farther, in this approxi-
mate method we delele the guantities wn the diagonal (the
residues of the guessed communalities) and replace them by
the largest coefficient wn the column regardless of 1ts sign,
which we change to plus in the diagonal cell if 1t 15 negative
m 1its own cell.*  The reason for this 1s apparent, especially
when, as may and does happen, the cxisting diagonal
residues arc ncgative, which 15 theoretically 1mpossible.
For although the guessing of the first communalities does
not m g large battery make much difference to the first-
factor loadings, 1t may make a big difference to the dingonal
residues. It the battery 15 very large mdeed, our first-
factor loadmgs would come out much the same, even if we
entered zero for cvery communahty, but the diagonal
residucs would then all be negative. In short, the diagonal
residues are much the least trustworthy part of the caleu-

* It 15 necessary to keep an eye on the fact that what 1s inserted
must not, with the squares of the previous loadings of that test,
amount to more than unity.
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lation when approximate communahties arc used, and 1t 1s
better to delete them at each stage and make a new
approximation.

11. Illustrated on the example.—T'o make this clearer, the
whole approxmmate process 1s here set out for our small
example as far as the second residual matrix. The ex-
planations printed alongside the calculation will make
cach stage clear. It 15 inportant to form the residual
matrices exactly as instructed, as otherwise the check of
the columns summing to zero will not work In practice,
certainly 1if a calculating machine were being used, several
of the matrices here printed for clearness would be omitted ;
for example, with a machine one would go straight from
A4 to C, while I) and E would he made by actually altering
C 1tself :

(5883) 4 s 2 5888

4 (7) 7 3 2852 Largest »  of

A 4 7 (7 3 2852 ' column inserted
2 3 3 (3) 1480 i in diagonal cell

5883 2852 2852 1480  ( 5888)

121766 23852 23852 12480 18950 = 100900
== 3 1765
Loadings 1 6852 7509 7509 3920 5966 -- 3 1765

6852 | (4095) 5145 5145 2002 4088
7509 |, 5145 (5639) 3689 2050  M80
B 7509 | 5145 5689 (5639) 2050 go 1 First-tactor
4020 | 2602 2050 2930 (1544)  og4q MUK
5086 ' 1088 4480 4480 234 (3550)

, (1188) — 1145 --1145 — 0602 1795
— 1145 (1361) 1361 0050 1628 ' Fiarst residual
-- 1145 1361 (1361) 0050 1628 | matrix
-- 0692 0050 0050 (1456) — 0864 .1 - B
1795 — 1628 - 1028 0864 (2321)

«

6001 — 0001 —0U01 <0000 — (001 | Columns check
! ho 2ero

(1795) — 1145 — 1145 — 0692 179.) Largest 7 of each
—1145 (1628) 1361 0050 — 1628 column (regard-
D — 1145 1361 (1628) 0050 — 1628 less of sign) m-
|— 0692 0050 0050 (0884) — 0864 serted m each
| 1785 —-1628 — 1628 — 0864 (1795) diagonal cell
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6572 5812 5812 #520  -7710 | Sum disregard-
ng signs
(1798) 1145 1145 0602 17985 | Sigos af "Tests 2,
‘1145  (1628) 1361 0050 1628 , 8, and 4 changed
E 1145 41361 (1628) 0050 1628 | to make largest
0692 0050 0050 (0864) 0864 ] column  ( 7710)
| 1795 1628 1628 0864  (1795)| all positive
Algebraic
Sum 6572 5812 5812 2520 TN0 = 2 8426
I 1 68602
Loadings1l| 3898 3447 3447 1495 4573 (With tamporary
51gns )
3898 (1519) 1344 1344 D583 1783 I
3447 1844 (1188) 1188 0515 1576 , Second-factor
F 8447 1844 1188 (1188) 0315 1576 matriy, using
1485 0583 0515 0515 (0124} 0683 temporarysigns
1573 +1783 1576 1576 0683  ( 2001)
I [ (0276) — 0199 0199 0109 0012
! 1— 0199 (0440) 0173 — 0465 0052 ' Sceond residual
3 10199 0173 (0440) — 0465 0052 matux
0109 —-0465 - 0465 (0610) 0180 E - F
bo0012 0052 0052 0180 (— 0296)
l—-(K)Ol — 0001 0001 — 0001 0000 Columns check

|

to zero

Notes It 18 fortuitous that all the entries m K are positive
Usually some wall be negative
In the check for the residual matrices, a discrepancy from zero
n the last figure 1s often to be expected, even of threc or four units

1n & large matrix

Note the negative value occurring m a diagonal cell in &

Further stages would be carried on mn the same way.

But at each stage the residues will be examined to see if
further analysis 15 worth while, by methods mmdicated later.
Meanwhile let us assume m the present example that no
more factors need be extracted.

The matrix of loadings of common factors thus arrived
at 1s, after we have replaced the proper signs in Load-
mgs II, shown at the top of the next page.

The communalities <6214, etc., are the sums of the
squares of the two loadings. Kor comparison with the
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Approxwmale Method True Valucs

Test - T - -
I II | Communality Communahty

1 | 6852 8898 | 6214 7000
2 7509 | — 8447 f 6827 7000
3 w509 | — 8447 | 6827 7000
4 3920 | — 1495 ! 1767 1308
5 | 5086 | 4573 | 5651 5000

I ——

|

2 7286 ‘ 2-7303

approximate communalities thus obtamed there are shown
the true values, which m this artifieial case are known to
us (see Section 9). This 1s for instructional purposes
only—the comparison 15 not mtended as any criticism of
Thurstone’s method of approximation As has been
explained, this method 1s used only on large batteries, and
it 1s a very severc test indeced to employ 1t on a battery of
only five tests.

12. Iteration of the process lo improve the communalitics.—
We might now go back and begin our whole calculation
agamn, using the communalities -6214, cte, arrived at by
the first approximation. This does not scem often to be
done m practice, most workers being content with the
approximation first arrived at. If we repeat the calcula-
tion agan and again with our present example, on each
occasion using as communalities the sum of the squares of
the loadings given by the preceding calculation, we get the
following sets of closer and closer approximation to the
true communalities* :

Y N he [ h?
First trial commu-; = !
nalities 5883 | 7000 | 7000 | 3000 | 5883
Next approximation 6214 | -6827 I 6827 ‘ 1767 | 5651
Next approximation | -6381 l 8970 6970 | 1477 [ 5392
Next approximation 6585 , 7043 | 7043 | -1397 | 5258
True values | w7000 ; 7000 | 7000 ! 1803 ! 5000

* In these repetitions we do not, as in the case of the first guess,
alter the diagonal cells in each matnx of residues we retamn the
diagonal residues without change.
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The example has served to show how to work the
iterative method of approximating to the communahties.
Bemg an artificial example, and not overlaid with sampling
error, 1t has had the advantage of allowing us to compare
the approximations with the true values. But i1t must be
remembered that a real experimental matrix is not lIikely
to have an exact low rank to which approximation can
converge as here. In that case the approximations will
presumably give an indication of the low rank which the
matrix nearly has, which it rght be made to have by small
adjustments 1 1its elements.

It should be pointed out that itcration of each factor
extraction separately will not give the same result. By
iteration of the factors one by one we mean that after the
loadings of the first factor arc obtamed they are squared
and put into the diagonal cells as new communalities, and
this 15 repeated agamm and agam until the communahties
remam unchanged. When this pomt 1s reached, the ong-
mal matrix of correlations has been reduced as nearly to
rank one as 1s possible.

If the residues, after removal of the first factor, are then
(after sign-changing) treated mm the same way, they in
turn will be reduced as nearly as possible to rank one.
And so with successive residues, each matrix of residues
bemg mn succession reduced as nearly as possible to rank
one by iteration of the one summation only. This process,
although much casier than reiterating the whole process,
and to that cxtent excusable, will not give the lowest pos-
sible rank for the whole. Consider, for example, the
correlations of the five tests used above on page 82. When
communahties arc reiterated with the first factor only,
they settle down rapidly (the reader should check this) to—

4571 +5421 5421 1261 2729
When theresidues then left are taken, and a factor taken out
and 1iterated, the communalties settle down to—

1677 -1008 -1003 ‘0113 1680

The sum of these first-factor and second-factor sets 15 the

set—
6248 6424 -6424 ‘1874 4409
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These, however, if mserted in the diagonal cells of the
original matrix, do not reduce it exactly to rank fwe, as
can be done by the true communalities—

“7000 “7000 <7000 1308 5000

Iteration over two factors, as shown in the table on page 88,
produces with four repetitions the approximations—

6535 ‘7048 7043 1897 5253

and (smce m this artificial example rank #wo can be exactly
reached) would ultimately converge to the above true
values, though at the expense of much labour, for the
convergencelsslow. Theiterationof eachfactorseparately,
however, would never converge to the true values. The
above values (-6248, etc ) are final, and yet do not give
rank fwo.

18. Other methods of assessing the communalities.—The
labour of finding the muimmum communalities by 1teration
1s so great that methods of improving the first guess are
desirable. Medland (Pmka. 1947, 12, 101-10) has tried
nine such methods on a correlation matrix with 63 vari-
ables. A method entitled Centrowd No. 1 method scemed
to be best. A sub-group 1s chosen of from three to five
tests which correlate most highly with the test whose
communality 1s wanted. The highest correlation ¢ m each
column of the sub-group 15 mserted i the diagonal cell,
and the columns summed. The grand total 1s also found.
Then the estimate of A2 15—

(Zr; + 1)°
Zr + 2t
where the numerator 1s the square of the column total,

and the denominator 15 the grand total. Thus if the cor-
relations of the sub-group were—

(r2) 12 -68 24
w72 (12) 47 59
-68 47 (68) -4l
24 -59 41 (-59)

281 250 2:14 1-88 = 878
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the estimate of A} would be—
2-81¢
878
Clearly the same sub-group will usually serve for more than
one of its members. Thus from the above example A}
can be estimated to be -712.

A graphical method, for which the reader 1s referred to
Medland’s article, was about equally accurate but more
laborious. Rosner (Pmka. 1948, 13, 181-4) gives an alge-
braic solution for the communalities depending upon the
Cayley-Hamlton theorem that any square matrix satisfies
1ts own characteristic equation, but adds that the method
“15 not at all suited for practical purposes. The com-
putational labour 1s prohibitive.” It is, however, mnterest-
ing theoretically and may suggest new advances

= 608



CHAPTER VI
THE GEOMETRICAL PICTURE

1. The scatter-diagram of two tests.—A well-known way
of representing correlation, and that used by Sir Francis
Galton who devised correlation coefficients, 1s by a scatter-
diagram  The scores in two tests arc used as rectangular
abscissee and ordmates, and cach person represented by a

512
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Figure 13
dot. Thus, if a person makes a score of X = 72ma Test 1

and of Y = 591 a Test 2, he 15 represented by the pomt P.
The two tests arc represented bv the rectangular axes.
If a large number of persons take the two tests, their points
form the ‘‘scatter-diagram,’ looking hike a lot of shots at a
target. The dots are most densely crowded together near
a pomnt whose ordmates are the average scores mn the two
tests. If there 1s no correlation between the two tests,
and suitable units are used, the dots will thin out equally
m all directions, forming a circular-shaped group. If, on
the other hand, there is correlation, the group of dots will
be elliptical 1n appearance, with an axis slanting-wise
mehned to the test lines ; and more and more clliptical—

92
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the closer the resemblance of the scores, the higher, that
is, the correlation. If we have first standardized the scores,
the test lines will pass through the centre of the group, the
average, and the axis of the ellipse will be equally inclined
to both tests. In Figure 14 1t is indicated how the ellip-
tical group of dots narrows in the one direction, and
lengthens m the other, with increasmg correlation. The
circle corresponds to zero corrclation, the fat ellipse to

TEST2 V

Figure 14

r = 5, the long thin one to r = -9  In perfect correlation
all the dots would be on a Iine. In negative correlation
the clipse would be slanting the other way. These
cllipses must not be looked upon as bounding the group of
dots, which thins out to an indefimte distance. They are
hike contours of a hill, being, in fact, “contours” of the
density of the dots.

2. Three tests.—When we have three tests we need
three rectangular axes, hike the three lines which meet in
the corner of a room. A person’s three scores, measured
along these lines, definc a pomnt in solid space, a pomt n
the room. The pomts thus representing a large number
of persons will form a swarm in the room, congregated
most thickly round the man who 1s average in all three
tests, like a swarm of bees round the queen. 1If there is no
correlation between any of the tests and suitable units are
used, the swarm will be globular, but if there 1s correlation
it will lengthen into an ellipsoidal shape like a Rugby
football or a Zeppelin, though its waistline need not be
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circular. In place of the ellipses of the two-dimensional
figure, we now have ellipsoidal shells of equal density of the
dots representing persons. One such 1s shown in Figure
15, which the reader can 1magine as bemmg the room in
which he is seated, the test lines, mn their positive halves,
being represcnted by the three edges of floor and walls

TESTI

Figure 15

which meet 1n a corner, where the point representing the
average man is placed. The ellipsoidal swarm is then
partly in the room, partly outside and below 1t. The part
of the swarm 1n the room (in the positive octant, that is) 1s
composed of persons scoring above the average m all three
tests. The end of the major axis of the ellipsoid, that 1s,
the longest hine that can be drawn 1n 1t, 1s shown project-
ing. The shadow of the ellipsoid, projected at right angles
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on to a wall or the floor of the room, will be a correlational
ellipse due to the two tests edging that wall, or edging
the floor. These three silhouettes will in general be different,
depending on the adiposity, as 1t were, of the ellipsoid.
When we have more than three tests we cannot make or
easily 1magine a simlar model, for we know 1n real life
only space of three dimensions. But mathematically we
still can conceive of as many rectangular axes as there are
tests, 1n a “space” of more dimensions, of as many
dimensions, mdeed, as the number of tests. And we still
speak of the * ellipsoidal ”* shape of the swarm of persons.
8. The four quadrants.—Let us now return to the case
of two tests. If the persons tested are numerous 1t will,

with most tests, be found that the numbers in the two
quadrants marked a are approximately equal (the axes
being drawn, 1t 1s understood, through the average score
of each test) and, similarly, the numbers m the two quad-
rants marked b in the figure,

A portion a of the crowd of persons, that 1s, get scores
above the average 1n each test, and an equal portion g are
below the average in each. These people add to the
correlation between the tests, whereas the others, in the
b quadrants, are all good mn one but bad in the other test
and detract from the correlation. It can then be shown
(Sheppard, Phil. Trans. Roy. Soc. 1898) that the correlation
coefficient 7 1s given by—

1 = CO8 a—-_—}:—zvr = cos 0, say.

For example, 1if the crowd were distributed thus—

1000 2000

2000 | 1000
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then

1000
== = — 180° = 60° =0
r == cos 0 = cos 3000 X cos 5

Actual correlation tables will, of eourse, not show such
complete equality in the opposite quadrants, and, more-
over, the reader must beware of applymng this formula
unless the dividing lines are drawn through the means.

4. Malking the crowd circular—We are next going to
make a change mn our model by rotating the two test
vectors, hitherto at right angles, towards one another until
the angle between them 15 the above angle 0, whose cosine
is the correlation cocfficient. A person’s pomt P will still
be located at the pomnt where the two perpendiculars from
his scores meet. The rotation of the test lines towards one
another, pivoted on the average man at the pont where
they cross, will, however, move the dots representing per-
sons, and move them i such a way that the elliptical
shape of the crowd disappears and 1t becomes circular.

3 TESTY

The presence of correlation 1s not now shown by the con-
figuration of the crowd, but by the angle between the test
lines. The cosine of this angle is the correlation coefficient.
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If we guide the eye by drawing a dotted line at nght
angles to each test line, we see that our former quadrants
a and b are now represented by sectors of the circular
crowd. Perpendiculars from any point in the white sectors
a on to the test hines both fall on the same side of the
average : all persons situated in these sectors are either
above the average in both tests (hke P) or below 1n both.
Anyone, on the other hand, whose pont is in the shaded
sector b 1s above the average 1n one of the tests and below
in the other. Those in a add to the correlation, those mn b
diminish it. If correlation 1s perfect, the two test lines
must be brought together until they comncide : and then
the dotted hines will also coincide and the sector & will
disappear. If, on the other hand, the correlation 1s low,
the test lines will have to be farther apart, and the sector b
will increase, until, when correlation 1s zero, the test lines
are at might angles and the sectors ¢ and b are equal
and balance one another, the pros equal to the cons.
For negative correlation the angle 0 between the test
lines becomes obtuse, and the sectors b larger than the
sectors a.

5. Ellwpsoid into sphere—With three tests we saw that
the solid ** scatter-diagram,” made with the test lines at
right angles to one another, was ellipsoidal i form. Just
as we converted the elliptical two-dimensional scatter-
diagram nto a circular crowd of dots by bringing the test
lmes closer together, until the cosine of the angle between
them equalled the correlation coefficient, so with the ellip-
soidal swarm of dots when we have three tests. If we take
hold of the three test lines and swivel them nearer to each
other, until the angle between each pair represents their cor-
relation coefficient by 1ts cosine, we then find that the elhp-
soid has become a sphere.

6. A wire model.—Let us suppose we want to make a
wire model of this arrangement of three test lines, supposing
that we have calculated by the usual product-moment
formula the three correlation coefficients. Choosing any
two of the tests, we find from a table of cosines what angle
has a cosine equal to their correlation coefficient, and we
lay two straight wires on the table crossing one another at

F.A—b



98 THE FACTORIAL ANALYSIS OF HUMAN ABILITY

this angle, hke an X. Imagine them soldered together at
the pomnt where they cross, which represents the man
average 1n each test.

Now consider the third test, and look up the angles
whose cosines equal 1ts correlation coefficients with Tests
1 and 2. The wire for this third test must be so placed as
to make these angles with the first two wires-—and we find
that 1t will not lie flat on the table but sticks up at an angle,
and 1ts negative half has to go through the table and stick
out below it, If we solder the three wires together where
they cross (at the point representing the man who gets
the average score 1 each of the three tests) and pick them
up, they form a double tripod.

7. Two kinds of space —It will be scen that we have
described two geometrical ways of representing correlation
using two different spaces. In the one kind of <pace, the
test hines are at rght angles to one another, or orthogonal,
and the presence of corrclation 15 shown by the fact that
the swarm of dots representing persons 1s not spherieal but
elhipsoidal.

In the other hind of space, the crowd of dots representing
persons 1s spherical and the presence of correlation 1s
shown by the test lines not bemg orthogonal but at angles
with one another whose cosmmes cqual the corrclation
coeflicients.

In both kmmds of space, a person’s scores i the tests are
found by dropping perpendiculars from his pomt on to the
test Imes.  The distances of the feet of these perpendiculars
from the origin—that 1s, from the pomnt where the test hnes
cross—are his scores m the tests.

If the test lines 1n this second kind of space are swivelled
back into orthogonality, the person-pomnts will move, will
cease to be spherical 1n contour, and become elhpsoidal.
All this 15 true, not only for three-dimensional space, when
we have only three tests, but for multi-dimensional space
needed to represent many tests and their mter-correlations
The algebra 1s exactly the same for any number of dimen-
stons, and we continue, mn the larger spaces, to use by
analogy the terms we are accustomed to in real space, such
as sphere, ellipsoid, ete.
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8. A still larger space.—Another way of arnving at the
second of the above two kinds of space—the spherical one,
m which the cosimnes equal the correlation coefficients—is
to begmn with a much larger space, of as many dimensions
as there are persons, who are theremn represented by
orthogonal axes. If along each person’s axis we set off
the score he gets m a given test, say Test 1, these abscisse
will define a point n the space representing that test. In
the same way each test can be represented by a pont. It
1s a scatter-diagram with the usual rdles of tests and persons
exchanged.

These test points will usually be much less numerous than
the persons, and they define a sub-space of dimensions
equal to the number of tests. This sub-space, if the test
scores have been normalized,* 1s the same as our spherical
space, and the lmes joining the origin to the test points are
our former lines, separated by angles whose cosines equal
the correlation coefticients.

9. Factor axes.—The problem of factornal analysis is to
dcaide upon a set of axes to use mn the space in which the
test hnes exist. Let us explain
this first of all in the simplest case, X A
that of two tests, represented by
their lines n & plane, at the angle
corresponding to their correlation fo)

In this case, the most natural B
way of drawing orthogonal axes
on the paper 15 to place one of
them (sce Igure 17) half-way
between the test vectors, and the
other, of course, at right angles to
the first. Of these two factor axes, 04 is as near as 1t can
be to both test lnes.

We pictured, before, a swarm of ten thousand dots on
the paper, each representing a person by his scores in the
two tests, found by droppmng perpendiculars from his dot
to the two vectors. Instead of deseribing each point (each
person, that 1s) by the two test scores, it is clear that we
could deseribe 1t by the two factor scores—the feet of

* See footnote, page 6

Y

Figure 17
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perpendiculars on to the factor axes. It 1s also clear
that, as far as this purpose goes, we might have taken
our factor axes anywhere, and not necessarily in the posi-
tions 04 and OB, provided they went through the pomnt O
and were at right angles. In other words, we can * rotate
04 and OB round the point O, and any position 1s equally
good for describing the crowd of persons. Either of the
tests, indeed, might be made one of the factors. The
positions shown in Figure 17 are advantageous only 1f we
want to use only one of our factors and discard the other,
in which case obviously 04 1s the one to keep, as it hes
as near as possible to both test axes. The scores along 04
are the best possible single description of the two test
results.

10. Spearman azxes for two tests.—The orthogonal axes
chosen by Spearman for his factors are, however, none of
the positions to which 04 and OB can be rotated in the
plane of the paper. Besides, Spearman has three factors,
and therefore three axes, for two tests, namely the general
factor and the two specific factors, and we cannot have
three orthogonal axes or factor vectors on a sheet of paper.
The Spearman factors must, for two tests, he in three-
dimensional space, like the three lines which meet mn the
corner of a room. If we rotate the 04 and OB of Figure 17
out of the plane of the paper (say, pushing 4 below the
surface of the paper, and, say, raising B above 1t), we shall
clearly have to add a third axis, at right angles to 04 and
OB, to enable us to describe the tests and the persons who
remain on the paper. There are now three axes to rotate ;
and they must rotate rigidly, remaining at right angles to
one another. The pomnt at which Spearman stops the
rotation, and decides that the lines then represent the
“ best ”’ factors, 15 a position in which one of the axes 15
at right angles to Test X, and another 1s at right angles to
Test ¥. The third axis then represents g.

11. Spearman axes for four tests.—We are accustomed to
depicting three dimensions on a flat sheet of paper, and
so we can, in Figure 18, represent the Spearman axes g, s,
and s, for two tests. And since we have begun to depict
other dimensions, by means of perspective, on a flat sheet,
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let us continue the process and by a kind of super-per-
spective imagine that the lines s,, 8, and any others we
may care to add, represent axes sticking out into a fourth,
a fifth, and higher dimensions. Figure 18 thus represents
the five Spearman axes for four tests, of which only the
line of the first test 1s shown (m its positive half only).

All the five lines g, 8,, 8, s3, and s, must be imagined as
being each at right angles to all
the others in five-dimensional
space. The hine of Test 1, shown
i the diagram, hes in the plane
or wall edged by g and . It
forms acute angles with g and
with s, the cosines of which
angles are 1ts saturations with g
and s respectively. If i1t had
been highly saturated with g, it s, Sy
would have leaned nearer to g Figure 18
and farther away from s,.

The other three axes, sy, 83, and s,, are all at right angles
to the wall or plane in which Test 1 lies. They have,
therefore, no correlation with Test 1, no share in its
composition. Test Iine 2 similarly hes in the wall edged
by g and s,, test line 8 in that edged by g and s;. The
axis g forms a common edge to all these planes. If the
battery of tests 1s hierarchical—that 1s, if the tetrad-
differences are all zero—then all the tests of the battery
can be depicted in this way, each in its own plane at right
angles to all the other planes, no test line being n the
spaces between the  walls.”

The four test lines themselves, of course, are only in
a four-dimensional space (a 4-space we shall say, for
brevity). Just as, when we were discussing Figure 17, we
said that Spearman used three axes which were all out of
the plane of the paper, so here in Figure 18, with four test
lines (only one shown) in a 4-space, Spearman uses five
axes mn a space of one dimension higher than the number
of tests. For n hierarchical tests, Spearman’s factors are
m an (n -+ 1)-space.

If along each test lme we measure the same distance
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as a unit, then perpendiculars from these points* on to the
g axis will give the saturations of the tests with g asfractions
of this unit distance. The four dots on the g axis in Figure
18 may thus be taken as representing the test vectors
projected on to the * common-factor space,” which 1s here
a line, a space of one dimension only. Thurstone’s system
1s Iike Spearman’s exeept that the common-factor space 13
of more dimensions, as many as there are common factors.
Figure 19 shows the Thurstone axes for four tests whose
matrix of correlation coeflicients can be reduced to rank 2

12. A4 common-factor space of two dimensions.—Here there
are two common factors, @ and b, and four specifics, s,,
8y, 83 and s;.  All the s1x axes representing these factors
i the figure are to be unagined as existing 1 a 6-space,
cach at right angles to all the
others. The common-factor
space 1s here two-dimensional,
the plane or wall edged by «
and b—to make 1t stand out
i the figure, a door and a
window have been sketched
upon 1t.

In Spearman’s Figurc 18,
cach test line lay m a plane
defined by g and one of the
speerfic axes  1lere m Figure
19, cach test line lies 1n a difterent 3-space. These different
8-spaces have nothing m common with one another except
the planc ab, the wall with the door and window in the
diagram  In Figure 18 the projections of the umt test
vectors on to the common-factor space were lines which all
comeided m direction (though they were of different
lengths), for there the common-factor space was a lne.
Here the common-factor space 15 a plane, and the pro-
jections of the four test vectors on to that plane are shown

Figure 19

* These points are then the same as those arrived at by the process
described m Section 8 (page 99)

+ A vector 1s a direction with a magnitude, and now that we have
measured unit distance along cach test line, we may speak of umit
test veclors.
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in the figure by the numbered lines on the * wall.” These
lines, if they are all projections of veetors of unit length,
will by their lengths on the wall represent the square roots
of the communalitics.

18. The common-factor space in general.—When there are
r common factors, the common-factor space is of r dimen-
sions, and the whole factor space (including the specifics) 1s
of (n 4 r) dimensions. Thetest vectors themselvesareinan
n-space ; their projections on to the common-factor space
are crowded mto an r-space, and are naturally at smaller
angles with one another than the actual test vectors are.
These angles between the projected test vectors do not,
therefore, represent by their cosmes the correlations be-
tween the tests. The angles are too small for that, and
the cosines, therefore, too large. But 1f we multiply the
cosine of such an angle by the lengths of the two projections
which 1t hes between, we again arrive at the correlation.

Thus in Figure 19, the angle between the hines 1 and 8
on the wall 15 less than the angle between the actual test
vectors 1 and 8 out in the 6-space, of which the lines on
the wall arc the projections. But the lengths of the lines 1
and 8 on the wall are less than the unit length we marked
off on the actual veetors, being, in fact, the roots of the com-
munalities. If we call these lengths on the wall k; and &,
then the product hh; times the cosmne of the projected
angle agam gives the correlation cocfficient.

14 Rotations.— It will be remembered that Thurstone,
after obtaming a sct of loadings for the common factors
by his method of analysis of the matmnx of correlations,
“ rotates ’ the axes until the loadings are all positive—
and he also hkes to make as many of them as possible zero.
It 1s mstructive to look at this procedure in the hght of our
geometrical picture from which the phrase “ rotating the
factors ” 1s taken It should be emphasized first of all
that such rotation of the common-factor axes m Thur-
stone’s system must take place entirely within the com-
mon-factor space, and the common-factor axes must not
leave that space and cnecroach upon the specifics. In
Figure 18, therefore, no rotation, in Thurstone’s sense, of
the g axis can be made (since the common-factor space 1s a
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line), except, indeed, reversing its direction and measuring
stupidity instead of intelhgence.

In Figure 19 the common-factor space 1s a plane, and
the axes a and b can be rotated m this plane, like the hands
of a clock fixed permanently at right angles to one another.
When the positive directions of @ and b enclose all the
vector projections, as they do in our figure, then all the
loadings are positive. The position shown would, there-
fore, fulfil this desire of Thurstone’s. Moreover, one of
the loadings could be made zero, by rotating a and b until
a coincides with hne 1 (when b will have no loading m
Test 1), or until b coincides with line 4 (when & will have
no loading in Test 4).

When there are threc common factors, the common-
factor space is an ordinary 8-space The three common-
factor axes divide this space mnto eight octants. Rotating
them until all the loadings are positive means until all the
projections of the test vectors are within the positive
octant. This will always be nearly possible if the corre-
lations are all positive Moreover, 1t 1s clear that we ean
always make at any rate some loadings zero In the
common-factor 8-space we can move one of the axes until
1t 1s at right angles to two of the test projections, m which
tests that factor will then have no loading. Keeping that
axis fixed, we can then rotate the other two axes round 1t,
sceking for a position where one of them is at nght angles
to some test The number of zero loadings obtamnable
will clearly be limited unless the configuration of the test
vectors happens to lend itself to many zeros. We shall see
later that Thurstone seeks for teams of tests which do this.

Although Thurstone makes his rotations exclusively
within the common-factor space, keeping the specifics
sacrosanct at thewr maximum varance, there 1s, of course,
nothing to prevent anyone who does not hold his views
from rotating the common-factor axes into a wider space,
and mcreasing the number of common-factor axes at the
expense of the specific variance,until ultimately we reach as
many common factors as we have tests, and no speaifics.

15. The geometrical picture of centroid analysis.—Think
of a sheaf of lines representing a number of tests, with
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angles corresponding to the correlations, Centroid analysis
means (if unmities are used in the diagonal cells) finding a
line in the middle of this sheaf—at the centroid or resultant
—something like the stick in the middle of the mbs of a
shghtly opened umbrella, except that our test lines are not
regularly spaced like thoseribs.,

All this 1s 1n a space of as
many dimensions as there are
tests, and 1t 1s not possible to /
make a drawing. But if the T
reader will be tolerant, we ’ 1 ?
can make one of our ‘ super- - /o
perspective ” drawings show- \
ing a sheaf of test lines (see \ !/
Figure 20) which must be \. /
imagined as being mm a multi- / . i
dimensional space. The cen- SN 2 Y
troid Iine OC 1s the hine along / Y
which the pont 0 would move / “ o
if each test line were a force =~ = / [ “ \

—all equal—pulling 0. It 1

exactly like the parallelogram / /

of forces on a multi-dimen- /
sional scale. The dots on the /
test lines are at unit distance /
from O (They have been / !
jomed by hnes only m order / \

to make the figure look more

solid.) The loadings of the Figure 20

tests 1n the first centroid

factor are the projections of these umt distances on to OC—
this 1s when unities are used in the diagonal cells. The
summation process gives, arithmetically, these projected
distances along OC.

The next part of the arithmetical process consisted in
removing that part of the correlation coefficients explained
by the first factor loadings. This means, in our space
diagram, that the dimension parallel to OC is abolished,
and all the test lines are projected on to a space at right
angles to OC and of one dimension less than the original,

FA-—4*
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{(n — 1) dimensions mstead of n, if # be the number of
tests.

We have had perforce to draw our diagram as though
it were 1n a three-fold instead of an =n-fold space + and for
this new (n — 1)-fold space we have drawn an ordinary
plane, hke a drawmg-board, at right angles to OC, and
projected the five test hnes on to 1it.  The next thing 1 to
find the centroid of these five directed hines, these vectors,
on the drawing-board. But we find at once that they are
m equibbrium  If they were forces, the pomt O would
not move That 1s because OC 15 mmdeed the centroid of
the origmal hnes.  This fact of cquilibrium corresponds to
the fact that the columns of residues add up to zero.

To get over this, in the arithmetic, we changed the signs
of some rows and corresponding columns, hill, 1f possible,
all eclls were positive  (These eclls of the residuces are the
cosmes of the angles on the drawing-board, some of which
are clearly obtuse, with negative cosimes ) This reversal of
signs in the armthmetic corresponds, m our diagram, to
reversing some of the vectors on the drawmg-board, till
they agamn form a sheaf, as closc as possible. Two are
shown as reversed 1 our figure, and most of the angles are
now acute, most of the cosines positive. It 1 desirable to
make the sheaf as compaet as possible, corresponding to
making as many cells positive as possible.

The centrowd of the resulting sheaf of vectors (or forces)
1s the second factor. Its dimension 15 next abolished,
by projection on to a spacc of (n — 2) dimensions, and so
on, and so on, Our possibility of following this m a draw-
mg 1s beyond delhincation, but if the reader will in mmagma-
tion conceive of our first sheal of test lines bemng in n
dimiensions, and being step by step projected on to spaces
of (n - 1), (n — 2) and lesser dimensions, he will have a
picture correspondmng to the anthmetical summation pro-
cess and the sign reversals i the residues.

For sumplicity we have above supposed that unities
were being left 1n the diagonal cells, in which case as many
common factors would cmerge as there were tests, and
there would be no specifics. If communalities are inserted
and the rank of the matrx of correlations reduced, there
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will be fewer common factors. Our diagram would then
be in the common-factor space and, indeed, can still serve,
if we suppose the distances from O to the dots on the test
lines to be not unity, but the square roots of the commun-
alities, and the angles to be the projections of those between
the full test lines. With that change, our diagram would
be one for the communal parts of five tests with three
common factors, represented by OC, by the resultant of
the vectors on the drawing-board (after the reversals to
destroy the equilibrium), and by a third line also on the
drawing-board, at right angles agan.

16. Principal components.—The object of using centroids
as axes 1n the above process 15 to obtamn axes i dimmnishing
order of importance as describers of the test Iines. In the
current jargon, they each “ take out ”” as much varance as
possible at cach step—or rather, not qute as much as
posstble, though nearly so. There 1s another set of lines
which actually do take out as much as possible, They are
the lines corresponding to the axes of the elhpsoid of
Figure 15, or the more general clhipsoids of hagher dimen-
sions The centroxd OC in our Figure 20 1s m such a
posttion that the sum of the squares of the vertical distances
of the test dots to 1t 14 very small, nearly as small as
possible.  Another lhine, however, quite close to OC and
corresponding to the major axis of the ellipsoid, makes this
sum of squares an absolute mmimum, and the sum of
squares of the loadings of the factor a maximum.

In Section 5 above we spoke of converting the clhpsoid
of our Figure 15 1nto a sphere by swivelling the three test
Iines nearer to each other till the cosines of their angles
correspond to the correlation coefficients, and the test hnes
take up positions such as they have m our Figure 20.
When this 15 done, the major axis of the elhipsoid takes up
a position among the test lines, quite near to the centroid
but not quite comneiding, and with the property of maxi-
muzing the “ variance taken out.” Similarly, the other
principal axes of the ellipsoid, when the change 15 made in
the space, replace for the better the later centroids of the
sumpler process. The armthmetical method of calculating
therr loadings 1s explamed 1n our next chapter.



CHAPTER VII
PRINCIPAL COMPONENTS

1. A historical accident—By a historical accident, the
method of principal components is associated in the minds
of psychologists with analyses mn which unities, and not
communalities, are used mn the diagonal cells of the square
table of correlations. The centroxd method can, however,
equally well be used on such a table, giving the centroids of
the complete test vectors in the whole test space : and the
principal componcents of the communality vectors, in the
common-factor space, can he found, using communalities 1n
the diagonal cells, by the same iterative process as we are
about to describe. As, however, this method was onginally
used on unit entries, we shall first make a prineipal com-
ponents analysis of the whole tests of the example already
used for the centroid process. Later we shall analyse the
communality vectors by the same process (page 118).

2. A4 calculation.—The actual calculation of the loadings
of principal components requires, for its complete under-
standing, a grasp of the method of finding algebraically the

10 4 4 2 1 8 78 5
-4 10 7 3 | 10 100 1000
4 7 10 3 | 10 100 1000
2 3 3 1-0 | 7 65 637
.11 32 B 16
10 1N 70 30
0 70 1 00 30
14 2 21 70

174 2 23 223 146 !

780 312 312 156
400 1000 700 300
400 700  1:000 800
130 195 195 650

1710 2207 2207 1406,
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principal axes of an ellipsoid, a problem which will be
found dealt with in three dimensions in any text-book on
solid geometry, We give an account of this, for n dimen-
sions, in the Appendix. Here we shall only explain
Hotelling’s (1988) ingemous iterative method of doing this
arithmetically, by means of an cxample, for which we shall
use the matrix of correlations already employed in Chapter
V to illustrate the centroid method (see page 108).

Hotelling’s arithmetical process then begins with a guess
at the proportionate loadings of the first prineipal com-
ponent. Practically any guess will do—a bad guess will
only make the arithmetic longer. We have guessed -8, 1,
1, *7, the numbers to be seen on the right of the matrix,
because these numbers are roughly proportional to the
sums of the four columns, and such numbers usually give
a good first guess.

Each row of the matrix 1s then multiphied by the guessed
number on 1ts rght, giving the matrix below the first one,
beginnimng with -80. We then take, as our second guess,
numbers proportional to the sums of the columns of this
matrx,* namely—

174 2:23 223 1-46
giving 78 1 1 65

That 15, we divide the sums of the eolumns by their largest
member, and use the results as new multiphers. They
are seen placed farther on the right of the original matnx.,
It 15 unusual for two of them to be of the same s1ze—that
1s a peculanity of our example.

It 15 always the original matrix whose rows are multiphed
by each improved set of multiphiers. The above set gives
the next matrix shown, that beginning with -780, and the
sums of its columns—

1-710 2-207 2:207 1 406
give a third guess at the multipliers, namely—
75 1 1 637

* When a calculating machine 15 being used, this matrix will not
be actually written down—the column sums will be arrived at on the
machine,



110 THE FACTORIAL ANALYSIS OF HUMAN ABILITY

And so the reiteration goes on, and the reader, who 1s
advised to carry it a stage farther at least, would find if he
persevered that the multiphers would change less and less.
If he went on long enough, he would reach this point
(usually, however, far fcwer decimals are sufficient) :

10 4 4 2 772865
+ 10 7 3 1-000000
=3 7 10 3 . 1000000
2 3 3 10 -629811

772865 309146 309146 154573
400000 1 000000 700000 300000
400000 700000 1 000000 300000
125962 188943 188943 629811

1-698827 2 198089 2 198089 1 384384
giving 772865 1 1 629813

that 1s, totals in exactly the same proportion as the multi-
phers  These final multiphers (or earher ones if the exper-
menter s content with less exact values) are then propor-
tionate to the loadings of the first principal component m
the four tests. They have, however, to be reduced until
the sum of their squares equals the largest total, 2 198089,
which is called the first “latent root ™ of the origmal
matrx. This 15 done by dividing them by the square root
of the sum of therr squares and multiplying them by the
square root of the latent root They then become- -

662 857 857 510

The next step m Hotelling’s process 15 similar to one
with which we have already become famihar m Thur-
stonc’s method. The parts of the variances and correla-
tions duc to this first component are calculated and sub-
tracted from the origmal cxperimental matrx. These
variances and corrclations due to thc first component
arc shown at the top of the opposite page.

The residual matrix 1s then treated in exactly the same
way as the origmal matrix, the begimnings of the process
bemng shown opposite  There 15 no need, 1 this process, for
sign-changing. The guessed multiphers, proportional to
the sums of the columns, are not so near the truth this
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I 662 857 857 540
-662 439 567 567 857
857 -567 734 ‘734 4062 Matrix due to
887 567 34 784 462 first primmcipal
540 857 402 462 291 component.
Lo
X =561 167 — 167 — 157 3 ‘18
Reswdual | — 167 266 -- 03+ - 162 - 4 — 38
matrix — 167 — 034 266 — 162 — 4 — 38
— 157 — 162 — 162 709 10 100
| 168 — 050 — 050 — 047
067 — 106 013 065
067 013 — 106 -065
— 157 — 162 — -162 709
‘1456 — 305 — -805 792

time, for the first one, which we have guessed at 3, and
which reduces after one operation to -18, goes on reducing
until it becomes negative, the final values of these second
loadmngs being as shown in the appropriate column of the
following table, which also gives the loadings of the third
and fourth factors, obtamned i the same way. The van-
ances and correlations duc to cach factor mm turn are
subtracted from the preceding residual matrix and the new
residual matrix analysed for the next factor

Factor I o I o Sumof
Squares
Test 1 662218 — 323324 675967 1
o 2 836836 — 135197 312332 — 387298 1
s 3 856836 — 135197 — 312332, 387298 1
.“ 4 530645 820092 162323 1
Sum of ! ,
squares * 2 198090 828520 -678383 300000 ' 4
Percentages 550 206 169 75 100

* These four quantities are, 1 the llotelling process, what are
called the * latent roots  of the matrix  Their product gives the
value, 3684, of the dctermuinant of the matrix of correlation co-
efficients.
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An alternative method of finding principal components,
due to Kelley, is to deal with the variables two at a time.
The pair first chosen are rotated in their plane until they
are uncorrelated. Then the same 1s done to another pair,
and so on, the new uncorrelated variables being in turn
paired with others, until finally all correlations are zero.
{Kclley, 1985, Chapters I and VI.) A chief advantage 1s
that the components are obtained pari passu, and not
successively , also, mn certam circumstances where Hotel-
ling’s process converges very slowly, Kelley’s is quicker.
The end-results are the same.

8. Acceleration by powering the matriz.—In a later paper
Hotelling pomted out that his process of finding the load-
ings of the principal components can be much expedited
by analysing, not the matrix of correlations itself, but its
square, or fourth, eighth, or sixteenth power, got by
repeated squaring (Hoteling, 1985b). Squaring a sym-
metrical matrix 15 a special case of matrix multiphcation
(see Chapter X, Section 4, page 145) : 1t 1s done by finding
the *“ mner products ” (see footnote, page 74) of each pair of
rows, including each row with itself, and setting the
results down i order. Applying this to thc correlation
matrix :

10 4 4 2

4 10 7 8
C 4 7 1-0 3 |

2 3 -3 10

we see that the mner product of the first row with 1itself
15 138; of the first row with the second, 1:14; and so
on. Setting these down n order, we get for the matrix
squared :

186 114 114 64

1114 174 165 -89
S 114 165 174 -89
' .64 -89 89 122 |
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Exactly the same process is applied to this, beginning
with guessed multipliers, as we applied to the original
matrx. The multipliers, however, settle down twice as
rapidly towards their final values, which are the same here
as there. 'We have finally :

136 11¢% 114 64 772865
114 17% 165 89 1 000000
11t 165 174 89 1-000000

64 89 89 122 629811

1:051096 881006 8§81066 94634
1140000 1 740000 1 650000 890000
1140000 1 650000 1740000 890000

03079 560532 560532 7683069

3734175 1831598 1831598 3 043003

Ratio 772865 1 000000 1 000000  -629812

The “ latent root,” however, or laigest total, 4881598, 15
the square of the former latent root, 2:198090, so that 1its
square root must be taken before we complete finding the
loadings.

In exactly the same way the squared matrix may be
again squared, and agam and again, before we analyse 1t.
The more we square 1t, the quicker the Hotelling 1teration
process works The end multiphers are always the same,
but the * root ”” 1s the same power of the root we need as
15 the matrix of the original matrix.

A still further acceleration of the process 15 due to Cyril
Burt, who observed that as the matrix 1s repeatedly
squared 1t becomes more and more nearly hierarchical,
mecluding the diagonal cells (Burt, 1987a). This 1s due
to the largest factor increasingly predominating as 1t 1s
‘ powered,” especially if the largest latent root 1s widely
separated from the others. In consequence, the square
roots of the diagonal cells become more and more nearly
mn the ratio of the Hotellng multiphers, and form an
excellent first guess for the latter. When our matrx
18 squared twice agamn, giving the eighth power, 1t
becomes :
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| 10878 14067 140 67 8854 |

14067 18208 18208 11461 |

14067 18208 18208 11461 |
8854 11461 11461 72 88

and the square roots of its diagonal members are—
10 429 13-492 13 192 8-508
which are m the ratio—
7730 1 1 6306
very ncar mdced to the Hotclling final multiphers—
772865 1 1 -629811

otelling gives a method of finding the residues, for the
purpose ol caleulating the next factor loadings, from the
“ powered ” matrix  But it may be so ncarly perfectly
hierarchical that this fails unless an enormous number of
decimals have been retamed, and 1t 1 1n practice best to
go back to the onginal matrix and obtamn the residues
from 1t. Their matrix ean in turn be squared, and so on.
Other and very powerful methods of acccleration will
be found deseribed m Aitken, 19376.

4. Properties of the loadings.—If all the principal com-
ponents are caleulated accurately, and if unities were used
m the diagonal cells, their loadings ought completely to
exhaust the vanance of cach test, that 15, the sum of the
squares of the loadings in each row <should be umty, The
sum of the squares of the loadings m each column equals
the * latent root ” corresponding to that column, and the
sum of the four latent roots 1s exactly equal to the number
of tests.  Each latent 100t represents the part of the whole
variance of all the tests which has been “ taken out ” by
that factor. Thus the first factor * takes out™ 55 per
cent., the first two factors together 75 6 per cent., of the
variance of the original scores The four factors account
for all the variance.

The corrclations which correspond to the loadings given
m the table on page 111 are obtamed by finding the
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“ mnner product ” of each pair of rows. Applying this to
the table we find the correlation 7y, say, to be—

856886 X -589645 — -185197 X -826092 — -312882
X -162328 — -387298 X zero = 300000

In this way the loadings of the four principal com-
ponents will exactly reproduce the correlations we began
with. If, however, we have stopped the analysis after we
have found only two principal components (or factors),
these two would have reproduced the correlations only
approximately. For example, for r,, we should only
have—

856886 X -539645 — 135197 < 826092
= 850702 mstead of 800000

Before we leave the table of loadings, we may note that
the signs of any column of the loadings can be reversed
without changing erther the variances or the correlations.
Reversing the signs in a column merely means that we
measure that factor from the opposite end, as we might
rank people cither tor intelligence or stupidity and get the
same order, but reversed. We will usually desire to call
that direction of a factor positive which most conforms
with the positive direction of the tests themselves, and
therefore we will usually make the largest loading in each
column positive,

All the loadings of the fiist prineipal factor are, n an
ordmary set ot tests, positive  Of the other loadings,
about half are negative.

5. Calculation of « man's principal components.---
Factors obtamed by usmg umities, and not communalities,
in the diagonal cells have an important advantage They
can be calculated exactly from a man’s scores, whereas
communality factors can only be estimated. This 1
because the former are never more numerous than the tests,
whereas the latter, ncluding the specifics, are always more
numerous than the tests. For the former, therefore, we
always have just the same number of equations as un-
knowns, whercas we have more unknowns than equations
when communalities are used

We have hitherto given the analys:s of tests into factors
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in the form of tables of loadings. But we can alternatively
write them out as * specification cquations,” as we shall
call them. Thus the table on page 111 would be written—

z, = 662218y, — 323324y, + 675967y,
2 - 856836y, — 135107y, — 312332y, — -387298y,
- 856886y, — 135107y, — 312332y, + 387208y,

:: - 539643y, + 826002y, + 162323y,
Here 2, 25, 2. and z, stand for the scores m the four
tests, measured 1n standard units ; that 1s, measured from
the mean m units of standard dewviation The factors
Y1» Ye» Y3 and y, are also supposed to be measured 1n such
units. These specification equations enable us to calculate
any man’s standard scorc in each test if we know his
factors, and since there are just as many equations as
factors, they can be solved for the y’s and enable us to
calculate, converscly, any man’s factors if we know his
scores m the tests. The solution to these Hotelling equa-
tions for the y’s happens to be peculiarly simple, as we
shall prove m the Appendix, Section 7 1t 1s as follows—

7 - ( 062218z, | 8508303, + 8568363, + 730615z,) — 2 198000
7 - (~ 328824z, — 1851973, — 1351073, 4 826002z,) — 823526
v, (6759672, - 3128323, — 312832y, + -162823z,) — 678883
ve - ( — 887298z, | 387208z, ) — 300000

The table on page 111, therefore, serves a double purpose.
Read horizontally it gives the composition of cach test
terms of factors. Rcad vertically 1t gives the composition
of each factor in terms of tests, if we divide the result by
the root at the foot of the column *

Suppose, for example, that a man or child has the fol-
lowing scores m the four tests—

129 36 72 1-03

This 1s evidently a person above the average m each test,
<since the scores are all positive. His factors will be

* If the analysis has been performed with ¢ rehabilities ** 1n the
diagonal cells instead of umts, the statement in the text still holds
(Hotelling, 1933, 498) If on correlations corrected for * attenua-
tion,” the matter w more comphcated (ibed. 499-502)
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obtained by substituting these scores for the 2’s m the
above equations, with the result—

Y, — 1-062504
1y = -849441
v; — 1-084624
Yy = 464757

(Of course, 1n practical work six decimal places would be
absurd. They arc given here because we are using this
artificial example to illustrate theoretical points, in place
of doing algebraic transformations, and they need, there-
fore, to be exact.)

If these values for the factors are now imserted wn the
specification equations opposite, the scores z in the test
will be reproduced exactly (1-29, :86, 72, and 1-03)

Notiee, too, that if we have stopped our analysis at less
than the full number of prineipal components using unities
in the diagonal cells, we can ncvertheless ealculate these
factors for any person exactly. As soon as we have the
first column of the table on page 111, we can calculate vy, for
anyone whose scores z we know

Had we done this with the person whose scores are given
above, we should have summanized his abihitv in these four
tests by the one statement—

11 = 1062504

This would have been an imncomplete statement, but it
1» the best single statement that can be arrived at.

6. Principal components in the common-factor space.—
Exactly the same 1terative Hotelling process for finding the
principal components, the principal axes, of the ellipsods
of density of the person-pomts can be apphied to the table
of correlations with communalitics i the diagonal cells.
The ellipsoidal swarm of person-points, in the full test space
with orthogonal axes for the tests, remains an elhipsoidal
swarm (though one of fewer dimensions) when projected
on to the common-factor space. The mathematical reader
will know this, or can work it out. The non-mathematical
reader knows 1t well enough 1n the number of dimensions
he 1s personally acquamted with : ¢ g. an egg, which 1s an
elhpsoid of three dimensions, throws a shadow on a wall
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which 1s an ellipse, 1 e. an ellipsoid of two dimensions. We
shall now analyse the same set of correlation cocfficients
using the communalities 26, 7, -7, -15, which we know,
from Chapter V, page 77, reduce the rank of the matrix
to fwo, and give an analysis with only two common factors.
We found on page 78 the two centroid common factors.
We shall now find the two principal components and find
them very similar.
7. Calculation unth communalities

2667 4 4 2 7 59 5918
4 7 7T 8 . 1 1 1
4 7 7 3 | 1 1 1
2 3 3 15 5 45 4485

10867 183 183 815

Taking -7, 1, 1, -5 as a first guess at the multipliers, we find
the weighted sums of the columns to be as shown, and on
dividing through by 1 83 we get the next set of multiphers
-59, 1, 1, 45. Contmumng mn this way, we arnve quite
soon at -5918, 1, 1, 4435, which, when used as weights,
reproduce themselves. When reduced until the sum of
their squares equals 1 7696 (the largest column total with
these weights), the loadings are—

4929 -8336 8336 3697

Subtracting the cross-products of these from the origmal
matrix, and operating on the residues m exactly the same
iterative way, we get for the second factor loadings—

-1540 — 0712 - 0712 1153, and no residucs.*

If we compare these principal component loadings with the
centroid loadings (page 78) obtamned with the same com-
munahties, we sec that they are very smmilar. But the
sum of squares of the loadings of the first principal com-
ponent (1-7694) 15 shightly larger than the same sum for the
first centroid loadings (17652). The principal compon-

* The sums of squares of the loadings (17694 and 0471) are the
two first latent roots of the matrix with communalities The other
two latent roots are zero The sum of the latent roots equals the
sum of the communalities, the * trace *’ of the matnx as 1t 1s called.
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cnts take out at cach stage the maximum possible variance
(sum of squares of loadings) The centroids nearly do
so 1f the sign-changing is carefully done, but not quite.
The centrords can best be looked at as approximations to the
prineipal components, more easily caleulated. In a bat-
tery of many tests, say two dozen, and with any given
communalitics, the prineipal component process (* weighted
summation ’) will take out more varance in, say, six
factors, and leave smaller residues, than will centroid
factors.* But with the kind of data available m psychology,
this advantage does not outweigh the dwmadvantage of
longer calculation.

8 Iieratwe methods —Both 1n the above Hotelling cal-
culation, and in our discussion of communalities on page
88, we have seen examples of iterative processes, where a
first guess at eertamn constants gives results which can be
used as a better guess, which gives results which can be
used as a still better guess, which gives . . . and <o on
and so on, until the stage 1 reached where the same con-
stants emerge as were put m. Thas sort of process, where
repetition after repetition converges to a steady result
gIving somie maximum or mimimum value to some quantity,
18 not uncommon mn mathematies and 15 rather mysterious
and magical to the layman An analogy will perhaps
assist understanding.  Robinson Crusoe wants to make a
lathe, but he has no wheels and spindles, and to make
wheels and spindles he nceds a lathe! He can, however,
whittle erude makeshift wooden wheels, ete., with a knife,
and make a crude lathe with them, with whch lathe he can
make somewhat better wheels and therefore a somewhat
better Jathe, with which he can make still better wheels

. . and so on, till he reaches perfection.

* If the Hotelling process 15 used with guessed communalities, and
the whole 15 1terated (as was done with centroids on page 88) the
communalities will converge to a set immmuzing the sum of squares
of the residuals for a given number of factors  The maximum hikeh-
hood method of Chapter IX arnves ut communahties (I understand
from Dr Lawley) which mimmize a weighted sum of squares of the
residuals, each weight being the product of the reciprocals of the two
specific variances concerned



CHAPTER VIII
TESTING RESIDUES FOR SIGNIFICANCE

1. The object of factorial analysis.—As was said in the first
section of Chapter I, the objects of factorial analysis are
both practical and theoretical. The practical desire 1s to
reduce the deseription of a man’s mind* to a comparatively
few quantitative statements, instead of an unwieldy record
of mnumerable test scores. with a view to giving vocational
or educational advice. The hope, on the theoretical side,
is that the * factors ” found may form the structure of a
theory of mind and there are some who hope that physio-
logical or neurological bases may be found for them. Our
concern mm this chapter 1» with the first point: how to
reduce the number of *factors” without sacrificing any
significant fraction of the mformation. The msertion of
communalities 1 the diagonal cells of a table of correla-
tions 1s by many looked upon as one way of domg this,
since 1t reduces the number of common factors. Simul-
taneously, however, 1t creates and maximzes the mfluence
aseribed to specific factors, and the total number of factors
15 mcreased, not dimimished. This will not be discussed
m the present chapter, which is concerned with another
way of reducing the number of factors, applicable whether
communahties or full vanances are analysed. If the idea
of communahties and specifies had never oceurred to any-
one, 1t would still have been possible to reduce the number
of sigmificant common factors to a number less than the
number of tests. Each prmecipal component, found as
described 1n Chapter VII, causes the remaining residues to
be as small as can be : and the centroid factors of Chapter
V are nearly as good, if the sign-changing 1s done properly.
If, after a few such factors have been extracted, the
residues are so small as to be statistically neghgible, we

* Or of other objects of study, say 1n agriculture or 1n engmneering.
See Chapter XII, Section 7.

120
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might as well stop the analysis, content with the few factors
extracted. We need, therefore, some test of statistical
significance, applicable to such residual correlations, to
know if they are neghgible.

2. The general idea of significance—The general prin-
ciple of such a test of sigmficance 1s this, that if the residues
we have found, or in practice some function of them, could
only rarely have been produced by the action of chance
sampling, we will assume that they are not due to sampling
but to another factor. How we define * rarely *’ depends
on circumstances. Usually m psychology “ once n twenty
times 7’ (the 5 per cent. pomt as 1t 15 called) 15 rare enough
to justify taking out another factor. The principle 18
straightforward enough, the mathematical dificulty of
finding formula for calculating the chances, however, very
great, even for principal components with full variances,
and insuperable when the centroid method 1s used with
guessed communalities. In consequence, a number of
rule-of-thumb criteria have been put forward, to decide
when to stop factorizing.

8. Empiriwcal rules for the number of factors —Thurstone
(1988a, 65 ¢t seq ) discusses some of the earlier ones A eri-
terion which appeals to common sense 1s based simply on the
algebraic sum of the residuals (excluding the diagonal cells)
after as many as possible of their signs have been made
positive by the process described m Chapter V (page 71).
As long as this sum goes on sinking, factorization 1s con-
tmued. When 1t flattens, the last factor taken out 1s
rejected and the process stopped. Mosicr (1939) found this
the best of five plans he tried, though nonc was wholly
satisfactory.

Ledyard Tucker’s criterion is that the ratio of the sums
of the absolute values of the residuals, mncluding the
diagonal used, just after and just before the extraction of
a factor must be less than (n — 1)/(n + 1) where n 1s the
number of tests.

Coombs’ eriterion depends upon the number of negative
signs left among the residuals after everything has been
done to reduce them by sign-changmg, in the centroid
process. If they are few, another factor may be extracted.
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More exactly, the permissible number 1s given in this
table :

Number of tests . 10 15 20 25 380
Negative signs . . 31 79 149 242 358
Standard error . . 5 7T 10 12 15

A fuller table 15 given m Coombs’ article (1941).

An example of the use of these two will be found 1n
Blakey (1940, 126).

Quinn McNemar (1942), who considers both of the
above madequate, gives a formula which mcludes N the
size of the sample. IIe takes out factors until 6; reaches

or falls below 1/V/N, where

6; =6, — (1 — M),
o, = st dev of the restduals after s factors,
M,, = mean communahty for s factors.

Others go on until the distribution ol the 1esiduals
ceases to be significantly skew (Swimeford. 1941, 378).
Reyburn and Taylor (1939) divide the residuals by the
probable crrors of the original cocfficients, and plot a
distmbution of the results dwregarding signs. If 1t 1
significantly different from a normal curve of the same area
and with standard deviation 1 4825, they take out more
factors Swineford (1941, 3877) finds the corrclation
between the origmal correlations and the corresponding
residuals and takes out factors till 1t 15 not significant.

Another method 15 based on the smking of the factor
loadings with each successive factor mstead of on the dymng
away of the residuals.  Guilford and Lacey (1947 m a
U S Arr Force 1eport) stop factorizing when the product

of the two highest factor-loadings falls below 1/V/N.

P. E. Vernon, m a privately circulated manuscript, has
tested some two dozen methods, as apphed when the
centroid o1 simple summation method of analysis 1s used
with communalities, on two analyses of actual data, on
645 and 994 cases respectively (Vernon, 1947). His final
advice 1s to use the methods of Gulford and Lacey (pro-
duct of the two highest factor loadings) and of Mosier
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(sum of the residuals), together with Burt’s empirieal
formula for the standard error of each factor loading—

Q—)vn
VN(n — s +1)

where I = loading, N = number of persons, # = number of
tests, 8§ = the ordinal number of the factor. If half the
loadings of a factor fall below twice their standard errors
thus found, Vernon recommends rcjection of the factor.

If these three methods do not agree, Vernon would
proceed to calculate McNemar’s o; (opposite), and would
decide on the evidence of the four eriteria, taking out another
factor 1if doubtful.

4. More exact mcthods.—The carliest method was to
compare each residue with the standard error of the original
correlation coefficient and cease factorizing when the
residues all sank below twice these standard errors. But
the usc of the formula for the standard error of r 15 now
frowned upon because of the skewness of the distri-
bution.

Moreover, samphng errors m the correlation coeflicients,
being themselves correlated, produce further factors; and
the above-mentioned test tended to stop the analysis too
soon (Wilson and Worcester, 1989). These further factors
must be taken out in order to give elbow room for rotation
of the axes to some psychologically significant position.
For the error factors are not concentiated i the last
factors taken out, but have been cntangled with all.
Usually more tactors have to be taken out than can be
expected, on rotation, to yield meaningful psychological
factors, but all the dimensions are required nevertheless for
the rotations. In geometrical terms, some of the dimen-
sions of the common factor space will be due to sampling
error, but not the particular dimensions indicated by the
directions of the last factors to be extracted. In terms of
Hotelling’s plan, the whole ellipsoid 1s distorted ; its small
major axes are not necessarily due entirely to sampling, nor
1ts large ones freefromit. A y*method s described by Wilson
and Worcester (1989, 139) which 1s, however, laborious
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when the number of tests is large. See also Burt (1940,
338-40). Lawley (1940, 76 et seq.) repeated Wilson and
Worcester’s criticism and developed an accurate criterion
described 1 the next chapter. This 1s probably the best
plan to use 1n any research where great aceuracy 1s necessary.
And 1t 1s for the case where communalities are employed.
It 15, however, only legitimate when the factor loadings
have been found by Lawley’s application of the method of
maximum likelihood

Principal components lend themselves to exact treat-
ment when full unities arc used, 1e there are no specifics
assumed.  Iotelling himself (1988, 437-41) discusses the
matter of the number whieh are agnificant  Davis (1945)
shows how to find the 1chability of each prinerpal compon-
ent from the rehabilities of the tests, and finds that it may
happen that a later component 15 more rehable than an
carher one.

5. M. S Bantleit’s test of signmificance for principal com-
ponents.—Reeently (Bartlett, 1950) a method has been
described for deciding the significance of principal com-
ponent factors which, while 1t is unlikely, 1n 1ts present
form at least, to be usable mm any ordinary cases, ought
to be bnefly described here. It 1s highly desirable that
exact methods, or methods where the assumptions made
and the approximations permitted are clearly reahzed and
set out, should gradually replacc those based on experience
only. Bartlett’s method depends upon the latent roots of
the matux ol correlation cocfficients with umty n cach
chagonal cell-—1t 15 not applicable to communahties.

Latent roots have been mentioned on page 111, where
they appear as the sums of squares of the loadings of the
tests 1n each prineipal component. In the example there
used, their values are—

N = 2198
A= 824
A = G678
A= -300

They are equal i number to the tests, and their sum also
is exactly 4. Bartlctt forms quantities R, as follows :
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1
Rl = )‘l X = =1 logeR
A
2 2
Ry = A\ (———~—-) — -8506 — 0:16182
3 34 7\3 + 7\‘
= ApAgh, == 7734 — 0 25696
2 = hahes Ay + Ay + Ay
R, = MAghg)y = 8684 — 0-99858

and of these we requirc the natural logarithms, which are
2-8026 times the usual logarithms to the base ten. They
are given above. These logarithms, multiphed by a certain
coefficient, are an approximation to x® for the successive
factors. The coefficient 15—

2p+5 24

n —+ G + 3
where 7 1s the number of persons tested less one, p 1s the
number of latent roots, 1.e. of tests, and k& 1s the number of
factors already dealt with, 1e. 1t takes in turn the values
0,12 .

In our examplc p = 4. If we assume that the number of
persons tested was 20, <o that Bartlett’s n — 19, we can
make this table

3 per eent

3 3
! “af ' 4 level
0 3+241 — 16833 x ( 99858) — 16 8095 12 59
1 241 - 18167 % (— 236906) = 41542 782
2 1 — 15300 x (— 16182) = 25082 3 84

The quantities m the last column are to be obtamed from
a x* table, entered with the number of degrees of freedom
(d.f.) shown. Only the first factor 15 significant (16-8095
being greater than 12 59).

If we had assumed 29 children (n = 28) we should have
been puzzled by a peculiar result. The three values of %2
are then 25-80, 6-47, and 8 96, so that 1t looks as though the
first factor and the third factor are significant, with the
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factor in between not significant!* But Bartlett warns
(1950, 78) that this y? test 1s only vahd if the roots
already removed are sigmficant. As soon as we come
to a non-significant factor, the later factors are also non-
significant. The last factor of all 15 not dealt with.
‘“ Merely the correlation structure of the variables 1s being
investigated in 1ts relation to variance,” says Bartlett
(page 80). “ For this reason no sigmificance can ever be
attached to the last root, for 1t would be equivalent to
asking for the correlation structure of a single variable.””}

* Compare the report by Davis (1945) that a later component may
be more rehiable than an earlier one

t In a later paper (B.J P Statist 4, p 1) Bartlett warns that
after one or more significant components have been ehmimated 1t 15
safer to take as the number of degrees of freedom

¥ (p-h-1) (p—k+2)

t (p—L) (p-h-1)
as used above This would increase the degrees ot freedom in the
second hine of the analysis on page 125 from 3 to 5, and n the
third line from 1 to 2, and raise the 5 per cent, level

mstead of



CHAPTER IX

THE MAXIMUM LIKELIHOOD METHOD OF
ESTIMATING FACTOR LOADINGS *

(by D N. Lawley)

1. Basis of statistical estumation.—In recent times attempts
have been made to mtroduce mnto factorial analysis statis-
tical methods developed m other fields of research. In
particular the method of statistical estimation put forward
by Fisher (1921, page 823 ¢t seq.), and termed the method of
maximum hkehhood, has been applied by Lawley (1940,
1941, 1943) to the problem of estimating factor loadings.
This method has the property of using the largest amount
of available information contamed i the data and gives
¢ efficient ” estimates, where such cxist, of all unknown
parameters, 1 e, estunates which, roughly speaking, are on
the average nearer the true values than those obtained by
other, ¢ mefficient,” methods of estimation.

Before using the maximum hkelithood method for esti-
matig factor loadmmgs 1t 1s necessary to make certain
mitial assumptions. We assume that both the test <cores
and the factors, of which they are hucar functions, are
normally distributed throughout the population of indi-
viduals to be tested This assumption of normality has
been the subject of some criticism, but in practice 1t would
appear that departure from striet normality of distribution
18 not very serious. It is also nceessary to make some
hypothesis concerning the number of general factors
which are present i addition to specifics. We shall later
on show how this hypothesis may be tested, and how it
may be determined whether the number assumed 1s, 1n fact,
sufhicient to account for the data.

2 A numerical example —In order to illustrate the calcu-

*Yor a detailled exposition of the arithmetical procedure of
Lawley’s method, with checks, see Emmett (1949)
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lations needed we shall reproduce an example used by
Lawley (1948b), where eight tests were given to 448 indi-
viduals The table below gives the correlations between
the eight tests, unities having been placed 1n the diagonal
cells. In this example the hypothesis made 1s that two
general factors, together with specifics, are sufficient to
account for the observed correlations,

1 2 3 4 5 (] 7 8

' 1000 312 405 457 500 850 521 564

312 1000 160 316 279 173 339 288
' wH 460 000 394 380 258 433 323
57 316 394 000 460 222 316 486
500 279 380 460 000 239 M1 417
350 173 258 222 239 000 302 262
. 521 339 4343 316 41 302 1000 547
! 364 288 323 486 417 202 547 1T 000

-t

b
-
-

XADEvE WN
ol

The method of estimation about to be described is one
of suceessive approximations. Each successive step 1n the
calculations gives a set of factor loadings which are nearer
to the final values than those of the previous set. To
start the process it 15 only necessary to guess or to find by
some means (e.g by a centroid analysis) first approxima-
tions to the factor loadings. Any set of figures within
reason will serve the purpose, though, of course, the better
the approximation the fewer steps in the caleulation will
be needed For ilustration we shall take as first approxi-
mations to the factor loadings the set of values given below :

Tests
Trial from = e i e e A -
loading 1n 1 2 3 4 5 6 7 8
Factor I 73 50 -66 66 62 40 73 70
Factor II. 17 — 27 —47 08 06 02 10 29

Specifie
variance -4382 -6771 8485 ‘5580 6120 8396 4571 4259

Under the loadings are wrntten the corresponding first
approximations to the specific variances (the total vamance
of each test bemng taken to be umty). They are as usual
found by subtracting from unity the sums of squares of
the loadings for each test.
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The calculations necessary for obtaining second approxi-
mations to the loadings i factor I may now be set out as
follows :

(a) 1:666 -738 1921 1183 1-013 476 1597 1-644

(b) 5647 8805 5132 5129 4830 3100 5647 5412

(c) 4917 8395 4472 4469 4210 2700 4917 4712
I} = 45724 1/hy =0 14789

(d) 727 502 -861 -661 623 399 727 -697

The first row of figures, row (a), 1s found by dividing the
trial loadings m factor 1 by the corresponding specific
vanances. The figures in row (b) are then given by the
mner products (see footnote, page 74) of row (a) with the
successive rows (or columns) of the correlation table
printed above, and row (c¢) 1s obtained by subtracting
from the figures mn row (b) the corresponding loadings 1n
factor I. The quantity A} 1s given by the mnner product
of rows (@) and (c), and hence, taking the square root of the
reciprocal of this quantity, we find 1/h;,. Finally, row (d)
18 obtained by multiplying the figures 1 row (c) by 1/&,,
or 14789. The resulting numbers are then second
approximations to the loadings of the tests in factor I.

The most direct way of obtaining second approximations
to the loadings in factor II 15 to find the residual matrix
which results from removing the effect of factor I, and to
treat 1t m the same way as the onginal matnx, using this
time the trial loadings 1n factor II. A less direct but con-
siderably shorter method may, however, be obtained by using
once more the original matrix and modifying the process
shghtly. The necessary calculations are as shown below .

() 388 — 399 —1368 143 098 -024 219 681
(/) 830 —560 — 980 150 -113 -088 190 580

P = —0284
(@ -177 -—278 -—-495 085 -068 027 -107 -308
k2 = 11080 1/k, = 9500

(h) -188 -~ 264 —470 -081 -065 -026 -102 291

Row (e) 1s found by dividing the trial loadings i factor II

by the corresponding specific variances (thus, -388 1s

*17/-4882), while the numbers in row (f) are given by the
rA—b
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mner products of row (¢) with the rows of the correlation
table.

The step by which row (g) 1s obtamned from row (f) 1s
a little more comphcated than the corresponding step in
the calculations for the first-factor loadings. From each
number 1 row (f) we subtract not only the corresponding
trial loading i factor II, but also a correction which
elimmates the effect of factor I; this correction consists
of thc corresponding number mn row (d) multiphed by
-- 0284, the iner product of rows (e) and (d). Thus, for
example, the number -177 1 row (g) 15 equal to

-830 — 170 —- 727 X (— -0234)

In general, where more than two factors are assumed to be
present and where further approximations are being caleu-
lated for the loadings 1 the rth factor, there will be (r — 1)
such corrections to be subtracted, one for each of the
preceding factors.

Having found row (g) the quantity 2 1s now given by the
mner product of rows (¢) and (g), from which, taking the
square root of the rcciprocal, we derive 1/k;. Row (k)
1s then obtamed by multiplying the figures m row (g) by
1/k,, or -9500. Ve have thus found second approximations
to the loadings mn factor IL

The whole cycle of calculations may now be repeated
over and over again until the required degree of accuracy
1s reached. In practice, provided that the imitial tral
loadings are not too far out, onc repetition of the process
will usually be found sufficient. In our example the final
estimates (with possible shght errors in the last decimal
place) werc as follows :

Tests
Loading in 1 2 3 4 5 6 7 8
Factor I 725 303 664 661 623 -399 1726 694
Factor I1 172 — 261 —-468 087 069 027 -106 291
Spectfic
variance M5 679 340 556 007 840 462 -434

Having obtaned these figures, there is, of course, no
objection to rotating the factors as desired in order to
reach a psychologically acceptable position.
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8. Testing significance.—A difficulty mn most systems of
factorial analysis 1s to know how many factors 1t 1s worth-
while to ‘ take out,” and to decide how many of them may
be considered sigmficant. From a statistical pomt of
view objections can be raised against the majority of
methods at present in use for this purpose. When, how-
ever, the number of mmdividuals tested 1s farly large, the
maximum likelthood method provides a satisfactory means
of testing whether the factors fitted can be considered
sufficient to account for the data.

To illustrate this let us return to the example of the
previous section. It 1s first of all necessary to calculate
the matrix of residuals obtamned when the effect of both
factors 1s removed from the original correlation matnx.
For this purpose we use the final estimates of the loadings
as already given. The residual matrix, with the specific
vanances mserted i the diagonal cells, 15 as follows :

1 2 3 1 5 6 7 8

( 445) — 008 00% - 037 036 036 — 024 011
— 008 (679) 004 006 - 016 -- 021 001 015
04 W4 (340) — 004 — 001 006 01 002
— 087 006 —-00% (556) 042 - 044 027 002
086 - 016 - 001 042 (607) - 011 — 019 — 085
056 — 021 006 — 08k — 011  (840) 009 — 023
— 024 001 001 027 — 019 009 ( 162) 012
011 015 — 002 002 035 — 023 012 (434)

[- R SRS - L

We are now able to calculate a eriterion, which we shall
denote by w, for decading whether the hypothesis that only
two general factors are present should be accepted or
rejected. KEach of the above residuals 1s squared and
divided by the product of the numbers in the corresponding
diagonal cells. Thus, for example, the residual for
Tests 4 and 7 1s squared and divided by the product of
the fourth and seventh diagonal elements, giving the result

(027)s
556 x -agg — 002888
There are altogether 28 such terms, one for each residual,
and w 15 obtained by forming the sum of these terms and
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multiplying 1t by 448, the number in the sample. The
result is found to be 20-1.

When the number in the sample 1s fairly large w 1s
distributed approxmmately as y* with degrees of freedom
given by

Hn —m): —n —m}

where n 1s the number of tests and m 1s the assumed num-
ber of factors. To test whether the above value of w is
significant we now use a x? table such as 1s given by
Fisher and Yates (1938, page 27). In our case, putting
n = 8 and m = 2, the number of degrees of freedom 1s 18,
Entering the y? table with 13 degrees of freedom, we find
that the 1 per cent. sigmficance level 1s 27-7. This means
that if our hypothesis that only two general factors are
present 1s correct, then the chance of getting a value of w
greater than 27-7 1s only 1 m 100. If, therefore, we had
obtained a value of w greater than 277 we should have
been justified in rejecting the above hypothesis and m
assuming the existence of more than two general factors.
In our case, however, the value of w 15 only 20 1, well below
the 1 per cent. sigmficance level. We have thus no
grounds for rejection, and although we cannot state that
only two general factors are present, we have no reason to
assume the existence of more than two.

It must be emphasized that the method described above
s not applicable if other, mefficient, estimates of the
loadings are substituted for the maximum likelithood
estimates. For the value of x2 would in that case be
greatly exaggerated, causing us to over-cstimate 1ts
significance. For this reason we cannot, for example,
use the method for testing the signmificance of the re-
siduals left when factors have been fitted by the centroid
method.

4. The standard errors of individual residuals.—A method
has now* been developed for finding the standard errors
of individual residuals. This should be useful when a few
of the residuals are very large, while the rest are small.
In such a case one or more of the residuals may be highly

* Lawley in the Proc Roy Soc, Edin, 1949
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significant, when tested individually, even though the
value of x* does not attain significance. The method
ignores errors of estimation of the specific variances, which
are not, however, likely to be very large provided that the
number of tests in the battery 1s not too small.

Let us denote by 1, m, the estimated loadings of the *
test 1n the first and second factors respectively (assuming
the existence of only two factors). Let v, be the specific
variance of the ¢* test, and let us write—

Then the standard crror of the residual for the * and 5%
tests (2 ) 1 gaven by—

l* mp

where e, =, — bt
113 i " k

and o = _ Wy __mm,
K h k

This formula may, of coursc, be easily extended to take
mto account any number of factors.

Let us 1llustrate the use of the above formula with the
same numecrical ecxample as before.  If we wish to test the
significance of the residual for the first and fourth tests
after removing two factors, we have—

L= 725 m, 172 v, = 44479

l, = -661 my = -087 v, = 555561
h =617185 k =10528
Hence e, = 388845 ¢, = -48829 ¢, = — -08554
s
and m(eue“ —_ e’u) = 0196

Thus the residual m question has a value of -087 with a
standard crror of 020. 1t 1s clearly not significant,



184 THE FACTORIAL ANALYSIS OF HUMAN ABILITY

5. The standard errors of factor loadings.—When maxi-
mum likelihood estimation has been used, we are able to
find the standard errors of not only the residuals but also
the estimated factor loadings. Using the same notation as
n the preceding section, the samphng vanance of [, the
loading of the +* test in the first factor 1s (assuming the test
to be standardized)—

e D b+l

and the standard error is the square root of ths.
The covariance between any two first factor loadings I,
and 15 given by—

LoD 16l

The formule for the vamances and covariances of the
subsequent factor loadings are more complex. Thus the
variance of m,, the loading of the #* test n the second
factor, 15—

R N RO

while the covariance between m, and m, 1s

1 1 1 1
N( + I—.) {ru — (1 -+ h) Ly, — {(1 -+ I:')m'mj}

The results for the general case, where more than two
factors have been assumed present, may be written down
without difficulty. Each factor will give rise to one more
term within the curly brackets than the preceding factor.
It should be noted that the last of such terms, and that
alone, 1s multiphed by j.

The variances and covarances of loadings mn any factor
are those for given values of the loadings in all preceding
factors.

It must be stressed that all the above results are apphe-
able only to the unrotated loadmngs.

In our numerical example, we find --

*
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1
14 P 1-14884

1
1+ P 1-9498

Hence the variance of I;, for example, 15

114884 {l — 4 x 114884 X '725”} = 001810
443
while that of my 15 --
1-9498 ]

—ZE— {1 —1-14884 * 725 —F <1 9498 X 1722J = 001617
Thus the loading of test 1 i the first factor 15 <7235, with a
standard error of —

v/ 001810 = 043
and 1ts loading in the scecond factor 15 172, with a standard
error of

v 001617 = 040

6. Addvantages and disadvantages.—To sum up- the
chief advantage of the maximum likelihood method of
estimating factor loadings 1s that i1t does lead to eflicient
estimates and does provide a means of deciding how many
factors may be considered necessary. It unfortunately
takes, however, much longer to perform than a centroid
analysis, particularly when the battcry of tests 15 a large
one and when sevcral factors are to be fitted. The chief
labour of the process lies m the caleulation ot the various
mner products ; although in this r1espeet 1t does not differ
greatly from Ilotelhng’s method of findmg * principal
components ”’  The maximum hkehhood method 15 thus
hkely to be most useful 1n cases where accurate estimation
1s desirable and where 1t 18 proposed to make a test of
signmificance.

The method also possesses the advantage of being
mdependent of the umts i which the test scores are
measured. The same system of factors 1s therefore
obtained whether the correlation or the covariance matrix
1s analysed The loadings in the one case are directly
proportional to those n the other.
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CHAPTER X
THE ROTATION OF FACTORS

1. Is rotation necessary ?—The factors or axes arrived at
by the centroid process (or as principal components) are
not at all the same sort ot things as the Specarman system
and 1ts extensions gave. The Spearman factors, though
mathematical devices are used 1 calculating their loadings,
have psychological meaning from the first. Their names
indicate this—general mtelligence, the verbal factor, cte.
There 1s no need for rotating them.

With the other kind of factor, the case 1s different  As
first obtained, they make no claim to have psychological
meaning. Their virtue 1s a purely mathematical virtue—
they each explain, 1n turn, as much as possible of the vari-
ance of the tests, and arrive with as few common factors
as possible at neghgible revwidues. The loadings of the
first centroid* factor are usually all positive, and 1t runs as
a positive factor through all the tests. Butitisnotasa
rule 1dentical with Spearman’s g The succeeding cen-
troid factors have each negative loadings in about half the
tests, and are often referred to as bipolar factors. Thev
may be looked upon as repeatedly classifymg the tests mto
subgroups, and this classification may be expressed by a
kind of familv tree .

Factor 1 All loadings positive
— - L
Factor 11 Positive loadings Negative loadings
[ [
r T T
Factor IIT Positive  Negative Powitive Positave

loadings  loadings loadings  loadings

Not mfrequently the sub-famihies mnto which this bipolar

classification analyses the tests will have something psycho-

* This 15 the most convenient name, to avoid verbosity. But

unless 1t is otherwise stated, may 1t be understood that principal
components arc equally referred to.
139
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logical in common, and to that extent these factors m such
cases may claim to have psychological meaning. Much
depends on how the battery of tests 1s made up. And
such bipolar clussification 15 more natural m tests of tem-
perament and character, where common speech has many
bipolar phrases (as brave-cowardly, modest-cheeky, ete.),
than mn tests of an ntellectual nature, though there too
bipolar pairs of words are found, like clever-stupid.

Many psychologists, however, especially 1f they tend to
look upon factors as rcal mental entities, even perhaps with
physiological causes, find 1t difficult to admt all those
negative loadings. A mental ability or factor, they argue,
1s on the whole something which helps us to do things, not
hinders. A few ncgative loadings they can understand .
but not so many as half the loadings. So they wish to
turn the centroid axes into positions where most of the
loadimgs will be positive, and morcover positions to which
they can give psychological meaning, and which will be
found and be recogmzable in different batteries of tests,
For this purpose the factor-analyst must be mstructed mn
methods of rotating the centroid factors into new positions.

2. Methods of rotation.—One method, Alexander’s, has
already been described earlier in this book on pages 79
to 80. It was used by Alexander himself with excellent
cffect (Alexander, 1985), but mvolves assuming (@) that the
communality of a certain test 15 entirely due to one factor ;
(b) that the communality of a second test 1s entirely due
to this factor and one other ; (¢) and so on for r — 1 tests,
where r 15 the number of factors The criterion of success
with this method 1s to see whether, when these assumptions
are made, negative loadings disappear ; and whether the
consequent loadings of those tests about which no assump-
tions are made are compatible with the psychologist’s
psychological analysis of them Alexander’s assumptions,
however, cannot generally be made i a usual battery of
tests, and other methods of rotation are required. The
simplest plan 1s to rotate the factors two at a time in thewr
own plane. An example will best explain this.

8. T'wo-by-two rolation.—Let us suppose that we have
the following set of loadings i eight tests for three factors :
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L I, UuL| w

|
)
|

1 4 4 1 ’ 88
2 7 8 — 4 T4
8 7T —2 - 38 -62
4 9 —11 -3 91
5 | -5 2 —-2 - 33
6 « 8 — 4 1 | 81
7 16 5 — 2 65
8 5 — 8 4 50

Suppose turther that we want to rotate to positions of the
three axes where there will be no negative loadings, or at
least only few, and those small. We shall do this taking
the axes two by two, and rotating each pair in 1ts own plane.
Take first axes I, and 1I,,
where the subscripts indicate T
that no rotation has yet :
taken place Draw a dia- s
gram, using the loadings on ’
I, and I, as co-ordinate axes
(Figure 21). We can see at , 5
once that if we rotate the . lo.” 5
axes to new positions I, and N ]

II, they will enclose all the S a
test pomts mn thewr positive “. 3
quadrant, and all the load- -
ings on these two axes will

be positive The position 1s, 1
however, not unique, for we Figure 2]

could have rotated a little

farther, or a httle less, than 6 and <till enclosed all the
points. T have taken 6 as 87°, with sme 6 = 6 and cosine
b= 8.

Consider now the pomnt 5 Its co-ordinates on the forme:
axes were 5 and 2, and clearly its new co-ordinates are—
Scos 0 — -2 s 6 =28

and 5sm O+ 2cos O = 46

These can be checked approximately on the diagram, and
this should always be done, at least by eye if not by
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measurement. The new loadings of each of the tests can
be calculated in the same way, giving—

1, 11, | Sum of squares
|

1 ' 08 56 | -32
2 | 88 66 58
3 ' 68 26 53
4 78 46 .82
5 | 28 16 29
6 | 88 1o ' 80
7 18 76 61
8 | 58 .06 34

At this pomnt iwo checks should be made (1) The sum
of the squares of the loadings of any test in these two factors
should not have altered. Thus 082 - 562 1s the same as
42 4 4 for the first test. (2) The mner product of any
pair of rows should not have altered. Thus, for the first
two tests
4° T+ 4 ¥ 8 =40
and 08 X< 88 4 56 X 66 — -4000

It 1s suthicient to check only adjacent rows
Our three axes are now
I;, 1I,, and IIE, and III,
still has ncgative loadings.
We must thercfore rotate 1t
with one of the others,
- which will have 1ts loadings
further changed. Let us
" 4 choose 1, and III,, and with
their loadings make this
) diagram (Figure 22).
<1 A hittle trial with a square
ANE corner of a piece of paper
shows us that we cannot
B rotate the axes to a position
which will completely en-
R close all the pomts, though
Figure 22 we very nearly can. We

o,
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finally decide to make I go exactly through point 2, whose
co-ordinates in this diagram are -88 and — -4, The sine
and cosme of 6 are therefore :

4 4 38
- an
V38 + 4 V38 4 42

or 725 and 689
(check that 725° + -689* = unity)

The loadings of the pomnt 5, for example, are then -

689 X 28 — -725 X (— -2) =888 on I,
and 725 X 28 + 689 X (— -2) = 065 on III,

as can be approximately checked by a look at the diagram.
In the same way the other loadings on I, and 1T, can be
found, giving the complete table :

, 1, i, 11, h?
o
1 — o017 <360 127 -8300
2 552 660 000 ' 7403
3 686 260 286 | 6200
4 820 460 ™2 ' 9100
5 338 460 065 | 8301
6 534 160 707 l -8106
7 269 760  — 007 6500
8 110 060 -696 ( 5001

The sums of squares of each row ought to give the same
values for 4* as did the orgmal table m I, II,, and TII,.
And the mner product of any pair of rows ought to be
identical also. For example, taking the last pair (it 1s
sufficzent to check adjacent rows), we have from this table -

269 x -110 + 760 x 060 — 007 X <696 = -0708
and from the other.
66X 5—5 - 83—-2 % 4 =07

We have now succeeded n replacing our origmal analysis,
which had many negative loadings, by one which has only
positive loadmngs (except for the two loadings which,
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although negative, are nearly zero), and gives the same
correlations and communalities.

4. An orthogonal rotating matriz.—If the reader will, in
imagiation, picture in his mmnd those original axes I, II,,
and I1], as three lines at right angles to each other (ortho-
gonal, as we say), he can further imagme them being
turned bodily, using therr common meeting-place as the
swivelling-point and keeping them orthogonal, mto their
final positions I, IT;, and 1II, Actually we did it 1n two
steps, but imagme 1t happening as one complex movement.

Arnthmetically, this one movement can be imitated by
 post-multiplying the origmal table of loadings by an
orthogonal matrix,” a piece of jargon we must hasten to
explam  And the reader may miss this section out on
first reading. A matnix, in mathematics, 15 an oblong or
square set of numbers, to be used as an operator on other
quantities. In our case 1t is to be used to rotate the oniginal
loadings to new positions. And since we want the axes to
remain orthogonal, we have to use an orthogonal matrix,
Le. one 1 which the sum of the squares of any column or
row 15 umty, and the mmner product of any pair of rows or
of columns 1s zero. Actually the orthogonal matrix which
performs the rotation of the above section 3 1s -

5512 -6000 -5800 |
| — +4184 8000 — 43850
— 7250 0000 6890

(The reader can check the sum of squares of any column or
row, and any mner product of a pair.) Before explamning
how these numbers are arrived at, let us first perform the
post-multiphication of the table of original loadings (atself an
oblong matnix) by this rotating matrix—

4+ 1! 5512 6000 5800 017 560 12;
7 8 —4' X _ 4134 8000— 1350 T 552 660 000
723 | —7250 0000 G890 686 260 286
"9 —~1 38 ‘- ¢ 820 460 772
5 2 9 , 338 460 065
8 —4 1 . '584 160 707
6 5 -2 269 760 —-007
5 —~3 4 110 060 -696
. ) — —
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We have to say post-multiplication because in matrix
algebra the produet 4B is not the same as the product B4.
Matrix multiplication 1s performed by finding the inner
product of each row of the first matrix with each column of
the second matrix. Thus—
4 X 5512 — -4 X 4184 — -1 X 7250 = — 0174 0r — 017
the first item in the product matrix above. Similarly, the
quantity 707, which appears in the sixth row and third

column of the product matrix, 1s the inner product of the
sixth row of the first matrix and the third column of the

second—
‘8 X 5800 4+ 4 X 4850 4 -1 X 6890 = -7069 or ‘707
The rcader can simlarly check the other entries in the

product matrix.

When we performed the first of our previous two-by-two
rotations we were 1n effect post-multiplying the loadings by
the rotating matrix—

i .8 6 0|
| — 6 8 0
| 0 0 1

which will leave the column ITI; unchanged because of the
nature of the third column of this rotating matrix. The
mner product of 0, 0, and 1 with any row of the centrord
loadings will give a column of loadings identical with III,,

When we performed the second two-by-two rotation, of
I, and III,, we were 1n effect multiplying by the matrix—

689 0 7125 [
000 1  -000 i
|

-

— 725 0 689

which clearly does not alter the middle axis. And the
rotating matrix which would have done these two opera-
tions simultaneously is—

[ 8 6 o " .e80 0 725 |r 5512 6000  -5800
-] solx 000 1 -000| = | — 4134 -B000 —-4830
i 0 0 1] — 725 0 689 | —-7250 -0000  -6800
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5. Reyburn and Taylor’s method.—These South African
psychologists have proposed to let psychological insight
alone guide the rotations to which axes are subjected.
They do not necessarily msist on a g (see their 1941a, pages
258, 254, 258, etc.). Therr plan 1s to choose a group of
tests which their psychological knowledge, and a study of
all that is previously known, leads them to consider to be
clustered round a factor. They therefore cause one of their
axes to pass through the centroid of this cluster, keeping all
axes orthogonal. This factor axis they do not subse-
quently move. They then formulate a hypothesis about
a second factor and select a second group of tests, through
whose centroid (retaining orthogonality) they pass their
second factor axis. And so on. There 1s some affinity
between this and Alexander’s method of rotation (sce
page 79).

The anthmetical details of their method are as follows.
They first obtain a table of centroid loadings in the usual
way. Then, having chosen a group of tests which they
think form, psychologieally, a cluster, they add together
the rows of the centroid table which refer to those tests,
thus obtaining numbers proportional to the loadings of
their centroid. These, after being normabzed, form the
first column of therr rotating matrix For example,
consider this (imagmnary and invented) table of loadings :

Loadings
v I I I h?

1 4 3 1 26
2 ., 5 -3 6 70
3 6 —8 -3 54
4 5 2 1 30
5 ., -4 4 —2 36
6 | 5 —4 2 45
T 05 2 -1 80
8 | 7 4 1 66
9 ! 7 -2 3 -62
10! 6 —4 & 68
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Reyburn and Taylor now decide, let us suppose, that Tests
9 and 10 are, in their psychological view, very strongly
impregnated with a verbal factor, and determine to rotate
their original factors until one of them passes through the
centroid of these two tests. They extract their rows, add
them together, and normalize the three totals thus :

9 7 —2 -8
(10) -6 — 4 4
18 -6 7 Sum of squares 2-54 = 1-594¢

‘816 —-876 -489 obtamed by dividing by 1-594

If the columns of the original table are multiplied by these
three numbers and the rows added, the result 1s the first
column of the rotated factor loadings in the table below.
To get the other two columns we must complete the rotating
matrix in such a manner that the axes remain orthogonal.
How this 1s done will be explamed separately later.
Meanwhile, consider the matnx--

816 899 417 |
- 876 - ‘183 -909
439 -— 898 '

Its first column 1s composed ol the above numbers, It 1s
orthogonal, for the sum of the squarcs of any row or column
1s unity, and the mnner product of any two 1s zero When
the origmnal table of loadings 1s post-multiplied by this we
get the rotated table .

Rotated Loadings h?

1 258 015 440 260
2 257 798 —064 ' 699
3 4Tl 564 —022 ' 540
4 81T 078 -390 800
5 -088 266 530 -850
6 646 098 — 155 450
7 289 258 -390 , 300
&  -465 ‘116 ‘656 | -660
9

|
778 047 110 | 620
10 816 —047 —118 681
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At this point the usual two checks must be made, of A* and
of the inner products of consecutive rows.

The first factor now goes through the centroid of Tests
9 and 10, and we scan the loadings 1t has 1n the other
tests to see 1f these are consistent with their psychological
nature. For instance, Test 5 has practically no loading on
this verbal factor—is this consistent with our psychological
opinion of this test ?

If this serutiny 1s satisfactory, the psychologist using
this method then proceeds to consider where he will place
his second factor ; for the second and third columns of the
above loadings have still no necessary psychological mean-
mg as they stand. Exactly the same procedure 1s carried
out with them, the first column beng left unaltered.
Suppose the psychologist decided on Tests 5, 7, 8 as bemng
a cluster round (say) a numerical factor. Hec adds their
rows—

(5) 266 580
(1) -258 390
(8) ‘116 656

-685 1-576
874 -928 when normalized

and uses ther normalized totals as the first column of a
matrix to rotate these last two columns. The matnx
must be orthogonal, and 1t 1s 1n fact—

| 874 928 |
| 928 —-874 |
I |

When the second and third columns are rotated by post-
multiplication by this, the final result 1s given opposite
(The same checks must now be repeated.) The psycho-
logist now seans column two to see if the loadings of s
numerical factor agree reasonably with his 1dea of cach
test, and is rather sorry to see two negative loadings, but
consoles himself by thinking that they are small. He
must finally try to name his third factor, present to an
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Fnal Rotated Loadings

1 ' -258 414 —151
2 | 257 287 760
3 -471 -191 582
4 | 817 389 —-078
5 088 591 049
a8 646 — 109 -144
7 | 289 457 -089
8 ' 465 652 —-188
9 ' w8 120 002
10 816 — 122 — 001

appreciable extent only mn tests 2 and 3 It he thinks he
recognizes 1t, he 1s content.

6. Specral orthogonal matrices—To carry out the
above process the reader needs to have at his disposal
orthogonal matrices of various sizes, such that he can give
the first column any desired values The following will
serve his purpose. Except for the first one, they are not
umgque, and alternatives can be made.

Order 2 u v
v _u!,1(=+172=1
Order 3 g mp 1
 —lg  —lp m"l’+m==1}
' | pr4+gr=1

1t was from this formula that the matrix used 1n the last
section, with first column of -816, —-876, 489, was made.
For if we set

= 489

we have ¢ = -898
and from mq = -816
we have m= -909
and thence ! =417
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Order 4 ‘e b —c -d
v b “ d -e¢

e d a b

d --c¢ b a

This onc was used by Reyburn and Taylor in their 1939
article (page 159).

Similar matrices of higher order can be made by a
recipc given by them, viz multiplying together two or
more of the above, suitably extended by ones and zeros.
For example, a matrix orthogonal and with arbitrary first
column, of order 5, can be made by multiplymg together -

np -l T ny Iy »
nn VAd 73 mp ip q
A n ! m

1 1
|

wherel* + m* =p> + ¢* = 4 p2 = w42 =1

7. Prunciples deciding where to stop 10tatwn.- -We have
mentioned two prineiples, (a) the desire to rotate to posi-
tions where therc will be few, 1if any, negative loadings
—but usually this 15 insufficient to define a final position
uniquely, and (b) Reyburn and Taylor’s plan of following
their psychological mtuition in placing the axes They
too accept the need for mainly positive loadings, and they
keep their axes at right angles. We turn now, mn our next
chapter, to a prineiple (Stmple Structure) which 1s accepted
widely 1n America, though hardly at all m Great Britan.



CHAPTER XI
ORTHOGONAL SIMPLE STRUCTURE

1. Agreement of mathematics and psychology.—It 1s clear
that the whole process of multifactor analysis is one by
which a definttion of the primary factors 1s arrived at by
satisfying simultaneously certain mathematical principles
and certain psychological intwitions. When these two
sides of the process chck into agreement, the worker has a
sense of having made a definite step forward The two
support one another. Obwviously the goal to be hoped for
along this line of advance will be the discovery of some
mathematical process which always leads to a unique set of
factors maimnly acceptable to the psychologist. If such
could be discovered and found to produce a few factors
over and above those recognized as already known by other
means, the new factors would stand a good chance of
acceptance on the strength of their mathematical descent
only. And no doubt the psychologist would be prepared
to make a few concessions and changes 1 his previous 1deas
to fit in with any mathematical scheme which already gave
much satisfaction and was objective and umque 1n 1ts
results.

It 1s here that Thurstone’s notion of ““ simple structure ”
is offered as a solution ( Vectors, Chapters 6-8). This 1dea 15
that the axes are to be rotated until as many as possible of
them are at nght angles to as many as possible of the
original test vectors ; and that the battery 1s not suitable
for defimng factors unless such a rotation 1s uniquely
possible, a rotation which will leave every axis at mght
angles to at least as many tests as there are factors, and
every test at right angles to at least one axis.

When the vectors of a test and a factor are at right
angles, the loading of the factor mn that test 1s zero.
Thurstone’s * simple structure » 1s therefore mdicated by
a large number of zeros in the matrix of loadings, so large

151
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that there will be only one position of the axes (if any)
which satisfies the requirement. His search, be 1t repeated,
is for a set of conditions which will make the solution
unique. We have seen Jum approaching this goal by
stages. Unless the battery 1s large, so that—

(2r +1) + V(8 + 1)

" T2

v

(see Chapter V, Section 9), the communahties are not
umque. Even when the battery 1s large enough, the axes
representing factors may be rotated to positions among
which there 15 no one spccially marked out. Then comes
the demand that there be this large number of zero loadings.
Most batteries of tests will not allow this demand to be
satisfied, but with some 1t can just be attammed. Only
these last, it 1s Thurstone’s conviction, are swmtable for
defining primary factors, and 1t 1s hus faith that the factors
thus mathematically defined will be found to be acceptable
as psychologically separable unitary traits.

2. An example of swx iests of rank 8.—To make our
remarks more definite and concrete, let us suppose that
we have a battery of six tests whose matrix of corrclations
can be reduced to rank 8. In practice, of course, six tests
are far too few, and more than three factors quite likely.
The matrix of loadings given by the “ centroid ” system
contains at first negative quantities. Thus from the
correlations :

( 1 2 8 4 5 6
1| 525 000  -000 448  -000
2 ¢ 525 098 306 349 000
3 | -000 098 138 314 504
4 | 000 306 133 . -000 000
5 448 349 314 000 807
6 | 000 000 504 000 807 .

with the communahties—
674 634 -558 415 490 -498

we get by the ‘“ centroid ** process the matrix of loadings :
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I II 11

542 ‘612 074
629 842 —-848
529 —-492 191
i -281 -—-182 —-550
| 628 143 274
. 429 —-424 -859

S O OO

It 1s the factor axes indicated by these loadings that
Thurstone wishes to rotate until there are no negative
loadings and enough zero loadings to make the position
uniquely defined For this last purpose he finds, empiri-
cally, that 1t 1s necessary to require—

(2) At least one zero loading 1 each row ;

(b) At least as many zero loadings in each column as
there are columns (here three); and

(c) At least as many XO or OX entries in each pair
of columns as there are columns. By an XO entry 1s
meant a loading mn the one column opposite a zero in the
other.

“ At least one zero loading in each row.” This means
that no test may contamn all the common factors. In
making up the battery, then, the experimenter, with some
1dea 1n his mmd as to what the factors are, will endeavour
to ensure that they are not all present 1 any one test.
This would, for example, exclude from a Thurstone battery
(except as an extra) any very mixed group test, or a mixed
test hke the Binet-Simon which 1s 1itself a whole battery
of varied items.

“ At least as many zeros 1 each column as there are
columns,” that 1s, as there are common factors. This
means that in a Thurstone battery no factor may be general,
but must be missing 1n several tests.

The requirement as to the number of X0 or OX entres
1s mtended to ensure that the tests are qualitatively
distinet from one another.

Now, these requirements cannot generally be met by a
matrix of loadings. It will in general be impossible to
rotate the axes (keeping them orthogonal) until every
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axis is at right angles to r test vectors. The above artificial
example has, however, been constructed so that this can
be done.

The correlations were 1n fact made from the loadings :

Y | B Cc
1 . -821
2 -475 -689
3 718 ‘206
4 . 644
5 438 . 546
6 702

and the centroid loadings must therefore be capable of
being rotated ngidly mmto this form, retaiming ortho-
gonality.

8. Two-by-two rotation to sunple structure —The problem
for the experimenter, however, 1s to dwscover this * simple
structure,” if 1t exists ; he 15 not, like us, 1 the position of
knowing that it does exist, and what 1t 1s. Thurstone’s
original method was to use two-by-two rotations, mn each
rotation c¢ndeavouring to obtamn some
zero loadings. Let us illustrate by our
artificial example, taking first the centroid
factors T and II. Using therr centroid
loadings as co-ordinates, we obtain Figure
23. At once we notice that the test
pommts 8, 4, and 6 are almost collinear
on & radius from the omgimn, and that
if we rotate the axes clockwise through
about 42° the new position of I, labelled
I, m the diagram, will almost pass
through these test pomnts, while the new
axis II;, will almost pass through test
pomnt 1. On these new axes, therefore, Tests 8, 4, and 6
will have hardly any projections on axis II, ; that 1s, will
have hardly any loadings m a factor along II,. From
tables we find sin 42° = -669, and cos 42° = 7748, We
have then :

Figure 23
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Old loadings New loadings

1 i L 18
1, -542 ‘612 —-007 817
2 -629 342 239 675
3 | -589 —-492 722 —-012
4 | 281 —182 831 058
5 628 148 ' 371 -526
6 429 — 424 602 —-028
multipliers ' 743 — 669 for 1, loadings,

669 7438 for II, loadings.

»

We have now obtained our desired three zero (or near zero)
loadings 1 factor II,. Accepting the approximations to
zero as good enough for the present,
we next make Figure 24 from the b
loadings of I, and III in the same
way as we made the former figure m,
In this, Test 1 falls quite near the 6
origm. Tests 5 and 6 are approxi- { 5 3
mately on one radius, and Tests 2 I,
and 4 on another, and these radn
are at right angles to one another.
If we rotate the axes I, and III
ngidly through a clockwise turn I,
of about 49° they will pass almost
through these radial groups and
nearly zero projections will result.* Usmg sin 49° = 755
and cos 49° = 656 we perform a similar calculation to the
preceding, using the loadings I, and I11 as starting-pomt and
obtamning loadings on I, and III; (the subscript indicating
the number of rotations that axis has undergone). We
have finally, putting our results together, the table of
loadings overleaf FA .t

Igure 24

* The rotation might with advantage have been carried a hitle
further.

¥ The matrix symbols, using Thurstone’s notation, are given for
the convenience of mathematical readers Others should ignore
them When the tests are many and the centroids few, a saving can
be effected by picking tests cqual m number to the factors and per-
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S A II, III,
' _ o060 817 048

1

2 420 ‘675 —-048
3 -829 —-012 670
4
5
6

682 058 —-111
| .08y 526  -460
I 24 —-028 690

Clearly, this 1s an approximation to the loadings of the
factors 4, B, and C which we who are m the secret (as a
real experimenter 1s not) know to have been used 1n making
the correlations : III, here 1s 4, I; here 1s B, and II, 1s C.
The small loadings are not quite zero, and the other load-
ings not quite the same, but a further set of rotations
would refine the results and bring them nearer to the
A B C values.

4. New rotational method.—When this two-by-two rota-
tional method 1s used on a large battery of tests, with
perhaps six or seven factors mstead of three, it 15 not
only laborious but somewhat difficult to follow Thur-
stone has, however, devised a method of rotation which
takes the factors three at a time, and to this we now turn,
still using our small artificial example as illustration. In
this example, since there are only three factors, this new
method leads to a complete solution at once. With more
factors the matter would be more compheated.

If the reader will think of the threec centroid factors as
represented by imaginary lines in the room 1 which he 1s
sitting (Figure 25), he will be aided in following the
explanation of this new method. Imagme the first
centroid axis to be vertically in the middle of the room,
and the other two centroid axes on the carpet, at right
angles to the first and to each other. The test points are
in various positions in the room space, if we take their three
centrord loadings as co-ordinates and treat the distance from
floor to ceiling as umity. Imagine each test point jomed

forming two-by-two rotations on their loadings F,. Let the result-
ng loadings be ¥V, Then R = F,"1 V¥V, can be used as a rotating
matnx on the whole table F of centroid loadings The tests chosen
to form F, should represent different clusters,
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by a line to the origin (in the middle of the carpet, where
the axes cross). The lengths of these lines are the square
roots of the communalities, and the loadings on the first
centroid factor are their projections on to the vertical axis,
the height, that 1s, of each test point above the floor.

4 2 5
\ :: N6
";2 '/
|Am | €
w100
— O m
I

Figure 25 {not to scale)

Thurstone now 1magmes each of these lnes or com-
munality vectors produced until it hits the ceiling, making
a pattern of dots on the ceilling. These extended vectors
now all have unit projection on the first centroid axis,
for we agreed to call the distance from floor to ceilling
unity. Their ¥ and 2 co-ordinates on the ceiling will be
correspondingly larger than their loadings on the second
and third centroid factors, and can be obtamed by dividing
each row of the centroid loadings by the first loading. In
our case this gives us the following table, obtained 1n the
manner just mentioned from the table on page 153.

Eztended centroid projections
1, 11, 111,

v 1000 1129 187

1

2 9 ‘544 —-553
3 . —+980 861
4 » — 648 —1-957
5 » 228 436
6 » —-988 -887
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The second and third columns are now the co-ordinates
of those dots on the celhng of which we spoke. A diagram
of the cethng, seen from above, 1s given m Figure 26 and

the important point about
m, it 15 that the dots form a

triangle.
- If the reader will now
B -} picture this triangle as
o1 drawn on the celing of
,' "Oe Iis room, and remember
P that the orgmn, where the
, centroid axes crossed, is m
, the middle of the carpet,

- !
T\

3

|
\

L)
]
1

’

S he can next imagme an
~ mverted three-cornered
pyranud, with the tmangle
on the ceilling as 1ts base,

Figure 26 the origin 1n the middle of

the carpet as its apex and

the communality vectors 1, 4, and 6 as its edges. The
vector 5 lies on onc of the faces of this pyramid ; vector

2 lies on another ; vector 8 lies on the remaming face, all
springing from the origin and gomg up to the celling.

5. Funding the new azxes—If now we choose for new
axes (mn place of the centrord axes) three hnes at night
angles respectively to the three plane faces of our pyramid,
the test projections on these axes will clearly have the
zeros we desire, The three vectors 1, 2, and 4 all hie n
one face, and will have zero projections on the axis A4’
at right angles to that face. The vectors 1, 5, and 6 will
have zero projections on the ine B’ at right angles to their
face. The vectors 3, 4, and 6 will have zero projcctions on
C’ at nght angles to therr face. The reader should
visuahze these new axes in his room. It remams to be
shown how the other, non-zero, projections are to be
calculated, and to inquire whether these new axes are
orthogonal, and whether they can be identified with the
original 4, B, and C. The first step is to obtain the equa-
tions of the three sides of the trmangle in the diagram.
Where there are many tests and the dots are not perfectly

6

\

|

1

1

|
1
'
|
i
1
I
1
|
¥,

ALl
1
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collinear, one plan 1s to draw a lme through them by eye,
and measure the distances a and b 1t cuts off on the axes,
then using the equation—
Yy
a + b
Or we can write down the equations of the lines jomnmng
points at the corners, etther actual test points, or the places
where our lines interscet, using the equation—

—-—mu)+(m—v)y+(u -Nz=0

when I, m are the co-ordinates of one corner, and u, v of
another., We obtain in our case -

— 2:121 + 2:094y — 1777z =0 for hne 1, 2, 4
— 1-080 + 700y -+ 21172 =0 ,, ,, 1,5,6
2476 + 2794y + 840z =0 ,, , 4,8,6
where y mcans the extended 11, and = the extended III.
Before we go further we have to divide each equation
through by the root of the sum of the squares of its
coefficients, so that the new coefficients sum to unity when
squared-—this 15 called normalizng and 1s necessary in
order to keep the communalties right and for other reasons.
The equations then are :

- +611 4 603y — 512z =0 (1)

— 436 + 283y + 854z =0 (2)

660 | T45y + 091z =0 (8)
and 1t 1s clear, from the way i which they have been
reached, that these equations will be satisfied by the ex-
tended co-ordinates of certain of the rows in the table on
page 158. Consider the first equation and write its co-

-~
_

=L

— 611 608 -—-512  Weighted

z Yy 2 | sum
1 542 612 074 ! 000
2 -629 842 —:848 . -000
3 529 —-492 191 | —-718
4 281 —-182 —-550 ' -000
5 628 148 274 ' —-488
6 420 —.424 859 — 1701
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efficients above the columns of that table, placing — ‘611
over the first column, as shown at the foot of page 159.
If we multiply each column by the multiplier above 1t
and add the rows we get the quantities shown on the right
for companson with page 154. The zeros are in the mght
places for factor 4. The other loadings are, however,
negative, but that can be easily put right by changing all
the signs of the multiphers, which we are at hiberty to do.
Similarly, using eqns. (2) and (8) we get the loadings of
factors B and C exactly, except for an occasional difference
due to rounding off at the third decimal place. We have,
indeed, found the matnx product FA,

I ]

l 542 -612 074 611 486 660 | _ | . 821
‘629 842 — 348 — 603 —-283 745 [ 475 639
+529 — 492 191 ! 512 — 854 091 \ 718 206
281 — 182 — 550 i I 644
828 143 274 | ‘ 438 546
420 — 424 -850 | | 702

|

except, as has becn already said, for occasional dis-
crepancies n the third decimal place. The procedure we
have deseribed has enabled us to discover this last matrix,
with which, in fact, we began. And by analogy (i1s the
deduction sound ?) an cxperimenter with experimental
data who follows this procedure and recaches simple
structure concludes that that i1s how his correlations were
made. Certamnly that is how they may have been made.
The matrix A beginning with 611 1s the rotating
matrix which turns the axes I, II, III into the new posi-
tions 4, B, C. Its columns are the direction-cosines of
A, B, and C with reference to the orthogonal system
L II, III. Are A4, B, and C orthogonal? The cosmes of
the angles between them can by a well-known rule be
found by premultiplying the rotating matnix by its
transpose. When we do so we find A’A =1, viz.:

N ! ]
611 — 608 512’ 611 480 sao' 1 !
| 436 — 283 — 854 —'608 —-288 745| _ | 1.
L-eoo 745 001 512 —854 -001 L 1
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(agamn allowing for third decimal place discrepancies).
That 1s to say, the angles between 4, B, and C have zero
cosines, they are right angles.

The axes 4, B, and C were drawn at right angles to the
three planes which form the pyramid mentioned above, and
therefore these three planes are also at right angles to one
another. (Our rough sketch in Figure 25 made the pyra-
mid too acute). It follows that 4, B, and C are actually
the edges of the pyramd. In our cxample (though this
need not be the case) they happen to pass each through a
test point i the room, 4 through Test 6, B through Test 4,
and C through Test 1. These tests are not identical with
the factors, for each test contaimns a specific element, not in
the common-factor space, but at right angles to it. What
we have called a test point 1s the end of the unit test vector
projected on to the common-factor space. The complete
test vectors are out in a space of more dimensions, of
which the three-dimensional common-factor space is a
subspace

6 Landahl preliminary rotations.—When there are more
than three centroid factors, the calculations are not so
simple If the common-factor space 1s, for example,
four-dimensional, then the table of extended vectors, in
addition to its first column of unities, will have three other
columns. The two-dimensional ceiling of our room, 1n our
former analogy, has here become three-dimensional, a
hyper-planc at right angles to the first centroid axis. On
paper 1its dimensions can only be graphed two at a time,
and no complecte triangle will be visible among the dots.
But sets of dots will be seen to be collinear, lines can be
drawn through them, and a procedure similar to that out-
lined above followed. This will become clearer when we
work a four-dimensional example. First, however, 1t 1s
desirable to explam, on our simple three-dimensional
example, a device which facihitates the work on higher
dimensional problems, called the Landahl rotation. It is
unnecessary in the three-dimensional case, and we are
using it only to explamn 1t for use with more than three
dimensions.

A Landahl rotation turns the centroid axes soldly

FA—6
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to a position where cach of them 1s equally inchned to the
origmal first centroid axis. In our imagined room the first
centroid axis ran vertically from the middle of the floor
to the middle of the ceiling, while the other two were
drawn on the floor itself. Imagine all three (retaming
therr orthogonality) to be moved, on the origin as pivot,
until they are equally inchned to the vertical so that they
enclose the mverted pyramid of Figure 25. That 1s a
Landahl rotation. The lines through the test points have
not moved They remam where they were, and still hit
the ceibng in the same pattern of dots. The projections of
the extended vectors on to the ongmal first centroid
axis all still remain umty. But for the next step mn this
method we need their projections on to the Landahl axes.
We obtamn these by post-multiplying the matrix of cen-
troid extended loadings by a Landahl matrix, an orthogonal

. . 1
matrix with each clement 1 its first row equal to ;/-;,

where ¢ 1s the order of the matrix ; that 1, its number of
rows or columns (Landahl, 1988) We nced a Landahl

matnx of order 8, for example :

577 577 577
816 —-408 — 408
000 707 —707

The element -577 1s the cosine of the angle which each axis
makes, after 10tation, with the ongmal position of the first
centroid axis.

When the table of extended vector projections on page
157 15 post-multiphed by the above matrix, the table on
page 163 results, giving the projections of the extended
vectors on to the Landahl axes L, M, N.

From this table three diagrams LM, LN, and MN can
be made, and the reader 1s advised to draw them. Each
of them shows a triangular distribution of dots and 1n this
sumple three-dimensional example only one of them 1s
needed. But 1n a multi-dimensional problem several are
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Projections on Landahl axes*

L M N
1 1-498 218 020
2 1-021 —-066 ‘746
8 —-182 1-212 701
4 ‘048 —-542 2225
5 -760 ‘792 176
6 — 229 1-572 388

needed, and as a rule only one line 1s used on each diagram
employed. Here, from the LN diagram we find the
equations of the three sides of the tmangle to be :

—2 205! — 1-450n | 8-832 =0
-8681 4 1 727n — -586 =0
1-8871 — 27Tm 4+ 528 =0

We want to make these homogeneous in [, m, and #n, and so
we add, after each of the numerical terms, the factor
577 (Il + m + n), which equals umity. The equations
then are :

—2820 +1928m + 478 =0
0801 — -388m -+ 1889n =0
21421 + 805m + 028n =0

* After a Landahl adjustment the axes are not infrequently
already near simple structure, as here, It 1s sometimes worth while
to rotate them slowly round the original first centroid, Iike spinning
an umbrella, to improve the approximation to zero cntries. This
can be done by an orthogonal matrix whose columns sum to unity,
aseg

9900 —-0046 1046
1046 9900 —-0046
| —.0846 1046  -9900

or its transpose : and the rotation will be the slower, the nearer the
diagonal elements are to unity.
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After normahzng, these become :
—+1411 + -961m -+ -236n =0
0211 — -286m + -971ln =0
990! + -141m + -018n = 0
Writing the coefficients as columns in a matnx, and
premultiplying by Landahl’s matnx (since at an earlier
stage we post-multiphied by 1t) we obtam

-609 436 660
—-603 —+283 ‘745
-5138 —+858 <090

'

the same matnx A as we arnived at (page 160) without the
use of Landahl’s rotation. The advantage of using a
Landahl rotation appears only in problems with more
than three common factors. The reader can rcadily make
a Landahl matnx of any required order, say 5. Fill the
first row with the root reciprocal of 5, -447. Complete
the first column by putting i the second place 894
(because -447% |- -894% — 1), and below that zeros. The
second row must then be completed with cqual elements,
all negative, such that the row sums to zero Then the
second column 1s completed m a similar way, and the third
row, and s0 on. The recader should fimish 1it. There are
alternative forms possible, one of which 15 used below.
An unfinished Landahl matrix :

447 -447 447 -4 447 |
894 --224 — 224 - 224 -~ 224

| 000 866 —--289 ---280 —-289 l
-000 000 ]
-000 -000 j

7. 4 four-dimensional example.—The following example
of a problem with four common factors 1s only partly
worked out, so that the reader can finish 1t as an exercise.
It also 1s an artificial example, and orthogonal simple
structure can be arrived at. The centroid analysis gave
four centroid factors with the loadings shown 1n this table :
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Centroid loadings F
1 1 mrIv

727 517 094  -126
575  -105  -558  -049
810 ‘289  -246 —-246
' 588 417 —-867 —-882
| -524 — 583 —:450 183
549 —-485  -898 —-018
624 — 818 —187 - 254
| -594 — 551 -289  -084
| 626 -252 —169 562
| 645 807 —s857 —109
After these have been * extended ” (1.e. divided m each

row by the first loading) they were post-multiphed by a
Landahl matnx, one of the alternative forms, viz. :

[=JRC =3 R I V-3 L

ek

5 5 -5 5
-5 5 5 —5
S5 —5 5 —5.

:-5 —5 —5 -5
|

and the resulting projections on the Landahl axes were
thus found to be :
L M N P

1 1007 704 -122 166
11115 068 848 — 030
679  -678 625 018
218 1492 158 182
—811 199 453 1-660
455 247 1270  -522
—-107  -598 808 701
808 - -235 1094 833
1015 387 —-285 888
10 376 1099 070  -454

Six diagrams can be made, and 1t 1» adwvisable to draw
them all, though not all are necessary. The LN diagram
is shown mn Figure 27. We scan 1t for collinear pomts
(not necessarily radial) which have all or nearly all the other

S-S B U L]
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points on one side of their line, and note the line §, 4, 10, 8.
Its equation is readily found to be approximately :

788! -} 1-8327n — 871 = 0.

We make this homogeneous by substituting for unity, after
the numenical term -871, the quantity -5 (! 4+ m + n + p),
for -5 1s the cosine of the angle each of the Landahl axes
makes with the original first centroid axis. This gives us
the equation (not yet normalized) :

+5581 — -185m - 1-141n — -185p =0

Three more equations are needed, and one of them can
imndeed be obtamed from the same diagram, on which
points 5, 7, 8, 6 are very nearly collinear. The reader 15
advised to draw the remaming diagrams and complete the
calculations following the steps of our previous example.
The above equation refers to a hine which makes a fairly
big angle with N Tt 1s desirable to look for the remaining
three hines makmg large angles (approaching right angles)
with L, M, and P
It will be remembered that i our earher example the
sign of one equation had to be changed at the end of the
calculation because large negative values were appearing
m the final matrix of loadings. This can be obwviated
by attending to the following rule. If the other test-points
are on the same s1de of the line as the origin the numerical
term must be positive m the
N 6 equation ; if they are on the
*6 side remote from the origin
7e 2 the numerical term must be
~ 3 negative. In the adjacent
2 diagram, the origin and the
other pomts are on opposite
- L sides of the lmne through
o 5 4, 10, 9 and therefore
*~._ the numerical term must be
negative, as it 1s {(—-871).
Had 1t been positive all the
signs of the equation would have required to be changed.
8. Ledermann’s method of reaching simple structure.—
Ledermann has pointed out that when simple structure

Figure 27
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can be attained (whether orthogonal or oblique) then as
many r-rowed principal minors of the reduced correlation
matrx must vanish as there are common factors; and
that it follows that the same number of vanishing deter-
minants must be discoverable in the table of centrod
loadings. Thus, for example, in the table of centroid
loadings on page 153 the threc determnants composed
respectively of rows 1, 2, and 4; of rows 1, 5, and 6 ; and
of rows 3, 4, and 6 all vanish, and these rows are where the
zeros come in the threc columns of the simple structure.
This gives an alternative method of reaching simple
structure. Test every possible r-rowed determmant in
the centroid table of 7 factors  If 7 of them are discovered
to vanish, then simple structure may be and probably 1s
possible.  Each of these vanishing determinants wall
provide a column of the rotating matrix A, for which pur-
pose we delete any one of its rows and caleulate all the r—1
rowed minors from what 1 left The eolumn has then to
be normahzed. This process works cqually well for
obhque simple structure (see next Chapter). Its draw-
back, when the number of factors 1s large, 15 the necessity
of calculating so many determinants to discover those that
vamsh

9 Lumaus to the cxtent of factors.*—Orthogonal simple
structure requires that no factor shall extend through many
tests, and 1t 1s possble to decide beforehand, from the
correlations, whether factors runnmg through not more
than s tests each are adequate to give the measured correla-
tions, leaving n — s zeros, They will not as a rule be able
to do so if the average correlation exceeds (s — 1)/(n — 1) :
more cxactly, not if the largest latent root of the matrnx
1s larger than s. If these rules are to be applied when
communalities are used, as 1s the case when testing whether
orthogonal simple stracturc 1s possible, the matrix should
first be “ corrected for communality,” 1.e. each  must be
divided by the square root of the product of the two com-
munahities concerned. Approximations to the largest
latent root of a matrix of correlations, when the entries are
all positive, are—

* A bnef summary of a chapter with this title in previous editions.
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sum of the whole matrix
n

or more accurately—

sum of the squares of the column totals
~ sum of the whole matnx

An exact test for the possibility of orthogonal simple
structure has been given (Ledermann, 1936) and 1s des-
cribed mm the Appendix, page 867, but it requires a pro-
hibitive amount of calculation.

Even, however, when orthogonal simple structure cannot
be attained with orthogonal factors, it may be possible to
reach it with obhque factors.

10. Leading to oblique factors.—In this chapter we have
kept our factors orthogonal; that 1s, independent, un-
correlated with one another. It 1s natural to desire them
to be different quahties, and convenient statistically. In
describing a man, or an occupation, it would seem to be
both confusing and uneconomical to use factors which,
as 1t were, overlapped. Yet in situations where more
famhar entities are dealt with, we do not hesitate to use
correlated measures in describing a man. For imstance,
we give a man’s height and weight, although these are
correlated quahities.

Often, moreover, a battery of tests which will not
permit simple structure to be reached if orthogonal
factors are mnsisted on will nevertheless do so if the factors
are allowed to sag away a little from strict orthogonalhty.
Even as early as in Vectors of Mind, Thurstone expressly
permitted this. It can clearly be defended on the ground
that even if the factors were uncorrelated m the whole
population, they might well be correlated to some extent in
the sample of people actually tested I was at one time
under the mmpression that this comparatively shght de-
parture from orthogonality was all that was contemplated
by Thurstone. But he and his fellow-workers now have
the courage of their convictions, and permit factors to
depart from orthogonality as much as 1s neccssary to attain
sumple structure, even if they are then found to be quite
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highly correlated. A chapter on these oblique factors®* is
therefore necessary, and out of them arise Thurstone’s
* second order factors.”

11. Parallel proportional profiles.—A method which, like
Thurstone’s simple structure, 1s meant to enable us to
arnve at factors which are real entities, or to check
whether our hypotheses about the factor composition of
tests are correct, has been put forward by R. B. Cattell
(19445, 1946), and has nteresting possibihities which its
author will no doubt develop. The essence of his i1dea
1s that “if a factor 1s one which corresponds to a true
functional unity, 1t will be icreased or decreased *as a
whole’,” and therefore if the same tests are given under
two different sets of circumstance, which favour a certamn
factor more 1n one case and less mn the other, the loadings
of the tests in that factor should all change in the same pro-
portion. Experimental trials of this principle may be ex-
pected soon from its author. Among ‘ different circum-
stances ”” he mentions different samples of subjects, differ-
1ng, say, in age or scx, and different methods of scoring, or
diffcrent associated tests in the battery. But he prefers
another kind of change of circumstance ; namely a change
“ from measures of statie, inter-mdividual differences to
measures from other sources of differences in the same
vanables.” He mstances, among lhis examples, mter-
correlating changes in scores of individuals with time, or
intercorrelating differences of scores in twins. We may
thus have two, or several, centroid analyses, and the mathe-
matical problem 1s to find rotations which will leave the
profile of loadings of a certain factor similar in all the factor
matrices. It may even be that the profiles of several fac-
tors could be made similar. These factors would then
satisfy Cattell’s requirement as corresponding to “true
functional umties.” The necessary modes of calculation
to perform these rotations have not yet been more than
adumbrated, however.

* It must be clearly understood that this obliquity or correlation
of factors 1s quite a different matter from the correlation of estimates,
even of orthogonal factors, due to the excess of factors over tests
described on pages 287 to 242.

F.A—B*



CHAPTER XII
OBLIQUE FACTORS

1. Paitern and structure.—So long as the factors are
orthogonal, the loadings 1n the matrix of loadings are also
the correlations between the factor and the tests, but this
ceases to be the ecase when the factors are correlated. The
word “ loading >’ continues to be used for the coefficients
such as I, m, and n 1 equations ike—-

2 —=la + mB + ny

and the matrix or table of these 15 called a patiern, while
the matnx of correlations between tests and factors 1s
called a shucture. The entmes 1 a structwre are pro-
jections from a pomt on to certain axes. The entries 1n a
patiern are the oblhique co-ordmates of that pomnt along
those axes. The two are only identical if the axes are
orthogonal

Moreover, as soon as the lactors become obhque, 1t
becomes necessary to distinguish between “ reference
vectors ”’ and *° primary factors >’ The reference veetors
are the positions to which the centroid axes have been
rotated so that the test-projections on to them mclude a
number of zeros. Each reference veetor 1s at nght angles
to a hyperplane containing a number of communality
vectors. A hyperplane 15 a space of one dimension less
than the common-factor space. In our first example 1n
Chapter XTI the hyperplanes were ordinary planes, the
faces of the three-cornered pyramid there referred to (see
page 157) and each reference vector was at right angles to
one of those faces.

The primary factor corresponding to a given reference
vector 1s the line of intersection of all the other hyper-
planes, excluding, that 1s, the hyperplane at rght angles to
the reference vector. In our three-dimensional common-
factor space the primary factor was the edge of the pyra-

170
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mid where those two faces met, excluding that face to
which the reference vector was orthogonal.

Now, when the reference vectors turn out to be at right
angles to each other, as they did mn that example, each
reference vector is identical with 1ts own primary factor.
But not when the reference veetors turn out to be oblique.
In Chapter X1 we did not distinguish them, and called their
common line the * factor.” But in this chapter the dis-
tinction must be kept clearly in mind. 1t 1s the primary
factors Thurstone wants. The reference vectors are only
a means to an end.

Thurstone’s second method of rotation described in
Chapter XI, the method in which the communality
vectors are * extended,” and lines drawn on the diagrams
which are not necessarily radial hines, will not keep the
axes orthogonal, but seeks for the axes on which a number
of projections are zero, regardless of whether the resulting
directions are orthogonal or oblique. In general they unll
be oblique, and the examples worked m Chapter XI only
gave orthogonal simple structure because they had been
devised so as to do so. The test of orthogonality 15 that
the matrix of rotation, premultiphed by 1its transpose,
gives the unit matrix (see page 160). Or m other words,
that the mner products of the columns of the rotating
matrix are all zero. They are the cosmmes of the angles
between the reference vectors, and the cosine of 90° 1s
zero.

2. Three oblique factors.—To illustrate Thurstone’s
method when the resulting factors are obhique we shall
next work an example devised to give three obhque
common factors. Consider this matrix of corrclations :

1 2 3 4 5 6 7

1 728 167 -872 -153 105 ‘126
2 ‘728 696 583 651 347 -638
3 ‘167 -696 857 175 709 740
4 372 .583 857 548 797 478
5 -158 -651 -775 -548 504 -828
6 . -105 -847 709 797 -504 433
7 ‘126 -688 740 -478 -828 -438
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which, with guessed communalities, gives these centroid

loadings -

-

[ ]

U= W

[~

7

When these projections on the centroid axes are

1

449
825
906
846
808
697
767

F

11

— 682
—-478

-336
133
208
336
173

111

165
—-129
-020
457

— 412
335
468

‘6 ex-

tended,” that 15, when each row 1s divided by the first
loading in that row, we obtain this table

oo I, I
1 1000 —1519 367
2 w  — 579 156
3 . 371 022
4 157 540
5 257 — 510
6 - 482 181
7 226 - 610

The columns II, and ITI, in this table represent the co-

Fgure 28,

Y

ordinates of the “dots
on the ceiing” 1 our
analogy of Chapter XI,
p- 157. When we make
a diagram of them we
obtain Figure 28. We see
that a tmangular forma-
tion 1s present, and we
draw the dotted lnes
shown.

It 1s not essential, 1t
may be remarked in pass-
mg, that there be mno
pomnts elsewhere than on
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the lines, provided they are additional to those required to
fix the simple structure. Had it not been for the desirability
of keeping the example small we would have increased the
number of tests, and not only arranged for further pomts
to fall on these hines, but also included some whose dots
fell inside the triangle, representing tests which involve all
three factors.

We find the equations of these Imes to be approximately

475 + 50y + 952 =0 (lnel, 2, 7)
1-118 -+ -188y - 21193 =0 (hne 1, 4, 6)
408 — 1-091y + 256z = 0 (lme 7, 5, 8, 6)

The coefficients of each equation have to be ‘ norma-
hized,” that 15, reduced proportionately so that the sum of
therr squares 1s unity (for they are to be dircction cosines)
These normalized coefficients are then written as columns
in a matrix as follows -

403 64 388 |
126 076 -916! =A
. 809 883 215
I
The table of centroid loadings on page 172 must now be
post-multiplied by this rotating matrix to obtam the
projections of the tests on the three reference vectors which
are at night angles to the planes defined by the dotted lines
in our diagram  We obtain this table :

V =-FA
(Stmple) Structure on the Reference Vectors

r B D’
1 023 011 812
2 026 460 689
3 ' 526 428 003
4 769 001 262
3 083 755 - 006

6 -696 053 000
7 006 782 000
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We have labelled the columns L’, B’, and D’ for a reason
which will become apparent later, when we explain how
the correlations were, in fact, made. This table 1s a sumple
structure, formed by the projections on the reference
vectors. It has a zero (or near-zero) m each row, and
three or more m each column, in the positions to be
anticipated from Figure 28; for example, tests 8, 5, 6,
and 7, which are collinear mn the figure, have zeros in
column D',

Now let us test the angles between the reference vectors.
To do this we premultiply the rotating matrix by its
transpose

AA=C
1405 420 809 |, 405 464 338 1 — 494 —079
464 076 — 883 | 420 076 - 916 == — 494 1  — 103]
338 —916 215, | 809 —883 215 —-079—-108 1 '

This gives the cosines of the angles between the 1eference
vectors and we see that they are obtuse. The angles are
approximately :

120° 95°
1120 . 96°
95° 96°

As soon as we know that the reference vectors are not
orthogonal, we have to take account of the fact that the
primary factors are not identical with them. Each prim-
ary factor 1s the line in which the hyperplanes mtersect,
excluding that hyperplane to which the corresponding
reference vector 1» orthogonal In a three-dimensional
common-factor space hke ours the primary factors le
along the edges of the pyramid which the extended vectors
form.

Let us return to our mental picture, which the reader
can place m the room in which he 1s sitting. The ongn,
immediately below the point O in Figure 28, 15 in the middle
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of the carpet. Figure 28 itself is on the ceiling, seen from
above as though translucent. The radial lines with
arrowheads are the projections of the primary factors on
to the ceilling. The projections of the reference vectors
are not drawn, to avoid confusion m the figure. They
are near, but not identical with, the primary factors.

The reader should not be misled by the fact that two of
the primary factors he along the same lines as Tests 1
and 7. It was necessary to allow this in devising an ex-
ample with very few tests in 1t (to avoid much calculation
and printing large tables) But with a large number of
tests the hines of the triangle could have been defined
without any test being actually at a corner.

8. Primary factors and reference vectors.—At about this
stage a disturbing thought may have occurred to the
rcader. We have sought for, and obtained, simple
structure on the reference veetors. That 15 to say, we
have found thiee vectors, three imagnary tests, which are
uncorrclated each with a group of the actual tests, namely
where there are zeros in the table on page 178.  The entries
m that table are the projections of the actual tests on the
reference vectors.

But the primary factois are different from the reference
vectors. The projections of the tests on to the primary
factors will be different and will not show thesc zeros.
Thosce projections are, m fact, given in this table (never
mind for the moment how 1t 15 arnived at) .

F(A) D
Structure on the Prunary Factors
' L B D
1 60 162 -832
2 408 666 793
3 866 809 176

934 495 401
541 927 ‘152
842 472 -182
468 ‘915 ‘150

=T O v
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These numbers are the correlations between the primary
factors and the tests, and none is zero. The primary
factor structure is not * sumple,” 1t is the reference vector
structure that 1s ssmple. Why then not use the reference
vectors as our factors ?

A two-fold answer can be given to this, one general, the
other particular to this example. The latter will become
clear when we divulge how the example was made The
former requires us to return to the distinction between
structure and patiern. A structure 1s a table of correlations,
a pattern 1s a table of coefficients mn a “ specification ”
equation specifying how a test score 1s made up by factors.
The entries 1n a pattern are loadings or saturations of the
tests with the factors, but not correlations.

Pattern and structure are only identical when the
reference vectors are orthogonal and comcide with the
primary factors. When the reference vectors are oblique
(usually at obtuse angles) the primary factors are different
and are themselves usually at acute angles. When the
primary factors and reference vectors thus separate, the
structure of the reference veclors und the patiern of the primary
factors are identical cxcept for a coeffictent multiplying
each column ; and vice versa the structure of the primary
factors is identical (except for sumilar coefficients) with the
pattern of the reference vectors. In particular, where
there are zeros wn the reference vector siructure there will
also be zeros wn the prumary factor pattern The general
theorem of the reciprocity of reference vectors and primary
factors (to use our present terms), that 1s, the reciproecity
of (a) a set of Ines orthogonal to hyperplanes, and (b)
another set of lines which are the intersections mn each case
of the remaimming hyperplanes, 1s an mstance of the rea-
procity which runs through the whole of n-dimensional
geometry betwcen hyperplanes of k& dimensions and of
(n — k) dimensions. It occurs n several other places 1n the
geometry of factorial analysis : for mstance, tests, persons,
and factors are all in one sense reciprocal and exchange-
able.

The particular fact about the zeros in the primary factor
pattern can be seen readily from the geometrical analogy.
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For a test vector which lies in a hyperplane can be com-
pletely defined as a weighted resultant of the primary
factors which are also in that hyperplane, without any
assistance from other primary factors. In our drawing
of the reader’s study, for example, on page 157, the vector
of the Test 2, which 1s the hne 02, les upon the plane
face O14 of the pyramid, and can be completely described
by a weighted sum of the primary factors along the edges
01 and O4, without bringing 1n the edge 06 at all. The
primary factor which hes along that edge will therefore
have a zero weight in the row of the pattern which speci-
fies Test 2. This pattern on the primary factors will be
very smmilar to the structure on the reference vectors
alrcady given for our example in the table on page 178.
It can, m faet, be calculated from that table by multiplying
the first column by 1168, the second column by 1-166,
and the third by 1-017, giving the following

FAD™
(Smple) Patiern on the Primary Factors
L B D

1 029 ‘013 826
2 ‘030 536 701
3 612 499 ‘003
4 ‘895 — 001 266
5 096 -880 006
6 . -809 062 <000
7 008 012 000

Thus although the primary factors differ from the
reference vectors (the angles between the primary factors
and therr corresponding reference vectors are, m fact, 81°,
31°, and 11°), yet 1if the structure on the reference vectors
15 “ simple,” the pattern on the primary factors will be
* simple.” The entries in the above table can be used as
coefficients 1n specification equations, and if for clearness
we omt the near-zero coefficients entirely, we have found
that the test scores can be considered as made up thus :
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Score 1n Test 1 = -826d <+ Specifie

o

w2 -586b + -701d + ”
v v . 8 =-612] + 4096 +
9 » 4= 8951 - -266d + 9
» 9 » 5 = 880b + ”
LI 1} 2 6 = -809] + ”
[LI 1} w T = 9126 + ”

4. Behbund the scenes.—It 15 now time to divuige what
these “ tests ” really are and how the “ scores ™ were
made whose correlations we have been analysing, and to
compare our analysis with the reality. The example 1s a
simpler and shorter variety of a deviee used by Thurstone
and published m Apml 1940 1 the Psychological Bulletin.
The measurements behind the correlations were not made
on a number of persons, but were made on a number of
boxes—only eight boxes, to keep down the amount of
calculation and printing. These boxes were of the follow-
mg dimensions :

. Length Breadth Depth

1 2 2 1

2 3 2 3

3 i 3 2 2

4 ! 6 3 2

5 4 4 2

6 i 5 3 1

7 5 4 3

8 4 4 2
Sum 82 24 16
Mecan 4 3 2

The “ tests ”’ were seven functions of these dimensions,
and are shown in the next table, which also shows the
score cach box (or * person ) would achicve m that test.
It 15 as though somcone was unable for some reason to
measure the primary length, breadth, and depth of these
boxes (as we arc unable to measure the primary factors
of the mind dircetly) but was able to measure these more
complex quantities hke LB, or +/(L* -+ D*) (as we are
able to measure scores In complex tests).
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Boxes = Persons
Tutl Formula 1 2 8 4 5 6 7 8|Sum Mean

D=|1 4 4 4 1 9 4| 36| 4500

9
BD 2 6 4 6 8 3 12 8! 49| 6125
LB 4 6 6 18 16 15 20 16| 101 [12-625

i1/(L’+I)’) 2-24 4 24 3 61 6 32 4-47 5 10 5-88 447 3828 | 4-585
© L+-B? 6 7 7 15 20 14 21 20| 110 |18-750
" L*4D | 5 12 11 8 18 26 28 18| 156 |19-500

B 2 2 2 3 4 8 4 4. 24 3000

L BRI -

With these scores the sums of squares and products of
deviations from the mean are :

| 2 3 4 5 6 7

| 66 505 225 102 25 29 3

! 505 729 984 168 1128 1005 16

i 225 984 2739 479 2592 3985 86

102 168 479 11-4 370 918 47

25 1128 2592 87-0 2835 288 41

29 100-5 398-5 91-3 288 800 36
3 16 86 47 41 36 6

IO U N

From these the correlations could be calculated by divaiding
cach row and column by the square root of the diagonal
ccll entry. But that would make no allowance for specific
factors, which m all actual psychological tests play a
considerable part. In the example devised by Thurstone
on which this 1s modelled there are no specific factors, but
1t was decided to mntroduce them here into Tests 5, 6, and 7,
by mecreasing therr sums of squares. In addition, by an
arithmetical shp, a small group factor was added to these
three tests, and this was not discovered for some time. It
was decided to leave it, for in a way 1t makes the example
more realistic, and may be taken to represent an exper-
mental error of some sort runming through these three tests.

With these changes, the correlations are found, and are
those with which we began this chapter and which we have
already analysed mto three oblique factors L, B, and D.
Let us now compare that analysis with the formule which
we now know to represent the tests, The pattern on
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page 177, for example, shows that Test 2 depends only on
factors B and D : and that is correct, for it was, in fact,
their product BD, and L did not enter mto it. The
analysis gives the test score as a linear function of B and D,

586b + 701d

whereas 1t was really a product. But the analysis was
correct 1n omitting L. Sumilarly, the analyses into the
other factors can be compared with the actual formule,
and m almost every case the factoral analysis, except for
being linear, 1s n agreement with the actual facts. Tests 5
and 6, true, appear 1n the analysis to omit factors L and D
respectively, although these dimensions figured in their
formule. But 1t would appcar that they were swamped
by reason of the other dimension mn the formule being
squared , and also possibly the speeific and error factors
we added did something towards obscuring smaller details.
Also the process of “ guessing” communahties, though
mnocuous in a8 battery of many tests, 1s a source of con-
siderable maceuracy when, as here, the tests are few.

5. Box dimenswns as factors.—We can now cxplain the
particular reason for selecting the primary factors, and not
the reference vectors, as our fundamental entities The
fundamental entities in the present example can reason-
ably be said to be the length, breadth, and depth of the
boxes, given 1n the table on page 178. Now, the columns
of that tablc are correlated wath one another, as the reader
can readily check, the correlation coeflicients being—

L with B, 589
L ,, D, 144
B ,, D, 204

These correlations are due to the fact that a long box
naturally tends to be large in all its dimensions It could,
of course, be very. very shallow, but usually 1t 1s deep and
broad.

The reference vectors were, it 1s true, correlated, but
negatively. They were at obtuse angles with one another
(see page 174) and obtuse angles have negative cosines
corresponding to negative correlations. So the reference
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vectors do not correspond to the fundamental dimensions
length, breadth, and depth.

What, then, are the angles—and hence the correlations—
between the primary factors ? We shall find that they
are acute angles, and their cosines agree reasonably well
with the above correlations between the length, breadth,
and depth. The algebraic mcthod of finding these angles
1s given 1 the mathematical appendix, but 1t is perhaps
desirable to give a less technical account of 1t here. We
need the direction-cosines of the primary factors, that is,
the cosmes of the angles they make with the orthogonal
centroid axes. Each primary factor 1s the intersection
of n — 1 hyperplanes—in our simple case 1s the mtersection
of two plancs.

In n-dimensional gecometry a hnear equation defines a
hyperplane of » — 1 dimensions For example, in a plane
of two dimensions a linear equation 1s a line (of one dimen-
sion)—hence the name lmear. But m a space of three
dimensions a ‘ hnear ”’ equation lhke ez + by ¢z =d
15 a plane. Two such equations define the line which 1s
the intersection of two planes.

Now, the equations of the three planes which form the
triangular pyramid of which we have previously spoken
are just those equations we have already obtaned and
used 1n our example, viz. .

405z + 426y - 8092 =0
464> 1+ 076y — 8832 =0
3382 — 916y 4+ 2152 =0

These equations taken two at a time define the three
edges of the pyranmd, which are our primary faetors, and
if we express each parr in the form—

then the direction cosines are proportional to a, b, and ¢,
which only require normalizing to be the direction cosines.
When the direction cosmnes are found in this way, and
written in columns to form a matrix, they prove to have
the values—-
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—
797 835 508 |
400 187 —-843
458 —-517 192 I

g

= (A)"D

This 15 the rotating matrix to obtan the projections, 1e.
the structure, on the primary factors, and if the centroid
loadings on page 172 are post-multiphed by this there
results the table we have already quoted on page 175.

The above matnx, premultiphed by 1ts transpose, gives
the cosines of the angles between the primary factors. We
obtain—

1 -500 150 '

506 1 164 .= DC'D
150 164 1

|
Compare these with the correlations between the columns
of dimensions of the boxes, viz. .

’ 1 589 144 |

589 1 -204
144 204 1

The resemblance 1s quite good, and shows that it 1s the
primary factors, and not the reference vectors, which
represent those fundamental although correlated dimen-
sions of length, breadth, and depth 1n the boxes,

6. Criticisms of sumple structure.—Thurstone’s argument
1s then, of course, that as this process of analysis leads to
fundamental real entities mn the case of the boxes (and
also mn his “ trapezium ”’ example, Thurstone, 1944a,
page 84, with four oblque factors), it may be presumed to
give us fundamental entities when 1t 1s applied to mental
measurements. And I confess that the argument is very
strong.

My fears or doubts arse from the possibility that the
argument cannot legitimately be reversed m this way
There 18 no doubt that if artificial test scores are made up
with a certain number of common factors, simple structure
(oblique 1f necessary) can be reached and the factors
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identified. But are there other ways m which the test
scores could have been made ? Spearman’s argument was
a simlar reversal. If test scores are made with only one
common factor, then zero tetrad-differences result. But
zero tetrad-differences can be approached as closely as we
hke by samples of a large number of small factors, with
very few mdeed common to all the tests

However, Thurstone’s simple structure 1s a much more
complex phenomenon than Spearman’s hierarchical order,
and yet he scems to have had no great difficulty m finding
batteries of tests which give simple structure to a reason-
able approximation. I am not sceptical, merely cautious,
and admittedly much impressed by Thurstone’s ability
both in the mathematical treatment and in the devising
of experiments

Thurstone might, I think, put his case in this way. He
asscmbles a battery of tests which to his psychological
mtwtion appear to contain such and such psychological
factors, some being memory tests, some numerical, ete.,
ete., no test, however, contamning (to his mind) all these
expected factors. Ile then submits their correlations to
his calculations, reaches obhque simple structure, and
compares this analysis with his psychological expectation.
If there 1s agreement, he feels confirmed both in his psy-
chology and 1n the efficacy of his method of finding factors
mathematically. Usually there will not be complete
agreement, and he 1s led to modify his psychological 1deas
somewhat, 1n a certamn direction.  To test the truth of these
further ideas he again makes and analyses a battery.
Especially he looks to see if the same factors turn up i
various batteries. He uses his analyses as gudes to
modifications of his psychological hypotheses, or as con-
firmation of them. In Great Britamn Thurstone’s hypo-
thesis of simple structure has been, I think 1t 1s correct to
say, rather ignored than cnticized. Most British psycho-
logists have imbibed during their education a behef in and
a parhiality for ‘ Spearman’s g, a factor apparently
abolished by Thurstone. Smce his work on sccond-order
factors rehabilitates g, this objection may disappear.
Reyburn and Taylor of South Africa have, however,
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criticized sumple structure shrewdly (1948a, and a later
paper by Reyburn and Raath, 1949) even although they
themselves do not insist on a g (see 1941a, pages 258, 254,
258),

An early form of response to Thurstone's work was to
show that his batteries could also be analysed after Spear-
man’s fashon. Holzinger and Harman (1988), using the
Bifactor method, reanalysed the data of Thurstone’s
Primary Mental Anlities and found an important general
factor due, as they truly say, *‘ to our hypothesis of its
existence and the essentially positive correlations through-
out.” Spearman (1989a) in a paper entitled Thurstone’s
Work Reworked reached much the same analysis, and raised
certain practical or experimental objections, claiming that
his g had merely been submerged m a sca of error. But
there 1s more in 1t than that. As I said in my contribution
to the Reading University Symposium (1939) Thurstone
could correct all the blemishes pommted out by Spearman
and would still be able to attain simple structure I said
on that occasion that however jurics In America and m
Britain might differ at present, the larger jury of the future
would decide by noting whether Spearman’s or Thurstone’s
system had proved most useful in the hands of the prac-
tising psychologist. I now think that they will certainly
also consider which set of factors has proved most invariant
and most real. Very likely the two enteria may lead to
the same verdict. But for the present the two rival claims
are m the position described by the Scottish legal phrase,
* taken ad avizandum >

7. Application of multiple-factor analysis to wndustrial test
data.—Dr. R. Harper, with various co-workers, has applied
these methods of factor analysis, begun 1n connexion with
psychological tests, to tests of a physical kind on various
substances during thewr manufacture. In Nafure of
November 20th, 1948, Harper and Baron wrote: “ In
industrial physies there are occastons when empirical tests
are employed the exact meaning of which 1s not fully under-
stood, and where the interrelationships between the tests
could profitably be studied by similar means > to those
used in psychology, and they described a centroid analys:s,
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without rotation, of rheological measurements on cheese.
In the British Journal of Applied Physics of January, 1950,
Harper, Kent, and Blair gave an account of the factorial
analysis of ten tests (seven rheological and three electrical)
on a group of plastics (polyvinyl-chloride-plasticizer mixes).
They made a centroid analysis, with four iterations, took
out three factors, and rotated them orthogonally to
maximize the number of near-zero loadings. They tried
also other rotations, including one to an approximate
oblique simple structure, and suggest interpretations of the
factors arrived at.



CHAPTER XIII
SECOND-ORDER FACTORS

1. 4 second-order general factor.—The reason why the
factors arnved at mn the ““ box ” example were correlated
was that large boxes tend to have all their dimensions
large. There 15 a typical shape for a box, often departed
from, yet scldom to an extreme degree. Thercfore the
length, breadth, and depth of a seres of boxes are corre-
lated, and so also are Thurstone’s primary factors i such
a casc. There 15 a size factor in boxes, a general factor
which does not appear as a first-order factor (those we
have been dealing with) i Thurstone’s analysis, but
causes these primary factors to be corrclated Possibly,
therefore, when oblique factors appear m the factonal
analysis of psychological tests, there 15 a hidden general
factor causmg the obhquity This factor or factors (for
there might be more than one) can be arrived at by analys-
g the first-order factors, mto what Thurstone ecalls
second-order factors, factors of the factors

Of course, whether such a procedure could be justified
by the rehiability of the original experimental data 1s very
doubtful 1n most psychological experiments. The super-
structure of theory and calculation raised upon those data
15 alrecady, many would urge, perhaps rather top-heavy, and
to add a second storey unwise  But we should not, I think,
let this practical question deter us from examining what 14
undoubtedly a very interesting and illluminating suggestion,
which may turn out to be the means of reconcihng and
integrating various theories of the structure of the mind.

If we take the primary factors of our *“ box ” example of
Chapter XI1, they were correlated as shown in this matnx -

, -
1 506 150 |
. 506 1 164
1150 164 1

_ N
186
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If we analyse these in their turn into a general factor
and specifics we obtain, using the formula—

¥
Tl

g saturation = (—“"-—4'5> ,
Tae

the saturations of the prnimary factors with a second-order
g as 680, -744, and ‘220; and each primary factor will
also have a factor specific We have now replaced the
analysis of the original tests into three oblique factors by
an analysis into four orthogonal factors, one of them
general to the oblique factors and presumably also general
to the original tests, though that we have still to inquire
mto. We must also mquire into the relationship of the
specifics of the original tests to these second-order factors,
which are no longer in the origimal three-dimensional
common-factor space, but m a new space of four dimen-
sions Are the original test-specifics orthogonal to this
new space ?

With only three oblique factors, an analysis mto one g
15 always possible (except in the Heywood case, which will
often occur among obhque factors). If there had been
four or more oblique factors, we would have had to use more
second-order general factors unless the tetrad-differences
were zero. Thurstone’s * trapezium > example already
referred to had four obhque factors, and his article should
be consulted by the mterested

2. Its correlations with the tests.—Let us turn now to the
question what the correlations are between the seven
origmal tests and the above second-order g. To obtan
these Thurstone uses an argument equivalent to the fol-
lowmng :

We may first note that each reference vector makes an
acute angle with its own primary factor, but 1s at nght
angles to every other primary factor, for these are all
contained n the hyperplane to which it 1s orthogonal.
The cosmes of the angles can be obtained by premult:-
plying the rotation matrix of the reference vectors by
the transpose of the rotation matrix of the primary
factors.
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Correlations between Primary Factors and Reference Vectors

DA X A=D
797 400 458 405 464 888 860 :
885 187 — 517 426 076 —-916

=i . 858

809 — 883 215

508 —-843 182

983 :
These cosines 1n the diagonal of the matrix D give us the
angles 81°, 81°, and 11° which we have already mentioned
on page 177 as the angles between each primary factor and
1ts own reference vector
Each row of the first of the above matrices represents
the projections of the primary factor on to the orthogonal
centroid axes. These are, 1n fact, the loadings of the prim-
ary factors, thought of as imagmary or possible tests,
m the orthogonal centroid factors I, II, and III. Following
Thurstone, we add these three rows below the seven rows of
our ongmal seven real tests, extending the matrix F 1n

length thus -
I _ I
T

i I F57 R

{

| .449 -—-682 -165 | -211

| 825 — 478 —-120 |, 574

' 906  -836 020 . 787

846  -188 457 | 666 }wanted

808 208 - 412 | 719

697 886  -885 597

67 178 —-468 | 683

797 400 458 ' 680
}known

NSO U G~

B 835 (187 - 517 | 744

D 508 —-848 192 220

This lengthened matrix we want to post-multiply by
a column vector (¢ in Thurstone’s notation) to give the
correlations of the tests, including the imaginary tests
L, B, and D, with the second-order g. In other words, we
want to know by what weights each column must be mul-
tiphed so that the weighted sum of each row is the correla-
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tion of that test with g. Suppose these weights are v, v,
and w. Since we already know from our second-order
analysis what 7, is for each of the primaries L, B, and D,
we have three equations for u, v, and w, the solution of
which gives us their values. We have—

“79%7u 4 -400v 4 458w = -680
885u - -187v — 517w = 744
-508u — -848v 4 192w = -220

and these equations can be solved m the usual way, if
the reader wishes. The values are -798, -198, and —-077.

A closer exammation of them, however, which can be
most readily expressed in matrx notation, leads to an
easier plan—especially desirable if the number of primary
factors were greater. In matrix form the above equations
are—

T\l) = 1',
whence ¢ =Tr,
and smce T 1s merely a short notation for DA™ we have—
$ = (DAY,
= AD™,
That is to say, the centroid loadings F of the seven tests
have to be post-multiphed by this, giving a matnx (a
single column)—
Fy =FAD™,

But FA we already know. It s (see page 178) the simple
structure V on the reference vectors. So we merely have
to multiply the columns of V by D%, and add the rows to
get the correlation of each test with g. These multipliers
are, that 1s to say -

‘680 — -860 = 791
744 — 858 = -867
220 — 988 = 224

The results are the same as by the former method, except
for discrepancies due to rounding off decimals, and are
given to the right of the preceding table.

8. A g plus an orthogonal simple structure.—In his own
examples, Thurstone has not calculated the loadings of the
original tests with the other orthogonal second-order
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factors, the factor specifies. This can, however, clearly be
done by the same method as above. Since the correlations
of the general factor with the three obhque factors are
-880, 744, and -220, the correlations of each factor specific
with 1ts own oblique factor are -788, -668, and -975. For
example, 7882 =1 — -680%. The second-order analysis
therefore 1s .
680 733 . #
‘744 . 668 . 1=K
|

S

1220 97
Dividing the rows by the divisors already mentioned, viz.
-860, -858, and -988, we obtain the matrx :

791 858 .
-867 . 779 | =DE
224 . . 992 !

and when the matrix V is post-multiphed by this we
obtain the following analysis of the original seven tests
mnto a general factor plus an orthogonal simple structure
of three factors .

General Factor plus Simple Structure
G = VD'E
£ A B 8

211 021 <009 805
574 <022 358 683
787 449 -338 — 006
666 656 —-001 260
‘719 ‘071 588 —-006
597 598 ‘041 000
-683 ‘005 -609 000

SO v 0N

The zero or very small entries in A, 8, and § are 1n the
same places as they are for L', B’, and D’ in the oblique
simple structure V (see page 178) What we have now
done is to analyse the box data mnto four orthogonal
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factors corresponding to size, and ratios of length, breadth,
and depth. In terms of our pyramidal geometrical
analogy we have “ taken out a general factor” by depress-
ing the celing of our room, squashing the pyramid down
until its three plane sides are at right angles to each other.

The above structure, bemng on orthogonal factors, is also
a pattern, so that the mner products of its rows ought to
give the correlation coefficients with the same accuracy, if
we have kept enough decimal places 1n our calculations, as
do the rows of the centroid analysis ¥': and so they do.
For example, the correlation between Tests 1 and 2 1s,
from F,

449 X -825 4 -682 X 478 — 165 X 129 = 875

and from G 1t is—
211 X 574+ 021 X -022 + 009 X -858 4 -805 X 688 =675

The * experimental ” value was -728, thc difference of
058 bemg due to the maccuracy of the guessed com-
munahties, or in an actual expermmental set of data to
samphling error and to the rank of the matrix not bemng
exactly three

We can sec here a distinet step towards a reconcihation
between the analyses of the Spearman school and those
of Thurstone using obhique factors But we must not
forget that if the oblique factors are not obhque enough,
the ITeywood embarrassment will occur, and a second-
order g be impossible The orthogonal factors of G are
more convenient to work with statistically, but it 1s possible
that the oblique factors of V are more reahstic both 1n our
artificial box example and in psychology. They corre-
sponded In our case to the actual length, breadth, and
depth of the boxes. The factors A, B, and & of matnx G
correspond to these dimensions after the boxes have all
been equahized 1n * size.”






PART 1V
THE ESTIMATION OF FACTORS*

* This use of the word * estimation” has been criticized. By
statisticians the word 1s restricted to mean the estimation of un-
known parameters from a sample, & process of inference from
sample to parent population. Here the word 1s used to mean the
“ estimation ** of a man’s scores In a test (or vocation or examina-
tion) to which he has not been subjected, from a knowledge of his
behaviour in other tests Factors are imaginary tests and a man’s
score in them can be *‘estimated ”” 1n the same way, I would use
another word if I could, but *estimation” seems the natural ex-
pression. Besides, I think the two meanings are fundamentally
alke.

».A—T7






CHAPTER XIV
REGRESSION AND MULTIPLE CORRELATION

1. Correlation coefficient as estimation coefficient.—A corre-
lation coefficient indicates the degree of resemblance
between two lists of marks : and therefore 1t also indicates
the confidence with which we can estimate a man’s position
m one such list z if we know his position in the other y.
If the correlation between two lists is perfect (r = 1),
we know that his standardized scorc* in the one hst is
exactly the same as i the other (z = y).

If the correlation between the two lists 1s zero (r = 0),
then the knowledge of a man’s position 1 the one list tells
us nothing whatever about s position m the other hst.
If we are compelled to make an estimate of that, we can
only fall back on our knowledge that most men are near
the average and few men are very good or very bad in any
quahty. We have, therefore, most chance of being correct
if we guess that this man 1s average in the unknown test.
(# =0. The average mark we have agreed to call zero ;
marks above average, positive; marks below average,
negative )

In the first case, when r = 1, we are Justified in equating
his unknown score « to his known score y—

z=y

In the second case, when r = 0, we are compelled by our

ignorance to take refuge in—
@ = 0 or average.
Both these statements can be summed up in the one

statement— n
&=ry

where the circumnflex mark over the z 1s meant to indicate
that this 1s an estimated, not a measured, value. If, now,

* A test score in what follows always means a standardized score
unless the contrary 1s stated, But eshimates are not in standard

measure in general.
196
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we consider a case between these, where the correlation is
neither perfect nor zero, it can be shown that this equation
still holds, provided each score i1s measured mn standard
deviation units. Since r is always a fraction, this means
that we always estimate his unknown & score as being
nearer the average than his known y score. That is
because we know that men tend to be average men. If
this man’s y score 1s high, say—

y=2
(two standard deviations above the average), and if the

correlation between the qualities z and y 1s known to be
r = -5, we guess his position in the # test as being—
fd=ry=5x2=1

1.e. only one standard deviation above the average. This
1s a guess influenced by our two pieces of knowledge,
(1) that he did very well in Test y, which 1s correlated with
Test 2, and (2) that most men get round about an average
score (zero). It 1s a compromise, an estumate. It will
often be wrong; indeed, very seldom will it be exactly
right. But it will be right on the average, 1t will as often
be an underestimate as an overestimate, m each array
of men who are alike 1n y. The correlation coefficient,
then, 15 an estimation coefficient for tests measured m
standard deviation units.

2. Three tests.—Suppose now that we have three tests
whose intercorrelations are known, and that a man’s scores
on two of them, y and =, are known. We wish to estunate
what his score will most probably be in the other test, 2.
z need not be a test in the ordinary sense of the word, but
may be an occupation for which the man 1s a candidate
or entrant. According as we use his known y or his
known z score, we shall have two estunates for his 2 score.
To fix our 1deas, let us take definite values for the correla-
tions, say :
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The two estimates for his # are then—

& =19
£ = 53

and of these we shall have rather more confidence in the
estimate associated with the higher correlation. But we
ought to have still more confidence in an estimate derived
from both y and 2. Such an estimate could use not only
the knowledge that y and z are correlated with #, but also
the knowledge that they are correlated to an extent of
r == -8 with each other. Just to take the average of the
above two separate estimates will not utihize this knowledge,
nor will it utilize the fact that the estimate from y (r = -7)
is more worthy of confidence than the estimate from
% (r = -5).

What we want 1s to know how to combine the two scores
y and z mmto a weighted total—

(by + c2)

which will have the highest possible correlation with a.
Such a correlation of a best-weighted total with another
test 1s called a multiple correlation. From such a weighted
total of his two known scores we could then estimate the
man’s @ score more accurately than from either the y or
the 2 score alone. It must use all the information we have,
including our mnformation that y and z correlate to an
amount r = -8.

8. The straight sum and the pooling square.—In order to
answer this question, we shall first consider the problem
of finding the correlation of the straight unweighted sum
of the scores y 4 z with z. This 1s the simplest form of a
problem to which a general answer was given by Professor
Spearman (Spearman, 1918).

We shall put his formula into a very simple form, which
we may call a pooling square. In our present instance we
want to find the correlation of y + 2 with 2 (all of these
being, we are assuming, measured in standard deviation
units). We divide the matrx of correlations by lines
separating the * criterion ” @ from the  battery ” y + &
thus :
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& Yy 3
z ' 10 7 5 l
y 7 10 8|
2z 5 -8 10 !

In each of the quadrants of this pooling square (with
untties 1 the diagonal, be 1t noted) we are gomng to form
the sum of all the numbers, and we shall indicate these
sums by the letters

A c

C B

(where C 1s the sum of the Cross-correlations between the
battery u + z and the criterion #, which can be regarded
as a second battery of onc test only).

Then the correlation of z with y + 2 1s equal to—

c
V4B
which 1n our present example 15—
7+ -5 1-2

- . A )
V) x(1+38+-8+1) V26

so that the battery (y - z) has a rather better correlation
(-744) with z than has either of i1ts members (-7 and 5).
From the straight sum of the man’s scores in the two tests
y and z we can therefore 1n this case get a better estimate
of his score 1n z than we could get from either alone

4. The pooling square with weights.—We want, however,
to know whether a weighted sum of y and 2 will give a still
higher combined correlation with z. With sufficient
patience, we could answer this by trial and error, for the
pooling square enables us to find almost as easily the
correlation of a weighted battery with the criterion.* Let
us, for example, try the battery 8y ~- z. For this purpose

* The pooling square can also be used to find the correlations or
covariances of weighted batteries with one another KElegant

developments are Hotelling’s 1deas of the most predictable criterion
(1985a) and of vector correlation (1936)
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we write the weights along both margins of the pooling
square :

3 1

l 1-0 7 5

8 7 1-0 8
1 5 3 1:0

and multiply both the rows and the columns by these weights
before forming the sums 4, B, and C. The result of the
multiphieations in our case 1s :

_ . 10 2-6
90 9 = T T e
9 10 26 11-8
and we therefore have—
correlation = = 757

2-6
V118
a higher value than 744 given by the simple sum. So we
have improved our estimation of the man’s 2 score, and
estimates made by taking 8y + z would correlate -757
with the measured values of 2.

5. Regression coefficients and multiple correlation.—
Similarly we could try other weights for y and % and search
by trial and error for the best. There 15, however, a general
answer to this question, namely that the best weights for
y and 2 are proportional fo certain minor delerminanis of
the correlation matriz. The weight for y is proportional to
the minor left when we cross out the criterion column and
the y row, the weight for z 1s proportional to minus the
minor left when we similarly cross out the criterion column
and the z row. The matrix of correlations with the
criterion column deleted being :
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the weight for y is therefore proportional to :

7 5
8 10 ' = 55
and that for 2 is proportional to :
oy 5| _
~] 10 8 \ =29

that is, they are as -55:-29, To make these weights not
merely proportional but absolute values we must divide
each of them by the minor left when the row and column
concerned with the * criterion ” 2 are deleted, namely :
1-0 8

3 10
so that these absolute best weights, for which the technical
name 1s * regression coefficients,” are—

<55 29

oY T r
or 6044y 1 -8187z

We are inviting the reader to take this method of calculat-
g the regression coefficients on trust ; but he can at least
satisfy bimself that when applied to the pooling square they
give a higher correlation of battery with criterion than any
other weights do. The result of multiplying the y column
and row by -6044, and the z column and row by -3187, 1s
the following :

=91

6044 3187
10" 7 5| | 10000 . 4281 1508 |
6044 7 ! 10 3 I = | 2831 | 3658  -0578
3187 | 5 8 10 | [ 1598 , -0878 1015
- i o1 - J— —
1-0000 5824
T sz 5824
5824
Multiple correlation = V5524 = ‘768 = r,, say, which

is higher than any other weighting will produce, if the reader
cares to try others. Notice the pecuhanty of the pooling
square with regression coefficients as weights, that C = B
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(+5824 = -5824). We can deduce that the inner product of
the regression coefficients with the correlation coefficients
gives the square of the multiple correlation—

‘604 X -7 + ‘819 X 5 = 588 =r,*

Indeed, we can take this as forming one reason for using
-604 and -319, and not any other numbers proportional to
them, although the latter would give the same order of
merit. We want our estimates of z not merely to be as
highly correlated with the true values of x as is possible,
but also to be equal to them on the average mn the long
run, in the sense that our overestimations will, in each
array of men who have the same y and 2, be as numerous
as our underestimations, and this is achieved by using not
merely -55 and -29 as weights, but -55 — 91, and -29 — -91.

8. Aitken’s method of pivotal condensation.—When there
are more than two tests y and 2z 1n the battery, the apphca-
tion of the above rules becomes increasingly laborious. It
is desirable, therefore, to have a routine method of calcu-
lating regression coefficients which will give the result as
easily as possible even 1n the case of a team of many tests.
The method we shall adopt (Aitken, 1987a) 1s based upon
the calculation of tetrads, as already used in our Chapter V.
We shall first calculate the above regression coefficients
again by this method. Delete the criterion column in the
matrix of correlations, transfer the criterion row to the bottom,
and write the resulting oblong matrix n the top left-hand
corner of the sheet of calculations, preferably on paper
ruled in squares :

Check
Column
lao) —38~| 41 Cog
4' 38 10 . -1 | 8
R . . | 12
B } (91) 3 -1 ! 21
| mmm e e |- mer =~
- 100 | 8207 —1.0980 | 2808
| 20 | o o
|
c -804 310 | 928
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On the right of the oblong matrix of correlation coeffi-
cients we rule a middle block of columns of the same
number, here fwo, and on the right of all a check column.
The columns of the middle block we fill with a pattern
of minus ones diagonally as shown, leaving the other cells
empty,* including the bottom row. In the check column
we write the sum of each row. The top left-hand number
of all we mark as the “ pivot.” Slab B of the calculation
is then formed from slab 4 by wrniting down, in order as
they come, all the tetrad-differences of which the pivot in
A is one corner. Thus the first row of slab B 1s calculated
thus—

1x 1 —8x 8= 01
1x 0 —8x (—1)= -8
1x(—1)—8x 0= —1
1x 8 —38x 8= -21

and the row 1s checked by noting that 21 is the sum of the
others. Immediately below this first row a second version
of 1t 1s written, with every member divided by the first
(-91). This 1s to facihtate the calculation of slab C by
having unity again as a pivot. The second row of slab B 1s
then formed, beginming with—

1 X5— 77X 8=-29

Throughout the whole calculation, except for the division
of the first row, only one operation needs to be performed,
namely the computing of tetrad-differences, beginning with
the pivot.

The same operation 1s then repeated to give slab C,
using the modified first row of B, with pivot unity.

This procedure goes on, slab after slab, until no numbers
remain m the left-hand block. There bemng only three
tests 1 all . our example, this happens at slab C. The
mddle block then gives the regression coefficients 604 and
-819, with therr proper signs, all ready for use. Throughout
the calculation the check column detects any blunder in
each row. The check, let me repeat, for I often find this
misunderstood, consists in seemg that the appropriate

* The dots represent zeros.
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tetrad from the sums m the previous slab agrees with the
sum of the new row. Thus -99 is both the sum of its row,
and also the tetrad—

1X12—-7x%x-8
from slab 4.

When the number of tests in the battery 1s large, the
calculation of the regression coefficients 1s a laborious
business, but probably less so by this method than by
any other. It will be clear to the reader that so long a
calculation 1s not worth performing unless the accuracy of
the origmal correlation coefficients 15 high. Only very
accurate values can stand such repeated multiphcation,
ete., without giving untrustworthy results. In other
words, regression coefficients have a rather high standard
error.*

7. A larger example.—Next we give in full the caleulation
of the regression coefficients 1n a slightly larger example,
though one still much smaller than a practical scheme of
vocational advice would involve., Here 2, 1s the “ occu-
pation,” and 2, 2, 2, and z, are tests To give the
example an air of reality, these and their mtercorrelations
are taken from Dr. W P. Alexander’s experimental study,
Intelligence, Conerete and Abstract (Alexander, 1985).
They were 1 :

2, Stanford-Binet test ;

2, A picture-completion test ;

23 Thorndike reading test ;

%, Spearman’s analogies test in geometrical figures.

* Regression weights obtained from one set of data, applied to &
subsequent set, will not usually give a correlation with the criterion
as high as that predicted. The probable defect in 1ts square will
be (Wherry, 1981)—

Q — )M — (N — M),
where N 1s the number of persons and M the number of tests

t In this, as 1n other instances where data for small examples are
taken from experimental papers, neither criticism nor comment is
in any way mtended IHlustrations are restricted to few tests for
economy of space and clearness of exposition, but in the experiments
from which the data are taken many more tests are employed, and
the purpose may be quite different from that of this book,
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But the occupation is a pure invention, for purposes of this
illustration only. The correlation matrix 1s :

%o % %y 33 %

7 | 100 72 68 58 41
z | 72 100 89 69 49
7 | 68 89 100 19 .27
% | 58 -69 19 100  -38
5 | 41 49 27 88 100

The fact that we possess these correlations means that we
have given these tests to a sufficiently large number of
persons whose abihty m the occupation 1s also known.
The occupation can be looked upon as another test, mn
which marks can be scored. In an actual experiment,
obtammng marks for these persons’ abilities in the occupa-
tion is in fact one of the most difficult parts of the work.
We can now find by Aitken’s method the best weights for
Tests 2z, to 2, to make therr weighted sum correlate as
highly as possible with z,. For a reason which will be
explamed later, I have numbered the tests in the order of
their corrclations with the criterion. To make the arith-
metic as easy as possible to follow mn an illustration, the
origmnal correlation coefficients are given to two places of
decimals only, and only three places of decimals are kept
at cach stage of the calculation. The previous explanation
ought to enable the reader to follow. As an additional
help, take the explanation of the value 454 in the middle of
slab C. It 1s obtamned thus from slab B-—

1 X 490 — 079 X -460 = -454

and 1s typical of all the others. Except for the division
of each first row, only one kind of operation 1s required
through the whole ecalculation, which becomes quite
mechanical. The numbers shown on the left in brackets
are the reciprocals of -848, -517, 748, used as multipliers
instead of dividing by the latter numbers, in obtaining the
modified first rows. The process continues until the left-
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hand block is empty, when the regression coefficients
appear in the middle block.*

The result is that we find that the best prediction of a
man’s probable success in this occupation is given by the
regression equation—

£, = -890z, + 481z, + 2222, + ‘018z,
We give a candidate the four tests, reduce his scores

COMPUTATION OF RECRESS1ON COEFFICIENTS
Artken’s Moduified Method with Each Pwot converted to Umiy

Check

(1 89 6 49 -1 . 157

29 1 19 27 -1 . -85
4169 19 1 38 . . -1 1-26
49 27 88 1 . -1 114

72 68 58 41 2:34
(1-179) (-848) —079 079! 890 —1 . 238
1000 —088 093! 460 —1179 . 281
g~ 524 042 I 690 -1 177
079 042 760 490 -1 -371

349 083 057 | . . 1209

; I e S
(1-036) (517) 049 7286 —-098 —1 . 199
1000 -096| 1406 —-180 —1936 . -386

c 049 753, 454 003 . -1 849
116 025" 559 [ 412] . 1112

(1337) (74-8)' -384 102 005 —1 829
B ) Ioobl 514 136 128 —13837| 441
P o146 |\ awr] [438, E| . [1068
E i 80 481 222 -018|1-061

' Final Regression Coefficients

* The product of all the unconverted pivots, 1 x 848 x 517 X
/748, 18 the value 828 of the determinant
100 39 69 49
89 100 19 27
| 60 .19 100 88
| 49 27 88 100
If this alone were wanted, the middle block, and the criterion row
would, of course, be unnecessary.
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to standard measure by dividing by the known standard
deviation of each test, insert these standard scores mto
this equation, and obtan an estimated score for him in
the occupation. Thus the followmg three young men
could be placed m their probable order of efficiency m this
occupation from their test scores :

t! Standard Scores in

i z B 23 %y EN
Tom ! 7 0 2 5 81
Dick | —4 —38 1 B | — a7
Harry | 2 13 8 6 83

1

The multiple correlation of such estimates £, with the
true values would be obtammed by mserting the four
correlation coefficients—

72 63 58 41
instead of the z’s i the regression equation, and taking
the square root, thus—

‘890 x 72 + -431 X -63 4 222 X -58 4 -018 X -41

= 68847 =r,?
‘e T = 88

Finally, we can, as we did in the former example, use
the regression weights on a pooling square and see if we
obtain this same multiple correlation of 7, == 83 -

890 431 222 -018

431 | 63 39 100 19 27
222 58 | 69 19 100 38
018 | 41 | 49 27 38 100

- I I

It will be remembered that we have to multiply each
row and column by its appropriate weight, and then sum
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all the numbers in each quadrant. The easiest way of

doing this in large pooling squares is to multiply the rows

first, then add the columns and multiply the totals by the

column weights, finally adding these products, thus :
Multiply the rows :

3980 431 222 018

1-0000 72 63 58 41

2808 3900 1521 2691 1911
2715 1681 4310 0819 -1164

-1288 1532 0422 2220 0844
0074 0088 0049 0068 0180

Sums 6885 7201 +6302 5798 4093

If we had kept all decimals these columnar sums would,
since we are using regression coefficients as weights, have
been exactly equal to the top row. With the actual figures
shown, on multiplying the column totals and adding them,
we find that the pooling square condenses to :

1-0000 | -6885

6885 ' -6885

. _ 6885
™ 4/-6885

8. Using fewer tesis.—There 1s a tendency, which com-
mon sense finds natural, for the regression coefficients of the
tests of a battery to be in the same order of magnitude as
their correlations with the criterion. But this 1s not mn-
variably the case, and 1n the present example, if we com-
pare the two sets—

correlations with eriterion -72 63 58 41
and regression coefficients 390 431 222  -018,

we see that Test 2 has a higher regression coefficient than
Test 1, although a lower criterion correlation. The reason
lies in the ligh correlation of Test 1 with Test 8, -69.
They measure to that extent the same thing, and when

== 88 as before.
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Test 8 is introduced into the battery it begins to some extent
to put Test 1’s * nose out of joint.”

The boxed numbers mn the calculation on page 205 are
all regression coefficients. If only Test 1 is used, its
regression coefficient is *72. If Tests 1 and 2 are used,
therr regression coefficients are 559 and -412. If Tests 1,
2, and 8 are used, their regression coefficients are -897,
488, and -224. And if all four Tests are used, the four
final numbers are the regression coefficients.

The addition of each test raises the multiple correlation

Tmaze We have—

Lo
Test 1 T2 X 72 = 5184
Tests 1 and 2 72 X 559 + 63 X 412 = 0622
Tests 1, 2, and 3 72 X 897 + 68 X 483 4 58 X 224 = 6882

Tests1,2,8,and 4 72 X ‘890 + -68 X -481 + -58 x 222
+ 41 x -018 = -6885

Although the addition of each test raises the multiple
correlation, some do so only very little ; and our caution
i ordering the tests in accordance with the magmtude of
the criterion correlation makes 1t probable, though not
certain, that the comparatively useless tests will be the later
ones. We can at each stage of the calculation pause and see
whether the test we have just added makes a significant
addition to the multiple correlation. We do this by an
analysis of variance (see Lindquist, 1940, Chapter V, or
other text-book). Consider, for example, the rise in the
squared multiple correlation from 6622 to -6882. Is the
nise statistically significant ? To decide this we must know
the number of persons tested, say N = 105.

|
Tows | o, | Dl Mem | g,
—_— e —— ———
land2 . .'?-eezzl g |
Increment on add- : i ,
ing8 . . | 0260 | 1 | 0260 | -0260—-0081=7-7

Residue . . 8181 101 i 0081

|

Total . fl-oooo ,'N-1=104 |
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The calculation is carried out in the above form, and the
decision whether the increment of 7%, is statistically
significant depends on the size of the ratio F. If it is large
enough, the increase is significant. To decide how large,
consult Table V in Fisher and Yates’s Statistical Tables,
where we find that, with degrees of freedom 1 and 101, a
ratio of 6-88 would be significant at the 1 per cent. point,
i.e. quite highly sigmificant, and 7-7 is cven larger than this.
So the increase due to the addition of Test 8 is well worth
while. A similar calculation for the further addition of
Test 4, producing a nse of -0003 in r?,,., shows, as might be
expected, that this is not significant, for F is now less than
unity, and Tests 1, 2, and 8 are (with 105 cases) as good
as the whole battery.

i N
3 l Degrees of ' Mean
Tesls ez | Freedom | Square Ratw F

1,2,and 8 6882 3
Increment on add- '

ing 4 . . 0003 1 0003 Less than umty
Residue . . 3115, 100 | -0031

. - - - : o

Total . il-oooo | 104

9. Calculation of a reciprocal matriz.—A somewhat longer
method of calculating regression coeflicients has two
advantages : 1t permuts the casy calculation of regression
coefficients for any criterion (or many) when once the main
part of the computation is completed, and, what 1s of great
importance, 1t enables the standard errors of the coefficients,
and of their differences, to be found quickly.

The method referred to is to find first of all the rec-
procal of the matrix of correlations of the tests, This 1s
done by pivotal condensation also, as illustrated in the
table overleaf. The matrix whose reciprocal 1s required
appears in the top left-hand corner, with a diagonal array
of minus ones on its right, and a diagonal of plus ones
below it. The whole 1s condensed in the manner already
described on page 205, and the required reciprocal matrix
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It can be checked by multiplying
together the orgmmal matrix and 1its reciprocal, which
ought to give a matrnx with ones m the diagonal and zeros
everywhere clse, the umit matnx as 1t 1s called.

appears at the bottom.

1 8 69
89 1 19
% 19 1
49 27 88
1 .
1 .
. . 1
848 —-079
1000 — 093
-~ 079 524
07 042
—-390 — 690
1
. 1
517
1-000
049
— 726

093

49
27
38
1

‘049

096
758
— 454
—+093

748

1-000
— 384
— 102
—096

-1 . . .
.o-1 . .
-1 .
.-
890 -1 .
460 —1179
890 -1
a0 . -1
1 .
726 — 0938  —1 |
1406 — 180 —1936 -
454 093 -1
1179 — 460 .
—460 1179
88+ 102 095 -1
514 136 128 —1 387
2200 — 501 —1406 .
—591 1196 180 .
—~1406 180 1936
2397 —580 1357 — 518
—589 1210 193 — 136
—1857 193 1948 -—128
— 514 —136 —128 13887

1:57

1-28
114

The reader will see that space could be saved in the
calculation by omitting the rows containing ones only ;
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and also that nearly half the numbers can be written down
from symmetry.

The regression coecfficients for any criterion are then
obtamned by multiplymng the rows of the reciprocal by the
eriterion correlations and then adding the columns. In
the example of page 205 we multiply the first row of the
reciprocal by -72, the_second by 63, and so on. The
addition of the columins then gives the same regression
coefficients as were found on page 205

10. Variances and covariances of regression coefficients.—
The most important advantage of this method 1s that
whatever the criterion, the variances and covariances of the
regression coefficients are proportional to the cells of the
above reciprocal matrix (Fisher, 1925, 15 and 1922, 611).
This enables their absolute values for any given criterion
to be obtamned by multiplymg by 1 — 73, (the defect of
the square of the multiple correlation from unity), and
dividing by the number of *degrees of freedom * which
1s for full correlations N — p — 1 where N 1s the number
of persons tested, and p the number of tests, For partial
correlations the degrces of freedom are reduced by the
number of vanables “ partialled out.”

Thus in our example, where p = 4, if N had been 105,
N — p — 1 would be 100. The multiple correlation was
-88,and 1 — 7%, = -812 (sec page 206) The variances and
covanances of our four regression coefficients are i this
case equal to the reciprocal matrix multiphed by -00812.

‘0075 — 0017 — 0042 —-0016
—-0017 0088 ‘0006 —-0004
—0042 <0006 ‘0061 —-0004
—+0016 —-0004 —-0004 ‘0042

The standard errors of the regression coefficients are the
square roots of the diagonal elements :

Regression cocfficients -390 -431 222 -018
Standard errors -087 -062 -078 -065
Significant ? Yes Yes ? No

The correlations of the regression coefficients will be got

by dividing each row and column by the square root of
the diagonal element. We obtain :
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100 -8 —62 —-28

—81 100 ‘12 —-10

—62 ‘12 1-00 —-08

—28 —-10 —-08 100
We can now calculate the standard error of the difference
between any pair of the regression coefficients and see
whether they differ significantly. Take, for example,‘those
for Test 1 (-390) and Test 2 (*481). The difference is -041.
Its standard error 1s the square root of

0075 + 0088 4+ 2 X 81 X ‘087 X 062 = 0146
.*. standard error of -041 15 -121

The difference 1s therefore not significant when N = 105.
Had N been larger 1t might have been.

11. The geometrical picture of regression.—Before we close
this chapter 1t will be illummating to consider what re-
gression and estimation mean in terms of the geometrical
picture of Chapter VI. Consider the illustration used m
the earlier pages of the present chapter, with the matnx -

z Y 2

@ ! 10 7 5
y '+ 7T 10 -3
z 5 8 10

Here z 1s the cnterion, y and z are the tests. Each of
them can be represented by a directed line, as explained in
Chapter VI, with angles between these lnes such that
their cosines are the above correlations. The three lines
will then be 1n an ordinary space of three dimensions.

The two tests y and z themselves have, of course, lines
which he 1n a plane: any two lnes springing from the
same pomt as ongin le mn a plane. The criterion lme #
1s not in this plane (say, the table top, on which we may
imagine Imes y and z to he), but makes an angle with it.
The problem of regression and multiple correlation is, 1n
terms of this geometrical picture, to find the line in the plane
of y and z which makes the smallest possible angle with the
Ime z: for the smallest possible angle corresponds to the
largest possible correlation. Clearly this desired hne is the
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line which is the projection of the line 2 on to the yz plane,
the shadow thrown by 2 on the table with the sun right
overhead. In Figure 29 1t is the line OB, where B is verti-
cally below a point 4 on the test line .

The regression coefficients are numbers which express
the proportions mm which the tests y and z have to be com-
bined to give this line OB. It is just like the parallelogram

y
[
Figure 29.

of forces. If from B we draw parallels to the two test lines,
we obtam OY and OZ as the distances to be measured along
the two test lines to give a resultant along OB, which is as
near as we can come to 04. (No combination of y and 3
can give a line out of their plane.) If the distance 04 is
taken as umily, the distances OY and OZ are the actual
regression coefficients. If a wire model hke Figure 29 were
made with the proper angles with cosines # with y equal to
-7, @ with z equal to -5, and y with 2 equal to -8, the distances
OY and OZ would be found to be -6044 and -3187. And
the cosine of the angle BO4A would be 768, the value we
found for the multiple, or lighest possible, correlation of
the two-test battery with 2 mn Section 5 of this chapter,
page 200.

12. Estimation the same as projection.—Let us now con-
sider a man P whose two scores in the Tests y and z we
know, and whose probable score in Test # we wish to
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estimate. His two scores OM and ON 1 y and z enable
us to assign to this man a point P on the yz plane, a pont
so chosen that its projections on to the y and z vectors
give the scores made by him in those tests (see Figure 80).
Bui we cannot say that this is his point in the three-dimensional
space of @, y, and 2. His pomt in that space may be any-
where on a line P’PP” at right angles to the plane yz. For

P'

Figure 30

from anywhere on that line, projections on to y and z fall
on the points M and N. Yet the projection on to the
vector #, which gives his score m the criterion test z,
depends very much on the position of his pomt on the e
P'PP". All the people represented by points on that Iine
have the same scores in y and z but different scores m z,
and our man may be any one of them. Before deciding
what to do in these circumstances, let us consider this set
of people P’PP" 1n more detail.

It will be remembered that the whole population of
persons 1s represented by a spherical swarm of points,
crowded together most closely round about the ongin O,
and falling off in density equally in all directions from
that pont. Every test hne 1s a diameter of this sphere,
and the plane contamning any two test vectors divides the
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spherical swarm into equal hemispheres. It follows that
a line like P'PP" is a chord of the sphere at right angles to
a diameter (the hne OP), and consequently that it 1s
peopled symmetrically on both sides of P, both upwards
along PP’ in our figure, and downwards along PP*, the
men on the hne being most crowded near the point P 1itself.
The average man of the array of men P'PP" (who are all
alike 1 their scores m the two tests y and 2) is therefore
the man at P, and since we do not know exactly where
our candidate’s pomt 1s along P'PP”, we take refuge m
guessing that he 1s the average man of his group and 1s at
the pomnt P itself. From P, therefore, we drop a perpen-
dicular on to the vector #, and take the distance OL as
representing his estimated score mn that test. This geo-
metrical procedure corresponds exactly to the calculation
we made, as a httle sohd trigonometry will show the
mathematical reader. The non-mathematical reader must
take 1t on trust, but the model may illuminate the calcula-
tion. OL 1s the average of all the different scores z that a
person with scores OM and ON can have. The estimate
will only be certam 1f the line « itself 1s on the table ; it
will be less and less certam, the more the line « is inchned
to the table.

It should be noted that the angles which three test
vectors make with each other are impossible angles, if the
determinant of the matrix of correlations becomes negative.
Ordinarly, that determinant i1s positive. In our present
example we have, for example :

1-0 7 5 |
I O R
| 5 -3 10

Such a determinant, however, though it cannot be
negative, can be zero, namely 1n the cases where the two
smaller angles exactly cqual the largest. In that case the
three vectors lie mn one plane—the criterion line has
sunk until it too hes on the table. In that case alone,
when the determinant 1s zero, the *¢ estimation *’ 1s certain,
and all the people n the line P'PP" have not only the same
scores in y and 2, but also the same scores in 2. The
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vanishing of the above determinant therefore shows that
this is so. And m more than three dimensions, although
we can no longer make a model, the vanishing of the
determinant :

1 Toa  Toz Tos -+ Tos
Tor 1 T1e T3 . Tin |
7, 7. 1 7, . 7.
; Toz 12 23 m | _ A, say,
1 Tg, |
| Tog T3 Tas . In |
‘ . . l
Ton Tin Ton T9n . 1

shows that the criterion 2z, can be exactly estimated from
the team 2z, 2, . . . #,. In fact, the multiple correlation
7,, which we have already learned to calculate in another
way, can also be caleulated as—

A
I
AOO

where A 1s the whole determimnant, and Ay 1s the mior
left after deleting the criterion row and column. This
expression clearly becomes equal to umty when A =0.
In our small example z, y, z, we have—

A = 88 Ngg = N
.88 A/53
= (1~ 2= [Z2 = (/5824 = 768
Tm o1 N1~ V8

as we already know 1t to be from page 200.

18. The * centroid ’ method and the pooling square.—The
pooling square, which we have learned to use in this
chapter, enables us to see in another light the nature of the
factors first arrived at by the “ centroid ”’ method.

Equal Weights
| % ! % 2 23 2
5z 1 1 Tia Tis Tie
2y f 1 T1a Tis T
Equal 29 ) T Tix 1 Tas T
Weghts z, | ng | T3 Ty 1 Taq

% Tis Tie Tn Ta4 1
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Let us suppose that the tests g, 2, 2, and 2, have the
correlations shown, and let us by the aid of a pooling square
find the correlation of each of them with the average of all.
This means giving each test an equal weight in pooling it.

The correlation of z with the average of all is then
obtained from the above pooling square (see previous page),
which condenses to :

|

1 D Tyt
R |
: +rg | Su:}r:e of I?ill the cells
| +ra of the table of corre-

! ’ lations.

+ 714

and the corrclation coefficient 15—

14rp 1y + 1y
Yabove sum

This, however, is exactly the centroid or simple sum-
mation process applied to a table with full communalities of
unity. The first centroid factor obtained from such a table
is simply for each mdividual the average of his four test
scores, and the method 1s called the ¢ centroid *’ method,
because * centroid ” 1s the multi-dimensional name for an
average (Vectors, Chapter III; and see Kelley, 1985, 59).
The line m our geometrical picture, which represents the
first centroid factor, 1s 1n the midst of the radiating hines
which represent the tests, like the stick of a half-opened
umbrella among the ribs. It does not, however, make
equal angles with the test lnes unless these all make
equal angles with each other. If several of them are
clustered together, and the others spread more widely,
the factor will lean nearer to the cluster.

In the foregomg explanation the communalities have
been taken as umity, and the factor axis was pictured in
the midst of the test lmes. If smaller communalities
are used, the only difference is that a specific component
of each test 1s discarded, and the first-factor axis must be
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pictured as in the midst of the lines representing the other
components of the tests. It can be shown that when
communalities less than unity are used, if we bear in mind
that the communal components of the tests are not then
standardized, the pooling square gives the correlations
exactly as before, if we use communalities instead of units
in the diagonal.

The first centroid factor 1s the average of the communal
parts of the tests.

The later factors m their turn are, 1 a sense, averages
of the residues. There are, however, some complications,
the first bemng that the average of the residues just as they
stand 1s zero. The manner in which Thurstone circum-
vents this has already been deseribed in Chapter V.

14 The most predictable criterion —Often a criterion 1s
also composed of parts, just as a battery of testsis. Ifitis
success m an occupation, the journeyman may be judged
for skill, for regulanty of attendance, for his manner 1n
dealing with colleagues or customecrs, ete. Some of these
items will consciously or unconsciously be weighted more
heavily than others in an adjudicator’s assessment of the
man ; and so too m the assessment of a boy’s success mn a
secondary school. If the weights are thus decided by
employer, or by headmaster, the criterion score becomes
agam onc number, the sum of the arbitrarily weighted
parts.

Hotelling, however, raised and solved the question of
how to weight the parts of a criterion so that it would
correlate most highly with a given battery of tests, also
weighted n its best way (Hotelling, 19354, and see Thomson
1947, 1948, and M. S. Bartlett, 1948). There are, then,
mdeed two weighted batteries. In terms of our geo-
metrical analogy, the criterion 15 now no longer a hne, as in
Figures 29 and 80, but a space, and the problem is to find
a line 1 the criterion space, and one i the battery space,
whiuch will be as near to each other as possible, both spring-
ing from an origin O common to both spaces. * This tech-
nique, which the reader will find illustrated by an
arithmetical example in Thomson (1947, 1948), would, for
instance, enable weights to be given to the tests mn two
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different batteries to make these agree with one another as
much as possible.

15. Weighting for battery reliability.—A special case
arises when the two batteries are composed of alternative
forms of the same tests, when the correlation between the
two batteries 1s the battery relability, which ecan be
enhanced by suitable weighting.

Thomson (1940) described how to find the best weights
for battery reliability, as a special case of Hotelling’s
*“ most predictable criterion,” and Peel (1947) has given a
simpler formula than Thomson’s (sce page 853 m the
Mathematical Appendix, Section 9a). If there are only
two tests in the battery, with rehabihties ry,, r,, and
correlating with one another 7, then Peel’s formula gives
as the maximum attamnable rehability the largest root . of
the equation.

m— re(l-w) | _,
P e —p) r—p

that 15 p3(1 — 7y?) — plry + 795 — 211*) + (ruee— ) = 0.
If, for example, r,, = 5,1y = 7, and rp, = -8, the quadratic
has roots -848 and -490, and a battery rchability of -848
1s attainable by using weights proportional to erther row of
the above determinant with p. = 848, taken reversed and
with alternate signs, that 1s 0785 and 1431

or -0481 and 0785

orl and 1-8 approximately.
If as a check we set out a pooling square for the two bat-
teres 1t will be—

1 18 1 18
1 | 10 5 ! 7 5
18 $ 5 10 -5 -8
1 . 7 5 ! 10 5
18 } 5 8 | 5 10

and 1f we multiply the rows and columns by the weights
shown, and add together the quadrants, this reduces to—
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6-04 i 5092

5092 | 604
giving a battery self-correlation or reliabihty of—

5092
6 04

When there are more than two tests, the solution of the
above determinantal equation becomes laborious and daffi-
cult. Green (1950) has given a transformation of the
equation which enables an 1terative process to be used in
its solution, makmg 1t more practicable (see the Mathe-
matical Appendix, page 853).

Clearly the weights making a battery as reliable as
possible will not be the same as those making 1t most vahd
m predicting a given criterion There 1s here a conflict
of aims, for we want a battery to be both as valid and as
relable as possible. It 1s very desirable that some reason-
ably simple form of calculation should be devised to find
those weights which should be given to the tests of a battery
which, for a given criterion, would make the best com-
promise, making rehability equal to vahdity and both as
great as possible (see Thomson 1940, pages 864 to 865).

= 848 as expected.



CHAPTER XV
THE ESTIMATION OF A MAN’S FACTORS

1. Estimating a man’s “ g.”—So far, our discussion of
estimation in Chapter XIV has had nothing immediate to
do with factonal analysis. We are next, however, going
to apply these principles of estimation to the problem of
estimating a man’s factors, given his test scores. As we
have already explained in Chapter VII, there is no need to
* estimate” factors when unity is retained in each diagonal
cell ; they can be calculated without any loss of exactness
because they are equal in number to the tests : and even
if we analyse out only a few of them, they can be exactly
calculated for a man from his test scores. When we say
exacily here, we mean that the factors are known with the
same exactness as the test scores which are our data.

When communalities are used, however, factors are
more numerous than the tests, and can therefore only be
“ estimated.” Two men with the same sct of test scores
may have different factors. All we can do 1s to estimate
them, and since the test scores of the two men are the
same, our estimates of their most probable factors will
be the same. The problem does not differ essentially
from the estimation of occupational success or of abiity in
any “ criterion ”’ test. The loadings of a factor in each
test give the 2, row and column of the correlation matrix.
Let us first consider the case of a hierarchical battery of
tests, and the estimation of g, taking for our example
the first four tests of the Spearman battery used as illustra-
tion i Chapter I, with these correlations :

% % 23 24

2z |1:00 72 68  -54

| 72 100 56 48

2, | 68 56 100 42

%, | B4 48 42 100
221
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These correspond, in the analogy with the ordinary cases
of estimation of the first chapter of this part, to the tests
given to a candidate. In those cases, however, there was
a real criterion whose correlations with the team of tests
were known, and formed the z, row and column of the
matrix. Here the “criterion” 1s g, and it cannot be
measured directly ; 1t can only be estimated in the manner
we are now about to describe. We have here, therefore,
no row and column of experimentally measured correlations
for the eriterion z, or g in the present case (Thomson,
B.J.P. 25, 94). From the herarchical matrix of mter-
correlations of the tests, however, we can calculate the
“ saturation ” or “ loading ” of each test with the hypo-
thetical g, and use these for our criterion column and row
of correlations. These saturations are the correlation co-
efficients which would be found between each test and a test
of pure g with no specific. We thus arrive at the matrix :

% % 2 %3 %

1-00 -90 -80 70 60

‘90 1-00 72 63 54

80 72 100 56 48

70 ‘63 56  1-00 42

60 54 48 42 1-00

and we want to know the best-weighted combination of
the test scores 2, to z; In order to correlate most highly
with 2, =g. The problem 1s now the same as one of
ordinary estimation of ability in an occupation, and the
mathematical answer is the same. We can, for example,
use Aitken’s method of finding the regression coefficients,
although 1n this case, because of the hierarchical qualities
of the matrix, there 1s, as we shall shortly see, an easier
method. It 1s, however, illumimnating for the student
actually to work out the regression coefficients as in an
ordinary case of estimation, as shown on the next page.

If, therefore, we know the scores 2,, %, 25, and 2z, which

a2 man has made 1n these four tests, we can estimate his g
by the equation—

= 55812, + 25952, + 1602z, + 10953,

R L L
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(100) 72 68 54 |-100 1-89
92 100 b6 48 —100 176
68 56 100 42 ~100 161
B4 48 42 100 . —100 |14
9 80 70 -60 800
(20764)(4816) 1064 -0912| 72 —100 8902
10000 2200 1804 1495 —20764 8280
1084 6081 -0798| 63 —1:00 4108
0012 0708 7084| 54 —100 | -4190
1520 1880 11«10l 90 12094
(1-7258) (-5706) 0596 4709 2209 —100 311
__________________ g T St e B
140000 -1028| 8124  -3811 --1.7258 5712
0597 6011| 4087 1804 . —100 | 3438
0094 0852 6728 3156 . |11780
(1-4599) (6850) 3552 1666 1080 —100 | 8097
10000| 5186 2482 1504 —1-4509| -4521
0750 | 3020 2777 ATI6 . 11162
5581 2505 1602 -1095|1-0828

Regression Cocfficrents

The multiple correlation of such estimates in a large
number of cases with the true values of g will be by analogy
with our former case given by—
r,? = 5531 X 90 -~ 2595 X ‘80
+ ‘1602 X ‘70 4+ 1095 X -60 = -888

T = 940
We must remember, however, that such a correlation here
1s rather a fichion. We had m the former case the possi-
bility of comparing our estimates with the candidate’s
eventual performance m the occupation or criterion z,.
Here we have no way of knowing g; we only have the
estimates.

As before, we can check the whole calculation by a
pooling square (see page 200).

Estimating g from a hierarchical battery is therefore,
mathematically, exactly the same problem as estimating
any criterion, and can be done arithmetically in the same
way. Because of the special nature of the hierarchical
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matrix of correlations, however, with its zero tetrad-
differences, there is an easier way of calculating the estimate
of g, due to Professor Spearman himself (4bilities, xviii).
For its equivalence mathematically to the above see
Appendix, paragraph 10.

Meanwhile we shall illustrate 1t by an example which
will at least show that it 1s equivalent in this instance,
The calculation is best carred out in tabular form, and is
based entirely on the saturations or loadings of the tests
with g, which are also their correlations with g.

| | Regression
1,2 Ty Coefficients
Test 1, R 1= .t 1 — T'a | 1 % T
\ . 14 S 1— T"’
! 1 1 e |———— - — ——
1 9 ' s8I 19 42082 ; 47868 | 5533
2 | 8| 64, 80 1778 | 2209 2506
81 7 | -0 51 | 9608 ' 13725 1608
4 | 6 | 38 64 | 5625 9375 1005
S = 7 5643
14+ 8 — 85648
! 1168
1487

The result, with much less calculation, 15 the same.
The quantity § 1s of some 1mportance in this formula. It
1s formed m the fourth column of the table, from which
it will be scen that—

2

Ny ) - )
S”l—r,,=+1—r2,*+ o ——21——7},’
It 15 clear that S will become larger and larger as the
number of tests 1s mcreased.
Now, we saw that the square of the multiple correlation
7w 15 Obtamned when we multiply each of the weights by r,,
and sum the products. That 1s to say—

7! = & (weight X saturation)

Y .
~z(1+S.1—rw'xr")
1 r, 2 S

— LA

148 "1 —r2 148
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Thus fraction will be the nearer to unity, the larger § 1s ;
and we can make § larger and larger by adding more and
more (hierarchical) tests to the team. Thus in theory we
can make a team to give as high a multiple correlation
with g as we desire. 1t will also be noticed, however,
from our table that the tests with high g saturation make
much the largest contribution to S, and therefore to the
multiple correlation.

2. Estimaling two factors simultaneously.—We have scen
1 the preceding section how to estimate a man’s g from
his scores in a hicrarchical team of tests, and 1in this we
shall consider the broader question of estimating factors in
general. Thus 1n Chapter V the four tests with corre-
lations :

1 2 3 ]

1 . 4 4 2
2 | .4 ) 7 8
8 4 . 8
4 2 3 3

were analysed mmto two common factors and four spccifies
with the loadings (see Chapter V, page 79).

Common Faclors

I H X Specific Factors
|
1 5164 ' 8563
2 ! a6 3162 ! 5477
3 l 7746 3162 5477
4 3878 : 9220

Any onc column of these loadings can be used as the
criterion row 1n the calculation by Aitken’s mcthod, and
the regression coefficients ealculated with which to weight
a man’s test scores m order to estimate that factor for
him. If, as 15 probable, we want to estimate both common
factors, we can do the two calculations together, as shown
on the next pagc. Both arrays of loadings are written
below the matrix of intercorrclations, and then pivotal
condensation automatieally gives both sets of regression

A —8
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coefficients, with only one extra row mn each slab of the
calculation -

2 3 38 10
5164 7746 7746 3873 1 25429

(1-0) 4 4 2 I-10 1-0
4 10 7 3 | . 10 14
o4 7 10 3 ! -10 14

; —10 -8

. 8162 3162 i .| 6324
— ——— - i - — —
(84) 54 22 | W —10 . . "10

100 6420 261 9,' 4702 —11905 [1 1905
54 84 22 | 40 —10 1.0
a2 22 96 1 20 —~10 1 &
5680 5680 2840| 5104 '1 9365
3162 3162 i . 6324

(4-028) ()78b| 1129 6129 —10 8571
1 0000 13950 2000 18010 20292 ] 7246
{0786 D02t 0U52 2619 —1 0000, 3381
2028 1852 2439 67062 12603
1129- 0828 | — 1506 3764 2580

(8899) o724 1584 1594 —1 o(x)o\ 2811

10000 | | b8 1791 1ol -1 1237 8159

1029 1871 1o 4116 . 111184

— loosl — 1833 2291 2291 | -1742

— - — —

T k{14 3932 3932 1156 '1 0809

| — 1751 2472 2472 — 11.;s| +2060
Regression Coefficients

If, therefore, we have a man’s scores (in standard
measure) m these four tests, our estimate of his Factor I

will be—
‘1787z, + 8982z, + 8932z + 1156z,

and estimates made in this way will have a multiple
correlation r,, with the * true ” values of the factor, m a
number of different candidates, given by—

Tl = 1787 X 5164 4 8982 X 7746 | 8932 X 7746
+ 1156 X -3873 = 7462
STy = 864
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Similarly, the multiple correlation of the estimate of the

second factor with the *“ true ** values can be found to be—
Ty, = 895

The two factors are not, therefore, cstimated with equal
accuracy by the team. As before, the whole calculation
can be checked by a pooling square.

We have now found the regression equations for esti-
mating the two common factors by treating cach m turn
as a ‘““enterion.” It 1s also possible to estimate a man’s
specifie factors mn the same way. Indeed, we might have
wnitten the loadmgs of the specific factors as four more
rows below the common-factor loadings in the first slab
and calculated thewr regression coefficients all in the one
calculation. But it 1s easier to obtamn the estimate of a
man’s specific by subtraction (compare Abilities, 1982
edition, page xvui, line 10). For example, we know that
the second test score 15 made up as follows—

2, = “TT46f, + B162f, + 54775,

where f; and f, are the man’s common factors and s, his
speetfic.  'We have estimated his f; and f,, and we know
his z,; so we can cstimate his s, from this equation. The
estimates of all 3 man’s factors, to be consistent with the
experimental data, must satisfy this equation and similar
equations for the other tests. If the estimate of the
specific 15 actually made by a regression equation, just hke
the other factors, 1t will be found to satisfy this require-
ment ¥ From the estimates of all a man’s factors, there-
fore, including any specifics, we can reconstruct his scores
1 the tests exactly. From only a few factors, however,
even from all the common factors, we cannot reproduce
the scores exactly, but only approxmmatcly.

8. An arithmetical short cut (Ledermann, 1988a, 19395).—
If the number of tests is appreciably greater than the
number of common factors, the following scheme for

* Jt 18 interesting to note that we know the best relative loadings
of the tests to estimate a specific by regression without necding to
know how many common factors there are, or whether indeed any
specific exists or not. (Wilson, 1984 For the same fact in more
familiar notation, see Thomson, 1986a, 43.)
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computing the regression coefficients will 1nvolve less
arithmetical labour than the general formule expounded
in Chapter XIV and applied to the factor problem 1n this
chapter.*

For 1llustration, we shall use the data of the preceding
section (page 225), although m that example the number
of tests (four) exceeds the number of common factors (two)
only by two, which 1s too small an amount to demonstrate
fully the advantages of the present method. The common-
factor loadings and the specifics of the four tests form a
4 X 2 matrx and a 4 X 4 matrx respeetively, thus -

| 5164 , 8568
My~ | T4 81621 5477
7716 3162 ! 5477 |
8878 ! ] v220 |

the matrix M, bemg 1dentical with the first two columns,
and the matrix M; with the last four columns of the table
on page 225. Before the data are subjected to the com-
putational routine process, which will again consist 1n the
prvotal condensation of a certain array of numbers, some
preliminary steps have to be taken - (1) the loadings of
cach test are divided by the square of 1its specifie, and the
modified values are then histed 1n a new 4 X 2 matnx :

7042 . .
M. 25820 1-0540

0 25820 10540

4556 |

c.g. 2:5820 = ( 7746) — (-5477)

10540 = ( 8162) — ( 5477)¢
(1) Next, the mner products (sce footnote on page 74) of

every column of M, in turn with every column of M, are
calculated and arranged mn a 2 X 2 matnx:

* This short cut, i the form here given, 1s only appheable to
orthogonal factors For oblique factors, which are deseribed mn
Chapter XII, modifications are necessary 1 Ledermann’s formule,
for which see Thomson (1949) and the later part of Section 19 of the
Mathematical Appendix, page 865.
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’ 4-5401 1-6329
MMy =J = [1'6329 -6665]

If there had been r common factors the matrix J would
have been an r X r matrix. The anthmetic 1s simplfied
by the fact that J is always symmetrical about 1ts diagonal,
so that only the entrnes on and above (below) the diagonal
need be calculated. () Finally, each element on the
diagonal of J 1s augmented by unity, giving, in the notation
of matnx calculus, the matnx :

5-5401 1 6329
I+J = ,1:6829 16665
This matrix 1s now “ bordered ” below by the matrnx
Mgy, and on the right-hand side by a block of minus oncs
and =zcros 1n the usual way. The process of pivotal
condensation then yields the same regression coeflicients
as were obtamed on page 226.

55401 16329 | —1 0000 . | 61730
1 0000 2047 ~ 18035 11142
16329 16665 ] . —10000 2 2904
7042 7042
25820 10540 | | 36360
25820 10510 | \ 3 63060
4556 i 1556

—_— - —_— I .

11833 | 2047 —1 0000 4800
1 6000 2486 — 8437 | 4050
— 2075 1271 — 0804
2081 4661 7591
2031 4661 | 7591
—-1843 0822 ¢ — 0520
1787 — 1751 ! 0036
Regression Coefficrents 3932 2473 | 6404
8932 2178 | 6104
1156 — 1133 0023

4. Reproducing the original scores.—Let us mnagme a
man who 1n each of the four tests 1n our example obtamns
a score of + 1; that is, one standard deviation above the
average. We choose this set of scores merely to make the
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arithmetic of the example easy. The regression estimates
of his two common factors are—

fi = 17873 -+ 89822, + -8982z, - -1156z,
fo = — 17512 + 24722, - 2472z, — 1188z,

Inserting his scores 2z =32, =23 =2, =1 mto these
equations we get for the regression estrmates of his factors—
f; =10807
fo= 2060
that 15, we estimate his first factor to be rather more than
one standard deviation, his second factor to be about
one-fifth of a standard deviation, above the average.

Now, the specification equations which give the composi-

tion of the four tests in terms of the factors are—
Z == B51G4f; . -+ 8568s,
3, = TT46f, + -3162f, + -3477s,
24 = TTAGf, + 8162f, - 54775,
2, = 8873f, + -9220s,

If we nsert the above estimates f; and f, m heu of f; and

fe we get for thas man’s scores—
2 = 5581 + 85634
2, = 0022 4 54775,
Zg = ‘0022 + 54775,
2, =— 4186 + 92204,

We know his four scores each to have been 4 1, and
if we had also worked out the estimates of his specifics
by the regression method we should have found that they
added just enough to the above equations to make each
mdeed come to 4 1. We can, therefore, find his estimated
spectfics more casily from the above equations, as in this
case—

1 — -5581
é L = 5161
1 8563 5
1 — 9022
& = — g
A 5477 1786

and so for § and &, subtracting the contribution of the
common factors from the known score (here 4 1 in each
case) and dividing by the speaific loading.
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The regression estimates of the factors, made by the
system we have so far been considering, are as a matter
of fact not the only estimates which have been proposed
(see Section 8 later). The regression estimates are the
best in the sense that they give the highest correlation,
taken over a large number of men, between the estimates
and the true values of a criterion when the latter can be
separately ascertamned

The regression cstimates of the factors have one other
great advantage, that they are consistent with the ordinary
estimation of vocational ability made without using factors
at all, as can best be shown by means of the example of
Scetion 7 of Chapter XIV.

5. Vocationuel advice with and without factors.—In that
example we had an ‘ occupation” 2z, and four tests
24, Zps %3, &0d 3, and m Chapter XTIV, without using factors
at all, we arrived at the following estimation of a man’s
suceess or ““ score ”’ m the occupation (which 1, after all,
only a test hike the others, though a long-drawn-out one) —

£, = 890z + 481z, + 222z, + 018z,

Now let us suppose that the matrix of corrclations of
these five tests (including the occupation as a test) had
been analysed, by Thurstone’s method or any other, mto
common factors and s<pecifiecs—the matnx 15 given m
Chapter XIV, page 204 Indecd, the four tests proper were
so analysed by Dr. Alexander m the monograph from which
we took their correlations, and the analysis below 15 based
on his. The * occupation ” 2, 1s a purce fiction made for
the purpose of this illustration, but we can casily imagine 1t
also bemg analysed m cxactly the same way as a test,
The table of loadings of the factors, to which we may as
well give Dr Alexander’s names of g (Spcarman’s g), v (a
verbal factor), and F (a practical factor), 1s as follows :

8 v F  Specfic
Occupation % *55 45 60 -87
Stanford-Binet 2 66 52 21 50
Picture completion 2a a7 71 60
Reading test EA 52 66 54

Geometrical analogies 2, 74 67
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With this table of loadings 1n our possession we might
have given vocational advice to 8 man in a roundabout
way. Instead of mserting his scores in 2, 2, 23 and 24 1n
the equation for £, we might have estimated his factors
& v, and F from his scores mn the four tests, and then
inserted these estimated factors n the specification equa-
tion of the occupation—

2y = *55g 4 -45v + 60F | 873,

(ignoring the specific s, which cannot be estimated from
2y, 2%y 23, and 2,)  Had we done so, we should have arrived
at exactly the same numeriwcal estumate of has 24 as by the
direct method (Thomson, 19364, 49 and 50).

The actual estimation of the factors g, v, and F from
the four tests will form a good arithmetical exereise for the
student. The beginning and end of the calculation of the
regression coefficients 15 shown here, following exactly
the hnes of the smaller example on page 226 of this chapter :

i | Check

100 39 69 40  —1 157
3 100 19 27 -1 | 126
69 19 100 38 | —-1 . 114
49 27 38 100 | -1 , 85
66 87 52 T4 bo2.20
52 66 | . . 118
21 71 . . . 02

This reduces by pivotal condensation step by step to the
three scts of regression coefficients

for g 300 095 095 532 |
for 4 | 358 — 153 581 — 352 |
for F C 121 AT — 148 — 206 |

The result 15 to give us three equations for estimating
g v, and F from a man’s scores m the four tests, viz —

£ = 800z, + 095z, + 095z, + 532z,

D = 858z — 153z, 4 581z, — 852,

P = 1212 4 7472, — 148z, — 206z,
Now let us assume a set of scores 2, z,, 23, 2, for a man,
and see what the estimate of his occupational ability 1s by
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the two methods, the one direct without using factors, the
other by way of factors. Suppose his four scores are—

% % 23 %
-2 6 —4 7

The estimates of his factors g, v, and F will therefore be—

£ =-300 X 2+ 095 X 6+ 095 X (— 4) + 582 X 7= 451
6= 858 X 2 —-158 X 64 581 X (— 4) — 852 X 7 = — 500
P=a21 x 24+ T47 X 6 — 148 X (— 4) — 206 X 7= 887

If now we msert these estimates of his factors into
the specification equation of the occupation, ignoring its
specific, we get for our estimate of his occupational success :

£y = 55 X *451 + 45 X (— -500) + 60 x 887 = -255
that is, we estimate that he will be about a quarter of a
standard deviation better than the average workman.
This by the indirect method using factors.

By the direct method, without using factors at all, we
sumply 1nsert his test scores into the equation—

2y == 8902, | -4813, + 2223, 4 -0182,
and obtamn—
Sy = 390 X 2 + 431 X -6 + 222 X (— -4) + 018 X -7

= 260
exactly the saume estimate as before—for the difference 1n
the third decimal place 1s entirely due to ** rounding off
during the calculations. The third decimal place of the
dircet ecaleulation 15 more lhikely to be correct, since 1t 1s
so much shorter.

6. Why, then, use factors at all ?—The reader may now
ask,  What, then, 1s the use of estimating a man’s tactors
atall?” Well, mn a case analogous to that of the present
example 1t 1s quite unnccessary to use factors at all, and
there 1s no doubt that a great many experimenters have
rushed to factorial analysis with quite unjustifiable hopes
of somehow getting more out of 1t than ordinary methods
of vocational and educational advice can give without
mentioning factors. But we must not go to the other
extreme and ‘ throw out the baby with the bath-water.”
There may be other reasons for using factors, apart from
vocational advice. And even m giving such adviece, which

FA—8*
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really means describng men and occupations in similar
terms, so that we can see 1f they fit one another or not, it
may be that factors have some advantages not disclosed
by the above calculation.

This man whom we have already used, for example, may
be described either in terms of his scores in four famrly
well-known tests, or in terms of the factors g, v, and F.
By the former method his description 1s :

Stanford-Binet test . 2, shightly above average

Picturc-completion  test *6, good
Thorndike reading test ~ —-4, distinctly below average
Spearman’s geometrical

analogics . . 7, good

This deseription already suggests to us that he 15 a man of
average mtelligence or rather better, of not much schooling,
and with a bit of a gift for sceing shapes, and similarities in
them.  From the correlations of the occupation with these
four tests we know that it most resembles the first and last
tests and least resembles the third. We can probably
draw the conclusion that this man will be above average
m 1t, and we can draw this conclusion accurately if we
calculate the regicssion equation—

£, = 890z, + 431z, + 222z, + 018z,

As a description of the man, however, the above table
suffers from the fact that the four tests arc correlated with
one another. We feel a certan clarity in the deseription
m terms of factors, because these are mdependent of one
another and uncorrclated. This man whom we arc at
present considering 1s alternatively described, in terms of
factors, as :

Factor Estimated Amount

g -451
v —+500
F 887

that 1s, a quite intellhigent (g) and practical () man with,
however, not much abiity mn using and understanding
words (v). There 1s a certamn arr of greater generality
about the factors than there 1s about the particular tests
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from which they have been deduced, and they give
definition and point to mental descriptions, or at least they
seem to do so.

Yet some of these “ advantages »’ of using factors begin
to look less bright when looked mto more carefully,. We
said that one advantage 1s that factors are mdependent
and uncorrelated. So they are, if their true values are
known. But we only know thew estimales, and these are
correlated, as we shall 1llustrate shortly. If we use factors
it 18 clear that we must, if we valuc the advantage of
mdependence, seek to obtain estimates which are as httle
correlated with one another as possible. There have been
proposals to use factors which are really correlated ; not
merely correlated when thewr estimatcs are taken, but
corrclated 1n their true measures What advantage can
these have over the actual correlated tests ? The funda-
mental advantage hoped for by the fuctorist seems to be
that the factors (correlated or uncorrelated) may turn out
to be comparatively few m number, and may thus replace
a multitude of tests and mnumerable occupations by a
description 1n these few factors The student whose
knowledge of the subject 15 being obtamed from this book
15 not yet equipped to discuss adequately the very funda-
mental questions raised m this section, to which we shall
return several times m later chapters One last point in
favour of factors may, however, be expanded somewhat
here. We said a couple of sentences back that factorsts
hope to give adequate deseriptions of men and of occupa-
tions 1n terms of a comparatively small number of factors.
Thas, 1f achieved, would react on social problems somewhat
m the same way as the introduction of a comnage influences
trade previously carried on by barter. A man can ex-
change directly five cows for so many sheep, so much
cloth, and a new ploughshare; but the transaction is
facihtated 1f each of these articles 15 priced mn pounds,
shillings, and pence, or in dollars and cents, even though
the end-result 1s the same. And so perhaps with the
“ pricing ” of each man and each occupation in terms of a
few factors.

But the prices must be accurate ; and the analyses of
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tests and occupations into factors, still more the calculation
of quantitative estimates of these factors, arc as yet very
inaccurate, and perhaps are mherently subject to uncer-
tamty. A fluctuating and doubtful comage can be a
positive hindrance to trade, and barter may be preferable
in such encumstances

We showed m Section 5 above that a direct regression
estimate of & man’s abihty i an occupation gives identically
the same 1esult as an estimate via the roundabout path of
factors, so that at least when the direct regression estimate
15 possible there can be no quantitative advantage n using
factors. When, however, 1s the direct regression estimate
possible, and when 1s 1t 1mpossible ?

To make the dircct regression cstimate we require the
complete table of corrclations of the tests with one another
and with the occupation, and we have to know the candidate’s
scores 1n the tests.  This implics that thesc same tests have
been given to a number of workers whose proficiency 1n the
occupation 15 hnown, for otherwise we would not know the
correlations of the tests with the occupation. Under these
ideal eircumstances any talk of factors 1s certainly unneces-
sary so fur as obtaming a quantitative estimate 1s concerned.

But suppose these ideal conditions do not hold! These
tests which we have given to the candidate have never
been given, at any ratc as a battery, to workers 1n the
occupation, and their correlations with the occupation are
unknown! Thi situation 1s particularly likcly to arise
m vocational advice or guidance as distinguished from
vocational sclection. In the latter we are, usually on
behalf of the employer. selecting men for a particular job,
and we aic practically certamn to have tried our tests on
people already 1n the job, and to be m a posttion to make
a direct estimation without factors. But in vocational
gwdance we wish to gauge the young person’s abihity in
very many occupations, and 1t i1s unhkely that just this
battery of tests that we are using has been given to workers
m all these different jobs. In that case we cannot make
a dircet regression estimate of our candidate’s probable
proficiency 1 every occupation Can we, then, obtan an
estimate 1n any other way ?
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Other ways are conceivable, but 1t must at the outset
be emphasized that they are bound to be less accurate than
the direct estimate without factors. Although this battery
of tests has not been given to workers in the oceupation,
perhaps other tests have, and by the aid of that other
battery a factor analysis of the occupation has perhaps
been made. If our tests cnable the same factors to be
estimated, we can gauge the man’s factors and thence
indirectly his occupational proficiency. Unfortunately,
the “if ” 1s a rather big one. Are factors obtamed by
the analysis of different batteries of tests the same factors ;
may they not be different even thongh given the same
name ? We shall discuss this very important pomt later,
but meanwhile let us suppose that we have reasonable
confidence in the identity of factor< called by the same
name by diffcrent workers with different batteries. Then
the probable course of events would be something hike this,
An experimenter, using whatever tests he thinhs practicable
and surtable, analyses an occupation into factors  Another
expenmenter, at a diferent time and place, 15 asked to
give advice to a candidate for that occupation. Using
whatever tests he m his turn has avalable, he assesses
this candidate the factors which the previous experimenter’s
work leads him to think are necessary m the occupation,
and gives his advice accordmngly. The factors have played
their part as a go-between, hike a comnage. All depends on
the confidence we have 1n the identity of the factors. We
shall sce later that there 15 only too much reason to think
that the possibility of this confidence being misplaced has
hardly been sufficiently realized by many over-enthusiastic
factorists. And even if the common factors are 1dentical,
there remains the danger that the “ specific ” of the oceu-
pation may be correlated with some of the * specifics ”
of the tests, a fact which cannot be known unless the same
tests have been given to workers i the occupation.

7. Calculation of correlation between estimates.—We sard
above that even although we make our analysis of the tests
we use mto uncorrelated factors, the estimaies of these
factors will be correlated, 1f we use communalitics and thus
have more factors than tests. Amthmetically, these
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correlations are easily calculated from the mner products
of (b), the loadings of the estimated factors with the tests
(page 232), with (a), the loadings of the tests with the
factors (page 231).

The matrix of loadings of the four tests with the three
common factors 1 (page 231) *

! 66 52 21 i

t .87 71
52 66
74 . .

and the matrix of the loadings of the threc estimated
factors with the four tests 1s (page 282) :

M

300 095 095 532 :
N - 353 - 153 581 —-352
! <121 747 — 148 — 206 |
Then the matnx of variances and covarances of the
estimated factors 15—
K =NM

Performing the matrix multiplications as explamned m
Chapter X, Section 4, page 145, we obtan

300 095 095 532 66 52 21
NM = 358 — 153 581 — 352 . 71
121 T — 148 — 206 152 66
| 71

, 676 219 130 !
= 218 567 —031 | =K

P27 - 035 336

If our anthmetic throughout the whole calculation of
these loadings had been perfectly accurate, the matrnx K
would have becn perfectly symmetrical about its diagonal.
The actual discrepancies (as 127 and -130) are a measure
of the degree of arithmetical accuracy attamed.

The matrix K thus arrived at gives by its diagonal
elements 676, -567, and 556, the variances of the three
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estimated factors (that is, the squares of their standard
deviations), and by its other elements their covariances in
pairs (that 1s, therr overlap with one another). The
correlation of any two estimated factors 1s equal to (see
Chapter I, Figure 2)—

covariance (1)

Ty = S -
9™ V/vanance () x vanance (7)
From K we can therefore form the matrix of correlation

of the estimated factors It 1s:

353 1-000 —-061

|
1000  -353 212 |
212 —-061 1000 !

wherein 358, for example, 15 219 — 4/( 676 X 567).
Although, therefore, the “ true ” factors g and v are un-
corrclated, therr estimates § and 4 are correlated to an
amount 858. The* true ” factors g, v, and ¥ arc in standard
measure, but their estimates £, 9, and F have variances of
only 676, 567, and 556 mstcad of unity. These vanances,
be 1t noted in passing, are equal also to the squares of the
correlations between g and §, v and 4, I and F.

Not only are the cstimates of the common factors
corrclated among themselves, they are corrclated with
the speerfies, so that the estimates of the specifics are not
strictly specific  As a numerical 1llustration we may take
the hicrarchical matrix used in Seetion 1, pages 221 ff.

% 2 %3 24

5 100 72 638  -54
z, ' 72 100 <56 48
Z ' 63 56 100 42
24 54 48 42 100
The regression estimate of g from this battery 1s, as we
found on page 223)—
£ = 5582 + 259z, + -1603, + 109z,
The regression cstimates for the four specifies can also
be found, either by a full caleulation hike that of page



240 THE FACTORIAL ANALYSIS OF HUMAN ABILITY

226, or by the simpler method of subtraction of page
227. Thus, to estimate s mn our present example we
know that— B
7 =92+ V1 — 9
= 9g + 486s,
Also we know that the estimates ¢ and §, will satisfy the
same equation—
2, = 9§ + 4366,
that 15—
%
436
On mserting the expression for § mto this we get—
§ = 11523 — 585z, — 8388z, — 225z,
and similarly—

g —_—
8 =

§ = — 787y + 1-318z, — 215z, — 1452,
§y = — 542z — 2582, + 1-242z, — 106z,
§y = — 4153 -- 1942, — -121z, + 1169z,

We have now both N, the matnx of loadimgs of the
estumated {actors g, &, 8, §,, §, with the four tests, and
M, which we already know, the matrix of loadings of the
four tests with the five factors g, s, s,, 55 and s,, namely -

©

436 .
600 .
714

S~ o

e
| 800

From thar product NAM we obtain the matrix K of
variances and covariances of the estimated factors, namely :

558 250 161 109
1152 — 535 — 888 — 225 ,
— 787 1313 — 215 — 143 L
— 542 — 253 1:242 — 106 800 |
— 415 — 194 — 121 1-169 _

136
600
714

[ N )

| s80 2m as5 115 087 |
i 241 502 — 821 — 238 — 180 '

= | 150 - 321 788 —154-— 118 | = K
| 116 — 286 — 152 887 — 085
| 088 — ‘181 — 116 — 086 -035 .
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Again, we have a check on the accuracy of our arnth-
metic, for K will, if we have been accurate, be exactly
symmetrical about 1ts principal diagonal, 1.e. 1ts diagonal
running from north-west to south-ecast. The largest dis-
crepancy In our case 1s between 150 and -155. Moreover,
since in this ease K includes all the factors, we have another
check which was not available when we calculated a XK for
common factors only : the sum of the elements in the
principal diagonal (called the * trace,” or in German the
¢ Spur °’) here must come out equal to the number of tests.
In our case we have—

-880 + -502 - 788 - 887 - -935 = 3 992

and there are four tests. These elements which form the
trace of K are, it will be remembered, the varances of the
estimates g, 8, &,, 8, and §,. So that we sce that the total
variances of the five factors 1s no greater than the total
varance (viz. 4) of the four tests in standard measure.
This 15 only another mstance of the general law that we
cannot get morc out of anything than we put into 1t (at
any rate, not i the long run).

From K we can at once calculate the corrclation of the
estimated factors. Adjustmg the shght arnthmetical de-
partures from symmetry, we get :

§ & & & 8y

1000 362  -184 131 096
' 362 1000 — 510 — -354 -— 263
. 184 — 510 1000 — -188 — 185

181 — -854 — 183 1000 — 094
' 096 -— 263 — 185 — 094 1000

D s Ooy o D

from which we see that g 1s correlated with each of the
estimated specifics positively, while the latter are correlated
negatively among themselves, mn this (a hierarchical)
example.

We have then this result, that although we set out to
analyse our battery of tests into independent uncorrelated
factors, the estimates which we make of these factors are
correlated with one another, and mstead of being m



242 THE FACTORIAL ANALYSIS OF HUMAN ABILITY

standard measure have variances, and therefore standard
deviations, less than umty. We could, of course, make
them unity by dividing all our estimates by their ealeulated
standard deviation But that would make no change in
therr correlations.

The cause of all this 15 the excess of factors over tests,
and consequently this drawback—the correlation of the
estimates—depends upon the ratio of the number of factors
to the number of tests.  The extra factors are the common
factors, for there 1s a spectfie to each test, and therefore
with the same number of common factors the correlation
between the estimates will deerease as the number of tests
n the battery increases. Just as in the hierarchical case
one of the tasks of the experimenter 1s to find tests to add
to Lhe number in his battery without destroying its her-
archical nature, so 1n the case of a battery which can be
reduced to rank 2, 3, 4 . or r, a task will be to add
tests to the battery which with suitable communalities will
leave the rank unchanged and the pre-exasting com-
munalitics unaltered, 1 order that the common factors
may be the more accurately estimated, and the estimates
be more nearly uncorrelated

8. Bartlctl’s method of cstunation —M. S Bartlett (1935,
19374, 1938) has proposed to estimate the common factors,
not by the ordinary regression method used above, but by
a mecthod which mimnuzes the sum of the squares of a
man’s specific factors (already, however, maximized by
the principle of using as few common factors as possible).

The way mn which Bartlett’s estimnates differ from
regression cstimates of factors can be very clearly seen by
thinking m terms of the geometrical picture already used
m earlier chapters  When the factors outnumber the tests,
the vectors representing the former are in a space of higher
dimensions than the test space

The individual person 1s represented in the test space
by a pomt, namely that pont P whose projections on to
the test vectors give his test scores. We do not know a
representative point for this individual mn the complete
factor space, however. His representative point @ may
be, for all we know, anywhere i the subspace which 1s
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perpendicular to the test space and intersects with 1t at
P. In these circumstances the regression method takes
refuge 1n the assumption that this individual is average
m all qualities of which we know nothing; that 1s, mn
all qualities orthogonal to our test space. It therefore
assumes P to be lis pomt also m the factor space, and
projects P on to the factor axcs to get the estimates of his
factors.

Bartlett’s method is equivalent to a different assumption
about the position of the pomnt €. Within the complete
factor space there 15 a subspace which contains the common
factors  Of all the positions open to the point @, Bartlett’s
method chooses that one which 15 nearest to the common-
factor space, and from thence projeets on to the common-
factor vectors. This 15 equivalent to making the assump-
tion that this man 1s not average in the qualities about which
we know nothing, but instead possesses 1 those unknown
qualities just those degrees of excellence which bring his
representative pomt to the chosen point . Because men
are most frequently ncar the average. the regression assump-
tion 1s more lhikely.

9. The geometrical wnierpresation of Barilett’s method.—
All this can be most clearly scen (because a perspective
diagram can be made) 1n the case of estimating one general
factor g only, the hierarchical ease. A figure hke Figure 80
will illustrate this case, if we take y and z there to be two
tests and 7 to be the g veetor (sec page 214).

The man’s representative pomt i the yz plane 15 P.
But we do not know his representative pomt @ mn sohd
three-dimensional space, only that 1t 1s somewhere on the
line P'PP”. The regression method assumes that it 1s
actually at P, the average, and projects P 1tself on to the g
lie to get the estimate OL of g.  Baitlett’s method, on the
other hand, assumes that @ 1s at that point on P’PP” where
it most nearly approaches the g line, that 15, somewhere
near the position @ in our diagram. Bartlett’s estimate of
g 18 then represented by OL’.

Now, any point on the hne P’PP”, when projected on to
the test vectors ¥ and z, gives the same two test scores.
There 1s, 1n general, no pomnt on the ine g which does ths
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exactly. But clearly L', of all the points on g, will be the
point whose projections most nearly fall on ¥ and Z, for
X’ is as near as possible to the line P’PP". That 1s, the
projection of X’ on to the plane of the tests falls as near
to the pomt P as 1s possible. In other words, if we ignore
the specifics entirely and use only the estimated g in the
specification of y and z, Bartlett’s estimate comes as near
as 15 possible to giving us back the full scores OM and ON.
If the regression estimate OL 15 projected on to the lines
y and 2, 1t will obviously give a worsc approximation.

The regression method, 1 order to recover as much as
possible of the orgmal scores, would have to make a
second estimate of them For the estimates of g repre-
sented by quantities hike OL are not 1n standard measure
Before projectmmg the pomnt L on to the lhines y and 3,
therefore, 1o recover the onginal scores as far as possible,
the regiession method would alter the scale of its space
along the g veetor until the quantities hke OL were m
standard measure This would not only change the posi-
tion of L on the line, 1t would change the angles which
the lines 1n the figure make with onc another ; and would
change them exactly wn such a mannc: that, wn the new space,
the projection of OL on to y and z would fall exacily where
the Bartlett projections from L’ fall wn the present space
(Thomson, 1938a).

There 15, therefore, no final difference in excellence
between the two methods in the matter of restoring the
original scores as fully as possible, but the regression
method takes two bites at the cherry  On the other hand,
the regression estimates can be put straight into the speci-
fication equation of an occupation which 1s known to
require just these common factors, whercas here 1t 1s the
Bartlett method which has to have a second shot.

Both methods have to change their estimate of g when
a new test 1s added to the battery. For the man 1s not
very likely to have, m the specific of this new test, either
the average value previously assumed by the regression
method, or the speeial value assumed by the Bartlett
method. But he 1s more likely to have the former than
the latter, so the Bartlett estimates will change more
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than do the regression estimates as the battery grows.
Ultimately, when the number of tests becomes nfinite, the
two forms of estimate will agree.

In the case of estimates of one general factor g from a
hierarchical battery, the Bartlett estimates differ from the
regression estimates only in scale  They put the candidates
m the same order of ment for g as do the regression esti-
mates, but give them a greater seatter, making the high
g's higher and the low g’s lower. The formula 1s—

1, 7.5
§ 1—r,1
mstead of Spcarman’s—
1 Ty,
— T age 224),
T8 © T = s (e page 224)

With more than one common factor, the connexion
between the two kinds of estimate 15 not so stmple (Appen-
dix, Section 18). The mathematical reader will be able to
calculate the Bartlett factor estimates from the matnx
formule given 1n the Appendix.

10. Estumation of oblique factors —In applying the
method of Section 2 to oblique factors, 1t 1s 1nportant to
note that we must use, below the matrix of correlations of
the tests, 1n a caleulation hike that on page 226, the matnx
of correlations of the primary factors with the tests.
These are the elements of the structure on the primary
Jactors, F(A’)~! D, transposed so that columins become rows
and vice versa It would not do to use the structure on the
reference vectors, which 1s all that most experimenters
content themselves with calculating.

Ledermann’s short cut (Section 8 above) requires con-
sidcrable modification m the case of obhque factors, See
Thomson (1949) and the later part of Section 19 of the
Mathematical Appendix, page 365.






PART V
CORRELATIONS BETWEEN PERSONS






CHAPTER XVI
REVERSING THE ROLES*

1. Ezchanging the riles of persons and tests—In all the
previous chapters the corrclations considered have been
correlations between tests, and the experiments envisaged
were experiments m which comparatively few tests were
admimistered to a large number of persons. For cach test
there would, therefore, be a long list of marks  The whole
set of marks would make an oblong matrix, with a few
rows for the tests, and a very large number of columns for
the persons —we will choose that way of writing 1t, of the
two possibihities.

From such a set of marks we then calculated the
corrclation cocfficients for each pair of tests, and our
analysis of the tests into factors was based upon these.
In the process of caleulating a correlation coefficient we do
such things to the row of marks mn cach test as finding 1ts
average, and finding 1its standard deviation. We quite
naturally assume that we can legitimately carry out these
operations. We assume, that 1s, that m the row of marks
for one test these marks are comparable magnitudes which
at any rate rise and fall with some mental quality even
if they do not strictly speaking measure it m umts, like
feet or ounces.

The question we are gomg to ask i this part of this
book 15 whether, i the above procedure, the réles of persons
and of tests ean be exchanged (Thomson, 1935b, 75,
Equation 17), and if so what hght this throws upon
factorial analysis Instead of comparatively few tests

* The first explicit reference to corrclations between persons n
connexion with factor technique scem to have been made inde-
pendently and almost simultancously by Thomson (1985b, July) and
Stephenson (1935, August), the former being pessimistie, the latter
optmistic  But such correlations had actually been used much
earlier by Burt and by Thomson, and almost certamnly by others,
See Burt and Davics, Journ Kazper, Pedag , 1912, 1, 251

249



250 THE FACTORIAL ANALYSIS OF HUMAN ABILITY

(perhaps two or three dozen) and a very large number of
persons, suppose we have comparatively few persons, and
a large number of tests, and find the correlations between
the persons. In that case our matrix of marks would be
oblong n the other direction, with a large number of
rows for the tests, and a small number of columns for
the persons, and each correlation, mstcad of bemng as
before between two rows, would be between two columns.
Taking only small numbers for purposes of an explanatory
table, we would have in the ordinary kind of correlations
a table of marks like this

Persons
X X X X X X X
Tests X X X X X X X
X > X X X X X

while for correlations between persons we would have a
table of marks lhike this

Persons
X X X
x X X
X X X
Tests X X X
X X X
X X X
X X X

But we meet at once with a serious difficulty as soon as
we attempt to calculate a correlation coefficient between
two persons from the second kind of matnx. To do so,
we must find the average of cach column, just as previously
we found the average of each row for the other kind of
correlation. But to find the average of each column (by
adding all the marks in that column together and dividing
by therr number) 1s to assume that these marks are in
some scnse commensurable up and down the column,
although each entry is a mark for a different test, on a
scoring system which 1s wholly arbitrary in each test
{Thomson, 1985b. 75-6).
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To make this difficulty more obvious, let us suppose
that the first four tests are :

1. A form-board test ,

2. A dotting test ;

8. An absurdities test ;

4. An analogies test

In each of these the experimenter has devised some
kind of scormmg system. Perhaps in the form-board test
he gives a maximum of 20 points, and in the dotting test
the score may be the number of dots made in half a minute.
But to find the average of such different things as this 1s
palpably absurd, and the whole operation can be entirely
altered by an arbitrary change like taking the number of
seconds to solve the form board instead of giving points.

2. Ranking pictures, essays, or moods —This 15 a very
fundamental difficulty which will probably make corrcla-
tions betwecn persons mn the general case 1mpossible to
calculate. In certaimn situations, however, 1t does not arise,
namely where each person can put the “tests” i an
order of preference according to some eriterion or judg-
ment (Stephenson, 1935), and 1t 1s with cases of this kind
that we shall deal 1n the first place Usually the * tests ”
here are not really different tests like those named above,
but are perhaps & number of children’s essays which have
to be placed 1n order of ment, or a number of pictures
order of ssthetic preference, or a number of moods which
the subject has to number, mdicating the frequency of
their oceurrence in himself. Indeed, the subject might not
only give an order of preference to, say, the essays, but
might give them actual marks, and there would be no
absurdity m averaging the column of such marks, or 1n
correlating two such columns, made by different persons.

Such a correlation coefficicnt would show the degree of
resemblance between the two lists of marks given to the
children, or given to a set of pictures according to themwr
esthetic value. It would indicate, therefore, a resemblance
between the minds of the two persons who marked the
essays or judged the pictures. A matrix of correlations
between several such persons might look exactly hke the
matrices of correlations between tests, and could be
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analysed in any of the same ways. What would the
“ factors * which resulted from such an analysis mean when
the correlations were between persons ? Take an imagin-
ary hierarchical case first.

8. The two sets of equations.—In test analysis the common
factor found was taken to be something called into play
by each test, the diffcrent tests bemg differently loaded
with it. The test was represented by an equation such
as—

2y = 6g 4+ 8s,

For each of the numerous persons who formed the sub-
jects of the testing, an estimate was made of his g, and
another estimate could be made of his s, The different
tests were combmed mnto a weighted battery for this
purpose of estimatmg a man’s amount of g. His score in
Test 4 would then be made up of his g and s, mnserted n
the above specificalion equation

Zgg =08y + 8349

would be the score of the minth person in Test 4.

By analogy, when we analyse a matrix consisting of
correlations between persons, we arrive at a sct of equations
describing the persons mn terms of common and specific
factors. Corresponding to a hierarchical battery of tests,
we could concervably have a hierarchical team of persons,
from which we would exclude any person too similar to
one alrcady included. Each person m the hierarchieal
team would then be made up of a factor he shared with
everyone else 1n the team, and a speeific factor which was
his own idiosynerasy. An equation like—

2 = 48 4 917s,’

would now specify the composition of the ninth person.
g’ 1s something all the persons have, s’ 1s peculiar to
Person 9. The loadings now describe the person, and the
amount of g’ “ possessed ”’ or demanded by each test can
be estimated by exactly the same techniques employed 1n
Chapter XV. The score which Test 4 would elieit from
Person 9 would be obtained by inserting the g’ and s,
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“ possessed >’ by that test into the specification equation
of Person 9, giving—
Ry = 48, + 9178y,
This equation is to be compared with the former equation—
Zgp = 68y + 854,

Both equations ultimately deseribe the same score, but
2,4 1s not 1dentical with z..,. The raw score X 15 the same,
but the one standardized z 15 measured from a different
zero, and m different units, from the other. Disregarding
this for the moment, we sce that with the exchange of
roles of tests and persons, the loadings and the factors have
also changed riles. Formerly, persons possessed different
amounts of g, and tests were differently loaded with it.
Now, tests possess different amounts of g’, and persons are
differently loaded with 1t. We feel impelled to mquire
further mto the relationships of these complementary
factors and loadings.

The test which 15 most highly saturated with g 15 that
one which, in terms of Spearman’s 1imagery, requires most
expenditure of general mental energy, and 15 least depen-
dent upon specific ncural engines 1t correlates more
with 1ts fellow-members of the hierarchical battery than
any other test among them does It represents best what
1s common to them all

The man, mn a hierarchical tcam of men, who 1s most
highly saturated with g’ 1s that man who 1s most like all
the others. IDis correlations with them are higher than 1s
the case for any other man m the team. He 1s the indi-
vidual who best represents the type. But a nearer ap-
proach to the type can be made by a weighted team of men,
just as formerly we weighted a battery of tests to estimate
their common factor

4. Weighting examiners lihe a Spearman battery.—Corre-
lations of this kind between persons were used long before
any idea of what Stephenson has called * imnverted factorial
analysis * was present. The author and a colleague found
in the winter of 1924-5 a number of correlations between
experienced teachers who marked the essays written by
fifty schoolboys upon * Ships” (Thomson and Bailes,
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1926). One table or matrix of such correlations between
the class teacher and six experienced head masters who
marked the essays independently of one another, was as
follows :

Te A B c D E F

Te

60 69 56 69 63 67
A4 60 53 50 54 85 68
B . 69 53 . 80 65 66 64
c 56 <50 60 67 67 65
D' 69 51 65 67 . 54 69
E | 63 55 66 o7 54 69
F o 67 -68 64 65 69 69

In the article in question, these different markers were
compared by correlating cach with the pool of all the rest.
These correlations are shown m the first row of the table
below

Purely as an idlustrative example, let us make also an
approximmate analysis of this matrnx, and take out at any
rate its chief common factor On the assumption that 1t
15 roughly hicrarchical, we can use Spearman’s formula—

2 Az — A *
Saturation == A/ {f — A}

More easily we can mscrt 1ts largest correlation coefficient
as an approximate communahty for each test, and find
Thurstone’s approximate first-factor loadings (seec Chapter
V, page 70). We get for the saturations or loadings the
second and third rows of this table .

Te 4 B € D E F

Correlation with pool of rest i T7 67 T8 T3 76 Y5 82
Spearman saturations I 814 704 796 766 798 788 -861
Thurstone method ' 81 73 -80 78 80 80 -85

We see that F 1s the most “ typical ’ examiner of these
essays, 1n the sense that he 1s more highly saturated with
what 1s common to all of them ; while 4 conforms least
to the herd.

With the same formula which on page 224 we used to esti-
mate a man’s g from his test scores, we could here estimate

* Sce Chapter ITI, page 48
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an essay’s g' from its examiner scores. That is to say, the
marks given by the different examiners would be weighted
in proportion to the quantities—

Saturation with g’

1 — saturation®

where g’ 15 that quality of an essay which makes a common
appeal to all these exammers. Their marks (after being
standardized) would therefore be weighted i the propor-
tions -814/(1 — 8142), etc., that 1s -

Te A4 B c D E F
241 140 217 185 220 208 333
or 72 42 65 56 66 63 1-00

to make global marks for the essays, which could then be
reduced to any convenient scale. If this werc done, the
result would be the “ best ” estimate* of that aspcet or
set of aspects of the essay which all these exammers are
taking mto account, disregarding all that can possibly
be regarded as idiosyncrasies of individual examiners.
Whether we think 1t the best estimate 1 other senses 15 a
matter of subjective opimmion. We may wish the “ 1diosyn-
crasies >’ (the specific, that 15) of a certain exammer to be
given great weight It clearly would not do, for example,
to exclude Examiner 4 from the above team merely because
he 1s the most different {rom the common opmion of the
team, without some further knowledge of the men and the
purpose of the examination. The * different > member in
a team might, for example, be the only artist on 2 com-
mittee judging pictures, or the only Democrat in a court
Judging legal 1ssucs, or the only woman on a jury trying
an accused girl. But m non-controversial matters, if all
are of about equal experience, 1t 1s probable that this
system of weighting, restricting itself to what 15 certainly
common to all, will be most generally acceptable as
fairest.

* Best whether we adopt the regression principle or Bartlett’s.
For if only one ‘common factor ” 1s estimated, the difference 1s
one of unit only, and the weighting 1n the text 1s the “best ” on
both systems
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5. Ezample from “ The Marks of Ezaminers.”—This
form of weighting exammers’ marks has probably ncver
yet been used n practice. But 1t has been employed, by
Cynl Burt, m an inquiry mnto the marks given by examiners
(Burt, 1986). As an example, we take the marks given
independently by six examiners to the answer papers of
fifteen candidates aged about 16, m an cxammation in
Latin  (The example is somewhat unusual, masmuch as
these candidates werc a specially sclected lot who had all
been adjudged equal by a previous examiner, but it will
serve as an illustration if the reader will disregard that
fact.) The marks were (op cut., 20)

Cand | A4 B C D E ¥ Ezxaminers

39 43 52 a7 43 40
89 44 50 43 43 46
44 51 55 A7 46 46
87 46 48 44 40 43
47 55 35 43 45
45 50 54 45 45 49
42 52 51 45 44 46
43 49 53 7 48 16

9 32 42 49 34 36 38
10 37 40 48 37 39 42
11 38 42 47 39 36 39
12 40 4% 50 41 36 42
13 38 43 50 36 34 41
14 385 45 49 37 40 40
15 32 38 41 28 34 34

XD R LN -
o]
®

The correlations between the examiners caleulated from
this table are (the exammer with the highest total correla-
tion leading) :

F A B E D C

|
F 86 84 82 84 7
A \ 86 . 80 74 85 71
B | 84 80 . 80 81 67
E ., 82 74 80 72 69
D, 84 85 81 72 .48
cC\ 71 m 67 69 48 .

If, assuming this table to be hierarchical, we find each
cxaminer’s saturation with the common factor by Spear-
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man’s formula, we obtain (with Professor Burt, op. cit.,
204) :

F 4 B E D C

95 92 91 87 -84 72

In the sense, therefore, of being most typieal, F 1s here
the best examner. The proportionate weights to be given
to each examiner, in making up that global mark for the
candidate which will best agree with the common factor of
the team of examiners, are, as before—

Saturation

1-— ss;tgratlo;{’

provided the marks have first been standardized. The
resulting weights, giving F the weight unity, are :

F 4 B E D c
100 61 54 37 29 ‘15

(If the weights are to be apphed to the raw or unstan-
dardized marks, they must each be divided by that
examiner’s standard deviation.)

The marks thus obtamed are only an estimate of the
‘ true ”’ common-factor mark for each child, just as was
the case in estimating Spearman’s g; and the correlation
of these estimates with the “ true ” (but otherwise undis-
coverable) mark will be, as there (Chapter XV, page 224)—

_JS
™= Ji¥s

where § 1s the sum of all the s1x quantities—

_Saturation®

1 — saturation?®
In our case this gives—

Ty = 98
The best examiner’s marking itself correlated with the
hypothetical “ true*® mark to the amount 95, so that
the improvement 1s not worth the trouble of weighting,
especially as the simple average of the team of examiners
gives -97. But m some circumstances the additional
¥.A—9



258 THE FACTORIAL ANALYSIS OF HUMAN ABILITY

labour might be worth while, and there 1s an interest m
knowing which exammers conform least and which most
to the team, and having a measure of this.

After the saturation of each examiner with the hypothet-
1cal common factor has been found, the correlations due
to that factor can be removed from the table exactly as
m analysing tests The residues, as there, may show
the presence of other faetors; and * specific” resem-
blances or antagonisms between pairs of examners, or
minor factors running through groups of examiners, may
be detected and estimated.

In short, all the methods used on correlations between
tests may be employed on correlations between examiners.
The tests have come ahive and are called exammners, that
1s all. But since the child’s performance, judged by
the diffcrent examiners difierently, 15 here ncvertheless
the same 1dentical performance, our interpretation of the
results 15 different. The two cases throw hght on one
another. A Spcarman heraichical battery of tests may
estimate each child’s general intelligence, which 1s there
something m common among the tests The exammners
may have been mstructed to mark exclusively for what
they think 15 general intellhgence In that case thewr
weighted team will estimate for each child a general
mtelhgence, which 1s somethmg in common among the
somewhat discrepant ideas the cxamuners hold on this
matter.

6. Preferences for school subjects —In the previous sec-
tions we have discussed correlations between examiners
who all mark the same examination papers. The purpose
of their marking these papers 1s to award prizes, distinc-
tions, passcs, and failures to the candidates. The exam-
mers are a means to this end ; the rcason for employing
several of them 1s to obtain a list of successes and failures
in which we can have greater confidence. The techmque
described 1s one which enables us to combine their marks,
on certain assumptions, to greatest advantage. But it
can, as in the mquiries described in The Marks of Examiners,
be turned to compare mdividual examiners, and to evaluate
the whole process of exammng.
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It is only a step to another, very similar, experiment in
which objects evaluated by the ** exammers > are not the
works of candidates 1n an examination, but are objects
chosen for the express purpose of gaining an insight mto
the minds of those asked to judge them. Thus we might
ask several persons each to evaluate on some scale the
ssthetic appeal of forty or fifty works of art (Stephenson,
1936b, 858), or ask a number of school pupils each to place
m order of interest a list of school subjects.

Stephenson (19864) asked forty boys and forty girls
attending a higher school i Surrey, England, thus to
place m order of their preference twelve school subjects
represented by sixty examination papers, and calculated
for about half these pupils the correlation coeffictents
between them. To explam the kind of outcome that may
be expected from such an experiment 1t will be sufficient
for us to quote his data for a smaller number of pupils,
say eight girls, avoiding anomalous cases for simplheity in
a first consideration. The correlations between them were
as follows (op. cut., 50):

Gurl . 3 4 5 7 17 18 19 20
8! 59 a1 26 - 02 — 16 —388 -— 35
4 59 . 75 42 —28 —01 —66 —U8
5' 81 75 65 —29 —02 —18 — 08
7 26 42 65 —50 —15 —54 —17

17 —02 —28 —20 —50 60 52 2
18' ~16 —01 —02 —15 60 09 719
19 —8 —66 —18 —54 52 09 40

20 -3 —03 —08 —17 72 79 40

This table at once suggests that these girls fall mto two
types. Girls 8, 4, 5, and 7 correlate positively among
themselves ; they have somewhat similar preferences
among school subjects. Girls 17, 18, 19, and 20 correlate
positively among themselves. But the two groups correlate
negatively with one another The two types were different
m their order of preference, Type I tending, for example,
to put Enghsh and French higher, and Physics and
Chemustry lower, than Type II (though both were agreed
that Latin was about the least lovable of their studies!).
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7. A parallel with a previous experiment.—This experi-
ment, it will be seen, forms a parallel to that mquiry (also
by Stephenson) described i Chapter I, Section 9, where
tests fell into two types, verbal and pictorial, with correla-
tions falling there as here into four quadrants. If we call
the two types of school pupil here the hinguistic (L) and
the scientific (S), and again use C for the cross-correlations,
the diagram corresponding to that on page 16 of Chapter I
1s 2

The chief difference between the two cases 1s that there
the cross-correlations, though smaller than hierarchical
order in the whole table would demand, were nevertheless
positive  Here, however, the cross-correlations are
actually negative

It 16 true that the signs of all the correlations 1 the C
quadrants can 1 cither case be reversed, by reversing the
order of the hets erther of all the carlier or all the later
vanables (there tests, here pupils).  But that 1s not really
permissible in either case. We have no doubt which 1s
the top and which the bottom end of a hst of marks,
whether 1n a verbal test or a pictonal test ; and to reverse
the order of preference given by either the ingwstic or the
scientific pupils would be simply to stultfy the inquiry.
There 1s, therefore, a real difference between the cases.
In the present set of correlations something 1s acting as an
* mterference factor ”

In Chapter I we explained the correlations and thewr
tetrad-differences by the hypothesis of three uncorrelated
factors g, v, and p required 1 various proportions by the
tests, and possessed mn various amounts by the children.
The loadings which indicated the proportions of the factors
in each test we tacitly assumed to be all positive. Thur-



REVERSING THE ROLES 261

stone expressly says that it is contrary to psychological
expectation to have more than occasional negative loadings.

8. Negative loadings.—Let us endeavour to make at least
a qualitative scheme of factors to express the correlations
between the pupils, factors possessed 1n various amounts
by the subjects of the school curriculum, and demanded
m various proportions by each pupil before he will call
the subject nteresting. One type of pupil weights heavily
the linguistic factor mn a subject m evaluating its mnterest
to hun. The other type weights heavily the scientific
factor n a subject 1n judging its attraction for him. But
to explam actual negative correlations between pupils we
must assume that some of the loadings are negative,
assume, that 1s, that some of the children are actively
repelled by factors which attract others. Common sense
does not think thus. Common sense says that two children
may put the subjects m opposite orders, even though they
both like them all, provided they don’t like them equally
well But then common sense 15 not anxious to analyse
the children mto uncorrelated additive factors If each
child 1s thus expressed as the weghted sum of various
factors, two children can correlate negatively only if some
of the loadings are negative i the onc child and positrve
in the other, for the correlation 1s the mner product of the
loadimgs. Since Stcphenson has found numerous nega-
tive correlations between persons, and smce few negative
corrclations are reported between tests, we seem here to
have an experimental difference between the two kinds of
correlation, and if cver correlations between persons come
to be analysed as mimnutely and pamstakingly as corrcla-
tions between tests, 1t would seem that the frec admission
of negative loadings would be necessary * The present
matrix can m fact be roughly analysed mnto two general
factors, one of which has positive loadmgs m all pupils,
while the other 1s positively loaded in the one type,
negatively loaded m the other.

9. An analysis of moods.—A still more ingenious apph-
cation by Stephenson of correlations between persons 1s 1
an experiment in which for each person a * population ”

* See Stephenson, 1936b, 349,
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of thirty moods, such as “ wraseible,”  cheerful,” * sunny,”
were rated for their prevalence and mtensity for each of
ten patients in a mental hospital, and for six normal
persons (Stephenson, 1986¢, 868). This time the correla-
tion table indicated three types, corresponding to the
manic-depressives, the schizophrenes, and the normal
persons, each type correlating positively within itself, but
negatively or very Lttle with the other types. These
experiments were only illustrative, and 1t remains to be
seen whether factors which will prove acceptable psycho-
logically will be 1solated m persons in the same manner as g,
and the verbal factor, have been 1solated 1n tests. The
parallel between the two kinds of correlation and analysis
is, however, certainly hikely to throw hght on the nature of
factors of both kinds



CHAPTER XVII

THE RELATION BETWEEN TEST FACTORS
AND PERSON FACTORS

1. Burt’s example, centred both by rows and by columns.——In
the examples we have just considered, there is no doubt
that correlations between persons can be calculated without
absurdity. In the matrix of marks given by a number of ex-
aminers {marking the same paper) to a number of candidates,
either two candidates can be correlated or two examiners.
The heterogeneity of marks referred to in Chapter XVI,
Section 1, does not enter as a difficulty. Still keeping to
such material, let us ask ourselves what the relation 1s
between factors found in the one way, and factors found in
the other. Qualitatively, we have already suggested that
factors and loadings change roles m some manner. The
most determined attempt to find an exact relationship has
been that made by Cyril Burt, who concludes that, if the
initial units have been suitably chosen, the factors of the
one kind of analysis are identical with the loadings of the
other, and vice versa (Burt, 1987b). The present writer,
while agreeing that this 1s so m the very special circum-
stances assumed by Burt, 1s of opimon that his 1s a very
narrow case, and that the factors considered by Burt are
not typical of those mn actual use i experimental psycho-
logy. Theoretically, however, Burt’s paper 1s of very great
mterest. It can be presented to the general reader best
by using Burt’s own small numenieal example, based on a
matrix of marks for four persons in three tests :

Persons a b c d
1 /-6 2 o0 4
Tests 2 8 1 —1 —38

] 3 —8 1 —1
It will be noticed that this matrix of marks 1s already
centred both ways The rows add up to zero, and so do
263
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the columns. The test scores have been measured from
their means, and then thereafter the columns of personal
scores have been measured from thewr means; or it can
be done persons first, tests second, the end-result being
the same. Burt does not give the matrix of raw scores
from which the above matrix comes.

If we take the doubly centred matrix as he gives it, the
matrices of variances and covariances formed from 1t are :

Test Covariances
1 2 8

Person Covariances
a b ¢ d

54 — 18 0 —36
—18 14 —4 8
.0 —4 2 2
| - 86 8 2 26

/O R

Notice that in both these matrices the columns add to
zero, Just as they do m the matrices of residues mn the
* centroid ” process

2. Analysis of the covariances.—Burt next proceeds to
analyse each of these by Hotelling’s method. It seems
clear that there will exist some relation between the two
analyses, since the primary origm of each matrix 1s the
same table of raw marks, and to show that relation most
clearly Burt analyses the covariances direct, and not the
correlations which could be made from each table (by
dividing each covanance by the square root of the product
of the two variances concerned). For the two Hotelling
analyses he obtams (and the centroid factors before
rotation would here be the same) :
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Analysis of the Tests
&y = 21/iz'ﬁ
Zg = *\/ﬁYJ + '\[é'Yz
T3 = — ‘/ﬂ‘h - \/EYE

Analysis of the Persons

a = —38V6f,
b= '\/E):f1+2’\/§fz
c = — ‘\/éfz

d= 2V6f,— V2f,

In both cases fwo factors are sufficient (there will always
be fewer Hotellng or ceniroid factors than tests with
a doubly centred matrix of marks, for a mathematical
reason). The reader can check that the mmner products
give the covamances, e.g.—
covariance (bd) = 4/6 X 24/6 — 24/2 X /2 =12 — 4 =8

The method of finding Hotelling loadings was deseribed
mn Chapter VII, and the reader can readily check that the
coefficients of y;, for example, do act as required by that
method. For if we use numbers proportional to 24/14,
— 4/14, and — +/14, namely 1, — 4, — 1, as Hotelling
multiphers we get -

56 — 28 — 28 1
—28 20 8 |—3
— 28 8 20 |—3

56 — 28 — 28
14 —10 -— 4
14 —4 —10

84 — 42 — 42

proportional to 1 —4% — {as required.

The largest total (84) i1s the first “ latent root,” and the
multiphers 1, — 4, — 1, have to be divided, according to
Chapter VII, by the square root of the sum of their squares,
and multiphed by the square root of 84, giving—

214 —v/14 —+/14

F.A 0%
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8. Factors possessed by each person and by each test.—
Burt then goes on to “estimate,” by * regression equa-
tions,” the amount of the factors y possessed by the
persons, and the amount of the factors f possessed by the
tests. There 1s a misuse of terms here, for with these
factors there 1s no need to “ estimate ”; they can be
accurately calculated : but that 1s a small pomt. The first
three equations can be solved for the y’s—there 1s indeed
one equation too many, but 1t 1s consistent. And the four
equations of the second group can be solved for the f's—
again they are consistent. Smce the equations are con-
sistent, we can choose the easiest pair 1n each case to solve
for the two unknowns. Choosing the two equations for
#, and @, we obtamn—

1
T = é——\/l e
. zy + 4y
{ == 6

For the other set of factors we naturally choose the
equations 1n @ and ¢, and have—

a
hi==57

[
‘,2——_%

Now, smce we are very hable to confusion m this dis-
cussion, let us remind ourselves what these factors y and
these factors f are The factors y are factors into which
each test has been analysed. They do not vary in amount
from test to test, but each test 1s differently loaded with
them. They vary in amount from person to person.

The factors f are factors into which each person has been
analysed. These do not vary mn amount from person to
person, but from test to test. Each person 1s differently
loaded with them, that is, made up of them in different
proportions. The y’s are uncorrelated fictitious tests : the
J’s are uncorrelated fictitious persons.
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Now, from the equations—

4/6

we can find the amount of each factor vy, and vy, possessed
by each person, by nserting his scores #; and z, in these
equations, scores which are given mn the matnx :

a b ¢ d

3 1 -1 —38
3 —38 1 —1

Thus the first person possesses vy, I an amount
— 6/24/14, because his &; 15 — 6. For the four persons
and the two factors we find the amounts of these factors
possessed by each person to be

|
1 l—6 2 0 4
2 |
3 |

Factors Yi T2
~ 8 0
@ V14
1 2
b —_ =
V1a  4/6
¢ 0 1
4/6
2 1
d —_
L 4/14 /6

4. Reciprocity of loadings and factors—These are the
amounts of the factors y possessed by the four persons. If
now the reader will compare them with the loadings of
the factors f in the second set of equations on page 265,
he will see a resemblance. The signs are the same, and
the zeros are in the same places. Moreover, the resemblance
becomes 1dentity if we destandardize the factors f; and f,,
measuring the former in units 4/84 times as large, and the
latter ;n umits 4/12 times as large, 84 and 12 bemg the
non-zero latent roots of both matrices. In these units let us
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use ¢, and g, for them. The equations on page 265 giving
the analysis of the persons then become—

a = —_\/3;:6(\/8—4]"1) =— 731—;91

b= Yo W)+ DS Wi = et
0= - \‘//122 (Vizf) = —717,%
d = i/—\g (V84f)) \/lz(V—fz 72171%——\;5%

It will be seen that the loadings of ¢, and ¢, are 1dentical
with the amounts of y; and vy, in the table on page 267.
A similar caleulation could be made comparing the amounts
of f, and f, possessed by the tests with the loadings of v,
and vy, (suitably destandardized) m the analysis of the
tests. As we said at the outset, if suitable units are chosen
for the marks and the factors, the loadings of the personal
equations are the factors of the test equations, and the
Jactors of the personal equations are the loadings of the
test equations. But only for doubly cenired matrices of
marks. Tt would be wrong to conclude in general that
loadings and factors are reciprocal in persons and tests.

Indeed, even for doubly centred matrices of marks, this
simple reciprocity holds only for the analysis of the
covariances and not for analyses of the matrices of corre-
lations. Except by pure accident (and as 1t happens,
Burt’s example 1s m the case of test correlations such an
accident), the saturations of the correlation analysis will not
be any simple function of the loadmgs of the covariance
analysis.

5. Special features of a doubly cenired matriz.—But 1n
any case, a matrix of marks which has been centred both
ways is onc in which only a very special kind of residual
association between the varnables 1s present. Most of what
we commonly call the association or resemblance between
either tests or persons, the amount of which we gauge by
the correlation coefficient, 15 due to something over and
above this. We can write down an infinity of possibly raw
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matrices from which Burt’s doubly centred matrix might
have come. To the rows of the latter matrix we can add
any quantities we like without 1n the shghtest altering the
correlations between the tests, but making enormous
changes 1 the correlations between the persons. Let us,
for example, add 10 to the top row, 13 to the middle row,
and 16 to the bottom row. There results the matnx :

a b c d

1 4 12 10 14
2 ' 16 14 12 10 (4)
3119 18 17 15

This gives as correlations between the persons :

a b c d
a 100 75 84 — -l4
b 75 100 28 — 76
p 84 28 1:00  -42
d —14 —76 -42 1.00

Next, without changing this matrix of correlations
betwcen persons i the shghtest, we can add any quanisiies
we like to the columns of the matrix of marks, and produce
an infimty of different matrices of correlations between
tests. If, for example, we add 5, 2, 8, and 9 to the four
columns, we have a matnx of raw marks *

a b ¢ d

1 9 14 18 23
2 21 16 2 19 (B)
3 24 15 25 24

This has the same correlations between persons, but the
correlations between tests are now .

1 2 3
1 100 -+16 -24
2 - 16 100 92

3 21 92 1-00
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Or instead, by adding suitable numbers to the columns
and to the rows, we might have arrived at the matrix :

a b ¢ d

1 | 44 48 18 10
2 68 57 21 13 (O)
3 58 48 2 10

or equally well at -
a b c d

|
!
35 45 87 43

3¢ 84 26 26 (D)
! 8¢ 80 28 28

O N =

The order of ment of the persons m each test 15 quite
different 1n cach of these matrices The order of difficulty
of the tests for each person 1s quitec different in each. If
we consider the ordinary corrclation between Tests 1 and 2,
we find that 1t 15 negative n (B), zeto n (D) and positive
m (C), yet all of these matirices reduce to Burt’s matrix
when centred both ways It 1s clear that they contam
factors of correlation which are absent in the doubly
centred matrix.

The averages of the rows and the columns of (C) are as

follows :
u b ¢ d | Average
]

1 4 48 18 10 30
2 63 57 27 13 40
3 58 48 24 10 35

Average 55 51 23 11

The correlation between two tests 1s clearly influenced
very much by the fact that here the person a 15 so much
cleverer than the person d. Simlarly, the correlation
between two persons 1s mnfluenced by the fact that Test 1
15 more difficult than Test 2. As soon as the matrnx is
centred both ways, all the correlation due to these and
similar influences 1s almost extinguished. Centred by rows,
(C) becomes .
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14 18 —12 —2 |
28 17 —18 —27
28 18 —11 —25

and all the tests are equally difficult on the average.
Centred by columns as well, 1t becomes -

6 2 0 4
3 1 -1 -8
3 —3 T —1

and not only are all the tests equally difficult on the average,
but all the persons are equally clever on the average. It
15 to the covamances still remaming that Burt’s theorem
about the reciprocity of factors and loadings apphes. It
docs not apply to the full covariances of the matrix centred
only onc way, in the manner usually meant when we speak
of covanances or of correlations.

6. An actual experiment—In Part 111 of Burt’s The
Factors of the Mind (London, 1940) his principle of reci-
procity of tests and persons 1s seen 1n an actual illustrative
cxpermment on the distnbution of temperamental types.

This expermment was on twelve women students,
selected because the temperamental assessments made by
various judges on them were more unammous than in the
case of the other students. Each, therefore, was a well-
marked temperamental type. They were assessed for the
eleven traits secn m the table below. The assessments
over each trait were standardized, 1.e. measured m such
units and from such an origin that their sum was zero and
the sum of their squares twelve, the number of persons,
so that the group was (artificially) made equal mm an
average of sociability, sex, etc  The corrclations between
the traits were then calculated and centroid factors taken
out, the first two of which I shall call by the Roman letters
2w and v. These two are possessed in some amount by
each of the persons and required, 1 degrees indicated by
the saturation coefficients, by each of the traits These
saturation coefficients have been found by analysis of the
correlations between the traits.
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Now according to the reciprocity principle, if we analyse
instead the correlations between the persons, find factors
which we may indicate by Greek letters, and measure the
amounts of these possessed by the eleven traits, these
amounts ought to be the same as the saturation coefficients
of the Roman factors u, v, ete

Burt therefore further standardizes the assessments,
by persons this time, and finds the total scores on each
trait, which are, by a property of centroid factors (see
page 217) proportional to the amounts of a centroid Greek
factor possessed by the eleven traits ; and the test of the
reciprocity hypothesis 1s to see whether these totals are
similar to the saturations of a Roman factor. The figures
(from Burt’s page 405) are given 1 the table below :

] Saturatons of the | Amounts of the
I Roman factors Grreek factor
u ! v a
—— - = | - — _— _—— e —— ——
Sociabihity 611 | 508 587
Sex . 878 213 489
Assertivencss 827 ; 483 378
Joy . 951 288 207
Anger . 824 241 280
Curosity . 780 | — 268 001
Fear 898 | — 159 — 089
Sorrow I o250 | — 104 — 337
Tenderness . 564 — 667 — 447
Disgust 830 | — 490 — 489
Submissiveness . 412 | — 685 — 525

Clearly the amounts of « do not correspond to the
saturations of u; not should they, for a general factor
has already been elimmated by the double standardization.
They do, however, agree reasonably well with the satura-
tions of the second Roman factor v, and confirm Burt’s
prediction that, even m this sample, and with factors
which are not exactly principal components, the reci-
procity prineciple would still hold approximately.
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CHAPTER XVIII

THE INFLUENCE OF UNIVARIATE SELECTION
ON FACTORIAL ANALYSIS*

1. Univanate selection.—All workers with ntelligence
tests know, or ought to know, that the correlations found
between tests, or between tests and outside criteria, depend
to a very great extent mdeed upon the homogeneity or
heterogeneity of the sample in which the correlations were
measured. If, to take the usual illustralion, we measure
the correlation between height and weight in a sample of
the population which includes babies, children, and grown-
ups, we shall obviously get a very high result. I we
confine our measurement to young people i therr ’teens,
we shall usually get a smaller value for the coefficient of
correlation. If we make the group more homogeneous
still, taking, say, only boys, and all of the same race and
exactly the same age, the corrclation of height and weight
will be still less.t Through all these changes towards
greater homogeneity i age, the standard deviation (or its
square, the variance) of height has also been smking, and
the standard deviation of weight also  The formulse which
describe these changes were given m 1902 by Professor
Karl Pearson,} and when the selection of the persons
forming the sample 1s made on the basis of one quality
only, these formul®e can be put into the following very
simple form.

Let the standard deviations of (say) four qualities be

* Thomson, 1987 and 19880

1 Greater homogencity need not necessardy, in the mathematical
sense, decrease correlation, and occasionally 1t does not do so in
actual psychological experiments But 1t almost always does so.

} These formule are not, as was once thought, only applhecable if
all distributions are normal (see Lawley, 1948¢, Where the necessary
conditions are stated) They have been found by tnal to give good
results even when the sample has been made by cutting off a tail, or
hoth tails, of the distribution.

275
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m the complete population—we must, of course, in each
case define what we mean by the complete population, as
for example all hving adults who were born in Scotland—
given by X,, Z,, 3; and X, and therr correlations by
R, R,;, etc. Now let a selection of persons be made who
are more homogeneous m the first quahty—say, in an
mtelligence test which has been given to them all—so that
its standard deviation in the sample 1s only o;, and write—

The smaller p, 1s, the more homogeneous the group 1s in
mtelligence-test score. If we write—

¢ =01 —p)
g, will be larger, the greater the shrinkage in mtelligence
score-scatter from X, to ;. We shall call ¢; the * shrink-
age  of the quality No. 1 m the sample
The other qualities 2, 8, and 4, being correlated with the

first, will tend to shrink with it, and their expected shrink-
ages g, ¢3, and g, can be calculated from the formula—

g, = Ry,

For the sort of reason indicated earhier in this paragraph,
the correlations of the four qualities—which we are for
simphaity i exposition assuming to be posutively correlated
in the whole population—will also alter, according to the
formula—

r = By = 4G
y =
pp,

2. Elementary proof.—This formula can be readily
proved, for the case where the average 1s unchanged, by
using our geometrical model of correlation, in which tests
or other variables are represented by lines all crossing each
other at the “ average man,” and at angles with one
another whose cosines equal the correlation coefficients
between the tests (see Chapter VI).

In this perspective figure let 04, OB, and OC be three
lines in three-fold space representing three tests. The
triangle ABC i1s in a plane at right angles to 04. Write—
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cos oo = cos BOA

cos § =cos CO04 = R,y

cos y = cos BOC = Ry

Take the distance O4 as unity. Each test 1s standard-
1zed, so that its standard deviation is umity. Now let the
standard deviation of Test 1 be reduced so that it becomes
py = 0D. This means, in our geometrical model, that the

whole three-fold space
which our lines O4, OB,
and OC exist 1s compressed
from 4 towards O, and
every line parallel to this 1s
shortened 1n the same way
The point B moves up to
E, and the pont C to F.
The whole tnangle ABC 1s
hfted up, remammng at
right angles to the line 04,
to a new position DEF.
The test limes OB and OC
become OF and OF. The
angle y = BOC has become
the angle y' = EOF, and
cos y' represcnts the new
correlation cocfficient be-
tween Tests 2 and 8.

of the known quantitics «, B, v, and p
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Figure 31

Our object 1s to find cos y' m terms
Onc method 1s to

express BC* in terms of the tnangle BOC, and EF* i terms

of the tmangle EOF, and equate them, smce BC = EF.

First note that

OBt — OFE: = 0A4* - 0D* =1 — p;* = ¢}
and similarly 0C: — OF = g
Also p, == OE/OB, and p; = OF/0C
OE*
Further, ¢ =1—p;' = e op: ~ — 0/0B
and similarly gs* = q,%/0C*
Now, since
BC* = OB* + 0C* — 20B OC cos v
and EF* = OE* 4 OF* — 20E OF cos y'
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we have, subtracting,
0=(0B*-—- 0OE")4-(0C*— OF%)-20B.0C cos y+20E.OF cos y’
+

= g q° -20B OC cos y+20E OF cos
whence
, O0B.OCcosy — ¢
¥ =" 0p oF
OE OF
OB 0OC
__COSY — x5
PePs
or - Ry -- 9o
PsPs

8. A numerical example.—Lct us define our “ whole
population ” as all the cleven-year-old children in Mas-
sachusetts, and let us suppose (the numbers are entirely
fictitious) that the standard deviations of all their scores
in four tests are :

1. Stanford-Binet test 16 5 =%,
2. The X reading test 249 =3,
8. The Y anthmetic test 27 8 = X,,
4. The Z drawing scale 142 =X,

while the correlations between these four, m a State-wide
survey, are (these are the R correlations) -

1 2 8 4
1 69 75 82
2 . 69 54 18
3 75 54 ‘06

E] 82 ‘18 06

Now let a sample of Massachusetts eleven-year-olds be
taken who are less widely scattered mn intelligence, with
a standard deviation mn therr Stanford-Binet scores of
only 10-2. How will all the other quantities histed above
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tend to alter in this sample ? We have, using the formula
quoted, the following—

10-2
P = —— = 618

¢ = /(1 — 618%) = 786

and from ¢, = ¢;R;, we have the other shrinkages ¢, and
thence the cocflicients p and the new standard deviations
c=pi:

1 2 8 4

q | 78 542 59 252
P | 618 B0 808 968
s | 102 29 21 187

The formula for r,; then enables us at once to calculate
the correlations to be expected in the sample. namely .

12 8 4
1 . 509 574 204
2 | 509 . 325 054
8 574 825 — ‘118
4

‘204 054 — ‘113

The greater homogeneity m the sample has made all the
correlation coefficients smaller, and has mmdeed made rg
become negative.

The reader should note that these standard dewviations
and correlations are what result from selecting on the Stan-
ford-Binet test, letting the other changes happen mn con-
sequence, It would be quite a dufferent matter to select on
the X reading test. Even if we did so, so as to reduce the
reading test standard deviation from 249 to 209 as
happened above, the other changes would be quite differ-
ent. The Stanford-Bmet standard dewviation would, for
example, not be reduced to 10 2 but only to 15:8. And 7y,
would not be -574, but -722. The difference, 1n terms of
our Figure 81, 1s that whereas selecting the Stanford-Binet
corresponded to shortening the line 04 and with 1t all
parallel distances i the space, selecting the reading test
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corresponds to shortening OB and all distances parallel to
it : quite a different distortion of the space.

4. From sample 1o population.—In the above numerical
example we supposed that the standard deviations and
correlation coefficients were known m the whole popula-
tion of Massachusetts eleven-year-old children, and asked
what they would become in a sample with a smaller scatter
in the Stanford-Binet score. The problem might, however,
be reversed, in which case, with a httle care, the same
formula can be used.

Let us suppose that we know from experiment the above
facts about the sample—the standard deviations 10-2,
20-9, 22-1, 18-7, and all the correlation coefficicnts mn the
table -509, 574, etc.—and that we know further that the
standard deviation of Stanford-Bmet scores in the whole
population 1n question 1s 165 The sample we have
worked with 1s obviously a biased one, restricted in range
of Stanford-Binet scores, and we wish to estimate what our
correlation coefficients would have been if we had tested
all Massachusctts cleven-year-olds, or, at least, an un-
biased sample. We want, mmdeed, to work the above
example backwards.

The quantity p, 15, 1n this direction, greater than unty,
namely—

16-5/10 2 = 1-618
and @ =1—p? = — 1-617

The quantity ¢, 1s therefore the square root of a mmus
quantity, which we express as—

¢ = 4/(1-617)2 = 1-272s, where ¢ = vV — 1

The other ¢’s can be got from g, by the same formula as
before, namely ¢, = ¢,R;,, where R now means a correlation
coefficient in the sample. Thus—

g = Ry, = 12721 X -509
s = qiRy; = 1:272i X 574

647
71801

Then—
Pt=1—g* =1+ 6473 (for 1*=—1)=1-419 ; p,=1-191
and similarly p, = 1-288.
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We then have—
Ry — qigy _ 825 — 647i X -780i

7. = =
= Dops 11901 x 1-288
825 + 472
= g =54

as m the table for the population. In this way that table
can be completely reconstituted. It 1 then, of course,
only an estimate and, moreover, an estimate based on the
assumption that our sample differs from the population
only by reason of one of the four variables—namely, the
Stanford-Bmet score—being restricted, dehberately or
accidentally, the other restrictions bemg supposed to have
followed sympathetically by reason of the correlations.
In few practical examples can we be sure of the mode of
selection.

5. Varwance of differences between scores.—Our numerical
example enables us to Mustrate a very useful fact, that the
variance of the differences between the scores in two tests
is independent of the amount of selection if both tests have
becn equally shrunk, and 15 reasonably constant when this
condition 1s not too much departed from.

For example, o2 for the differences between the scores m
Tests 2 and 8 would be, by the formula—

025 = 6;® -+ 03 — 230,05
equal 1n the population to—
2492 + 273 — 2 X 249 X 273 X 54 =681 15

and 1n the sample to—
2002 4221* —2 x 209 x 221 X 3825 = 6250

that 1s, almost the same, although p, does not quite equal
ps This fact gives another method of estimating a popu-
lation correlation if the sample correlation between
differences can be calculated, and if the standard dewvia-
tions n the population are known or can be guessed. For
example, suppose a worker with the sample calculated
from his data the value—
0'2_2_3 = 625
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and had reason to think that in the population, or in some
other sample, the standard deviations were 25 and 27 (as
they nearly are in our example), he could estimate the
unknown correlation as—
2 X 25 X 27 — 625
TExoasxor o

Actually 1t was -54. But this method would fail badly if
the quantities p; and p, were markedly different (Emmett,
1951, B.J.P Statist , 4, (1))

6. Selection and partial correlation.—If a sample 1s made
completely homogeneous 1n the Stanford-Binet test, clearly
P =0and ¢ =1. The same formule then give us.

1 2 8 4
1 e 75 82
0 524 438 904

q
p
c 0 130 119 128

and the resulting correlation cocflicients, which in this case
are called * cocfficicnts of partial correlation for constant
Stanford-Binet score,” are, by the same formula .

1 2 8 4
1 . .
2 098 — 086
3 098 — 455
4 ! — 086 — 455

The correlations ot the Stanford-Bmnet test with the
others are given by the formula as 0/0, that 1s, indeter-
mmate. That they arc 1eally zero 1s seen from the fact
that when p, 1s taken as not quite zero, but very small,
these correlations come out by the formula as very small.
They vanish with p,.

In this special casc of ‘“ partial correlation,” where the
directly selected test 1s so stringently selected that everyone
in the sample has exactly the same score 1n 1t, our formula—

By —ag
o,

L
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has & more familiar form. For since—

% = @Ry

and ¢ =1

in this case of complete shrinkage we have—
ql = Rli

and po= /(1 — By

so that our formula becomes—
r{j — R(j - Rlth

V(1 — R /(1 — Ry

the usual form of a partial correlation cocfficient. Its
more conventional notation 1s, calling the test which 1s
made constant Test % mstead of Test 1—-

Ty — Tl

Tyop == - —
9k V(A — rg?) V(1 — Tjk’)

If the “ test” which 1s held constant 1s the factor g,
this becomes—

Ty — Tyl

T =) V=)
which is called the “ speeific correlation ” between @ and .
Its numerator 1s the “residuc ” left after removing the
correlation due to g If g 1s the sole eause of correlation,
holding g constant will destroy the correlation and we shall
have—
Ty = Tyglyy

as we already saw from another pomt of view was the case
m a hierarchical battery, in Section 4 of Chapter 1.

7. Effect on communalities.—The formula
Ry — 9

pp,
1s thus a very useful formula, including partial correlation
as a special case. Ii the original variances are each taken
as unity, the numerator R,, — ¢,g, for 1+ + j gives the new
covariances, while p,2 and p,? arc the new variances.

It also ncludes as a special case the formula known as
the Otis-Kelley formula, which 1s applicable when two
variates have both shrunk to the same exient (a restriction

T,j =
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not always recognized). If we put ¢; = ¢; and therefore
»; = p; 1t becomes—

pry=RBy— ¢ =R;—1+p*

p’(l - rl]) =1- Rq

I—R’f.._ :--f‘_.-—f_'li -

_1—"_’; = p* == 52T % the Otis-Kelley formula.

It has a still further applhcation (Thomson, 1938b, 456),
for if a matrix of correlations 1n the wider population has
been analysed by Thurstone’s process, this same formula
giwves the new communalitics (with one exception) to be
expected m the sample, if we put : =7 and understand by
R, the communality in the wider population, by 7, the
communality in the sample (and not a rehabihity coeflicient,
which 1s the usual meaning of this symbol) Writing the
usual symbol A? for communality we have the formula in
the form—

2 . 2
pe = He M h=2384..)

The exception 1s the new communality of the trait or
qualily which has been directly scleeted, 1in our example
No. 1 the Stanford-Bmet scores. For the direetly selected
trait the new communahty 1s given by—

bt = pl’lll’
1 1 — gl

(Thomson, 1988b, 455, and sce also Ledermann, 19388b).
With these formulee we can see what 15 likely to happen
to a whole factorial analysis when the persons who are the
subjects of the tests are only a sample of the wider popula-
tion in which the analysis was first made.

8. Hierarchical numerwal example—We shall take, m
the first place, the perfectly hierarchical example of our
Chapter I But to save space mn the tables we shall con-
sider only the first four tests. Their matrix of correlations,
with the one common factor and the four specifics added,
and with communalities inserted in the diagonal cells, was
as follows :
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| 1 2 3 4 g 8 8 8 8,
1 | (81) 72 63 54 90 44 .
2 2 (64) 56 48 B0 60 .
8 | 63 56 (49) -42 70 1
4 | 34 48 42 (36) 60 . 80
8 ‘90 80 70 60 100
8 4k . . 100 .
| . 60 . . . 100 .
8 . 71 . ! . - . 100 .
8 | 80 . . . 1-00

The bottom rnght-hand quadrant shows, by its zero
entries, that the factors arc all uncorrelated with one
another, that 15, orthogonal. The tests expressed as linear
functions of the factors are —

2 == *9g¢ 4 -486s;
% = 8¢ + 600s,
3= T8 + Tlds,
2, = -6g + 800s,

These equations are only another way of expressing the
same facts as are shown in the north-cast, or the south-
west, quadrant of the matrix (where only two places of
decimals are used for the specific loadings, to keep the
printing regular).

Let us now suppose that this matrix and these equations
refer to a wide and defined population, e.g. all Massa-
chusetts eleven-ycar-olds, and let us ask what will be the
most hikely matrix of correlations between these tests and
factors to be found mn a sample chosen by their scores in
Test 1 so as to be more homogeneous The varance of
Test 1 mn the wider population bemng taken as unity, let
us take that in the more homogeneous sclect sample as
bemg p,* = -86. We then have, using ¢, = ¢;By, and
treating g and the specifies just hike tests, the following
table :

' 1 2 8 4 ' 8 S 8 8 §
q 80 576 504 482 | 720 m49 . .
? 60 817 -864 902 694 937 1 1 1
p* (variance) | 86 668 -746 -818 482 878 1 1 1
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For the correlations and communalties, using our
formula—

Ry — 44,
plp]
we get (again printing only two decimal places) -
.1 2 3 4 8 8 8 8 A
1 | (61) 53 44 36 78 28
2 53 (46) 38 81 68 —26 13
8 | 4 38 (82) 2 , 56 — 22 83
4 3 31 26 (21) , 46 —18 . -89
g, 7 68 56 46 100 —39
5 28 206 —22 —18 —89 100
P 73 100
8 83 ! 100
4 89 100

In the more homogencous sample, thciefore, the
corrclations and the communalities of all the tests have
sunk. The g column shows what the new correlations of g
arc with the tests ; and on exammation of the matrix we
see that these, when cross-multiphed with one another,
still give the rest of the matrix Thus—

78 X 46 = -36 (ry,)
682= -46 (hy?)
The test matrwx 18 stll of rank 1 (Thomson, 19386, 458),
and these g-column entries can become the diminished
loadings of the single common factor required by rank 1.

The columns for the specifics s,, 55 (and later speeifies
also) still show only one entry. In the bottom right-hand
quadrant, zero entries show that these specifies are still
uncorrelated with one another and with g, that 1s, g, s, s,
and s, are still orthogonal.

But something has happened to the speaific s, It has
become corrclated with g, and with all the tests. It has
become an oblique factor, orthogonal still to the other
specifics, but mnchned to g and the tests. It leans further
away from Test 1 than it formerly did, and makes obtuse
angles (negative correlation) with the other tests and with g,
to which it was originally orthogonal.
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But since, as we have already pointed out, the test matrix
with the reduced communalities 1s still of rank 1, 1t is
clear that a fresh analysis could be made of the tests into
one common factor and specifics, thus—

%' = -T78¢' + -628s,’
3y = 679g" + 784s,
2y’ = -562g" + 827sy
%, = 462g' | 887s,

i

In these equations the factors g, s, 8, 82 and s, are
agamn orthogonal (uncorrelated), and the loadings shown
give the correlations and give unit variunces This 1s the
analysis which an experimenter would make who began
with the sample and knew nothing about any test measure-
ments 1 the whole population.

The rcader, comparing the loadings in these equations
with the correlations i the matrix of the sample, will
rightly conclude that the specifics from s, onward have not
changed. In the matnix it 1s clear that they arc still
orthogonal, and their correlations with the tests, in the
matrx, are the same as therr loadings 1 the equations.
The tests are, in the sample, more heavily loaded with these
specifics than they werc in the population, but the specifics
are the same in themselves.

The new specific s;” the reader will readily agree to be
different from s,. The latter became oblique mm the
sample, whereas ;" 1s orthogonal. What now 1s to be said
about the common factors g (in the population) and g’ (in
the sample) ? From the fact that the loadings of g’, in the
sample equations, are identical with the correlations in
the sample matrx of the original g with the tests, one 15
tempted to imagme g’ and g to be identical in nature. But
that 1s not so certain.

If we go back to the equations of the tests in the popu-
lation, we can rewrite them in the following form—

% = 467g + 800g" + 877s,’
2 = 555" + -576g" + -600s,
% = 485g" + -504g" + T14s,

%, = -417g’' + -482g" + 8003,
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with two common factors g’ and g" mnstead of one common
factor g. 'These equations still give the same correlations.
For example—

i = 467 X 417 + -800 X 482 = -540 as before.

In these equations the specifics sy, 83, 8, are the same, and
the communalities of Tests 2, 8, and 4 are the same. All
that we have done mn these three tests 1s to divide the
common factor g into two components. The ratio of the
loading of g" to the loading of g’ 1s the same m each of
them. The loadings of g" we have made 1dentical with the
shrinkages ¢ in the table on page 283.

In Test 1 also we have made the loading of g” equal to
the shrinkage ¢, = 8. Butn this test g” cannot be looked
upon merely as a component of g. To give the correct
correlations, the loading of g’ has to be 467 as shown, and
the communality of Test I has been raised from 1fs former
value (-81) to—

-467% -+ -800% = 858

while the loading of the specific has correspondingly sunk.
The factors g’, g”, and s’ are a totally new analysis of
Test 1 mn the population. Part of the foimer specific has
been incorporated in the common factors.

Now let the factor g” be abolished, 1 e. held constant, so
that the tests (now of less than unmit vanance, so we write
them with z instead of ) are—

Variances
z, = -467g 4+ 3775, 860
@, = -555g' + -600s, 668
iy = 485" + Ti4s, 746
zy = 4178 + -800s,  -818

The reduced vanances are the sum of the squares of the
surviving loadings, e.g.—

4672 4 877* = -360

The variances, it will be seen, are the p*’s of our tests
as measured mm the sample. If cach of the last set of
equations is divided through by the square root of its
variance, we arrive at the equations—
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%' = 778g" | -628s,’

%' = -679g" + 7848,

25 = -562g' + -B27s,
2 = 462g’ + -887s,
which 1s the analysis already given as that of an experi-
menter who knew only the sample. As to the nature of g’,
we can say in Tests 2, 8, and 4 that 1t 1s possible to regard
1t as a component of the g of the population. But we
cannot do so with assurance in Test 1. There its nature 1s
more dublous. At all events, 1t 15 not the same common
factor as in the population, and at best we can say that it
15 one of i1ts components.

9. A sample all alike wn Test 1.-—These phenomena are
still more striking if we consider a case where the sample
1s composed of persons who are all alike n Test 1. It
would be an excellent exercise far the reader to calculate
the resulting matrix of correlations for tests and population
factors 1n this case. The tests act in this case as though
their onginal equations m the population had been—

B = g

2, = -849g" + 720g" 4- -600s,

%3 = 805g" + 680g" + Tl4s,

2, = 262g’ -+ 540g8" -+ 800s,
and then g" had become zero, 1.e. a constant with no
variance.

It perhaps helps to a further understanding of what 1s
happening to the factors during selection if we realize that
holding the score of Test 1 constant does not hold its factors
g and s, constant. They can vary mn the sample from
man to man, but smce—

% = 98 + 4868,
remams constant, a man m the sample who has a high g
must have a low s;—that 1s, these factors are negatively
correlated 1 the sample. And because they are thus
negatively correlated, those members of the sample who
bave high g's, and who will therefore tend to do well in
Tests 2, 8, and 4, will tend to have values below average
(negative values) for thewr s, which will be therefore
negatively correlated with these tests, in this sample.
¥.4—10
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So far in our examples we have assumed the sample to
be more homogeneous than the population. But a sample
can be selected to be less homogeneous. In such a case
the same formule will serve, if we simply make the capital
letters refer to the sample and the small to the population.
In fact, the same tables, with their rbles reversed, can
illustrate this case  In practical bife we usually know which
of two groups we would call the sample, and which the
population. But mathematically there 15 no distmetion,
the one 1 o distortion of the other, and which 1s the * true
state of aflairs 1s a question without meaning.

It must also throughout be remembered that all these
formula: and statements refer, not to conscquences which
are certam to follow, but to consequences which are to be
expected. If actual samples were made the values exper:-
mentally found i them for correlations, communalities,
loadings, cte, would oscillate about those given by our
formulwe, violently m the case of small samples, only
shightly in the case of large samples

10 An example of 1ank 2.—-The above example has only
onc common factor. We turn next to consider an example
with two.  Again it 15, we suppose, the first test aceording
to which the sample 15 dehberately selected, and agamn
we suppose the “ shrinkage ” ¢, to be 8. The matrices
of correlations and communalities, 1n the population and
1n the sample, are then as follows, the two factors f; and f,
and the speafics bemng treated in the calculation exactly
as If thcy were tests. To economize room on ihe page,
we omit the later specifics

Correlations in the Population

1 2 83 4 5 ' fi fi & &
1 (65 %6 59 86 -4l 0 W 59
2 46 (87) 36 208 23 60 10 79
8| 59 36 (ol) 82 45 50 60
4, 36 2 32 (20) w2 0 20
5 . 41 238 45 22 (34) 30 50

i 0 w0 5 40 30 (100)

;. 40 10 6 2 50 (1 00)

8 39 . ., (100) .
8 79 . . . . (100)
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Correlations in the Sample

|1 2 8 4 5 | L fi u =
1 1(e) 8 % 23 26 5L 25 W .
2 | 80 (27) 28 17 12 51 —02 —21 85
3 40 28 (50 22 35 82 54 —29
4 | 28 17 22 (13) 14 30 12 —16
5 2 12 85 14 (26) 15 44 —19
fi Bl 51 82 30 15 , (100)—23 — 86
L. 25 —02 5% 12 44 — 23 (100)— 18
5, 40 —21 —29 —16 —19 — 36 — 18 (100)
s . 85 (1-00)

We see here a new phenomenon The two common
factors f; and f; in the population were orthogonal to one
another, as 1s shown by the zero corrclation between them.
But m the sample they are negatively conrelated (— 228),
that 1s, they arc oblique. We begin to see a generahzation
which can be algebraically proved, that all the factors,
common and specific, which are concerned with the directly
selected test(s) becomne oblique 1o each ofther and 1o all the tests,
but the specifics of the indurectly selecied tests 1 emman orthogonal
to everything, except each to its own test

But the matriar of the lests themselves s stll of rank 2,
and an expermmenter working only with the sample would
find this out, although he would know nothing about the
population matrix. Ile would therefore set to work to
analysc 1t mto two common factors, orthogonal to one
another A Thurstone analysic comes out 1n two common
factors exactly, and ean be rotated until all the loadmmgs
are positive. For example

Test 1 2 8 4 5

Factor f;’ | 570 521 -486 -832 -288
Factor f,’ 1 276 . 555 130 452

These factors f’, however, are clearly a diffcrent pawr
from the factors f i the ongmal population In the
sample, those origmal factors (f) are oblique; these (f*)
are orthogonal

Agam the whole phenomenon 1s reversible. 'The second
matrix (with the orthogonal factors f’} might refer to the
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population, and a sample picked with a suitable increased
scatter of Varate 1. All our formule could be worked
backwards, and we should arnve at the matrix beginning
(+85), referring now to the sample. The f’ factors would
have become oblique, and a new analysis, suitably rotated,
would give us the other factors f.

It becomes evident that the orthogonal factors we obtain
by the analysis of tests depend upon the subpopulation we
have tested They are not realities in any physical sense
of the word , they vary and change as we pass from one
body of men to another. It 1s possible, and this 1s a hope
hmted at in Thurstone’s book The Vectors of Mind, that if
we could somehow identify a set of factors throughout all
their changes from sample to sample (in most of which
they would be obhque) as being 1n some way unique, we
might arrive at factors having some measure of reahty
and fixity. Thurstone, m his latest book Muliiple Factor
Analysis, behieves that he has achieved this, and that his
obhque Simple Structure is wvariant His elaim 15 con-
sidered 1 our next chapter. It 15, in the present writer’s
opmion, Justifiable only for univariate selection, not for
multivariate, which 18 not merely repeated univariate
selection.

11. Random selection.—These considerations deal with
the results to be expected when a sample 1s dehberately
selected so that the varance of one test 1s changed to some
desired extent. The new variances and the changed
correlations of the other tests given by our formula—

. Rl; - qi%
Ty =
bp,
are not the certain result of our action 1n selecting for Test 1.
If we selected a large number of samples of the same size,
all with the same reduced vamanee mn Test 1, they would
not all be alike 1 the resulting correlations On the con-
trary, they would all be different. But most of them would
be like the expected set, few would depart widely from that ;
and the departures would be mm both directions, some
samples lymng on the one side, others on the other side,
of our expectation.
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If now, mstead of selecting samples which are all ahke
i the variance of one nominated test, we take a large
number of random samples of the same size, what would we
find ? Among them would be a number which were alike
in the variance of Test 1, and these m the other part of
the correlation matrix would have valuecs which varied
round about those grven by our formula. We could also
pick out, instead of a set all ahke m the variance of Test 1,
a different set all alike in the vamance of Test 4, say ;
and these would have values in the remainder of the matrix
oscillating about our formula, in which Test 4 would replace
Test 1. In short, a complex family of random samples
would show a structure among themselves such that if we
fix any one variance the average of that array of samples
obeys our formula.* Random sampling will not merely
add an * error specific ” to existing factors, 1t will make
complex changes in the common factors.

*On the author’s suggestion, Dr W Ledermann has sncc
proved this conjecture analytically ( Biometrika, 1989a, 30, 295-
804). Ihs results cover also the case of multivarate «clection (see
next chaptcer)



CHAPTER XIX

THE INFLUENCE OF MULTIVARIATE
SELECTION *

1. Altering two variances and the covariance —In the pre-
ceding chapter we have discussed the changes which occur
i the variances and correlations of a set of tests, and mn
thewr factors, when the sample of persons tested 1s chosen
according to therr performance m one of the tests we
are next gong to see the results of picking our sample by
thewr performances i more than one of the tests, first of
all in two of them. Take agam, the perfectly herarchical
example of the last chapter We must this time go as far
as six tests mn order to sce all the consequences. The matrix
of correlations of these tests and thewr factors will be
simply an extension of that printed on page 285.

Now let us imagine a sample picked so that the variance
of Test 1 and also that of Test 2 15 intentionally altered,
and further, ther covamnance (and hence their correlation)
changed to some predetermined value

1t 15 at once clear that in these two directly selected
tests the factorial composition will in general be changed
—can indeed be changed to anything which 15 not mncom-
patible with common sense and the laws of logic. 'What,
however, will be the 1esulting sympathetic changes m the
vanances and covariances of the other tests of the battery ?

In Chapter XVIII we altered the variance of Test 1 from
umty to -36. The consequent dimmution 1 variance to be
expected mn Test 2 was, as 15 shown on page 285, from
unity to 668, and the consequent change m correlation
from 72 to -53. Here, however, let us pick our sample so
that the vanance of the second test 15 also dimmished to
86, and <o that the correlation between them, mstead of
falling, rses to -833. We have, that 15 to say, chosen
people for our sample who tend to be rather more ahke

* Thomson, 1987, Thomson and Ledermann, 1988.
294
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than usual in these two test scores, as well as being closely
grouped in each, an unusual but not an inconceivable
sample. Natural selection (which mncludes selection by the
other sex in matig) has no doubt often preferred mndi-
viduals 1n whom two organs tended to go together, as
long legs with long arms, and the same sort of thmg might
occur 1n mental traits.  In terms of variance and covariance
we have changed the matrix -

1 2
1 100 72,
2 72 100 7
to the matrix ¢
1 2
|
1 | 36 30 _
2 30 3¢ ~—
30 5
for == - — 833, the new corrclation. Notice

4/(86 x 86) o
that the diagonal entrics here (unrties n R, and -86, 36
in V) are the variances, not the communahties
2. Astken’s multwariate selection formula.—We shall
symbolically represent the whole origmmal matrix of van-
ances and covariances by

RPI' RI'Q
|
.; E, R,
i

where the subscript p refers to the directly sclected or
picked tests, and the subscript ¢ to all the other tests and
the factors. R, (and also E,) means the matrx of co-
varances of the picked tests with all the others, mcluding
the factors. E,, means thc matrix of variances and co-
vamances of the latter among themselves. Since at the
outset the tests and factors are all assumed to be stan-
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dardized, the vanances in this whole B matrix are all
unity, and the covariances are simply coefficients of
correlation. In our case the R matrix 1s:

Analysis in the Populaton

., 1 2 8 4 5 6 8 81 % 8 8, 8 5
1 |1-oo 2. 63 54 15 36 90 44
2| 72100 36 48 40 32 80 . 60
3 i 638 561100 42 35 28 170 n o,
4' 54 48| 42100 30 24 60 80
51 45 4035 80100 20 50 87 .
6! 36 32 28 21 20100 40 . 92
g1 90 80' 70 60 50 10 100
8 44 100
8 60 100
% 71 100
8, 80 100
8 87 . 100 .
% . 92 . 100

The R,, matrix 1s the square 2 X 2 matrix, the R, matrix
the square 11 x 11 matnx, while B,, has two rows and
eleven columns, B , being the same transposed.

Our object 1s to find what may be cxpected to happen
to the rest of the matrix when B, 1s changed to V.
Formulea: for this purposc were first found by Kail Pearson,
and were put into the matrix form in which we are about
to quote them by A. C. Aitken (Aitken, 1984). The matnx
changes to :

v, : VR, 'R

E2d

[ BT S

R, Rpr_le | Rn _ch (Rrr_l _Rpp—l Vw Rpp'_l) Rn
and mn order to explain the meaning of these formule we
shall carry out the calculation for a part of the above matnx
only (the first four tests), with a strong recommendation to
the reader to perform the whole calculation systematically.
If we confine ourselves to the first four tests we have—

100 72
Ry, = [ 72 1 oo]

100  -42
Ry, = [ 42 1-00]
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68 54
By = [ 56 48 ]
63 56
Ry = [ 54 48 ]
The most tiresome part of the calculation, if the number

of directly selected tests 1s large, 1s to find R~ the reci-
procal of the matrix E,, such that the product—

R,,.R,,;l:[l i]=1

where I 1s the so-called ‘‘ unit matnix ”” which has umt
entries in the diagonal and zero entries everywhere else.

The method of domg this 15 given in Chapter XIV,
Section 9, page 210. In the present example, where R,
15 only of dimensions 2 X 2, we soon find—
-1 2 0764 — 1-4950

| — 14950 2 0764
When the reciprocal matrix R,,,,"l has thus becn calculated,
the best way of proceeding 15 to find—

C= Rpp-] R,

and D=R,—R,C
In the case of our example these are—

o[ 20764 —140507 [ 63 547 _[ 4709 4087
T 1 —14950 20764 36 18] | 2209 1804
p=J1 00 6‘; 567 [ 4700 4087
1- 00 48 | [ 2209 1894
4204 8604
= -42 8089
_[-5798 05906
T L 0596  6v11
subtraction of matrices being carried out by subtracting
each element from the corresponding one. We next need—

V.C = 36 30 4709 -4037 2358 2022

»~ =] 86]|-2200 -1894 2208 1893
which gives us the new covariances of the directly selected
tests with those indirectly selected. For V,, we need still
C'(V,,C) where the prime wndicates that the matrix 1s

transposed (rows becoming columns)—
FA—10*

Ry
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Cc(v,,C)

and then—

= | 4087

n=n+0ﬂw=[

4708 2200
1894

5796

0396

_ [ 73us

— 1 1966

2358 2022] | 1588 1370
2208 -18p3 | | 1870 1175

0596 1598 1870
6911 + 1370 1175
1966
8086

We now can write down the whole new 4 X 4 matnx
of varances and covariances. In the same way, had we
mncluded the other tests and the tactors, we would have
arnved at the whole new 18 X 18 matrix for all the
variances and covariances which we now print.* The
values calculated sbove for the first four tests will be
recognized 1 1ts top left-hand corner. (The diagonal
entries are variances, not communalities )

Cwoarwances m the Sample

1 2 3 4 3 6 8 8 S8 8 8 85 8
1§ 36 30 24 20 17 14 34 13 05
2| 30 36 22 19 16 13 82 04 18
3| 24 22 4 20 16 183 883 —14 —07 71 .
4| 20 19 20 81 I & 28 — 12 — 06 80 .
5| 17 16 16 -14 87 09 23 — 10 - 03 87 .
61 14 13 13 1 09 92 19 — 08 — 04 92
g1 34 82 83 28 23 19 47 —19 —10
s 13 04— 14 — 12 —-10 —~08 —19 70 82 .
|05 18 —07 —006 — 05 — 04 —10 32 43
8 ke ] 100
8| . 80 . 100
8| . 87 . . . 100
Sl - b 92 . 100

8 Ieatures of the sample covarwunces.—Exammation of
this matrix shows the followmg features .

(1) The specifics of the mdircctly sclected tests have
remamed unchanged They are still orthogonal to each
other and all the other tests and factors (except each to

* In such calculations on a larger scale, the methods of Aitken's
(1837a) paper are extremely economical 'Triple products of
matrices of the form XY~'Z can thus be obtamed 1n one prvotal
operation (see Appendix, paragraph 12)
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its own test), are still of umit vamance, and have still the
same covanances with thewr own tests, though these will
become larger correlations when the tests are restan-
dardized ;

(2) The specifics of the directly selected tests have
become oblique common factors, corrclated with everything
except the other specifics ,

(3) The matrx of the indircetly selected tests 1s still of
the same rank (here rank 1) ;

(4) The vanances of the factors g, s;, and s, have been
reduced to 47, 70, and 48.

An cxperimenter begmning with this sample, and
knowing nothing about the factors mn the wider population,
would have no means of hnowing these relative vanances,
and would no doubt standardize all his tests  He certanly
would not think of usmng factors with other than unit
variance. And cven if he were by a miracle to ariive at
an analysis corresponding to the last table, with three
oblique gencral factors, he would reject 1t (a) because of
the negative correlations of some of the factors, and
(b) because he can reach an analysis with only two common
factors, and those orthogonal. It 1s therefore practically
certain that he will not reach the population factors, at
least as far as the directly selected tests are concerned.
His data and hus analysis will be as overleaf. The variances
are all made uiuty and the covariances converted mnto
correlations. The analysis mnto factors 1s a new one, not
derived irom the last table.

4. Appearance of ¢ new factor—The most noticeable
change m this sample analysis, as compared with the
population analysis on page 296, 1s the appearance of a
new * factor ” h linking the directly sclected tests, a factor
which 1s clcarly duc cntirely to that selection. What
degree of reality ought to be attributed to 1t ? Does it
differ from the other factors really, or have they also been
produced by selection, even m the population, which 1s
only m 1ts turn a sample chosen by natural selection from
past generations ?

Otherwise the analysis 1s still mnto one common factor
and specifics. The loadings of the common factor are
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Analysis in the Sample
1 2 38 4 5 6 g h 8 8 8 s 8 &

1-00 -88| -46 38 ‘30 24 82 45 -85 . .
‘881-00| 48 85 28 22 77 45 46 . . .

S

8|46 48100 26 21 16 356 83

4|3 85, 26100 17 13 446 . 89 . f
5(-80 28;-21 17100 11 37 . 98 .
6| 24 22| 16 13 11100 29 . . . 6
&) 82 71| 56 -46 37 29100 . . . .
h| 45 45| . . 100

NETE . 100 .

8 . 46' . 1-00

% .| 88 . . 100 . .
sl . | 89 . 100 .

85 | 93 ' 100 ,
% | 06 . 1-00

less than they were 1n the population, and this, as our table
of variances and covariances shows, 1s due to a real
dimmution m the variance of the common factor. The
new common factor g’ 1s a component of the old one.

The loadings of s, and s, have also sunk, becausc they
have been 1n part turned mto a new common factor. The
loadings of the other specifics have misen. But this is
entirely because the variance of the tests has sunk due to
the shrimkage m g, and 15 not due to any new specifics
bemng added.

All these considerations make it very doubtful indeed
whether any factors, and any loadings of factors, have
absolute meaning. They appear to be entirely dependent
upon the population 1n which they are measured, and for
their defimtion there would be required not only a given
set of tests and a given techmcal procedure 1n analysis, but
also a given population of persons.

Professor Thurstone, however, 1n his new book Multiple
Factor Analysis (1947) gives what he mildly calls “ a less
pessimistic interpretation than Godfrey Thomsen’s of the
factonal results of selection.”

5. Identity of sumple siructure faclors after univariate
selection.—In that book, Thurstone discusses in Chapter
XIX the effects of selection, and shows by examples that
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if a battery of tests yields simple structure with oblique
factors (including, of course, the orthogonal case), then
after univariate selection the same factors (though at new
angles with one another) are ident:fied by the new structure,
which 1s still simple.

If, for example, the battery which gives the correlations
on our page 152, and yields Figure 26 on page 158, has the
standard deviation of Test 2 reduced to one-half, then by
the methods described on our pages 296-8 we can calculate
that the matnx of correlations and communalities becomes :

1 2 8 4 5 6

|

! -589 295 — -044 — -140 866 000
i ‘205 802 049 159 188 <000
I

!

— 044 ‘049 555 115 804 506
— 140 <159 115 871 — -087 <000
366 183 804 — -087 489 822
‘000 ‘000 506 <000 822 4908

The rank of this matnx 1s still 3 as it was before selection,
and three centroid factors are found to have loadings—

I 11 I

409 647 ‘058
879 244 — -815
569 — 444 184
‘160 — 271 — -522
-585 174 257
506 — 850 -887

S G O WD

When these are “ extended ” in the manner of our page 157
and a diagram hke Figure 26 made, we obtamn Figure 82.
It is still a triangle, and although its measurements are
different, the same tests are found defining each side as
before. The corners of the triangle may, with Professor
Thurstone, reasonably be claimed to represent the same
factors as before selection, although their correlations have
changed.

The plane of Figure 82 1s not the same as the plane of
Figure 26, being at right angles to a different first centroid.
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When adjustment 1s made for this, as Professor Thurstone
has presumably done in lhis chapter (though, I protest,
without sufficient explanation), then the directly selected

6

T

Tle

Figure 32

test pomnt has not moved, while the other pomts have
moved radially away from or towards it.

If the above matrix of centroid loadings 15 postmulti-
plied by the rotating matrix obtammed from the diagram,
vz —

721 443 -641 |

—~ 499 — 201 744
480 — 874 — -190

we obtain the new simple structure on the reference vectors,

A B c
1| 782
2 . 394 484
3 ' 562 180 .
&, 472 .
5 459 455

6 702 . .
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If this 15 compared with the table on page 154 it will be
seen that the zeros are in the same places, although the
non-zero entries have altered (except in Test 6, which was
uncorrelated with the directly selected Test 2, and therefore
is unaffected 1n composttion).

If the correlations between the factors are ealculated by
the method of pages 181-2, factor A 1s found to be still
uncorrelated with B and C, but these last two have a
correlation coefficient of - 8 that 15, they are no longer
orthogonal but at an obtuse angle of about 1073°.

6. Multivariate selection and simple structure.— But
though Thurstone must, I think, be granted his claim that
univariate selection will not destroy the 1dentity of his
obhique simple structure factors, but only change ther
mtercorrelations, the situation would seem to be very
different with multwarwate selcetion.

Multivanate selection 15 not the same thing as repeated
univariate selection. The latter will not change the rank
of the correlation matrix with suitable communalities, nor
will 1t change the position ot zero loadings i simple strue-
ture. Repeated univanate selection will, 1t 15 true, cause
all the correlations to alter, but only indirectly and m such
a way as to preserve rank, simple structure, and factor
identity.

But 1n multivariate selection it 15 envisaged that the
correlation betwcen two variables may itsell be directly
selected, and eaused to have a value other than that which
would naturally follow from the reduction of standard
deviation m two selected variables. Selection for correla-
tion 1s just as easily imagined as 1s selection for scatter.
Indeed, n natural scleetion 1t 1s possibly even commoner.

Once we selcet for the correlations. however, as well as
for scatter, new “ factors ” emerge, old ones change, In
this chapter we have supposed a small part R, of the whole
correlation matrix to be changed to V,,, and found that
one new factor 1s created (page 300) or, indeed, two new
obligue factors (page 298). We mught have supposed B, to
be a larger portion of R: and there 15 nothing to prevent
us supposmg selection to go on for the whole of R, and
wnting down a brand-new table of coefficients whose
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* factors ”* would be quute different from those of the orig-
nal table. In our example of page 152, for instance,
where the three oblique * factors ” comeided in direction
with the communal parts of Tests 1, 4, and 6, there is
nothing to prevent us from writing down, as having
been produced by selection, a new set of correlation coeffici-
ents whose analysis would identify the “ factors ”” with the
communal parts of Tests 2, 8, and 5. In fact, all we would
have to do would be to renumber the rows and columns on
page 152. Such fundamental changes could be produced
by selection : and perhaps they have been, for natural
selection has had plenty of time at 1ts disposal.

Professor Thurstone (his page 458, footnote, in Multiple
Factor Analysis) classes the new factors produced by
selection as ‘‘ mcidental factors (which) can be classed
with the residual factors, which reflect the conditions of
particular experiments.” But we can hardly dismmss
them thus easily if, as 15 concewvable, they have become
the mam or perhaps the only factors remaming, the others
having disappeared !

It may be admitted at once, however, that the actual
amount of selection from psychological experiment to
psychological experiment 15 not likely to make such
alarming changes m factors. For the use to which factors
are hkely to be put in our age, m our century or more, they
are like to be independent enough of such selection as can
go on m that time, and 1n that sense Professor Thurstone
1s Justified 1n his thesis. Nor am I one to deny “ reahty ”
to any quality merely because it has been produced by
selection, and may not abide for all time,
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CHAPTER XX
THE SAMPLING THEORY

1 Two views A hieraichwcal example as explained by one
general factor —The advance of the science of factoral
analysis of the mimnd to its present position has not taken
place without controversy, and 1t 1s thc purpose of the pre-
sent chapter to give a preliminary description of some
objections which have been frequently rawsed by the
present wniter (Thomson, 1916, 19194, 19855, etc.) which
he stall holds to.

The contrast between the factorial pomt of view and
Thomson’s sampling theory can be best seen by cousider-
ing the explanation of the same set of correlation cocfficients
by both views. To sumplify the argument we shall take
mn the first place a sct of correlation coefficients whose
tetrads are exactly zero, which can therefore be completely
‘ explained * by a general factor g and speeiies, as m this
table

' 1 2 3 &

l -
1 7406 646 527
2 ! 7406 577 471
3 | 646 577 408
4 527 471 408

We can more exactly follow the argument if we employ
the vulgar fractions of which these are the dceimal
equivalents, namely the following, each divided by 6

1 2 3 4
Y
8 | 415 V12 48
s ' 410 V8 V6

In this form the tetrad-differences are all obviously zero
by inspection. These correlations can therefore be ex-
307
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plained by one general factor, as 1n Figure 88, which gives
them exactly.

We have here a general factor of variance 80 which 1s
the sole cause of the correlations, and specific factors of

(s6) A (45)

Figure 35

variances 6, 15, 30, and 60 The variances of the four
“ tests ”’ arc 36, 45, 60, and 90 The * enmmunalities ”
and “ specificities ** are

Test L 2 3 4 Totals
i a0 30 30 30 420
munality | =. — - | — =92333
Communality | 2 3 60 % ' 180
6 15 80 60 800
wicrt . = = — = = 1667
Speetficity , 86 45 60 20 180

Totals 1 1 1 1 %
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These communalities ean be calculated from the corre-
lation coefficients, for 1t will be remembered (Chapter I,
Section 4) that when tetrad-differences are exactly zero,
each correlation coefficient can be expressed as the
product of two correlation coefficients with g (two
‘* saturations ”’). Thus—

Ty = TMTW
T13 = Ty T,
Tza == 1‘201‘3’

Therefore—
s _ () (7s) _
N (Y =Ty
the square of the saturation of Test 1 with g. And when
there 1s only one common factor, the squarc of its satura-
tion 1s the communahty.

The quantity ryr,,/7s3, therefore, means, on this theory
of one common factor, the communahty, or square of the
saturation with g, of the first test. Its value m our
example 1s 80/36, or five-sixths.

2. The alternative explanation The sampling theory.
—The alternative theory to explam the zero tetrad-
differences 1s that each test calls upon a sample of the bonds
which the mind can forim, and that some of these bonds are
common to two tests and eause their correlation. In the
present instance we have arranged this artificial example
so that the tests can be looked upon as samples of a very
simple mind, which can form in all 108 bonds (or some
multiple of 108).*¥ The first test uses five-sixths of these
(or 90), the second test four-sixths (or 72), the third three-
sixths (54), and the fourth two-siaths (or 36) These
fractions are the same m value as the communalitics of
the former theory Iach of them may be called the
“ richness ” of the test Thus Test 1 1s most rich, and
draws upon five-sixths of the whole mind. The fractions
oTa/Tp, Which m the former theory were * communah-
ties,” are in the sampling theory “ coeflicients of rich-

* There 1s nothing mysterious about the number 108 It 1s
chosen merely because 1t lkeads to no fractions in the dmagram,
Any large number would do.
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ness.”” They formerly indicated the fraction of each test’s
vanance supphed by g; they indicate here the fraction
which each test forms of the whole * mind * (but see later,
concerning ““ sub-pools ).

Now, if our {four tests usc respectively 90, 72, 54, and 86
of the available bonds of the mind, as indicated i Figure
84, then thcre may be almost any kind of overlap between
two of the tests. Any of the cells of the diagram may have
contents, instead of all being empty except for g and the
specifics. If we know nothing more about the tests except
the fractions we have called their * richnesses,” we cannot
tell with certainty what the contents of each cell will be ;
but we can calculate what the most probable contents will
be. If the first test uses five-sixths and the second test
four-sixths of the mind’s bonds, 1t 15 most probable that

there will be a number of bonds common to both tests
=4

4
equal to g X g or 20/86ths of the total number. That 1s,

the four cells marked a, b, ¢, d 1n the diagram, the cclls
common to Tests 1 and 2, will most likely contain—

20
36 x 108 = 60 bonds
between them By an extension of the same principle we
can find the most probable number in each cell Thus c,
the number of bonds used 1n all four of the tests, 1s most
probably—
5 4 8 2
SX X1 x> %108 =
656%6 58" 8 = 10 bonds
In this way we reach the most probable pattern of
overlap of the four tests shown m Figure 35. And ths
diagram gives exactly the same correlations as did Figure 38,
Let us try, for example, the value of 75 1n each diagram.

In Figure 83 we had—

80 Viz |
= - = e == o HT7
BT /a5 x60) T 6
In Figure 85 the same correlation 15—
2041044+ 2 12
_20+104+4+2 V12 .

T Jm2x54) T 6
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This form of overlap, therefore, will give zero tetrad-
differences, just as the theory of one general factor did.
More exactly, this sampling theory gives zero tetrad-
differences as the most probable (though not the certain)
connexion to be found betwcen correlation cocfficients
{Thomson, 1919a) if the samphing of causes 1s random.

If we let py, s, ps, aDd p, represent fractions which the
four tests form of the whole pool of N bonds of the mmnd,
then the number common to the first two tests will most
probably be p,p,N, and the correlation between the tests

PN
? = = ! p
2 V(N p,N) VPP

We therefore have, in any tetrad, quantities ke the
following -
3 4

i
i
1 i vVrps Ve
2 | Vips VPP

and the tetrad-difference 1s, most probably (Thomson,
1927a, 258)—
VPiPsPePs — VPPPPs =0

This may be expressed by saymg that the laws of proba-
bility alone will cause a tendency to zero tetrad-differences
among correlation coefficients. In another form this
statement can be worded thus : The laws of probability or
chance cause any matrix of correlation coefficients to tend
to have rank 1, or at least to tend to have a low rank (where
by rank we mean the maximum order among those non-
vanishing mimors which avoid the prineipal diagonal
elements).

It 1s, 1n the opuuon of the present wrniter, this fact—a
result of the laws of chance and not of any psychological
laws—which has made conceivable the analysis of mental
abihties into a few common factors (if not mto one only,
as Spearman hoped) and specifics. Because of the laws
of chance the mind works as if 1t were composed of these
hypothetical factors g, v, n, etc., and a number of specific
factors. The causes may be  anaichic,” meaning that
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they are numerous and unconnected, yet the result is
* monarchie,” or at least “ ohgarchic,” 1n the sense that
it may be so described-—proveided always that large specific
Jactors are allowed.

8. Specific factors marimized.—The specific factors play,
m the usual methods of factorization, an important réle,
and our present example can be used to illustrate the fact,
which 15 not usually reahzed, that all these methods
maxvmize the specifics (Thomson, 1988¢) by therr insistence
on minimizing the number of common factors. In Figure
88, of the whole variance of 4, the specific factors contnbute
1-667, or 41-7 per cent In Figure 85, they contmbute
only—

10 4 2 1 250

% -+ 72 -+ 7 + 36 — 1,080 2815, or 5 8 per cent.

Apart from certain trivial exceptions which do not occur
mn practice, 1t 1 generally true that mmmzng the number
of common factors maximizes the variance of the specifies.
Innumerable other cquivalent analyses of the sbove cor-
relations can be made, but they all give a vanance to
the specifics which 1s less than 1-667. Here, for example,
m Figure 36 (page 808), 1s an analys1s which has no general
factor but six other common factors, and which gives a
total specific variance of—

830
~ 1,080

Now, specific factors are undoubtedly a difficulty in any
analysis, and to have the specific factors made as large and
mmportant as possible 1s a heavy price to pay for having as
few common factors as possible.

That specific factors are a difficulty seems to be recog-
mzed by Thurstone. * The specific variance of a test,” he
writes ( Vectors, 68), *‘ should be regarded as a challenge,”
and he looks forward to sphtting a specific factor up mmto
group factors by brgading the test m question with new
companion tests in a new battery. It seems clear that
the dissolution of specifics into common factors 15 unlikely
to happen if each analysis 1s conducted on the prineiple of

15 6 3
% + 73 -+ 53 + 0 = +8056, or 7-6 per cent.
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making the specific variances as large as possible. We
must, however, leave this point here, to return to it later.

4. Sub-pools of the mind —A difficulty which will occur
to the reader m connexion with the sampling theory 1s that,
when the correlation between two tests is large, it seems to
mply that each needs nearly the whole mind to perform
it (Spearman, 1928, 257). In our example the correlation
between Tests 1 and 2 was 746, a correlation not infre-
quently reached between actual tests. It is, for mstance,
almost exactly the correlation reported by Alexander
between the Stanford-Bmet test and the Otis Self-
administering test (Alexander, 1985, Table XVI). Does
this, then, mean that each of these tests rcequires the
activity of about four-sixths or five-sixths of all the
“bonds ” of the bramn ? Not neccssarily, even on the
sampling theory. These two tests are not so very unhke
one another, and may fairly be described as sampling the
same region of the mmd rather than the whole mind, so
that they may well include a rather large proportion of the
bonds found in that region. They may be drawn, that is,
from a sub-pool of the mind’s bonds rather than from the
whole pool (Thomson, 1935, 91; Bartlett, 1987q, 102),
Nor need the phrasc “region of the mind ” necessarily
mean a topographical region, a part of the mind in the
same sense as Yorkshire 1s part of England. It may mean
somethmg, by analogy, more like the lowlands of England,
all the land easily accessible to everybody, lying below,
say, the 800-foot contour ine. What the * bonds ™ of the
mind are, we do not know. But they are fairly certanly
associated with the neurones or nerve cclls of our brams,
of which there are probably round about ten thousand
mlhon in each normal bram  Thinkmg 15 accompamed
by the excitation of these neurones in patterns. The
simplest patterns arc instinctive, more complex ones
acquired. Intelligence 15 possibly associated with the
number and complexity of the patterns which the bramn
can (or could) make. A “region of the mmd” in the
above paragraph may be the domamn of patterns below a
certain complexity, as the lowlands of England are below
a certain contour line. Intelligence tests do not eall upon
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brain patterns of a high degree of complexity, for these
are always associated with acquired material and with the
educational environment, and mtelligence tests wish to
avold testing acquirement. It 1s not difficult to 1magine
that the items of the Stanford-Binet test call into some
sort of activity nearly all the neurones of the brain, though
they need not thereby be calling upon all the patterns
which those neurones can form. When a teacher 1s
demonstrating to an advanced class that *“a quadratic
form of rank 2 1s identically equal to the product of
two linear forms,” he 1s using patterns of a complexity far
greater than any used 1 answering the Binel-Simon 1tems.
But the neurones which form these patterns may not be
more numerous. Those complieated patterns, however,
are forbidden to the intelligence tester, for a very intelligent
man may not have the ghost of an 1dca what a * quadratic
form ” 1s. Within the hmits of the comparatively simple
patterns of the bramn which they evoke, it <eems very
possible that the two tests m question call upon a large
proportion of these, and have a large number m common.

As has been idicated, the author s of opmion that
the way m which they magmfy speafic factors 15 the
weak side of the theomes of a few common factors. That
does not mean, however, that a description of a matrix of
corrclations in terms of these theories 1 mexact. Men
undoubtedly do perform mental tasks as of they were domng
so by means of a comparatively small number of group
factors of wide extent, and an enormous number of specifie
factors of very narrow range but of great importance cach
within its range  Whether a description of their powers m
terms of the few common factors only 1s a good description
depends in large measurc on what purpose we want the
description to subserve. The practical purpose 1s usually
to give vocational or educational advice to thc man or to
his employers or teachers, and factors, though they cannot
mprove and mdeed may blur the accuracy of vocational
estimates, may, however, facihtate them where otherwise
they would have been impossible, as money facilitates
trade where barter 1s impossible.

As a theoretical account of cach man’s mind, however,



THE SAMPLING THEORY 815

the theomes which use the smallest number of common
factors seem to have drawbacks. They can give an exact
reproduction of the correlation coefficients. But, because
of their large specific factors, they do not enable us to give
an exact reproduction of each man’s scores in the original
tests, so that much mformation is bemg lost by ther
use.

It will be seen from considerations such as these that
alternative analyses of a matrix of correlations, even
although they mby each reproduce the correlation coeffi-
cients exactly, may not be equally acceptable on other
grounds The samphng theory, and the single general
factor theory, can both deseribe exactiv a hicrarchieal set
of correlation coefficients, and they both give an explana-
tion of why approxmmately hierarchical sets are found in
practice. In a mathematical sense, they are alternatives
But we cannot keep both as realities, though we may
employ either mathematically.

5. The wnequality of men.—Protessor Specarman opposed
the sampling theory chiefly on the ground that i1t would
make all correlations equal (and zero), and involve the
further consequence that all men are equal in thewr average
attammments (Abilitees, 96), if the number of elementary
bonds 1s large, as the samphng theory iequires. Both
these objections, however, arise from a misunderstanding
of the sampling thecory, in which a sample means “ some
but not all ” of the clementary bonds (Thomson, 1985,
72, 76). As has been explamed, tests can differ, on this
theory, in their richness or complexity, and less rich tests
will tend to have low, more complex tests will tend to have
high correlations, at any rate if the *“ bonds  tend to be
all-or-none 1 therr nature, as the action of ncurones 1s
known to be. And as for the asscrtion that the theory
makes all men equal, there 15 no basis whatever for the
suggestion that it assumes every man to have an equal
chance of possessing every element or bond. On the con-
trary, the sampling thcory would consider men also to be
samples, each man possessing some, but not all, both of the
mhenited and the acquired necural bonds which are the
physical side of thought. ILike the tests, some men are
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rich, others poor, in these bonds. Some are richly endowed
by heredity, some by opportunity and education; some
by both, some by neither. The i1dea that men are samples
of all that mught be, and that any task samples the powers
which an individual man possesses, does not for a moment
carry with 1t the consequences asserted of equal correlations
and & humdrum medioerity among human kind.

6. Negative and positive correlations.*—The great major-
ity of correlation coefficients reported m both biometrie
and psychological work are positive. This almost certanly
represents an actual fact, namely that desirable qualities
m mankind tend to be positively correlated ; for though
reported corrclations may be selected by the unconsecious
prejudices of experimenters, who are usually on the look-
out for things which correlate positively, yet as those who
have tried know, 1t 1s really very difficult to discover
negative corrclations between mental tests. Besides, even
m 1magmation we cannot make a race of bemngs with
predommantly negative correlations. A number of hsts
of the same persons in order of merit can be all very hke
one another, can indeed all be adentical, but they cannot
all be the opposite of one another. If Lists ¢ and b are
the inverse of one another, Last ¢, 1f 1t 15 negatively
correlated with a, will be positively correlated with b.
Among a number n of varates, 1t 1s logically possible to
have a square table of correlation coefficients each equal
to unmity ; that 15, an average corrclation of umty. But
the farthest the average correlation can be pushed in the
negative direction 1s — 1/(n — 1) That 1, 1f n 15 large,
the average correlation can range from -+ 1 to only very
hittle below zero. Even Mother Nature, then, by natural
selection or by any other means, could not endow man
with abilities which showed both many and large negative
correlations. If they were many, they would have to be
very small ; if they werc large, they would have to be
very few

Natural selection has probably tended, on the whole, to

* This section refers to correlations between tests The greater
frequency of negative correlations hetween persons has already been
discussed 1n Chapter XVI, Section 8.
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favour positive correlations within the species.* In the case
of some physical organs it 1s obvious that a high positive
correlation is essential to survival value—for example,
between right and left leg, or between legs and arms. In
these cases of actual paired organs, however, 1t 1s doubtless
more than a mere figure of speech to speak of a common
factor as the cause. Between organs not simply related
to one another, as say eyes and nose, natural selection,
if it tended towards negative correlation, would probably
split the genus ot species into two, one relymg mainly on
eyesight, the other mamnly on smell. Within the one
species, since 1t is mathematically easier to make positive
than negative correlations, 1t seems likely that the former
would largely predommate To say that this was due to
a general factor would be to hypostalize a very complex
and abstract cause To use a general factor i giving a
description of thesc vanates 1s legitimate ecnough, but 1s,
of course, nothing morc than another way of saying that
the correlations are mainly positive—if, as is the case, most

* An important kind of natural selection 1s the sclection of one sex
by the other in mating Dr Bronson Price (1936) has ponted out
that positive cross-correlation in parents will produce positive correla-
tion 1n the offspring Price further shows that this positive cross-
correlation in the parents will result if the mating 15 lughly homo-
gamous for total or average goodncess 1n the traits, a conclusion which,
1t may be remarked here, can be easily seen by using the pooling
square described i our Chapter XIV Price concludes. * The
mntercorrelations which g has been presumed to illuinine are seen
primarily as consequences of the social and therefore marital
mmportance which has attached to the abilities concerned ** Price
m his argument makes use of formule from Sewall Wright (1921).
M. 8. Bartlett, in a note on Price’s paper (Bartlett, 1937b), develops
his argument more generally, also using Wright's formulee, and says :
“ Price contrasts the idea of elumentary genetsc components with
factor theores It should, however, be pomted out that a
statistical interpretation of such current theories can be and has been
advocated Thomson has, for cxample, shown . . .”, and here
follows a brief outhine of the sampling theory “ On the basis of
Thomson’s theory,” Bartlett adds, *“ I have pomnted out (Bartlett,
1987a) that general and specific abilittes may naturally be defined
in terms of these components, and that while some statistical
interpretation of these major factors seems almost inevitable, this
may not in itself render their conception invahd or useless.”
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people mean by a general factor one which helps in every
case, not an interference factor which somefimes helps and
sometimes hinders.

7. Low reduced rank.—It 1s, however, on the tendency
to a low reduced rank in matrices of mental correlations
that the theory of factors 1s mamnly bwit. It has very
much mmpressed people to find that mental corrclations
can be so closcly mmtated by a fairly small number of
common factors Ignoring the host of large specific factors
to which this view commits them, they have concluded
that the agreement was so remarkable that there must be
something in 1it. There is ; but 1t 18 almost the opposite of
what they think Instead of showing that the nund has
a definite structure, bemng composed of a few factors which
work through mnumerable spceific machines, the low rank
shows that the mind has hardly any structure. If the
early behef that the reduced rank was n all cases one had
been confirmed, that would indeed have shown that the
mind had no structurc at all but was completely undiffer-
entiated. It 1s the departwes from rank 1 which indicate
structure, and 1t 15 u significant fact that a gencral tendency
1s noticeable 1 experimental reports to the effeet that
batteries do not permut of bemng explamed by as small a
number of factors in adults as i cluldren, probably because
i adults education and voecation have imposed a structure
on the mind which 1s absent 1» the young

By saymng that the mund has httle structure, nothing
derogatory 15 meant The mind of man, and his bram, too,
are marvcllous and wonderful ~ All that 1s meant by the
absence of structure 15 the absence of any fixed or strong
linkages among the elements (if the word may for a moment
be used without impheations) of the mind, so that any
sample whatever of those elements or components can be
assembled 1n the activity called for by a “ test ”

Not that there 15 any necessity to suppose that the mmnd
1s composed of separate and atomic elements. It 1s pos-
sibly a contmuum, 1ts elements 1f any being more hke
the molecules of a dissolved crystalline substance than
like grains of sand. The only reason for using the word
* elements " 1s that 1t is difficult, if not impossible, to speak
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of the different parts of the mind without assuming some
“1tems ” 1 terms of which to think. For concreteness it
1s convenient to identify the elements, on the mental side,
with something of the nature of Thorndike’s “ bonds,”
and on the bodily side with neurone ares ; in the remamder
of this chapter the word “bonds” will be used. But
therec is no necessity beyond that of convemence and
vividness m this. The *“bonds” spoken of may be
identified by different readers with different entities  All
a “ bond ” means;, 1s some very stmple aspect of the causal
background. Some of them may be inherited, some may
be due to education There 1v no mmpheation that the
combined action of a number of them 15 the mere sum of
their scparate actions There 18 no commitment to
“ mental atomism.”

If, now, we have a causal background comprising mn-
numcrable bonds, and if any measurement we mak. can
be influenced by any sample of that background, one
measurcment by this sample and another by that, all
samples bemng possible: and i we choose & number of
different measurcments and find their mtercorrclations,
the matrix of these mtercorrclations will tend to be
hierarchical, or at least tend to have a low reduced rank.
This has nothing to do with the mund: 1t 15 <imply a
mathematical necessity, whatever the material used to
Hlustrate 1t

8 A mund with only six bonds.—Wc shall illustrate this
fact first by mmagmmg a “mmd ” which ean form only
six ““ bonds,” which mind we submit to {our * tests”
which are of different degrees of richness, the one requiring
the joint action of five bonds, the others of four, three, and
two respectively (Thomson, 1927b). These four tests wall
(when we give them to a number of such minds) yield
correlations with one another. For we shall suppose the
different minds not all to be able to form all six of the
possible bonds, some mdividuals possessing all six, others
possessing smaller numbers.

We have only spcetfied the richness of each test, but
have not said whick bonds form each ability. There may,
therefore, be different degrees of overlap between them,
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though some will be more frequent than others if we form
all the possible scts of four tests which are of richness five,
four, three, and two. If we call the bonds a, b, ¢, d, e,
and f, then one possible pattern of overlap would be the

following :
Test Bonds
1 a b ¢ d e
2 b ¢ d e .
3 . d e f
4 . . c d

If we for further simpheity suppose these bonds to be
equally important, and use the formula—

overlap
Correlation = —- ol
geometrical mean of the two totals

we can calculate the correlations which these four tests
would give, namely .
| 1 2 3 4

1 4 2 2
V20 4/15 /10
9 | 2 22
V20 T 4/12 /8
8 |_2_.. _E.._ ._1_
' V15 4/12 6
s 2 2 1
V10 /8 /6

and we notice that in this particular pattern all three
tetrad-differences are zero. Ilowever, if we picked our
four tests at random (taking care only that they were of
these degrees of richness) we would not always or often get
the above pattern : n pomnt of fact, we would get it only
12 times in 450. Nevertheless, 1t 1s one of the most prob-
able patterns In all, 78 different patterns of the bonds
are possible—always adhermg to our five, four, three, and
two—the probability of each pattern ranging from 12 mn
450 down to 1 m 450.
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1t 15 possible to calculate the tetrad-differences for cach
one of the 78 possible patterns of overlap which can occur.
When we then multiply each pattern by the expected fie-
quency of 1ts occurrence m 450 random choices of the four
tests, we get 450 values for each tetrad-difference, distn-
buted as follows .

Values of - Freq1fe'ncy of

Fx 1200 F, | F, F,
s ' I e
7 . 4| 0
6 8 | 14
5 1 9 2i 6
4 . 21 . 84 | 28
8 ' 6 12! 30
2 75 ' 712 | 48
1 61 | 66 | 72
0 ' 99 ' 54 | 81

—1 | 56 , 78 | 36
—2 61, 42 ! a2
—8 , 16 | 80 t 60
—s | 80 | 86 | 18
-5 1 o0: ol o
—~6 | 4 12 | 18
_ | - -

450 | 450 | 450

Although the distribution of each ¥ about zero 1s shghtly
wrregular, the average value of each F s exactly zero. ¥or

F, the vanance 15—
2 — _2 _’19‘%__ =
= 120 x 450 — %

We see, then, that i this universe of very primitive-
minded men, whose bramns can form only six bonds, four
tests which demanded respectively five, four, threce, and
two bonds would give tetrad-differences whose expected
value would be zero, the values actually found being
grouped around zero with a certain variance. There 15 no
particular mystery about the four * richnesses > five, four,
three, and two, by the way. We mght have taken any

¥a—I11
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‘“ richnesses ” and got a similar result. If there are no
linkages among the bonds, the most probable value of a
tetrad-difference will always be zero; and if all possible
combimations of the bonds are taken, the average of all the
tetrad-differences will be zero. 'With only six bonds in the
“ mind,”” however, the scatter on both sides of zero will be
considerable, as the above value of the standard deviation
of F, shows, viz.—
g = 4/-040 = -20

9. A mand with twelve bonds.—But as thc number of
bonds in the mind increases, the tetrad-differences crowd
closer and closer to zero. Let us, for example, suppose
cxactly the same expermment as above conducted in a
universe of men whose minds could form twelve bonds
(instead of six), the four tests requiring ten, eight, six, and
four of these (instead of five, four, three, and two) (Thom-
son, 1927b). This increase m complexity enormously
mcreases the work of calculating all the possible patterns
of overlap, and the frequency of each. There are now
1,257 different square tables of correlation coefficients and
still more patterns of overlap, some of which, however,
give the same correlations. When each possibility 1s taken
m its proper relative frequency (ranging from once to
11,520 times) there are no fewer than 1,078,110 instances
required to represent the distmbution. They have,
nevertheless, all been calculated, and the distnbution of
F; was as follows :

V1920 |viezo| .. | viezo V1920
F, Freq R Freq |= F, Freq F, Freg
—_ | - - —_—
20 225 7 17,760 | — 38 /81,432 | — 138 624
18 | 1,800 6 74,8392 —4 (72,616 — 14 | 8,792
16 1,755 5 15,744 —5 (53808 | —15 | 4,144
15 4,600 4 f 52,085 -8 ,49,328 — 16 | 8,970
14 8,840 8 (121,608 | —7 21,240 | — 18 112
12 119,610 2 42,384 — 8 141,951 — 19 456
11 10,632 1 28096, —9! 5806 | —20 584
10 8,360 0 122,690 | — 10 |20,184 | — 24 28
9 (26,696 | —1 63,024 | — 11 | 8,960
8 |87,735 /) —2 J 81,208 | — 12 (15,672

Total 1,078,110
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This table again gives an average value of F; exactly
equal to zero. But the separate values of the tetrad-
difference are grouped more closely round zero than
before, with a variance now given by—

o8 — 1,166,400

1,920 X 1,078,110

This is rather less than half the previous variance.
Doublhing the number of bonds 1n the imagined mind has
halved the vananee of the tetrad-differences. If we were
to increase the number of potential bonds supposed to
exist m the mind to anything hke what must be 1its true
figure, we would clearly reach a pomnt where the tetrad-
differences would be grouped round zero very closely
indeed.

The principle illustrated by the above concrete example
can be examined by general algebraic means, and the above
suggested conclusion fully confirmed (Mackie, 1928a,
1929). It 1s found that the vamance of the tetrad-differ-
ences sinks i proportion to 1/(N — 1), where N is the
number of bonds, when N becomes large, and the above
example agrees with this even for such small N’s as 6 and
12: for—

= 0-018

6 —1

12 —1

In this mathematical treatment, bonds have been spoken
of as though they were separate atoms of the mind, and,
moreover, were all equally important. It 15 probably
quite unnecessary to make the former assumption, which
may or may not agree with the actual facts of the mind,
or of the bram. Swutable mathematical treatment eould
probably be devised to examine the case where the causal
background 1s, as 1t were, a continuum, different proportions
of it forming tests of different degrees of richness. And as
for the second assumption, 1t is in all hkehhood merely
formal. Let the continuum be divided into parts of equal
importance, and then the number of these increased and
their extent reduced, keeping their importance equal.
What is necessary, to give the result that zero tetrads are
so highly probable, is that it be possible to take our tests

X 040 = 018 as found.
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with equal ease from any part of the causal background ; that
there be mo linkages among the bonds which will disturb the
random frequency of the various possible combinations ;
in other words, that there be no * faculties ” in the mind.
And 1t i8 also necessary that all possible tests be taken in
their probable frequency.

In any actual experiment, of course, 1t 1s quite 1mprac-
ticable to take all possible tests, which are indeed infinite
in number. A sample of tests 1s taken. If this sample
1s large and random, then there should, in a mind without
separate * faculties,” without hinkages between 1ts bonds,
be an approach to zero tetrads. The fact that this ten-
dency attracted Professor Spearman’s attention, and was
sufficiently strong to make him at first believe that all
samples of tests showed it, provided care was taken to
avoid tests so alike as to be almost duplicates (which
would be * statistical impossibilitics  in a random sample),
indicates that the mind is indeed very free to use 1ts bonds
m any combination, that they are comparatively unlinked.

The sampling theory assumes that each ability 1s com-
posed of some but not all of the bonds, and that abihities
can differ very markedly in their * richness,’”” some needing
very many “ bonds,” some only few. It further requires
some approach to ‘ all-or-none * reaction in the * bonds » ;
that 1s, it supposes that a bond tends either not to come
into the pattern at all, or to do so with 1its full force. This
does not seem a very unnatural assumption to make. It
would be fulfilled if a * bond ”” had a threshold below which
1t did not act, but above which it did act ; and this property
1s said to characterize neurone arcs and patterns. When
this form of sampling is assumed the rank of the correlation
matrix tends to be reducible to a small number, if all
possible correlations are taken, and finally to be one as the
bonds mcrease without limit.

It 1s important to realize what i1s meant by the rank
tending to rank 1 as more and more of the possible corre-
lations are taken. When the rank 1s 1 the tetrad-
differences are zero. But clearly, the reader may say,
taking more and more samples of the bonds to form more
and more tests will not change in any way the pre-existng
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tetrad-differences, will not make them zero if they are not
zero to start with. That is perfectly true; but that is not
what is meant. As more and more tests are formed by
samples of the bonds, the number of zero and very small
tetrads will increase and swamp the large tetrads. The
sampling theory does not say that all tetrads will be
exactly zero, or the rank exactly 1. It says that the
tetrads will be distributed about zero (not because each
15 taken both plus and minus, but when all are given their
sign by the same rule) with a scatter which can be reduced
without limit, in the sense that with more bonds the pro-
portion of large tetrads becomes smaller and smaller;
always provided all possible samples are taken, i.e. that
the family of correlation coefficients is complete.

With a finite number of tests this, of course, 1s not the
case ; but if the tests are a random sample of all possible
tests, there will again be the approach to zcro tetrads.
The same will be true if the tests are sampling not the whole
mind, but some portion of it, some sub-pool of our mind’s
abiities. If we stray from this pool and fish in other
waters, we shall break the hierarchy ; but if we sampled
the whole pool of a mind, we should again find the tendency
to hierarchical order. If the mind is orgamized mto sub-
pools (such as the verbal sub-pool, say), then we shall be
hable to fish in two or three of them, and get a rank of
2 or 8 in our matrix, i.e. get two or three common factors,
m the language of the other theory.

10. Contrast with physical measurements.—The tendency
for tetrad-differences to be closely grouped around zero
appears to be stronger in mental measurements than else-
where ; stronger, for example, than i physical measure-
ments although 1t 1s found there too.

In physical measurements we do not measure a person’s
body just from anywhere to anywhere. We observe organs
and measure them—leg, cranium, chest girth, etc. The
variates are not a random sample. In other words, the
physical body has an obvious structure which guides our
measurements, and the tendency to a low rank among the
correlation coefficient, although present, 1s less than among
mental measurements. The tendency to zero tetrad-
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differences in the mind is due to the fact that the mind
has, comparatively speaking, no organs. We can, and do,
measure it almost from anywhere to anywhere. No test
measures a leg or an arm of the mind ; every test calls
upon a group of the mind’s bonds which intermingles n
most compheated ways with the groups needed for other
tests, without bemng a set pattern immutably linked into
an organ. Of all the conceivable combinations of the
bonds of the mind we can, without great difficulty, take a
random sample, whereas in physical measurements we take
only the sample forced on us by the organs of the body.
Being free to measure the mind almost from anywhere to
anywhere, we can get a set of measurements which show
“ hierarchical order * without overgreat trouble. We can
do so because the mind 1s so comparatively structureless.
Mental measurements tend to show hierarchical order, and
to be susceptible of mathematical deseription m terms of
one general factor or few, and innumerable specifics, not
because there are specific neural machmes through which
its energy must show 1itself, but just exactly because there
are no fixed neural machmes. The mind 1s capable of
expressing itself mn the most plastic and Protean way,
especially before education, language, the subjects of
the school curnculum, the occupation, and the pohtical
beliefs of adult hife have imposed a habitual structure on
it. It 1s not without significance that the * factor ” most
widely recognized after Spearman’s g 1s the verbal factor v,
the mother-tongue bewng, as 1t were, the physical body of
the mind, its acquired structure.

11. Absoluie variance of different tests —1t will be noted
that on the sampling theory the different tests will natur-
ally have different variances, the ‘ richer ”’ tests having a
wider scatter. This seems only natural. It 1s customary,
at any rate m theoretical discussions, to reduce all scores
m different tests to standard measure, thereby equal-
1zing therr variance. This seems inevitable, for there
1s no means of comparing the scatter of marks n two
different tests. But 1t does not follow that the scatter
would be really the same if some means of comparison
were available When the same test is given to two
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different groups we have no hesitation in aseribing a wider
variance to the one or the other group, and 1t seems con-
ceivable that 8 similar distinction might mentally be made
between the scores made by one group in two different
tests. The writer is completely in accord with M. S. Bart-
lett when he says (Bartlett, 1985, 205) : “ I think many
people would agree . . . that the variation in mathematical
ability displayed even m a selected group such as Cam-
bridge Tripos candidates cannot be altogether put down
to the method of marking adopted by the examiners.”
We may put these mathematics marks into standard
measure, and we may put the marks scored by the same
group 1, say, a form-board test, also into standard measure.
But that does not imply that at bottom the two variances
are equal, 1if only we had some rigorous way of comparing
them. Our common sense tells us plainly that they are
not equal in the absolute sense, though for many purposes
their difference 1s irrelevant. It seems to be no defect,
then, but rather a good quality, of the sampling theory
to involve different absolute vanances.

12. 4 distinction between g and other common factors.—
The writer 1s inclined to make a distinction 1n interpretation
between the Spearman general factor g and the various
other cornmon factors, mostly if not all of less extent than
& which have been suggested. When properly measured
by a wide and varied hicrarchical battery, g appears to him
to be an index of the span of the whole mind, other common
factors to measure only sub-pools, inkages among bonds.
The former measures the whole number of bonds; the
latter indicate the degree of structure among them.

Some of this * structure ” 1s no doubt innate ; but more
of it 1s probably due to environment and education and
life. Its expression i terms of separate uncorrclated
factors suggests what 1s almost certainly not the case, that
the ‘ sub-pools” are separate from one another. The
actual orgamzation 1s likely to be much more compheated
than that, and its categores to be mterlaced and inter-
woven, hke the relationships of men m a commumty,
plumbers and Methodists, blonds, bachelors, smokers,
Conservatives, illiterates, native-born, crmmnals, and
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school-teachers, an organization into classes which cut
across one another right and left.

Further, 1t is improbable that the organization of each
mind is the same. The phrase “ factors of the mind »
suggests too strongly that this 1s so, and that minds duffer
only 1n the amount of each factor they possess. It is more
than likely that different minds perform any task or test by
different means, and indeed that the same mind does so at
different times.

Yet with all the dangers and mmperfections which attend
it, 1t 1s probable that the factor theory will go on, and will
serve to advance the science of psychology. For one thing,
1t 1s far too interesting to cease to have students and
adherents There 1s a strong natural desire in mankind
to imagne or create, and to name, forces and powers
behind the fagade of what 1s observed, nor can any excep-
tion be taken to this if the hypotheses which emerge
explain the phenomena as far as they go, and are a guide
to further mquiry. That the factor thcory has been a
guide and a spur to many investigators cannot be denied,
and 1t 1s probably here that 1t {inds its chief justification.



CHAPTER XXI
SOME FUNDAMENTAL QUESTIONS

It seems advisable to conclude with a brief diseussion of
some of the fundamental theoretical questions needing an
answer. Among ‘these are the followmg, of which (1)
and (8) are rather liable to be forgotten by those actually
engaged 1n making factoral analyses :

(1) What metric or system of umts 1s to be used in
factorial analysis ?

(2) On what principle are we to decide where to stop the
rotation of our factor-axes or how to choose them so that
rotafion 1s unnecessary 7

(8) Is the principle of mmmizing the number of
common factors, 1.e. of analysing only the communal
variance, to be retamed ?

(4) Are obhque, i.e. correlated factors to be permitted ?

1. Metric.—Most of the work done 1 factoral analysis
has assumed the scores of the tests to be standardized ;
that 1s to say, i each test the unit of measure has been
the actual standard deviation found m the distribution.
This 1s in a sense a confesston of ignorance. The accidental
standard deviation which happens to result from the par-
ticular form of scoring used mn a test means, of course,
nothing more. Yet there 1s undoubtedly something to be
said for the probability of real differences of standard
deviation existing between tests (sce Chapter XX,
Section 11). In that case, if we knew these real standard
deviations, we would use variances and covariances and
analyse them, not correlations (compare Hotelling, 1933,
421-2 and 509-10).

Burt has urged the use of variances and covariances,
which are indeed necessary to him to enable his relation
between trait factors and person factors to hold (see Chap-
ter XVII, page 264). But the vamances and covarances
he actually uses are simply the arbitrary ones which anse
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from the raw scores, and depend entirely upon the scoring
system used in each test. It would seem necessary to
have some system of rational, not arbitrary, units.

Hotellng has already suggested one such, based upon
the 1dea of the principal components of all possible tests,
but 1t would scem to be unattamnable mn practice (Hotel-
Iing, 1933, 510). Another can be based on the ideas of the
sampling theory and has already been foreshadowed in
the previous chapter. Tests quite naturally have different
variances on that theory, since they comprise larger or
smaller samples of the “ bonds ” of the mind (see Thomson,
1985b, 87). In a herarchical battery these natural
variances are measured by the * coefficient of richness.”
The “ richness ” of Test k 1s given by

Tcl'r_;t

Ty
the same quantity as the square of Spearman’s “ satura-
tion with g.”” It 15, on the samphing theory, the fraction
which the test forms of the pool of bonds which 1s being
sampled, and 15 the natural vanance of the test 1n compan-
son with other tests from that pool The * saturation
with g of Spearman’s theory 15 the ** natural standard
deviation ” of the sampling theory. Even m a battery
which 15 not hieraichical, the formula (Chapter III,
Section 5, page 48)—

JA* — A’
T — 24
will give & rough estimate of the natural standard deviation
of each test. The general principle 1s that tests which
show the most total correlation have the largest natural
variance.

2. Rotation.—Our views on the rotation of factors will
depend on what we want them to do. Burt looks upon
them as merely a convenient form of classification and is
content to take the principal axes of the elhpsoids of density,
or that approximation to them given by a good centroid
analysis, as they stand, without any rotation. He * takes
out ”’ the first centroid factor, either by calculation or
by selecting a very special group of persons each of whom
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has mm a battery of tests an average score equal to _the
population average, each of the tests also having the same
average as every other test in the battery over this sub-
group of persons (Burt, 1988z). He concentrates attention
on the remaining factors, which are ‘ bipolar,” having
both positive and negative weights in the tests. When,
as 1 the article referred to, he 1s analysing temperaments,
this fits n well with common names for emotional charac-
teristies, for those names too are usually bipolar, as
brave-cowardly, extravagant-stingy, extravert-mtrovert,
and so on.

Thurstone, on the other hand, emphatically insists on
the need for rotation if the factors are to have psycho-
logical meanmng (Thurstone, 1988z, 90). The centroid
factors are mere avcrages of the tests which happen to
form the battery, and change as tests are added or taken
away, whereas he wants factors which are mvariant from
battery to battery. I thmk he would put nvarance
before psychological meaning, and say that if a certamn
factor keeps turming up m battery after battery we must
ask ourselves what 1ts psychological meaning 1s. His
own opmion, backed up by a great deal of experimental
work of a pioncering and cxploratory nature, 1s that his
principle of rotating to * simple structure ” gives us also
psychologically meaningful and mmvanant factors.

The problems of rotation and metric are not unconnected,
and one piece of evidence m favour of rotating to sumple
structure 1s that the latter 15 mdependent of the umits
used in the tests. If mstead of analysing correlations we
analyse covariances, with whatever standard dewiations
we care to assign to the tests, we get a centrod analysis
quite different from the centroid analysis of correlations.
But if we rotate each to simple structure the tables are
identical, except, of course, that m the covariance structure
each row is multiplied by the standard deviation of the
test.

For example, if we take the six tests of Chapter XI
Section 2 (page 152) and aseribe arbitrary standard
dewiations of 1, 2, 8, 4, 5, and 6 to them, we can replace the
correlations and communalities by covariances and vari-
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ance-communahties, and perform a centroid analysis.
Since we know the proper communalities* it comes out
exactly in three factors with no residues, and gives the
centroid structure :

T bid I
|

} 372 -567 -462

1

2 ! 948 1278 — -060
3 | 1969 —1016 — -887
4 ' 1-002 1-072 —2-118
5 ,' 2-992 598 1716
6 |, 8879 —2493 -887

When this 1s rotated to simple structure, by post-
multiphcation by the matrix

802 ‘889 458 |
—592  -416 691 ‘
' 080 —-822  -564 |
- |
the resulting table 1s :
4 B c
1 ) 820
2 1 . 950  1-278
3 | 2154 619 .
4 ! 2-577 X
5 | 2187 . 2.782
6 | 4218 . .

This 1s identical with the simple structure found from
the correlations, 1f the rows here are divided by 1, 2, 8, 4,
5, and 6, the standard deviations. It 1s defimitely a pont
m favour of simple structure that 1t 1s thus independent
of the system of units employed. Spearman’s analysis of
a hierarchical matrix into one g and specifics also has this

* If we have to guess communalities, our two simple structures
will daffer shightly because the highest covariance n a column may
not correspond to the highest correlation But with a battery of
many tests this difference will be ummportant, and could be
annulled by iteration
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property of independence of the metric. If the tetrad-
differences of a matrix of correlations are zero, and we
analyse into one general factor and specifics, it is immaterial
whether we analyse correlations or covariances. The
loadings obtained in the latter case are exactly the same
except, of course, that each is multiplied by the appropriate
standard deviation.

At this point one is reminded of Lawley’s loadings*
found by the method of maximum likelihood, for these
possess the propefty that the unrotated loadings obtained
from correlations are already the same as the wunrotated
loadings obtained from covariances, 1f the latter are
divided by the standard deviations. Centroid analyses,
or principal component analyses, do not possess this
property. The loadings obtamned by these means from
covariances cannot be sumply divided by the standard
deviations to give the loadings derived from correlations,
though the one can be rotated mto the other. Lawley’s
loadings need no such rotation. They are, as 1t were, at
once of the same shape whether from covanances or from
correlations and only need an adjustment of units, such as
one makes mn changing, say, from yards to feet. A field
which 15 50 yards broad and 20 poles long has the same
shape as one which 1s 150 feet broad and 830 feet long.

Now, as we have seen, this property of equivalence of
covariance and correlation loadings is also possessed by
simple structure. It would thus not be unnatural to hope
that Lawley’s mcthod might lead straight to simple
structure, without any rotation. But this 1s not the case.
Clearly, then, simple structure 1s not the only position of
the axes where the loadings are independent of the units of
measurement employed. Indeed, any subsequent post-

* In accordance with our definition on page 170, the term “ load-
g ” means a coefficient 1n a specification equation, an entry in a
“ pattern” In the present chapter it 15 used throughout and 1s
strictly correct when the axes referred to are orthogonal. If the
axes are oblique, then much of what is said really refers to the items
1n a structure, not in a pattern : but the word * loading * is still used
to avoid circumlocutions, and because the structure of the reference
vectors 1s, except for a diagonal matrix multipher, identical with the
pattern of the factors.



884 THE FACTORIAL ANALYSIS OF HUMAN ABILITY

multiplication of both the simple structure tables—both
that from correlations and that from covariances—by the
same orthogonal rotating matrix will leave their equivalence
with regard to umts unharmed. Simple structure 1s only
one of an imfinite number of positions which possess this
property. But it 15 an easily identifiable one.

It 1s difficult to keep one’s mind clear as to the meaning
of this. Let me rccapitulate. There are some processes
of analysis which, while they give a perfect analysis in the
sense of one which reproduces the correlations (or the co-
vanances) exactly, do not give the same analysis for the
correlations as for the covarances. The factors they
armve at depend upon the units of measurement employed
n the tests. Such, for example, are the principal compon-
ents process and the centroid process. Such proccsses
cannot be rehed on to give straight away and without
rotation, factors which can be called objective and scien-
tific. Some processes, on the other hand, do give analyses
which are independent of the units. One such i1s Lawley’s,
based on maximum likelihood. Another 1s Thurstone’s
simple-structure process, which, though 1t begins by using
a centroid analysis, follows this by rotation of a certain kind.

But the prmesple of mmdependence of units does not
distinguish between these processes, which both satisfy it.
Still less does 1t distinguish between systems of factors.
For any one of the infimte number of such systems which
can be got from either simple structure or Lawley’s factors
by rotation equally satisfies the principle. Indeed, there
can really be no talk of a system of factors satisfymng the
principle. Any table of loadings whatever, obtained from
correlations, has, of course, corresponding to 1t a system
differing only in that the rows are multiplhed by coefficients,
a system which would correspond with covariances.
The fact that no one has discovered a process which gives
both 1s irrclevant. The argument 1s rather as follows. If
a worker believes that he has found a process which gives
the true psychological factors, then that process must be
independent of the metric, and simple structure and
maximum likehhood are both thus independent, though
they do not, alas, agree. Nor must 1t be forgotten that
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analyses from correlations are in no way superior to those
from covariances. Indeed, correlations are covariances,
dependent upon as arbitrary a choice of units—namely
standard deviations—as any other. But centroid axes
m themselves, or principal components, without rotation,
are clearly inadpussible, for they change with the umts
used. The chance that such axes are the true ones 1s
mnfinitesimal, being dependent on the chance composition
of the battery, and the system of uriits which chances to
be used. Indepéndence of metric 1s not sufficient to
validate a process but it 1s necessary Its absence does
not prove a system of factors to be wrong, but it makes it
certain that the process by which they have been arrived
at does not 1 general give the true factors.

8. Specifics.—These form a fundamental problem in
factorial analysis and yet they are practically never heard
of in discussions of an analysis. It is reasonable enough to
think that a test may require some trick of the intellect
peculiar to 1itself, yet 1t 15 not obvious that these specific
factors must be made as large and important as possible ;
and that 1s what the plan of mmimzing the rank of a
matrix does. The cxcess of factors over tests which
mevitably, of course, results from postulating a specific in
every test, means that the factors cannot be estimated with
any great accuracy. Usually the accuracy 1s very low
mdeed. The determinate and the indetermmate parts of
each of Thurstone’s factors in Promary Menial Abulities can
be found by post-multiplying Table 7 on s page 98 by
Table 8 on his page 96. We find :

Variance of the Varwance of the
Factor Estwmated -;’art Indetcrmmati Part
S . -611 389
P . ‘616 384
N . 825 175
vV . -662 -388
M . 431 569
W . 439 -561
I . -897 -6038
R . -600 400
D . -519 481
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The average for the nine factors 1s only 564 per cent. of
the variance estimated. In other words the factor
estimates have large probable errors in some cases as large
as the estimates themselves. This has serious conse-
quences, not to be overcome by more reliable tests.

Using umty for every diagonal element in the matnx of
such a battery will give factors (supposing the same
number of them to be taken out) which will not imitate the
correlations quite sd well, but which can be estimated
accurately '

In fact, whether Hotelling’s process or the centroid
process 15 used, with umit communalities, each factor can
be calculated exactly for a man, given his scores. By
exactly we mecan that they are as accurate as his scores are.
Of course. mn any psychological experiment the scores may
not be accurate i the sense that they can be exactly
reproduced by a repetition of the experiment. Apart from
shecr blunders and clerical errors, there 1s the fact that a
man’s performance fluctuates from day to day. But
these errors are common to any process of ealculation
which may be used on the scores. These are not the errors
for which we are enticizing estimates of a man’s factors.
The point we are making 1s that factors based on com-
munalities less than unity have a further, and large, error
of estimation, whereas factors based on unit communalities
(even 1f only one or two or a few are taken out) have no
such further error of estimation.

If a few such factors taken out with unit communalities
are then rotated (keeping them in the same space, i.e not
changing their number) they still remamn susceptible of
exact cstimation m a man.

As soon, however, as any fractions, minimum or not, are
placed m the diagonal cells, we have thereby decided to
use, 1n describing our tests, more orthogonal axes than there
are tests ; for each test has then a speeific factor, and there
are n addition the common factors. This means 1 terms
of our spatial model that none of the axes, neither the
common factors nor the specific factors, are in the test
space at all (except at the origin where they all cross). It
1s only about the test space, of dimensions equal to the
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number of tests, that we have any information from our
battery. These axes are away in outer darkness and we
cannot know them, but only their projections or shadows
on the test space. Psychologists invariably confine their
attention, after making an analysis using communalities,
to the “ common factor space,” of a comparatively small
number of dimensions, without, I think, being usually
aware that this space is not 1n the test space at all. (Thur-
stone’s * secondary factors,” 1 their turn, are not even mn
the common facfor space, for he uses what I might eall
secondary communalities.) The effect of all this 1s that the
factors arrived at by an analysis which has begun by
placing fractions in the diagonal cells can never be measured
mn any man, but only vaguely estimated, and with maxi-
mum vagueness 1If mimimum communalities are used.

In itself the fact that factors can only be estimated and
not accurately measured 1s, of course, not fatal. Through-
out statistical work runs the 1dea of estimation n a realm
outside that which 1s experimentally known, in a realm of
more dimensions than that in which our measurements
have been made. It s to allow for that that the device of
* degrees of freedom * is used 1n the analysis of variance.
But 1n factonal analysis the vagueness due to estimation
is deliberately maximized, for reducing the rank of a matrix
of correlations mvolves the simultaneous maximzing of
the specific variances. In Section 8 of the previous chapter
a brief reference was made to this fact that methods of
factorizing which use communalities maximize the variance
of the specific factors, by reason of mimmizing the number
of common factors. First take the case of the analysis of a
hierarchical battery. As was illustrated in Chapter XX
the analysis of such a battery into one general factor only,
and specifics, gives the maximum variance possible to the
specifics. The combmed communahties of the tests are
less 1n the two-factor analysis than m any other analysis.
The mathematical expression of this is that the trace of the
reduced correlation matnx, 1.e. the sum of the cells of the
principal diagonal, 1s & minimum.

It is true that certain exceptions to this statement are
mathematically possible, but their occurrence mn actual
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psychological work 1s a practical impossibility. They have
been investigated by Ledermann (Ledermann, 1940), who
finds, in the case of the hierarchical matrix, that an excep-
tion is only possible when one of the g saturations is greater
than the sum of all the others. When the battery 1s of
any size, this 1s most unlikely to occur : and almost always,
when 1t did oceur, the large saturation of one test would
turn out to be greater than unity, which 1s not permissible
(the Heywood case). *

The same statement as the above, that the specifics are
maximized, 1s also true m general. The communahties
which give the matrix its lowest rank are m sum less than
any other diagonal elements permssible. If smaller
numbers are placed mn the diagonal cells, the analysis fails
unless factors with a loading of 4/ — 1 arc employed, and
such factors are, of course, tnadmissible.

Here again there are possibly cases where the lowest
rank 15 not accompanied by the lowest trace (1.e. the lowest
sum of the communalities). But here again 1t seems cer-
tam that if such cases do exist, they are mathematical
curiosities which would never occur in practice.

If specific factors of such large size have any psycho-
logical existence, what can they be ? Possibilities which
will occur to us are first, that they are error factors—but
errors or variations in the subject’s performance are not
likely to be entirely umique to one test. Secondly, they
have been attributed to sampling errors 1n the coefficients
of correlation—but these sampling errors are themselves
correlated, and so give rise to false common factors, not to
specific factors. Thirdly, they may be rcal mental factors,
unique to that test, needed only by it. But what remark-
able consequences follow 1f we accept that. I devise a
brand-new test and, lo, in the mind of man there exists a
specific ability to do that test and, moreover, an abihty
which 1s useless 1n every other activity. Further, every
individual I meet possesses this specific abiity m large
or small amount. The idea in this form is really fan-
tastic.

It would seem then that the specifics cannot be really
unique, but only umque in this battery. This leads to the
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presumption that the tests of a battery possess specific
factors only because there does not happen to be in the
battery any other test to share the specific, or at least part
of it, and prove it to be really one or more common factors.
On this view, specifics will disappear when a test has been
tried in a large number of batteries, or in a sufficiently large
battery. Not only does this seem unhkely when one
considers that in every battery the minimum communalities
and maximum specifics are nsisted on, but 1t also has
peculiar consequences 1n regard to the number of primary
factors. Consider a battery consisting of, say, two dozen
tests, analysed into, say, seven common factors plus, of
course, two dozen specifics. The latter, it must be re-
membered, are all orthogonal, all uncorrelated with one
another. On the hypothesis that they are really factors
which just do not happen to have found a partner, like
wallflowers at a ball, there must exist at least two dozen
other primary factors waiting to be discovered 1n a larger
battery. And so with every battery of tests. The number
of primary factors must be larger than all the tests hitherto
mvented, which does not seem to be parsimonious. I can-
not help fearing that there is something wrong with the idea
of reducing the matrix of correlation coefficients or co-
variances to 1ts lowest possible rank, and then calling the
descriptive variates to which this leads * factors of the
mind ”’ © something wrong with the whole idea of attri-
buting as much as possible of the varance of a test to a
unique factor, something wrong with the “ parsimony
argument upon which all this 1s based. It leads to too
many difficulties to which 1t is possible, but not, I think
advisable, to shut one’s eyes. Moreover, the reciprocity
principle, which 1dentifies factors and loadings obtamnmed
from correlating tests with loadings and factors obtamned
from correlating persons, works only when there are no
specifics involved. I would like to see a number of existing
squares of correlation coefficients re-analysed with full
vanance 1n each diagonal cell and the results considered.
There would be no guessing of the communalties, and no
repetitions or iterations of the calculation to determine
them. Tests of significance of residues would be more
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easily made, and although rather more factors would be
necessary before the residues became insignificant, they
would have the advantage of more accurate estimation 1n
any man. True, such factors would be confined to the
particular test space of that battery, and admittedly a
factor of the mind 1s not hikely to be an exact composite of
the tests of any one battery. But the point is an academic
one, for the common-factor space mn which communahty
factors exist, 1s Just 4s much a creation of the particular
battery as are axes determmed withm the battery
space.

I must not be misunderstoed as saymng that no specific
factors exist at all. 'What I am sceptical about is the pro-
cedure of makmg the speafic factors mn every battery as
large as possible, by the automatic application of a mathe-
matical device. That every test may well have some
unique quality for any individual person seems concelvable,
though I do not think this spemal feature of the test will
be felt as a pecularity by every person who tries the test.
I think any such unique quahity would be a blemish mn the
test, just as unrehability 15 a blemish, and that the psych-
ologist should endeavour to make tests which are neither
unreliable nor burdened with umque peculiarities. Prob-
ably he cannot avoid a certain amount of umqgueness, just
as he cannot avoid a certamn amount of unrehabiity. But
I do not see the need for ascribing mazimum uniqueness
order to reduce the number of common factors.

A crnitic may pomnt out that, if even small truly unique
parts of the tests are admittedly present, there will always
be the need for the large number of specifics. Possibly so
—but speeifics of no great importance, 1f the tests are
good oncs ; specifics with an mfluence as umimportant as
the causes are of the residuals which we in any case ignore
after statistical testing.

1t 15 true that by the use of communalities the total
number of loadings to be estimated 15 reduced to a mim-
mum. That way of putting the parsimony argument
would be perhaps defensible. What I doubt 1s whether too
high a price 1s not paid, since this same procedure maxi-
mizes the specifics, and decides thewr importance without
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any psychological consideration whatever being given to
the question.

The practical conclusions I would draw from these con-
siderations about the nature of specific factors are that a
battery used for factorial analysis should be composed of
tests of high communality in that battery: or that, if
tests are admitted which by the mathematical principle
of rank reduction are allotted low, communahties, the
psychologist shoyld agree that these tests do draw, each
of them, upon factors of the mind not represented elsewhere
m the battery.

Such is the argument agamst mmmum communalities.
For them 1s the hope that some day, despite their draw-
backs, the factors they lead to may prove to be something
real, perhaps have some physiological basis. And therr
defender may plead that the estimates of these factors are
as good as the estimates we find useful, in predicting
educational or occupational efficiency.

4. Oblique factors.—I think 1t 1s pretty certamn that
Thurstone took to obhque factors because he wants simple
structure at all costs. Certainly obhque factors make it
much easier to reach simple structure—too easy, Reyburn
and Taylor say. It will be found far more often than it
really exists, they add. On the other hand, Thurstone
can pomt to his box example and his trapezium example
and say with truth that smmple structure enabled him
to find “ realities,” can say that the oblique simple struc-
ture 1s something more real, in the ordinary common-sense
everyday use of the word, than the orthogonal second-
order factors which are an alternative.

Other workers, not at all wedded to the ideas of simple
structure, have also declared thew belef in oblhque factors,
e.g. Raymond Cattell, and, I think, many who feel inchned
to work mn terms of * clusters.” In ordinary hfe, weight
and height are both measures of something real, although
they are correlated. We could analyse them into two
uncorrelated factors a and b, or into three for that matter,
but certainly no one would use these n ordinary hfe. It
15, however, just conceivable that some pair of hormones
(say) might be found which corresponded, not one of them
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to height and one to weight, but one to orthogonal factor
a and another to orthogonal factor b. It is far too early
to state anything more than a preference for orthogonal
or oblique factors. Opinion 1s turning, 1 think, toward
the acceptance of the latter.
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mperfectly hicrarchical battery 16, Sampling errors of
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population. 17¢ Maximum likelihood estimation (by D. N
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19a Sccond-order factors 20. Boundary conditions. 21
The sampling of bonds

1. Textbooks on mairiz algebra—Some knowledge of
matrx algebra 1s assumed, such as can be gamed from the
mathematical introduction to L. L. Thurstone’s Multiple
Factor Analysis (Chicago, 1947); Turnbull and Aitken’s
Theory of Canonical Matrices, Chapter I (London and
Glasgow, 1932); H. W. Turnbull’s The Theory of Deter-
minants, Matrices, and Invariants, Chapters I-V (London
and Glasgow, 1929); and M. Bbcher’s Iniroduction to
Hugher Algebra, Chapters 11, V, and VI (New York, 1936).

I have adopted Thurstone’s notation in Sections 19
and 19a of the mathematical appendix, and m Chapters
XI, XII, and XIII in describing lus work. But I have not
made the change elsewhere because readers would then be
mcommoded in consulting my own former papers.

The chief differences are as follows :

My M is Thurstone’s F, for centroid factors, my Z is
Thurstone’s § — 4/N, and my F is Thurstone’s P = 4/N,

345
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2. Matriz notation.—Let X be the matrix of raw scores
of p persons in n tests, with » rows and p columns ; and
when normalized by rows, let it be denoted by Z. The
letters z and Z 1 the fext of this book mean standardized
scores, which are used in practical work, but in this
appendix they mean normalized scores, so that—

ZZ' =R ¢

the matrnx of correlations between = tests.

For many purposes 1t 1s convenient .to think of solid
matrices hike Z as column (or row) vectors of which each
element represents a row (or column). Thus Z can be
thought of as a column veetor 2, of which each element
represents 1n a collapsed form a row of test scores. Thus
with three tests and four persons—

. _

i
| % 2y 2 %3 %
z =l %y | == l Zn % % 2 |=Z . (2)
2 |z 2, P 2
| 3 l | fm Fam P P |

In the theory of mental factors each score 1s represented
as a loaded sum of the normahzed factors f, the loadings
being different for each test, 1.e.—

2 = Mf (specification equations) . (8)
where M 1s the matrix of loadings and f the vector of v

factors, collapsed into a column from F, the full matnx,
of dimensions v X p.

We note that p = number of persons,
n == number of tests,
v = number of factors.

The dimensions of M aren X v. Equation (8) represents
n simultaneous equations, and the form Z = MF represents
np stmultaneous equations.

We now have—
R =27Z' = (MF)MF) = MFF'M’ . (4)
If the factors are orthogonal, we have—
FF =1 . . . . . (5)
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the unit matrix, and therefore—

R=MM . . . . . (6)
The resemblance in shape between this and—
R =2Z7' . . . . . (1)

leads to a parallelism between formule concerning persons
and factors (Thomson, 1985b, 75; Mackie, 19284, 74, and
1929, 84).

8. Spearman’s Theory of Two Factors assumes that M
is of the special form—

M=k M B 4m =1 )

and therefore—

R=1I-+4 M . (8)
where M, 1s the diagonal matrnix which forms the right-
hand end of M, and [ is the first column of M. In this
form 1t 1s clear that R 1s of rank 1 except for its principal
diagonal. Its component /I’ 1s the ““ reduced correlational
matrix ” of the Spearman case, and 1s entirely of rank 1,
The elements L*, L2 .. U which form the principal
diagonal of Ul', are called ** communalities.”

4. Multiple common factors.—When more than one
common factor 1s present, M takes the form—

M=MgM) . . . (9
where M, 1s the matrix of loadings of the common factors,

represented in the Spearman case by the simple column 1.
We have then—

BR=MM =MM, + M2 . . (10)
where the ‘reduced correlation matrix ” MM, 1s of
rank 7, the number of common factors, and 1s identical
with R except for having * communalities * in 1ts principal
diagonal.

5. Orthogonal rotations.—If we express the v factors fin
terms of w new factors ¢ by the equation—

f=do . . . . . (11)
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where 4 is a matrix of v rows and w columns, we have—

2 =Mf=MAog . . . (12)
an expression of the tests z as linear loaded sums of a
different set of factors, with a matnx of loadings M4.

f—

AA" =1 . (18)
the new factors ¢ are orthogonal like the old ones. They
can be as numerous as we like, but not less than the number
of tests unless the matrix R 1s singular. . (12) represents a
rigid rotation of the orthogonal axes f mto new positions,
with dimensions added or abolished.

6. The sampling theory—The following transformation
1s of nterest as showing the connexion between the
Theory of Two Factors and the Sampling Theory (Thom-
son, 19385h, 85) We shall wrnite 1t out for three tests only,
but it 1s quite gencral. Consider the orthogonal matrx :

ur, mll Iml Il mml  wmlm  Ilmm, mmm
V- - i - - -~ -
mil' 4 mml mim' —Iml —llm mmm, —lmm
Iml: mml —Wl  lmm: —mll mmm  —lm; —mim |
m; mim Imm il mmm -—mll —Iml' —mml, (14)
- | - - I’ — - )
| mml' —bnl -mll mmm. W —Imm —mim!  Qm
mim, —lUm mmm --mil' —lmm m —mml: bl
Imm! mmm —llm —Iml, —mhn —mml un mll
- [ - 1 - 1
" mmm ! —lmm — mim —-mml: llm Il mil:  —l

wherem the omitted subscripts 1, 2, and 8 are to be
understood as existing always in that order, so that mlil
means mll;.

If we take for 4 m Equation (12) the first four rows
of this orthogonal matrix, and for M the Spearman form
(7) with three tests, the result 15 to transfer to eight new
factors, yielding .

2y = Ly + Mahes + bmyp, + momyg,
2y = hbp, + mbypy + hmgp, + mumyp,
zy = Ly, -+ mbp, + Lmaps + mimyg,

Each z 1s here in normalized units. If, however, we
change to new units by multiplymg the three equations
by 1, I, and I, respectively, we have :

(15)
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Lz, = Ll + Lmdp, + Llgngp, = Lmamyg,
lizy = L, + mylilps + Limap, + milmyge (1s)
13 = L, + mlibp, + Lmebp; + mmabp,

and the variates Lz, [,z,, and lz; are now susceptible ot
the explanation that each 1s composed of [;2N small equal
components drawn at random from a pool of N such
components, all-or-none m nature. In that case §%,%;*N
components would probably appear in all three drawings
(o)) L3l,'mg*N components would probably appear 1n the
first two drawings, but not in the third (¢,); and so on
down to m*my*mg* components, which would not appear
at all (¢g, which 1s missing from the equations).

The transformation ean, of course, be reversed, and the
sampling theory equations converted mnto the two-factor
equations.

7. Hotelling’s * principal components ™ arc the principal
axes of the elhp.oids of equal density—

z’R~'s = constant . . (17)

when the test vectors are orthogonal axes (1lotelling, 1988).
To find the principal axes mvolves finding the latent
roots of R~'. The Hotelling process consists of (a) a
rotation of the axes from the orthogonal text axes to the
directions of the principal axes; and (b) a set of stramns
and stresses along these new axes to standardize the factors,
making the ellipsoid spherical and the original axes obhque
The transformation from the tests to the Hotelling factors
v being from Equation (8)—

z = My (M square)
the ellpsoids (17) become—

constant = 2R~z =y (M'RM)y =v'y . (18)
since they become spheres. Therefore we must have—
MRBR'M=1 . . . (19)

The locus of the mid points of chords of z’R~!z whose
direction cosines are k' 1s the plane A’R~'z = 0, and if this
is a principal plane 1t 1s at right angles to the chords 1t
bisects, i.e.—

'R~ = A
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which has non-trivial solutions only for-—
l R — A l =0
the roots A of which are the *latent roots ** of R~!, while
each &' is a “ latent vector.”
Now, if H is the matnx of normalized latent vectors of
R™1, we have——
HR'H = A
where A 1s the diagonal matrix of the latent roots of B~ ;
so that a solution for M corresponding ‘to rotation to the
principal axes and subsequent change of units to give a
sphere is seen to be—
M =HA" . . (20)
The latent vectors of R are the same as those of R~!,
or of any power of R, and Hotelling’s process described
1n the text (Chapter VII) finds the latent roots (forming the
diagonal matrix D) and the latent vectors (forming H) of
R. We then have—
M = HD?} . . (21)
For the convergence of the process, see Hotelling’s paper
of 1988, pages 14 and 15.
Since in Hotelling analyses M 1s square, we can write—
Yy =Mz = (HDY) 2
=D H "2 =D (D'H')2 =DM’ . (22)
Each factor y, that 1s, can be found from a column of
the matnix M, divided by the corresponding latent root,
used as loadings of the test scores z.
8. The pooling square.—If the matrix of correlations of

a + b vanates 1s :
R, | R,

Rbu Rbb

and 1if the standardized variates a are multiphed by weights
u, the standardized variates b by weights w0, and each set
of scores summed to make two composite scores, the
resulting vanances and covariances are :

w'R, u

(28)

u'R,w

(24)

w'R,u | w'R,w
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as can be seen by writing out the latter expressions at
length. The battery intercorrelation is therefore—

wR,w or wR,u
VR X ' R)
If weights are applied to raw scores, each apphed weight
must be multiphed by each pre-existing standard deviation,

(25)

m (25).
If there 1s only one variate 1n the a feam, (25) becomes—
W'y,
Bl 26
Vi By) (#6)

where 7,, represents a whole column of correlation coeffi-
cients. The values of w for which this reaches 1ts maximum
value will satisfy the equation-—

3 W'

il - =0 27

o V(0 Ryw) @

that is—
w = a scalar X R,,"'r,, . (28)
consistent with the ordinary method of deducing regression

coefficients.
9. The regression equation.—If z, 1s the one variate in
the a team, and 2 are the b team, and if —

g =w'z . . . (29)

we wish to make §(z, — %)* & mummum, that 15—

3 .
-87!,S(z0 — w'z)t =0

Szg2' = w'Sz’
v =r1,'R,!
ﬁo = T@'Ru_lz . . . (30)

If R 15 the matrix of correlations of all the tests including
2y, the regression estimate of any one of the tests from a
weighted sum of the others is given by—

determinant R, = 0 . . (81)

where R, 1s R with the row corresponding to the vanate
to be estimated replaced by the row of variates.

9a. Relations between two sets of variates—(Hotelling
1985a, 1986, M. S. Bartlett 1948). If two sets of variates
have correlation coefficients—
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R, | R, 41 C

e or - |

R, | R, ¢ | B

and 1f the vanates of the B team are fitted with weights b,
then the corrclations of the B team, thus weighted, with
the separate tests of the 4 team are given by—

C'h
r = -
‘ V'o'Bb
and the square of the correlation coefficient between the
two teams 1s then—

. (81.1)

bCA~'C'b
b'Bb
The maximum intercorrelation, and other pomts of in-
flexion 1 2, will be given by—
dx/db =0
1e. (CA~'C' — aBY =0 . . (81.8)
a set of homogeneous equations n & We must thercfore
have—

=1 (81.2)

|CA=C’" — A\B| =0 (81.4)

an equation for A with as many non-zero roots as the num-
ber of variates in the smaller team. For any onc of these
roots 2, the weights b are proportional to the co-factors of
any row of (CA~'C’ — AB). The corresponding weights
a for the 4 team are then found by condensing the team B
(usmng weights b) to a single vanate and carrymg out an
ordinary regression calculation.

The result 1s to “ factorize ” each team mnto as many
orthogonal axes as there are variates. These axes are re-
lated to one another 1n pairs corresponding to the roots A.
Each axis 1s orthogonal to all the others except its own
opposite number mn the space of the other team, arising
from the same root A as it does, to which axis 1t 1s melined
at an angle arccos VA. Where one team has m more
variates than the other, m of the roots will be zeros and
the corresponding axes will be at right angles to the whole
space of the other team. This form of factorizing has been
called by M. S. Bartlett (1948) external factorizing, since
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the position of the “ factors ”’ or orthogonal axes in each
team, m each space, is dictated by the other team.

The weightings corresponding to the largest root give
the closest possible correlation of the two weighted teams.
If the two teams are duplicate forms of the same tests, this
1s the maximum attainable battery or team rehabihty
(Thomson 1940, 1947, 1948). In this case Peel (Nature,
1947) has shown that a simpler equation than 81-4 gives
the required roots. If A = p* Peel’s equation 15—

* |C—pd| =0 . . . (81.5)
where 4 differs from C only 1n the diagonal elements, which
1n 4 are umties but 1n C are rehabilities 7,, of the individual
tests.

Green (1950) gives a transformation of this equation
which enables Hotelling’s 1terative process (see Chapter
VII) to be used to find g, the maximum battery reliability.
For the diagonal elements 7, — p. of the matnx (C — pd),
Green writes—

[72 e —mn —w

when 81-5 becomes equivalent to—

'DCD — Bl =0 . . (81.8)
wherem D 1s a diagonal matnix with elements (1 — 7,,)~3,
I is the umit matnx, and B = p/(1—p) The latent vector
V corresponding to the largest latent root of DCD can then
be found by Hotelling’s process, and the best weights for
maximum battery reliabihity are proportional to DV = W,
The maximum rehabiity thus attamned 15—

u=WCW/WAW
10. Regression estimates of factors—When i the speci-
fications—

2 =Mf . . . . (8
the factors outnumber the tests, they cannot be measured
but only estimated. To all men with the same set of
scores 2 will be attributed the same set of estimated factors
J, though their “true” factors may be different. The
regression method of estimation mimimizes the squares of

FA 12
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the discrepancies between f and f, summed over the men.
The regression equation (81) will be for one factor fi—

: J;;l ‘ ; =0 . . (82)
where m, 1s a column of M. Expanding, we have—
fi =m/R7'z
and m general—
, f=MR" . . (88)
or, separating the common factors and.the specifics—
fo=M/R 'z . . . (34)
fi=MR'z . . . (85)

the latter of which shows that we know the proportionate
weights for each specific (the rows of B~!) even before we
know whether that speafic exists (Wilson, 1934, 194).
The matnx of covariances of the estimated factors 15—

MyR'M,M/R™'M
rp—1 . 0 o My 1
MR™M = y'poiy) MR-M, ! (86)
-
a square idempotent matrix of order equal to the number
of factors, but trace only cqual to the number of tests.
For one common factor, (34) reduces to Spearman’s

estimate—

1 7,2,
§ = X T (84
T8 T —rp (84a)
rl
where S =3
1 —r,t

while K = M/R~'M, i (86) rcduces to S/(1 4 §), the
variance of §.
10a Ledermann’s short cut (1988a, 1939b).—The above
requires the calculation of the reciprocal of the large square
matrix B. Ledermann’s short cut only requires the reci-
procal of a matrix of order equal to the number of common
factors. As long as the factors are orthogonal we have—
R=MM, + M;? . . . (10)
and the identity
MyM,~ (MM’ + My*) = (My'M, M, + )My’
= (J + I)M,’ say.
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Premultiplying by (I 4 J)~! and postmultiplymng by B~’

we reach (I + J)"'M/M,~* = M/R™*. . . (86.1)
and the left-hand quantity can then be used in Equation
(84).

This short cut requires modification when the factors are
oblique. See Equations (70.1) to (70.4) below.

11. Direct and indirect vocational advice—If 2, 15 an
occupation and 2 a battery of tests, the estimate of a
candidate’s occupational abihity 15—

£y =R~ . . . (87)

where the rg are the correlations of the occupation with the
tests. If z, can be specified 1n terms of the common
factors of z, and a specific 5, mdependent of 2, then an
indirect estimate of z, via the estimated f; 1s possible. We
have—

Zg =mgfo + S0 . . (88)

where m,’ 1s a row of occupation loadings for the common
factors f of 2, and also—

Jo=M/R s

Substitution 1n (88), assuming an average s; (= 0)
gives—
Sy =myM/R™'x . . . (89)
But—
me'My =71y . . . (40)

and (39) s identical with (87) (Thomson, 1986a). If, how-
ever, §; 1s not independent of the specifies s of the battery,
(40) will not hold, and the estimate (89) made viz an estima-
tion of the factors will not agree with the correct estimate
(87).

12. Computation methods.—The ** Doolittle ”” method of
computing regression coefficients 1s widely used mn America
{Holzinger, 1987a, 82). Aitken’s method, used and
explained 1n the text, 1s in the present author’s opinion
superior (Aitken, 1987a¢ and b, with earlier references).
Regression calculations and many others are all special
cases of the evaluation of a triple matrix product XY ~1Z,
where Y 1s square and non-singular, and X and Z may
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be rectangular. The Aitken method writes these matrices
down in the form—

Y -2

X
and applies pivotal condensation until all entries to the
left of the vertical line are cleared off. All pivots must
origmate from elements of ¥. By giving X and Z special
values (mcluding the unit matrix I) the most varied
operations can be brought under the one.scheme.

18. Bartlett's estvmate of factors —We have z = M,f, +
M, f,, where f, and f; are column vectors of the common
and specific factors respectively and M, 1s a diagonal
matrix. Bartlett now makes the estimates £, such as will
minimize the sum of the squares of each person’s specifies
over the battery of tests, i.e.—

3

sfo(fltf’) =0
or— z—ﬁ)fl =0

Le.—
(— M7 M) (M,~'z — My~ 'M,f,) = 0
My M~z = My'M,~*M,f,
= Jfg, say
fo=Jd'MyM,~ % . (41)
(Bartlett, 19874, 100.)
One could also find the estimated specifics as—

fi=( — M7 MJ'MyM,~)M,~'5 . (42)
Substituting—

2 =[My M [‘f‘-’]
[ 01 1] f]
we get for the relation between f and f—

f‘o] [I JTIM M, ] [fo]
[}: = nr e gl =4 49
and for the covanances of f we get—

I4+J! .

il R FE ) T
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The error variances and covariances of the common
factors are—
(fo = folfo — o) =J~ lMo'Ml—l(fl.ﬁ')M Mg
= J MM, MJ ™ = J' . (45)
(Bartlett 1987a, 100.)
When there is only one common factor, J becomes the
familiar quantity—
sz
J=8§=2 T—rp
(Bartlett, 1985, 200.)
As was first noted by Ledermann *—
I4+J' == (M/R'M,)”" =K' . (46)
(quoted by Thomson, 1988a); and using this we see that
the back estimates of the original scores from the regression
estimates f0 are 1dentical with the insertion of Bartlett’s
estimates f, 1n the common-factor part of the specification
equations, vi1z.—
MK 'MyR™z = MJ "My M, % (47)
(Thomson, 1938a.)
Bartlett has pomnted out that, using the same 1dentity, in
the form K = J(I — K), it 1s easy to establish the rever-
sible relation between his estimates and regression esti-

mates—
= Kfp fo=Kfs . - (48)
(Bartlett, 1988)
and he summarizes their different interpretation and prop-
erties by the formule—

E{fo} = E{ﬁ)} =0, E{(fo —flfo—So)} =1 —K (49)
El{fo} = fo E1{(fo fo)(fo —f;))'} =J!

=K —-K) . (580)

where E denotes averaging over all persons, E, over all

possible sets of tests (comparable with the given set n

regard to the amount of information on the group

factors f,).
14. Indeterminacy.—The fact that estimated factors, if
the factors outnumber the tests, necessanly have less than

* Letter of October 28, 1987, to Thomson
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unit variance has sometimes been expressed in the case of
one common factor by postulating an indeterminate
vector ¢ whose variance completes unity. This { may be
regarded as the usual error of estimation, and is a function
of the specific abilities (Thomson, 1984, B.J.P., 25, 92). That
M’R—*M in Equation (86) is of rank less than 1its order also
expresses the indeterminacy, and allows the factors to be
rotated to different positions which nevertheless fulfil all
the required conditions. In the hierarchical case the
transformation which effects this is (Thomson, 1985a)—

_ f=DBy N (1))
where B means the required number of rows of—
B=1I-—2q/qdq . . . (52)
m which—
¢; = l/m, (see Equation 7) . (58)

as far as there exist tests, after which ¢ is arbitrary.
For—
z = Mf =MBy = Mg
since—

MB =M . . (54)
and z is thus expressed by 1dentical specification equations
m terms of new factors 9. For such transformations in the
case of multiple factors see Thomson, 1986a, 40; and
Ledermann, 1988c¢.

If the matrix M 1s divided mto the part M, due to
common factors and the part M,; due to specifics, as in
Equation (9), then Ledermann shows that if U 1s any
orthogonal matrix of order equal to the number of com-
mon factors, the matrix—

B=I-QQRQ - )R

wherem— Q= &1—_ 15‘1:]
1 0

will satisfy the equation—
MB=M

Indeterminacy is entirely due to the excess of factors
over tests, 1.e. to the fact that the matrnx of loadings M
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1s not square. It can be in theory abolished by adding
a new test which contains no new factor, not even a new
specific; or a set of new tests which add fewer factors
than therr number, so that M becomes square (Thomson,
1984b ; 1985a, 258). In the case of a hierarchy each of
these tests singly will conform to the hierarchy, so that
their saturations ! can be found ; but jomntly they break
the hierarchy. If they add no new factors, g can then be
found without any indeterminacy. *

15. Finding g sdiurations from an imperfectly hierarchical
battery—The Spearman formula given m Chapter III,
Section 5, is the most usual method. A discussion of other
methods will be found in Burt (1986, 288-7). See also
Thomson (1984a, 870), for an iterative process modified
from Hotelling.

16. Sampling errors of letrad-differences.—The formule
(16) and (16A) given 1n the text are both approximations,
but appear to be very good approximations. The primary
papers arc Spearman and Holzinger (1924 and 1925).
Critical exammation of the formule have been made by
Pearson and Moul (1927), and Pearson, Jeffery, and Elder-
ton (1929). Wishart (1928) has considered a quantity P
which 1s equal to P'N2/(N — 1)}(N — 2), where P’ 1s the
tetrad-difference of the covariances a instead of the correla-
tions, and obtamned an ezact expression for the standard
deviation ¢ of P—

N 1
(N —2)or = F DDy — D +8DuDy . (55)

where the D’s are determinants of the following matnx
and its quadrants :

! T Gz G4 |

ay !

Gy Gy ; Gy3  Gp |
I} G3a aui
i
]

43 Gqq |
But approxmmate assumptions are necessary when the
standard deviation of the ordinary tetrad-difference of the
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correlations 1s deduced from that of P. The result for
the varance of the tetrad-difference 15—

N+l g pp 1 —1yt)—R
R ) (1 — X ') - (56)
where R 1s the 4 X 4 determinant of the correlations.

17. Selection from a multivariate normal population.—
The primary papers are those of Karl Pearson (1902 and
1912). The matrix'form given 1n the text (Chapter XIX,
Section 2) 1s due to Aitken (1984), whd employed Soper’s
device of the moment-generating function, and made a
free use of the notation and methods of matrices. A
variant of 1t which is sometimes useful has been given by
Ledermann (Thomson and Ledermann, 1938) as follows.
If the onginal matrix 1s subdivided in any symmetrical
manner :

|-
R, R, R, R,

\ RW qu RW RQ‘

' Rip R;g Ru Rcl ,

ll Rtp qu Rln Rtl !

and R,, 15 changed by selection to V,,, then each resulting
sub-matrix, including V,, itself, 18 given by the formula—

Vaﬂ = Ruﬂ__l' RapEp_g?rﬂ . } . (57)
where— E, =R, —R,”'V,R,

17a. Maximum ULikelihood estimation.—The maximum
likelihood equations for estimating factor loadings (Lawley,
1940, 1941, 19438b) may be expressed fairly simply in the
notation of previous scctions. It 15 necessary, however,
to distinguish between the matrix of observed correla-
tions, which we shall denote by R,, and the matrix—

R = MMy + M,*

which represents that part of R, which 1s “ explained ” by

the factors.
The equations may then be written—

My =MJR™'R, . . . (58)
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These are not very suitable for computational work.
1t may, however, be shown that—

MOIR—I = (I — K)MolMl—i = (I + J)—1M01M1—2 (59)
where, as before,

K=M/R'M, J= My/M,"IM,

Hence our equations may be transformed into the
form—

My =1+ J)yIM MR, . . (60)
or alternatively,
My =J"(M/M,"°Ry — My) . (61)

When there are two or more general factors the above
cquations will have an infinite number of solutions corre-
sponding to all the possible rotations of the factor axes.
A unique solution may, however, be found such as to
make J a diagonal matrix.

Fmally, of we put—

L = MyM,*R, — M
V =LM,"*M,,

then, from the last set of equations
V=JMyM M, = J*

Hence we have—

M, = V-iL . . . . (62)
These equations have been found the most convenient 1n
practice, since they can be solved by an iterative process.
When first approximations to M, and M, have been ob-
tamed, they can be used to provide second approximations
by substitution 1n the mght-hand side.

18. Reciprocity of loadings and factors in persons and
traits (Burt, 1937b).—Let W be a matrix of scores centred
both by rows and columns. Its dimensions are traits x
persons (I . p), and 1ts rank 1s r where r 1s smaller than
both ¢ and p m consequence of the double centring. The
two matrices of covarances are WW’ for traits and W'W
for persons, and by a theorem first enunciated by Sylvester
in 1888 (independently discovered by Burt), their non-zero
latent roots are the same. If their dimensions differ,
1.e. ¢ + p, the larger one will have additional zero roots.

F.a —I2%
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Let the non-zero roots form the diagonal matrix D. Then
the principal axes analyses are :

W = H,DF,, dimensions (¢ . r)(r . r)(r . p)
and W’'= H,DF,, dimensions (p . r)(r . r)(r . 1)
where H, and H, are the latent vectors of WW’ and W'W,
while F; 15 the matrix of factors possessed by persons,
F, that of factors possessed by traits. From the analysis
of W we have, taking the transpose—

W'= Fy'DI’, dimensions (p . r)(r. r)(r . t)
and comparison of this with the former expression for W’
makes the reciprocaity of I, and Fy/, F, and H,’, evident.

19. Oblique factors. Structure and patiern.—In Thur-
stone’s notation, which we shall follow 1n this paragraph,
the matrix M of our equation (8), when 1t refers to centrord
factors, 1s called F. Our equation (8) becomes mm his
notation—

s=Fp
Since centroid factors are orthogonal, F 15 both a pattern
and a structure. The structure 1s the matrix of correla-
tions between tests and factors, Le. :
Structure = sp’ = (Fp)p’ = F(pp') = FI = F = Pattern.

When the factors are obhique, however, this 1s not the
case. In that case, Structure = Pattern X matrx of
correlations between the factors.

Thurstone turns the centroid factors to a new set of
positions (still within the common-factor space, and n
general obhque to one another) called reference vectors.
The rotating matrix 1s A, and

V=FA . . . (68)

1s the structure on the reference veectors. The cosines of
the angles between the reference vectors are given by A’A.
Vs not a pattern. Its rows cannot be used as coefficients
1n equations specifying a man’s scorcs n the tests, given
his scores in the reference vectors. The pattern on the
reference vectors: would not have those zeros which are
found in V.

The primary factors are the lines of intersection of the
hyperplanes which are at rnight angles to the reference
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vectors, taken (r — 1) at a time where 7 1s the number of
common factors, the number of dimensions in the common-
factor space. 'They are defined, therefore, by the equations
of th.e hyperplanes, taken (r — 1) at a time. These
equations are N =0 ) . . (64)
where « is a column vector of co-ordmates, along the
centroid axes. The direction cosmes of the intersections
of these hyperplanes taken (r — 1) at a time are therefore
proportional to the elements m the columns of (A')~),
and to make them into direction cosines this has to have
its columns normahized by post-multiplication by a diagonal
matnx D, giving for the structure on the primary factors
F(A)-'D . . (65)
D 15 also the matnx of correlations between the reference
vectors and the pnimary factors, for
AA)D=D . . . (686)
Each primary factor 1s therefore correlated with its own
reference vector but orthogonal to all the others, as can
also be easily seen geometrically.
The matrnx of mtercorrelations of the primary factors
18 DA-(A')™'D from equation (65).
If W 1s the pattern on the primary factors p, so that
test scores s = Wp
then the structure on the pnimary factors 1s also
sp’ = Wpp'
where pp’ 1s the matrix of correlations between the primary
factors, and therefore

primary factor structure = WDA~Y(A')~'D . . (67)
Also, this structure = F(A')~'D from (65).
Equating these we have :
WDA™' =F
whence W =FAD! . . . (e8)
= VD! . . . (69)

We have, therefore,

Structure Pattern
Reference vectors . . FA F(A)™? 70)
Primary factors . . F(A')"'D  FAD™!? (
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where the reference-vector pattern has been entered
by analogy but could easily be independently found.
It will be seen that the structure and pattern of the
primary factors are identical with the pattern and strue-
ture of the reference vectors except for the diagonal
matnx D The structure of the one 1s the pattern of the
other multiphied by D.

This theorem 1s not confined to the case of sumple
structure, but 1s more®general, and apphes to any two sets
of oblique axes with the same origin O, of which the axes
of the one set are intersections of * primes ” taken » — 1
at a time 1n the space of r dimensions, and the axes of the
other set are hnes perpendicular to those primes. By
prime 1s meant a space of one dimension less than the whole,
1.e. Thurstone’s hyperplane. The projections of any point
P on to the onc set of axes are 1dentical with the projections
thereon of 1ts oblique co-ordinates on the other set, which
sentence is equivalent to the matrix 1dentities (see 70)—

FA =FAD™' x D
and F(A)'D=FA)!'xD
Structure } __ Pattern on} {Cosines to project 1t
ononeset| ~ other set { on to the first set.

A diagram makes this obvious in the two-dimensional case
and gives the key to the situation. A perspective diagram
of the three-dimensional case 1s not very difficult to make
and 15 still more i1llummating. The vector (or test) OP
1s the “ resultant > of 1ts obhique co-ordinates (the pattern),
but not of its projections (the structure). It is of interest
to notice that, either on the reference vectors or on the
primary factors—
Pattern X Transpose of Structure == Test-correlations.

This serves as a useful check on calculations. It 1s geo-
metrically immediately obvious. For consider a space
defined by n obhque axes, with orgin O, and any two
pomnts P and Q each at unit distance from 0. The direc-
tions OP and 0Q mayv be taken as vectors corresponding
to two tests, and cos POQ to the test correlation.
Consider the pattern, on these axes, of OP, and the
structure, on the same axes, of 0Q. The former is com-
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posed of the oblique co-ordinates of the point P, the latter
of the projections on the axes of the point @, which pro-
jections (OQ being unity) are cosines. Then the inner
product of those oblique co-ordinates of P with these cosines
obviously adds up to the projection of OP on 0@, that 1s
to cos PO, or the correlation coefficient.

In cstimating obhque factors by regression; sice the
correlations between factors and tests must be used, the
relevant equation 1s '

fo ={Fo(A)"'DYR™'z . . (70.1)
Ledermann’s short cut (section 10z above) requires consider-
able modification for oblique factors. We no longer have
BR=MM,+ M? . . . (10)
but
Pattern x transpose of structure + M* =R
1.e. n Thurstone’s notation

(FAAD™)F((A)"'DY + Fyt =R . (702)
and using this (Thomson, 1949), we reach the equation
fo = + Jy{F(A)'DYF, % (70.8)
where now
J ={Fy(A')"'DYF,~(F¢AD™") . (70 4)

in place of Ledermann’s J = MyM,~*M,,.

Only reciprocals of matrices of order equal to the
number of common factors are now required, but the
calculation, hike all concerning oblique factors, is still one
of considerable labour.

19a. Second-order factors—The above primary factors
can themselves m their turn be factorized mto one, two, or
more second-order factors, and a factor-specific for each
primary. If the rank of the matrix of mtercorrelations
of the primaries can be reduced by diagonal entries to say
two, then the r primaries will be replaced by r + 2 second-
order factors which will no longer be in the orignal
common-factor space. The correlations of the primaries
with these second-order factors will form an oblong matrix
with 1its first two columns filled, but each succeeding
column will have only one entry corresponding to a factor-
specific, thus :
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= E (say),

b I ]
Mt N NN
~N

where subscripts must be supplied to mdicate the primary
(the row) and the secend-order factor (the column).

The primary factors can be thought of as added to the
actual tests, ther direction cosines being added as rows
below F, which thus becomes :

1 F H
| DA™ |
Imagine this matrix post-multiphed by a rotating matrix
¥, with 7 rows and 7 + 2 columns, which will give the
correlations with the r 4 2 second-order factors. The
lower part of the resulting matrnx will be E, which we
already know. That 15—
DA™Y =E . . . (7))
¥ == ADT'E . . (72)
and the correlations of the original tests with the second-
order factors are then -
G =FY =FAD™'E = VD 'E . (78)
G 15 both a structure and a pattern, with continuous
columns equal 1n number to the general second-order
factors, followed by a number of columns equal to the
number of primaries, this second part formmng an orthog-
onal simple structure.

20. Boundary conditions.—These refer to the conditions
under which a matnx of correlation coefficients can be
explained by orthogonal factors which run each through
only a given number of tests. The problem was first
raised by Thomson (1919b) and a beginning made with
its solution (J. R. Thompson, Appendix to Thomson’s
paper). Various papers by J. R. Thompson culminated
in that of 1929, and see also Black (1929). Thomson
returned to the problem in connexion with rotations in the
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common-factor space (Thomson, 1986b), and Ledermann
gave rigorous proofs of the theorems enunciated by
Thomson and Thompson and extended them (Ledermann,
1986). A necessary condition 1s that if the largest latent
root of the matrnix of correlations exceeds the integer s,
then factors which run through s tests only and have zero
loadings 1 the other tests are certainly madequate. This
rule has not been proved to be sufficient, and when appled
to the common-factor space only it is certamly not suf-
ficient, though 1t seems to be a good guide. Ledermann
(1986, 170-4) has given a stringent condition as follows.
If we define the nullity of a square matrix as order minus
rank, then if 1t 1s to be possible to factorize orthogonally a
matrx of R rank 7 in such a way that the matnx of load-
ings contains at least » zeros in each of 1ts columns, the
sum of the nullitics of all the r-rowed principal mmors of
R must at least be equal to r.

21. The sampling of bonds —The root 1dea 1s that of the
complete family of variates that can be made by all possible
additive combmations of bonds from a given pool, and
the complete family of correlation coefficients between
pairs of these. Thomson (1927b) mooted the idea and
worked out the example quoted mn Chapter XX. He
had earher (1927a) showed that with all-or-none bonds the
most probable value of a corrclation coefficient 1s 1/(p;py),
where the p's are fractions of the whole pool forming the
vanates, and the most probable value of a tetrad-difference
F, zero. Mackic (1928a) showed that the mean tetrad-
difference 15 zero, and 1ts vanance, for F,—

1
GF' = -N 1 {plpa + sz4 + p1p4 + p2p3 - z(plpzpa

+ PiPsPa + PiPaPa + PaPaPe) + 4P1PPP
2N -2
+ (gv _'1)2 (1 —p)(A —p)(1 —pg)(1 — pa)}
where N is the numbcer of bonds m the whole pool. He
found for the mean value of r,, the value 4/(p,p,), and for

1its variance— )
o =1~ P11 — po)

N-1
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This is not the variance of all possible correlation
coefficients, but of those formed by taking fractions p, and
p, of the pool The whole farmly of correlation coefficients
will be widely scattered by reason of the different values
of p, “nch” tests having high correlations, and those
with low p, low correlations. Mackie (1929) next extended
these formule to vanable coefficients (1.e. bonds which no
longer were all-or-none). He agam found the mean value
of F to be zcro, and for 1ts vanance— )

R E (B L)
N T ™ N3

2\2)1
-G}
™
2
The presence of o m this is due to Mackie’s hmitation to

positive loadings of the bonds. Thomson (1985b, 72)
removed this limitation and found—

2(N —1)
N3
Similarly, Mackie found for vanable positive loadings

(1929)—
)

and for all loadings Thomson found (1985b)—
1

c} =

0"". =

Thomson suggested without proof that in general, when
himits are set to the variability of the loadings of the bonds,
resulting 1n a family of correlation coefficients averaging 7,
these correlations will form a distribution with variance—

o, =11V(1 -

and will give tetrad-differences averaging zero with a
variance—

N — )N _
oyt = M = DN = ’{(1 A} + D — oy
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Summing up, Thomson says (1985b, 77-8) : * The sam-
pling principle taken alone gives correlations of all values
. . . and zero tetrad-differences if N be large. Fitting the
sampled elements with weights . . . if the weights may
be any weights . . . destroys correlation when N 1s infinite.
This means that on the Sampling Theory a certain approxi-
mation to ¢all-or-nonc-ness’ 1s a necessary assumption
—not to explain zero tetrad-differences, but to explain
the existence of correlations of . . »#large size. . .  The
most important point m all this appears to me to be the
fact that on all these hypotheses the tetrad-differences tend to
vanish. This tendency appears to be a natural one among
correlation coefficients.”

A tendency for tetrad-differences to vamish means, of
course, a still stronger tendency for large minors of the
correlational matrix to vamish. In more general terms,
therefore, Thomson’s theorem 1s that m a complete family
of correlation coefficients the rank of the correlation matrx
tends towards unity, and that a random sample of variates
from this family will (in less strong measure) show the
same tendency.
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