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PREFACE

In the preparation of this volume the author has been guided
by the same general purposes and points of view as in the pro-
duction of his Educational Statistics. It is designed to meet the
statistical needs of those interested in the field of education
by presenting the subject in a manner as non-mathematical ag
possible. ‘

Although the number of texts in educational statistics now
available 18 no longer so limited as when the former book was
prepared, 1t does not seem so great as to indicate that there is
not a place for an additional volume. Even though treatises
on this subject do not go out of date so rapidly as do those on
some others, yet enough new statistical proeedgres and new
applications of old procedures are being introduced into educa-
tion to render incomplete any treatment of this topic that is
several years old

The chief change that the writer has made in this, as com-
pared with his Educational Statisiics, is of the sort referred to
in the preceding paragraph, the addition of a number of new
topies, formule, references, and so forth. This, however, is not
the only point in which he hagendeavored to improve the
previous text. Through e in using it in his classes, he
has detected certain weak pointa, and believes that he has been
able to strengthen these. By the inclusion of a larger number
of references, the volume has been given greater valye for thoee
who wish to make a more complete study of the subﬁ!t than is
possible from it alone. Furthermore, the number of exercises and
problems for solution has been considerably increased.

In preparing this volume the writer has had in mind that it
should afford material for the usual first course in statistics
and, in addition, for either a second course or for further indi-
vidua!l study. In using 1it, different instructors will, in view of
the different amounts of time devoted to the subject, the various
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levels of maturity of those taking it, and their own judgments,
naturally differ as to what portions should be used in the first
course. For such a first course as the writer is accustomed to
give, that is, & semester course in which ten or twelve hours per
week of work are expected, he suggests that the following be
covered: the major portions of Chapters I to XIII; very little
of Chapters XIV to XVIII; considerable portions of Chap-
ters XIX to XXII; and most or all of Chapter XX1I11.

In connection with the preparation of such a volume as this,
which consists of little that 1s original except the form of presen-
tation, and which has been drawn from so many different
sources, it is somewhat difficult to decide what acknowledg-
ments for assistance should be made Therefore the writer will
not at this point attempt to make complete acknowledg-
ments of his indebtedness to the many individuals to whom
he feels'it. Insofar as this indebtedness is to the authors of
pu ed matenal that is not more or less common property,
that is;:t&t inay not be found 1n several sources, it will be in-
dicated by means of references in the text. More general
sources will be given in the bibliography in Appendix A. In
addition to acknowledgments of the sort just referred to the
writer wishes to express his appreciation for the assistance of
Dr. Max D. Engelhart who criticized many portions of the
manuseript and offered numerous suggestions.

The lists of references given at the ends of sections in the
earlier edition of this work are not included in the revison.
Instead, references that seem to be of outstanding value, as
containing the most helpful, most complete, or most easily
available discussions of the points being dealt with, are given in
connection with these particulag: points. No references at all
are given for many points comtionly treated in textbooks and
elsewhere. Appendix A contains a hst of more or less general
references to which the reader is referred for further discussions
of those topics that have no references accompanying them.

C. W, OpewL



CONTENTS

PrEFACE . e e e s
CHAPTER

1. INTRODUCTION . . e e e e e e e e e

Purpose of This Volume . e e e

General Suggestions for Statistical Workers . . . .

Aids to Computation . e e e e e

Terminology and Symbollsm B U

Accursey in Computatton . . . . . . . . .

A General Reference .

Exercises . .

“II TaABULATION AND CLASSIFICATION . . . . . . .

Attrnibutes and Varables . .

The Need for Grouping or Classifying Data
Grouping or Classifying Scores .
Cumulative Frequency Tables . . . . &
Exercises

« ® e .
>
.

III1 TEeE GrAPHICAL REPRESENTATION OF mma Dwnmn-

TIONS R ..
The Coordinate Axis System . .. .
The Histogram or Column Dmgmm .

The Frequency Polygon . .

The Smooth Frequency Curve . .
Effect of Varying Number of Classes upon Gmpha
Smoothing

Cumulative Frequeney Curves
The Ogve, or Pemenule Curve .
Exercizes . .

IV. TEE NoRrMAL AND OTHER ueNcYy CorRvEs . .
The Normal Frequene: e
Other Symmetncal
Non-Symmetrical g
Curve-Fitting e e e e e e e

V.AVEBRAGEB . . . . .+ « 4« « « « o o + o a

General Diseusmon . . . . . . . . .
The Mean . e e e e e
Determining Class Mld-Pomts e e e e

Vi1

BhRavowoe w

<

2HEJCZYRB

338 RVBE B

N



vidi CONTENTS

The Median .

The Mid-Score . e e e e e e e e e e
TheMode . . . . . . . « « o « o o
The Geometric Mean . . . . . . . . . . .
The Harmome Mean . . . . . . . . .

The Use of Averages .

Exercises

VI QUARTILES, PERCENTILES, AND SIMILAR MEASURES .
Quartiles
Percentiles . .
Changing Ranks to Percentllm .
Other Sunilar Measures .
Exercises .

VII Mpzasures oF VARIABILITY .

General Discussion

‘The Range .

The Quartile Deviation .

The 10- 90 Percentile Range

The Mean Deviation .

The §tandard Deviation .

Median Deviation

Comparison of Measures of Varmbnhty
The Use of Measures of Vanability .
The Mean Difference Method

The Coefficient of Va.nabxhty . e .
NI AN Imonumon 10 CORRELATION . . . . .,

The Defimtion of Cofrelation . .

Posqu;nd Negative Copyalation .

Gmphin,Representaha!l- elation

Rectilmear and ilinaigerelation . .

The Interpretat.non of M s¥geres of Correlation

Exercises

IX Tae ComruraTiON OF THE CODFFICIENT OF CORRELATION .

Definition of the Coefficient of Correlation .

The Ordinary Method of Computation for Ungrouped
Series

The So-Called Ayres Method for Ungrouped Series . .

A Modsfication of the Ayres Method for Ungrouped Series

Another “Short” Method for Ungrouped Series . .

The Computation of the Coefficient of Correlation for Cor-
relation Tables by the Ordinary Method .

The Computstion of the Coefficient of Correlation for Cor-
relation Tables by the Ayres Method .

114
115



CONTENTS ix

racm
Otber Methods of Computation R 14 |
Computing Intercorrelations among Sevem.l Va,rmbles . 173
Correlation between One Variable and the Sum or Avemge

of Two Others . . . 175
Computing Correlation for Measures not 1n  Series . . 176
Loss of Accuracy Due to Grouping 178
Estimating Coefficients of Correlation from Correht.lon

Tables . . 180
Correlation Based upon Mean Deviations L. . . 184
Exercises . .. . 184

X. TrE INTERPRETATION OF THE COEFFICIENT OF CORRELATION 188

The Two Chief Functions of the Coefficient of Correlation 188
The Coefficient of Correlation as a Minimuimn Measure of

Relationship . 189
The Interpretation of the Coefﬁclent of Correlation m
Terms of Adjectives 189
Interpretation in Terms of Coefficients Obtamed in F&- '
mihar Situations . . 180
Interpretation 1n Terms of Causal Factors 190
Interpretation through Approach to or Depa.rt.um (nom
Perfect Correlation 192
Interpretation through Coefficients of Determunation !Bd
Non-Determination . .. . 197
Effect of Spread of Data upon Valueofr . . . . . 199
Interpretation in Terms of Displacement . . . . . 204
Correetion for Small Numbers of Cases . . 208
Spurious Correlation 'ﬁ “ o, 0. 206
Averaging Coefficients of Correlation . . . . . . 207
Two General Referenges . e e 207
Exercises . PN s 208

X! Taz CoEFFICIENT OF AND RELATES, MATTERS 209

The Coeflicient of Reli . W . 209
The Brogm or Spearmaiifiigwn Formula 209
Vanations of the Brown or Spearman-Brown Formula 212
The Inde® of Rebability . .o . 215
Attenuation and Its Correction . 1 &
Constrietion, Dilation, and Distortion .. . 2h
Exercises . . . . . 222
XII. RANK CORRELATION . . . . . . . . . . .. 224
Introddetion . 2
Assigning Ranks . . 24
The Computahhn of Rank Coefﬁewnu of Comahtxon 225
Changing R and pntor . . . . . 28
Coeffiment of Correspondenae -1

Exercisea . . e v e e e 236



X

CONTENTS

XIII REGRESSION . . . e e e e e
The Equation of a St.rmght Line e e e e s
The Regression Equations . . . . . . . .
Equivalent-Score Equations . . . . . . , .
Estimated True Scores . Coe e
Predicted Scores on Lengt.hened Tests .
Exercises .

XIV. Tee RaTio oF CORRELATION

Interpretation and Use
Computation

The Significance of Differences between the Ratios and the

Coefficient of Correlation
Correcting for Too Fine Grouping
Other Measures of Curvilinear Relatlonshlp
Exercises

XV. Par'riaL CORRELATION

Purpose and Meaning

Computation of Coefficients of Partial Correlatlon
Part Correlation . NN .
8emy-Partial Correlation

Other Methods Similar to Partial Correlation
Interpretation .
The Ratio of Partial Correlation

Exercises .

XVI. MuourieLe CORRELATION

Purpose and Meaning

Computation of Coefficients of Multlple Correlation
Interpretation .

Shnnkage

Corrections for Number of Observations
Curvilinear Multiple Correlation

Partial Multiple Correlation

Exercises

XVII. PartiaL AND MuULTIPLE REGRESSION .

Introduction

Partial Standard Deviations

Computation of the Regression Coeﬁclent.s
Formung Regression Equations

Weighting Independent Variables without Computmg Re-

gression Equations
Weghting According to Relmbxhty

Curvilinear and Other Add:tional M.ultlple-Rag-reamon

Methods .

ragn
237
239
249
249

250

250
251

2563
257
258
260

271
273

278

281
281

283

§§ §§ §§§§§ gERAZEE



XXII. MIBCELLANEOUB . . . . . . . . -

CONTENTS

CHAPTER
XVII1l. Tae CORRELATION OF ATTRIBUTES

Introduction .

The Product-Moment Coefficient of Correlatlon of a Four-
fold Table

Tetrachoric Correlation

Yule’s Coefhicients

Pearson’s Cosine 7 Method .

Sheppard’s Method of Unlike Signs

The Coefficient of Contingency

Product-Moment Correlation for Qualitative Series

The Bi-Senial Coefficient of Correlation

The Ratio of Correlation

Exercises

XIX. RELIABILITY

Introduction
Formul® for Errors . .
Systematic and Vanable Errors St
Sampling

The Interpretation of Errors
Varnious Uses of Measures of Error
Differences .
The Experimental-Coefficient Method e e e .
The Critical-Ratio Method oL .
The Vanance Method .
Statistical versus Social Slgmﬁcance o
Exercises . .

XX. ERrORS OF ESTIMATE AND OF MEASURRMENT

Introduction . .
Errors of Estunate .
Errors of Measurement .
Computation

Use and Interpretation
Exercises

XX1 Uses or THE NORMAL ProBasiLrty CURVE

Changing Qualitative Data 1nto a Normal Dm’mbutaon

Companison of Distribution wath the Best Fitting Normal
Curve

Determination of Proportion of Cases between Two Points
on a Scale .

Determuning the Difficulty of Test Elements .

Equslly Noticed Differences . .

Skewness . . . . . . . . . . .
Kurtoas

84 ¢ §§§§ B 99 $HE8ERE BEBERETRERNRE 85



xii
CRAPTRR

CONTENTS

Overlapping c e e
Comparison and Mea.surement. of Cha.nge e e
Equvalent of Comparable Measures . . . .
Curve-Fitting e e e
Exercises . .

XXIII Tae Graraic PrReseNTaTiON OF FACTS

Introduction

General Principles

Histograms, Frequency Polygons, and Smoot.h Frequenoy
Curves

Bar Graphs .

Pyramd Graphs

Circle or Pie Graphs e e

Thermometer Graphs N

Graphs Showing Change ce

*Cartoon Graphs

Map Graphs
Exercises . . . . . . « .+ + + «

A. GINEI’ML BIBLIOGRAPHY.

B. Tasome or THE HEIGHTS, AREAS, AND CORRESPONDING

RaTios oF AREAs OF A Normai DistrRiBUTION CORRE-
SPONDING TO STANDARD AND MEDIAN DEviaTiON UNITS .

C VaLues aNp LogaritaMs oF CERTAIN CONBTANTS EMPLOYED

IN EpucaTionNaL StaTIsTICS e e e

INDEXOPAUTHORS . . . . . . . . + « o «

InpExorTorics . . . . . . . . . . .+ .+ .

PAGS

439

447
451



LIST OF FIGURES

FIGURR
1. Graphic Representation of Symmetnca.l Distribution of Measures
within Each Class . .
2 The Coordinate Axis System
3. First Quadrant of Coordinate Axis System mth Broken Ba.se Lme
4 Histogram or Column Diagram
5. Column Diagram Composed of SBeparate Rectangles
6 Histogram Composed of Unit Rectangles RLpreeentmg Indnwdual
Cases .
7 Frequency Polygon
8 Smooth Frequency Curve
9. Four Histograms Representing S8sme Data hut. wnh Different.
Class Intervals .. .
10 Original and Smoothed Frequency Polygons
11 Cumulative Frequency Curve Showing Number of Cases below
Each Point
12

Cumulative Frequency Curve Showing Number of C-B ut or
above Each Point .

13 Ogive or Percentile Curve

14. Ogive or Percentile Curve with Certain Percentile hnu .

156. Ogive or Percentile Curves Used to Compare Two Distributions

186 Normal Frequency Curves

17 Graphic Representation of Intelhge.noe Quouenta of over Eleven
Thousand High School Graduates, with Best Fitting Normal
Curve

18. Graphic Representation of Quotients of Graduates from One High
School with Best Fitting Normal Curve

19 Graphic Representation of Test Scores

20. Frequency Polygon and Smooth Curve Representing Etpnnmon
of (1 + 1) |

21. Normal Frequency Curve Constructed by Use of Values Given
mm Appendix B

22. Leptokurtic and Platykurtic Frequency Curves

23. Platykurtic Frequencv Curve Representing Scores on an Intelh-

gence Test .

34. Leptokurtic Frequency Curve Repreaent.mg Scores of a Clm
upon a Test .

25. U-Shaped Frequency Curve . e

28. Pomtively and Negatively Skewed Curves . RN
%71. Poaitively Skewed J Curve . .o
28. Graphic Representation of Compuhmon of the Medum

2. Graphio Representation of the Mean, Median, and Mode

Xini

LE8EY 5 62 8BE gWeERN

gIRBIZ 8 B & 8% X



% o
<

[

88

9

&

41

42.

gerruge 8

7.

LIST OF FIGURES

. Graphic Representation of Median, Quartiles, and Other Sim-

ilar Measures

. Curves with Same :&vera.ge but. Dlﬂ'erent Vanabilities

Normal Curve Showing Measures of Vanabihty
Skew Curve Showing Measures of Vanability
Normal Curve

. Graphic Representation of Correlation
. Graphic Representation of Perfect Pomitive Curvilinear Relation-

ship

Graphic Representation of High Curvilinear but Low Rectilinear
Correlation

Coordinate Axis System with Four Straight Lines

Correlation Graph Containing Regression Lines

Normal Curve Illustrating Difference between Ordinary Method
and Experimental Coefficient or Critical Ratio Method of Stat-
g Reliabihty

Illustration of the Changing of Quahtative Data mto a Normal
Frequency Distribution

Companson of Actual and Best Fitting Normal Curves for the
Same Data

. Use of the Normal Curve to Determme What Proportion of Stu-

dents Sphould Receive Each of Five Marks

. Normal uency Curve Used to Determine the Difficulty of

Elements Answered by Known Per Cents of Those Attempting
to Do So

Three Normal Frequency Curves Representing the Distributions
of Judges' Ratings of Three Specimens of Work

A Positively S8kewed Curve

A Negatively Skewed Curve

Ilustration of Overlapping of Each Distnbution Past the Me-
dian of the Other Distribution

. Ilustration of Two Methods of Showing that Zero Lines Do Not

Appear upon Graphs 1n Their True Position
Correct and Incorrect Methods of Labeling Bars in a Bar Graph
Illustration of Curves Representing Numbers of Cases in Each of
Several Classes That Are Continuous but Do Not Unite to Form
a Frequency Distribution
Illustration of Figure Emphasizing Area.s Contained between
Given Curves .
Tllustration of Dhvided Bars Used for Comparing Proportion
Iilustration of Divided Bars Used for Companng Both Actual
Numbers or Amounts and Proportions

. Mustration of Single Vertical Bar or Rectangle Used to Show

Division of a Whole into Parts

. Mlustration of Bars Used to Compsre the S8ame Sub;ect on Ench

of Several Points

. Ilustration of Pyrsmud Geaph . . . . . . . . . .
. Ilustrations of Circlegr Pre Graphs . . . . . . . .

PAGER

113
116
133
133
136
146

148
149
240



LIST OF FIGURES

YIGURR

59. Illustration of Thermometer Graph . .

60. Illustration of Graph Showing Change from One Time to Another

61. Illustration of Cartoon Graphs Employing Human Figures . .

62, Ilustration of Cartoon Graph Representing Relation of Window
Area to Floor Area . .

63. Ilustration of Cartoon Gmph Employmg Columns of Dollm

430
431






TABLE

II.

I

Iv

VI
Vil
VIII

IX

XI

XII

X111

XVI
XVIIL
Xvil

LIST OF TABLES

Cumulative Frequency Distnibution Showing Number
and Per Cent of Cases 1n and below lbach Class

Cumulative Frequency Distribution Showing Number
and Per Cent of Cases in and above Each Class

Four Classifications of Same Data with Different Class
Intervals

First and Second Smoothed Frequencies Obtained by
Method Recommended by Thurstone

Computation of Mean of Measures 1n Frequency Dm-
tribution by Long Method

Computation of Mean of Measures in Frequency Dis-
tribution by Partially Shortened Method .

Short Method of Computing Mean of Measures in Fte—
quency Distribution . Lo

Short Method of Computing Mean of Mea.surea iu Fre-
quency Distribution

Computation of the Median

. Computation of the Median When Numbﬁ‘w M Is

Odd e, -

*

Computation of the Median When S = % : . .
Computation of the Median When S = %md ;ﬁgmt
Class Frequency Is Zero . . ”‘f %“ .

Computation of the Median When S = N and Adjsbent
Class Frequencies Are Zero

. Computation of the Median When Class Interval Is Not

Uniform

. Computation of the Median When Frequency of Extreme

Class Exceeds %

Computation of the Median of Discontinuous Seres
Illustration of Mode
Illustration of Effect of Different Classifications upon
Apparent Value of Mode
Computation of the Harmomc Mean .
xvil

2

28 ZF g



XX1
XXII.
XXI11
XXI1V
XXV

XXVI.

- XXVII

XXVIII

XXXI.
XXXII.

XXXIII.

xxiv

XXXVI.

Xxxxvii

XXXVIIL

XLIL

XLIIL

LIST OF TABLES

. Computation of the Quartiles

Computation of the Quartiles

Computation of Percentiles . .

Computation of the Mean Deviation about t,he Mea.n .

Computation of the Mean Dewviation about the Median

Computation of Standard Deviation of Simple Series
Using Exact Mean

Computation of Standard Deviation of Simple Senes
Using Assumed Mean .

Computation of Standard Devmtlon of Frequency Dis-
tribution

Computation of Sta.ndaxd Dewistion with All Deviations
Positave

Per Cents of Cases m a Normal Dmtnbuhon Included
within the Given Distances from the Average

. Approximate Distances Covered by Distnibutions Con-

taining the Given Numbers of Cases

Computation of the Mean Difference

Computation of the Coefficient of Correlation of Un-
grouped Series with Assumed Means

Ayres' Method of Computing the Coefficient of Correla~
tion with Ungrouped Series

Ayres’ Reduced Score Method of Computing the Coeffi-
cient of Correlation with Ungrouped Senes

Computation of Coefficient of Correlation of Ungrouped
Sernes by Use of Substituted Values Eqmvn.lem. to Class
Deviation %

Correlation Table for the Data Given on Page 153

Final Form of Correlation Table for Data Given on Page
153 .

Computation of the Coeflicient of Correlal:lon for a Cor-
relation Table

. Computation of the Coefficient of Correlation for a Cor-

relation Table with the Addition of Certain Methods
of Checking

. Computation of the Co«:fﬁcxent. of Correlntion fot [y Cor-

relation Table by the Ayres Method

. Computation of Intercorrelations among Several Vsrhblel

Furfey’s Method of Computing the Coeficient of Correla-
tion for Data Which Cannot Be Grouped into Two Series

Correlation Tables Illuatmung Coefficients of Correlst.ion
of Various Sizes

PFAGE
1068

107
110
120
122

124
125
126
129
134

135
139

153
156
158

160/
182

165

108

170
174

177

181



TANLE

XLIV.

XLV.
XLVL

XLVII

XLVIII

XLIX
L

LI

LII
LIII

LIV
Lv

Lvl
LVIL
Lvin

LIX.

LIST OF TABLES

Further Correlation Tables Illustrating Coefficients of
Correlation of Various Sizes .

Sizes of Coefficients of Correlation Commonly Found for
Certamn Relationships

Values of k, Em, g, and Ep Correspondmg to leen Valuu
of r .

Per Cents of Ca.ses Dmplaced in Terma of Median Devw-
tions Corresponding to Given Values of the Coefficient
of Correlation .

Illustration of the Effect of Vma.ble Errors n Reducmg
or Attenuating the Coefficient of Correlation

Assigning Ranks to Scores

Computation of Rank Correlation .
(i} 6
Values of o and NN=T) Corresponding to Values

of N from 10to 40

Values of Product-Moment r Corresponding to Va.noua
Values of Rank B

Computation of the Coefficient of Correspondenee by
Several Methods

Computation of the Coefficient and Ramos of Correlatxon
Ilustration of the Effect of a Third Factor m Producing
Apparent Correlation
Relationship between Size of Zero-Order Coeﬁicxents of
Correlation and of Partial Coefficients Based Thereon
Relationship between Size of Zero-Order Coefhcients of
Correlation and of Multiple Coefficients Based Thereon
Approximation to Product-Momeng Coefficient of Corre-
lation for a Fourfold Table . - .
Values of r Corresponding to Certain Values of the Frao-
Vad

on —=————— Used in Pearson’s Cosine * Method
Vad + Ve

. Computation of the Coefficient of Mean—Square—Con-

tingency

. Computation of Bl-Sena.l r.
. Standard and Probable Errors of Certain Averages and

Other Point Messures

. Standard and Probable Errors of Certain Measures of

Vanabihty

Standard and Probable Errors of Certain Measums of
Correlation

Standard and Probable Errors of Certain Miscellaneous
Measures .

rAGE

182

191

195

§§§

g

8

g8

262

271



TABLR

LXVI

LXVII
LXVIII

LXIX

LXX
LXXI

LXXII
LXXIII

LXXVI.

LXXVII

LIST OF TABLES

Per Cents of Errors Not Greater Than Certain Standard
and Probable Errors and Corresponding Chances That
the Error in a Particular Measure Is Less Than the
Given Error .

Chances That a Difference Is Significant Corresponding
to Various Values of the Experimental Coefficient
Computation of the Standard Errors of Estimate and of

Measurement

Multiphers to Be Used in Determining Standard and
Probable Errors of Estimate and of Measurement Cor-
responding to Certain Values of the Coefhicient of Cor-
relation

Changing Qualitative Data into & Normal Distnbution

Per Cent« of Vanous Teachers’ Ratings Given by Each of
Five Supervisors

Mean ¢ Distances of Ratings Corresponding to the Per
Cents of Ratings Given in Table LXXI

Comparison of the Diffcrences hetween an Actual Dis-
tribution and the Best Fitting Normal One with Therr
Standard Errors

Values of P for Testing Goodness of Fit Corresponding to
the Given Values of X* and n

Numbers of Judges Necessary to Insure Given Chances of
Rehabihty of Ratings According to Method of Equally
Noticed Differences

Computation of Comparable Measures by Different
Methods in Case of Sumple Senes

Computation of Comparable Measures by Different
Methods 1n Case of Frequency Distnbutions

PAGE

346
356

370

375
379

381

381

410

412



STATISTICAL METHOD
IN EDUCATION






CHAPTER I

INTRODUCTION

Purpose of this volume. Only within the last two decades
has the use of statistics begun to fill the mmportant place in
education and most other social sciences that 1t has long held
in physical science and more recently occupied in biologieal
science. It 18 now, however, generally recognized that a knowl-
edge of statistical methods and procedures is & necessary quali-
fication for the scientific study of many educational problems.
This 18 true for at least two reasons, both of which have been
guiding factors 1n the preparation of this volume. One of the
resulting purposes is to familiarze those studying this book
with the statistical methods and formule to be applied to the
handling of educational data, to the solution of educational
problems, and to the interpretation of the results secured. The
second and almost equally important aim 1s to render under-
standable the large number of statistical terms and references
found in current educational discussions, both oral and written.
Buch understanding 1s rendered more complete by a knowledge
of how to compute the statistical measures referred to, dut it
is possible to gain a reasonable degree thereof without possessing
this knowledge. The reader who desires to master only this
phase of the contents of the present treatise will in most cases
be able to omut the other portions, which present formule and
methods of computation, without seriously interfering with his
purpose. ~

Generdl suggestions for statistical workers. There are cer-
tain general suggestions that may with profit be followed by
statistical workers.! Probably the first is that statisties is a
tool rather than an end n itself. As such 1t should be used

1 For a fuller presentation of such suggestions, see Ernest W. Tiegs
and Claude C. Crawford, Statiatics for Teachers (Boston, Houghton Maffhn

Co., 1930), Ch. xi), ““Prinaiples of Statistical Research.”’
3



4 STATISTICAL METHOD IN EDUCATION

when needed to contribute to the accomplishment of the de-
gired purpose of a piece of research. With this purpose in mind
one should plan statistical work before actually beginning it.
It is rarely possible to plan in full detail all that is to be done,
but in most cases the worker can make plans that will need
oomparatively little alteration or addition. Preparatory plan-
ning should include consideration of the data to be handled;
of their relation to the problems to be solved or questions to
be answered; of their accuracy, adequacy, and representative-
ness; of their analysis and the measures to be computed from

; of the most convenient form 1 which to arrange them
for’computation; of the best tabular and graphic arrangement
in case they are to be presented to others; and of other more
or less similar points.

To avoid unprofitable labor and to help to insure dependable
results, it should be kept 1n mind that the data being dealt
with need to be satisfactory with regard to both quality and
quantity. One can rarely, if ever, dentve sigmficant findings
from inadequate data by mere refinement of statistical tech-
nique. Perhaps the most frequent error 1n this connection is
the assumption that if the data available are numerous enough
the results based upon them may be considered significant re-
gardless of their quality or accuracy. Although it is true that
in some cases quantity may to a limited extent balance M
fects of quality, there are many instances in which this is by
no means true, and in which increasing the number of data
does not improve the accuracy of the results. ‘

It may seem self-evident, but apparently is not to numerous
persons who attempt to employ statistical methods, that any-
one working in this field should have the capacity for careful,
thorough, and accurate work. Even though one makes large
use of prepared tables, calculating machines, and other helps,
he is very unlikely to be a successful statistician if he is not
reasonably accurate in performing the ordinary operations of
arithmetic. No attempt will be made in this volume to give
explicit training along this line, but rather it will be assumed
that anyone studying educational statistics will be sufficiently
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self-critical to determine whether or not his arithmetical ability
is satisfactory and, if not, to go through the amount of practice
and drill necessary to make it so before he attempts to employ
statistical procedures.

Aids to computation. The aids to computation fall in gen-
eral into two chief classes. tables and computing machines.
There are available numerous tables that are useful in per-
forming various arithmetical operations. Of such general tables
Barlow's Tables of Squares, Cubes, Square Roots, Cube Rools,
and Reciprocals ? are probably the most useful to workers in
the field of educational statistics. Multiplication tabl
as those of Crelle and Peters,?® may often be employed to ¥ave
much labor, especially if either multaipher or multiplicand re-
mains the same for a series of operations. In many cases, es-
pecially if computing machines are not employed, logarithmic
tables are quite helpful, and in occasional instances trigonometrie
oncs are needed. Undoubtedly the most useful tables of a less
general nature are those prepared by Pearson for statisticians
and biometricians.* Many of these are concerned with functions
of the normal curve and other curves frequently employed in
statistical work. Number II of the set 13 Sheppard's Table of
the Probability Integral, which 1s fundamental to many of the

ures and computations employed in dealing with educa~

onal data. Holzinger > has prepared a set of a dozen tables
that provides an excellent combination of those for general
‘camputation and those more or less pecuhar to educational
statistics. The handbook prepared by Dunlap and Kurtz ® is,

4

? Barlow, Tables of Squares, Cubes, Square Roots, Cube Roots, Recipro-
cals, of AU Integer Numbers up to 10,000 (London, E and ¥ N Spon, Ltd.,

1914), 200 pp.
" 30. Seeliger, Dr A. L. Crelle's Calculating Tables (Berin, Walter de

Gruyter & Co., 1919)

J. Peters, Neue Rechentafeln fur Multiplikation und Dvnsion mst Allen
Ein-bis Vierstellygen Zahlen (Berlin, Georg Reimer, 1909)

¢ Karl Pearson (Editor), Tables for Statistrcians and Biometricians (Car-
bridge, Cambridge University Press, 1914), 143 pp.

s Karl J. Holunger, Siatsstical Tables for Students sn Educalion and
Psychology (Chicago, University of Chicago Press, 1925), 74 pp.

¢ Jack W. Dunlap and Albert K. Kurtz, Handbook of Statistical Nomo-
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insofar as the writer knows, the outstanding available help of
this sort. It contains three parts, of which the first presents
almost thirty nomographs that may be employed in computing
results frequently desired in work in educational statistics, the
second a dozen tables of much the same type as those found in
Holzinger, and the third a hst of over four hundred formuls
and a large number of symbols employed in this field.

There are many useful computing machines on the market.
For three-figure accuracy, a ten-inch shde rule, such as 1s com-
mo d by engineers, 18 probably the most convenient in-
st nt. A twenty-inch rule will give four or five places, but
is much less convenient. One shde rule mtended particularly
for worlters in education and psychology has been devised. It
containg jen standard slide-rule scales and seven especially
planned for statistical work in the two fields named. It was
constructed by Enlow and is described 1 the references given
below.” For more elaborate and exact work electrically driven
machines of various sorts are best, although those operated by
hand are distinctly worth employmg if the more expensive
electrical ones are not available For sunple addition the Comp-
tometer is one of the best. For both addition and multiplication
the Burroughs is good. If there 18 much division to be done,
the Marchand, the Millionaire, and the Monroe are better. For
the elaborate classification of thousands of cases, a mechanical
card-punching and automatic sorting device is economical. The
Hollenith is a widely used machine of this type, being employed
in connection with the statistical compilations made in 8 number
of our largest city school systems and elsewhere. Recently
Warren and Mendenhall have constructed a somewhat similar
machine which appears to have the widest range of useful-
ness of any now available, and to accomplish a number of
more-or-less complex operations more expeditiously than any

graphs, Tables, and Formulas (Yonkers-on-Hudson, World Book Com-
pany, 1932), 163 pp.
?Elmer Remer Enlow, “A Statistical Slide Rule,” Conimbufions to
Education, No 130, Nashwile, George Peabody College for Teachers, 1934.
———— “An Abstract of a Statistical Shde Rule,” Peabody Journal of
Education, Vol. 12, July, 1934, pp. 26-30.



INTRODUCTION 7

other.® For the computation of correlation and regression, Hull
and Seashore have devised machines that will be referred to in
connection with those topics.

This brief hist of tables and mechanical devices by no means
includes all that may be found helpful by the worker in eduea-
tional statistics, but merely shows a few that seem to the writer
to be among the most useful. For a somewhat fuller discussion
of aids to computation the reader is referred to Tiegs and
Crawford  An excellent account of the construction of nomo-
grams accompanmed by the most complete bxbhography% the
subject with which the wnter is famihar has been prepared by
Gnffin.

Terminology and symbolism. Unfortunately the terminol-
ogy and, still more, the symbolism employed in the field dealt
with by this volume are far from standardized. This fact is
evident from studies made by West ' and others. ¥From time
to time attempts tending toward such standardization have
been made. Of these, that of Monroe !? 18 among the most
recent and most comprehensive. The writer will follow it in
most cases, often giving also the symbols employed by workera
who do not conform thereto.

Accuracy in computation. It has already been stated that
the worker 1n this field should be able to compute accurately.
In addition to this, however, the accuracy of the data bemng
dealt with must be taken into consideration so that the degree
of accuracy of the results obtawed therefrom can be known,
or at least approximated. In some cases 1t 18 possible to obtain
data accurate to almost any desired degree. Since a higher

8 “The New Wizard,” Teachers College Record, Vol 32, December, 1930,
PD. 201-292.

* Ernest W. Tiegs and Claude C. Crawford, op. cit., Ch. n, *Labor-
Saving Devices and Equpment.”

¥ Harold D. Gnffin, **How to Construct a Nomogram,” Journal of
Educatsonal Psychology, Yol 23, November, 1932, pp 561-577.

1 Paul V. West, " Need for Standardization of Symbols and Formulm
in Educational Statstics,” Journal of Erperimental Educatson, Vol 1,
March, 1933, pp. 216222,

3 Walter 8. Monroe, ‘“‘Standardisation of Statistical Symbohsm,”
Journal of Experimental Educalion, Vol. 1, March, 1933, pp. 223-228.
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7ihree of accuracy usually requires a greater amount of com-
putation to secure 1t, useless labor can frequently be avoided
deciding upon the degree of accuracy needed 1n the results,

¢ us determining in advance how accurate the original data
%&e following computations must be. The determination
of the degree of accuracy desirable n the results depends in
part upon the type of data involved, and in part upon the pur-
poses of the study. For example, 1n dealing with teachers’ an-
nual salaries, in almost no case is 1t worth-while to take them
to the nearest cent, and in most 1nstances not even to the nearest

il but perhaps to the nearest twenty-five, fifty, or even
fiagdred dollars. In dealing with the total expenditures of

v sclipol systems, the nearest thousand or even the nearest
ten thousand or one hundred thousand dollars is frequently
close enough for all practical purposes In measuring the weights
of school children the nearest pound 18 conventionally taken
a8 being accurate enough. In determimng cost per pupil hour,
however, at least the nearest cent is generally wanted and
sometimes the nearest tenth of a cent.

The accuracy of a number may be expressed as either absolute
or relative. In other words, a number may be known to be
accurate to within a certain defimte amount, or to within a
certain proportion of the mumber 1itself. For example, such a
number as 12.9 i8 conventionally understood to be accurate to
the first decimal place, that 18, to the nearest tenth; one such
as 4,183 to three places, or the nearest thousandth; and so with
others. This means that 12.9 1s known to have a true value
between 12.85 and 12,95 and 4.183 to have one between 4.1825
and 4.1835. Instead, however, one may state the accuraey of
12.9 as being within a relative error of .4 per cent, obtained by
dividing .05 by 12.9. Sometimes, instead of stating absolute
accuracy in terms of the number of decimal places correcet, it is
stated by giving the number of significant figures correct, that
i, the number of digits, omitting any zeros that occur ahead of
all other figures, known to be correct. Thus 12.9 would be said
to be correct to three significant figures and 4.183 to four.'s

13 It should be observed that the position of the decimal point has noth-
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In dealing with accuracy it is important to remember thaf
often there must be more decimal places or significant figures
accurate in certain of the steps leading to a given result thas
are accurate in the result itself. There are some insts
however, in which the result may be relied on as
more accurate than any one of the quantities that enter into
its determination. A few of the most helpful rules and
pnnciples for determining the accuracy of the result when
that of the quantities entering into 1t is known, will be given
below.

The error in a sum or total may be as great as the s
the errors in the quantities added to give the total, bugg
these quantities arc subject to bhased or systematﬁn eTrOrs,
that is, errors all in the same direction, this 18 unhkely to be t.he
case. It 18 more likely that the errors in the quantities are
chance or unbiascd errors that tend to compensate vne another
so that the error 1in therr total approxunates zero. 'Bissed errors
may be illustrated by those caused by the use of a yardstick,
for example, that 1s one-half mnch too long. If the lengths of a
number of objects are measured by such a yardstick, and added,
the total will be 1n error by approximately the sum of the errors
or, in other words, by as many times one-half inch as the yard-
stick has been applied. If, instead, the yardstick 18 of the
correct length, the errors in the measurements of the various
objects will probably be due to carelessness, and will sometimes
be positive, sometimes negative, so that when added they wil
tend to balance one another and thus produece very httle error
in the sum. Theréfore a total is usually more accurate than
the quantities which compose 1t.

From the same considerations it follows that an average,
ing to do with the number of significant figures 1n a pumber. Thus, for
example, each of the following has four significant figures. 4975., 24.56,
1.245, .02287. It 18 to be understood, unless stated otherwise, that only as
many sigruficant figures of 4 number are given as may be considered accu-
rate. Forexample, 12 5 would indicate that the quantity concerned is accu-
rate to three significant figures, or, in other words, to the nearest tenth;
12.50, that it is accurate to four significant figures or to the nearest hun-

dredth; 12 500, that 1t is accurate to five figures or to the nearest thou-
sandth, and so on
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#inoe it is merely a total divided by the number of cases en-
tering into it, is usually more rehable than the single measures
thaé contribute to it. Therefore the practice of carrying an
avérage to more decimal places than the items that enter into
it is usually justified. If there are ten or more 1tems the average
may be carried to one more decimal place; if there are one
hundred or more items, to two more places; if one thousand or
more, to three more; and so on It should not be overlooked,
however, that the error in an average may be as large as the
average of the errors in the individual measures. This, of course,
corresponds to the possibihity mentioned above that the error
in a total may be the sum of the errors in the individual
measures,

In multiphcation and division the number of significant
figures in the product or quotient known to he accurate is no
greater thaft the number of such figures in the contributing
item with the smallest number of accurate figures. Thus, if
one number with six accurate figures 18 multiplied or divided
by another in which only two are aceurate, the resulting product
or quotient cannot be known to be accurate to more than two.
However, If several multiplications or divisions have been per-
formed and the errors 1n the various quantities concerned have
been unbiased or chance errors, there 1s the same compensating
tendency as in the case of addition, and 1t 18 probable that the
result 18 more accurate than the quantities entering into 1t.
The approximate limit of the relative error in a product or
quotient is the sum of the relative errors in the factors. Thus,
for example, if a quantity with a relative error of 1 per cent is
multiphed by another with a relative error of 2 per cent, and
their product by another with a relative error of 4 per cent,
the possible relative error in the final product is approximately
7 per cent. If, however, as is prohable, these relative errors
are not all in the same direction, the error in the product will
be much less than 7 per cent.

Relative errors of powers and roots may be determined by
the rule that the relative error of the nth power of any number
is approximately n times that of the number itself, and con-
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versely that the relative error of the nth root of any number
is approximately % that of the number. For example, if

relative error of a number 18 .001 and 1t is raised to
fifth power, the relative error of the result 18 about .005,
whereas if 1ts fifth root 1s taken, the relative error thereof
is only about .0002. It is also true of square roots in general,
although subject to some exceptions, that such a root contains
a8 many significant figures as the number from which it is ex-
tracted.

In connection with the question of accuracy, the dropping
of decimals should be considered. The general rule is that
whenever the first figure dropped 18 five or more, the preceding
figure should be increased by one. For example, if the number
3.2347 15 to be reduced to three decimal places, it becomes
3.235; if 1t 18 to be reduced to two 1t becomes 3.28, not 3.24.
In other words, if a decimal is to be shortened, s should be
done 1n one operation and not one place taken off, then another,
another, and so on.

In dealing with quantities that are to be added the practice
just deseribed 18 often vaned msofar as numbers contamning five
in the decunal place to be ehminated are concerned. It can
be seen that if, when a five 1s dropped, the preceding figure is
always increased there will be a cumulative or hiased error in
the total as there will be no compensating decreases to balance
these increases Therefore in such a situation the 5755 549
convention 18 frequently adopted of increasing the 4g15 482
figure preceding five by one o 1t is odd, and of 1975 1.98
dropping five without increasing the preeeding 2435 2.44
figure if the latter 1s even. Thus, for example, if 3285 3.28
the quantities shown in the first column at the right :
were reduced from three to two decumal places for addition
they would appear as shown in the second column.

Another point that should be watched anses in the deter-
mination of per cents and similar expressions, usually in division.
It is that the division or other computation should be carried
far enough to furnish evidence as to what the last figure to be

“,
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.18 kept should be. For example, if one is to determine
EQ_[?.T{) what per cent twenty 1s of one hundred and twenty,
"120 it will not lead to an accurate result to proceed as

? % shown and thus get 16 per cent. Instead the division
—= should be carried to another place, thus indicating
that the result is nearer 17 than 16 per cent, and should be
given as such if not more than two places are to be carried.

Another general principle that the statistical worker should
never forget 18 that the methods used should be as simple and
as easily understood as is consistent with the resuits wished.
Refined procedures and comphcated methods should be em-
ployed only when there is a justifiable reason for doing so. In
dealing with measures that are not highly accurate the use of
elaborate statistical procedures may serve chiefly to contnibute
to & false idea of accuracy.

A general reference. For those who are doubtful whether
or not they possess the mathematical knowledge and abulity
to do work in statistics, the writer recommends a volume by
Walker.!* It contains a senies of chapters on the requisite mathe-
matical fundamentals and self-tests for use by students at be-
ginnings and endings of chapters.

-t

ExERcisEs 1*

1. How many significant figures has each of the following? A. .011,
B. 2.1450, C. 73.9, D. 410,000., E. .000283, F. .419720, G. 5.005,
H. .2936.

2. Have each member of the class weigh himself and report the
result Add these weights, and determins how nearly their sum agrees
with the actual combined weight of the class. If this is impracticable,
employ some other series of measurements that illustrates the same
point.

3. Determine by actual caleulation the relative accuracy of a product
whose factors are 1.03, 4.04, 3.57, and 6.633, with absolute errors of .03,

W Helen M. Walker, Mathematics Easseniial for Elementary Statistics.
(New York, Henry Holt & Co., 1934), 248 pp

18 No exercises are given for this purpose, but it 18 recommended that
students famiharize themselves sufficiently with such tables and machines
88 those named 10 the text that they can make correct and reasonably
rapid usé of them.
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.04, .07, and .033, all positive, respectively. How does it compare with
that predlcted by the rule on page 10? Y

4. Do the same for factors of 2.01, 1.47, 5.508, 8.08, and 3.94,
absolute errors of +.01, —.03, +4-.108, + 08 and — .08, respecti

5. Determine by actual calculation the relative error in each in-
dicated power or root, and compare it with that found by the formula
on pages 10-11: A. (102)2, absolute error +2, B. (3.535)2, absolute error
+.035; C. /16 0801, absolute error + 0801, D. (3.94)*, absalute error
—.06, E. /15.68230201, absolute error —.31760799. e

6. What does each of the following become if changed to a ¥wo-
place decimal? A. 4.1962, B. 0450, C. 2.93499, D. 104.273, E. .1545,
F. 7.14444, G. 5.24937, H. 25 004.

7. What is the correct quotient to three places, of each of the follow-
ing? A. 1. + 80.; B. 5. + .7, C. 60. + 11.; D. 312,55 + 48.



CHAPTER 11

TABULATION AND CLASSIFICATION

de variables. The many types of data dealt
statistical work are frequently grouped into two chief
varieties: attrnbutes and vanables. The former, attributes or
unordered characteristics, may be defined as those not expressed
in numerical terms, whereas vanables, or ordered characteristics,
are expressed m numerical terms. The division of data dealt
with by the method of attributes 18 most often twofold, but it
may comprise three or more groups. For example, school pupils
are frequently clasmified as boys or girls, or as elementary or
high-school pupils; the various colors of hair are frequently
grouped nto three classes: dark, light, and red; hgh-school
pupils are often classified according to the subjetts they have
carried, the resultant tables showing how many pupils are en-
rolled in Enghsh, how many in Latin, how many in algebra,
and so on through the vanous subjects. In the cases cited and
other similar ones there 18 no satisfactory way of deseribing or
indicating the various groupse or classes or the differences be
tween them in numerieal terms. A certain number on a sex
scale does not represent boys and another number girls, nor a
certain number on a subject setale represent Enghsh, another
Latin, another algebra, and 80 on. As will appear later in
various connections, data such as these do not lend themselves
readily to many of the statistical procedures more or less com-
monly apphed to those of the other type. A majority of the
statistical methods and procedures employed have been devised
with variables or ordered charactenstics in mind and are suited
to them rather than to attrnbutes or unordered characteristics.

Most of the data dealt with in educational work are variables.
Pupils’ scores upon tests, their daily marks, their ages, teachers’
salaries, scores given school buildings and their equupment and
a host of other items are not only susceptible of numery:ui ex-

14
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pression, but are usually best so expressed. In some cases the
number of numerical classes is definitely limted. For example,
in classifying pupils according to grade placement in the ordinary
elementary school there are only exght grades, or perhaps sixteen
half-grades, into which they can be grouped. In most instanses
of this sort the hmitation on the number of groups is artifieial
rather than natural, being imposed by the organization of the
school or some other convention rather than inherent in.the
pature of the data themselves Thus in a system that has
thoroughly individualized instruction and allows each pupil to
progress at the rate best suited to him, the number of groups
on the basis of grade placement might be increased above eight
or sixteen almost without limut.

In the case of measures of mental and physical sbility there
is ordinanly no hmt to the fineness of the grouping posuble
except that mmposed by the fineness of disenmination of the
measunng instruments used. For example, in measuring height
we ordinanly cmploy no unit smaller than a fairly large frac-
tion of an inch, but we know that pupils do not increase in
height by such sudden steps, but instead do so gradually.
Therefore, if fine enough measuring instruments are used, heights
can be determined to any desired degree of preeision and corre-
sponding classifications made. Simularly, in the case of the
ordinary percentie marking system no division smaller than a
single per cent 1s used, although a pupil whose knowledge ex-
oeeds 78 per cent of perfection, for example, does not necessarily
know as much as 79 per cent of it, but his true status may be
described by some fraction between 78 and 79. In the case of
financial data the fineness of classification is ordinarily arbi-
trarily limited by the fact that no smaller unit than the cent
is used, and in many cases of salaries, by the fact that for a
given unit of time, such as a month or a year, no smaller unit
than a dollar, or perhaps than an even ten, fifty, or one hundred
dollars, is employed.

In addition to the terms already used, certain others are
sometimes employed in this connection. Verbal¥classification
is gynonymous with classification by attributes, or in unordered
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series, and numerical classification with that by variables, or
in ordered series. Sometimes also the terms qualitative and
quantitabwe are employed i corresponding meanings, but it
seems to the writer that their use in this way 18 not desirable,
for the reason that quality as well as quantity may be, and
often is, expressed in numerical terms.

Although data are sometimes referred to as being ordered or
unerdered in their nature, it 1s frequently true that their clasei-
fication as one or the other 1s neither inherent nor conventional,
but js determined by the way in which one desires to classify
ﬁdle them. For example, pupils may be classified on the

of birth as native-born of native parents, native-born of
foreigm parents, and foreign-born, thus making classes on the
basis of attributes. If, however, 1t 18 possible to trace pupils’
ancestry back a number of generations, numerical classes may
be established on the basis of the per cent of foreign blood. To
give another example, pupils may be grouped according to their
marks as deserving promotion or failure, or they may be grouped
into numerical classes on the basis of per cents, points, or some
other numerical system of marking. It is always possible to
group data as attributes rather than as variables, but there is
rarely enough to be gained by doing so to justify it. In most
instances numerncal classes are preferable to classes described
in terms of words, and should, therefore, almost always be used
when possible. .

The need for grouping or classif¥ing data. Educational data
a8 well as those in any other field are composed of collections or
series of single cases. From one standpoint, a mere ligt of meas-
ures or scores as they occur may be considered the simplest
form in which to deal with them For example, the following
are the scores, that 1s, the numbers of words spelled correctly,
of a class of twenty pupils on a spelling list of eighty words:
53, 69, 43, 59, 70, 72, 47, 28, 56, 77, 62, 68, 74, 36, 49, 62, 65,
56, 64, 51. Even though the number of pupils is rather small
it is somewhat difficult to get a very clear idea of their scores
from the series just given. The situation can be more easily
grasped 1if they are arranged in order as follows: 28, 36, 43,
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47, 49, 51, 53, 56, 56, 59, 62, 62, 64, 65, 68, 69, 70, 72, 74, 77,
By looking at this series, noting the lowest and highest scores,
and that about the middle half come 1n the fifties and sixties,
one can get a fairly good 1dea of the total situation.

In many instances, however, it is desirable to group the scores
into a few classes, so that a more summarized idea of the series
may be obtaned. Since the lowest score is 28, and the Kighest
77, and classes of ten are rather convenient, the scores My
well be grouped according to whether they fall in the
twenties, the thirties, and 8o on, up to the seventies.
The manner of doing this 18 illustrated by the tabula-
tion at the right. In this the column of numbers followed
by dashes stands for the various classes, that 1s, 20— i8 !
understood to mclude all scores of from 20 up to but
not including 30, 30~ all those from 30 up to but 16t including
40, and so on. In tabulating 1t 18 customary to make vertical
marks, one for each case or score, as shown and, for convenience
in counting, to use a diagonal mark, or sometimes a horzontal
one, running through the last four to complete each set of five
in a class. Thus the four marks or talhes after 70— indicate
that there are four scores of 70 or above but not so great as 80,,
the six following 60-, that there are six at or above 60 but

below 70, and so on for those in the other classes. Or-

70- 4 dinanly after such & table has been completed 1t is re-

60- 6 Wwritten, using figus¥ instead of tally marks, as shown
7 50- 5 at the left. Such an arrangement of scores is called a

40- 3 frequency distribution or tabulation, or a grouped or

gg_’ { classified series, in contrast with a list of scores such as
N =20 V28 EIVED above, which 1s called a simple or ungrouped

+& " serles. The f at the head of the second column of figures
is the conventional abbreviation for frequency and refers to the
number of cases in each class. N, used at the bottom of the
.column, stands for number, and refers to the total or number
of cases in all classes together, that is, in the whole distribution.

It is resdily seen that the frequency distribution just given
with its comparatively small number of classes can be more
readily comprehended and kept in mind than the series of
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individual scores. In the case of such a small series as the one
given, however, the difference is not so great as when more
cases are concerned. Indeed, 1t 18 doubtful if it is worth going
to the trouble to make such a tabulation 1n the cases of most
series of as few as twenty or twenty-five scores. For senes of
greater length than this, however, 1t 13 usually desirable to do
s0, since only exceptional individuals can keep a series of forty
or fifty or more scores well in mind. For example, suppose
that gwenty additional scores of the same sort are added to
the $Wenty already given, making a total of forty as follows,
arranged in order 24, 28, 32, 35, 36, 39, 43, 44, 47, 49, 50, 51,
53, 54, 55,56, 56, 57, 58, 59, 61, 62, 62, 62/ 63, 64, 65, 6¢, 66,
68, 68, 69, 70, 71, 72, 72, 74, 75, 77, 78 One can see at once
what the lowest and highest scores are, and after some inspec-
tion determine about the average and the range covered by the

middle half or some other convement fraction, but 1t 18
70- g more difficult to do so than when the number of scores
60- 12 was only half as great. If, however, the scores are tabu-
50- 10 lated into the distribution given at the left, they are
40- 4 po more difficult to comprehend and remember than
g__ ; were the twenty. Therefore it 18 the almost universal
N =40 practice in connection with statistieal work to group

series of thirty or forty or more scores into frequency
distributions rather than to leave them in mmple or ungrouped
series. .

Grouping or classifying scores. The preceding discussion has
been intended to point out the need for grouping or classifying
scores, but no attention has been given to the best way of
doing so from the standpoint of the number, size, and limite
of the classes. These pownts, therefore, will be dealt with in
this section. Before proceeding to do so, however, it seems well
to explain a few terms. The terw class or, more rarely, group
or step, which has already been used, is best applied to the
position or location on the scale of magnitude that includes the
particular measures or scores grouped together. Thus, in the
last distribution given, the two lowest scores, 24 and 28, are
said to be in the 20— class, the four immediately above them
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in the 30~ class, and so on. The width of a class or, in other
words, the distance from the lower limit of a class to the lower
limit of the next class, is called the class tnterval, or simply the
interval. In the distmbution given 1t is ten.! In common usage,
however, the terms class, tnterval, and step are used with prae-
tically no distinction. Thus, reference is commonly made to
the 20~ class,? the 20— interval, or the 20— step. Perhaps the
best way to avoid any confusion as to meaning is to speak of
the width of a class interval or step when one wishes tg refer
to the distance from the lower limit of one class to th%y&l‘
limit of the next

In defining class reference was made to the scale of magnitude
of the measures concerned. As used 1n this expression, scale
has the same general meaning as in the measurement of length,
height, or weight. In other words, a scale is a measuring ii-
strument divided into suitable units of measurenfent by the
use of which the magmtude of each case or measure can be
determined. Thus, 1in the example used above the scale of
measurement 1s a scale of words spelled correctly divided into
units of one word each, m just the same fashion that a scale for
measuring teachers’ salaries would probably consist of umts of
one dollar and a scale for height of units of one inch.

Reference has been made to the lower and upper limits of a
class These are abbreviated by I and u, respectively, and refer
to the lowest and highest values which the vanable being dealt
with may assume and still be grouped in that class. Thus a
variable with a valoe of 40 would be the lowest possible one
to be placed in the 40~ class, whereas one with a value of
4999 ... would be the highest that should be placed in that
class. For the reason already indicated, however, the upper
limit of a elass is conventionally taken as the lower limit of

t More stnetly speaking, & class mterval s the distance from the lower
limit of a cluss to 1ts upper himit, in thus case from 20 to 2008 . . or,
in other words, 999 . . For the sake of convemence, however, it 8
taken as stated above, thus avoiding the use of an unlimited decymal.

v *The complete term refernng to this class would be the “20-up-to-but-
not-ineluding-30 class,” but because of the length of this expression, 1t is
commonly shortened to the ' 20- class.”
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‘the next class rather than as the theoretically correct upper
limit. A score of 50, however, belongs in the 50— class and not
in the 40~ one.

In grouping individual cases or measures into classes there
are a few general principles that should be followed. Sometimes
they conflict, but insofar as possible they should serve as
guides. The most important one is that classes and their limits
should be 8o chosen that the resulting distribution 1s representa-
tive of the original series of individual measures. In general
the more classes there are, the better 1s this condition fulfilled,
but if this 18 carried to too great a length, the frequency dis-
tribution becomes so long that there 1s hittle gain in employing
it as compared with the ungrouped series from which it was
d +

Not § the number of classes, but also therr width and
Limits, affect the accuracy with which a frequency distribution
represents the onginal measures To take an extreme case,
suppose that in a school system teachers’ salares are such that
the last two figures thereof are always 10, 20, or 30 In other
words, if any teacher receives more than $1230, she receives
at least as much as §B10; if more than $1330, at least as much
as $1410, and w If these are grouped in $100 classes of
which the lower limits are the even hundreds, the resulting
frequency distribution is not at all a satisfactory representation
of the actual facts. It shows how many teachers receive salarnes
between $1200 and $1300, how mamy between $1300 and $1400,
and so on, but there is nothing about it to indicate that the
salaries are all within less than the lower one-third of the range
covered by each class. It is better in this case, although ra
unusual, to have one class run from $1170 up to but not

. zeluding $1270, another from $1270 up to but not including
$1370, and so on, so that the mid-point of each class, $1220
in the first instance, $1320 in the second, and so forth, wiil
correspond approximately to the actual mid-point or average
of the salares in that class.

Since the purpose of groupng is to render the data concerned
more easily comprehended and dealt with, it follows that the
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number of classes should be as small as can adequately represend
the original measures, and the class widths and limits should
be such as can be most easily dealt with. The first of these
two requirements usually conflicts directly with that stated
above, that there should be enough classes to represent the
original data with httle loss of accuracy. Thus in practice one
must commonly compromise between these two principles. It
is generally agrced upon that from ten to twenty classes is the
best number. This depends, however, to some extent upon the
accuracy and meamng of the data themselves, and also upon
the number of cases included Thus, the frequency dis-
tribution of the twenty scores given on page 17 is
probably reasonably satisfactory as 1t 1s, even though
there are only six classes, while that of the forty scores
on page 18 would probably be improved by nere
the number of classes Therefore this has been done
and the resulting tabulation by classes of five instead
of ten 1s given at the right. As a general rule, but only a
general one, it may be suggested that if the number of
cases is not greater than forty or fifty, 1t 18 rarely de-
sirable to have the number of classes mpuich if any n
excess of ten, whereas if there are ma usands
of cases, the number of classes should probebly be at n
least fifteen. In some mmstances when there are very
large numbers of cases it 15 pgrhaps well even to exceed twenty.
It will be noted that in the first two frequency distributions
given above, the width of the classes was ten and that in the
whnt i wes Hve.  This iestrates that 1 8 wdl O toploy w8
g8 widths familiar or commonly used numbers rather than
usual ones such as seven, thirteen, and so forth. A frequently
elpful method of determining the number of classes is to
the most convenient number that, when divided nto the dif-
ference between the highest and lowest scores or measures,
gives a quotient of betwceen ten and twenty. Thus in the case
“of the forty scores given above, the distance from 24, the lowest,
to 78, the highest, is 54, therefore either three, four, or five
may be used as a class interval and will yreld not less than ten
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nor more than twenty classes. In this case, since the total
mmber of cases is relatively small, and also since five is a more
~familiar unit of counting to most persons than three or four,
five was used.

The same principle applies to the choice of lower and upper
limits as to the choice of class widths—that it is well to have
them in familiar or round numbers. It 18 thus much more
patural to the ordinary person to work with a distnbution in
which, the lower himuts are, respectively, 20, 25, 30, and so on,
than with one in which they are 22, 27, 32, and so on, or 24,
29, 34 and so on Therefore, 1nstead of making the lower
gl the first class 24, which is the value of the lowest score,
pken, and, correspondingly, 25, 30, and so on, for the
s, Sometimes thus 1s violated in order to have a round or
éven oy ber for the mid-point of the class rather than for its
limits. the given distribution the mid-points are, of course,
22.5, 27.5, 32.5, and so on. If, however, the lower hmlt of the
first class is 22.5, that of the second class 27.5, that of the
next 32.5, and so on, the mid-points will be 25, 30, 35, and so
on. As the advantage of having round, even, or famihiar num-
bers as mud-points is seldom so great as that of having them
as limits, the other practice is usually followed. Moreover, it
is generally convenient that the hmits be so chosen as to be
multiples of the class width.

Occasionally a series of data ig Nencountered in the tabulation
of which it 18 best to violate at least technically the principle
stated above, that the number of classes should be from about
ten to twenty. To illustrate this, suppose that a tabulation 18
being made of the salaries of all teachers in the school system _
of a small city; that the salaries of elementary teachers therein”
range from $1000 up to $1500; those of high-school teachers
from $1250 up to $2000; and that the only persons receiving
more than $2000 are the high-school principal, who receives
23250, and the superintendent, who receives $4500. The dis-
tance from the lowest salary, $1000, to the highest, $4500,
is 83500, which suggests that classes with a width of $200
or $250 are appropriate. If these are used, however, all the
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persons concerned except two are grouped in the first sm..
few classes and, for purposes of accurate representation i~

of the original data, are probably not sufficiently dis- m"
tributed. In such a case 1t 18 better to apply the rule o905
of from ten to twenty classes to the bulk of the cases, 190p-
in this instance the elementary and high-school teachers, 1800
without consideration of the few exceptional omes. 1700~
Thus, in this case 3100 intervals beginning at $1000 “i%
may well be used with a break in the tabulation be- °, j400
tween $2000 and $3200, and another between the latter  13p0-
and $4500. The linits as given in the tabulation would:Jaase
then appear as shown at the right. To save space and 3§
make a more compact table the break between $2000 8
and $3200, and that between the latter and $4500, insertouy
mstead of the lower lmts of all possible classes in those
intervals.

An important assumption concerning grouped or tabulated
measures 18 that, after the grouping has taken place, all cases
or mcasures within cach class are assumed to be symmetrically
distnmbuted about the mud-point of that class. For some pur-
poses this amounts to the same thing as assuming that they
are concentrated at the mid-pont, but for others the two sup-
positions are not equivalent. Thys assumption renders it de-
sirable that classes and thefr humits be so chosen that their
mid-points comncide a8 nearly as posaible with the actual mig-
pownts or averages of the cases that fall within them, and thus
make a grouped distnbution as representative as possible of
the original cases which compose it. For example, if teachers’
“ salanes i a school system are all in even fifties and hundreds,
classes runming from $975 up to $1075, from $1075 up to $1175,
and so on, with mud-points of $1025, $1125, and so on, are
more representative of the data than are classes from $1000 to
$1100, from $1100 to $1200, etc., with mid-points ending in 50.

It was just stated that the assumption underlying grouping
is that the measures within a given class are symmetrically
distributed about the mid-point of that class. This assumed
symmetrical distribution is illustrated in Figure 1. Each -
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tarval is assumed to be divided into as many equal parts as
it oontains measures, and one of its measures to be located at
the mid-point of each part. In the figure each z shows the
assumed location of one score. The zero-interval, that is, the
distance from 0 to 1 on the scale, 1s divided mnto two equal
parts and the two cases theremn are assumed to be at the re-
spective mid-points of the two equal parts, 0 to .5 and .5 to 1.
These mid-points are, of course, .25 and .75. The four cases
in thefmext interval are assumed to be at the mid-points of
four egual parts into which this interval 1s divided. Therefore

3-1
-3
14 I l I l l
0 1 2 3
0-2
FIG. 1. IC REPRESENTATION OF SYMMETRICAL DIS-

ON OF MEASURES WITHIN EACH CLASS

they fall at 1.325, 1375, 1 625, and 1.875. In a sumilar fashion
the three in the'next interval fallat 2166 . . ., 2.5, and 2 833 .
The one case iR, the last class falls at 1ts mid-point, that s,
at 3.5 It is resdily apparent that the mid-point of each 1n-
terval 18 the exagt averfige or mean of the measures contained
in that interval.

The assumption explained in.the above paragraph is in gen-
eral only approxunately true. It 18 usually the case that if in
the whole distribution there are more measures above a given
class than below 1t, over half of the measures 1 that class are
above and less than half below 1ts mid-point, and wice versa.
The error involved in malking the assumption referred to is
usually so small, however, that ordinarily no consideration is
given to it. If the distnbution 1s fairly symmetrical the errors
on one side of its center tend to balance those on the other in
computations for certain purposes, but in others their effect is
cumulative and may be serious. Corrections for this effect
will be suggested later.

Occasionslly one sees frequency distributions in which the
widths of all the intervals are not the same. However this is
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rarely the best way of constructing such distributions, and
should never be followed unless one of two reasons seems to
demand 1t. One of these absolutely requires it, but rarely
occurs. It 1s that at one or the other end of the distribution,
usually the upper, there be an unhmited class. For example,
in tabulating incomes it 1s sometimes unpossible to determine
accurately the imcomes of the few wealthiest mdividusls, so
that 1t 13 frequently necessary to have a highest class of which
only the lower hmit and not the upper one 1s known.

The other of the two reasons referred to above occithé more
commonly, but does not always justify the use of clases of
different widths It 18 a situation in which the bulk of the in-
dividual cases fall within a comparatively narrow range on the
scale, and yet there are enough spreading over a comparatively
wide distance on the secale outside of this range so that it is
not satisfactory to treat them as was suggested f salaries
of the principal and superintendent 1n the e given on
page 23. Thus 1n a large city system the salaries of classroom
teachers may range from $1200 up to $4000, and those of the
much smaller number of principals, supervisors, assistant super-
intendents, and other administrative and supervisory officials
may range on up to $12,000 with no, o‘r,.a.lmost no, interval of
more than a few hundred dollars within which«at least one does
not oceur. In this case an wnterval of $1000 perhaps seems
desirable from a consideration’sf the range between the lowest
and highest salanes, but such an interval does not group the
classroom teachers’ salaries with sufficient accuracy. Further-
more, an interval small enough to be satisfactory in their case,
such, for example, as $250, results in entirely too many classes
for the whole distribution. In such a case 1t is sometimes best,
therefore, to employ classes of two or occasionally even more
widths. In the one just given $250 or perhaps $500 may be
used in the lower classes and $1000 1n the upper, thus giving
classes of $1000 to $1250, $1250 to $1500, and so on, or of
$1000 to $1500, $1500 to $2000, and so on, up to $4000, then
of $5000 to $6000, $6000 to $7000, and so on up to $12,000.
Such cases as this, however, oceur rarely in dealing with most
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‘Y4ypes of educational data, such as scores on educational or
intelligence tests, school marks, pupils’ ages, weights, heights,
and so on.

A question that arises in connection with distributions in-
volving the percentile system of marking 18 how to mclude both
zero and 100 per cent 1n the classes. When the range 1s from
zero to 100 nclusive, there are 101 possible scores included,
hence there is no divisor or uniform width of class interval
which can be used so that zero will be the lower limit of the
lowest class and 100 the upper hmit of the highest class There
are two methods of procedure. The lowest class may include
zero up to but not ncluding 5, for example, and so on, until
the next to the highest class includes 95 up to but not including
100, and the highest class contains only those measures of
exactly 180.- The other procedure 1s to have a separate class
for the zero measures, the next class embracing 1 up to but
not including 6, and so on, until the last contains 96 up to
and including 100. The decision as to which plan to use should
rest chiefly on two points. These are grouping the cases so
that the original measures are best represented, and whether
from the nature of the data or what is to be done with them 1t
is more desirable to keep the zero scores or the 100 per cent
scores in a separate group.

In the frequency distributions given so far the classes have
70-79.99 Dbeen represented or delimited by their lower hmits
606999 followed by a dash. This is the conventional practice
50-5999 in this respect, but other methods are occasionally
40-40.99  employed. A satisfactory one except that writing 1t
328'_3399 requires shightly more labor and space differs from

9 the other merely in that following the dash it gives
the upper limit, usually carried to two decumal places. Thus
for the distribution given on page 17 the classes 70-79.99
would be denoted as shown at the left. Sometimes a )
compromise between the two methods is used 1n that
the upper limit of the upper class only 18 given In
the same case just used the limits would, therefore,
appear as shown at the right.

PETES
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As contrasted with these there are two undesirable methods. -
75 One 18 the method of designating classes by their mid-
@5 points, sometimes called the class marks or class types.
55 Thus for the example just used the classes would be desig-
45 nated as shown at the left. The objection to this form is
35 that it is not convenient to use in tabulating, since a mere
% glance at the mid-points does not show in which class a
given case falls.

A still worse praetice 18 to give limits as shown at the right.
This system employs the lower hmit and a dash followed by
the lower limit of the next class instead of the upper 20-80
limt of the same class The chief objection to thisis gg. 79
that it 18 confusing and does not indicate where scores  50-60
that come just at the lower limits belong For example, 40-50
50 appears both as the upper limit of the 40~ class and 30-40
as the lower limit of the 50— class, so that when a seore 20-30
of 50 18 to be tabulated, one 18 confused as to where to put it.
It should, of course, be in the 50— class.

In connection with classifying individual cases into frequency
distributions 1t should be noted that such distributions may
be either continuous or discontinuous. A continuous distribu-
tion 18 one 1n which there are no gaps, or, in other words, 1n
which the trait being measured may be subdivided infinitesi-
mally to any desired degree. A good example of this may be
found 10 the case of weight. There is no sudden gap i weight
between individuals who weigh, for example, 121, and those
who weigh 122 pounds, nor can such a gap be obtained by re-
fining the measurcments to any given degree. We may measure
to ounces instead of pounds, to grams instead of ounces, and
even still more accurately, but we can never reach such a small
unit that further subdivision is impossible, provided we have
instruments fine enough to make it. In some cases the meas-
uring instruments used appear to leave a defimte break when
this is not the case. For example, in marking spelling ability
the whole word 18 usually taken as the unit. There is, however,
no absolute gap between a pupil who can spell eight words out
of ten correctly and another who can spell nine, but many de-
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grees of spelling ability may exist between the degrees possessed
by these two pupils. One pupil may know how to spell eight
words and know nothing at all about the ninth, another may
know a very lhittle about the ninth, and so on, until finally
there is one who just barely misses spelling 1t correctly.

A discontinuous or diserete series or distribution is one in
which there are gaps. If the number of pupils in a room 1s being
considered there can be no finer division than one pupil. In
paying teachers’ salaries there can be no further division than
a cent-according to the means ordmarily used. Indeed, as
salaries are usually paid, there 1s no subdivision beyond a
dollar ahd often not beyond twenty-five, fifty, or even one
hundréd dolla,rs In some instances discontinuous series may
be dividéd so finely in proportion to the magmtude of the
messures that for all practical purposes they may be regarded
as continuoys. This is true of the example of teachers’ salanes
given above, since when salaries range 1nto thousands of dollars
subdivision to single cents represents practical continuity. Such
series are sometimes called pseudo-continuous. In general sta-
tistical procedure no difference 1s made, but all frequency dis-
tributions or tabulations are treated as continuous unless it is
otherwise stated or very evident that they cannot be.

Cumulative frequénty ¢ables. Another form of table that is
sometimes useful is a cumulative frequency table. In such a
table the entrnes or frequencies indicate the total number of
cases either in and below dp in and above each class. To con-
struct such a table an ordinary frequency table of the sort
previously illustrated must first be made. The frequencies
therein are then summed continuously to give the frequencies
1 a cumulative table. This process is lustrated by Table 1
which gives the ordinary frequency distribution and the cumy-
lative distribution from the lower end up for the same forty
cases a8 have been previously used. In this, as in any cumu-
lative table made from the bottom up, each cumulative fre-
quency shows the number of cases in and below the class tg*
which it belongs, and 18 obtained by summng the ordinaryé‘ﬂ
frequencies of all the classes up to and ncluding that one.
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TABLE 1

Cumurative FREQUENCY DISTRIBUTION
Suowing NUMBER AND PER CENT OF
Cases 'y aND BELOW Eacu Crass

b Cum | Cum 9,
75~ 3 40 1000
70- 5 a7 92.5
65- 6 32 80.0
60~ 6 26 650
55— 6 20 500
50- 4 14 350
45~ 2 10 25.0
40- 2 8 20.0
35~ 3 (] 150
30- 1 3 7.5
25- 1 2 50

1 1 2.5

N = 40

—

Thus the cumulative frequency in the given distribution in the
20— clasa 18 1, the same as the ordinary frequency.. In the 25—
class 1t is 2, obtained by adding 1 and 1, and is to be interpreted
as meaning that there are two cases 1n and below the 25— claas.
In the 30~ class the cumnulative frequency is 3, found by adding
1, 1, and 1, or by adding the 1 1o the o frequency column
in the 30— class to the 2 in the cumulative frequency column
in the 25— class. The latter method, adding the ordinary fre-
quency in the desired class to the %nuhmve frequency at the
class immediately below the one for which 1t is desired, 18 the
most convenient method of securing a cumulative frequency.
For example, the cumulative frequency for the 70~ class may
be obtained by adding 5, the ordinary frequency 1n that class,
to 32, the cumulative frequency for the 65~ class, thus giving 37.

In the interpretation of this type of cumulative table it
should be noted that since each frequency represents the total
number of cases in and below the class to which 1t belongs, it

eans that this number of cases is below the upper limit of
guat class, or, in other words, below the lower imit of the next
class above. Thus, for example, the 3 opposite 30— indicates
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that there is a total of three cases below 35; the 14 opposite
50~, that there 18 a total of fourteen cases below 55, and so on.

In cumulative frequency tables 1t is rather common to add
another column, as is shown 1n the example, gaving the cumu-
lative per cents. The entries are readily obtamned by dividing
each entry in the cumulative frequency column by the total
number of cases. Thus, beginning at the bottom, one divided
by forty equals 2.5 per cent, two divided by forty, 5 0 per cent,
and so on up. The interpretation of this column is exactly the
same as of the onc preceding it, cxcept that 1t 18 1n terms of
per cents and not actual numbers of cases. Thus the figures
given in this column show that 2 5 per cent of the cases are in
or below the 20— class, or, in other words, below 25; that 50
per cent are in and below the 25- class, or below 30; and so on
up, 100 per cent or all of them being, of course, 1n and below
the 75— class, that is, below 80

TABLE II

CoMuLaTIVE FREQUENCY DISTRIBUTION
SuowiNGg NumMbpER AND Prr CENT OF
CasEs IN AND ABOVE EacH Crass

J Cum f Cum %
75— 3 3 75
70- 5 8 200
65- 6 14 35.0
60- 6 20 500
55— 6 26 65.0
50- 4 30 75.0
45- 2 32 800
40- 2 34 850
35- 3 37 925
30- 1 38 950
25- 1 39 97.5
20- 1 40 100.0
N = 40

The cumulative frequency distribution running in the other
direction, which shows the number of cases in and above each
class, for the same data is shown 1n Table II. It is constructed
exactly as the former one except that it is begun at the upper
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end of the ordinary frequency distribution rather than at its
lower end. It shows, therefore, that there are three cases, or
7.5 per cent, in the 75— class or above, or, in other words, above
75, that there are eight cases or 20.0 per cent above 70; fourteen
cases, or 35.0 per cent, above 65; and so on.

EXERCISES

1 Which of the following are usually best dealt with as variables and
which as attributes?

A. Heght E. Intelligence quotient
B. Color of hair F Per capita cost
C. Nationality G Major subject

D School mark H. Attendance

2. Tabulate the following test scores 1n a frequency distribution 74,
49, 103, 95, 90, 118, 52, 88, 101, 96, 72, 56, 64, 110, 97, 59, 62, 96, 82,
65, 85, 105, 116, 91, 83, 79, 52, 76, 84, 89, 77, 104, 96, 84, 62, 58, 66, 100,
80, 54, 75, 55, 99, 104, 78, 66, 76, 83, 57, 60, 51, 114, 120, 101, 92, 88,
64, 63, 95

3 Tabulate the following high-school enrollments in a frequency
distnbution 121, 56, 425, 87, 205, 42, 74, 152, 77, 238, 33, 84, 125, 386,
12, 63, 31, 164, 90, 102, 28, 748, 29, 36, 270, 78, 30, 219, 35, 70, 142,
18, 224, 131, 79, 64, 23, 52, 94, 100, 65, 172, 82, 1437, 218, 91, 40, 66,
48, 37, 550, 68, 87, 99, 336, 78, 44, 86, 162, 461, 39, 83, 17, 284, 32, 85,
75, 119, 62, 54, 195, 33, 47, 81, 43, 74.

4. Tabulate the following ages, given 1n years and months, in a
frequency distribution 9- 6, 8 9, 9- 3, 10~ 2, 9- 9, 9- 8, & 11,
10-7,9-0,9-59- 11,8 6,11-0,9-7,9-4,9-1,9-0, l0—3
10- 5, 9- 4,9- 9,9 10,8 10,9-7,9- 6, 9- 5, 8- 2, 11- 4, 9- 6,
93,9 9, 10- 4,8 10, 9- 3,9 2,0 7, 0- & 10- 3, 10- 7, 0~ 10,
9 1,9 6,8 8,12- 1,9- 4,9- 5,11- 3,9- 6

5. Tabulate the fullowing per capita costs 1n a frequency distribu-
tion: $148.72, 126 51, 164.85, 110.50, 147.26, 183.59, 221.35, 164.89,
153.21, 176.88, 132,57, 148.21, 105 16, 124 22, 165 52, 152.27, 184.92,
174.28, 136 21, 139 84, 119 61, 151.38, 142.70, 160 55, 136 41, 98.50,
158.29, 14448, 176.21, 180 &4, 142 26, 187.22, 170 60, 148 29, 153.37,
166.38, 136.41, 174.89, 155 33, 160.42, 143.94, 127.22, 236.15, 193.75,
128.64, 132.56, 178.33, 165 43, 149 80

6. Make the cumulative distributions for Exercises 2 to 5.



CHAPTER III

THE GRAPHICAL REPRESENTATION OF
FREQUENCY DISTRIBUTIONS

The cobdrdinate axis system. Practically all graphs used in
statistical work are based upon the coordinate axis system
commonly used in mathematics. Figure 2 shows this system

Iy}

B
- +__

FIG 2. THE COORDINATE AXIS SYSTEM
Points A(4,2), B(1,-5), and ('(4, -3) are shown thereon

in 1ts sumplest form. It consists of the X- and Y-axes, of which
the former is a horizontal straight hne and the latter a vertical
straight line perpendicular to it. 1he pmnt at which they mter-
sect, labeled O, is known as the origin and 18 the zero pomnt of
the scales laid off on the two axes. Distance on the X-axis to
the nght of the origin 18 positive, that to the left of the origin
is negative. On the Y-axis distance above the ongin 18 positive,
32
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distance below it negative. Therefore all X values to the right
of the Y-axis and all Y values above the X-axis are postive,
whereas all X values to the left of the Y-axis and all ¥ values
below the X-axis are negative.

The four divisions into which space is divided by the two
axes are called quadrants. The upper nght one, commo
called the first quadrant, 18 the only one used in most gra
representations of frequency distrbutions. Since it 1s to the
rnight of the X-axis and above the Y-axis, 1t 18 positive with
respect to both variables X and Y and may be characterized,
therefore, by two plus signs. The upper left, or second quadrant,
18 negative for X values and positive for Y values, as 1s indicated
by the signs placed 1n 1t. The lower left, or third quadrant, is
pnegative for both varables, and the lower nght, or fourth
quadrant, 18 positive for X and negative for ¥

The simplest use of the axis system just described is in con-
nection with the location of pomnts. The position of a point 18
defined by stating 1ts X distance, that is, its diskance away
from the Y-axis measured parsllel to the X-axis, followed by
its Y distance, that 1s, 1ts distance away from the X-axis parallel
to the Y-axis The first 13 called 1ts absrissa, the second, its
ordinate. Thus the pomnt 4 i Figure 2 has an X distance or
abscissa of four and a Y distance or ordinate of two. Since both
are positive, 4 1s located four umts to the right of the Y-axis
and two umits above the X-axis, as shown 1n the figure. Its
location 18 commonly indicated thus: 4,2. To give another
example, the point B (1,-5) has an abscissa of one and an
ordinate of munus five; therefore it 1s located, as shown, one
unit to the right of the Y-axis and five units below the X-axis,
As still a third example C (-4,-3) may be taken. It has an
abscissa of minus four and an ordinate of minus three, so that
its pomtion 18 in the third quadrant as shown.

If the two variables represented by a graph are a trait or
characteristic being measured and the amount or frequency
thereof at each magnitude, it is usual to plot the scale that
measures the variable horizontally, that is, upon the X-axis,
and the one that measures the number of cases vertically, upon
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the Y-axis. Since in many cases no measures of the variable
concerned approach zero, it is common to omit a portion of the
base line where it approaches the origin or zero point, and to
indicate such omission by a short broken lne. Figure 3 illus-
trates such a situation. It portrays the horzontal and vertical
or X and Y scales in the first quadrant as they would be drawn
in preparation for the graphic representation of the percentile
marks of a group of pupils,
no one of whom fell below
d 50 per cent.

In constructing the hor-
izontal and vertical scales
for such graphs the units
shown should be such that
the whole distribution can
be shown in one figure.
This figure should be large

50 T 70 s 9 oo enough to make its mgmf-

FIRST PI;'R““;:T OF COOF 1cant features readily ap-
FIG.3 FIRST QUADRA F COOR-
DINATE AXis sysTem witn  parent. The vertical scale

BROKEN BASE LINE should be sufficiently great

This is drawn as 1t would be for representing that fairly small differ-

scores from 50 up o 100 per cent ences 1 frequency from

class to class are made clear Ixcept in rather unusual cases the

height should not be less than half the width nor more than
equal to the width.

The histogram or column diagram. Probably the most com-
mon and easily understood method of representing a frequency
distribution is the histogram or column diagram. This 18 com-
posed of a series of rectangles, each of which has as its base one
class interval, and as its height the number of cases in the
interval. The Lines separating one rectangle from the next are
usually omitted, so that merely the line bounding the whole
figure is drawn. Such a graph for the accompanying distribution
is shown in Figure 4. In this distribution, as will be seen, there
is one cage in the 40— class, none in the 50- class, three in the
60- class, six in the 70~ class, and so on. Therefore the histogram

i

Mo. of Cases
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begins by rising to a height of 1 above the 40—~ class, that is,
from 40 to 50, then drops to the base line from 50 to 60, rises
to a height of 3 from 60 to 70, to a height of 6 from 70 to 80,
and so on.
Probably the easiest way to comstruct a histogram is first
*to locate dots at the two upper corners of each rectangle com~
posing it Thus in the example just given a dot would be placed
at a distance of one above 40 and another at the same distance
above 50. Since there are no cases in the 50— class, no dots
would be placed for this. For the 60- class there would: be

No of Cases
o

0 M
40

60 80 100 120 140 160
Scora

FIG 4 HISTOGRAM OR COLUMN DIAGRAM
Thas represents the data tabulated at the nght

one at a height of 3 above 60 and another at the same height
above 70, for the 70- class there would be one at a height of
6 above 70 and another at the same height above 80, and so
on. A horizontal line 1s then drawn connecting the pair of dots
above each class and a vertical hine connecting the rnght hand
dot for each class with the left hand one for the next class, or
if there 1s none, as is the case at the beginning and end of any
distribution as well as wherever there 1s a zero frequency, with
the base line.

The lines separating the various rectangles composing &
histogram are inserted when it is desired to emphasize the
various classes rather than the histogram as a whole. This,
however, is rarely the case, so that such lines are not commonly
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employed. In rare instances when it is desired to emphasize
the sizes of the several classes and the distribution as a whole

16

| 5
8
s 8
2
&
0 —{1 i l—l_‘.
40 60 80 100 120 140 160
Score

FIG 5 COLUMN DIAGRAM COMPOSED OF
SEPARATE RLCTANGLES

Such a figure as this 18 used to craphasize the several classes.

is of little mignificance, separate rectangles are drawn, with a
small space between each rectangle and the next one. Such a
representation of the same data used in the last figure is given
in Figure 5.

One advantage of the histogram over either of the other

Scors 1

W Bl

30 23-5

— 2-6

29 281 27 21— 4

4 205

23j26124) 20 19—-13

5 18~0

f 17{18]22119)13|25}17-2

£2 — 16-1

18 1118i21]12]19 |15 N=3D

N [s 1 7l2]6]3]4 0 sJ

M T 18 20 22 F2 26
Score

FIG. 6. HISTOGRAM COMPOSED OF UNIT RECTANGLES
REPRESENTING INDIVIDUAL CASES

Ths figure representa the scores made by a class of thirty pupils.

common types of frequency curves is that mdividual cases may
be shown by ite use. This may be accomplished by dividing
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the rectangle above each class interval into as many smaller
rectangles as there are cases in it, or, in other words, into
rectangles, each of which 18 as wide as the class interval and
has a height corresponding to one umit on the vertical scale.
Each of these small or unit rectangles can then be labeled in
some way so that the individual whose score 1t represents can
identify 1t. Figure 6 shows such a graph constructed to represent
the scores made by the members of a class of thirty pupis on

a twenty-five-point test Each small rectangle conijiiiis a
number to identify the pupil whose score 1t represents. m
such a figure cach pupil can see what his relative s is
in comparison with the other members of the class. the

numbers are secretly assigned, no one need know each pupil’s
position except himself and the teacher.

The histogram form of representing a distribution is com-
paratively easy to make on a typewriter. Perhaps

X
the best method 18 to use z’s or perhaps o’s for the

X XX
individual cases, and to use for the wadth of a class XXX
one space on the machine How such a representa- XXXXXX

tion of the same cases used 1n Figure 6 would ap- X XXX
pear 18 shown at the nght. Since the scales and so X 00K
forth would be just the same as therein they are not repeated.
25 x The process 18 made still easier if the scales are
24— xxx reversed, that 1s, if the vertical axis is used to
23- xxxxx  represent the vamable dealt with, and the hori-
22~ xaXXXX zontal axis the number of cases. This simphfies
21- xxxx .

20- xoxx LYPing since one can then start at the left edge

19- xxx or base line of the figure and type 1n a single hori-

18- zontal hne as many letters as there are cases in
17- xx each class. This form for the same data just dealt
16- x with 1s shown at the left.

The frequency polygon. A second common method of repre-
senting a frequency distribution 18 the frequency polygon. To
construct such a polygon a point is first placed directly above
the mid-point of each class at the proper height to represent
the number of cases therein. The points for the classes are
then joined by straight lines and the resulting figure is a fre-
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quency polygon. At the two extrempes of the distribution
straight lines are drawn from the dots above the two extreme
classes in which there are any frequencies to the base hne or
X-axis at the middle of the class intervals just above the greater
and below the smaller of the two extreme ones. The same
practice is followed in the cases of any classes with zero fre-

cies. Such a figure for the same data as the histogram
is wn in Figure 7. It was constructed according to the
methBd just described. Since the frequency in the 40— class

16

No. of Cases
© N

-
+

O 60 8 100 1% 140 is0
Score
FIG. 7 FREQUENCY POLYGON

This represents the same cnses aa the hustogram in Figure 4

is one, a dot was placed at a height of one above 45, the mid-
point of this class For the 60- class with a frequency of three,
a dot was placed three points above 1t8 mud-point, 65; for the
70- class a dot six points above 75, and so on. A straight hne
was then drawn from the base linc at 35, the mid-point of the
class immediately below the lowest class in the distribution,
to the dot above 45; another from that point to the base line
at 55, since there are no frequencies in the 50— class; another
from this point to the dot above 65; and so on, until the figure
was completed by connecting the dot above 145 with the base
line at 155.

It will be seen by comparing this figure with that of the
histogram that there is at least one marked difference. The
area included by the histogram above each class as laid off
on the base line corresponds to the number of cases in that
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class; that is to say, the area there is equal to the width of the
class times the number of cases. This is only by accident true
in the case of the frequency polygon The total area of the
polygon, however, 18 equal to the total area of the histogram
for the same distribution. Furthermore, the histogram assumes
that the measures in each class are umformly distributed withi
that class, whereas the polygon assumes that more of themg
to fall in the half of the class adjacent to the one of the two
neighboring classes which has the largest frequency. This is
usually more 1n accord with the facts as they would be revealed
by the use of narrower classes.

The smooth frequency curve. The term frequency curve has
two uses. In its broader and more general use it includes all

167

1214

No. of Cases

"% €0 80~ 100 1 140 | 180
Score
FIG 8 SMOOTH FREQUENCY CURVE

Thus represents the same data as do the histogram in
Tigure 4 and the polygon in Figure 7.

varieties of graphs representing frequency distributions, espe-
cially the histogram, the frequency polygon, and the curve to
be described 1n this section. In a narrower sense it is some-
times used to refer to a smooth curve, such as 1s shown m
Figure 8, representing a frequency distnbution.

For the sake of avoiding ambiguity it is better to prefix the
adjective smooth when it is used in this sense and use the com-
plete expression smooth frequency curve. In constructing such a
curve dots are located in the same manner as for a frequency
polygon. These are then joined by a smooth or flowing curved
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line, and thus a figure of the sort shown is produced. Such a
curve tends to elimnate irregularities, and therefore does not
represent as exactly as the histogram or frequency polygon the
actual data upon which 1t 18 based If, however, these data are
taken as a representative samphng of a larger number, the
smooth curve probably represents the total number of data
more accurately than does exther of the other two types. Just
as in the case of a polygon, the area above any class interval
is only by chance equal to the frequency therein, but the whole
area gnder the smooth frequency curve 18 equal to the whole
n r of cases. Partly because this form of curve does not
m\ﬁnt accurately the exact data upon which it 1s based,
and partly because 1t 1s more difhcult to draw well than either
of the other types, 1t 1s the least frequently used of the three
for representing actual distributions.

TABLE 111
Four CLASSIFICATIONS OF SAME DsTa wIiT# DIFFERENT
* Crass INTERVALS
Interval Interval | Interval Interval
of Fwe of Ten . of Twenty of Forty
f S J / J
170- 1 85 4 170- 1 160- 3 180- 3
166-1 80- 5 160- 2 140~ 6 120~ 14
160-1 752 150~ 2 120- 8 80- 42
15-0 70- 2 140- 4 100~ 20 40— 186
150- 2 65~ 4 130- 5 80- 22 0- 5
146~ 2 60~ 2 120- 3 60—~ 10 N =80
140- 2 55~ 3 110- 8 40- 6
135~ 2 50-1 100- 12 20- 3
130- 3 45~ 2 90- 13 0~ 2
125- 1 40~ 0 80~ 9 N = 80
120-2 35-0 70- 4
115~ 5 30~ 2 60- 6
110-3 251 5- 4
105-5 20- 0 40~ 2
100-7 15~ 0 30- 2
895-7 10-0 20- 1
90~ 6 & 2 10- 0
N = 8—(_) 0- 2
N = 80
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Effect of varying number of classes upon graphs. Under the
topic of tabulation and classification in the previous chapter
it was stated that in general there should be from ten to twenty
classes in a frequency distribution, since if the number is much
smaller than this the ongmnal data are not accurately enough

40+
32Jr
243
164 ‘ )
4 S B 1
o
20f [
16¢
124
8
L
0
B 124
210
a.
G.
4
2
c
7
6t
5t
44
3
il 1
1
o M
0 40 60 80 100 120 140 160 180 200

FIG 9. FOUR HISTOGRAMS RFPREbENTING SAME DATA BUT
WITH DIFFERENT CLASS INTERVALS

The histogram at the bottom represents the data in Table III grouped by fives,
the next by tens, the next by twenties, and the highest by forties.

represented, and if 1t 18 much larger the distnbution is too
cumbersome. This point may well be illustrated by graphs,
as has been done 1n Figure 9. This contains four histograms,
all representing the same data, but with them grouped in
classes of different widths. The four corresponding tabulations
are given in Table III. The histogram at the bottom of the
figure, which represents the data as grouped in the classification
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by fives, contains numerous irregularities. The second from the
bottom, based upon classes of ten rather than five, is much
more regular, but there are still three irregular low places.
Gronping by twenties as represented by the next histogram
eliminates these low places and ywelds & comparatively regular
figure. Finally, that by forties, which 1s represented by the
histogram at the top, is still more regular. However, if this
histogram 1s compared with the one at the bottom it appears
that the irregulanties are undoubtedly much more smoothed
out than 1s ordmanly justified, and that many of the features
of the original distmbution are lost. For as small a number of
cases as eighty the third distribution, represented by the histo-
gram next to the top, 1s perhaps the best, although the one
immediately below it, representing the classification by tens,
would probably be better for large numbers of cases. Either
one is generally better than the two extreme representations.

Smoothing. An effect sumilar to that caused by lessening
the number of classes 1s produced by smoothing ! This pro-
cedure is justified only n cases in which the data are either too
few to be truly representative of the total population from
which they are drawn, or are subject to such errors that they
are not representative thereof In general the result from
smoothing may be thought of 1n the same way as was suggested
for the smooth frequency curve, as being representative of the
total number of cases from which those actually measured were
taken rather than of the latter themselves Thus, for example,
if mm a large city school system it 18 desired to determine the
distribution of intelligence among all fourth-grade children, and
it is possible to test only a selected sample of such children, the
results from this sample may be smoothed to yield a better
representation of those for all fourth-grade children. QOcea-~
sionally smoothing is apphed to a series of measures subject to
variable errors of considerable size merely to yeld a more
nearly true distribution of scores for the same cases and not
for a larger population. Considerable caution should be exer-

# The method of smoothing 1s also sometimes called the method of mov-
mg or rolling averages,
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cised in determining whether or not to smooth a distribution,
however, since sigmficant features may be reduced or even
totally eliminated by so doing.

The most common method of smoothing data is to substifute
for each frequency the average of it and the two adjacent fre-
quencies, one on each side of 1t. Sometimes some other number
than three, usually an odd number, is used, but three is much
the most common. Figure 10 illustrates the method by showing

Scors f amf

140— 1— 167

130— 3— 367

120— 7— 700

110—-11-1067

100—14—1333

.78 90—15—12 67
— 80— 9—1000

T Original 70— 6— 6.00
A 60~ 3~ 300
12 Smoothed 50— 0— 138

do- 1- 67
N=70 7001

No of Casss

40 60 80 100 12 140 180
FIG 10 ORIGINAL AND SMOOTHED FREQUENCY POLYGONS
These represent same data as do Figures 4, 7, and 8.

the original frequency polygon already given in Figure 7, and
the resulting frequency polygon ? after the first smoothing by
the method of threes just descnibed. The last column of figures
at the right shows the smoothed frequencies represented by the
broken line 1n the figure.

It will be seen that the rule stated above cannot be literally
applied at the extremes of the distrmbution since there is no
adjacent frequency below the lowest class or above the highest
class of the distnbution. In these two cases the accepted praoc-

* A smoothed curve may be drawn in histogram or smooth frequency
curve form, but that of the frequency polygon 18 most common. If the

curve representing the actual distnbution 18 given, both should be m the
same form.
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tice is to multiply the frequency therein by two and then add
the frequency in the adjacent class, the sum being divided by
three. According to the method just deseribed, the smoothed
frequency for the 40~ class 18 determined by multiplyng 1, the
original frequency in this class, by 2, which gives 2, adding
ta this the frequency in the 50— class, which is 0, and dividing
by 3, which gives .67. The smoothed frequency for the 50-
class is determined by adding the frequencies 1n that and the
two adjacent classes, that 1s, 1, 0, and 3, which gives 4, and

dividing by 3, yielding a smoothed frequency of 1.33. For the
0+4+3+46

60— olass the smoothed frequency equals 5 or 3, for
the 70— class, 3—+gﬂ or 6, and so on. From the graph 1t

will be seen that the smoothed frequency polygon 1s more
regular than the onginal one and tends to lower the highest
points and raise the one markediy low point of the latter.

Another method of smoothing has been described by Thur-
stone,? but 18 not commonly employed. It differs from the one
just described ip that the ongmnal frequency in the class for
which a smooth quency is being determined 18 doubled, then
the two adjs encies added, and the sum divided by 4.
For the same distf#¥#tion just used 1n connection with Figure 10,
this method yields,‘:he results shown in Table IV. This method
makes it necessary to multiply by three instead of two at the
extremes. Therefore the smoothed frequency for the 40— class
is obtained by taking 3 times 1, adding 0, and dividing by 4,
which gives .75. For the 50— class it equals 1 plus 2 tumes 0
plus 3, which gives 4, divided by 4, or 1. For the 60- class
it equals (.)ig_f.’iﬁ or 3; and so on for the other classes.
A comparison of the results obtained by this and by the other
method indicates that there 1s coruparatively little difference.
In the example given, the only difference as great as .50 is that
between 12.67 and 13.25 in the 90~ class, and in the eleven
classes there are only three differences as great as .25,

3 L. L. Thurstone, The Fundamentals of Statislics (New York, Macmillan
Co., 1925), Ch. w1, “‘Smoothing the Frequency Polygon.”
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TABLE IV

FIRST AND BECOND SMOOTHED FrE-
QUENCIES OBTAINED BY METHOD
RecoMMENDED BY THURSTONE

s First Smf | Second Sm f
140- 1 150 200
130- 3 3.50 388
120- 7 700 7006
110~ 11 1075 10 50
100- 14 13 50 1275
90- 15 13 25 12 44
80— 9 975 969
70- 6 6 00 619
60- 3 300 3.25
50- 0 100 14
40~ 1 75 81
N =70 7000 70 01

Occasionally the process of smoothing is repeated and applied
& second, a third, or even more times, but the justification for
doing so occurs very rarely. More or less the same result that

could be obtained by two or more smoothiggs by threes :s
given by a single smoothing using some lary fnber of classes
such as five or seven. Sometumes this latter Jiililed is advisable

when in the data there are peniodic fluctuafy hat are irrele-
vant to the problem being studied. Such fluctuations are almost
entirely imited to tunc series. For example, if pupils’ achieve-
ments from day to day are measured for a considerable period
of time and plotted, 1t 1s often found that there tend to be drops
on certain days of the week, in most instances on Monday and
Friday Therefore to ehminate the fluctuations caused by con-
ditions peculiar to these two days and to get a better picture
of the generul trend of achievement from week to week, smooth-
ing by fives, sinee there are five school days in a week, 18 com-
monly desirable. Similarly, if data given by months for a
period of years are being handled, it may be desirable to smooth
by groups of twelve to ehminate seasonal fluctuations and get
a better representation of the yearly trend.

It is always possible to smooth a curve by geometne or
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graphic methods rather than by those of arithmetic. Although
the writer believes that in general the method illustrated in the
text is preferable to the graphic method, some readers may
prefer to employ the latter. In the treatment by Thurstone
just referred to he illustrates the graphc application of his
method. A more comprehensive discussion, however, dealing
with the graphic method in general as applied to various plans
of smoothing is given by McChesney.*

Cumulative frequency curves. Although the terms cumula-
tive frequency curve and ogwe or percentile curve are sometimes

Cum.

Score t

40— 1 70

30— 3 69

70‘( 20— 7 66

601 10— 11 59

{ 100 —14 48

| 90 —15 34

P 80— 9 19

0t 70— 6 10

§ 60— 3 4

B3t 50-0 1

g " -1 1
0% N =70

104

0% "6 w0 100 120 140 160
Scors

FIG.11. CUMULATIVE FREQUENCY CURVE SHOWING NUMBER
OF CASES BELOW EACH POINT

This curve represents the same data as do Fagurea 4, 7, 8, and 10.

used interchangeably, it is better to distinguish between them.
Both are representations of a cumulative frequency distribu-
tion. The cumulative frequency curve represents such a dis-
tribution drawn 1n accord with the usual practice of representing
the number of cases by the vertical, or Y, scale and the mag-
nitude of the vanable measured by the honzontal, or X, secale.
Although such & curve may be drawn in any one of the three
ways described, for ordinary frequency curves it usually follows

¢ Ruth McChesney, “The Graphical Construction of Moving Aver-
ages,” Journal of the Amerscan Statistical Assocration, Vol. 23, June, 1928,
ap. 164-172.



GRAPHICAL REPRESENTATION 47

the smooth form. SBometimes the so-called stairstep form, corre-
sponding to the histogram, is employed, but the form corre-
sponding to the frequency polygon is almost never seen.

A cumulative frequency curve may begin at either end of
the distribution, but usually at the lower end. Figure 11 illus-
trates such a curve for the same data as were used previounaly
for the histogram, polygon, and smooth curve. As was ex-

Cum.

No. of Score  f f
Cases 40— 1 1
701 130- 3 4
120— 7 11

804 110—11 22
100—14 36

50+ $0—15 851
80— 9 60

401 70— 6 66
60— 3 69

30+ 50—~ 0 69
“0w~-1 1

204 N=70 ‘
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Score
FIG. 12. CUMULATIVE FREQUENCY CURVE SHOWING NUMBER
OF CASES AT OR ABOVE EACH POINT
This curve represents the same data as do Figures 4, 7, 8, 10, and 11.

plained in the discussion of the cumulative distribution, the
frequency for each class represents the total number up to and
including that class or, n other words, below the lower hmit
of the pext higher class. Correspondingly for the curve, its
height at any given pownt represents the total number of cases
up to or below that point In Figure 11, since the lower limit
of the lowest class is 40, the curve begins or rises from the base
hne at that point, thus showing that there are no cases below
40. At 50 1t has a height of 1, thus indicating that the distribu-
tion contains one case below that point; at 60 1ts height is still
1 as there are no additional cases in the 50— class; at 70 it is
4 since that is the total number of cases up to 70; and so on
until it ends with a height of 70, the total number of cases, at
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150, which is the lower limit of the next class above the highest
one in the distribution.

Figure 12 shows a cumulative frequency curve of the other
type for the same data. It runs in a direction opposite from
that in Figure 11, that 1s, it begins at the upper end of the dis-
tribution and thus shows the number of cases at or above each
point on the base line. It begins at 150, since there are no

cases above that. At 140 1ts height 1s 1, because there is one
case i the 140- interval; at 130

1601 its height is 4, indicating that

T there are four cases at 130 or

“01' above; at 120 1t 18 11, and so

[ on unti 1t reaches the maximum

10+ hewght of 70 at 40, thus indicat-

1 ing that all seventy cases 1n the

§M'L distribution are at or above 40,

] which 1s the lower hmit of the
8ot lowest class.

] The ogive, or percentile curve,

601 The ogive, or percentile curve,

] differs from the one just de-

“ scribed 1n that the scales are re-

L : versed. In other words, the hor-

o 2 % ofoc”ff 80 70 jzontal or X-axis 15 used to

FIG. 13. OGIVE OR PERCENTILE TePresent the number of cases

CURVE and the vertical or Y-axis, the

This curve 18 the same as that m characteristic being measured.
fe‘g“e:ed” except that the axes are a|¢hough 1t is possible to con-
struct such a curve by begin-

ning at either end of the scale, 1t 18 almost universal prac-
tice to begin at the lower left corner of the graph, or, in
other words, to construct 1t in a form corresponding to the
cumulative frequency curve shown in Figure 11, so that it
indicates the number of cases below each point. Such a curve
for the same distribution is shown 1 Figure 13. It is to
be interpreted in the same way as that in Figure 11 except
that the directions are interchanged. Thus, for example, the
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fact that the curve is four units to the right of the Y-axis at
a height of 70 indicates that four cases fall below 70, just as is
shown by the curve in Figure 11, which has a height of 4 at 70.

160

140

120 /

} n F 4
T

5 | 110 | |20 30 | 40 50 160] [ 7D
ﬂIhIt

$ 10 20 30 708L 90 100

Percantile

FIG. 14. OGIVE OR PERCENTILE CURVE WITH CERTAIN
PERCENTILE LINES

Thas is the same curve as in Figure 13 with several percentile lines added

The reason that the term percentile curve or percentile graph
is frequently employed instead of ogive is that 1t is common
practice to lay off the honzontal scale in terms of percentiles
as well a8 mn terms of actual numbers of cases, or perhaps in-
stead of the latter. Moreover, it is common practice to draw
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& number of vertical lines at various percentile points, such
as the even tens, the twenty-fifth and seventy-fifth, and so
forth. Their purpose is to show graphically the scores or meas-
ures corresponding to the given percentile points and thus to
assist in interpreting the curve. In Figure 14 the curve in the
previous figure has been reproduced with the addition of a
percentile scale on the horizontal axis and of vertical lines at
Percentile each tenth percentile

0 10 20 30 40 50 60 70 80 90 100 and also at the fifth,
twenty-fifth, seventy-
fifth, and npinety-fifth.
61 /,} Also, horizontal lines
~ have been drawn in to
2 aid the eye in determin-
ing the vertical dis-
g - tances at given points.
s z From the graph it can
d easily be determined
K that the fifth percentile
of the given distnbu-
tion, for example, 18
1 about 68, the tenth per-

!
FIG. 15. OGIVE OR PERCENTILE centile about 75, the
CURVES USED TO COMPARE TWO twenty-fifth about 88,

DISTRIBUTIONS .
The solid curve represents the distnbution the fiftieth about 100,

of intelligence test scores of a large group of 8Nd S0 on.
pupile and the broken curve that of the pupis Such a mph as that

from a aingle school . .

just given 18 frequently
provided to assist in the interpretation of scores upon standard-
ized tests. Ordinarily such a graph contains a curve representing
the distribution of scores from a large number of cases. The
teacher or other person employing the same test then draws upon
the graph another percentile curve representing the distribution
of the particular group of pupils tested. By comparing the two
curves it ig eagy to determine how the group in question com-
pares with pupils in general. To illustrate this, Figure 15 has
been prepared. The solid curve therein represents the dis-
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tribution of the intelligence test scores of a large number of
pupils from many schools and the broken line that of the pupils
in a particular school. Only a percentile scale is shown, since
it would be somewhat awkward to represent the two different
scales for the different numbers of cases in the two distributions.
It will be seen that the fiftieth percentiles or medians of the
two distributions are practically the same, but that the r-
centiles near both extremes are nearer the median in the ease
of the larger distnbution than in that of the smaller. In other
words, although the two series of scores average about the same,
that from the single school contains larger proportions of both
high and low scores than does that for all schools combined.

EXERCISES

1. Cunstruct the coordinate axis system and show the location of
each of the following pomnts thereon 4(4,2), B(-1,5); C(-2,-3);
D(3,0), E4,-3); F(-1,-1).

2 Construct a histogram, a frequency polygon, and 8 smooth fre-
quency curve for each of the following distrtbutions:

A B
f f
100- 2 12- 2
95 3 11- O
90- 5 10- 4
8- 8 g- 6
80~ 16 8 3
75~ 22 - 7
70- 17 6- 11
65— 14 5 16
60- 9 4- 10
5 4 3~ 8
- 1 2- 3
45- 1 - 1
N =102 N=T1

3. Construet a histogram to show the exact score of each of the
following pupils- A, 78, B, 91, C, 74, D, 83, E, 89, F, 72, G, 95; H, 85;
1,82;J,88; K, 62,1,83, M, 74, N, 96, 0, 70; P, 66, Q, 87, R, 90; 8, 77;
T, 84

4. Smooth the two series given in Exercise 2 by groups of three and
draw the smoothed frequency polygon for each along with the onginal
polygon.
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" 5. Make a second smoothing of the series in Part A by threes. Also
make a first smoothing by groups of five, and a smoothing by the
method given on page 44. Draw the polygons representing the three
smoothings all on the same figure.

6. Construct both cumulative frequency curves for Parts A and B
of Exercise 2.

7. Construct an ogive or percentile curve for each distribution in
Exercise 2. Draw in the lines for each tenth percentile

8. Draw the ogtves for the two distributions given below on the same
figure and put in the fifth, tenth, twenty-fifth, fiftieth, seventy-fifth,
ninetieth, and ninety-fifth percentile lines.

I Ja

140- 2 1
130- 6 3
120~ 8 6
110~ 3 7
100- 9 10
90- 12 14
80- 16 17
70- 21 23
60- 18 4
50- 15 26
40- 11 19
30~ 7 12
20- 6 7
10- 2 3
1 2

Ny =137 N. =184



CHAPTER 1V

THE NORMAL AND OTHER FREQUENCY CURVES

The normal frequency curve. The normal frequency dis-
tnbution 18 the one that most commonly results when edues~
tional and other biological data are tabulated. Therefore its
graphic representation 18 of high importance. It 1s best known

FIG 16 NORMAL FREQUENCY CURVES

as the normal frequency curve, the normal probabiiily curve, or
sumply the normal curve, although sometimes other names, such
a8 the curve of error, the Gaussian curve, and so forth, are applied
to it. It 1s a symmetrical, bell-shaped curve, high 1n the center,
decreasing 1n height rather rapidly near the center, and then
more slowly Theoretically 1t does not touch the base hne until
infinity is reached, but il approaches it so closely that in a
drawing of ordinary size it is imposaible to show that it does
not touch it beyond a moderately great distance from its peak
or highest point. It may be illustrated by the two curves in
Figure 16, both of which are normal, the difference being merely
that different vertical scales are used, one being twice the other.
53
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The fact that the normal distribution is the one that most
commonly occurs should not be interpreted to mean that an
exactly normal distribution is secured if ordinary educational
or biological data are tabulated. It does mean that if a reason-
ably large number of measures of some trait or characteristic
are tabulated they will in most cases approximate a normal

10
181— 32
i 126 — 186
] 121~ 411
116— 821
2000; —Actual 111-1313
=~=-=-Normal 106— 1786
101—2110
96 — 1321
1500} 91— 1382
i 86— 767
L 81— 357
76— 153
s 1000, n— s1
66— 24
£ . 61— 7
so0 \ N=11321

\3

TS TR TR T TRAFY RS T TR LT 1
Intelligence Quotient

FIG. 17 GRAPHIC REPRESENTATION OF INTELLIGENCE QUO-
TIENTS OF OVER ELEVEN THOUSAND HIGH SCHOOL
GRADUATES, WITH BEST FITTING NORMAL CURVE

G

distribution, and, therefore, their graphic representation will
approximate a normal curve The closeness of this approxima-
tion depends largely upon the adequacy of the sample, the use
of a scale of measurement divided into fine enough units, and
the absence of errors from the measures secured. To ilustrate
how nearly actual distnbutions of the type of data referred to
approximate normal distributions, three distributions and the
smooth frequency curves representing them will be given.
That in Figure 17 represents the intelligence quotients of over
eleven thousand high-school graduates.! To show how nearly

1Charles W, Odell, ‘‘Are College Students a Select Group?” University
of Illinns Bulletin, Vol. 24, No 36, Bureau of Educational Research Bul-
Jetin, No 34 (Urbana, Unmiversity of Illinms, 1927), pp 19-22
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the curve approaches normality, the normal curve which best
fits the actual curve ? has also been included in the figure. It
will be seen that in this case the approximation to normality is
very close.

Figure 18 is similar to Figure 17 except that the curve therein
represents the inteligence quotients of the seniors from a
gingle school included among those wherein the more than

Lo, 1

131-1

10 126— 0
—— Actual 121— 3

= 116— 5

~ Normal -7

106— 4

101—10

96— 8

91— 6

86— 3
8-
N~=43

A R T TRMEE VRN TUM T TRV ||
Intelligence Quotisnt

FIG 18 GRAPHIC REPRESENTATION OF QUOTIENTS OF GRADU-
ATES FROM ONE HIGH SCHOOL WITH BEST FITTING
NORMAL CURVE

eleven thousand students were ‘enrolled. It will be ggen that,
although 1t tends to approach the normal curve, 1t does not
approxumate it 80 closely as does that in the previous figure.
The cg.ief cause of this difference 18 probably that the number
of semors 1n the single high school 18 so much smaller than the
number représentea in Figure 17 that it constitutes a much
less adequate samphng of all high-school seniors.

As a third llustration Figure 19 18 given The curve in it
represents the test scores of a group of fifth-grade children.
The number included 15 somewhat greater than the number of
seniors from the single school, and probably because of this,

* The method of constructing a best fitting normal curve for an actual
distribution is described in Chapter XXT.
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the curve more nearly approximates the normal curve than
did the former one.

It has been found that vanable errors, that 1s, errors due to
chance inaccuracies and not to a constant bias,® also tend to
group themselves so as to form normal curves. Furthermore,
a matter of chance such as tossing comns yields a very close
approximation to the normal curve. For example, if ten coins
are tossed a number of times and the numbers of heads and
tails at the different tosses recorded and tabulated, the seres

Score

95— 1

90— 1

28 85— 4

80— 11

2T — Actust 75— 24

520 —=— Nomma! zg——gg

1316 60— 14

B12 55— 5
£ g
04

o 50 60 S7o‘a‘o 90 100
FIG 19. GRAPHIC REPRESENTATION OF TEST SCORES
Test scores of a group of pupis in the fifth grade wath best fitting normal
curve

will not vary far from normal The largest number of tosses
will probably result 1n five heads and five tails, the next largest
numbers in four heads and six tails and six heads and four tails,
and so on to the least, which will be all heads or all tails. As
anyong familiar with the laws of chance knows, the expansion
of omial gives the most probable frequencies of oecurrence
of & possibility. Since there are ten comns m the example,
the most probable distribution 1n that case is obtained by ex-
panding the binomial to the tenth power. If there were five
coins the fifth power would be used, if eight the eighth, and so
on. The greater the power to which the binomial is expanded,
the more nearly does its graphical representation approach a
smooth normal curve In fact, the normal curve may be thought

3 A fuller explanation of vanable errors may be found in Chapter XIX.
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of as the representation of the binomial, with the two terms
equal, raised to the infinite power. One of the eamest ways to
draw a normal curve is to plot the expansion of the binomial
to a moderate power, perhaps the sixth or eighth, and then
sketch i the smooth curve that best fits the figure. If the
binomial expanded 1s (3 + %) the total area under the curve is 1.
The equation of the normal curve 18 most commonly seen in
one of the two following forms. ¢

= 42 andy = — g 20
Y Yob y O’\/_27re

The y, 1n the first formula refers to the maximum ordinate,
that 1s, the ordinate where the height of the curve 18 the greatest.
This point is at the middle, which, of course, 1s at the origin.
Asi dent b the two formule abo ==L-

8 is evident by comparing the two fo # above, ¥, Py
The term e 18 2 7183-, the base used 1n calculating Napierian
loganthms; r, as usual, refers to the distance from the Y-axis,
measured parallel to the X-axis; N has 1ts regular meaning,
the total number of cases; o (sigma) 1s the standard deviation &
of the distribution, = 15 3 1416-, the ratio of the circumference
to the diameter of a circle.

To illustrate the construction of a normal curve by the use
of the binomial expansion, Figure 20 1s miven. In it the ex-
pansion of (1 + 1)® has been represented by a frequency polygon
and the best fitting smooth curve, which 1s normal, drawn in.
In this figure the base-hne or honzontal scale represents the
various terms in the expansion, which are seven m thig
since (1 + 1) =1+ 6+ 15 4+ 20 + 15 4+ 6 + 1. The ¥k
scale indicates the values of the various terms. Only nefh
peak of the figure 1s the difference between the polygon &nd‘the
smooth normal curve of any appreciable size. The areas of
the two are exactly the same.

4 The expression V2x = 2.5066+.

s The standard deviation 1s A measure of the seatter or spread of the
measures in a distribution about their avernge 1t 1s frequently used as a
base-line unit For a detailed discussion of ¢ see Chapter VII.
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. If tables such as those given in Appendix B are at hand, it
18 easy to construct a normal curve by a different method. To
do so the base-line scale is first laid off so that O is at its center.
The unit for this scale is usually either the standard or the
median deviation.® A scale for height 18 chosen so that the
maximum ordinate, or, in other words, the greatest height of
the curve, 18 suitable and convement. A few points, ususlly at
equal distances from one another, are marked off upon the base

1

20.-
|
164
2]
8
4
* e (41)% =14 6+T5+20+15+6 + 1N

FIG. 2. FREQUENCY POLYGON AND SMOOTH CURVE
{BEPRESENTING EXPANSION OF (1+1)*

The smooth curve 1s normal 1n shape

4

line and the distance of each from the origin looked up in the
first column of the table. The corresponding entry tn the second
column of the table 18 the height of the ordinate to be erected
there, expressed 1n terms of the maximum ordinate. An ordinate
of the proper height 18 next drawn above each of the base-line
points or merely a dot 1s placed at the correct distance above
each The normal curve 1s then drawn through the tops of
the ordinates or through the dots, as the case may be.

This process of drawing a curve 18 illustrated by Figure 21.
The base line in this figure has been terminated at 3¢ from the
origin in each direction and points taken on 1t at a distance of
.25¢ from one another., The maximum ordinate, or that at
the center of the curve, has been taken as equal to 5 units. To

* The median deviation (MdD), often called the probable error (PE), is
similar to the standard devaation in that it 18 & measure of spread or scatter

sbout the average. In a normal distnibution 1t 18 equal to approximately
67450,
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the right of the curve are shown the values of Y corresponding
to the values of X, that is, the height of the eurve above eachi,
of the points taken on the base line. Thus, by finding in Appen-
dix B the height given as corresponding to a o distance of .25,
the value of X corresponding to .25¢ 18 seen to be .9692; simi-
larly that corresponding to .50 18 seen to be .8825, and so on.
In the present case each Y value so obtained must be multiplied
by 5, since that 1s the height of the maximum ordinate. There-

o Height
5 25 485
50 441
75 377
4 100 3.03
1.5 2.29
-9 150 162
5 175 108
® 200 .68
2r 250 .2
300 .06
J..
0..-

Standard Deviations L
FIG 21 NORMAL FREQUENCY CURVE CONSTRUCTED BY
USE OF VALUES GIVEN IN APPENDIX B
fore the ordinates at a distance of .25¢ from O, er the maximum
ordinate, are 5 X .9692, or 4 8460, high, those at .50 are
b X 8825, or 4 4125, high, and so on.

In the construction of a normal curve by this method any
desired fraction of the standard or median deviation may be
used mstead of 25, as in this case. The smaller the fraction,
the eamer 1t 18 to draw 1n the curve exactly. It 1s helpful to
take the points closer together near the middle, where the slope
changes most rapidly, since that portion 1s usually the most
difficult to draw. If one uses a distance between points of .1¢
near the center and of .250 elsewhere, the curve is very easy
to draw with a high degree of accuracy. For most purposes,
however, a distance of .250 near the center and of .50 elsewhere
gives sufficient exactness?

T The loss 1n accuracy due to using points rather far apart 1s not 1n any
way due to therr being inaccurately located, but merely to the greater
difficulty of drawing an accurate smooth curve through them.
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Other symmetrical curves. In addition to the normal fre-
quency curve there are several other types of symmetrical
curves, that is, curves of which the two halves are alike, more
or less frequently encoun-
tered in working with educa-
tional data. For such curves
that have the general char-
actenstic of being high at
the center and low at the
two extremes, a triple classi-
fication on the basis of what
/\ 15 called kurtosis has been

made Kurtosis may be de-

Fg&fgx{}%ggﬁlﬁ%ggyﬁgg fined as the degree to which

CURVES measures tend to be grouped
The upper curve 1s leptokurtie, the lower or bunched closely around

platykurtic the average or highest point
of the curve, or to be scattered away from it The term meso-
kurtic, meaning moderately bunched, 1s applhed to a normal
curve. If a curve i3 Score  f
flatter or less bunched
around the average
than a normal curve,
it is called platykur- 20
tic. One that is more
peaked, or has the
measures more
bunched around the 60 7‘° v Jg’.? 9.0 160 ' ﬁo'ﬁ:

Score

average, 18 called lep-
tokurtic. The latter F1G 23 PLATYEURTIC FREQUENCY

CURVE REPRESENTING SCORES
two types are illus- ON AN INTELLIGENCE TEST

trated in Figure 22 in This represents the scorce made by 165 pupils
which the upper curve upon & 120 point test.

is leptokurtic or more peaked than the normal and faho lower
platykurtic or less 8o.%

8 The method of computing kurtosss mvolves measures not yet ex-
plained, therefore it 18 not presented here but will be given in Chapter XXI1.

e
o

No. of Cases

(=T
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Distributions and curves that are platykurtic and leptokurtie
in form are occasionally encountered in the handling of educa~
tional data. The former type, for example, is usually produced
by the ages of the pupils in a number of consecutive grades.
Although those 1n each grade form a distribution more or less
normal, when a number of grades are put together the dis-

201
| Score t
] 45— 1
16+ 40— 1
3/— 3
i 30—14
5ot
; T 15— 2
] 10— 1
28 5-1
r N=‘5
4+
1
e e + * e n Y 'Y
0 10 20 30 0 50
Score

FIG 2¢ LEPTOKURTIC FREQUENCY CURVE REPRESENTING
SCORES OF A CLASS UPON A TEST

This repreaenats the scores of forty-six students upon a fifty point test

tribution becomes decidedly flattened To illustrate such a
curve, Figure 23 has been inserted. It contains a curve repre-
senting the scores of & group of over one hundred pupils upon
an intelligence test. The distribution and resulting curve are
not exactly symmetncal, but nearly enough symmetrncal to
illustrate the point.

An example of a leptokurtic curve is shown in Figure 24.
This represents the scores made by a class of forty-six umversity
studengs upon a fifty-point test. The shape of the distribution
is unddabtedly due to the fact that upon this test almost one-
half of the items were decidedly easy for a majonty of the
members of the class, and that most of the other half were
decidedly hard, so that a large proportion of the class was
rather élosely bunched together, with only a few of the poorest
students failing on any of the easier items and, therefore, making
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scores much below the average, and only a few of the brighter
ones responding correctly to any of the harder items and,
therefore, making scores above the average.

« Another type of symmetrical curve that occurs occasionally,
although less often than any of those previously mentioned,
in educational work, is the U curve, so called because its shape
resembles that letter. Figure 25 contains an 1deal representa-
tion of such a curve. A situation 1n which for some reason or
other the cases measured tend to be either high or low and
not average ylelds an ap-
proximation to such a
curve. For example, if
a school system maintains
special rooms for the pur-
pose of giving individual
help to pupils whose men-
tality 1s either so infernor

e sp—t—t—t—t—+—+—+— that they need special as-

FIG 25 U+SHAPED FREQUENCY sistance because they are

CURVE not able to do ordinary
work, or so superior that they should be given unusual oppor-
tunities for doing more work or gaimng time, a tabulation of
the 1.Q.’s of the pupils'in these rooms tends to approach thus
sha.pe. ‘-".',"

Another type of syminetrical distribution sometimes en-
countered is the rectafigular Since the form of this 18 easily
understood, being merely a rectangle, no figure will be included
to illustrate it. It will be seen that such a distmbution is com-
posed of classes having approximately the same number of cases
in each. For example, if the average number of pupils to the
teacher 1n the different elementary grades of a school system is
plotted, it ordinarily approximates this form, since there is
usually little difference from grade to grade.

Non-symmetrical curves. The most common type of non-
symmetrical or asymmetrical curve, that is, curve in which the
two halves are not sumlar, 18 what is usually called the skew
curve. It may be thought of as a normal curve which has been
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pulled out to one side or the other. If it has been pulled out to
the right so that the end of the curve at the right or upper end
of the scale is farther from the highest point than is the end
at the left, it is said to be positively skewed or to possess plus
skewness. If it has been stretched out in the opposite direction,
it is negatively skewed or possesses minus skewness. Figure 26

SN\

FIG 26 POSITIVELY AND NEGATIVELY SKEWED CURVES

The curve at the right 18 negatively skewed, that at the left pomtively
skewed

lllustrates the two types of curves, the one at the right being
negatively skewed and that at the left positively skewed.®
Skew curves are fairly commonly encountered in dealing
with educational data. They often result from the influence of
some factor that more or less arbitranly cuts off the distribu-
tion at one end or the other. For example, in a school system
m which pupils are ordi-
nanly not permitted to ]
enter Grade I until they T
have reached the age of T
gix, there will ordinarily
be found 1n that grade a
very few five-year-olds, a
large number of six-year-
olds, some seven-year-olds,

-+ 3 " 4

a few eight-year-olds, and et —t '
perhaps a very few above FIG 37. POSITIVELY SKEWED

that age. If this situation . JCURVE
is represented graphically, a positively skewed curve, that is,
one pulled out to the right or upper ages, will result

The most extreme form of a skew curve 1s sometimes known

* The methods of computing skewness involve measures not yet ex-
plained, therefore they are not presented here but will be given in Chap-
ter XXI1I
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as a J curve from its resemblance to the shape of that letter.
Such a curve is one 1n which the peak is at one end of the
distribution or, in other words, one that is so skew that
there are no cases on one side or the other, as the case may
be, of the peak. Figure 27 represents a positively skewed
J curve. A pegative one would, of course, be similar except re-
versed.

Curve-fitting. In addition to the curves already mentioned,
other types are sometimes encountered Various schemes of
curve-fitting, that is, of determining the type of curve which
best represents an actual distribution, have been proposed.
Pearson, the English statistician, has classified frequency curves
into seven vareties, and by computing certain constants for
a given distribution, one can determine to which of the seven
types it belongs. Other methods of curve-fitting involve the
use of the method of least squares, higher-degree equations,
portions bf hyperbolas, and so forth. Since the ordinary edu-
cational worker has little or no occasion to make use of these,
however, they will not be discussed further here. The reader
who is interested may find something concerming them in the
references given below. The method of fitting a normal curve
to a given distribution is more frequently useful and therefore
will be explained il Chapter XXI

ExErcises

1. Draw a smooth frequency curve representing the expansion of
a+1y

2. Construct a normal frequency curve with a maximum ordinate
of four inches 2nd a standard deviation of one inch.

3. Draw a smooth frequency curve representing each of the following
distributions, and state which of the types of curves mentioned in this
chapter it most nearly resembles

10 Karl J. Holzinger, Statistical Methods for Students in Education (Bos-
ton, Ginn and Co, 1928), Ch xvi, *“The Elements of Curve-Fitting "

Truman L. Kelley, Statistical Method (New York, Macmilan Co.,
1928), Ch. vu, “The Fitting of Curves to Distributions ”

H L Rietz and others, Handbook of Mathematical Statistics (Boston,
Houghton Miffin Co., 1924), Ch. 1v and pp. 103-119.
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A B C D E
/ / f / !
3000- 2 110-15 12-12  150- 1 45 1
2800- 4 10511 11-14 140- 0 42- 0
2600- 8 100- 14 10- 15  130- 2 39— 2
2400- 11 9510 9-20 120- 5 36~ 6
2200- 13 9 8 828 110- 8 33 8
2000- 17 85 6  7-28  100- 13 30- 14
1800- 24 80- 2 6-29 90-15 27-15
1600-22 75 1 534  80-20 2417
1400- 20 70- 4 432  70-19  21- 16
1200- 16 65~ 7  3-36  60- 16 18- 13
1000- 13 60~ 9 2-38  50-12 15~ 9
800- 9 5510 1-45  40- 9 12 7
600-10 50- 14 N =331 30- 5 9 6
400- 5 4516 20-1 6.2
200- 3 40- 17 10- 1 3 3
0- 1 N<iu -1 0 1
N =178 N=128 N*120

F G H 1 J
/ f J J
20-6 95 1 550~ 2 13-45 20-6- 2
185 90 4 500- 6 12-52 200 3
16-7 8- 9 450- 13 11-37 196 7
14-8 80-12 400- 42 10-28 19-0- 15
12-4 7515  350- 111 18-6- 22
10- 5 70- 13  300- 195 3 18-0- 31
8-6 6511  250- 220 7 17-6- 24
6-6 60- 7 200-115 6 5 170~ 17
43 5 8 150- 39 5 0 16610
2-7 50- 5 100- 15 4 1 160 4
0-4 45 2 50 8 N 315 156 2
N=61 40- 2 0- 1 15-0-_1
N=8 N=7167 N=1



CHAPTER V

AVERAGES

General discussion. Just as a large number of cases cannot
be carried in mind separately but must be grouped to be com-
prehended, so it is frequently advantageous to carry summariza-
tion further and to use some one or a few numerical expressions
to summarize a whole distribution. In general there are three
types af measures or facts that are necessary to the summanza-
tion or @ilgeription of a distribution, with sometimes a fourth.
The portant of these 1s an average or measure of cen-
tral tendency, that is, of the point on the seale about which
the measures tend to group themselves. The second measure
needed is one of the vanabihty, scatter, spread, or dispersion
of the measures around the central tendency. The third 18 of
the reliability of these two and of any other measures obtained.
The fourth, which can be found only 1n case the relationship
between two series of measures or sets of data 1s concerned, is
a measure of the correlation or relationship existing between
the two sets of measures, that 1s, of the extent to which the
eorresponding measures in the two series vary together. This
chapter will deal with meadures of the first type mentioned, or
averages. ;

The term average is best used as a general term. An average
is 8 value of a variable that typifies the whole distribution,
that is, a value about which the individual cases that compose
the distribution tend to cluster It should be thought of as a
value or point upon the scale of measurement employed and
not as an actual case or measure. It may coincide with one or
more particular cases, but when it does so the coincidence is
only accidental.

Of the averages or measures of central tendency known to
statisticians, some five or six are encountered frequently enough
in connection with educational data that they will be explained

. 66 .
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and the methods of computing them given in this chapter.
These are the mean, the median, the mid-score, the mode, the
geometric mean, and the harmonic mean. Of these the first
three are much more commonly employed than the last three.

The mean. Mean, sometimes arithmetic mean, is the statis-
tical term for what, in the language of elementary arithmetic
and of daily hfe, 18 known as the average, or sometimes as the
arithmetic average, that 1s, it 18 the sum of a group of measures
divided by their number. Its formula may be stated thus:

= ET In this M stands for the mean; £ (capital sigma) is
the symbol for summation; and X 18 used to refer to the variable,
that is, to the thing being measured. N, as always, sfers to
the total number of cases.

In accordance with the definition just given, thE™Widinary
method of determning the mean 18 very simple in theory, al-
though it may tnvolve much work. It 18 merely ?o add the
measures or quantities that enter into it and divide their sum
by the number of measures. To illustrate this, if the scores of
the forty pupils in terms of words spelled correctly, already
used on page 18 and elsewhere, are added, the total is fountd
to be 2291, and if this 18 divnded by forty, a mean of 57.275 is
obtained. To do this, however, involves adding the forty scores,
which for most persons means previously arranging them in a
column. Although such a procesy s not very labonious when
only a few cases are concerned,. when the number 18 large it
requires considerable time to carty through.

Probably the first step that would occur to anyone to shorten
the process would be that instead of wnting each score
arately, one should group together scores having the safhe
value. In the given sencs, however, there are only five scores,
56, 62, 66, 68, and 72, which ocecur more than once, and only
one of these occurs as many as three times, therefore doing
this would shorten the process very lhttle. The usual method
employed to save labor in computing a mean from a large
number of cases is to make use of a grouped distribution even
though so domng sacrifices something of the accuracy possible
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when exact scores are employed. In connection with such a
distribution the so-called short method of computing the mean
is employed. To make this clear two preliminary steps will
be shown and then the short method 1tself.

TABLE V

CoMPUTATION OF MEAN OF MEas-
URES IN FREQUENCY DISTRI-
BUTION BY L.oNG METHOD

X
2325
362 5
4050
3750
3450
2100

950

850
1125

325

275

225

] 2,305.0

M = 57625

37

=W B ODW|—

FREEFFTET

S
b
8|~

Table V illustrates the first step toward the short method. It
contains three columns of figures, of which the first two represent
the classification of the forty scores 1n groups of five and are just
the same as have already been given on page 21. The third col-
umn, headed fX, contains the products resulting from multiply-
ing the mid-point of each class by the frequency 1o that class.
Since one assumption underlying grouping 1s that the measures
within a given class are symmetnecally distributed about or con-
centrated at the mud-point of that class, this mid-point 18 taken
a8 the best representative value of the measures therein. Thus
the mid-pont of the 75— class, which is 77.5, is multiplied by the
frequency in that elsss, 3, and the result, 232.5, entered in the
column headed fX. Similarly for the 70~ class, 1ts mid-point,
72.5, is multiph'e@' by its frequency, 5, and the result, 362.5,
placed in the fX eblymn. A similar multiplication is carried
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out for each class and then the sum of the fX column is found,
in this case 2305.0. This is divided by the number of cases, 40,
giving 57.625 as the value of the mean.

If the value just given 18 compared with the 57.275 already
secured from the ungrouped scores, 1t 1s seen that the difference
18 350 However, the two are really not directly comparable.
In adding the single scores each 18 considered as being exactly
what 1t purports to be, whereas in dealing with the grouped
distribution cach 1s considered as the mid-point of a distance
on the scale extending from the obtained score up to the next
higher one. In other words, one-half of a umt should be added
to the mean dernived from the single scores to make 1t compa-
rable with that from the grouped scores. Doing this gives
57.275 + .5 = 57 775, which differs from 57 625 by only .150
or about one-fourth of one per cent of the mean itself. For
most purposes a difference of such shght magnitude may be
considered neghgible. It should also not be overlooked that
if the number of cases were larger 1t 15 probable that the di-
ference would be still smaller.

Although the method just illusirated s 1n certain respects
shorter than adding the forty individual scores and dividing
by 40 to sccure the mean, the numbers dealt with are still just
as large as in that method. It 1s possible, however, to reduce
them as shown in Table VI. The first two columns therein are
the same as in Table V. Following these 18 a third column,
head d, standing for deviation or difference. The entries in
this column are based upon an assumption or guess as to where
the mean lies. It 1s assumed to be at the mud-pont of some
interval, generally the one in which it appears most probably
to ie. This 18 usually best, since the numbers involved in the
resulting computations are reduced to a mmmum. However,
if one fails to guess correctly and does not take the assumed
mean 1 the same class in which the true mean 1s later found
to be, no error results. In the example #iven, the mean is
assumed to be at the mud-point of the 55~ tlass, that is, at
67.5. This class, as is customary, is indiqqﬁd by drawing a
pair of horizontal lines, one immediately ghgve and the other
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immediately below it. It is called the zero class, and a zero
entered in the d column for it. This indicates that the deviation
or difference of this ¢lass from the one in which the mean is
assumed to be is zero.

TABLE VI

CoMpUTATION OF MEAN OF MEASURES IN
FREQUENCY DISTRIBUTION BY PaR-
TIALLY SHORTENED METHOD

J d Jd
75- 3 +20 + 60
70- 5 +15 + 75
65— 6 +10 + 60
60~ 6 + 5 + 30
55- 6 0 +225
50- 4 -5 - 20
45— 2 —-10 - 20
40- 2 -15 — 30
35- 3 -20 — 60
80- I -25 - 25
25— 1 -30 - 30
20- 1 -35 -3
N = 40 —220
3" 40| +5=3fd
ok d + 125
Ass M = 575
M = 57.625

The other entries in the d column have corresponding mean-
ings for their respective classes, and may be filled in by pro-
ceeding up and down respectively from the zero class, the first
entry in each direction being equal to the width of the class
interval, in this case five, the second entry to twice that width,
here ten, the third to three times 1t, fifteen, and so on. The
entries for the classes in which larger measures lie, ordinarily
upward from the zero class, are positive, and those for the
classes in which smaller measures lie, ordinanly downward, are
negative. Thus in the example given, the +5 opposite the 80—
class indicates that this class has a deviation of five points
upward from the 55— or zero class, the +10 opposite the 66—
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class means that it has a deviation of ten points upward, and
80 on. Similarly the —5 opposite the 50 class indicates that
it deviates five points downward, the —10 opposite the 45~
class shows that it deviates ten points downward, and so on.

In the fourth, or fd column, are given the products of each f
and its corresponding d. Thus for the 75- class fd = 3 X 20 =
80; for the 70— class it 18 5 X 15 = 75; and 80 on. It will readily
be seen that all the entrnies 1n the fd column for the classes
above the zero class are positive and all those for the classes
below 1t are negative. The fd column 18 then summed alge-
braically. This 18 ordinarily done as shown in the example,
the sum of the upper or positive portion of the column being
entered beneath 1t 1n the space between the horizontal lines,’
the sum of the negative portion of the column being entered
at the bottom, and the algebraic sum of the whole below that.
In this case the sum of the positive fd’s 18 225, and that of the
negative fd's, 220, so that when their algebraic sum 18 taken
it 18 +5. In other words, Sfd = +5. This 18 then divided by
40, the number of cases, giving +.125, which represents the
error mvolved in the assumption that the mean 18 57.5, or, in
other words, 1s the difference between the agsumed mean and
the true mean. Since this differengipig positive, it is added to
the assumed mean, 57.5, thus giving a true mean of 57.625,
as was obtained by the previous method.

One further and final abbreviation of this method may still
be made. This 18 shown 1n Table VII, which represents the
short method of computation, the one to be employed ordina~
rily.? This differs from the method just explaned in that the
entries in the d column show the deviations or differences in
terms of class intervals and not of actual umts. A mean is
assumed, the horizontal lines drawn, and a zero entered in the
d column for the class 10 which the assumed mean 18 taken

) Binoe the d value between the honzonta! lines 18 always sero, the fd
value corresponding to 1t 1s also zero, and thus there 18 no need for entenng
it in that column

* The reader should keep in mind that the two methods just descrnibed
are not included for actual use 1n computing the mean, but merely to
show the steps leading up to the short method.
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TABLE VII

SeorT METHOD OF COMPUTING MEAN OF
Mgeasures IN FREQUENCY
DISTRIBUTION

J d Jd
75— 3 +4 +12
70~ 5 +3 +15
65~ 6 +2 +12
60- 6 +1 + 6
55— 6 0 +45
50— 4 -1 — 4
45— 2 -2 - 4
40- 2 -3 -6
35- 3 —4 -12
30- 1 -5 -5
25- 1 -6 - 6
-1 -7 ~ 7
N = 40 — 44
40 |+ 1 = Zfd

c = + 025

1= J. _

= + 125

Ass M = 57.5
M = 57 625

as explained above The other entries 1n this column are then
made merely by beginming with 1 1n each of the two classes
next to the zero class and entering the successive 1ntegers from
1 on in the other classes. As before, the entnes, or d values,
for the classes containing the larger measures are positive, and
those for the classes containing the smaller ones, negative.
Thus in the example the d entry for the 60- class 1s +1, 10~
dicating that 1t 18 the first class above the zero class; that for
the 65— class is +2, indicating that 1t 18 the second class above;
and so on. Likewise the 50— class has a d entry of —1, showing
that it 18 the first class below that in which the assumed mean
hes; the next lower, or 45— class, has —2, showing that 1t is
the second class below; and 8o on down,?

3 It should be noted that the numhers appearing in the d column are
in no way influenced by the frequencies. If the frequency 1s zero for a
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The fd entries are obtained, as in Table VI, by multiplying
each f by its corresponding d. Thus for the 75— class3 X 4 = 12,
for the 70— class 5 X 3 = 15, and 80 on The products are
summed as before, giving +45 and —44, which yield an alge-
braic sum of +1. When divided by 40, the number of cases,
this equals 4 025, calied the correction and abbreviated by c.
Since, however, the computation leading to ilus has been made
in terms of class intervals and each interval is five units on
the scale of measurement used, this value of ¢ must be multi-
phed by 5, the width of the interval, abbreviated 2, to obtain ¢,
which 18 the amount to be added algebraically to the assumed
mean to give the true mean Doing this, + 125 1s obtained,
the same as was found by the last method, and therefore the
same mean, 57 625, results when 1t 18 added to the assumed
mean As 1s easily seen from Table VII, the formula for this
method 1s

M = Ass. M + ci, or, since ¢ = %{,ﬂ. M= Ass. M + %‘—11

It has already been stated that no error js introduced into
the computation of the mean if the guess as to the class n
which 1t lies 1s incorrect This suggests that if one desires to
check the accuracy of a mean, a convenient way of doing so 18
to take an assumed mean 1n another class and repeat the work
to see 1f the same result 1s obtained. Table VIII presents such
a computation for the data just given with the assumed mean
taken 1n the 60— class, or, in other words, at 62.5. This gives,
as is shown, a value of Zfd of —39 Dividing by 40, ¢ = —.975
and multiplying by 5, ¢ = —4.875. Adding this algebraically
to the assumed mean, 62.5, results in & mean of 57.625, as al-
ready found.

A situation that occasionally occurs in the computation of
the mean is that all the classes are not of equal width. Usually

particular class, that does not affect the distance of that class from the
one in which the assumed mean hies. For example, if in the illustration
above there were no cases in the 40~ class, this would stiil have a d entry
of -3 1n other words, no classes within the distribution may be skipped
1 assigning the d values.
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TABLE VIII
Saort METROR OF COoMPUTING MEAN OF
Mxasures v FREQUENCY DisTrIBUTION *

I d Jd
75- 3 +3 + 9
70- 5 +2 +10
65— 6 +1 + 6
60~ 6 0 +25
55— 6 -1 -6
50- 4 -2 -~ 8
45~ 2 -3 - 6
40— 2 —4 -~ 8
35— 3 -5 ~-15
30- 1 -6 ~ 6
25-1 -7 -7
20- 1 -8 -~ 8
N =40 —64

40|-39 = Sfd

c= —075

t= 5
ct = —4 875
Ass M = 62,5
M = 57625

-
* This differs from Table VI in that the assumed mean 1a taken 1n a different class.

in such a case there is only one that differs from the others.
For example, if a series of percentile marks ranging from zero
up to 100, inclusive, compose a tabulation, the lowest class
often begins with zero and the next to the highest ends with
99, the highest including only marks of 100. In such a case
the group containing the marks of 100 does not have a width
equal to that of the other classes, for which probably erther
five or ten would be chosen, and thus 1ts deviation from the
assurned mean or entry in the d column 1s not one interval
greater than that of the class iminediately below it. Instead
of one mterval, the difference 1s .5 interval plus one-half the
width of the class having s different width from the others.
Thus, if classes of 5 are used, the next to the highest class is
the 95— class, or better (gince percentile marks are being dealt
with), the 94.5- class. This class, of course, extends up to
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99.5, 80 that marks of 100 intlude’those from 99.5 up to 100.
The 100- class, therefore, covers a range of .5 per cent or unit.
Half of this, which is .25 unit, divided by 5, the class interval,
gives .05 interval. Adding this to .5 interval gives .55 interval,
the distance of the 100- class above the 94.5- class. Another
way of arnving at the same result 18 to subtract 97, the mid-
pomnt of the 94.5— class, from 99.75, that of the 100- class. The
result 18 2.75, which, when divided by 5, gives a difference of
.55 interval, the same as was found by the other method.
Determining class mid-points. An important pomnt that
arises in the computation of means and likewise of some other
statistical measures 18 the determination of the mid-points of
classes. The method employed 1 the examples previously
given 18 the most common or conventional method. It 1s to
take the mid-point halfway between the lower limit of the
class as given 1n the tabulation and the lower lunit of the next .
class. This procedure is based upon the assumption that a
score or measure of a given magmtude means from that up to
the next larger magnitude. Thus, 1n the series of scores used
in the computation of the mean, a score of 50, for example,
means from 50 up to but not including 51, a seore of 51 means
from 51 up to but not including 52, and so on. This assumption
agrees with the scoring system used on most standardized and
other objective tests, since, if a pupil responds to fifty items
on such a test correctly, and almost but not quite correctly to
another, his score 1s 50 and not 51. Thercfore a score of any
given size, such as 50, denotes performance equal at least to
that much and perhaps almost equal to the next possible score.
Hence the average scorc of all pupils recerving 50 is taken as
50.5, of all those receiving 51 as 51.5, and so on. Consequently
the mid-pont of the 50- class, when its wadth 1s 5, is 52.5, or
halfway from 50 up to the lower limit of the next class, 55.
There are some situations, however, in which mid-points
should be taken otberwise. In using the ordinary percentile
marking system in connpection with traditional examinations,
teachers usually assign per cent marks on the plan that if
they think the pupil deserves more nearly a given per cent
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than the per cent immediately below or above it, he is given
that mark. A mark of 82 per cent, for example, denotes that a
pupil’s work is rated as nearer 82 per cent than 81 or 83 per
cent, or as above 81.5 per cent and below 82.5 per cent. The
same 18 true in the use of scales such as those in handwnting,
drawing, and composition for rating specimens of pupils’ work.
Thus, if a specimen of handwnting 18 compared with the Ayres
Handwriting Scale, which 1s composed of specimens at mntervals
of ten from 20 to 90, inclusive, and the specimen is judged more
similar to the scale sample at 50 than to the one at 40 or 60,
it 18 given a rating of 50, which thus signifies that it is thought
to fall somewhere between 45 and 55

In cases such as those just cited a given score or measure 18
a mid-point rather than a lower inut. Consequently the mid-
point of a class 1n & tabulation composed of measures of this
sort is one-half of a scale umt lower than the mid-pont accord-
ing to the other and more ususl meamng of scores If, for
example, measurcs used n the computation of the mean are
percentile marks given in the ordinary fashion, the md-point
of the 50— class 18 52, not 52 5, that of the 55— class 18 57, not
57.5, and 80 on. In drawing up a tabulation and 1n labeling
classes involving cases such as this it 1s best to use what are
really the true lower hmits. For percentile marks, ratings
according to such scales as were mentioned, and other sumilar
data grouped by fives, for example, the lower limits of the
classes should be 49.5, 54 5, and so on, rather than 50, 55, and
so forth. If the limits are expressed thus, the true mid-points
may be found in the conventional way, since they he halfway
between the lower himits of each class and those of the pext
higher class. Thus halfway from 49.5 to 54.5 gives 52 as the
mud-pornt of this class, just as was stated above,

SBometimes the two types of distributions or data just re-
ferred to are distinguished from each other by the terms per-
Jormance scale and product scale. A performance scale 18 one
for measuring such pupil performances as the spelling of words,
the solution of problems, the giving of facts of any sort, in all
of which cases a score of & given amount means that the pupil’s
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performance is fully that much but not so great as the next
possible score. A product scale includes such instruments as
were referred to above, that 18, handwriting, composition, and
drawing and other similar scales, on which a given score de-
notes quality nearer to that score than to either the one below
it or the one above it.

The reader 18 probably at this point wondering how he is to
know when to use the one method and when the other. The
writer will not attempt to give an authortative and compre-
hensive answer to this question. Statisticians do not agree
either as to which of the two methods is in general the better
or which to use 1n dealing with certain types of data. The
following general rule, however, 18 recommended as being con-
sistent with the most common practice and as being appheable
to most cases that anse. Unless 1t 15 specifically stated 1n con-
nection with the data in question, or 18 evident from their
nature, that they are of the second type, the first procedure
discussed above should be followed. In other words, a given
measure should generally be taken as meamng from that up
to the next higher measure.

The median. The median, abbreviated Md, Med, or Mdn,
is generally defined as that point on the scale on each side of
which one-half of the measures fall. This defimtion of median
is often used 1n connection with any senes of measures arranged
in order whether 1t 1s a simple series or a frequency distnbu-~
tion. It is better, however, to limit the term median to the
mid-point of the latter and to use mid-score for that of the
former. It should be noted that the median 1s & pomt on the
scale and not a score or measure, thereby preventing certain
errors in conception and calculation that have amsen. The
median is obtained by counting in from either end of the dis-
tribution until exactly one-half of the cases have been taken
and determining the pont that has been reached to accom-
plish this. Counting in from the two ends yields identical
results and may be used to check the correctness of the answer.

The computation of the median will be illustrated by several
examples. The first of these, which presents a tabulation of the
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salaries of 100 high-school teachers, is given in Table IX. Since
the number of cases is 100 the median, according to definition is
that point on the scale on each side of which fifty of the cases fall;
therefore one must count in fifty measures from

TABLE IX  one end or the other. Starting from the lower
Courutation or end of the distmbution, as is more usual, and
THE MEDIAN  g4ding the frequencies, one gets 7 + 14 = 21,
then 21 + 22 = 43 If the next frequency, 16,

18 added, the result 18 59, which 1s too great,

222100-M g since 1t 18 more than halfway through the dis-
2000- 4 tribution. Instead of adding 1t one must find
1900~ 5 the pomnt in the 1500- class below which 7 of
A800- 6

1700- & the 16 cases le, since 7 more cases must be

#1600 10. added to 43 to make 50 Inasmuch as the cases
-1500- 16 in a given interval are assumed to be distrib-

1400- 22 uted umiformly throughout that interval, one

1200- 7 takes s of the width of the 1500 interval to

N =100  obtain that portion of 1t which imncludes the

100 _,. first or lowest 7 cases. As

Md = 1500 4> 100 = 154375 the width 1s 100, and y of

16 100 are 43.75, this amount

18 added to the lower hmit

of that class, which 1s 1500, and the result, 1543.75, is the point

below which and hkewise above which, fifty, or one-half, of the
total number of cases hie. It 13, therefore, the median.

As was suggested, the same result may be obtained by count-
ing down from the upper end of the distribution. Doing this
one adds the frequencies as before, thus 6 + 2 = 8,8 + 4 = 12,
12+ 5=17,17 + 6 = 23,23 + 8 = 31,31 4 10 = 41, Since
9 more cases are needed to make 50, ¥ of the distance down
into the 1500~ class must be taken to reach the point above
which 50 cases lie. Nine-sixteenths of 100 are 56.25, and sub-
tracting this from the upper limit ¢ of the 1500 class, the same
result as before, 1543.75, 18 obtained.

The process just described may perhaps be made clearer by”

¢ The real upper limit of the 1500 class is 1599.99+, but 1t is conven-
tional to take instead the lower limit of the next claas, in this case 1600,
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a graphic illustration. Figure 28 represents the 1500 class of
the given distribution. As is indicated on it, there are forty-
three cases below 1500, the lower limit of that class, and forty-
one cases at or above 1600. The sixteen cases within the given
class are considered uniformly distributed throughout it accord-
ing to the assumption generally made for frequency distribu-
tions. That is, the distance from 1500 to 1600 is divided into
sixteen equal spaces and one case i8 located at the center of
each space. Therefore to find the point on each side of which
lie fifty cases one counts up from the lower end, adding cases

to the forty-three that Median

are below 1500 until 43 l a
enough have been 222 15:(;(;- arasaparasaianm  CEN8
added to make a total FIG 28 GRAP}{S:?D.HREPRESI}J&}?E}ATION
of fifty. Since the OF COMPUTATION OF THE
number required to MEDIAN

do thls is seven t,hc The median 18 at 1543 75, which is ¢y of the
. b distance from 1500 to 1600.
median is the divid-

ing point between the space at the center of which is the sev-
enth case from the lower end and the next higher space, that
is, the one at the center of which the eighth case from the lower
end is located. )

The steps necessary to find the median may be stated as
follows: Divide the total number of cases by two. Starting at
either end of the distribution, add the frequencies in order until
their sum is as great as possible without exceeding one-half the
total number of cases. Subtract the sum thus obtained from
one-half the total number and use the result as the numerator
of a fraction. The denominator is the number of cases 1n the
median class, that 1s, the class immediately above or below,
according to the direction 1n which the frequencies have been
added,® the last class whose frequency was included to get the
sum referred to above. Multiply this fraction by the width of
the class. If frequencies have been added up#from the lower
end of the scale the resulting product should be added to the

S If the frequencies have been added up, the next higher class s the
median class; if they have been added down, the next lower one.
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lower limit of the median class. If they have been added from
the upper end down the product should be subtracted from the
upper limit of that class. The result, in either case, is the median.

The computation just described may be expressed in formula
form thus:

N N
758 7%

Md=l+2—7—z,or=u- 7 1.
In these formule N is the total frequency; f the frequency in a
single class, the median one 1n this case, S is the partial sum,
that is, the greatest sum of frequencies that can be obtained
without exceeding one-half of N, 1 stands for the lower hmt
and u for the upper, of the median class; and the last term, ¢,
stands for the width of the interval. Applying the formule to
the example previously used, we have:

100

- — 43
Md = 1500 = —1—6—100 = 1543.75, or

The next example illustrates the fact that the total number
of cases may be odd instead of even without affecting the com-

putation of the median. In such cases %’ ends 1n % nstead of

being a whole number. For the example in Table X the for-
mule give:

41
s

Md =550 + 250 = 502, o
J-2

Md = 600 — 250 = 502

¢ Bometimes instead of sunply ! and u, the abbreviations @ and ul are
employed.
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There are several special cases some- TABLE X
times encountered in the calculation of  CoMPUTATION oF

M W
medians. Only one of these, however, Tl\?gn::lgfc.i:::

occurs frequently. It is that in which a Is Opp
partial sum exactly equal to one-half

the number of cases is obtamned. Such d
a case may be handled by the formule 3058_‘ g
with correct results. This is lustrated 700 6
in Table XI. Applying the usual for- 650- 5
s 600- 5
mula, we have. 530~ 3
40 _ 4 500~ 8
450- 6
Md=60+26 5 = 60, oo 5
350- 1
Counting down from the top: N =14l
40 L
3 ~ % Md 2 _
Md =60 — Z———5=g0. M= 350+ =550 = 5=
TABLE XI It is not necessary, however, o go through

CouPuTATION OF the process of applying the formula mn such
THE MEDIAN

cases since the numerators of the fractions n

both formule beecome zero and thus the for-

= mule become simply Md = [ or u. In other

WaEN S = %,

. N
words, if S comes out just equal to DL the me-

T

dian 1s the lower limit of the next class if one

18 adding frequencies upward, and the upper

hmit of the next if one 15 adding downward.

In this case the former results in locating the

median at the lower imit of the 60— class and

the latter at the upper limit of the 55— class.
The median, therefore, is 60.

The other special cases are @ll rather rare,

but they do sometimes occur and therefore will

40 be discussed. Table XII presents

-2
Md = 60 + 2 5 = 60 the same feature as the last, that S

(]
happens to come out equal to %y

ERERTITEIITIL

2
]
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but is further complicated by the fact that the class imme-

TABLE XII diately above the last class for
CoumpuraTion or THE Moy Which the frequency is included
in S, or below it if one has added
downward, is & class with a fre-
quency of zero. A strict applica-

WHEN S -%’ AND ADJACENT
Crass Frequency Is Zrro

7 tion of the formule gives:
30- 4
27- 5 34
24 8 5 -1
21- 0 Md =21+ 3 = 21, and
18- 4 0
15- 6
12- 7 34
N - Md =24 7.173 247

Thus the values obtained from the two forms of the formula are
not the same. Since one-half of the cases are below 21 and the
other half abave 24, any point be- TABLE XIII

tween those values has one-half of
the measures on each side of it
The mid-point between these two
values, which is the average of the  CLass FREQUENCIES ARE
results from the two forms of the Zzro

CoMPUTATION OF THE MEDIAN
N
WHEN § = 3 AND ADJACENT

formula, is taken as the median P
In this case it is 22 5. A rule may o a
be stated thus: when S 18 equal 45- 8
to gand there is a zero frequency g g
in the next class, one should add g 8
one-half of the width of the inter- 20- 7
val to the lower limit of the me- 15- 14
dian class, which is the one con- N =42

taining no cases, or subtract the Md =25+ =
same amount from its upper lmit.

7The expresmon to which the fractional parts of the formule reduce,
4, is, 1n general, of indeterminate value. In this case it can be shown that
it may be taken as equal to zero.
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In either case the result is the mid-point of the class with the
zero frequency.

The next example, Table XIII, illustrates the same difficulty
except that there are two classes with zero frequencies instead of
only one. The procedure is exactly the same. From the for-
mulx we obtain, respectively, 25 and 35, and averaging them, 30,
Applying the last suggestion in the preceding paragraph with a
slight modification, the same result may be obtained by add-
ing 5 to 25 or subtracting 5 from 35. The modification con-
sists in the fact that instead of adding or subtracting, as the case
may be, one-half of the width of the interval, one should add or
subtract one-half of the total distance on the seale covered by
the classes with zero frequencies. Since there are two classes
with zero frequencies, the distance they cover is ten, and one-
half of this, five. If there were three classes with a class in-
terval of five the amount to be added or subtracted would
be 7.5, if four, 10, and so on. .

Table XIV illustrates the com- TABLE XIV
putation of the median when the CoumpuraTion §r Tax MED1AN
width of the interval is not uni- ~ Wggn Crsss InTERVAL l8
form throughout the distnbution. Not UsirorM
The only special point to be carried
in mind 18 that 1, as used in the
formula, 18 the width of the inter-
val immediately above or below the
last one whose frequency 1s required
to secure S, or, in other words, of
the interval wherein the median
lies. In the example given, the
class containing the median 18 the.
30~ class and so ¢ is 10. Therefore,

§Z_27 §Z_27

Md = 30+ S 10=2315 Md=30+"—-—10=3L5

PrPTrREEEFE
lncrnne B0 Rt |~

2
]

24}
¢

Occasionally a distribution resembling that in Table XV is
found in which more than one-half of the cases fall in the lowest
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or highest class. The procedure is stnietly by formula, thus,

TABLE XV 40 0
CoMPUTATION OF THE MEDIAN 2
WeeN FrREQUENCY oF Ex- Md=0+ 55 1=.91o0r
TrEME Crass ExcEeps %[—
40
5~ 18
/ 1 - Z5—1= 91
6~ 1
5 2 If one begins to add the frequencies
4 2
3 3 from the end at which the class
2- 4 contamming the large frequency is
(1)‘_‘ 23 found, no frequencies at all can be
N =1 taken and still leave S smaller than
== A,
40 0 5 Therefore, as 1s shown by the
Md=0+2

251 =91 formula, the median hes 1n the class
having the large frequency.

The foregoing discussion of the median has assumed that
continuous series are being dealt with, As has been stated else-
where, the geneyal practice in handling discontinuous series 18
to handle them as if they were continuous In some cases,
however, a different method may be preferable. Table XVI,

which gives a distnibution of classes of
pupils of different sizes, illustrates this.
The application of the formula yields a
median of 42.67. Ewvidently, however,
there cannot be a class in which there are
42.67 pupils. All of the classes of pupils
in the 42— interval must have exactly 42
pupils in them, and therefore if the me-
dian falls anywhere in this interval 1t
should logically be taken as 42. Practice
is not unform in so doing, but tends to
ganction this procedure rather than the
use of a fractional median. The reason
is that the median of such a series is essen-
tially a mid-score rather than a medan,

TABLE XVI

COMPUTATION OF THE
MEpiaN oF Discon-
TINUOGS SERIES

Seiz= .,
v 1 PEREERS
bl Blomowown |~
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since the measures are not grouped in such a way as to lose
their ongnal identity.

If, however, instead of all of the measures 1n one class being
of exactly the same size, each class includes those of more than
one size, the data are usually treated as though they were con-
tinuous That 1s, 1if all classes of size 40 and 41 are grouped to-
gether in a 40— interval, those of 42 and 43 1n 2 42- interval,
and those of 44 and 45 1n a 44- mterval, the usual practice 1s to
adhere to the formula and sccure a fractional median Thus,
using a class interval of 2, the given series becomes one with
seven cases in the 40— interval, ten cases 1n the 42- interval,
and five cases 1n the 44— 1nterval. The median 18 then

5T

Since standard test norms are frequently expressed in terms
of medians, 1t should be noted that this practice introduces a
discrepancy when individual scores are compared with norms,
similar to that between the mean of an ungrouped and of a
grouped series The procedure for computing the median is
based upon the same assumption as to the meaning of scores
as was stated to be the conventional one 1n connection with
the mean. This 18 that an obtained seore of a given amount
may represent a true score of any value from that up to the
next higher possible score When the scores of individuals are
given, however, this practice 18 not followed For example, if a
pupil spells eighteen, but not nmneteen, words correctly on a
spelling test, his score 18 reported as 18, no matter how nearly
he spells one or more additional words correctly. If he were
given the score that represents the mad-score of all pupils who
spell at least eightecen words correctly but not nineteen, his
score would be 18.5, and would correspond to the median as to
its underlying assumptions. Simce, however, this is not done,
an individual score 1s one-half of a score unit less than a group
median that really denotes the same amount of achievement
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or level of performance. Otis® has urged that in computing
medians the lower and upper hmits be taken one-half scale unit
lower than has been done 1n the examples given above, and
thus group medians made entirely comparable 1n meaning with
individual scores. His suggestion, however, has not been gen-
erally accepted and followed.

The mid-score. The mid-score or mid-measure is to a simple
or ungrouped series what the median 1s to a grouped serics or
frequency distnbution. In fact many writers do not differen-
tiate it from the median, but use the latter as a general term
to include both. As the method of finding 1t 1s somewhat dif-
ferent from that of finding the median, and as 1t apphes to a
different sort of series, 1t seems helpful to preserve the distine-
tion, The mid-score may be defined as the middle measure of
8 series of measures or scores arranged 1n order of size, If the
number of cases 18 odd there 1s no doubt as to the muddle one.
If the number 1s even there 1s no one score that 18 really the
mid-score, 8o the average of the two mid-most scores is taken,

To illustrite securing the mid-score the following seres of
scores may be employed- 28, 36, 43, 47, 49, 51, 53, 58, 56, 59,
62, 62, 64, 65, 68, 69, 70, 72, 74, 77. In this instance, since the
number of cases, twenty, 1s even, the average of the two md-
most scores 18 the mid-score. These are the tenth and eleventh
from the first. Since they are 59 and 62, respectively, 60.5,
their mean, is the mid-score of the senes. If, however, there
were only nineteen scores in the seres, the last one,
77, being omitted, the mid-score would be the tenth,
59, since there would be nine on each side of 1t.

In case it i8 desired to find the mid-score of a dis-
tribution that has been tabulated into classes, a slightly
different method may be used. If the series just given is
tabulated by tens, the resulting distnbution is as shown
at the right. From such a tabulation the mid-score can
be determined by arranging in exact order only the scores in
the class within which it is evident 1t falls. In this case, since

8 Arthur B. Otis, Statistical Method in Educationgl Measuremeni (Yonkers-
an-Hudson, World Book Co, 1925), pp. 48-51.

RASAA4

20
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there are ten cases up to and including the 50— class, and ten
above that, it is at once evident that the mid-score, accord-
ing to rule, is the mean of the highest case in the 50— class and
of the lowest one 1n the 60— class. Since these are, of course,
59 and 62, the mid-score is found to be 60.5, as previously.

In case the scores are already arranged n exact order there
is no economy in using this method. In case they are few in
number, not more than twenty-five or tharty, the saving is very
little. When the number of cases becomes as great as forty or
fifty its use saves some time. It 18 hikely, however, that if there
are as many cases as this, and they are grouped in classes, the
median rather than the mid-score will be desired.

It is possible to use this method even f the measures have
not been grouped 1n classes. To do this one must estimate
about where the mid-score will fall. If, for example, one esti-
mated that it would fall somewhere above 50, the number of
scores below 50 should be ascertamned and the
counting process performed just as indicated TABLE XVII
above. RavusTRATION

In dealing with the papers from an ordinary _ % Mors
class the easiest method of finding the mid-score !
18 usually to arrange the papers in order accord- - 1
ing to the size of scores and then merely count 10- 1
through them to determine the middle one if 9- 2
the number 18 odd, or the two mid-most ones if g: ;
it is even. This obviates the necessity of record- 8- 5
ing the scores in order of size. 610

The mode. The mode of a frequency dis- ;: g
tribution is that point on the scale at which 2- 5
there are more measures than at any other point. (1): g

Thus it may be said to represent the typical value N
or case. For example, in the distribution in g, o
Table XVII the mode, abbreviated Mo or Z, 15

5~, as the frequency corresponding to a scale value of 5- is
greater than any other frequency. Such a mode is called a
crude, empirical, or inspectional mode, because 1t is obtained
by mere casual inspection of the distribution. If the scale were

cr@
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infinitely divided and the measures recorded exactly, that pont
at which the frequency was the greatest would be the true or
theoretical mode. If this were done in the example given it is
probable, but not certain, that the true mode would fall some-
where between five and six If a smooth curve 18 drawn to rep-
resent the distribution, the point on the base-line scale that 18
directly below the highest point of the curve 1s the true mode.
Since 1ts calculation involves rather difficult mathematics and
also it 18 rarely used 1n handling educational data, 1t is not given
further consideration here.

Although the truc mode 18 rarely employed in educational
work an approximation to it 1s not 1infrequently used In case
the distribution 1s normal or only moderately skew, the formula
Mo = M — 3(M — Md) *® yelds a value that approximates the
true value. This formula shows that if the mean and the median
are the same, as 1s always the case in a symmetrical distribution,
the mode hkewise has the same value If, however, the mean
and the median are not the same, the mode hes on the same side
of the mean as does the median, but 18 three times as far away.
For greater convenience this formula may be changed into the
form Mo = 3Md — 2M. Applying 1t to the distmbution given
in Table XVII, for which M = 4.85 and Md = 5 15, we have
Mo=3515—-2485=575

Although not so commonly employed as the one just given,
there is another formula that yields an approximation to the
true mode. It1s

- Ja
Mo = l+fa +fb

In thie formula [ stands for the lower limit of the modal class;
Jo 18 the frequency of the class just above the modal class; f;

* More exactly the formula given above 18 as follows-

M~ Md
Mo=M —
3300 — 0846(M — Md)?

o' — 9(M ~Md)?

which for most distrbutions 18 approximately equal to
Mo = M — 3.03(M — Md).
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that of the one just below 1t; and 7, the width of the class interval.
Applymng thus formula to the distribution given above,

51
542

This, 1t will be seen, 1s relatively close to the mode obtained by
the more usual method already given, 575. 1f a distnbution is

Mo = 5+ =571

By 30 "?
/"* —
Md=16 82 25— 8
204 20—16
" 15-22
515.. 10—18
3 5-10
s 0— 4
5_‘—
Mm16 7
+ —+ + " M
10 20 30
12.-
s-
3 s
S Ha
° ° T
2 =2
at =
e
R T I
FIG. 20 GRAPHIC REPRESENTATION OF THE MEAN, MEDIAN,
AND MODE

approximateiy symmetreal it will usually follow that the two
formule give results very nearly the same, but if it is not they
may differ considerably.

In case measures have been grouped into a frequency dis-
tribution it is impossible from 1nspection to ascertain even the
crude mode exactly. Instead, all that is possible 1s to state that
the mode falls within a certain class. Thus for the distribution
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given above in connection with the mid-score the mode would
be said to be in the 60~ class, but not at 60 or any other particular
point.

The relationship existing between the mean, median, and
mode may be better understood if 1t 1s 1llustrated graphically.
Unless a distribution is symmetrical, 1t 18 only by chance that
any two of them coincide. In the two surfaces shown in Figure 29
the positions of all three are shown (the formula Mo = 3Md
— 2M being used for the mode) One can see that, as has been
stated, the modes are on the same sides of the means as the
medians and three times as far away On the upper surface,
which 1s only shghtly skew, the three averages are much closer
together than on the lower one, which 1s more skew.

Sometimes a mode 1s defined as any scale value at which the
frequency 1s greater than at the values immediately asbove and
below it. In this sense a distribution may have a number of
modes. The one given i Table XVII has three, one at 3-, one
at 5, and one at 8-. It may, therefore, be spoken of as having a
mode at 5-, or a8 having the three modes just mentioned. Many

TABLE XVIII

ILLusTRATION OF EFFECT OF DIFFERENT
CLABSIFICATIONS UPON APPARENT
VALUE oF Mobpk

J ] J
10- 2 9- 1 8 8
8- 6 6- 12 4~ 20
6~ 8 3~ 18 0- 21
4+ 12 0~ 15 N = 49
2- 11 N = 49 Mo = 0—
0-10 ™o =~3
N =49
Mo = 4-

distmbutions have only one mode, even though the second
definition be used. If the one referred to above had a frequency
of s1x, seven, eight or nine at 4- and of four or five at 7-, it would
have only one mode. Such a distribution is spoken of as uni-
modal, whereas one with more than one mode 18 called multi-
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modal. In a multi-modal distribution the point at which there
is the greatest frequency is often called the major mode and the
other modal pomts minor modes. The term bi-modal is often
applied to distribution with two modes.

It should be noted that a different classification of the meas-
ures frequently changes the class in which the ecrude mode falls,
and thereforc changes its apparent value. To dlustrate this
the measures 1n the distribution above have been regrouped in
classes of two, three, and four umts. The erude mode 18 then in
the 4— class, the 3— class, and the 0— class, respectively. There
is overlapping, and hence no necessary inconsistency, between
the first two and also between the last two, but the first and the
last are not consistent, since according to the first the crude
mode 1s within the limits 4- 5.99+, and according to the last,
within 0~ 3 99+, both of which cannot be true.

The geometric mean. The geometric mean, although fairly
widely used 1n connection with index numbers 1n business, indus-
try, and elsewhere, has been rarely employed in educational
work The most common occasion for its use therem 1s in the
computation of rates of increase, such as the population of a
city or state, the enroliment 1n a school system, and so on. Itis
abbreviated by G, GM, or M, and 1s obtained by the formula:
G=VvX:X2X; Xy Inother words, the geometric mean
18 the Nth root of the product of N measures Since 1t 1s rather
diffieult to extract most roots by other methods, logarithms 1
are almost always employed 1n 1ts computation. When log-
anthms are used the following formula 18 employed:

_logXy + logXs 4 logXs 4+ ... + logXy
- N

logG

which may be written more briefly,

-
logG = il‘;g*X).

1 The reader who 18 not familiar with loganthms and their use is re-
ferred to the following reference or to practically any standard text n
college algebra or trigonometry:

Karl J. Holzinger, Statrstical Methods for Students sn Education (Boston,
Ginn & Co, 1928), Ch. iv, *‘Loganthms.”
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To illustrate the use and computation of the geometric mean
let us assume that the population of a certain city was 20,000
in 1920 and 28,000 in 1930, and that the average annual rate of
increase 15 desired. One might carelessly suppose that, since the
total mncrease during ten years was 40 per cent, the increase
during each year was 4 per cent. This would be true if the 1920
population were taken as the base throughout the whole ten-
year pertod. This 1s not proper, however, since the rate of
increase for each year should be based upon the population of
the preceding year, not upon that of 1920 or any other singie
year. The first step 1n the solution 1s to find what per cent the
1930 population was of that of 1920. Drviding 28,000 by 20,000
gives 140 per cent. This quantity 1s equal to the whole product
under the radical, or, if logarithms are used, 1ts loganthm equals
the entire numerator of the fraction !* The tenth root of 140
is next found. The logarthm of 140 18 146128, which, when
divided by 10, gives .014613 The antiloganthm 2 of this 18
1.0342 or 103 42 per cent, the tenth root of 140. This 1 the
per cent that each year’s population was of that of the previous
year, assuming a uniform rate of increase Therefore the average
increase was this minus 100 per cent, or 3 42 per cent

In many cases there are further details at hand than were
gven above. One might know, for example, that the population
of the city was 22,000 mn 1923 and 25,000 1n 1926 Such addi-
tional information 18 useless, unless 1t 18 desired to ascertain the
rates of increase for each of the shorter perniods instead of one
uniform average rate for the whole time.

The geometric mean of a simple series of numbers has no con-
nection with a rate of increase nor any meaning as such a rate.
The geometric mean of 2, 3, 4, 6, and 8, for example, 18 the fifth
root of their product, 1152, which is approximately 4.095 Such
a geometric mean rarely has any use®ul significance 1n educational
work, although 1t does have a definite mathematical meaRing

1 In this, 28 1n most problems involving the geometric mean, thia entire
quantity 18 given, rather than each of the measures that composé it.

* The antilogarithm 18 the number that corresponds to the given log-
arithm For example, the loganthm of 3 18 .47712¢, hence the antlog-
arithm of 477121 is 3.
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There are several points about the geometric mean that
should be mentioned. One 18 that 1t 18 always less than the
anthmetic mean of the same data. A second 1s that there are
certain cases 1n which 1t loses its sigmficance If any single
measure 18 zero the product of all 18 zero, and therefore the
geometric mean 1s zero and more or less meamngless  Also, the
presence of a single negative number or of any odd number of
negative numbers 1 a senes consisting of an even number of
measures causes the geometric mean to become an 1maginary
quantity, the even root of a negative number [ven if the
number of cases 15 odd, so that an odd root of 4 negative number
is to be extracted, the result, though obtainable, 1s not really
significant  For exumple, the actual geometric mean of —2, 4,
8, 16, and 32 15 equal to ¥/~-32768 or —8 For most purposes,
this quantity can hardly be considered to summanze or represent
the senes given above  The same 18 true of an even root of the
product of a series of measures that includes an even number of
pegative measures  IFor example, the geometric mean of —8,
-3, 6, and 9 15 6, obtained, of course, by taking the fourth root
of thewr product, thus v =36 —89 = 1296 = 6, but 6 1s
rarcly if ever an adequate expression of the central tendency of
the four numbers just given

The harmonic mean. The harmome mean 1s the reciproeal
of the mean of the reciprocals of the measures 1t 18 not used to
any great extent in actual statistical work If one 18 dealing with
time rates or certamn other sorts of data, however, it 1s some-
times desirable to employ this measure. With such data either
the anthmetic or the harmonic mean may be used, but the two
are not comparable with each other. They imply different units
of computation, the umt of work, and the umt of time. To
secure an average time rate one must, if working with the umit
of work, use cither the harmonic mean of the rates or the arith-
meti ean of the absolute times, and, if working with the unit
the anthmetic mean of the rates or the harmonic mean
of theabsolute times,

The problem solved in Table XIX illustrates the computation
and interpretation of the two means with the different units.
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TABLE XIX
Coupuration oF THE HarMoNic MeaN
Reciprocal o Reciprocal of
Number of focsprocal )ff Number of jetiiboy
Problems per Problems per Ml;n ules per Mainutes per
Hour Hour Problem Problem
15 .0667 4 2500
12 .0833 5 2000
10 1000 6 1667
(] .1667 10 .1000
4 2500 15 0667
3 3333 20 0500
650 61 0000 660 6| 8334
8.33 1667 10 1389
(Problems per (Hours per ( Minutes per {Problems per
Hour) Problem) Problem) Minute)
60 +833=72|1—1667=6 |[60—-10=26 1 - 1380 = 7.2
minutes per | problems  per | problems  per | minutes per prob-
problem accord- | hour 80 — 6 = | hour according { lem 60 — 72 =
mg to the arith- | 10 minutes per | to the anth- | 833 problems per
metic mean of | problem accord- | metic mean of | hour  according
the rates. g to the har- | the  absolute | to the harmonic
monic mean of | times mean of the ab-
the rates solute times

The average of the first column, 8 33 problems per hour, 1s the
average number of problems worked 1n an hour if all individuals
work an equal amount of tune Therefore 60 + 833 = 7.2
minutes per problem, the average time required to work a
problem under the same conditicn  The average of ten minutes
per problem obtained from the third column 18 the averuge
number of minutes per problem 1if each individual worke the
same number of problems rather than the same amount of time.
The same 1s true, of course, of the average of six problems per
bour based upon the ten minutes p« r problem From the second
column, which contains the reciprocals of the numbers given
in the first, these same results of six problems per hour or ten
minutes per problem are secured. Likewise, from the fourth
column, which contains the reciprocals of the entres i the
third, the same averages are secured as were found directly



AVERAGES ]

from the first. Thus it 15 seen that the harmonic mean based on
rate is the same as the anthmetic mean based on amount and
vice versa.® If the data are presented in the form given in
column 1 the harmonic mean of the rates may be found by using
the absolute reciprocals, as in column 2, or by using those given
in column 3.

Perhaps the reason for the difference between the arithmetic
and harmonic means may be made clearer by the following
explanation If the six pupils for whom data have just been
given work the same amount of time, the ablest one, since he
solves the most problems in that time, contributes more prob-
lems or units of work to the total and, therefore, to the average,
than does the next ablest, and so on On the other hand, if the
six pupis work the same number of problems, the ablest one
contnbutes no more problems or umts of work than does any
of the others, but since he does them more rapidly, contnbutes
less time to the total and to the average. Therefore the mean
in the first case, in which all work the same amount of time, is
more largely based upon the work of the abler than of the
poorer pupils, whereas the reverse 18 true if all work the same
number of problems. As a result the mean 1n the first case is
higher than that in the second.

The formula for the harmonic mean (abbreviated H, Mg,

1 This 18 true because, although the entries 1n columnp 3 are not the
reciprocals of those 1n column 1 1n the sense that each represents the quo-
tient of 1 divided by the corresponding entry in column 1, they are never-
theless reciprocal in nature nince each represents 60 divided by the cor-
responding entry in column 1 and are therefore in the swame ratio to one
another as are the corresponding entries 1n column 2 The same 18 true
with regard to columns 1 and 4  Also the entnes 1n the second and third
eolumns state the same facts, except that in the second column the time
is expressed in terms of hours, in the third in terms of minutes. That is,
the second, which 18 headed ' Reciprocal of Number of Problems per
Hour,” might also be headed *Number of Hours per Problem,” as the
two mean the same thing Since this column has 1ts entnes 1n hours, those
1o column 3 may be obtained from thern by multiplving each by 60 In
& sumlar way the entnes in the fint column are 80 times the oorrespond-
ing ones i the fourth That s, column 4 mught properly be headed
“Number of Problems per Minute,” and mince column 1 18 the number
of problems per hour, the corresponding entnes are of course 60 times as
great.
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orHM) is

It is sometimes convenient to change it to the form
_l_ _ _1 <!
H N°X
Substituting in the first of these from column 1 of Table XIX,
we have, 14

6 _
H = I 1 1 1 1 = 6 problems per hour.
5 12 10 6 4 3
Using the second form,

11 1
ﬁzé( *ig +10+ ot 3 +) 6

whence H = 6, asabove.

It sometimes happens that one desires to find the harmome
mean of measures tabulated 1 a frequency distmbution,
The process of doing this 15 strictly aceording to formula.,
To 1illustrate this use may be made of the distmbution
at the mght. The mud-pont of each class 18 taken as
the value of the cases therein and therefore as the
denominator of the corresponding fraction and the
frequency 1n that class as the numnerator of the frae-
tion. Hence for these data,

H= 20 = 53.79.

Et gttt et
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No general rule can be laid down as to when to use the har-
monic mean and when the anthmetic mean of data involving
both amount and rate. Which 1s more appropnate depends upon

4 In practice 1t 18 often better to use decimals instead of common {rae-
tions.
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the point at issue, or the conditions under which the data have
been secured.

In case two sets of data are being compared the arithmetic
and the harmonic means, if superficially interpreted, sometimes
lead to different conclusions For example, let the following be
the records of one group of four pupils m terms of examples
solved in the same time. 2, 4, 4, and 6 For another group
assume that they are 3,3, 4, and 6 One might conclude that the
abihties of the two groups were almost exactly the same, since
the anthmetic means of both groups are four problems per time
umt If, however, the harmonic means are obtained, the situa~
tion appears otherwise  For the first group

4
H== ——————— =343
1 1 1 1
etitits
whereas for the second group
4
H=-r——"F—— = 3.60.
1 1 1,1
3t3tits

If both groups work the same amount of time, they will average
the same number of examples, but if they work the same number
of examples, the latter group will average more.

It will be noted that the harmonic means computed in this
section are less than the corresponding arnithmetic means. That
condition is not pecuhar 1o them, but 18 umversally true. It s
also true that the harmonic mean of a series of measures s always
less than their geometrie mean.

A simple relationship existe between the anthmetic, geomet-
ric, and harmome means of the same measures, which 18 very
convement to use to deternune the third if the other two of them

e (¢ *
are known. It 18 G = v MH, whence H = A7 and M = i
Also, if deviations are small compared with the mean, so that

the third and higher powers of EI—[ may be neglected,’ two sets

15 The symbol z 18 commonly used to denote the deviation of a measure
X from the mean of the series.
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of approximate equations connecting these three averages and
the standard deviation !¢ have been worked out. One set gives

H H*
M= VOFo,+4/0+T

H?
ry

2
G = M’—a’orV%+f1 ot + =, and

o? " 1
H = M—HOTG’/‘/Z;T_*_—GT"

The other yields

G ‘/62 G o’ M- T
M=g+4/5+7 G=M-gpandH =M-p+on

Readers who have difficulty in understanding the significance
and interpretation of the harmonic mean may be helped by
consulting a short article by Shen ¥ In this he gives a definition
somewhat different from that given above and aiso a different
but equivalent formula.

The use of averages. The question naturally arises as to
which one of the averages or measures of central tendency
should be used m vanous cases The geometric and harmonic
mesans may be omitted from the body of the discussion as being
appropriate in particular cases only. ILikewise, the md-score
need not be considered, since whatever is said about the use of
the median 1 a frequency distribution hkewise applies to the
use of the mid-score 1n a simple series We may therefore con-
sider the advantages and disadvantages of using the mean,
median, and mode.

According to Yule *® there are six criteria that a good average
should meet. These are as follows:

¥ See p. 123 for the standard deviation.

7 Eugene Shen, ““A Note on the Defimtion of the Harmomc Mean,”
Journal of Educational Psychology, Vol 22, April, 1931, pp 311-312.

® G Uday Yule, An Introduction to the Theory of Statratics, ninth edition,
revised (London, Charles Gniffin & Co, Ltd, 1929), pp 107-108.
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1. It should be rigidly defined mathematically.

2. It should be based on all the measures

3. It should be readily comprehensible, that is, not too
mathematically abstract.

4. It should be calculated with reasonable ease and rapidity.

5. It should be stable, that 18, it should not be seriously
affected by fluctuations of sampling.*®

6. It should lend itself readily to algebraic treatment.

The following discussion will show how each of the three
averages meets these critena and further state certain advan-
tages and disadvantages connected with their use

The mean 15 exactly defined mathematically, and 18 not only
based on all the measures but on their exact magnitudes It is
well known and herefore easily understood. It 18 not very
difficult to calculate, although more difficult than either the
median or the mode. The mean 18 usually least affected by errors
of sampling. It also lends itself readily to algebraic treatment.
For example.

a. The algebraic sum of the deviations from the mean 18
zero Expressed in algebraic symbols, this1s Zx = 0.

b. The mean of a whole series may be expressed in terms of
the means of parts of the senes. In algebraic terms,

NM,+ NM,+ ... NM.

M= N

in which
N=N+N:4+...N,
¢ The mean of the sums or differences of corresponding

¥ If an average 18 being computed for one set of data without regard
to whether or not they are representative of other sumilar data, there is
no place for the apphication of this entenon.  1f, however, as 18 often done
to save labor and expense, one set or 8 comparatively few sets of data are
bewng taken as representative of a much larger quantitv of data of the
same sort, 1t 18 important that the average used should be stable or reh-
able That 18, if other averages are found from other repreeentative seta
each contaiming the same number of cases the differences between these
averages should be small One of the most common examples is the meas-
urement of a few classes of pupils as representative of all those of the
same age, or grade, in a gven school system or 1n a group of systems.
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measures in two series is equal to the sum or difference of the
means of the two series. That 1s, if

X=X1*X2=’=...Xn,M=M1=‘=M2=‘=...Mn

d. The sum of the squared deviations from the mean 18 &
mimmum, that s, £z2is a mmmmum

The mean can also be shown to be the most probable value
of any single measure of the series It may be computed without
knowing the exact magmtude of cach measure, provided the
sum and the number of measures are known Its calculation s a
step 1n securing the most commonly used measures of vanability
and relationship. In short, the mean satisfies the six enteria
given above to a rather high degree and has a number of other
desirable properties with very few undesirable ones It 1s,
therefore, recommended by statisticians as the best of the three
averages for general use.

The median also satisfies the critena given fairly well. It isnot
so rigidly defined as the mean, but 1s based upon all the measures
in the senes, although not upon their exact magnitudes It 18
more easily calculated than the mean, and although not so
commonly understood can be easily explained. The fluctuations
due to samphng are usually somewhat, but not markedly,
greater than in the case of the mean. It 18 not susceptible of
algebraic treatment Extreme or erroneous values have com-
paratively httle effect upon 1t, whereas they may have a con-
siderable effect upon the mean The groupmng of measures
different classes usually affects *t but shghtly If the signs are
neglected the sum of the deviations from 1t 1s 2 rmummum. The
median eagily ranks second to the mean 1n value It should be
used when the undue influence of extreme or erroneous seores 18
especially undesirable, when the exact magmitudes of all gcores
are not known, or when case i computation 18 1mportant,
Apparently because of the ease of computing the median, it
has become practically the only measure of central tendency used
in reporting standardized test scores.

The crude mode has fewer good pomnts and more points of
weakness than either the mean or the median. It 1s not rigidly
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defined, nor is it based on all the measures. Instead, its position
is determined by a comparatively few measures and may be
markedly changed by the shifting of a few cases. Therefore it is
by far the most unstable of the three. It 1s easily understood and
found, no calculation at all being 1nvolved It does not lend
itself to algebraic treatment. It may be determined without
knowing the magnitudes, locations, or sum of all the measures.
The fact that 1t 15 determined by the largest group of measures,
and thus represents the most frequent or the most typieal
measure, makes it 1n one sense most representative of the whole
distribution It should be used only when this quality 18 de-
sired or when extremne ease of determiming an average 18 essen-
tial  The true mode 18 moare stable, but also more difficult to
compute, so that it ranks only shghtly higher than the erude
one,
As has been suggested above, the fact desired to be brought
out has an influence i determining which average should be
used. In some cases 1t 18 desirable that extreme values of the
vanable directly affeet an average, in others this 1s not desirable.
Sometiunes 1t 1s useful to employ an average such that 1its product
with the number of cases yields the sum; at other times this is
not useful For example, f 1in a small school system the su-
penintendent receives a salary of $2500 and each of four teachers
receives $1500, the mean 1s $1700, the nud-score $1500, and the
mode $1500 If one desires an average that indicates the typiecal
salary being recenved by the teacherg the mid-score or mode
should be usced, whereas if ope wishes an average which may be
used to show the total amount being cxpended for teachers’
salaries, the mean should be chosen.

One pont that may well be mentioned here, although it
apphies with equal force to almost all statistical work, 18 that in
general the data that are dealt with as one group, and of which
single measures are computed, should be homogeneous. In the
example of a superintendent and a number of teachers just
given above, the total group 18, from one standpoint at least,
not homogeneous. Largely because it 1s not so, the mean salary
of 81700 does not accuratcly indicate the salanes received by
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the individuals included. It 18 difficult to say just what con-
stitutes homogeneity. A group of teachers and superintendents
may be considered homogeneous as contrasted with a group of
lawyers or of carpenters. When there 18 any doubt about this
matter one will usually be on the safe side by dealing with the
data in separate groups at first, and later making such combina-
tions as seem best.

In the preceding discussion nothing has been said as to how
well the geometric and harmontc means meet the crtena given.
On the whole, they stand high when judged by the six criteria.
They are decidedly weak with regard to the third point, since
they are not understood by most persons They are also some-
what difficult to compute. On the first two pownts there is
nothing at all to be desired and on the last two they rate high.
For the geometric mean several general conditions more or less
similar to those stated for the anthmetic mean hold. The three
most important of these are probably as follows:

a. If a measure 18 the product of several other measures, the
geometric mean of the first measure is equal to the product of
the geometric means of the other measure. In algebraic terms, if
X = Xl'Xg' “ . Xﬂ’thenGX = Gl Gg‘ N Gn.

b. If a measure equals the quotient obtained by dividing one
measure by another, 1ts geometric mean equals the geometne
mean of the first divided by that of the second, that 1s, if

X, Gy

X=% Gx=

=1,
Gy,
c. The geometric mean of a whole series may be expressed in

terms of the geometric means of the vanous portions of the
series. Expressed algebraically

GV = GG, . . Gror G = VGG, .. G,

ExErcises

. 1. _Coxppute the mean, by the short method, for each of the following
d!s&nbutlons. Check each mean by a second computation with a
different assumed mean.
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!
760- 2
725- 7
700- 14
675- 18
650- 33
625- 54
600- 41
575~ 29
550~ 17
526~ 6
500- 3

N=224 N=

2. Compute the median of each distribution 1n Exercise 1.
3. Compute the median of each of the following distrnibutions:
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A B C D E

f / / / !
45- 1 140- 16 10- 2 % 1 96~ 2
40- 2 130- 9 - 3 75~ 1 94 1
35 4 120- 5 8§ 0 72- 6 92- 3
30- 1 110- 2 7- 6 69- 7 90- 4
25- 2 100- O 6 9 66~ 12 88 5
20- 5 90- 4 5 14 63~ 8 86— 0
15- 2 80- 7 4+ 15 60- 4 8- 0
10- 4 70- 10 3- 10 57- 0 82- 0
5 3 60- 11 2~ 5 5 2 80- 6
0-31 N-6t1 1-3 N-—z1 785
N =55 0- 1 76- 3

4. Find the mid-score of each of the following senes
A. 44, 50, 40, 48, 29, 59, 35, 45, 52, 69, 13, 42, 56, 55, 50, 59, 41,
50, 34, 67, 43, 41, 54
B. 12,7,13,8,2,8, 11,9, 18,3,4,8,9, 8, 4, 4,9,7, 17, 9, 10, 8, 10,
84,8 1,4,37 10,7
C. 103, 108, 98, 106, 88, 119, 94, 105, 111, 129, 71, 101, 116, 116,
101, 117, 100, 108, 92, 125, 103, 99, 115, 133.
D. 16- 11, 18 0, 17- 6, 17- 8, 17- 1, 16- 4, 17- O, 16~ 8,
16- 9, 16- 5, 19- 6, 17- 5, 16- 5, 16~ 0, 17- 3, 17- 9,
17- 5, 18- 0, 18- 9, 17- 6, 16- 6, 18- 2, 16~ 2, 17— 1.
5. Find the empircal or crude mode and the mode by each of the
two formule given 1n the text for each distribution in Exercise 1.
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6. If the enrollment in a certain high school was 248 in 1925, and
364 in 1929, what was the average annual rate of increase?

7. If the per capita cost of instruction rises from $75.42 to $147.20
in ten years, what 1s the average annual rate of increase?

8. If a child’s weight is 92 Ibs on September 1 and 86 lbs. on May 1,
what 15 the average monthly rate of decrease?

9. Find the harmonic mean of each of the following distributions.

A B C D
Words Examples Yards Letters
per per per per
Minute Hour Second Second

/

8 28 10- 2 6- 2
6 24 9- 3 5- 2
5 22 & 6 4+ 5
5 21 77 34
4 19 6 4 2-3
3 17 5 2 1- 1
3 13 N=24 N=17
2 12

11



CHAPTER VI

QUARTILES, PERCENTILES, AND SIMILAR
MEASURES

Quartiles. It 15 frequently useful to determine certain other
points on the scales of distributions than those which express
the central tendency Such pomnts are similar to the median
i that they are determined according to the fractions or per
cents of all the eases in the distnbution above and below them.
Their names mdicate what these fractions or per cents are.
Of such points the quartiles are by far the most common. As
their name indicates, they are those points which divide the
dls—ﬁﬁatmnmxhto_fuur _parts, each contaming the same number

lower quart ile, abbrevmted @), 18 that point below or at which
there are one-fourth of ‘the cases 1n tho distnibution and above
or at which thcro are thre (--fourths The second quartile, since
it 18 that pomnt at or below which there are two-fourths and
at or above which there are two-fourths of the cases, 18 the
same a8 the median, therefore the term 1s almost never used.
The third or upper quartile, abbreviated @y, 1s the point at or
below which are three-fourths of the cases in the distribution,
and at or above which are one-fourth.

The method of computing the first and third quartiles 18
the same as that for the median except that the first term

‘

N ]
of the numerator 1n the fraction 1s Jor—gas the case may

' Sometimes the expression quartie 13 apphed to each of the parts mto
which 8 distnbution 18 divided rather than to the pomnts that divnide it,
but this 1s not the conventionul usage, and should be avoided 1 order to
prevent eonfusion Instead, the term quarter or fourth should be used for
such a part Thus the portion of a distnbution below the first quartile
should be called the first or lower quarter or fourth, that from the first
quartile up to the median the second quarter or fourth, and so on.

105
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be, instead of % The formule for the two quartiles are, there-

fore, as follows:

Yo
Q=1+ f—t,a.nd

321!—3
Qs=l+”——f—“l-

It is, of course, also possible to compute them by counting
down from the upper hmits rather than up from the lower

ones. This is almost never done for the first quartile, but 18
not uncommon for the third, since that

TABLE XX h th d of the d
Cour 18 much nearer the upper end of the dis-
UQ'I:A’!::&E? TH¥ inbution than the lower. The formula
for the third quartile by this method is
f
N
75— 3 T -
gg_' (5; Qs =u — F
60- 6
55- 6 The distnbution mn Table XX may be
ﬁ ; employed to lustrate the computation
40- 2 of the quartiles For it
353
= 0o
N =40
340
%0 - 10 5 — 2
Q=50 + ——5 = 50 Qs = 85 + ——c—>5 = 68.33,
340 _ o or, applying the other formula,
Q=6+ 5-68330r 40
6 3~ 8
0 _ o Qs =70 — "5 = 6833,
Q=70-2 5 = 68.33

6 To make the computation of
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the quartiles still clearer, a second example will be given in

Table XXI. For these data

100
5 2
@, = 1400 + —-5—2——100 = 1418.18, and
100
3—4— — 69
Q;: = 1700 + 3 100 = 1775, 0r
Qs = 1800 — ——100 = 1775.

It 18 sBometimes desired to find the quartiles of sumple or un-
grouped series The method for this 1s stmilar to that for the

mid-score, but 1ts detailed appheation 18
easiest if shightly varying methods are
used according to the total number of

TABLE XXI

COMPUTATION OF THR

cases n a distnibution  If each measure o

is & mud-value, that 1s, for example, a J

measure given as 6 represents 55 up to 2200- 6

6.5, one of 7 represents 6.5 up to 7 5, and 2100~ 2

80 on, the quartiles may be found as fol- f&?‘ ;

lows: 1800- 6
If the number of cases 1n the seres 18 1700~ 8

an even multiple of 4, the first quartile }ggg_‘ ig

is the point midway between the %—th }ﬁ_ ﬁ

and the next case when the senes is ar- 1200- 7

ranged in ascending order and the third N =100

quartile the point 100 _ o,

midway between the Q@ = 1400 + -i—,;;—-loo = 1418 18

3—4}!&: and the next 3100 _ oo

case, To illustrate Qs = 1700 + 4 100 = 1775 or

this, for the follow- 8

ing series of twenty 100 _ o,

scores: 28, 36, 43, 47, Qs = 1800 — 4 100 = 1775

49, 51, 53, 56, 56, 59,
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62, 62, 64, 65, 68, 69, 70, 72, 74, 77, the first quartile is mid-

way between the %th or fifth and the next, or sixth, score, and

3N
the third quartile midway between the —4—th or fifteenth and

the sixteenth scores. Therefore @1 = 50, midway between 49
and 51, and @; = 68.5, midway between 68 and 69.

If the total number of cases 1s one more than an even multiple
of 4, the first quartile is three-fourths of the distance from the
N-1

1 th case up to the next one and the third quartile one-fourth

of the distance from the §‘—’\%&—l»th case up to the next  Thus for
the series4, 5,6,6,7,9,9,9, 10,11, 12, 12, 14, 15, 16, 18, 19, which

. N -1
contains seventeen cases, —5 = 4, therefore Q; = 6 75, three-

fourths of the way from the fourth case up to the f{ifth, and

3N 4+ 1 = 13, so Qs = 14 25, one-fourth of the way from the

thirteenth up to the fourteenth
If the number 1n the series 1 two more than an even multi-

N
ple of 4, the first quartile 1s the j— —?th casc and the third

3N +2
4+ th case For example, if a case at 20 be

quartile the
added to the semes 1n the preeeding paragraph, so that it has

. N+2
eighteen cases, ——i_— =0, s0o Q1 =17, the fifth case, and
3N+2

4+ = 14, 80 ¢;= 15, the fourteenth case.

If the number of cases 1s three more than an even multiple

of 4, the first quartile 18 one-fourth of the distance from the

N4+1
T+th case up to the next one and the third quartie three-

fourths of the way from the 3—N~4:—1 th case up to the next,

Thus if the last two scores, 18 and 19, are dropped from the
series 1n the second paragraph above, leaving fifteen cases,
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g d3N = 11, whence Q= 6.25 and Qs =

If each measure is considered as a lower hmit, that is, if 6 is
taken as meaning 6 up to 7, 7 a8 7 up to 8, and so forth, the
quartiles are usually one-half of a scale unit larger than those
obtained from the formul®e just given. In case two or more
cases having the same scores fall at a quartile point, however,
the quartile 18 the same as the scores falhing there.

If the measurcs are taken as exact, not representing dis-
tances on the scale, and if the total number 1n the distnbution
is an even multiple of 4 or two more than such a multiple the
quartiles are obtamned in the same way as described above for
measures considered as mid-values, If the number of cases is
one or three more than an even multiple of 4, the quartiles are
generally ? one-half of a scale umit less than those when the
measures are assumed to be mid-values. In other words, for a
series of one more than an even multiple of 4, @, 18 at one-

v

fourth of the distance from the A 4—

one, and @; at three-fourths of that from the 3 4— 3th case up

1
th case up to the next

to the next. Sumilarly, for a senes of three more than an even

multiple of 4, Q, 15 at three-fourths of the distance from the
]—V——;—-} th case up to the next, and @; at one-fourth of that from

the ?L‘i~—th case up to the next. Applying these, @, = 6.25
and @, = 13 75 for the senes of seventeen scores given above,
and @, = 5.75 and Qs = 12 for that of fifteen.

Percentiles. Next to the median and the quartiles the per-
centile points are the most commonly employed measures of
this general type. They are the points that divide & distribu-
tion into one hundred equal parts each of which contains 1 per
cent of the total number of cases. Unless a distribution con-
tains a large number of cases, at least several thousand, it is a
waste of effort to divide 1t into one hundred equal parts, since

* The exception 15 the same as that mentioned 1n the preceding para-
graph.
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the number of cases in each 1s too small to be significant. More-
over, there is rarely a need for such a fine divigion of a distribu-
tion. For these reasons only a comparatively few of the per-
centiles, rarely exceeding twelve or fiftcen and frequently no
more than five or seven, are usually determined. For purposes
of reporting test norms 1t 1s very common to use the fifth, tenth,
twenty-fifth,® fiftieth, seventy-fifth, ninetieth, and mninety-
fifth. Sometimes also the first and second and ninety-eighth
and ninety-minth are given, sometimes each tenth one, and
sometimes others.

The same general formula that 1s employed for the median
TABLE xxqn1 2nd the quarties 1s used for finding a desired
ComputaTion or Percentile of a distribution, the proper change

Percentiies  being made in the first term of the numerator
h—}_— go that 1t represents the desired fraction or
percentile  To ilustrate this the fifth and

% g tenth percentiles of the distribution of one
2000~ 4 hundred cases used 1n the section on the quar-
1900~ 5 tiles and clsewhere may be found as follows. ¢
1800~ 6 i

1700- 8 5100

1600~ 10 100

1500~ 16 P5=1200+~-7—100= 1271 43, and

1400~ 22
1300~ 14 10 100

100 7 P 1300 100~ ! 100 = 1321.43

N = 100 o= 1300+ —3 = oelas.
5 100 These are to be in-
o0 ¢ terpreted in a fashion

Py = 1200 + 7100 = 127143 similar to the quar-

10 100 tiles, that s, that §
oo~ ~ 7 per cent of the cases
Py = 1300 + ~—3a 100 =132143  in the distribution are
— at or below 127143,

* The twenty-fifth percentile 1s the same as the first quartile, the fiftieth
as the median, and the seventy-fifth as the third quartile, but when other
percentues accompany them 1t 18 commeon to refer to all by their percentile
demgnations rather than to use the other terms,

¢ Percentile 18 sometimes abbreviated by P and sometimes by Per In
erther case a subsenipt should follow indicating what percentile 1s meant.
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and consequently 95 per cent of them are at or above that point,
and that 10 per cent of the cases are at or below 1321.43, and
the remaining 90 per cent at or above it.

Since percentiles above the fiftieth are nearer the upper than
the lower end of the distmbution, it 18 frequently the practice
to determine them by the use of the other formula, that is, by
working down from above. Thus the eighty-fifth percentile of
the given distnibution, for example, may be found as follows:

15 100
o0~ 12

or, 1n other words, by counting down 15 per cent from the upper
end of the distnibution

It 18 unportant to remember in connection with percentiles,
as with all points of this general sort, that the larger the sub-
scnpt, the higher the rank or position in the distmbution. This
follows from the fact that such a point indicates what portion
of the total distribution 1s at or below 1t, and that, therefore,
the larger the subscript, the greater s this proportion.

Changing ranks to percentiles. In comparng or combinng
scores, procedures which will be dealt with 1n Chapter XXII,
1t 18 frequently convement to change ordinary ranks imnto per-
centile ranks or scores  This can readily be done by the following
formula

2R — 1 100R — 50

PR (percentile rank) = N 100, or N

in which R stands for the rank of the case 1n 1ts series given on
the basis of one representing the lowest rank and so on up. For
example, 1n the twenty spelling scores referred to a number of
times previously, the puptl who made a score of 47 ranks fourth
from the bottom among the twenty. His percentile rank, there-
fore, equals 1‘9_0_"_426"_52 = 17.5.

It is imposgible to have a percentile rank of zero or one hun-
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dred since no case can be lower or higher than every case in the
distribution 1ncluding itself. For example, in the series of
twenty scores 77 is the highest or, in other words, rank 20. The

percentile rank of this score 15 100 230:——50 = 97.5, which is the

highest possible percentile rank mn a group of twenty. This
illustrates the general fact that the mghest possible percentile
=4

rank in any group 1s equal to 100 — ‘])\—9 Correspondingly the

50
lowest possible percentile rank in a group 1s equal to v

Occasionally it 1s desired to reverse the process and find the
ordinary rank in a group when the percentile rank 18 already
known. The formula for this 1s

NPR 1 N PR + 50

B="50 T2 ®="1050

Therefore if one desires to find the ordinary rank of an individual
whose percentile rank 18 17 5 1 a group of twenty, the result is
20-17-5 + 50
100

illustration above, in which the individual who ranked four in a
group of twenty was found to have a percentile rank of 17.5.%

To asmst in the determination of percentile ranks from or-
dinary ranks, tables have been prepared by various workers,
Probably the best table of this sort 1s that prepared by Buros
and Buros® It gives the percentile rank for each ordinary rank
for all numbers of cases from 11 up to 100. In 1t ordinary ranks
are taken just the reverse of those previously used mn this dis-
cussion; that 1s, a rank of onc 18 given to the highest, not to the
lowest, score, and so on down

Other similar measures. There is no hmit to the number of
mesasures similar to quartiles and percentiles that may be

t For a good discussion of percentile ranks and some of their uses, see:
Arthur 8. Otis, Statistical Method 1 Educational Measurement (Yonkers-
on-Hudson, World Book Co, 1925), Chs. 1x and xt

® Francis C Buros and Oscar K Buros, * Expressing Educational Meas-
ures as Percentile Ranks,” Test Method Helps, No. 3 (Yonkers-on-Hudson,
World Book Co., 1930), 27 pp

= 4. This, 1t will be noted, agrees with the reverse
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computed, but few of them are much used in actual practice.
Tertiles, representing division into three parts, guintiles that
mto five, and deciles, that into ten, are probably the only ones
with which the reader needs to be at all familiar. Even
the latter two of these are rarely encountered, but instead
the corresponding percentile points are usually employed. The
general formula for these 15 the same as for the median, the

f
10 %— 1
M- 2
w- 3
8 - 8
w 1 810
% 61 6~ 7
S 1 4—- 9
34_» 2— 5
2 = |88 M
3 2l &| 2 -
27 o I o A
] L3 P o] S Ls
oLl SiE F SjS o
0 2 4 6 B8 M 12 14 1w 18
Score

FIG. 30 GRAPHIC REPRESENTATION OF MEDIAN, QUARTILES,
AND OTHER SIMILAR MEASUREs

quartiles, and the percentiles, the proper modification being
made 1n the first term of the numerator

It 1s also possible 1o change ordinary ranks into ranks based
on any of these divisions, as well as mto percentile ranks. The
only difference in the formula employed 1n any particular case
is that the 100 that appears 1o the formula for percentile rank
is replaced by a number that indicates the number of divisions
being considered This general formula may be given as follows,
using X to stand for the desired rank

. X
xp=2lxouxp- 2
CE TN AR E Y
The reverse formula, that 15, the one for finding the ordinary
rank from the point rank 18
X
X Ll
gtk 1 o VR
TTX 2 - X
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To aid in understanding the meamng of points of the sort
dealt with in this chapter, Figure 30 1s given. It represents the
distribution tabulated beside the figure and shows graphically
the median, the first and third quartiles, the fifth and ninety-
fifth percentiles, and the first and sccond tertiles thereof. The
fifth percentile is 1.60 and the vertical hne erected from that
point on the base-line scale up to the upper bounding line of the
figure has 5 per cent of the area of the figure to 1ts left, that is,
below it, and 95 per cent to 1its nght, or above 1t. To take a
second case, the first tertile 1s 5 78, and so below or to the left of
the vertical line erected above this point on the base-line seale is
one-third of the area, whereas above 1t, or to 1ts nght, are two-
thirds.

EXERCISES
1. Find the first and third quartiles, the fifth, tenth, and ninetieth

percentiles, and the first and second tertiles of each of the following
distributions.

A B C D
i) f J /
2%- 2 75~ 2 050- 1 88 3
24- 3 70- 8 90- 0 8+ 5
22- 5 65-19 80- 3 80 8
20- 6 60-37 S0- 7 76~ 14
18- 8 5555 750- 9 7221
16- 14 50- 69  700- 12 68 24
14- 11 45-41  6%- 16 64 26
12- 7 40-21  600- 10 60- 20
10- 3 3511 550 7 56 18
8 0 30- 4 500- 2 52 16
6 1 N=267 N=6 4813
N =60 44 5
N =173

2. Find the percentile corresponding to each of the following ranks:
A, fourth among 22; B, eighth among 11 C, seventy-third among 124;
D, twenty-eighth among 35.



CHAPTER VII

MEASURES OF VARIABILITY

General discussion. A distribution is not sufficiently de-
scribed by stating merely its average. A second important fact
is a summary statement of the amount of dispersion around the
average Two or more distributions or curves may have the
same average, but differ greatly because of different vanabilities.
This fact 1s illustrated by Figure 31, which shows two such

FIG 31 CURVEs WITH SAME AVERAGE BUT DIFFERENT
VARIABILITIER

The curve represented by the solid line has leas variability than the other ane,

curves. Both are symmetrieal and both have the same average,
but the one represented by the broken hne contamns measures
that on the whole are further away from the average than does
the one represented by the solid line. That is, if the two curves
represent distnbutions of similar data, those represented by the
broken line are less homogeneous than the other set.

Dispersion or variability, also called variation, spread, scatler,
ﬂuctualz‘z-r‘t,__@_malwn, may be expressed 1n terms of any one
of several measures. The fairly common ones are the range,
sometimes called the total or absolute range, the quartile devtation
or semi-interquartile range, the 10-90 percentile range, the mean

115
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is freguently mappropnately called the probable error.

All the measures of vanability named above are absolute
numerical expressions that state 1n terms of base-line distance
how great the dispersion or scatter 18. Therefore they cannot
be used to compare two distributions that have different scales.
To enable one to do this relative measures are needed. Such
measures, called coefficients of varation or variabilty, will be
discussed after the various absolute measures have been con-
gidered.

A measure of variubihty is a distance on the scale. This
distance is usually measured from an average and includes a
definite proportion of all the cascs Not infrequently a measure
of variability 1s used as a umt distance i terms of which to
express the distance of any particular measure from another
measure or from an average. YFor example, one may speak of one
point being 2 mean deviations, or 3 4 standard deviations, from
another. Most uses of measures of vanability are based on the
assumption of a symmetrical distribution of scores, and unlesa
this assumption is true some error 15 present If a distnbution
is only moderately asymmetrical, however, the error 1s not so
large but that it generally may be neglected.

The range. The range 18 the most easily computed of the
measures of variabihity, but 1t 18 the least rehiable and, for most
purposes, the least useful. It s the distance on the scale from the
lowest measure to the highest one and, therefore, is obtained by
subtracting the former from the latter It shows the total scale
distance covered by the distnibution. For a sunple sernes 1t is
very easily obtained. For example, the range of the senes of
twenty scores previously used a number of times 1s 49, obtained
by subtracting the lowest, 28, from the hughest, 77.

In the case of a frequency tabulation there 1s shghtly more
labor required to determine the range. In fact, the exact range
eannot be given in such a case. 1t 18 evident that the lowest
score 1n the accompanying tabulation cannot be smaller than
20 or so great as 25, and that the highest cannot be smaller
than 75, or so great as 80. Therefore the greatest possible

deviation, the standard deviation, and the median deviation, which
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range is from 20 to 79.99 . . . or 80, a8 it is usually taken, which
gives 60, and the least possible from 24.99...or 25 to 75,
which ig 50. BSince the range cannot be determined
exactly in such a case, there are varous practices fol-
lowed in giving approximate ranges. One 18 simply to
state that the range 1s not greater than 60. Another
is merely to say that 1t 18 50 or more. A third and more
common method 18 to give as the approximate range
the distance from the mid-pownt of the lowest to the
mid-point of the highest eclass, in this case from 22.5
to 77.5, which 18 55. Probably thc most satisfac-
tory method, however, 18 to estimate the position of
the highest and lowest measures in the distnibution
according to the assumption of umform distnbution
within each class interval, and then determine the
difference between them, For the given distribution the one
case 1 the 20— interval 18, of course, assumed to be at its
mid-poini, 22 5, and the largest of the three cases mn the 75-
class 18 assumed to be at the muddle of the upper third of the
distance covered by that class, that 1s, at 79 17.! Taking the
difference between these, 56.67 18 obtained as the most hikely
value of the range.

The quartile deviation. The quartile dewviation or sem-
mu'rquartnk- range 18, as the latter name implies, one-half of the

distance between the first and third quartides. Its formuls,
therefore, 18 simply Q = Q — Ql In this Q 1s used as the abbre-
viation for quartile dvvxauon. Another form of statement is
that it 1s one-half of that distance on the seale which includes
the middle 50 per cent of the cases. 1f the distmbution s sym-
metrical, @ mcludes 25 per cent of the measures, but as it be-
comes more and more asymmetneal this becomes less and less
true.

1 Since there are three cases 1n this class, it 18 assumed to be divided
into three equal parts with one case at the muddle of each The upper of
these parts, therefore, includes the upper one-third of the range from 75
to 80, that is, from 78.33 to 80 The mid-pont of this, 79.17, is taken as
the location of the largest meastre.

| BEBERTPFPEIT
Blourmmeowraao oo

>
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The computation of the quartile deviation may be illustrated
by employing the quartiles previously found on page 106.
For the distribution from which they were determined,
which is the same as that given 1n the preceding section,

Q=6833;.)000=917.

Occasionally the quartile range, which 1s the distance between
the first and third quartiles mstead of half that distance, is
employed as a measure of variability. Its use is rare and the
wrnter does not recommend 1t since 1t 1s likely to be confused
with the quartile deviation.

The 10-90 percentile range. Although Kelley * has suggested
that the 10— 90 percentile range 1s for many purposes the most
gatisfactory measure of varabihitv, and although it 18 more
reliable than any of the commonly employed measures of
varniabiity based upon percentiles,® 1t has not come 1nto general
use. As 1ts name mplies, 1t 15 merely the distance between the
tenth and ninetieth percentiles of a distribution, that 1s, the
distance that includes the middle 80 per cent of the cases It is
better than the quartile deviation in that it 1s based upon a
much larger proportion of the cases, but avouds the weakness
of the range by excluding a few cases at each end of the distribu-
tion 8o that any decidedly unusual extreme cases do not affect 1t.

For the distribution already used in this chapter and else-
where the 10— 90 percentile range may be found as follows:

40
0 "3
Py=35+"- 3———5 = 36.67

40 _
10
T s

t*Truman L Kelley, “A New Measure of Dispersion,” Journal of the
American Statisircal Assocratron, Vol 17, June, 1921, pp 743-749.

*The range between the 6 917 and 93 083 percentiles has the highest
relisbidity of any percentile meussure of vanabidity, but 13 rarely if ever
employed because of the inconvenience involved in using such numbers,
The 10- 90 percentile range 1s only shghtly less reliable

3

Py =75 5 =174
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and, consequently D (Kelley's abbreviation for the 10~ 90 per-
centile range), or Dy o, equals 74 — 36.67 = 37.33. The for-
mula.ismerely Dlo— 90 = Ppo - Pm.

The mean deviation. The mean deviation, abbreviated M D
or sometimes AD for average deviation, 18 exactly what its
name mnplies, the mean of the deviations from an average. In
obtaining it the signs of the deviations are neglected. It is
possible to secure a mean deviation about any average, but in
practice 1t 18 secured around either the mean or the median.
The former is more frequently used, but the mean deviation
is & mipimum around the median. When the mean deviation is
laid off in both directions from the mean or median it includes
approximately 57 5 per cent of the cases within the points on
the scale to which 1t reaches When computed for measures
arranged 1n a frequency distrnibution 1t assumes that they are
concentrated at the mud-points of their respective intervals,
As there 15 a general tendency for more measures to be on the
side of the mid-point nearer the average than on the other side,
this results 1n the mean deviation being shghtly too large.
Thorndike * gives a table of approxumate corrections which
may be apphed Their size vanes from 02 of the width of
the interval, if the distribution includes only six classes, to 005
of the width, if 1t includes twenty. If more than twenty are
included the correction 1s still smaller. The given correction
is, of course, to be subtracted from the obtained mean devia-
tion. In ordinary statistical work this correction 1s not applied,
since 1t is so small as to be neghgble unless a high degree of
accuracy 1s desired.

The direct method of computing the mean dewviation con-
sists simply in finding the deviation of each measure from the
average, summng these deviations without regard to sign,
and dividing by the number of cases It involves handling
rather large numbers 1n case the distnibution 1s long and the
average about which 1t 18 taken not a round number. There is

‘E L Tborndike, An Introduction to the Theory of Mental and Social
Measurements (New York, Teachers College, Columbia Umiveraity, 1913),
p 5h
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a short method, however, which reduces the labor consider-
ably. It is based on the same computations as are made to
secure the mean by the short method, and amounts to finding
the mean deviation about the assumed mean or median and
applying the proper correction. The formula is as follows:
MD = Zfd + ¢(Ny — N;z,-i- (.25 + c’)N,..2

The new terms in this formula are Ny, N, and N,.. N, 18 the
number of measures 1n all classes below or smaller than the
one containing the true mean or median, and N, 18 the number
in those above or larger. N, 15 the number in the class which
contains the mean or median  Zfd 1s taken without regard to
sign Applying this formula to the data i Table XXIII the

TABLE \XIII

CoMpUTATION OF THE MEAN DEVIA-
TION ABOUT THE MEan

f d i Jd
75- 3 +1 +12
70- 5 +3 +15
65- 6 42 +12
60- 6 +1 + 6
55~ 6 0 +15
50- 4 1 — 4
45- 2 -2 - 4
40- 2 -3 -6
35 3 -1 -12
30~ 1 -5 -5
25— 1 -6 -6
20- 1 -7 -1
N =40 —44
40) +1

c = 025

45 + 44 + 025(14-20 25 + 025%)6

MDy = 0 4(7)-+( Oy - 11,28

following result for the mean deviation about the mean is
obtained.
MDy = 45 4 44 + .025(14 — 240(,) + (.25 + .025Y6

5=1129
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In this computation Xfd is 89, the sum of 45 and 44; ¢ is .025;
N, is 14, obtained by adding the frequencies of all the classes
below the 55~ class; N, is 20, the sum of the frequencies of
classes above the 55— class; N,, is 6, the number of cases in the
55— class; » is 5, and N is 40. Substituting these, as shown,
gives & mean deviation around the mean of 11.29,

It should be noted that the correction, c, retains its sign. In
the example given 1t happens to be positive, but if 1t is negative
the minus sign should be kept. It 18 a hmitation of this formula
that it applies only when ¢ 18 not less than —.5 and 18 less than
+.5. If the assumed mean has been so taken that ¢ 1s outside
these limits, 1t 18 best to assume another mean so that this will
not be the case. It 1s posaible to secure the mean deviation with
an assumed mean that differs by more than one-half interval
from the true mean, but the process of so doing 1s difficult.

The computation of the mean deviation about the median
differs only 1n that the correction used is the difference between
the true and assumed medians instead of between the true and
assumed means. The assumed median is taken 1 the same
manner as the assumed mean, that 1s, 1t 18 the mid-point of the
class 1n which the median falls. If the distrbution is approxi-
mately symmetncal 1t will usually be the same as the assumed
mean. To determune the correction, the true median must be
computed and the difference between it and the assumed me-
dian divided by the class interval. In this case the median 18
60. If the assumed median 18 taken at the mid-pomnt of the 55—
class it is 57.5, and the difference between 1t and the median
is 2.5. Dividing this by the class interval, five, gives a value
of +.5 for the correction. This requires choosing a different
assumed median if the formula given above is to be employed.
Hence 62.5, the mid-point of the 60~ class, 15 taken and caq =

99—0-—;—6?—{) = —.5. Table XXIV contains the computation.
Zfd = 25 4+ 64 = 89, N, = 20, N, = 14,and N, = 6. Substi-

tuting these and the values of ¢, 7, and N in the formula, we have:

25 4 64 — .5(20 — 14) 4 (.25 + .5’)65

MDy, = 40

= 11.13
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TABLE XXIV

CoMPUTATION OF THE MEAN DEvia-
TION ABOUT THE MEDIAN

) d sd
75- 3 +3 + 9
70- 5 +2 +10
65- 6 +1 + 6
60- 6 0 +25
55~ 6 -1 -6
50~ 4 -2 -8
45- 2 -3 -6
40- 2 -1 - 8
35- 3 -5 -15
30- 1 -6 -6
25- 1 -7 -7
20- 1 -8 - 8
N =140 —61
MDyy = 25T 64— 520 - 14 4 25+ B0 _ 4 1q

40

This is smaller than the mean deviation about the mean, 11.29,
thus 1llustrating the fact that the mean deviation about the
median is & minimum.

Many texts in statistics give a formula for the mean devia~
tion, sunpler than the one given here, but not absolutely accu-
rate, and yielding values shghtly too small. The error 18 80
slight that for most practical purposes i1t may be neglected, but
nevertheless it seems undesirable to employ this formula when
a more satisfactory one 1s known Kelley * and later Toops$
have advocated the use of another formula. It 1s vahd and
much easier to apply in cases of ungrouped series, but for
grouped series it involves the same unjustified assumption as
does the incorrect one referred to above. This assumption 18
that all the cases in a class are grouped at the mid-point of that

$Truman L. Kelley, Statistical Method (New York, Macmillan Co.,
1923), pp 70-75.

$Herbert A. Toops, On Computing the Average Deviation from the

Mean,” Journal of Educalional Research, Vol. 15, January, 1927, pp. 46~
51.
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class whereas the more correet assumption is that they are
symmetrically distnbuted throughout the class. In much of
the work done with frequency tabulations in educational statis-
tics the two assumptions lead to identical results, but in this
case they do not. For further discussion of this point the reader
is referred to Rietz.’

The standard deviation. The standard dewviation® is from
the mathematical standpoint the most important measure of
deviation or vaniabihity. 1t 18 frequently used in educational
work, but probably no more often than one or two other meas-
ures of the same charactenstic. The abbreviation for it 1s small
sigma (o) or, less frequently, SD. It has become the accepted
practice to compute the standard dewviation about the mean
only. Simlar measures may be computed about other aver-
ages, but this 1s rarely done, so that the standard deviation
is the only mmportani measure of variability based upon the
squares of the deviations.

The standard deviation may be defined as the square root
of the mean of the squares of the deviations from the mean of
the distmbution. If the distnbution 18 normal, 34 13 per cent
of all the cases are included within a distance of one standard
deviation on cach side of the mean, and, therefore, 68.27 or
slightly more than two-thirds of the cases fall within a range
of plus or minus 1¢ from the mean.

The formula for the standard dewviation of a simple senes is
o= 7((1: or 1/ :\{—. The application of this formula and the
computation of the standard dewviation are illustrated for the
distribution 1n Table XXV. By adding the measures and
dividing by their number, 15, the mean 1s found to be 214,
The deviation of each measure from the mean 13 then found
and entered in the second column. In the third column, headed

*H. L. Riets and others, Handbook of Mathematical Statistics (Boston,
Houghton Mifflin Co., 1924), pp 29-31.

% A number of other names are also applied to this measure, but none
of them 18 used sufficiently often 1n educational practice to be worth re-

membenng. Among them are the rool-mean-square demation, mean-square
deviation, and error of mean square.
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TABLE XXV

COMPUTATION OF STANDARD DEVIATION
oF Smupre Series Using Exacr

MEaN
d d?
30 + 86 73 96
29 + 76 57 76
28 4+ 66 43 56
28 + 66 43 56
26 + 46 21 16
24 + 26 676
23 + 16 256
22 + 6 36
21 - 1 16
19 - 21 576
18 - 34 11 56
16 - 54 29 16
14 - 74 54 78
14 - 74 5476
9 —-124 15376
15,_3—2—1 15} 559 60
M=214 ot = 37 3067

g = 611

d, are the squares of the deviations. These squares are then
summed, giving 559.60. This 15 divided by N, here 15, the
result being 37.3067, which 15 equal to o2 Taking the square
root of this, we find the standard deviation to be 6 11 If, then,
the distmbution were normal, shghtly over two-thirds of the
measures therein would be within 6.11 points of the mean,
214, or between 15.29 and 27 51. As a matter of fact, only
53.33 per cent of the measures fall within these limits, If there
were a larger number of cases in the series 1t is probable that it
would more nearly conform to normality, and, therefore, the
per cent of cages within 1o of the mean would be more nearly
equal o 68.27.

The computation may be made somewhat easier by em-
ploying an assumed mean just as in deterruning the mean. To
illustrate this the same series has been given in Table XX VI
and the standard deviation computed by using 20 as the as-
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TABLE XXVI

COMPUTATION OF STANDARD DEviaTION
or SmMpLE Serres UsING AssuMED

MEzan
d &

30 +10 100
29 +9 81
28 + 8 64
28 +8 64
2% + 6 36
24 + 4 16
23 +3 9
22 +2 4
21 +1 1
19 -1 1
18 -2 4
16 -4 16
14 -6 36
14 -6 36
9 —11 121

+51 15@'

=30 g 239 2667

15[+21 = 19
TZTs | of = 373067

o = 611°
i

sumed mean. The d column b this case contains deviations
from 20.] The plus and minus deviations are summed separately
and their algebraic sum found just as in the determination of
the mean. In this case it 1s +21. This1s divided by N, 15, and
the result, 14, is the correction, ¢. The third column contains
the d*'s as before and their sum, 589, 1s again divided by the
number of cases, giving 39 2667. This quantity 1s commonly
termed S®. From this ¢?, which is 196, 1s subtracted, giving
a2 = 37 3067, the same as was found in the previous computa-
tion. Unless the mean happens to be a round number it is
recommended that this method be employed. The formula
for it may be expressed as follows:

o =& ctor 2zt ct
= g/ 55— = -
N N
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As is true of the mean and most other measures, however,
the standard deviation is usually found for a grouped frequency
distribution rather than for a simple series. The formula for
the computation of the standard deviation in a grouped fre-
quency distribution differs from that just given only mn the

b)) 2
introduction of fand 2. It1s ¢ =1 ,1/ i}—;,(i — ¢ The general

method of computation 1s the same as that just illustrated,
except that it 13 adapted to the grouped series. It 1s similar
to the computation of the mean for such series except that an
additional column is added This last eolumn, headed fd?, 18
obtained by multiplying cach entry in the fd column by the
corresponding one 1n the d column ® Thus the first entry, 48,

TABLE XXVII

COMPUTATION OF StanparD DEvVIATION oF FREQUENCY
DisTRIBUTION

J d bz ‘ Jdr
75~ 3 +4 +12 48
70- 5 +3 +15 45
65— 6 +2 +12 24
60- 6 +1 + 6 6
55- 6 0’ +15 0
50— 4 -1 ~ 4 4
45- 2 -2 -4 8
40- 2 -3 -8 18
35- 3 -4 -12 48
30- 1 -5 -5 25
25— 1 -6 -6 36
20- 1 -7 -7 49
N=40 —44 40/ 311
40+ 1 St = 7775

c= 025 | ¢ = _000625

ot = 7774375

v = 2,788 int
1 - 5

o w= 13.94 unita

? The entries in this column can also be obtained by squaring each one
m the d column and multiplying by the corresponding f entry, but the
method given n the text above 18 slightly easter.
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is the product of 4 and 12; the next, 45, that of 3 and 15; and
80 on. All of the entries are positive, since each is the product
of two numbers with similar signs. This column is then summed,
giving n this case 311, This is divided by the number of cases,
40, which ywelds 7.775 as the value of S2. From it c? here
000625, 18 subtracted, leaving ¢? = 7774375 Taking the
square root thereof, o is found to be 2.788. This, however, is
in terms of class intervals, so to change 1t-to upats it 18 multi-
plied by 7, here 5, giving a value of 13 94 units In practically
all cases except the computation of coefficients and ratios of
correlation, which will be taken up later, this last step should
be carred out and ¢ expressed in terms of actual units

The method of finding the standard deviation of a frequenecy
distribution, as well as most other computations based upon
such a distnbution, assumes that the measures m each interval
are concentrated at the mid-point of that interval. This agsump-
tion introduces a shght error. Inasmuch as there are usually
more measures on the side of the mid-pommt of each interval
toward the average than there are on the other side, the effect
of this crror 18 to make the obtained standard deviation
shghtly too great An approximate correction for this error

1
may be made by subtracting 13 from the obtained value

of o? before extracting the square root and multiplying by
t Expressed as a formula 1n terms of intervals, this is
T e
as follows o, = V ol — %2 It will be evident from an ex-
amination of this formula that the smaller the number of
clagses the greater the obtamed value of sigma, that is, the
greater the positive error in 1t In the example just given, the ap-
phcation of this formula gives: o, = 1/ 2 7882 ——Ilﬁ = 2773
intervals instead of 2.788, thus indicating that the error in the
uncorrected measure is small. Thorndike ¥ gives a table of

3 For the standard dewiation 1n terms of units instead of intervals the
12
oI~ 5

1N'E 1, Thorndike, An Infroduction o the Theory of Mental and Socwal

formula 18 coorr =
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corrections to be subtracted from the obtained value of the
standard deviation instead of from 1its square. These range
from less than .001 step in case the distribution contains forty
classes, to .04 step in case it contans only six. These correc-
tions yield closer approximations to the correct standard dura-~
tion than does the formula above It 1s, however, very rarely
the practice in ordinary work to correct for grouping by either
method.

There is also another factor that causes the obtained value
of the standard deviation 1o be shightly too large. This 18 the
effect of varable or chance errors If there are available two
series of measures of the same trait or charactenstic of the
same individuals and the varnable errors in one senes are not
correlated with those m the other, 1t 1s possible to compute a
standard deviation unaffected by such errors by the use of the

formula o= 1/ gg%v‘—“—), in which r; stands for the deviations

of the measures in one senes from their mean and z; for those
of the measures 1n the other In other words, the standard
deviation is computed from the products of corresponding
deviations from the mean instead of from the squares of the
deviations 1n a single series

In case the coeflicient of correlation or rehability 12 between
the two series of measures 1s known, the value of the standard
deviation of true or perfectly reliable measures 1s given by the
formula: gy OF o = gon \/7, In which 7 18 the coefficient of
rehability.

If the standard deviations of each of two forms of a test are
known, that for the two forms combined may be obtained by
the formula

_ Vrulo, + o)

o =
. [ 2rll
147y

Measurements (New York, Teachers College, Columbia University, 1913),
pp. 55-56
13 See Chapter XI.
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For n forms the general formula is as follows:

‘\/T;(0'1+¢71+... +0'.)
O14+14+.. n = — T
nry
1/1 + (n - )ry

If the standard deviations are all equal, so that the situation
18 equivalent to repeating the onginal test n times or making
it n times as long, 0, = o1v/n + nin — 1)ry;  In these for-
mula 7 18 again the coefficient of rehabihty.

It 18 often desirable to check the value of the standard
deviation by assuming the mean 1n a different class, ordina-

TABLE XXVIIIL

ComprTaTION OF STANDARD DEVIATION
wite ALL DEeviations Pormmive

f d fd fa2
TH- 3 12 36 132
005 11 55 605
O b 10 60 600
61 O 9 o1 486
8- b 8 18 @4
50- 1 7 28 196
AS- 2 [ 12 72
40~ 2 5 10 20
35- 3 4 12 48
30- 1 3 3 9
25— 1 2 2 4
20- 1 1 1 1
N = 4 321 2035 8897

rily the one next to that in which it was taken at first, and
then proceeding as before. Since 1t makes no difference in
what class the mean 1s assumed insofar as the final result is
concerned, the results from the two computations should agree
exactly.
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It has been suggested by Harris,'* Ruml,!* and Ayres ®* that
the standard deviation be found by assuming the mean in the
class immediately below the lowest class in the distribution.
8o domg eliminates all minus deviations, but requires the use
of somewhat larger numbers. On the whole, 1t 18 probably a
better method if computing machines are employed, other-
wise not For the distribution previously employed this method
is illustrated 1n Table X XVIII It will be noted that the entrnes
in the d column begin with 1 for the lowest class and run up
to 12, since that 1s the number of classes  The fd and fd* col-
umns are obtained just as before, that 1s, the first 18 the product
of the entries n the f and the d columns, and the latter of those
in the d and fd columns. The last two columns are totaled and
their sums employed 1n the follo“mg formula 18

Substituting in this we have

. 321
. <1/ 2935 ')5
4()““

which, as before, gaves a value of 13 94.

Several more or less mechanical devices to aid in the compu-
tation of the standard deviation have becn suggested. Perhaps
the best of these 18 described 1 an article by Croxton ¥ QOthers

13 J Arthur Harns, “The Anthmetic of the Product Moment Method
of Calculating the Coefficient of Correlation,” American Naturalist, Vol.
44, November, 1910, pp 693-699

1 Beardsley Ruml, “On the Computation of the Standard Dewiation,”
Psychologreal Bulletin, Vol 13, November 15, 1916, pp 444-448,

1 Leonard P. Ayres, ‘‘Shorter Method for Computing the Coefficient
of Correlation,” Journal of Educational Research, Vol. 1, March, 1920,
pp. 216-221.

Zfd

1 Since ¢ = ' thus formula 12 equivalent to the formula given on

page 126.
17 Frederick E. Croxton, “An Apparatus to Assist in the Caleulation
of the Standard Deviation of a Grouped Frequency Distnbution,” Jowrnal
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have been suggested by Toops !* and Jenking.”? It does not
appear to the writer that for most computers there is sufficient
gain in such devices to warrant their use.

If the deviations of the measures mn a distribution are rels-
tively small compared with the mean so that the third powers
of their ratios to the mean may be neglected, certain approxi-
mate relations hold between the standard deviation and thse
mean, the geometric mean and the harmonic mean. These
may be expressed as follows:

0= VM?~Glor = vVM? — MHor = ﬁ,—G’
Thus if any two of these three averages are known, the approxi-
mate standard deviation can bg determined from them.

It has been suggested that in some circumstances the square
of jthe standard deviation rather than the standard deviation
itself may be used to measure vanability., When this 18 done
the term wvariance should be appled rather than variabulity.
That 18 to say, Just as o 18 employed as a measure of vansa-
bility so 02 15 used as a measure of variance. Practically the
only connection 1in which the square of the standard deviation
has been employed 1n connection with educational data is in
the interpretation of the coefficient of correlation, and refer-
ence will be made to 1t 1n the discussion thereof.

Although both in the previous portion of this section and
in practically all other texts on educational statistics, N has
been used as the denominator of the fraction from which the
standard deviation 1s computed without regard to the number
of cases, this1s not stnictly accurate. If N — 1 1s used instead of
N when the number of cases 18 small, perhaps less than thirty,
the result 18 commonly a nearer approach to the true value of
the standard deviation

of the Amervcan Statsstical Assocratson, Vol 20, December, 1925, pp. 532~
536,

¥ Herbert A. Toops, “Two Devices for Aiding Calculation,” Journal
of Ezperimental Psychology, Vol 9, February, 1926, pp 60-68.

» Thomas N. Jenkins, “Apparatus to Facilitate the Calculation of the
Moments 1n & Distribution,” Journal of the Amerscan Statistical Associa-
tom, Vol. 23, March, 1928, pp 58-60.
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Median deviation. The median deviation (MdD) is merely
the median of the deviations from the mean. From the definition
of the median 1t follows that half of the measures in the distribu-
tion are not farther than one median deviation from the mean
and that the other half are that far or farther from it.

It is possible to find the median deviation by tabulating the
dewviations and determining their median  This method, how-
ever, is practically never used Instead, the median deviation
is regularly found by computing the standard deviation and
multiplying 1t by 6745 ® This relationship holds for the normal
frequency distribution and 1s commonly employed for distribu-
tions of other shapes as well Unless a distnibution 18 decidedly
asymmetrical or skew, the error mvolved in using .6745 18 not
likely to be very great.

The median deviation 1s often erroneously called the probable
error. It 1s frequently abbreviated. therefore, by PE instead of
by MdD. The term probable error should be reserved for another
use which will be mentioned later The two quantities, however,
are numerically equal and are found in the same way, hence the
confusion of terms.

In the case of a normal distribution the median deviation and
the quartile deviation have the same value and 1n the case of
most other distributions the difference between their values 1s
comparatively shght. The quartile deviation, however, is
regularly associated with the median, whereas the median
deviation 1s associated with the mean. There 18 also the differ-
ence that the median deviation 15 a defimte distance laid off on
each side of the mean, whereas the quartile deviation 18 one-
half of a distance which ordinunly has the median near, but
only 1n a symmetrical distnibution exactly at, its center.

Comparison of measures of variability. In order to illustrate
the comparative sizes of the different measures of vanabihty,
Figures 32 and 33 have been included. The first represents a
normal frequency curve upon which the quartile deviation, the
10- 90 percentile range, the mean deviation, the standard
deviation, and the median deviation have been shown. It is

= More exactly, MdD = 6744807490
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evident that the 10~ 90 percentile range includes a larger number
of cases than any of the others, that 18, 80 per cent of all. Next
in size is the standard deviation, which includes about 68.27 per

FIG 32 NORMAL CURVE SHOWING MEASURES OF VARIABILITY

cent when laid off in both directions from the mean: next the
mean deviation, which includes about 57 5 per cent, and, finally,
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FIG. 33. SKEW CURVE SHOWING MEASURESR OF VARIABILITY

Q) = 656 nnd Qr = 993, so the pont halfway between them 1s » 25 rather
than 8 52, the median @ 1+ laid off from the latter, however.

the quartile and median deviations, both of which include
50 per cent.

Figure 33 shows the same measures for a skew or asymmetrical
curve. It will be noted that on this the median and quartile
deviations are not exactly the same. Furthermore, since the
median 18 not at the halfway point between the first and third
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quartiles, the quartile deviation, when laid off on both sides of
the median, does not exactly reach the quartile points.

In the sections in this chapter dealing with the various meas-
ures it has been stated that each when laid off from the proper
average includes a certain per cent of the cases 1n a normal
distribution Not only are these per cents known for a distance
of one deviation, whatever 1t may be, from the average, but also
for any other distance. Table XXIX gives the per cents of cases

TABLE XXIX

Per CENTs oF CaseEs IN 1 NORMAL DiIsTRiBUTION INCLUDED
WITHIN THE GIVEN DISTANCLES FROM THE AVERAGE

N | Q | Mdn : VD I a | Do-w
1 50 00 50 00 5751 o827 | 98 96
2 82 27 82 27 88 01 95 45 100 00~
3 95 70 0570 | 9833 4973 100 00~
4 99 30 9930 | 09s6 | 9999 100 00—
5 99 93 9993 | %990 | 10000~ | 10000-

included by distances equal to one, two, three, four, and five of
each of the five measures of vanability on both sides of the
average 2! Thus a distance of 1Q n both directions includes
50 per cent of the cases, a distance of 2@ 1ncludes 82 27 per cent
of the cases, one of 3Q includes 95 70 per cent of them, and so
on. If one wishes to secure the per cents on only one side of the
average, the entnes should be divided by two. For example,
the table shows that one quartile deviation on both sides of the
average includes 50 per cent of all the cases, therefore the same
distance on one side includes 25 per cent of the total number of
cases,

To lustrate graphically the meaning of this table, Figure 34 is
given. It shows a normal curve divided by ordinates erected at
distances of one, two, three, and four median deviations from
the mean. In comparng this figure with the second column of
the table it should be remembered that the area in a graphic

1 The per cents of cases included by certain fractional values of the
standard and median deviations, which are the measures of this sort most
commonly employed, may be found i Appendix B.
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representation of a distribution corresponds to the number of
cases. Thus in the figure the area included within 1 MdD of the
mean is 50 per cent of the total area and corresponds to 50 per
cent of the cases, that included withmm 2 MdD is 82.27 per cent
of the area; and so on.

In the discussion of the normal curve in Chapter IV it was
stated that theorctically 1t never touches the base hne, hence its

M

-5 -4 -3 -2 -1 0 +1 +2 +3 +4 +§
Median Deviations
FIG 34 NORMAL CURVE

Normal curve with ordinates at distances of one, two, three, four, and
five median deviations from the mean
honzontal extension 1s unhimited. In any actual distribution,
however, there 18 o defimte Iimit beyond which there are no
cases. If the distribution approximates normality, its limits
tend to depend upon the number of cases included Table XXX

TABLE XXX

APPROXIMATE DistanNcEs CovERED BY DISTRIRUTIONS
Contaiving TRE GIVEN NUMBERN OF CASES

A Q | b MD g Dio-w
10 58 38 19 39 15
25 68 65 57 46 1.8
50 76 76 84 51 20
100 83 83 70 56 2.2
200 89 89 76 60 2.4
500 97 97 8.2 66 2.8
1000 103 103 8.7 70 2.7

gives the approximate distances, 1n terms of the various meas-
urcs of variability from the average, which one may expect to
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find between the limits, that is, the highest and lowest cases, of
distributions having, respectively, 10, 25, 50, 100, 200, 500, and
1000 cases. Thus a series contamning ten cases usually extends
a distance of about 5.8Q or MdD, 4 9MD, 3.9qa, or 1.5D 10—,
and so on for those of larger numbers. The distance from the
average to the extreme case 1n cither direction 158 half of the
given distance in any case It will be scen that the larger the
pumber of cases in a distmibution the further 1t usually extends.

The use of measures of variability. The range may be used
with any measure of central tendency, 15 easily computed and
readily comprehensible, but has several very wigmficant dis-
advantages. It 1s subjeet to such large fluctuations that it is
not at all stable. Since 1t depends entirely upon the two extreme
measures, & change 1 either one of these may affect 1t very
decidedly. Also it takes no account of the general form of the
distribution It must be regarded, therefore, as usually the
least valuable of the measures of varability and should be used
only as a rough mspectional measure or to supplement others.

The quartile deviation, which 15 used with the median,
possesses more merit than the range, and yet 1s more or less a
makeshift measure. A point i 1ts favor 18 that it 1s fairly easily
determmed and understood It 15, however, not a real deviation
from any average. If the distribution 1s very nearly normal,
@3 — Md 1s so nearly the same as Md — @ that no appreciable
error is mvolved 1 using () as a distance from the median.
Except in such cases 1t should be regarded as a mcasure to be
used rather rarely.

The 10- 90 percentile range <hares the weakness of the quartile
deviation 1n that it 18 not a distance from any average It is
much more rehable than @, however Since little use has been
made of 1t so far, one will find few comparable data if 1t 1s em-
ployed.

The mean deviation may be found around either the mean or
the median, is not unduly difficult to compute by the short
method, and is easily understood. However 1t does not seem to
be particularly useful and 15 not very commonty used. Probably
one reason for this 1s that, if laid off on both sides of the mean, it
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includes about 57.5 per cent of the measures, which i8 rather
an odd number.

The standard deviation, which is associated with the mean,
is a measure of vanability that possesses many advantages and 18
often used. Being the distance from the mean to the point of
inflection,?? it 1s a function of the normal probability curve and
therefore is mathematically suitable for use as a umt. It is
ngdly defined numerically and 18 based upon all the measures.
It 18 less affected by errors of sampling than any of the others
mentioned, and therefore i1s more reliable. The method of
deriving 1t provides a simple way of elminating signs, thus
getting a measurc of varabihty that vanes with the actual
vanabihty of the distmbution It 1s not very difheult to calculate,
although more so than any of those previously mentioned. Not
infrequently the coefheient or ratios of correlation or the regres-
sion coefficients are to be caleulated later, and the standard
deviation s a step in domng so. It 1s true of this measure, as of
none of the others except the median deviation, that the stand-
ard deviation of a given distribution may be expressed 1n terms
of the standard deviations of the component parts of the dis-
tribution. Thus if oy, o3, ete., are the standard deviations of
several distributions. N,, N, ete., the numbers of cases, and
dy, d,, ete., the differences between the means and that of the
series formed by combining the several distributions; then

oot s = 1/““,; +d2) + Naled +d1) +N,(.3‘+d:)-

A

Perhaps its greatest disadvantage 18 that it gives more weight
to the extreme measures than do the others. In some mnstances
this 18 desirable, in others 1t 12 not.

The median deviation is also usually found about the mean.
Since it is a given fraction of the standard devistion, it naturally
possesses most of its qualities. Its calculation nvolves only

1 The point of inflection 1 that pownt at which the slant of the normal
curve forms an angle of exactly forty-five degrees with the base line. In-
side that point, that 13 pearer the center of the curve, the angle formed

i':l:‘h the base line 18 greater than forty-five degrees, and, outside of it, it
ens.
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glightly more labor than that of the standard deviation, and its
meaning is probably more easily understood. It and the stand-
ard deviation, therefore, are the two measures of variability

to be used 1n most cases.
Not only in the case of the standard and the median deviations

is there a definite numerical relationship existing if the frequency
distribution 18 normal, but the same 1s true with respect to the
mean deviation and the 10- 90 percentile range also. These
relationships may be stated as follows

1.2533MD or 1 4826MdD or .3902Dy5-g0

o=
MD = .7979¢ or 11829MdD or .3113Dyo-90
MdD = .6745¢ or 8453MD or .2632Di0-w0
Dio-go = 2.5631¢ or 32124MD or 3 8001MdD

Sinee the quartile deviation of 2 normal distribution 18 the same
as the median deviation, 1t may be substituted for it in these
equations. In the case of an asymmetrical distmbution these
relationships are most scriously disturbed for the quartile
deviation and the 10—~ 90 percentile range, and least for the
standard and median deviations

The mean difference method. The mean difference method
of measuring the variability of a series of measures differs from
the various measures already given in this chapter i that
instead of measuring how much the measures in a distnbution
scatter about some average, 1t measures how much they differ
from one another without regard to any average. The method is
not commonly employed but nevertheless seems to deserve a
brief explanation.

The method consists of finding the mean of the differences
between each measure i 4 series and each other measure
therein. For example, suppose that a senes of twelve measures,
1,2,23,5,8,9, 10, 11, 12, 14, and 15, 18 being dealt with. One
may find the mean difference by determining the differences
between the first measure, 1, and each of the others; between
the second measure, 2, and each of the others, and so on, sum-
ming them, and dividing by the number of differences to get the
mean. For any considerable number of cases, however, this is a
decidedly laborious method. Instead of using it, one may
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employ & formula that gives the same result with much less
work. Procedure according to this formula is illustrated in
Table XXXI.

TABLE XXXI
CoMPUTATION OF THE MEAN DIFFERENCE
Part A Panr B
When the Number of ('ases Is Even | When the Number of Cases Is Odd
' d m md d | m md
1 15 | 14 | 11 | 154 | 32 51 19 | 10 | 190
2 14 12 9 108 33 47 14 8 112
2 12 10 7 70 33 45 10 ] 80
3 11 8 ] 40 38 42 4 4 16
b 10 5 3 15 39 41 2 2 4
g8 9 1 1 1 40 353
L i 388
2 388 2 382
Mean diff = 1270 = 588 Mean diff ==-ﬁ——m=695

Since there 18 a shight vanation mn the procedure when the num-
ber of cases 18 odd from that when 1t 1s even, the table contains
two parts, A illustrating the computation of the mean difference
when the number 18 even, and B, when 1t 15 odd.

The first two columns 1n A contain the measures arranged 1o
order, with the smallest at the top of the first column and the
largest at the top of the second column. In the thuird column,
headed d, are the differcnces between the corresponding meas-
ures 1n the two columns The fourth column, headed m, contains
a senes of multiphers of which the first 18 always one less than
the total number of cases in the series and each of the others
two less than the one immediately above it Another way of
stating the same thing 1s that the multipher at the bottom of the
column 1s one and each of the others two larger than the one
below it. In this case, since the number of cases 1s 12, the first
multipher is 11, the next 9, and so on down to 1. The last column
in A, headed md, contains the products of the corresponding
entries in the last two columns. This column 1s then summed,
the result multiphed by 2, and divided by the product of the
number of cases times one less than the number of cases. Thus,
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for the data given the sum of the last column is 388, which is
multiplied by 2 and the product divided by 12, the number of
cases, times 11, which is one less than 12, giving 5.88 as the mean
dufference. The formula may be stated thus:

Zmd

Mean diff. = NN = 1)

The procedure for an odd number of cases shown 1n B 18 the
same except that the middle measure 1n order of size 18 not
placed 1n either one of the two columns but is either omitted or,
as is shown in the table, entered between the two columns. The
differences are taken as before and the multipliers found sum-
ilarly, the largest being one less than the number of cases. In
this case the smallest multiplier 1s 2 and the others therefore
increase by intervals of 2 up to 10 The same formula 1s then
apphed, giving n this case 2 tiunes 382 divided by 11 times 10,
which gives 6.95.

The coefficient of variability. The coefficient of vamability
or variation 1s an absolute number that measures the relative
and not the absolute variability of the measures 1n a distribution.
It may be known, for example, that the standard deviation of
one distmbution 1s 20 and that of another 2, but unless these
figures are interpreted 1n comparison with the sizes of the meas-
ures themselves, that 1s, with the opportunity for vanation, they
are 1n many situations not very sigmficant If the average in
the first case were 100 and that in the second 10, the two stand-
ard deviations just given would, from one standpoint at least,
represent equal variabihty. Therefore 1t 18 only by the use of
such a measure as the coetheient of vanability that distributions
expressed in different units or having averages that are mate-
rially different can be satisfactorily compared with regard to
their variability.

The generally employed formula for the coefficient of va~

riability is C of V, or just V, = 100%.” Applying this to the

13 The only reason for the mtroduction of the multiplier 100 into the
formula 18 to yield a result that is in part at least a whole number rather
than a fraction.
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distribution given on page 72 and elsewhere, for which the mean
and standard deviation have already been found,
13.94

V=100§77—6'2—5=24.19

The coefficient of vanability is not a thoroughly rehiable and
accurate measure by means of which to compare two distribu-
tions. This 1s due to the fact that the zero pomnt of a scale may
be a false zero point. If thisis true the amount by which it is in
error enters nto the denominator of the fraction in the formuls
and thus causes the value of the coefficient of vanabihty to be
somewhat misleading and not strictly comparable with the
coeffictent of variability of another distribution, unless the zero
points of both scales are proportionately 1n error However, no
better measure for comparng the vanabilities of different
distributions has been proposed, so that the coefficient of
varability still continues in use

It should perhaps be mentioned that several other methods
of determining relative measures of vanability have been sug-
gested. Thorndike has proposed one that has received some use,
but a critical examination of it indicates that 1t 13 not vahd
smce & mere difference 1n the umt used changes the result
obtaimned For example, in dealing with height 1t makes a dif-
ference whether figures are given in feet or inches, in deahng with
money whether in dollars or cents, and so on. In economic and

industnal statistics the formula )T(}E 15 sometimes employed, but

it has been used rarely if ever in educational work. Boynton *
has discussed it, along with the one recommended above and a
third one, and reached the conclusion that the three scarcely
measure the same thing and that no one of them 1s satisfactory.

ExEeRrcises

1. Compute the range by finding probable position of the two ex-
treme measures, the quartile deviation, the 10-90 percentile range,
the mean deviatdhn around both the mean and the median, the standard

* Paul L. Boynton, *“The Cocficient of Vanation as a Tool 1n Educa-

tional Practice,” Peabody Journal of Education, Vol 11, March, 1934,
pPp. 216-224
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deviation, the median deviation, and the coefficient of variability of
each of the following distributions.

A B C D E

i) / f / J
100- 1 854 28 3 4500- 1 180~ 2
90- 2 80-3 26 1 4000- 0 160~ 7
8- 5 755 24 7 3300~ 2 140- 9
70- 9 70-8 22-11  3000- 4 120~ 15
60- 13 65-7 20-14  2500- 6  100- 31
50- 18  60- 9 18- 18  2000- 11 80- 18
40- 22 556 16— 16 1500- 24 60~ 17
30-18  50-4  14-21  1000- 16 40- 12
20-16 452 12-19 N = 64 20- 6
10- 8 40-0 10- 13 0- 1
- 3 351 & 17 N =118

N=115 N =49 6- 10

4- 8

2- 4

0- 2

N = 164

2. Compute the mean difference for each of the following sets of data:
A. 27,21, 35, 19, 24, 2%, 33, 23, 26, 30, 34, 23, 19, 22, 28.
B. 94, 87, 88, 99, 82, 85, 91, 92, 83, 90, 95, 93.



CHAPTER VIII

AN INTRODUCTION TO CORRELATION

The definition of correlation. <0ne of the most common needs
1 dealing with educational data 18 to determine the relationship
between two or more series of measures of the same individual
cases For example, one may desire to know the relationship or
agreement between pupils’ school marks 1n anthmetic and in
reading, between intelligence test scores and average school
marks, between the amounts of traiming possessed by teachers
and the salaries received by them, between a measure of pupils’
physical condition and their success in school, and so on. Rela-
tionship of this sort 1s commonly known as correlation, a term
derived from co-relation. Usually only two vanables or senes of
measurcs are concerned 1n a particular correlation, although
there may be more This chapter, and also the next six chapters,
will be limited to the consideration of cases in which there are
only two series.

The method of correlation is often called a study of paired
facts. This definition emphasizes the point that measures of
correlation cannot be computed unless there are available two
or more measures for each of a8 number of individuals. It is
impossible, therefore, to compute correlation between the school
marks of one group of chuldren and those of another, or between
intelligence test scores of pupils in one school and those of pupils
in another) .

For further discussion of the general meaning of correlation
and the mathematical 1dea of function with which it is closely
connected the reader 1s referred to Ezekiel.! His Chapter III
is particularly concerned with the general meaning of correla-
tion, but Ezekiel’s whole book is devoted to correlation and

! Mordecat Ezekiel, Methods of Correlation Analysis (New York, John
Wiley & Sons, 1930), 427 pp
143
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is by far the most thorough and significant discussion of corre-
lation with which the writer 1s acquainted.

Positive and negative correlation. The common methods of
measuring correlation lead to the computation of single nu-
merical expressions that summarize the amount or degree of
correlation between two series of scores. Most of such expres-
sions may be either positive or negative,? ranging from +1.00
through zero down to —100 1 poqsnble value. Others are
always positive, ranging ng from zero up to 1.00, and thus do not
distinguish between positive and negative correlation. A few
have other limits.

Positive correlation, as its name imphes, denotes correlation
in whlch the two vanables tend to vary together, that is, 88

" one increases the other tends to increase, and as one
100 95 decreases the other tends to decrease. Perfect posi-
gg g”g tive correlation 1s illustrated by the two columns of
85 8o figures at the left 1t will be seen that there is a uni-
80 75 form relationship between each pair of measures,
75 70 each entry in the sccond column being just five less
70 65 than the corresponding entry n the first column.
gg g This relationship may be an increment, that is, a
55 50 uniform amount added or subtracted, as just shown,
or it may be a ratio The latter is illustrated by the
second set of columns. The cntries in the first column are the
same as 1n the previous example, but each entry in the second
100 8o is four-fifths of the corresponding entry in the first,
95 76 instead of five less than it. The correlation 1n this
90 72 case also 18 perfect and positive. The same 18 true for
gg gz any two series of numbers in which each measure in
75 o one series may be obtaned from the corresponding
70 56 one in the other by adding or subtracting the same
65 52 amount, multiplying or -lividing by the same factor,
60 48 or a combination of the two processes, for the whole
5 4 gorjes,
Perfect negative correlation 18 just the reverse of the condi-

* Positive correlation is sometimes called direct correlation and nega-
tive correlation inverse.
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tion described. It may be illustrated by the columns at the
right. These are the same as in the first example for

perfect positive correlation except that the entries 100 50
in the second column are reversed. Therefore the gg g
smallest measure in the second column, 50, 18 paired g5 g5
with the largest in the first column, which 18 100; 80 70
the second smallest, 55, with the second largest, 95; 75 75
and 8o on down regularly until the largest in the second 70 80
column, 95, 15 paired with the smallest in the first,g 65 85
55. There would also be perfect negative correlation g 95
if the entries in the second column in the second ex-

ample illustrating perfect positive correlation were reversed

Tpau‘ed with those m the first.

‘Tt is, however, relatively mfre_qw nt that either perfect posi-
tive or perfect negative correlation 1s found to exist. If there
18 8 ratﬁ?r hxgh degrl\e of agreement between the two
“scries of measures, 1t 1s more lhkely thai they wal 100 97
tend to run somewhat as shown at the night than as
shown m any of the previous examples There is a g5 gg
strong tendency for each pair of scores to be of about 80 81
the same size, but their relationship to each other is 76 74
not absolutely umform  The tendency 1s strong 70 76
enough, however, that when the correlation i1s com-
puted 1t 1s found to be fairly close to +1.00 55 59

~. A situation in wluch there 1s practically no corre-
ation or agreement between the measures 18 shown by the
next example In this there 18 no tendency for the hghest
scores in the second column to be associated with
either the highest or lowest 1n the first. The lowest 100 62
in the second column, 62, 18 paired with the highest 90 74
in the first, the highest 1n the second, 96, 1s pawred g5 g5
with the next to the highest in the first, and so on. 80 79
In such a case as this the correlation is near zero and 75 69
indicates that practically no relationship exists_be- 70 81
tween the two seres.

Graphic representation of correlation. The correla- 55 76

tion existing between two series of variables may also




146 STATISTICAL METHOD IN EDUCATION

be shown by plotting or graphing as well as by computing numer-
ical measures. Although doing so gives a good 1dea of the sit-
uation to one who is familiar with such graphs, it does not
permit ready comparson of the correlation in one case with
that in others, nor can the result be conveniently summanzed.
It is, therefore, almost universal practice to compute a nu-
merical measure either alone or in addition to a graphic repre-
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FIG 35 GRAPHIC REPRESENTATION OF CORRELATION

Graphs A and B represent perfect positive correlation, C perfect negative
correlation, D high but not perfect positive correlation, and E very low cor-
relation.

sentation of the data. The reader should, however, be familiar
with the graphic representation of correlation both as an aid
to understanding the significance of the correlation in general
and as making clearer the amount and nature of the correla-
tion in particular cases. With this in view, Figure 35 has been
prepared. It contains a set of five graphs that illustrate the
correlation between the five pairs of columns already cited as
examples in this section. These graphs, as 18 usual, are con-
structed according to the two-axis system previously explained
in Chapter III. The first column in each case is considered as
representing the X-variable, hence is laid off honzontally, and
the second column as representing the Y- or vertical variable.
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Thus in Graph A, the upper-right-hand dot directly above 100
on the base line or X-axis, and direetly to the right of 95 on
the vertical, or Y-axis, represents the first pair of measures in
the first example given, that is, 100 and 95. The other pairs
are represented in similar fashion.

It will be scen that in Graphs A and B a straight line slanting
upward to the nght may be drawn through the dots representing
the pairs of measures. Such a line represents perfect positive
correlation. In Graph C also the dots he upon a straight line,
but 1t slants upward to the left. This type of line represents
perfect negative correlation. The dots 1n Graph D do not fall
upon a straight line, but such a hne slanting upward to the
right may be drawn so that none of them 1s far from 1t. This
mndicates that there 18 2 high but not perfeet positive correla-
tion between the two series In Graph E the dots are so scat-
tered that no straight hne can be drawn through them 1n such
a way that they will approach 1t much if any more nearly than
any other straight line, cspecially a honzontal or vertical one.
This indicates that there 18 no or practically no correlation
between the two scries of measures

Rectilinear and curvilinear correlation. In what has just
been said about correlation 1t has been assumed that the rela-
tionship between the measures 1s reclilinear, often abbreviated
to linear, that s, 1s best represented by a straight hne. Ths
is the type of relationship with which the most common meas-
ures of correlation deal However curilinear, sometimes called
non-linear, correlation may exist. For an example of this, the
two series given at the right may be used It will be

seen that there 1s a defimte and unvarying relation- 81 9
ship between these two, but 1t is such that one seres 23 ?
cannot be obtamed from the other by adding or sub- 35 ¢
tracting the same amount, by multiplying or dividing 25 §
by the same factor, or by a combination of these 16 4
processes. Instead, each entry m the second column 9 3
is the square root of the corresponding entry n the ‘i i
first. The relationship, therefore, 1s positive and per- o

fect, but would not be revealed as perfect by a measure
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that took account of straight-line relationship alone. This may
perhaps be made clearer by plotting the data just given. Figure
36 represents them. It will be seen that a smooth curve can be
drawn through the dots representing the pairs of measures, a
fact which indicates that there 18 a perfect relationship of some
sort. In this case it is given by the second-degree equation,?
X = Y2 Such an equation can never be satisfactorily repre-
sented by a straight lhine.

1t 15 possible though unusual to have perfect or high curvi-
linear relationship between two series of varables, even though
ST .

61 .

0 bbb}

0 10 20 30 40 S0 60 70 80

FI1G. 36 GRAPHIC REPRESENTATION OF PERFECT POSITIVE
CURVILINEAR RELATIONSHIP

The dots herein represent integral v alues of the equation X = Y*up to
b =9

the rectilinear relationship 1s zero or very low This may be
illustrated by Figure 37, which represents graphically the
pairs of measures shown 1n the columns at the left.

000 O Ag)5shown by the figure, these points are all approxi-
g'gg ; mately upon & semucircle, or, in other words, there 18
490 3 Dbractically perfect curvilinear relationship between
440 4 the two series No straight line can be drawn, how-
440 5 ever, to which the points approach closely enough to
420 6 indicate that any rectihinear correlation exists.

g;g g The interpretation of measures of correlation. Al-
000 ¢ though the interpretation of measures of correlation

will be considered at some length later, it scems well
to insert here a general statement concerning one phase thereof.

1 A second-degree equation 18 one in which one or more terms are raised
b the pecond power, that 18, squared, and none to any higher power.
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This is that a numerical index or measure of correlation may
ordinarily be interpreted in one or the other of two ways. First,
if the data used are accurate this index shows the actual
degree of relationship existing between the cases upon which
the measure 18 based. The second is that, since the cases in-
cluded are frequently considered as a sampling of the whole
number of similar cases 1n existence, the numencal index ob-
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FIG. 37 GRAPHIC REPRESENTATION OF HIGH CURVILINEAR
BUT LOW RECTILINEAR CORRELATION

tained may be taken as measuring the correlation of the two
traits or quahties for all cases sumilar to those for which data
were obtained In this sense the index obtained cannot be
said to be the true correlation, but only its most probable
value.

There 18 also another basis upon which twofold interpreta-
tion 1s possible. This has to do with whether a measure of cor-
relation 1s being found 1n the attempt to determine if there 18
any real relationship between the two senes of measures con-
cerned, or whether 1t has to do wath the question of how close
the relationship 48, A measure of correlation may have con-
siderable mgmficance 1n the first connection and yet indicate
that the degree of relationship 18 so small to be of little if any
practical value.

EXERCIBES

1. Inspect the following series of correlated measures and determine
whether each represents perfect pusitive, perfect negative, high but not.t,,z
perfect positive, ugh but not perfect negative, or low, correlation.
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CHAPTER IX

THE COMPUTATION OF THE COEFFICIENT
OF CORRELATION

Definition of the coefficient of correlation. Although the term
coefficrent of correlation may be applied in a general way to any
of The various indices of correlation, 1t 1s regularly hmited to_a
pa.rtlculur measure of this sort This 15 the measure obtained

by what is called the produc mgmeg&‘ method and a.bb_;e-
viated by r. The coefficient of correlation 1s a measure e _of
sﬂ'g,_l_ghtplme correlation which ranges in value from —1.00
through zero to +1 00. Therefore it measures correlation vary-
ing from perfect negative through none at all to perfect positive.

The ordinary method of computation for ungrouped series.
For small numbers of cases, perhaps thirty or forty pairs of
measures, 1t 18 probably best to compute the coefficient of corre-
lation from the sumple senes of ungrouped scores. The method
of doing this makes use of exactly the same steps as are em-
ployed 1 computing the standard dewviation from ungrouped
scores with the addition of certain others The sunplest form
of the formula used 1s

Sry
Try N 2
r= +——, or
No.o, 0.0y

In this formula z 18 used to refer to the deviation of a measure
in one series from the mean of that senes, and y, to the devia-
tion of a measure 1n the second series from its mean. The prod-
uct of z and y for each pair of measures 18 found, and the sum

t The product-moment coefficient of correlation 1s often called the Pear-

soman method or coefhicient because of the prommence of Karl Pearson
in connection with its use and apphication He did not, however, devise it.

? The numerator in this form of the formula, that 1s, Ny' 18 sometimes

denominated by the letter p.
151
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of these products, which is denominated Zzy, is obtained.
This sum i8 then divided by the number of cases and by the
standard deviations of the two series of measures. The result
is the coefficient of correlation. The effect of this formula 1s to
compare the deviations of all the single pairs of measures with
the general dispersions of the two whole distnbutions. Since
the greatest possible average product of z and y cannot be
greater than =g.0,, the value of r cannot exceed ==1.00.

The use of the formula given in the preceding paragraph
nvolves the determination of deviations from the mean. In
practice, however, 1t 1s almost always easier to take an assumed
mean just as was done in the case of the standard deviation,
and later to correct for the difference between 1t and the true
mean. So doing reduces the amount of anthmetical calculation
needed in most cases, and thus lessens both the tume required
and the possibility of error If it happens that the true mean
is a round number, 1t 1s well to use 1t rather than the assumed
mean and thus avoid the necessity for making the corrections,
but this will not frequently be the case The modified formula
for use with the assumed mean 15 as follows-

ry
N TS

r=-1- -
TOy

It will be seen that it differs from that already given only
subtracting the product of the two corrections from the term
ZSxy

=% in the numerator.
N

The application of the formula just given 1s ilustrated by
Table XXXII. The first column 1n this table, headed X, repre-
sents the scores of twenty pupils on an mtelligence test, and
the second column, headed Y, the pereentile school marks of
the same pupils. The first column has been arranged in order
of the size of scores. This is not necessary, but facilitates compu- -
tation Following these columns are two headed z and y, which
contain the deviations from the assumed means, 90 and 80,
respectively, of the two columns. The plus and minus entries
in each of these columns are summed separately, and their
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TABLE XXXII

CompUuTATION OF THE COEFFICIENT OF CORRELATION oF UNGROUPED
SERIES WiTH ASSUMED MEANs

x|v| = t 2 v =
125/96| + 35 +16 1225 256 + 560
119 93| + 29 +13 841 169 + 377
18|97 + 28 +17 784 289 + 478
11 84] + 21 +4 441 16 + 84
106 89| + 16 +9 256 81 + 144
10079 + 10 -1 100 1 - 10
98{88| + 8 +8 64 64 + 64
97 86| + 7 + 6 49 36 + 42
94 84| + 4 + 4 16 16 + 16
94l78] + 4 ~ 2 16 4 - 8
2|7 + 2 — 4 4 16 - 8
89|83| -~ 1 +3 1 9 - 3
8883 - 2 +3 4 9 - 8
84175 - 6 -5 36 25 + 30
82/80| - 8 0 64 0 0
sL{72] - o -8 81 64 + 72
77|73] - 13 -7 169 49 + 61
7566 - 15 ~11 225 196 + 210
74|70 - 16 ~10 256 100 + 160
72|62 — 18 ~18 324 324 + 324
+164 +33 20[1956 | 20{1723 +2650
-8 | —69 |z2_o47golsi=s620] — 35
20/ F 76 |20[F11 | 3= 1444|ch = 10| 20[F2615

c:m 438| ey = + 7! 01 = 233360, = 8571 | Tay _

on= 1528| 0y = 926| F 13075

13075 —38 X 7 12809
1528 X026 13149

y = 91—

* The assumed mean of the X column s 90

t The assumed mesnn of the Y column 1s 80
algebraic sums determined These are +76 for the z column
and 414 for the y one. They are divided by 20, the number
of cases, giving ¢, = +3 8and ¢, = +.7. The next two columns,
headed zt and ¥?, contain the squares of the entrnes in the two
previous columns. Each column is summed, divided by 20,
the corresponding c? subtracted from the quotient, and the
square root of the remainder taken, thus giving for the standard
deviations, . = 15.28 and o, = 9.26.



154 STATISTICAL METHOD IN EDUCATION

So far the work has been exactly similar to that given on
page 126 for the computation of the standard deviation, except
that two series instead of one have been dealt with. The column
at the right, headed xy, involves a new step. It contains the
products of the pairs of entries in the two d columns. Its alge-
braic sum is found, in this case +2615, and this sum divided
D
:;—y, which here equals 130.75.
All that is necessary after this 1s to substitute the appropriate
quantities 1n the formula In this case

_18075-38X T _ o
T 1528 %x 92 T

This value of r 1s sufficiently high to indicate that there 1s a
strong tendency for intelligence-test scores and average school
marks to vary together, both being high, low, or otherwise at
the same level.

The so-called Ayres method for ungrouped series. Although
the method just given may be considered the standard or con-
ventional method for computing the coefficient of correlation
of ungrouped series, there 1s another that 18 probably somewhat
eagier. This is commonly referred to as the Ayres method be-
cause it was largely due to Ayres’ efforts that it became promi-
nent,? but it had been suggested by others, especially Harns ¢
and Thurstone,® previously This method volves only three
columns of figures 1n addition to the onginal two, instead of
five, and eliminates negative numbers, but the numbers dealt
with are larger. It is therefore probably to be preferred to the
other if computing machines are available, or if the computer
has a tendency to be confused in dealing with negative num-

by the sum of cases, 20, to give

$Leonard P. Ayres, “Shorter Method for Computing the Coefficient
of Correlation,” Journal of Educational Research, Vol. 1, March, 1920,
pP- 216-221.

¢J. Arthur Harris, “The Anthmetic of the Product Moment Method
of Calculating the Coefficient of Correlation,” American Naturalist, Vol.
44, November, 1910, pp 693699

¢L. L. Thurstone, “ A Method of Calculating the Pearson Correlation
Coefficient without the Use of Dewiations,” Psychological Bulletin, Vol.
14, January 15, 1917, pp. 28-32



THE COEFFICIENT OF CORRELATION 15§

bers. In theory it is the same as the other method with the
assumed means taken at zero. Thus the dewviations are the
same as the original scores.

Either one of two slightly different forms of the formula for r
may be employed for this method. They differ from that pre-
viously used in that some of the terms therein are expanded
and that the factor N 1s handled somewhat differently. Any
one of the three forms 1s easily transformable into either of the
others These two are ¢

—= or

e 5
V- ) (- )

NZry — Zr Zy

T VNI = E0)) (V2 = (S9)Y)

r

The application of Ayres’ method to the same data used in
the last example 18 shown in Table XXXIII. Followmng the
first two columns, which contamn the onginal scores, are two
headed X? and 1 containing their squares, and finally one
headed XY containing the products of the corresponding pairs
of measures All five columns are summed and these totals
provide all the quantities needed for substitution in the formula.
The numerator of the fraction that gaves the value of r consists
of the total of the last, or XY, column minus the product of the
totals of the X and Y columns divided by the number of cases.
In the denominator are two expressions under the radical.

¢1f o and o, are expanded to the terms from which they came, that

Ml E 2
18, ¢, 1nto :1\ — ¢} and oy nto /—K!f— — ¢3; if mstead of ¢; and ¢y
. -
are written E;V-I and '—",él, respectively, and if both the numerator and de-
nominator are multiplied by N, the formula,
e,
ooy K

becomes the first of those given above in the text. If numerator and de-
nomnator are again multiphed by N, the second one results,
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TABLE XXXIII

Avres’ MeTROD OF CoMPUTING THE COEFFICIENT OF CORRELATION
wite UNGROUPED SERIES

X Y Xz Y? Xy
125 96 15,625 9,216 12,000
119 93 14,161 8,640 11,087
118 97 13,024 9,409 11,446
111 84 12,321 7,056 9,324
106 89 11,236 7,921 9,434
100 79 10,000 6,241 7,900
98 88 9,604 7,744 8,624
97 86 9,409 7,396 8,342
94 81 8,836 7,056 7,896
94 78 8,836 6,084 7,332
92 76 8,464 5,776 6,992
89 83 7,921 6,889 7,387
88 83 7744 6,889 7,304
84 75 7,056 5,625 6,300
82 80 6,724 6,400 6,560
81 72 6,561 5,184 5,832
77 73 5,929 5,329 5,621
75 66 5,625 4,356 4,950
74 70 5,476 4,900 5,180
72 62 5,181 3,844 4,464
1876 1614 160,636 131,964 153,955

76
153,955 — 18 X 1614 2551 8 o561 8

re = JaneT 2 X 17142 282852 = 1~
,‘/(180636 - 1-816—) (131 964 — “‘“’)

The first consists of the sum of the X? column minus the square
of the sum of the X column over the number of cases, and the

second the corresponding quantities for Y. m these sub-
stitutions the same value of r, 91—, 18 obt this as by

the regular method.”

7 1t will be mofed that the numerator and denominator of the final form
of the fraction -shown i Table XXXIII are, respectively, equal to the
numerator and denominator of the final form in Table XXXII multiplied
by the number of cases, mn this mstance 20. This 13 alwd¥a’true when the
Ayres and the ordinary method are compared The slight discrepancy
between the producs of 20 times 141.49 and 2828 52 18 merely due to the
fact that decumals were dropped.
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A modification of the Ayres method for ungrouped series.
Ayres has suggested that the method described in the preceding
section be modified by reducing the size of the numbers in-
volved.® This reduction is accomphshed by subtracting from
the original measures some number almost as large as the
smallest measure in the series. Some statisticians follow the
practice of subtracting a number one less than the smallest
measure in the senes, and some even subtract the smallest
measure itself, but the writer recommends that the number
subtracted be the largest relatively round number smaller than
the smallest measure The reason for this recommendation is
that the greater ease of subtracting such a number more than
balances the shightly larger remainders left. The application
of this procedure 1s, of course, equivalent to taking the number
subtracted as the assumed mean.

Table XXXIV illustrates this method for the same data
used in the last examples. The first column was obtained by
subtracting 70 from each of the scores gaven 1n the first eolumn
of the previous two tables, and the second column by sub-
tracting 60 from each of those 1n the second column of the same
tables. These numbers were chosen as being the largest round
numbers smaller than the smallest scores 1n the two series,
which are 72 and 62, respectively. The original series are not
reproduced in Table XXXIV because in actual practice there
is no necessity for domng so All one needs to do 1s to look over
enach series carefully enough to determine the smallest measure
in it, then make the proper subtractions and thereby obtain
series corresponding to the xr and y columns in Table XXXIV.

The proced om that point on 15 just the same as in the
regular A gthod. The r and y entries are squared, each
column sunuygg and hikewise the sum of the zy products

found. These'sdfe then substituted in the same formuls as was

used previously, giving, of course, the same result, .91—. Not

only 1s the % result the same, but the value of the numerator
H

* Leonard P. Ayres, ““Substituting Small Numbers for Large Ones mn
the Computation of Coefficients of Correlation,” Journal of Educational
Research, Vol. 2, June, 1920, pp 502-504.
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TABLE XXXIV

Avres’ REDUCED Score MeTHOD OF COMPUTING THE COEFFICIENT
oF CoRRELATION WITH UNGROUPED SERIES

z v z v Ty
55 36 3,025 1,296 1,980
49 33 2,401 1,089 1,617
48 37 2,304 1,369 1,776
41 21 1,681 576 984
36 29 1,296 841 1,044
30 19 900 361 570
28 28 784 784 784
27 26 729 676 702
24 24 576 576 576
24 18 576 324 432
22 16 484 256 352
19 23 361 529 437
18 23 321 529 414
14 15 196 225 210
12 20 144 400 240
11 12 121 144 132
7 13 49 169 91
5 6 25 36 30
4 10 16 100 40
2 2 4 4 4
476 414 15,996 10,284 12,415

476 x 414
12418 — ——5— 2581 & 2561 8

T Vaeo7z x 17142 282852
1/(1 006 — 476) (10234—55’)

and of each of the two factors under the radical in the denomi-
nator is exactly the same as was secured by the other method.

In using this method 1t 18 sometimes desirable to reduce the
gsize of the scores by division instead of subtraction, and some-
times by a combination of the two. For example, if the scores
in the first column of Table XXXIII were 1250, 1190, 1180,
and so on, down to 720, 1t would be desirable to divide by ten
and then subtract seventy, or what would perhaps be shightly
more convenient, subtract seven hundred and then divide by
ten. It frequently happens that all of the measures in a series
end in one or more zeros, and thus division by ten, one hundred,
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or even a larger multiple of ten can be very quickly and easily
accomplished. More rarely one may divide by five, two, or
some other number. In all eases, however, 1t should be borne
in mind that 1t is not economical to use this method if the labor
of reducing the size of the measures 18 greater than the saving
in computation resulting from handling smailer numbers.

If computing machines are bemng used this method is of
doubtful advantage. If, however, the work 1s being done with-
out such mechanical aids, the writer recommends this as ordi-
narily a better method than that previously deseribed.

Another “short” method for ungrouped series. A method
often preferable to that just descrnibed consists merely in con-
sidering the scores 1 a distribution as bemg grouped into a
number of classes, usually not more than twenty, and 1n assign-
ing to each score the number of the class within which it would
fall. Direetions for doing this may be stated as follows: Divide
the total range of the vanable by 20 and raise the quotient to the
next higher mteger or round number This integer 1s then con-
gidered as the class interval, and new values are substituted for
the onginal mesasures according to the class in which each falls,
considenng the lowest class as 1, the next as 2, and so on. For
example, let us consider the first or X senes of measures pre-
viously used in Table XXXIII The smallest measure theremn
18 72 and the largest 125, so that the range ts 53. Dividing this
by 20 gives 2.65 The next largest mteger 1s 3, therefore, begin-
ning with the lowest score, 72, the first three possible scores,
that is, 72, 73, and 74, are considered as falling mn the first group;
the next three, 75, 76, and 77, as falling in the second, and so on.
Doing this, the first two scores, 72 and 74, would both be trans-
muted mto 1's, the next two, 75 and 77, mto 2's; 81 and 82
would both become 4’s, and so on.

The result of applying this method to both the X and ¥
series and of computing the coefficient of correlation from the
substituted measures 1s shown in Table XXXV The original
measures, already given i Tables XXXII and XXXIII, are
not repeated, but instead the substituted values on the basis of
X class wtervals of three and Y mtervals of two are used. The
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TABLE XXXV

CompuTtaTioON OF CoORFFICIENT OF CORRELATION OF UNGROUPED
Series BY Use oF SussTITUTED VALUEs EqQUIivargynt TO
CLass DEvVIATIONS

dz dy d? d3 dady
18 18 324 324 324
16 16 256 256 256
16 18 256 324 288
14 12 196 144 168
12 14 144 196 168
10 9 100 81 90
9 14 81 196 126
9 13 81 169 117
8 12 64 144 96
8 9 64 81 72
7 8 49 64 56
6 11 36 121 66
6 11 36 121 66
5 7 25 49 35
4 10 16 100 40
4 & 16 36 24
2 6 4 36 12
2 3 4 9 6
1 5 1 25 5
1 1 1 1 1
158 203 1754 2477 2016
2016 — 1%?13 4123
o
- %les =~ _m123 90—

T = — -
1583 2087y /5058 X 41655 4590
— 2 477
1/(1754 20 )(2 20 )

Ayres variation of the formula is employed and the coefficient of
correlation is found to be 90—. This agrees closely although
not exactly with that already determined by the other method,
91—. Also it will be noted by a companson of Table XXXV
#ith Table XXXIV that the size of the numbers involved in
the former is less than that of the numbers used in the Ayres
method.?

* The possibility of error or loss in abeolute accuracy due to employing
transmuted acores as suggested in the text above 1s just the same as that
involved m all computations of the coefficient of correlation in which
soores are grouped into not more than twenty classes. It 18 true, however,
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If one is computing many correlations by this transmuted
score method and the data involved vary considerably in their
sizes, it may be economical to construct a table from which
such scores can be read off at once. An example of such a table
may be found 1n an article by Toops.

Another “short’’ method of computing the coefficient of
correlation has been suggested by Walker.!! This method does
not require the construction of a correlation table, but instead
deals with the scores, regardless of their number, 1n columns.
The actual computation involved does not appear to be any less
laborious than that required 1n Ayres’ method, so that for a
single correlation the writer 1s doubtful f the saving by this
method 15 great enough to be worth-while. If all possible cor-
relations between a number of different variables are to be found,
however, the economy by Walker's method 1s greater. 1t will
not be given here, but can be found 1n full m the reference.

The computation of the coefficient of correlation for correla-
tion tables by the ordinary method. In actual practice 1t is
generally much more common to compute coefficients of cor-
relation from eorrelation tables than from simple senes. The
reason 1s that 1n most mstances the number of cases concerned 18
large enough to render 1t easier to compute the coefficient 1n this
way than to do so frum the ungrouped series. A correlation
table, also called a table of double entry, 1s plotted according to
the two-axis system briefly described 1n Chapter III and em-
ployed in Chapter VIII The scale for measuring one series of
measures 15 laid off upon the X- or honzontal axis, that for the

that the differenice between the result obtained from a grouped correlation
table, which will be explamned later, and the exact scores 1s often less than
the difference between the coefficient of correlation from scores trans-
muted as above and the exact scores, because this method of tramsmuta~
tion 18 commonly applied to a smaller number of eases than compowe
correlation tables, and, therefore, the probability of discrepancy is greatdf:

W Herbert A. Toops, ‘“Computing Intercorrelations of Tests on the
Adding Machine,” Journal of Applhed Psychology, Vol. 8, June, 1922,
Pp. 172-184.

1], F. Walker, “Short Method for Finding Zero Order Coefficients of
Correlation,” Journal of Educalional Psychology, Vol 21, January, 1830,
pp 65-67.
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TABLE XXXVI
CORRELATION TaABLE FOR THE DaTa GIveN ox Pace 153

70- | 75— [ 80— | 85~ | 90— | 95~ | 100~| 105- 110-| 115-| 120-| 125~

95~ / /
60~ o / B
85~ I / -

80~ o / //T N {

75~ / _/7 / o

0- 1 /g |

60- | /

other upon the Y- or vertical axis. A table is thus formed that
may be thought of as composed of squares or compartments,
each of which contains all the measures of a single X and a smn-
gle Y magnitude. The X magnitudes are commonly indicated
by figures or occasionally other symbols written horizontally
across the top of the table, and the Y magmtudes by figures
or symbols written vertically at the left side of the table. It 1a
conventional practice for the values of the X-vanable to mcrease
fram left to right, and for the values of the Y-vanable to increase
from the bottom up. Just as mn a graph a single dot indicates the
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location of a case by showing its distance from each of the axes,
g0 In a correlation table a tally mark entered in the proper
position indicates the two measures or, 1 other words, the X
and Y values for a single individual.

The construction of such a table may be illustrated for the
twenty pairs of measures employed in the computation of the
coefficient for ungrouped senes.!? Table XXXVI shows the
correlation table for these data They have been grouped into
classes with a width of five, beginning at 70 for the first or
X-variable, and at 60 for the sccond or Y-vanable. For the
first pair of measures, 125 and 96, a tally mark appears in the
compartment dircetly beneath 125~ and directly to the nght of
95—, thus indicating that i1t has an X value as large as 125 but
less than 130, and a ¥ value as large as 95 but less than 100,
For the second pair of measures, 119 and 93, a tally mark ap-
pears below 115- and to the night of 90-. Sumnilarly, for each of
the other pairs a mark has been entered in the table. After this
has been done the next step is to count the marks i each
compartment and wrnite the proper number 1 it. In practice
this 1s very conveniently done by making the tally marks
with a soft penal and wrniting in the numbers with ink, after
which the pencil marks can be erased easily. The table is
then totaled both ways and finally appears in the form shown in
Table XXXVII. A partial check on the correctness of the
addition may be obtained from the fact that the total number
of cases, or N, which 1s given 1n the lower nght hand corner of
the table, 1s the sum of the row labeled T, and also of the eolumn
with the same heading. If these do not agree there must be at
least one error 1n addition, and perhaps more.

In connection with a correlation table the term array is more
or less commonly used to refer to either a row or a column. In
other words, 1t refers to the distribution of all measures that fall
within a single class of either of the two vanables concerned.

The calculation of the coefficient of correlation from a table

3 In actual practice so small a number as twenty cases 15 practically

?ever grouped in a correlation table, but 18 retained in ungrouped peries
orm.
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TABLE XXXVII

Finar ForM oF CorRELATION TaBLE ForR DaTa Grven oN Pace 158
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of double entry involves the same mathematical steps as in the
case of simple seres, but because of the different form in which
the data are presented, the actual procedure differs somewhat.
To illustrate euch a caleulation, Table XX XVII 1s repeated in
Table XXXVIII and with it 18 included the necessary work.
The three columns at the nght of the Y totals or frequency
column and the three rows just below the X frequency row are
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the same as those used 1n computing the standard deviation of a
grouped series, there being two sets of them because two va-
riables or series of measures are concerned. Thus the d column
and row contain the deviations of ¥ and X, respectively, from
the assumed mean. The assumed mean for ¥ has been taken
at the mid-point of the 80- class and that for X at the mid-
point of the 90— class. The fd, column and fd, row contain the
products of the entries in the d column and row, respectively,
by the corresponding entrics 1n the totals column or row, and
the fd? column and row, the products of the corresponding d and
Jd entries.

The other two columns at the right, headed Zz and Zzy, are
not contained in the computation of the standard deviation,
but are equivalent to the ry column in the computation of the
coeflicient of correlation shown in Table XXXII. Each entry
in the £z column 1s, as 1ts name 1mplies, the sum of the z values
of the measures 1n the corresponding row. Thus in the first, or
85-, row there is one case which has an X deviation or x of
+5, and another which has an X dewviation of +7; therefore
Zz for this row is +12. In the next, or 90—, row there 18 only one
case. Itsz valueis 4-5, therefore =z 18 +5 for this row. In the
85— row there are two cases with X deviations of +1 and one
with an X deviation of +3, making a total of 4-5 for Zz; and
8o on for the other rows Each entry m the Zzy column 1s
obtained by multiplying the corresponding entry mn the Zz
column by the Y dewviation, or d,, associated with 1t. Thus the
first entry, 12, 18 multiplied by 3, giving a Zzry entry of 36; the
next, b, is multiplied by 2, giving 10, and so on The column is
then summed, giving in this case +94, which corresponds to the
summation of the zy, or XY, column mn the computation of the
coeflicient with simple series This sum 18 divided by the num-
ber of cases, in this instance 20, giving the first term in the
numerator of the formula

Zzy
N
00y

—C;Cv

r=
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Substituting m the formula the other quantities, that is, the two
corrections and the two standard deviations, gives

470 + 09 _

T=3Toxi79 0t

The reader may notice that the value of r just obtained is
somewhat less than that previously obtained for the same data
when ungrouped, which was 91— The reason {or this discrep-
ancy is that by grouping the scores into classes some accuracy 18
sacrificed. If large numbers of cases running into the hundreds
are concerned, 1t 18 rare that the difference between a coeffictent
of correlation calculated from the ungrouped and one from the
grouped measures 15 great enough to be significant. With small
numbers of cases, such as 1n this illustration,!® 1t 1s rarely so
great as 10 and usually less than .05.

Since the illustration just given contains a smaller number of
cases than 1s usually found 1n a correlation table, it seems well to
present a second example of such a table and the accompanying
computation of the coefficient when more cases are concerned.
This will be found 1n Table XXXIX, which presents the cor-
relation between the college-freshman marks and the high-
school averages of cighty-five individuals. The freshman marks
are not 1n numencal terms but rather in literal symbols that
are assumed, however, to be an equal distance apart. Such an
assumption 18 necessary, since the coefficient of correlation can
be computed only for data 1n numerical classes.

The computation 1n this table follows the same steps as that
in Table XXXVIII, cveept that two additional rows, just
below the broken hine, are added to illustrate possible methods
of checking. The additional step referred to occurs at the
bottom of the £x column If the algebraic sum of this column
is obtained, as shown in the table, it should be the same as that
of the fd, row. In this casc both are +89. If they do not agree,
an error has been made somewhere in the work. The two rows

12 A further discussion of the effect of grouping measures upon the
obtained value of the coefficient of correlation may be found at the end
of this chapter.
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added at the bottom of the table illustrate the computation
of Zzy in the other direction. It is possible to compute it in
either direction, although it is customary to do as was shown
in the previous table, that is, first to obtain Zz and from it
Zzy. In the first of the added rows Xy for each column has
been obtained in just the same way as was Zz for each row. Thus
in the first or F— column there is one case with a Y deviation of
—1 and another with a Y deviation of —3, so that the Zy entry
for this column 18 —4. Simee the X dewviation for this column
is —4, the product of these, +186, is the entry in the Zzy row.
The algebraic sum of the Sy row, 1n this case 28, should be the
same as that of the fd, column Finally, and most important,
the sum of the Try row must be just the same as that of the
Zzy column. In this case both are 368. If this and the other
needed quantities are substituted in the formula, r is found to
be .70+, as shown 1n the table.

It will be noticed that m Tables XXXVIII and XXXIX
each of the steps in the computation of r occurs in the same
position. It 1s very desirable that statistical workers form such a
habit, as it 1s helpful in preventing error The wniter has found
the form employed i these tables most convenient in his work,
but does not wish to urge 1t strongly as being superior to any
other possible arrangement.

The computation of the coefficient of correlation for correla-
tion tables by the Ayres method. The Ayres method is ap-
plicable to correlation tables as well as to ungrouped series. Its
use for this purpose for the same data as are contained in Table
XXXIX 1s illustrated 1n Table XL. The procedure 1s essen-
tially similar to that illustrated by Table XXXIV except that
it is adapted to a correlation table rather than to ungrouped
series. The d. row and d, column both begin with 1 and increase
up to 12 and 10, respectively, thus avoiding all negative num-
bers. The procedure 1n obtaining the entries in the other col-
umns and rows is exactly similar to that in the ordinary method
previously illustrated. After the columns and rows have been
summed, the proper quantities are substituted in the formula
given on page 155. Doing 8o, as is tllustrated at the bottom of
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the table, r 18 found to be equal to .70+, just the same as the
value obtained by the ordinary method.

It does not appear to the writer that the saving of labor in
employing the Ayres method with correlation tables is so great
as that in employing the Ayres reduced score method with un-
grouped series. In many cases the means and standard devia-
tions are desired as well as the coefficient of correlation, and if
they arc found by the Ayres method, the only advantage over
the ordinary method 1s the avoidance of minus signs. Unless
one is unable to handle such signs without danger of error, the
writer does not recommend that this method be employed in
such cases. 1f, however, the means and standard deviations
are not desired, and if calculating machines are available for
use, this method 1s probably to be preferred to the ordinary
method.

Other methods of computation. Although only a few varia-
tions of the formula for the coefficient of correlation have been
given in the preceding discussion, many vanations of 1t have
been suggested and employed by different workers and under
different conditions The conditions under which it 1s econom-
ical to use most of them, however, anse so rarely that it does
not seem worth-while to include them mn this text. If the reader
is further interested 1 the matter, he 18 referred to an article
by Symonds,'* in which fifty-two forms of the formula for r
are given

Workers in this field have suggested varous forms of correla-
tion charts as aids in the computation of the coefficient of corre-
lation when the data are grouped i a table. Some of these
charts employ the ordinarv product-moment or the Ayres for-
mula as alrcady given, whereas others are based upon varia-
tions thereof contamned among the hst given by Symonds.
Among these charts may be mentioned those by Ackerson,!8

14 Pereival M Symonds, “ Vanations of the Product-Moment (Pearson)
Coefficient, of Correlation,” Journal of Educatienal Psychology, Vol. 17,
October, 1926, pp. 458-469

3 Luton Ackerson, ‘‘A Pearson-r Form for Use with Caleulating Ma-

chines,” Journal of Educational Psychology, Vol 19, January, 1928, pp.
58-80.
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Anderson and Toops,'* Dvorak,'” Holzinger,!® Justice,'® Lauer,®
Otis,* and Thurstone.?* The writer does not strongly recom-
mend the use of any of these charts, however, because it does
not appear to him that they possess any distinct advantages
over the usual form of calculation such as has been given in
this book.

In connection with the coefficient of correlation it should be
mentioned that in addition to the use of the ordinary adding
and computing machines i 1ts calculation, a few machines
have been designed particularly for this purpose. One of the
most efficient is that of Hull.?® This machine 15 relatively ex-
pensive and very few reproductions of the orginal one have
been made. A decidedly less expensive machine 1s that of Sea-
shore.?* One that works on a quite different principle has been
described by Ford.?® Also various computing and tabulating
machines not particularly designed for use in connection with
corrglation may be employed therefor. Among the best descrip-

8ﬁ:Dewey Anderson and Herbert A Toops, “A New Apparatus for
Plotting and a Checking Method for Solving Large Numbers of Inter-
correlations,” Journal of Educational Psychology, Vol 19, December,
1928, pp 650-657; Vol. 20, January, 1929, pp 3643

I August Dvorak, “Dvorak Correlation Chart” (New York, Longmans,
Green, & Co ).

B Karl J Holzinger, Statistical Methods for Students in Education (Boston,
Gipn & Co, 1928), p 155

W, A. Justice, ““Correlation Sheet” (Cincinnaty, C A Gregory Co ).

© A, R. Lauer, “Simplex Correlation Form" (Minneapolis, The Educa-~
tional Test Bureau).

# Arthur 8 Otis, “The Otis Correlation Chart,” Journal of Educa~
tional Research, Vol. 8, December, 1923, pp 440-448 Also, Statistical
Method in Educational Measurement (Yonkers-on-Hudson, World Book Co.,
1925), p. 195.

12 L. L. Thurstone, “A Data Sheet for the Pearson Correlation Coefli-
cient,” Journal of Educational Research, Vol. 6, June, 1922, pp. 49-56.

3 Clark L. Hull, “An Automatic Correlation Calculating Machine,”
Journal of the American Statistical Association, Vol 20, December, 1925,
pp 522-531. Also, “An Automatic Machine for Making Multiple Apti-
tude Forecasts,” Joumal of Educational Psychology, Vol 18, .Dooember,
1825, pp. 593-598.

1 “‘ Pgychological and Physiological Apparatus and Supplies™ #Chicago,
C. H Btoelting Ca., 1930), pp 1-2. (Catalog.)

* Adelbert FordiEhe Correlator,” Journal of Ezpersmental Paychology,
Vol 14, April, 188858 .
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tions of such adaptations are those of Warren and Mendenhall
and of Royer and Toops # for the Hollerith Tabulating Ma-~
chine, that of Tremmel and Weidemann 7 for the Monroe
Caleulator, and the more general one of Feldstein 2

Computing intercorrelations among several variables. If one
is intercsted not merely 1n the correlation between two vari-
ables but n the intercorrelations among several variables, the
work that would be required for a complete computation of
each coeficient can be appreciably shortened. How this may
be done 1s illustrated by Table XLI, which shows the compu-
tation of the coefficients of correlation of cach of four vanables
with each of the others. The Ayres method with reduced scores
has been used Thus the first four columns, headed 1, 2, 3, and
4, contain the values left after the value of the smallest measure
in each column has been subtracted from all of those theremn.
The second set of four columns contains the squares of the en-
tries 1n the first set, and the final group of six, the products of
the various possible eombinations of these entmes. Thus the
first column m thix part of the table contains the products of
the entries in columns 1 and 2, the next column, of those m
columns 1 and 3, und so on  All the columns are then summed,
giving the summations of the measures themselves, of their
squares, and of their products All that s necessary then s to
substitute 1n the formula the proper sums for the coefficient
being obtamned One additional step, which saves some labor,
has been taken however Immediately below the sums of the
second set of four columns are four other numbers. These are

* Richard Warren and Robert M  Mendenhall, “The Mendenhall-
Warren-Hollenth Correlation Method,” Columba Universsty Statistscal
Bureau Document, No 1 (New Yorh, Columbia University, 1929), 37 pp.

Elmer B. Royer and Herbert A Toops, “The Statistics of Geometri-
cally Coded Scores,” Journal of the American Statsstrcal Associaton, Vol,
28, June, 1933, pp 192-198

# K. E. Tremmel and C C Weidemann, “A Machine Method of Caleu-
lating the Pearson Correlation Coefficient,” University of Nebraska Publs-
cation, No. 72, June, 1930, 15 pp

® Marc J. Feldstemn, A New Technique for Maowne Computation of
Coefficientp of Correlation,” Journal of Experimenig Bducatson, Vol. 2,
Murch, 1984, pp 278-282.
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the values of the expressions under the radical, which appear
in the denominator of the formula used. By securing them
firat and writing them in the denominators instead of writing
out the original expressions whose values they are, the work is
simplified somewhat. The first one of them, for example, equals
2

3431 — 22" = 2051 Substituting the sums of the first
and last sets of columns and the expressions just described,
the values of the six coefficients of correlation possible with
four vanables are found as shown in the table.

The saving of work in this method results because 1t is neces-
sary to find the various summations of the measures and their
squares only once, although each 18 used 1n finding three of the
coefficients The same principle may be applied 10 deahing with
intercorrelations among several varables tabulated mn corre-
lation tables, but will not be illustrated here In such cases one
must compute the produets of the two different vanables for
each table, but need obtamn the sums of the measures and of
their squares only once for each vanable concerned. Ths
method 1s legitimate only when exactly the same cases are con-
cerned 1n all the tables.

Correlation between one variable and the sum or average of
two others. Although the somewhat laborious methods of
multiple correlation must commonly be apphed when it is
desired to find the correlation between one vanable and a com-
bination of severa! others, it 1s possible to find a correlation
between one and the sum or average of two others without resort-
ing to multiple correlation. All that need be known is the stand-
ard deviations of the two vanables being correlated with the
third one and the ordinary coefficients of correlation between
each of the three pairs formed by the three vanables. If 1 is
used to refer to a vanable that is to be correlated with the sum
or average of two others denominated 2 and 3, the formula is

1302 + 71303
Tia +3) 0T 7 n =
\(2‘—:’—-) \/a§+o§+ 2rysoads

Thus, for example, if o3 = 4.5, ¢3 =8, ra = 60, ri3 = 52,
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and rgy = .35, the formula gives

60 X 45+ .52 X8
V452 + 8 +2X .35 X 45X8

which = .66.

General formule, which may be used for any number of
variables either correlated or uncorrclated with one another,
have been given by Dickey,* but will not be included here.

Computing correlation for measures not in series. It some-
times happens that one desires to find the correlation between
two or more sets of measures that cannot properly be divided
into as many senes. For evample, if one 18 correlating similar
traits or measurements of twins, there 1s no way to determine
which twin should be considered as belonging 1n one serics and
which in the other. The conventional practice in connection
with such a situation 1s to enter each pair twice in the correla-
tion table, reversing the order the second time from that em-
ployed the first. For example, if one twin makes a score of 20
and the other of 18, one entry 18 made 1n which 20 1s considered
as the X-vanable and 18 as the Y-vanable, and another in
which 18 1s taken as the X-varable and 20 as the Y-variable.
Doing this, of course, doubles the number of entries 1n the cor-
relation table

The necessity of constructing a correlation table, however,
has been obviated by certain suggested formule. The first of
these was proposed by Furfey,® and 1s as follows

_ 4NIXY - (SX 3V
TONEXTY IV — CX F SP)

r

Goodenough 3! has suggested the following, which is equivalent

® John W Dickey, *‘Combining Zero-Order Correlation Coefficients,”
Journal of Educational Psychology, Vol. 24, February, 1933, pp 123-128.

® Paul Hanly Furfey, “A TFormula for Correlating] Interchangesable
Vanables,” Journal of Educational Psychology, Vol 18, February, 1927,
pp. 122-124.

3 Florence L. Goodenough, “A Short Method for Computing the Cor-
relation between Interchangeable Vamables,” Journal of Educational
Psychology, Vol. 20, May, 1929, p. 386.
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to Furfey’s, but shorter:

0.2
In its application the correction and standard deviation are
computed for all of the measures thrown into a single series.

TABLE XLII

FurreY’s MeTHOD OF CoMPUTING THE COEFFICIENT OF CORRELATION FOR
Data Waicr Cannvor BeE Grourep INTO Two SERIES

X Y T Y z? w Y
20 19 12 11 144 121 132
20 13 12 5 144 25 60
18 18 10 10 100 100 100
17 14 9 6 81 36 54
16 15 8 7 64 49 56
16 12 8 4 64 16 32
15 14 7 6 49 36 42
14 9 b 1 36 1 6
12 11 4 3 16 9 12
I U T T I O

78 55 02 397 498

4 10498 — (78 + 55)2 19,920 — 17,689 2231

"= 210(70% + 397) — (78 + 55) 21,080 — 17,689 ~ 4291

The application of Furfey’s method 1s 1llustrated by the set
of data presented in Table XLII These represent the scores
of ten pairs of twins on a twenty-word spelling test In arrang-
ing them m t{wo columns the larger one of each pair of scores
has been entered in one column and the smaller one of each
patr in the other, but this 1s not necessarv In this example the
original scores given m the X and Y columns have been reduced
by subtracting 8 from cach, and the coefficient computed from
the resulting entries 1in the r and y columns When such a sub-
traction 1s made, it should be the same for both columns.

The Goodenough formula may be applied to the same data
with the same result, as follows-

L_t,?§ -_— 6 652
10 _ 98— 442295 55775 _
T="107275 0 T 104275 107215
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In this method the ¢ and o used are those for the whole number
of data, in this case for the twenty measures. Therefore ¢ is

obtained by adding the sums of the z and y columns and divid-
78 4+ 55

ing by the number of cases, here 20. Thus¢ = 20 = 6.65.
Similarly the sums of the r? and y* columns are added as the
first step in securing ¢. Dividing their sum, 1099, by 20 gives
54.95. Subtracting ¢?, which equals 44.2225, from this, the
result is 10.7275, which equals ¢%. The two formule yeld
identical results, .52. Although the formula for the Good-
enough method is shorter than that for Furfey’s method, the
actual amount of computation required differs very httle. On
the whole, Furfey’s method will probably be preferred by those
who are accustomed to working with the Ayres method for the
ordinary coefficient of correlation, whereas that of Goodenough
will be preferred by those who use the regular product-moment
method.

Loss of accuracy due to grouping. A question that arises in
connection with the calculation of coefficients of correlation
from grouped data is that of how great a sacrifice of accuracy
the use of groups involves. 1t is generally assumed that, if from
ten to twenty groups are employed and if the number of cases
is reasonably large, the results fromn ungrouped data and from
the same data when grouped will be practically 1dentical.
Actual experimentation with such data shows that this does
not always follow. A study by Lauer *? indicates that the fol-
lowing factors operate to cause differences between the coeffi-
cients obtamed by the two methods. These are given m order
of the amount of the apparent effect

1. Difference in variability of the two sets of measures.

2. Skewness of the two sets of measures

3. Difference in shape of the two distributions,

4, Size of class interval.

To this list should be added the number of cases involved.

# Alvhh R. Lauer, ‘“An Empincal Study of the Effects of Grouping
Data in Calculation of R by the Pearson Products-Moment Method,”
Journal of Apphed Psychology, Vol. 14, Apnl, 1930, pp. 182-189.
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Since the variability, skewness, and shape of distributions are
fixed, it appears that probably the chief thing the worker can
do to avoid discrepancies 18 to select the best possible intervals
according to the principles suggested in Chapter II.

In order to secure some evidence as to the amount of inac-
curacy caused by grouping data in classes, the writer had ninety
coefficients of correlation computed for exact scores, and like-
wise after the scores had been classed mnto five, ten, and twenty
groups. In thirty of the ninety instances only 25 measures were
concerned, 1n thirty there were 50, and n the remaining thirty,
100. Without going into detail, his findings may be stated
briefly as follows. Except in the case of unusual freakish distri-
butions the differences between the coefficients from exaet
scores and those from scores grouped In five classes exceeded
.10 rarely and were less than .05 1n well over half of the cases.
When ten classes were used the differences were very rarely so
great as 05 and more than two-thirds of them were not greater
than ,02. When twenty classes were used only about 5 per cent
of the differences were greater than .02 and about three-fourths
not, greater than .01. On the whole the differences were some-
what more often mn a negative than 1n a positive direction, that
is, the coefficients from grouped measures tended to be smaller
than those from exact measures.

In the casc of the few unusual freakish distributions, some
differences much larger than those mentioned 1n the preceding
paragraph were found Indeed, when only five classes were
used one such difference was greater than 50 and a few others
.25 or more. In every case these were correlations which be-
came zero when the measures were grouped mn a few classes.
This was due to the fact that all of the cases that did not fall
in the class with a zero deviation for one vanable did fall in the
zero class for the other. In all of these unusual cases the coeffi-
cients for the grouped sencs were smaller than those for the
exact measures,

The general eonclusion to be drawn from this and other simi-
lar investigations is that if the number of classes in both vari-
ables 1s ten or more 1t 18 quite unhkely that the loss of accuracy
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in grouping scores will be large enough to be of any practical
importance. In most cases it will be considerably less than the
possible errors in the coefficients of correlation due to the effect
of vanable errors therein, or to the unrehahhty of sampling.

Estimating coefficients of correlation from correlation tables.
It 15 helpful for one working with correlation to be able to esti-
mate without too great error the size of the coefficient of corre-
lation for a given set of data Although this ability 1s desirable
whether the data are arranged in columns or mn a correlation
table, this discussion will be hmited to the latter case. The
reason 18 that correlations are much more frequently computed
from tables than from columns and that 1t 1s considerably more
difficult to acquire the ability mentioned for series in columns
than for those 1n tables

The best method by which an individual ean develop this
ability is to practice making such estimates. He should look
at a correlation table for which he does not know the coefficient,
estimate what it 1s, and compare his estimate with the actually
obtained value. If one has available a number of tables for
which the coefficients have already been computed he can
obtain practice by concealing the value of each coefficient until
after he has estumated it. If the discrepancy between the esti-
mate and the true value is very large an attempt should be
made to determine why the error occurred. This involves
examining the distribution in the table and noting character-
1stics that appear to have produced the large error. By per-
severmg 1n such practice, sufficient ability in estunating should
be acquired so that, except in cases in which one or both series
are very asymmetncal m therr distnbution, or otherwise un-
usual or freakish, errors as large as .10 should be quite rare and
many, perhaps most, estimates should not be 1n error by more
than .05.

To assist the reader in gaining some idea of the distribution
of measures in correlation tables having certain values of the
coefficient, Tables XLIII and XLIV have been prepared. The
first illustrates each value of the coefficient from .00 to 1.00
at intervals of .10 for two symmetncal and approximately
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TABLE XLII

CorreLaTiON TaBLEs IuLusTRATING COEFFICIENTS OF CORRELATION OF
Various SI1ZEs

1 2 4 21 12 3221} 11 332
2 4 8 4 2 24 66 2| 14 8 43
4 8 16 8 4 36 22 6 3| 38188 3
2 4 8 4 2 2 6 6 4 2 34 R 41
1 2 4 21 2 2 3 21 2 3 311
r= 00 r= 10 r= 20
1 4 38 2 1 333 3 3 4
13 85 3 1 2 8 6 3 4 76 3
4 8 16 R 4 3 8 18 8 3 37 207 3
35 5~ 31 36 8 21 36 7 4
23 11 33 31 b4 3 13
r = 30 r = 40 r = 50
2 3 5 1 36 1 2 7
4 5 8 3 3 59 3 1 4 13 2
2 5 24 5 2 1528 5 1 1 430 4 1
3 8 5 4 39 53 213 4 1
5 3 2 6 3 1 | 721
r= 060 r= 70 r= 80
2 8 10
4 14 2 20
4 32 1 40
2 14 4 20
g 2 10
r= 90 r=100

normal distributions of one hundred cases, grouped in five
classes. The upper left portion of the table shows an arrange-
ment of the data yielding a value of .00 for r, that 1s, having no
correlation at all. In each succeeding portion of the table the
data tend to approach more closely a diagonal from the lower
left to the upper nght corner until in that for r = 1.00 they
all lie upon such a hne.

In Table XLIV are six correlation tables more similar to
those found in actual practice with coefficients ranging from
.11 up to .95. These, of course, show the same tendency as was



TABLE XLIV Furtenr ComreraTiON Tanres Inius-

g 10 60 43 16 13 1 5 1 1568

2 2 3 1 1 1 10

1 2 6 5 1 1 16

1 1 3 2 1 8

1 110 4 1 1 18

2 1 1 4

1 1

16 15 81 58 19 15 1 7 1 1 1 215 |

r= 11

11 2 2 22 1 9

1 2 2 3 2 5 2 2 2 21

T 2 4 5 7 5 5 10 1 v 6 1 7

1 1 3 58 5 3 3 ¢+ o 4 3 21 +1

i 2 1 2 2 1 4 1 1 1 16

1 11 1 2 1 1 3 1 12

1 1 2 4

1 2 1 1 1 6

1 2 5 10 13 14 17 15 16 28 24 15 11 5 176
r = 29

1 1 2 4 2 3 41 17

1 1 1 2 2 2 22 13

11 1 1 2 2 1 8 2 6 4 3 42 38

31 4 3 7 2 & 4 5 2 3 ¢ 1 47

210 5 5 1 8 3 4 3 2 1 45

1 4 2 3, 3 1 3 2 1 3 23

2 2 2 2 8

1 1 3

1 2 2 1 1 7

1 1

1 5 4 12 21 21 12 15 23 I8 17 17 16 11 7 1 | 202

r= 14

182
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1 511 17

6 66 78 14 164

1 1 2 16148212 71 2 453

5 12 87207131 1 443

1 5 34 71 81 12 1 205

3 3123 7 2 58

1 1 2 1 2 3 2 i 12

1 6 16 61 207 452426 156 27 1352

r= 68
2 5 8
1 4 9 5 21
1 1 2 14 18 12 3 51
2 5 3 12 17 13 4 2 58
i 4 1 8 7 101 9 2 53
i1 1 5 3 7 91314 8 6 3 71
1 2 6 6131515 7 1 1 3 70
1 4 10 1211 7 1 3 3 52
1 6 4 10 3 5» 3 32
22 5 8 5 22
1 112 3 4 1 13
1 2 1 4
1 1
1 1 6 7 24 37 3% 30 39 46 35 36 50 50 29 15 3 1456
r = 81

1 3
4 11 16
1 4 22 2 29
2 93 1 1 52
1 3 7 36 6 2 55
2 1 521 4 1 M4
3 1 2 10 23 6 45
200 232 3 44
4 1+ 13 29 1 51
1 7T 04 20 1 2 38
2 42 1 1 1 M4
22 415 1 24
2 17 2 21
1 2 1 1 5
4 4
1 1
1 1 6 7 24 37 38 39 39 16 35 36 50 50 290 15 3 | 456

r= 95

183
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commented on above, that as the coefficient becomes higher
the entnes are more closely grouped along a diagonal from the
lower left to the upper right corner.

Correlation based upon mean deviations. It has been sug-
gested by Davies ® that a coefficient of correlation based upon
mean deviations from the mean rather than standard devia-
tions therefrom may be employed. The ordinary coefficient
of correlation is generally recognized to be somewhat unsatis-
factory when only a few cases are concerned or when the dis-
tributions are far from normal. In such cases the method sug-
gested by Davies appears to have some merit. It 18, however,
very rarely employed Indeed, the writer has ncver seen it
used in connection with educational work, and for this reason
does not recommend 1t to the ordinary worker 1n education.

EXERCISES
1. Compute the coefficient of correlation for each of the following
gets of data according to the method dlustrated in Table XXXII.
A B C D E

44 123 12 82 14 75 90 76 85
50 108 9 &7 10 78 94 81 92
40 98 26 78 14 75 89 76 84
48 106 8 80 13 74 97 80 82
29 88 208 6 70 91 84 87

9 75 95 90 88
15 82 98 93 90
4 77 %0 83 83
(f 84 90 92 86

59 119 4 16 89
35 94 193
45 105 30 83
52 111 12 87

00 O O ™ QU st o b= = 00 D H D O NN He W

69 129 20 88 16 82 92 88 92
13 71 187 13 79 95 89 87
42 101 28 12 79 90 89 88
56 116 26 93 15 76 97 87 89
55 116 2 87 6 74 96 88 90
50 101 16 81 9 77 89 88 87
59 117 28 90 10 8590 88 86
41 100 23 81 14 76 88 87 82
50 108 4 87 13 82 91 80 83
H4 92 27 74 6 70 82 80 84

9 George R Dawvies, ‘‘First Moment Correlation,” Journal of the American
Statistscal Assocration, Vol. 25, December, 1930, pp 413-427
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1. (Cont.) A B C D E
67 125 782 4 1 73 91 85 88
43 103 9 1 84 86
41 99 013 85 88
54 115 80 82
56 115 091 91
84

2. Compute the coefficients of correlation for C of Exercise 1 accord-
ing to the method shown in Table XXXIII (p 156), and of D and E
by that in Table XXXIV (p 158)

3. Compute the coefficients of correlation of A and B of Exercise 1
by the method illustrated in Table XXXV (p 160)

4. Tahulate each of the following sets of measures in a correlation
table

A. 88-72, 88-89, §2-86, 8388, 88-87, 89-90, 74-71, 82-71, 83-84,
82-87, 71-70, 69-77, 83-89, 90-90, 93-93, 90-88, 86-86, 77-77,
82-82, 75-75, 76-76, 92-92, 89-88, 81-81, 87-87, 80-80, 76-76,
92-92, 88-88, 8478, 7570, 7676, 81-75, 78-75, 76-71, 77-70,
74-78, 81-71, 83-86, 74-71, 94-94, 94-82, 76-70, 80-88, 83-83,
81-82,77-71,79-79, 74-74, 82-74, 85-79, 77-79, 77-79, 85-82,
71-77, T1-71, 74-74, 74-90, 79-83, 95-04, 76-65, 71-75, 90-02,
83-81, 80-86, 81-77, 83-84, 81-84, 78-82, 80-76, 70~77, 82-74,
89-90, 75-78, 640-71, 88-86, 82-80

B. 10-222, 5-74, 3-24, 12-231, 3-25, 12-276, 2-23, 9-130, 2-31,
6-105, 553, 1-11, 7-70, 3-52, 7-105, 449, 36-890, 5-79,
540, 17-303, 4-32, 15-355, 2-31, 4-67, 9-190, 3-20, 11-181,
4-55, 6-125, 13-310, 16-275, 566, 6-86, 1-20, 4-88, 8-143,
2-44, 6-85, 5-78, 3-30, 7-79, 10-180, ¥-166, 7-133, 445,
8-90, 1-18, 11-125, 12-195, 9-119, 43-1078, 31-635, 10-202,
12-268, 19-355, 41-890, 20457, 11-165, 3-15, 11-255, 9-122,
4-58, 38-778, 3-35, 8-116, 2-27, 50-1106, 16-335, 6-104,
7-104, 2-27, 18435, 11-217, 10-126, 20-350, 30-762.

C. 11-16, 2-10, 22-8, 7-8, 4-2, 1-5, 5-2, 1-2, 2-2, 2-6, 6-9, 3-12,
2-2, 2-3, 4-10, 3-12, 11-3, 4-2, 4-5, 2-0, 44, 2-4, 1-13, 1-2,
2-2 5-5, 5-5, 24, 6-7, 6-7, 1-6, 3-2, 4-8, 6-7, 84, 4-36,
2-8, 2-12, 13-12, 4-2, 6-3, 10-6, 2-11, 2-8, 12-7, 1-7, 5-3,
§-10, 7-13, 2-17, 3-2, 3-17, 2-15, 540, 11-17, 64, 44,
6-3, 2-2, 1-3, 6-10, 5-16, 2-43, 2-9, 1-31, 7-18, 5-15, 2-12,
4-18, 14, 1-5, 11-3, 3-2, 21-25, 14-34, 74, 3-10, 34, 9-12,
4-5.

D. 21-79, 28-74, 25-79, 40-59, 5244, 7040, 30-60, 21-74, 77-21,
65-30, 20-67, 85-20, 50-50, 52-42, 45-52, 6940, 68-30,
6440, 42-57, 71-28, 20-89, 83-24, 6343, 33-66, 5544,
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73-27, 22-81, 45-63, 54-38, 25-76, 77-23, 66-35, 20-73,
28-74, 6641, 58-46, 69-32, 27-68, 78-32, 31-76, 5241,
55-35, 63-30, 28-80, 47-56, 84-26, 82-25, 73-34, 61-38,
58-39, 34-62, 71-36, 71-34, 22-79.

5. Compute the coefficient of correlation for each of the tables
constructed in Exercise 4 by the method shown in Table XXXVIII
(p. 165).

6. Check the computation of the coefficients of correlation found in
Exercise 5 by the method shown 1n Table XXXIX (p. 168).

7. Compute the coefficient of correlation for each of the tables con-
structed in Exercise 4 by the method illustrated in Table XL (p. 170).

8. Compute the intercorrelations among the following senes as
shown in Table XLI (p. 174)

A B

16 6 4 83 83 8 76
2% 2 4 89 9 8 89
14 9 4 7% 8 76 83
17 1 4 72 8 8 72
27 7 7 8 96 89 83
18 1 8 89 8 8 96

7 1 3 9% 82 89 96

8 5 3 74 89 8 74
15 1 4 8 96 74 B89
12 1 3 82 82 89 89
68 23 72 89 8 8 89
8 2 7 8 8 8 8
35 1 16 9 89 89 83
40 10 15 89 8 o M4
30 8 8 80 89 8 89
18 1 6 8 89 82 89
16 4 2 81 81 74 81
12 5 4 68 76 82 89
17 2 8 7% 89 96 76
27 1 9 82 84 8 89

6 1 5 8 72 8 89
19 1 10 82 8 8 82
11 2 2 88 89 82 96
10 1 2 82 74 8 4
23 1 5 89 80 83 85
14 6 2

9. Compute the coefficient of correlation by Furfey’s formula for
each of the two series below. Check the result by applying Good-
enough’s formula.
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A. 82-85, 87-94, 78-88, 80-82, 80-88, 89-88, 93-91, 83-86, 8786,
88-02, 87-87, 84-88, 93-89, 87-90, 81-87, 90-86, 81-82, 83-87,
74-86, 82-88, 82-86, 84-88, 88-82, 90~1, 89-88, 86-88, 91-89.

B. 4-2, 1-2, 4-3, 15-3, 7-3, 13-14, 3-3, 2-1, 8-7, 74, 3-2, 2-2,
1-1, 21-15, 2-2, 3-3, 3-3, 44, 3-1, 3-3, 17-13, 3-3, 2-2, 3-2.



CHAPTER X

THE INTERPRETATION OF THE COEFFICIENT
OF CORRELATION

The two chief functions of the coefficient of correlation.!
Although the coefficient of correlation 1s an exact numencal
expression that shows the “degree or amount of relationshy hip
between two series of pured facts, 1t 1s usually rather difficult
to interpret in generally understandable terms  Perhaps the
first step toward making such interpretation satisfactonly is
to recognize that the coefficient 1s almost always computed for
one or the other of two chief purposes  One 1s to determine
whether or not there 1s any definite re Iatmnshxp between the
two sets of data under consideration, and the other to deter—
mine how close the existing relationship 15, In direct question
form these may be stated a~ “Are these two characteristics
related to each other”” and “How close 1n the relationship
between these two charactensiies?”’ The answer to the first
is obtamed by comparing the coefficient of correlation with
some measure of rchabihity or possibility of error, and then,
by the method described m Chapter XIX, determining the
chances that the coefhcient 1s really significant. The answer to
the second mvolves the determination or expression of the
closeness of relationship between two patred series correspond-
ing to the value of the coefficient of correlation that has been
found. Since the interpretation of the coeflicient of correlation
from the first standpomt 1s sumilar to that of other measures,
and the whole topic 15 dealt with later 1n this volume, and,
gince its interpretation from the second standpoint 18 much
more difficult and peculiar to it, the bulk of this chapter suggests
various ways of interpreting the coefficient of correlation as a

! For & further discussion of these two functions see. A. 8. Barr, “The
Coeffictent of Correlation,” Journal of Educational Research, Vol. 283,

January, 1931, pp. 55-60.
188
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measure of the closeness of relationship between two series of
data.

The coefficient of correlation as a minimum measure of rela-
tionship. There are at least two reasons why the coefficient of
correlation as determined by actual computation may be
thought of as & mimmum measure of the true amount of rela-
tionship existing.  One 1s that, as has already been stated, the
coeffictent measures rectilinear or straight-hne relationship
only Therefore if the true relationship 1s curvilinear, the true
correlation 1z higher than 1s indicated by the obtaned value
of the coefficient. In the second place, varable or accidental
errors enter mto practically all measurements. The effect of
these errors 1s to lower the obtained value of the coefficient of
correlation below the true value It 1s possible to correct for
such errors if the coefheients of reliability of the measures dealt
with ar¢ known, and thus to obtain an approximation to the
true correlation between the two series  The method of domng
this and a discussion of when to do 1t will be given in the next
chapter.

The interpretation of the coefficient of correlation in terms of
adjectives. Some wrnters have undertaken to define the mean-
ing of coefficients of correlation by means of certain adjectives,
which they apply to coefficients of various mizes Rugg,? for
example, states that his experience ““has led hm to rega:d
correlation as ‘neghgible’ or ‘indifferent’ when r 18 less than
.15 to .20, as being ‘present but low’ when r ranges from .15
or .20 to 35 or .40, as being ‘markedly present’ or ‘marked’
when r ranges from 35 or .40 to .50 or .60; as bemng ‘hgh’
when it is above .60 or .70 With the present limitations on
educational testing few correlations in testing will run above
.70, and 1t 18 safe to regard this as a very high coefficient.”
McCall ® hkewse offers a statcment of this sort, but briefer
than Rugg’s, as follows:

tHarold O Rugg, Statistical Methods Appled to Education (Boston,
Houghton Mifthn Co, 1917), p. 256 Also, 4 Pruner of Graphics and Sta-
tietscs for Teachers (Boston, Houghton Miffin Co , 1925), p 97

! William A. McCall, How to Measure sn Education (New York, Mac-
millan Co, 1922), pp 392-393
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When r is 0 to = .4 correlation is low, or
= 4 to =.7 correlation is substantial, or
=7 to =1.0 correlation is hgh.

The present writer believes that the use of adjectives is de-
cidedly unsatisfactory and indeed often meaningless unless
they are employed 1n a defimtely lumted situation. Whether
a coefficient of correlation 1s hugh or fair or low depends upon
the purpose for which 1t 1s employed and the data for which
it is computed. A coefficient of .30 or .40 1s high enough to
indicate that there 1s defimte relationship between the two
things correlated, but 1s so low that estunates of one of the
traits from the other are scarcely better than mere guesses. A
correlation of .80 between school marks mn chemistry and in
physies is relatively high since the usual correlation between
such marks is considerably lower than this, but a correlation
of the same size between two applcations of the same indi-
vidusal mtelligence test is relatively low since the best of such
tests yield coefficients of above .90.

Integpretation in terms of coefficients obtained in familiar
situations. One method of interpreting a coeflicent of correla-
tion is to compare 1t with those commonly obtained 1n situations
with which we are more or less famibar For esample, the
ordinary person has some wdca, vague though 1t may be, of how
closely height and weght correlate, of how much children
resemble their parents in certain easily noted traits, such as
height, color of hair, eolor of eyes, and so forth Therefore of the
correlation in a less familiar situation 1s found to be about the
same as that in a more famhar one, this fact conveys some
idea of how close the relationship 18. This procedure 15 of only
general help, but seems to possess enough mertt to justify the
insertion of Table XLV. In this are given the ranges that in-
clude most of the coeflicients of correlation commonly found in
certain more-or-less familiar situations.

Interpretation in terms of causal factors. A suggested method
of interpreting coefficients of correlation 18 in terms of the propor-
tion of causes or factors operating to influence the sizes of the
two variables, that is common to both. From this standpoint &
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TABLE XLV

Sizes or CorrricIENTS OF CORRELATION CoMMONLY FoUND FOR CHRTAIN
RELATIONSHIPS

School marks 1in different subjects supposed to have hittle in
common, such as foreign language and industnal arts, Eng-
lish and music, and so forth .30-.60

8chool marks 1n subjects supposed to be somewhat similar,
such as English and foreign language, algebra and geometry,

and so forth 40~-.70
Heights of fathers and heights of sons .40-.60
First and second applications of generally accepted standardized

group tests 80- 98
First and second applications of the best individual intelhigence

tests 90- 98
Ages of husbands and ages of wives 85~ 95

coefficient of correlation may be considered as a decamnal fraction
whiuch shows what proportion of the causes that affect the mzes
of two vanables 1s common to both. This interpretation depends
upon the assumption, rarely absolutely valid, that the causes
themselves are not correlated with one another. It 18 Ao as-
sumed that the factors are of equal effect, or at least that the
average effect of the common factors and of each group of non-
common factors s the same.

This method of interpretution may be written 1n formula form
thus

N,

r= ———

VN, Ny

in which N, stands for the number of factors common to the
two vanables, N, for the number in one vanable, and N; for
the number in the other In other words, the number of com-
mon factors 18 divided by the geometric mean of the numbers of
factors of the two varisbles For example, if there are ten
factors that contribute to the size of one vanable or series of
scores, and twenty that contribute to the size of another, and
five are common,

5
== = .35
/10-20
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It is impossible to compute coefficients of correlation by the
formula given above, since we can rarely if ever determine the
total number of factors operating and the relative contribution
of each, Yet it seems to afford a somewhat helpful interpretation
of the meaning of a coefficient already computed. It 1s true that
objection has been made to this method of interpretation in
certain cases,* but it does not appear to the writer that this
objection is justified. The reader who 1s interested i further
discussion of this method of interpretation is referred to Thorn-
dike,® Garrett,® and Nygaard 7

In this connection 1t should be emphasized that not only does
a coeflicient, even a high one, offer no proof at all that one of the
two variables causes or directly affects the magmtude of the
other, but also 1t does not justify the conclusion that some cause
or set of causes operates directly on both The only conelusion
justified by the coefficient 1tself 1s that 1f it 15 possible to trace
causal influences far enough back, enough of them will be found
to account for the degree of relationship mdicated by the
coefficient.

Interpretation through approach to or departure from perfect
correlation. For many purposes, espeaally for dealng with
situations 1n which correlation 1s mvolved m the accuracy of
estimation or prediction, the writer has found that the imnter-
pretation of coefficients of correlation by their departure from
or approach to perfect correlation 1s very helpful Although a
complete discussion of this method of interpretation involves
certain pomnts considered in later chapters, enough will be given
here to indicate how to apply 1t Approach to perfeet correlation
is commonly measured by the cocfficient of correlation, r, or by

4 Chester A. Gregory and Omer W Renfrow, Statistical Method 1n Edu-
catron and Psychology (Cineinnati, C A Gregory Co, 1929), pp 156-150

8 Edward L. Thorndike, “The Constr:ction and Interpretation of Cor-
relation Tables,” Journal of Educational Rescarch, Vol 7, March, 1923,
pp. 199-212,

¢ Henry E Garrett, Staltsfics 1n Psychology and Education (New York,
Longmans, Green & Co, 1926), pp 291-298

*P H Nygaard, “Interpretation of Correlation on the Basis of Com-
mon Elements,” Journal of Educatwonal Psychology, Vol. 23, November,
1932, pp. 578-585.
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E, a measure which will be explained in the next few paragraphs.
Departure from perfect correlation is usually measured by
means of the coefficient of alienation, which may be defined as a
measure of the element of error mvolved in estimating one series
of measurements from another. The coefficient of alienation is
abbreviated by & and 1s given by the formula +/1 = 7% An
examination of the formula makes it evident that the coefficient
of alienation vares inversely to r, equaling zero when r equals
= 1.00, and increasing as r decreases, until it equals 1 00 when r
equals .00.

The process may be carred still a step further, and instead of
finding k, the departure from perfect correlation or element of
uncertainty, one may find the approach to perfect correlation or
element of certanty, E, referred to above, by the formula
E =1 - korl — +/1 — r%. E1salso known as the coefficient of
dependability.

Another symbol almost synonymous with E has been used
by some workers It 1s I, for index of predietion, and is equal
to 100E or 100(1 — k).

It may not be clear to the reader just what is meant by an
element of error, or of certainty, of 2 given amount. In general
there are two bases of mterpretation, one of which 1s the one
just given It 1s the more common of the two, but has often
been employed and interpreted erroncously. The absence of any
relationship between two series of seores is, of course, represented
by a value of r of 00 If this value 1s substituted i the regression
equation ® presented 1 a later chapter, the result is that all
values of the varble bemmg estimated are cstimnated as being
at its mean E or I, shows the unprovement in effictency or
accuracy of prediction o\ er such a situation. To state the same
thing 1n another way, the value of E or I, for a gaven situation
shows how much less the errors 1n the predictions are than they
would be if r = .00 and all values were predicted at the mean,

There 18, however, another possible situation that may be

$ The regression equation, which will be explained i Chapter XIII, is
the best and most generally used means of making such predictions or
estimates as are in question here
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considered to be that of minimum forecasting efficiency and
hence taken as the basis of comparnson. To illustrate it, let us
suppose that someone wishes to predict the semester mark
made by each individual n a class, and that he knows the names
of the pupils and the distribution of scmester marks, but has no
information that helps him to connect a given mark with a given
name. If under these conditions he estimates the mark of each
pupil his estimates are subject to the same degree of error as if
names were put i one hat, marks in another, and the two
pared by chance drawimngs Both situations mvolve complete
uncertainty or no degree of improvement over pure chance and
r, of course, = .00. Such cstimates are more m error than if
the mean were used as desenibed 1n the preceding paragraph,
therefore the improvement oyer this situation associated with
a coefficient of correlation of a given value, exeept =1 00, 18
greater than that over the use of the mean  Fither method of
interpretation 1s correct, but they should not be confused as has
too often been the case For this second method the reduetion
of error over that of pure chance associated with values of r 18
2
given by the formula 1 — ,‘/ ! ‘—)T-, which may be changed to
1 — .7071k. No symbol has come into general use for this, so the
writer suggests that 1t be denoted by E, or I, and that for

1 — k the symbol E, or I, be employed. For the expression
— 2
,‘/ -1—2-1, which equals 7071k, he suggests the symbol ¢ By

substitution, 1t 18 easily seen that K, = .2929 + .7071E,. and
E. = 14142F, — .4142.

To aid m the mterpretation of coefficients of correlation by
the methods just deseribed, Table XLVI 1s mmserted It contams
a number of values of the coefficient, with corresponding values
of k, E., g, and E,. This table snows that if r = 100, both
k and ¢ = .00 and both E, and E, = 100, if r = 99, then
k= .14, E, = .86, g = 10, and E, = .90, and so on for other
values of r. The outstanding fact evident from the table 18 that
when r 1 large small decreases in 1t are accompanied by large
increases 1n k and g and large decreases in both E’s, whereas
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TABLE XLVI

VaLves or k, E,, g, anp E, CorRrRESPONDING TO GIVEN
VALUES OF r

r k E, g E,
1.00 00 100 00 100
.99 14 86 10 90
98 20 80 14 86
97 24 76 17 83
96 28 72 20 80
95 31 69 22 78
94 34 66 24 76
93 37 63 26 74
92 39 61 28 72
91 41 59 29 71
90 44 56 31 69
85 H3 47 37 .63
80 60 40 42 58
75 66 .34 17 .53
70 71 29 50 50
65 76 24 54 .46
60 80 20 57 .43
.55 81 16 .59 41
.50 87 13 61 39
10 92 08 65 35
30 95 05 67 33
20 98 02 69 .31
10 99 .01 70 30
00 100 00 71 29

large changes 1n r when 1t is small are accompanied by small
changes 1n the others To one who is aceustomed to thinking of
coefficients of correlation of 90, for example, as relatively high,
and indeed almost perfect, 1t 1s quite lluminating to realize that
the element of dependabihity 1n a prediction based upon such a
coefficient, is only 56 or 69

This method of interpreting the value of the coefficient of
correlation makes 1t very evident that for closeness of relation-
ghip or accuracy of estunate to approximate perfection the
coefficient of correlation must be very close to 1.00. Also, since
the formule for %, ¢, and both E’s contain r* 1t shows that
whether the value of r 1s positive or negative makes no difference
in the closeness of the relationship, but merely 1n its direction.
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In other words, if r = +.70, for example, the degree of relation-
ship 1s exactly the same as 1f r = —.70, but in the first case the
two vanables tend to increase and decrease simultaneously,
whereas 1n the second as one mcreases the other tends to de-
crease, and vice versa.

If, instead of predicting one actual or fallible measure from
another, a true measure 1s taken as the eriterion, the formuls
given above become, using the subseript 0 for the criterion:

ko = V7w — 15 En,=1—1rq— 14

go = Yrw=—rh E,_=1-— Vi = Th
\/1+7()<) \/1+Tm

In connection with the interpretation of coefficients of cor-
relation through their approach to perfect correlation one fact
not so far mentioned 1s frequently quite significant This is
that thetcorrelation between two senies of data cannot, except
by chance, be higher than the square root of the correlation of
one of them with a duplicate series of measures of the same
thing. Because of this, a correlation coefficient involving a series
of data not perfectly accurate or rehable indicates a higher
degree of correlation between the two variables concerned than
appears on the surface. To aid in interpreting such situations
Huffaker * has suggested the following formula which gives the
fraction of the departure from perfect correlation due to the
inaceuracy of one sertes of measures

‘\/1 hnt T122 - \,/IZIJ_ T‘zg or ,('12 - Vg - 7'122.
V1 -1 ks

In this formula the subscript 12 refers to two different series
of measures and 17 to two semes of measures of one of the
variables. For example, if the coefficient of correlation between
two senes of varnables 1s 80 and one of them correlates .90 with
a duphcate measure of the same thing, the formula gives

V1. —.802— /90 — .80% _

V1. - 802
*C. L. Huffaker, “Predictive Significance of the Correlation Coeffi-
cient,:.’ Journal of Educational Research, Vol 21, January, 1930, pp. 4648.

15
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which means that 15 per cent of the departure from perfect
correlation 18 due to the maccuracy of the measures of the one
variable and of course the remaining 85 per cent of it is due to the
failure of the two vanables to correlate perfectly plus the in-
accuracy of the measures of the other. Thus, since for r = .80
k, the total apparcnt departure from perfect correlation, =
/1= 802 = .60, 83 X 60 or .51 1s the departure from perfect
correlation between accurate measures of one varable and
actual ones of the other.

Interpretation through coefficients of determination and
non-determination. Although the use of k£ and E. or of g and
E, 1s quite common 1t 1s not universally applicable, and 1n some
instances leads to conclusions that are not justified The most
common and probably the most useful vanation from tt is to
employ r?, called the coefficient of determination, and k2, the
coefficient, of non-determination, rather than r and #, E.. and
k,or E,and g Since k = +/1 — r% k* + r? = 1 00, or, in other
words, the sum of A% and 72 represents the total situation just as
does the sum of k and E,,orof gand E,.

The type of situation 1n which 1t 1s legitimate to apply the
method of interpretation just given is that mm which a vanable
18 associated with all of another vanable plus one or more other
factors This means that, f X and Y are the two variables
correlated, one of them, let us say X, 18 determined by all of ¥
plus some other varable or vanables not directly taken mto
account 1n the computation of the correlation In such cases r2,
the coefhiment of determination, represents the proportion or
per cent of the varance in X associated with Y, and k2, the
coefficient of non-deternunation, the proportion assoctated with
the other factor or factors not mcluded in 1© Thus, a coefficient
of correlation between X and Y of 90, for example, indicates that
81 per cent of the clements or factors that determine X are
associated with Y and that 19 per cent of them are not associated
with Y.

If one variable 1s associated with only a part rather than with
all of another variable, plus certain other factors, that 1s, jf the
two variables have one or more common factors that ot
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include all of either of them, the degree of determination of one
by the other 18 expressed by the square of the coefficient of cor-
relation between them divided by the square of the coefficient of
correlation between the common factor or factors and the second
vanable. Thus, if the two vanables are X and Y and the com-
mon factor or factors C, the degree of determination of X by ¥
isgiven by

2
The degree of non-determination in thissituation®1sthen 1 — :7’—,"

oy
In this connection it may be noted that f X — C, Y — C,and C
are uncorrelated with one another, r,, = r.. 7,

There 18 a rather simple relationship existing between co-
efficients of determination and non-determination and the
standard deviations of the varables concerned, which 1t 18
sometimes helpful to know. If ¢, 1s used to represent the stand-
ard deviation of the portion of vanable X that 1s related to ¥
and o5, for that of the portion of variable X that 1s not related to
Y, the standard dewviation of X 1s related to the other two by
the equation 6. = /6% + o2 Moreover, r, = g—l and k,, = :—;3.

Thus if the three standard deviations mvolved are known it is
easy to find the values of r and k and accordingly of »? and k2
without making the complete computation for the coefficient of
correlation between the two vanables.

For further discussion of cocficients of determination and
non-determination and closely related matters pertaiming to
the interpretation of coefficients of correlation the reader is

1 The two formule given here are more general than those in the pre-
ceding paragraphs, which are for the special case resulting when C = ¥,
that 18, when the common factor includes all of ¥ 1 then = 1.00, whence

2
iy

1002

the coefficient of determination = = r4 and correspondingly that

1
of non-determination = 1 ~ -lr—&")—; =1 —rk =k
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advised to see Ezekiel,!! Tryon,!? who gives a method for deter-
mining the value of r,, and also a chart to aid in interpreting r
when the condition that obtains vanes more or less from that in
which 1t 18 appropnate to use 72 and k2, and Dunlap and Cure-
ton.t?

The method of interpreting correlation by means of co-
efficients of dectermmation and non-determination may be
apphed not only to ordinary or zero-order cocfficients of cor-
relation but also 1o those of partial, part, semi-partial, and mul-
tiple correlation, which are discussed m Chapters XVI and
XVII. Coefficients of determmnation and non-determination,
however, will not be mentioned agamn 1n these chapters, since
their apphication to such coefficients 18 essentially the same as to
those dealt with here

Effect of spread of data upon value of r. The interpretation
of the coefficient of correlation also depends upon certain facts
concerning the data for which 1t 1s computed One of these
facts that should be known 1s the spread of the data, that is,
the extent to which they vary or seatter away from their aver-
age. Probably the most common occasion on which this 1s
mportant 15 when there 15 a difference m the number of school
grades from which the data for the two or more correlations
being compared were sceured.  Coefficients of correlation are
frequently determined between series of measurements ob-
tained from a single grade, whereas at other times they are
based upon those from several grades. In many cases the
spread of the characteristic measured 1nereases as the number
of grades 1s inereased. For example, the vanations n height,
weight, mental age, score upon a subject-matter test, ete.,
may be expeeted to be greater 1n two grades than in one, greater
in three than in two, and ~o on The effcet of this increased

it Mordecar Ezekiel, Methods of Correlation Analysis (New York, John
Wiley & Sons, 1930), pp 120, 375-383

12 Roberé Choate Trvon, **The Interpretation of the Correlation Co-
efficient,” Psychological Rerew, Vol 36, September, 1929, pp 419—445.

1 Jack W Dunlap and Edward E Cureton, **On the Analysis of Causa-
tion,"” Journal of Educational Psychology, Vol 21, December, 1830, pp.
857-680.



200 STATISTICAL METHOD IN EDUCATION

spread is to raise the obtained value of the coefficient of corre-
lation even though the actual amount of relationship is not
changed.

Sometimes the effect of increasing the spread 18 so pronounced
that correlations that are negative for a single grade or other
limited group become positive for a more seattered or vanable
group. One of the common examples of this is the correlation
between chronological and mental age  Within any given grade
it is almost always true that the yvounger pupils are brighter
and the older ones duller, so that the correlation between men-
tal and chronological age 1n a single grade 1s usually negative,
generally from —.20 to — 50 If two or three grades are taken
together this correlation changes to about zero, whereas if five
or six are wmcluded 1t becomes posttive, probably from +.50
to +.70, agreeing with the fact that older children tend to
have higher mental ages than younger ones,

Tt should be noted that one group may have a greater spread
than another in some characteristic or characteristics other
than those correlated without affecting the value of r. If the
mean values of the two vanables dealt with 1o the different
situations and also their vanabilities are the same or approx-
mately the same, coefficients of correlation may be compared
with one another directly Such a condition commonly exists,
for example, 1n the cases of inteligence quotients, school marks,
and health ratings. Ordinarily the mean value of each and also
its spread or variabihity 15 practically the same i one grade
as in a number of grades combined. Therefore the correlation
between I Q.’s and school marks, for instance, for a group from
several grades is generally practically the same as for a single
grade group. However, 1t may be that there 18 a difference
the spread of these charactensties due to some less common
basis of grouping than grades. If, for example, pupils have been
grouped according to their mental abihity, the spread of 1.Q.’s
will be greater 1n & combined group embracing soctw* vari-
ous abilities than 1n a single group of bright, average, or dull
pupils

Conversely, the general principle may be stated that if the
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data for heterogeneous groups which in themselves show no
correlation are combined, the total group will show correlation
unless the mean value of at least one of the two variables is
the same for all the onginal groups.

It 18 possible to render comparable coefficients of correlation
obtained from groups with different spreads by means of a
formula which makes allowance for these differences Formulse
for this purpose have been given by Otis ! and Kelley ‘* The
most common case 1n which such a formula 15 useful 1s 1n a
comparison of coefficients of rehability obtained from adminis-
tering tests to groups covering different ranges of ability. The
general formula for the relationship between ranges of true
abiity and reliabihity coeflicients 1s

gy r(l =)

o VAd =1

in which the ¢’s are those of true measures and the r's reha-
bility coefficients The subscript 7 is used for those measures
secured from testing throughout one range of ability, and the
subscript 2 for those secured from testing throughout another.
Solving the formula just given for r, we have

0’?72

= — and
o3l — r2) + o

ri

1 Arthur S Otis, “ The Relinhility of Spelling Scales, Involving a ‘ Devia-
tion Formula’ for Correlution,” School and Society, Vol 4, October 28,
November 1, 11, 18, 1916, pp 676-683, T16-722, 750-756, 793-796.
, ““A Method of Inferring the Change in & Coeffictent of Correla-
tion Resulting from a Change in the Heterogeneity of the Group,” Journal
of Educational Psychology, Vol 13, May, 1922, pp 293-294.
and Herbert £ Kunollin, “ The Rehabiitv of the Binet Scale
and of Pedagogical Scales,” Journal of Educational Research, Vol. 4, Sep-
tember, 1921, pp 121-142

1 Truman L. Kelley, The Reliability of Test Scores,” Journal of Edu-

Research, Vol. 3, May, 1921, pp 370-379
tatastrcal Method (New York, Macmllan Co, 1923), pp 221~
228.

*

, “Measures of Correlation Determined from Groups of Varying
Homogeneity,” Journal of the American Stalsstical .1ssociation, Vol. 20,
December, 1925, pp 512-521
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0'%7‘1 .
o}l — ) + oiny
If nstead of ranges of true measures, which are rare, those of

actually obtained measures are 1in question, the general formula
becomes

re =

o _Vi-n

and those for the two 7’s,

o3
ry=1——=(1 —rg) and
(45
m=1-0-n)

The apphecation of these latter formule may be illustrated
by the following example. Let us suppose that the rehiability
coefficient of a test when given to a relatively restricted group
of pupils 13 .60, and when given to a group covermng a much
wider range, .90, that the standard deviation of the scores of
the first group 1s 10, and that of the second group, 20 In this
connection 1t should be noted that since, 1n determining the
reliability of a test, two administrations of the same test or
of duphicate forms thereof are involved, 1t 1s assumed that the
standard deviations of the two administrations or forms of the
same test are equal. If they are not their average should be
used in the formula. The question to be determined 15 which
coefficient of reliability really represents the higher rehability
in view of the difference in ranges If we consider the subscript
1 as applying to the smaller cocfficient and standard deviation
and 2 to the larger ones and solve for the value of r, correspond-
ing to the obtained value of r;, we have

202
Ty = 1 _mz (l—‘.%) = .60

Since this 18 the same as the actually obtamed value of r,,
it shows that the two sets of data indicate equal reliability



THE COEFFICIENT OF CORRELATION 203

for the test. The same conelusion is also arrived at by solving
for r, instead of r, since r; = 1— == (1~.60) = .90, again the

same as was actually obtained.

In case the two varables dealt with are not similar, the
formule to be used are somewhat different. The general
formula for such a situation 1n which the range of one vari-
able has been curtailed, but not that of the other, 1s o1k = 02k,
m which the o’s used are those of the vanable whose range
is not curtailed Substituting for k& 1its value m terms

of r and solving, we obtam 7, = al\/o? — oi(1 — 7% and
1

Ty = — \/ —02(1 — %) 1f, mstead, 1t 1s desired to have the

formula i terms of the standard deviation of the measure

that 18 curtailed, 1t becomes % = ' whence we obtamn
kga'z k10'1
_ T2 d
VAT h R
gary

N Ve

In denving these formule 1t has been assumed that the distn-
bution 1n the curtailed trait 1s rectihnear and homoscedastic,
that 1s, has arrays of equal vanability.

If there has been selection m both vanables so that both are
directly curtailed, the correction of one coefficient of correla-
tion to render 1t compurable with the other requires the use of
a more difficult formula gnen by Kelley.

Some objection has been raised to the use of this formula
and Dickey ' has proposed another in its place, but at least
some of the points raised have been refuted 7 and an empirical
tryout of the two formuls by the present wnter has shown that

19 Jén W. Dickeyy #On Estimating the Rehatility Coefficient,” Jour-
nal of Appled Psychology, Vol 18, February, 1934, pp 103-115

¥ “On the Assumption That Errors of Estimate Are Equal in Narrow

and Wide Ranges,” Journal of Educatwnal Research, Vol. 4, October,
1921, pp 237-239
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the results from that of Kelley are shghtly closer to the actual
ones than are those from the formula given by Dickey.
Interpretation in terms of displacement. Another means of
interpreting the coeffictent of correlation is in terms of dis-
placement, that 18, of the differences m the positions of the
measures in one series from those of the corresponding measures
in the other. It 1s possible to make such an mterpretation in
terms of any desired amount, that 1s, each series may be divided
into halves, thirds, fourths, fifths, tenths, or any other desired
fractions, and a determimation made of how great the displace-
ment or shift between corresponding measures 1s.  Also, 1n-
stead of expressing this displacement in terms of fractions of
the distnbution, 1t may be stated m terms of measures of vana-
bility such as the median or standard deviation Perhaps the
most common means of expressing 1t 1s 1n terms of the former.
Therefore Table XLVII, which shows such displacement, has
been prepared. This table, which 1s a modification and ex-
tension of one given by Otis,® shows for cach of a number of
values of the coeflicient ranging from 100 down to 00 the
corresponding per cents of cases whose positions 1n the two
series correlated differ by the given numbers of median devia-
tions. For example, if r = 50, 26 per cent of the cases fall
within corresponding divisions whose width 1s one median
dewviation, 43 per cent fall within such divisions whose positions
differ by one median deviation, 22 per cent within such divi-
sions whose positions differ by two median deviations, and so
on. The per cent of cases falling within not more than any
given number of median deviations of the same position 1n the
two distributions may be found by summing the entries in the
appropnate row of the table up to the column corresponding
to the given number of median deviations. Thus the per cent
of cases occupying positions m the two distributtons not more
than three median deviations apart for a value of r = 50 is
found by adding 26, 43, 22, and 7, which gives 98 per cent.
The entries in this table were computed in the following

B Arthur 8 Otis, Statustical Method 1n Educational Measurement (Yon-
kers-on-Hudson, World Book Co, 1925), p 225.
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TABLE XLVII

Per CeENTs OF CasEs DispLacep IN TErMS oF MEpiaN DEviaTIONS
COoRRESPONDING TO GIVEN VALUES oF THE COEFFICIENT OF

CORRELATION
, Medwan Devialions
0 1 2 3 4 5 A 7
100 100
.99 98 2
98 91 9
97 83 17
.96 77 W 23
05 71 20 1-
90 55 43 20
.80 41 48 10 8-
70 34 47 16 28 2-
60 29 13 20 52 7 1-
50 26 413 l‘ 22 7 17 2-
.40 24 40 24 9 26 ] 1-
30 22 39 24 10 36 8 2~
.20 21 37 24 12 46 12 3 1-
10 20 35 24 13 6 18 5 1-
0 | 191 31 |2 |13 7 24 6 | .2-

manner as will be found 1in Chapter XX, the error-of-estimate
formula for two correlated senes of actual <cores 1s /2 — 2r,
whence that for the probable error of estunate or median de-

viation of displacement 18 67450+/2 — 2r, or MdD/2 = 2r.
From this, MdD = ]!f_’)[D_dj_%"; By substituting in this the de-
N2
sired value of r and 5MdDgy.p, 1.5MdDyyp,, 2 5MdDyyp, and so
forth, and finding the arca under the normal curve within the
himits of the values of the median deviation, the results given
in the table were obtamed The same procedure can be applied
and appropriate tables constructed for other mtuations such
as the correlation between actual and estimated scores, actual
and theoretically true scorcs, ete., by employving the proper
formula for the given case mnstead of 0+/2 = 2r. Also by the
proper change such tables can, if desired, be made out in terms
of the standard, mean, or some other deviation mnstead of the
median deviation. The latter 18 convement to use, however,
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because a range of 10MdD includes practically all the cases in
a normal distribution unless N 1s quite large.

Correction for small numbers of cases. In addition to in-
terpreting the reliabihity of coefficients of correlation through
the measures suggested in Chapter XIX, there 15 an additional
method of interpretation from a more-or-less similar stand-
point, which 1t seems well to mention here. A coefficient of
correlation obtammed from a comparatively small number of
cases may ordmanly be taken as the most probable value of
the true coefficient for the actual cases concerned, but when
considered as the most hkely value for the total population of
similar cases 1t 18 desirable to adjust 1t by applying a correction.
The formula 1s as follows

Teorr = /‘/1 - (1 - Tﬂ)(g———: ;)

For example, if a coeficient of correlation of 60 has been se-
cured for twenty cases the most hikely value of r for the total
universe from which this small sampie 18 drawn 18 given by

1/ 1-(1 - 602)(58{%)

which gives .57. It can be seen from the formula that the cor-
rected coefficient will always, as m the example just given, be
less than the actually obtamned one. This correction formula
with a graph by which adjusted coeflicients may be obtained
without computation may be found in Ezckiel

Spurious correlation. If coeflicients of correlation are com-
puted for heterogencous matenal, an element of spurious cor-
relation is frequently mtroduced. Ordinanly this 1s caused by
the effect of some 1rrelevant factor upon the two variables
being correlated. For example, 1f the scores on an intelligence
test that includes an anthmetic test as onc of its parts are
correlated with those on the anthmetic test alone, the fact
that the latter form a part of the former will result in the appear-

1 Mordeca: Ezekiel, Methods of Correlatun Analysms (New York, John
Wiley & Sons, 1930), pp 121-124, 397-398.
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ance of a certain amount of positive correlation that for many
purposes at least may be considered as urrelevant or spurious.
Its exastence does not, of course, affect the fact that the obtained
amount of correlation obtammed between total scores on the
test and those on the anthmetic part thereof exists, but 1t does
affect 1ts mterpretation The ordinary method of eliminating
such undesired factors 19 by the method of partial correlation,
which will be treated later. However, 1t 18 {requently possible
for the worker in this field to obviate the necessity for comput-
mg partial correlations by selecting and cmploying data that
do not mvolve urelevant factors.  For further discussion of
spurious correlation and related matters, the reader 1s referred
to Thomson and Pmtner,® Garrett,* and Dunlap and Cure-
ton #*

Averaging coefficients of correlation. Before closing the dis-
cussion of coectheients of correlation the caution should be
dropped that 1t i~ un<afe to average them. For example, if the
correlation between two varables 1s 40 1m one case, .50 m &
second, and .60 1in a thwrd, one should not conclude that if the
three groups were untted 1t would be .50 Unless the means and
standard deviations of the different groups are the same, one
18 not justified m averaging coeflicients, and even then each
must be weghted by the number of eases that contributed to
it If one knows that the various groups are approximately
homogencous, however, and 1if they are weighted as just sug-
gested, the error imvolved m averaging 1s not hkely to be very
great  Usually all the obtamed coefherents should be given so
as to show their range as well as thewr average

Two general references. In concluding the discussion of the
interpretation of the coefhicient of correlation, the writer wishes

% Gudfrey H Thomson and Rudolf Pmtner, *‘Spurtous Correlation
and Relationship between Tests, Jowrnal of Educational Psychology,
Vol. 15, October, 1924, pp 433—114

1t Henry E. Garrett, Statistics m Psychology and Education (New York,
Longmans, Green & Co , 1926), pp 258-261

12 Jack W Dunlap and Edward E Cureton, “On the Analysis of Causa-
tion,” Journal of Educational Psychology, Vol 21, December, 1930, pp.
657-680.
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to mention two general references on this subject as worth the
reader’s attention. One is by Monroe and Stwit,?® to the first
of whom he also wishes to acknowledge his indebtedness for
the very considerable assistance from as yet unpublished mate-
rial given him in connection with certain points dealt with 1
this chapter. The second, by Furfey and Daly,* is highly
critical of some commonly accepted modes of interpretation.

EXERCISES

1. What are the values of &, F., ¢, E;, 72, and k2 for each of the
following values of ¥? A, 87,8, 71.C, 54, D, 35
2. Which one of each pair of cocflicients given below represents the
closer relationship? Bath are of similar measures
A.r=280,0s=2and 22, orr=.9506's=5 and48
B.r= 40,0's = 25and26,0orr = 85,0's = 5.2 and 5.3.

23 Walter S Monroe and Dewev B Stuit, ““The Interpretation of the
Coefficient of Correlation,” Journal of Erperimental Education, Vol 1,
March, 1933, pp 186-203

# Paul Hanly Furfey and Joseph F Daly, “The Interpretation of the
Product-Moment Correlation Coethetent,” Catholic Unwersity of America
Educational Research Monograpks, Vol VIII, No. 4. Washengton, Catholic
Bducation Press, June 1, 1934, 57 pp



CHAPTER XI

THE COEFFICIENT OF RELIABILITY AND
RELATED MATTERS

The coefficient of reliability. The coefficient of reliability or
of self-correlation 1s the coefficient of correlation between two
apphcations of the same measuring instrument These two
applications may be of exactly the same form, but are generally
of two dupheate and equivalent forms, that s, forms similar
in construction, length, difficulty, ete., but with different con-~
tent If a measuring imstrument composed of a number of ele-
ments has been used only once, a rehability coefficient may be
obtained by correlating scores from alternate elements In
other words, 1tems number 1, 3, 5, 7, and so on, are considered
as forming one test, and 1items 2, 4, 6, 8, and 8o on, as forming
another, and the resulting two sets of scores correlated. This
method 1s preferable to giving the same form twice, but the
result obtained 1s the coefficient of rehiability of one-half of the
test, not of the whole test

Although 1n almost all cases the coefficient of relhability 18
most casily found by sccuring the coefficient of correlation
between the two series of scores 1 question, 1t 18 occasionally
convenient to cmploy another formula This s

2
r (the coefficient of rehabibty) = 1 — D= , or
T

_1_(PE Y
r=1 (MdD‘)
In this ¢).» and PE, » stand for the standard and probable
errors of measurement, measures of reliabiity which will be
explained in Chapter XX,
The Brown or Spearman-Brown formula. What is called the

Brown or the Spearman-Brown formula deals with the relation-
209
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ship between the length of a test and 1ts coefficient of reliability.
It is usually given in the form

- _ . "m .
T 14 (n— Dry,

Tn

In this formula r, 1s the cocfficient of rehability that may be
obtained by applying the test n times, and r,; is the coefficicnt
from two applications Thus if the coetheient of rehability from
two applications of a measwimg imstrument is known, that
which would probably result fiom anv @iven number of apphcea-
tions or a given merease m length ' ean be determmed  For
example, if the coeflicient of rehabihty from two applications
of a test 1s 60 and the test 1~ iy en five times or made five times
as long, the coefhicient of vehiabihty of the lengthened test s

: tt)
hX oo ~ 88

The most frequent appheation of this formula 1s to determine
the rehability of the whole test 1 cases when the reliability has
been determined as mentioned above, by correlating odd with
even elements By substituting 2 for nin the formula it becomes

2r
1+ 7y,
test (that 1s, the coeflicient between the odd and even element
scores) 18 60, for example, that for the whole test 13 equal to
2 X 60
14+ 60

By solving for n the formuls given above may be changed to a
more convenient form for finding the increase i length or num-
ber of applications neeessury to secure a given degree of reliabil-
ity. It becomes

T2 = + Thus, if the coeflicient of reliability of one-half of a

"

Q.

_ 7l =)

) = ——

(1 = )
To 1illustrate 1ts use suppose that a test has a rehability of .70
1 Theoretically there 1s no difference between repeating a test a certain

number of times and giving a similar test whose length 18 the same num-
ber of times that of the first.
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and one of .90 18 desired. Substituting in it,

90(1 — .70)
n= 70(1 = .80) = 3.86.
This means that the test must be made 3.86 times as long, or
applied almost four tumes, to secure the desired rehability of .90.

If there are more than two duplicate forms of a test and results
on all have been correlated with one another there is more than
one coefficient of reliability. One 1s between Form 1 and Form 2,
another between Forms 1 and 3, another between Forms 2 and 3,
and 80 on. Theoretically these various coeflicients should have
the same value In practice, however, they rarely do, hence the
question arises as to which one of them should be employed in
the Spearman-Brown formula. The best practice 1s to employ
their average value, for which the geometric mean 1s probably
the best, although the ordinary mean 1s often used.

The ordinary Spearman-Brown formula, the first one given
in this section, assumes that the intercorrelations among the
tests which, when combined, form the lengthened test, are
equal. If, as may often be the case, those of single tests or forms
with themselves are not the same as those of forms or tests with
other forms or tests, this formula 1s not highly accurate Hol-
zinger ? has suggested the following formula as applicable to the
latter stuation

_ g — an — Dry

T =
" n+ n(n — )ry

In this 7,y refers to the correlations of single forms or tests with
themselves and 1{; to those with different forms or tests.

The valdity of the Spearman-Brown formula has been at-
tacked, but the attack appears to have been answered satis-
factonly, provided the underlying assumptions are met. Of
these the most important in actual practiec 1s that the content of
the various forms or tests concerned be truly homogeneous,
particularly as to difficulty. The reader who 1s mterested 1n
further details of the controversy may find them by consulting

*Karl J Holzinger, '*The Rehability of a Single Test Item,” Joural
of Educatronal Psychology, Vol 23, September, 1932, pp. 411-417.
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the references given below.? Moreover, it has been shown by
several mmvestigators ¢ that the formula applies to ratings of
traits and to some other types of measurement at least approx-
imately as well as to test scores.

Variations of the Brown or Spearman-Brown formula. One
of the underlying assumptions upon which the Spearman-Brown
formula 15 based is that the vanous test units of the measuring
instrument concerned are all comparable and sitmilar forms of the
same test. It 18, however, sometimes desirable to be able to
estimate the coefficients of reliability of battenes of tests that
are not composed of tests stmilar and comparable to one another,
Such situations do not oecur frequently enough to seem worth-
while discussing further here  Instead, the reader who 1s m-
terested is referred to a discussion thereof 1n an article by
Douglass and Cozens.® In general the formula they propose

$Karl J Holzinger, “An Analysis of the Errors in Mental Measure-
ment,” Journal of Educational Psychology, Vol 14, May, 1923, pp 278-
288.

~——— and Blythe Clayton, '‘Further Experiments 1n the Application
of Spearman’s Prophecy Formula,” Journal of Educational Psycholgy, Vol.
16, May, 1925, pp 289-299

Truman L. Kelley, ** The Appheability of the Spearman-Brown Formula
for the Measurement of Reliahilitv,” Journal of Educational Psychology,
Vol 16, May, 1925, pp 300-303

Gies M. Ruch, Luton Ackerson, and Jesse D Jackson, “ An Empirical
Study of the Spearman-Brown VFormula as Applied to Educational Test
Matenal,” Jourral of Educational Psychology, Vol 17, May, 1926, pp.
309-313

C 8 Slocombe, “The Spearman Prophecy Formula,” Journal of Edu-
cational Psychology, Vol 18, February, 1927, pp 125-126

4 Paul Hanly Furfey, “ An Improved Rating-Scale Technique,” Journal
of Educational Psychology, Vol 17, January, 1926, pp 45-18

Ben D Wood, ““Studies of Achievement Tests,” Journal of Educational
Psychology, Vol 17, Apnil, 1926, pp 263-269

H. H Remmers, N. W. Shock, and E L. Kelly, “An Empirieal Study
of the Validity of the Spearman-Brown Formula as Apphlied to the Purdue
Rating Scale,” Journal of Educational Psychology, Vol 18, March, 1927,
pp- 187-195.

Kate Gordon, “‘Group Judgments n the Field of Lifted Weight,” Jour~
nal of Ezpersmental Psychology, Vol 7, October, 1924, pp 398-400

$ Harl R Douglass and Frederick W Cozens, “On Formula for Esti-
mating the Rehabuity of Test Batteres,” Journal of Educational Psy-
chology, Vol. 20, May, 1929, pp 369-377.
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yields relisbility coefficients for the complete measuring instru-
ment somewhat less than would be obtained from the Spearman-
Brown formula,

The effect of increasing the length of a test not only upon its
reliabihity but also upon its vahdity can be determined by means
of a modification of the Spearman-Brown formula as follows:

_ TTTh _ nrp
T = T‘W/l o =Tram " Vn ¥ aln = Drant.

In this formula 7y, represents the correlation between va-
riable 1 and » forms of vanable 2 combined 1nto a single score;
riz 18 the average correlation of variable 1 with each form of
variable 2, and ry 1s the average rehiability coefficient of the
measures of variable 2 Thus, if the average correlation between
the vanables 1s 50 and the average rehabihity coefficient of
variable 2 15 80, the correlation between variable 1 and the
combined score on four forms of varnable 2 1s given by

04/ S
) 1+ -1 80

which equals 54 As has been pointed out aptly by Paterson and
others ¢ 1n their diseussion of this formula, although lengthening
a test very frequently increases 1ts coefficient of rehability so
largely that 1t may approach 1 00, 1t usually has comparatively
small effeet 1n inereasing the correlation between it and another
test, that 1s, 1ts coefhcient of vahdity with respect to another
test Moreover, the maximum possible value of the vahdity
coefficient 1s hmited by that of the rehability coefficient. It

,
cannot exceed the value given by the fraction —'%- which is

Ve
obtained by putting n equal to infimty 1 the equation given
above. Thus, 1n the case just used 1ts maximum possible value is

= 56 If both tests are lengthened the correlation between

.5
v 80

$ Donald G Paterson and others, Minnesota Mechanical Ablaty Tests
{Minneapolis, The University of Minnesota Press, 1930), pp. 373-375.
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their lengthened forms is
N1

Tin1)ngy = Vi + ni(ni — Drullns + ne(ng — Drad o

ninsg
’“1/[1 F (m = Dralt + (52 — Dra) |

It is also possible to estimate the effect of an increase 1n its
reliability upon the vahdity coefficient of a test. The following
formula shows this relationship

Ry =112 I—@
TaIl
In this Ry, and R refer to the increased coefficients of vahdity
and reliabihity, respectively Thus if a test has a coefficient of
validity of .60 and of rehability of 75, and the latter 1s increased
t0 .90, the coefficient of validity becomes

90

The formula given above for 7,,,y may be solved for n, giving

2
n = 1 — 7o or Time(l — 72r1)
2 2
h —r Tie = Tall Titnp)
- 2l
T1(n2)

and enabling one to determine the change 1n the length of a test
necessary to secure a desired validity coefficient Thus, if that
of the single test 1s .65, the rehability coefficient .80, and a valid-

T0°(1 = 80) _np
652 — 80 x .702 T
thus showing that the test must be made about three and one-
fifth times as long, or repeated that many times, to secure a
coefficient of validity of 70 If the desired vahdity coeflicient is
very much greater than that actually obtamned the formula is
liable to gmive a negative result. This indicates an impossible
condition, that is, that the coefficient of validity eannot be
increased as much as 18 desired by merely increasing the reliabil-
ity.

ity coefficient of .70 is desired, n =
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The index of reliability. If a measuring instrument were per-
fectly reliable and were used by competent persons, and if
conditions at the time of measuring were identical, 1ts coefficient
of reliability would be 100, When, as always, this 18 not the
case, 1t 18 Likely that there are errors in both sets of measures
rather than that all are 1n one. Therefore the coefficient of
rehability 1= Jowered by the presence of these two sets of errors,
one m each series  In a single series of measures only one get of
errors 15 present, and the correlation between this single series
of obtaincd measures and the theoretically true scores 15 lowered
less by tlus single set of errors than s the correlation i the
previous case by the two sets The coeflicient of ecorrelution
between a set of theoretically true seores and one of obtained
scores Is citled the indes of reliability and 1s equal to the square
root, of the coeflicient of rehabibity It 1s thercefore always larger
than the latter unless both equal 1 00 or 00

The theoretieally true seore referred to above may be defined
as the mean of an wntunte number of obtaned scores that have
been corrected for any practice effect or constant or systematic
error 7 It cannot actually be obtained From a practical stand-
pomt, however, one mav think of 1t as the mean of as many
obtained scores as are avatlable,

Attenuation and its correction. It was stated in the preceding
chapter that the effeet of chance errors 1n the measures mvolved
1n correlation 18 to reduce the value of the coetheient of correla-
t1on so that the setually obtamed value 1s fess than the true value.
This reduction 1s known as altenuation  Ordinanly it cannot be
eliminated by mcreasing the number of eases upon which the
coefficient 1s based. To determine the true coefficient of cor-
relation one may employ the proper one of several formuls,
which will be presented mn tlus seetion.

Before proceeding to discuss correction for attenuation, how-
ever, 1t may be well to explun why the effect of vanable errors
is to lower the obtained cocfhaient of correlation. To illustrate
this the example 1n Table XLVIII may be used. In this table X

" The meaning of a constant or svstematic error i1s explained n the
diecussion of unreliabiity i Chapter XIX.
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TABLE XLVIII

ILLUSTRATION OF THE EFFECT OF VARIABLE ERRORS IN REDUCING OR
ATTENUATING THE COEFFICIENT OF CORRELATION

X ¥ €x ey X’ Y’
10 20 -1 -1 9 19
) 18 +1 —~1 10 17
8 16 +2 -3 10 13
7 14 -2 +1 5 15
6 12 +2 +2 8 14
5 10 -1 +3 4 13
4 8 -3 ~2 1 6
3 6 +3 +2 6 8
2 4 +1 -2 3 2
1 2 -2 | +1 -1 3
y = 1 m r = 79

and Y represent two seres of data between which perfect cor-
relation exists The e, and e, columns contain errors distributed
by pure chance among the ten measures of each series. In each
series 1s one error of +3 and onc of —3, two of +2 and two of
—2, two of +1 and two of —1. When the errors are added to
the ongnal measures the results are the entries found m the
X’ and Y’ ecolumns. Thus these entries correspond to the actual
measures that would be obtained if there were perfect correlation
between two series of true measures, but if the actually obtamned
measures were subject to chance errors such as are given n the
e. and ¢, columns An mspection of the X' and Y’ columns
indicates that although therc 1s fairly high correlation between
them it is not perfect. By computation the coefficient of cor-
relation for these two scries 1s found to be .79, thus showing a
decrease of .21 from the correlation of 100, which indicates the
true relationship between the charactenstics measured.

In order to correct for aitenuation 1t 18 necessary to have two
senes of measures of each of the two varables or to know the
coefficients of rehability of the measures of the vanables as well
as the coefficient of correlation between them. For example, if
pupils’ heights and weights are being correlated there must be
two measures of height and two of weight for each pupil, or the
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reliabilities of the measures must already be known. Since two
series of measures or reliabihty coefficients are not always
available, correction for attenuation cannot always be made.

The general form of the formula for correction is a fraction
in which the numerator represents correlation between one
vanable and the other, and the denominator correlation between
the similar series of measures, that g, rehabibty Letting X and
Y represent the two vanables, and the subscripts 7 and 2 the
two series of measures of each, and when, as usually, chance
errors exist 1n the ease of both vanables, the simplest form of the
formula for correcting for attenuation 18

true rp = e

There are, however, four possible ways of computing the term
used 1n the numerator, that 1s, the correlation between X and Y.
These may be represented by the symbols 7.y, 72y, 724, and
.y, That s, the first series of X measures may be correlated
with either serics of Y measures, and, likewise, the second
series of X measures with either one of the Y measures. Probably
the best usage 1s to employ for the numerator the geometrie
mean of the four coefficients, which gives

L]
true ro = \/r“)vl r‘l"z r":”x Tepy,
=

\/r‘lxi Ty,

but almost as good results are obtained by the somewhat easier
formula:
Tew, Ts

true o = —
T’l‘a r“l":

bl

Expressing this in words, the true coefficient of correlation
between X and Y 1s found by taking the square root of a fraction
whose numerator 1s the product of the coeflicient of correlation
of the first senes of X mcasures with the sccond series of ¥
mensures times the coefficient of the second senes of X measures
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with the first series of Y measures, and whose denominator is
the product of the coefficicnts of reliability of the two senes of
Imeasures.

In employing any form of the formula for attenuation one
should obtain the coeflicients used m both numerator and
denominator from the same series of data. If these are not
available, coefficients from series having cqual ranges may be
used.

To illustrate the appheation of the last formula given above
let us suppose that the same pupils have been given two spelling
tests and two reading tests, and it s desired to find the true
coeffictent of correlation between scores thercon  Furthermore,
let us suppose that the first senies of spelling scores and the
gsecond of reading scores corrclatc 50, the second of spelhing
soores and the first of reading <cores, 40, the two series of spell-
ing’scores, 70, and the two senes of reading scores, 80 The
coefficient of correlation correeted for auttenuation 1s then

50 X 40
1/ 0 x 5o = 99

It happens occasionally that one wishes to correet for attenua-
tion 1n cases m which one <enies of measurements 1s perfectly
rehable, that 18, contains no vanable errors  In such eases one
of the reliability cocflicient< 1< 1 00 and need not he expressed;
therefore the denominator contauns only one eocflicient, that
between the two series of measures of the vanable that has the
errors, Since the two series of measures of the other vanable
will be the same 1f there are no errors m 1t, 1t 15 not necessary
to obtain both, and accordimgly the subscripts 7 and 2 are not
employed for that vanable If the X measures arc assumed to
contain no errors, the formula becomes

Toy Ve
true Ty = V__] "
Ty

V2

To illustrate this suppose that perfectly accurate measures of
chronological age have been correlated with scores on two forms
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of an intelligence test. If the correlation between age and score
on one form is .85 and that between age and score on the other
form .88, and if the coefficient of rehability of the test is .92,
true r = 1/ 85X 88 :2 88, which equals .90.

It may be seen by mspecting the formulz in this section that
the higher the coefficients of rehabihty, the smaller the amount
by which the obtained coefficient of correlation 1s inereased by
correcting for attenuation. If the measures of both variables
are perfectly rehable, the corrected or true coefficient of cor-
relation 1s exactly the same as that actually obtained, since no
attenuation 1s present in the latter.

Attention should also be called to the fact that occasionally
the application of this formula yields a value for the true co-
efficient of correlation greater than 1 00. This oceurs when the
correlation between the measures of one vanable and those of
the other 13 greater than that between the two measures of the
same vanable, and shows that one or both of them are too un-
reliable to justify their use In actual practice such a situation
rarely occurs, except when all of the coefficients are so low as to
have little sigmificance, or the number of cases concerned too
small to yield trustworthy results

The reader should not infer from the preceding discussion that
1t 18 always, or even usually, desirable to correct coeflicients of
correlation for attenuation when 1t 18 possible to do so. Indeed,
in dealing with a practical situation 1t 18 ordinarily not desirable
to do so, since 1n such a case one is generally concerned with the
measures as actually obtained, including vanable errors, and not
with 1deal measures that contain no such errors  Yet, if, as is
sometimes the case in expenmental work, one 1s interested 1n
determuning the true degree of relationship between the two
vanrables concerned without regard to mnperfections or in-
accuracies 1n the measures, the corrected coefficients yield the
desired information.?

8 Good discussions of certain pomnts connected with attenuation may be
found 1n the following
Mark A May and Hugh Hartshorne, Studies 1n Deceit, 1 (New Yori
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A fairly common situation of the sort just mentioned is in
the companson of test scores with criterion measures, that is,
with measures taken as standard or true measures. The cor-
relation between the test scores and the criterion measures is
lower not only because of the unrehability of the test itself,
but also because of that of the criterton measures. Therefore
it 15 sometimes helpful to be able to make what may be
called a half correction for attenuation, that 1s, to correct for
the unreliability m the criterion measures, but not for that
in the test scores In order to do this there must, of course,
be two independent measures of the criterion  If X 1s used
for the eriterion measures and 1 for the test scores, the formula
for the correlation between test scores and true entenon
measures becomes °

T +auy

Trueryy = —
zrnn
1/ 5 rom

This is obtamned by applymng the Spearman-Brown formula to
the denominator of the previous formula

To 1llustrate the use of this formula suppose that a test cor-
relates .60 with the sum of two criterion measures, and that
the latter correlate .50 with each other Substituting 1n the
formula gives

60

WA
1+ 50

which equals .73. In other words, the correlation between the
test scores and the true criterion measures 18 .73, which, rather

Macmillan Co, 1928), Bgok 11, Ch vi, “Methods of Correcting Coefhi-
cients of Correlation for the Influence of Errors of Measurement

Mordecar Ezekiel, Methods of Correlation Analysis (New York, John
Wiley & Sons, 1930), pp 270-276

9 For further discussion of this formula see. Edward E Cureton and
Jack W. Dunlap, “The Correlation Corrected for Attenuation mn One
Vanable and 1ts Standard Error,” American Journal of Psychology, Vol.
32, July, 1930, pp 405-407

Clark L. Hull, Aptitude Testing (Yonkers-on-Hudson, World Book Co.,
1928), pp. 244-245.
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than .60, is the measure of the true vahdity of the test when
compared with the criterion,

There has also been suggested a modification of the ordinary
formula that may be used when 1t 18 desired to correct for attenu-
ation and at the same time to combine the two senies of meas-
ures of each variable into one series  The following formula,
which combines the Spearman-Brown formula with the ordi-
nary one for attenuation, 18 employed for this purpose:

7(r 'kiliﬁ{l +y2)

true Tixydrshvn ) = Ve 2-7" ) 7‘_27—_
iy ks UL
/‘/(1 + l.nz,)(l + rleI)

To ilustrate the use of this the example mvolving spelling
and readmng-test scores already emploved will be used again,
For the numerator 1t 13 necessary to find the eorrelation between
the combined spelling seores and the combined reading scores.
Assuming that this 15 50, the formula gives

50
frue 7 = —— e e =

72X T0\/2 X 80\
V (1’3770)(1_-%_97))

Constriction, dilation, and distortion. In addition to the
correction for attenuation, there are certain other corrections
which may be but 1arely are applied, therefore they will be
named and desenibed briefly, but no formula will be given for
them The other effccts for which corrections are needed are
known as constriction, dilation, and distortion  Constriction
apphes to a case 1n which some 1rrelevant correlation or rela-
tionship has been admitted and reduces the size of the coeffi-
cient obtamed The cortection for this, therefore, serves to
increase the size of the obtammed coeffiment Dilation refers
to the opposite, that 1s, the exclusion of relationship that should
be wncluded. The effect of correcting for dilation, therefore, is

¥ For further discussion of this formula see. Edward E Cureton and
Jack W Duanlap, *‘Spearman’s Correction for Attenuation and Its Probable

Error,” American Journal of Psychology, Vol. 32, Apnl, 1930, pp 235-245.

Clark I. Hull, Apliude Testang (Yonkers-on-Hudson, World Book Co.,
1928), p 243.
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to decrease the size of the coefficient actually obtained. Dis-
tortion is the term used when there is correlation between both
of the two series and a third rrelevant variable, The effect of
this third variable is to increase the obtained coefficient so that
applying the correction makes 1t smaller. A discussion of con-
striction, dilation, and distortion may be found in Thorndike.!!

EXERCISES

1. Compute the coefficients of rchability for each of the following
cases A. 0., =4, 0 =6,B. 0., =210 =256,C. PE,., = 8.5,
MdD =125, D. PE,, = 1.5, MdD = 87.

2. Show that, since ¢, o = V'l — r, the formula r = 1—(0—”3-)
reduces to r = 7. ‘

3. What is the coeffictent of rehability of the lengthened or repeated
test in each of the following cases? A r = .70, twice as long;
B. r = .85, three times as long, C 7 = .90, one and one-half times as
long, D. r = .40, eight times as long

4, How many times as long must tests with the given coefficients of
reliability be made to attain those mdicated? A r = .50, to be .80,
B.»=.65tobe.90,C. r = 88, tobhe 05 D. r = 92, to be 98.

5. What 15 the coeflicient of vahdity of the lengthened test i each of
the following instances?

A. Coefficient of vahdity = 53, coefficient of rehabity = .75,
three times as long

B. Coeflicient of validity
twice as long.

C. Coefficient of vahdity
four times as long.

6. How many tumes as long must tests with the given coefficients of
validity be made to attain those mdicated?

A. Vahdity coefficient, 76, to he 80, reliabihity coefficient, .88.
B. Vahdity coefficient, 48, to be 60, rehabihity coetheient, .78.
C. Valdity coefficient, 62, to be 66, rehability coefhcient, .85.

7. What 18 the largest possible value to which each coefficient of va-
hidity given in Exercises 5 and 6 can be raised by lengthening the test?

8. What valdity coefficient results from increasing the reliabihity
coefficient as shown below?

A. Valhdity coefficient, .50, relability coefficient, .70; increased
to 90.

N E. L. Thorndike, An Introduction to the Theory of Mental and Social
Measurements (New York, Teachers College, Columbia University, 1913),
pp. 177-182.

78, coefficient of rehability = .92,

40, coefficient of rehability = .85,

1
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B. Validity coefficient, .65, reliability coefficient, .85; increased
to .95.
C. Validity coefficient, 42, reliability coefficient, .63; increased
to .84.
9. Find the coefficient of correlation corrected for attenuation in
each of the cases given below. Select and use the approprate formula
for each.

COEFFICIENTS OF CORRELATION COEFFICIENTS OF
BETWEEN DIFFERENT MEASURES RELIABILITY
A. .55, .64 75, 88
B. .72, .78 .82, 1.00
C. .45 (test with sum of two criteria) .60 (criterion)
D. .70 80, 84
E. .78 (sum of two sinular series) 88, .92
F. .65, .68, .73, .76 82, .95



CHAPTER XII
RANK CORRELATION

Introduction. Since much labor 18 required to compute the
coefficient of correlation a shorter and casier method of deter-
mining the relationship between paired measures 1s needed.
To meet this need rank correlation has been devised. As will
be seen later in connection with its computation this method
is based upon the ranks of the measures concerned and not
upon their exact magnitudes Its use 18 himited by the fact
that 1t may be applied only to measures arranged 1n columns
or simple seres and not to those 1n a correlation table. When
the number of cases concerned 18 small the rank method is
easier than the product-moment method, but as the number
increases 1t becomes progressively more difficult. In practice
it in rérely used when the number of cases 1s greater than thirty
or forty. It does not yield so reliable a result as does the product-
moment method, but since the unrchability i both is great
when the number of cases 1s small, 1t makes comparatively
little difference, from this standpoint, which 1s employed On
the whole it may be described as an approximate and easy
method that i1s gencrally sufficiently aceurate if few cases are
concerned. In some 1instances, however, 1t 18 employed with
larger numbers of cases because only their rank orders and not
their exact sizes are known.

Assigning ranks. In order to compute a coefficient of rank
correlation it is necessary that the measures m the senes con-
cerned be ranked in order of size. Although ranking measures
is & common procedure entirely apart from rank correlation,
it seems desirable to explain bnefly how 1t should be done.
This wll be illustrated by employing the first, or X, sernes of
twenty scores already used a number of times to illustrate
other poiuts. These scores are given in order of size in the first

224
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TABLE XLIX

AssioNING RANEs TO Scogres

Score Rank
125 20
119 19
118 18
111 17
106 16
100 15

98 14
97 13
4 11.5
94 11.5
92 10
89 9
88 8
84 7
82 6
81 5
77 4
75 3
74 2
72 1

column of Table XLIX In the second column are the ranks
assigned these scores The lowest score 15 given rank 1, the
next lowest rank 2, and so on up until the ughest receives the
largest rank, in this case, 20 The only point about which
there is likely to be any difficuity is that of assigning ranks to
the two scores of 94. 'The score immediately below them, 92,
has a rank of 10; therefore the next two ranks would be 11 and
12. Since the two scores of 94 are tied for these ranks, each is
given the average of the ranks, 11.5  After this the assignment
of ranks continues as before, the next being 13, the next, 14,
and so on. If there had been three seores of 94 mnstead of two,
each would have received a rank of 12, since the three would
have represented ranks of 11, 12, and 13, of which 12 18 the
average.

The computation of rank coefficients of correlation. There
are two formule commonty employed in computing rank coeffi-
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cients of correlation. The simpler of these 18

82

N2—-1

In this, which is known as the foolrule formula, R stands for
the rank coefficient of correlation and g for the gain in rank
from one series to the other. The other and better formula is

6ZD?
p(I‘hO) =1 :vm

R=1-

In this p stands for the rank coefficient of correlation and D
for the difference 1n ranks in the two series. The latter was
intended to yeld results comparable with that obtained by the
product-moment formula, but 1s based on the assumption of a
rectangular rather than a normal form of distribution of data,
and since this has been shown to be fallacious 1n most cases,
values of p do not correspond exactly with those of r. However
the difference 18 comparatively small. In the case of R there
is no close correspondence with r at all, but, as will be shown
later, the values of both p and R may be transmuted so as to
be approximately equivalent to those of r for the same data.
The former varies within the same limits as does r, from —1.00
to +1.00, and has a defimtely known error.  The minimum
value of R 18 —.50 if the number of cases 18 odd and approxi-
mately that if 1t 18 even, and its maximum +1.00. Its error s
not definitely known.

Table L illustrates the computation of coefficients of corre-
lation according to both rank formule. The first two columns,
headed X and Y, contain the same two sertes of data for which
the product-moment coefhcient has already been found. The
third column, headed R., contains the ranks of the measures in
the first column, and the fourth, headed R,, the ranks of the
measures in the second column. In the fifth column, headed
D, are the differences between the corresponding ranks in the
third and fourth columns These are determined by subtracting
each rank 1n the fourth column from the corresponding one in
the third. Thus the first difference 18 <41, from 20— 19, the
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TABLE L
ComPUTATION OF RANK CORRELATION
b.¢ Y R. R, D D
125 96 20 19 +1 1.00
119 93 19 18 +1 100
118 97 18 20 -2 4.00
111 84 17 135 +35 12.25
106 89 16 17 -1 100
100 79 15 9 +6 36 00
98 88 14 16 -2 400
97 86 13 15 -2 400
94 84 115 135 ~2 400
094 78 115 8 +35 1225
92 76 10 7 +3 900
89 83 9 115 —-25 625
88 83 8 115 -35 1225
84 75 7 6 +1 100
83 80 6 10 —4 16 00
81 72 5 4 +1 100
77 73 4 5 -1 1.00
75 86 3 2 +1 1 00
74 70 2 3 -1 100
72 62 1 1 0 00
Tg =210 | 12800 = TPt

x|
Tt -1 =17 59 = 88+ r = 89)

6 X 128 768

pnl.—é—(’)v\"_),ili——“l): 1 —@s 90+ (r = .91)

R=1

second also is +1, from 19 — 18, the third 18 —2, from 18— 20,
and 80 on. The last, or [)?, column contamns the squares of the
entries 1n the D column. The sum of the positive entries in the
D column 18 found, 1n this case bemng 21. It 1s known as Zg
or ZG, that 18, the summation of the gains. The accuracy of
the addition may be checked by totaling the negative entries,
which should give the same numerical result as the positive.
This sum, along with N, here 20, 18 substituted in the formula

966—21(:2-11 = .68+. The sum of all

the entries in the D? column, denominated D2, is employed

for R, thus giving R = 1 —
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in the formula for p. In this case

6 X 128
p—1—2—0(§6-,‘,——_—1'5—.90+'

It 1s decidedly helpful in ranking the measures in the two
geries to have them arranged 1n order of size; therefore the
entries in one column, usually the first one, should be arranged
in this order when one begins the construction of a table for
the computation of rank correlation If the corresponding
order of those in the other column 18 very confused it 18 prob-
ably worth-while to arrange them n order by themselves and
assign ranks, then transfer the ranks to their proper places m
the R, column.

The computation of £ and p may be considerably facilitated
by the use of a table such as has been suggested by Cureton.!
For this purpose Table LI 1s given In 1t are tabulated the

values of Nzﬁ_ and b for values of N from 10 to

1 N(N2-1)
TABLE LI
> 6 6

CORRESPONDING TO VALUES or N

VaLUES OF 37— AND T ™)

FroM 10 1o 40

6 6 6 6 6 6
Mg NNz — 1) Ny -Tlvwe =1 Ny V(NI —1)

10| 06061 | 006061 [[20] 01304 [ 000752 || 30} 00667 | 000222
11} .05000 | 004545 [121] 01364 | 000650 | 31| 00625 | 000202
12| .04196 | 003497 (22| 01212 | 000565 |{32] 00587 { 000183
13 .03571 | 002747 (| 23] 01136 | 000491 || 33| 00551 | 000167
14] .03077 | 002198 (21| 01013 | 000135 [ 31) 00519 | 000153
15} 02678 | 001786 || 25| 00962 | 000385 | 35] 00490 | 000140
16| .02353 | 001471 {{ 26| .00889 | 000342 |/ 36| 00463 | 000129
17| .02083 | 001225 {127 | 00824 | 000305 {37 00439 | 000119
18| 01858 | 001032 128 | 00766 | 000274 | 38| 00416 | .000108
19 .01867 | 000877 [120( 00714 | 000246 (39| 00395 | .000101
40| 00375 | 000004

! Edward E Cureton, “Note on the Computation of the Rank-Dhffer-
ence Correlation Coefhicient,” Journal of Educational Psychology, Vol. 18,
December, 1927, pp 627-630
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40, inclusive. Employing this table, one needs only to multiply
Zg or ZD? by the proper entry in the table and then subtract
the result from 1.00 1n order to determine the value of R or p,
as the case may be. Applying this to the example given in
Table L, we find the tabular entries corresponding to N = 20
are .01504 and .000752. Therefore B = 1—.01504 X 21 and

= 1 — 000752 X 128 which, of course, give the same results
as those previously obtained, 68 and .90.

Changing R and p into r. It 18 common practice that instead
of rank coefficients of correlation being used as obtamned, they
are changed mto values more nearly equivalent to product-
moment coefficients of correlation. This may be done by means
of the following two formule, the first of which 15 used with
R and the second with p r = 2cos; (1 — R) — 1, and r =
2amn(zp). Tables have been prepared from which the values
of r corresponding to those of R and p may be read off directly.
Table LII presents the values of R and the corresponding ones
of r. For the example given in Table L, n which B = .68, the
corresponding value of r according to the table 18 seen to be
about .89,

A smmilar table might be presented for p, but since the dif-
ferences are comparatively small and do not change greatly,
the following approximate rule may nstead be apphed. If p
equals from 00 to 10, make no change, 1if from .11 to .36, add
.01; if from .37 to .76, add 02; if from .77 to .94, add .01; if
from 95 to 1.00, do not change. Since 1n the example just
given p = 90, the corresponding value of r 1s obtamned by
adding .01, and 18, therefore, 91.

It will be recalled that the product-moment coefficient of
correlation for these dats was 91, the same as the value of r
just obtained from p, and only two points different from that
obtained from B. In most instances, as in this, the values of r
obtained from p and R approach quite closely to those obtamned
by the direct computation of r. In very few cases is the differ-
ence as great as .10 and 1o most instances 1t 1s not more than
.05.

In conneetion with rank correlation it should be noted that
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TABLE LII

VALUEs oF PropucT-MoMENT r CORRESPONDING TO VaARIOUS VALUES

or Ranx R *

Parr A PosiTive Valves

R r R r R r R r R r
00 000 .20 338 40 618 60 827 80 956
01 018 | .21 354 41 630 61 836 81 961
02 .036 | .22 369 42 642 62 844 82 0985
03 .054 23 384 13 654 63 852 83 968
04 071 24 399 44 666 64 860 84 972
05 089 .25 414 45 677 65 867 85 975
06 107 26 429 46 689 66 875 86 979
07 124 27 444 47 T00 67 882 87 982
08 .141 28 458 48 711 68 889 88 984
09 159 29 472 49 721 69 896 89 987
10 176 30 486 50 732 70 902 90 989
11 192 31 500 51 742 71 908 91 991
12 . 200 32 514 52 753 72 915 92 993
13 226 33 528 53 763 73 921 93 995
14 .242 34 541 54 772 74 926 94 996
16 259 35 554 55 782 75 932 95 997
16 275 36 567 56 791 76 937 96 998
17 291 37 580 57 801 77 942 a7 999
18 307 38 593 58 810 78 0947 98 | 1000-
19 323 39 606 59 818 79 952 99 1 1000~
100 | 1000
Part B NeoaTiveE VALUES
R r R r R r R T R r
00 000 10 187 20 382 30 584 40 791
01 018 11 206 21 402 | .31 605 41 812
02 .036 12 225 22 422 | .32 625 42 833
.03 .055 13 244 23 442 33 646 43 854
04 073 14 264 24 .462 34 666 44 874
05 092 15 283 25 482 35 687 | .45 895
.06 111 .16 303 | .26 513 | .36 708 | .46 916
07 130 | .17 323 27 523 37 729 | .47 937
08 148 18 342 28 543 | .38 | .749 | 48 958
09 187 | .19 362 1 .29 564 | 39 | 770 49 979
50 1.000

# The values were computed by the formuia r = 200-%(1 -R)y~-1
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a rank ocoefficient of 1.00 indicating perfect correlation may
frequently be secured when the product-moment
correlation is somewhat lower. This 18 because rank gi 1(7)8
methods do not take into account how much larger o

or smaller one measure 18 than another, but merely 92
the fact that it 1s larger or smaller, whereas the 21
product-moment method takes account of the exact 20
amount of difference. For the data given at the 19
right, for example, the measures of both are in the ig
same order, and therefore both rank coefficients of
correlation are 100, but 71s only .94

Hull ? has suggested a method of securing a product-moment
coeffictent of correlation from ranked data that 1s based upon
the transmutation of ranked measures 1nto hnear or numencal
measures  Ordmarily it 18 employed only when there are groups
of ranked measures It does not appear to the wnter, however,
that this method has any advantages over the computation of
a rank coefheient and 1ts transmutation into r  The amount of
work required by the two methods 18 about the same. The
result does not appear to be any more reliable, and the method
is not at all well known  Therefore 1t will not be explained
detail here. Perhaps its one real advantage 1s that 1t can be
employed with data tabulated 1 a correlation table Hull has
also prepared a table by which ranks may be changed mto
linear scores for use with this method ?

Coefficient of correspondence. The coefficient of correspond-
ence 18 not a method of rank correlation, but serves the same
purpose—to give a somewhat rough measure of relationship
between two series of measures. It may be defined as the
per cent of individuals that have the same relative position
within the group mm onc series of measures as in the other.
This definition depends upon the meaning given to the ex-
pression have the same relalive position. There are several ways

whrnSREY

1 Clark L. Hull, “The Computation of Pearson's r from Ranked Data,”
Journal of Applied Psychology, Vol 6, December, 1922, pp 385-390.

3 Clark L Hull, Aptstude Testing (Y onkers-on-Hudson, World Book Co.,
1928), pp. 491492
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in which this expression is interpreted and therefore several
ways in which to compute coefficients of correspondence.

One of these is to rank the measures 1n the two series and to
consider an individual as maintaiming the same relative posi-
tion if his ranks do not differ by more than a certain number.
There 18 no agreement as to what this number should be. It
is usually more or less dependent upon the total number of
cases, being small when the total number 1s small, and large
when it 18 large.

Another somewhat similar method 18 to divide the two
series of measures into groups, cach containing an equal num-
ber, by finding the tertiles, quartiles, quintiles, or other divi-
gion pomnts. All individuals in the same third, fourth, or fifth,
ete., of the two distnbutions are considered as having the same
relative rank, It 1s perhaps most common to make use of quar-
tiles in this connection, although tertiles and quintiles are com-
monly used and other division points occasionally. .

What 18 probably the most satisfactory method from a statis-
tical standpoint 1s to base relative position upon the deviation
of each measure from the average of 1ts senes This deviation
is expressed m terms of some measure of deviation. An mndi-
vidual 18 considered as maintamning the same relative position
when his deviations 1n the two series do not differ by more
than 1MD, 1o, or 1MdD, as the case may be. This method 1n-
volves considerably more labor than erther of the others

The example m Table LIIT illustrates the applieation of
these various methods of computing the coefficient of corre-
spondence. The first two columns show the marks of sixteen
pupils m grammar and spelling. The third and fourth contain
their ranks. In the next, headed Corrp, that 1s, correspondence
by ranks, a figure 1 15 placed after each individual whose
ranks in the two sertes do not differ by morc than 3.4 The
pumber of cases in which the ranks do not differ by more

¢The use of 3 is entirely arhitrary. It was chosen because 1t 18 one-fifth
of the greatest possible difference in rank, and therefore roughly corre-
sponds to the distance between quintile points Any other number, such
as 2 or 4, might have been selected instead.
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than 3 is 13. Therefore the coeflicient of correspondence ao-
cording to ranks, a difference of 3 being the critenon, is % or

81 25 per cent

The sixth column, headed Corrg, contans 1’s for those indi-
viduals whose marks fall 1n the same fourths of the two series.
For example, since the third quartiles of both series are 90.5,
each mdividual, both of whose marks are above 90.5, has a 1
after his marks. Likewise any individual 1in the next to the
top fourth 1 both senes, that 1s, whose grammar mark is be-
tween 85 and 90.5 and whose spelling mark 1s between 84.5
and 90.5, has a 1 in the Corrg column and similarly for the
other fourths. As there are ten such cases, the coefficient of

oorrespondence by quartiles 1s ;% or 62.5 per cent

The remaining columns contain the work necessary to secure
a coefficient of correspondence according to the mean devia-
tions. The first two, headed dg and dy, contain the deviations
from the mid-scores From these the mean deviations of the
two series are found. They are, respectively, 7.25 and 8 00.
These are then divided into the deviations 1n the d columns
and the resulting quotients given 1n the next two columns, so
that these latter two columns contamn the deviations expressed
in terms of their respective mean deviations as umts In the
last column a 1 is placed opposite each pair of deviations which
do not differ by mofe than 100 MD Simnce there are 12 such
cases the coefficient of correspondence, using 1MD as the ori-

terion, is }—z, or 75 per cent. If the standard or median devia-

tion were used instead of the mean deviation the procedure
would be similar, that is, ¢ or MdD would be divided into the
deviations just as MD 1s in the example.

A question that sometimes arises in computing coefficients
of correspondence is whether or not to count a pair of measures
as corresponding if one of them happens to come exactly upon
the division point between two of the groups into which the
series are divided. For example, suppose that a measure is 1n
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the lowest fourth of one series and that the corresponding
measure in the other series 18 just at the first quartile, which
of course is the point dividing the lowest fourth from the next
higher fourth, It is customary in such cases to give the benefit
of the doubt, so to speak, to correspondence, that is, to count
two such mesasures as corresponding. The same would also be
done in the case of a measure 1n the second fourth of one series
for which the corresponding measure 1n the other series was at
the first quartile.

The coefficient of correspondence 18 not so exact a measure
of relationship as 1s the coefficient of correlation 1f, however,
the measures being dealt with are not very reliable, or if only
a rough measure of relationship 18 desired 1t may be used with
satisfactory results There are certain situations also in which
1ts use yields pertinent mnformation. For example, some school
systems group the pupils of cach grade 1nto three groups accord-
ing to their seores upon some test, one group contamning those
making the highest scores, another those making the lowest
scores, and the third the others. If such a system desires to
check this classification with some cnterion to determine
whether or not pupils have been placed 1n the proper sections,
the use of the second method suggested above, that 1s, the
determination of how many pupils would be placed n the same
section by both the test scores and the erterion, gives valuable
information as to the vahdity of the omgnal sectioning. If
the three sections 1n such a case are of the same size the ter-
tile points ought to be used It may be, however, that the
average section contams one-half of the pupils and each of the
others one-fourth In tins case the three sections or groups
will be composed, respectively, of the pupils above the third
quartile, those from the third down to the first quartie, and
those below the first quartile. In either case the number and
per cent of pupls properly placed, also of those musplaced,
can be found.

It should be emphasized that since there are several fairly
common methods of computing the coefficient of correspond-
ence the one used should always be specified
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EXERCISES

1. Compute both rank coefficients of correlation and find the cor-
responding values of the product-moment coefficients for each of the
gets of data given in Exercise 1 at the end of Chapter IX (see page
184).

2. Compute the coefficients of correspondence according to each of
the methods 1llustrated in Table LIII for the data in A and B of Ex-
ercise 1 at the end of Chapter IX (see page 184). In the first method
use a dufference of four.



CHAPTER XIII
REGRESSION

The equation of a straight line. Since the coefficient of cor-
relation shows only the general trend or degree of relationship
between different senes of measures, there 1s need for something
to express this relahionship more defimtely This need 18 met
in part by the regression coefficients and equations Since the
latter represents the regression lines, which are the straight
Jines most nearly fitting the means of the columns and rows of
a correlation table, the equation of a straight line will be briefly
explained before the regression equation itself 18 discussed

Probably the sunplest formn of the equation of a straight line 18

that known as the slope form. This is often wntten m = )Z{, or

Y = mX, in which m s the slope of the line, that 1s, the constant
ratio which the Y value of any pont 1n the line bears to the
corresponding X value, on a figure so drawn that the line goes
through the ongin. To llustrate the equation of a straight hne,
Figure 38 has been prepared 1t presents the XY-axis system
as explaned in Chapter 111, with four straight hnes thereon.
For one of these, AB, the vertical, or Y, dustance of each pownt
1 the line 18 half that of the horizontal, or X distance, therefore
the equation of this hne1sm = .5,or ¥ = .8X For the line CD
each value of Y 18 equal to 125 times the corresponding value
of X, so thatforit m = 1.250r ¥ = 1 25X. Both of these Lines,
it will be seen, go through the ongin, O.

If 1t is desired to express the equation of a straight line that
does not go through the ongin, another term 1s required. Thig
term shows the gistance from the origin at which the line intep=

cepts the X- ¥axis, as the case may be. This ttance, whi

is called the fércept, 1s often reprggented by®. Thus the’
equation of:gRight Line bvcon;e‘j; mX + b, This is the
generalized: § the line goes through

% and applies w
937-
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the origin or not. The line EF in Figure 38 does not go through
the origin. Its equation is ¥ = .75X + 2, which means that for
each point on the line the value of Y is equal to 2 plus  the
corresponding value of X. 2 is added to .75X because the line
intercepts the Y-axis two points above the X-axis, so that ¥ has

D H
FIG 38 COORDINATE AXIS SYSTEM WITH FOUR STRAIGHT
LINES
The equations of the four lines are as follows AB, ¥ = X, CD, ¥ = 1.25X,
EF, Y= 75X +2,GH,Y = ~25X -3

a value of 2 when that of X 180 Another line, GH, 1s also con-
tained 1n the figure. Its slope 13 —2 5, that 18, ¥ decreases 2.5
units for each increase of one umt 1 X, and vice versa, and its
intercept on the Y-axis 13 —3, since 1t intercepts it at three points
below the origin. Therefore 1ts equation 18 ¥ = — 25X — 3,

Although the equations just given have been written by plac-
ing Y on the left and 1ts value in terms of X on the nght, they
may be reversed and X placed alone on théMeft. When this is
done the slope, which 18 then that of X and not of ¥, becomes the
reciprocal of the ¥ slope and the intercept becomes that on the
X-axis and not that on the Y-axis. Therefore the equations for
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the four straight lines shown in the figure may also be written as
follows, as well as in the way already given.

AB, X =2V EF, X = 133Y — 2.67
CD, X =.8Y GH, X = —4Y — 12

These equations would be used to find the value of X when the
value of Y was already known, whereas the first set of four
would be used to find the value of ¥ when that of X was already
known.

The regression equations. The regression equations are the
equations, two 1n number, that best fit, that 13, come nearest to,
the means of the columns and of the rows, respectively, in a
correlation table The one that comes nearest to the means of
the rows is called the regression hine of X on Y, or, in other
words, the corresponding equation 1s that by which X values
may be found when those of Y are already known Correspond-
ingly the regression hne that best fits the means of the columns
1s the regression line of Y on X, and from 1ts equation, values of
Y may be determined when those of X are already known.
Unless the coefficient of correlation equals =100, neither re-
gression lie nor 1ts corresponding equation yields the exact
values of one varnable associated with values of the other, but
only the most probable values. The closeness with which the
cases, when plotted, approach the regression hne indicates the
degree of accuracy of the values obtaned from the equation or,
in other words, the smallness of the differences between the
scores computed by the regression equation and the actual or
true scores.

Regression lines are illustrated 1n Figure 39, which represents
the data meluded 1n Tables XXXII and XXXVIII. The
figure contains the means of both the rows and columns, each
taken as being five units in width. The mean of each row is
shown by a circle, that of each column by a small cross. The
line AB represenFe regression of X on Y or, m other words,
best fits the means of the rows, and the line CD represents that
of Y on X, therefore best fits the means of the columns. It will
be seen that on the whole the circles are not far from the line
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AB, nor the crosses from CD. This is to be expected, since the
coefficient of correlation for the given data is fairly high.

The equations of the lines of regression of two series of cor-
related measures are commonly given m terms of the means,
standard deviations, and coefficients of correlation of the two
vanables. The expressions that show the slopes of the lLnes,

100, pC

|

801

80

¢ ‘. }

' el 3} 1 L h | ”l s
70 80 90 100 116 = 120 = 130

FIG. 39 CORRELATION GRAPH CONTAINING REGRESSION LINES

This represents the data in Tables XXXII and XXXVIII  Each dot 18 a
case, each circle the mean of & row, and each cross that of 4 column AB 18 the
regression hne of X on Y and CD that of ¥ on X

called the regression coefficients, may be found readily from the
last two They are rg‘ and rgv” . The first, which shows the slope
v z

or regression of X on Y, 1s often called b., and the second, which
shows the regression of ¥ on X, 18 called b, If x and y are used
to express the measures in terms of deviations from their respec-

tive means, we may wnte z = rg-‘y orby,andy = rgi‘:c or b,z.
v z

Usually it is more convenient to express measures in terms of
the measures themselves rather than mn terms of deviations fremd
their means. To change the equations just given to this baais,
x is replaced by its value, X — M,, and y by ¥ — M,. The
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equations then become
X o = A — M o Y — My, ond
v

Y -M,= rg.v(x — M.), or b(X — M,).

By transposing and removing parentheses these may be changed
to the form

X=7-A~Y+M -—r M,,,orbY-i-M b,M,,and

Y = rd—”X + M, — r;"M,, orb X + M, — bM,

By substituting the proper values for the M’s, o’s, and r, and
combining the Iast two terms, these equations take the form of
X=caV +hand Y = ¢.X + ke, n which the ¢’s and ks are
numerical constants, ¢ being the same s« b, and &k equal to
M — bM  The actual application of these equations may be
illustrated by means of the data already employed m connection
with the coethcient of correlation  For those given mm Ta-
ble XXXVIII the following values should be substituted in the
equations ¢, = 155,0, = 895, M, = 04 M, = 81,1 = 877.1
If these substitutions are made i the first form of the equations
for X and ¥, respeetn ely, we have

. 1 ) 155
X = WTI00F 494~ STTL0081, and
Y= s7T 0% £ 81 — 8770 Mgy

oo 13.2

These become X' = 1519) + 94. — 1519 X 81., which reduces
to X = 1.519Y — 29 (4, and Y = 506X + 81. — 506 X 94,
which reducesto ¥ = 506X + 33 44.

After the equations have been put 1 the last form given they
are ready to be used in estimating measures in one series when
those 1n other are known There 1s, of course, no necessity

wfar domng this 1 the case of the particular measures that were

1'The value of r 13 taken to three decimal places mnce only two would
scarcely give satisfactory accuracy, in view of the multipliers to be used.
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employed 1n computing the regression equations, since the facts
are already known for them. The usefulness of regression
equations, however, lies in thetr apphcation to other situations
mvolving the same kinds of measures, and in which it is assumed
the same relationship holds. If in such situations measures in
one series are known, those m the other series most probably
associated with them can be estimated by means of the equa-
tions. If one knows the values of the Y measures and wishes to
estimate those of the X measures, the first equation, the one m
which X appears alone on the left, 1s employed, whereas if one
knows the values of the X measures and wishes to estimate
those of the Y ones, the second equation, in which Y appears
alone on the left, 1s used Thusif one knows that a particular ¥
measure is 70, 1 a situation similar to that upon which the
regression equations given above are based, and wishes to find
the corresponding X measure, he should substitute 70 for ¥
1 the equation X = 15197 — 2904 This yields 77.29 as the
most probable associated value of X. If a ¥ measure 1s 75, this
i8 substituted for ¥ and the most probable associated X measure
is found to be 84.89, 1f ¥ 1s 80, the most probable X value is
92.48; and so on. If, however, mstead of knowing the values of
Y and wishing to find X, one knows those of X and wishes to
find Y, one substitutes in the equation Y = 506X + 33.44.
Therefore if X 18 known to be 80, ¥ most probably equals 73.92;
if X 1890, Y most probably equals 78.98; and s0 on

To ilustrate the application of the regression equations
further, use may be made of the data in Table XXXIX on
page 168. Since the X classes in this table are not, strictly speak-
ing, numernical, it is much more convenient in dealing with their
regression to substitute numerical values for them. Probably
the simplest and most satisfactory way to do so 1s to assign 1 to
the lowest, or F—, class, 2 to the next, or F, class, and so on up
until 12 is asmgned to the highest or A+ class, therefore these
substitutions will be made. For these data o, = 267, 0, =
6.36, M, = 6.05, M, = 84.49, and r = .704. Bubstituting these

. . 2.67 267
values in the equations, X = ‘704(T3_6Y + 6.05 — '7046—3384‘49’
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6.36 6.36

and Y = 7042 67X + 84.49 — 7049_6776 05. These reduce to

X = 208Y — 1896 and Y = 1.677X + 7434, Therefore, in a
situation similar to that from which the data in the table were
obtained, a pupil whose intelhgence-test score, or ¥ measure, is
78 will most probably have an X measure of 4 13, which cor-
responds to & mark somewhat above an average C—. Similarly,
a pupil whose score 15 100 will have an X measure of 10.84,
which corresponds to a low A.

Most situations 1n which teachers or other educational
workers use regression equations 1n order to estimate measures
in one series when those 1 another are known have to do with
predicting the future achievements or performances of pupils.
Such predictions may be mvolved 1n determiming promotion or
failure, 1n assigning pupils to so-called homogeneous groups, 1n
giving edueational and voeational guidance, and in other more-
or-less similar activities  In such situations regression equations
based upon the available data shown to correlate most hghly
with whatever 1t 18 desired to prediet constitute the most rehable
means of prognosis They are subject to errors, the size of which
depends upon that of the coeffictent of correlation, and vanes
inversely with 1t, but these errors are less than those involved in
any other method based upon simple straight-line relationship.

As a partial check upon the accuracy of computation of co-
efficients of correlation and of regression, one may make use of

0: "
the fact that, sinee b, = T and b, = r‘?, r®* = bb,, and, ac-

v
cordingly, r = 1/b.b,

Along with his method of computing the coefficient of cor-
relation, Ayres suggests a different way of getting the regression
coefficients ? It will be recalled that his formula for r is
IX.IY

N

Y- 5 (o - 57)

?Leonard P Ayres, ‘‘Coefficients of Regresmon,” Journal of Educa-
tional Research, Vol 1, May, 1920, pp 398-402

INY -
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He suggests that b: be eomputed by dividing the numerator of
the fraction just given by the quantity within the second
parenthesis in the denominator and that b, be obtained by divid-
ing the numerator by that in the first parenthesis. That is,

YY © VY. S
=xy - =2 zxy - X2
b, = cong— and by = ————— .+
sy (ED)* vxe _ EX)?
- N - N

These equations, of course, yield exactly the same results as
those already given.

For the benefit of those acquainted with the method of least
squares it seems well to mention that the regression equations
are the same as the cquations of the lines of “best fit” and
therefore may be obtained by the methods commonly employed
in that connection Since these methods are based upon the use
of the measurcs themsclves, they cannot be employed without
modification if the scores have been grouped in classes or re-
duced by the subtraction of assumed means or otherwise. Two
equations are employed, and from these the values of the regres-
sion coeflicients and the constants i the regression equations
can be determined. Using ¢ and k, a8 on page 241, to refer to the
two clements other than the varable i a regression equation,
the least square equations for X are SX = ¢,2Y + Nk, and
ZXY = ¢,ZY? 4+ k2Y and those for Y oare ZY = ¢, XX + Nk,
and 2XY = ZX* 4+ kXX

The data 1 Table XXNXIII may be employed to illustrate
this method. Substituting the proper values therefrom 1 the
first pair of equations just given yiclds 1876 = 1614¢, + 20k,
and 153,955 = 131,964c, + 1614k, To solve these k; may be
elimmated by multiplying the first equation by 807 and the
second by 10 and then subtracting the first from the second,
thus:

1,539,550 = 1,319,640¢, + 16,140k,
1,513,932 = 1,302,498¢, + 16,140k,
25,618 =  17,142¢;

Dividing gives ¢, = 1.494, and, by substituting this in either of
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the equations, k. is found to be —26.77. Therefore the desired
equation is X = 1.404Y — 26.77. Solving the second pair of
equations in similar fashion gives ¥ = 549X + 29.20. These
two equations are the same as obtained by the application of the
usual regression methods, based on the means, standard devia~
tions, and the coefficient of correlation.

Although the regular regression coefficients denominated by b
already given mn this discussion are those commonly used, yet
in some cases what are known as B (beta) cocfheients are em-
ployed These differ from the others mn the fact that they are
expressed 1n terms of standard units or scores, that 1s, 1 scores
that are secured by stating each variable m units of its own
standard deviation  Therefore these coefficients may easily be
secured from the regular regression coefficients by the followng
stmple formule

g g,
=b,~% and 8, = b,—-
Bz XO', Bv ya_v
Since
[+2
by =r—~
Oy

it will be seen that by substituting for b, in the first of these
B: = v Similarly, from the second, 8, also = r  This 1s merely
equivalent to saving that for simple or zero-order correlation
the coeficient of correlation indieates the mnerease or decrease
1n one variable associated with a unit inerease or decrease of the
other when both arc expressed in standard units  In the case of
certain other forms of corrclation the 8 coethclents are not
equal to the coefheient of correlation.

The whole diseussion of 1ceression hines so far refers to straight
lines. Itisoften true that the relationship between two variables
is much better expressed by a curved than a straight line. In
other words, an equation of the second or a higher degree often
fits nhe:,dam better than dues one of the first degree. In educa-
tional work 1t 15 not common, however, to go further than first
degree, or rectithnear, rclationship, especially insofar as regres-
son is concerned. In the case of correlation it 18 more often done.
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Equivalent-score equations. Sometimes one wishes to find
the score on one Bcale of measurement equivalent to a given
score on another. No question of estimate or prediction is in-
volved, as 1n regression, but merely one of correspondence or
equivalence. In other words, the question at issue is, “What
score in the other series corresponds to the given score mn this
series?’”’ not ‘“ What score in the other series is likely to be made
by an imndividual who has the given score in this one?”” In order
that two sets of measures correspond or be strictly comparable
it 1s necessary that they be expressed 1n terms of the same unit
and have the same zero point This requirement means that
one set, of scores must be expressed in terms of the other or that
both must be expressed in terms of some third scale One such
method 18 based upon the regression equations with r given
the value of 100 In other words, the equivalent-score formula
is based upon the assumption that one series of scores as a
whole is equivalent to another series, whereas the regression
equations assume that the degree of equivalence or correspond-
ence 1s only as great as 15 indicated by the actually obtamned
correlation. The justification for considering r equal to 100
is the assumption that the distribution of one trait in a particu-
lar group of mdividuals 1s the same as that of another trait in
the same group, or, as 1s more often the case, that the distribu-
tion of one set of scores is the same as that of another measur-
ing the same or a simlar trait.

If in the regression equations given in the last section r is
made equal to 1.00, 1t need not appear, so they become

X = gfy + M, — ZM,, and
v

Oy
Y =7x 4+ M, - DM,
[/ O

These are the equivalent-score equations In wnting them 8§,
and S, are often used 1nstead of X and Y to refer to the scores
in the two series, and correspondingly I and 2 as subscripts
instead of z and y Furthermore, since the scores found by
these equations are not actual scores, but merely equivalent
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scores or expressions for those of the other series, it is usual to
add primes to the letters denoting those being found, whereas
none are used for the actual scores. These changes made, the
equations become:

8! = 228, + My — ZM,, and
[0 a2

T2

1_0'_2 _ 7
Sz—alsx+Mz Ll

The first of thesc 18 used to express the scores of Series, or Form,
2 1n terms of Senies, or Form, 1, the second to express those of
the first in terms of the second Thus the left member of the
equation denotes the series 1 terms of which the scores are
expressed

By a slight algebraic shift these equations may be changed
to another form that 15 perhaps more useful 1n actual practice.
All that 158 1m olved 18 combining the first and last terms on the
night side. Doung this,

= My + 2X(8; — My), and

2
S, = M+ j—j(sx — My

In employing equivalent-score equations 1t 1s usual to select
some one sertes of scores as the standard or basic series and to
change the other senes being dealt with so that they will like-
wise be in terms of this one  Sometimes, however, all the series
of scores are changed to some more or less arbitrary basis having
a certain desired number as 1ts mean and another as its standard
deviation. For example, 100, 50, or some other desired number
may be taken as the mean, and 10, or something else, as the
standard deviation The advantage of so doing is that the
resulting series, being based upon a mean and a standard devia-
tion that are round numbers, are generally easier to deal with.
The chief disadvantage 1s that the transmuted measures are
not expressed 1n terms of any of the actual scoring systems
employed.
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The application of the equivalent-score equations may be
illustrated by employing the same data as have been used for
regression. Letting the subscript I refer to X and subscript
2, to Y, the equations are:

155 155
8 = g208: + 94. — go8L., and
805 895
S = 1ppS t 81 — 550

These reduce to S = 17328, — 4629 and S; = 577S: +
26.76. From the first of these the S;, or X, score equivalent to
an 8s, or Y, score of 70, for example, 1s found to be 74 95; that
equivalent to one of 80 1s 9227, and <0 on  From the second
we find that the S;, or T, score equivalent to an Sy, or X, score
of 90, let us say, 1s 78.69, that equivalent to one of 95 1s 81.58;
and so on.

Estimated true scores Instead of estimating one series of
scores from another actually obtained series, one sometimes
desires to estimate theoretically true scores from those actually
made. The equatton for this purpose may be written as follows:
X, =r X+ -r)M or f(X—M)+M, m whch X,
represents the estimated true score, 7 18 the coefficient of reha-
bility between two series of scores, X refers to an actually
obtamed score, and M to the mean of the aetually obtamed
scores. Sometimes this equation 1s wnitten in shghtly different
notation, as follows' 8, =S+ (1 — M or (S — M) + M,
thus corresponding to the fortn of the equivalent-score equa-~
tions rather than to the ordinary form of regression equations,
By the use of this one may estunate the probable true score
corresponding to an actually chtaned score

The application of this formula may be illustrated by assum-
ing that for a given test the mean seore is 54 and the coefficient
of relizbility is .85. Then for an actual score of 40 the estimated
true score 1s given by 85 X 40 + (1 — .85)54 , which equals
42.1; for 50 1t 18 .85 X 50 + (1 — .85)54 = 506; and so on.
It will be observed that the estimated true score is always
neafer t!}e mesan than 18 the actual score This results from the
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fact that the general effect of variable or chance errors is to
increase the spread of the distribution of scores.

Predicted scores on lengthened tests. It sometimes occurs
that workers m the field of measurements wish to estimate or
predict individual scores on lengthened forms of tests on which
the scores are known. Horst * has denived equations in regres-
gion form that may be employed for this purpose.

EXERCISES

1 Secure the regression equations for the data given in each part of
Exercise 4 at the end of Chapter IX on page 185

2 Using the equations found m Exeraise 1, compute the estimated
score 1n the other series for each of the following scores.

A Part A, first «eries, &2, 88, 92

B. Part B, second senes, 10, 78, 220.
C. Part (| second series, 5, 15, 40.
D. Part D, first senies, 22, 36, 66.

3. Secure the equialent-score equations for the data given in each
part of Exercise 4 at the end of Chapter IX on page 185

4. By meaus of the equivalent-score equations found in Exercise 3,
compute the equn alent score 1 the other series for each of the scores
given 1n Exercise 2.

5. Compute the estimated true scores for actual scores of 35, 42,
and 48, on a test that has a mean score of 44 and a coeflicient of rehabil-
ity of .92.

3 Paul Horst, “ The Economtieal Collection of Data for Test Validation,”
Journal of Experimenial Education, Vol 2, March, 1934, pp 250-253.



CHAPTER XIV

THE RATIO OF CORRELATION

Interpretation and use. It has already been stated that since
the relationship between two senes of paired measures is not
always best represented graphically by a straight line, 1t cannot
always be adequatelv expressed by the coeflicient of correla-
tion and the regression equations Sometimes the relationship
is definitely curvilinear; hence, 1t 18 best represented graphi-
cally by a curved line which departs so much from the best
fitting straight hne as to indicate that the latter does not show
the closeness of relationship The ratio of correlation 18 the
measure most commonly used to indicate the amount of curvi-
linear relationship existing It summarizes the deviations of
the data in question from the curved line that best fits the
means of the rows or columns, as the case may be, just as the
coefficient of correlation summanzes the deviations from the
best fitting straight line The value of the ratio of correlation
vanes from zero to 1.00 1t 1s always positive, but may denote
etther positive or negative relstionship  The determination of
which sort exists must be made by an wspection of the data
themselves or by other means The mimmum value of the
ratio of correlation for uny given set of data 1s the coefficient of
correlation. To compute the ratio the measures concerned must
be arranged in a correlation table similar to that used for the
coefficient.

So far the term ratio of correlation has been used, but more
properly it should be ratws of correlation. There are two such
ratios for every correlation table, just as there are two lines of
regression. One of them measures the curvilinear correlation
of X on Y, the other that of ¥ on X. The curve that best fits
the means of the columns 1s not hikely to be the same as the one
that best fits the means of the rows, nor 18 the departure from

the one likely to be the same as that from the other. The two
250
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ratios just referred to are abbreviated as follows: 5., and 7,
(n = eta). The former 15 the ratio of X on Y, the latter that of
Yon X.

Computation. Several different forms for the computation of
the ratios of correlation have been suggested The one given
below, which was proposed by Crathorne,! also by Holzinger 2
and by Dvorak ® seems the best to use when, as is almost
always true, the coeficient of correlation 18 also to be found.
If, however, the cocfficient 18 not desired, the form suggested
by Yule * 1s probably as good Ayres ¢ has suggested a method
that has the same advantages and disadvantages as hus method
of computing the coefhicient of correlation for data tabulated
in a correlation table

The formule employed 1 connection with the method illus-
trated 1n Table LIV are as follows:

e — p?
N i
Oy

This table is the same as Table XXXVIII except that the other
work necessary for the computation of the ratios 1s added This
consists of two additional columns at the extreme nght and
four additional rows at the bottom with certain calculations
based thereon. The first of the two additional columns, headed
Ir)%, contans the squares of the entrnies in the Zz column.
Each entry in the second additional column, which 18 headed

'A R Crathorne, “ Calculation of the Correlation Ratio,” Journal of
the American Statistical Assocatwn, Vol. 18, September, 1922, pp 394~
396

3 Karl J Holzinger, “A Combination Form for Calculating and Corre-
lation Coefficient and Ratios,” Journal of the American Statistical Associa~
twn, Vol 18, March, 1923, pp 623-627

3 August Dvorak, A Simplihed Computation of Non-Linear Correla-
tion,” Journal of Educational Research, Vol 25, February, 1932, pp. 99~
104.

¢ G. Udny Yule, An Introduction to the Theory of Statistics, ninth edition,
revised (London, Charles Gniffin & Co., Ltd , 1929}, pp 204-207.

8 Jeonard P Ayres, *‘The Correlation Ratio,” Journal of Educational
Research, Vol 2, June, 1920, pp 452-456




328w p(ROYS A0 PUR UMD AZT O Jo KUNe IQL |

*KRanadeg
aumos h@.c—ﬂ JO pue s0x Hm\nﬂ JO Wne 9q) qiuk YOBIYJ 03 &1 Mol 4Z S PUV WWNJOY IT M} jo wns 8y; Funduwod I0] TRV ‘ 3L _“
i
g = 6L 1 -y
60 —-9%_
£8 09
—0f = 1€ = ATy
60 — 9%
€8 61 _—
/
8 B¥%CQ BLIX TS eeos | 6 0 gzt 0 1 1 2z g1 { o e g2t 81 71
- T e = = 4
R w: 60 4 0Ly 8 o sz o 1 1 ¥ ¥ 0o 8 gz 9 -t
BLY= 0 1g€= 12 €€ =%g |p6=2 — 96 +| 12+ @ L3 Q e+ 22— 2+ {o Q 9+ ¢+ ¥I+ Arz
Ol'g= "2 196= 3% L6 =i 40~ =2 —1L+|€+ 0 ¢+ 0 =+ 1- 2+ |z- 0 g€~ ¢~ 9 - 1z
60— =" =fe-=~" Wl fe6r 0 o8 91 6 ¥ 3z |o ¢ a8z ter
60 =72 ¢et+t<=" 9+1l8c +{2+ 0 o1+ ¥+ e+ &+ o+ |z-| - 9— 9~ 8 — “vr
»9 + 2+ o+ e+ ¥ e+ 2+ 1+ o - 2—- ¢~ ¥ - *p
oLVt 91— 9 -~
gLt wet| e+ e a- 0z |1 0 3 11 S S Y 2 e 3z @ =
009l o1 9+ ¥ — 9l ¥ ~ - 1 I -09
006 6 6+ £- 6 e&- g— 1 1 -0
0% 18 B+ 6— & 8- g- ¢ 1 1 I -0
00 o 0 0 ¥ ¥~ 1I- ¥ t z I -2
00 o 0 0 0 1+ o0 g 1 1 z s -8
[2:3] g ¢+ 9+ ¢ e+ 1+ ¢ I 4 98
0092 9 01+ 9+ % ¢4+ T+ X 1 -08
003zL % e+ T+ €1 ¢+ e+ ¢ 1 ¢ 96
l\ z Az z [ a [
W MR Pz & W Per % s g1 -051 -9Il - Ot 901 -001 -§6 06 |-98 -08 - 0L

NOLLVIEHHO)) 40 BOLLVY ANV INTIDIJE0O)) HHL 40 NOLLYIAJNOD)
AIT H1AVL

252



THE RATIO OF CORRELATION 253

2
(3.1:) » is obtained, as the heading indicates, by dividing the
v
entry in the previous column by the corresponding frequency
or entry in the f column Thus for the first row of the table
the entry in the £z column 18 12, and so the corresponding
entry 1n the (Zx)? column 18 144. That in the last column 18
72, obtained by dividing 144 by 2, the corresponding fre-
quency
The first two rows added at the bottom of the table, denomi-
nated by Ty and Zry, have alrcady been employed m Table
XXXIX, which illustrated certain checks in the computation
of the cocfficient of correlation  The other two rows are sumilar
to the two columns described above, except that they run in
the other direction Thus the first entry 1n the (£y)? row 15 36,
the square of the 6 found m the Xy row. Smce the frequency

(= .
for this column 18 2, the first entry 1n the =y)? row is 18, ob-

fx
tamed by dividing 36 by 2 The sum of the last column at the
right, 1o this case 157 33, 1s, as the formula indicates, used mn
secunng the value of n., and that of the last row, 60 33, 18 em-
ployed 1n securing the value of 9., Substituting 1n the formuls
for the two ratius, we obtain values as {ollows

157 33
/T

T = T3 = 90—, and
6033
e
T =TTy T T

The significance of differences between the ratios and the
coeflicient of correlation. Since the coefficient of correlation is
a sunpler and, for some purposes, more convenent measure of
relabwshlp than the ratid, it 1s frequently of considerable im-
portapee to determme whether or not the relationship between
the t\yo series of data departs sufficiently from a straight-line
rela“lp to make,the ratio a defintely better expression
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of it than the coefficient. After a worker has acquired con-
giderable familiarity with both measures, he may be able to
determine by an inspection of the correlation table whether
the relationship is sufficiently curvilinear to make 1t worth-
while to compute one or both ratios of correlation If the means
of the columns or of the rows approximate a straight hne as
closely as any curved one, the coefficient 1s a satisfactory sum-
mary of the relationship This fact cannot be determined
readily by imspection, however, if the difference 1s not very
great. Therefore 1t frequently happens that after both the
coefficient and the ratios have been computed, one wishes to
determine whether the difference 1n their magmtudes 18 signifi-
cant, that 1s, whether 1t indicates a curvilinear istead of a
rectilinear relationship, or is merely due to chance errors in the
data or inadequate sampling

The difference between the coefficient and the ratios 18
commonly nterpreted n accordance with Blakeman's sug-
gestion.t He defined the crierion of hnearity by the formula

g;;;v —7? and stated the condition that if 1t 15 less

than 2 5 the difference between the ratio and the coefficient is
not sigmificant, whereas if the value of the criterion exceeds
2.5 it 1s practically certain that the relationship hetween the
variables 15 not adequately measured by the coefficient, but
requires the ratio By clearing of fractions and squaring, we
may change this requirement of Blakeman's to the form
N(n? — r?) < (is less than) 1137, which is somewhat easier
to use than the original form Substituting in this the values
of 7 and that of 7 1n the example solved i the text we have for
Neyy 20(.902 — 867) = 141 and for 7,., 20( 96 — 86?) =3.64.
Therefore 1t appears that the relationship of X to Y 18 very
nearly rectilinear and may be measured adequately by the
coefficient, and that the relationsinp of ¥ to X 1s somewhat
less defimtely rectilinear, but still does not require the use of
the ratio

¢ Jobn Blakeman, ‘‘On Tests for Linearity of Regression in Frequency
Distributions,” Biometrika, Vol 4, November, 1005, pp 332-350.
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The point chosen by Blakeman and employed in the example
given above is such that if the value of the expression is greater
than the amount given, the chances are approximately ten to
one that the difference between n and r 18 significant, or, in
other words, that the relationship 18 defimitely ecurvilinear.
Although a chance of ten to one appears to be fairly satisfac-
tory, it is not so strong or decisive & chance as 1s commonly
requred 1n other statistical matters. It has been suggested
that instead of the expression given by Blakeman being less
than 2.5 1t should be less than 3., and to correspond to this
that mnstead of N(n2 — r2) being less than 11 37, it should be
less than 16.37 In this case the chance of significance if it
exceeded the figure given 1s about twenty-two to one instead
of ten to one.

A nomogram for usc in determining hneanty of correla-
tion has been devised by Griffin7 It 18 based on the require-
ment that v/ Nv/1% — r2 < 4 047, which 18 the same as that
Nm—r3) <1637

Although Blakeman's formula given above and others based
upon it have been commonly employed m the interpretation
of the ratio of correlation, there are two sertous hmitations to
their use. The first 1s that, as has been pointed out by Fisher,?
it takes no account of the number of arravs in the correlation
table The same data may show marked departure from linear-
ity if tabulated 1 a certain number of classes or arrays and
little or no departure therefrom if 1n another number, but
Blakeman’s criterion, or any denved directly from it, does not
gve a satisfactory comparison or contrast between two such
situations The second limitation 1s that the criterion sets up a
defimte point above which values indicate curvilinear relation-
ship and below which they indicate absence of such relation-
ship. As will be made clearer by the discussion in Chapter XIX
there 18 no defimite critical point at which a measure ceases

?Harold D Gniffin, * Nomogram for Blakeman's Test for Lineanty of
Regression,” Journal of Educational Psychology, Vol 23, September, 1932,
pp 460461

R A. Fisher, Siatwstscal Methods for Research Workers, third edition,
revised and enlarged (Edinburgh, Ohver & Boyd, 1930), pp 225-226
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to be unrehable and becomes rehiable or significant. It is merely
a matter of arbitrary convention based upon expert judgment
that leads to the defimtion and use of ponts of this sort. So
in this case there is no definite point at which it can be sad a
relationship becomes curvilinear rather than rectilinear, and
the assumption of such a pont 1s arbitrary.

Because of the sccond lunitation just stated, it 1s probably
better not to employ such a formula, but instead to interpret
the difference between the coefficient and the ratio by a method
more simuilar to that employed i connection with the signifi-
cance or rehability of most other measures This consists of
comparing the difference between 72 and 72, often called ¢
(zeta), with 1ts standard or probable error  This error, as well
as the general method of mterpretation, will be given i Chap-
ter XIX.

Correcting for too fine grouping. Ratios obtained as described
above are hable to several errors, the chief of whieh 1s that due
to too fine grouping If the grouping were so fine that each
class of each vanable, that 15, cach array, contained only one
case, the value of n would alwuys be 100 and have no real
significance. In other cascs, as here, the effect of thus crror 18
to make the value obtained somewhat too large. A formula
that may be used for correcting this error of too fine grouping
when the number of cases 1s fairly large has been suggested by
Pearson ° as follows.

Mirue =

In this nyye is the most probable value of # for all cases of the
sort upon which it 18 basced, 5 18 the value ustually obtained,
and n is the number of arrays of the vanable appeanng first
in the subsenipt of 9. Applying this formula to the data in

*Karl Pearson, “On the Correction Necessary for the Correlation
Ratio »,’”! Biometrika, Vol. 14, March, 1923, pp. 412417,
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Table LIV, we obtamn

900 — 2223
20
Mot = i3 Shend
20
962 — —’3—;0 3
Mortrue = —g.g =%
1= =95

In common practice this correction is not made, but if ratios
based on tables m which the numbers of arruys are widely
different are to be compared it should be appled

The other crrors present m the ratio are generally less in
amount than that due to too fine grouping and will not be dis-
cussed here  In very careful work they should, however, be
corrected A discussion of the whole matter may be found n
the reference to Pearson just given and in Kelley 1©

In his diseuswsion Pearson also sugpests several values that
& ratio of correlation must exeeed 1 order to be surely sigmfi-
cant Thev are o rarely employed i educational work that
they will not be given here

Other measures of curvilinear relationship. The index of
correlation 18 o gener.d measure of eurvilinear relationship that
18 rarcly employed m educational work exeept m the form of
the ratw of correlation, wlieh 1s & speeial form of 1t. The index
is represented by the symbol p, and 18 given by the ratio ?,

v

in which g, 1s the standard deviation of values of y estimated

from a curve drawn to fit the relationship between the vanables.
For a fuller discussion of this measure the reader 1s referred to
Ezekiel ' For a more complete treatment of curvilinear corre-
lation including both the ratio of correlation and other methods

1 Truman L Kelley, Stahistical Method (New York, Macmillan Co.,
1923), pp 238-215

Mordecar Kzekiel, Methods of Correlation Analysss (New York, John
Wiley & Sons, 1930), p. 119,
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of determining curvilinear relationships, and also for sugges-
tions on computation, the reader is again advised to consult
Ezekiel. 1

EXERCISES

1. Compute the coefficient and the ratios of correlation for each of
the following sets of data.

A
0- 5 10- 15 20- 25 30— 35 40- T
190~ 1 2 3
180- 1 1 3 5
170- 1 4 1 8
160- 2 3 1 17
150- 1 1 6 2 3 13
140- 1 5 1 1 2 10
130- 3 1 1 5
120- 2 1 1 4
110- 3 1 2 8
100- 1 1 3 5
90-2 1 1 4
80- 2 1 3 8
70- 2 2 4
60- 1 1 2
T2 3 4 9 21 14 14 9 4 8
B
0- - 2 3 4 5 6 7T- 8 ¢ 10- T
50- 1 2 1 4
451 3 6 4 1 1 16
- 2 2 4 2 1 11
3B-1 1 3 4 1 10
3- 2 1 3 2 1 2 1
25- 1 2 3 1 1 1 9
20- 1 3 2 6
15- 1 2 1 4 1 9
10~ 3 1.1 5
5- 1 1
0- 2
T4 8 15 15 6 9 10 10 3 1 84

1 Ibnd., pp. 65-110, 130~135, 300-317.
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C

10- 12- 14- 16- 18- 20- 22- 24- 26- 28- 30- 32- T

650- 1 2 1 4
600- 1 3 4
550 11 2 4
500~ 1 2 3 2 8
450~ 1 3 58 1 10
400- 1 4 8 3 1 2 19
350- 2 4 6 3 1 16
300- 1 2 3 5 7 1 1 20
250- 1 3 4 4 1 1 14
200~ 2 3 1 1 7
1%0- 1 1 4 1 1 2 10
100~ 1 3 2 3 1 10
0- 1 2 1t 4
-2 1 1 4
T 4 6 15 14 17 25 24 11 8 4 5 1 134

2. Compute the cnterion of hineanty for each of the ratios of cor-
relation found 1 Exercise 1

3 Correct the ratios of correlation found 1o Exercise 1 for too fine
grouping.



CHAPTER XV

PARTIAL CORRELATION

Purpose and meaning. The ordinary coefficient of correlation,
which has been previously treated, measures the rectilinear
relationship between just two varnables. The size of such a
coefficient does not indicate the nature of the relationship that
exists. It may be that the corrclation 18 due to the fact that
one vartable more or less includes the other, that both are
affected similarly by outside factors, that 1s, by other vanables,
or that some other condition enists  Some hight can often be
thrown on the question by the use of coefficients of partial
correlation. To illustrate their nature and use let us suppose
that a coefficient of correlation of 50 has been found between
marks m history and in physiology, one of 65 between hustory
marks and scores on a reading test, and one of .60 between
physiology marks and readmg scores  These coefficients show
that the relationship between reading and each of the other
two subjects 1s closer than that betwcen history and physiology
and suggest that marks in these subjects may be more or less
dependent upon reading ability, or at least include an element
common therewith The cocfficients given do not prove thas,
however, and much less do they mndicate how much of the
correlation between history and physiology 15 due to the com-
mon element and how much is not By the formula given later
the coeflicient of partial correlation of history with physiology,
reading being held eonstant or chminated, 18 found to be .18.
In other words, almost two-thirds of thewsrrelation (.50) be-
tween the two subjects 1s duc to the gipesence of ‘4 common
element, either reading ability or factor also wentaeined
therein, and only slightly over one-third o other factors. *

The result secured by partial correlation 18 the same as would
be @btained if the two variables for which 1t 18 found were cor-

260
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related in the ordinary manner after first having been arranged
in groups for each of which the value of the third vanable was
the same. In the illustration used above if the pupils were
divided 1nto as many groups as there were differences in reading
ability represented, and the cocflicients of correlation for the
various groups found and properly averaged, the result would
be 18, the same as that found above There are, however, at
least two reasons why thns procedure 1s rarely carned out. In
the first place, the labor involyved therein 1s much greater than
that 1n the computation of the coefherwent of partial correlation.
In the sccond place, unless the total number of cases involved
18 decidedly large, the numbers in the groups, at least m many
of them, arc so small that the coefheients obtained are not very
reliable, and therefore the results are not satisfactory

The meaning of partial correlation and what 18 accomplished
thereby will probably be better understood 1if an illustration
18 given  Let us suppose, therefore, that the first three parts
of Table LV represent the correlation between chronologieal
age and mental age i Grades I'V, VI, and VIII, respectively.
It will be scen by mspection that there 18 no relationshup be-
tween the two, so that the coeflicient of correlation for each
case 18 zero However, 1if the three sets of data are thrown
together so as to form Part D, correlation appears to be present.
Considering the datain D as a whole, 1t 1s apparent that there
is a tendency for high mental ages to be associated with high
chronological ages, likewise low mental ages with low chrono-
logical ages. The actual cocthelent of correlation for this table
is .77. However, if the cocfheient of partial correlation between
mental and chronological ages 18 found with the third factor,
grade placement, held constant, 1t will be zero, or the same as
the ordinary coefficient for each of the separate groups of data.
Thus the use of thipepartial correlation techmque ehminates
the effact of grade 'pw.ment upon the relationship between
the other #wo vamabl reveals that all the apparent corre-
lation between them 1s due to the element of grade placement.

The question of whether or not the effect of one or more
variables besides the two of chief interest should be eliminatipdy
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or, in other words, whether ordinary or partial correlation
should be applied, must be determined from a consideration of
the problem. If one 1s interested in determining the correlation
between two variables as 1t actually exists regardless of what
contributes to it, simple correlation 1s the proper method to
employ. If, however, one 18 interested 1n measuring the rela-
tionship between the two that 1s not common to other variables,
partial correlation should be used.

The method of partial correlation, as 18 the case with the
regular coefficient, measures rectilinear relationship It 18 con-
cervable, however, that 1t might be apphed to curvihinear rela-
tionship also If so, 1t would bear a relationstup to the ratio of
correlation similar to that 1t now bears to the coefficient. The
partial coefficient has the same hmits as the ordinary coefficient,
its value ranging from —1 00 through 0 to +1 00 In the ex-
ample given there are only three vanables, but there 18 no himt
to the number that may be dealt with No matter how great
the number, the effect of the formula 1s to hold constant or
eliminate the influence of all except two and to determine
the remaining correlation between those two. The method of
caleulation 18 simple, but as the number of vanables increases
it becomes progressively much longer and more labonous.

In connection with partial correlation 1t 13 common to speak
of an ordinary or sumple coefficient of correlation as a zero-
order coefficient. A partial coefficient in which three variables
are concerned, that 1s, two correlated and the effect of one
eliminated, 1s called a first-order coefficient ; one involving four
vanables from which the effect of two 1s ehminated 15 called a
second-order coefficient, and so on. Thus the order of the
coefficient corresponds to the number of vanables held con-
stant or elimiated.

Computation of coefficients of partial correlation. The general
formula for a coefficient of partial correlation (the number of
variables concerned being represented by n) 1s as follows:

1 The left mde of this formula, ri2 3¢ .., 18 read, “the {coefficient of)
partial correlation of I with 2 when 8, 4...n are held constant.” The
words in parenthesis may be omitted
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71234 . . . (n— 1) — T84 . s e (n=1)T20.84 . .. (n= 1)
71234, ..0 =
VI —rase. .. oo—)1 = Masi. .. n—1)

or, using k for /1 — r? in the denomnator,

Ti234.. (n—~1 — Tin 34 (n—DT2n34...(n~1)

(kln 34...(n~— l))(k‘.‘.n 34...(n— l))

This formula shows that the coefficient of partial correlation
of any number of vanables 1s computed from the coeflicients
of the next lower order, that 1s, from those tnvolving one less
vanable. For example, the partial coeficients of four vanables
are computed from those of three, and those of three from
zero-order coefficients of two Thus in solving any partial-
correlation problem one must first find the ordinary, or zero-
order, coeflicients, then the partial ones for three vanables,
then those for four, and o on up as far as one desires to go.
For three variables the formula given above becomes

T — T_n T'j'; Tiz = Ti1T2s,

VA=A — ) ) ki hes

Ti23 = —

This form 1s for the correlation of 1 with 2 when 3 18 held con-
gtant For 1 with 3 when 2 1s constant, 1t 18

Tir = Tye 7‘21 Tia — 272y

Tizz2 = —

or
V(1 - 10) (1 —rd ) Kz Koy
and for 2 with 3 when 1 15 kept constant

o Ter— Ty Tes — Ti2 T3

r
\/(1—7,2 =% Ak

Tz 1 =%

It will be seen that the subsenipts of a partial r coming before
the point mdicate the variables between which the gorrelation
is found, and those following the poimnt the ohe ot ones held
constant. Also the subseripts of the first 7 i the nwnddrator
are the same as the first two subseripts of the partial r that is
to be found. Those of the other two 7's in the numerator are
obtained by taking the first and last and the second iad last
subseripts, respectively, of the partial r that is to be found.
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The two 7’s in the denominator have the same subscripts as
the last two in the numerator.

The coefficients of correlation given necar the first of the
chapter may be usced to illustrate the calculation of the partial
correlation between three variables. Using the subscripts H, P,
and R for history, physiology, and reading, we have

.50 — .65 X .60
THP R = = .1R81
V(1 — 65%)(1 — .60?)
THE p = 65 — 50 X 60 = .505, and
V(1 — 50%)(1 — .60?)
PRI = —= 60 — 50 x 65 = 418.

\/(l —509)(1 — 65?)

In most cases 1t will be found that, as here, the coefficients of
partial correlation are smaller than the zero-order coefficients.
In general, partial coefiictents of any order are smaller than
those of any lower order  There may be exceptions, however,
especially when one or more of the lower-order coefficients 18
negative For example, if 7, = .20, rig = 40, and roy = —.30,
then Tig.g = 360, Ti32 = ‘192, and Toz 1 = —.423.

When four vanables are concerned, two of which are to be
held constant, the formula for 1 with 2 when 3 and 4 are held
constant 18 as follows

7'103—7‘1437"43 Ti2s — Tia3T24 s
T2 3¢ = —— ==z .

0
VU= o0 -y Kiaskas

Since the order of the subsceripts after the point is not significant,
this may also be written as follows-

Tiz4 — 11347234 Tig 4 — Ti3-4T23.4
Tithag & ——— - ——

VO =00 = ) o Kin ko
It will be noticed that in these formule the subscripts of the
first r in the numerator are the same as the first three subseripts
of thes that 13 to be found, those of the second r in the numerator
are the'first and last followed by the third of the r to be found,
and those of the third r are the second and last followed by the
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third of the r to be found. Those in the denominator are again
the same as the last two in the numerator. Moreover, the sub-
script following the point is the same in all cases, being the third
one of the r to be found.

The advantage of having two formuls as given above is that
the desired value may be computed by both for purposes of
checking. Coefficients of the third and higher orders can be
computed in an ever-increasing number of ways In practice 1t 18
rarely worth-while to calculate each 1n more than two ways, as
this suffices for checking

To illustrate the computation of the coeflicients of partial
correlation when four vanables are concerned the data given
above for history, physiology, and reading may be used, pro-
vided a fourth vanable 1s included Let this be the score on an
intelligence test and let the additional zero-order correlations
be r;g = .70, r7p = .75, and r;p = .80 Three of the first-order
coefficients have already been found as follows: ryp.p = .181,
rgr.p = .505, and rpp.y = 418 The others are-

rapr = \/(f’(i —7072;)(1X_7?f,,7 - o
Rt = e = 210
= \/(iﬁo_ 7753)5(1X _'8202) = .000
i \/(;7(1 ;(ﬁ;)(lx _'7.575,) = 567
e = \/(170— 7653)5(1X _'8%0,) = 395
TPIR = \/(i75— T50§;)(1X_17.07 - 47
T5- 60X .80 _

TR = T = 6091 = 800
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80 — .65 X .70

TRIE = e = 709 030
— 60X .75

TIRP = 80 a = .661.

V(1 — .60%)(1 — .75

From the complete set of first-order coefficients given above
those of the second order may be found as shown below. Each
has been found by the two possible formule and the slight dis-
crepancies 1n the results are due to the fact that not enough
decimal places were carried to insure accuracy to three places.

181 — 395 X 563
V(1 =7395%(1 — .5632)

~ 053 — 210 X 000 054
r = P ————— T —
HPEIR = /T — 210%)(1 — 000%)

_ 505 = S6TX 661 _
THRFL= T = 5679(1 — o617

210 — (- 053 X 000) _ o
THRIP = 70 = 053591 — 0009

- _hg?w)“—_ 41251,2(___)63 - = 36l 0
TRIRE = A= ey - o630

567 — 505 X 661 361
r > —_ Ip—— =
HIPR = 1 2305591 = .661%)

418 — 647 X 636
oo 318 — 647 X 63
PREL= /0T = 60790 — 6365

. 000 — (- 083 % 210) _
PRIE= /M = 033501 = 2109

, 647 — 418 X .636 — 544 o
TEET VA s = ey
563 — 181 X .395
. = .54
TRLRE = T IR0 (1 — 3050

836 — 118 X .647

VI = AI89(1 — 647

THP-RI = —.055, or

= 011, 0r

TRIHP =

528, or
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. 661 — 505 X 567
REPH = /T = 5059 (1 — .667%)

The formule for partial coefficients of correlation involving
five vanables, or, in other words, of the third order, may be
illustrated by the following examples for the correlation of 1 and
2 with 3, 4, and 5 constant

.527.

r or r Tr2 34 — Ti5 34 T25 34
12:345 12-43p = 5 Y
V(1 =) (U — 1)

, or

Ti2 14 — T1b 34°725 34

I\lb 34 kzb 34

, or 7 71236 — T4 35 T24 35
2.354 2 534 = =
! ! V{1 - Tigas) (1 — T34 35),

or

Ty2 35 — T14 36 T24 36

’
kis as koa 35

T1246 — T13 45723 45 or
T12.463 O T2 543 = 2 3 )
V(1 — 7] — i u)

Ti246 — 713456 T23 45

kl" 45 }\23 45

These show that there are three possible ways of computing
each such coefficient. If enough decimal places are carried the
results agree. The three subseripts after the point, that 1s, those
of the three vanables held constant, can be arranged in six
different ways, but the order of the first two of the three may be
reversed without affecting the formule. Just as ri2 and 7y, are
identical, 80 are r2.345 and 712435, ete. There are corresponding
sets of formul® for the partial correlation of 1 and 3 with 2, 4,
and 5 held constant; 1 and 4 with 2, 3, and 5 held constant; and
80 on for each possible grouping of the vanables.

Since the computation of coefficients of partial correlation
requires many, and in some cases all, of the possible éorrelations
among the several variables concerned, it often saves time and
labor in computation to make use of the form for the inter-
correlations of several vanables shown in Table XLI (page 174).
Because of the economy of computation possible by using the
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form shown in this table, it 18 probably advisable, in cases where
the intercorrelations between several variables are to be found,
to use this form for a somewhat larger number of cases than
would ordinarily justify the computation of correlation from
data in column rather than tabular form. Certainly up to fifty
and, if the number of ntercorrelations 1s quite large, probably
up to seventy-five or one hundred cases may well be handled 1n
this manner

If one wishes to compute a large number of partial coefficients
of correlation 1t 15 adwvisable to become famihar with certain
suggested devices that may be used in this computation Among
these, two appear especially worthy of mention  One 15 a set of
tables by Kelley,? which facilitate computation, and the other a
suggestion by Hull ¥ in which he mentions two possible methods
for applying the devices which he proposes.

In case one desires to compute partial coefficients of correla-
tion of the second or higher orders, that s, involving four or more
varables, 1t 1s helpful to organze the work in a form such as has
been suggested by <everal statisticians The most usual form
may be found m either Yule ¢ or Holzinger,® but will not be
desenbed here, since comparatinely few elementary workers in
the field have occasion to employ 1t Franzen and Derryberry *
have orgamized this into a mechameal routine easy to follow.
Bathurst 7 has suggested a somewhat different plan, which 1n

tTruman L Kellen “Tables to Faeilitate the Calculation of Parual
Coeficients of Correlation and Regression Equations,” Bulletin of the
Unwersity of Texas, No 27 { Austin, University of Texas 1916)
, "Chart to Faciitate the Caleulation of Partial Ggefficients of
Correlation and Regression Egquations™ (Stanford Umiversity, Califormia,
Stanford Umveraty, 1921)

#C L Hull, “ A Device for Determuning Coefficients of Partial Correla-
tion,” Psychological Review, Vol 28, September, 1921, pp 377-383

¢ G Udny Yule, An Introduction to the Theory of Statistics, minth edition,
revised {London, Charles Gnffin & Co, 1929), pp 239, 242-243

8 Karl ] Holzinger, Statistieal Vethods for Students 1n Education (Boston,
Ginn & Ca, 1928), pp 290-201

¢ Raymond Franzen and Muhew Derryberry, © The Routine Computa-
tion of Partial and Multiple Correlation,” Journal of Educetional Psy-
chology, Vol 22, December, 1931, pp 641651

7J F Bathurst, “A Partwl Correlation Schewe,” Journal of Apphed
Psychology, Vol. 11, Apnl, 1927, pp 155-164.
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some respects is more elaborate, but at the same time requires
less work to secure the final desired coeflicients. A convenient
method of computing partial coefficients by a varation of the
usual formula has been suggested by Peters and Wykes® Like-
wise 1t will probably be helpful to workers to famiharnze them-
selves with Symonds ? partial- and multiple-correlation charts.
A graphic method for computing partial-correlation coefficients
hsas been suggested by Wood.™

If coefficients of multiple correlation, which will be discussed
in the next chapter, have already been determined, another
formula than that already given for coeflicients of partial cor-
relation 1s much easier to use It 13 as follows

1 - RE,
T2 3¢. - n=V1— ;m n
1—-Riz . (e

It is sometimes useful for rough checking and other purposes
to know the coeflicients of partial correlation that result from
zero-order coefficients of certain sizes. With tlus 1n mind
Table LVI has been prepared It shows the values of partial
coefficients of correlation for from three up to eight varables
based upon zero-order cocflicients of correlation all of which are
of equal size. The first column in the table gives the sizes of the
zero-order coefficients, and the following six columns those of the
partial coefficients for from three to eight vanables, that s,
from the first to the sixth order, respectively. The first row of the
table indicates that if the zero-order r’s between all pairs of three
or more vanables are all 1.00, the partial coefficients are -

8 Charles C Peters and Elizabeth C Wykes, “Simplified Methods for
Computing Regression Coefhcients and Multiple and Partiat Correlations,”
Journal of Educational Research, Vol 24, June, 1931, pp 44-52

* Percival M. Symonds, “Job-Analyss Sheet for Computing Partial
and Multiple Coefficients of Correlation and Regression Coetheients,’
Teachers College Record, Vol 27, Septembw.r, 1925, pp 52-69
, ' Symonds Partial- and Multiple-Correlation Chart” (New York,
Bureau of Publications, Teachers College, Columbia Unmiversity).

¥ Ernest Richard Wood, “A Graphic Method uf Obtaining the Partial-
Correlation Coefficients and the Partial-Regression Coefhicients of Three
or More Vanables,” Supplementary Educattonal Monographs, No 37
{Chicago, University of Chicago, January, 1931), 72 pp
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determinate. This results from the fact that the first-order
coefficients equal g The second row of the table shows that if

the zero-order intercorrelations among the variables are all .90,
the first-order partials are .474, the second-order partials .322,
and 8o on to those of the sixth order, which are .141. For all
positive values of zero-order r, all resulting partial »’s are posi-
tive, and for all negative values they are negative. The table
ends at a value of — .50 for zero-order r, because 1t 15 impossible
to have a larger negative corrclation than this between each

pair of three vanables.
TABLE LVI

RELATIONSRIP BETWEEN SiZE oF ZEro-ORDER COEFFICIENTS OF
CoRRELATION AND OF PaAnTIAL COEFFICIENTS Basep THEREON

Zero Farst Second Thard Fourth Fifth Surth
Order Order Order Order Order Order Order
r's r's r's r's r's r's r's
1.00 - —_ — — — —
.90 474 322 244 196 164 141
.80 444 307 235 190 160 138
.70 412 292 226 184 155 134
.80 375 27 214 176 150 .130
.50 333 250 200 167 143 125
.40 286 222 182 154 133 A17
.30 231 188 158 136 120 107
.20 167 143 125 1t 100 .091
10 091 083 077 071 066 062
00 000 000 000 000 000 .000
-.10 - 111 - 125 - 143 — 167 -.200 —.250
- 20 — 250 — 333 -5 -1 000 —_— -_
-.30 — 429 - 751 — — - -_
-—.40 ~ 667 —_ — — — -—
-.50 -1 000 - — — — —

* — indicates that the value of the pirtal cosfficient of correlation currespon to the
given rero-orde r coefheient s either inideternunate or that it 1s rnposable to have ndi-
catad aero-order coefhcient betwoen «ach pair of the inbicated number of vanables.

Part correlation. Two vaneties of correlation quite sim-
ilar to one another and also resembling partial correlation in

many ways are part correlation and sem:-partial correlation.
These have so far received hittle use in educational work but
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seem to merit more frequent employment. The first of these,
the coefficient of part correlation, measures the remawning
correlation between two vanables after climmating the partial
correlations of one of them with the third and as many others
as are concerned while the second 1s held eonstant. Thus the
part correlation between intelligence-test scores and average
school marks, when reading and arithmetic scores are also con-
cerned, 18 the correlation remuning between intelligence scores
and average marks after chminating the partial correlations of
intelligence scores wih reading and arithmetic scores, while
average marks are kept constant

The symbol used for coefficients of part correlation is the
same as that for coeficients of partial correlation except that
instead of wnting the subseripts of the two vanables correlated
immediately after r they are wntten before 1t, that s, to 1its
left. Thus the generalized svmbol for a coefhicient of part cor-
relation is 19735 . .. » This symbol stands for the correlation of
variable 1 with vanable 2 when the partial correlations of va-
riable 1 with vanables 3, 4, and =0 on, while variable 2 has been
held constant, are ehmimated

If coefficients of multiple correlation and regression, which
will be described in the next two chapters, have already been
found 1t is relatively easy to compute cocflicients of part cor-
relation The general formula 15

T _ bizas.. no2
12734 ... n =
2 ] )
\/blz 34 W05+ ot(— 1Y g5 . )

In this formula byz.34. 1S the coefficient of partial or multiple
regression explained i Chapter XVII and K, 934... 4 18 the
coefficient of multiple corrclution explamed m Chapter XVI.
In connection with this formula the reader should note that al-
though the order of the first two subsenpts of coefficients of
partial correlation is not significant, the order of the same sub-
seripts of coefficients of part correlation and also of the partial-
regression coefficients employed in the formula is significant.
In other words, 713.50. . 18 thesame asroray . | .o, but ssraq . . .
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is not the same a8 73, ., ,, nor is b, . . » the same as
bﬂl-ll PRI 14

To illustrate the computation of coefficients of part correlation
the same data already employed for those of partial correlation
may be used. Substrtuting in the formula the proper values
obtamed by the methods deseribed in Chapters XVI and XVII,
the following results are obtained:

229 X 6
HPTR ST oo e e T 224
4 9997 >< X 6% + 82(1 — 6047
143 X 8
rTR = X5 o= 236
v 1437 X 8 + 631 — 617%)
i BIXI0_
v 137 ( 10° £ 841 — 6642
L X8 = .559
\/ 3837 X 5t =+ 1031 — (231)
286 X 10
rRTH T e, = 518
V286 X 10T F ol — 617Y
611 X 6
P = = 469

VOLLE X 6 4 1051 = 723%)

Each of these s larger than the corresponding coeflicient of par-
tial correlation. Ior further discussion of coeflicients of part
correlation the reader 1~ referred to Ezekiel V' and a mimeo-
graphed pamphlet by Smrth and Ezekiel

Semi-partial correlation. Semi-partial correlation 1s best
presented i an article by Dunlap and Cureton * They deal with
six chief types of correlation of which semi-partial correlation is

1 Mordecmr Ezekiel, Wethode of Corrdation Analysis (New York, John
Wiley & Sons, 1930), pp 181 183, 379-380

2B B Smith and Mordecai bsekiel, ** Correlation Theory and Method
Applied to Agneultural Research, ' mimeographed publication, Bureau
of Agncuitural Economies, U 8 Dept of Agnculture, August, 1926, pp.
57-60

13 Jack W Dunlap and Edward E Cureton, “On the Analysis of Causa~
tion,” Journal of Educatwonal Psychology, Vol 21, December, 1930, pp.
057-680.
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one. It differs from part correlation n that the correlations of
the first variable with the third and others that are removed
from the correlation of the first and the second are not partial
correlations in which the second 15 held constant, but do not
involve the second at all, that 18, they are computed just as
If the second variable did not exist. A coefficient of semi-partial
correlation measures the remaining rectilimear relationship of
one vanable with another after the relationship of the first
variable with the third and any other vanables concerned, but
pot with the second, has been chmimated Thus, for example,
m the case in which mtelligence-test scores, rending-test scores,
arithmetic-test scores, and general school average are concerned
one may find the semi-partial correlation of intelligence scores
with average marks after the correlations of intelhigence scores
with reading scores and arithmetic scores have been eliminated.
For three vanables only the formula for semi-partial 18 much
like that for partial correlation, the difference being that one
of the expressions under the radical in the denominator dis-
appears. Thus, the correlation between that part of vanable 1
uncorrelated with vanable 3 and all of vanable 2 may be ob-
tained by the formula

a2 = T ;‘éls_:t_z_-a.
2 rfa
If this formula is appled to the same data used earlier 1n the
chapter to illustrate the computation of the coefficient of partial
correlation, the following results arc obtamed.

TH.RP = 50\/—1‘_25_;(5_,60 = .145
TH-PR = 65\/_1%0_:(.)_2’60 = 404
TR = 60\/—1'__5_%65 = 318
TP.RE = 30 - 60 X 65 = .138

v1 - .60
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rR.EP = '60\;1_';‘.5_%50 = .362
T&RPH = 65\;1"10_:0;50 = .438.

It will be observed that each of these values 18 smaller than the
corresponding one for partial correlation, given on page 264.
The general formula for any number of vanables 18

T ne — Tias »T(34 n)2

T(1.34 n)z = e , Or
Vi — Tix’z ] n
T 4 w2 — T13 4 nli34. n)2
k:a 4. n

Of the other five types histed by Cureton and Dunlap three are
fairly common One 1s ordinary partial correlation, a second 18
that between the part of one varniable uncorrelated with another
and all of the first vanable, or the relationship measured by the
coefficient of alienation, a third always equals zero, being that
m which the correlation between the part of vanable 1 un-
correlated with variable 2 and all of vanable 2 is concerned.
The two other types are of less frequent occurrence. They are
that i which it is desired to find the correlation between that
part of vanable 1 uncorrelated with vanables 3 and 4, and that
part of variable 2 uncorrelated with vanable 3; and that
which the correlation 15 desired between that part of variable 1
uncorrelated with vanable 3 and that part of vansable 2 un-
correlated with vanable 4 For fuller discussions of all of these
types, including derivation of the desired formule and discussion
of the relationship between the different types, the reader should
see the discussion already referred to and also a short article by
Franzen ' that deals with certain phases of the subject.

Other methods similar to partial correlation. In addition to
coefficients of partial correlation, certain other methods designed
to accomplish the same, or approximately the same, ends have
been suggested and are sometimes e‘loyed. Although the use

1 Raymond Franzen, “A Comment on Partial Correlation,” Journal
of Educational Psychology, Vol 19, March, 1928, pp 194-197.
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of these is increasing, it does not appear to the writer that they
are of sufficient importance to the ordinary user of educational
statistical methods to be dealt with at length 1n this volume.

One of the methods referred to 1s that of path coefficients. A
path coefficient is equivalent to a 3 coefficient such as 18 men-
tioned on page 245, and may be defined as the ratio of the stand-
ard deviation of that part of a varable due to a particular cause
to the total standard deviation of the varnable Thusif X 1s the
variable under consideration and Z 1s the cause concerned, the
path coefficient between X and Z 15 equal to the standard
deviation of that part of X caused by Z divided by the total
standard deviation of X' Since, as already stated, the ratio of
these two standard dewviations equals the coefficient of correla-
tion when only two vanables are involved, the path coetherent
between two vanables 1s the same as the coeffictent of correla-
tion. When more than two varables are involved the coefficient
of correlation between any pair of them may be obtained from
the varnous path coefficients The general purpose of the method
of path coefficients 1s to determine amounts of causation of one
variable by one or more others To do this one must assume the
direction of causation between each possible pair of variables,
and i comparatively few cases can this assumption be known
to be fully vahd This fact constitutes a serious hmitation upon
the use of the method. Moreoyer, path coefhelents are accurate
and vahd only when the independent vanables contnbute them-
selves completely, that 1s, are component elements of the depend-
ent variables Otherwise, path cnefficients are only best esti-
mates of the relationships existing and may not approximate the
true relationships closcly  Fmally, they assume rectilinear
relationship and homoscedastic arrays, and the absence of these
conditions 18 not uncommon For more complete discussions of
path coefficients, the reader 18 refirred to Wrnight,* Niles, 6

16 SBewall Wright, “Correlation and Causation,” Journal of Agricultural
Research, Vol 20, January, 1921, pp 557-585, alwo, **'The Theory of Path
Coefficients—A Reply to Niles' Criticism,” Genetics, Vol 8, May, 1923,
pp. 238-255.

WH. E Niles, “Correlation, Causation, and Wright's Theory of ‘Path
Coefficients,’ ”’ Genetacs, Vol. 7, May, 1922, pp. 258-273; also, “ The Method
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Burks,” Kelly,® Tryon," Heilman,® and Dunlap and Cureton.*
Another of the methods is that of determinants, which has been
explained by Kelley ? and others.

Holzinger 2 has suggested a method of ehminating the effect
of a third variable, which differs from that of partial correlation.
This method provides for correcting the values of the two
variables between which the correlation 1s desired for the eor-
responding values of the third It possesses the advantage that
whereas partial correlation 1s based upon sinple correlation,
which 18 rectihnear, and, therefore, 1s 1tself rectilinear, this
method takes account of curvilinear relationship as well, and
thus more ncurly measures the complete relationship existing,
MeCloy 2 has also dealt with the accomplishment of the same
result MeCoinuck 2° has suggested what he calls *‘a coefficient
of independent determunation” It apphlies to a situation -
volving three or more variables 1n a way similar to that of r2

of Path Coefficients An Answer to Wnght,” Genetics, Vol. 8, May, 1923,
Pp 256-260

17 Barbara Stoddard Buiks, “On the Inadequacy of the Partial and
Multiple Correlation Techmque,” Journal of Educatimal Psychology, Vol.
17, November, December, 1920, pp 532-510, 623630

BE Lowel Kelly, “The Relationship between the Techniques of Par-
tial Correlation and Path Coeflicients, * Journal of Educational Psychology,
Vol 20, February, 1929, pp 119-124

1 Robert Choate Tryon, ' The Interpretation of the Correlation Coeffi-
cient,”’ Psychological Remer, Vol 30, September, 1929, pp 419445

®J D Heidman, "} actors Determining Achievement and Grade Loca-
tion,” Pedagogqual Seminary and Journal of Genetic Psychology, Vol. 36,
September, 1929, pp 435- 137

1 Jach W Dunlap and Edward E Cureton, “ On the Analvsis of Causa-
tion,” Journal of Educalimal Psychology, Vol 21, December, 1930, pp.
672-876.

2 Truman L. Kellev, Statwstical Method (New York, Macmulan Co.,
1923), pp 295-302

3 Karl J Holzinger, Statishical Methods for Studends in Educatson (Bos-
ton, Ginn & Co, 1928), pp 18} 180

1“C H McCloy, * A Method of Computing Partial Correlation and
Regression Equations with Vanables Hawving Curvilinear Intercorrela-
tions,”’ Journal of Educational Reseurch, Vol 16, November, 1927, pp 285
295,

% Thomas C McCormick, A Coeflicient of lndependent Determina-
tion,”’ Journal of the Amerscan Siatistical Association, Vol. 29, March,
1984, pp 7uv-78.
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with two, showing what per cent of the total variation in the
dependent variable is associated with each independent one.
Interpretation. In connection with partial correlation the
same point made in connection with simple correlation should
be emphasized . that the factors ehminated by partial correlation
cannot safely be regarded as causal factors unless there 1s other
evidence available to indicate that they bear this relationshuip
to the others. All that 1t 18 safe to say 1s that they are common
factors. They may be causes or there may be common causes
that produce them and also the other factors concerned It 18
even more true in the case of coefficients of partial correlation
than of those of stmple correlation that one must be guarded
in their interpretation Not only 1s 1t unsafe to assume a causal
relationship between variables for which the partial coeflicicnts
are relatively high, but also still other imitations hold 1n inter-
pretation. It has been shown by Burks,? Hull,” and others that
sof the probably four main types of patterns that represent the
intercorrelations of vanables concerned i a partial correlation
only one type justifies the mterpretation commonly given a
partial coeficient. That 15 to say, there 1s only one type in
which the two vanables are actually freed from all their factors
in common with a third vanable that 1s supposed to have been
rendered constant or ehminated This type 1s that in which the
third vanable contains only one factor or a umfied group
of factors msofar as the other two varnables are concerned.
Another way of stating this 1s to say that the factor introduced
by the third vanable must operate in the same way on the two
vanables between which the partial correlation 1s being deter-
mined. The case may be described somewhat more techmeally
by saying that the third vanable must be a component of the
other two, that 18, contribute 1tself completely to them. As an
" example of this we may take the case of partial correlation
between French and Spamish with Latin rendered constant.

® Barbara Stoddard Burks, “On the Inadequacy of the Partial and
Multiple Correlation Technique,” Journal of Educatonal Psychology,
Vol 17, November, December, 1026, pp 532-540, 625-630.

¥ Clark L. Hull, 4 ptstude Testing (Yonkers-on-Hudson, World Book Co,
1928), pp- 250-253
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It is only in case Latin acts as a unitary factor or in the same
way on both French and Spanish that the resulting partial
correlation really desenbes the relationship between the elements
in French and Spamsh that are not contained in Latin. As a
matter of fact, 1t 18 probable that Latin contains a number of
factors, such as vocabulary, grammatical relationships, habits
of thought, and so forth, that act more or less independently
upon French and Spamish and, therefore, that the elements
common to these two languages and Latin do not operate upon
the two uniformly or as a single factor.

Another important fact 18 that if one or both of the vanables
whose net correlation 18 desired are not merely effeets, but also
causes, of the vanable or varnables partialed out, the partial-
correlation techmque partials out too much In such cases the
partial correlation coefficient 1s less than the true amount of
correlation remaming after eliminating the effects of the variable
or variables denoted by the subscripts of partial r following the
point.

Among others, May ?® has pointed out hmitations of the
coefficient of partial correlation. Some of these are that for
certain purposes at least 1t partials out too much, that it assumes
rectilinearity, and that it cannot be used unless the thing that
18 to be partialed out can be expressed quantitatively, in other
words, 18 & variable rather than an attribute. He suggests that
these himitations be avoided by using a more general formula of
which that employed for partial correlation 18 a special case.
This formula gives the correlation between two variables when
the deviations are taken from means of homogeneous sub-
groups mto which the total distributions are divided rather than
from the two means of the total distmbutions. It 18 as followa:

7120102 — rmlm.am‘am’

Vel = dh Nl — o,

r =

In this rys, 01, and o: are the ordinary coefficient of correlation

» Mark A May, “A Method for Correcting Coefficients of Correla-
tions fo. Heterogeneity 1n the Data,” Journal of Educational Paychology,
Vol. 20, September, 1829, pp 417-423
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and standard deviations of the total distributions, whereas those
to which the subscript m is attached are those of the means of
the subgroups, each mean being weighted by the corresponding
number of cases in the computation of .

As is evident from the formula, this method requires the
division of the data into a number of relatively homogeneous
subgroups, the determination of the mean of each vanable for
each subgroup, and the computation of the standard deviations
and the coefficient of correlation for the distribution of means
and also for the total distributions  The ehief point of difficulty
1 employing this scems to be m muhing the division into rela-
tively homogeneous subgroups If the basie upon which ho-
mogeneity 1s determined 1s a variable, 1t 1s lughly improbable
that truly homogeneous groups can be formed  Generally the
best that can be done 15 to adopt 4 certain relatively restricted
distance or amount as the range for cach subgroup  Thus, for
example, 1f 1t 18 desired that the groups be homogencous on the
basis of age, each may contamn pupis whose ages fall within a
given six months, year, or some other range, 1f in intelhigence
quotient, within a range of perhaps five pomnts, and =0 on m other
cases.

Among the advantages claimed for this method are that it
ean be employed when the heterogencous factors concerned are
attnbutes and not variables, that 1t does not assume rectilin-
earity; that 1t renders posable the handhng of any number of
heterogeneous factors 1 one operation, that s, in the formation
of the subgroups; that 1t may cull attention to certain pecuhar-
ities mn the data such as that one subgroup tiffers distinetly
from the others m one of its vanables, that by forming sub-
groups on differeft bases it permuts more thorough mterpretation
of the data, and that by solving the formula for yj, and r,,
certain other relationships may be brought out The mea.sure
obtained by this formula 15 the average weighted correlation
between the two vanables concerned for the several homoge-
neous or near homogeneous groups mto which they are divided
anpd thus differs from the ordinary coefficient of partal correla-
tfon, which measures their correlation when all are throwat into
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one group but with the influence of the factor that forms the
basis of the homogeneous grouping eliminated.

The reader who 18 interested 1 gomng further into the meaning
of partial correlation should consult the article by Dunlap and
Cureton 2

The ratio of partial correlation. Although 1t 18 rarely em-
ployed, there 15 a ratio of partial correlation that may be used
to measure partial curvilinear relationship.  The formula for
it requires that the ratio of multiple correlation, mentioned in
the next chapter, be tust computed For three vanables the

formula is
1 —% ;
Mas = 1/ 1 - —=%
1 —

which may also be wntten

V Moy = My
1-— 77?3

For the general formuls and a fuller discussion of its use, the
reader 1s referred to Rictz ¥ and Ezekiel 2

JEAERCISES

1. Compute all possible coeflicients of partial correlation for each of
the following sets of zero-irder cuethcients:

A Tie = .74, T3 = 6(‘, T3 = 48.
B. rap = 821, rac = 794, 14p = 773, 150 = 648, rgp = 452,
rcp = 685,

C ryy= M, rxz = 80,1yz = 92.
2. Compute the coefficients of partial correlation for the following
data 19-19-15, 18-18-17, 16-15-12, 19-14-11, 17-19-16, 14-14-12,

® Jack W. Dunlap and Edward E Cureton, ' On the Analysis of Causa-
tion,” op ct., pp 652-680.

wH L Rietz and others, Handbook of Mathematical Statistics (Boston,
Houghton Mifilin Co., 1924), pp 146-149

? Mordecar Ezekiel, “A Method of Handling Curvilinear Correlation
for hy Number of Vanables,” Journal of the American Stalsstical Assocsa~
tion, V. 19, December, 1924, pp. 431-453.
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13-16-6, 17-11-5, 17-14-13, 12-9-17, 11-13-4, 14-12-10, 13-16-16,
13-10-18, 10-10-3, 9-9-11, 10-10-3, 10-9-2, 11-12-6, 12-14-15,
7-7-17, 8-8-5, 6-8-2, 5-0-1, 7-7-13, 6-5-9, 6-10-2, 4-5-5, 3-6-2,
3-2-8, 2-4-0, 3-4-3, 2-7-5, 140, 1-0-3.

3. Compute the coefficients of semi-partial correlation for the data
in A and C of Exercise 1.



CHAPTER XVI
MULTIPLE CORRELATION

Purpose and meaning. Multiple correlation 1s the correlation
between one vanable and the combined values of two or more
others. It 1s 1n a sense exactly the opposite of partial correla-
{10m, which 18 mitnded to free the relationship of one vanable
with another from that of both with other vanables For exam-
ple, if pupils’ lugh-school marks have been correlated with their
elementary-school marks and intelligence- and achievement-
test scores, 1t 18 possible by means of the methods of multiple
correlation to secure o single coefficient of correlation between
thetr high-school marks and the other three combined Thus
the result accomplshed 1s the same as if high-school marks
were correlated with the best possible combination of the other
three marks By “best possible” is meant that which yields
the highest correlation  Multiple coefficients are based upon
ordinary coefficients of correlation and therefore are likewise
rectiimear m their nature

Computation of coefficients of multiple correlation. Although,
as just stated, the coefhcient of multiple correlation 1s based
upon simple coeflicients of correlation, the formula generally
used 1n securing 1t includes partial coefficients also  The gen-
eralized formula 1s

Riase . a=VI-(1-)I=ri)(01=rls). (I-r.an.. 1)
or V1 — A hfyahleaes -« Klam (n-1)
In this the subseript of R, 1 234 ... n, indicates that it is the
correlation of vanable 1 with vanables 2, 3, 4 ..n. In other
words, the symbol before the point indicates the one variable
that is correlated with two or more others and the symbols
which appear after 1t indieate those with which 1t 18 correlated.
Sometimes the subscnipt 15 wnitten 1(284 .. =), which means

just the same as the more usual way previously given.
283
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In the case of the coefficient of multiple correlation, as in
that of partial correlation, it 15 possible to compute its value
in more than one way by merely rearranging the symbols fol-
lowing the point It is immatenal o what order they appear.
For example, instead of Ry ... we may write Rise ... n
which gives the formula

V1 - A -=-r)Q — 150 — ris 23) v (U= 7hos. . (n-1))»

or we may substitute R;.;s0 « Which gives

V1 - Q- i — k) — 11 a4) =, .. (n-1))

and so on The results from these are the same,

Since partial coefficients of correlation are demved from
simple coefficients, the formula given above can be expressed
entirely i simple coefficients  This 15 commonly done if there
are only three vanables mvolved, and sometunes if there are
four, but if there are five or more the resulting formnule become
8o long that they are practically never employed. For three
variables the formula m terms of zero-order r's 18

/‘u b ¢
1 + iy~ 2Tt
Riz = /‘/ T 2 ) OF

Vet iy — 2riniss,

kas

In this the first two #’s in the numerator have subseripts formed
by combining the first subseript of R with the second and with
the third, respectively The last three 7’s in the numcrator
represent all three possible combmations of the subseripts,
that is, the same as were used 1n the first two and also the one
formed from the last two subscripts of R The single r 1n the
denominator has the same subscripts as the last two of R,

For four variables the formula for the multiple correlation
of one with the other three 13 sometimes given in terms of first-
order 7’8, that 18, of partial coefficients m which one factor is
held constant, as follows. '
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Rl-”l =

,‘/1 -1 - sz)(l rhs — The — 1ha + 2y 7'14«27';“)

1‘7'“2

It is usually preferable to use the form taken directly from
the general formula given near the first of this section., This is

Rissa=+V1- (1= —rh)(1 — i %), OT
V1 — kL kGl

By changing the order of the three subsenpts after the pomnt,
the following five formule, which give the same result as the
one just given, may be obtamned

Risa= V1~ (1 =rl)(A— )1 — rhyg),0r
VU= k12 M

Ryg= V1= (1 — )0 = rh)(1 = ), 0r
VI =13 Ry K

Rise = v1—(1 =51 =7, o) (1 — i), 0r
V=BG

Rigs=v1— - #00 — B g0 — ), or
V1=K ok

Riun = vV1I—(1 =)0 = %) — s or
VI = K Ky hhu

Commonly some two of these are employed for purposes of
checking the correctness of the result

The calculation of coctheients of multiple correlation may
be illustrated by using the same data as for partial correlation.
Using only the three vanubies first mentioned (history, physi-
ology, and reading), we have

.50 + 65T — 2 X .50 ; 0
an=,‘/—’ + .6 2 X 65 X 60 _ go4

Rrga = 1/502 + 607 — 2 X 50 X 60 X 65 _ g17 ang
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2 3 —
Rexp = 1/.65 + .60 " 2 ><56520 X .60 X .85 _ o3

It may be seen from these coeffictents that when r 18 fairly
high the calculation of multiple R mnvolving other r’s of about
the same size as the first one does not greatly increase the
amount of correlation present  If the first 7 18 much smaller
than the others, the increasc becomes much greater The
nearer the original 718 to 1 00 the less does the mtroduction of
other correlations increase the amount

For the four vanables, that 1s, the three above, and also
intelligence, the coefheients of multiple correlation are given
by the following formul®, cach of which involve one sunple
or zero-order, one first-order, and one second-order coeflicient
already found 1n the last chapter.

Rpumr = vVI— (1 — 5051 — 6475H(1 — .011%) = .751
Rearp = VI — (1 — 654(1 — 6365(1 — .011?) = .810
Rgrrr = V1 — (1'— 703(1 — —.053%)(1 — .2112) = .717
Rruer = V1 — (1 — 709(1 — 64791 — .528?) = .887.

These may be checked by using any one of the other five
possible formule for each Thus, for example,

Rremr = VI = (I = 609(1 — I819(1 = 5349 = 751
Rapur = V1 — (1 — 605(1 — 505%)(1 — 5287 = 810
Rertp = VI — (1 — 63%)(1 — 3959(1 — — 0559 = .717
Rrrur = vV1 — (1 — 8091 — 38551 — 544 = 8R7,
Instead of using these or any of the six varations of the
formula, one may instead employ the form given on page 285,

which does not require second-order coefficients. The same
resuits are obtained, as follows,

1— 647:~ - 14
Brﬂm_/l_“_w,)( 647:~ 413/ 636 +2xtu7x4xsx636)_m

L

1 — 638

PR _‘/l_“._‘w)(l— 6361~ 418’_16‘—7’;;;3( 836 X 418X 047) _ o0
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— _ - £ —
n,“”-/x—u—mﬂ)(l 0531 — 2107~ 000? +2 X 053)x210x000)__"1

1 ~ 000t

~ @471— 636~ 418142 X 647 418
Rlﬂpn'/l'(l‘ 70,)(1 647 418 43) X 836 X 41 )-.ssr.

Each of these may also be written m six ways, but they
result 1n only three vanations of the formula when substitu-
tions are actually made Thus, for the first one just given we
obtain the same substitution whether we arrange the subscripts
Rp gip ot Rp gy Likewise Rp rar and Rp jpy are the same and
also Bp pyr and Rp.pry. All yield the result already obtained,
751,

For multiple correlation formule for more than four vari-
ables the same general rule may be apphed with shght addi-
tions. It will not be given here i full The formula for five va-
nables 18

Rigss = V1 — (1 =7yl — 7'213 21 — 7'%4 23) (1 _?15 1)y OF
VT = k% Kok o5 ki 2s

This may also be written chiefly 1n terms of second-order coeffi-
cients, thus

4/1 — (1 =31 — 13, :!(1 —rlas ~Tloas — Tl + 2ren Tt u),

2
I —rign

This 18 the same as each of the following Ry 2350 Ki-adas,
Rl 2453, Rl 2534y Ifl 2543, }{l 3245 Rl 3254, Rl 34250 Ifl 3452y Rl-.ﬁ“’
Rx 3542 Rl 4236y Rl 42563 Rl 4126 Rl 4382 Rl 4523 Rl 4632 Rl-uu.
Risaa, Byss2e Rysse, Risis, Risias These tW(‘Dt}’-fOIll' ar-
rangements of the subseripts really yield only twelve different
formul®, however, as each pur in which the tirst three figures
are the same and m the same order yield i1dentical quantities
in the formula.

Coefhicients of multiple correlation as well as those of partial
correlation require so much work if many vanables are con-
cerned that 1t 18 of constderable tmportance to organize and
systematize the work i the most cconomical fashion. The
reader who is planning to do much work of this sort, in which
more than four vanables are concerned, is advised to consult
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some or all of the references wiven below,! Of them, perhaps
that by Gniffin is most helpful

There 1s some disagreement among the writers just referred
to and others as to which of the methods is the best. When the
number of the variables concerned 1s from about five to ten the
Doolittle Method seems to the writer the best. When the

1A E Brandt, “The Use of Machine Factoring in Multiple Correla-
tion,” Journal of the American Stahstical Association, Vol. 23, September,
1028, pp 291-295.

Mordecai Ezekiel, Methods of Correlation Analysis (New York, John Wiley
& Sons, 1930), pp 357-366

Raymond Franzen and Mahew Derryberry, “The Routine Computa-
tion of Partial and Multiple Correlation,” Journal of Educatwnal Psy-
chology, Vol 22, December, 1031, pp 6414651

Henry E Garrett, ‘A Modification of Tolley and Ezekiel’s Method of
Handling Multiple Correlation Problems,” Journal of Educational Psy-
chology, Vol 19, January, 1925, pp 1519

Harold D Gnfhn, “Simphtied Schemas for Multiple Linear Correla-
tion,” Journal of Erperunental Education, Vol. 1, March, 1933, pp 239~
254

Truman L Kelley and (qunn M¢Nemar, * Doolittle versus the Kelley-
Salisbury Iteration Method for Computing Multiple Regression Coeffi-
cients,” Journal of the .Amerwan Slatistical Assocration, Vol 24, June,
1029, pp 164-169

Truman L Kelley and Frankh 8 Sulisbury, “An Iteration Method for
Determining Multiple Correlation Constants”’ Journal of the American
Statwstical Assocralion, Vol 21, September, 1928, pp 282-292

Charles C. Peters and Elizubeth € Wykes, “Sunphfied Methods for
Computing Regression Coeflicient~ and Multiple and Partial Correlations,”
Journal of Educational Research, Vol 21, June, 1931, pp $1-52

Frank S8 Salsbury, “A Simplhfied Method of Computing Multiple Cor-
relation Constants,” Journal of Educatumal Psychology, Vol 20, January,

Percival M Symonds, “Job-Analyaus Sheet for Computing Partial and
Multiple Coeffictents of Correlation and Regression Coefficients,” T'eachers
College Record, Vol 27, September, 1925, pp 52 69

H R Tolley and M J B Ezeckiel, “A Method of Handling Multiple
Correlation Problems,” Journal of the American Stabstical Association,
Vol. 18, December, 1923, pp 9931003
, ‘“The Doolittle Method for Salving Multiple Correlation Equa-
tions versus the Kelley-Salichury ‘Iteration’ Method,” Journal of the
American Statistical Association, Vol 22, December, 1927, pp. 497-500.

R J Wherry, “A Modification of the Doolittle Method: A Loganthmie
Solution,” Journal of Educatiwnal Psychology, Vol 23, September, 1932,
Pp. 455-459.

E R Wood, “A Graphic Method of Calculating Multiple Correla-
tions ’ (Emporia, Kansas, Kansas State Teachers College). Four'pagee.
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number of variables is larger than this the Kelley-Salisbury
Iteration Method appears preferable. The method of deter-
minanis may be applied to multiple coefficients as well as to
partial coefficients and offers some advantages when there are
not more than four or five vaniables to be dealt with. Discus-
sions of this method will be found mn Kelley,? Holzinger,? and
Gregory and Renfrow.4

Table LVII 1s presented to show the relationship between
certamn zero-order cocficients and multiple coefficients based
upon them. It gmives the multiple coefficients for one vanable
with from two to seven others for cach of & number of values
of the zero-order coefficients upon which they are based The
entries m this table muy be computed by means of the usual
formula for multiple correlation already given, but 1t 1s easier
to employ a specaial formula which apphies 1 case all the zero-
order coefficients ure equal  This formula 15

_ n— 1
Rl 23 n=1T 4/1'4—:—(’; ‘-——T)r'

n which 7 18 the number of vartables coueerned 1n the correla-
tion The table shows that for zero-order coeflicients of .90, for
example, the multiple correlation of one vanable with two others
18 923, of one with three others 932, and so on up until that of
onc with seven others 18 9410 It will be seen that although
there are increases in the vahues of multiple eoethelents as more
vanables are added, thev tend to be small and to decrease
rather rapidly  Also there are no negative values of the muilti-
ple coefficients, but those based upon negative values of zero-
order coefficients are positive, the same as those based upon
positive values. This s accounted for by the form of the formula
for multiple cocflicients.

! Truman L Kelley, Statistical Method (New York, Macmillan Co.,
1023), pp 288, 295-302.

3 Karl J Tolzinger, Stahstical Methods for Students in Education (Boston,
Ginn & Co., 1928), pp 312-315

¢ Chgster Arthur Gregory and Omer W. Renfrow, Statistical Method n
Education and Psychology (C A Gregory Co, 1929), pp. 182-186.
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TABLE LVII

RELATIONSHIP BETWEEN Size oF ZER0-ORDER COEFFICIENTS OF
CoRRELATION aND OF Murtirrt COEFFICIENTS BasEp THEREON

Zero Number of Varables Correlated with Firat
Order
r's 2 3 4 ] 6 7
100 —* — — -— —
90 923 932 936 938 940 941
.80 843 859 868 873 878 879
70 759 783 795 803 808 812
60 671 701 717 728 735 740
.50 577 612 632 645 655 661
.40 478 516 539 555 566 574
.30 372 411 435 452 465 474
.20 258 293 316 334 316 357
.10 135 158 175 189 200 209
00 .000 000 000 000 000 000
- 10 .149 194 239 289 346 418
-.20 316 447 632 1 000 —_— —
- 30 507 822 — — —_— —_—
—.40 730 — — — — —
- 50 1 000 — — - — -—

* — indicates that the value of the multiple coefficient of correlation corresponding to the
Evan sero-order coefficient 18 either indeterminate or that 1t 18 impossible to have the 1p-
cated sero-order coefficient between euch pair of the indicsted number of vanables.

For further methods of determining multiple relationship,
including cases when a known qualitative factor 18 involved,
the reader 1s referred to Ezekiel 8

Interpretation. There are several hmitations to the use and
interpretation of coefficients of multiple correlation which
should be noted. Probably the most important of these is that
the formula assumes that the influence of the independent
variables is additive only It 1s very likely that in any cases
this does not hold, and that one or more of the independent
variables are multipliers of some of the others or that some
more complicated relationship exists. However, no formula
has been worked out for handling such a situation. A second
limitation 18 that B cannot be negative If one or more of the

* Mordecar Ezekiel, Methods of Correlation Analysis (New York, Jobn
Wiley & Sons, 1930), Chs. x, x1, xi1, xan, and xvu
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zero-order coefficients from which it 18 derived are negative,
1ts 1nterpretation presents some difficulties.

It should be noted that a multiple-correlation coefficient
cannot be less than the greatest zero- or other order coefficient
of the dependent with any of the mdependent vanables. More-
over, the multiple correlation of a vanable with two or three
others with which the zero-order correlations are farly high,
i8 rarely increased much by adding other vanables. Indeed,
if a zero-order coefficient 18 rather high 1t often increases it
very shightly to bring in any other independent variables. For
example, if the coefficient of correlation between age and height
is .80, the coeflicient between age and weight 70, and that
between height and weight .75, a multiple correlation of only
.81 1s obtamed when R, 4y 1s computed, thus showing the
slight additional effect The 1ncrease depends upon the size of
the zero-order coefficients between the single varable and
those added and of those between the various ones denominated
by the subseripts after the pomnt. The larger the coefficients
of the single vanable with the others, and the lower those
among the others, the larger 1s the multiple coefficient Thus
if, in the example just given, rpg 18 reduced to 40, Rygw is
mcereased to 90, f rpp = .20, Ry yw = 98, and so on. In
most practical situations the shghtly increased accuracy of
estimate gamed by combining the effect of more than a few,
perhaps three to five, variables does not repay the labor in-
volved.

The interpretation of cocfficients of multiple correlation,
especially from the standpoint of how many factors having
simple coefficients of correlation with the first vanable of given
sizes are necessary to produce multiple coefficients of given
gizes, has been well discussed by Hull * Dunlap and Cureton's
article referred to under partial correlation hkewise deals with
the interpretation of multipie correlation ’

$Clark L. Hull, 7‘The Jomnt Yield from Teams of Tests,” Journal of
EBducational Psychology, Vol 14, October, 1023, pp 396406
, Aptrtude Testang (Yonkers-on-Hudson, World Book Co., 1928),

pp 257-264.
1Jack W Dunlap and Edward E Cureton, *On the Analysis of Causa-
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Shrinkage. If the coeffictent of multiple correlation derived
from a given set of data 1s applied to another comparable set
of data 1t does not exactly fit. This result 1s due to the effect of
the vanable errors present Since the regression equations
derived in connection with multiple correlations are usually
found so that they can be applied to other data, this discrepancy,
or shrinkage, would be serous if 1t were very large. However,
the shrinkage is so small that for most practical purposes 1t
may be neglected. Probably the best treatment of this
point, 18 that of Larson® He gmives a formula developed by
B. B Smuth ? which, with some changes in notation, 1s as fol-

lows- R’ = l——— - In this R 1s the estunated

correlation for the other data, I that actually obtained, n the
number of variables, and & the number of cases. Thus, for
example, if the obtained cocfficient of multiple correlation s
.80, and there are five variables and one hundred cases 1n-
volved,

—-— K02

o Ji 1
5

100

which gives 788 or a difference of only 012 By actual eom-
putation and tryout in & number of cases Larson found that
the actual shrinkage tends to be somewhat less than the esti-
mated shrnnkage according to this formula  The amount of

tion,” Journal of Educatumal Psychology, Vol 21, December, 1930, pp.
657-680

+ ¥ 8elmer C Larson, “The Shrinkage of the Coeficient of Multiple Cor-
rélation,” Journal of Educatwonal Psychology, Yol 22, January, 1931,
pp 45-55.

¢ Bradford B. 8Smith, “Foreeasting the Acreage of Cotton,” Journal of
the American Statistical Assorafion, Vol 20, March, 1025, pp. 3147.

18 A nomogram by which corrected values according to this formula may
be obtained has been devised by Gnffin  See Harold D Gnffin, ‘“Nomo-
grame for Correcting Simple and Multiple Correlation Coefficients,”
Journal of the Amerwcan Slahwstical Assocuatron, Vol 25, September, 1930,
pp- 316-319
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shrinkage tends to increase with the number of variables and
to decrease with increases in the size of the multiple coefficient.
For not more than ten variables, fairly large numbers of cases,
and multiple coefficient~ of a sufficient size to be of much value
in prediction, the shrinkage 1s rarely much greater than .01.
Corrections for number of observations. The coefficient of
multiple correlation obtained from a sample tends to be larger
than the correet cocfhicient for the total population from which
the sample was taken  This 1s especially true if the number of
caser 18 small or the number of vanables imvolved large The
formula by which such a coefficient may be corrected 18 as

follows.
N~-1
_ 2 .
R(urr = /‘/1 (1 kR )(N, 71)

To illustrate the appheation of this formula the first coefficient
found on page 286 may be etnployed  In this case n, the num-
ber of varables, ecquals 1 and since N 1s not given, we may
assume 1t to be 50 NSubstituting in the formula, the corrected
value of Rp yrp. 18 as follows

B = 41 = (1 = 751-’>(-”0—.7_1)
oy — 4

which gives 732, thus <howing a decrease of approxamately .02.
A fuller diseussion of this correction 1s given by Ezekiel 1!

Curvilinear multiple correlation. If curvilinear relationship
is known or suspected to enst, the ratio of multiple correlation
or the mdey of muluple correlation may be employed How-
ever, then use 1s not at all common 1 connection with educa-
tional work. The formula for the ratio s

/AN =

in which Om, I8 the standard deviation of the mean values of

the first vanable for each cell, that 18, for each group of meas-

Yt Mordceai Ezekiel, Methods of Correlaion Analysie (New York, John
Wiley & Sons, 1930), pp. 176-178
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ures falling in the same class according to the grouping of all
the vanables concerned, The ¢, in the denominator is merely
the standard deviation of the values of the first variable, The
error involved 1n this formula 18 large, and unless there are on
the average several cases in each cell, the obtained value i8
usually too large,

The formula for the index of multiple correlation is

0'5"
p(rho) = — “or -
Tx ok

In this X"’ refers to values of X estimated from the other
variables concerned by methods of curvilinear regression and
Z" = X — X”. Just as with the coetheient of multiple cor-
relation, so with the index, adjustment should be made for
small numbers of cases

Fuller discussions of curvilinear multiple correlation includ-
ing the ratio, the mndex, and other methods, may be found in
the references given below !

Partial multiple correlation. A modification of the formula
for multiple correlation to take care of the rather rare situation
in which one desires to find the multiple correlation between
one vanable and the sum of two or more others, with one or
more still other variables held constant, has been offered by

12H, L. Bean, ‘A Simplfied Method of Graphic Curvilinear Correla-
tion,” Journal of the American Statistical Association, Vol 24, December,
1929, pp. 386-397
, ‘‘Appleation of a Simplified Method of Correlation to Prob-
lems 1n Acreage and Yield Vanations,” Journal of the American Statistycal
Assocration, Vol 25, December, 1930, pp 428439

Mordecai Ezekiel, “A Method of Handitng Curvilinear Correlation for
any Number of Vanables,” Journal of the American Statistical Assocratrion,
Vol..19, December, 1924, pp 431—453.
s Methods of Correlation Analysis (New York, John Wiley & Sons,
1939), pp 187, 219, 224-227, 235-241, 262-264, 300-317

H. L. Rietz and others, Handbook of Mathematical Statistics (Boston,
Houghton Miffin Co., 1924), pp 146-149.

H. R. Tolley and M J B Ezekiel, A Method of Handling Multiple-
Correlation Problems,” Journal of the American Statistical Association,
Vol. 18, December, 1923, pp 993-1003
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Stouffer.’® The formula for this purpose is

Rl-ﬁﬂ---ll+l,...-=
\/1_(1"rlﬁzu+1,o+2,...n)(1—r%nza...a—l,n+l,...u)-

in which the subscripts after the last point denote the variables
held constant. For only four vanables, that 1s, the correlation
of 1 with 2 and 3 combined when 4 18 held constant, the formula
becomes

Risae=+1-(1 ‘_7'1224)(1 — )

Dunlap and Cureton ' also deal with the same type of correla-
tion.

ExERCISES

1. Compute all coefficients of multiple correlation for each of the
eets of zero-order coefficients given in Exercise | at the end of the last
chapter

2 Correct for shninkage 1n each of the following cases A. R = 90,
N=200,n=14,B k= 65 N =160, n = 4.

3. Correct for oumber of observations in each of the cases given in
Exercise 2.

13 Samuel A. Stouffer, “* A Coefficient of ‘Combined Partial Correlation’
with an Example from Sociological Data,” Journal of the Amerscan Sta-
tsstscal Assocration, Vol 29, March, 1934, pp 70-71

4 Jack W Dunlap and Edward E Cureton, **On the Analysis of Causa-
tion,” Part VII, Journal of Educatronal Psychology, Vol. 21, December,
1930, pp 676-678.



CHAPTER XVII

PARTIAL AND MULTIPLE REGRESSION

Introduction. Just as ordinarv regression coefficients and
equations have a close connection with zero-order coeflicients
of correlation, so do the cocfhewnts and equations of partial or
multiple regression have a simuilar 1elationship to the coefficients
of partial and multiple corrclation  Partial- or mnultiple-regres-
sion equations provide the best means of estimating one var-
able when the values of 1wo or more others with which 1t has
been correlated are known They differ, therefore, from ordi-
pary regression equations 1m confunng more terms, one for
each of the vanables corrcluted with the one to be estunated.
Therr use and the mterpretation of results therefrom are the
same.

Although the corresponding coefficients of corrclation differ,
the partial- and multiple-regiession coethetents and equations
are the same For any given sttuation m which one vanable
has been correlated with several others, and m which both 1its
partial and multiple correlations have been found, there 1s but
one best set of regression coefhelents and o sigle best regres-
sion equation for estunating 1t m terms of the other varables
mvolved These may be culled either partial or multiple ac-
cording to the pomt of view tuken 1If each corfhelent or each
term m the equation except the constant term is thought of
separately as making an mdividual contnibution apart from
the others to the estimation of the single vanable, the term
partial 1s approprifte  If the terms are thought of n combing~
tion rather than separately, the term multiple 1« appropnate.

The term net regression 1s ulso sometimes used as synonymous
with partial regression The net-regression coefficient is the
coefficient of one term 1n the multiple-regression equation and
thus shows the change 1 one vanable corresponding to the

296
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unit change in another when the effect of others is eliminated
or held constant.

Partial standard deviations. Since the two formul® by which
coefficients and equations of partial or multiple regression are
most cornmonly computed involve the partial standard devia-
tions, these formuls: will be explained first They are the stand-
ard deviations of the vanables concerned when the values of
others included 1 partial correlation with them are held con-
stant. The most convenient form of the general formula for a
partial standard deviation 1s probably

Or234 ..n =
o1 — V1l — '.W/l—:’_’f: 23 V1 - ﬁnn +o{n~1), OF
oV (1 — )1 = (1 —rh) . - (1 — .. (a-1'

Another form sometimes employed 1s

9
T 234 on = Ope34.., (»—u\/l—l‘I,..m...m—l)

It will be noted that both formula require the partial coefficient
of correlation of the next lower order than the partial standard
deviation. In addition to this, the first calls for one coefficient
of correlation of cach lower order and the second for the par-
tial standard deviation of the next lower order. If the coefli-
cient of multiple correlation has already been computed, it is
convenient to employ the formula,

T 234 .n=0'1\/1-Rfm .n

Bince, however, the multiple coeffictent 13 not necessary to the
computation of the partial standard deviations and the multipie-
regression coefficients and equations, it is sometimes not found,
and 80 18 not available.

When only two vanables are concerned the partial standard,
deviation formula becomes o1.3 = d1%/1 — r3;, and for three

1 The formule for partial standard deviations may also be wnitten chiefly
n terms of coefficients of alienation Thus the one given above becomes
vk kis s kieas- kin ., . {n1) and the others given in this chaptar
may be sumilarly changed.
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it is: ?
gL = 01.2V1 — ;n-:y oroaV1 — ;11-3-
If the value of the first-order partial standard deviation given

above is substituted in the formula for the second-order one,
the result is the same as from the first formula given:

o1 =0V ({1 — )1 — ), or = orV(1 — ) — is)-

The corresponding formule for the other two partial standard
deviations of the second order are:

o1 = 0V — )1 — 1% )), or = ooV (1 — i) (1 ~ 13y.0),
and

Ts3.12 = '-"3\/(1 —ny(l — 13 ), or = oV (1 — Tg;ﬁl - ﬁa-:)-

The form in which these are given 1s usually the most convenient
to use for second-order partial standard deviations.

The data previcusly used 1n the discussion of partial and
multiple correlation may be used to illustrate that of the par-
tial standard deviations. It will be recalled that rgp = .50,
rgr = 65, Tpr = .60, THP R = 181, THR-P = .505 and TeRH =
.418. The standard deviations are also needed, so g will be
taken as 8, op as 6 and o5 as 10 From these the partial stand-
ard deviations are found as follows:

on.pr = 8v({1 = 50901 — .5057) or
8v(1 = 659 (1 — .I81?) = 5.98,

op.pg = 6+/(1 — 6051 — .181% or
6v(1 ~ 500 (1 — .418%) = 472, and

or-gp = 10/(1 — 655)(1 — .418%) or
10v/(1 — .60 (1 — .505%) = 6.90
*The partial standard dewvations, mimidar to the partial correlation

ecefficients, may be found in an ever-increasing number of ways as
their order increases By taking advantage of this fact 1t 18 reacdily shown

that LR

Dr 4, Diw %12 and so on, the general case being that

Fa1 O3 O3 o133
T80 ..0m Fr¢ .. n
- -

f3iM...n 03¥M,...n
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The same results may be secured by the formula involving
multiple correlation. Since Ry.pgp = .664, Rp.gp = .617, and
Rp.yp = .723, this formula gives oy.pz = 8v/1 — 6642 = 5.98,
Op.AR = 6\/ 1—- 617t= 4.72, and Tp.Pp = 10\/ 1- 7%‘ =
6.91.

Computation of the regression coefficients. The general
formula for a coefficient of partial or multiple regression is
commonly given in some one of three forms. These are as fol-
lows:

bissi...n

=iz, (- ~Tins . (r_1)TmuM.. (0-1)T13.. (-1}
) G T PR Y T23¢...(n-1)
‘4

= Fizs. .. 0 =, or
LR n

’bn-u (n_1) = bin a (n-1) bnaaa . (h-1,

1 — bin s {n—~1) hn2 1 (n—1)

The first of these involves both the partial coefficients and
standard dewviations of the next lower order than the desired
regression coeflicient, the second requires the partial coefficients
and standard deviations of the same order as the desired regres-
sion coefficient, and the third makes use of the regression eo-
efficients of the next lower order. In actual practice the first
two arc more frequently used than the third, since the partial-
regression coefficients of lower orders are not commonly found
unless they are wanted on their own account
For three vanables the formul®e given above become:

Tig — TwaTu O 013 b1z — biybs

bu-x = l — ;%—:;——‘ ‘&‘;0 T2 3';,—801' l—bszﬁl

By substituting for the partial standard deviations in the second
of the three formulse we obtan

0’1\/1—;’

bu.; = T;z.z‘;;/f_ﬁ%.

This 18 probably the most common method of securing & partial-
regression coefficient when three variables are concerned. The
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other five of the six possible regression coefficients for three
variables may be obtained from the following mmilar formule:

b , oy 1 — 7
.2 = Tiz.2—
13.2 3 a2 1 -7

= rs Y /1=
bays = rus p 1=,

(4] 1 — gy

bos.1 = Tas
23.1 10'3 1"7'?3

bt [ |

g 1 -
bare = 13 2';? lTéf
baay =1 E‘/‘/1—— 2

wi=ra1 A T

To illustrate the use of these formule the partial-regression
coefficients for the data dealing with history, physiology, and
reading scores will be used From the measures already com-
puted the partial-regression coefficients may be found as follows,
using the last formula in the preceding paragraph:

8, /1 — .65%
bHP'R - -1816/‘/1*_-.'6(35

bunp = 50554/ 1O = 437
T .18121 / %—E—:% = .143
bepa = .418% f?g: = 286
bem p = 5055 4/ 1 =20 = 563
baps = .418%1/ o= e

3 the first-order partial standard deviations are desired, they
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may be obtained from the numerators or denominators of the
fractions in the formul® just used. Thus:

og.p= 81 ~ .50 = 6.93, op.r = 84/1 — 65% = 6.08,
opg = 6+1 — .50 = 5.20, opr = 641 — 60 = 4.80,
org = 1041 — .65% = 7.60, agr.p = 101 — .60% = 8.00.

Forming regression equations. The coefficients of partial
regression are employed mn just the same way to obtain the
partial- or multiple-regression equations as are zero-order re-
gression coefficients to secure zero-order or ordinary regression
equations. Thus if we use X; to refer to the dependent varable,
that 1s, the one that is bemng estimated 1n terms of the others,
and X,, X, and so on, to refer to the independent variables or
the ones in terms of which X, 1s being estimated, the equation
may be written as follows in terms of deviations:

Ty =bus . aTe+buau...nZs+ ... + Dtata... (n=10Tn
In terms of measures, this becomes

Xi=biza. .o Xe— M) +bisa...aoXs~M)+ ...
+ binas. .. n~-1 (Xn -M)+ M,
For the three vanables and the data denved therefrom already
used in the preceding paragraph the regression equations in
terms of deviations may then be written as follows. h = .229p +
437r, p = 143k + .286r, and r = .583h + .611p. If measures

are used these become
H = 229(P — Mp) + 437(R — M%) + Mg,
P = 143(H — Mp) + .286(R — Mg) + Mg and
R = .586(H — My) + .611(P — Mp) + M.
If for the means of the three vanables the following values are
assumed: My = 80, Mp = 85, and My = 40; the last equations
become:
H = 220(P — 85) 4+ .437(R — 40) + 80,
P = 143(H — 80) + .286(R — 40) 4 85,and
R = .588(H — 80) + .611(P - 85) 4 40.
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These reduce to

H = 229P 4 .437R + 43.08,
P = 143H + .286R + 62.12,and
R = .586H + .611P — 58.82.

The interpretation of these is sumilar to that of ordnary
regression equations. The third, for example, means that ac-
cording to the data used a pupl’'s most hkely score on the
reading test is equal to .586 times his history mark + .611 times
his physiology mark — 58 82. Thus the most hikely reading-test
score of a pupil whose history mark 1s 90, and whose physiology
mark is 70, 1s 37.°

If four vanables are concerned the formula for the partial-
regression coefficient usually the most convenient is

b =753 (8! (1 =) —14,)
AT ROV U= — )

For all four multiple-regression equations twelve such coefficients
are necessary, three for each. All will not be given here, but
merely the other two needed for the equation of variable 1 in
terms of the others. They are

0y A -=r)( -~ T 2)

bisae = rism - (1I— ) ~ iy

] —
bis2a = Tia 23 3'_1/‘/(1___7‘12)(1 _ﬁiﬂ_)_.

a4 (l — 731 ~ 13 0)

For the purpose of checking, each of these three may be written
otherwise as shown above

To 1llustrate the use of the formule just given the data already
employed may be used again. To do so the mean and standard
deviation of the intelligence test scores must be known. These
may be taken as 105 and 20. If it is desired to estimate phys-

and

8 For ordunary work 1t 1s sulficiefif'®b use regression coefficients accurate
to the second decimal place only. For eareful work, especially in cases in
which the original data are rehable and accurate enough to justify so
doing, three or four places should be used. In this case most of the differ~
ences ‘would ni¥h exceed one- or two-tenths.
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iology scores when the other three are known, the coefficients
are given by

= op 1 = rp)(l — TR 1)
bra.1r = TPH IR~ " A=A —rhe )
ar (1 = 75p)( — 1hp )
orV A =) —ppy) and

01'1/(1 — rop)(1 = }p.g)

ber nr = rer nr — .
or’V (1 — r4p)( — ripy)

berur = rprur

Substituting 1n these gives

6 a1 - 7591 — 0(_)0_’) _
sV =700 = 2109 ~
6 /(1 — 50901 — 418%)

brrne = B4 oA/ T 70h(1 = 636y — oo and

b _ o 8,/ = 5000 — 847 _
PRAL =T 10Y @ =655 — 6369

—.055

bra 1r —.039,

009.

From these
P = — 039(H — 80) + 233(/ — 105) + .009(R — 40) + 85.

whence
P = — 039H + 2331 + .009R + 63 30.

As appears from inspection of the example just given, it is not
necessary to know all of the lower-order coeflicients of partial
correlation 1n order to compute the partial standard deviations
and regression coefficients In working a problem such as that
just given, one should begin as 1\llustrated, by wnting out the
formule for the desired coeflicients, and then compute only
those of a lower order needed to secure the higher-order ones,

The computation of partial-regregsion equations without -
making direct use of partial correlation has been treated by a
number of writers. Workers yiao espect to make considerable -
use of partial regression involving inore than four variahles
should become familiar with the method suggested by Doolittle.*

¢ M. H. Doolittle, “ Method Employed in the Solution ¥ Normal Equa-
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This has been explained and modified by a number of others,
especially by Tolley and Ezekiel ® and by Wallace and Snedecor.®
The matter has been well summarized by Griffin,” who includes
with his discussion a rather complete bibliography dealing with
partial regression. Probably the most convenient methods,
however, are those suggested by Peters and Wykes,® who present
one method for use in case there are no more than five variables
and another, which is a vanation of the Doolittle method, as

best for more than five.®

Wood 1 has suggested a graphic method by which partial-
regression coefficients may be obtained Apparently it 18 possable
by its use to compute such coefficients in less than half the time
required by ordinary methods KErrors are involved but they are
rarely large enough to be serious Therefore, anyone who has
many such coefficients to compute may well become familiar
with Wood’s method. Gnffin !! has prepared a set of pre-
diction charts or nomograms that may be found helpful

tions and the Adjustment of a Tnangulation,” Coast and Geodetic Survey
Report, 1879, pp 115-120

$H. R. Tolley and M M. B Ezek:el, “A Method of Handling Multiple
Correlation Problems,” Journal of the American Slatistical Association,
Vol. 28, December, 1923, pp. 993-1003

¢H A. Wallace and George W Snedecor, “Correlation and Machine
Caleulation,” Towa State College of Agriculture and Mechanic Arts Officsal
Publscation, Vol. 23, January 28, 1925, pp. 22-36.

THarold D Gnffin, “On Partial Correlation vs. Partial Regression for
Obtamning the Multiple-Regression Equations,” Journal of Educalional
Psychology, Vol 22, January, 1931, pp 3544

8 Charles C. Peters and Ehzabeth Crossley Wykes, “Sunplified Methods
for Computing Regression Coefficients and Multiple and Partial Correla-
tions,” Journal of Educational Research, Vol. 23, May, 1631, pp. 383-393;
Vol. 24, June, 1931, pp 44-52

? In addition to the references given above most of the references given
in Note 1 of the preceding chapter should be consulted by the reader who
wishes to make a thorough study of methods of computing multiple-regres-
sion coefficients.

¥ Ernest Richard Wood, ‘“A Graphie Method of Obtaining the Partial-
Correlation Coeflicients and the Partigl-Regression Coefficients of Three
or More Variables,” Supplemeniary Educational Monographs, No. 37
{Chicago, Untversity of Chicago, Janygigy, 1931), 72 pp

L Harold D Griffin, “Constructing a Prediction Chart (Charting
Livear-Regression Equations),” Journal of Apphed Psychology, Vol. 186,
August, 1932, pp. 406-412.
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when one variable is to be predicted or estimated from three
others,

The B coefficients mentioned on page 245 in connection with
ordinary regression may also be obtamned and are sometimes
more useful than the b coefficients 1n the case of partial or
multiple regression. The general formula for them is merely

Buss...n=Dbiza... ,.?. Their chief value m this connection
1

lies in the fact that they offer information, although not entirely
unambiguous imnformation, as to the relative importance or size
of contnbutions by the several varables used in predicting the
dependent vanable. In connection with these coefficients it
should be mentioned that 8 coefficients m the standard score
form of the regression equation are equivalent to path co-
efficients.

Weighting independent variables without computing re-
gression equations. In many cases in which multiple-regression
equations might be employed to estimate the values of a va-
riable, only series of numbers that indicate the best estimates of
the proportional magnitudes of the values of the independent
variables are desired It 1s often not important to find out how
much ability will probably be exhibited by each individual,
but rather to determine the proportional relationships between
the degrees of ability An example of such a case might be the
placing of pupis in so-called homogeneous groups for purposes
of instruction. If, let us say, there are to be four such groups,
one of which contams the upper one-fourth of the class, the next
the second one-fourth, and so on, 1t is immaterial whether or not
the probable achievements of the pupils are determined abso-
lutely. They must, however, be known relatively. In such
situations where only three vanables are involved it is possible
to determine such numbers by a formula that requires less work
than that for multiple coefficients. If the subseript 7 is used to
represent the dependent vanable, and 2 and 3 those in terms of
which it is to be estimated, thggformula is

= 2T~ TiTa
OaTis — Ty
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In this W denotes the weight by which an individual’s score in
variable 3 should be multiplied before adding it to his score on
variable 2 to get the best prediction of the desired vanable 1.

It will be seen that the economy 1n the use of this formula
results from the fact that only one instead of two weights must
be computed since that of one of the two dependent vanables is
taken as unity. The application of this formula may be illus-
trated by the data already used Assuming that we wish to
estimate history in terms of physiology and reading, the formula

becomes
6 65 — 50 X .60

10 < 50 = .65 X .60

Therefore the desired equation 1s H = P + 191R. If this 18
compared with the corresponding regression equation already
obtained, which 18 H = 229P + 437R + 43 06, 1t will be seen
that the ratio between the coetheients of P and R, .229 and 437,
respectively, 18 the same as the multipher of R given above, 1.91.

The reader who is interested in a somewhat fuller discussion
eonnected with this last method of weighting 18 referred to
QOtis!? and Hull.®® Certain other short-cut methods which may
sometimes be employed m connection with multiple regression
are given by Ezekiel.!

Waeighting according to reliability. Although the ordinary
method of weighting variables concerned m the estimation of
another variable 1s that already desenbed, that is, either by the
partial-regression coefficients or by the formula given in the
last paragraph, it sometimes happens that another basis of
weighting should be employed Kelley !* has shown that if the
two or more independent variables are serics of measures of the

13 Arthur 8. Otis, Statistical Method in Educational Measurement (Yon-
kers-on-Hudson, Wo;ld Book Co, 1925), pp. 240-241
+33 Clark L. Hull, Amwle Testmg (Yonkers-on-Hudson, World Book Co.,
1928), pp. 445457 ale0 “‘Prediction Formuls for Teams of Aptitude Tests, "
. Journal of Applied Paychology, Vol 7, SBeptember, 1923, pp. 277-284.

M Mordecai Ezekiel, ‘‘8hort-Cut Methods of Deterrmmng Net Regres-
sdon Lines and Curves,” Methods of Correlation Analysis (New York, John
Wiley & Sons, 1930), Ch. xvi

% Truman Lee Kelley, Interpretation of Educatromal Measuremenis
(Yonkers-on-Hudoon World Book Co., 1927), pp 211-213.

W = =191
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same thing, their respective weights should be determined by
the values of l\fr’ in which r is the coefficient of reliability.
For example, if intelligence has been measured by three tests
which are so similar that they may be considered as measuring
the same thing, and if the respective coefficients of reliability
of these threc tests are .90, .80, and .70, the relative weights to
be given the three 1n combining them to secure a single estimate
or measure of intelligence are as follows, respectively:

VI o0 VD _ VA
T R e T

= 2.79.

In other words, a pupil’s score on the first test should be mul-
tiphied by 9 49, his seore on the second by 4.47, and on the third
by 2 79. The same relative results can be obtamned by changing
the weights to such a basis that the smallest one 18 made unity
and the others proportional thereto In this instance this result
is obtained by dividing by 279, which gives weights of 3.40,
1 60, and 1 00, respectively Before employing this method, one
must express the various test scores in standard or equivalett
units.

Curvilinear and other additional multiple-regression methods.
It 18 possible to compute multiple regressions 1 the case of
vanables between which the relationships are curvilinear rather
than rectitinear. The methods of doing so are 1n general rather
difficult, however, and are so rarely employed in edueational |
work that they will not be given here. They may be found 1n the !
same references given in the discussion of curvilinear multiple
correlation 1n the last chapter Moreover, 1t 1s also possible to
compute the relationship between one variable and two or
more others acting jomntly rather than ibgependently as is
assumed in the case of the ordinary multiple-regression equation.
A discussion of this is given in Chapter 20 of Egekiel.'® o

¥ Mordecai Ezekiel, Methods of Correlation Analysis (New York, John
Wiley & Sons, 1930), Ch. xx, ** Measuring the Relation between One Vana-~
ble and Two or More Others Opersting Jontly.”

v
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EXERCISES

1. Find the multiple-regression equations for estimating each vari-
sble from the other two for the following data: My = 35, Mq = 8,
My =144; 01 =42, os=15 03=27; rig=.64, rys = .56
ey = 45.

2. Find the multiple-regression equation for estimating variable A
from B, C, and D for the following data M4 = 125, Mp = 80, M¢ =
3.5, Mp = 42.5;04 = 175,08 = 10, 0¢ = 1.2, 0p =72, ryp = 78,
rac = 60,74p = 32, rgc = 72,rgp = 50, rcp = 45.

3. Find the multiple-regression equations for estimating each vari-
able from the other two for the data given 1in Exercise 2 at the end of
Chapter XV on page 281.

4. From the data in Exercise 1 find the proportional weights for each
of the following conditions

A. For estimating variable I if 2 is taken as unity
B. For estimating vanable 2 if 3 18 taken as unity.
C. For estimating vanable 3 if 1 1s taken as unity

5. Find the proper weights according to reliability for the first two
of three series of data whose coefficients of reliabihity are .93, .88, and
82, if the weight for the last 1s taken as 1.



CHAPTER XVIII

THE CORRELATION OF ATTRIBUTES

Introduction. Although the worker in educational statistica
is usually concerned with variables, occasions arise when he
desires to compute the relationship between two or more series
of attributes ! or between one series of attributes and another
of vanables. In general the correlation of attributes is simpler
and mnvolves less computation than does that of vanables, but
the resulting measures of relationship are not generally so exact
as those derived from vanables.

Some of the methods used in correlating attributes are based
upon a twofold or dichotomous grouping of each charactenstic
or trait, whereas others may be employed with any number of
groups. Several of the former methods will first be presented.
Since each charactenstic 1s divided mto two groups the result-
ing table contams four compartments and is therefore known
as a fourfold table In practically all the methods of computing
relationship among data n a fourfold table use is made of the
symbols a, b, ¢, and d to represent the number of measures fall-
ing in each of the four compartments of the table as shown by
the accompanying diagram. The sym-
bol a represents the number of meas- ¢ b
ures that are high or above the mean T+ -
1 both traits; d, the number of meas-
ures below the mean m both; b, the - +
number above in one and below in the
other; and ¢, the same except that the two are reversed. The
lines of division should be the mean values of the traits and
unless this condition holds the formuls for fourfold tables are
not stnctly valid. However, it is common to employ them in

1 The method of attnbutes involves the grouping of individuals accord-
ing to the presence or absence of a given trait or the presence of one or
another of several traits. In general these traits are not numerically meas-
ured.

300
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other cases and if the dividing points are not too different from
the means the results are valid enough for rough work.

Any two series of variables can be, but rarely are, thrown
into a form suitable for tabulation 1n the manner just described.
For example, if marks have been recorded in per cents all that
it is necessary to do 18 to determine the mean per cent of each
series and then tabulate them in the four cells of the table.

It sometimes occurs that the data being dealt with are such
that one class cannot be considered as higher than another.
For example, the two divisions of the table one way may be
boys and girls, the other way light complexton and dark com-
plexion. The coefficient obtained in such a case should be 1n-
terpreted 1n the hight of the way the table has been constructed.
If the first column represents boys, the second girls, the upper
row light complexion and the lower row dark complexion, so
that a is the number of boys with hght complexions, d the
number of girls with dark complexions, and so on, a positive
coafficient shows that boys tend to have hght complexions and
girls dark complexions

' The product-moment coefficient of correlation of a fourfold
table. If, as is not usually the case, however, the two classes of
each charactenstic concerned i a fourfold table are numenecal,
it is possible, although not general practice, to find the product-
moment coefficient of correlation therefor by the regular method.
It has been suggested that 1t 1s possible to secure an approxima~
tion to this coefficient by the use of the following formula:

N(a (a4 cz\(fb + d))

TEVa+obF+de o+ d

The application of this formula may be illustrated by a group
of forty pupils who are classified according to whether they
are above or below the mean m English and algebra. If there
are twelve above the mean mm both subjects, seven above in
English but below in algebra, eight above n algebra but not
in English, and thirteen below in both, the formula gives, as
shown in Table LIX, r = .20,

w
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TABLE LVIII

APPROXIMATION T0 ProDUCT-MoMENT CoEPFI-
CIENT OF CORRELATION FOR A FourroLD

TaBLE
, Algebra
Enghsh Total
Above Below |
Above i2 i ; 19
Below § 1 13 ; 21
Total | 20 | 20 | o
(12 4 87 + 13}
12 — 7 ———
B )( 12 i

r= ——- e —r—— =

V2 T8 7 4 13) (12 T8+ 13

If it 18 assumed that positions above and below the mean con-
stitute two numerical elasses and the regular product-moment
coefficient of correlation compuied, 1t 1s found to be 25 The
difference between this and .20 1s small enough to indicate that
the formula cmploved 1in Table LVIII does, i this case, yield

« an approxumation to r. In general, the formula does so miuch
more closely if @ 1s smaller than b+ d,fea+¢c=b+4d, or if
a—+b=c+d. Otherwmse the approximation 1s likely to be
quite poor.

Tetrachoric correlation. Probably the best measure of the
relationship in a fourfold table 18 the tetrachoric coefficient of
correlation  Its use assumes that the two distributions con-
cerned econform to the normal frequency curve. The direct
computation of this coeilicient mvolves the solution of higher
degree equations, so will not be given here The reader who
desires to employ it should consult the following references,?

% Leone Chesire, Milton Saffir, and L L. Thurstone, Computing Dia-
grams for the Tetrachoric-Correlation Coeffictent (Chicago, Umversity of
Chicago Bookstore, 1933),

Truman L. Kelley, Stattstical Method (New York, Macoullan Co., 1923,
pp. 253-258.

H. L. Rietz and others, Handbook of Mathematical Statsitcs (qut.on-
Heughton Miffin Co., 1921), pp 133-135.
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the first of which contains diagrams that facilitate the work and
obviate the necessity of solving the equations referred to.
Yule’s coefficients. Yule has suggested two coefficients to
be used in measuring the relationship in fourfold tables. The
first of these, called Yule's coefficient of association and abbre-

viated by Q, is given by the formula Q = Z";———jrg”c- The second,

called Yule's coefficient of colbhgation and abbreviated by w

(omega), is the same except that there 18 a radical over each of

the four quantities. Thus w = \/—idi—-——\/?_c The calculation
) Vad + Ve

of these coefficients is shown by the following example, which

uses the same data employed earher in this chapter, It will

be recalled that a = 12,6 = 7, ¢ = 8, and d = 13 Substitut-

ing in the formul just given,

_VI2T3 - V78 _
V1213 + V78

Both of these coefficients vary in value from +1.00 through
0 to —1.00. They are not at all equivalent, however, to product-
moment r. Neither one has recerved much use. Yule apparently
considers w a better measure than @, but serous objections
have been offered to the use of either. Fuller discussions may
be found in Yule ? and Kelley *

Pearson’s cosine m method. Pearson has suggested a method
usually known as the cosine = (pz) method which 18 preferable
to either of those suggested by Yule. The value yelded by its
use i8 approximately equivalent to product-moment r. The
formuls ® is

1213 — 78
Q—m— 47,andw

_ VB
r = CO \/a_d-}-\/l;—cw

3@G. Udny Yule, An Introduction to the Theory of Statistscs, ninth edi-
tien, revised (London, Charles Gnffin & Co, 1929), pp 37-39,

4 Truman L. Kelley, op. cit., pp. 260-262.

5 x is used m this formula as is common In trigonometric and other
computations dealing with the circle, as equal to 180°,
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For the data already used this formula yields
= co§ AL T
V1213 + V78
Securing the value of r by the method just illustrated involves
the use of trigonometric tables giving the value of the cosine.
It is simpler however to employ a table, which has the effect

of eliminating the cosine from consideration by giving directly
the value of r corresponding to a given value of the fraction in

r = cos67° 27’ = .38.

TABLE LIX
VaLugs oF r CorrResPONDING TO CERTAIN VALUES oF THE FRACTION
“ad .
— . UsEp IN Pearson's CosiNe = MeTtHOD *
vad + Ve
N Y. O .
Vad + v Val + Ve vad + v Vvad + vV

500 00 416 26 330 51 225 .76
497 01 413 27 326 52 220 77
494 02 410 28 322 .53 215 78
.490 03 1406 29 318 .54 210 79
487 04 403 .30 315 55 205 .80
AB4 05 00 31 311 56 .199 81
481 06 398 32 307 57 194 .82
478 07 393 33 .303 58 .188 83
475 .08 390 34 299 59 183 8
AT1 09 386 35 295 60 177 .85
468 10 383 36 291 61 170 86
.465 11 379 37 287 62 164 .87
462 12 76 38 283 63 158 B33
.458 13 373 39 279 64 151 .89
455 14 369 40 275 65 144 90
452 15 366 41 271 66 .136 91
449 16 362 42 266 67 128 92
446 17 359 43 262 68 120 83
442 18 355 44 258 69 111 04
A39 19 351 45 253 70 101 95
436 20 348 46 249 71 080 .58
433 21 344 17 244 72 078 07
429 22 341 48 240 73 084 98
426 23 337 49 235 74 045 99
423 24 333 .50 230 T 000 1.00
420 25

* This table may also be used to determine the vatue of r corresponding to various valuss
of U in S8happard's inethod of unhke sgns
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the formula. For this purpose Table LIX is presented. The
value of the fraction in the formula for the case employed
above is .3747. The entry in the table nearest to this is .378,
for which the eorresponding value of r is .38, the same as that
obtamed by looking up the cosine.

Sheppard’s method of unlike signs. Sheppard has gone a
step further and suggested a still simpler method of securing
the coeffictent of correlation for fourfold tables. His method
yields a result that approximates the one given by Pearson’s,
but obtains 1t with considerably less work. The formula he
suggests ¢ is r = cosU 180° In this formula U stands for the
per cent of all measures having unlike signs or, in other words,

U= b ; €. For the data already used several times in this
chapter U equals 7+8 or .375. Therefore r = ¢08.375-180° =

40
¢0867.5° = .38. In this case, however, just as in that of Pear-
son’s method, 1t 1s not necessary 1o find the actual cosine, but
the value of r may be determined directly from that of U.
b+c¢

N
purpose as for Pearson’s method. From the table one can find
that the value of r most nearly corresponding to a value of
875 for U, 18 .38, the same as that already obtained.

As may be seen by looking up the standard or probable error
of this coefficient given in Chapter XIX its rehability is not
very ligh. Unless the value of r is .50 or more and the number
of cases fairly large little significance should be attached to it.

The coefficient of contingency. Probably the most common
megthod of measuring the correlation of attnibutes when the
classification is more than twofold 7 18 Pearson’s coefficient of

Since U is equivalent to , the same table serves for this

- 9This formula 18 denved by substituting 1n Pearson’s formula. For
+/Be U is substituted and for v/ad L (L equals the per cent of cases having
like signs). Thus the formula becomes r = mff%f]"" Since, however,
L+ U is always 100 and 7 equals 180° 1t reduces to the form given
above,

¥This method may also be used with a twofold clasmfieation but it is
pot common to do so.
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mean-square-contingency. This assumes that the cases have
been tabulated n a table similar to a correlation table. It is
gimilar also to a dichotomous table, except that it may have
any number of divisions, and the number of classes in which
one variable 18 grouped need not be the same as the number
in which the other is grouped. Table LX, which contains data
showing the relationship between average mark and major
subject, illustrates the method of tabulation and computation.
Part A thereof contains the data as they should be tabulated.

The formula eiven by Pearson for mean-square-contingency
(usually abbreviated C) 18

YA ¢*
c= i/ vz s

(x = chi and ¢ = phi) In this formula,

5] g )
S e VORI S S L ol )

x2
2 = A
X non. N / nMn,
N N
(nrc - nrnu)
oz ___N/
T,

in which n, represents the total number of measures in a given
row of the table, n. the total number 1n a given column, and
n,. the number 1n a given compartment.® One familiar with
the theory of probability will see that what the fofmula does
is to compare the number of cases in each compartment of
the table with the number that might be expected to fall there
by pure chance.

Yule has shown that Pearson’s formula may be simplified

to the following:
C = /S~ N
—~—

11t will be noticed that 1n the example given the lines bounding the

compartments have not been nserted.
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TABLE LX

ComMpUTATION OF TRE COEFFICIENT OF
MEAN-SQUARE-CONTINGENCY

Parr A
Magor Subject
Mark 0T Sungec Total
Eng. | Hiwst | Math. | For. L
A 2 2 3 3 10
B 6 5 4 5 20
c 8 5 4 4 21
D 4 3 1 1 9
Total 20 15 12 13 80
Parr B
4 4 9 9
20X10 15X10 12x10 13X 10
36 25 16 25
2020 15X20 12x20 13 X 20
64 25 16 18
20x21 15x21 12x21 13X21
16 9 1 1
W0Xx9 15%X9 12x9 13x9
Parr C
10200 0267 0750 0692
.0900 0833 0667 0962
.1524 0794 0835 0586
.0889 0667 0093 0085
Co 4/10544 -1
1 0544
Parr D

1/4 36 , 64 16
2—0('134'%'*‘2-1'4'6)- .3513

4}
15\ 10
179 16 16 1

iim+%+ﬁ+i)'

})-

25

18
wotTantat

25,25, 9
+§"0+ﬁ+§')' .2560

2325

T = 10542
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TABLE LX—Continued
Pasr E

o arn) -
T = 1033

in which

For actual computation it i1s advantageous to make a slight
change in the formula for S by changing the position of N so

that
nZ,
S

This is the formula commonly recommended and employed
for computing the coefficient of contingency. It 18, however,
posgible to introduce a further siplification  If both numera-~
tor and denominator of the formula just given are divided by
N the result is

——

T

nl. S
T= z[:n,nc]mﬁ'
This is the form recommended by the writer.

* It may be noted that
x’-S—N-N(T—l)and‘p’-g—;v—E-T—l.

in whiech ¢
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The application of this formula is illustrated in Table LX,
The first step is to substitute in each compartment the fraction
called for by the formula instead of the actual number of cases.
This is done 1n Part B of the table. Each numerator is the
square of the number of cases in the compartment, and each
denominator 18 the product of the number in the column and
the number in the row in which that compartment falls. Thus,
for example, taking the upper left-hand compartment, the
number of cases 18 2, and so the numerator of the fraction is
22 or 4. The number of cases 1n the left-hand column 18 20 and
in the upper row 10, so the denominator 1s 20 X 10. Part C
contains the same fractions reduced to decimals The entries
in this are then summed as the formula calis for, giving 1.0544.
This is T, so substituting n the formula gives

In other words, the relationship between the average marks
and the major subjects of the sixty pupis whose records are
dealt with 15 quite small.

A further shght stmphfication of the method just illustrated
is possible. In Part B of the table there i1s a common factor in
the denominators of all fractions in each row or column. Thus
20 appears in the denominator of each fraction in the first
column, 15 in that of cach m the second, and so on. Sumilarly,
10 appears in the denominator of each fraction m the first row,
20 in that of each in the second row, and so on. One may there-
fore take out the common factors for all the rows or all the
eolumns, as he prefers. If this 18 done by columns Part B may
be rewritten as shown in Part D. If the fractions m the paren-
theses are changed to decimals, added, and multiplied by the
common factors, the four rows of the table give 3513, .2560,
«2144, .2325, respectively. Adding these, 10542 is obtained,
which differs from the result already secured, 1.0544, merely
because enough decimals were not carriege -

This may be checked, if desired, by doing the same thing
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by rows instead of columns. The result, shown in Part E, is
1.0543, approximately the same as before.

The value of C is always positive and ranges from zero to
somewhere near 1.00. Unless the number of classes is infinite
its value cannot be 1 00; instead, the maximum value depends
upon the number of classes, being greater the larger this num-
ber is. Ths limit is given by

/“/(nn — 1)(ns — 1)
nine

in which n, and 7. represent the numbers of classes in the two
series of measures. Thus if there are two classes of each variable
C cannot exceed .71;1f there are three classes of each 1t cannot
exceed .82; if there are four, .87; if there are five, 89,1f there
are ten, 95, and so on. Because the possible value of C 1s limited
in this way 1t has been suggested that the coefficient of con-
tingency should not be used unless there are at least five classes.
The wniter, however, does not agree with this recommendation,
but. suggests mstead that it be used and a correction applied
to allow for the number of classes.

An approximate correction for this purpose may be mada
by dividing the actually obtamed value of the coeficent ‘by
its maximum possible value as given by the formula. Thus,
in the example used, the maximum possible value of C is given
by1 / (_4_"%9__._) which equals 87. If the comput,ed value
of C, .23, is divided by 87, the result, .26, 15 a correcbed value
of C whlch 18 roughly comparable with the product-moment
coefficient of correlation.

Probably a better but a more difficult cesrection may hB
made by dividing the obtamed value of C by the product of |
the coefficients of correlation of each of the two series of meas-
ures with the mid-point values of the classes. If the measures
are attrnibutes this eorrection 1s of doubtful validity, but if one
or both are '\rariabw is appropnate. The method of deter-
mining the coefficien® of correlation mentioned may be found
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in both Holzinger * and Kelley,!! who also give fuller discus-
gions of some other points than are to be found here.

A correction for too fine grouping which, however, cannot
be applied when the value of T and also that of N is small,
without resulting in an urational expression 18 to subtract

(n — l)Nf"’ it ) from the obtamed value of T' before using

it in the formula for C. As 1s apparent when it is attempted,
the example used above 1s a case in which the result is irrational.

It has been pointed out by certamn writers that there are
certain limitations which apply to the use of the coefficient of
contingency. There has been some argument concerning these
but it seems reasonably safe to conclude that 1n most cases mn
which the ordinary reader 1s interested these hmitations are
not serious. Discussions of them may be found 1n a senes of
articles by Harns and others, and Pearson 12

Product-moment correlation for qualitative series. Instead of
computing the coefficient of contingency i1n cases involving
non-numerical or qualtative data, 1t 18 possible but not com-
mon to compute the product-moment coeflicient of corrclation.
‘This may be done 1n cases involving one qualitative series and
another quantitative seres, and hkewise in cases in which both

wKarl J. Holzinger, Statistical Methods for Students 1n Educatson (Bos-
ton, Ginn & Co., 1928), pp 273-278

1t Truman L Kelley, op i, pp 265-271

1 J, Arthur Harns and Alan E Treloar, ““On a8 Limitation in the Ap-
plieability of the Contingency Coefficient,” Journal of the American Statis~
tical Assocsatson, Vol 22, December, 1927, pp 460472,

J. Arthur Harris and Chi Tu, “ A Second Category of Limitations i the
Apphicabihty of the Contingency Coefficient,” Journal of the American
Statistical Assoctation, Vol 21, December, 1929, pp. 367-375.

On the Theory of Contingency

Karl Pearson, “Note on Professor J Arthur Harnis’ Papers on the Limi-
tation in the Apphcabxhtv of the Contingeney Coeflicient,” Journal of
the American Statistical Associatum, Vol. 25, September, 1930, pp. 820~
323.

. J. Arthur Harris, Alan E Treloar, and Marian Wilder, * Professor
Pearson’s Note on Our Papers on Contingency,” Journal of the Amerscan
‘Statistical Association, Vol. 25, September, 1930, pp 323-327.

*  Karl Pearson, ‘“Postscript, » Journal of the Amenican Stangtical Associa-
#lom, Vol. 25, September, 1930, p. 327. b
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series are qualitative. It involves the assumption of a normal
distribution, so unless this condition holds approximately its
use is not legitimate. The first step in the process is to convert
the qualitative data mnto quantitative terms according to the
assumption that they form a normal distnbution. After this
has been done the coefficient of correlation may be computed
either in the ordinary way or by means of a formula adapted
for use with data on the normal scale, which renders the compu-
tation somewhat sumpler. It rarely occurs that the ordinary
worker in education has occasion to make use of thus method,
and so 1t will not be explained here. Since the method of trans-
muting a quahtative series into a quantitative one 18 given in
Chapter XXI, however, the reader can make use of that and
the ordinary formula for r f he desires to compute the value
of r between a quabtative and a numerical series, or between
two qualitative series The adaptation of the formula for use
with data on the normal scale and the calculation of r based
thereon may be found in Holzinger.!* The same author also
deals with the computation of ratios of correlation for such
series,

The bi-serial coefficient of correlation. A special case, which
sometimes occurs, 1s one that involves the correlation between
two traits, one of which 1s an attnbute with only two classes
and the other a vanable with a number of numerical classes.
Thus, for example, the correlation between sex and school
marks may be desired, or that between race, when only whites
and blacks are concerned, and intelligence If the distribution
of the attribute 18 approximately normal the bi-senal coeffi-
cient of correlation 1s probably the best measure of this re-
lationship to employ. It yields a value comparable with that
of product-moment r for an ordinary correlation table except
that it may exceed £1.00 if the distribution concerned is not
normal.

Probably the best formula for computing bi-serial r is that
suggested by Kelley,'¢ although another is employed by some

11 Karl J. Holsingesgsp. cst., pp 260-270.
1 Truman L. Kelley, op. cit., pp. 245-240,
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statisticians.’® Kelley’s formula, with the notation modified
somewhat, is as follows:

. . . (M .2 M a)pq

bi-serial r = =~ 5080k "

In this p and ¢ are used as 13 common in the mathematical
treatment of proportions, p cqualing the fraction of the total
number included in the larger of two portions mto which the
total is divided, and ¢ the fraction meluded in the smaller of
two portions. Thus p + ¢ =1 h s the altitude of the nor-
mal curve at the distance from the mean or center that n-

cludes the fraction of the arca under the curve equal to P ; g

or p —.5. It may be found from Appendix B by finding the
height corresponding to the given area.

TABLE LXI
COMPUTATION OF BI-SERIAL 7

Mark Boys G;l—sb Total
A 2 3 5
B 4 7 11
C 6 10 16
D 5 6 i1
E 3 4 __z

20 30 50
(297 — 285)6 X 4 - 08

115 X 3080 X .9683

The computation of bi-serial » by this formula may be illus-
fpated by the example given m Table LX1. The data in this
table show the school marks made by a group of 50 pupils
divided according to sex. It is assumed that the five letter
marks used represent quantitative values with equal class
wi'dths Since the number of girls is greater than that of boys,

m HH L. Rietz and others, Handbook of Mathemalical Statistics Won
ton Miffin Co., 1924), pp. 136-137.
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the proportion of the total group the girls represent is p and
the proportion of the total the boys represent is g. Therefore
P = g—g =.6,q= 51—28 = 4. Giving numerical values to the
marks, 1 for E and so on up to 5 for A, we find the mean mark
for the girls to be 2.97, and that for the boys 2.85. oy, the
standard deviation of the total group, 1s 1.15. The area for
which the height of the normal curve is desired is .1, since
p = .6 and therefore p — .5 = .1. Loolkung up this area in
Appendix B, the corresponding height 1s found to be approxi-
mately .9683.1%5 Substituting these values 1n the formula, we
obtain

(297 — 285)6 X 4
115 X .3980 X 9683

This may be mterpreted to mean that there is a very slight
posttive tendency for girls to have higher marks than boys.

One use of the bi-senal coefficient of correlation that should
be mentioned 1s 1n connection with the validation of test ele-
ments. The procedure 1 so doing assumes that the total score
on a test may be taken as valid, or at least as the most nearly
valid enterion at hand, and that the valdity of each single
element composing it may be determined by finding the bi-
senal coeflicient between nght and wrong answers thereto and
score on the whole test, The higher the resulting coefficient,
the better the element.

It 18 possible not only to compute a bi-serial coefficient of
correlation, but hikewise a bi-seral ratio of correlation. This

= .06

bi-serial r =

¥ To find the height the process of interpolation must be used. The
nearest entrv to .1 mn the area column of the sigma tdble 18 0987 and the
next entry above this 1z 1179 The difference between these 13 .0192 and
the difference between .0987 and the desired area, 1000, 13 0013. Thel§~
fore one must subtract from 9692, which 13 the height of the curve corre-

sponding to an area of 0987, i (;, of the difference between this height and
that corresponding to the next sres Since the next height 15 .0580, this
difference 15 .0132, and — l 92 thereof 18 approximately 0009, Subh-wt.hg
this aillotnt from .9692 gives 9683, the desired height.
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is so rarely needed by the ordinary teacher or other worker in
education that it will not be explained here, but may be found
in Kelley.”

The ratio of correlation. Another possible means of measur-
ing the correlation between a series of data treated as attributes
and another treated as vanables is the ratio of correlation. This
meagure has already been presented in Chapter XIV as a means
of measuring the curvilinear relationship between two series
both of which are variable n their nature. The use of the ratio
in educational work has been almost entirely limited to two
series of variables, but there seems to be no good reason why
this should be true and at least a few workers are making use
of it in situations of the other kind. An examination of the
formula for 7., reveals that the only variable concerned is X,
and one of the formula for 7,. that the only variable concerned
is Y. Because of this fact, 1t is immatenal to its computation
whether the other characteristic concerned in the correlation
is 8 variable or an attribute. Since the method of computing
it has already been given m Chapter XIV it will not be re-
peated here. It may, however, help the reader to consult an
account of a study in which 1t was employed in this way; so
for this purpose the reference below is given.®

ExErcises

1. Compute Q and w for each of the following sets of data-

A. Individuals above average in both height and weight—37,
above in height and below in weight—15, below in height and
above in weight—12, below average in both—36.

B. Number above in both—17, below in both—15, above in first
and below in second—d, below in first and above 1n second—6.

2. Compute the coefficient for each of the sets of data in Exercise 1
by Pearson’s cosine * method and by Sheppard’s unlike-gigns method.

3. Compute the coefficient of contingency for each of the following
sets of data:

¥ Truman L.

¥ Wilhelm Reits, *
Differences,” Journal
pp. 11-24.

eil., pp. 249-263.
cal Techniques for the Study of Institutional
mental Education, Vol. 3, September, 1084,
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A
Mark Bcroow
ar Frankhn l Jefferson Lancoln Porter I Washington
A 3 4 2 5 1
B 5 6 7 12 6
C 8 12 11 23 8
D 3 6 5 8 3
E 1 2 3 2 2
B
s NATIONALITY
ubject
Jec Natwe-Born | Negro | ltahan | Polash
Enghsh 23 8 5 4
Foreign language 7 0 8 3
Mathematics 8 1 2 1
Secience 12 4 3 3
History i8 6 12 4

4. Correct the values of the coefficient of contingency found in
Exercise 3.
5. Compute bi1-senal r for each of the following sets of data:

A
INTELLIGENCE QUOTIENT
Sez o | 80- | 90- | 100- | 110- | 120- | 130- | 140~ | 160~
Boys 2 | 5 | 13 | 18 [ 6 | 4 l 1 l 1
Girls 1 el iwe| s 3| 22
B
Mental- | WriomT -

ity |6s-|70-|75-| 80 85—‘90— 95~ 100~| 106-) 110-| 115-| 180~

Supenor——-—l_——? l 151 221 141 11 5 )
Inferior | 2 31315191241 28 13 9 6




CHAPTER XIX

RELIABILITY

Introduction. When considered from certain standpoints any
mesasure of central tendency, variabihity, relationship, or other
statistical charactenstic of a set of data is subject to a certain
amount of unrehability. In general this unreliability 18 due to
one of two causes. It 1s frequently impossible, or at least im-
practicable, to measure all individuals composing the total
population or umiverse, as 1t 18 called, which one desires to
measure. In such cases one must select a sample which 1s taken
as representative of all individuals mm the specified group. Fre-
quently also the measures are merely a sample considered
representative of all stmilar measures The errors ansing from
this cause are called errors of sampling. The other cause of
unrehability is that the measures themselves are rarely per-
fectly accurate, but contain errors due to unperfections in the
measuring instruments used or to errors in their application.
These are called errors of measurement.

It is commonly impossible to determine the error of either
sampling or measurement 1n a single scorc or measure, but the
number and size of such errors existing 1n connection with a
get of data can ordinanly be estunated. Since such errors form
distribuions that in most cases approximates normal distri-

" butions centering around zero with half of the errors positive
and half negative, 1t 18 customary to describe the size of errors
or, conversely, the rehabiity of given measures, by stating a
Jneasure of variability of the distmbution of errors therein. The
two most common measures used for this purpose are the
standard error and the probable error. The standard error is
the standard deviation of the errors, or, in other words, the
error of such a size that approximately 68.27 per cent of all
the errors are less than it and the remaming 31.73 per cent
greater. The probable error 1s the median deviation of the errors,

826 '
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that is, the error of such a size that half of the errors are smaller
and half are larger. Just as the median deviation is equal to
8745 times the standard deviation, so the probable error is
equal to .6745 times the standard error. The standard error
is commonly abbreviated by o, just the same as the standard
deviation, although a few writers use € (epsilon); and the prob-
able error, by PE. Sometimes the mean error, which is the
mesan deviation of the errors, 18 employed, and very rarely some
other measure of error 15 used.

Formulse for errors. The formul® ordinarily given for the
errors mvolved in varous measures include both errors of
samphing and those of measurement. These formule for prae-
tically all of the commonly employed statistical measures and
also for some less frequently used are given m Tables LXII
to LXV. These tables give the standard errors of the measures
named at the left Thus the standard error of the mean, the

4
first entry in Table LXII, is N that of the median, the

a
pext entry, 1s 1.2533;-/—:,?; and so on. In each case the corre-

sponding probable error can be obtained by multiplying the
standard error by 6745. To save the reader the labor of com-
putation, the numcnecal coefficients of the varous formule
(when they are other than umty) have been multiplied by
8745 and the results given 1n parentheses. When this has not
been done it is understood, of course, that .6745 15 to be used.
For example, in the first entry in Table LXII, the standard .

a .
error of the mean is ﬁ Since the numeneal coefficient of

this is unity, the coefficient for the probable crror is .6745 and

so isnot given. For the second measure n this table, the median,”

the coefficient of the standard error 1s 12533, hence this has

been multiplied by .6745 and the result, 8453, given in paren-

theses. This means that the probable error of the median is
a

M7y
* The probable error may also be obtained in a somewhat
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TABLE LXII

STANDARD AND PROBABLE ERrORs oF CERTAIN AVERAGES AND OTHER
Point MeasurEs

Measure Ervor
Mean (M) v
vN
P
Median (Md) 1.2533—=
o
First or third quartile (Q, or Q,) 13626——=
S (9101) VN
Tenth or ninetieth percentile (P or Py) 1 7094——6:
(11530) VN
Twentieth or exightieth percentile (Pss or Py) 1 42884':_—
(9637) VN
[
Thirtaeth or seventieth percentile (P or Pyo) 13180——
( 8890) vN
i’ort.ieth or sixtieth percentie (P or Py) 1 2680—-—6_
(8553) VN
vrg 9t
An tile (P:) . —
v poreet i y» VN

* An explained more fully on mee 327 the number 1o parentheses 18 the numerical co-
o be used for the probable error instead of the one given mn the formula, which is

for the standard error In cese no such coefficieat 13 gtven 1n parentheses 1t 18 6745
t The y_ appesnng wa this formuls 1s the height of the curve at the percentile desred,

expressed In teros of total area = 100ando = 1 00 It may be found from the sigma table
in Appendix B by multiplying the height corresponding to the given percentile by 3989.

different manner in those cases in which o, the standard devia-
tion, appears in the formule for the standard error. This is
merely to substitute the median deviation for the standard

deviation. To illustrate, the standard error of the mean isjyﬁ’
Md
therefore the probable error of the mean is —\/—i?, which,

of course, is the same as §745 ﬁ'

In presenting the formulm in Tables LXII to LXYV the writer
hae not attempted to give references showing the various
sources from which most of them have been secured. Some of
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TABLE LXIII

STANDARD AND PropasLs Ermoms oF CErRTAIN MEASURES OF
VARIABILITY *

Measure Error
4 Q
Quartile deviation (Q) 7867 —=or 11664——
(5308)tVN  (7867)VN
o D
10~ 90 percentile range (D) 22792——or .8802——
(1.5373) YN (s0e)VN
Mean deviation (M D) .6028:/9: or 7555—1[2
(4066) VN (5008)VN
- o
8tandard deviation (¢) ——or 7071——
V2N ( 4769)‘/ N
Median deviation (MdD) 6745——or 4769
(4549) V2N = (3217)VN
14 V \2
Coefficient of bility (V) |—= 2
of vanabiity (V) T 1 +2(100) or
V
7071— 14 2(1)'
(4769)V'N 100

* The errors given 1n this tabie and those of any other differences between percentiles
and other points in u distribution are obtained by the application of the formuls for the
error 1n the sum or diffierence of two correlated vanables given in Table LXV The r wsed

in so doing = ‘/&'i', in which pi and ¢1 are the per centa of cases above and below one per-
Py

oentile point, and ps and g: those above and below the other If the two percentsle points

are equidistant from the median, p1 = ¢: and ps = @, 8o that r = 2. tn which p is the

smaller per cent of cases and g the larger Thus, the formula for the standard error
of the difference betweoen two percentiles at the same distance from the median i

] s _ oF t _ oD%
9 +d¢ 2qapa < which, wsince ap - ’a' mmphfies to Zap 2;‘4, or
G’p\/ 2~ % A table of such arrors {or & number of common 1ater-percentile ranges ex.

pressed as fractions of the range to which each “'ff'hm has been worked out bé Masters
and Upshall. See Harry V Masters and C C Upshall * Table of P, ble for
Certuin %I-Pmnh Ranges.” Journal of Educational Psychology,"Wal 23, Apnl,

wf As explammed more fully on e 327 the number 1n parentheses 13 the numeneal oo~
eficient to be used for the probabie error instead of the one given in the formula, which is
for the standard error. In case no such coefficent s gaiven 1n parentheses 1t 1a 6748,

them have been in common use for a number of years, whereas
others have been derived very recently and in some cases
are even yet open to question. The reader who is interested in
the denvation of these formulee and also of others not given
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® This fo hmlybewnttanmt.befolm —1/ r +— +4 +A .
i \/ corr P zl‘l ’l’l

‘The quantities A,l,‘ and A”‘v’ may then be found 1n a table such as zﬂt given by Truman

L Kaelley, in Statistical Method (New York, Macmullan Co , 1923), p 211
+ As explained more fully on page 327 the number in parentheses is the numericsl coefli-
cent to be used for the probable error instead of the one given in the formula, which is for
the standard error In case no such coefficient 18 given in parentheses 1t 18 6745
$ There has been considerable discusxion concermng this formula The reader who is
nterested 18 referred to the following articles
Eugene Shen, '*The Standard Error of Certain Estimated CoefBcients of Correlation,”
Journal a{ Educational Psychology, Vol 15, October, 1924, pp 462 465
——, *'A Note on the Standard Error of the Speurman-Brown Formula,” Journal of
Educational Psychology, Vol 17, February, 1926 pp 93-94
Karl J Holnnger and Blythe Clayton, * Further Expenments in the Application of
Spuzglsl_n;;sg Prophecy Formuls,” Journal of Educ Paychology, Vol 16, May, 1925,
PR
Harl R Douglass, * A Note on the Correctness of Certmn Error Formulas," Journal of
Educational quholoou. Vol 20, Septeniber, 1929, pr 434-437
Karl J Holzinger, ' A Note on the Correctness of Certain Error Formulas,” Journal of
Educational Paychology, Vol 20, December, 1929,{))1:» 889670
Harold A Eﬁeﬂon. **A Table for Finding the Probable Error of 2 Obtained by Use of
the Spearman-Brown Formula (n = 2)," Journal of Apphed Paychology, Vol 14, June,
lmi:gp 200-297
§ Edward E Cureton, The Standard Error of the Spearman-Brown Formula When
Used to Estimate the Length of a Feat Neceasary to Achieve a Given Rehiabiity,” Journal
EBducational Paychology, Vol 24, Apnl 1933 pp 305-306
H For further discussion of the errors of multiple eurrelation coefficients, see Mordecal
. **The Appheation of the Theory of Lrror to Multiple and Curvihinear Correlation,”
Proceedings of rxe American Statistical Assocuation, Vol 24 March, 1929, pp 09-104.
Mark H JIngraham, ‘ Discusmon,” Proceedings of the American Stairwstical .ruoclahon
Vol 24, March, 1929, pp 105-107
The formula given above for the error of bi serial r 13 an approximation that does not
resulta as near true values, nbtained by using a conmiderably longer formula, as do
most of the approximate error formulme given in these tables In the following reference a
method of determining a much closer apprommation by the use of nomographs w given®
Walter ] McNamara and Jack W Dunlap A Graphieal Method of Computing the Stand-
ard Errvor of Bisenial r,”" Journal of Experimental Education, Vol 2, March, 1934, pp 274~

here is advised to consult Holzinger,! Kelley,? Yule,® and Eze-
kiel,* where he will find either discussions or references on
practically all of them

At the beginning of this section it was stated that the for-
mule given in Tables LXII to LXV mclude both errors of
gampling and errors of measurement. As has been shown by

1 Karl J Holzinger, Stanstical Methods for Studenis in Educatson (Boston,
Ginn & Co., 1928), Ch. xu, and elsewhere.

* Truman L. Kelley, Statistical Method (New York, Macmillan Co.,
1923), pp. 82-92, and elsewhere in connection with measures 1n which
€ITOTS appear.

< G. Udny Yule, An Introduction to the Theory of Statistics, ninth edition,
revised (London, Charles Gnffin & Co., Ltd., 1929), Chs. xiii, xiv, and
xvii. N

+ Mordecai Esekiel, Methods of Correlation Analysis (New Yoﬁ{nbn
Wiley & Sons, 1980), Chs u, vn, x, xv, xvui, Appendix 2, -aine-
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Kelley ¢ and Huffaker and Douglass® the error of sampling
may be secured by multiplying the proper formule in the table
by +/r, and the error of measurement by multiplying it by
1 <7r. For example, the formule for the standard error of

[+
the mean 1s NI Therefore that for the standard error of

sampling of the mean 18 Z\—/_—;, and that for the standard error

VN
ol measurcment of the mean 1s TN

It will be noted that 1n most of the formule +/N appears in
the denommator In other words, the standard or probable
error of a measure usually vanes 1n inverse proportion to the
square root of the number of cases upon which 1t is based. This
means that it 18 possible to reduce the size of the error to any
desired amount by inecreasing the number of cases, provided
that it 18 possible to do so sufficiently. For example, if a stand-
ard error has been determined for a measure based upon fifty
cases and 1t is desired to reduce 1t to one-half 1ts onginal size,
this can be done by employing four times as many cases, that
18, two hundred. If 1t 18 desired to make 1t one-third as large,
nine times as many cases, or four hundred fifty, must be used,
and so on.

Although +/N appears in many denominators 1t is not strietly
accurate to employ 1t. Instead, as a general rule, the expres-
sion +/N — 1 should appear. However, 1t has become 8o com-
mon in educational practice to employ merely +/N, and in
most cases the resulting difference is comparatively so small,
that it is probably desirable to conform to general practice
rather than to exact mathematical precision. Moreover, the
use of /N — 1 is not entirely vald in all cases. As a sort of
compromise between secunng greater accuracy than that given

$ Truman L. Kelley, ‘“Note upon Holzinger's Formula for the Probable
Error,’:r.lournal of Educational Psychology, Vol. 14, September, 1923, pp.
376-377.

¢ C. Y. Huffaker and Harl R. Douglass, “On the Standard Errors of
the Due to Sampling and to Measurement,” Journal of Educational
P , Vol 19, December, 1928, pp. 643-649
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TABLE LXV
StaNDARD AND ProBasre Errors or CERTAIN MiIscELLANEOUS
MgasURES
Measure Error
Skewness (2 = M) 3 o 12247(8260)°
4 2N ,\/N

Skewness (Md - Pi_i—-—ﬁ)

-~

s ()

Coeflicient of regression, X on Y,
(bey)

Coefficient of regression, Y on X,
(byz)

Partial coefficient of regression
(bu.a PN n)

Bum or difference of two corre-
lated vanables (X + V)t

Sum or difference of two uncor-
related vanables (X = Y) §

Difference of two sigma index
scores of same individual

(Z: — Zy)

Per cent of one distribution ex-
ceeding median of another

Obeerved frequency in a dis-
tribution (f)

'Obeerved percentage frequency
s

Proportion (p) or (9)

D
132002= or .5185—
(8964) VN (349n)N

(1874)
2778

vN
az 1-—r2 or Try
Ty N % \/N
Ty 1—ror vz
Oz N e \/I_V-

Ot 23 n

O3 34 . n\/IV

Vot +of = 2TWU=‘711§

Vol +a|2,§
V2 - Tz, = Tuw,
.25 pq”
NN,
i
% (-5
J» (100 — 1)
N
Pg
N




RELIABILITY 335

Measure Error
. fe+d @—d*9
P f equivalent test el ts —[—-—-_._-——
air of eq n elemen ,‘/ LN &
Achievement or accom- .
lishment quotient EQorlQ — ..
;()A.Q.) MrpqQorI@ 2 Taga@,—T1Q 10,

* As explained more fully on page 327 the number i1n parentheses 19 the numencal eo-
efficient to be used for the probngle error instead of the one given 1n the formula, which is
for the standard error I case no such coefficient 1 given in parentheses 1t 18 6745

t See page 350 and following for a discussion of these formule A graphic method of
golving the latter 13 given tn Harold A Iidgerton, * A Graphic Method of Finding Standard
Errors and Probabie I.rrors of Differences,’” Journal of Educational Psycholoyy, Vol. 28,
January, 1932, pp 68 57

1 A plus sign 18 used before the last term if a sum 18 being dealt with, a minus mgn f a
difference 18 concerned

§ The 0’510 these formulm are the tandard errorsof the quantities contnbuting to the sum
or difference

{{N11n this formulu stends for the number of cases 1 the distnbution for which the per
oent s taken, and *: for the number of (ases in the other distnbution

3 In this formula a 18 the number of pupils missing the element 12 one form of the test
and answenng correctly the corrosponding element 1n the other form, and d the number
answering it correcthy in the nrst and missing 1t 1n the second The denvation of thas
formula may be found in Karl J Holazinger, ' The Reliability of a Single Test Item.,” Jour-
nal of Bducational Prychology Vol 23, September, 1832 pp 411417

*+ The achievement or accomplishment quotient equals the educational quotient (E Q.)
divided by the intelizence quotient ([ @ ) [n the formula o and M of the same quotient
must be taken
by using +/N and making no attempt at all to do so 1t has been
suggested that 1if there are from twenty to thirty cases involved
v N =1 be used mstead of +/2N, that if there are from ten
to twenty cases mvolved +/V — 2 be used instead of +/N,
and that if there are less than ten cases /N — 3 be employed.

In addition to correcting denommators of measures of unre-
liabithity for small numbers of cases they should also, f one
desires to be accurate, be corrected for the number of variables
concerned. The general rule for this 1s that the denominator
in the formula for a measure of unrebabihity should be /N — n,
in which n stands for the number of vanables Thus, for a
measure of central tendency or vanability denved from a
distribution of a smgle vanable, the denominator 18 /N — 13
for a measure of simple correlation or regression that involves
two vanables it is v/ N — 2, for one of partial or multiple cor-
relation or regression involving three variables it is /N ~ 8;
and so on up.

For a fuller discussion of the unreliability of measures of

correlation and regression the reader is referred particularty
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to Ezekiel 7 and Fisher,® also to Bowley,® Shewhart,!* Wilson,!?
and Baker.!? These writers deal especially with the rehability
of measures of correlation for small numbers of cases.

Systematic and variable errors. From one standpoint the
errors present in any set of measures or scores may be classified
into two groups: systematlc, constant, or group errors; and
vanable, aceidental, chance, or individual errors. A constant
error is strictly defined as one of the same magnitude affecting
all the scores of a given group Such an error causes all the
scores of a group to be too high or too low by the same amount
or in the same ratio. In educational measurements, however,
an error which exactly fulfills this condition is found rarely.
Instead, there may be errors that are in the same direction and
tend to be of about the same magnitude, either absolute or
proportional, for a given group of scores. Since these errors are
not really constant or uniform, the use of systematic mstead of
constan! seems desirable. For example, if the person giving a test
allows too much time 1t 1s highly probable that all those taking
the test will make higher scores than 1f only the eorrect amount
of time is allowed, and that the mecreases 1 scores will tend
to be proportional to the ongnal scores. Thus, if the time
limit is supposed to be twenty minutes and twenty-two are
allowed, there will be more or less of a tendency for each pupil

? Mordecar Ezekiel, Methods of Correlation Analysis (New York, John
‘Wiley & Sons, 1930), Chs xviu and xix, and Appendix 3

¢ R. A. Fisher, Statistical Methads for Research Workers, third edition—
r?;ist;c‘;ﬁand enlarged (Edinburgh, Oliver and Boyd, 1930), pp. 139, 158~
' ‘AL Bowley, ‘ The Standard Deviation of the Correlation Coefficient,”
;fu;rzl of the American Statistical Assocratron, Vol 23, March, 1928, pp.

*'W. A. Shewhart and ¥ W Winters, ‘Small Samples—New Experi-
mental Results,” Journal of the American Statistical Assocratron, Vol. 23,
June, 1928, pp. 144-153.

nEdwin B Wilson, “Prohable Error of Correlation Results,” Pro-
w of the American Statstical Assocratron, Vol 24, March, 1929, pp.

13 George A. Baker, “The Significance of the Product-Moment Coeffi-
cient of Correlation with Special Reference to the Character of the Mar-
ginal Distributions,”” Journal of the American Statsiscal Assecralson, Vol,
28, Decernber, 1930, pp. 387-396.
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to do about 10 per cent more work and thus make a 10 per eent
better score than if the extra two minutes had not been allowed.
To give a second example, f a teacher has in mind that an
English composition of a certain degree of ment 18 just good
enough to deserve a passing mark, whereas in the judgment
of more competent persons such a composition deserves a mark
of 5 per cent sbove passing, it is probable that most of the marks
given themes by this teacher will tend to be about 5 per cent
too low. Such errors are evidently systematic and so may well
be called by that name.

Vanable, acaidental, or chance errors are those that differ
for the different individuals of a group and have no tendency
to be of the same magmtude or m the same direction. If one
pupil of a group taking a test happens to have studied recently
the particular points covered by the test and therefore makes
a better score than would usually be the case; f another pupil
just happens not to have studied recently some of the pomnts
covered by the test and therefore drops lower than usual; if
one pupil 18 1 excellent mental and physical condition and as
a result makes the best score possible for hum; if another puptl
18 decidedly below par, and thus does not do nearly so well
as usual; if a puptl breaks his pencil point and does not have
another pencil handy, if a pupil seated near a window has his
attention distracted by something out of doors; if a pupil
secures help by glancing at his neighbor’s paper; or if any of
many other possible conditions that affect one or a few pupils
differently from most of the group obtain, the result is one or
more vanable errors.

In practice it 18 sometimes possible to discover and make
approximately correct allowances for systematic errors, but
this can rarely if ever be done for variable errors. Even when
it is not possible to allow for the effect of systematic errors their
presence does not introduce imaccuracy into some computatiops
based upon the scores having such errors. Averages or measures
of central tendency are affected by systematic errors, being
raised or lowered, as the case may be, by the average amount
of the error of the group. In most cases measures of variahility
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and of correlation are not affected by such errors. It is more
accurate to say that they are affected only to the extent that
the systematic errors are not strictly constant, that s, are not
of exactly the same magnitude for the whole group 1n question.
Variable errors do not usually affect the size of averages, but
tend to mcrease measurcs of variability, and to have a marked
effect in lowering measures of correlation. As has already been
stated in the discussion of attenuation, 1t 18 sometimes possible
to correct for this effect
Variable errors, which are the errors 1n question when relia-
bility and unrehability are being considered, may be ether
sampling or measurement errors and therefore are those dealt
with by the various formule given i Tables LXII to LXV.
Since variable errors 1n most situations approximate a normal
distribution about zero, this condition has been assumed to
hold in the denvation of most of the formule given in these
tables, and unless this condition 18 fulfilled the formule are
not entirely valid. It holds so generally, however, that ths
condition 15 commonly negleeted and the formule employed
without regard to the form of the distributton of errors 2
Sampling. As has already been stated, the errors present in
educational measurement may be divided mto errors of sam-
pling and errors of measurement  As their name imples, errors
of sampling anse from the fact that use is made of a sample
or a hmited number of cases to represent the whole, or total,
population or umverse, 15 1t 1s called. They arise from
both sampling by selecting mdividuals to represent a larger
pumber and samphng by measurng certain items or traits to
represent a total ability or charactenstic. It 18 not always
necessary, however, to make use of a sample mstead of using
the whole number of individuals or measuring the whole ability.
For example, if one wishes to deterruine the average score of
gixth-grade pupils in a city of ten thousand population upon
* 12 For a more complete discussion of systematic and variable errors the
is referred to Walter S. Monroe, ‘“The Constant and Yariable
K of Educational Measurements,” Unwersity of Ilnois Bulletin,

1, No 10, Bureau of Educatmnal Resea.rch Bulletin No. 15 (Ur-
Umversit,y of llnois, 1923), 30 pp.
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an arithmetic test it is not a very difficult task to give the test
to all the sixth-grade pupils in that city, thus having no sam-
pling at all, insofar as the selection of cases concerned is in-
volved. But if one wishes to determine the scores of sixth-grade
pupils in a large city, such as New York or Chicago, or of sixth-
grade pupils throughout the whole country, it is a formidable,
and 1 the latter case practically 1mpossible, undertaking to
have all of them take the test. Certainly in the case of the
whole country, and ordinanly in that of a very large city, the
test will be given to a fairly large number of pupils in the given
grade selected so as to be as representative as possible of all
sixth-grade pupils.

In actual educational practice the condition just described
often holds. If not mmpossible it 18 very difficult to test all
pupils or secure all measurements of the sort desired, and
therefore only a selected sample 18 measured. If this sample
is truly representative, scores and measures derived from 1t
will be the same as they would be if derived from the total
population from which 1t 1s selected. Such a result is never, or
practically never, obtammed. Therefore much use 18 made of
errors of sampling in describing the probable accuracy of meas-
ures obtained from a portion of a group when compared with
what they would be if secured from the whole group. As already
stated, the reliability of a sample increases as its size increases;
thus for the sake of accuracy 1t is desirable to choose as large
a sample as possible In many practical situations, however,
the imncreased accuracy secured is not worth the additional
labor and expense involved 1 increasing the size of the sample
beyond a certain point. To decide what this pomnt is one should
consider the acecuracy of the measuring instrument or instru-
ments to be employed, the use to be made of the obtained
measures, other possible mmvestments of time, energy, and
money, and other similar considerations.

In selecting a sample, particularly if it is small, one should
take all possible precautions to avoid bias or errors in choosing.
For egample, if one is selecting twenty sixth-grade roomms to
be repfesentative gf all those in a large city the twenty rooms
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should not be in the same portion of the city, or enroll pupils
of the same nationality. Instead, the rooms should be selected
so that they represent proportionately the various races, types
of home environment, degrees of social standing, and other
such factors existing in that city. Similarly, if one is selecting
a few pupils from each of a number of sixth-grade rooms to
get a sample to be tested as representative of all the children
included therein, one should ordinarly not take all the children
on the front seats or all those on the back seats. It is probable
that these children are occupying front or back seats, as the
case may be, because they differ from most sixth-grade pupils
in some such charactenstic as ability, size, attitude, behavior,
or personality. Instead, it 1s better to select the desired propor-
tion of pupils by some regular plan that avoids any bias. Thus,
if it is desired to test one-eighth of all the pupils, each eighth
one alphabetically may be selected

When the numbers concerned are large, purely random or
chance selection usually results in securing a farrly satisfactory
or representative sample, but it 1s better not to omt other
precautions. For example, 1f 1t 18 known that 80 per cent of
the total population is white and 20 per cent colored, one
should see to it that a sample intended to be representative is
80 per cent white and 20 per cent colored. Likewse, if the
whole population is 60 per cent from native-born parents and
40 per cent from foreign-born parents, the sample should be
the same. If the whole population has 47 per cent boys and
53 per cent girls, so should the sample, and so on.

It is rarely possible to determine whether or not a sample
is biased or erroneous by a mere study of the sample itself.,
Instead, one must compare 1t with the total population or with
another sample selected therefrom. The former method is the
better, but frequently involves so much labor that the latter
is preferable. It is commonly assumed that if the composition
of two samples, each of apparently sufficient size and selected
€from the whole population in a thoroughly random maunner,
s the same or so0 nearly the same that the difference is insig-
pifieant with regard to all characteristics hkely to affect the
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thing being measured, either one or both of them is satisfactory.
If the differences between them are sufficiently great to be
significant they should commonly be combined into a single
sample and this in turn compared with another sample to see
if 1t has been made large enough, or selected in a random enough
manner, to be representative. In applying this method one
may start with a comparatively small sample and continue
to select and add to the onginal sample others of the same size
similarly selected until it has become large enough and repre-
sentative enough that measures computed from it do not differ
sigmficantly from those for the last sample selected. Thus, for
example, one may choose a first sample of one hundred cases
and then another sample of the same size. If there are serious
differences between these, they should be combined into a
single sample of two hundred cases, and one of another hundred
selected. If this s still markedly different from the two hundred
it should be added, making three hundred, and another hundred
selected, and so on untll sigmficant differences disappear.

In the case of samphng the abilities or characteristics being
measured 1t is rarely practicable, even if possible, to secure a
complete sample of what one desires to measure For example,
in measuring a pupl’s knowledge of history 1t 18 practically
impossible to use so complete a test as to cover all iteme that
he should know. Occasionally, in the case of a very limited
field, such as the multiphcation table up to 12 times 12, it is
possible to test completely and thus avoid samphng. Although
errors due to mmcompleteness of & measuring mstrument are
errors of samplng when considered from the standpoint just
presented, they may be thought of as errors of measurement
when considered as being due to the fact that the measuring
instrument used is not perfect or complete. Different writers
and workers in the field, therefore, do not agree in the way
they classify such errors. Some consider them under one head
and some under the other.

A situation in which the usual formule for errors of sampling
do not apply is that involving data from matched groyps,
that is, groups consisting of equal numbers of individuals
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paired or matched on some basis. Such pairing or matching
reduces the sizes of the errors of sampling present. The proper
formulse for such cases have been presented and discussed by
Wilks,'* Lindquist,!* Ezekiel,' and Monroe and Engelhart."
The most common conditions of matching involve universes
or total populations of especially selected samples of the same
number of cases, so chosen as to have the same distribution of
the variable according to which they are matched, but other-
wise to be random with respect to the other vanable or variables.
For such conditions the formula is merely that for the ordinary
standard error multiplied by % or /1 — 7%, in which r 1s the
coefficient of correlation between the two varables concerned,
that 1s, between the one used as the basis of pairing and the
one employed as the measure of results. Thus, for example,
the formula for the standard error of the mean of a matched
sample is '3-% o Y- T \1/]% ™, instead of just _\;ﬁ'
most frequent oceasion for the application of this modification
arises in connection with determmmng the error of a difference
between matched groups In this case, letting X represent

M Samuel 8§ Witks, “The Standard Error of the Means of ‘Matehed’
Samples,” Journal of Educational Psychology, Vol 22, March, 1931, pp.

205-208.

, “On the Distributions of Statisties 1n Samples from a Normal
Population of Two Variables with Matched Sampling of One Vanable,”
Metron, Vol. 9, March, 1932, pp 87-126

B E F. Lindqust, ‘“ The Significance of a Dhfference between ‘Matebed’
Groups,” Jewrnal of Educational Psychology, Vol 22, Mareh, 1931, pp.
197-204.

~——, “A Further Note on the Sigmficance of a Diuference between
the Means of Matched Groups,” Journal of Educatronal Psychology, Vol
24, January, 1933, pp. 6669

1 Mordecai Ezekiel, “Student’s Method for Measuring the Sigmficance
of & Difference between Matched Groups,” Journal of Educatvonal Psy-
¢chology, Vol 23, September, 1932, pp 446450
“Re ly to Doctor Lindquist’s ‘Further Note’ on Matched
Groups,” Joumal of Educalional Psychology Vol. 24, April, 1933, pp. 306~

: NW!. 8. Monroe and M 1D Engelhart, “A Cntical Summary of Re-
Relating to the Teaching of Anthmetic,” Unwersity of Illinois
Yol. 29 No. 5, Bureau of Educational Resea.rch Bulleﬁn Ne. 58

Jfbans, University of Tlhinos, 1931), pp. 100-106.

v

Perhaps the
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the variable used in matching and Y, the one employed to
measure results, the formula for the difference between means
is

Camy, _, = V({1 - r’w)(aﬁ,m + o, — 2raou,0M,)

if the differences are correlated and the same with the last
term omitted, that 1s,

V(I = 2o, + o)

if they are not, which 1s usually the case.

The formule just given assume that the correlation between
the two variables i1s the same 1n the two groups being dealt
with. If 1t 18 not, the following, respectively, should be em-
ployed:

v(l - Ti\"l)aﬁlyl + (1 - rgm)‘f?u,‘ - rz(llnaﬂ"y' - Tftlha"M'yl ﬁnd
VU= &), F 0 = E)oh,.

I, as is more rarely true, the matched groups are selected
from universes or whole populations of individual differences
by matehing each case 1n one group with a case m the other,
the standard error of the mean difference is

In = v,
VN =1
It is merely the standard deviation of the differences divided
by the square root of one less than the number of oases.

Peters and Van Voorhis ® have shown that whenever the
number of cases in the total population from which a
sample has been selected 15 known 4he formula for the
standard error of the mean should be multiphed by the factor

1-— %—:—11, in which 7 1s the number of cases in the sample

B8 Charles C Peters and W R. Van Voorhs, ““A New Proof an#l Cor-
rected Formulas for the Standsrd Error of a Mean and of a Standand
Deviation,” Journal of Educatwonal Psychology, Vol. 24, November, 1938,
pp. 620-633.
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and N the number in the total population. They suggest that
the expression be simplified by neglecting the 1’s in both numer-
ator and denominator as being too small compared with » and
N to change their values significantly and using p, from per

cent, for %i which gives /1 — p. Inspection of this formula

makes it evident that the larger the sample in proportion to
the total population which 1t represents, the smaller the error
of sampling. For example, if 100 cases are chosen from 5000,
the formula gives approximately 99, if 100 from 1000, approxi-
mately .95, if 100 from 500, approximately .89, and so on
until if 100 from only 100, it gives 00 or no error of sampling,
as is evidently the case The two writers mentioned also show
that the same formula applies to the error of the standard
deviation. Likewise 1t seems valid i all mstances in which
the error formule as given m the tables near the beginning of
this chapter are composed of the error formula for the mean,

o
\/-N_" multiplied by some constant. Furthermore Peters and

Van Voorhis show that for errors from true scores in cases of
correlated or matched samples the p employed mn the formula
becomes equivalent to r, and thus dernive the multipher /1 = r
for such cases.

The interpretation of errors. Probably the most important
point to be remembered in the interpretation of errors 1s that
they do not apply to particular cases but to distmbutions of
cases. That 18, we are generally unable to determine the error
present in any one score or measure, but we can describe by the
use of the formule given 1n Tables LXII to LXV the numbers
and sizes of the errors present 1n a whole distribution of meas-
ures. For example, if a roomful of children takes a certain test
for which we have the necessary data available we can deter
mine approximately how many of the pupils’ scores contain no
efrors at all, how many are one point in error, how many are
two points, and so on; but we cannot throw any light upon the
t:‘mn of how large is the error in the score of any individual

.
¥
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The description of the numbers and sizes of errors affecting
s particular group depends upon the interpretation of the
measure of error used. Ordinarily the standard or probable
error is used and may be interpreted in the same way as the
standard or median deviation when used to measure ordinary
variability. It will be recalled that a distance of one standard
deviation in one direction from the mean mecludes 34.13 per
cent of the cases m a normal distribution, and, consequently
that a distance of one standard deviation m both directions
includes twice this many, or 68 27 per cent, of the cases. Since
the standard error 1s merely the standard deviation of the
errors, 1t includes the same per cent of the errors.

From the previous discussion 1t 18 apparent that o the stand-
ard error of & certaln measure 18 given as three powmts, for
example, 1t means that the chances are 68 27 out of 100 that
this measure 15 not 1n error by more than three points. Stating
it otherwise, the chances are 68 27 to 31.73 (this s the difference
between 100 and 68 27), or about 2.15 to 1, that the error is
not greater than three points. Since it is known not only that
a certamn per cent of cases may be found within one standard
deviation from the mean, but also what per cent may be found
within any given distance from the mean, the chances of there
being an error of any given size can be determined. If in the
cases just cited, when the standard deviation is three, one
wishes to know the chance of an error greater than six, that
is, greater than two standard errors, all that he need do is
compare the per cent of cases 1 a normal digtribution more
than 2¢ from the mean, with the per cent less than that dis-
tance from 1t. Since this distance includes 95.45 per cent of
the cases, there remain 4 55 per cent that are probably greater
than six points, or 2¢ Therefore the chances are 95.45 to 4.55,
or about 21 to 1, that a particular measure 1s i error by less
than six points; or, reversing the situation, only about 1 to 21
that it is in error by more than six points,

The same method of interpreting errors as has just beem
described for the standard error may be used for the probable

deror and any others employed. The difference consists merely
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in the fact, already set forth in the discussion of variability,
that the various measures of errors are of different sizes, and
thus their numerical significance differs. Since the probable
error 1s the median deviation of the errors, that 18, the distance
that includes just half of the cases in the normal distribution
when taken on both sides of the mean, the chances are 50 to
50, or 1 to 1, that a particular measure 18 not in error by more
than the probable error. Furthermore, since a distance of two

TABLE LXVI

Per CeENts OF ERRORS NoT GREATER THAN CERTAIN STANDARD
AND PrOBABLE ERRORs AND CORRESPONDING CHANCEs> THAT
THE ERROR IN Ao ParTictLAR MEasvre ls Less TraN
THE GivEN ERROR

Pant A — STANDARD ERRORS

Standard Per Cent of Errors Chance That Single
Error Inclled Error Is Less
S 38 20 62 *
10 68 27 215
1.5 86 64 65
20 95 45 21
25 98 76 80
30 99 73 369
35 99 45 2149
40 99 99 15772
Part B — PronanLE Unrors
Probable Per Cenl of Errors Chance That Single
Error Included Error I's Less
5 26 40 36
10 50 00 100
13 68 83 22
20 82 27 4.6
25 90 82 10.
30 95 70 22,
3.5 98 18 5.
4.0 99.30 142,
45 99 76 416.
5.0 99 93 1340.

is column 18 secured by dividing the corresponding entry 1n the per
onat, column by the difference between it and 100 In doing this more decimal places
than ars pven in the table, therefore the Tesults are not exactly those that
wecured by umng the figures above

£
8
q
F
£
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probable errors on each side of the mean includes 82.27 per
cent of the cases, the probability that a given measure does not
contain an error greater than 2PE is 82.27 to 17.73, or about
46 to 1.

To assist the reader in mterpreting the sigmficance of errors,
Table LXVI has been prepared. It contains certain entries
taken from the tables in Appendix B and gives the per cents
of all eases in a distnbution mcluded by certain standard and
probable crrors and the corresponding chances that the error
n a particular measure 18 less than the given error.

The first ine of this table, for example, shows that within a
distance of 50 from the mean there are included 38 29 per cent
of the cases and that the chances are .62 to 1. that the error
any single measure 1s less than .5¢ Thus, if In a given situation
o has been found to be five points, it 18 known that shghtly
more than 38 per cent of all the errors are less than half of 5,
or 2.5; in other words, the chances are 62 to 1. that any
particular error 1s less than 2.5. If 1t 18 desired to reverse thus,
1t 18 apparent that the per cent of errors greater than 2.5 is
100.00 — 38 29, or 61 71 per cent, and that the chance that any
particular error 1s greater than 2.5 is about 1.6 to 1. This
interpretation may be extended by employmng the other lines
of the table. Thus there are 2 15 chances to 1 that any par-
ticular error 18 not greater than the standard error, or 5; 6.5
chances to 1 that it 1s not greater than 7 5; and so on.

The same type of mterpretation apphes to the probable error
also. Thusif in a given situation it 18 2, 1t 1s known that about
26 per cent of the errors arc less than half of 2, or 1; that 50
per cent of them are less than 2; that almost 69 per cent are
less than 3, about 82 per cent less than 4; and so on. Or, ex-
pressing 1t otherwise, the chance that a particular error is less
than 1 is about .36 to 1; that 1t 18 less than 2 is 1 to 1 or even;
that it 18 less than 315 2.2 to 1, and so on.

In the interpretation of errors, one should remember that
they are assumed to be distances from the true messure im
question. The figures given in Table LXVI, for example, are
based upon the use of the true measure, which of eourse has
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an error of zero, as the mean or central point of the distribu-
tion from which errors or distances are measured. It is not,
therefore, theoretically justifiable to take an actually obtained
measure as the central pomnt from which to measure errors.
The correct interpretation is, therefore, that the chances deter-
mined are those that actually obtammed measures are within
the given amounts of true measures To take a concrete exam-
ple, if a mean of 85 has been obtuined and 1its probable error 18
2, the proper interpretation 1s that the chances are even that
this actually obtained mean, 85, 1s within two points of the
true mean, and not that if a large number of similar means
from similar sets of data are computed, half of them will be
within two points of 85 and half not within two pownts thereof.

Another point that arises i the mterpretation of errors con-
cerns the coefficient of correlation more than any other com-
monly employed measure. It 1s that because the coefficient of
correlation has 1.00 as its lumting value, the normal curve
representing the distmbution of errors 1s arbitrardy cut off,
and thus some of the theoretically possible errors cannot oceur.
In most situations this hmiting effect 18 so slight as to be negh-
gible, but occasionally, espeaially when the number of cases
from which the coefficient 15 computed 18 quite small, 1t 18 real.
For example, if a coefficient of correlation of .90 has been ob-
tained from only eighteen cases, 1ts probable error is

67450 — 20 _ 032,
VIS =2

If .90 is taken ag the true cocficient of correlation the distance
from the true coefficient to the greatest possible value 1.00 18
.10 or 3.1PE. Ascording to the table given in the appendix,
about 2 per cent of the area of a curve lies beyond that distance
from the mean in one direction. In this case, obviously no co-
_efficients can be obtained greater than 1.00. Since this is a fairly
extreme case and the per cent of area or possible error neglected
t8 80 emall, the truth of the statement made above, that in most
¢ases this limitation upon interpretation is negligible, is evident.

To save space it has become the conventional practice to
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write the probable error of a measure immediately after it with
the plus or minus sign connecting the two. Thus, instead of
writing out in full that the probable error of the mean, 85, is 2,
one commonly writes merely M = 85 = 2. No similar prac-
tice in the case of the standard error has been adopted, so that
if a mean is 85 and 1ts standard error is 3, 1t should be expressed
as follows: M = 85, oy = 3.

It is good statistical procedure to give the errors, usually in
the form of the PE, of all expressions susceptible to them used.
In common practice this is not often done, however. The errors
are most frequently given in connection with coefficients and
ratios of correlation. In the case of tables containing a number
of similar measures based on the same, or almost the same, num-
ber of cases 1t 1s often convenient to describe the size of the
errors in a single sunmary statement stead of giving each
separately. Such a statement is usually given as a footnote
and might read as follows 1n a particular case: “The probable
errors of the coefficents between .87 and .92 are .02; of those
between 81 and .86 are .03; between .75 and .80, .04; between
.68 and .74, 05.”

Various uses of measures of error. The measures of error,
especially the standard and probable errors, have several more-
or-less distinct uses or meanings which 1t 18 helpful to keep in
mind. Some of these have already been mentioned, but it seems
well to list them together.’® They are as follows:

1. A measure of the rehabibty of sampling. This use has already
been discussed

2. A measure of the reliability or accuracy of any one of a number of
scores or measures of the same individual. This also has been
referred to earlier 1n the chapter.

3. A measure of the reliability of a measuring instrament. This may
be divided into two subheads, both of which are discussed in
the next chapter. These subheads are as follows:

® A more complete discussion of these uses and also of certam othep, |
phases of the standard and probable errors may be found 1n Charles W. Odell,
“The Interpretatlon of the Probable Error and the Coefficient of Cor-
relation,” Universily of Ilinows Bulletin, Vol. 23, No 52, Buresu of Educa-
tional Research, Bullettn No 32 (Urbana, Universxty of HNhpos, 192C),
Ch. n.
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a. A measure of the reliability or accuracy of scores obtained
from the measuring instrument when compared with scorea
obtained from another application of the same instrument
or from the application of a supposedly equivalent measur-
ing instrument to the same individuals. Such errors are &
variety of errors of estimate.

b. A measure of the reliability or accuracy of scores obtained
from a measuring nstrument when compared with the
theoretically true scores. Such errors are called errors of
measurement.

4. A unit of measurement Although the measures used for this
purpose are in reality the standard and median deviations
rather than the standard and probable errors, this use 18 men-
tioned here because 1t 15 commeon practice to speak of the prob-
able error, especially in 1ts abbreviated form, PE, as the unit,
Such a unit is used 1n order to provide one that is common for
all scores and measures It has been most frequently employed
in the determination and expression of the values or difficulties
of the various elements n a scaled test, that 1s, one in which the
elements increase 1n difficulty Similarly, 1t has been used as a
measure of the menit or quality of the specimens in scales, such
as are commonly used to measure handwriting, drawing, or
Enghsh composition, composed of a number of specimens of
the thing to be measured arranged in order of increasing merit.
A further discussion of 1ts use in this connection will be found

beginmng on page 390,

Differences. The significance of differences between two or
occagionally more measures of the same thing 18 frequently
important. It arises 1n connection with such questions as
whether or not one group of pupils is really supernor to another
group, whether a single pupil or & group shows improvement
from one time to another, whether per capita costs in one sys-
tem are significantly greater than those in another, and many
other similar questions. Sometimes it is desirable not merely
{0 determine the significance of differences, but also to deter-
esmine that of differences of differences. Perhaps the most com-
“mon example of this arises in connection with educational ex-
periments in which the gains made by two groups of pupils
have been compared. The differences or gains between the first
and second scores of each group may be called the first differ-
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ences, and the difference between the gain of one group and
that of the other, the second difference. For such a situation
88 this a somewhat more complicated formula 18 required than
when merely similar differences are to be interpreted. Fur-
thermore, in connection with the interpretation of diferences,
there has been considerable argument and also considerable
erroneous practice as to the formula to be used.
The seventh formula given 1n Table LXV, that is,

our = Vo: + 0F = 2rp0.0,

is the basmec formula for standard errors of sums or differences.
When differences are concerned, the sign of the third term is
always —. In some cases 1n which differences are dealt with,
the coefficient of correlation 1s difficult, if not impossible, to
compute. In every case doing so adds considerable labor
to the work involved. Therefore since, if the value of the
coeflicient of correlation 1s zero, the value of the whole third
term becomes zero, the formula is commonly given and em-
ployed 1n the shortened form +/o? + %, which 15 vahid only
when no correlation exists. It 18 difficult, without actually
computing the correlation, to determine when one is justified
in using the short form of the formula. As has been pointed
out by several wrniters,? 1t has frequently been employed when
there is no justification for 1ts use and when 1t can be shown
that there 18 a definite relationship between the two vanables
involved. Therefore the writer recommends very strongly that
unless it is quite clear that the relationship between the two
variables is purely random, so that the correlation must be zero,
the long form of the formula be employed. To illustrate, if
the average height of a group of fourth-grade pupils in one gys-
tem is compared with that of fourth-grade pupils in another it

® Of the references dealing with the two formule for errofs or cifferences *
the followng are among the best Helen M Walker, “Concermng the
Standard Error of a Difference,” Journal of Educatwnal Psychology, Vol.
20, January, 1929, pp. 53-60. E F Lindquist and R R. Foster, ""On the
Determination of Relbility in Comparing the Final Mean-88ores of
Matched Groups,” Journal of Educational Psychology, Vol. 20, Febryazy,
1929, pp. 102-108,
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is evident that there is no correlation between the heights of
the individuals 1n one group and of those in the other, so that
the use of the short formula is justified. In general the same
gituation exists whenever the differences dealt with are between
two separate and unconnected groups of individuals. If the
mean height of a group of fourth-grade children in one system
is compared with the mean height of the same children a year
later, the complete formula should be used since it is evident
that there are common factors influencing the heights at the
two times of measurement. This situation usually prevails
whenever the data dealt with are two senes of measures of the
same individuals.

To return to the other question mentioned above, that of
dealing with differences of differences, all that is necessary is
to substitute m the formula as given in Table LXV the errors
of the differences nstead of those of the measures themselves.
This has been shown in more detall by Monroe and Engel-
hart.?! The complete formula for the standard error of a differ-
ence between differences 1s

Vol + ok + ok + ol — 2r:3,0.,0y, — 272,020y,

The formula may be written

Oafiyg = Voiam,, + o', .

The correlation between the differences of pairs of measures is
evidently zero because these differences are obtamed from dif-
ferent groups, and thus no correlation is possible.

The application of this formula may be illustrated by suppos-
ing a situation 1n which one 1s comparing the gains made by
two classes, each of forty pupils. Let us suppose for one group
the mean score on the first test 18 82, and that on the second
test 85; that the standard deviation of scores on the first test
is 9, and on the second test 10; and that the correlation between

f1 Walter 8. Monroe and Max D. Engethart, ‘‘Experimental Research

Education,” Umwversily of Ilinne Bulletin, Vol. 27, No. 32, Bureau of

ucstional Research, Bulletin No. 48 (Urbana, Umvessity of Ilhnois,
19630), Ch. iii.
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the two series of scores is .70. For the second group let us sup-
pose that the corresponding figures are 84, 88, 8, 7, and .80.
The question to be answered is whether the mean gain of four
points made by the second group is significantly greater than
that of three points made by the first group.

For the first group the standard error of the first mean is

9 10
a0 = 1.42, and that of the second, vio 1.58. For the

8
second the standard error of the first mean 18 vi0 1.26, and

7
that of the second, ?/_3;6 = 1.11. Substituting the proper quan-

tities 1n the formula just given, we have

V1428 + 158 +126! +-1112 ~2 X 70 X 142 X 158 —2 X .80 X 1.26 X111

whence the standard error of the difference of the gains 18 found
to be 1.40. This, of course, may be obtained also by actually
computing the standard error of the difference or gan 1n each
case, and then substituting these two standard errors of the
gains, 1.17 and .76, in the short formula for the standard error
of the difference. Ewidently a difference of 100 which has a
standard error of 1.40, 1s not of much sigmficance.

It sometimes happens that the differences with which one
wishes to deal are those between similar forms of the same test
or other measuring instrument. In case this is true the standard
deviations of the scores on the two forms are frequently nearly
enough the same that they may be so considered. Thus the
formula for the standard error of a differencc becomes
dag = V20% — 2ro® = 0+/2+/1 — r if there 1s correlation, and
v/26% or o+/2 if there is none. Since ¢4/1 - r is the standard
error of measurement, we have from the first formula just
given, oag = v/ 20 meas:

Dunlap ?* has pointed out that if the differences dealt with
involve true instead of actual scores, their errors may be found
by the substitution of the standard ergor of s true measure for

1 Jack W. Dunlap, " Fallible Scores and the Standard Error of & Dif-
ference,” Amerwcan Journal of Prychology, Vol. 44, July, 1932, pp. 681~
582.
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that of an actual measure in the formula. As was stated in the
discussion of the standard deviation, 0. OF Tyye = Tobt VT T
being the coefficient of reliabihty. Hence if the error of a desired
difference involves one senes of true scores and one of actual
scores the proper formula is oaun = V7107 + 03 — 2r130,04 if
there is correlation present, and cag = v/ry10% + 03 if there
is not. In these two formul® the vanable referred to by the
subseript 1 is that for which the true scores are involved. If
both semes are of true scores, the corresponding formule are
VTH0? F 702 — 27130402 and V10t + ool

As several wniters 2 have shown, it sometimes happens that
it is convenient to be able to determine the rehability of a dif-
ference between the scores of a supposedly random group upon
which the norms for a test have been established and a later
series of scores of the same group, both series of scores being
expressed in terms of standard measures. Such an occasion
arises so rarely 1n actual practice that the proper formula will
not be presented here The writer who 1s mterested will find it
in the second of the two references given below.

In connection with the interpretation of differences, Lin-
coln 2 has well pomted out that differences statistically sig-
nificant aceording to the conventional methods of mterpreta-
tion may appear to be much less so when viewed from another
point of view, that of the overlapping of the total distributions
concerned. The difference between two means, for example,
may have several chances to one 1in favor of its sigmficance,
but the overlapping on one distmbution past the mean of the
other may be one-third or one-fourth of the whole. Before
reaching a final conclusion as to significance, therefore, it is
well to determine the overlapping, according to the method
described in Chapter XXII or a sumilar one.

1 Helen G. Pratt, Jack W. Dunlap, and Edward E Cureton, *“The
Bubject-Matter Progress of Three Activity ‘8¢hools 1n Hawaii, with a
Note on Btatistical Technique,” Journal 6f Educational Psychology, Vol.
20, October, 1929, pp. 494-500,

Karl J Holsinger, “The Probable Error of a Difference Formula,”
Emd of Educational Psychology, Vol. 21, January, 1930, pp. 6364
" "% Rdward A. Lincoln, * The Insignifieance of Signifieant Differences,’”
Fournal of Ezperimental Education, Vol. 2, March, 1934, pp: 288-260.
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The experimental-coefficient method. In addition to the one
already described there is another means of interpreting meas-
ures in comparison with their standard or probable errors. This
is known as the experimental coefficient method. The experi-
mental coefficient was suggested by McCall 2 for use in de-
termining the significance of a difference between two measures,
and is commonly employed for this purpose only, but the method
may be applied to the mterpretation of any measure in com-
parigon with its standard or probable error. McCall suggested

Difference .
that the expenmental coefficient equal S T80an The multi-
plier in the denominator, 2.78 (more exactly, 2 7818+ ), was
chosen so that when the value of the fraction equals one the
chances of a difference being significant are great enough that
they can be considered practical certainty The ratio chosen
by McCall for practical certainty was 369 to 1.

The experumental coefficient 13 usually interpreted by means
of a table such as Table LXVII.

TABLE LXVII

CraNcES TuaT A DirrERENCE Is SiGNIFICANT CORRESPONDING TO
VARIOUs VALUEs OF THE EXPERIMENTAL COEFFICIENT

Erxperimental Cocfficient Appronimate Chances
A 16 to 1
2 25 t0 1
3 39t 1
4 65 tol
b 11 tol
8 20 tol
g 38 tol
8 76 w1
9 162 to 1

10 369 tol
1.1 900 tol
1.2 2370 tol
1.3 6,700 to 1
14 20,300 to 1
15 67,000 to 1l

% Wilham A. MeCall, How to Measure in Educalion (New York, Mao-
millan Co., 1922}, pp. 404-405; HmotoEzpanmmtmEdum«m( New
York, Mwm.\.lhn Co., 1923), pp. 154-158.



356 STATISTICAL METHOD IN EDUCATION

From this table it may be seen that if the experimental coeffi-
cient is .1, for example, the chance that the difference is signifi-
cant is only 1.6 to 1, that if it is .2 the chance is 2.5 to 1, and
80 on.

To illustrate the application of the experimental coefficient
we may use the already employed example of a class of forty
pupils with a mean score of 82 on one test and of 85 on another.
If the tests are of equal difficulty and cover the same material,
the question arises whether the gam of three points is signifi-
cant or not. It has alrcady been mentioned that the standard
error of the difference 1s 1 17; therefore the experimental co-
efficient = TN 1T >3< 17 = 92. The chance that the difference
is significant is somewhat greater than 162 to 1, amounting to
about 187 to 1.

Although McCall stated the experimental coefficient formula
only in terms of standard error, it may also readily be stated
in terms of the probable error. All that i1s necessary to do
this is to divide the factor 2.78 by .6745 and substitute the
result for 1t. This gives the expernmental coefficient equal to
Difference
4.12PEq

To make clear what the experimental-coefficient method
really is, how it 18 related to the interpretation of the standard
and probable errors previously given, and how 1t may be ap-
phed to other cases than differences, 1ts derivation will be shown.
It will be recalled that the interpretation of the standard and
probable errors is based upon the fact that these errors are
merely the standard and median deviations, respectively, of the
distribution of errors, and that by comparing the area of a
normal curve included within the given distance of the mean
with that outside of that distance the chances that an error is
less or greater than the given amount can be determined. In
the case just used as an example of the experimental coefficient,
the standard error of the difference was found to be 1.17. There-
fore, if tests of equal difficulty are given to the same pupils
under the same conditions a large number of times, the chances
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are 2.15 to 1 that the difference between the actual mean of one
test and the true mean will not exceed 1.17. For a difference of
three, which equals about 2.560., the chances are about 93 to 1
against its occurrence. This of course is derived from the fact
that the area within a distance of 2.560 of the mean of a normal
curve is about 93 times as great as the area outside that dis-
tance from the mean.? This fact may be illustrated by Fig-
ure 40. In this figure ordinates have been erected 1n both di-

area = 3947

-~2560 0 +2560
FIG 40 NORMAL CURVE ILLUSTRATING DIFFERENCE BETWEEN
ORDINARY METHOD AND EXPERIMENTAL COEFFICIENT
OR CRITICAL RATIO METHOD OF STATING RELIABILITY

The chancer by the ordinary method are the ratio of 4947 to 00563 or 93 to 1,
whereas those by the experimental coeffictent method are the ratio of .9047,
that 18, 4047 + 4947 4+ 0053 or 187 to 1

rections at a distance of 2 560 from the mean. These ordinates
represent a mean three points or 2.56¢ distant from the true
mean. As was just stated, the area between these two ordinates
is approximately 93 times that outside them.

The experimental-coefficient method deals with the same
facts in a somewhat different way. Instead of answering the
question ‘‘ What are the chances of a certain difference?"” (in
this case three) it answers the question, “If the difference is a
certain amount (in this case three), what are the chances that

# The result given above was secured as follows- the ¢ table in Appendix
B shows that the ares under the normal curve at a distance of 2.5¢ from
the mean is .4938, and that at a distance of 2 6 from the mean is .49863.
The difference is 0015. To secure the area within a distance of 2.58¢ of
the mean, 6 of this difference, which equals .0009, 18 added to .4988, giving
4947, Subtracting this from .5000 gives .0053 and dividing thus into .4947
gives approximately 93.
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the larger mean really should be larger than the smaller one?”
Therefore, instead of comparing the area outside of the given
distance with that within it, it compares the area beyond the
given distance in only one direction with all of the remaining
area under the curve. If this 1s done in the case just given, the
portion of the area beyond the ordinate at one end of the curve

is found to be about i;_7 of that of the remainder of the curve.?

In other words, the chances are approximately 187 to 1 that the
actual mean of 85 represents a true mean that 1s larger than the
true mean represented by the actual mean of 82. Another way
of stating the same thing 1s that there are 187 chances to 1
that the true difference 1s 1n the same direetion, or has the same
sign, as the actually obtained difference. It will be noticed that
187 =2 X 93 + 1. As may readily be shown, this relation-
ghip always holds. If the area of the two larger portions of the
area under the curve 1s 93 tumes that of the two smaller or ex-
treme parts, it is twice that much, or 186, times the area of one
of the extreme portions. Therefore the total area m both large
portions plus one of the small ones 1s equal to 1 + 186, or 187,
times the area in the other small part. In other words, the
chances as gven by McCall m connection with his experimental
ooefficient are equal to one more than twice the corresponding
chances as given in Table LX VI,

The usual application of the experimental-coefficient method
when differences are not concerned 1s to the coefficient of correla-
tion. It 18 most often applied thereto by considernng that the
question involved is the difference between the obtained coeffi-
cient and zero. For example, 1f a coefficient of correlation of
.24 has been obtained, the difference between this and .00 is of

5 The ratio given above, 187 to 1, 1s obtained by dividing the area n
~the larger of the two portions into which the total area under the curve ia
divided by the perpendicular st a distance of 2 56¢ from the mean, by that
of the emaller portion. The former 18 approximately 9947 of the total
area and the latter .0053, and the quotient of the second 1nto the first is
387. This method of obtaining the chanoes of significance yields the same
mj\‘n a8 McCall’s and 18 generally easier to apply. The tables in Appen-

B give ratios obtawed by this method. ;
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course .24. Therefore if this is divided by 2.780g4s the result
gives the chances that the true coefficient is really greater than
gero, or that some positive correlation exists.

It may be, however, that the question is not whether there is
some positive correlation or, in other words, whether the true
coefficient 18 greater than zero or not, but rather whether the
correlation is greater than some given amount, such as .20.
The procedure 1n such a case is merely to take the difference
between the actually obtained coefficient of correlation and the
one set as the critical pomt. In this case doing so gives .04 and
dividimg this by 2.78c;,4 gives the chances that the true coeffi-
cient is really greater than .20. In dealing with numbers of co~
efficients of correlation or other measures where a certain degree
of reliability is desired 1t 18 frequently convenient to reverse
the process and determine for an actually obtammed measure
the corresponding value of the measure above which the chances
are a desired ratio that the true value of the measure really lies.
For example, a table may be constructed to show for any given
obtained coefficient of correlation and number of cases the eo-
efficient above which the chances are 10 to 1, 20 to 1, or any
other desired ratio, that the true coefficient really lies. After
such tables have been constructed it 1s not difficult to go one
step further and construct graphs from which the desired value
can be read by inspection For an illustration of such a set of
graphs the reader 1s referred to Ezekiel,® whose work is based on
that of Fisher.® An article by Edwards® may also be found
helpful in this connection.

The question has probably arisen in the reader’s mind as to
which one of these two general methods of interpretation of
measures and their errors 1s to be preferred. In general the

# Mordecai Esekiel, Methods of Correlation Analysis (New York, Jokn
Wiley & Sons, 1930), Appendxt 3, “Graphic Charts for Interpreting” ﬁt
Adjusting Correlation Constants "

® R. A. Fisher, Statstical Methods for Research Workers (Edmburgh,
Oliver and Boyd, 1928), pp 159-171

» K, H. R. Edwards, “Note on the Significance of Correlation Coeffi-
“glents from different Samples,” Journal of Appled Psychology, Vol. 18,
August, 1934, pp. 528-535.
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writer recommende that the first or ordinary method be used
in cases where differences are not concerned, but that the
experimental-coefficient method be used in conmnection with
differences. The reason for this 18 merely that in interpreting
8 difference the chief interest 1s usually in whether or not there
is actually a difference in the direction indicated, that is, whether
or not one measure is really larger than another, whereas in
most other cases the chief interest 18 in how near the obtained
measure is to the true measure.

The critical-ratio method. The critical-ratio method is
gimilar to that of the experimental coefficient, but differs in
detall. As defined by McGaughy,?! the cntical ratio equals
the difference between two means divided by its probable
error. Those employmng 1t have sometunes extended its use
to other measures than means It differs from the experimental
coefficient 1n the use of the probable instead of the standard
error and in the omission of the multiplier in the denominator.
The chances corresponding to its various values may be deter-
mined by dividing .5 plus the per cent of the area under a nor-
ma! curve included within the given PE distance of the mean
by .5 minus the same per cent of area. For example, 1n the case
already employed in which the difference of the means i1s 3

and the Oa.q is 1.17, PEdlﬂ‘ = 6745 X 1.17 = 79 and —% =

3.80. The area within 3.80PE on one side of the mean is .4948

of the total area. Hence the chances that the difference is sig-
4948

nificant are —-——-—g i‘ 404g OF about 191 to 1. This differs from

the ratio of 187 to 1 already found only because of dropping

decimals.

The variapce method. The use of the variance method,
v‘v@uch is based largely upon the vanance or square of the stand-
axd deviation, has been unusual in the field of educational
ghatistics, and therefore will not be explained here. The reader

1 J. R. McGaughy, The Fiscal Admanistration of City School Systema,
Yalutie V of the Publications of the Educational Finance Inquiry (New
York, Macmullan Co., 1824), pp. 9, 71-74,
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who is interested therein is referred to a treatment of the sub-
ject by Bnedecor.??

Statistical versus social significance. The discussion of re-
liability or significance in this chapter has been from the statis-
tical standpoint. There is, however, another standpoint that
should be suggcsted here although no detailed discussion thereof
will be given. This 18 that of social significance or importance,
a8 Tyler ®® and others have called it. This usually arises when
the significance of a difference is being considered and refera
to whether or not the indicated difference 18 valuable enough
to society to be worth obtaining, whatever it may cost. For
example, a controlled experiment may show significant differ-
ences in pupil learning when different methods of teaching are
used, when class sizes differ, when a better teacher is secured
for one class than for the other, or under other variations in
conditions. The question that must be answered before a deci-
sion can be reached as to which method, class size, or teacher
salary is preferable 18 that of the worth and cost of the differ-
ences. For example, if 1t 1s found that pupils’ learning is 10
per cent better under teachers who can be secured at 25 per cent
higher salanes, 1s this worth-while or is it not? The answers
to such questions cannot be arrived at statistically, but depend
upon considerations that are largely philosophic 1n their nature.
In any given case there will probably be a pownt of diminishing
returns beyond which it 18 not worth-while to go even though
statistically significant differences can still be obtained.

The oppostte condition sometiumes, though less frequently,
holds. Some results are so important socially that if there is
even some probabihty that they can be obtained more largely
in one way than another, even though the improvement is not
definitely significant statistically, it is worth-while to pay the
cost. In some cases the falure to obtain statistically significant
differences 1s due, not to the fact that they really do not exist,

3 George W. Sunedecor, Calculation and Interpretation of Analysis of
Variwance and Covariance (Ames, Collegiate Press, Inc , 1934), 96 pp.

3 Ralph W Tyler, *What Is Statistical Significance?” ?

Educationa}
Research Bulletin (Ohio State University), Vol. 10, March 4, 1931, pp. 115~
118, 142
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but to the use of measuring instruments that are too coarse,
that is, measure too large units, to be accurate. For example,
if one measures a child’s gain in weight by the use of scales that
do not measure accurately in smaller units than 5 pounds, the
result is that real and significant gains during a period of weeks
or even of months do not appear so by statistical methods.
Similarly, many of the tests and other instruments used to
measure the achievements of pupils are not so fine and accurate
as to be satisfactory for measuring gains made from day to
day, week to week, or even from month to month.

EXERCISES

No specific exercises are given here It 18 suggested, however, that
students compute the standard and probable errors of the various
measures called for in the exercises at the ends of previous and later
chapters insofar as the formul® apply to them.



CHAPTER XX

ERRORS OF ESTIMATE AND OF MEASUREMENT

Introduction. This chapter is concerned with errors, other
than those that arise from sampling a total population, involved
in the use of measures of correlation and of regression. Such
errors may be divided into two types: errors of estimate and
errors of measurement, using the latter term i a more restricted
sense than that i which 1t was employed 1n the previous chap-
ter. Smce errors of measurement are a variety of those of esti-
mate and the dividing hine between the two 1s not always dis-
tinct, some workers in this field doubt the advisability of using
the two terms. To the writer it seems best to do so.

Errors of estimate. Errors of estimate are differences between
actual scores and estimated or predicted ones, the predictions
being based on some form of the regression equation, usually the
ordinary one given on page 241. For example, if scores on one
duphcate form of a test are estunated from those on another,
or if school marks are predicted from scores on a prognostie
test, the differences between the estimates or predictions and
the scores or marks actually made are errors of estimate. Errors
of measurement, however, using the term m its narrower sense,
are the differences between actually obtamed scores and true
scores, that 1s, scores that contain no errors due to the use of
imperfect measuring instruments. Sometimes differences be-
tween two sets of actual scores may be considered errors of
estimate.

Since errors of estimate are the differences between two
series of scores, both of which are subject to errors, they are-
larger than errors of measurement, which are the differences
between one series of actual scores subject to errors and one
of true scores not subject thereto., Moreover, the different
series of scores with which errors of estimate are associated

may or may not be measures of the same thing, whereas those
383
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with which errors of measurement are connected must be
measures of the same trait or characteristic. Another way of
stating the same thing is that errors of estimate are variable
errors of validity, which includes rehability, whereas errors of
measurement are variable errors of reliability alone and conse-
quently are smaller than those of vahdity.

The general formula for the standard error of estimate is
OL2 OF Oy = 01\/1 — 75, OF 01kys. The subscript before the
point and the standard deviation on the right side of the equa-
tion are those of the vanable being estimated. For example,
if X is bemng estimated 1 terms of Y, the formula 18 0., or
G, = 0:0/1 — 12,. Thus, if the standard dewiation of X is
6 and the coefficient of correlation between X and Y is .70,
the standard error of estimate of X is 6+/1 — 702 = 4.28.

There are several varnations of the standard error of esti-
mate for which the appropriate formulz should be employed
when they occur.! One of these 1s the standard error of an
actual criterion measure or mdependent criterion, that is, some-
thing used as a basis of companson to determine the validity
of measures, estimated from an actual measure or score. It
differs from the general formula only in subsenipts and is
Go.1 OF Oy, = 00n/1 — 73, m which the subscript 0 refers to
the criterion measure and I to the other measure. For a true
measure estimated from an actual score the standard error is
smaller, being given by the formula o 1.2 = o1vri1 — 1y,
in which the subscript « refers to a true measure. If the esti-
mated measure 18 a criterion this becomes o o1 = Gov/Tw0 — 735,
in which rq is the coefficient of reliability of the eriterion
measure. If one obtained score is taken as evidence of another
pimilar obtained score, that is, if the equivalent-score equation
is used, the standard error is a14/2 — 2ry,, or, If one is a crite-

0ov/2 = 2r0;. If & true measure is taken as the basis of
pomparison or estimation, the standard error 18 ¢yv/1 41 — 2r1s

GoV1 + 1 — 271 .

{For a presentation of these vui&na see Truman Lee Kelley, Inter-
1wn of Educattonal MeasuremenigrfYonkers-on-Hudson, World Book
.. 1927), pp. 176-181.
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As was suggested near the beginning of the discussion in
Chapter XIX, the ordinary formule for errors are not highly
accurate, especially if small numbers of cases are concerned.
This condition likewise holds for errors of estimate. Therefore,
in order that an error of estimate as actually computed from a
small number of cases may be taken as the most likely error of
estimate for the universe from which the sample is drawn, a
correction should be apphed. This correction consists merely
of multiplying the square of the obtained error by the fraction

%—:—; before extracting the square root. In formula form

this ig
g3 2o0rr /‘/ ’7%2(%—}%) or al'z“/ H

Thus, for example, if the actually obtained value of the standard
error of estimate based on a sample of only twenty-five cases
is 3.50, the most likely value of that for the total population
from which the sample was drawn 18

25 -1

; 50,(7 2% -1

25 -2

= 3.58.

55 _2) or 3.50

It will be scen from examination of the formula that the cor-
rected error must be larger than the obtained one.

By substituting the appropriate multiple coefficients of cor-
relation instead of those of zero order, the formule for errors
of estimate may be used in that connection also. If this is done
a more general correction formula is used. Instead of the 2
in the denominator of the formula given in the preceding para~
graph there should be n, which denotes the number of variahiss
conoerned in the multiple correlation. Therefore for mulw
correlation, we have

j s _
c""ﬁﬂt == 1/0’3,(%—% (1; I S ]NV = 3;

To illuetrmiﬁ application m that & standard error of
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estimate of 4.40 has been found for thirty-two cases with seven
variables concerned. The formula then gives

2—1 32-1
4140 g5 —7) o LY H
which equals 4.90, a value markedly larger than the obtained
value of 4.40.

Errors of estimate may be computed for curvilinear as well
as for rectilinear relationships. Since, however, this is rarely
done in common educational practice, the method of doing so
will not be given here. The reader who is interested will find it
in Ezekiel.? The same wnter also gives a helpful explanation
of the meaning of errors of estimate and of their correction as
described above.?

Before concluding this discussion it should be pointed out
that errors of estimate are one of several possible means of
interpreting the closeness of relationship between associated
variables. In companson with coefficients of correlation and
of determination and thewr opposites, those of alienation and
of non-determination, and also with regression coefficients,
they possess certain advantages and certain disadvantages. A
good brief summary of these measures and their relationship
to ome another may be found in Ezekiel.*

Errors of measurement. The term error of measurement in its
narrower sense refers to differences between actually obtained
scores and theoretically true scores. The latter are theoretical
because they cannot actually be determmed. A theoretically
true score is defined as the average of an infinite number of
scores of the same individual obtamned by the same or equiva-
lemt measuring instruments, corrected for practice effect.

The formyla for the standard error of measurement, also
known a8 the error of response or the error of a score, is 1., oF
Oineas = 0+/1 — ry1, the same as that for the standard error
of estimate except that the coefficient of correlation used in

$ Mordecai Ezekiel, Methods of Correlation Analysis (New York, John
Wiley & , 1830), pp. 220-224.
8 [bid., pp. 111-117, 121-124,

¢ IWd, Ch. ix.
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the former is the index of reliability, whereas that in the latter
is the coefficient of reliability. The index of reliability equals
the square root of the coefficient of reliability, that is +/7.
Therefore, if instead of the coefficient of reliability used in the
formula for errors of estimate we substitute the index of relia-
bility and square it, we have (v/7)? which equals r, the last
term under the radical in the formula for the error of measure-
ment. Since in any given case there are two or more series of
obtained scores and what we usually desire is a measure of the
errors involved in using any one of them and, furthermore,
since we rarely if ever know which series approximates the
true scores most nearly, the two or more standard devations
are commonly averaged. Hence the ordmary form of the
formula when, as usual, there are two scores, X and Y, avail-
able, is

g: + o
Oz OF Oyoos = —zz—"\/I Rtk

This is the formula most commonly employed and may be con-
sidered the standard one. It will be noted that i1t contains the
same multiplier, /1 — r, mentioned m the discusmon of errors
of measurement in the broader sense on page 333.

In addition to the formula just given, however, there are
at least three others that may be used. If both series #f tata
form similar distributions, with their means and standard
deviations the same, and if the differences between the cor-
responding pairs of scores form a normal distribution all the
formule give the same result. If all these conditions are not
fulfilled the results from some or all of the formul® differ and
have somewhat different meanings.

One of the three formule#® referred to is

roe = 4/ o 50X - P - S

This contains no new terms. A second one is 0.... = .T0T1os.
In this o4g is the standard difference ¥ 'of the scores in the two

 The standard difference 18 obtained from the differences between scores
in just the same way as 1a the standard deviation from the deviations.
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series. The third formula is ¢,.. = .8863 mean difference, in
which the mean difference is that between the scores in the
two series.®

To understand the differences between the meanings of these
formuls it is necessary to recall that the errors present in meas-
ures may be either vanable or systematic. Furthermore, variable
errors may be of two sorts. They may be due either to im-
perfections in the measuring instruments or to accidental occur-
rences that have no connection with them. Imperfections in
the instruments themselves result in two duplicate forms of a
test not yielding the same scores under supposedly identical
oonditions. It is true that part of this lack of agreement is
usually due to different mental conditions of the persons being
tested. Theoretically, however, a perfect test would so moti-
vate pupils’ mental processes as to eliminate such differences,
80 one may think of all differences between scores as being due
to inherent faults or weaknesses in tests.

The first and second formule,

O = 0—"—;—0—"\/1 — r and

Vo = - o - LI

measure the variable errors present, including both kinds. If
the standard deviations of the two distributions are the same the
results obtained from these first two formulse are the same. The
last two of the formule given, 0., = .707lo4s and = .8863
mean difference, measure all the errors, both vanable and
constant, that are present. In other words, they include dif-
ferences due to the fact that the mean scores on the two tests
are not the same. If the two distributions are normal and also

' 9'The several formule for the probable error of measurement that cor-
aepond to those given above for the standard error are as followa:

PEpuw = .67453%"—"\/1"—:;

- e/ [ zex — v - T
= 4769048, and = 5078 mean differemce,
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have the same mean, that is, if there is no constant error or
difference, the third formula yields the same result as the first
two. The last formula also yields an identical result if these
conditions are fulfilled and the differences between correspond-
ing pairs of measures are normally distributed. If the two
distributions are not normal, do not have the same means and
standard deviations, and the differences of corresponding scores
do not form a normal distribution, it is unlikely that any two
of the four values found agree exactly.

If one desires to secure a measure of the errors actually due
to faults in the test and exclude those variable errors due to
accidental happenings, some extra work 18 required Theoreti-
cally one series of scores must be expressed in terms of the
other series by the use of an equivalent-geore equation such as
is given on page 246. In practice, however, this work 18 not
necessary. Instead, one may simply use in the formula the
standard deviation of the series in terms of which the other
series is expressed. After this has been done all four formule
yield measures of the errors due to imperfections 1 the test
itself, with both the other type of variable errors and constant
errors eliminated. The results given by the first three formuls
agree, and the result from the fourth also has the same value
if the distribution of differences 18 normal.

A variation of the first formula given for the standard error
of measurement 18 employed when one wishes to compute the
error involved in an estimated true score.? It 1s secured by sub-
stituting o+/r, which 18 the standard deviation of the true
scores, for ¢ in the formula. The formula thus becomes

Oe.1 OF Omeasy, = a7V =1 = avr— 1.
Computation. The calculation of the standard errorssof
estimate and of measurement, the latter according to the fogt'

formule and also by the use of equivalent scores, is shown i m
Table LXVIII. In it the work leading to the two sigmas, ry

7 An estimabesd true score 15 one secured by the use of the formula
X'w = rX + (1 =r)M, gaven on page 248,
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and the equivalent-score equation has not been included, since
it has been given previously. Only two columns in addition to
those containing the original scores are needed for dealing with
them. One of these columns contains the differences, taken
without regard to sign, between the corresponding scorcs and
the other the squares of the differences. These two columns
are summed and the results used in the appropriate formulz.
Since the standard deviations of X and Y are so nearly the same,
the standard errors of estimate do not differ much. ‘That of X
is 3.78 and that of ¥, 376. The standard errors of actually
obtained scores when estimated from actual scores are 3.89
and 3.87, respectively. The values of the standard error of
measurement yielded by the different formule range from 2.74
to 3.46. Those obtained from the first and second formule,
2.74 and 2.75, are measures of the variable errors of both kinds
present and would agree if the two sigmas were the same. That
given by the third formula, 3.09, 18 the standard ervor of meas-
urement of all the errors, both constant and variable, that are
present. The fourth formula gives 3.46, a similar measure,
which would agree with the other if the distribution of differ-
ences were normal.

Just below the formula which gives ¢.... = 3.46, the standard
errors of measurement of estimated true scores are given. In
this case 0., = 2.59 and 0., = 2.58.

The last three columns and the caleulations at the bottom
of the table are rarely employed. They deal with the stand-
ard errors of measurement of the onginal X scores and the ¥
scores expressed in terms of X. The formula for the latter is
8. = 1.005S, + 1.59. Making use of this formula, we obtain
the equivalent scores given in the fifth column of the table. It
will be noted that their sum 18 1700.15. If enough decimal
places had been carried this would be exactly the same as the
sum of the X column, 1700. The next column contains the dif-
‘ferences between thesaguivalent scores and the X scores, and
#he last, the squares ofithese differences. Substituting in the
#arious formule, we see that the results yielded by the first
three are practically tlié same, 2.75 and 2.76. The pjapdard
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error of measurement according to the last formula is different,
being 2.93. This, again, is due to the fact that the distribution
of differences is not normal. A standard error of measurement
obtained from equivalent scores is a measure of the varisble
errors due to imperfections in the test and 18 free from any
effect of vanable errors due to accidental occurrences and also
of constant errors. Furthermore 1t 18 8 measure of the errors
in the series in terms of which the scores have been expressed,
in this case X,

It will be noted that since the group of four formule at the
bottom of Table LXVIII give the standard error of measure-
ment of the onginal X scores and of the Y scores expressed in
terms of X, the standard deviation of the X scores, 8.11, is
used where ¢ 15 called for. If, instead, the standard error of
measurement of the origimal ¥ scores and of the X scores ex-
pressed in terms of ¥ were desired, all that would be necessary
would be to substitute the standard deviation of Y, 8.07, in
the formula instead of 8.11, thus getting a result of 2.73 instead
of 2.75. Ths 18 shown 1n parentheses.

The probable errors of estimate and of measurement have
not been computed in Table LXVIII, but all that is neces-
sary to secure them 1s to multiply the obtained standard
errors by .6745. Thus, PE,., = .6745 X 3.78 = 2.55,
PE,. = 6745 X 3.76 = 254, PE.. for the onginal deores
= 6745 X 2.74 = 1 85, and so on.

Use and interpretation. The chief use made of the standard
and probable errors of measurement is 1n connection with the
description of the rehabiity of a test, that is, of how well results
from two or more duplicate forms of the test agree. For this
purpose, however, a mere statement of the size of the error is
scarcely sufficient. For example, if one knows that the prob-
able error of measurement of one test is two points and that
of another test, five points, he does mot know which test is
more reliable unless he knows also total possibilities of
error and interprets the absolute error$n terms thereof. Thus:
from one standpoint a probable erroﬁ?éf meagurement of twe
pointq«!'s a8 significant in connectioﬁiwith a test comprising
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twenty elements as a probable error of five points is in connec-
tion with one comprising fifty elements.

To secure a relative and comparable measure of error it has
been suggested, and the suggestion rather commonly followed,
that the measure of error be divided by the mean score on the

test. Thus, a]‘w" Plj} =
as a better measure for purposes of comparing the rehability
of different tests, than o, ., or PE;. . alone It 1s a better meas-
ure, but is not perfect for at least two reasons.

One of these reasons 18 that the true zero points of very few
scales are known In case the location of the zero point is much
in error the use of these measures is hikely to give a false idea
of the situation. To illustrate this let us suppose that the mean

score of a class upon a spelling test 1s 20 and the standard error

of measurement, 1. Under this condition UM" = 2% = 05 It

usually the latter, is recommended

may be, however, that the easiest word spelled 15 so difficult
that the amount of the difference between the ability required
to spell it correctly and no spelling ability at all 1s twice as
great as the difference i the ability required to make a score
of twenty and that required to spell the easiest word 1n the list,
but no other. Therefore if the real zero point were used the
mean ability of the class would be expressed by a score of sixty

rather than by one of twenty, and g]"—; would be equal to

6% = .017, or just one-third of 1ts value under the other con-
ditions.

The second reason is that, regardless of whether or not true
zero points are known, the possibibity of error depends on the
difficulty of the elements in the test rather than on how many
elements there are. For example, if to the test mentioned in
the last paragraph twenty very easy words were added and all
pupils spelled them correctly, the mean score would be raised
to forty, but the standard error of measurement would not be

cw 1
¢hanged. Therefore QAT would equal 7 = .025, or only half
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what it was for the twenty-word test, although the relisbility
was not changed.
PE,..

Because of these objections to 1 it has been suggested

that the ratio of the probable error of measurement to the
standard deviation instead of to the mean be employed. This

mesasure, 1—)%, does, 1t is true, avoid the two objections to the

other measure just made, but does not seem to be entirely satis-
factory for the purpose because 1t neglects entirely the total
score on the test and depends too directly on the value of r.
Therefore the writer advises that i describing the rehability
of a test both these formule be used and their values given,
perhaps 1n addition to other data.

TABLE LXIX

MurTipLIERS TO B USED IN DETERMINING STANDARD AND
ProBaBLE ERrorRs OF ESTIMATE AND OF MEASUREMENT
CorrgsronNDING To CERTAIN VaALUEs oF THE COEFFI-
cIENT OF CORRELATION

Coefficrent i Errors Errors
of ; of of
Correlation Estimate * Measurement t
100 0000 .0000
09 1411 .1000
.98 1990 1414
.97 2431 1732
06 2800 .2000
.95 3122 .2236
90 4359 3162
.80 6000 4472
.70 7141 5477
.60 .8000 .6325
50 8660 7071
.40 9165 7746
.30 9539 8387
.20 9798 8944
.10 9950 8487
.00 1 0000 1.0000

* The entries 1 this column are equal to V1 — r?
£ The entnes in this column are equal to V' 1—r.
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Table LXIX had been prepared to help the reader in com-
puting the errors of estimate and of measurement associated
with coeflicients of correlation of given sizes. It gives for cer-
tain values of the coefficient the decimals by which the stand-
ard and median deviations should be multiplied to secure the
standard and probable errors of estimate and of measurement.
The second column contains the multipliers for errors of esti-
mate, and the third column those for errors of measurement.
If one wishes to secure a standard error of estimate or measure-
ment, a8 the case may be, all he need do is to multiply the
standard deviation of the distribution in question by the deci-
mal given in the proper column of the table. If he wishes to
compute the probable error of estimate or of measurement he
multiplies the median deviation of the distribution by the
entry in the table. Thus, for example, if r equals .95 the standard
error of estimate is equal to .3122¢ and the standard error of
measurement to .2236c. Likewise, the probable error of esti-
mate equals .3122MdD and the probable error of measurement
equals .2236MdD. Also, of course, since MdD = .67450, the
probable errors of estimate and of measurement are equal to
87450 times the proper multiplier. Thus for r = .95, PE,,
= 6745 X .3122¢ = 21060, and PE,.. = .6745 X .22360
» .15080.

ExERcIsES

1. Compute the various standard and probable errora of estimate
and of measurement, as in Table LXVIII, for the following series of
data:

A B
40 33 38 4
38 31 31 22
37 34 29 25
37 26 27 B
3B 32 23 15
32 2 20 13
2 30 19 16
28 32 18 18
21 2 17 14
26 22 17 10
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A (cont) B (cont.)
24 27 15 11
24 23 14 9
p 17 13 12
21 20 13 10
20 14 11 10
20 22 10 8
19 18 10 9
19 16 8 7
17 P! 5 4
17 18 4 4
16 11 2 3
15 15 1 3
14 13

12 10

11 12

2. Compute the standard and probable errors involved in estimating
an actual criterion score and a true criterion score from an actual test
score in each of the following situations:

A. Standard deviation of cniterion scores = 12, coefficient of re-
liability of criterion scores = .90, correlation between test
scores and criterion scores = .65.

B. Op = 7.5, Too = .84, o = .62.



CHAPTER XXI

USES OF THE NORMAL PROBABILITY CURVE

Changing qualitative data into a normal distribution. It is
sometimes helpful to change quahtative data mto quantitative
data that form a normal frequency distnbution, thus enabling
them to be dealt with in certamn ways not possible while they
are expressed in quahtative form. The method of domng this
may be illustrated by an example deahng with the rating of
teachers wherein they are given one of five possible ratings. Let
ue suppose that seventy teachers have been rated and that five
of them have been given the rating ezcellen!, sixteen, good,

1 2 3 4 $ 8

FIG. 41. JLLUSTRATION OF THE CHANGING OF QUALITATIVE
DATA INTO A NORMAL FREQUENCY DISTRIBUTION

The areas, A, B, C, D, and E represent the five ongmnal groups of ratings
sod the pomnts, 1, 2, 3, 4, 5, and 6, the bases of the ordinates bounding these

five groups.

thirty-three, medium, thirteen, poor, and three, very poor. This
distribution may be thought of as the space under a normal
curve with the area divided into five parts proportional in size
to the numbers of teachers given the five different ratings.

The first step in making the transmutation 1s to change the
numbers receiving the vanous ratings into per cents. Doing
this gives, respectively, 7.1, 22.9, 47.1, 18 6, and 4.3 per cent.
Sined the cases in any one group are commonly assumed to be
at the mid-point of that group, the problem is to find the mid-

378
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value or distance from the mean of the measures in each of the
five groups. The process of doing this is illustrated by Figure
41 and Table LXX.
TABLE LXX
CRHANGING QUALITATIVE DaTA INTO A NorMaL DisTRIBUTION

beétz:n Difference | Mean o t
Aren Ordinate Hewght * n Dustance
Ordinate between nd of Heights from
Ordinales Ma;tmum Ordinate of Mazimum
Ordinate Ordinates Ordinate
6 .500 000
071 +.136 +1.92
b 429 .136
.229 + 212 + .93
4 .200 348
471 —.045 - .10
3 271 .303
.186 -.212 —1.14
2 457 091
.043 —.091 -2.12
1 500 .000
+.348
- 348

* The heighta in this coluinn are 1o terms of & maxymum height of 3989, rather than of
1 0000 Therefore to secure them the entnies in the heaght column of the tables ut Appendix
B must be multiplied by 3989

r‘L’l'ha entries jo thia column which represent the mean distances from the manmum
ordinate in terms of the standard deviation are secured by dividing those m the previous
column by those 1n the second column of the table

The figure contains a normal curve divided into five parts,
which contain areas corresponding to the five ratings. Thus
the area A, which corresponds to excellent, contams 7.1 per cent
of the area under the curve; the area B, 22.9 per cent of the
area; and so on. The pomis 1, 2, 3, 4, 5, and 6 represent the
bases of ordinates that bound the five areas. Thus area E lies
between ordinates 1 and 2, D, between ordinates 2 and 3; and
80 on.

In the table the first column lLists the ordinates, and the
second gives the area between each pair of ordinates which,
as just explained, is the same as the per cent of cases receiving
the corresponding rating. The next column gives the area
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between each ordinate and the maximum or mean ordinate.
Thus, since ordinate 6 is at the extremity of the curve, the area
between it and the maximum ordinate is one-half the total area,
or .500. That between ordinate 5 and the maximum ordinate
is found by subtracting from .500 the area, .071, that lies be-
tween ordinates 5 and 6, giving .429. By a similar process the
other entries in this column are obtamed. The fourth column
of Table LXX gives the height of each of the ordmates. These
heights may be found from either of the tables m Appendix B
by looking up the areas mn the last column thereof, finding the
corresponding heights, and multiplymg them by .3989, since
they are in terms of a maximum ordinate of 1.00, whercas this
method of transmuting data is based upon an area of 1.00 under
the normal curve and therefore a height of .3989. For the first
area, which 1s .500, the height 1s .000, for the second, .429, the
tabular height is found by interpolation to be .340, and this
multiplied by .3989 gives .136, the second entry in the column;
and so on for the others. The next column contains the differ-
ences in the heights of the two ordinates bounding each area.
The entries herein are found by subtracting in turn the first
entry in the previous column from the second, the second from
the third, and so on. At the bottom of this column are the sums
of the plus and minus entries in that column. Unless these
sums are the same, and also the same as the largest entry in the
previous column, the work must contain some error

The last column, which gives the desired mid-point or mean
distance of each area from the maximum ordinate, is obtained
by dividing each difference between heights by the area of the
corresponding part. Thus, 1ts first entry, 1.92, 1s found by
dividing .136 by .071, and the others in stmilar fashion. The
entries in this column are the numencal values to be given the
five groups of ratings if 1t is desired to deal with them quant:-
tatively.

_One use of the numerical values or mid-points of groups de-
termined by this method 1s in averaging scores or ratings given
by different individuals who have quite different standards in
mipd. To ﬂlustmte* suppese that fivé:supervisory officials



THE NORMAL PROBABILITY CURVE 381

have rated a number of teachers on a scale of four divisions—
excellent, good, fair, and poor—and that the per cents of the
four ratings given by the different supervisors are as shown in
Table LXXI.

TABLE LXXI

Per Cents OF Varlous TeacHERs' Rartings Given BY Eacm
oF Five SUPERVISORS

Rating Supervisor
A B | c LD E
Excellent 10 12 16 18 22
Good 25 28 29 27 30
Fair 50 5 | 47 42 44
Poor 15 10 ' 8 13 4

By applying the method illustrated in Table LXX the mean
distances from the maximum ordinate in terms of standard
dewiation are found to be as given in Table LXXII

TABLE LXXII

MeaN ¢ Disrances or Ratings CoOBRRESPONDING TO THE Per CENTs
oF Ratings GiveN IN TasLe LXXI

Rating | Supertsor
A , B C D E
Excellent +175 +167 +1.52 +1.46 +1.35
Good o + 78 4+ 67 + .53 4+ 49 4+ M
Fair - 27 - 42 - 53 — 44 - 71
Poor —155 -175 -1.86 —-163 -216

This table shows, for example, that a rating of excellent given
by supervisor A is equivalent to a o rating of +1.75; one given
by supervisor B, to a ¢ rating of 4+1.67; and so on. To secure
the average rating of any teacher the numencal o ratings given
by the five supervisors are averaged. For example, if Miss Smith
is rated good by A, fair by B and D, and excellent by C and E,
her rating is the average of +.78, -42, - .44, +152, and
+1.35, which is 4-.56, i

Although theWethod just desceiled if ronally employed
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in other situations, it is really appropriate only to data grouped
in non-quantitative classes. If the classes are already quantita-
tive or numerical one is rarely, if ever, justified in changing the
distribution into a normal one since so doing alters the width
of the classes.

Comparison of distribution with the best fitting normal curve.
Sometimes one wishes to find the normal frequency curve or
distribution that best fits an actual distmbution. Usually the
purpose of doing so 1s to compare the two and thus ascertain
whether the differences between them are probably merely due
to chance or are significant. Such a comparison may be made
by plotting the actual curve and the best fitting normal curve
on the same figure, but unless the differences between the two
curves are either very small or very large, or unless the person
comparing them is an expert m doing so, opimion based upon
their inspection is not a very safe guide 1n judging their signifi-
cance. It is therefore better to supplement the construction of
the two curves by a computation, such as is given in this sec-
tion, that enables one to determine the significance of the
differences !

To construct the best fitting normal curve one must compute
the mean and the standard deviation of the data to be repre-
sented. After this has been done the normal curve should be
plotted on the same base hne with the same mean and standard
deviation as the actual curve. This may be donc by use of the
method deseribed on page 58 and following, using o as the base-
line unit. The maximum ordinate, that 13 y,, of the normal curve
should first be found by the formula

— ————-—N g

yo - g /21
Figure 42 contains the actual curve and the best fitting nor-
thal eurve for the data given 1n the accompanying distribution.

! Buch a comparson may be made without constructing the two curves,
but it is recommended that both be done, since the graphic representation
of the curves gives a better picture of the whole than does the computa-
tion even though it is somewhat difficult to interpret acourately.
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The mean is approximately 33, the standard deviation is 11.05,
N is 100, and

100

%= 1105 —
11505 vor

= 18.06.

In determining y, it is necessary to divide the value of o in
actual unmits by the width of the class interval so that it will be

f
60— 2
85— 1
S0 - 3
85 - 7
40 - 11
35 -17
30 - 20
25 - 18
20 -10
15- 6
10- 3

0 10 20 30 40 50 60
FIG. 42. COMPARISON OF ACTUAL AND BEST FITTING NORMAL
CURVES FOR THE BAME DATA

By comparing the two curves above, one can gain some idea of whether the
differences are asgnificant or not In the case represented above 1t 18 evident
that they are so amall that none, or practically none, of them are mgnificant.

in terms of class intervals. The next step is to erect a maximum
ordinate or, perhaps better, merely place a dot at the proper
height for the top of the ordinate, 18.05, just above the mean,
33. One then determunes the heights of the normal curve at
various distances from the maximum ordinate, and draws the
curve through dots placed accordingly. Thus at a distance of
250 on each side of the maximum ordinate the height of the
ourve is .9692 times the maximum ordinate. Since .25¢ equals
2.78, and since .9692 times 18.05, the maximum ordinste, equals
17.49, dots should be placed at a height of 17.49 above 30.24
and 35.76, the points that are at a distance of 2.76 from the
mean on each side. Similarly, at a distance of .5¢ or 5.53 from
the mean, dots should be placed at a height of .8825 times the
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maximum ordinate, or 15.93. Continuing this proocess, we may
locate enough points so that the curve, as shown, can easily
be drawn through them. A comparison of the actual and best
fitting normal curves, as shown in Figure 40, makes it evident
that the differences between the two are on the whole decidedly
small, so that it is doubtful if they are really significant rather
than due to mere chance.

As was stated above, however, certain computations should
be carried out to enable one to mterpret such differences satis-
factorily. These involve the companson of the differences with
their standard, or perhaps some other, error. In this case the
appropriate standard error 1s given by the formula

In this N is the total number of cases, and f is the theoretical
frequency at any given point on the scale, that 1s, the height of
a normal curve at that pont. It 18 generally assumed that if
the difference between the actual and theoretical frequencies
is lese than three times the standard error 1t is probably due to
chance, but that if it is greater than that it iz almost certainly
due to significant causes. The mterpretation of the ratio of the
difference between the frequencies and the standard error is,
however, just the same as that of any other difference com-
pared with its standard error. Therefore 1t is not the best
practice to take any one pomnt as a critical point below which
differences are taken as of no significance and above which they
are considered significant. Instead, it should be interpreted, as
deacribed in Chapter XIX, as showing how great the chances
are that the difference 18 significant.

Table LXXIII contains the computations necessary to make
such a comparison of the actual and best fitting normal curves
for the same data that were employed in Figure 42. This
table begins with the actual distribution. The next column
gontains the mid-points of the various classes. In the third is
fpund the distance of each mid-point from the mean. The next

opiamn contains this same distance expressed in terms of the
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TABLE LXXIII

CoxpaniaoN or THE DIFFERENCES BETWEEN AN Actual DisTRIBUTION
ANp THE BEst Frrring NorMaL OnNg wrre TeER
S8raNDARD ERRORS

Acual | Mad- | Dit Theor. Diff. | Chances
Dist | Powns | Jrom | odm |70 | Diff. | oaa 1
Mean [ 4
60- 2| 625 | 295 | 267 51 140 | 7T1{210] 855
85~ 1| 575 | 245 | 222 | 154 | 54 123 4| 2
0- 3| 525 | 195 | 176 | 384 | 84 |[192| 4| 2
45- 7| 475 | 145 | 131 | 768 | .66 | 266 | 25 1
40- 11 { 425 | 05 | .86 (1247 | 147 [ 330] 45{ 2
85-17 | 375 | 45 | 41 |1850 | 41 [372| .11 1
80- 20 | 325 5| .05 | 1800 200 | 384 55| 2
25-18 | 275 | 55 | .50 | 1593 | 207 | 367 | 58| 2
20-10] 225 | 105 | 95 | 1149 | 149 {319 47| 2
15- 6] 175 | 155 | 140 | 677 | 77 | 251 31| 2
10- 8| 125 | 205 | 186 | 321{ .21 | 176 | .12 1
5 1| 75| 255 | 231 | 125] 25 {111 .23 1
0- 1! 25 {305 | 27 40! 60! el 95! 5

standard deviation and is obtained by dividing each entry in
the preceding column by 11.05. The fifth column of the table
contains the theoretical frequencies or heights of the normal
curve, at the distances from the mean just given. Thus, by
interpolation 1n the first table i1n Appendix B, one finds that the
height of the curve at a sigma distance of 2.67 is .0285. Since
this is in terms of & maximum ordinate of 10000, it must be
changed into terms of the actual frequencies of the distribution
by being multiplied by the height of the maximum ordinate,
18.05, thus giving a height or theoretical frequency of .51. The
gixth column contains the differences between the theoretical
frequencies and the actual frequencies. In computing these
differences signs are neglected. The next column contains the
standard error of each difference found by the formula already
given. Thus for the first row the standard error is given by:

51100 — 51) _
V—T -71.

Each standard error is then divided into its difference, thus
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giving the ratio of the latter to it, and the results entered in the
next to the last column. For the first row 1.49 divided by .71
gives approximately 2.10. The entnes in this column may then
be interpreted according to the experimental-coefficient method
given in Chapter XIX. Ths has been done, and the results, in
terms of approximate chances to 1 that each difference is signifi-
cant, entered in the last column. Thus for the difference 1n the
first row, which is 2.1004s, the experimental coefficient is
;%—g— = .76, and the chances are about 55 to 1 that the differ-
ence is significant; for that in the second row the chances are
approximately 2 to 1 that it 1s, and so on. From these it appears
that in almost all the classes of the distribution the chances
that the differences are significant are quite small. On the
whole, therefore, the conclusion to be drawn 1s that the data
actually obtained fail to form a normal distribution because of
chance rather than because of any charactenstic that causes
departure from the normal.

The method just described 18 lacking in that it provides no
single index or summary figure by which departure from nor-
mality can be expressed. To provide such an index Holzinger *
and others have recommended what is commonly known as the
x2 (Chs square) Test for Goodness of Fit. The formula for it is

2 2

x:= 2[—(‘[‘ }-'f) ] orEdl;-:f

In this, f, is the observed or actual frequency 1n each class, and

J the theoretical or normal frequency. After the value of x? has

been obtained by the use of this formula 1t must then be looked

up in a table such as Pearson’s Table XII ® and the correspond-
ing chances determined.

The application of the formula may be illustrated by using
the data in Table LXXIII. The difference between the the-
oretical frequency and the actual frequency of the first class, aa

% Karl J. Holzinger, Statistical Methods for Students 1n Education (Boston,
Ginn & Co., 1928), pp. 245-248

sKarl Pearson, Tables for Statisticians mnd Biametricians (Cambridge,
Cambridge University Press, 1914), pp. 26-28.
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TABLE LXXIV

Varums or P ror Trsting Goopness oF Frr CORRESPONDING TO THR
GIvEN VaLues OF X? AND 1

n

x!
61671819 10|11|12|18114(16|16|17 18|18} 80
1 1.91] 96| 99{ 9911 00{1 00/1.00;1.00{1 00|1 00;1 001 00{1 00{1 00{1 00{1.00
2 1.74) 85/ 92| 96/ 98| 991 00/1 00/1 00/1.00;1.00{1 00/1 00;1 00|1 00}1.00
8 |.56) 70/ 81|89 93| 96 98| 991 00/1 00{1 00i1 00|1 00{1.00/1.00|1.00
4 |.41].55| 68| 78| 86} 91} .95 97} .98{ 99/1.00|1 001 00{1.00/1 00{1.00
5 12942 541 66/ 76| 83} .89 93| .96 .98 99| 991 001 00}{1.00{1.00
6 | 20{ 31| 42| 54| .65 74| 82| 87| 92} 95 97| 98] .99! .99(1.00{1.00
7 1.14/.22! 32| 43] 54| 64| 73] 80| .86| .90| .93| 96/ 97| 98 .99 .09
8 [.09] 16| 24| 33] 43| 53] 63] 71| 79| 84| 89| 92\ .95 .97{ .98| .99
9 [.06| 11 17! 25 34| 44| 53] 62/ .70{ 77| 83 88 9l 94 96| .97
10 10408} 12 19) 27) 35] 44] 53} 62} 69 76! .82) 87} 00 93 95
11 103{05 00] 14] 20| 28] 36 44 53; 61 69 .75 .81 .86 89 92
12 |02 03:.06! 10 15 21} 29| 36| 45/ 53| 61| 68 74{ .80} .85| .89
13 |01{02/ 04| 07| 11| 16] 22 29| .37 .45 53] 60, 67| .74 .79] .84
14 [01,02/03 05 08/ 12{ 17| .23| .30; 37| 45{ 53| 60} .67| .73} .78
15 {.00 0102 04| 06, 09 13 18/ 24} 31} 38| .45 .52 .60| .66| .72
16 {.00{ 01} 01|03} 04| 07| .10{ 14| 19; 25 31| 38 45| 52 .59; .66
17 {00{.00{ 01} 02} 03! 05 07| .11} 15{ 20/ 26! 32| 39| .45| .52| 59
18 }00/.00{ 01; 01{ 02| 04| 05/ O8] 12{ .16{ 21| 26/ 32| .39 .46| .52
19 {00/ 00{ 00| 01| 01} 03] .04{ .06 .09{ 12| 16] .21] 27, .33] .39| .46
20 (00.00l 00011 01l 020 031 o5 071 100 131 17 .22! .27! .33! .30

shown in the table, 18 149. Squaring this and dividing by .51,
the theoretical frequency, gives 4.35. For the second class the
difference is .54. Squanng this and dividing by the theoretical
frequency, 1.54, gives .19. Domg the same for the other classes
and summing for all gives x® = 6.70. Table LXXIV is then
used to find the desired chances. Its use mvolves x* and n,
the number of classes In this case there are thirteen classes;
therefore one finds the tabular entry opposite the obtained
value of x* in the column headed 13. Since x* in this case equals
6.70, one must interpolate between the values of 6 aud 7 given
in the table. Doing so gives a value of P, the symbol commonly
used in this connection, of approximately .88. The interpreta-
tion of this is that there are 88 chances in 100, or 88 to 12, or
about 7 to 1, that one would get in random sampling a fit as
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bad as, or worse than, that of the actual to the normal curve.
In other words, the fit in this case is good and the differences
are probably due to chance.

In this, as in other more-or-less similar situations, it cannot
be said that there 18 any one critical value that determines
whether or not the fit 18 satisfactory or unsatisfactory. However,
a value of .20 or larger for P may be regarded as indicating that
the fit is reasonably close and one of less than .20 as indicating
that some other type of curve than the normal will probably
best represent the actual distrbution.

An approximate method of determining the departure of a
distribution from normalcy has been suggested by Dickey.*
It is based on the use of an isosceles triangle that fits the nor-
mal curve rather closely and 1s subject to errors that exceed
=5 per cent only rarely.

Determination of proportion of cases between two points on
a scale. Another use of the normal curve is to determine what
proportion of the total number of cases should fall between any
two points on a scale. A common example of this 18 in assign-
ing school marks, when, for example, one desires to distribute
marks of A, B, C, D, and E among a group of students on the
assumption that the abihty manifested follows the normal
distribution, and that each mark should include the same range
or scale distance. The general procedure is to cut off the curve
at a certain distance from the mean, to divide the portion con-
tained within the points at which it is cut off into the desired
number of divigions with equal base lines, and then to ascer-
tain the area in each division. For rough work it is common to
cut off the base line at a distance of 2.5¢ or 3¢ from the mean.
If it is cut off at 2.5¢0 about 98.76 per cent of the total area of
the curve remains, and 1f it is cut off at 30 about 99.73 per cent
remains. For more exact work it may be cut off at 40 or 50 from
the mean. The proportions of the area then remaining are about
99.994 and 99.99994 per cent, respectively. The base line is

. dfvided into as many parts as theregepe marks, and the number

¢John W. Dickey, “Normalcy as a Statistic,” Journal of Educational
Pagchology, Vol. 25, September, 1934, pp. 437-446.
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of students who should receive each mark is proportional to the
area above that part of the base line corresponding to that mark.

The process just mentioned is partially illustrated by Fig-
ure 43. In it the base line has been cut off at = 3¢ and the por-
tion between those lunits divided into five equal parts, each of
which has a base line of 1.2¢. Therefore the ordinates bound-
ing them are at distances of —3.00, — 1.8, — .60, +.00, +1.80,
and +3.0¢, regpectively, from the mean.

The per cents of marks are obtained as follows. Since the
ordinates bounding the A and E divisions are 1.8¢ from the
mesan, this distance is
looked up m the first
column of the first table
in Appendix B. The en-
try opposite it in the
third column is 4641,
which shows that .4641

~80¢ -18¢ =—bc +60 +180c +30¢
of the total area of the L/ ", 1 or oF THE NORMAL CURVE TO

curve is contained be-  DETERMINE WHAT PROPORTION
; OF STUDENTS SHOULD RE-
tween the ordinate at CEIVE EACH OF FIVE MARKS

180 f X the mean and The areas of the five parts into which the sur-
the maximum or 2ero face under the curve s divided show the per
ordinate. Therefore the ¢ents of students who should receive each mark.

In this case the curve has been cut off at ®3s.
area on the far side of

this ordinate from the mean 18 equal to .5000 — .4641, which
equals .0869, or approximately 34 per cent. The area in the
B and D divisions is found by subtracting the entry opposite
their inner limits, .65, from that opposite their outer limita,
1.8¢. That is, one subtracts from the area between the maxi-
mum ordinate and the outer limit that between the former and
the inner limit of each division, thus obtaining the portion of
total ares in that division. In this case the area between the
mean and the outer limits, 1.80, is .4641, as already found, and
that between it and the nner limits, .80, is .2257. Therefore
the area of these portions¥ given by .4641—.2257, which is
approximately 3¢ peg cent..' The area of the division correspond-
ing to C is found by multiplying by 2 the area contained be-
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tween the zero ordinate and the ordinate at .6g. Since this area
is .2257, the result is approximately 45 per cent. The per cents
of marks are then as follows: A—3%, B—24, C—45, D—24,
E—34.

In connection with this application of the normal curve it
should be noted that for the same number of divisions the result
of increasmg the distance from the mean at which the curve is
cut off is to increase the proportion oi cases m the central group
of an odd #Mmber or 1 the two central groups of an even num-
ber and to decrease the proportions in the extreme groups.

Determining the difficulty of test elements. The normal
curve is also used 1n determining the difficulty of test elements
when the per cent
of pupils answering
each element cor-
rectly is known. In
such a case the dis-
tance on the base

=5.000 -1.650 +.130 +1.04c +500¢
Sigma Scale hne represents the

0 33.5 51.3 60.4 100
Poit Suate difficulty of an ele-

FIG 44 NORMAL FREQUENCY CURvVE ment, and the ares,
USED TO DETERMINE THE DIFFICULTY  the per cent of pu-
OF ELEMENTS ANSWERED BY

KNOWN PER CENTS OF THOSE pils. Thus in Fig-
ATTEMPTING TO DO SO ure 44 the base-line
Distances on the base lines represent dificulty and  scale represents the
areas per cents of thos: attempting difficulty of the ele-

ments in terms of 100 points; that 18, an element answered
correctly by no pupil 1s rated 100 and one answered correctly
by all pupils, 0.5 The area under the curve and to the right of
any ordinate represents the per cent of pupils answering cor-
rectly an element of the difficulty corresponding to the loca~
tion of the ordinate.

To illustrate this use of the normal curve let us suppose that
the per cents of pupils answering thiy elements correctly are,

¥ Theoretically, 0 and 100 both fall at infimte distances from the central
temdency, but i practice the curve is usually gut off at =bs and thess
ﬂmﬂ placed there.
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respectively, 15, 45, and 95, and that it is desired to find the
relative difficulties of these elements. For the first one, with
15 per cent correct responses, it is necessary to find the point
on the base line such that the area under the curve and to the
right of an ordmate there is 15 per cent of the total area. It is
easier to reverse the process and find the point to the left of
which there 1s 85 per cent of the area or, in other words, be-
tween which and the maximum ordmate there is 35 per cent of
the area. This may be done by use of one or the other of the
tables 1In Appendix B, according to whether the units it is
desired to use are mm terms of the standard or median deviation.
The result is the same but 18 expressed differently. If, as in this
case, 1t 18 desired to use the standard deviation one must find
the sigma distance from the mean corresponding to an area of
35 per cent. By interpolation this is found to be approximately
1.040. Since 1t 18 gssumed that 100 pomts on the scale of diffi-
culty represent the distance from —50 to +5¢, that 18, a total
of 100, ¢ = 10 pomts, and 1.04¢ = 104. Therefore the diffi-
culty of the element i question 18 10.4 greater than the mean
difficulty. Since this 1s 50 the difficulty of the particular exer-
cise is 60 4.

For the second element, answered correctly by 45 per cent
of the pupils, the arca between the point desired and the mean
is 50 — 45 = 5 per cent From the same table used previously
the distance corresponding to this area 1s found to be about
.13¢ or 1.3 points. Adding this to 50 as before, the difficulty
value of this element 1s 51.3.

The third element was answered correctly by 95 per cent of
the pupils; therefore it lies at that distance below the mean
that includes 45 per cent of the area. The distance correspond-
ing to this per cent of the area 18 1.650 and therefore the dis-
tance in points, 16.5. Since this is below the mean, that is,
easier than the mean element, this amount must be sub-
tracted from 50, giving® difficulty value of 33.5 for this ele-
ment.

The method just described is that employed by McCall in
connection with his well known T-scale and T-score. The
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explanation he gives for his method * is somewhat different
from that given above, but the same results are obtained.

Equally noticed differences. Several educational scales, such
as those in English composition, drawing, and other similar
subjects, have been constructed by the application of the
theorem that “equally noticed differences are equal.” This
theorem is applied to a situation in which judges have rated a
number of specimens or samples from which a scale is to be
made. The theorem means that if the same per cent of judges
rate specimen A as better than B that rate B as better than C,
the difference in merit between A and B is the same as that
between B and C. Furthermore, if the per cents of judges are
not the same the differences m merit vary according to the
per cents and can be determined. As Thurstone 7 has pomted
out, the theorem holds only when the distributions of ratings
given the various samples being dealt with are the same. In
constructing a scale by this method, therefore, one should have
a sufficient number of specimens rated so that after the rat-
ing at least as many as are desired in the scale can be found
for which the distributions of ratings are approximately the
same.

" The basis of transmuting the per cents of judges rating one
sample better than another into measures of the relative merit
of the specimens is the assumption that the ratings given a
specimen by a group of judges form a normal distnbution. On
this assumption 50 per cent of the judges' ratings are above or
at the median rating, and 50 per cent are below or at the median.
If the same judges rate another specimen, and 25 per cent of
them consider it as of less merit than the first specimen, whereas
75 per cent consider it as of more ment, the lowest 25 per cent
of the ratings of the second specimen fall below the median
rating of the first, and the next lowest 25 per cent are included
between the median of the first and the median of the second.

S William A. McCall, How to Measyra in Bducation (New York, Mao-
mwzz). pp. 272-291; also, “ Proposed Uniform Method of Scals

X n,” Teachers College Record, Vol. 22, January, 1821, pp. 31-51.

*L. L. Thurstone, “Equally Often Noticed Differences,” Journal of
HBducational Psychology, Vol. 18, May, 1927, pp. 280-298. -
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The base-line distance that includes 25 per cent of the cases
in the normsal distribution on one side of the median is the
median deviation. Therefore the median value of the second
specimen is 1MdD ® above that of the first if 75 per cent of the
judges have rated it better and 25 per cent poorer than the
first. Similarly, by the use of a table such as that in Appendix
B, any given per cent of judges, except 100 or 0, can be trans-
muted into an equivalent MdD distance. If it is desired, o

T ",

A ——— y

B--- 4

=N
S 1.00} 1.37.

FIG. 46 THREE NORMAL FREQUENCY CURVES REPRESENTING

THE DISTRIBUTIONS OF JUDGES’ RATINGS OF THREE
SPECIMENS OF WORK

In this figure curve A represents the distribution of judges’ ratings for a
specimen that 82 per cent of them rated as better than B, and curve B the
distribution of ratings for a specimen that 75 per cent of the judges rated as
better than C Therefore, as shown, specimen A 8 1.37MdD better than B,
and B 1.00MdD better than C

distances can be used instead, but the others are more commonly
employed.

This procedure is illustrated by Figure 45 m which the curves
A, B, and C represent the distributions of the scores givas by
a number of judges to three specimens. In this case 82 per cent
of the judges rated A above B, and 75 per cent, B abave C.

‘The distance between the median of A and that of B, there-
fore, is about, 1.37 MdD, found as follows. Since 82 per cent of
the ratings given to specimen A are above the median rating
of specimen B, it means that 82 per cent of the area of curve A
is to the right of or above the median of curve B. Since 50 per
cent of the area of curve A 1s, of course, above its own median,
this leaves 32 per cent that 1s between the medians of curves A
and B. By consulting the seeand table in Appendix B, otie finds
that the median-deviation distance corresponding to sm area

* In this connestion the abbreviation PE is sommonly but erroneously
used instead of MaD.
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under the curve of .32 is approximately 1.37. This, therefore,
is the distance between the medians of the two curves, or, in
other words, the difference in difficulty between specimens A
and B. Similarly it is found that the difference between the
medians of B and C corresponding to the fact that 75 per cent
of the judges rated B as better than C is 1.00MdD.

From the computations thus far made the relative diffi-
culties or values are known, specimen A being 1.37MdD better
than specimen B, and B 1.00MdD better than C. To deter-
mine the absolute or final scale value of each it is necessary to
know the value of some one of the specimens. This cannot be
determined from the application of the method but must be
arrived at in some other way. Sometimes it 1s done by taking
the average opinion of the judges as to how far the poorest
gpecimen is above zero, or no merit at all. Thus, for example,
if C, the poorest of the three conmdered above, were considered
to be 2.00MdD better than zero its absolute scale value would
be 2.00, that of B would be 2 00 + 1.00 or 3.00, and that of A,
3.00 + 1.37, or 4.37.

Several points need to be noted in connection with the method
just described. It has been assumed that more than 50 per cent
of the judges rated each sample as better than the one with
which it was being compared. If the per cent doing so is less
than 50, all that is necessary is to reverse the direction of com-
parison. In case all or none of the judges rank one specimen
as better than another, 1t 18 impossible to tell how much the
difference is. In applying this method it is necessary that all
the judges rate a specimen as either better or worge than the
one with which it is bemng compared. If judgments that the
two specimens are equal are made they must be thrown out
and only those used which pronounce one specimen better
than the other.

A practical question that arises in connection with the use
of this method is that of how many judges are necessary to
insure reliable ratings. Watson ® has suggested that this may

, ¥Goodwin B. Watson, in the Journal of Educational Research, Vol. 18,
Beptember, 1928, pp. 178-179,
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be done by an application of the formula for the reliability of a
proportion. From this formuls we may rather easily compute
the number of judges necessary to give any desired degree of
reliability. It is that N must exceed G:E:Z%T)i. In this N
equals the number of judges, p the per cent of judges believing
one sample better than another, ¢ the per cent believing it
worse, and z the number of standard deviations that will give
the desired degree of certainty. Watson recommends that for
practical certainty 3¢ be taken. The formula then becomes

N> ) QM&))2 It is, however, possible to take any other
value desired Table LXXYV therefore gives the number of
judges required to rnsure certain chances of rehability for each
fifth per cent of judges rating one sample better than another
from 55 up to 95, inclusive It shows that if one desires a chance
of 739 to 1, which corresponds to 3¢, that the specunen rated
better by the judges is really better than the one with which
it was compared, at least 892 judges are required if only 55 per
cent of them rate 1t better, 217 f 60 per cent rate 1t better,
and so on, until finaily only 3 judges are required if 95 per cent
rate it better, and hikewise for chances corresponding to 2.5¢
and 2o0.

TABLE LXXV

NoOMBERS oF Jupces NECEssaRY TO INsURE GIvEN CHANCES OF
Reuasiury of RamiNvas Accorbping To MereOD OoF EQUALLY
Noticep DIFFERENCES

Per Cent of Judges Rating One Specimen

Standard | Chances of Better Than the Other
Errors Reliabality *
55 | 60 | 6570|7580 |85] 90 | 9
3.0 739 892 (217 | 92148 |28 |17 (10| 6 | 3
2.5 161 619 {151 | 64 { 33 | 101 12 71 4 2
20 43 397} 971 41}22)13| B 5] 311
® The chances gven in this col are the ch that the le rated better by the

$udges 18 really betier than the one with which 1t 18 compared.
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EXERCISES

1. Change the following sets of data into normal distributions, and
give the o values of each.

A. High 4, above average 16, average 28, below average 13, low 2.
B.A15,B32,C55 D20,E7, F3.

2. Compare the following distributions with the best fitting normal
curves as shown in Table LXXV, and determine the chances that each
difference 18 significant. Also determine P by the x* method for each
distribution.

A B
i /
120- 1 38 2
110- 2 36~ 4
100- 6 34- 6
90- 14 32- 9
80- 32 30- 12
70- 49 28- 18
60— 35 26— 24
50~ 13 24- 22
40- 7 22- 17
30- 1 20- 11
20- 1 18 5
16— 1

3. Draw the smooth frequency curve and the best fitting normal
eurve for each distribution given 1n Exercise 2

4. Determine the per cents of pupils who should recerve each of the
given numbers of marks on the assumption of normal distribution.

A. Four marks, with curve cut off at =2.5¢.
B. Seven marks, with curve cut off at =40.

5. Determine the difficulty values of test elements answered cor-
rectly by 2, 18, 35, 60, 88, and 93 per cent of pupils.

6. If epecimen A has a value of 2MdD, and if 30 per cent of the judges
rate B better than A, 91 per cent of them rate C better than B, and 84
per cent rate D better than C, what 18 the value of specimens B, C, and
D?



CHAPTER XXII

MISCELLANEOUS
Skewness. A measure of skewness is a-measure of how far a
digtribution departs from a symmetrieal shape. Inasmuch as

in a symmetrical distribution the mean, median, and mode
coincide, the interval between some two of these may be used
as a measure of the skewness of a distribution. To make such
a measure of one distribution comparable with that of another
it is necessary to express both in terms of & common umt. A
measure of variability is such a unit.

The most commonly used measure of skewness is Sk

= M = Mo 1 other words, it is the distance between the mean
a

and the mode divided by the standard deviation. As the true
mode 18 usually difficult to determune, however, 1t is common
to substitute for it an approximate value obtamed from the
formula Mo = 3Md — 2M. Making the substitution, the
formula becomes

Sk = M — 3Md — 2M) _ 3(M — Md)

[ o

This is the usual form in which 1t is used. A positive result indi-
cates that the mean is greater than the mode and the median,
and a negative one, that it 1s less than either. Theoretically
the formula has no absolute hmit, but the result obtained from
it does not exceed 1.00 unless the frequeney distribution W
cerned is decidedly asymmetnical. N
Positive skewness is illustrated in Figure 46 and negative
skewness in Figure 47. For the data represented in Figure 46,

_ 3(10.68 — 10.36)
Sk 432
897

= 22
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and for those in Figure 47,

_ 3(93.32 — 100.29) _ _
Sk T .66

These results show that the first curve 1s slightly positively
skewed and the second decidedly negatively skewed.

Another formula has been suggested and is fairly often used,
although it is not so good as the one just given. Instead of

2 1

22— 1
N 20— 2
18— 4
16— 7
14—11

1218
10—22
8-23
6—16
4—10
2—5
0~ 1
N=118

No. of Cases

2=972
1038
M=10 68

£ hd
Qs=13.44

L i L 1 1 L
8 12 16 2 @ 24
FIG 46 A POSITIVELY SKEWED CURVE

According to the formula based on the mean and the median, the skewness
of this curve is .22. According to that involving the median and the quartiles,
it is .44.

making a direct comparison of two measures of central tend-
ency, this formula compares two base-line distances. These
are the distances from the first quartile to the median and
from the median to the third quartile. The quartile deviation
¥ used as the unit, so that

Sk = (Qz —Md) 5 (Md"Ql)

@ +% — 2Md.

which becomes
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Aoccording to this formula skewness cannot exceed = 2.00, and
rarely exceeds = 1.00. K its value is positive it means that the
distance from the median on to the third quartile is greater
than that from the first quartile up to the median or, in other
words, that there is a greater piling up of measures below than

£t
140~ 2
+ ; 130~ 9
! 120—15
5 110-20
16 100—17
S0—14
T 8011
70— 9

124 60— 7
i 50~ 6
3 0~ 5
s 30— 4
o 20— 3
2 10— 2
0—_1
Re125

A R
FIG 47 A NEGATIVELY SKEWED CURVE

According to the formula based on the mean and the median, the skewness
g: .:ln: ::rve is —.66 According to that involving the median and the quartiles,
above the median. Since the piling up is greater below, the
curve must be drawn out further above. Thus positive and
negative skewness, according to this formula, have the same
general meaning as according to the previous one. This formula
appears not to be so sensitive to small differences in the shape
of the distribution as is the preceding ene. For the data used
in Figures 46 and 47 it gives,

1344 4+ 7.69 — 210.36
Sk = 2.88

_ 117.38 + 73.61 — 2.1
21.89

L=

= .14, and

% = — .44, respectively.
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Still another formula for measuring skewness has been sug-
gested by Kelley.! It is
Sk = Md — Pt Pu

2

This is constructed on much the same principle a8 the one
that involves the median and quarties. In this ease, however,
a positive skewness, according to this formula, denotes a
drawing-out to the left, and a negative skewness, one to the
right. For the data employed in Figure 46 this formula gives

5.16 + 16.63

Sk = 10.36 — 5

= —.M.

For those in Figure 47 1t yelds

45 + 129
2

This formula does not appear so satisfactory as the other two
for two or three reasons. Probably the most important is that
the signs of the results obtamed are just the reverse of those
commonly used in deseribing skewness. A second is that it
does not provide for dividing the absolute skewness by such a
quantity that the result 18 a measure of relative skewness.
Hence it cannot readily be used in companng two distnbutions
unless they are upon the same scale. A possible third reason
is that it has not yet come into nearly so common use as the
other formula.
Kurtosis. The kurtosis of a distribution or figure refers to the
egree to which the measures are grouped around the average
Jther words, to ite steepness, Comparatively few workers
SiPtational statistics have dealt with this characteristic of
.efirves, and the only common measure of kurtosis is that sug-
‘gested by Kelley,? the quartile deviation divided by the 10— 90

percentile range, that is, Ku = g The application of this for-

100.29 — = 13.29.

! Truman L. Kelley, Statistical Method (New York, Macmillan Co.,
1928), p. 77.
% Kelloy, loc. cit.
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mula may be illustrated by the two examples used in the previ-
ous section of this chapter. For the first,

2.88

Ku=pa3 — 516~ 2
and for the second,
21.88
Ku = 5525 = -26.

The value yielded by this formula may range from .00, which
indicates that all the cases between the first and third quartiles
are bunched at a single point on the scale, to 1.00, which indi-
cates that all those between the tenth and ninetieth percentiles
are bunched within the same limits as are those between the
first and third quartiles, or, in other words, that the cases be-
tween the tenth percentile and the first quartile are all at the
first quartile, and those between the third quartile and the
ninetieth percentile all at the third quartile.

H a distribution is normal, or mesokurtic, this measure of
kurtosis is approximately .2632. If Ku 18 greater than .2632
the distribution to which it applies is flatter than normal, or
platykurtic, and if Ku less than .2632 the curve is steeper
than normal, or leptokurtic.

Overlapping. Although it is possible to compare two dis-
tributions by merely stating the same measure of central tend-
ency for the two, such a comparison is often not very satis-
factory. It shows only in a very general way which one of the
two distributions tends to be composed of the larger or higher
measuree. The spread of the two distributions may be very
different. For example, one may desire to compare twoglaancs
of which one has a mean school mark of 90 and the othd#

It is evident that if other things are equal the first clsSN )
whole is doing the better work. The means alone, howevm', 16"
not indicate how many of the pupils in the first class are doing
better work than those in the second. The marks made by the
first group may range only from 85 to 95, whereas those made
by the second group may vary from 70 to 100. If this ig the
case the second class contains some pupils making better marks
and others making worse marks than any in the first elass. If
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those in the second class have marks ranging only from 80 to
90, however, none of them rises above the mean of the first class.

To provide an adequate means of comparison in such situa-
tions some measure of overlapping must be used. That is,
there must be a measure of how many or what proportion of
cases in one distribution exceed a certain point in the other
distribution. The most usual measure of overlappmng 18 the
per cent of cases in one distribution which reach or exceed the
median of the other. Other pomnts than the median may be
used, of which the first and third quartiles are probably the
most common. However, 1if the per cent of overlapping 1s stated
without any further explanation 1t should be understood that
it is based upon the median

To illustrate the computation of the per cent of overlapping
the marks of two classes, A and B, may be taken.

k A
l;;r_ The median mark of Class A equals
90
85— 374 — 15
80- 80 + 7 5 = 81.43.
75-

Therefore to find the per cent of overlapping of
Class B on Class A 1t 18 necessary to find the per
cent of marks in Class B that exceed 81 43 1t 1s
evident that the nine (1 + 3 + 5) m or above the
85— group and some of those 1n the 80— group exceed 81.43.
As the distance from 81.43 to the upper imit of the 80- group
is 3.57, or # of 5, the class mterval, it is most likely that § of
the six cases in this class are above 81.43. Therefore to 9 should
be added 4%, which is § of six, making a total of 134 marks
from Class B which overlap the median mark of Class A. Ex-
pressing this in terms of per cent, it equals about 37 per cent
(13# -~ 36), which is the overlapping of Class B upon Class A.

In a similar manner the overlapping of Class A upon Class B
may be found. The median of Class B equals

36
5~ 13

8

~3
e
fﬁlwwmmqamw
glw.hxlooc:c.nwu o=}

7%+ 5 = 78.13.
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All the marks of Class A in the 80— group or above and 4 of
those in the 75~ group exceed this median. Thus the total num-
ber in Class A exceeding the Class B median is 214, the sum
of 2+44+6+ 74 § of 6. Since the total number of cases
in Class A 18 34, the per cent of overlapping 18 21} + 34 = 62%
per cent.

The overlapping just computed for the given data is illus-
trated graphically in Figure 48. The two curves m this figure

8 A B

f P 2231
§54* A g— g 5
3 — - 6
O 8 75— 6 8
e 70- 5 7
22. 65- 3 4
[ 60-1 2

0 vy 34 3%

60 70 a0 % = 100
FIG. 48 ILLUSTRATION OF OVERLAPPING OF EACH DISTRIBU.
TION PAST THE MEDIAN OF THE OTHER DISTRIBUTION

Approximately 37 per cent of distnbution B overlaps the median of distribu
tioo A, and 624 per cent of A overlaps the median of B.

represent the distnibutions of the scores of the two classes.
The area under Curve B, which lies to the nght of the median
of Curve A, represents the overlapping of B on A and is, as has
been computed, about 37 per cent of the total ares under B.
Similarly, that portion of the area under A to the nght of the
median of B represents its overlapping and amounts to 62§
per cent, of the whole area under A.

Although this is the most common method of measuring
overlapping there are others that may be employed. The
simplest is merely to take the difference between similar meas-
ures of central tendency. This difference may then be divided
by the standard deviation or some other measure of variability
80 a8 to give a relative rather than an absolute measure of over-
lapping. Another possible method is by the use of the bi-serial
ocoefficient of correlation between the two distributions. A good
discussion and comparison of these three possible methods has
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been given by Symonds.? His conclusion is that bi-serial r
should be used for this purpose more frequently than at present.
It represents a common unit of measurement that may be em-
ployed to compare differences between groups when different
tests are used. His article contains a series of graphs represent-
ing the overlapping corresponding to various values of bi-
serial r and also several tables of probabilities corresponding
to the same values that are quite helpful in their interpretation.

Comparison and measurement of change. When dealing with
educational data one sometimes wishes to measure the change
in certain individuals or groups. In many cases so doing 18 not
essentially different from measunng the differences between
individuals or groups. There are, however, certain points hav-
ing to do with the measurement of change, which seem worth
presenting here.

Two of the possible ways of measuring change are most impor-
tant: by means of the absolute amount of change and by means of
the proportion or ratio of change. For example, if an individual
makes a mark of 80 at one time and of 88 at another the change
msay be described either as a gain of eight points or a8 a gain of
one-tenth. Neither method of desecribing it is complete.

Another method anses from the fact that a change of a cer-
tain amount or proportion at one point on a scale may not,
from one point of view, be equal to a change of the same size
occurring at another point on the scale. For example it is
generally more difficult for a pupil to raise a mark of 98 per cent
to 99 per cent than it is for one to raise 74 per cent to 75 per
eent. Therefore, an absolute change of 1 per cent does not mean
the same thing in the two situations, since it cannot be made
with the same amount of improvement in work. The same
statement may also be made of a proportional change, since
from 74 to 75 is v, whereas that from 98 to 99 is emaller, being
only . Therefore the fact that the latter is more difficult to
make is even more at variance with the statement of propor-

| *Patcival M. Symonds, “A Comparison of Statistical Measures of
m Charta for Estimating the Value of Bi-Serial r,” Jour-
ol of ; Psychology, Vol, 21, November, 1930, pp. 586508,
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tional change than with that of absolute change. It has been
suggested that the best way to compare such changes is to find
the ratio of the change to the possible change, that is, the ratio
of the change to the distance from the original measure to the
highest possible score. Thus a change or gain of from 74 to 75
may be called a gain of 54, since the distance from 74 to 100 is
26, and one of from 98 to 99 may be called a gain of 4, as the
distance from 98 to 100 is 2. Such a manner of comparing
changes is, however, for many purposes decidedly misleading.
It is probably not usually thirteen times as diffieult to raise
one’s mark from 98 to 99 as from 74 to 75.

The chief point to be remembered from the foregoing discus-
gion is that the manner of computing and stating changes shouid
be suited to the purpose for which they are being used and the
general meaning of the data involved. Sometimes one and some-
times another of the methods mentioned is the best to use, and
sometimes no one of those given should be used alone, but sev-
eral (or some other more complicated ones) should be employed.

Two things may be meant by the change in a group. It may
refer either to the change undergone by the group as s whole,
as expressed usually by some measure of central tendency,
variability, etc., or to the changes undergone by the various
individuals of the group. A measure of the first yields an ex-
pression that shows merely general group tendency, whereas s
measure of the latter yields one showing the consistency of the
individuals within the group For example, the increases in
ability to add due to a ten-minute practice period each day for
a week for a class of forty children are not the same as the in-
crease from the average ability of the group at the beginning of
the practice period to that at its end. The former consist of
forty individual changes, whereas the latter is merely one
single numerical expression, which to some extent summa-
rises these changes.

Equivalent of comparable measures.® It frequently oocur¥
that one desires to render the measures in two or more series

¢ The reader who is particularly interested in this topic should also see
Truman L. Kelley, op. cit., Ch. v
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comparable with one another or to express them in equiva~
lent terms, although originally they have been mesasured upon
entirely different scales and in different units. For example,
one may give several different standardized tests in reading
and wish to change all the scores to a common basis so as
to facilitate comparison, averaging, or something else. To
give & second example, several tests of different types and
with different scoring systems may be given by a teacher
and she may wish to compare or combine the scores made
thereon.

To make such a comparison or combination the scores in-
volved should be expressed on equivalent scales and 1n equiva-
lent units. Any method of doing this should satisfy the conds-
tions that two points of one scale must be known to be equal
respectively to two pomnts of the other and that the law
governing the relationship between successive pomts on one
must be known to be the same as that goverming 1t for the
other. These conditions, especially the latter, are rarely ful-
filled. Several methods for obtaining comparable or equiva-
lent scores are in more-or-less common use and will be ex-
plained m this section. All involve one or more assumptions
not always fully justified, so that no one of them 18 entirely
satisfactory.

From the statistical standpoint the best proposed method for
obtaining comparable scores is the standard-measures method
1sed by Kelley and others. It yields scores sumilar to those
obtained by the use of the equivalent-score equations explained
in Chapter XIII, except that mstead of the measures of one or
more series being expressed 1n terms of those of another series,
all are expressed in terms of a standard series. The scores ob-
tained by this method are frequently denominated by the letter

2, and are given by the formula z = X;Mor;- Putting this

in words merely means that a z-score, or standard measure, is
#he difference between the original score and the mean of its
series divided by the standard deviation of the series. Bince
these scores are expressed in standard-deviation units, they are
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frequently called o scores.® Also Z is someties employed as
equal to —? .

Standard measure or ¢ scores are based upon three assump-
tions: (1) that mean scores are comparable, (2) that standard
deviations are comparable, and (3) that therefore equal stan-
dard measures are comparable. Of these the first appears to be
generally true, and the second holds frequently enough for
practical purposes. Therefore the third may be considered as a
working basis that usuaily gives quite satisfactory results.

Another method sometimes used, but less often valid, is the
ratio method. This 1s based upon the assumptions that- (1) the
zero polnts upon the two scales are equal, that 1s, that they
represent the same amounts of the two things being measured;
(2) some other point, usually the mean, on one scale 1s equal to
the corresponding point on the other scale; (3) the law of de-
velopment of the two things bemng measured is the same. In-
stead of the means, any two pomnts may be used if they are
comparable i the sense of representing corresponding amounts
of the two things being measured. To render scores in the two
series comparable they are then expressed as fractions, usually
per cents, of the means or other pomts used instead of the
mesans.

The formula for a ratio score is simply ‘Zé-, in which B stands

for the base used m determining ratios. Since this is usually the
mean, the formula generally becomes -A}—§ If a group has a mean

spelling mark of 80 per cent and a mean 1.Q. of 100, compa-

rable ratio scores may be obtained by dmiding each pupil’s

spelling mark by 80 and his 1.Q. by 100. For example, if a pupil’s

spelling mark is 90 and his 1.Q., 105 the ratio scores equivalent
105

tothesemeasuresare%g = 1.12} and 100 = 1.05. A compari-

§ In connection with ¢ index or £ scores it seems well to mention that
the well known T-score, suggested by MeCall, is a score of this type. Y

is obtained by the formula 50 4 -12(-"10_——‘-9.
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son of these marks indicates that the pupil in question ranks
better in spelling than in 1.Q. To give a second example, a
pupil whose spelling mark is 60 and whose 1.Q. is 85 has ratio
scores of gg = .75 and % = .85, respectively, hence ranks .10
higher in intelligence than in ability to spell.

The chief reason why this method of procedure is often faulty
is that the third assumption, that the laws of development of
the two variables are the same, is often not valid. Using the
example of spelling marks and mtelligence quotients just given
it will be seen that a spelling mark of 100 per cent, which is
the maximum possible, 1s equivalent to an intelligence quotient
of 125, yet in an unselected group of 40 or more children it is
probable that at least one will be found whose intelligence quo-
tient is above 125. For such a pupil there can be no strictly
ocomparable measure in spelling according to the assumptions
made. Likewise, at the other end of the series we know that a
pupil whose 1.Q. is 20, for example, will 1n all probability searcely
be able to spell the easiest word correctly, yet the spelling mark
20
100
that such a pupil should spell correctly 16 per cent of the words
attempted. It is therefore evident that although this method
may be used, care should be taken to make sure that the assump-
tions underlying it are at least approximately true.

The appropriateness of the base used in the method may be
judged by the criterion that the ratio of the base to the stand-
ard deviation of one series of measures should equal the cor-

ratio for the other series. If this condition does not
hold apprommately the scores resulting from the use of the
nvéh base cannot be considered valid for purposes of compari-
sol. Sometimes enough is known concerning the traits measured
that instead of a gimilar law of development for the two or more
series involved, different but definite laws can be assumed.

A -generally better method of finding equivalent scores than

* This o #bund by solving %" - i%o’ which gives 125.

equivalent to an 1.Q. of 20 is 16, since — ;—g, which implies



MISCELLANEOUS 409

the last, is that of considering corresponding percentiles as being
equivalent. That is, for example, a score at the 10th percentile
of the distribution of spelling marks is considered equivalent
to a score at the 10th percentile of the distribution of 1.Q.’s, a
score at the 35th percentile to one at the 35th percentile, and
so forth. All that one needs to do to employ this method is to
prepare a table showing the percentile points of the two dis-
tributions and then look up the scores to be compared therein.
Any difference in the equivalent percentile scores at once indi-
cates a difference in the relative rankings of the original scores.

The two chief objections to this method of equating scores
are that one cannot get a definite equation to connect the two
series and that one or a few unusual scores in a group may
affect the equivalent scores too largely. The firet objection may
be answered by the fact that very commonly one has no use for
such equations and the second avoided either by using series
containing large enough numbers of cases so that the chances of
their being greatly affected by a few unusual ones are very
small or by smoothing the equivalent scores.

If one is dealing with two or more series of measures, each of
which contams the same number of cases, 1t is for most purposes
just as satisfactory to use ranks as to employ percentiles. If
this is done all that is necessary is to arrange the scores in each
series in order and assign corresponding ranks. This method is
open to the same objections as the percentile method.

Another method sometimes employed for computing com-
parable scores is to assume that each distribution is normal and
to assign to each group of scores the equivalent value deter-
mined as described on pages 378 to 382. Since such equivalent
values are ordinarily expressed in terms of the standard de¥a-
tion, they are sometimes called ¢ indices or standard measares
even though they are not derived in the same manner as the
standard measures described earlier in this section. Moreover,
their meaning is not the same since the assumption of & normal
diatribution is made. Therefore, this method is appropriate
only in the case of distributions with pon-numerical classes,
sinoe if the classes are numerical or quantitative the shape of
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TABLE LXXVI

CompruTaTION OF COMPARABLE MEASURES BY DIFFERENT METHODS IN
Case or SiupLE SErRiES

w Af:?gf;dt Ratios Percenliles Ranks

X Y B
X Y 2z 2y o | M X Y X ¥
08 25 | +173|4116{ 115 | 118 | 975 | 900 | 20. 18.5
96 25 +147 |1 4+116| 113 | 118 |1 925 | 900 | 19. 18.5
85 25 +134|+116( 112 | 118 | 875 | 90.0 | 18 18.5
94 25 +121{ 4116} 111 | 118 | 825 | 900 | 17. 18.5
92 24 |4+ 944+ 87| 108 114 | 775 1 75.0 | 16. 15.5
90 24 4+ 68|+ 87106 | 114 | 700 | 76.0 | 145 | 155
90 23 + 68|+ .57 106|109 ]| 700 | 600 | 145 { 125
87 23 |+ 28{4 57{ 103 | 109 | 625 | 60.0 | 13. 12.5
86 23 |+ .02)+ 57| 100|109 | 575|600 12 12.5
84 23 - 11+ 57 9 | 109 {500 | 600 | 105 | 125
84 22 - A1+ 27 991104 | 500 | 475 | 105 | 10.
82 21 | — 37| — 03 97 | 1.00 | 37.5 | 425 8. 9.
82 19 | — 37| - 63 97 90 1 375 | 350 8. 7.5
82 19 | — 37| — 63 97 90 | 3751350 8. 7.5
80 18 | — 64| — 93 94 851275 | 225 6 5.
79 18 | — 77| — 93 93 85 ) 225 | 225 5 5.
' 18 | —1.03| - 93 21 85 | 175 | 225 4 5.
76 17 | ~116| —122] .90 81 | 125 | 125 3 8.
73 16 | —1.56 ) —152 86 .76 7.5 75 2 2
71 14 —182]1 -212 84 .66 2.5 25 1. 1.
*M, =8485 M, =2110, s, =788, ¢ =335

L X885 Y -2110
758 ° ¥ 3.35

Tsg

the distmbution is already determined and should not be al-
tered.

To illustrate various methods of securing comparable scores
more clearly Tables LXXVI and LXXVII have been inciuded.
‘The first contains two series of original scores upon different
scales, and following these the equivalent or comparable scores
pocording to each of the several methods described in this sec-
tion. The first two columns in this table contain two ungrouped
geries of original scores denominated X and Y. The next two
pontain the standard-measure scores found by the formula
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already given for this purpose. Since the means of the original
series are 84.85 and 21.10, respectively, and the standard de-
viations, 7.58 and 3.35, these formul® become in this case:

z;=§:—8i§§and2y=

Substituting in these the various scores in the original series,
we obtam the standard measures given i Table LXXVI.

Thus for the first X score, 98, the z score = = ;5884 2

= +1.73; for the next, 96, the z score 18 +1.47; and so on. The
next pair of columns contains the ratio scores found by dividing
each origial score by the mean of 1ts sernies. Thus 98 divided by
84.85 g;ives 1 15, the first ratio score 1n the X column. The fourth
pair of columns contains the percentile scores or ranks found
by the method deseribed 1 Chapter VI. Finally, the last pair
of columns contains the simple ranks of the scores ranging from
1 to 20, since there are twenty cases.

Inspection of the table shows that the interpretation of the
various onginal pairs of scores differs according to which com-
parable measure 158 used. Thus, by the standard-measure
method an original X score of 98 appears to be about half again
as large relatively as does a Y score of 25, since 2, in this case
equals 1.73, and z, equals 1.16. According to the ratio scores,
however, the Y score, 1 18, is slightly larger than the X secore,
1.15. When percentiles and ranks are considered, the X score
in question agamm appears to be relatively hgher than that
of Y. A somewhat different situation is illustrated by an X soore
of 87 and a Y score of 23. according to both the standard-
measure and the ratio methods the equivalent Y score is larger
than that of X, but by the percentile and rank methods the
reverse is true.’

The next table, Number LXXVIL, is similar to Table

? The reader should note that since the peroentile and the rank methods
are 1n reality two ways of expressing the same thing, different units being
used, they always agree as to which one of any par or group of scores is
the greater or the smaller.
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LXXVI, but deals with frequency distributions rather than
gimple series. The only difference in the working out of the
various comparable measures given therein is that, as is com-
mon with frequency distributions, all of the cases in each class

TABLE LXXVII

CoMPUTATION OF COMPARABLE MEASUREs BY DirFrrENT METHODS IN
CasE oFr FREQUENcY DisTRIBUTIONS

Dwm;:?:lm . A.{S :ﬁ;jf ;dT Ratios Percentiles Ranks
X ¥
X Y Zx Zy M- My X Y X Y
f J
2100- 4| 26- 11| 4212) 4237130231978 904885 90.
2000- 3 {24 2 ;4169 +206(1242.14 (93997885 | 88.5
1000- 5 | 22~ 3| 41.26| +175|118 107 |89.41950 |81 86
1800- 16 | 20- 6 (4 84| +144 1121180778900 |705( 81.5
1700- 9 | 18- 6 |+ 41[+1.13,106(163{639(83.3|58. | 75.5
1600- 10 ; 16~ 5| — .02+ 82[100[146]53.3|77.2|48.5| 70.
1600- 24 | 14~ 7 - 45+ 51 94(1201!344|706(31.5] 64.
1400- 5412- 9| — 8|+ 21| 88 |111{183/61717. | 56.
1800- 6 1 10-11 | —130; — 10| 82§ 94122508115 46.
1200- 8| 8 15} —-1.73| — 41| .76 .77| 44{36.1| 45| 38.
N=og0| 6 8 - 72 60 233 21.5
4+ § -103 43 16.1 15.
2~ 4 -134 26 11.1 10.5
0- 8 —~165 00 44 4.5
N = 90

S M, = 1654 44, M, = 11.67, 0, = 23378, 5, = 6.48.
o, =X 103444 ¥ 1167,
s 233.78 ' 6.48

are assumed to be at its mid-point. Probably the most notice-
able feature of this table is the difference in the sizes of the ratio
scores for the two distributions. For the first their range is
quite limited, being only from .76 to 1.30, whereas for the second
distribution they range from .09 to 2.31, or over four timee as
far. Furthermore, when the standard measure and the ratio
scores of the largest measures in the two series are compared it
is scen that those of the second or Y series are the greater,
Wheroas the reverse is true for the percentile and rank scores.
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In the case of the smallest scores the X ratios are much greater
than those for ¥, whereas the other comparable scores show
little or no difference.

It not infrequently occurs that one wishes to find the stand-
ard measure and ratio scores equivalent to single measures
when the standard-measure equation and the ratio have been
determined from group measures. The procedure is exactly the
same as that indicated in the table. For example, if one wishes
to find the standard measure corresponding to an X score of
1525, the result is:

- 1525 — 1654.44 _

233.78 =55

Zz

The corresponding ratio score is found by dividing 1525 by the
mean, 1654.44, which gives .92.

The comment should probably be made that although the
two distributions in each table have the same number of cases,
this 18 not at all necessary but merely accidental. Indeed, in
many instances one wishes to find the score of an individual in
a group of a certain size that is comparable to either the same
or some other individual’s score in a group of quite different
size.

If one wishes to compare the proportions of two or more dis-
tributions falling above, below, or between certain limits, the
simplest and most satisfactory way of doing so is merely to
change the frequencies into per cents so that those in each
distribution total 100 per cent. If one desires to make the com-
parison by means of graphs these distributions in terms of per
cents may then be graphed and, sinee the areas of the whole
figures are the same, it is easy to compare the relative areas of
similar parts thereof.

Curve-fitting. Although the topic of curve-fitting receives
oonsiderable treatment in some texts on statistics, the ordinary
educational worker has so little occasion to do more in this
respect than to determine the best normal curve, as explained
in s section of the previous chapter, that nothing further will
be included here. The reader who is interested is referred to
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other sources, especially the treatments by Holzinger?® and
Kelley.®

EXERCISES

1. Determine the first two measures of skewness for each of the
distributions given below.

A B C

f ! J
95~ 2 13- 1 1075~ 2
90- 3 12-1 1050~ 5
8- 6 11- 0 1025- 9
80- 7 10- 2 1000- 16
75— 12 9-3 975- 24
70- 15 81 950 21
65— 11 7- 4 925- 17
60— 8 6- 6 900~ 13
55~ 3 55 875~ 8
50- 1 49 850- 3
45~ 0 36 825- 1
40- 1 2-2 800- 2

1-1

0-4

2. Determine the measure of kurtosis of each of the distributions
given in Exercise 1.

3. Find the per cent of overlapping of each distribution above the
medan of the other one grouped with it.

A B

L S L 5
95-2 4 24- 1 0
90-3 5 22- 3 2
8-4 7 20- 4 5
80-6 10 18 6 5
758 10 16- 11 8
70-5 8 14- 17 14
65-2 3 12- 16 10
60-1 O 10- 14 9

* Karl J. Holzinger, Statistical Methods for Students in Education (Bosaton,
Ginn & Co., 1928), Ch. xvi, “ The Elements of Curve-Fitting.”

* Traman L. Kelley, Statistical Method (New York, Macmillan Co.,
1923), Ch. vii, *“The Fitting of Curves to Distnbutions.”
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4. Determine the equivalent or comparable measures by the four
methods illustrated 1n Tables LXXVI and LXXVII for each of the
scores in Parts A and B and for each class in Parts C and D.

A B C
Ji
19 110 4 11 90- 6
18 115 42 12 80- 15
18 102 41 10 70- 23
17 98 39 9 60— 42
16 101 3 7 50- 31
16 91 38 10 40- 17
15 88 38 9 30- 11
14 89 38 8 20- 9
14 85 37 9 10- 4
14 74 36 9 0 2
13 90 36 6
13 77 35 8
11 7 3 6
10 68 3 7
9 72 30 6
8§ 1 30 4
8 62 27 5
6 61 24 2
4
3 3

Ja
4
8

13

21

28

35

22

14
9

v

O N
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5. A. From the results obtained in Part C of Exercise 4 determine
in which senes of scores individuals who have the following scores
rank higher. Use all methods. a 88, 856; b. 72, 68; c. 54, 57; d. 22, 8.

B. Do the same for the following scores from Part D. a. 117, 45;

b. 110, 40, c. 98, 36; d. 87, 39.



CHAPTER XXIII
THE GRAPHIC PRESENTATION OF FACTS

Introduction. To give anything approaching a complete
treatment of the subject indicated by the title of this chapter
would require a whole volume rather than s chapter. It is the
writer’s purpose merely to state briefly the more important
rules and principles that should be followed n the graphic pres-
entation of facts and to illustrate some of the most frequently
usable forms of graphs. In choosing the principles and forms
to be given he has had in mind particularly the needs of ad-
ministrators for presenting facts to school boards and the gen-
eral public, and, to a somewhat lesser degree, of supervisors
for presenting facts to teachers, and of teachers for presenting
facts to pupils.

Before proceeding further it seems well to refer to a few of the
most helpful discussions of this topic so that readers who wish
to do so can familiarize themselves with it more thoroughly
than is possible from this chapter alone. McCall ! and Rugg *
present good treatments of about the same scope as that given
here. Alexander ? gives somewhat more space to the topic and
offers quite a number of valuable suggestions for presenting facts
to the public. The most complete treatment of the subject,
from the standpoint of education alone, is that of Williams,¢
who devotes a volume of more than three hundred pages to it.
He includes over a hundred different graphs with comments

$ William A. MeCall, How to Measure in Education (New York, Macmil-
Jan Co., 1922), Ch. xin, “Graphic Methods.”

$ Harold Rugg, A Primer of Graphics and Stattstics for Teachers (Boston,
H ton Miflin Co., 1925), Ch. wiii, *‘How Can the Teacher Use Graphie
snd Btatistical Metbods?”’
. ¥Carter Alexander, School Statstics and Publicity (Boston, Silver
Bardett & Co., 1919), Ch. x1, “Graphic Presentations of School Statistics
Bapecially for the Public.”

. % J. Harold Williams, Graphic Methods in Education (Boston, Houghton
ﬂiﬂﬁn Co., 1924), 319 pp.

416
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a8 to the good and bad points of each and the suitable and un-
suitable occasions for employing them. Also he has a chapter
devoted to elementary instruction in the use of drawing mate-
rials and instruments and the proper methods of drawing.
Probably the best known treatment of the subject is that of
Brinton,* who deals with the subject from the general mathe-~
matical standpoint. He includes a set of rules adopted by a
committee representing seventeen scientific societies of which
he was chairman, and L. P. Ayres secretary. A much larger
book, also wntten from the general mathematical viewpoint,
is that of Karsten.* Anyone who wishes to become thoroughly
familiar with the subject should certainly consult it.

General principles. Graphs should be readily understandable,
To accomplish this they must possess a considerable degree of
simplicity. They should not contain too many elements or be
otherwise too complex. If a number of different sets of data is
to be represented, 1t 15 ordinarily best to use several graphsa for
the purpose and not to attempt to represent all of them upon
one. Also as little verbal explanation as possible should be
needed to make thewr meaning clear.

Not only should a figure require & minimum of verbal ex-
planation to make 1t intelligible, but whatever is necessary for
this purpose should directly accompany the figure itself—the
title and the lettering, or wording, on the graph should explain
it fully enough that no reference to the text 1s necessary. The
text should usually contamm further explanations and inter-
pretations than are given on the figure itself, but everything
necessary to understand its essential meaning should immedi-
ately acoompany it. The data represented by a graph should be
given directly on it or in an accompanying table. For example,
if a figure contains a line representing a curve for which the'
equation is known it is frequently desirable to write this equa~
tion upon or along the line. To give a second example, if a

1
* ¥ W. C. Brinton, Graphic Metheds for Presentsng Facte (New York, Tk

Engineering Magazine, 1914), 371 pp.
¢Karl G. Karsten, Charts and Graphs (New York, Prentice-Hall, Im-,

1023), 724 pp.
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figure contains a number of bars representing different quantities
or amounts, figures may well be placed on or accompanying
each to show how much it represents.

The conventional place for the title is below the figure and
the accepted practice is to number graphs or figures with Arabic
numerals. The general arrangement of graphs should be from
left to right and from bottom to top. Labels and figures indi-
cating the data represented and the amounts thereof are com-
monly placed at the bottom and left or along the axes.

The size of a graph should be such that it is easily readable
at the distance from which 1t will commonly be seen, but not so
large as to require that the head be turned to see all of it at
once. In the case of printed and typed matenal, graphs should
rarely exceed one page 1n size. Only in cases of necessity should
folded inserts be used. Not only 1s 1t important, that the size
of the graph as a whole be large enough to be easily readable,
but the letters, words, and numbers upon 1t should also con-
form with this requirement. There should be no necessity for
the reader to bring the figure to within a few mnches of his eyes
in order to interpret 1t.

The background of a figure should not be prominent. If the
figure is drawn upon ruled paper the lines that are not in them-
aelves important should be quite light and no more in number
than are necessary. If ruled paper is not employed it is fre-
quently desirable to draw the necessary guidmng lines lightly
with a soft pencil and then erase them after the permanent
portion of the work has been put in with a hard pencil or in ink,

A graph should present forcefully but without exaggeration
the facts it is designed to portray. Perhaps the most common
violation of this principle consists of taking facts out of their
context and presenting them m isolation so that they do not
give a true picture of the total situation. The scales used, how-
ewer, are also important in this connection. No definite rule
tan be given as to the relation of the vertical and horizontal
sciles to each other. It should be such as to reveal significant
differences or changes, neithsr minimizing them nor unduly
exaggerating them. In most cases this is accomplished fairly well
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if the total height of the graph is not greater than its width,
nor less than half its width.

In the case of graphs to be presented to those not familiar with
the principles of graphic representation, and this includes most
persons, it is usually desirable to show the zero lines and also,
if possible, all space from them to the location of the actual
data nearest to zero. Sometimes the latter is impracticable
because the distance from zero to the smallest measure is 8o
great compared with that from the smallest to the largest meas-

1500 1500
o 1400 1400 Vs
F 1300 1300
< 1200 1200
5 B S———
8 1100

10— F— 1000

U O P Ry O

1900 1910 1920 1930 1900 1910 1920 1530
Year Yaar

FIG. 49. ILLUSTRATION OF TWO METHODS OF SHOWING THAT
ZERO LINES DO NOT APPEAR UPON GRAPHS IN THEIR
TRUE POSITION

ure that the differences between the different measures cannot
be represented adequately without making the whole graph
entirely too large. If 1t 1s impracticable to show in full the
distance from zero up to the smallest measures, either the zero
line should be shown and then a short distance from it a break
bounded by wavy hnes should be inserted, or else the figure
should begin with a wavy line without representing zero. Prob-
ably the first of these 1s the better practice Illustrations of both
are given in Figure 49. In some instances it is satisfactory to
show the same fact by the method employed 1n connection with
frequency curves in Chapter III, that is, by the use of a broken
portion of the base line.

The zero line should be sharply distinguished from the othite
lines, usually by making it heavier. In case the data tabulated
are expressed in per cents it is frequently desirable to emphie
gize the 100 per cent line in a similar fashion. The same is true
of any other line representing & maximum that cannot be exs
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ceeded. When the first and last lines represent dates, or other
data that do not constitute absolute limits to the measures
given, they should not be so emphasized. The curves and other
lines representing the data should be enough heavier than the
codrdinate and other guiding lines that there is no danger of
confusing them. If sev-

E eral types of data are
Fragen 1 represented they

E’El should be emphasized

in proportion to their

- J importance, if they

differ in this regard, by

s lines varying in width
EC :_—] or in some other way
Faes ] that accomplishes the
L*ggg’n‘::] same purpose. Even
Washington] B! if the various items do
8os not differ in importance

it is often desirable to
use different types of

Adarve

204 lines such as a solid
_|"Eed line, a line of long
Linooin dashes, a line of short

498

wesninetan dashes, a Line of dots,
808 and so on, to avoid the

FIG. 50. CORRECT AND INCORRECT possibikity of confu-
METHODS OF LABELING BARS .
IN A BAR GRAPH sion.

The upper two figures represent two possibie Another point that
correct methods and the lower figure the most should be watched is

common incorrect. one. the avoidance of op-
ticaf” illusions. For example, if bars are used to represent
different amounts by their lengths and the accompanying
figures or words are placed at the ends of the bars they tend to
distort the reader’s judgment as to the actual length. The
figures or words should be placed within the bars or in some
other position where they do not produde this effect. If, as is
eommonly the case, the bars are so placed that one end of each
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lies upon a common straight hne, figures or words may usually
be placed at this end without causing any illusion. Figure 50
illustrates the two correct methods just referred to, and also
the incorrect method.

Another common cause of optical illusions is the use of
figures, usually rectangles, in which more than one dimension is
changed to represent different amounts. For example, if this

square D is used to represent a given quantity and it is de-

sired to represent twice that quantity by another figure, one
should employ a rectangle having the same width as the square

and twice the length, thus, :I or thus, D and not do

it thus, or still worse, thus, . In other words, the

comparison should be based upon a change in one dimension
rather than in two or three. The ordinary reader can at once
perceive that either one of the rectangles just given 18 approxi-
mately twice as large as the onginal square, but not that the
same is true of the second square or that the cube represented
contans twice the cubic content of one having a side equal to
the original square.

When a curve is drawn to represent a number of observa-
tions or conditions 1t 1s usually best to represent each by a dot,
cross, or some other symbol. The purpose of this is to make
clear to the reader how nearly the curve actually fits the data
from which it 1s derived. Figure 39 on page 240 illustrates this.

When two or more curves, bars, or other types of figures are
to be compared, the zero hnes should ordinarily correspond.
The same is true of other features that enter into the com~
parison. For example, if one wishes to compare the prope-
tions of a class of seventy-five pupils receiving certain marks
with the corresponding proportions of another class of thirty,
both should be changed to some common terms, ordinarily
per cents, so0 a8 to be directly comparable.

‘When it is desired to show both amounts and ratios of change
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logarithmic codrdinate paper should be employed, or two
separate graphs, one for amounts and one for ratios, should be
used. If logarithmic codrdinate paper is used for a graph the
figure should end at some power of 10 on the logarithmic scale.
An important principle when many graphs are to be em-
ployed is that of variety. Even though the bar graph or some
other type may be eagily understandable, it should not be used
over and over again because of the lack of interest in such a
presentation. An attempt should be made to introduce novelty,
to insert striking features, and to adopt forms of graphs that
are peculiarly appropriate to the data being dealt with. Several
examples of this type will be given later, but it may be sug-
gested as illustrations of what 18 meant that the round pie or
dollar graph divided into portions may be used when dealing
with expenditures; the map graph when dealing with geo-
graphical matenal; conventionalized figures of children, perhaps
of two or more types, to represent different classes of pupils;
white squares in larger black ones to show per cents window
areas are of floor areas; and so on.
Histograms, frequency polygons, and smooth frequency
curves. Since these three kinds of curves, which are merely
varieties of one type, have already been described in Chapter
111, comparatively httle attention will be given to them here,
As suggested there, the chief use of these figures 18 in repre-
genting distributions of data grouped into a number of classes
that form continuous or approximately continuous distribu-
tions. A single curve of this sort may be used to represent a
single distribution, or two or more such curves may appear as
parts of the same figure to represent two or more distributions.
These curves, especially the histogram, are sometimes drawn
with the base at the left rather than at the bottom. One advan-
tage of this form is that it frequently lends itself better to the
.desired lettering or numbering so that the letters of numbers
‘#sed can be read without turning the page side~ways. No
#ustration of this will be given here, since it involves so little
ghat is different from the ordinary type of histogram.
4 type of curve somewhat similag o thesg is often uped to
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show the amount or frequency in each of a number of classes
that cannot be said, when combined, to form a frequency dis-
tribution 1n the usual sense of the term. This type of curve is
usually drawn in polygon form and generally does not touch
the base line at one end and frequently not at either. It is
illustrated by Figure 51. The three curves appearing in this
figure show numbers [ .ands
of individuals enrolled of Puplls
in elementary, second- &0 /
ary, and higher schools
at each five-yearperiod 5o “}“"
from 1900 to 1930. It <
is evident that the fre-
quencies 1in the differ-
ent classes, 1n this case
the numbers enrolled 30
at the different periods,
cannot logically be
combined to form an
ordinary frequency dis- o ]
tribution. 10 Sesd
This figure also o
Higher
serves to illustrate 0 T

negatively one of the 1900 1910 yeur %20 L
principles stated ear- gjg 51 TLLUSTRATION OF CURVES REP-
ler in the chapter. RESENTING NUMBERS OF CASES IN
EACH OF SEVERAL CLASSES THAT
The scale of the figure ARE CONTINUOUS BUT DO NOT
is such, due to the UNITE TO FORM A FREQUENCY
DISTRIBUTION

numbers of the ele- )

hool il The three curves appeanng in this figure show
mentary-sehool puplls ... oiments in elomentary, secondary, and higher
concerned, that the schoolsat each five year period from 1900 to 1930,

curve representing the "CUEve:

comparatively small number of individuals in higher schools
does not change sufficiently from time to time to give an aa-
curate idea of the imereases occurring therein. The curve reg
resenting the number of secondary-school pupils also scarcely
does 80. There is no satisfactory way of avoiding this if it is

20
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’

desired to combine on the same graph several different sets of
data some of which contain many times as many cases as others.

The next figure, No. 52, illustrates & somewhat similar type
of graph. It shows the first quartile, median, and third quartile

Score handwriting scores of

200 pupils in Grades 1 to

8, inclusive. For each

80 Q of these three sets of
3

points a curve of the

Md.
‘ type described in the

& preceding paragraph

4 has been drawn., The
area between the

2 curves representing

the first and third
T2 3 4 5 @ 1 8 quartile scores has

¥IG. 2. ILLUSTRATION OF FIGURE EM- D0c". ohaded for em-
PHASIZING AREAS CONTAINED BE-  phasis. It is divided
. TWEEN GIVEN CURVES into two portions by

The shaded surface in the figure above iaht.hnt a heavy lme that rep-

E&?‘&?ﬁ’@“ﬁ“ﬁuﬁﬁﬁi‘%f&?x 5“; rescnte the median
nolumve. It is ivy nto two portions & geores. By comparing
Jine representing the median scores. the total width, or ver-
tical dimension, of the shaded area in one grade with that in
another, one can determine the relative spread or variability
of the scores in the grades under consideration.

Bar graphs. Probably the most commonly employed type
of graph is the bar graph. Many varieties of this type are used
to represent data of many different kinds. Probably the com-
monest is the set of bars of equal width with lengths in propor-
tion to the numbers or amounts represented. This ia illustrated
in Figure 50 on page 420, in which the lengths of the four bars
are proportiondl to the numbers of pupils enrolled in four
buildings. In constructing such a graph it is common to use
-either & logical order, such as alphabetical or ehronological, or
‘to arrange the bare in a given set in order of size with the longest
i either the top or the bottom ang+the phgrtest at the other
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extreme. The bars are commonly placed as in Figure 50, and
differ in horizontal length, but may be placed side by side and
differ in height. This same fact, that the base may be taken
either at the bottom or at the left, holds with regard to all or
practically all other varieties of bar graphs as well.

The next figure, No. 53, illustrates the use of the divided
bar for purposes of comparing the proportions into which two

Gradss 1-6 7-8 10-12
674 231 9.5
System A
64.6 273.2 12.2
System B

FIG 53 ILLUSTRATION OF DIVIDED BARS USED FOR
COMPARING PROPORTION

The two bars mn the figure above represent the pupil enrollments in two
school systems Each is divided into three parta of which the first represents
the proportion or per cent of all pupils enrolled in Grades 1 to 6, the second
t.ul:nltzof pupils enrolled in Gradea 7 to 9, and the third that of those in Gradea 10
or more wholes are divided. The two bars in this figure repre-
sent the enrollments in two school systems expressed in terms
of per cents. They are of the same width and also of the same
length. Each is divided into three parts, one of which repre-
sents the per cent of pupils enrolled in Grades 1 to 6, the second
that of pupils enrolled in Grades 7 to 9, and the third that of
those in Grades 10 o 12.

An additional feature is introduced into the mext figure,
No. 54. This figure represents the total expenditures of three
school systems and the proportions thereof devoted to each
of the five purposes named. The different widths of the bara
represent the different amounts of total expenditure, whereas
the different lengths of the divisions into which the bars are
divided represent -the different proportions of expenditure.
The arcas of the garts, sjmce each represents the product of
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the total expenditure times the per cent, represent the aoctual
amounts spent for the five purposes. In this case the divisions

City A

109.58

i

s
I
l |’

160.25 it

Teachers :
Books and Supplies
General Control

Other Expenses 77 7

FIG. 54. ILLUSTRATION OF DIVIDED BARS USED FOR COMPARING
BOTH ACTUAL NUMBERS OR AMOUNTS8 AND PROPORTIONS

This figure represents the per capita expenditures of three school systems.
It differs from; Figure 53 in that the bars are of different widths corresponding
to the total amounts which they represent. The divisions of each bar represents
the per cents of tolal expenditures devoted to each of the five purposes named.,
of the bars have been shaded differently to distinguish them
from one another,

Although the bar graph given in Figure 55 differs only from
one of those in Figure 53 in that its length is vertical rather
than horizontal, it has seemed well to present it because it
illustrates a form that is frequently useful. It represents the
pumbers and also the proportions of pupils in a school system
enrolled in each grade from 1 to 12, inclusive. The heights and
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oconsequently the areas of the different
portions into which the bar or rectangle
is divided are proportional to the en-
rollments in the vanous grades.

A still different vanation of the bar
graph is shown in Figure 56. Each group
of three bars or rectangles in this figure
shows the per cents of pupils i three
school systems exceeding the general
median score in each of five subjects.
In graphs such as this, the bars are
sometimes merely outlined and some-
times are colored or shaded differently.
Furthermore, the bars forming any one
group, in this case the three represent-
ing performance 1n each subject, may be
drawn either with theiwr adjacent sides
common, as shown in the figure, or they
may be drawn separately. In the latter
case the space between the bars mn any
one group should be comparatively small
compared with that between the differ-
ent groups, so as to avoid possible con-
fusion 1n interpretation.

Pyramid graphs. This not very com-
mon form of graph provides what is
probably a more effective way of pre-
senting data such as were tllustrated in
Figure 55 than does the form of bar
graph employed therein. It consists of
s series of rectangles of equal heights
and of lengths proportional to the data
represented arranged one above the

Enroliment

209
284

402

12
11

10
9

8
821

947

1064

1152

1197

1185

1326

FIG 55 ILLUSTRA~
TION OF SINGLE VER~
TICAL BAR OR REC-
TANGLE UBED TO
SHOW DIVISION OF A
WHOLE INTO PARTS

The areas or heights of
the twelve divisions of the
rectangle given above rep-
resent the pupl envoll-
ments in Grades 1 to 13.

other in the general shape of a pyramid. It is illustrated in

Figure 57, which represents the same data as does Figure 55.
Circle or pie graphs. Circle or pie graphs are very frequently

used to show the division of a whole into parts, frequently
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per cents. Perhaps the most common use of this type is in oon-
nection with expenditures, in which case the circle may be

Spell,

School ANME  Schoo! B  School CJ]

FIG. 66 ILLUSTRATION OF BARS USED TO COMPARE THE SAME
SUBJECTS ON EACH OF SEVERAL POINTS

The figure above represents graphically the per cents of pupiis in each of three
schools exceeding the median score in each of the five subjects named.

thought of as representing a dollar and the divisions as showing
how many cents out of each dollar are spent for each of the

purposes indicated. Its use 1s
by no means limited to financial
matters, however. In Figure 58
two illustrations of the use of
such a graph are given The
cirele at the left is divided into
three parts which represent by
their proportionsal areas the per
cents of pupils who have made
normal, accelerated, and re-
tarded progress. The circle at
the right shows the per cents of
dty expenditurts or, in other
words, the cents out of each
dollar, devoted to each of the
ten purposes named. Some-
thmes in such figures as these

Grade
d
Envoliment

FIG. 67. ILLUSTRATION OF
PYRAMID GRAPH

The areas or longths of the twelve
ions or steps represent the enroll-

the tjlﬁeggntseotorsof the circle meats in Grades 1 to 12,
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are oolored, shaded, or otherwise distinguished from one another,
but it seems to the writer that it is usually best not to do so.
Occasionally one sees a series of concentric circles used to
show relative sizes or amounts. However this is rarely, if ever,
desirable. It violates the principle already stated, that com-

FIG. 58. ILLUSTRATIONS OF CIRCLE OR PIE GRAPHS

The figure at the left represents the per centa of pupils 1n a system who have
made normal, accelerated, and retarded progress, and the one at the right the
per centa of city expenditures devoted to each of the ten purposes given.

parisons should be made in one dimension only and not in two
or more,

Thermometer graphs. In many cases an effective and striking
way of pointing out certain facts is by the use of graphs resem-
bling a thermometer. This type is ilustrated in Figure 59.
This graph shows that the median handwriting score of a group
of pupils is only 63, whereas the standard set is 70. Further-
more, it shows that the total possible range of scores is from
0 to 100. Sometimes several additional points are marked on
this type of graph. Thus, especially in connection with test
scores, the median and the first and third quartiles msy be
shown, or a number of percentiles may be marked on the ther-
mometer.

Graphs showing change. There are several types of graphs
that may be used to show the change in individuals or groups
of individuals from time to time. Ome variety that may be
used for this purpose is that already illustrated in Figures 40
and 51. Such a figure is suitable for showing ths changes in
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one ar a few individuals or things during a number of periods.
If, however, it is desired to show the changes in a larger num-
ber of subjects it is usually best to intro-
duce a slight modification. The type of
graph recommended for this purpose is
shown in Fig-

ure 60. In this % 2
figure are shown 24 2
the scores of & = 3
number of pupils 2 2
on two tests. A & a
straight line con- 2 F 2
nects the two 1° L 1
scores made by .18 18 g
each puml. If 517 17

one did better ::515

16
on the second 15 K: 15
test than on the 14 _/_ L—114
13
12

first the slant of 13
his line 18 up- 12

Ry ward to the u 1
TION OF THER- Nght; if his sec- 10 1

‘MOMETER GRAPH ond score was 9 ]
Thi:hﬁg:;omr;-thesmneasms 8 8
sents the median - s

writing soore of a group LYSt the line 18 o0 o 1 ierpaTION

SR g perfectly bori 0% Saari oViNG
*“ zontal; andif his 1y r, T AROTHER
second score was lower than his first Thus igure lhow?the scores
the line glants downward. Thus the mu:e bmh'xg:pd in a class
. : WO tw
e oo oo o a2 e conerad b
& o 1] L]
. the first, that pupil B did which _indicam whether the
time than y pupil did the same, botter, or
better the second time than the worse, on the second
m,,mqmmemmr: i
botht:mes, d so on. A graph such as this may be con-
tinuéd to the right to show scores on the third, the fourth,
and a8 many other tests as desired and, likewise, the changes

el
P
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between each two testing periods. When this is done it is ordi-
parily desirable to do as shown on the figure and place the
letter or other symbol indicating each pupil on the line of
change between each two test scores, otherwise it is rather
difficult to follow each pupil’s line from beginning to end.
Cartoon graphs. The use of the eartoon graph has its jus-
tification chiefly in the visual appeal that it carries. If one

FIG 61 ILLUSTRATION OF CARTOON GRAPHS EMPLOYING
HUMAN FIGURES

The upper half of this figure shows the proportions of children sttending
achool m clussrooms approximately up to standard and of those whose attend-
ing in classrooms not up to standard The lower part shows the proportion of
pupils having available sufficient playground epace and the proportion not
baving such space avaiable.

wishes to inform the public, for example, that 80 per cent of
the children in a school system have received satisfactory
dental treatment, whereas 20 per cent have not, it is usually
more effective to present a cartoon graph containing eight fig-
ures of children who have received satisfactory treatment smd
two who have not received it thananerely to present a be, fot
example, divided into two portions of which one is eight-tenths
of its length and the other two-temthd, Probably the most
effective cartoon graphs are those in which human figares

represented, but their content should nut be limit
figures. Piles of money, dollars cut up into parts, ssoétbul

ings, pupils’ deeks, and many otlmr&hminmw
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nected with the school may well be represented. In doing so,
however, one should bear in mind the general principle of
variety stated earlier. The repeated use of the same type of
eartoon causes it to lose much of its effectiveness. Such graphs
should, therefore, be saved for presenting the more important
facts or those to which it is difficult to secure public attention.

Figure 61 illustrates the use of the human figure in cartoon
graphs. The upper half of the figure shows the proportions of

Standard Our Schools

PIG. 2. ILLUSTRATION OF CARTOON GRAPH REPREBENTING
RELATION OF WINDOW AREA TO FLOOR AREA

This figure shows that the proportion or per cent of window area to fiocor area
in a given system 18 considerably lees than the gven standard.

children attending school in classrooms approximately up to
standard and in classrooms not up to standard. According to
it, six out of every ten children are in standard rooms and four
out of every ten are not. The latter are colored black, since
this color is commonly employed to represent undesirable con-
ditions in contrast with white, which usually portrays desirable
conditions. The lower portion of the figure shows that three
out of every ten children have sufficient playground available,
whereas seven out of every ten do not. It will be noted that in
this case there is a difference in the conventionalized figures
. employed to represent pupils at play and not at play.

The next figure, No. 62, represents a type of graph that
might be called a cartoon géaph or might perhaps be classified
otherwise. It contains two drawings, one of which represents
the generally accepted standard for the relation of window area
to floor area and the other the average found in a given school
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gystem. It is evident from a comparison of the two that the
actual average is much below the standard.

Another type of cartoon graph that hkewise is closely related
to a previously mentioned type is that in which columns of
dollars are used to represent different amounts of money. This
is simular to the use of rectangles varying in their vertical
height for the same purpose, x
but is more stnking. An illus-
tration 18 given in Figure 63.
The first pile of dollars in the
figure represents the educa~
tional tax per $1000 of true
wealth in a given system and
the other the average corre-
sponding tax in a group of
comparable systems. It isat
once apparent that the single
gystem concerned 1s distinetly
below the average of the

WE OTHERS
group. PAY PAY

Map graphs. In many per $1000 of true valuati

cases the use of map graphs FIG 63 ILLUSTRATION OF CAR-
is an effective way of pre- * 'TOON GRAPH EMPLOYING
senting facts Perhaps their COLUMNS OF DOLLARS
prime use is i connection  This figure shows that the actual tax
with the planning of achool 7% Ficsuonsl purpome. per $1000 o
building programs and of the sderably less than the sverage for a
determination of the bwild- S°UP of comparable systems.
ings that pupils should attend. The ordinary type used for
this purpose is what is sometimes called the dot map or point
map, that is, an ordinary map with a dot or point upon it for
each individual in whom the school is interested. Frequently
different types of marks are used for pupils in different grades,
such as a dot for each pupil in the first to sixth grades, a circle for -
each one in junior high school agd a square for each one in senior
high school. In coppection with the planning of school building
programs circles are commonly drawn around the sites or pro-
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posed sites with radii of one-half, three-fourths, one, or some
other number of miles considered the desirable maximum dis-
tance between pupils’ homes and the achool they attend.” This
type of map with the dots and circles is 80 common that it seems
scarcely worth-while to represent it here, hence no sample is
given. It may be found in almost any building survey.

EXERCISES

No specific exercises are provided for this chapter, but it is recom-
mended that students prepare the appropriate types of graphs for
various data in which they are interested.

? In considering the distance pupils must walk to school it should not
be overlooked that this 18 rarely represented by a straight hne from the
place of remdence to the school bulding. Instead the pupil must ordinarily
take a oourse that more or less approximates the two sides of a nght tn-
angle of which the shortest straight line 18 the hypotenuse. Therefore
the maximum distance that pupis must go to reach school 18 equal to

approximately the /2 times the radius of the crcle,
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GENERAL BIBLIOGRAPHY

The references given below are those that cover the field of
educational statistics in a more or less general way. Practically
all such references known to the wniter are included. Those he
considers of most worth are starred. The hst is divided into
two portions. The first includes texts dealing with educational
statistics and a few 1in the general field of statisties of most
value to educational workers. The second list contains books
dealing with the topic of educational measurements that devote
one or more of their chapters to the subject of statistics. Ordi-
narily these chapters contain only the more elementary statisti-
cal methods.

In addition to the references given below many others are
scattered throughout the text, being given in connection with
the particular topics with which they deal. Since the other refer-
ences than those given here tend to be of rather limited scope
in that they deal with only one or a comparatively few portions
of the whole field of educational statistics they have not been
gathered together into any one bibhography.
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TABLES OF THE HEIGHTS, AREAS, AND CORRE-
SPONDING RATIOS OF AREAS OF A NORMAL
DISTRIBUTION CORRESPONDING TO STAN—
DARD AND MEDIAN DEVIATION UNITS

The first column of each of the two tables in this appendix
contains entries m terms of the standard deviation and the
median deviation or probable error, respectively, which repre-
sent distances from the mean of the distribution. In the second
columns are given the heights of the curve at the given o and
MdD distances from the mean, These are given in terms of a
height of 1.00 at the mean or maximum ordinate. If, as is some-
times convenient, they are desired in terms of an area of 1.00

1
each should be multiplied by —\7——1, which equals .39894228 or

approximately .4. The entries in the third columns give the
areas contained between the mean and ordinates at the given dis-
tances from the mean. These areas are given in terms of an area
of 1.00 for the whole curve and are those on one side only of the
mean, 80 that if the total areas within the given distances of
the mean are desired, the tabular entries must be multiplied
by two. The fourth columns give the areas beyond the given
distances from the mean. In this case, a8 in the previous one,
if one desres the total areas beyond these distances the en-
tries in these columns must be multiplied by two. In the fifth
columns are the approximate ratios obtained by dividing each
entry in the third columns by the corresponding one in the
fourth, or, in other words, the ratios of the areas included within
the given distances of the mean to those beyond them. Each
ratio is the number of chances to 1 that a particular case lies
within the given distance in the third column. The entries in
the lagt columns are the approximate ratios obtained by divid-
ing each of the entries in the third columns plus .5 by the cor~
439



440 STATISTICAL METHOD IN EDUCATION

responding entry in the fourth columns, and thus are the ratios
of the areas of the larger of the two portions into which the
total area under the curve is divided by the ordinate at the
given distance to that of the smaller of the two portions. They
are, therefore, the chances arrived at by the experimental co-
efficient or critical ratio method, that is, the chances that a
particular case is on one side of the given point or distance from
the mean rather than on the other. Each entry in these columns
is equal to one more than twice the corresponding entry in the
previous column. In the accompanying tables, however, the
larger entries are approximated enough that this relationship
i8 not exact.
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HuigaTs, AREAS, AND CORRESPONDING RATIOS OF AmEAS oF A NoORMAL
DistriBuTioN CORBESPONDING TO STANDARD DzviaTioNn Unrrs

Area Ratro of Ratio of
. i B N
Dystance Height Ordinate beyond Ordinate Curve on
at Given ¢ | at Gwen o | Ordinate :
from Di. Distance | at Gwen o and Mean | One Side of
Mean and to That | Ordinate to
the Dastance beyond That on
Mean Ordinate | the Other
0 1.0000 .0000 5000 .00 100
.1 9950 .0398 .4602 .09 1.17
2 9802 0793 4207 19 1.38
25 9692 0987 4013 .25 149
.3 9560 1179 3821 31 1.62
4 9231 1554 3446 46 190
b .8825 1915 .3085 62 224
6 8353 2257 2743 82 2865
7 7827 .2580 2420 1.07 313
75 7548 2734 2266 121 3.41
8 .7261 .2881 2119 1.36 3.72
9 .6670 .3159 1841 172 4.43
1.0 .6065 3413 1587 21 5.3
1.1 5481 3643 1357 27 64
1.2 .4868 3849 1151 33 7.7
1.26 4578 3944 .1056 37 8.5
1.3 4208 .4032 0068 4.2 9.3
14 .3753 4192 .0808 52 114
16 3247 4332 0668 6.5 14.0
1.6 .2780 4452 0548 8.1 17.2
1.7 2357 .45564 0446 102 21.4
1.7% 2163 .4599 0401 11.5 24.0
1.8 1979 .4641 .0359 12.9 26.8
1.9 .1645 4713 0287 16.4 33.8
2.0 .1353 4772 0228 21 43.
2.1 1103 4821 0179 21, §5.
2.2 0889 .4861 .0139 35. 71.
2.25 0798 4878 0122 40 81.
23 0710 4803 0107 46, 92.
24 0561 4918 0082 60. 121.
2.5 0439 .4938 .0062 80. 160.
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Jimamrs, Anuas, AND CORRESPONDING RaTI08 oF ArEas OF A Nomman
DisrrrBuTION COREESPONDING TO STANDARD DEviaTiON

Unrrs—Continued
Ratio of Ratio of
- 10 6 o
Area Area Area of
a . "“‘?’"‘ Area between Whole
. Height Ordinate beyond Or
Distance | ) Gioen ¢ | ot Guwen o | Ordinate dinale | Curve on
from Distancs Dasta ot Gaven & and Mean. | One Side of
Meon ol to That | Ordinate to
and the Drstance beyond That
Mean ! on
Ordinate the Other
2.6 .0340 49534 00466 106 214.
2.7 0261 49653 00347 143. 287.
2.75 0228 49702 00298 167. 335.
28 0198 49744 00256 194 390,
29 0149 49813 00187 267. 538.
30 0111 49865 00135 370. 740.
3.1 00819 49903 00097 520, 1030.
3.2 00698 49931 00069 730. 1450.
3.26 .00509 .499423 000577 870. 1730.
8.3 .00433 499517 000483 1030 2070.
8.4 00309 499663 000337 1480 2970.
3.5 00219 499767 .000233 2150 4300.
3.6 00153 499841 000159 3100 6300.
3.7 00107 490802 000108 4600. 9300.
3.76 .00088 499912 000088 5700. 11300.
38 00073 490928 000072 6900. 13800.
39 00050 4999519 0000481 10400. 20800.
4.0 00034 .4999683 0000317 15800, 31500.
4.1 .000224 4999793 0000207 24200 48300.
4.2 .000148 .4990867 0000133 37600. 75200.
4.25 000120 4900803 0000107 47000. 93000.
43 000097 4990915 0000085 59000. 118000.
4.4 000062 4990946 0000054 93000. 185000,
4.5 .000040 49999660 00000340 147000. 294000.
46 000025 49000789 { 00000211 237000. 473000.
4.7 000016 | .49908870 | 00000130 384000. 769000,
4.75 000013 49000898 | 00000102 490000, 980000,
48 .000010 | .49909921 | .00000079 630000. 1260000,
4.9 000006 | 49009952 | .00000048 | 1040000. | 2090000.
5.0 000004 49009971 | .00000029 | 1740000. 3490000,




Hxiaars, ArEas, AND CorrRSPONDING RaTi08 OF AREAS OF A NoRMAL
DisTRIBUTION CORRESPONDING TO MpEDWAN DEViATION OR

Propasis Error Uxirs

— ]
Area Ratw of Ratto of
MdD between Area Area Area of
or PE | Heightat | Ordinaleat |  beyond between Whole
Distan Given MdD | Gawen MdD | Ordinate ot | Ordinale Curve on
from or PE or PE | Gwen MdD | and Mean |One Side of
Mean Distance Disiance or PE to That | Ordinale lo
and the Distance beyond That on
Mean Ordnate the Other
.0 1 0000 0000 5000 .00 1.00
1 0077 0269 .4731 .08 1.11
2 .9909 0537 4463 12 1.4
.25 .0859 0670 .4330 .15 1.31
3 9797 .0802 4198 19 1.38
4 9643 1063 3937 27 1.54
b 9447 1320 .3680 .36 1.72
6 9214 1571 3429 .46 1.82
b 8945 1816 3184 57 214
75 .8799 1935 .3085 .63 2.2
8 8645 2053 .2047 .70 239
K] 8317 2281 2719 .84 2.68
1.0 7965 .2500 .2500 1.00 3.00
1.1 7504 2709 2261 1.18 3.87
1.2 7207 .2008 .2002 1.39 3.78
125 7009 3004 .1996 1.51 4.01
13 6808 3097 .1903 1.63 4.20
14 .6403 3275 .1725 1.90 4.80
1.6 5994 3442 1558 2.21 5.42
16 55686 3597 .1403 2.56 6.13
1.7 5182 3742 .1258 2.98 6.95
1.75 4983 3811 1189 3.2 74
18 4785 .3878 1124 3.5 7.9
1.9 .4399 .4000 .1000 4.0 9.0
2.0 AD20 4113 0887 49 10.3
2.1 3687 4217 0783 54 118
2.2 .3326" - .4311 L0689 6.3 13.5
225 .3161 .4354 0646 8.7 14.5
23 3002 .4396 0604 7.3 15.8
2.4 .2608 4473 0527 8.5 18.0
2.6 2413 4541 0459 9.9 20.8
28 2148 .4603 0397 118 242
2.7 % 4657 0343 13.6 28.2
278 d 4682 0318 14.7 30.4
28 1681 4705 0205 1689, . 329
29 .1476 .4748 0252 1887 1 386
3.0 .1291 4785 0216 22,2 45.5




Hyicets, AReAs, AND CorrusPONDING RaTios or AmEas or 4 Norual
Disrrisurion ConrespoNpiNg To Mupian DEvisTION OR
PaopapLe Error Unrre—Continued

Area Ratio of Ratso of

MdD between Area Area Area of
or PE Hewght at | Ordinate at beyan.d between Whole

Distance Given MdD | Gwen MdD | Ordinate at | Ordinate Curve on

from or PE or PE Gawen MdD | and Mean | One Siude of
Mean Distance Dhstance or PE to That | Ordinale to

and the Instance beyond That on

Mean Ordinate the Other
31 1124 4817 0183 26 54.
3.2 .0074 48468 0154 31. 64.
323 0905 4858 0142 34. 9.
3.3 0840 4870 .0130 37 76.
34 0721 4801 0109 45. 91,
3.5 0616 4909 0091 54. 109.
3.6 0524 49241 .00759 65. 131.
3.7 0441 49371 .00629 79. 158,
375 0408 49429 00571 87. 174.
3.8 0375 49481 005619 95. 192.
39 0314 49574 00426 116 234.
4.0 0263 19651 00319 142. 286.
41 0219 49716 00284 175. 351.
42 0181 49769 .00231 216 433.
425 0164 40793 00207 240. 481.
43 0149 {0814 00186 267. 535.
44 0122 4985 00150 332 666.
45 01000 49880 .00120 416 831.
4.0 00812 499041 0008569 520 1040.
47 00657 49923K% 000762 660. 1310.
475 00590 499322 . 78 740 1470.
438 0530 199397 000603 830 1680,
49 00425 499525 000475 1050. 2100.
50 00339 199627 000373 1340. 2680.
81 00269 499700 .000291 1720. 3440.
52 00213 409774 000226 2210 4420,
5.25 00189 499801 000199 2510. 5020.
53 00168 499825 000175 - 2850, 5700.
54 00132 499885 000135 3700. T7400.
5.5 00103 499896 000104 4800. 9600.
5.6 000798 14999207 0000793 6300. 12600.
5.7 000617 4999396 0000604 8300. 16600,
5.75 000542 4999474 0000526 . 8500. 19000.
5.8 000478 | 4909543 | .0000457 yw. 21900,
5.9 000364 4909655 0000345 4500. 20000.
6.0 000278 4099741 0000259 19300. 38600,
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VALUES AND LOGARITHMS OF CERTAIN CON-
S8TANTS EMPLOYED IN EDUCATIONAL

STATISTICS
Constant Value Logarithm
v2 1.41421356 .15051500
\/§ 1.73205081 23856063
Vi 2.23606798 34948500
V10 3.16227766 .50000000
r 3 14159265 49714987
1
~ .31830989 9.50285013-10
vV 177245385 24857494
1
— 56418958 9.75142506-10
V'
V27 2.50662827 .39908993
1
30804228 9.60091007-10
Vor
¢ 2.71828183 43420448
1
: 36787944 9.56570552-1Q
*1/5‘ 164872127 21714724
7 80653066 9.78285276-10
PE 874489750 9.82897535-10
o 1.48260222PK 17102465
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a. 8Ses Fourfold table.

Abecissa, 33

Absolute accuracy, 8

Absolute range, 116, 136

Accidental error, 56, 3368

Accuracy, 7

AD. Symbol for Average deniation

Adding machines, 6

Aids to computation, 5

Area of normal frequeney curve, 439

Anthmetic mean, 67

Array, 163

Assigning marks, 388

Assigrung  ranks, 224

Assumed mean, 69

Assumption of symmetrical dis-
trnbution within class, 23

Asymmetrical curves, 62

Attenuation, 215

Attrnibutes, 14, 309

Average deviation, 118

Averages, 66

Averaging coefficients of correla-
tion, 207

Averaging qualitative data, 380

Axes, 32, 237

Ayres's, method of computing coef-
ficient of correlation, 154, 169;
method of computing coefficient
of regression, 243; method of
ocomputing ratio of correlation,
261; method of computing stand-
ard deviation, 130

o

. See Fourfold table.
Symbol for Coefficient of regres-
sion,
. Symbol for Intercept.

graphs, 420, 424
(beta) coefficient, 245, 305
Biased error, 836

>

?0‘

™

Bibliography, 435

Bi-modal distnbution, 91

Binomial expansion, 56

Biserial, coefficient of correlation,
321; ratio of correlation, 323

Blakeman’s cnterion of linearity,
254

Brown’s formula, 209

Brown-Spearman formula, 208

C. Symbol for Coeffictent of con-
tingency

C Symbol for Common factor.

¢ See Fourfold table

¢. Symbol for Coustant.

c. Symbol for Correction.

Calculating machines, 6, 172

Card punching and sorting ma-
chines, 6

Cartoon graphs, 431

Causal factors m coefficient of cor-
relation, 190

Central tendency See Averages.

Certamnty of prediction, 192

Chance error, 56, 336

Change, 404

Change graphs, 429

Changing quahtative data into a
normal distnbution, 378

Cl ing rank eorrelation coeffi-
i to product-moment ones,
228

Changing ranks to percenties, 111

x (chi). Ses Coefficient of contin-

gency.
X ¥ (Chi-square) test for goodness
of fit, 386

Circle graphs, 427
Class, 18

Clagsifioation, 14, 18
Class interval, 19, 78, 80

451
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Class limits, 19, 26, 80

Class mark, 27

Class mud-pomnt, 20, 75

Class type, 27

Class width, 19, 73, 80

Coefficient, of shenation, 193; of
association, 312; of colligation,
312; of contingency, 314; of
correlation, 151; of correlation
based on mean deviations, 184;
of correlation of fourfold table,
310; of correspondence, 231;
of dependability, 193; of deter-
mination, 197; of independent
determination, 277; of multiple
correlation, 283; of multiple re-
gression, 299; of non-determina-
tion, 197; of part correlation, 272;
of partial correlation, 263; of
partial regression, 299; of rank
correlation, 225; of regression,
240; of rehability, 208; of self-
correlation, 208, of semi-partial
correlation, 274; of vanabihty,
140; of vanation, 140

C of L. Symbol for Criterion of
lineanty

C of V Symbol for Coefficient of
vanablty.

Column diagram, 34, 41, 422

Common factor, 191

Comparable measures, 246, 406

Companng coefficients of correla-
tion, 200

Companson, and measurement of
change, 404; of actual and normal
distributions, 382; of averages,
99; of measures of variability, 132

Computing machines, 6, 172

Computing tables, 5

Cobrdinate axes, 32, 287
Correctmn. for grouping, 127, 256,
'820; for number of cases, 208,

INDEX OF TOPICS

208, 365; of attenuation, 215;
to coeflicient of contingency, 319;
to coefficient of correlation, 206,
215; to coeffictent of multiple
correlation, 292; to denominators
of measures of reliability, 333;
to mean, 72; to mean deviation,
119; to median, 121; to ratio of
correlation, 256; to standard
deviation, 127

Correlation, 66, 143; charts, 171;
graph, 240; machmnes, 172; of
attributes, 309; of measures not
I series, 176; of one varnable
with sum or average of others,
175, ratio, 250, 324, table, 162

Correspondence, 231

Cosine 7 (p1) method of correlation,
312

Cnteria for averages, 98

Criterion, 196, 364; of hineanty, 254

Cntical ratio, 360

Crude mode, 87

Cumulative frequency, curve, 46;
table, 28

Curve fitting, 64, 382, 413

Curve of error See Normal fre-
qQuency curve

Curvilinear, correlation, 147, 250;
multiple correlation, 293; mul-
tiple regression, 307, relationship,
147, 250, 293, 307

D Symbol for Difference 1n rank

Dw.w Symbol for 10-90 percentile
range.

d. See Fourfold table

d Symbol for Dewation

d. Symbol for Difference.

Dec Symbol for Decile.

Decile, 113

Determination, of class mud-point,
75; of class width, 21; of difficuity
of test clements, 390; of ment
from judges’ ratings, 392; of
proportion of cases between two
pointe on a scale, 115, 388

Dewviation, 69, 115
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Dichotomouns classification, 309

Difference, between ratio and coeffi-
cient of correlation, 258; in rank,
226

Differences, 350

Dilation, 221

Direct correlation, 144

Discontinuous distribution, 28

Discrete senes, 28

Dispersion, 115

Displacement, 204

Distortion, 221

Distribution of marks, 388

Doolittle method of computing
coefficient, of multiple correlation,
289

Double classification, 309

Dropping decimals, 11

E  Symbol for Coefficient of de-
pendahility

¢. Symbol for Napierian logarithmie
base

e. Symbol for Vanable error

Effect, of grouping upon coefheient
of correlation, 178; of increasing
length of test upon rehability,
210; of spread of data upon coeffi-
cient of correlation, 199

Efficiency of prediction, 192

Empirical mode, 87

€ (epslon). Symbol for Standard
error

Equally poticed differences, 392

Equation, of ine of best fit, 244; of
multiple regression, 301; of par-
tial regression, 301; of regression,
239; of straight line, 237

Equvalent, measures, 246, 405;
score equations, 246; scores, 246,
406

Error, in average, 9; in entenon,
364; 1n differenos, 350; in matched
groups, 342; in power, 10; n
product, 10; in quotient, 10; 1n
root, 10; n sum, 9; of estimate,
363; of mean square, 328; of
measurement, 326, 366; of predic-

453

tion, 192, 368; of sampling, 328;
of score, 326, 368

Errors, 7, 326

Estimating, coefficienta of correla-
tion, 180; true scores, 248

7 (eta) Symbol for Ratio of correla-
tion

Experimental coefficient, 366

f Symbol for Frequency.

False accuracy, 12

First quartile, 105

Fluetuation, 115

Footrule formula, 226

Fourfold table, 309

Frequency, 17; curve, 39; distnibu-
tion, 17, polygon, 37, 422; tabu-
lation, 17

Functions of the coefficient of cor-
relation, 149, 188

G Symbol for Geometne mean.

g Symbol for Gan 1n rank.

g Symbol for Error in prediction.

Gam in rank, 226

Gaussian curve
quency curve

General statistical suggestions, 3

Geometric mean, 91, 97, 102

GM. Symbol for Geometric mean.

Goodness of fit, 386

Graphs, 32, 416

Group, 18

Grouped series, 17

Group error, 336

Grouping, 14, 18

Guessed mean, 60

See Normal fre-

H Symbol for Harmonic mean.

h  Symbol for Height of normal fre-
quency curve.

Harmonic mean, 93, 102

Height of normal frequency curve,
439

Histogram, 34, 41, 422

HM. Symbol for Harmonic mesn.
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1. Symbol for Index of prediction.

£. Symbol for Interval.

Inadequacy of data, 4

Index, of correlation, 257; of mul-
tiple correlation, 293; of predie~
tion, 193; of rehability, 215

Individual error, 56, 338

o (infimty). Symbol for True

score.,

Inspectional mode, 87

Intercept, 237

Intercorrelation, 173

Interpretation, of errors, 344; of
measures of correlation, 148, 188,
277, 290

Interval, 19, 73, 80

Inverse correlation, 144

Iteration method of computing co-
efficient of multiple correlation,
289

J-curve, 63

k. Symbol for Coefficient of aliena-
tion.

k. Symbol for Constant.

&%. Symbol for Coeffient of non-
determination.

Kelley’s measure of skewness, 400

Ku. Symbol for Kurtosis.

Kurtosis, 60, 400

L. Symbol for Per cent of cases bav-

selationship.
Lines of *‘best, fit,"”’ 244
. Symbol for Lower limit.
Lower hmit, 19
Lower quartile, 105

INDEX OF TOPICS

M. Symbol for Mean.

m. Symbol for Multiplier in mean
difference method.

m. Symbol for Blope.

Mg. Symbol for Geometrio mean.

Major mode, 91

Map graph, 433

Maxxmum ordinate, 57, 382

MD. Symbol for Mean deviation.

Md  Symbol for Median.

MdD. Symbol for Median deviation.

Mdn. Symbol for Median.

Mean, 67, 97, 98

Mean deviation, 119, 132, 136, 184

Mean difference method, 138

Mean-square deviation, 123

Mean-square error, 326

Measurement of change, 404

Measures of central tendency, 66

Med. Symbol for Median.

Median, 77, 88

Median deviation, 58, 132, 137, 439

Mesokurtic distnbution, 60, 401

Mid-measure, 77, 86, 98

Mid-point, 20, 75

Mid-score, 77, 86, 98

Minor mode, 81

Mo. Symbol for Mode.

Mode, 87, 98

Moving average, 42

Multi-modal distribution, 80

Multiple, correlation, 283; coeffi-
cient of, 283; regression, 206

N. Symbol for Total number of

cases.
n. Symbol for Total number of cases.
n. Symbol for Number of variables.
No. Symbol for Number in classes
above.
Ni. Symbol for Number in classes
below

Na. Symbol for Number in mean ot
e clase.

Ni logarithmie base, 57
Need for grouping data, 16
Negative correlation, 144
Negative akewneas, 63, 300
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Net regreesion, 208

Nomograms, 7

Nomographs, 7

Non-linear. See Curvilinear.

Non-symmetrical curves, 62

Normal curve, 53, 132, 378, 430

Normal frequency curve, 53, 132,
378, 439

Normal probability curve, 53, 132,
378, 439

Number, in classes sbove, 120; 1n
classes below, 120; o mean or
median class, 120; of classes, 21

Numencal clasaification. See Van-

w (omega). Symbol for Coefficient of
colligation.

Order of coefficients of correlation,
263

Ordered characteristic, 14, 33

Ordinate, 33

Ongn, 32

Overlapping, 401

P See Goodness of fit.

P. Symbol for Percentile.

p See Bisenal ooefficient of corre-
lation, errors.

p. Symbol for Numerator of product-
moment correlation formula.

Part oorrelation, 272

Partial correlation coefficient, 263

Partial correlation ratio, 281

Partial multiple correlation, 294

Partial regression, 296

Partial standard deviation, 297

Partial sum, 80

Path coefficient, 276

PE. Symbol for Probable error.

PEes. Symbol for Probable error of
esimate. e

455

PR;.y. Symbol for Probable error of
estimate.

Pearson’s coefficient of contingeney,
314

Pearson’s cosine x (pi) method of
correlation, 312

Per. Symbol jor Percentile.

Percentile, 50, 109; curve, 48;
graph, 48; method of equating
scores, 409; rank, 109; score, 109

Per cent, of cases having like signs,
314, of cases having unlike signs,
314

Perfect correlation, 144

Performance scale, 76

¢ (ph1). See Coefficient of eontn-

gency

x (pi). Symbol for 3.1416—.

Pie graph, 427

Planning statistical work, 4

Platykurtic distnbution, 60, 401

Pont of inflection, 137

Positive correlation, 144

Positive skewness, 63, 397

PR Symbol for Percentile rank.

Probable error, 132, 326; of esti-
mate, 363; of measurement, 368;
of sampling, 326

Product moment, correlation for
qualitative series, 320; correlation
of fourfold table, 310; method of
correlation, 151

Product scale, 76

Pseudo-continuous distnbution, 28

Pure guess, 194

Purpose of book, 3

Pyramid graph, 427

Q. Symbol for Coeflicient of amonia-

tion.

Q. Symbol for Quartile deviation.

g. Seoe Bi-eenal coefficient of oorre-
lation, errors.

Q1. Symbol for First quartile.

Qs Smnbo;sfar Third quartile.

Qu.dmt.

Qualitative classification. Ses At~
tribute.
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Quantitative classification.
Vansble.

Quartile, 105; dewation, 117, 132,
136; range, 118

Quintile, 113

See

R. Symbol for Coefficient of mul-
tiple correlation.

R Symbol for Coeflicient of rank
correlation.

R. Symbol for Rank.

r. Symbol for Coefficient of correla-
tion

3. Symbol for Coefficient of deter-
mination

Range, 116, 136

Rank correlation, 224

Ranking, 224

Ranks, 111

Rates of increase, 92

Ratio, of correlation, 250, 324; of
multiple correlation, 203; of par-
tial correlation, 281; method of
eqquating scores, 407; score, 407

Reciprocals, 93

Rectangular distribution, 62

Rectilinear correlation. See Recti-
hinear relationship.

Rectihinear relationship, 147, 263

Regression, 237; coefficient, 240;
equation, 239; line, 239

Relation of length of test to relia-
bility, 210

Relative accuracy, 8

Reliability, 68, 326, 373, 395; co-
efficient, ., 208; index, 215; of

indges’

p (rho), S Coefhicient of
rank correlati

p (tho). Symbol for Index of corre-
Iation. -

Rolling average, 42 4
Root-mean-square deviation, 123

8. Bee Coeflicient of contingencyss
8. Symbol for Comparable score*
8. Bymbol for Partial sum.

INDEX OF TOPICS

S8t Symbol for Bummation of
squares from assumed mean.

Sampling, 388; error, 326

Scatter, 115

SD. Symbol for Standard deviation.

Second degree equation, 148

Second quartile, 105

Semi-wnterquartile range, 117

Serm-partial correlation, 274

Sheppard’s method of unhke signs,
314

Short method of computing mean, 71

Shrinkage in coefficient of multiple
correlation, 292

Z (sigma) Symbol for Summation

o (sigma) Symbol for Standard de-
viation

o (sigma)
error

Ot Symbol for Standard error of
estimate.

Omess Symbol for Standard error of
measurement.

01+« Symbol for Standard error of
measurement

o132 Symbol for Standard error of
estimate.

c« Symbol for Standard error of
sampling

ot  Symbol for Variance

o score, 406

Significanee, of a difference, 350; of
a coeffictent of correlation, 149,
188, 358

Signuficant figure, 8

Sk Symbol for Skewness.

Skew ourve, 62

Skewness, 62, 397

Slide rules, 6

Slope, 237

Smooth frequency curve, 39, 423

Smoothed curve, 43

Smoothing, 47, . 261

Spearmam-Brown formula, 209

Spread, 115

Spurious correlation, 208

Standard deviation, 57, 98, 123, 153,
137, 439; of two or more forms, 128

Symbol for Standard
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Standard error, 328; of estimate,
368; of measurement, 366; of
samphing, 326

Standard score, 406

Statistical aids, 5

8tep, 18

Straight hine relationship, 147, 263

Symbohism, 7

Symmetncal, curves, 53, 60

Symmetncal distnbution within a
class, 24

8ystematic error, 336

T See Coefficient of contingency.

Table of double entry, 162

Tables for use 1n computing, 5

Tabulating machines, 6

Tabulation, 14

10- 90 percentile range, 119, 132, 136

Ter Symbol for Tertile

Terminology, 7

Tertile, 113

Tetrachorie correlation, 311

Theoretical mode, 88, 366

Theoretically true score, 248

Thermometer graph, 129

Third quartide, 105

Thorndike’s coefhcient of variabil-
ity, 141

Time rates, 93

Total number of cases, 17

Total range, 116

True mode, 88

True score, 248, 366

T-score, 391, 407

U. 8Symbol for Per cent of cases
having unhke signs

«. Symbol for Upper hmit.

U-curve, 62

ul. Symbol for Upper limit.

Unbiased error, 336 &

Uni-modal distributigm, 90

Unit, of time, 93; of work, 98

Unlike signs method of correlation,
H

314
Unlimited class, 26

457

Unordered characteristic, 14

Unrelinbility. See Reliability.

Upper hmit, 19

Upper quartile, 105

Use, of averages, 98; of measures of
error, 349; of measures of vahdity,
132; of normal frequency curve,
378

V' Symbol for Coefficient of vari-
ability.

Vanabiity, 66, 115

Vanable, 14, 33

Variable error, 56, 336

Vananece, 131, 360

Varnation, 66, 115

Verbal classification See Attribute.

W Symbol for Weight.

Weighting independent vanables,
305

Width of class, 19, 24

X Symbol for Vanable.
z Symbol for Deviation of variable.
X-axis, 32

Y. Symbol for Vanable.

y Symbol for Deviation of vanable.

y Symbol for Ordinate or hesght of
curve

Yo. Symbol for Maximum ordinate.

Y-axis, 32

Yule’ s, ooeﬂicl ent

Z. Symbol for Mode.
Z. Symbel for Standard score.
s Symbol Jor Standard score devis-

S_y'mbol for Critenion.
Whﬂ‘i!- 141, 374
): Symbet Jor u*—
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