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PREFACE

Symbohe logic does not presuppose either logic or mathe-
maticsa Since 1t 18 1tself logic in an exact form, and since 1t
constitutes the theoretical foundation of mathematics in general,
1t 18 capable of being understood without previous training in
erther of these branches, The purpose of this book 18 that of
providing an introduction to the subject 1n a form which 1s
consonant with this priority of symbolic logic and which makes
minimum demands on the reader in the way of previous techmical
training However, discussion 18 not confined to the elements.
The first five chapters cover those topics which lend themselves
most easily to beginning study, and certain later portions are so
wnitten that a general view of the topic 1n question may be gained
without technical difficulties Chapters I-V follow the same
general plan of development as Lewis's Survey of Symbolic Logic
(now out of print), but the subject-matter is here somewhat
more condensed, and certain parts which are mathematically
but not logically important have been omitted An attempt has
been made to keep the exposition as simple and clear as possible,
and the extreme of rgor has sometimes been sacrificed to this
consideration.

The remainder of the book is independent of Chapters I-V,
and these may well be omitted by readers who already have an
elementary knowledge of symbolic logic Chapter VI prowvides
& new foundation for the subject, by the more ngorous ‘logistic’
method, an understanding of which 1s essentiel for those who wish
to go on to the study of Principia Mathemalica and similar con-
temporary treatises Chapters VII and VIII presuppose this
preceding development, but are not themselves essential to the
understanding of anything further in the book These chapters
touch upon some of the most difficult and abstract questions
connected with the subject, but they are also of the first 1m-
portance for the nature and purport of symbolhe logic. Chap-
ter IX contains a general development of the theory of proposi-

tioms, and 1t, together with VI, provides a foundation for the
v
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subsequent discussmion In XTI and XII, apphcation is made of
the logic of propositions to the theory of sets of postulates, the
first of these chapters giving a general and elementary treatment,
end the second deshng with a special topic not appropriate to
an 1ntroductory discussion Postulational technique 18 1mpor-
tant at many points in mathematics, but the fundamental con-
ceptions that occur are logical rather than mathematical mn &
strict sense, and we have confined the discussion very largely to
developing and illustrating these conceptions In Chapter XIII
we endeavor to give some account of the paradoxes that have
ansen 1n logic and of the bearing of these paradoxes on logical
theory

The choice of characters for symbolic logic confinues to be a
problem, since no set of universally accepted conventions has as
yet emerged In this book we have adopted the symbols used
by Whitehead and Russell in Principia Mathemalica wherever
the 1dea to be symbolized coincides precisely with one which
occurs 1n that work For the rest, we have been guided partly
by historical precedents and partly by considerations of conven-
1ence and clanty

Chapters I-VIII and Appendix II have been written by Mr.
Lewis, Chapters IX-XIII and Appendix I, by Mr Langford
Each of us has given the other such assistance as he might, but
final responsibility for the contents of the chapters 15 as indicated.

Important assistance 1n the writing of the book has been
received from many sources  Our indebtedness to the publica-
tions of Professors Lukasewicz and Tarski, as well as to Ludwig
Wittgenstein’s Tractatus Logico-philosophicus, will be evident 1n
Chapters VII and VIII, and we have drawn freely upon the
writings of Professor E V Huntington for materials used 1n
Chapters XI and XII We are also indebted, especially 1n Chap-
ters IX, XI, and XTI, to the published and unpublhshed views of
Professor H M Sheffer, with whom both of us have been associated,
Dr Wilham T Parry of Harvard University has made extensive
and important contributions to the development of Chapter VI,
Our indebtedness to hum for work contained 1n Appendix II, and
also to Dr M Wajsberg of the University of Warsaw, to Mr.
Paul Henle of Harvard Umversity, and to the published mono-
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graph of Professor Oskar Becker, 15 more speaifically acknowl-
edged 1n that place. Proof of one critical theorem in Chapter VI
was provided by Professor 8 L. Quumby, of Columbia University.
Dr David Wuson hag read Chapters VII and VIII in manuseript,
correcting several mistakes; and Dr Kurt E Rosinger has read
the whole of Chapters I-VIII, venfying the proofs and eliminat-

INg DUMErous errors
C. 1 Lews,

C. H. Laxgrorb,






EDITOR’'S INTRODUCTION

The present volume 18 8 most unusual one and meets a long-
felt and important need Recent years have witnessed a consid-
erable growth of interest 1n symbolic logic 1n the Umted States
Americans have made importapt contnibutions to the subject,
but these contributions have usually been 1n detached articles 1n
the journals Professor Lewis’'s A Survey of Symbolic Logic 1n
1918 traced the hstory of the most important developments of
symbolic logic from Leibniz to the twentieth century and dis-
cussed the relation of a ‘‘system of strict 1mplication’’ to systems
of matenal implication and to the classic algebra of logic  But
there has been no suthoritative treatment of the field of sym-
bolic logic in the hght of developments of the last fifteen years, a
treatment which would present constructively the achievements
in symbolic logic by one who had taken part in making the
achievements possible and believed heartily in the importance
of this branch of philosophic thought This present volume is
just such a treatment Its two authors have had wide expen-
ence both as teachers of symbohec logic 1n the classroom and as
writers on important problems in the field Their experience 18
adequate guarantee that the book will prove useful and stimu-
lating to many readers

The book 18 suited to two classes of readers  On the one hend
1t offers, especially in Chapters I to V, an introduction to symbolic
logic for elementary students. It here presents the material 1o a
form available for classroom use as well as for private study,
and 1t orients the reader by furmishing a discussion of the con
nection between symbolic logic end traditional non-symbohe
logiec  On the other hand, 1t contains sections that develop
original material or bring together important materal by other
authors which has not previously been assembled and has not
asppeared except 1n technical articles These sections concern
the specialist, but as they raise problems of general and often
controversial nature, they will also appeal to many others who

have philosophical interests A complete st of the topics of
[ 1x
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these sections 18 not needed here and can easily be derived from
table of contents and index But 1t should be noted that the
distinction between the logic of intensions and the logic of
extensions, presented earlier by Professor Lewis in his Survey,
is carried out with new force and 1s made basic to the discussion of
the entire volume The conception of consistency between
propositions, which, 1t 18 contended, 18 1ncapable of definition 1n
terms of material impheation, 18 thus brought into harmony with
the current mathematical conception A new operation, con-
verse substitution, 18 presented that makes possible the proof of
existence propositions The matrix method 1s developed further
than ever before and 1s employed to defend the 1dea of plurahty of
logical truth, that 1s, 1t 18 so handled as to free the question of
mathematical validity from ordinary logical intwitions and thus
supports the supposition of a vanety of non-Anstotelian logics
akin to the vanety of non-Euchdean geometries The 1ssues here
raised and argued lead on to problems concermng the nature of
logic and truth and other fundamental philosophical 1deas

The present volume 1s therefore fitted to introduce the
elementary student to the field of symbolic logic and to interest
the specielist And 1ts beanngs on broader problems of logic
make 1t a challenge to serious students of philosophy

STERLING P LAMPRECHT,

General Edilor
AMHERST COLLEGE
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CHAPTER 1
INTRODUCTION

The study with which we are concerned 1n this book has not
yet acquired any single and well-understood name It 18 called
‘mathematical logic’ as often as ‘symbolic logic,’ and the desig-
nations ‘exact logie,’ ‘formal logic,” and ‘logistic’ are also used.
None of these is completely satisfactory, all of them attempt to
convey a certain difference of this subjeet from the logic which
comes down to us from Arnstotle and was given 1ts traditional
form by the medieval scholastics This difference, however, is
not one of intent so far as 1t exasts, 1t 1s aceidental or 15 due to the
relative incompleteness and 1mexactness of the Aristotelian logic
The use of symbols has characterized logic from the beginming—
for example, in the use of letters to represent the terms of the
syllogism Symbolic logic merely extends this use 1n ways which
are required by, or conducive to, clanty and precision Thus
the subject matter of symbolic logie 18 merely logic—the principles
which govern the validity of inference

It 18 true, however, that the extended use of symbolic pro-
cedures opens up so much which 1s both new and important that
symbolic logic becomes an 1mmenscly deeper and wder study
than the logic of traditton  New 1mplications of accepted logical
principles come to light, subtle ambiguities and errors which
have previously passed unnoticed are now detected and removed,
new generalizations can be made which would be impossible of
clear statement without a compact and precise symbolism the
subject of logic becomes broader in 1its scope, and enters into
new relationships with other exact sciences, such as mathematies,

That such changes should come about as a result of a more
auspicious mode of representation, will not be surprising if we
consider a hitle the parallel case of mathematics Anthmete,
at first, lacked any more appropriate medium than that of
ordinary language Ancient Greek mathematicians had no sym-
bol for zero, and used letters of the alphabet for other numbers

- 3
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As a result, 1t was impossible to state any general rule for division
—to give only one example Operations which any fourth-grade
child can accomplsh in the modern notation, taxed the finest
mathematical minds of the Age of Pericles Had 1t not been for
the adoption of the new and more versatile ideographic symbols,
many branches of mathematics could never have been developed,
because no human mind could grasp the essence of their opera-
tions 1n terms of the phonograms of ordinary language

Thus while the subject-matter which symbolic logic studies
18 merely that of logic 1n any form, 1t does not follow that there
will be no 1mportant results of 1t which are not possible in the
older terms Qute the contrary As a result of improved
methods of notation, we find ourselves 1n a hively period of new
discoveries an old subject, which has been comparatively stag-
nant for centuries, has taken on new hfe We stand to-day, with
respect to logie, where the age of Leibnitz and Newton stood with
respect to what can be accomplished in terms of number, or
where Riemann and Lobatchevsky stood with respect to geom-
etry A wealth of new facts dawn upon us, the significance of
which we are only beginning to explore The manner 1n which
the forms and prineciples charactenzing inference admt of exten-
slon and generahzation, and the connection between such general
principles and the more special procedures of other exact sciences
—these are matters concerning which the last four decades have
produced more light than any preceding four centuries since
Anstotle It 18 probable that the near future will see further
regults of equal or greater importance

As might be expected, 1t 18 difficult to mark any historical
beginming of the distinctively symbolic method 1n logic. It 18 of
the essence of the subject that its laws hold for all terms—or all
propositions, or all syllogisms, or all conditional arguments, and
so on Thus 1t 18 natural that, in the expression of its laws,
some indifferent terms or ‘varables’ should be used to designate
those elements of any piece of reasoning which are irrelevant to
the vahdity of it Even the traditional logic, recognizing that
only the form of the syllogism (1ts mood and figure) need be
considered 1n determining its vahdity, most frequently used
letters—A, B, C, or 8, M, and P—for the terms of the proposi-
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tions composing the syllogistic argument Frequently, also, 1t
was recogmized that, in & hypothetical argument, validity did
not depend upon the particularity or content of the statements
connected by the ‘if-then’ relation. This recogmtion was ex-
hibited by throwing the argument into such form as,

If A, then B
But A is true
Hence B 1s true.

Here symbols are used for propositions, which 15 a step beyond
the use of them for substantive terms

However, the advences which the symbolic procedure makes
upon traditional methods hardly begin to appear until symbols
are used not only for terms, or for propositions, but for the
relations between them Here and there, through the history of
logic in the middle ages, one finds such symbols for the logical
relations, used as a land of shorthand But 1t 18 not until the
time of Leibmitz that this use of symbolism begins to be studied
with & view to the correction and extension of traditional logie.

Leibnitz may be said to be the first serious student of symbolic
logic, though he recogmzed the Ars Magna of Raymond Lull
and certain other studies as preceding him in the field Leibnitz
projected an extended and Utopian scheme for the reform of all
science by the use of two instruments, a umversal scientific
language (characleristica unwersalis) and a calculus of reasoning
(calculus ratiocinator) for the mampulation of it  The universal
language was to achieve two ends, first, by being common to all
workers 1n the sciences, 1t was to break down the barners of alien
speech, achieving commumty of thought and accelerating the
circulation of new scientific 1deas  Second, and more i1mportant,
it was to facilitate the process of logical analysis and synthess
by the subatitution of compact and appropnate 1deograms for
the phonograms of ordinary language

In part, this second point of Leibnitz’s scheme was thoroughly
sound* the superonty of ideograms to phonograms in mathe-
matics is an example, and science since Leibmtz’s time has made
continuously increasing use of 1deograms devised for its particular
purpoges  But 1n part his program was based upon more dubious
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conceptions He believed that all scientific concepts were capable
of analysis into a relatively few, so that with a small number of
onginal or undefined 1deas, all the concepts that figure 1n science
could be defined The manner of such defimtion would, then,
exhibit the component simple 1deas used 1n framing a complex
notion, somewhat as the algebraic symbolization of a product
mey exhibit 1ts factors, or the formula of a chemical substance
will exlubit 1ts component elements and their relation  Finally,
he conceived that the reasoning of science could then be carried
out sumply by that analysis and synthesis of concepts to which
such 1deographiec symbolisme would supply the clue

To cnticize and evaluate these conceptions of Leibnitz would
be & complicated business which 15 impossible here  Briefly, we
may note that the kind of development which he here envisages for
gclence in general coincides to a remarkable extent with the
logistre analysis now achieved in mathematics and beginming to
be made in other exact sciences On the other hand, the notion
that such development 15 the major business of science reflects
that exaggeration of the réle of deduction, as against induction,
which 18 characteristic of Leibnitz’s rationalistic point of view
And the conception that the prnimitive or simple concepts which
would be disclosed by a just analysis of scientific 1deas are
uniquely determinable 18 not supported by developments since
his time Instead, we find that a plurality of possible analyses,
and of primitive concepts, 15 the rule

Leibnitz himself 13 more important for his prophetic 1nsight,
and for lus stimulation of interest 1n the possibilities of logistic,
than for any positive contribution  Though the projects above
referred to were formulated before he was twenty years old,! and
though he made innumerable studies loolung toward the further-
ance of them, the results are, without exception, fragmentary
The reformation of all science was, as he well understood, an
affair which no man could accomplish single-handed. Through-

! They constitute the subject of his first published work, the intent of
which 18 set forth on the title page as follows ‘‘Dissertatio de Arte Combina-
tona, In qua ex Anthmetice fundamentis Comphcationum ac Transpositionum
Doctnna novia preceptis exstritur, & usus ambarum per universum scienti-

arum orbem ostenditur, nova etiam Artis Meditandi, seu Logice Inventioms
femina sparguntur ” This book was published 1n Leipzig, 1n 1656
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out s bife he besought the cooperation of learned societies to
this end, but of course without success

The calculus ratiocinator was a more restricted project. If
this had been accomphshed, 1t would have coincided with what
we now know as symbolic logic That 15, it would have been
an organon of reasoming in general, developed in ideographic
symbols and enabling the logical operations to be performed
according to precise rules Here Leibmtz achieved some degree
of success, and 1t would be interesting to examine some of his
results if space permitted He did not, however, lay a foundation
which could be later built upon, because he was never able to
free himself from certain traditional prepossessions or to resolve
the dufficulties which arose from them ?

Other scholars on the Continent were stimulated by these
studies of Leibmtz to attempt a calculus of logic The best of
such attempts are those of Lambert and Holland? But all of
them are inferior to Leibnitz’s own work

The foundations from which symbolic logic has had eontinu-
ous development were laid 1n Great Britain between 1825 and
1850 The signally important contnbution was that of the
mathematician George Boole, but this was preceded by, and 1n
part resulted from, a renewed interest 1n logic the main mstigators
of which were Sir Willlam Hamulton and Augustus De Morgan
Hamlton’s “ quantification of the predicate’ 18 famhar to wost
students of logie  ““All A 158 B’ may mean “All A 1s all B"” or
““All A 1s some B"” The other traditional forms of propositions
may be sumilarly dealt with so as to render the ‘quantity’ of the
predicate term unambiguous The 1dea 18 a simple one, and
really of Little importance for exact logic no use has been made
of 1t 1n recent studies It was not even new Leibmtz, Holland,
and others had previously quantified the predicate But often
the historical importance of an 1dea depends less upon 1ts intrinsie
ment than upon the stimulus exercised upon other minds, and
this 18 & case 1n point  The sole sigmificance of quantification of

1 For example, the conception that every umiversal proposition 1mphes the
corresponding particular, and the conception that the relations of terms
extension are always 1nversely parallel to their relations in mntension

' See Bibliography at the end of the chapter
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the predicate for exact logic 1s that 1t suggests a manner 1n which
propositions can be treated as equations of terms, and the mere
representation of propositions as equations keeps the thought of
an analogy between logic and mathematics before the mind
This single fact, together with Hamlton’s confident assumption
that now at last logic was entering upon a new period of develop-
ment, seems to have been a considerable factor 1n the renewal of
logical studies 1n Great Britain

Augustus De Morgan brought to the subject of logic 2 more
versatile mind than Hamilton’s, and ope trained 1n mathematics
He, too, quantified the predicate, and he gives an elaborate
table of the thirty-two different forms of propositions which then
anse, with rules of transformation and statement of equivalents
His contributions are, 1n fact, hiterally too numerous to mention
one can only select the most important for brief notice  One of
the most prophetic 1s his observation that the traditional restric-
tion to propositions 1n which the terms are related by some form
of the verb ‘to be,’ 18 artificial and 1s not dictated by any logical
consideration He wrote, “The copula performs certain func-
tions, it 18 competent to those functions because 1t has
certain properties which vahdate its use Every transitive
and convertible relation 18 as fit to validate the syllogism as the
copula ‘25, and by the same proof 1n every case Some forms
are valid when the relation is only transitive and not convertible,
asin ‘give’ Thus if X — Y represent X and Y connected by a
transitive copula, Caemestres 1n the second figure 1s valid, as 1n

‘Every Z— Y, No X — Y, therefore No X — Z "' ¢

He also investigated many other non-traditional modes of in-
ference, suggested new classifications, and indicated novel prin-
ciples which govern these In so doing, he provided the first
clear demonstration that logical vahdity is not confined to the
traditional modes and traditionsl principles

De Morgan also made numerous and extended studies of the
hutherto neglected logic of relations and relative terms These
investigations dropped from sight 1n the next twenty-five years—
that 1s, until they were renewed by Charles S Peirce But as

¢ Transactions of the Cambridge Philosophical Society, X, 177
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we now know, this study of relations in general 1s that extension
of logiec which is most important for the analysis of mathematics.
De Morgan wes first 1n this field, and he correctly judged the
significance of it In the concluding paper of one series of
studies, he remarks.

““And here the general 1dea of relation emerges, and for the first
time 1n the history of knowledge, the notion of relation and relaiton
of relation are symbolized. And here again is seen the scale of gradu-
ation of forms, the manner in which what is difference of form at one
step of the ascent 18 difference of matter at the next But the relation
of elgebra to the higher developments of logic is a subject of far too
great extent to be treated here It will hereafter be acknowledged
that, though the geometer did not think it necessary to throw his ever-
recurring principium el ezemplum into 1mitation of Omnis homo est
amamal, Sortes est hamo, etc., yet the algebraist was hving 1o the higher
atmosphere of syllogism, the unceasing composition of relation, before
1t was admitted that such an atmosphere existed ”’ ®

To-day we can observe how accurately this trenchant proph-
ecy has been fulfilled

George Boole was really the second founder of symbohe logic
His algebra, first presented 1n 1847, 18 the basis of the whole
development since Intrinsically it may be of no greater im-
portance than the work of De Morgan, and Leibnitz's studies
exhibit at least an equal grasp of the logical problems to be met
But 1t 18 here for the first time that a complete and workable
calculus 15 achieved, and that operations of the mathematical
type are systematically and successfully appled to logic

Three fundamental ideas govern the structure of Boole’s
system (1) the conception of the operation of *'election” and of
‘“elective symbols”, (2) the laws of thought’”’ expressible ns
rules of operation upon these symbols, and (3) the observation
that these rules of operation are the same which would hold in
an algebra of the numbers 0 and 1

The elective symbol z represents the result of electing all the
z's 1n the umverse that 1s, , ¥, 2, etc, are symbols for classes,
conceived as resulting from an operation of selection

This operation of electing can be treated as analogous to
slgebraic multiplication If we first select (from the world of

“Loc o, p 358,
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existing things) the z's, and then from the result of that select
the y's, the result of these two operations in succession, repre-
sented by z xy, or z y, will be the class of things which are both
z’s and y's

It 18 obvious that the order of operations of election does not
affect the result whether we first select the z’s and then from
the result of that select the »'s, or first select the y’s and from the
result of that select the z’s, 1n either case we have the class
‘both z and y’ That 15, ‘both z and ¥’ 15 the same as 'both y
and z’

TYy=yY=zc

The law that if z = y, then zz = zy, will also hold if z and y
are 1dentical classes, or consist of the same members, then
‘both z and z’ will be the same class as ‘both z and y '

Repetition of the same operation of election does not alter
the result selecting the z's and then from the result of that
selecting again all the z’s merely gives the class of 2’8  Thus

T = I, or =z

This 18 the one fundamental law peculiar to this algebra, which
distinguishes 1t from the usual numercal algebra

Boole uses the symbol + as the sign of the operation of
aggregation, expressible in language by ‘ Either . or "
The class of things which are either z's or y's (but not both) 1s
represented by z +y  This operafion 15 commutative

IT+y =y+z
The class of things which are either z or y coincades wmith the
class which are either y or z

The operation of election, or ‘multiplhication,’ 15 associative
with respect to aggregation, or ‘addition’:

Z(x+y) =zzT+zy

That 18, if we select from the class z those things which are either
z or y, the result 18 the same as 1f we select what 1s ‘either both z
and z or both zand y’

The operation of ‘exception’ 18 represented by the sign of
subtraction if z 18 ‘men’ and y is ‘Asiatics,” z — y will be ‘all
men except Asiatics’ or ‘all men not Asiatics’
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Multipheation 1s associative with respect to subtraction: that
18,
2z—y) =zz—2y
‘White (men not Asiatics)’ are the class ‘ white men except white
Asiatics’
Boole aecepts the general algebraic principle that

—y+z =1z —y,
regarding 1t as a convention that these two are to be equivalent
10 meanng
The number 1 15 taken to represent ‘the universe’ or ‘every-

thing,” and O to represent ‘nothing,’ or the class which has no
members These interpretations accord with the behavior of 0
and 1 1n the algebra

lz=1z
Selecting the z’s from the universe gives the class z

0z=0

Selecting the z’s from the class ‘nothing’ gives ‘nothing ’

The negative of any class z 18 expressible as 1 — z, the 'not-
z's" are 'everything except the z’s’ Thus what 1s ‘z but not 3’
18 (1 —y) And the law holds that

z(l—y) =z-1—zy=z—zy

What 18 ‘z but not y’ coincides with the class ‘z excepting what
1s both z and 3y’
The aggregate or sum of any class and 1ts negative 18 ‘every-
thing’.
z+(l—z)=z+1l—z=1
Everything is either ¢ or not-z  The product of a class and 1ts
negative 18 ‘nothing’

zl—z)=z—-2t=z—z=0
Notlung 18 both z and not-z This equation holds because of
the previous law, z? = z

An important consequence of the law, z+ (1 —2) =1, 15
that, for any class 2,

e=z1=zz+(1—2) =zz+2(1 - z).
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That 18, the class z coincides with ‘exther both z and z or both
2 and not-z’ This law allows any class-symbol z to be intro-
duced 1nto any expression which does not originally contain 1t—
s procedure of great importance in mampulating this algebra,
and one which accords with a fundemental logical fact

It will be evident from the foregoing that et least a consider-
able number of the operations of ordinary algebra will be vahd
1n this system The results will be logically interpretable and
logically vahd Leibmtz and his Continental successors had all
of them trned to make use of the mathematical operations of
pddition and subtraction, and most of them had tried to use
multiphication and division Always they ran into insuperable
difficulties—though they did not always recogmize that fact
Boole’s better success rests upon four features of lus procedure
(1) he thinks of logical relations 1n extension exclusively, paying
no regard to relations of mtension, (2) he restncts ‘sums,’ z +y,
to the adjunction of classes having no members wn common, (3) 1n
thelawz r = z, he findg, at one and the same time, the distinetive
pnnciple of his algebra and the representation of a fundamental
law of logic, (4) 1n lutting on the analogy of 1 to ‘everything’
and 0 to ‘nothing,’ he 15 able to express such basic logieal prin-
ciples as the laws of Contradiction and of the Excluded Middle
Term 1n terms of the algebra

The second of these features was later ehminated from his
system—to 1ts advantage—but for the time being 1t contnbuted
to his success by avoiding certain difficulties which otherwise
anse with respect to addition These difficulties had been the
principal reason for the farlure of previous attempts at a mathe-
matical calculus of logic In good part, Boole’s better success 1s
due to supenior ingenwity rather than greater logical acumen
This ingenwity 18 particularly evident in his meeting of certain
difficulties which have, perhaps, already occurred to the reader,

(1) What will be the meaning of an expression such as 1 + z?
Recogmang that terms of a sum must represent classes having
no members in common, and that no class z can be related n
that manper to the class ‘everythung’' except the class 0, we
might say that 1 +z has no meaning unless £ = 0  But 1n the
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manipulation of equations, expressions of this form can oceur
where z = 0 is false

(2) What about z +x? Since the terms of this sum violate
the requirement that they have no common members, such an
expression will not be logically interpretable But expressions
of this form are bound to occur in the algebra How are they
to be dealt wmith?

(3) If the operations of ordinary algebra are to be used, then
division will eppear, as the inverse of multiphcation But if
zy = z,and hence z = zfy, can the ‘fraction’ z/y be interpreted,
and is the operation logically vahd?

Boole surmounts these difficulties, and many others which
are sumilar, by clever devices which depend upon recogmzing
that his system 15 completely interpretable as an algebra 1n which
the “elective symbols’’ are restricted to the numbers 0 and 1
The distinctive law of the system 18 zz = z This holds of 0
and 1, and of no other numbers Suppose, then, we forget about
the logical interpretation of the system, and treat i1t sumply as a
pumerical algebra 1n which the vanables, or literal symbols, are
restricted to 0 or 1  All the ordnary laws and operations of
algebra may then be allowed As Boole says,

‘ But a8 the formal processes of reasoning depend only upon the
laws of the symbols, and not upon the nature of their interpretation, we
are permitted to treat the above symbols z, y, 2, as if they were quan-
titative symbols of the kind deseribed 'We may 1n fact lay aside the
logical interpretation of the symbols 1n the given equation, convert
them 1nto quantitative symbols, susceptible only of the values 0 and
1, perform upon them as such all the requisite processes of solution,
end finally restore them to their logical interpretation

““Now the above system of processes would conduet us to no intel-
Ligible result, unless the final equations resulting therefrom were 1n a
form which should render their interpretation, after restoring to the
symbols their logical mgmficance, possible. There emsts, however,
& general method of reducing equations to such a form.” ®

With the devices which make up this general method we need
not trouble ourselves, It 1s, as a matter of fact, always possible
to secure a finally interpretable result, even though the inter-
mediate stages of mampulation involve expressions which are

Y Lawa of Thought, pp 69-70.
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not interpretable, and such results are always in accord with the
logical significance of the omginal data, representing a vahd
inference It 1s not, of course, satisfactory that a logical caleulus
should 1nvolve expressions and operations which are not logieally
mterpretable, and all such features of Boole's Algebra were
eventuelly eliminated by his successors But even 1n 1ts onginal
form, 1t 18 an entirely workable calculus

The main steps of the transition from Boole’s own system to
the current form of Boolean Algebra may be bniefly summarized

W S Jevons did not make use of the algebraic methods, but
formulated a procedure for solving logical problems by manipula-
tions of the “‘logical alphabet,” which represents what we shall
later come to know as ‘'the expansion of 1’, that 1s, all possible
combinations of the terms 1nvolved in any problem Since thig
method of Jevons’s, though entirely workable and valid, 18 less
simple than the algebraic, and 15 no longer 1n use, our chief
interest 1s 1n two differences of Jevons from Boole which were
adopted later as modifications of Boole's algebra

Jevons interprets ¢ + b to mean ‘either ¢ or b or both °  Logic-
ally 1t 18 merely a matter of convention whether we choose to
symbolize by a +b Boole’s meaning of ‘either-or’ as mutually
exclusive, or this non-exclusive meaning of Jevons But adoption
of the wider, non-exclusive meaning has three 1mportant con-
sequences which are advantageous 1t removes any difficulty
about expressions of the form a + g, 1t leads to the lawa +a = g,
and 1t mtroduces the possibility of a very interesting symmetry
between the relation of logical product, a b, and the logical sum,
a+b As we have seen, Boole's interpretation of the relation +
has the consequence that a + a 18 logically umnterpretable.  When
such expressions occur 1n his system, they are treated by ordinary
algebraic laws, which means that @ + & = 2a, and such numeneal
coefficients must be got nd of by devices If the other meamng
be chosen, e + ¢ has meaming, and ¢ +¢ = a states an obvious
pnneiple With this prineiple 1n the system, numencal coeffi-
cients do not occur Thus the two laws, ea = gand a+a = g,
together result 1n the ehmination of all notion of number or
quantity from the algebra  Also, when a + b means ‘either a or
b or both,’ the negative of a b, ‘both @ and b, is ‘erther not-a
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or not-b,’ (1 — a)+ (1 — b), or as it would be wrtten in the
current notation, =a + =b, This law had already been stated by
De Morgan, and, as we shall see, is a very important principle
of the revised Boolean algebra

John Venn and Charles S Peirce both followed the practice
of Jevons 1n this matter, and no important contributor since that
time has returned to Boole’s narrower meaning of a + b, or failed
to recognize the lawa+a = a

Also, Boole’s system was modified by eliminating the opera-
tions of subtraction and division Peirce included these in
certain of his early papers, but distinguished a relation of “‘logical
subtraction” and ‘‘logical division” from ‘arnthmetical sub-
traction’ and ‘arithmetical division’’ (within a Boolean system)
Later he discarded these operations altogether, and they have
not been made use of since  As Peirce points out, a/b 18 uninter-
pretable unless the class b 1s contained 1n the class ¢ Even
when this 18 the case, a/b 15 an ambiguous function of a and b,
which can have any value between the ‘himits’ a band a + (1 — b),
ora+~b When a+b s given the wider meaning ‘erither a or b
or both,” @ — b, defined as the value of z such that ¢ = b+ 1z, 18
also an ambiguous function Nothing 1s lost 1n the discarding
of these two operations anything expressible by means of them
can hikewise be expressed—and better expressed—in terms of the
relations of logical product and logical sum alone The only
remaining use of either 1s in the function ‘negative of’ The
negative of e, which Boole expressed by 1 — @, 18 now written
—a, and 1t does not behave, 1n the algebra, hke a minus quantity.

Peirce added a new relation, the inclusion of one class 1n
another, “All a 15 b,” now symbolized by acbh This 15 not &
mathematical alteration of the algebra, since the same relation
18 expressible 1n Boole’s terms as ¢(1 — b) = 0 But 1t 18 an
obvious advantage that this simplest and most frequent of logical
relations should be sumply represented

These changes, then, mark the development from Boole’s
own gystem to the algebra of logic a8 we now know 1t, (1) sub-
stitution of the meaning ‘either a or b or both’ for ‘either @ or b
but not both’ as the relation symbolized by a +b, (2) addition
of the law, a + a = ¢, ellminating numerical coefficients, (3) as
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a result of the two preceding, the systematic connection of sums
and products, according to De Morgan’s Theorem, (4) ehmina-
tion of the operations of subtraction and division, (5) addition
of Peirce’s relation, a cb  The changes (1), (2), and (4) together
result 1n the disappearance from the algebra of all expressions
and operations which are not logically interpretable Other and
less fundamental changes, consisting mostly of further develop-
ments which do not affect the mathematical character of the
system, had also been introduced, principally by Peirce and
Schroder The resulting system, given 1its defimtive form by
Schroder, 1n 1890, 18 the subject of the next chapter

The next stage 1n the development of the subject 1s the bring-
1ng together of symbolic logic and the methodology of rigorous
deduction, as exhibited 1n pure mathematics This turns prin-
cipally upon development of the logic of propositions and
propositional functions, and the logic of relations Two Lnes
of research, more or less independent, lead up to this Starting
from beginnings made by Boole himself, Peirce and Schroder
developed the logic of propositions, propositional functions, and
relations, up to the point where these approximate to a caleulus
which 18 adequate to the actual deductive procedures exemplhified
by mathematics Peano and his collaborators, 1n the Formulawre
de mathémaliques, began at the other end They took mathe-
maties 1n 1ts8 ordinary deductive form and rigorously analyzed
the processes of proof which they found 1n such deductions By
symbolizing the logical relations upon which proof depends, they
gave mathematics the ‘logistic’ form, 1n which the prineciples of
logic actually become the vehicles of the demonstration  These
general logical principles, set forth in the earlier sections of the
Formulazire, comncide, to a degree, with the logical formule result-
1ng from the work of Peirce and Schroder, but 1t was found
necessary to make certain important additions  (Frege also had
developed anthmetic in the logistic form, at an earher date, and
had made most penetrating analyses of the logic of mathematics
But Frege’s work passed unnotaced until 1901, when attention
was called to 1t by Mr Bertrand Russell )

Boole had indicated a second interpretation of hs slgebra
In this second interpretation, any term o 15 taken to represent
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the times when (or cases 1n which) the proposition a 18 true
The negative 1 — a or —g, will then represent the times, or cases,
when the proposition a 18 false, a xb, or ¢ b, will represent the
cases 1n which ¢ and b are both true, and a + b, the cases In which
one of the two, ¢ and b, 18 true The entire algebra will then
hold for the logical relations of propositions This will be true
whether we take the system 1n 1ts original form, or as modified
by Schroder, with the sole fundamental difference that, 1n the
former case, a + b must be interpreted as the times when a or b
but not both are true, whereas 1n the latter case 1t represents the
times when a or b or both are true

However, we should recognize to-day that a statement which
18 sometimes true and sometimes false 18 not a proposition but a
‘propositional function’ Thus the interpretation of the algebra
made by Boole 18 1n reahty for propositional functions rather
than propositions, or more accurately, Boole makes both applica-
tions, not distinguishing them, but providing a discussion which
strictly applies only to functions Peirce and Schroder distin-
guished these two The entire algebra apphes to both. But 1t
18 a distinguishing feature of a proposition, as against a propo-
sitional function, that 1f it 18 ever true, 1t 18 always true, and if
1t 18 ever false, then 1t 15 always false  In other words, a proposi-
tion 1s either defimtely true or defimtely false, while a propo-
sitional function mey be sometimes true and sometimes false
Since 1n the algebra, a = 1 will mean ‘““The class of cases 1n
which a 15 true 1s all cases” and ¢ = 0 will mean ‘¢ is true in 7o
case,”” a = 1 represents “‘a 15 true,” and e = O represents ‘‘a is
false ”” Thus when the distinetion 18 made between propositions
and propositionsl functions, the whole of the algebra holds of
both, but there is an additional law holding of propositions, but
not of propositional functions “If ¢ # 0, thena = 1"

Peirce and Schroder made the distinction 1n question  They
developed the calculus of propositions, incorporating this addi-
tional principle And they developed the calculus of proposi-
tional functions, incorporating the 1dess “a 18 sometimes true,”
‘““@ is always true,” '‘a 18 sometimes felse,” and ‘“a 18 always
false” The result of symbolizing these conceptions, and de-
veloping the laws which hold of them, is a considerable expansion
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of the calculus of propositional functions beyond what can be
symbolized in terms of the Boolean algebra These matters are
to be discussed in Chapters IV and V  Though the calculuses
there given are not precisely those of Peirce and Schroder, and
though the method is not quite the same, these differences are
not fundamental We shall, therefore, omit further discussion
of the subject here. What 1s 1mportant for understanding the
develcpment of symbolic logic 18 to remember that substantially
puch caleuluses as are given in Chapters IV and V were at hand
1in the period when Peano and his collaborators began their
work

The aim of the Formulawre de mathématiques 18 stated 1n the
opemng sentence of the Preface ‘‘Le Formulaire de Mathé-
matiques & pour but de publier les propositions connues sur
plusiers sujets des sciences mathématiques Ces propositions
sont exprimées en formules par les notation de la Logique
mathématique, explhquées dans 'Introduction au Formulaire ”

The authors had before them, on the one hand, mathematics
1n the ordinary but non-logistic deductive form, It was by this
time (1895) generally recognized as the ideal of mathematical
form that each branch of the subject should be derived from a
small number of assumptions, by a rigorous deduction It was
also recognized that pure mathematics 15 abstract, that 1s, that
1ts development is 1ndependent of the nature of any concrete
empirical things to which 1t may apply If, for example,
Euclidean geometry 1s true of our space, and Riemanman geom-
etry 18 false of space, this fact of matenal truth or falsity 18
irrelevant to the mathematical development of Euchd’s system
or of Riemann’s As i1t became customary to say, the only truth
with which pure mathematics 18 concerned 18 the truth that
certain postulates imply certain theorems The emphasis which
this conception throws upon the logic of mathematics, 18 obvious
the logic of 1t 15 the ¢ruth of 1t, no other kind of truth is claimed
for pure mathematics

On the other hand, Peano and his collaborators had before
them the developed logic of Peirce and Schroder, which had now
become a sufficiently flexable and extended system to be capable
(almost) of representing all those relations which hold amongst
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the assumed entities of mathematical systems, by virtue of which
postulates deductively give nse to theorems. It becomes, there-
fore, an obvious step to use the notations of symbolic logic for
representing those relations, and those steps of reasoning, which,
in the usual deductive but non-logistic form, are expressed in
ordinary language

Let us take s sample of mathematics as exhibited 1n the
Formulaire” For the development of anthmetic, the following
undefined 1deas are assumed

‘“No signifies ‘number,’ and 18 the common name of 0, 1, 2, etc

‘0 signifies ‘zero’

“+ mgnifies ‘plus’ If o 18 & number, a4+ sigmfies ‘the
number succeeding ¢ '’

In terms of these 1deas, the following postulates are assumed:

“1-0 NoeCls

“1-1 0eNo

“12 aeNo.>.a+ ¢ No

“13 5eCls.0€es.2,.a+€es:50.Noes
“1-4 a,beNo.a+ =b+:2.a=10
“15 aeNo.d>2.a+-=0"

Let us translate these into English, thus giving the meaning of
the symbolism.

1-0 Nois a class, or ‘number’ 18 a common name

1-1 018 a number

1 2 If a 18 a number, then the successor of a 18 & number;
that 15, every number has & next successor

13 If s1s a class, and 0 18 & member of s, and 1if, for all
values of a, “‘a 18 an s’ implies ‘‘The successor of g 1s an s,”
then ‘number’ belongs to the class 3 In other words, every
class ¢ which 18 such that 0 belongs to 1t, and that if ¢ belongs to
it, the successor of e belongs to 1t, 18 such that every number
belongs to 1t

1-4 If g and b are numbers, and the successor of a 15 1dentical
with the successor of b, then a 1s 1dentical with b That 1s, no
two distinet numbers have the same successor

7See V, 27-32 The successive volumes of this work do not represent a
continuous development but are, to an extent, different redactions or editions.
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1 5 If g 18 8 number, then the successor of a 18 not identical
with 0

The idens of ‘zero,’ 0, and ‘successor of ¢,” a{, being assumed,
the other numbers are defined 1n the obvious way: 1 = 0+,
2 =14, ete

Further 1deas which are necessary to anthmetic are defined
g8 they are introduced Sometimes such defimitions take a form
1n which they are distinguished from postulates only by conven-
tion For cxample, the sum of two numbers, represented by
the relation + (which must be distingmshed from the idea
‘““successor of ¢,” a+) 18 defined by the two assumptions

eaeNo.d>.a+0=a
a,beNo.>2.a+ (b+) = (a + b))+

These are read (1) If ¢ 18 2 number, then e +0=a (2) If
a and b are numbers, then a plus the successor of b, 1s the suc-
cessor of (a plus b)

The product of two numbers is defined by

g, beNo.2.aX0=0
aX®+1) =(@Xb)+a

It will be fairly obvious how, from these assumptions, the laws
goverming the sums and products of numbers 1n general may be
deduced

With the detail of this first development of mathematics in
the logistic form we cannot deal here But several important
facts which stand out may be noted Furst, 1n translating the
logical relations and operations actuslly exhibited 1n mathe-
matical deductions from ordinary language to precise symbols,
the authors of the Formulaire were obliged to note logical rela-
tions and to make distinctions which had previously passed
unnoticed. One example of this oceurs in the above they had
to distingmsh the relation of & member of a class to the class
itself (symbolized by ¢) from the relation of a subclass to the
class including 1t—the relation of o to b when alla18b. Another
example 18 the fact that they had very frequently to make use
of the 1dea of a singular subject, ‘the so-and-so,’ distingumshing
statements about such a subject from those about ‘some so-and-
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go’ or about ‘every so-and-so’ The greater precision of the
logistic method revealed the necessity for such distinctions, and
for such additions to logical prineiples, through the fact that, 1n
the absence of them, fallacious mathematical consequences would
follow from perfectly good assumptions, or vahd mathematical
consequences, which should be capable of being proved, could
not actually be deduced Thus, starting with the aim to take
mathematics as already developed, and to express the logical
relations and operations of proof 1n an exact and terse symbolism,
the authors found that they must first expand logic beyond any
previously developed form  The head and front of mathematical
logic 18 found 1 the caleulus of propositional functions, as de-
veloped by Peirce and Schroder, but even this logic 18 not
completely adequate to the task in hand

A second result which stands out in the Formulaire is one
which was already impheit 1n the recognition of pure mathe-
matics as abstract and independent of any concrete subject-
matter to which 1t may apply One of two things must be true
of mathematics ether (1) 1t wall be 1mpossible to express the
logic of it completely in terms of principles which are umiversally
true—Ilaws of logic which are true of every subject-matter, and
not simply of deductions 1n geometry or in anthmetic—or (2)
mathematics must consist of purely analytic statements. If the
essential truth asserted by mathematics 18 that certain assump-
tions 1mply certain theorems, and if every such implication 1n
mathematics 18 an 1nstance of some umversally vahd prnnciple
of deduction (principle of logic), then there can be no step mn a
proof 1n mathematics which depends, for example, upon the
particular character of our space, or the empirical properties of
countable collections That 1s to say, Kant's famous dictum
that mathematical judgments are synthetic a priors truths, must
be false. Such mathematical truths will be a prior:, since they
can be certified by logic ulone  But they will be @ prior: precisely
because they are not synthetic, but are merely 1nstances of general
logical principles

As hag been saxd, this 18 1implicit 1n the previously recognized
1deal of mathematics as at once deductive and sbstract, for

example, 1n the recognition that non-Euchdean geometry has
2
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the same mathematical validity as Euchd The importance of
the logistic development, 1n this connection, 1s that the possibility
of achieving the logistic form depends upon the elimination
from mathematics of any deductive step which 1s not sumply an
instance of some umversal logical principle, and that symbolic
represantation 18 a very rehable check upon this purely analytic
character of the demonstration Thus the actual achievement
of the logistic form 1s & concrete demonstration that 1t s a priore
and that 1t 18 not, 1n any least detail, synthetzc  Since this result
18 of immense 1mportance for our understanding of mathematics,
it constitutes one sigmficant consequence of modern logistic

This bearng of theirr work is one with which the authors of
the Formulaire are not explcitly concerned It had, however,
been noted by Frege as a central point of his logistic development
of arithmetic, and 1t was again recognized by the authors of
Principra Mathematica as an essential bearing of their work

The Principic may, 1n good part, be taken as 1dentical 1n 1ts
aim with the Formulaire So far as this 1s the case, the difference
between the two works 18 much as might be expected between a
first attempt at the reahzation of certain aims and a later work
having the advantage of the earher results Peano had taken
mathematics as he found 1t and translated i1t completely into
precise symbols, and in so doing achieved a degree of expheit
analysis and explcit formulation of principles which was not
attained 1n the non-logistic form The Principic goes further
in the same direction. the analysis of mathematics 18 here more
extended and more meticulous, the logical connections are more
firmly made, the demonstrations achieve rigor 1n a higher degree

However, there 1s also a shift of emphasis The purpose 1s
no longer that of a compendious presentation of mathematics
1n the neatest form, 1t 1s, rather, the demonstration of the nature
of mathematics and 1ts relation to logic On this point, more-
over, the authors of the Principra found 1t posmble to go far
beyond Peano in the derivation of mathematical truth from
logical truth  In the Formulaire, as we have seen, the develop-
ment of anthmetic requires, in addition to the general principles
of logie, (1) the undefined ideas, ‘number,’ ‘zero,” and ‘the
successor of (any given number)’, (2) five postulates in terms of
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these, (3) definitions of amthmetical relations or operations,
guch as + and X, 1n a fashion which 18 hardly distinguishable
from additional postulates By contrast, in the Principia, the
development of anthmetic 18 achieved 1n a fashion such that.
(1) All 1deas of anthmetic are defined, the only undefined 1deas
in the whole work being those of logic itself ‘Number,” ‘zero,’
‘the successor of,’ the relations + and X, and all other 1deas of
arithmetic are defined in terms of the logical 1deas assumed,
such as ‘proposition,’ ‘negation,’ and ‘ether-or’ This achieve-
ment 18 so extraordinary that one hardly credits it without
examining the actual development in the Principia stself (2)
Postulates of arithmetic are elvmanated, There are some excep-
tions to this, but exceptions which affect only a certain class of
theorems concerning transfimite numbers These exceptions are
made explicit by stating the assumption made (there are two
such) as an hypothesis to the theorem 1n question With these
somewhat esoteric exceptions, the propositions of mathematics
are proved to be merely logical consequences of the truths of logic
uself When mathematical 1deas have been defined—defined in
terms of logical 1deas—the postulates previously thought neces-
sary for mathematics, such as Peano’s postulates for anthmetic,
which we have given, can all be deduced ®

Logic 1tself, in & form sufficient for all further demonstrations,
18 developed 1n the early sections And 1t 15 developed 1n the
same deductive fashion, from a small number of undefined 1deas
and e few postulates in terms of these Thus 1t 18 proved that
these primutive 1deas and postulates for logic are the only assump-
tions required for the whole of mathematics ®

It 18 difficult or impossible to convey briefly the sigmficance
of this achievement It will be increasingly appreciated, as
time goes on, that the publication of Principia Mathematice 18 a

® The steps by which all Peano’s five postulates are rendered unnecessary
18 clearly and interestingly explained 1n the first three chapters of Russell’s
Introduction to Mathematical Philosophy  This book 18 written without sym-
bals, and 18 wtelligible to any reader having an elementary knowledge of
mathematics

¥ Vanous fundamental :deas of geometry are developed 1n the later portion
of Volume III of the Principia, but Volume 1V, intended to complete that
subject, haa not appeared.
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landmark in the history of mathematiecs and of philosophy, if
not of human thought 1n general BSpeculation and plausible
theories of the nature and basis of mathematical knowledge have
been put forward time out of mind, and have been confronted
by opposed conceptions, equally plausible Here, 1n 2 manner
peculiarly final, the nature and basis of mathematical truth 1s
definitely determined, and demonstrated n eztenso It follows
logically from the truths of logic alone, and has whatever char-
acters belong to logie 1tself

Although contributions to logic and to mathematics in the
logistic form have been more numerous 1n the period since Prin-
ctpre Mathematica than 1 any other equal period of time, 1t 1s
hardly possible as yet to have perspective upon these 'Three
outstanding i1tems may be mentioned First, by the work of
Sheffer and Nicod, considerably greater economy of assumption
for any such development as that of the Principre has been
achieved two undefined 1deas and five symbolic postulates of
logic (as 1n the first edition of the Principia) have been replaced
by omne undefined idea and a single postulate Second, the
nature of logical truth itself has become more defimitely under-
stood, largely through the discussions of Wittgenstein It 1s
‘tautological’—such that any law of logic 15 equivalent to some
statement which exhausts the possibilities, whatever 1s affirmed
1n logic 18 a truth to which no alternative 1s conceivable From
the relation of mathematics to logic, 1t follows that mathematical
truth 1s similarly tautological ® Third, we are just beginming
to see that logical truth has a varety and a multiform character
hardly to be suspected from the restricted conceptions in terms
of which, up till now, 1t has always been discussed The work
of Lukasiewicz, Tarski, and their achool demonstrates that an
unhimited variety of systems share that same tautological and
undeniable character which we recognize 1n the logic of our
farmhar deductions The logic which we readily recognize as
such has been restricted to those forms which we have found
useful 1n apphcation—somewhat as geometry was restricted up
to the time of Riemann and Lobatchevsky The field of logical

1o With the further detail of Wittgenstein’s conceptions the present authors
would not completely agree.
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truth, we begin to understand, 18 a8 much wider than its pre-
viously recognized forms as modern geometry 18 wider than the
system of Euchd

The second and third of these recent developments will be
considered 1n Chapters VII and VIII

The relation of logic to other sciences than mathematics 18
an obvious subject for future investigation The extent to which,
and the sense 1n which, other sciences are, or may be, deductive,
18 & complex question That as they become exact, they may
also achieve deductive form, 1s rendered plausible by recent
developments in physies, and by the studies of Carnap  Whether
if they ean thus become deductive, their basic 1deas and principles
can be analytically denived from logie, like those of mathematics,
18 a further and even more doubtful question But we may be
sure that the not too distant future will see developments bearing
upon these questions
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CHAPTER II
THE BOOLE-SCHRODER ALGEBRA

As we have seen 1n the preceding chapter, the algebra of logic
founded by Boole was modified 1n important respects by his suc-
cessors and given its definitive form by Schroder This modified
system 18 commonly called the Boolean Algebra, but the name
Boole-Schroder Algebra 18 more appropriate in the circumstances
Not only 18 this algebra the historical basis of other develop-
ments in symbolic logic, but it forms the simplest and best
introduction to the whole subject  Its laws are, for the most part,
analogous to the simpler portions of ordinary algebra

This system has many possible interpretations or applications,
four of them being within the field of exact logic  For the sake
of clanty, we shall regard 1t, 1n this chapter, as a calculus of
classes Its other interpretations will be explained 1n the chap-
ters to follow

In dealing with the logic of terms 1n propositions, either of
two imterpretations may frequently be chosen the proposition
may be taken as asserting a relation between the concepts which
the terms connote, or between the classes which the terms
denote Thus “All men are mortal” may be taken to mean
““The concept 'man’ includes or imphes the concept ‘mortal,’ »
or 1t may be taken to mean ‘' The class of men 15 contained 1n the
class of mortals” The laws governing the relations of concepts
constitute the logic of the connotation or intension of terms, those
goverming the relations of classes constitute the logic of the
denotation or extension of terms The laws of intension are, for
the most part, parallel to those of extension, but the relations of
given terms 1n intension are not, to the same extent, parallel to
the relations of those same terms in extension To avoid con-
fusion, then, it will be important to remember that the logic
which the algebra 18 here taken to represent 18 that of classes, or
of terms in extension

The 1deas agsumed are as follows:

* 27
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(1) Any term of the system, g, b, ¢, etc, will represent some
class of things, named by some logical term

(2) @ xb represents what 18 common to a and b, the class
composed of those things which are members of a and members
of b, both For brevity, we shall ordinanly write ¢ b or ab
mstead of u xb  This relation may be read as ‘e and b’ or ‘both
aandb’

(3) The negative of a will be wnitten =a  This represents the
class of all things which are not members of the class ¢; and may
be read as ‘not-a’

(4) The umique class ‘nothing’ will be represented by 0
This 18 called the ‘null class’

The logic of the null class 15 one of those points concerning
which it 18 important to remember that we are here dealing with
the extension of terms The term ‘unicorn’ and the term
‘centaur’ have very different connotations, they are not equiva-
lent 1n intension  But the class of things denoted by ‘unicorn’
18 the same a8 the class denoted by ‘centaur’, namely, the class
of nothing existent Thus the extension of the two terms 1s
1dentical there is only one class ‘nothing,’ and all terms which
name no exigtent thing denote this same class, 0

(6) @ = b means ‘“The terms a and b have the same exten-
s10n, the class a and the class b have 1dentically the same mem-
bers ”

Here again, we should remember that we are dealing with the
extension of terms ‘Man’="'featherless biped,” because al-
though the two terms have diflerent connotations, they denote
precisely the same class of objects (barring the plucked
chicken)

Other 1deas to be introduced can be defined 1n terms of the
above Laws of the algebra will be numbered, in the decimal
system The defimitions immediately following are the first such
laws

1:01 1=-0 Def
That 1s, 1 represents the class of all things which are not

members of the null class, thus 1 represents 'everything’ or
‘everything being considered’ or ‘the umverse of discourse’
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1.02 a+b = =(=ax=b) Def

That is, a + b represents the class of things which are either
members of ¢ or members of b (or members of both). Bince
~g¢ % =b 18 the class of what is both not-a and not-b (neither a nor b),
the negative of this, —(—a x=b), wmill be what is either a or b or
both

1-03 ach 1s8equvalent to axb =a Def.

This 18 the relation of class-inclusion @ cb represents “a is
contained 1n b” or “Every a 18 also a b’’ The class ‘both men
and mortals’ 18 1dentical with the class ‘men’ if and only if all
men are mortals

It 15 1mportant to note that a ¢b will hold whenever a=b,
This is consonant with usual modes of predication- for example
the class ‘men’ 18 1dentical with the class ‘animals that laugh’,
and ‘' All men are ammals that laugh’ holds true  The relation
acbhis not analogous toa < b, but toa £ b

The following laws are assumed to hold for all terms of the
system

11 axa=a.

What 18 both ¢ and @, is 1dentical with a. Since this law
holds, there are no exponents i1n this algebra
1.2 axb=>bxa

What 18 both a and b 15 the same as what 18 both b and @
13 ax(bxc) = (axb)xc

Since this law holds, parentheses in ‘products’ can be omitted
14 ax0=0

What 18 both @ and nothing, 18 nothing
1.5 Ifax<b =0,thenach

If nothing 18 both e and not-b, then all a 18 b.
1:6 If acb and ac=b,then a =0

If all @ 18 b and all a 18 not-b, then e is a class which has no
members

All the laws of the algebra can be mgorously deduced from
these three defimitions and six postulates, given above How-
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ever, proofs will frequently be omitted here, or indicated only.
A sufficient number will be given 1n full to make clear the manner
of such derivation.

2-1 If a="5,then ac=b¢c and ca=c¢cbh
212 If a =0 then a+c=b+c and c+a =c+b,

These two laws follow immediately from the meaning of the
relauion =

2:2 a =b 18equvalent to the pair, acb and bca.
Ifa =b,thenbyl-1,ab=ca =a,and ba=bb=">
But by def 1 03,ab=a 18 ach,and ba=1b 18 bca
Conversely, if ab =a and ba = b, then [1 2]
a=ab=ba=9»
If two classes are identical, then each 18 contained in the
other, and classes such that each 15 contained 1n the other are
1dentical

23 aca

Ths follows from 2-2, since @ = a  Every class 15 contained
in itself “All a 18 &’ holds for every a

24 abca and abceh
By11,12 and 1-3, (ad)a = a(ab) = (ag)b =abd
And by 1-03, (ab)a = ab 18 abca

What 15 both @ and b, 18 contained 1n e, and 18 contained 1n b

25 a~a=0=-aa
By 2 4,a-aca,and a-ec-a
Hence by 1 6, a=a=0
This theorem states the Law of Contradiction Nothing 1s
both ¢ and not-a

26 0Oca
By 1-2and 1:4,0a =a 0=0
But [1-03]0-¢a =0 18 Oca
Theorem 2 6 states the principle that the null class is con-
tained 1n every class This follows from the law, a x0 = 0,
together with the definition of the relation acb If we read
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this relation as * All a1s b,”” 1t is 1mportant to remember that we
here deal with the extension of terms If no a’s exst, then all
the a’s there are will be anything you please. It 18 true in exten-
sion that “All centaurs are rational,”” “All centaurs are ele-
phants,”’ etc This law, 0 c g, 15 one of those which gives trouble
if we attempt to apply the algebra to the logic of terms without
making the distinction of extensional relations from intensional
In intension, ‘“All centaurs are elephants” would mean “The
connotation of ‘centaur’ includes or implies the connotation of
‘elephant’ ’—and this would be false

27 If acO,then a =0
[1-03] ac0 18 a0=0a¢ But[l:4a-0=0
A class which 1s contained 1n the null class 1s 1tself null.
28 a=b=0 18equvalentto a¢b = a, and to acb
If a<b =0, then[l 5]ach,and[1 03]ab =a
Andif ab =g, then a=b=(ab)-b=10a(b-b) =a 0=0
That 18, ““Nothing 18 @ but not "’ 18 equivalent to ‘““All a is
b’ Postulate 1 5 assumes that a=b = 0 1mples acb The-
orem 2 8 proves that these two expressions are equivalent
281 If achd, then accbec,and caced
If acb,or ab = g, then [2 1]
(ac)(bc) = (ab)(cc)=a(cc) = ac.
But [1 03] (ac)(bc) =ac 18 acebec
29 -(-a) =a
(2 5] =(=a) =a = 0 Hence [2 8] =(-a) ca (1)
[2 5] =[-(=a)] =(-a) = 0 Hence [2 8] =[~(-a)]c=-a
Hence [2:81] ¢ =[-(~a)] ca =-a
But [2 5] a=a=0 Hence[2 7] -[-(-a)] = 0, and
[2:8] a € =(=a) (2)
By 2 2, (1) and (2) together are equivalent to =(-a) = a
‘“A double negative 18 equvalent to an affirmative’. not-
not-a 15 a
291 a=-b sequvalentto -a = b.
If a =-b, then (2 9] =c = =(=b) = b
And if b = —qg, then =b = =(-a) = a
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292 a==0 18equvalentto -2 = =b

The last three laws prove that —s must be an unambiguous
function of ¢ that 1s, a class can have only one negative, or the
negatives of equals are equals

The principle by which we have defined o+ b,

a+b = =(-a -b),

18 one form of De Morgan's Theorem, so called because the
mathematician and logician, Augustus De Morgan, was the first
to call attention to 1t Other forms of this principle follow
from the above detimtion, by 2 9, 2 91, and 2 92

3-1 =(~a+=b) =ab

‘Not-(etther not-a or not-b)’ 18 the same as ‘both o end b.’
311 -(a+bd) ==-a=b

‘Not-(etther a or b)’ 1s the same as ‘not~a and not-b '
312 =(abdb) ==-a+=b

‘Not-(both a and b)’ 15 the same as ‘esther not-a or not-b’
313 —-(a+=b) ==ab
314 =(~ad) =a+-d
315 -(-a+b) =a=b
3-16 =(a=b) =-a+b

In general terms, De Morgan’s Theorem may be stated as
follows The negative of a product 18 the sum of the negatives of

1ts terms, and the negative of a sum 1s the product of the negatives
of 1ts terms

As a consequence of this principle, for every law of the
algebra 1n terms of the relation of product, there 15 a correspond-
mng law 1n terms of the relation of sum For example, if as a
special case of 1-1 we wnte,

- - = -a,

we shall have, by applying the principle [2-91] that the negataves
of equals are equal,
~(-a=a) = =(-a)
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Hence by De Morgan’s Theorem, and 2-9, we shall have,
a+0 =g

This is the correlate of postulate 1-1, from which 1t 18 here
denived. This correspondence, 1n the algebra, betweem prin-
ciples 1n terms of x and principles in terms of +, 18 called the
Law of Duality

From the defimition of 1, 1t follows that 0 and 1 are mutually
negative terms:

319 0=-1

From 3-19, 1t follows that if one of two principles which are
related by the Law of Dualty should involve the term 0, this
will be replaced by 1 in the correlated principle, and if one of
the two involves the term 1, this will be replaced by 0 1n 1its
correlate For example, 2 5,

a=-a =0,
gives

-(a =a) = =0,
which 18 equivalent to

-a+a =1

We give, below, the correlates according to the Law of Duality
of those principles which have already been stated 1n terms of
the relation x  Since these always follow from their correlates
by some use of De Morgan’s Theorem, together wath the equiv-
alences, 1 = =0 and 0 = =1, proofs may be omitted The cor-
relate from which the theorem 18 thus derived will be indicated,
in square brackets, following 1t

3-2 a+a=a [1-1]
What 15 either a or @, 18 1dentical with a

33 a+b=>b+a [12]
‘“Father a or b" is equivalent to “‘either b or a ”

3-31 a+(b+c) = (c+b) +c [1-3]

34 a+l=1 [1-4]

What belongs either to the class a or to the class ‘every-
thing,’ is 1dentical with the class ‘everything’
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35 a¥=a=1 [2 5]

This 18 the Law of the Excluded Middle Term. Everything is
either a or not-a

36 -a+b =1 1s equvalent to ach [2-8]

“ Bverything 1s either not-a or "’ 1s equivalent to “Allas b "’
The next two principles, concerning the relation <, are of
fundamental importance

37 If ach and bee, then ace

[1 03] If ach and becc, then ab=a and bc=0>
Hence ac = (ab)c = albc) =ab=a
But[l 03]ac =a 18 acc

If all a 18 b and all b 15 ¢, then all a 18 ¢ the relation € 18
transitive.

3 8 ach 18 equivalent to -bc-a

[2 B] acb 18 equivalent to a=b =0
29 a=b ==(-a)=b = =b —(-a)
And |2 8] =b =(-¢) = 0 18 equivalent to ~bc-a

“All a 18 b" 18 equivalent to “ All not-b 18 not-a ”’ The terms
of any relation ¢ may be transposed by negating both  This 1s
called the Law of Transposition

These last two laws are the fundamental principles underlying
the vahdity of the syllogism The logical copula ‘18’ may be
replaced by any relation which 1s transitive and obeys the Law
of Trapsposition the vahdity of syllogistic reasoming will be
unaffected by such substitution As a matter of fact, the word
‘is’ 1n ordinary use expresses any one of a vanety of logical
relations, but only such as obey these two laws Thus these
principles might be said to define the logical meaming of the
copula

Other forms of the Law of Transposition are.

3 81 ac-b 18 equvalent to bec=-a,

3 82 -ach 18 equivalent to =bca
In terms of the relation + , there 1s another equivalent of acbh
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383 a+b =0 18 equivalent to ach
[3 8] ach 18 equivalent to =bc=a
Hence [1 03] to -a =b = =b, and [2-92] to ~(=a =b) = b
And hence [1:02] acb 18 equivalent to a+b = b
The next two theorems follow from previous principles by
the Law of Transposition:

39 aca+b and bca+d
[2-4) a=be-a and ~a-bec-b
Hence [3 81] ac—(-z =b) and be=(-a-b)
But [1-03] =(-a-b) = a +b
41 acl
[26]0c=c Hence [3 §]acl

It 18 well to note that this obvious prineiple, ** Any class @ 18
contained 1n the class of ‘everything,’” 18 equivalent to 0 ca,
“The null class 18 contained 1n every class” , and hence that the
admussion of either of these laws requires the other also

411 a-1l=a
(4 11acl,and [1 03] this 15 equvalentto a-1=a

What 1s common to @ and the class ‘everything,’ 13 a The
correlate of thus by the Law of Duahty 1s.

412 a+0=a
[411]=¢ 1 ==a Hence[2 91}a = =(~a-1) = a+0.
What 18 erther a or nothing, 15 a
413 lca 1sequyvalentto a =1
[1-03]1ca 18 1a=1 But[4:-1l]la=a
Two further laws of the relation ¢ are frequently of use.

4-2 If achb and ccd, then accbd.

[1-03] If acb and ccd,then ab=a and cd =c.
Hence ac bd =ab-cd =ac,or acebd

421 If achb and ccd, then a+cch+d,
Ifacd end ccd, then[3 8] -be-a and =dec=c
Hence [4 2] ~b ~d c=a —c, and [3-8] =(~a =c) € =(=b =d)
But [1:03] -(~a =) = a+c,and =(~b-d) = b +d.
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If a 15 contained in b and ¢ is contained 1n d, then ‘both a
and ¢’ 18 contained 1n ‘both b and d,” and ‘either a or ¢’ 18 con-
tained 1n ‘either b or d’

Since ¢ 6 =a and a+a =a,4 2 and 4-21 have the corol-
lanes.

4-22 If acc and bec, then a+bece
423 If acb and ace, then acbhe
424 If ach, then accbe

4-25 If ach,then a+cechb+c

A principle which we ghall find to be of importance later 18 the
law that the product of any set of terms 1s always contained 1n
their sum.

43 abca+b
[2-4]abca,and [3 9 aca+b
Hence [3 7]abeca+h
We turn now to laws which are of special importance in
manipulating the algebra.  The first of these 1s a general algebraic
principle:

44 alb+c) =ab+ac

What 18 ‘a, and either b or ¢,’ 13 the same as ‘either a and b
or a and ¢’ This principle can be proved from previous the-
orems, but the proof is long and complex, and 1s omitted for that
reason This law, together with 1 2, has the consequence that
all the laws of multipheation which hold of ordinary algebras
hold also of this one, with the exception already noted that here
axa =a A corollary of 4 4 18.

4-41 (a+b)(c+d) =ac+bc+ad+bd

The next principle, called the Law of Absorption, 18 con-
stently of use for the purpose of sxmphfying expressions.

4-5 a+ab=ca

[3:-9]aca+ad ¢))
[2-3)ace,and [2 4]abca
Hence [4:-22] a+abca (2)

[2-2] (1) and (2) are together equivalent to a+ab = a
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This law obviouely extends to sums of any number of terms,
if a 18 B factor of each

It 15 an extremely important property of this algebra that if a
given expression does not involve a particular term or element,
there is always an equivalent expression which does. That 18,
we can always introduce any element we please 1nto any given
expression The principle which makes this possible is called
the Law of Expansion’

46 a=ab+-b) =ab+a-b
35]b+=b=1 And[41l]lal=a
As a consequence of this law, the universal class, 1, can always

be expressed 1n whatever terms we choose This 18 spoken of as
‘expanding 1 for the elements a, b, ¢, . ’:

461 1= (a+=-a)(b+=-b)(c+-c) -
3511 =a+-0
[4 6] a+=a = (a+=a)(d+-d)
And (a+=a)(b+=b) = (z +=a)(b+=b)(c +=c)
Ete, ete

If ‘the umverse’' be divided with respect to one element a,
we have two divisions or subclasses.

=a+=-a

If 1t be divided with respect to two clements, we have four sub-
classes
l=(a+=a)(b+=b) =ab+ac~b+=ab+=-a-b.

For each added element introduced, the number of subclasses
15 multiphed by 2 thus division mith respect to three elements
gives eight subclasses, with respect to 7 elements, 2 subclasses.

Those who wish to use the algebra with facility should learn
to wrnte out such expansions readily, for any number of terms
up at least to four

There 18 an 1mportant point about the negative of given
expressions, which has to do with this expansion of 1. Let us
call an expression ‘fully expanded’ when every element which
appears 10 the expression, or the negative of that element, appears
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m every term  Thus
a-b¥-ab+=-a-h

18 fully expanded, ¢ or -a, and b or =b, appears 1n every term

But
a+=-ab

18 not fully expanded, ueither b nor =b appears in the first term
Thus the fully expanded expression which 18 equivalent to
a+-ab wil be found by expanding the first term so as to in-
troduce b

a+-ab =alb+=b)+-ab=abra-b+t-abd
And 1n general. To produce a fully expanded equivalent of any
given expression, expand each term of that expression with
respect to any element, or elements, not appearnng 1n that term.
The only short way of finding the negative of a complex expression
requires that we should first give 1t thus fully expanded form
The negative can then be found by the simple rule The negative

of any fully expanded expression 18 the remainder of the expansion
of 1 For example, since

l=ab+a-b+-ab+-a-h
the negativeof a=b+=-ab 18 ab+=-a-b The negative of —a b 1s
ab+a-b+=-a=-b,

and so forth If the given expression involves three elements,
a, b, and ¢, then we make use of the expansion of 1 for these three
terms

l1=abct+tab-c+a-bc+=-abc+a=b-c
+=ab=c+-a=bc+=-a=b—-c

Then if, for example, we wish to find the negative of
ab-—c+a-bc+=a-bec,
this will be, 1n accordance with our rule,
abc+-abec+ta-b-—c+=-ab=c+=-a-b-c

We shall make use of tlus rule later 1n the chapter.
Another corollary of 4-6 is
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4.62 a+b=a+-ab.
[4-6) a+b =a+(ab+=ab)
And [4-5]a+(ab+-abd) = (a+abd)+=-ad = a+-ab.
In applying the algebra to the representation of logical 1n-
ferences, the following law 18 frequently used-

47 If a+b==z and ¢ =0,then b ==z
If a=0,then[4 12) a+b =0+b =)

This law holds because negative terms in this algebra do
not behave like minus quantities (+ and - are not inverses):
a + (=b) and a ~b are of qute different meaning, and a + (-a) 18
not 0 but 1 For the same reason, we have also.

4-71 a¢+b = 0 153 equvalent to the pair,a = 0 and b =0
If a+b =0, then -a=b =1
Hence @ = a-1 = a(-a=b) = (a-a)~b = 0-=b = 0.
And b=1b=(-a=b)b ==a(~bd) ==2-0=0
Andif a =0 and b=0,a+b=0+0=0.

In any algebra, if 6 = 0 and b = 0, then a+b = 0, but 1n
this algebra the converse also holds if a sum 1s null, each of 1ts
terms 18 null

Corresponding to the last two, by the Law of Dualty, we
have the two following

48 If ab=2z and a =1,then b =1z

48] ab=1 15 equvalent to the pair, e =1 and b = 1.

We turn now to the subject of equivalent equations of different
forms.

4.9 a =15 18Bequvalent to a-b+-ad = 0, and to
ab+-a-b=1
[2 2] @ = b 18 equvalent to the pair, acb and bea
[2:8]ach 18 a=b =0,and bca 18 =ab =0
[4-71] The pair, a=b = 0 and -6 b = 0, are together
equivalent to a=b+-2b =10
And (2 92J a=b+—-a b = 0 18 equivalent to
~(@a-b+=-e2b) =1=ab+-a-b
Equations 1n which one member is 0 are particularly conven-
ient; hence 1t 18 well to remember the rule, according to 4 9, by
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which any equation may be given this form: Multiply each side
of the equation by the negative of the other, add these two
products, and equate to 0

The next theorem 18 called Poretsky’s Law of Forms or,
bnefly, Poretsky’s Law !

492 a=0 1sequivalentto t =a-t+-at

[4 9]t = a-t+=-at 18 equivalent to
0=1-(a-t+~at)+-t(a~t+=-at)

= tlat+-a-l)+a—-t+=-a 0
=al+0+a~t+0=qa(l+-t) =a

I

In this theorem, 1t 18 to be noted that, since £ does not appear
1n the given equation, ¢ = 0, 1t represents a term which can be
chosen at will, or 1n mathematical language ‘is arbitrary ’  Also,
we have seen, 1n 4 9, that any equation may be given the form
in which one member 18 0 Hence, for any given equation
whatever, there are a8 many equivalents as there are expressions,
t, which can be chosen—that 1s, an unlimited number

The more general form of Poretsky’s Law 1s

493 a=0> sequvalentto t = (ea=b+=-ab)-t+ (ab+-a-b)t
[14411]0-~t+1¢t=0+t=1
Hence the theorem follows from 4-9

For the solution of equations, and for various other purposes
of the algebra, 1t 18 useful to consider expressions waith which we
may be dealing as functions of a certain element or elements
In this slgebra, 1t does not requre that an expression should
have any particular relation to the elements 1n question 1n order
that 1t may be taken as a function of them Even if an element
does not appear in the given expression, 1t may be introduced, by
the Law of Expansion Expressions which are assertable—that
18, those which involve the relation =, or the relation €¢—are
not ordinanly considered to be functions, but any expression
whatever, which involves only the relations + and x, may be
taken as a function of any element, or elements, we choose.

It 18 further useful to arrange functions 1n what 18 called the
‘normal form’ The normal form of a function of one element,

1 After the Russian logician, Platon Poretaky, who was the first to state it.
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z, 18
Az + B -z.

Any function can be given this normal form Suppose, for
example, that we wish to treat

az+b+ =rc
as a function of z

az+bt=cc=az+b(z+ -z)+ ~zc=az+bz+b-c+=-zc
(a+b)x+ (b+c)-zx

That 15, we proceed by the following rule. (1) If there 1s any term
of the function (e g, the term b 1n the above) 1n which neither
T nor -z appears, expand that term, or terms, wath respect to =,
by thelaw,a = az+a-z (2) Collect the coefficients of z, and
of =z

This reduction to the normal form can, with a httle practice,
be carned out by 1nspection one has only to remember that any
term (ke b 1n the above) in which neither z nor -z appears, will
be & term 1n the coefficient of z and of ~z both

For convemence, let us use f(x) to represent a function of z,
and let us use capital letters for coefficients in functions which
are 1n the normal form

One advantage of giving expressions this form 15 that the
varnous operations of the algebra can then be performed simply
by operating on the coefficients two functions of the same
element can be added by adding the coefficients, can be multiphed
by multiplying the coefficients, and the negative of a function
can be obtained by negating each coefficient

51 (Az+B-z)+(Cz+D-z) = (A+C)z+ (B+D)-z
The theorem follows from 4 4

52 Az+B-1)x(Cz+D-z) =ACz+BD-z
(Az+B=-z)x(Cz+D-1)
=ACz+ADz-z+BC-zz+BD -z
=ACz+040+BD-x=ACz+BD-z
That the product of two functions 1n the normal form 1s
obtaimned merely by multiplying together the corresponding
terms (which 18 the same as multiplying their coefficients) will



42 SYMBOLIC LOGIC

be evident if we note, 1n the above proof, that every cross-product
will 1nvolve a factor of the form z -z, and hence will be null

53 -(Az+B-1) =-Az+-B-z
{3 11]-(A 2+ B-z) = =(4 z) x=(B ~z)
(=4 +=-z)(-B + 1)
~-A-B+-Az+-B-z+0
(-A-B+-A)z
+ (-4 -B+-B)-z
But[4 5]~A-B+-A = -4,and -A-B+-B = -B
Boole stated certain mathematically interesting laws con-
cerning functions
54 If f(z) = Az+ B =z, then f(1) = A, f(0) = B, and hence
fz) =7(1) z + f(0) -z
If f(z) = Az+B -z,
JA)=A 1+B-1=A-1+B0=4A

and
fO)=A0+B-0=A0+B1=8RB

Other laws of this type, which are mathematically but not
logically important, are. If f(z) = A z+ B =z, then
541 f(1) =f(A+B) = f(-A+-B)
542 J(0) =f(A B) = f(-A-B)
543 f(A)=A+B = f(-B) = f(A-B) = f(4 +-B)
= f(1) +J(0) = f(=z) +f(-z)
54 f(B) =AB=jf(-A) =f(-AB) =f(-A+B)
= f(1) xf(0) = f(z) =f(-2)
The normal form of a function of two variables, z and 3, will
be
Azy+B-zy+Cz-y+D-z~y,
the normal form of a function of three variables will be found,
similarly, by giving a coefficient to each term in the expansion
of 1 for z, y, and z, and so on, for any number of elements
Laws sumlar to 5-4 hold for functions of any number of
elements For example,

J(z, y) = f(1, Dz y +f(0, 1)=z y +f(1, 0)z =y + f(0, 0)=z -y
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And in general, the coefficient of any term 1n a function of any
number of elements, f(z, v, 2, ), 8 f(ny, ng, ns, . ), where n,
18 1 1f z 18 positive 1n the term 1n question, and 0 if z 18 negative,
ny18 1 f 18 positive, and 0 1f y 15 negative, ny 18 1 if z is positive,
and 0 if z 18 negative, and so on

There 18 seldom any advantage, from the logical pomnt of
view, in considering functions of more than one element
Further laws governing these will, therefore, be omitted

Of much more 1mportance are laws concerning the limits of
functions:

55 ABcAz+B-zcA+B
(AB)Y(Az+B=-z) = ABz+AB-z=AB(z+ -1)
=AB
Hence [1 03) A BcAz+B -z
And (Az+B-1)x-(A+B) = (Az+B-1)(-4-B)
=0+0=0
Hence [2 8] Az+B-zcA+B
Thus the lower it of a function 18 the product of the

coefficients, and the upper himit 18 the sum of the coefficients
There are two corollanes of this law

551 If Az+B=-z =0,then AB =0.
This follows from 5:5, by 2 7

5-52 If Az+B-z =1,then A+B =1
This follows from 5-5, by 4-13

The last two theorems serve as the formuls for the elimination
of any element z from an equation Since every equation can
be given the form 1n which one member 18 0, 5 51 can always be
applied and 18 the principle most frequently used

As we shall see 1n the next chapter, ehmination of terms 1s
one of the most important operations of the algebra, from the
logical point of view For example, syllogatic reasomng always
proceeds by elimination of the middle term.

Another operation of the algebra which is applicable to
processes of logical inference, 18 the solution of equations. In
general, an equation 1n z determuines the value of z only between
hmits.
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5.6 Az+B-r =0 18equvalent to Bczec -A.
[4-71] A z+B -z 18 equivalent to the pair, Az =0
and B-z =0.
But[2-8] Az =0 18 zc -4,and B-z =0 18 Becz
Obviously, this solution will be unique when end only when
these two Limuts of z comeide:

5-61 -Az+A-z =0 18equvalent to z = A.

For equations with one member 1, the solution formula will
be

562 Az+B-z =1 18equvalentto ~Bczcd
[2:92] Az+B-z =1 18 equivalent to
~(Az+B-z) =0,
And [5-3]-(Az+B=-1z) =-Az+-B -z
Hence the theorem follows from 5-6

The most general solution formula, applicable to any equation,
18.

563 Az+B-z=Cz+D-z 18 equvalent to
(B-D+ -BD)czc(AC+ -4-C)
[4.9] Az+B-z=Cz+D-z 18 equvalent to
(Az+B=-z)x =(Cz+D -2) +
-(Az+B-z)x(Cz+D-z) =0
But [5:3]-(Cz+D=z)= ~Cz+-D -z,
and =(Az+B-z) =-Az+ -B-z
And[5-2) (Az+B-z)(-Cz+ =D -z)
+(~Az+-B-1)(Cz+D-2)
=A-Cx+B=-D=z+ ~-ACz+ -BD-z
=(A-C+-AC)z+(B-D+ ~-BD)—z
[5:6] (A-C+ -AC)z+ (B=-D+ =B D)-z =0 18 equiva-
lentto (B=-D+ =-BD)czec=(A4~-C+-AC)
And -(A-C+-AC) =AC+-4-C

In other algebras, the solution of an equation 1s 1itself 1n the
form of an equation  Solutions in this algebra may also be given
that form But this more mathematical form of the solution 18
logically not important except when the determination of z 18
unique, as 1n 5-61, and 1t depends upon shghtly comphcated
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considerations We give this solution for equations with one
member 0, a8 an example:

5.7 If Az+B-=-z=0,thenforsome (undetermined) value of u,
Z=B-u+ =-Au=B+u-A.
Substituting the value, B-u+ -Au, for z, in
A z + B -z, we have
AB-u+=Au)+B-=(B-u + =A u).
Sinece [5-3] =(B-u+-4 u) = =B -u + A u, this 18 equva-
lent to A(B-u+-Au)+B(-B-u+Au)
Hence to AB-u+0+0+A4 Bu, which 18 4 B(~u +u)
or AB
But [5-51]1f Az+B-z =0,then A B = 0.
Hence if A B = 0, as the given equation requires, then
the equation 18 satisfied by z = B~u+=-4 u
Alsoif AB =0,then A Bu = 0, and
412] B-u+=Au=B-u+-Au+ABu
[4-6] = B~u+ -A(B+ -B)u+A Bu
=B~u+ -ABu+ -A-Bu+ABu
=B-u+(A+-A)Bu+ -A-Bu
[4 6] =B-u+Bu+-A-Bu
=B+ -4A-Bu
But[4 62 B+ =A-Bu =B+ -B-u~4A = B+u-=A,
Hence if A B = 0, as the given equation requres, then
B-u+ -Au=B+u-A
It 1s to be observed that if » = 0, 1n the above, then
B-u+-Au=2B
And if » = 1, then
B-u+ -Au==4
Thus since 0 and 1 are the hmiting values of u, 1n
z=B-u+ -Au,

this form of the solution expresses the same fact as Beczec=4
As an example of the manner 1n which the process of solving
equations may apply to logical inference, let

£ = mortals,
A = perfect beings,
and B = men,
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Then the equation 4 £+ B -z = 0 would mean *The class of
those who are erther perfect mortals or men who are not mortal,
18 an empty class” And the solution Bczec-A would read
“The class ‘men’ 1s contained 1n the class ‘mortals,” which 1s
contained 1n the class ‘imperfect beings '’ And the other form
of solution, z = B +u -A, would read ‘“The class of mortals 18
the class of men together with some (undetermined) portion of
the class ‘imperfect beings ’ ’

In applying this algebra to the process of reasoning, 1t 1s
important to be able to deal with inequations (a # b) as well as
with equations As we shall find 1n the next chapter, any
universal proposition 18 expressible by some equation A par-
tioular proposition, being the contradiclory of some umversal,
18 most sumply expressed as an mnequation For example, since
““All a 18 b” 18 represented by a -b = 0, the contradictory par-
ticular, “Some a 18 not b,”” 18 expressed by ¢ =b * 0 Thus the
principles of inequations are required for appheation to inference
1n which particular premises or conclusions are involved

The laws governing 1nequations follow immediately from cor-
responding laws of equations, by general rules of reasoning such
a8 every mathematical deduction presumes Let P and Q be
any propositions whatever, the followmang principles then hold

(1) “If P, then Q” gives “If Q 18 false, then P 1s false”
Thus, “If @ = b, then ¢ = d” gives “If ¢ £ d, then a = b ”’

(2) P 1s equivalent to Q" gives ' *P 18 false’ 18 equivalent
to ‘Q 18 false’” Thus “a = b is equivalent to ¢ = 4" gives
““a # b1s equivalent to ¢ = d”’

(3) “If P and @, then R” gives “If P holds but R 1s false,
then Q is false” and “If Q holds but R 1s false, then P 15 false ”
Thus “If a = b and ¢ = d, then ¢ = f”’ gives “If a = b but
e# f,thenc # d” and “If c =d but e > f, then a = b "

We give below those theorems concerning inequations which
are needed, indicating after each, 1n brackets, the previous
theorem from which 1t follows by one or another of the above
three principles

6:1 If ac#bc,then a »#b 2 1]
6-12 If a+c = b+c, then a = b [2 12]
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62 absa,a=-b0,~a+b>1and a+b>=b are all equva-
lent, and any one of these 18 equvalent to ‘It is false

that aecb” [1-03, 2-8, 3-6, 3-83]
6-3 If a+b =2z and b # z,then a0 [4 7]
631 If a =0 and b # z, then a+b # =z [4-7]
6 32 If a+b+0 and a =0,then b0 [4-71]
64 If a =0 then a+b =0 [4.71]
6 41 If ab = 0, then a >0 i1 4]
6 42 If a+b #=1,then a =1 3 4]
6-5 If ab2z and @ =z, then b #*z [1-1]
66 If a0 and acbh,then b0

[1 03]ach 18 equivalent to adb = a
Henceif ¢ % 0 and acb, then ad = 0
And [6 41]:f ab =0, then b =0

67 a>b1sequvalentto a-b+-ab =0 [4 9]
672 a0 1sequvalentto ¢ = a-t + —at, [4-92]
6-73 a # b 18 equivalent to

t# (a-b+ —ab)-t+(ab+-a-b)t [4 93]

6-8 If Az+B-z 0,then A+B #0
[5-5] (Az+B-z)c(A+B)

Hence the theorem follows from 6 6

Laws such as 6 3, 6 31, and 6 32, according to which an
equation and an 1nequation, combined, give an inequation, are
particularly important they apply to cases 1n which a umversal
premuse (an equation) and a particular premise (an 1nequation)
together ;ive a particular conclusion Examples will be given 1n
the next chapter

A great many laws of the algebra which have been proved for
sums and products of two terms extend to sums and produets of
any number of terms We have not thought 1t necessary to
give the demonstration that such prineiples extend to sums and
products of a larger number of terms, because such extension 18
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s fambar principle of algebra in general, and 1s, for the most
part, obvious 1n any case Theoretically, such principles in the
general form (for any finite number of terms) require proof that
if they hold for n terms, they will hold for n + 1 terma That
being established, it follows from the fact that they hold for two
terms, that they will hold for any larger number (by the principle
of mathematical induction)

Let us illustrate the general method by which such extension
of a law from two terms to any larger number could be made
We choose an example 1n which the possibility of this 1s less
obvious than in other cases: De Morgan’s Theorem In 1ts
general form, this law will be

-(a+b+c+ = =q =b=c
Proof By 3-11, the theorem holds for two terms,
=(a +b) ==a=b

And if the theorem hold for n terms, 1t wall hold for » + 1
terms, because, by 3 11,

=l(a1+a;+ +a,) +Cnp1] = ~(a1+0ay + +0,) X=Gpnty

Hence 1f the theorem holds for sums and products of n terms,
go that
—(a1+as+ay + +a,) = —a; —ay =ay =y,
then

~[(a1+as+a;+ *a,) *ann] = (-0; —ay--as =0n) =Qny1

Thus, since the theorem holds for two terms, and 1s such that 1f 1t
hold for n terms, 1t will hold for n» 4 1 terms, 1t will, therefore,
hold for any finite number of terms

In later chapters, we shall frequently make use of the the-
orems of the algebra in their general form, 1 e, for any fimte
number of terms  The validity of this procedure depends upon
such extension of the laws of the system, as given above, by use
of the principle of mathematical induction.



CHAPTER III
THE LOGIC OF TERMS

Traditional logic 15 primanly & logic of terme  The laws of
1dentity, contradiction, and the excluded middle, the dictum de
ommnt et nullo, and the rules of the syllogism all tell us what must
be or what cannot be true of the relations of terms But terms
have both intension and extension, they connote concepts or
essential attributes, and they denote things or classes. The
laws of intension and those of extension are analogous, but they
do not apply to the same terme 1n the same way. the relations of
a given set of terms 1n intension may not be parallel to their
relations 1n extension For example, ‘“No trespassers are ar-
rested’”’ mught be true 1n extension, meanng that the class of
actually arrested trespassers has no members, but false 1n inten-
sion, meaning that the concepts ‘trespassing’ and ‘being arrested’
are mutually incompatible Again, ‘' Some 1llegal acts are moral’’
mught be true 1n 1intension, meaning that, as the law stands, 1t 18
conceivable that a moral person might ind himself 1n & s1tuation
requiring him to break 1t, but 1t mght be false if 1t meant, 1n
extension, that certain deeds actually done are at once moral
and 1llegal

In the light of such ambiguities, which affect inference, 1t has
sometimes been argued that, in logic, all propositions should be
interpreted in intension, or that all should be interpreted
extension But a very httle thought suffices to dispose of any
such iron-clad rule DPropositions are not strings of marks, or
series of sounds, except incidentally, 1n essence, a proposition
expresses an asserted meaming If the same form of words 1s
sometimes meant to convey a certain relation of intension, and
sometimes a relation of extension, the only vahd rule of inter-
pretation 1s that this form of words should be taken in the way
1t is meant, on each separate occasion. And a logic which 18
adequate to all propositions must, therefore, cover both intension
and extension The traditional logic 15 unsatisfactory on this

49
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point The majonty of its rules are vahd both of intension and
of extension But some of them are ambiguous and are such
that, whichever interpretation 1s chosen, they are partly incorrect
For example, the rules of the syllogism sanction £ A O 1n the
third figure But the argument,

No absentees are failed,
All absentees recerve a grade of zero;
Therefore, some who receive a grade of zero do not fail,

18 fallacious It breaks down no matter how we attempt to
interpret 1t  But the fallacy commonly escapes detection because
if 1t be interpreted 1n intension and objection 18 raised, the
objection can be answered by swmtching to an cxtensional inter-
pretauon, and if 1t be interpreted 1n extension and the mistake
1 1t pointed out, the objection can be answered by switching to
an intensional interpretation  This can happen because, 1f 1t be
interpreted tn 1ntension, the mistake 18 1n one place, and for the
extensional 1nterpretation, 1t 18 1n another But there 15 a
rmistake somewhere 1n any case Thus no satisfactory logic of
terms 1s possible so long as such ambigwties are allowed

The Boole-Schroder Algebra unambiguously applies to the
relations of terms 1n extension When so applied, 1t 1s not a
complete logic of terms (though 1t 18 at least as adequate as
traditional prineiples), but 1t 1s precise and completely accurate
Moreover, when a universal proposition 18 true 1n ntension, the
corresponding relation 1n extension also holds 1f the essence of A
contains or 1mphles the attribute B, then the class of actual A’s
will be contained 1n the class of B’s, and if the essence of C 1s
incomnpatible with the attribute D, then the classes of actual C's
and D’s can have no common members For this and certain
other reasons, the logic of terms 1n extension 1s apphcable to a
much wider range of actual inference than 1s the logic of 1ntension
Hence the Boole-Schroder Algebra afiords not only an exact
logic but one having as wide a sphere of apphcation as 18 possible
without greater complexity

Let us attend, then, to the precise significance of this inter-
pretation of the algebra The symbols, a, b, ¢, etc, are to
signify classes—the aggregate of actual things denoted by seme
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term or other. The ‘product,’ @ xb, or a b, represents the actual
common members of the classes ¢ and & If in a particular case
no common members exist,a b will coincide with the null class, 0.
The negative of @, ~a, will represent the class of things not
members of ¢, a +b, the class of things which are members of a
or members of b or members of both; and 1, the negative of 0,
will be the class of which everything 18 & member, or from which
nothing is excluded

It 18 to be noted that 0 and 1 are unique classes, because we
are dealing with the extension of terms The term ‘sea-serpent’
and the term ‘umcorn’ are quite different 1n connotation, but the
class of actual objects denoted by one 15 1dentical with the class
denoted by the other ‘Nothing’ and ‘everything’ are umique
classes, no matter how various the terms denoting them

The assertable relation ¢ €b will sigmify that every member
of a 18 also & member of b, that there 1s no actual a outside the
class b For example, ‘' All umcorns have curly tails,” 18 an
ambiguous statement 1t may mean that the connotation of
‘unicorn’ 1mples having a curly tail, or 1t may mean only that
there 18 no unicorn without & curly tail But “‘unicorn € animal
with a curly tail” means unambiguously the latter And 1t 18
true, regardless of connotations, because, since no unicorn exists,
there are none outside the class of animals with curly tails The
clags 018 contained 1n every class

The relation a = b signifies that the extensions or classes, a
and b, are identical or compnse exactly the same actual objects.
For example, ‘‘featherless biped = ammal that laughs’ 1s true
because both of these terms denote precisely the class of men,
though their connotations are not equivalent

Various paradoxes and httle puzzles about the logie of classes
may be resolved by attention to these precise meanings

Talung propositions to assert relations of extensions or classes,
the four typical propositions may be represented as follows

(1) Alasb achb,ab=qa,a=b =0
(2) Noawsb ac-b,a=b=a,ab=0
(3) Some s b.a=b#a,ab =0

(4) Some aisnot b.ab # a,a=b > 0,
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The alternative representations are, of course, equivalent in each
case (see 1:03 and 2-8) ! The following facts may be noted.
The last expression given mn each case 18 an equation or an
inequation with one member 0, making them easily comparable
The umversa] affirmative, (1), and the particular negative, (4),
are exact contradictories, as they should be Similarly, the
umiversal negative, (2), and the particular affirmative, (3), are
contrn.dictories The two umiversals each affirm that something
18 = 0, the two particulars, that something 18 0 That 1s, &
universal proposition 1n extension asserts a non-existence ‘‘All
a18 b,” that a’s which are not b’s do not exist, ““No a 18 b,”” that
a’s which are b’s do not exust And a particular proposition 1n
extension asserts an existence ‘‘Some a 18 b,’”’ that ¢’s which are
b’a ewist, and *’Some a 18 not b, that a’s which are not &’s exist

In the solution of problems by means of the algebra, the
following general rules (‘rules of thumb,’ not laws) wll be of
service (1) Always express the data as equations, or inequations,
with one member 0 This can always be done because

[4 9] a =0 18equivalent to a=b+=-ab = 0,
[6-7] @ # b 15 equivalent to a~b+-ab =0

(2) In combining two equations, with one member 0, always add
them, for the reason that

[4:71] a+b = 0 1sequivalent to the pair,a = 0 andb = 0

That 18, If we combine two equations, ¢ = 0 and b = 0, by addi-
tion, we lose nothing of the force of the equations combined
But 1f we should combine them by multiplication, the result,
ab =0, would be valid but would not be equivalent to the
separate equations combined

A very useful device for checking the work of the algebra 1s
the so-called ‘Venn diagram,’ 1n which equations or inequations
with one member 0 can always be represented ? In this type of
diagram, classes zre represented by circles or other areas, and
the diagram is so drawn as always to represent ‘the umverse,’ or

! References are, of course, to the numbered theorems of the preceding
chapter

? Thus style of disgram was onginated by John Venn, see Biblography,
end of Ch. I.
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1, for whatever terms may be in question Thus for two terms,
a and b, one always draws overlapping circles, as 1n Figure 1.

-a-b
Fia 1

Here the left-hand circle 15 @, the nght-hand circle1s b  For two
terms, ¢ and b,

[4-61] 1 =ab+a=-b+=-ab+=~a=b,

and these divisions are labeled 1n this diagram, though ordinanly
such subclasses will not be labeled The area common to the
two circles 18 @ b, that which 18 1n a but outside b 18 a =b, that
which 18 1n b but outside a 18 =a b, and that part of the rectangle,
1, which 18 outside both circles 1s =a =b  The general principle
that, for any term z,

[3:-5] z+=-z =1,

enables us to identify the area representing the negative of any
term the negative of z 18 the rest of the diagram, outmde z.
The area a +b 18, of course, that which is 1n either circle or both
—that 1s, the area compnising a b, a -b, and -a b.

Hawving drawn the diagram 1n this way, we can then represent
any given data by strnlung out any area which1s = 0, and putting
an asterisk, to indicate existence, 1n any area which1s > 0 Thus
the four typical propositions would be represented as 1n Figure 2
The rectangle for ‘the universe’ may be omitted i1f we remember
that the area outside both circles 18 still a part of the diagram,

representing the subclass =z =b
3
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It 18 & principle of this style of diagram that an unmarked
area cannot be presumed to represent something which exists,
and 1t cannot be presumed that what it represents does not exst
If en area 18 neither struck out nor marked with an astersk, then
the data tell us nothing about the subclass which 1t represents

All a8 b. Noasb
ag=b = 0 ab=0

@
a a b
*
ab0 a=b=0

Some a8 b Some a 18 not b.
Fia 2

Thus 1n the representation of ‘“Some a 18 b,”’ for example, the
area a-b 18unmarked, and thearea -ab 18 unmarked Corre-
spondingly, ‘“Some a 1s b"’ does not tell us that a -b (what 18 a
but not b) exsts or that it does not exist, and sumilarly tells us
nothing about ~a

This type of diagram can be extended to three terms by
drawing three circles, each overlapping each  Four ecircles can-
not be so drawn that each will intersect with every other in the
fashion required, but four elipses can. We give, 1n Figure 3,
the representation of the universe for three and for four classes *

"The ellipses are shghtly deformed, for convemence To make ths
diagram for four terms, draw first the upright ellipse, @, and mark the two
pomts on 1t Next, draw the horzontal ellipse, d, from one of these pointa to
the other. Then draw ellipse b, from and returning to the lower marked pomt,
and ellipse ¢, from and returmng to the upper marked pownt.
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The subdivisions are not marked 1n the diagram for four terms,
the areas not being large enough to permut it But each area
can be named by observing whether it 18 1n or out of a, 1n or out
of b, etc Siumilarly, 1n this or any other diagram, we can
1dentify such an area as ab by the fact that 1t 18 all that 18
common to a and b, a-be¢, by the fact that it 18 the whole
area 1n a and 1n ¢ but not 1n b, and so on

a

Fic 3

Let us now see how 1nference such as that of the syllogism
would be represented, both by the algebra and in the diagram
Suppose we have given the syllogstic premises,

Allawwd a-b=0 )]
Nobisc. bec=0 2)

Combining these by addition, we have,
a-b+bec =0 3)

The middle term, common to the two premises, 1s b, to get the
syllogistic conclusion, we eliminate this muddle term by the
eltmination formula [5 51],

If Az+B-z=0,then AB=2(

In equation (3), b corresponds to the z of this formula; that 1s,

(3) can be wntten
cb+a=-b=0.

Hence the result of the elimination 18
ac =0,

which 15 the syllogistic conclusion “No a 18 ¢.”
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In Figure 4, premise (1) 18 represented by vertical strokes;
(2), by honzontal strokes  As a result of these two together, the
whole of the area a c 15 struck out Thus the conclusion can be
read from this diagram representing the premises

il b

C
Fic 4

If both of the premises of a syllogism are universal, the con-
clusion 1s always reached 1n precisely this way, by the algebraic
ehmination of the middle term, according to formula 5 51
The reader may satisfy himself of this, and gain practice
using the algebra and the diagram, by carrying out this elimina-
tion for the premses (1) “All @18 b, and all b1s ¢,”’ and (2) “‘All
a18 b, and no ¢ 18 b,” and s0 on

A valhd syllogism requires that one premise be universal
When one premise 1s universal and one particular, the algebraic
operation 18 different from the preceding Suppose we are given

Alawb. a-b=0 1
Someaisc ac = 0. (2)

The result to be obtained is 1n terms of b and ¢ alone, since a is
common to the premuses The dervation of such a result,
where an equation and an 1nequation are given, 18 as follows
First expand both premises to contain all three terms. By 4 6,
(1) 18 equvalent to

a=-bc+=c) =a-be+ta~h=c = 0. 3)
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Siumlarly, since a¢ = ac(b+-b) = abec+a=bc, (2)18equivalent

to
abcta-bec 0. 4)

In (3) and (4), we now have an equation and an inequation with
one term, a =b ¢, in common, and by 4:71 1t follows from (3)
that this term 18 null:

a~bec=0. (5)

By6 32, “If a+b =0 and a =0, then b 0,” 1t follows from
(4) and (5) together that
abec=0 (6)

And by 6 41,1f abc > 0,then bc = 0, This last is the syllo-
gistic conclusion “*Some big ¢ ”’

In the diagram for one umversal and one particular premise,
1t 15 slways necessary to put in the universal premise first For
example, 1f we should attempt to represent the particular premise,
ac ## 0, first in Figure 5, we should not know whether to place

a b

C
Fia 5.

the asterisk 1n the compartment abc orthe compartment a-bc
If we know only that something 1s both a and ¢, we know that
something 18 either (1) a and b and ¢ or (2) @ and not-b and ¢
(or both), but we do not know which of these alternatives 1s the
true one (We might put an asterisk in both these compart-
ments of the diagram, connecting the two by a dotted hne, to
indicate the tentative character of this placing) However,
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when the umiversal premuse, a =b = 0, has been represented m
the diagram, this doubt 1s resolved, there is only one compart-
ment within the area ac left undeleted, in which to place the
asterisk

This asterisk in the compartment a b ¢ could be read ““Some
a 18 b"” or “Some a 18 ¢” or ‘‘Some things are a, b, and ¢, all
three,” as well as “Some b 18 ¢” All of these conclusions, as a
fact, follow from the given premises  The syllogistic conclusion,
like every syllogistic conclusion, 18 sumply one of the conclusions
which the premises give, namely, that one which meets two
extra-logical requirements, (1) 1t follows from neither premise
alone, and (2) 1t does not involve the muddle term, common to
the two premises

This last example may serve as a paradigm for every valid
syllogism with one particular premise Just as the procedure of
the previous illustration covers every case 1n which both premises
are universal, so here, the process exemplified 15 the same as 1t
would be for any syllogism with a particular premuse  The only
further point involved 1s, 1n some cases, to remember that an
equation or an inequation can be read 1n more than one way.
for example, a=b = 0 18 “No a 18 not-b” and ‘No not-b 15 a,”
ag well a8 “All e 18 b”,and ab # 0 158" Somebisa’ as well as
“Some a is b"” Attention to these alternative readings will
reveal the fact that there are certain valid forms of syllogistic
inference which are not included amongst the traditional moods
and figures—but that point is not particularly important

It may be inquired 1n what manner the algebra, or the dia-
gram, can lead to the detection of a fallacy or determination that
an inference 15 not valid The answer 1s, that there 15 no decisive
test of invalidity except 1n the special case where the conclusion
drawn contradicts something which genwnely follows from the
premises One who 1s sufficiently 1n command of the operations
of the algebra to be clear that a certain conclusion eannot be
denived from what 15 given, may detect a fallacy through that
fact, but there 15 no other general method In the diagram, the
matter is somewhat simpler, since if one merely represents the
premises correctly, any coneclusion which cannot be read from
this representation does not follow An example or two may be
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worth while Let us take the famliar fallacy of the undistributed
middle term  Suppose we are given.

Allawsb: a-b = 0.
Allcisb- ¢c-b=0

A conclusion which commits the fallacy will be-
Allawc a—c = 0.
Here 1f we combine the premises, we have,
a=b+c-b=0.

We know that, since this 1s a case of two universal premises, if
there is a syllogistic conclusion 1t must follow from this last
equation by the elimination formula, 5 51 But that formula
will not apply here, because there 18 no element corresponding to
the z of the formula, which 18 positive in one term of the sum
and negative in the other Nor will any other algebraic opera-~
tion give a=c = 0 If the reader will make the diagram for
these premises, striling out the areas a =b and c=b, he will
discover that the result does not delete the whole of a =c but
only a-b-c
Again, suppose we should be given the premises

Allaisd a-b =0
Some bisnotc b-c =0

And suppose the suggested conclusion be.
Some @18 not ¢ a~c = 0

Here we proceed as 1n the valid example above, for one particular
premise Expanding each of the premises for all three elements,
we have,
a=b(c+-c) =a-bc+a-b=c =0
and ab-c+=ab=~c =0

But the equation and the inequation here have no term 1n com-
mon, and therefore cannot be combined in the manner of the
previous example,

In this case, the diagram will exhibit the fact that no syllogistie
conclusion is possible, by the failure to determune that the
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saterisk, representing the inequation, belongs unambiguously in
any single compartment

There 18 another and a simpler general method which applies
to all syllogistic reasoning, though the basis of 1t 1n the algebra
15 not so immediately evident This procedure 1s that of Mrs
Ladd-Frankhin’s “antilogism,” or as we ghall call 1t, the ‘incon-
mstent triad’ If we take any vald syllogism and replace the
conclusion by 1ts contradictory, the result 18 a set of three
propositions any two of which determine the third to be false
For example, given “All men are mortal” and ‘' All Greeks are
men,” the concluzion 1s ‘‘All Greeks are mortal” Replacing
this by 1ts contradictory, ‘‘ Some Greeks are not mortal,” we have
the 1nconsistent triad

(1) All men are mortal
(2) All Greeks are men
(3) Some Greeks are not mortal

Talang any two of these as premises gives the contradictory of
the third as a vahid syllogistic conclusion.

(1) All men are mortal
(2) All Greeks are men
Hence, all Greeks are mortal

(1) All men are mortal
(3) Some Greeks are not mortal
Hence, some Greeks are not men

(2) All Greeks are men
(3) Some Greeks are not mortal
Hence, some men are not mortal

The principle upon which this character of the inconsistent
tnad turns has been recognized ever since the time of Anstotle
It may be stated thus If two premuses give a conclusion, then if
one of these premises be true but the conclusion false, the other
premuse must be false If the reader will compare this principle
with the above example, 1ts validity will be apparent

The use of this method for testing syllogistic inference de-
pends upon the fact that n symbols every inconsistent triad has
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the same pattern The rule 1s as follows- Express each of the
three propositions of the syllogism 1n question as an equation,
or an inequation, with one member 0 Replace the conclusion
by 1its contradictory, 1e, change = 0 to 0, or #0to =0
This gives the inconsistent triad Every genwine inconsistent
triad meets the following requirements: (1) It contains two
uruversal propositions and one particular—two equations and
one mequation (2) The two equations (= 0) will have one
element 1n common, which will be positive 1n one and negative
in the other (3) The nequation (7= 0) will combine the other
two elements appearing in the equations, with whatever sign
they there have For example, the inconsistent triad above 1s,

(1) Al b (men) 1s ¢ (mortal): b~c =0
(2) All 2 (Greeks) 1s b (men) a=b =0
(3) Some a 13 not ¢ a=-c #0

Comparnison of this with the rule will show that it meets all the
requirements

As a further 1llustration, let us test a syllogism with a par-
ticular premise

Noasb ab =0
Some b 18 ¢ be=0.
Hence, some a 1s not ¢ a -c = 0.

Replacing the conclusion by 1ts contraaictory, we have the triad

ab =0,
be#0,
a-c =10

This does not conform to the rule 1t has two equations and one
inequation, but the term which 15 common to the equations, q,
18 not once positive and once negative, and c, 1n the nequation,
18 positive when, by the rule, 1t should be negative Our con-
clusion, above, 18 therefore fallacious, 88 may easily be venfied
by other tests The valid conclusion from the given prermses
would be

Somecisnota c=-a #0
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This would give the triad

ab =0,
be 0,
c-¢ =0

This conforms to the rule in all particulars

It may have occurred to the reader that this method of the
mccneistent triad will fail 1n the case of syllogisms with two
universal premises and a particular conclusion—E A Oand A A ]
1n the third and fourth figures, and the moods with a ‘weakened
conclusion’ Such syllogisms will violate the rule for the reason
that both premises are universals (equations), and the conclusion
being particular, 1ts contradictory will be another universal,
pving a triad with three equations, instead of two equations and
an inequation

The reason for this failure 18 a very simple one these moods
are not valid, but represent an error of traditional logic The
llustration about absentees on page 50 1s a case 1n point, being
an example of E A O 1n the third figure

A particular conclusion cannot validly be drawn from a
universal premise, or from any number of universal premises
Thus 15 borne out not only by the method of the inconsistent triad
but by the algebra or the diagram as well, as the reader may
discover by experiment The simplest case 1n point 15 the
traditional inference of “Some ¢ 18 b”’ from “Alla1s b” This
fails, as a fact, whenever no a exssts If ¢ 1s an empty class
(@ = 0), then “Alla1s b” (a-b = 0) 15 true, but “Some a 15 b”
(ab 5 0) 18 false If there are no centaurs, then ‘“All centaurs
are Greek' 1s true, but ‘“Some centaurs are Greek” 1s false
In fact, if @ 1s an empty class, every universal proposition with
a ag subject 18 true, but every particular proposition with a as
subject 18 false If there are no centaurs, then ‘' All centaurs are
z'" will be true, no matter what z 18 all the centaurs there are,
will be anything you please Also, ““No centaur is "’ will be
true, whatever y may be But ‘“Some centaur 15 z” and ‘' Some
centaur 18 not w'’ will be false, for every z and w

The principles of the algebra require this If ¢ = 0, then
by 2 6, acb and ac-b f a =0, then a=b = 0 and ad = 0,
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by 1-4 Also, f @ = 0, then ab = 0 and a =b » 0 must be
false, since when a = 0,

ab=0>b=0, and a=b=0=b=0

These facts point to the invalidity of certain other tradition-
ally sanctioned modes of immediate inference also, for example,
the inference “Some b 15 @’’ from ‘All 218 b”, and the inferences
“Some a 18 not b”’ and ““Some b 18 not a” from “Noais b’ All
of these are invabd, committing the same fallacy of inferring an
existence from a non-existence Sometimes this fallacy is a bit
concealed, as when ‘“Some b 18 not ¢”’ 18 1nferred from “No a 18
b” by way of the intermediate step “No b1e ¢’ Consider the

following
(1) No artist 18 perfect

Hence (2) No perfect being 1s an artist
Hence (3) Some perfect beings are not artists

If (3) follows from (2), 1t hkewise follows from (1), but the in-
ference of (3) from (1) 18 obviously unsound The point worth
noting here 15 that the reasoning breaks down, not because there
are no artists, but because there may be no perfect beings Thus
we cannot say, ‘‘The 1nference from universal to particular will
hold provided that the subject of the universal denctes a class
having members”’ . the trouble here 1s that the predicate *“per-
fect” may denote an empty class

Since infererce from umiversal to particular is invaelid, the
only genuinely valid immediate 1nferences are those 1n which the
given proposition and the proposition inferred are equivalent
For example, ‘' Some ¢ 18 b ” and ‘“Some b 13 a”’ are equivalent:
they would have the same equation and be represented by the
same diagram  Similarly, " All ¢ 18 b,”” ‘“ No @ 18 not-b,” " No
pot-b 15 ¢,” and ‘' All not-b 18 not-a ”’ are equivalent Also *“ No
a18b"” and “No b 18 a” are equivalent, and either of them 18
equivalent to ** All @ 1s not-b,”” and to ‘' All b is not-a ”

The same fallacy affects the traditional doctrine of the ‘square
of opposition,’ according to which 4 and E, contranes, are
supposed to be such that both may be false but both cannot be
true, I and O, subcontrares, such that both may be true but
both cannot be false, A and O, E and I, contradictones, such
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that both cannot be true and both cannot be false I 18 supposed
to follow from A, and O from E. None of these relations really
holds except that of contradiction between A and O, E and 1.
When z = 0, 4 and E are both true, I and O both false, the
supposed relations of contrares, subcontraries, and subalterns
all break down If y = 0,orif =y = 0, some of them break down
Since a general principle of inference which sometimes fails 1s
pever reslly valid, this entire traditional doctrine—except for
contradictories—must be abandoned

All z1s y Nozisy
z=y=0 Iy=0
A contrary ———— FE

N7

c x§
£ K ¥ E—
= "’o’ =
] n 3
2 ¥ % g
2 P o3 3
l o \
I subcontrary ()
zy#0 z=-y7#0
Some z1s ¥ Some z 15 not ¥
Fia. 6

The reader will very likely feel that traditional logic 18 not
quite 8o black as 1t 18 here painted The umversal proposition,
one may 8ay, ordinarily presumes that the things under discussion
exist, and the inference from umversal to particular, in the
traditional modes, 15 then vahd This 18 quite correct But
since 1t 18 not always true that such emstence 18 assumed—and
plenty of examples can be given of that—a correct logic will
require that this assumption be explicit when 1t 15 actually made
And 1f 1t 18 an explicit premuse, then the inference follows accord-
ing to the algebra Only, the so-called immediate inferences are
then not immediate, and the so-called syllogisms are not syllo-
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gisms Thus the apparent simpheity and generahty of tradi-
tional principles cover a real ambigmity, and when this ambiguity
18 dispelled they must be replaced by somewhat more complex
laws of more restricted application

Suppose we are given

Alla’sareb’s a-b =0
And a’s exast- a0,

We may then infer, by the algebra-
a=ab+a=db Hence ab+a=b = 0.

But (6 32]if ab+a-b=0 and ¢~b =0,then ab 0. Somea
1 b
Similarly for ‘syllogisms’ such as £ A O Suppose we are

girven
Nobisc bec=0

Allbisa b-a =0
And b exists, b=0

We may then proceed

b=ab+=-ab. Hence ab+=-ab =0

But =ab = 0. Hence[6-32] ab =0

But ¢b=abc+ab-c Hence abc+ab-c =0
Also,since bec =0, abc+=-abc =0 Hence[4-71l]abe=20
[6 32] Since abc+ab=c 0 and abc =0, ab=c # 0
And [6 41] since ab=~c # 0, a=c = 0 Some ¢ 18 not ¢

If this seems complex, as compared with £ A O, we should
remember that when the assumption of existence, which 18
essential to validity, 18 added to the ‘syllogism,’ it also will
become complex, 1n fact, 1t must have precisely the complenty
represented by this train of algebraic deduction

Somewhat similarly for the relations of the ‘square of opposi-
tion’. “There are a’s, and all ¢ 15 b” 18 genuinely contrary to
‘“There are a’s, and no a 1s b’’, these can both be false, but they
cannot both be true The subcontranes, however, “Some a is
b’ and ‘Some a 18 not b,”’ are not genwinely such that both may
be true but both cannot be false, and no explicit statement of
agsumed existence can make them so  If they are to be taken 1n
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extension, they already assert existence, and 1t 18 by wirtue of
that fact that they can both be false The propositions truly
having this subcontrary relation would be the true contradictores
of the above ‘amended’ umiversals, that 1s, the traditional I
would have to be replaced by ‘‘ Either there are no a’s or some a
18 b”’, the traditional O, by ‘' Exther there are no a’s or some a 18
not b "

I* may also be thought that something of importance for the
validity of traditional logic 18 to be found 1n the logic of 1ntension,
omitted from consideration when the algebra 1s interpreted as a
logic of classes  As a matter of fact, interpreting the traditional
modes 1n intension does not help them a it  If the interpreta-
tion 18 completely and consistently intensional, precisely the
same forms of inference which are fallacious 1n extension will be
found to be fallacious 1n intension also  The logic of the inten-
s1on of terms 1s a slightly compheated matter, and perhaps of no
great 1mportance We shall include here a statement of the
basic facts, for the reason that this topic 1s so seldom discussed
But any reader who chooses may well omit the next few pages

Let us first see what the typical propositions will mean when
interpreted in intension ‘‘All ¢ 18 b,”’ as a statement about
connotations, means ‘““The concept a contains or requires b,
whatever would fall under the meaning of ¢ must necessanly
have the character b, all possible or logically conceirvable a's
must be b’s ¥ Simularly, “No ¢ 1s " 1n 1ntension means ‘' The
concept ¢ excludes b, nothing which could fall under the meaning
of a could have the character b, no possible or logically conceiv-
able a could be a b” ‘Some,” 1n a proposition concerning
intensions, means ‘A definable species of’ or ‘Some logically
concelvable’ Thus, 1n intension, ‘‘Some e 18 b” means “A
concelvable species of a 18 b’’, and 'Some @ 1s not b’ means ‘' A
concervable species of @ 1s not b ”’

The Boole-Schroder Algebra can be apphed, completely and
with accuracy, to such relations of intension But 1t must, of
course, be reinterpreted Let a, b, ¢, etc, represent the concep-
tual meamings or connotations of terms Let ¢ xb be the
qualification or himitation of concept a by concept b; or the
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qualification of bby e Let=a be ‘not-a’ Let 0 mean ‘logically
inconeeivable or self-contradictory’ Since whene =0, -a = 1,
1 will represent that whose negative is inconceivable, that is, a
concept such that everything conceivable falls under 1t Con-
sonantly, ¢ 0 wil mean ‘“a 1s not self-contradictory; a 18
conceivable or possible” And @ 1 will mean, “ais not such
that everything which 1s concervable or possible falls under 1t ”’
Since the relation acb 1sequvalentto ab =a andto a-b =0,
1t will mean ‘‘What 1s ¢ but not b, 15 logically inconceivable,” or
‘' All possible a's are b’s’’ With these interpretations, all the
laws of the algebra will hold

In the logic of extension, we have met with the paradox that
when @ = 0, acb will hold, whatever b may represent The
precisely similar paradox recurs in the logic of intension The
question arises what 1s true of the logically inconcervable For
example, are the propositions ''All round squares are round”
and ‘' All round squares are square’ both true, or both false, or
what? According to the above interpretation, since ab = a
1s a general law of the algebra, we shall have “round square
< round” and ‘“‘round square € square” Also, 2 cb isequiva-
lent to a~b = 0 Thus, since 1t 18 true that a round square
which 15 not round 1s inconcervable, and a round square which
18 not square 1s not conceivable, we shall have to admit that
“round square c round’ and 'round rquare c square’” both
hold Again, a round square which 1s triangular 18 inconcervable,
1n fact, a round square which 1s z 18 inconcervable, whatever z
may be Thus ‘ All round squares are triangles’ will be true 1n
intension- since ‘round square’ = 0, anything may be truly
predicated of 1t 1n 1ntension

With respect to concepts which have possible though no
actual denotation, the case 1s different In intensmon, *All
unicorns have a single horn" 18 true 1t follows from the concept
of this animal that 1t must have a single horn But “All uni-
corns have two horns” 1s false That 1s, there 1= a defimte
intensional truth and falsity about non-existent but conceivable
things hke unicorns, and 1t 18 not the case that concermng the
merely non-existent anything one may please 18 true But the
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self-contradictory or inconceivable oceupies, in intension, the
same position that the non-existent does 1n extension anything
whatever may be truly predicated of it Perhaps it would still
be plausible to maintain that * All round squares are round” 18
false, but whoever takes that position will get into worse trouble
than he gets out of For example, he must either deny this form
of words to be a meaningful assertion, or he must deny the gen-
erality of the law e¢beca 1n 1ntension But if he assert that
meaningful statements cannot be made about the inconceivable,
he seems to be malung one himself 1if he say that the incon-
cervable has no predicates, he appears to give 1t the predicate
‘having no predicates’ On the other hand, 1t seems absurd to
deny that the complex concept a b contains or requires ¢ Even
if he avoid these difficulties, we shall have others ready for him
From the fact that the algebra can be thus interpreted for
intensional relations, 1t should follow that the traditional modes
which are not 1n accord with the algebra, when the extensional
interpretation 1s assigned, will hkewse fail to be truly valhd in
intension This 18 the fact For example, if the general pnn-
ciple "'*All a 18 b’ 1mplies ‘Some a 15 b’"’ be announced for inten-
sion, 1t 18 1nvalidated by those exceptions, ke ‘round square,’ 1n
which the term a represents something inconcervable The addi-
tional premise, ‘and a 18 conceivable’ (a # 0), if assumed, must
be made expheit With this added premise, the inference 1s
vahd, but 15 not what the announced principle asserts, and 1s
not immediate Entirely sumilar considerations apply to all the
other traditional modes whose fallacious character, when inter-
preted 1n extension, has been pointed out They are equally
invalid in intension It 18 a usual, though not universally safe,
presumption that terms meant 1n extension denote somethung
which ezzsts  And hkewse, 1t 18 a usual but not unmversally safe
presumption that terms meant 1n intension name something
logically concervable In both cases, however, precision re-
quires that this presumption, if made, should be expheit  With-
out that, the inference 1s not 1n valid form, and a logie which
vahdates the form 1n which 1t 1s not explheit, 18 1ncorrect
Furthermore, we must not confuse the fact that for every
law of extension there 15 an analogous law of intension, with the
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notion that the relations of terms 1n intension are parallel to
their relations 1n extension If we have any set of concrete
terms—'men,’ ‘mortals,’ ‘featherless bipeds’—their relations 1n
extension constitute one set of facts, and their relations in
intension another set of facts which may not be parallel For
example, the class ‘men’ 1s contaned 1n the class ‘mortals’
(extension), also the connotation of ‘man’ includes the connota-
tion of ‘mortal’ (parallel relation of intension) But the class
‘featherless bipeds’ 18 contained 1n the class ‘men,’ although the
parallel relation of intension does not hold, 1t 1s not true that
the connotation of ‘featherless biped’ contains or i1mples the
attribute ‘human’

Thus a logic which should be adequate to deal with all the
relations of terms which figure 1n and affect inference, would
have to represent their relations of intension differently from
their relations of extension, and such a logic must include not
only the laws of intension and the laws of extension but also
laws connecting the two For example, 1t must include the
law that if the connotation of @ includes that of b, then the class
a 15 contained 1n b (but the reverse does not always hold) The
Boole-Schroder Algebra 18 inadequate to suech complete repre-
sentation of the logic of terms, though 1t is completely applicable
to the relations of extension, and likewise completely applicable
to the relations of intension

We have made this somewhat long digression coneerning
intension, extension, and the algebra, for two reasons. In the
first place, because the ympression prevaills in some quarters
that the algebra, as a logic of classes, 18 not only free from the
errors of tradition but 1s adequate where Amstotelian logic 18
not As a fact, neither of them 1s adequate. a complete and
accurate logic of terms has never been developed by anybody
It 15 not a difficult matter, and awaits only the attention of
gome gtudent who will bring to bear upon the subject the exact
methods now available In the second place, we think that the
bearing of exact methods upon the simple problems of logic 1s
8 more pressing matter, at the present juncture, than the mere
manipulation of the mathematical machinery At the moment,
the elaboration of the formul® has been somewhat more ade-
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quately attended to than the simpler business of assessing their
precise significance for logic

Let ua now return to topics more strictly related to the slgebra.
There 18 one point of considerable theoretical importance con-
cerming which the algebra leaves no possible doubt there 18 no
such thing as the conclusion from any premise or any set of
premises, given any premuses whatever, there are an infinite
number of conclusions which may vahdly be drawn This 18 an
unavoldable consequence of Poretsky's Law of Forms

[4 92] ¢ = 0 18equvalentto ¢t = a-t+-at

[4-93] @ = b 1s equvalent to ¢t = (a-b+-abd) -t
+(ab+-a=b)t

[6 72] @ # 0 15 equvalent to t £ a-t+-at

[6 73] @ = b 18 equivelent to ¢ # (a=b+=-ab)~t
+(ab+-a-b)t

This law, 1n 1ts various forms, tells us that, given any data
expressible as an equation or as an 1nequation, there 18 a con-
sequence 1n terms of any £ we choose, whether Z appears in the
given data or not As an illustration, let us observe something
of the venety of conclusions which can be drawn from the

premises
All men (a) are mortal (b)) a-b = 0

All men (a) are falible (¢) a-c = 0

The combined premises, @ =b + a =c = 0, are equivalent to
t=(a-b+a=c)-t+-(a=b+a=c)
In this result, let us first choose b for ¢

b=(a-b+a=c)=bt=(a=b+a-c)b
=g=-bta-b-c+(-a+b)(~a+c)d

a-b+(~a+=ab+=ac+bc)d

=ag-b+-ab+bc

That 18, the premises give the conclusion ““The mortal beings
are those who are men but not mortal, or mortal but not men,
or fallible mortals” There may be ‘objections’ to this con-
clusion 1In the first place, one may say ‘That part of the
statement about mortal beings and those who are men but not
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mortal is false ” But this is a mistake The premises require
that the class ‘immortal men’ should be an empty class To
adjoin this elass to others 1s to add nothuing Hence if the mortal
beings are those who are either mortal but not men or fallible
mortals (28 the premises require), then the addition ““men but
not mortal” leaves the conclusion still correct. Adding such
empty classes may be a ‘joke,’ but some jokes are logical and
some not This one 1s perfectly logical, and the conclusion
follows from the premises given

One may also object that, however vahd, this conclusion 1s
of no use Very likely this 18 the case But what has logical
validity to do with usefulness? One who supposes that to be
logical 18 2pso facto to be of use, has not observed the logical
pedant at his best KEven though illogical inference 18 never
useful, 1t does not follow that all truly logical inference 18 of use
That 18 precisely one point which needs emphasis useful trains
of reasoning must be logical, but they also need to be guded by
other considerations which are quite apart from logic

Let us make another choice, substituting bc fort

bec=(a=bta=c)=(bec)+-(a=b+a=c)bec
= (a=b+a=c)(~b+=c)+ (~a+b)(~a+c)bc
=a=bta-c+(-~a+bc)hbc
=a=b+a-c+bc

But, by 3 83,a~b+a-c+bc = bc 18 equvalent to
(a-b+a=-c)cbec

Thus this conclusion can be read “All those who are eitther men
but not mortal or men but not fallble are fallible mortals ”
This time the whole conclusion seems to be a joke But if we
remember that a conclusion drawn by Poretsky’s law 18 equivalent
to the data (so that, turn about, the prermses given are inferrable
from the conclusion), 1t 18 rather interesting, because 1t gives us
the following little problem. ‘‘If all those who are either men
but not fallible or men but not mortal, are fallhble mortals, what
follows about the class of men?” The answer 1s ‘' That all men
are fallible and all men are mortal’”, the longer statement 18
just another way of saying that
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Let us make one further such substitution, of a for ¢*

a=(a=b+a-c)-a+=-(a-b+a=c)a
O+(~a+bc)a=abc
But [1 03] a =abc 18 achec

This 18 the obvious conclusion, ‘* All men are falhble mortals ”
If we seem not to have had much luck in drawing from our
prem.iscs conclusions which are both important and other than
obvious, 1t may be well to point out that the prermses in this
case are traditionally supposed to give no mediate inferences
whatever

We could exhaust the possible substitutions for ¢ above, and
resulting conclusions, which should be restricted to the terms
a, b, and ¢, which appear 1n the premises (there are 256 of these),
but of course the law holds also where ¢ 15 anything we please
Aninfinite number of conclusions follow from the given premises
This fact 18 quite interesting 1n iew of conceptions which are
cultivated, if not enforced, by traditional doctrines—that all
valid inference, except 1mmediate, 13 fundamentally syllogistic,
that given two premises, the syllogistic conclusion, if any, 1s
determined, and that, therefore, the inferences to be drawn from
given premuses are dictated by logic As a fact, and as the
above considerations prove beyond a doubt, logic cannot be
thus prescriptive Given premises and conclusion, logic can
determune whether this conclusion follows, or given the premises,
1t can, 1n terms of general formule, divide all possible propositions
1nto two classes, those which can be inferred from these premises
and those which cannot (Traditional logic does not provide
any method of doing this last, but symbolic logic does.l‘) But
it 18 completely 1mpossible that any logie should dictate the
conclusion from given premises, or even a conclusion, precisely
because the number of inferences which can vahdly be drawn 1s
always infinite

It 18 an obvious corollary that the direction which a process
of 1nference 15 to take must be determined by non-logical con-
siderations such as usefulness and pertinence to the problem 1n
hand For some centuries logicians debated whether logic 15 &
science or an art, because they mistakenly supposed that 1t could
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prescribe the course of sound thunking. Loglc 18 a science, but
reasoning is an art Logic may be taught, but reasomng to
valuable results requres also other charsctenstics which are
difficult or impossible to impart—imagination, ingenuity, a sense
for the relevant, and persistence

Aside from the errors of traditional logie, its principles also
impose non-logical and unwarranted restrictions upon vahd in-
ference But 1n part, these restrictions ere dictated by general
considerations of practice, calculated to satisfy the extra-logical
considerations to which useful thinking must give heed If we
were set the problem of formulating such modes of inference as
will meet, 1n maximum degree, the cnteria (1) sumplieity and
ease of understanding, (2) wide range of application, (3) accord
with the most frequently desirable direction of thinking, we
should be hard put to it to do better than the syllogism This
fact does not necessarily reflect any peculiar cleverness on the
part of Arnstotle and the other founders of logic They looked
back to those types of inference, previously uncodified, which
successful human thinking most frequently exemplified, or to
which cogent examples of reasoning might be reduced Naturally
such exemplhfied modes of inference reflect the pragmatic deter-
minants of good reasoning as well as the consideration of validity

It remains to 1llustrate briefly the application of the algebra
to problems which are outside the scope of traditional moder
The examples chosen are from historieal sources

Ezample 14

The members of a certain collection are classified 1n three
ways as ¢'s or not, a8 b’s or not, and as ¢’s or not It is then
found that the class b 18 made up precisely of the a's which are
not ¢’s and the c’s which are not a’'s How 18 the class a con-
stituted?

Given b=a~c+=ac¢ To solve for a
By 4-9, the given equation 18 equivalent to
b~(a=c#+-ac)+=~b(@a=c+-ac) =0
Hence b(ac+=a~c)+=b(a=c+=-ac) = 0.
abct=-ab-c+a=-b—c+=-2=bc=0 (SeeFigure7)
¢ Bee Venn, "'Boole’s System of Logie,” 1n Mind, I (1878), 487
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Collecting the coefficients of a and =a.
bet~b=~c)a+(b~c+=bc)=a = 0.
Hence [5 6] (b=c+=bc)cac=(bc+~b=c)
But ~(bc+=b~c) =b=-c+=be.

Hence [2 2] e = b~c+=b¢c

The class a is composed of the b’s which are not ¢’s together
with the ¢’s which are not &’s This conclusion may be read
from the diagram (Figure 7) of the given data It is interesting
to note, from this diagram, that the given equation sets up a
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relation which is symmetrical with respect to all three classes,
a, b, and ¢ The conclusion accords wath this, being of the same
form as the data, with @ and b interchanged

Ezample 25

A certain club has the following rules. (1) The financial
committee shall be chosen from among the general commttee
(2) No one shall be 2 member both of the general and library
commuttees unless he be also on the financial commuttee (3)
No member of the Library commttee shall be on the financial
committee Sumphfy these rules

Let f = member of the financial commttee,
g = member of the general commuittee,
! = member of the hbrary commttee

§ See Venn, Symbolic Loge, 2d ed , p 331. .
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Given: (1) fcg; f-g = 0.
(@) @hes; fgl=0.
@si=0

To combine and simphfy

By 4 71, the premises are together equivalent to
f=g+=fgl+fl=0

Hence, f=g+=fgl+flig+=-g) =0 =Ff-g+=fgl+fgl
+f~gl=(f-g+f-gD)+gl-f+f)

But [4 5] f=g+f-gl =S~

And [4-6) gl(-f+f) =gl

Hence the data are equvalent to f=g+gl = 0, and [4-71]
to f=g =0 and gl =0

And [2 B] f~g =0 18 fcyg

Thus the rules may be simplified 28 follows (1) The financal
commuttee shall be chosen from among the general committee
(2) No member of the general commttee shall be on the hibrary
committee

Ezample 3 °

Demonstrate that from the premises ‘‘All a 13 either b or ¢”’
and ““All ¢ 18 ¢” no conclusion can be drawn which 1nvolves only
two of the classes, a, b, and ¢

Given (1) ac(b+c)
2) cca

To prove that elimination of any one element will give no
conclusion, or a conclusion which follows from one or other of
the premises slone (De Morgan does not mean to include
immediate inferences )

By 2 8, (1) 18 equvalent to a=(b+c) =0 = a=b=¢
And (2) 18 equvalent to =ac =0
Combining these a-b=c+-ac =0
Ehminating a, [5 51] (-b —¢)c = 0, which 1s the 1dentity,
0=0
Ehminating ¢, =a(a -b) = 0, which 18 the 1dentity, 0 = 0
& See De Morgan, Formal Logiwc, p 123.
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To eliminate b, expand the equation as a normal-form
function of b
a=b=c+-ac(b+-b) =0 = (-ac)b+(a=c+=ac)-b
Hence, (-ac)(a-c+-ac) = 0 =-ac, which 18 1dentical
with (2)

Thus the result of elimination of any one of the terms, a, b,
and ¢, 18 either indeterminate or 1dentical with a premise

Example 47

Suppose that the analysis of the properties of a particular
class of substances has led to the following general conclusions

(1) That wherever the properties a and b are combined, either
the property ¢, or the property d, 18 present also, but they are
not jontly present

(2) That wherever the properties b and ¢ are combined, the
properties a and d are either both present with them, or both
absent

(3) That wherever the properties a and b are both absent, the
properties ¢ and d are both absent also, and vice versa, where the
properties ¢ and d are both absent, ¢ and b are both absent also

Let 1t then be required from the above to determine what
may be concluded 10 any particular instance from the presence
of the property ¢ with respect to the presence or absence of the
properties b and ¢, paying no regard to Lhe property d

Given., (1) (ab)c(c-d+-cd)
(2) (be)e(ad+=-a=d)

(3) (e -b) € (-c=d), and (-c =d) € (=a =b)
=-a =b ==c-d.

To elimunate d and solve for a

By 2 8, (1) 18 equivalent to
ab~(c-d+-cd) =0 =ab(cd+-c-d)

O0=abcd+ab-—c-d #4)
Simularly, (2) 18 equivalent to
bec~(ad+-a=d) =0=>bec(a=-d+=-ad)
O=abc-d+*-abcd (5)

1 Boole, Lawa of Thought, pp 118-120
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By 4-9, (3) is equvalent to
~a =b =(=¢c =d) + =(-a =b) =c =d = 0,
Orl3-12]=a=b(c+d)+(a+d)=—c-d =0 =
~a-bc+=-a-bd+a-c=d+b-c-d. (6)
Combining (4), (5), and (6),
abcd+ab-—c~d+abc-~d+~-abcd+-a-bec
+-a=-bd+a-c-d+b-c-d =0 )
Collecting the coeflicients of d, (7) 1s,
(abc+-~abc+=~a=bc+-a=b)d+
(ab-c+abc+-a-bc+a-c+b=c)-d = 0.
Simphfying these coefficients, by 4 5 and 4-8,
(bec+-a-b)d+(ab+-a~bc+ta=c+b=c)=d =0
Eliminating d, by 5-51,
(bc+=a=b)(ab+=a=bc+a=c+b=c) =0
=abc+=a-bec
By 5 6, the equation a b ¢ +=a b ¢ = 0, gives the solution
for a, (-bc)cac (-b +-c)

Wherever the property c 18 present but b 1s absent, property a
18 present, and wherever a 18 present, either b 18 absent or ¢ 18
absent This conclusion can be read from the diagram (Figure
8), which represents equation (7), 1n which the premuses are
combined

 A— y -
| wAY
| = y AR
| Y AR\
& e — c
7 P £
Y ]
Vi f ;
I /.l
A
L 7/
L 1 4 e ~
7 A N\
4 L
i S d
/Z /
p 77
. —
e




CHAPTER IV
THE TWO-VALUED ALGEBRA

The Boole-Schroder Algebra apples to assertable statements
a8 well as to classes Perhaps this may be made clear by the
device which traditional logic has sometimes used to make the
transition from the syllogism proper to the ‘hypothetical syllo-
gism ' The conditional argument “If A 18 B, Cis D, but 4 18 B
therefore C 18 D" may be translated:

All eases 1n which 4 18 B are cases in which C1s D
This case 19 a case 1n which 4 15 B
Hence, this case 13 a case 1n which C 18 D

That 18 to say, a logic of classes can be extended to assertable
statements by applying 1t to the classes of cases 1n which such
statements are true  Such a class of cases constitutes the exten-
sion of the statement Thus a logic of classes 1n extension hike-
wise applies to the logic of statements 1n extension  The algebra,
therefore, admits of such application, when the following inter-
pretations are assigned

(1) a, b, ¢, etc, represent statements 1n extension the classes
of mnstances 1n which the statements are true

(2) axb represents the joint assertion of @ and b; the class
of cases 1n which @ and b are both true

(3) =a represents the contradictory of a, or a 1s false”; the
class of cases 1n which ¢ 18 not true

(4) a+b represents "o 18 true or b 18 true”, the class of
cases 1n which at least one of the two, a and b, 1s true

(5) O represents the null class of cases, so that ¢ = 0 sym-
bolizes ‘@ 18 true 1n no case’’ or ‘‘a 1s always false "

(6) Consonantly, a = 1 symbolzes ‘“a 18 true 1n every case”
or “a1s always true ”

(7) acb wll mean "“All cases in which a 15 true are ¢ases 1n
which b 15 true” or ““If a 1s true, then b 1s true ”’

78
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(8) a = b will mean '"The cases in which a 18 true are iden-
tically the cases 1n which b 1s true” or *a is true when b is true,
snd false when b 1s false ”’

All the laws of the algebra will hold for this interpretation.

However, statements are of two general types (1) There
are those which cover, or assert, ambiguously, eny one of a
multiplicity of instances Such statements contain some term
(or terms) which, impheitly or explicitly, 18 variable in denota-
tion For example, “All A 18 B contains the varable terms 4
and B It 18 true in some instances—for some meanings of 4
and B—and false for others the statement itself cannot properly
be said to be either true or false (2) There are statements
which contain no such varable term, but are unambiguous and
either defimtely true or definitely false. Statements of the first
type are now called ‘propositional functions’, and the name
‘proposition’ 18 restricted to the second type Thus a proposi-
tion, 1n contrast to a propositional function, will contain no
vanable or ambiguous term 1t cannot be true 1n some 1nstances
and false 1n others, if 1t 15 ever true 1t 18 always true, and if 1t 18
ever false 1t 15 always false

The Boole-Schroder Algebra apphes both to propositions and
to propositional functions The applcation to propositional
functions 18 more closely related to 1ts interpretation for classes
than 18 the application to propositions Thus if our principal
interest were 1n the algebra, we should take up propositional fune-
tions next Butin order to understand current developments 1n
symbolic logic, 1t 18 better to reverse this order we shall consider
propositions 1n this chapter, propositional functions 1n the next

As we have Just seen, there 18 no difference, for propositions,
between being true and being always true, between being false
and being always false Thus there 18 one further principle,
which does not hold for classes or for propositional functions,
which 18 required 1n order to restrict the terms of the algebra to
statements which are propositions namely, *'For every element
a, esther a = 0ora = 1" If we add this assumption, and 1ts
consequences, to the Boole-Schroder Algebra, we have what 18
called the Two-valued Algebra This 18 a calculus of proposi-
tions 1n extension
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The Two-valued Algebra, then, as a mathematical system,
consists of all the laws of the Boole-Schroder Algebra, as set forth
in Chapter II, together with the additional laws which result
when we add the postulate which restricts the elements of the
algebra to one or other of the two values, 0 and 1 Thus there
18 no need to prove over again those laws of the Two-valued
Algebra which are already established in Chapter II But for
complcteness, we shall repeat here those which are important
for the logic of propositions

In thus repeating them, however, we shall transcribe these
laws 1nto a somewhat different symbohsm This translation
will serve two purposes first, 1t will set off the propositional
nterpretation of principles which are common to the two systems
from their interpretation for classes And second, 1t will intro-
duce the reader to the symbolhsm most used to-day for the
calculus of propositions These changes of symbolism include
the following

(1) Instead of a, b, ¢, etc, we shall use p, q, r, etc , for proposi-
tions

(2) Instead of -p, we shall write ~p for the contradictory of
p, or ‘‘p1s false "’

(3) Instead of pcgq, we shall wnite pog for “If p 19 true,
then g 1s true” or *p umphes g ”

(4) Instead of p + ¢, we shall wnite pvgq for “ At least one of
the two, p and g, 18 true’’ or “Either p or ¢

(5) Instead of p = ¢, we shall wnte p = q for ““p and g are
both true or both false” or “p 18 equivalent to ¢”’ However,
we shall continue to use the symbol = for purely notational
equivalences, such as p = 1, and for indicating that two expres-
s1ons are to have the same meaning, by defimtion

Let us now see what some of our theorems, in Chapter II,
will look hike, and will mean, as laws of the Two-valued Algebra
For example, 3-7 will be,

If pog and gor, then por,

and will be read ““If p umplies ¢ and ¢ 1mphes r, then p 1mphes r.”
And 2 92 will be

P = g 18 equvalent to ~p = ~¢,
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which may be read ‘*'p is equivalent to g* 18 equivalent to ‘(p is
false) 18 equivalent to (g is false )’”’

At once the reader will observe that we are here writing the
same relations 1n two different ways In 2:92, the phrase “is
equivalent to’’ connecting p = ¢ and ~p = ~¢ supposedly rep-
resents the same relation as the symbo] =; that 1s, the relation
of being equivalent propositions To wrnte this same relation
sometimes in Enghsh, sometimes 1n symbols, 18 awkward and
possibly confusing The theorem would be read in the same
way if wnitten completely 1n symbols.

(p=gq) = (~p=~q

Simuilarly in 3-7, “If , then ”’ supposedly represents
the same relation of implication which 18 symbolized by o  The
theorem would be read 1n the same way if written

(p>q and gor)>(p>7)

Further, the relation represented here by '‘and” 1s that of joint-
assertion, or ‘both true,’ which 18 the same which would be
symbolized, between p and ¢, by pxq or pg The meaning
would, therefore, be unchanged ¥ we should write the theorem
completely in symbols, thus:

((pag)(gan)]>(p>7)

This is true, of course, only because the elements of the system
now represent propositions For the class-interpretation of the
algebra, the relation eymbolized by € in the theorem

If acbh and bce, then ace,

18 not the relation meant by the Englsh “'If , then "
and the relation “and’”’ between eac€b and bec 18 nol the re-
lation of classes symbolized by x

The question as to what nght we have to translate the Enghsh
part of our theorems into symbols, 1n the case of the propositional
interpretsation, 18 a separate question, which we shall have to
desl with later. But at least one sees that the reading of the
theorems 18 not affected if we represent them in this more com-
pact and less awkward form This is the practice we shall
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adopt here 1n repeating, as laws of the propostional calculus,
the theorems proved in Chapter 11

One more change of notation 1s required if we are to bring
our symbolism completely into aceord with current practice. the
substitution of bold-faced dots, as punctuation, for the use of
parentheses and brackets 1n formul® For example, we have

wntten above
[(e2g)(g>n)]>(p>1)

Hereafter, this will be written,
P2¢.gdr:>d.p>Dr

The general principle of such punctuation 1s simple a double dot
or colon () 18 a stronger mark of punctuation than a single dot
(), three dots 1s a stronger mark than two, four 1s stronger than
three, etc  For example, the formula above 1s read "“If p 1mples
q and ¢ 1mplies 7, then p imphes 7'’ If we had wntten instead

pdgigdr.o2.p>r,
it would have meant the same as

@39l(gar)>(@>o7),

that 18, ““p 1mplies ¢, and if ¢ implies r, then p 1mplies 7’ How-
ever, parentheses are still used where 1t 18 necessary to indicate
the negative of a complex expression the negative of pq is
wntten ~(p q), the negative of pv =g, ~(p v=~q)

With a lttle practice, the reader will have no trouble in
mterpreting the significance of this style of punctuating the
symbolism, especially since the meaning of the first few theorems
to be cited will be given A complete and careful account of
the matter 18 contained 1n the Appendix on “ The Use of Dots as
Brackets

One further point, and we shall have done with these pre-
hminary matters. A proposition p 18 exther always true or always
false, esther p = 1 or p = 0 The symbolism ~p means ‘p is
false’”,s0does p =0 Hence these two are here interchangeable
Similarly p and p = 1 are different ways of expressing “p 18
true,”” and are interchangeable We can, then, wherever we
choose, write ~p for p = 0, 1n a theorem, and p for p = 1; the
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meamng of the theorem will be unaffected Thus the expres-
mions p =0 and p =1 canbeehmnated However, we shall
sometimes write a principle in both ways, 1n order that the
denvation of the simpler form may be clear The first few laws
will be ;ven both 1n symbols and 1n Enghsh, and occasionally
later theorems also will be translated.

The additional postulate of the Two-valued Algebra may be
expressed as follows.

71 (p=0)==~p
This leads immediately to the consequence.

7-11 p=(p=1)
[29] ~(~p) =p Hencel7 1](~p=0)=p
And [2-91, 1 01] ~p = 0 18 equvalentto p =1

Although we give the theorems, below, the same number
which they had in Chapter II, 1t should be remembered that
whenever they are sumphfied in form by substituting ~p for
p = 0, or p for p = 1, this procedure depends upon 7 1or7 11

The theorems of Chapter II which are most important as
laws of the propositional caleulus are the following:

102 pvq.E_-r(-p-q)
“Either p 15 true or ¢ 1s true” 15 equivalent to ‘It is false
that ‘p is falee and ¢ 1s false "

1.1 pp.=.p
““p and p are both true’’ 18 equivalent to “p 15 true ”

12 pg.=-qp
“p and q are both true’ 1s equivalent to

3

‘q and p are both

true "
22 p=gq.=:p>3¢q.g3p
“p 18 equvalent to ¢” 18 equivalent to ‘““p 1mphes ¢, and q
implies p.”’
2.3 pap

Any proposition p imphes 1tself
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2-4 pg.2.p pg.2.¢
If p and ¢ are both true, then p 18 true: and if p and ¢ are
both true, then g 18 true

25 ~(p-p) p~p-=.0
It 18 false that “'p 18 both true and false”, or, no proposition
p 18 both true and false
28 ~(p=q).=.p>dg P~g-=-0 isequvalentto p>¢q
““It 18 false that ‘p 1s true and ¢ false’” is equivalent to ““p
1mphes ¢’ This theorem will be of particular importance later,
1n discussing the meaning of ‘1mplies’
281 pdqg.d:pr.d.gr If pog, then progr
29 ~(~p)=p
It 1s false that p 1s false'” 18 equivalent to “‘p 15 true ”
2:91 p=~q.=.~p=q

3-1 ~(~pv~g).=.Pg
1t 18 false that ‘either p 1s false or ¢ 15 false’” 18 equivalent
to "p and ¢ are both true ”

J12 ~(pg-=.-pv~g
32 pvp.=.p
33 pvg.=.qvp
35 pv-p pv~p.=.1
36 ~pvg.=.p>dg ~pvq.=.1 13 equvalent to p>g¢q
3:7 pdq.qdr:d.p>r
The relation of implication 18 transitive
38 podq.=.~q2~p
“p 1mphes ¢”' 18 equivalent to ‘'If ¢ 1s false, then p 1s false.”
3-81 pd~¢.=.g2-p
3 82 =~po2qg.=.~q¢2p

39 p.>.pvyg
If p 18 true, then either p 18 true or ¢ 18 true
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42 p>Or.goe:d:ipg.o>.r38
421 pdOr.gds8:d:pvg.d.rvse
4-22 podr.g>drid:ipvqg.d.r
4-23 p>g.p>r:d:p.2.qr
44 p.gqvr:=:ipq.v.pr
46 p.=:pqg.v.p~q
4-62 pvg.=:p.v.~pgq
The further theorems below, which were not proved in Chap-
ter II, are also of importance 1n the calculus of propostions

Most of them 1nvolve some use of 7 1 or 7-11, and thus do not
belong to the calculus of classes

72 pg.d2.r:=:p.d.gdr:=:q.3.p>r
B6lpg.2.r:=:=(pg).v.r
[3 12] =i1~pVeg.V.T
[3 31] =:~p.V.~qVT
[3 6] =I~p.V.qdT
3 6] =:ip.o2.¢q>or

Since, by 2 2, equivalence 18 a reciprocal imphcation, 7 2
implies two corollaries

7-21 pg.2.7r:>:p.>.q>r
722 p.>.gqdr:d:pg.d.r1

The law upon which Mrs Ladd-Franklin’s ‘antilogism,’
discussed 1n Chapter 111, depends 1s the following

73 pg.d.r:=ipAMr.d.~gi=ig~T.d.~p
36l pg-dr:=:=(pg).v.r

i

(3 12] =:=pVveg.Vv.T
{3-31] =i1~pVr.V.=q
[3 12] =:i=(p-r).Vv ~g
[3 6] = Ip~Tr.d.~¢

The relation p>¢ 1in this calculus has not quite the ususl
meaning of “p imples ¢,” due to the fact that relations of the

system are those of extension For this reason, the relation
4 .
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here symbolized by > is commonly called ‘matenal implication.’
Theorems which exhibit the peculiar properties of this relation
gre the following.

7-4 p.o.g>op
[4 1) If p=1,then ¢op, (p=1).2.¢2p
PUlp=@E=1
If p 18 true, then any proposition g imples p, or, a true
proposition is implied by any proposition

741 ~p.o.p>Og
[2-6) If p =0, then pog, (p=0).2.p2¢g
If p 18 false, then p imphes any proposition g, or, a false prop-
osition 1mphes any proposition
7'5 pg.3.pagq pPg.2.92p
24 pg.5.q and pg.D>.p
[7-4] g.>.p>q and p.D>.q>p
Hence [3-7] the theorem follows
If p and ¢ are both true, then each imphes the other
751 ~p~qg.d>.p>d¢ ~D~g.2.g2p
[2 4] ~p~¢.D>.=p and =p=q.D.=~¢
[741] ~p.2.p>¢q and =¢.3.¢2p
Hence [3 7] the theorem follows
If p and ¢ are both false, then each implies the other
752 ~pg.2.p2g
[2-4] ~pg.>.¢
(74 ¢g-2.p>¢
Hence [3 7] the theorem follows

If p 18 false and g true, then p 1mphes ¢
7-6 ~(pd>g)>p
[3 8] 7 41 18 equivalent to the theorem
If p does not 1mply some given proposition g, then p 1s true
761 ~(p>g)d~q

[(7-4] g.5.p>q, which [3 81] 18 equivalent to the
theorem

If g15 not imphied by some given proposition p, then g 1s false.
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7:62 =(p>q).d>.p>~q
[7-61] ~(p>g)o~¢
[7-4] ~¢-2.p>~g
Hence [3-7] the theorem follows.
If p does not 1mply g, then p implies the denial of ¢

7-63 ~(p>¢q).>.~p>oyg
[2:9] ~(p2 ) > ~(~p)
[7 411 ~(~p) .2.~p3¢
Hence [3 7] the theorem follows
If p does not 1mply ¢, then the denial of p 1mphes ¢
764 ~(pdg).D>.~pd~g
(7-61] ~(p2g)2~¢
[7 4] ~¢.2.~pD~g
Hence [3-7] the theorem follows
If p does not 1mply ¢, then the demal of p implies the demal
of g

7 65 ~(p5q).3.q:)p

[7 61] ~(p2g)2p
[74] p.>.g>p
Hence [3 7] the theorem follows
If p does not 1mply ¢, then g 1mphes p
All of these pecuhar properties of material impheation are
sumple consequences of the four principies.

DMp=kE=1
2)-p=(p=0)
(3) 05p
4 p-1

These four laws confine the ealculus to relations of extension—
on the interpretation of 0 as the null class of cases, or falsity,
and 1 as the umversal class of cases, or truth When ~p, “p 18
false,” is equvalent to p = 0, and p, or "“p1s true,” 18 equivalent
to p = 1, the elements of the system, p, g, r, etc, do not really
represent propositions—that 18, different meaningful assertions—
but only the truth or falsity of these, the class of cases (1 or 0)
in which they are true  Any two elements which have the value
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1 are identical so far as their properties in this calculus are con-
cerned, and any two elements having the value 0 are 1dentical
Thus, 1n stnet accuracy, it should be said that there are only
two elements 1n this Two-valued Algebra, the two truth-values
or extensions of propositions, 0 and 1 Every element p simply
represents, a.nbiguously, one or other of these That the exten-
sion 1-—the extension of any true proposition—coutains every
extension, is the real meaning of 7-4,

P.2.¢2p, (p=1).2.¢g3p
A true proposition 18 implied by any proposition ¢’ And that

the extension 0—the extension of any false proposition—is con-
tained 1n every extension, is the real meaning of 7 41,

~p.2.p2y, (p=20).2.p3¢q
‘A false proposition 1mphes any proposition g’
The remainder of these paradoxical laws of material 1mplica-
tion result simply from the fact that, for any pair of propositions,
p and g, there are only four possibilities as to truth-value

WM)p=1g=1 p>3q q¢3p, =~p3q =~¢3p

(2) p=0,g=1 p>2gq =~(@g>p), =~p3¢ =~73p

@) p=14,¢=0 =(p>39), ¢3p, ~p3q =¢3p

(4) p=0,¢g=0- p>d3q g3p, ~(~p>30q), ~(~¢23p)
The material 1mplication, p 3 ¢, always holds unless = 1 and
q = 0—case (3) thusits exact meaning 13 given by 2 8§,

pag-=.~(p~),

pDq is equivalent to ‘It 1s false that ‘p 18 true and q false "’

Since the relation p = ¢ 185 a reciprocal implication, 1t shares
the peculianties of matenal implication, and 18 called ‘materal
equvalence’ It does not represent equivalence of logical force
or meaning, but only equivalence of truth-value It holds when-
ever p and g are both true or both false, and fails to hold only
when one of two propositions 18 true and the other false*

7-7 2q.-2.p=gq
771 ~p~q.>.p=g
772 p-qg.2.~(p=1y)
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The fact that almost all developments of symbohc logic are
based upon thus relation of extensional or material implication—
& relation of truth-values, not of content or logical sigmficance—
18 due to their having been buit up, graduaslly, on the foundation
laid by Boole, that 18, upon a caleulus onginally devised to deal
with the relations of classes There is nothing more esoteric,
behind these peculiar properties of maternal implication, than
this somewhat unfortunate hstorical accident

We shall have occasion 1n Chapter VI to develop a calculus
of propositions which 1s not restricted to such materal or exten-
sional relations, and 18 based upon an implication-relation not
having these pecubar properties



CHAPTER V

EXTENSION OF THE TWO-VALUED ALGEBRA TO
PROPOSITIONAL FUNCTIONS

As we have seen, a propositional function is a statement
involving some term or terms whose meaning 1s ambiguous or
variable ‘“AllA1s B, “If Ais B, C1e D,” *“ 4 15 mortal,” etc,
are propositional functions, in which 4, B, ete, are the vanable
elements If 1n "4 1s mortal” we substitute ‘Socrates’ for 4,
the statement becomes true If we substitute ‘Sinus,” 1t be-
comes false If we substitute ‘7,” 1t becomes nonsense Thus
any variable 1in any propositional function has a definite range of
meamng—a range of specific terms which 1t ambiguously repre-
sents The vanable 4, in "' A 18 mortal,” 1ncludes 1n 1ts range of
meaning the specific term ‘Socrates,’” for which the propositional
function 1s true, and the term ‘Sirius,’ for which the function 18
false, but the number ‘7,” which makes the function nonsense,
18 excluded from this range Specific terms within the range of
meaning of a variable 1n & function are called ‘values’ of that
varnable What 18 and what 18 not included among the values
of a variable are determined by the rest of the statement—the
invenant part of the function the range of values which ‘make
sense’ when substituted for A 1n “A 15 mortal,” 1s fixed, not by
A, but by ‘18 mortal” When, for each varable 1n a proposi-
tional function, a value of that vanable is substituted, the
expression becomes a proposition which 18 either defimtely true
or defimtely false The prevailing defimtions are the following
A proposition 18 any expression which 18 either true or false A
propositional function 18 an expression contaiming a varisble or
vanables, and such that when for each varable a value of that
vanable 18 substituted, 1t becomes a proposition It should be
remembered that the values of a vanable include terms which
make the function false, as well as those which make 1t true

It 18 customary to represent the invanant part of any prop-
ositional function by ¢, ¢, ete, or by f, f/, F, etc  We shall use

90 -
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the Greek letters here. (Propositional functions in general
should not be confused with the functions of the Boole-Schrider
Algebra discussed 1n Chapter II These latter are expressions
in the algebra- when the algebra is interpreted as a propositional
calculus, they are propositional functions, but of a very special
kind; when the algebra 1s given the class-interpretation, they are
pot propositional functions at sll) The vanables 1n any prop-
ositional function are represented by z, y, 2z, etc Thus the
whole propositional function 18 symbohized by «(z), ¥(z, ), ete
When there is only one variable, the parentheses can be omitted,
and the function wntten as ¢z, Yz, ete

Let us begin with the simplest ease—funections of one vanable.
¢z represents any statement such as “z is mortal,” ‘z runs fast,”
“The successor of z 18 an odd number ”’ Let us represent the
different values of z, in ¢z, by a, b, ¢, etc  Then ¢a, ¢b, ¢c, ete,
are proposulions  Since this 18 the case, the Two-valued Algebra
applies to them they represent, in special form, precisely the
same thing which 1s symbolized by p, ¢, r, etc, 1n the preceding
chapter, and all the laws of that system will hold of such prop-
ogitions

Suppose now we are given an expression such as

©a X gb X oc % ,
or et .ob.pc.. ,

Since ¢a, ¢b, ¢c, ete , are propositions, this is simply an expression
of the form, p.g.r. , in the Two-valued Algebra It
means ‘‘ ga 18 true and b is true and ¢c 18 true, and so on”’.
that 18, "' gz 18 true for all values of z,” or loosely, " ¢z is always
true.” Similarly, the expression

oIvVebveev. |

means '‘Either pa 18 true or b 18 true or ¢c 18 true, and so on”:
that 18, *‘ ¢z 18 true for some (at least one) value of z,” or loosely,
" oz 18 sometimes true '

These are important new 1deas of the calculus of propositional
functions. We shall use the current symbolism for them
(z) . gz for "z 18 true for all values of z”, and (Hz) . gz for
“oz 18 true for some value, or values, of £’ The symbolsm
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(dz) here suggests '‘There exists an z such that »  These
conventions can be expressed as defimitions-

801 (z2).pr.=:pa.pb.ec.
8:02 (Hz). pr.

These definitions are not, 1n realty, theoretically adequate
They presume that we could, if we chose and had the time,
extend the expression on the nght-hand side so as to exhaust the
values of £ 1n oz But this would be possible only 1n case the
number of such distinet values of z should be fimte As a
matter of fact, the number of values of & vanable, 1n a propos-
sitional function, 1s often infinite—for example, when the van-
ables represent numbers and the function 15 a formula of anth-
metic However, the procedure here set forth is so convenient,
and so well exemplhfies the connection between the calculus of
propositions and the calculus of propositional functions, that we
shall adopt 1t, 1n spite of this theoretical 1nadequacy So long
as no other relations are introduced than those with which we
have here to deal, all theorems which hold for any finite number
of values of a vanable, hold generally So that the theorems
which are proved, on the basis of the definitions given above,
are without exception vald theorems and perfectly general in
their application

It 18 to be observed that (z).¢z and (Hz). ¢z are propo-
sitione—compound propositions, whose constituents, connected
by ‘and’ or ‘or,’ are the propositions pa, ¢b, etc Also, since
p>q and p =g are propositions when p and g are propositions,
gadya and ¢a =Ya are propositions Hence, since ¢z Dz
hes as 1ts values the propositions ga>ya, ¢b>yb, ete, pzdyz
18 a propositional function of the single vamable z Likewise,
¢z = Yz 18 a propositional function of one vanable

By applying the laws of the Two-valued Algebra to such
propositions as ¢a, ya, b, ¢b, ete, to propositions such as
gadya and ¢a = ya, and to compound propositions of the forms

tpavebvecv.

(z) - ez, (Hz). ¢z, (z).9pzdyz, (HI). oz = Yz,

ete, the calculus of propositional functions of one variable can
be derived from the calculus of propositions The prncipal
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theorems will be piven below, and the manner of their derivation,
when not obvious, will be indicated

To avoid unnecessary parentheses, we adopt the following
mode of wniting negatives

803 ~(z).0z.=.~[(z). ¢z]
8-04 ~(Hz).px.=.=~[(Hz). ¢2]
The first two theorems represent the extension of De Morgan’s
Theorem to propositional functions
81 (z).0z.=.~(H1) .=z
[31] ¢ea.¢b.ec. t=_.~(~paVephvepcvy )
““ oz 18 true for all values of £’ 18 equivalent to ‘It 18 false
that ‘ ¢z 18 false for some values of z'”’
8§11 (Hz).por.=.~(z).~pz
[1-02) pav gbV gc v i =.~(~pa.~gh.~pc. )
“ oz 15 sometimes true’’ 18 the negative of ‘' pz is always false
It is understood, of course, that principles referred to 1n
proof are the laws of the T'wo-valued Algebra, as given in the
preceding chapter

82 (z).¢z.2.09n

[2-4] pa. ¢b. ¢c. 1D . pa,
And pa. ¢b. ec. 1D . b, ete
Or, whatever value of z, 1n ¢z, n may be,
rpa.gab.lpc. 1D . pn.

The theorem reads ““If ¢z 15 always true, then en 18 true” or
““What 18 true of all 18 true of any” In wnting this theorem,
we use n to represent ‘any given one of the values of z, whether
aorborc, etc’ This convention will be continued *

Notice the dots in 8 2 If the theorem had beer written
without the dot preceding the impheation-sign,

(z) - ez 2 on,

! The symbol n, with this meaning, 13 what the authors of Prinapa
Mathemaiica call a "real vanable,” in contrast to z,in (z) . oz and (7). ¢z,
which they call an "“apparent vanable ” The proposttion-signs p, ¢, etc, and
the class-symbols a, b, etc , are special cases of such real vanables, as are also
the letters 1n any mathematical formula, whether representing ‘unknowns’ or
‘constants.” Such symbols represent ambiguously any one of the class of
propositions, or the class of numbers, etc
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1t would have meant (z).(ez> on) instead of [(z) . pz] D ¢n
The principle of such punctustion 1s this- (z) and (Hz) are
called ‘operators ° The ‘scope’ of such an operator, or that
part of the expression which ‘For every z’ or ‘For some z’
quahifies, extends from the dot (or dots) following the operator
until we come to an equal or larger number of dots Thus if we
write
(z) oz . gzdyYz 1. (). ¥z,

it means “If for every z (¢z 18 true, and ¢z 1mplies yz), then
vz is true for every 7 But if we should wnte

(2). ez : gz Yz :D. (2) . ¥z,

1t would mean “If (pz 18 true for every z) and oz 1mples yz,
then Yz is true for every z "' ?

821 ¢n.>.(Hr). er
[3 9] ea.d. paV bV ecv
eb.D.eavpbvecv
If ¢ is true of a given value of z, then 1t 1s true for some
value of z, or, what 18 true of one 1s true of some

8§22 (z).¢z.2.(Hz). oz
[4 3)pa.eb. c. D.pavebvecv
What 18 true for every z, 1s true for some z
It 1s interesting to note the manner in which a proposition
of the form (z) . ¢z, or (Hz) . ¢z, may be related to an ‘unan-
alyzed’ proposition, p

83 @.pz:p:=:(2)ie¢x.p
(Z)-pzx:p:=:(pa.pb.ec. )p
@ iez.p:=:(ea.p)(eb.p)(ec.p)
[1-1] (¢s.¢b-pc. )p:=:(pa.p)(¢b.p)(ec.p)

The different meaning of (z) . ¢z : p and (z) : oz . p follows
the rule stated above This difference will probably be more
essly appreciated if one observes the extended expression of the
two 1n the first two lines of the proof The theorem states that
“(pz 18 true for every z) and p 18 true” 18 equvalent to “For

3 Thus use of dots 18 explained 1n Appendix L
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every 7, (¢z and p) is true”’ For example, let

¢z = Either z 18 not Sunday or z is a hohday,
and p = Lincoln’s Birthday is on Sunday

Then, “It 18 always true that z is not Sunday or z is a holiday;
and Lincoln’s Birthday 1s on Sunday’” 18 equvalent to "It is
true for every z that (z 15 not Sunday or z 18 a hohday, and
Lincoln’s Birthday 18 on Sunday)” This may seem to the
reader hke making a distinction between Tweedledum and
Tweedledee, and then equating them But if so, he will see
shortly that the point has some importance.

As m 8 3, so mn general, when a proposition mvolving a
funetion ¢z 18 related to an unanalyzed proposition p, the scope
of the operator for yz can be extended to include p, when the
relation belween the two propositions 18 that of sum or that of product-
831 (@).pz.v.p:=.(x).pzVvD

(4 4] (ea.pb.pc. )vp:
= : (eavp)(ebvp)(ecvp)

For example, “Either (1t 18 always true that z has color) or
something 1s not red”’ 1s equivalent to * (z has color or something
is not red) 1s always true ”’

832 (Ur).¢z:p:=:{Hz):ez.p
11,4 41) (pavebvecv Yp:
=:(ea.p)V(eb.p)v(ec.p)V

For example, *“ (It 18 true for some z that z 15 odd) and 0 is a

number ” 18 equivalent to ‘It 1s true for some z that (z 18 odd,
and 0 is a number) "

8§33 (Hz).pz.v.p:=:(Hx):pzvp
B2l (pavebvecy Jvp:
=:(pavp)v(ebvp)V(ecvp)v ..
Exactly similar theorems hold when the unansalyzed propos:-
tion p 18 the first member 1n the relation instead of the second:

834 p:(z).ez:=:(z):p. ez
835 p.v.(x).pz:=:(z).pVex
83 p:(Hzx).pz:=:(Hz):p. ez
8-37 p.v.(lHz).ez:=:(Hz).pvex
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We have also the corollaries
838 (2):pz.pi=:(z):p-ezx
8-381 (z).¢ozxvp:=:(z).pVver
83 (Hr):pz.p:i=:(Hz):p.¢x
8391 (Ur).ezxvp:=:{z):pvez

However, when the relation between (z) . ¢z, or (Uz) . ¢z,
and the unanalyzed proposition p 1s that of implication, the
matter 18 not quite so sample-

84 ().pz.5.p:=:(Hz).pz2p

[36] (). pz.2.p:
[8-11]

t=(z).pz.v.D
:(dz) .~pz.v.p

m

[8 33] =:(Hz).~pzVvp

(8-02] (Hz).~pzvp:=:(~pavp)V(~pbvp)Vv
(3-6] =:(eadp)v(ebap)v
[8-02] =:(Hz).ezop

That 15, *“(pz 18 true for all values of z) 1mples that p 18
true” 18 equivalent to ‘' There 18 some value of z such that (pz
implies p) ”’

8§41 (Hz).9pz.2.p:=:(x).9pxDp
[36](Hz).ox-2.p:=:~lHz1).pz.V.p
[8:1] =:(z).~pz.V.p
[8-31] =:(z).~pzVvp
[8 01] (z).=pzvp:=.(~pavyp)(~pbVvp)
(3-6] =.(pa>p)(eb>3p) .
[8 01] =:(z).pz2p

That 18, " (¢z 18 true for some z) 1mplies that p 18 true” 1s
equivalent to ‘' For all values of z, 1t 18 true that (¢z 1mplies p) "’

These last two theorems are & bit difficult Let us take 8 41
first, and choose an example from logic 1tself

Let ¢z = All Greeks are z’s, and all z's are mortal
Let p = All Greeks are mortal

Here ¢z is false for many values of z—for z = ‘house,’ or
z = ‘angel,’ etc But 1if there 15 some (any) value of z—e g,
z = 'human’—such that ¢z 18 true, then p is true. That is,
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1t holds true for this example that
(Hz).pz.2.p

And here 1t is easy to see that this 1s equivalent to ' It 1s true for
every z that (*All Greeks are z's and all z’s are mortal’ imples
*All Greeks are mortal’) ’ That 1s, it 18 equivalent to

(z) . pz>p.
Now let us take 8 4 'This 1s more difficult unless we remem-
ber thet pa>p 18 o matenal implication, meamng precisely ‘It

18 not the case that pa 18 true and p false” With this 1n mind,
we shall see that (Hz) . gz > p, which 18

(pa3p) v(ebdp)v(ecd2p)Vv

i8 equivalent to =(pa .~p) v=(gb.~p)v~(ec.~p)v . Now
p 18 a proposition, and hence always true or always false If (1)
p 18 true, then ~(pa.~p) holds, and hence (Hz) . o> p holds
If (2) p 15 false, then the truth of

~(pa . ~p) V~(gb . ~p) v =(pc . ~p) v

depends upon the truth of ¢a, ¢b, etc It wall be true 1f, and
only 1f, at least one of ga, b, etc, 18 false, That is, 1t will hold
if, and only if, (Hz).~pz holds Thus, putting together cases
(1) end (2), we see that (Hz).ez>p will hold if, and only if,
either p 18 true or (Hz) . ~pz 18 true That s, 1t 18 equivalent to

(dz) . ~¢z.v.p

But (Hz).~pz:=1~(2). ¢z
And ~(z).ez.v.p:=:(z).pz.2.p
It might be expected that the equivalences would be similar
when the implication-relation between p and the proposition
involving ¢z runs the other way But that 1s not the case:
842 p.o.(z). px:=:(z).po ez
[3-6)p.2.(z).px:=:~p.V.(pa.pgb. oc. )

(1-1, 4 4] =:(~pVea)(-pV ¢b)
(3-6] =:(p3 ea)(p> ¢b)
[8-01] =:(r).pdyz
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The equivalence holds between “p 1mphes that ¢z 15 always
true” and It 1s always true that p 1mphes @z "’
8-43 p.>.(Hz).pz:=:(Hz).p2 ez
[3:-6]p.2.(z).px2=:~p.vV.(pavebv )

[3 2] 2(~pVea)v(~pveb)v
[3 6] =:(p2ea)v(pdeb) v
18 02] =:(Hz).pD ez

That 18, “p 1mplies that pz 18 sometimes true” is equvalent
to “For some values of z, 1t 15 true that p 1mphes ¢z "’

We turn next to relations between propositions both of which
involve functions

85 (®.pxi(x).Yyr:=:(z):9¢z.yz
(z).pz:(z) .Yz ea.¢b. YWa.yb. )
12 1:3] wa . ya . (b . ¢b. )
1(z) toz . Yz

That * ¢z 15 alweys true and ¢z 18 always true” 18 equivalent
to "It 19 always true that ¢z and ¢z both hold ”

~~ o~

851 (Hz).er.v.(Hz).yz:=:(Hz).pzvyz
(33,331](pavebv Iv(avybv ):
=:(pavya)v(gbvyd)v .
‘“Either ¢z 18 sometimes true or ¥z 18 sometimes true’’ 18
equivalent to ‘' (Fither oz or ¥z) 18 sometimes true ”’

The further equivalences which mght be expected here,
namely, those between

D@ .ez.v.(z).¢z and (2) (z). pzviz

and between
(1) (Hz) : gz -yz and (2) (Hz) . pz: (Hz) . Yz,

do not, 1n fact, obtain For example, let gz = ‘'z 15 difficult”
and ¢z = “z 18 easy” 1n both cases (2) will hold, but (1) wll
be false In both cases, (1) is a stronger statement than (2),
and 1nstead of equivalence, we have an implication This will
be clear if, first, we prove certain similar principles which have
a wider application
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86 (2).¢z:2:(z).pzvyr
[3-9] pa.3.pavya; ob.D. gbvyd; etc
Hence [4:2] ¢a . ¢b. o (pavya)(phvybd). .
If oz is always true, then “Either ¢z or yz” is always true.

8-61 (Hz).epzr:>:(dz).pzvyz
[4:21]pa v b v :o:(pavya) v (egbvyb)v
If oz 18 sometimes true, then " Either ¢z or Yz’ 18 sometimes
true.

8§62 (z):ez-yr:2d:(z). 0T
(2 4] pa-¥a:>. pa, ¢b.yb:> b, ete
Hence [4 2] (¢a - ¢a)(pb . ¥b) i1D:¢a. ¢b.
If 1t 18 always true that ¢z and ¥z both hold, then ¢z always
holds
8:63 (Hz):ox.yz:d:(dx). oz
[4 21] (pa .ya) v (b -yb) v tDtpavebv
If 1n some cases ¢z and ¥z both hold, then ¢z 15 sometimes true
It will be obvious that the following similar laws also hold

8§64 (r).yz:2:(z).pzVvyz
865 (dz).yz:>:(Hx).pzvyz
866 (2):pzx.yz:2:(z).-yz
8:-67 (Hz): ez .yz:o: (Hz).yz
We return now to the two implications mentioned just
preceding 8 6-
87 (2).¢x.v.(z).¥2:2:(T).pxzVvyr
8 6](z).pz:2:(z)-pzVvyz
[B-64] (z) . ¢z :D: (T) - pz Vs
Hence [4-22] the theorem follows.
‘“Either ¢z 18 always true or ¢z 18 always true” implies
‘ ‘Either ¢z or ¥z’ 18 always true "
8-71 (dz):e¢z.yz:2:(Hdz).ez:(dz).yz
[8-63] (Hz) : gz .¥z :3: (Hx). ¢z
[8:67]) (Hz) : oz .yz :D: (Hz). ¥z
Hence [4-23] the theorem follows.



100 SYMBOLIC LOGIC

“Sometimes ¢z and Yz are both true’” imphes ‘' ¢z 18 some-
times true and yz 15 sometimes true "

As indicated above, the impheations stated by 8-7 and 8 71
are not reversible For example, it may be that ¢z is sometimes
true and ¢z 15 sometimes true, but that they are never true
coincidently.

The relation (z). ¢z o ¢z, called by Russell ‘“formal im-
plhication,” 1s particularly important A formal implication 1s
not, ‘formal’ 1n the strict logical sense all logically formal relations
are intensionsal, while formal implication shares the extensional
character of material 1mplication It 13, of ecourse, simply the
logical product of the corresponding material impleations, for all
values of z

() . pzoyT:=:padya.pbdyb. pcoyc.

Its exact significance 1s most easily seen by the following equiv-
alence.

8§88 (z).pzoyz:=:1~(Hz):0z.~yz

[2-8] pasva. = . ~(¢a . ~ya),
gboyb. = .~(pb.=yb), ete
[3 6] (z). pzoyz i =:(x).~(pz.~Yx)
B 1] (z) .~(pz . ~yz) : = : ~(Hz) : ¢z .~z
That is, 'z formally imphes ¢z’ 18 equivalent to ‘It 1s
false that z exists such that ¢r 18 true and ¢z false” For
example, no z exists such that ‘'z 13 a featherless biped” is true,
but that “z laughs” is false Thus ““z is a featherless biped”’
formally imphes ‘'z laughs '’ In fact, a formal implheation holds
whenever a class-inclusion, a € b, holds—e g, the class of feather-
less bipeds 18 contained mn the class of animals that laugh But
the essence of ‘featherless biped’ does not include or imply the
attmbute of laughter, and ‘“z 18 a featherless biped” does not
mply “z laughs” in the strict sense of implication
Proof of the theorems concerning this relation 18 usually by
some principle such as 4 2, applied to the corresponding theorem
concerning material impheation Proof of 8 81, given 1n full,
lustrates the method, later proofs will be omitted or indicated
only.
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881 (z).¢0xdyz:(z).yz202:.9:(2). ¢x20z
[8-5] (z). pzd¢Yz:(z) .yz 20z,
=:(z):pzdyz.yzd0z
[3-7] padyYa.y¥ad8a:>. ga>dla,
wbDyb.yb>o6b:2. ob>d b, ete
Hence [4 2] the theorem follows
That is, the relation of formal impleation 1s transitive, like
material implication and the relation of class-inclusion. This
theorem 18 the prineiple of the syllogism 1n Barbara, e g - if for
every z, ‘‘z 18 & man’’ 1mples ‘“‘z 1s mortal”’, and for every z,
‘““z 18 mortal” 1mphes “z 15 imperfect”, then for every z, "z15a
man’’ 1mples “z1s 1mperfect.” There are two other, and equiv-
alent, forms of this principle-

882 (2).ez2¢z:2:.(z).¢z20z:2:(x). pzD0x
By 7 2, the theorem 18 equivalent to 8-81
883 (z).yzobfz:0:.(x).pzdYz:2:(x).9pzD06x
Other syllogistic principles also are representable in terms of
thie relation  We give a few 1llustrations-
8§ 84 (z).pxdYz:1D.pndyYn
The theorem is a special case included under 8 2
885 (z).¢pzdyYz:pon:.0.yn
By 7 2, the theorem 1s equivalent to 8 84

Thie 18 the principle of another form of syllogism (with one
singular premise) usually classed as Barbara For example 1if,
for every z, ‘“z 18 & man’’ implies ““z 15 mortal,”” and Socrates is
a man, then Socrates 1s mortal
886 (z).epzxdyz:.(Hz):pz.0z::2:(Hz):¢yz.0z

[B8-81] (z) . pz2yYz:(z) -yz2~bz:.D:(z). pTD ~fT
By 7-3, this 18 equvalent to

(). pTOYz i =(T) . LD ~Z 1. D 1 =(T) . YT D~z
And [8 8] this 1s equivalent to the theorem

This theorem corresponds to I A I 1n the third figure For
example: if, for every z, ‘'z 18 2 man’’ implies “z 18 mortal,” and
for some z, "'z 18 o man and z laughs,” then for some z, “z 18
mortal and z laughs "’
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The principle of other syllogisms with both premises umversal,
but one negative, can be denved from 8-81, by letting yz or 6z
be some negative function The principle of other syllogisms
with one particular premise can be derived from 8-86 by (1)
changing the order of ¢z and 8z, or of ¥z and 6z, or (2) letting
¥z be negative, or 6z be negative, or (3) by some combination of
(1) and (2)

Other important principles of formal implication are the
follomng
8:87 (z).pzdyz:=:(z).=~pxVyz:=:(z).~(pz.~yI)
8:88 (z).¢zdyzr:=:().~Yrd~pzx
89 (2).¢z2yz:2:(x).0x-2.(z). ¥z
891 (z).¢pzdYz:(x).oz:.2:(x).yz
8§92 ().pzd¢xr:d>:(lx).¢x.2. (Hx).yz
893 (©).prxdy¢z:(dz).pz:.2:(Hx).yz

The relation of ‘formal equivalence’ 1s, of course, a reciproecal
formal 1mpheation
91 (2).pz=yYx:=:(2):ezdYx.y¥xd ¢z

(22l pa=va.=:¢padya.yad ea,
eb =yb.=1:pbdyb.yb>d b, etc
Hence [2- 1] the theorem follows
9-11 (z).pz=yz:=:.(&).pzd¢z:(z) .Yz ¢z
[8 5] The theorem 1s equivalent to 9 1.
92 (@).ez=vyYz:(z).-yz2=0z:.2:(2). ¢z =6z
The theorem follows from 9-1, by 8-5 and 8-81

That 1s, the relation of formal equivalence 13 transitive
Alternative forms of 9 2 are:

93 (2).oz=yz:id:.(z). Yz =0z:2:(z). ¢z =0z
9-4 (z).yz=06z:2:.(z).px=yYz:2:(2) .9z = b6z

Further theorems, similar to those for formal implication, are
the following
95 (z).pz=yYz:d.¢pn=yn

(8-2]
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96 (z)-pz=yz:d:.(Ur). pr:=:(dz).yz
9.7 z).ez=yz:2:.(z).pz:=:(c).yz
98 ().pz=yYz:=:(2).~pz =Yz

Two functions are formally equvalent 1if both are true of the
same class of existent things: that is, the relation 18 extensional
Since the class of men cowncides with the class of featherless
bipeds, “zis a man"” and ‘'z 1s a featherless biped’ are formally
equvalent, though they are not equvalent 1n 1ntension

As 18 suggested by the correspondence which holds between
laws of the syllogism and those of formal impheation, there 1s &
close analogy between the calculus of propostional functions
and the calculus of classes In fact, if we let classes g, b, ¢, ete,
be determined by the corresponding propositional functions,

a = g such that ¢z 18 true,
b = z such that ¥z 1s true,
¢ = z such that 6z 18 true, ete,

we can then denive the calculus of classes from the caleulus of
propositional functions of one vanable The relations of classes
will follow from those of the corresponding funetions, since

z such that ¢z.yz = axb,
z such that pzvyz = a+b,
z such that =pr = =g, ete.

The assertable relations of the class-calculus correspond to the
‘formal’ relations-

gcbhb 18 (z).¢zdVYz,

a=Db1s (z). pz = yx

This possibility of deriving the calculus of classes from that
of propositional functions of one vanable 18 important for what
we ghall later come to know as the ‘logistic method ' By that
method, 1t 18 necessary that the first-developed and bame pnn-
ciples of logic should be those of the ecalculus of propositions
It is possible—as 18 done, for example, in Principia Mathematica
—to begin with the calculus of propositions, derive the calculus
of propositional functions from that, and then deduce the cal-
culus of classes from the calculus of propositional functions, 1n
the manner indicated above
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The caleulus of propositional functions of two vanables corre-
sponds to the calculus of relations We shall first explain the
general character of functions of two varnables and give the
principal theorems concerming these, and then outhne bmefly
this caleulus of relations which may be derived

Propositional functions of two variables are of two different
kinds (1) they may be such as ‘'z 18 brother of 4" or “z 18
greater than y,”’ 1n which the terms which are values of z are the
same as those which are values of y [so that if ¢(z, y) has meaning,
then ¢(y, z) has meaning, though one of these might be true and
the other false], or (2) the functions may be such as “z 15 a
member of "’ or ““z is the sine of y,”” 1n which the terms which
are values of z are distinet from those which are values of y [so
that if ¢(z, ¥) has meamng, then o(y, ) 18 nonsense] If
¢(z, ¥) 18 a function of type (1), then the class of couples which
can be meaningfully substituted for (z, %) can be represented as
the two-dimensional array,

g,a ab ac
ba bb bc
c,a ¢, b ¢c
d, a

etc, ete

But 1if the function 1s of type (2), then ¢(a, a), ¢(b, b), ete, will
be meanmingless, and if ¢(e, b)) has meamng, then ¢(b, a) will
not have meaning

For this reason, 1t might be better to choose some different
method of representing the values of z and y1n ¢(z, ), such as
I\, T3, Ty, and yy, ¥3, Ys The array of couples which
are values of (z, y) 1n ¢(z, y) would then be,

Iy Y Zy Yz Ty Y
Iy Y1 Ty Y2 Tz Us
Iy Y1 In, Yz Tey U
etc, etc

This mode of representation would cover functions of both types-
However, this notation with subscripts 18 objectionable on

asccount of 1ts typographical complexity The same end can
be achieved if, instead, we adopt the convention that, in ¢(e, a),
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¢(a, b), o(b, a), etc., the letter a or b, eto, in the first position
represents simply ‘a diistinet velue of z in ¢(z, ¥)’; end that
a or b, etc, in the second position represents simply ‘a distinct
value of y' Thus ¢(a, a) 18 to mean nothing different from
¢(z1, 1), (e, b) is to have the same significance as would
¢(z1, y2), and so on  Thus if ¢(z, ¥) is a function of type (1),
in which the same terms are values of z and of y, both, then
¢(a, b) and (b, a) will be converse propositions, such as *‘Tom
18 brother of Jack” and '“Jack 18 brother of Tom,” or “7 is
greater than 5” and *5 19 greater than 7" But if ¢(z, y) 18 a
function of type (2), for which the values of z are a distinet class
from the values of y, then ¢(g, b) and (b, 2) will not be con-
verses, like 0707 18 the sine of 45°,” and '“45° 18 the sine of
0707” (since one of these would be meamngless), but will be
guch as “00175 1s the smme of 1°”’ and “0 0349 is the sine of
0° 30’ (One of these last two statements would, of course, be
false; but both have meaning )

The laws of these two types of functions are not completely
1dentical, but all the fundamental principles, such as those which
will be given here, hold of both kinds With whichever kind of
function we may be deahng, 1t is important to remember that
¢(a, b) and ¢(b, a) are distinet even for functions of type (1),
‘7 18 greater than 5” and ''5 18 greater than 7" are dufferent
propositions  Order i8 of the essence 1n all matters connected
with functions of two variables

Two conventions adopted for functions of one variable will
be continued here We shall write ¢(m, n) with the under-
standing that m stande for any given one of the values of z 1n
¢(z, ), and that n stands for any given one of the values of y.
And demonstrations will be carned out as if the values of z and
the values of ¥ were each an exhaustible set If the values of z
1n ¢(z, y) should be a fimte set, and the values of y a finite set
the set of ordered couples (z, y) for which ¢(z, y) is significant
would, of course, be fimte also

The meaning of expressions involving funetions of two van-
ables, and two operators, follows from the definitions applicable
to functions of one vaneble Forexample,in (z) : (Hy) . ¢(z, ¥)
the force of the operator (z), followed by two dots, extends over
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the whole of (Hy) . o(z, ¥), and this last expression 1s a function
of the single vanable z. Therefore, by 8 01, we have

(z) : (Hy) - p(z, y)
=:(Hy) . e(g, ¥) : (Ay) . o(b, ¥) : (Hy) . o(c, ¥) :

Here, ¢(a, v), ¢(b, y), etc, are functions of y, and hence the
meaning of each constituent of the above 15 given by 8 02 Let
us use the symbol x for the relation of logical product, indicated
by (z), and let us write the constituents of (z) : (Hy) . ¢(z, ¥)
in a column nstead of a line

(@) : (ly) . olz,y) s = (Hy) . o(a, y)
% (Hy) . (b, v)
x (Hy) . ¢(c, ¥)

x , ete.

Now let us replace each of these hnes by 1ts explicit equivalent,
aecording to 8-02

(@ :Hy) .p(z,y): == lele,a)vele,b)vele v ]
x[p(b, a)ve(b,b)ved v ]
x[e(c,a)ve(c, b)ve(c,c)v ]
x , etc

Thus an expression involving two operators can be turned into
8 two-dimensional array of constituent propositions as follows.
(1) Each line 18 bracketed, and 18 related to the next line as a
whole (2) The inmide operator, nearest the function, 1ndicates
that vanable which varnes from one place to the next withuin each
hine, and indicates whether the relation between constituents 1n
each line 18 x or v  (3) The outside operator indicates that
vanable which varies from hine to line, and 1ndicates the relation
between each two lLines
For example, 1n contrast to the above

(Hy) : (@) - p(z, ¥) 1 = 1 [e(a, a) x ¢(b, a) x p(c, a) x
vie(a, b) x o(b, b) xo(c, b) x ]
vie(a, c) x e, c) xplc, c) x ]
v , ete.

To brng out the difference between (z) : (Hy). ¢(z, ¥) and
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(@y) : (z) . ¢(z, v), suppose ¢(z,y) is z <y Now, malang
our translation by reference to the preceding

() : (Ay) - ¢(z, y) 18
[Either ¢ < a or a <b or a <c¢ or |
and [either b<a or b<b or b<c or ]
and [either ¢ <a or ¢ <b or c <c or ]
and , etc

That 18, ““For every z, there 18 some y or other such that z < y,”
which 18 equvalent to “Given any number, there 18 always a
greater ”

But () : (2) - (z, ¥) 13
Either [a <a and b <a and ¢ <a and ]
orfa<b and b<b and ¢ <b and ]
orfa <c and b <c¢ and ¢ <c¢ and ]

or , ete

That 18, “There exists some y such that, for every z, z < y,”
which 18 equivalent to * There 15 some number which is greater
than every number ”’

In view of this difference 1n meaning, we must be careful to
read (z) : (Hy), “For every z, some y exists such that .,
(Hy) : (z), “Some y exists such that, for every =, »” How-
ever, when both operators indicate the same relation, as (z) : (y),
or (Hz) : (dy), this caution 18 not necessary. one may read
(z) : (y) as ‘For everyzandy’,and (dz) : (Hy) as ‘For some z
and some y’ or ‘For some z and y’ The reason 15 that, since
the relations x and v are commutative and associative, 1f the
relation between the hines 1s the same as that within the hnes,
the order of constituents 1n the two-dimensional array makes
no difference—one may turn the columns 1nto lines and the Lines
mto columns without altering the meamng

The propositional function ¢(z, ¥) could be interpreted
a8 a function of a single vamnable, the ordered couple (z, y).
Obviously whatever 1s true for every ordered couple (z, y) will
be true for every z and every ¥, and conversely, what 18 true for
every z and y, will be true for every ordered couple (z, y).
Similarly, whatever 18 true for some z and some ¥, will be true
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for some ordered couple (z, ¥), and what 1s true for some ordered
couple (z, y), will be true for some z and some y  Let us make

these principles expleit
10-01 (z,y) - o(z,y) : = : (2) () - o(z, )
10-02 (Hz,y) - ¢z, y) : = : (H2) : (Hy) . o(z, ¥)

Since these principles hold, for every theorem comcermng
functions of one vanable there 18 a corresponding theorem con-
cermng functions of two, ¢z being replaced by ¢(z, y), the
operator (z), by (z, ¥) or by (z) : (¥), and (dz), by (Hz, y) or
by (Hz):(dy) Since this transerniption offers no difficulty,
either 1n the matter of symbolism or of understanding, we shall
not repeat here the theorems proved for functions of one vari-
able 1n the form 1n which they hold for two

Of the further theorems, involving something more than
such transcniption of principles which hold for functions of one
variable, the following are of special interest or importance

10-1 (D):(y).e@p:-=:.(1:(2)- 0z, ¥y
The theorem follows from the fact that x 18 associ-
ative and commutative

10-2 (dz):(Hy).olz, y) . = 1. (Hy) : (Hz) . o(z, v)
The theorem follows from the fact that v 1s associ-
ative and commutative

Since these theorems hold, we see that the order of the
operators, 1n the second half of 10 01 and 10-02, makes no

difference
10:3 (2):(y). ez, 9) 2. 2:(¥) - o(m, y)
(8 2]
What 1s true of every z and every ¥, 18 true of any given value
of z and every y
1031 (z):() .0z, y):.2:(x). o(z, n)
f10-1, 8 2]
What 1s true of every z and every y, 18 true of every z and
any given value of y.



PROPOSITIONAL FUNCTIONS 109

10 32 (2):(Hy) - o(z, ) :.2: (Hy) . e(m, v)
(8-2)
10-33 (y): (lz). o(z, y) :.2: (Hz) . ez, n)
10-34 (z): (W) - e(z, ¥) s .2. o(m, n)
[10 3, 8 2]

What 18 true of every z and every y, 18 true of any given
value of z and any given value of y

1035 (z):(y)- ez, 9):.2:. (H2) : (y) - oz, ¥)
[8 22]
If ¢(z, y) 18 true for every z and ¥, then there 13 some z such
that, for every ¥, o(z, v)

10 36 (z): () - o(z, y) :.2:. (Uy) : (2) - 0z, ¥)
[10 3, 8-22]

We have already called attention to the fact that changing
the order of the two operators 1n the second half of 10-35 and
10 36 would change the meaning But there is an implication
which holds 1n such cases-

10 4 (H2):(y)- (g, y):.2:. (1)t (Hz) . e(z, y)
Let us give the proof of this law 1n an extended form which
will go back to first principles, and will be easily understandable:

(Hz) : @) - oz, ) : = [e(a,a) wp(a,b) X p(a,c) x ]
vie(b, a) x o(b, b) x p(b,c) x ]
viele, a) Xp(c, b) x p(c, c) x ]

v , ete

@) : (Hz) . olz,y) : = : [pla,a)veb,a)vel,av ]

x[p(a,b) vobd,b)vel,b)v ]

X [‘P(ai c) v 'P(b) C) v ’P(CJ c) v ]

x , ete
Now note that the lines 1n the first of these coineide with the
columns in the second That 18, (Hz) : (¥) . o(z, ¥) is of the
form

abe vpgqr VYIYZ v )

whereas (y) : (Hz) . ¢(z, y) is of the form

(avpvav )bvgvyv )evrvzv )
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Sinee v is associative with respect to x, this last expression is
equvalent to

abce vpqr vzyz v vk,

where K iz the sum of all cross-products such as agz
pbr. ,elc Thatis

@) :l). oz ) :=::HD): (W) . oz, y) :. VK,

where K is the sum of all cross-products in the above extended

expresaion of (y) : (Hz) . (2, ¥)
Hence, since [3 9] p .2 : p v g, the theorem follows

10 41 (Hy) : (z) - p(z, ¥) :.2:.(z) : (Hy) - o(z, ¥)
Similar proof

The implications stated by 10-4 and 10 41 are not reveraible
Let ¢(z, y) be ' If z 18 & man, then he 1s 4 member of the club y "’
Then 10-4 will be ‘' If there 1s some club such that every man 1s
a member of 1t, then for every man there 15 some club of which
he 18 2 member”’—which will be true But the converse, “If
for every man there 18 some club of which he is a member, then
there 18 some club such that every men 15 a member of 1it,” 18

obviously false
With the help of 10:4 and 10 41, we can now prove further
theorems of the general type of 10-3-10-36"

105 (Hy):(z).e(z, y):.9:(Hy) . o(m, y)
[10-41, 10-32]
10 51 (Hz) : (y). elz, v) : .2: (). p(z, n)
[10-4, 10 33]
10-52 () : (). o(z, 9) :.2:.(y) : (H2) . o(z, )
[10-4, 10-35]
10-53 (z):(y) . o(z,y) =.2:. (2) : (HY) - o(z, ¥)
(10 41, 10 36]
The calculus of relations may be derved from the calculus
of propositional functions of two vanables, if we conceive that

any relation K 1s a class of ordered couples (z, y) such that z Ry
18 true. That 18, any function ¢(z, y) asgerts some relation of
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z to y, 60 that ¢(z, ) and z Ry are merely alternative notations;
and the class of ordered couples for which ¢(z, y),or z Ry, is
true, constitutes the eztension of the relation represented by ¢,
or R Thus relations, taken 1n extension as classes of ordered
couples, stand to the laws of functions of two vanables in pre-
cisely the same way that classes stand to the laws of functions
of one vanable

Let B = (z, y) such that ¢(z, ) is true,
S = (z, y) such that y(z, y) 18 true, etc
Then, (z, y) such that ¢(z, y) . ¢(z, y) is true = R. S,
(z, y) such that ¢(z, y) vi(z, v) is true = R+ S,
and (z, y) such that ~p(z, y) = -R

Also, the assertable relations of relations will correspond to the
‘formal’ relations of functions of two varables

Rc8 18 (z) : (¥) - o(z, y) 2¥(z, ¥),
and R =8 18 (2):(y) . olz, ¥) = ¥(z, ¥).

The exact aralogy here exhibited ealls attention to the fact
that, since the Boole-Schroder Algebra can be interpreted as a
calculus of classes, 1t can likewise be mterpreted as a caleulus of
classes of ordered couples, and hence as a calculus of relations in
extension The fact that all the laws of functions of one vanable
hkewise hold for functions of two shows that all laws of classes
will correspond to similar lawe of relations But this same fact
also shows us that there are laws of relations, expressible 1
terms of functions of two vanables, which are not expressible
through interpreting the Boole-Schroder Algebra as a calculus
of relations This 13 the case because the laws of the Algebra are
exhaustively 1nterpretable as prineiples holding for classes 1n
general. Hence those laws of functions of two varnables which
are not exactly analogous to laws governing functions of one
variable are not to be found 1n the Algebra when interpreted as
a calculus of relations  Thus the calculus of relations, as denved
from the calculus of propositional functions, is superior, because
more comprehensive, to the relational interpretation of the
Algebra

Let us briefly illustrate the manner in which the pnnciples of
the calculus of propositional functions may be transcribed as
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explicit laws of relations, and let us note also certain denvative
functions of relations which are of importance For example,
8 81, for functions of two vanables, is

@D:@)-zRy>z8y:.(z): (y).zSy>zTy::2:.
(z):(y).zRy>zTy
In the other notation, this will be

RcS.S8cT:>.ReT

“'If whenever the relation R holds, the relation S also holds, and
whenever S holds, T holds, then whenever R holds, T holds ”’
That is, the relation of implication between relations 1s transitive

It 18 important to note that there are many laws of functions
of two vanables which have no analogues 1n terms of functions
of one Theorem 10 4 is an example In the relational nota-
tion, this is “If there 18 an z which has the relation R to
every y, then for every y, there 18 some z which has the relation
R to that y"” This 18 an obvious truth, and an important
principle which cannot be expressed in terms of the Boole-
Schroder Algebra

A function of relations which 18 of fundamental 1mportance
for the logic of mathemeatics 1s the ‘relative product’ of two
relations, which we may symbolize by R|S

zR[Sy.=:({Hz):zRz.28y

That 18, B|S 18 the relation of z to y, when there 1s some z such
that z has the relation R to z and z has the relation Stoy For
example, the relative product of 'brother of’ and ‘parent of’
18 ‘uncle of’ A special case of this function 1s the relative
product of a relation with itself, | R, or as 1t may be written, R?

zR'y.=.zR|Ry.=:(Hz):zRz.zRy

Transitive relations are distingwshed as a class by the fact that,
for any transitive relation T, T2c T That 1s,

tTy.2.zTy,or, @2):zTz.2Ty:.2.z2Ty

Thus the denvation of laws goverming transitive relations
requires the general laws of the function of relative product,
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which are expressible in the calculus of propositional functions,
but not expressible 1n terms of the Boole-Schroder Algebra.

Another function whose properties follow from laws of the
calculus of propositional functions, but 18 not otherwise repre-
sentable, 18 the ‘converse of R, R

zRy.= .yR=z

That 1s, the converse of R is the relation of z to y when y has the
relation B to z Symmetrical relations are distinguished as a
clags by the fact that for any symmetrical relation S,

zS8y.=.y8z

Thus the laws peculiar to symmetnecal relations require for their
expression the general laws of this function, R

It 18 not possible 1n an introductory book to present the logic
of relations in any detail But if one observes the importance
of varnious kinds of relations 1n mathematics—transitive relations,
symmetrical relations, relations which are trapsitive and asym-
metrical, ke serial relations, one-to-one relations such as those
which correlate the members of two assemblages or two seres,
and so on—it will be evident that this topic 15 fundamental for
the logic of mathematics And also 1t will be clear that the bases
for the development of the subject are to be found 1n the calculus
of propositional functions ?

In Chapters II and IV and 1n the present chapter, we have
now presented a continuous development, beginning with an
abstract algebra, capable of various interpretations, proceeding
from that to the calculus of propositions, and thence to the
calculus of propositional functions Our purpose in this book
being mainly to introduce the reader to the subject of symbolic
loge, so that other and more special studies will be understand-
able, we have confined these chapters to those topics and those
developments which constitute the material or provide the basis
of most studies in the subject, past and present. And by fol-

* Any who are interssted to go further will find that, on the bamns of what
they have now learned, they can proceed directly to Prineipua Mathemalwca,
or they will find the more general acoount 1n Russell's Infroduction to Maths-
malscal Phelosophy both intelligible and highly profitable.
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lowing, 1n the main, the actual course of historical development,
we have so presented this matenal as to enable the student to
see the essential relationship which exists between the older
Boole-Schroder Algebra and current developments such as the
calculus of propositions and of propositional functions as one
finds them tu-day—for example, in Principia Mathematica ¢

This mode of presentation, however, has required certain
sacnfices There are two defects, of different kinds, character-
1zing this development which 15 now concluded One of these 18
methodologicsl, and could have been avoided by adopting the
‘logistic method’ which has been mentioned But f we had
followed thie logistic method, we should have been obliged to
neglect the Boole-Schroder Algebra altogether, deriving the
calculus of clasges from that of propositional functions of one
venable, in the manner which has been suggested Thus the
connection between the Algebra and later developments—a
connection which 18 important both historically and intrinsically
—would not have appeared The other hmitation of what has
preceded merely reflects & like mtation of almost all studies 1n
exact logie up to the present time—the hmitation to the logic of
extension, and the neglect of intensional relations, at least, the
neglect to consider these explicitly

Let us review what has preceded in both these respects
First, the matter of method

In Chapter II we developed the Boole-Schroder Algebra with
examples and readings of theorems which took 1t as a logic of
terms 1n extension, a logic of classes But if one notes the form
of our symbolic postulates and the character of proofs, 1t will be
observed that nothing in the mathematical development 18
allowed to depend on this interpretation- so far as the assump-
tions and the deductions from them are concerned, the system

t For discussion of the Boole-Schréder Algebra and the caloulus of elementary
propomtions mn Principia Mathematica, se related mathematical systems, see
B A Bernstewn, "Whitehead and Russell's theory of deduction as a mathematioal
saience,” Bull Amer Math Soc, XXXVII (1931), 480488, and E V Huntmgton,
“’New seta of independent postulatea for the algebra of logie, with special reference

to Whitehead and Russell's Principws Mathematica,' to appear shortly in Trans
Amer Math Soc (see number for January, 1933)
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developed may be regarded as an abstract mathematical system,
independent of any particular interpretation.

The method of demonstration is no different from that by
which a mathematician would deduce the laws of complex algebra
or of geometry from a set of defimtions and postulates But
there is a charactenstic of such mathematical deductions in
general which becomes somewhat paradoxical when the system
to be developed is a branch of logie such deduction necessarily
makes use of the principles of deduction, and thus assumes that
the laws of logic are already given or understood. Where the
mathematical system deduced 1s not a logie, this raises no ques-
tion But in the case of logie, 1t would appear that this pro-
cedure 1nvolves a puzzle unless logic 1s taken for granted, we can
make no deduction, but 1t 1s logic which 1s to be deduced. Super-
ficially, this paradox can be avoided one takes the system—the
Boole-Schroder Algebra—merely as an abstract mathematical
system, and one deduces 1t by general mathematical methods,
a8 one would do with any such abstract system Its inter-
pretation as logic 13 a separate matter But as we shall see,
development and interpretation cannot here be so completely
separated

Let us first observe 1n what manner laws of logic are presumed
in the deductions of Chapter II For example, 1-03, “acbd 18
equivalent to ¢ xb = a,” assumes the meaning of the equvalence
of two propositions And1-6,“If acb and a c=b, then a = 0,
assumes the meaning of the ‘af-then’ relation between proposi-
tions  Again, proofs qute generally depend on the prineciple
that the premises “If P then Q' and P holds” warrant the
inference ¢, or upon the principle that the premises “If P then
Q" and "“If Q then B” warrant the deduction “If P then R.”
Other proofs depend for their validity upon the principle that
propositions equivalent to the same proposition are equvalent to
each other In introducing the subject of 1nequations, we found
1t well to state explhicitly some of the principles of logic by which
the theorems to be proved are deduced from preceding ones—
for example, that ““If P then Q" gives “If @ is false, then P 18
false.” If we had omutted such exphct mention, as s mathe-
maticien engaged upon some different system would have done,
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they would still have been made use of, and the validity of the
deduction would st1ll have depended upon them

In general, 1t 18 the laws of the logical relations of propositions
which are thus presumed 1n demonstrations, but careful attention
would reveal that at least some laws of the relations of terms are
also taken for granted for example, when we depend upon the
meaning of the relation a = b for the vahdity of 2 1, “If a = b,
then ac =bc, and ca =cb” Thws also 18 something any
mathematician would feel free to do, he would take the relation
of identity, and its properties, for granted, and would use the
s1gn = as & shorthand expression of that relation, just as 18 done
in Chapter I

However, to assume logical principles as principles of one’s
deductions, 1n order to deduce a body of logical laws from a few
which have been postulated, 18 obviously a circular process In
so far as the principles proved are those of the logic of classes,
and the logic taken for granted consists of laws of the relations
of propositions, we may escape such circulanty For the most
part, this 18 the ease i1n Chapter II, so long as we interpret the
Algebra as 8 logic of classes And, as has been said, if we
take the Algebra as abstract, then no circularity whatever 1s
mvolved

If, however, we examne the development of the Two-valued
Algebra 1o Chapter IV, we find that the situation there 18 quite
different The Two-valued Algebra has as 1ts assumptions the
definitions and postulates of Chapter II and the postulate which
distinguishes this system from the more general Boole-Schroder
Algebra.7-1, (p = 0) = =p In view of this additional assump-
tion, and its 1mmediate consequence, 7 11, p=(p = 1), 1t 18
imposaible to take the Two-valued Algebra as an abstract
system Unless = 15 an assertable relation, and one having a
definite meaning, 7 1 states nothing Moreover, the symbols
= and = are distingushed only by an arbitrary convention,
made for convenience; and p = 1 and p = 0 must be proposi-
tions, whether p 1tself 15 a proposition or not Thus since p
18 asserted to be equivalent to p = 1, and ~p equivalentto p = 0,
the elements of the system are confined, 1n their interpretation,
to propositions, and the system cannot be abstract
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In the hght of these facts, the Two-valued Algebra, as
developed by Schroder and as developed here, must be impheitly
circular as a deductive system The logic of propositions must
be antecedently given in order that the deduction should be
possible, and the principles deduced are those of the logic of
propositions It 18, for example, taken for granted that “P
implies Q" gives ‘' If Q 1s false, then P 1s false’’; and this principle
18 1ncluded 1n what 1s stated by Theorem 3-8,

P3¢.=.~g3~p.

Again, the identity of the logic presumed and the logic to be
deduced 15 taken for granted 1n transenbing ‘‘If then ”
by o, ‘and,” by the relation of logical product, and ‘18 equiva-
lent to,” by =, as was done 1n Chapter IV  But even uf we had
avoided this, as being illegitimate, the circulanty in question
would not have been obviated. We should have written 3 8,
for example, 1n the form

PO q 18 equvalent to ~g >3 ~p,
Butsince, by 7 1, ~¢2> ~p would be equvalent to (g=0)> (p=0)
the relations o and = would still be restricted to assertable
relations of propositions As a result, theorems of the system
can be given no meaning at all (even as abstract) except one
which confines them to an interpretation by which they become
laws of the relations of propositions

Since the calculus of propositional functions 18 deduced from
the laws of the Two-valued Algebra, the same circularity extends
to this calculus also, as developed 1n the present chapter

Thus i1t will be clear that any attempt to develop exact logic
by the usual methods of mathematical deduction 1n general,
must 1nvolve some circulanty The pnncples deduced, or at
least many of them, must be taken for granted before they can
be deduced This 1s the case because the principles of deduction
must be given before any deduction can be legitimately performed
or its vahdity assessed And this circulanty eannot be removed
by citing such 1mplicit principles of deduction as explicit assump-
tions

This is a highly unsatisfactory situation That the laws of
logic cannot be deduced unless they are first taken for granted as
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principles of their own deduction does not, of course, render
them nvalid (It does suggest a serious problem concerning the
ground of our knowledge of them, and the crnitena of their truth
But these questions are epistemological rather than logical )
But 1t becomes a question what, if anything, 1s supposed to be
accomplished by a deductive development of logic This might
satisfy some psychological or pedagogical purpose; but 1t would
certainly be open to question whether 1t was of the shghtest
importance logically

It 18 1n order to avoid this eirculanty that current develop-
ments in exact logic have abandoned this older method, common
to other branches of mathematics and to symbole logic from
Boole to Schroder Instead, contemporary works, such as
Principrva Mathematica, proceed by the logistic method De-
tailed discussion of this would here be premature, but the essential
difference may be stated By the logistic method, the principles
of logic are not antecedently presumed as rules of demonstration
Instead, the rules in accordance waith which proofs are given are
rules of more or less mechanical operations upon the symbols,
such as rules allowing certain substitutions to be made 1n the
postulates or in theorems previously proved

This logistic method requires that the first branch of logic to
be developed should be the caleulus of propositions, that 1s, the
laws which can be stated for all propositions, without regard to
the terms and relations of terms, into which propositions in
question might be analyzed Then, as was suggested earlier 1n
this chapter, the calculus of propositional functions can be
denved from this calculus of propositions, and, in turn, the
calculus of classes and the calculus of relations can be deduced
from the calculus of propositional functions Some difference
1n the content of particular branches 1s incidental to this logistic
development, as againsi the non-logistic type of derivation, but
the mmportant difference 15 methodological, and 1n general the
content 18 the same—the laws of the Boole-Schroder Algebra
will be found 1n the logistically derived calculus of classes, and
the laws of the Two-valued Algebra mn the logistic calculus of
propositions Thue there 15 nothing which the reader has so
far learned, as a principle of exact logic, which has to be ques-
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tioned or repudiated. The further thing which it is desirable to
command 18 this logistic method 1teelf

In the next chapter we seek to meet this requirement by
presenting the basie calculus of exact logic by the logistic method.
But there are other aims also to be achieved in this presen-
tation. One of these has to do with that hmtation of most
studies 1n exact logic which has been mentioned, namely restric-
tion to the logic of extensional relations On this point the
logistic method makes no difference older developments such
a8 the Two-valued Algebra of Schroder and newer ones hike the
calculus of elementary propositions in Principia Mathematica
have exactly the same import and the same himitations

Let us review what has preceded with reference to this
second poirnt In Chapter II we mterpreted the Boole-Schroder
Algebra as a logic of classes—of terms I1n extension; and in
Chapter IIT this interpretation was further elaborated and
discussed Such extensional 1nterpretation 18 the only kind
which, as 8 matter of history, has ever been put upon the system
—except mncidentally and temporanly, when some writer has
applhed 1t to relations of intension without realizing preecisely
what be was doing We pointed out, further, in Chapter III,
that certain principles of the system, e g , 0 c g, have an air of the
paradoxical because we do not commonly recognize, as principles
of the logic of terms, those which hold 1n extension but without
any corresponding relation of the same terms 1n intension  Such
peradoxical principles are, however, necessanly true laws of the
logie of classes Also we called attention to the fact that it is
possible to give the Algebra a consistent interpretation as a logic
of the intensional relations of terms On this interpretation,
g = 0 would mean ““a 18 not logically concervable” or ‘“The
concept @ 18 a self-contradictory notion’’, and ¢ = 1 would
mean '‘Not-a 18 logically inconceivable” The elements, @, b,
¢, etc , would not represent classes but connotations, or all the
concervable things which would, if they should exist, incorporate
certain essences. All the laws of the Algebra would hold of such
interpretation; but not only would their meaning be changed;
their application also would be altered. Terms of which aeb
can be asserted 1n extension may not be such that acbd will hold
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true in 1ntension And where @ =0 or a =1 18 true in exten-
sion, the corresponding statement 1n 1ntension 1s often false.
Thus it would be quite impossible to take the Algebra ambigu-
ously—as applying to extensions when we choose and to inten-
sions when we choose—because the application has to be made
de novo ard differently in the two cases A complete logic of
terms, covering relations of extension and of intension both, and
allowing the denotation of terms and symbolized relations of
them to remain fixed, would have to be & much more complex
system than the Boole-Schroder Algebra

In Chapter IV we pointed out, sumilarly, that the Two-valued
Algebra covers relations of propositions in extension' and that,
in consequence, the relation symbohzed by 3, called ‘material
mmplication,’ 18 subject to certain paradoxes, such as ‘A false
proposition 1mphes any proposition’’ (corresponding to 0ca),
and ““A true proposition is implied by any proposition” (corre-
sponding to ecl) Nothing was there said of any possible
interpretation of the Two-valued Algebra as a system of the
intensional relations of propositions Actually such interpre-
tation is possible, but 1t would be quite useless as & system aof the
logic of propositions, for example, 1t would not be possible, 1n
terms of this interpretation, to represent “‘p is true” or “p 1s
false ”

It 18 especially desirable that the logic of propositions should
be so developed that the usual meaning of ‘imphes,’ which 18
intensional, should be included ~ Although the relation of classes,
ach, is often important when the corresponding relation of
intension does not hold, the relation of material impheation 18
seldom, if ever, of any logical 1mportance unless the usual inten-
monal relation of imphecation also holds It 1s & second purpose
of the next chapter so to develop the calculus of propositions
that both extensional and intensional relations will be covered
—and differently symbolized—and that the meaning of the
elements, p, ¢, etc, may remain fixed, whether 1t 1s their exten-
sional or their intensional relations which are in question

There is also 8 third aim to be reahized in the next chapter
In mathematical systems 1n general, what are called ‘existence-
postulates’ and theorems concerning ‘existence’ are usually
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included In logic mmilarly, exstence-postulates end theorems
are really required as conditions of sigmficance of the system
This has been largely 1gnored, up to date, by those who use the
logistic method We shall introduce such a postulate And we
shall show how, from such an assumption, existence-theorems
are deducible The method of such deduction of ‘existence’
logic, has not, so far as we know, been used before



CHAPTER VI

THE LOGISTIC CALCULUS OF UNANALYZED
PROPOSITIONS

It 18 the purpose of the present chapter to derive a calculus
of propositions from symbolic postulates, by the logistic method.

The qualification “unanalyzed propositions” indicates the
fact that not all the laws of deduction are capable of statement
1n terms of symbols for propositions, p, g, r, ete  For example,
1t 18 2 law of deduction that no proposition can be both true
and false; and this principle can be stated 1n symbols as ~(p ~p)
But equally it 18 & law of deduction that if all A’s are B’s and
all B's are C's, then all A’s are C's This principle, however,
cannot be stated 1n terms of p, ¢, and r, representing propositions
It is necessary that the premises and the conclusion should be
8o analyzed as to indicate what terms figure 1n these propositions,
and how these terms are related Thus the calculus of proposi-
tions can comprise only the most general principles of deductive
inference, which do not depend upon the analysis of the proposi-
tions 1n question

Asindicated 1n the preceding chapter, we have here the further
purpose to develop a calculus based upon a meaning of ‘1mplies’
such that ‘“p imples ¢’ will be synonymous with /¢ 18 deducible
from p” The relation of matenal implication, which figures 1n
most logistic caleuluses of propositions, does not accord with this
usual meaning of ‘imphes’ It leads to those paradoxes such
as ‘A false proposition 1mphes every proposition’’ and ‘' A true
proposition 18 implhed by any’’ which have been set forth in
Chapter IV Algo, if we take ‘‘p is consistent with ¢”’ to mean
““p doeg not imply the falsity of ¢,”’ and ““¢ is independent of p”’
to mean *p does not 1mply ¢,” then 1n terms of material imphca-
tion no two propositions can be at once consistent and inde-
pendent As we shall see, 1t is entirely possible so to develop
the calculus of propositions that 1t accords with the usual meaning

122 .
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of ‘imphes’ and includes the relation of consistency with 1ts
ordinary properties

Since the calculus here given is not logically equivalent to the
Two-valued Algebra, or to any logistic calculus which comprises
the same principles, the system here to be developed needs a
name Weshall call 1ts relation of impheation ‘strict impheation,’
and the system ‘ the Calculus of Strict Imphcation ’—or, for brevity,
‘Strnct Implication’ Similarly, we shall refer to the system based
on the relation of material implication as ‘Material Implication.’

Obviously the present development is to have no dependence
on the theorems of previous chapters But in order to avoid
possible confusion in later reference, we give the laws of the
present chapter higher numbers, beginning with 11

SectioN 1 GENERAL PROPERTIES OF THE ELEMENTARY
FuncTtioNs oF PRoOPOSITIONS

The primitive or undefined 1deas assumed are the following:

1 Propositions- p, g, r, ete

2 Negation: ~p This may be read either as ‘not-p’ or as
““p 18 false "

3 Logical product. pg, or p.g (The dot, as a mark of
punctuation, will be used only when one or both of the members
of the product are complex) This relation may be read as ‘p and
¢’ or "'p1s true and q 15 true” or " p and g are both true”’

4 Self-consistency or possibiity. ¢p This may be read
“'p 18 self-consistent” or ‘‘p 18 possible” or ‘It 18 possible that
p be true ’ As will appear later, ¢p is equivalent to ‘' It is false
that p 1mphes 1ts own negation,” and ¢(p ¢) 18 equivalent to
‘“p and q are consistent "’ The precise logical significance of ¢p
will be discussed 1n Section 4

5 Logical equvalence p = g.

In terms of product and negation, we can define the relation
pVvg, ‘““At least one of the two, p and g, 1s true”’:

11-01 pvgqg.=.~(~p=~q)
This relation may be read, as before,  Either p or ¢,” re-

membenng that the possibiity that p and g both should be
true 18 not excluded, and also that p v ¢ umphes nothing as to
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connection of content or logical significance between p and g,
but has to do only with their truth or falsity

The relation of strict 1mplication can be defined in terms of
negation, possibility, and product

11-02 pdqg.=.~0(p~g)

Thus “p implies ¢” or “p stnctly imphes ¢” 18 to mean
“Tt 15 false that 1t 18 possible that p should be true and g false”
or ‘The statement ‘p 18 true and ¢ false’ is not self-consistent ”’
When ¢ 15 deducible from p, to say ‘p 18 true and ¢ 1s false’ 18
to assert, 1mplicitly, a contradiction.

The properties of this relation, and 1ts precise sigmificance,
will become clearer with the development of the system, particu-
larly in Section 4

Curiously enough, 1t 18 both possible and advantageous to
define the relation of logical equivalence, though the defimtion
does not enable us to dispense with the primitive 1dea of equiv-
alence, since that 18 the defining relation.

11-03 p=q.=:p4¢q.q4p

That 18, ‘‘p and g are equivalent” 15 equivalent to *'p 1mphes
g, and ¢ imphes p " Thus two propositions are equivalent if,
and only if, each 18 deducible from the other This defimition
will enable us to prove other equivalences than those which are
assumed, and thus to render more explicit the meamng of
various logical functions in terms of one another

The number of our undefined ideas could be smaller, and
fewer postulates would be required, if logical relations which are
less familiar were taken as primitive  But such a choiece would
render the symbolism much harder to interpret, at first, and the
proofs of early theorems much more complex we here sacrifice
economy of assumption to considerations of exposition

Not all the definitions and not all the postulates will be
mtroduced 1n this section, for reasons which will appear For
the present, we assume the following postulates

11-1 pqg.d4.¢p
If p and g are both true, then ¢ and p are both true
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11:2 pg.4.p
If p and ¢ are both true, then p is true.

113 p.4.pp
If p is true, then ‘p and p’ 18 true

114 (pg)r.4.p(gr)
‘“(p and ¢) and r"’ 1mphes “p and (g and 1) "

I15 p.a.~(~p)
If p 18 true, then 1t is false that p 18 false.

11-6 pHg.qdAr:4.p4r
If p imples ¢, and g 1mples 7, then p implies r This law
will be referred to as the Principle of the Syllogism

117 p.p4qg:d.¢

If p is true, and p 1mplies ¢, then g 1s true It mught be sup-
posed that this principle would be impheit in any set of assump-
tions for a calculus of deductive inference As a matter of fact,
11-7 cannot be deduced from the other postulates !

We have said that the 1mportance of the logistic method lies
in the fact that proofs take place through operations according
to precise rules which are independent of any logical sigmficance
of the system The operations to be allowed are the following

Substilution

(a) Either of two equivalent expressions may be substituted
for the other. Thusif an expression of the form p = ¢ has been
assumed, or subsequently established, what precedes the sign of
equivalence 1n thie expression may be substituted for what
follows 1t; or vice versa

(b) Any proposition, or any expression which has meaning
n terms of the undefined 1deas, may be substituted for p, or g,
or r, etc, in any assumption or established theorem. It 1s
understood, of course, that if p, for example, oceurs more than
once 1n & given postulate or theorem (as 1n pgq.4. g p), then
whatever 18 gubstituted for p 1n one place must be substituted
for 1t throughout

1 8ee Appendix II
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Adyunciion

Any two expressions which have been separately asserted
may be jointly asserted That 1s, if p has been asserted, and g
has been asserted, then p ¢ may be asserted

Inference

If p has been asserted and p 4 ¢ 18 asserted, then ¢ may be
psseried That 18 to say, a new theorem may be inferred from
8 previous prnineiple which has been shown to imply 1t As a
logistic operation, this means that, if by either or both of the
operations previously mentioned we derive an expression of the
form p4g¢, and such that p 1s previously asserted, ¢ may be
taken as established

It mught be thought that this operation 1s superfluous 1n the
Lhght of postulate 11:7 But 1t 1s not That postulate merely
tells us that the complex premise p.p<4q imphes ¢ To be
sure, the logical meamng of the postulate 1s 1n accord with the
operation But 1t 18 a point of the logistic method that a
symbolic expression should not be confused with an operation
which gives proof

It 18 to be observed that the performance of these simple
operations 15 independent of their logical significance They
could be carried out ‘mechanically,’ according to the rules, by
one who had no interest 1n the interpretation of the symbolhism
Such a mechanical operator of the symbols might not produce
very interesting results, but so long as he observed the rules,
everything he established would be valild One importance of
this 18 that the precise and relatively simple character of the
operations provides a check on proofs, and renders them inde-
pendent of our logical intwtions Another and even more 1m-
portant result 13 that the whole system 1s thus rendered abstract,
1n the sense that we can say, ‘‘ Regardless of any interpretation
which may be assigned, the imitial expressions, manipulated
according to certain rules of operation, give certain other expres-
sions in result ” Whether any given expression can or cannot
be thus derived 1s absolutely determined by the imitial expres-
sions themselves and the rules That 15, the whole system 18
absolutely determined, quite independently of what in particular
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the symbols such as p, q, r, and 4 and v, etc, may mean, and
quite independently of the logical significance of the operations *
When (as 18, 1n fact, the case) different symbolic systems are
possible, having different sigmficance when taken to represent
the principles of deduction, 1t 18 of the utmost importance that
the question of operational or ‘mathematical’ integnty can be
thus separated from all question of what 18 or 18 not true 1n logic

Since 1t 18 important for the student to command this logistic
method of denvation, we shall state proofs of the first few the-
orems qute fully, and explain these proofs Later, abbrevia-
tions will be introduced, and proofs which offer no special
difficulty may be omtted

The first theorem to be demonstrated 18 “p 1mphes p” or
‘‘Every proposition implies itself "’

121 pA4p

[11-2 p/glpp.4.p 1)
116 pp/g,p/111 3.(1):4.p4p
First let us explain the conventions of notation What
appears 1n the square bracket preceding the first line of proof
means ““In 11-2, substitute p for ¢’ The number of the proposi-
tion 1n which the substitution 1s to be made is first given, and p/q
indicates the substitution of p for ¢ This operation gives the
line of proof set down following the bracket,

pp-4.7

That result 18 labeled (1) The square bracket in the second
line means “‘In 11-6, substitute pp for g, and p for 7.’ Ths
gves

p.-4.ppipp-3.-pi.1.p4p
In this expression, the first part, p.4.p p, 18 postulate 11 3.
The next part 18 1dentical with the result of the preceding step

* Certain critics of this conception of logistic have objected that p, ¢, r
and 4, v, etoc, must be symbols (therefore possessing meaning), not merely
marks on paper, which are different entities when they occur in different places.
This 18 true, of course, and proves nothing—except that such critics fail to
catch the point So are o, 8, v 1n Hilbert’s Foundations of Geometry symbols
and not just mk on paper But Hilbert’s geometry 15 neverthelesa abstract,
and independent of the particular meanings which can be 1mposed—in great
variety—upon these symbols
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of proof, pp.4.p Thus the whole expression may be abbre-
viated

11-3.(1) :4.pHp
Bince 11-3 and (1) have been asserted, the adjunction or logical
product of them,

p-4.-ppipp-1.p
may be asserted Hence, by the operation of inference, we may
assert whatever 18 implied by this expression This second line
of the proof states that the theorem to be proved, p<4p, 18 s0
mmplied Thus the theorem 15 estabhshed

12.11 p=op
(12-1] p4p.pdp oy
[11-03 plglp =p.=-(1)
In this proof, the first Line represents the joint-assertion of
12 1 with itself The second Line indicates that by substituting,
o 11 03, p for q, we have

P=p.=:ip3p.pip
Since this holds, and equivalent expressions may be substituted
for each other, p = p may be substituted for the asserted expres-
sion 10 line (1), and 18 thus established
By wirtue of this theorem, that every proposition 1s equivalent

to 1tself, we can assert any formal 1dentity or expression of the
form p = p. We can then substitute for one half of such an
expression any equivalent of 1t which has been assumed or proved.
The relation of logical equivalence 1s, of course, symmetrieal and
transitive  We could, 1n fact, demonstrate as theorems,

MDp=g.4.9=p
and

2p=q.q=r:d.p=7
But the operation of substifuting equivalents for one another
makes 1t unnecessary to use these principles 1n proofs

12-15§ pqg-=.qgp
[11-1* ¢/p, p/g) qp.4-p ¢ (1)
(11-03* pg/p,gplql Pg-4-ap:qp-4.pq:.
=ipg.=.¢p
11-1.(1): = :pg. = ,gp
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Here we give the second hine of the proof in full, then, imme-
diately below, this is repeated 1n the abbreviated form, indicating
that what 1t states 18 the equivalence of the theorem to be proved
to the joint-assertion of 11 1 and what is proved in line (1).

12-17 pq-4.q

[11-2: g/p; p/q) gp .39 (1)
[12-11: gp.3d.¢/p) gp.d4.q:=:gp-4.¢ (2)
[12-15] pg. =.gp (3)
(@) gp.d.g:=:pg.4.¢

1) »=:pg.-4.¢

Here we first, by substitution 1mn 11 2, derive hne (1) Next,
by substitution of this whole expression for p 1n 12-11, we write
the 1dentaity of hne (2) The third hne merely reminds us of
12- 15, which allows us to substitute p g for ¢p 1n one half of (2)
This substitution 18 made 1n the next hine We repeat that lne,
in abbreviated form, indicating that 1t states the equivalence of
the theorem to be proved and the assertion of line (1), Ordi-
narily, we shall write a proof by such substitution of equivalents
more briefly: assertion of the 1dentity—line (2)—will be omatted,
and a previously established 1dentity will be referred to by number
wnstead of being repeated In this sumpler form the above proof
would be written-

[11-2. ¢/p, p/g) gp-4-¢ (1
[12 15) ). =:pg.4.¢q
122 =pHg.=.~g4p
[12-11 ~ ¢(~p ~q)/p] ~ 0(~p ~q) = ~ 0(~p ~q) 0Y)
(12 15 ~p/p,~q/ql ~p~q. = .~q~p (2)
(D), @) ~o(~p~q) . = .~ 0(~q~p) 3
[11-02: ~p/p] ~p4q. = .~ 0(~p~g) 4
[11:02; ~g¢/p, p/g] ~¢4p. = .~ 6(=g~p) (5)

[(4), (3)] B).=:~pdg.=.~q4p
Here the first hne is the essertion of an identity, by 12-11.
Line (2) establishes the equivalence of ~p ~¢ and ~q ~p, by
substitutions 1 12 15, In Lne (3) we make the substitution
allowed, according to the equivalence establhished in (2), in the



130 SYMBOLIC LOGIC

second half of line (1), thus deriving
~0(~p~g) . = .~ 0(~q~p)

The next two lines, by substitutions in defimtion 11-02, establish
the equivalence of the first half of the above to ~p 4 ¢, and of
thesecond half to ~¢4p The substitutions which these equiva-
lences allow give the theorem

12-25 ~(~p)4p

(12 1, ~p/p] ~p4~p (D
[12-2. ~p/q] =p4~p. = .~(~p)3p
(1) .=.~(p)p

Thig 18 the converse of postulate 11 5 The postulate and
this theorem together give the equivalence of p and ~(~p)

123 p=~(~p)

[11-5, 12 25] pd ~(~p) - ~(~p) 4P (1)
(11-03] p = ~(~p) . = :p4~(~p) - ~(~p) 4 p
p=r~(p).=. (1)

The first step in this proof 18 an operation of adjunction; the
joint-assertion of 11 5 and 12 25 Next, by substitution 1n
defimtion 11-03, the theorem 18 proved to be equivalent to this
assertion of line (1), and hence 1t may be substituted for that
agsertion The substitution made 1n defimtion 11 03 18 not
indicated, since 1t 18 obvious

Theorem 12-2 contains an imphecation, which can be sepa-
rately asserted’

12 4 ~p4gq.d4.~q4p

[11-2] ~pd4g.4.~q4p:~gdp.4.~p4g:.4:
~p3¢.4.~g4p (1)
(11-03] (1) . =:.~pdg.=.~¢4p:4:~pdg.4.~¢4p
12-2 Ai~pdg.d.~qHdp
Line (1) 15 here an expression of the form pg.4.p The
substitutions to be made 1n 11-2 in order to give this line are
omitted, being obvious The first half of line (1) is equivalent to

=pig-=.~gdp,
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by definition 11-03  Again, the substitutions made in the defini-
tion are not indicated The second line, being thus equivalent
to (1), may be asserted This second hine 1s found to state that
12:2 imphes the theorem to be proved Hence the theorem
may be asserted, by the operation of inference
12-41 ~p4~q.d.g4p
(12 4 ~g/fq] =p4=~g.4.~(-q)4p (D
[123](1)=QED
Here line (1), established by substituting ~g for ¢ 1n 12-4,
is equivalent to the theorem to be proved, when we substitute ¢
for its equivalent ~(~g), by 12-3 We here introduce the abbre-
viation Q E'D for the theorem to be proved, instead of repeating
the theorem 1in the last hine of the proof This abbreviation will
be continued
12-42 pd~q.4.g4~p
(12 41. ~p/p] ~(~p)4~g.3.q4~p (1)
(12-3] 1) =QED
12 43 p4q.d.~q3~p
[12 42 ~g/q] p4=~(~¢).4.~g4~p 1)
[123] (1) =QED
12-44 pHdq. =.~g4~p
[12 41 q/p, p/g] ~g4~p.4-pAg 1)
[11 03] 12 43.(1): = QE D.
The last line of this proof states that, by definition 11-03,

the joint-assertion of theorem 12 43 and what 18 established in
line (1) 13 equivalent to the theorem to be proved
12 45 pi~q.=.qg4~p
[12-42 o/p, p/g] g4~p.4.p 4~¢ (1)
[11-03] 12 42.(1): = QED
The general principle of all the theorems, 12-2 and 12-4-
12-45, 1s that any imphcation may be reversed by negating both
1ts members That the result of this operation 1s 1mplied by the
orniginal expression 1s established 1 12-4-12 43; that 1t is
equivalent to the original expression (and hence may be substituted
for 1t) is proved 1n 12-2, 12-44, and 12 45.
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12.5 (pg)r.=.p(r). =.q(p7). =.(gp)r, etc, etc

(12-15] p(gr). =.(gn)p.-=.(r Qp 1
(11-4] (rg)p.4.7(gp) 2)
(1), @)} p(gr)-4.7(gp) 3)
[12:15] r(gp). = . (gP)T. =.(P Q)T 4)
((3), @] pgr).4.(@Or (5)

[1103]1215.(5): =:(pq)r- = .p(gr)
Remainder of the theorem by mimilar proofs
The foree of 12 5 1a that in any product of three propositions,
the order of the propositions and the placing of the parentheses
are immaterial Since this holds, we may hereafter omt such
parentheses, or place them as we choose, giving reference to this
theorem
The next prineiple to be proved 1s the law of the ‘antilogism,’
mentioned in Chapter 111
12:6 pg.d.7r:=:1g=r.d.~p:i=:ipar.d.~q
(12:-11] ~0(pg.=r) : = :~0(pgq.~r) )
125 (1).=:.~0(pg-~r):=:~0(q~r.D) (2)
[12:3] ). =:.=0(pg.~r): = 1=~ 0[g~r.~(~p)] )
[11-02] B).=:.pg.d.7:=:g=r.4.~p
By similar proof pg.d.7:=:p~r.4.~g
That two premises p and g together give the conclusion 7,
18 equivalent to ‘If p is true but r 15 false, then g 18 false” and to
“Tf q 18 true but r 18 false, then p 1s false ’ The equivalences
stated by this theorem obviously give rise to 1mplcations, by
the principles 11 2 and 12 17

I261 pg.d.7:4:p=~r.4.~¢
1262 pq.d.7rid:qg~r.4.~p

It will be convenient to have certain of the principles stated
by the postulates 1n alternative forms which can now be proved.

127 p.=.pp
[11-2. p/gl pp.14.
[11:03] 11 3.(1) : = QED.
12-72 ~-pi~(pg)

(12 43 pq/p,plg) Pg.4.p:4.~p3=(pg) ¢))
11.2 4QED.

(1

!
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1273 =qa~(p 9@
[12-43° pg/p] 12-17 4 Q.E.D.

12-75 q4r.pHgi4.pHr
[12 15] 11-6 = QE.D

From this point on, proofs will be increasingly abbreviated
But indication will always be given sufficient for complete re-
construction of the proof, and any step hkely to be troublesome
will be stated 1n full

The next two theorems are extensions of the Principle of the
Syllogism, 11-6  The first of these 18 of considerable importance.

12 77 pH4qg:gr.d.s8:.4:pr.4.s

[11 6] re~s.4.~q:=g4~p:.4:r~s.4.~p (¢))]
[12 6] r~s.4.~g:=:qr.4.5s (2)
[12-6] r~s.4.~p:=:pr.d.s 3)
(12 44] ~q4=p.=.p4¢q 4)

[(2), 3), 4), 12-15] (1) =QED
1278 p4g.g4dr.rd4s:4.pHs

[11 6] q4r.r4s8:49.g4s 1
(12 75] g4s.p4gi4.pHs (2)
[12 77] (1) . (2):4:q47r.74s.pdg:4.p3s (3)

(12 15 3) = QED

Theorem 12-78 extends the Principle of the Syllogism from
the case of two antecedents to the case of three By continued
use of 12 77, 1t could be extended from three antecedents to
four, from four to five, and so on, and hence proved to hold for
any given number of antecedents

So far, no use has been made of postulate 11 7. The next
group of theorems are consequences of 1t

128 p~q.4.~(p49)
[12-61. p3g/g, q/rl 11 T4QED.
If p1s true and g false, then p does not 1mply g, a true proposi-
tion does not imply any which 1s false.
12 81 pag.4.~(p~g)
[12-42 p~g/p, p4g/q] 12 84QED
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If p implies g, then 1t 15 not the case that p is true and ¢ false.
The converse of 12: 81, which would be

~(p~q).4.p4g¢,

cannot be proved from our postulates ® This 18 a main distinetion
between strict implication and material 1mphecation. On this
point, the properties of strict implication are 1n accord with the
usual meaning of ‘implies,” where those of material implication
are not Let p = ‘“Roses are red”’ and ¢ = **Sugar is sweet.”
It 18 here not the case that p 18 true and ¢ false—since q 15 true
Thus 1n this example =(p ~g) holds But p does not imply ¢
‘“‘Sugar 15 sweet’’ cannot be inferred from ‘' Roses are red.”

12 84 pqg.4.~(p4~q)

[12 8 ~g/g] p.~(~q) :4-~(p4~g) 1)
[12-3] (1) = QED.

12-85 pd~q.4.~(p9q)
[12 45] 12 84 = QED

12 86 p.4.~(p4~p)
(12 84 p/g) pp-4.~(p4 ~p) (1)
1271 1) =QED.

A true proposition does not imply 1ts own demial The
correlative principle, *If a proposition implies 1ts own denial,
1t 18 false,” 15, of course, the prineiple of the reductio ad absurdum
This comes next-

12-87 pHd-~p.4.~p
[12-42 p4-~p/ql 12 864QED
12 88 ~pH4p.4.p
[12 87 ~p/p] ~p 4 ~(~p) - 4. ~(~p) )
[123] (1) =QE.D
If a proposition 18 imphed by 1te own demial, 1t is true  This
might be called the ‘pnnciple of necessary truth’ Its correla-
tive, ‘'A false proposition never imphes 1ts own demal,” 15 less
familiar, but obviously follows.
3 Sep Appendix II.
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12-89 ~pHA=(~p4p)
[12-43] 12:884Q.ED
As a corollary of 12 81, we have the Law of Contradiction:
12-9 =(p~p)
[12-81. p/q] 12:14Q.E.D

The fundamental properties of the relation p v g are deducible
from those of p ¢, 1n terms of which it 18 defined The next group
of theorems exhibit such properties

13-1 pvg.4.qvp

11 1 ~g/p, ~p/q] ~q~p-4.~p~q (1
12 44] (1) . = . ~(~p ~¢) 4 ~(~g ~p) 2
[11-01] (2) = QED

The ‘either . or . ’relation 1s symmetrical

13 11 pvg.=.qvp
(13 1: g/p, p/lgl gvp.-4.pvyg 09
[11 03] 13-1.(1): = QED.

132 op.4.pvyg

[11-2] ~p~g.4.~p (1)
(12 45] (1) . = .pH ~(~p~q) (2)
[11-01] (2) = QED

If p is true, then at least one of the two, p and g, is true.
13:21 gq.4.pvyg

(12-17. =p/p, ~q/q] ~p~g 4.~ (1)
(12 45] (1) . =:q.4.~(~p~q) (2)
[11-01] (2) = QED.

13-3 pvp.4.7

(11-3 ~p/p] ~p.4.=p~-p (1
[12-4] (1) .4.~(~p~p) 4P (?9]
[11-01) (2) = QED.

13:31 p.=.pvp

[13-21 plgl p.4.pvp (1)
(11-03] 13 3.(1) : = Q.E.D.
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13-4 pv(gvr).d.(pvovr

[11:4] (=p ~q) ~r . 4 . ~p(~g ~7) (1)
(12 3] Q). =:.=[~(=p=@)]~r:d:ap~[=(=g~r)] (2)
[11-01] (2). = :=~(pv@g)~r.4.~p~(qvT) (3)
(12 44] 3). = :=[~p~(gv7)]. 4. ~=(pVvyg) ~1] @

[11-01] 4) = QED.
It 18 obvious that 13-4 can be extended in the same manner
1n which 11-4 15 extended 1n 12-5. The mode of proof will be

apparent from that of the preceding theorems, and need not be
given

13-41 pv(gvr).=.(pvgvr.=.qv(pvr).=.(gvp) vr,
ete, ete
The Law of the Excluded Middle, “Every proposition 18
either true or false,” concludes this group of theorems
13§ pv-p

(12 9 ~p/p] ~[~p ~(~p)] (1)
(11 01] (1) = QED.

SECTION 2. MATERIAL IMPLICATION
If we add to our previous assumptions defimtions of the
relation of matenal imphieation and the relation of materal

equivelence, the entire system of Material Implication can then
be deduced

14-01 pog.=.~(p=q)

That is, ‘'p matenally imphes ¢’ means It 1s not the case
that p is true and ¢ false "’

The defimtion of matenal equivalence 18 1n terms of matenal
imphcation
14-02 p=gq.=:pd3q.qdp

Replacing the materal impheations here by their defined
equvelents, this becomes

p=gq.=:=(p~g).~(g~p)
Hence p = g means “p and g are either both true or both false.”

First, we shall prove that, from the defimtion 1401 and our
previous assumptions, the symbolic postulates for the system of
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Material Imphesation, a8 given in section A of Principia Mathe-
matica, can be deduced. We shsll then discuss (1) the properties
which material implication and striet implication have in common
and (2) the properties peculiar to material 1mplication, which
distinguish it from striet implication.

It follows from our pestulate 11-7 that if p strictly implies g,
then also p matenally implies ¢

14-1 pHdqg.4.p>d¢
(12 81] p4g.4.~(p~g) (1)
[14-01] (1) =QED
By wirtue of this principle, whenever a striet 1mphcation
can be asserted, the corresponding material impheation can also
be asserted The converse does not hold: strict 1mpheation 18
& narrower relation than material implication, the assertion of a
strict 1mplication 18 a stronger statement than the assertion of the
corresponding material implication  This will become apparent
—at least 1t will be apparent how wide the meaning of material
1mpheation 15—if we consider what 18 1nvolved in pegatang 1t

I4 12 ~(p2q).=.p~¢
[14 01, 12:3) ~(p3¢g). = .~[~(p~Q)]. = . P~¢

The relation p > g fails to hold when and only when p 18 true
and ¢ false A true proposition does not matenally imply a
false one, but the relation holds if p and g are both true, or both
false, or if p 18 false and ¢ true, regardless of the meaning or
logical significance of p and g.

Proof of the symbolic assumptions for the system of Material
Implication, as given in Principra Mathemaiica, 18 as follows

14-2 p>q.=.~pvq (Princrpra, %1-01 )
[11-01 ~p/p] ~pvq. = . ~[~(~p) ~q]
[12 3] = .~(p=~q)
[14 01] =.pogq

14-21 pg. = .~(~pva~g) (Principa, %3-01 )
[12:11] =(~p v ~g) = ~(~p v =~q)
[11-01] = ~f~{=(=p)~(~g)]]

[12 3] =pgq
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In Principia, 14-2 and 14 21 are definitions.
14 22 pvp.>.p (Principra, %1-2)
[14-1] 13-34QED
It should be noticed that 13 3, from which 14 22 18 derived,
asserts the corresponding strict 1mplheation pvp.4.p. Sum-
larly 13-21, g.4. p vg, gives the next
14-23 g.o.pvg (Principra, %1 3)
(14 1] 13 214QED
Also our theorem 13 1, pvg.4.¢gVvp, gves
14-24 pvqg.d>.qvp (Principra, ¥1-4)
[14 1] 13-14QE D.
14 25 pv(qgvr).d4.qv(pvr)
(13-4] pv(gvr).4.(pvg vr (1)
(13 41 (1) =QED
The asserted relation in 14 25 18 a strict impheation This
gves immediately
14 251 pv(gvr).d>.gv(pvr) (Principra, %1-5)
[14-1] 14 254QED
Before proving the last postulate of the set m Principia
Mathematica, we require one further general principle connecting
strict and materal imphecation—one which 1s in point whenever
we have a trnadic relation of the form pg.d4.r
14 26 pg.4.r:=:p.4.¢gdr:=:q.4.p>r
[12 6] pg.d.r:=:1g~r.4.~p
(12-45] tp.d.~(qg~r)
[14 01] =:p.4.q>r
By similar proof pg.4.r:=:q.4.pOr

14 27 g>r.4:pvg.d.pvr

[11-1] ~rq.4.q=~r 1)
[12-61- ~r/p, g~rfr] (1) .4 .~r.~(g~7) :d4.~q (2)
(11-1] ~g~p.4.~p~g (3)
[12 77. ~r.~(g~r)/p, =g/q, ~p/r, ~p ~q/s]
(2).-@)zd:.ar.~(gnr) .~pid.~p~q 4)

(12:5] (4) - = :.~(g~r) .~p~rid.~p~q (6)



MATERIAL IMPLICATION 139

[12 6] (5). = :.~(g~r) . ~(~p~g) : 3. ~(~p ~7) (8)
[11-01] (B). = :.~(g~r) .pVvg:4.pVT )]
[14 01]) (7). =:.g2r.pvgid.pvr (8)

[14 26] (8) = QE D.
The asserted relation 1n 14-27 1s a strict implication  This
gives immediately

14 28 g>r.D:pvg.d.pvr (Principra, *1-6.)
[14-1] 14 274 Q E.D.

In Principra Mathematica, the derivation of theorems from
the above set of postulates requires that the operation of inference
be extended to matenal imphcation that 18, when p1s asserted,
and p>g 18 asserted, 1t must be possible to assert ¢.¢ Nowitis
s point of the comparison between strict and material imphcation
that p 4 g 18 equivalent to ‘g 18 deducible from p,”’ while pog
18 not It 1sa fact, however, that for every material impheation
which 18 asserted 1n any theorem 1n the system of Material
Imphication, the corresponding strict implhication also holds. We
could not prove this here without a long and complex discussion,
but 1t will be noticed that, for each of the above set of postulates,
the corresponding principle in which the asserted relation is a
strict imphcation also holds. (It is certain unasserted, or sub-
ordinate, material implications which cannot vahdly be replaced
by the corresponding strict impheations ) This fact 18 of con-
siderable theoretical importance in logie we shall discuss the
significance of 1t in Chapter VIII This comparnson suggests
that we can deduce the theorems of Matenal Implication without
extending the operation of inference to material implieation, but
does not really prove1it However, the same point can be demon-
strated in another way—by means of the following theorem:

14-29 p.p>oq:d.g
(12-1] p~q.3.p~q n
[12-61: ~g/g, p~g/r] (1) .4:.p.~(p~q) : 9. ¢ )
[14 01] (2) = QED.
If any matenal implication p 3 ¢ is asserted, and p 18 asserted,
p.p>q may be asserted by the operation of adjunction, and
¢ See postulates %11 and %1 11 m Prnapa
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since 14-29 holds, ¢ may then be asserted, by the pninciple of
inference as applhed to strict implhcation Hence any result of
applying the operation of inference to an asserted material
1mpheation can be derived from our assumptions

Sinco the above definitions and postulates, from which the
calculus of Maternal Implication 1s derived 1n Principia Mathe-
matica, have now been deduced from our postulates, together
with the definition of the relation of meterial implcation, 1t
follows that the whole system of Material Imphcation is con-
tained in the system of Strict Implication.

The further main point of comparison between the two
systemas can be briefly indicated by examination of our postulates
Postulates 11-1-11-5 each contain only one implication—the
agserted strict imphecation Since by 14-1,

pdg-4.p>2yg,

it follows that these five postulates also hold when the asserted
relation 18 & material implication

Postulates 11 6 and 11 7 contain unasserted, or subordinate,
striet impheations. But the analogous theorems for matenal
mmplication also hold

15-1 pog.gor:4.por
[14 27] go7.4:~pvg.D.~pvVT 1)
(14 26) (1). = :.~pvg.gdr:id.~pVvr (2)
[11:01,12 3] (2). = :.~(p~g) . gDr :4.~(p=r) 3)
[14-01) (3) = QED.
In 15-1, the asserted relation 18 still strct, but this gives
iummediately-

1§ 11 p>g.g>r:>.p>dr
[14 1] 15-14QED

Theorem 15 111s the analogue of postulate 11 6 Theorems
15 1 and 15 11 also hold, of course, for the other order of the
antecedents.

15-12 gor.p>g:4.p>r
15-13 ¢g>r.p>dg:>.p>r
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The analogue of postulate 11-7 follows immediately from
14-29-

15-14 p.pdgid.gq
[14-1] 14-294QED

Thus if, in our postulates, each strict 1mplication were re-
placed by a matenal implication, all of them would hold In
consequence of this and of the facts above pointed out about the
operation of inference, 1t follows that every theorem so far proved
would also hold if, 1n every occurrence of strict impheation, this
were replaced by a matenal impheation Al theorems, so far,
hold of both relations The reader must not hastily assume that,
therefore, there 15 no 1mportant difference between the two. we
have s0 ordered the development here as to bring this coincidence
about Their differences are to be indicated 1n the remainder
of the present section, and 1n Section 4

First, we prove one further principle in which the two relations
are alhke

1515 poq.=.~gd~p

(12 15, 12 25] ~(p ~q) - = . ~[~¢ ~(~p)] 1)
[1401] 1) =QED

Matenal impheation, like strict implication, 18 subject to the
law that 1ts terms may be interchanged by negating both.
Immediate corollanes of 15 15 are

15 16 p>q.4.~gd>~p
15 17 p>g.o>.=~¢d~p

We proceed now to theorems which hold of material 1mplica-
tion but do not hold of stnet implication. The defimition of
matenal impheation, 14-01, has the force of the following pair:

(1) pog.4.~(p=g),
(2) ~(p~g) -4-p>¢.

The analogue of (1) for stnet 1mplication holds. it 1s 12-81,
pig.4.~(p~g).

A true proposition does not 1mply a false one, either strictly or
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matenally. But the analogue of (2), which would be

~(p~q).3.p4g,

18 false It can be proved that i1t 18 not deducible from our
postulates.® This principle (2), contained in the defimtion of
material implication, 15 the gource of all the paradoxes of material
implication which were given in Chapter IV We repeat the
most important of them here, giving the proof of a sufficient
number to 1llustrate the manner of their derivation.
15-2 p.4.¢g>p
(12 17} g~p.3.~p (1)
(12 45] (1) . = :p4~(g~p) (2)
[14-01] (2) = QED
1521 p.o.g>p
[14-1]1 15 22 QED
If p 15 true, then any proposition ¢ matenally imples p
The main or asserted implication 1s strict 1n 15 2, matenal in
15-21, but the unasserted impheation in the consequent is
matenal 1n both The theorems do not hold in the form in
which this unasserted relation 1s strict

p-4-g4p

cannot be proved from our postulates
The manner 1n which one passes from the assertion of a strict
implication, a8 1n 15 2, to the assertion of the corresponding

material implication, as in 15-21, is always the same—by means
of 14-1. We may, then, omit the proof of this step hereafter

15§ 22 ~p.4.p2g
(11-2] p~g.4.p (1)
[12-43] (1) .4:=p.4.~(p~q) (2)
[14-01] (2) = QE.D.
15-23 -p.>.p>g
If p is false, then p matenally implhes any proposition ¢
As before, =p.4.p4¢ cannot be proved from our postulates,
and 1s false.
* See Appendux II.
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Theorem 15 2 gives two further principles which are inter-
esting and of much importance-

15-24 p.=.~p>p

[152 ~p/q) p.3.~p>p (1)
[11-5] ~(~p) 4p 2)
(12:7] (). = .~(~p~p) 4D 3
[14 01] 3) . =:~p3p.4.p 4)

[11-03) 1).4):=QED
That 18, ““p 18 true” and “p 15 matenally implied by 1ts own
negation”’ are logically equuvalent Similarly we have:
1525 ~p.=.p>~p
[16 24 ~p/p] ~p. = .~(~p)>~p (1)
[12-3] (1) = QED.
That 1s, 'p is false” and ‘““p materially imphes 1ts own nega-
tion”’ are logically equivalent statements
In terms of our ordinary logical conceptions, we should say
that a proposition which 18 1mphed by 1ts own negation 18 logically
necessary; and a proposition which imples its own negation 18
self-contradictory or logically impossible Thus, 1n terms of ma-
terial imphcation—as 15 24 shows—a merely true proposition
18 indistinguishable from one which 15 logically necessary, and
—as 15 25 shows—a merely false proposition 1s indistinguighable
from one which 1s self-contradictory or absurd
In terms of strict imphication, as we shull see 1n Section 4, the
logically necessary is distinguished from the merely true, and
the logically impossible from the merely false
Further consequences of the defimition of matenal impheation,
which bear upon the consistency and independence of proposi-
tions, are the following.

15:3 ~(pog).4.p>~g

[12-17) p~g.4.~¢ )]
[11 6] (1).12-73:4:p~g.4.~(pq) (2)
[12 3] (2). = : ~[=(p ~g)] - 4. ~[p ~(~q)] (3)

[14-01]) 3) = QED.
15 31 ~(p>q).>.po~g
As before, ~(p4¢) . 4.p 4 ~¢ cannot be proved, and 1s false.
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15:32 ~(p>=~g).4.p3¢q
15-33 ~(p>~q).>.p>¢q

As 15-3 and 15 32 indicate, if we take any pair of proposi-
tions, p and ¢, then p must matenally imply g or p will materially
imply that g1s false This 18 of considerable importance, because
it means that if matenal implication, p > g, should be taken as
equivalent to ‘‘g 18 deducible from p,” then no pair of proposi-
tions could be at once consistent and independent Because 1if
p and ¢ are consistent, then p cannot 1mply that ¢ 18 false- and 1f
g 18 1ndependent of p, then p cannot 1mply that ¢ 18 true. Thus
the ordinary procedures of deduction—as, for instance, 1n the
usual mathematical requirement that the members of a set of
postulates should be consistent and independent—would not be
possible if 2> ¢ and ‘g 18 deducible from p”’ should be synony-
mous

154 ~(p>3q).1.¢2p

[12 17] p~q.4.~g (1)
[12 72] ~g.4.=(q =p) (2)
(11:6] (1).(2) :4:p=~g.4.=(g~p) 3)

[12 3,14 01] (3) =QED
15:41 ~(p>¢q).>.q>p

By 15-4, if one of a pair of propositions does not matenally
1nply the other, then the other implhes the one The analogue
for strict impheation,

~(p4g) -4.q4p,

cannot be proved, and 1s false.
155 =~(pdqg).4.~pdg
15-51 ~(p>q).>.=~p>gq

By 15-5, if p does not matenally imply g, then the demal of
pimplies g. But the anslogue, ~(p4 q) - 4. ~p 4 g, does not hold
15§ 6 ~(p>q).4.gq>~p
15-61 =(p>3q).>.q>~p

If p does not matenally 1mply ¢, then ¢ implies that p 1s
false. The analogue, ~(p4¢q) . 4. g4 ~p, does not hold
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157 ~(p>q).4.~pd=g
15-71 ~(p>¢q).d>.~pd=~q
The analogue, ~(p 4 q) . 4. ~p 4 ~g, does not hold

15-72 p>gq.v.p>d~g
[12 81] 15 3.4.~[~(p3¢) ~(p>~9)] (1)
[11-01] (1) = QE.D
At least one of the two, ‘‘p materially 1mphes ¢”’ and “p
materially imphes that ¢1s false,”” 18 always true  The analogue,

p'lq'v-p'l"Q;

cannot be proved we ghall assume the contradictory of 1t 1n
Section 6

A point to be noted concerming all these paradoxical theorems
of Matenal Impheation 1s that while the esserted relation 1n each
may be either materal or strict, the proposition does not hold
when the subordinate or unasserted 1mphcations are strict, but
only when they are matenal

Inspection of theorems 15 3-15-72 reveals a rather starthng
ubiquity of material imphcation Perhaps as good a way as
any of summanzing these peculiar properties of this relation,
which strict implication does not share, 1s the followming Let an
equal number of true and false statements—chosen at random,
and regardless of their subject-matter—be written on ships of
paper and put 1n a hat Let two of these then be drawn at
random The chance that the first drawn will materially imply
the second is 3/4 The chance that the second will materially
imply the first 18 3/4 The chance that each will materally
imply the other is 1/2 And the chance that neither will
materally 1mply the other 13 0.

Certain further principles governing material impheation wll
be needed 1n Section 3 The first of these 18 the analogue of
14-26

I5:8 pg.2.r:=:1p.2.gdr:=1:1q¢.d.p>Dr

(12-3, 12-5] ~(pg.=~r) = ~[p ~{=(g~1)}]

= ~[g~{~(p~n)}] (1)
[14 01] (1) = QE.D.
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Since p = ¢ gives p4¢ and ¢4 p, and hence p>¢g and ¢>p,
15-8 has the corollaries:
15-81 pg.o>.r:4:p.>.¢gOT
15 82 p.>.gqor:d4:pg.2.7
15-83 pg.o.T:dip.d.gOT
15-84 p.o.go>r:d:pg.d.7

But pg.4.r:4:p.4.g4r does not hold if two premises
strictly 1imply a ceriain conclusion, and one of these premises 1s
true, 1t does not generally follow that the conclusion can be
deduced from the other premise alone This 18 an 1mportant
difference between the two relations.

By virtue of 14 26 and 15 8, the Principle of the Syllogism
has a second form in the case of matenal implication-

159 p>dg.4d:9g>r.2.p>r
[15 8] 15:1 = QED.
15:91 p>q.>:gq>r.>.par
1592 g>r.4:p>¢.d>.p>r
[15 8] 15 12 = QED.
15 93 ¢g>r.> :p3g.2.p>r
We shall also need the analogues of 12 6 and 12 77
15:95 pqg.D.r:=:1p=~r.d.~gi=1g~r.D.~p
[12-3, 12 5] ~(p g. ~r) = ~[p ~r . ~(~q)]
~[g=r.~(=p)] (1)

[14-01] 1) = QE.D
15 96 p>gigr.2.s:.,4:pr.>.s
[15-1] r~s.D.~g:~gD~p:.4:i7~5.D.~p 9]
[15 95,12 15,15 15] (1) = QED
15 97 p>oqigr.d.s:.D:ipr.o.s
The properties of materal equivalence are not ymportant for
us, and will be ormtted As has been noted, p = ¢ holds when-
ever p and ¢ are both true or both false, and fails to hold when
one 15 true and the other false It holds whenever strict equiv-
elence, p = ¢, holds, but p = ¢ is & much narrower relation, and
the assertion that 1t holds 18 & much stronger statement.
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All the functions of p and ¢ which figure 1n the system of
Matenal Impheation—that 15, ~p, pgq, Pvg p>¢q and p =g¢
—=sre 'truth-functions’ of p and ¢ the truth or falsity of any
one of these functions is categorically determined by the truth
or falsity of p and ¢ alone The stnet relations, p 4g, and
p = q (and the relation of consistency, to be introduced 1n
Section 4), are not such truth-functions- that p4q or p = ¢
holds cannot generally be determined merely by knowing whether
p and g are true or false ~We shall revert to this topic 1n Chap-
ters VII and VIII.

SectioN 3 FurTHER THEOREMS

In the present section we will develop certain more complex
principles, partly as a further means of comparison between
strict and material 1mplication, and partly because some of
these are key-theorems, such that their presence or absence 1n a
calculus of propositions 18 an important point about the structure
of 1t A number of these, which concern strict imphcation, are
consequences of 12 77, and have the form of what we shall call
‘T-principles ' The first one will be explained mn full

161 pH4q.T:4:pr.4.qr
T=:qr.4.qr
(12 77 gr/s] pAg:igr.d.gr:.4:pr.d.gr

In the statement of this theorem, T represents a proposition,
gr.4.qr, such that every proposition of this form 18 true, by
some previous principle—in this case, by 12-1 Thus if we
have any premise of the form of the other member 1n the ante-
cedent, p 4 g, the corresponding conclusion of the form pr.4.¢qr
can always be deduced, since the further premise needed to give
thie conclusion can always be asserted Thus, as a principle of
inference, 16 1 can be used exactly as if the 7' did not oceur 1n
1t. We shall not, for the present, take advantage of that fact,
but shall use 16 11n the complete form,

pagigr.d.qri.d:ipr.d.¢qr,

in order that 1t may be perfectly clear that ignonng the presence
of T, when the theorem 1s used as & principle of inference, com-



148 SYMBOLIC LOGIC

mits no fallacy. When such & 7-principle is used a8 & premise,
the presence of the expression represented by T obviously cannot
be 1gnored

The corresponding theorem for material implication ean be
proved without the 7, by wirtue of the fact that if two premises
matenally imply a conclusion, and one of them 1s true, then the
other premise alone will materially imply the conclusion. (See
15 9-15-93)

16:11 p>oq.4:pr.>.gqr
[14 27] ~gD~p.4:arv=~g.D, arv~p (1)
[15 15) (1) . = :.pDqg.d:1~(=rv=p) .2.=(~rv~g) (2)
[11-01,12 15] (2) = QED
By 14 1, 16 11 gives immediately

pd>g.d:pr.>.gqr.

From this pont on, we shall not repeat such theorems as 16 11
in the second form in which the asserted relation 18 a maternal
1mphication, since this second form always follows from the first,
by 14-1

16-15 paq.T:4:pvr.4.qvr
T=:eg~r.d.=q~r
[16 1] ~g4=p. T :id:ag~r.4.~p-~r (1)
[12 44) (). =:.p4q. T:d:~(~p=r) . 4.~(=q =1) (2)
(11 01] (2) = QED

16-16 p>g.d4:pvr.d.qvr
[14 27] pog.4:rvp.D.rVvy n
(1311 1) =QED

16-2 pH4g-p4r.T:4:p.4.qr
T=:qr.4.qr
(12-77:qr/s] p4g.T:4:pr.4.qr (1)
[12 77] pAr:irp.4d.gri.d:ipp.d.gr (2)
[12-15,12.7] (2). = ::
pr.d.qgripdri.d:p.d.¢r 3)
12771 .@) :94::
pAgiqr.A.gripHAri.d:ip.d.¢gr



FURTHER THEOREMS 149

The next group of theorems are each of some interest, but 1t
18 16 33 and 16-35 for the sake of which they are developed.

163 p.p>qg:id.pg

[16-11] p2g¢.4:pp.2.gp (1)
[14 26] (1). = :.p2q.pp:4.¢p (2)
{12-15,12-7) (2) = QED.
16 31 p.p>2¢q:=.pgq

[15- 2]q.-l.p:q 1)
[11-6] 11-2. (1) :4:pg.4.p>¢q 2
[(12-1) p.p>¢:4:p.p3g 3)
[16 2] 11 2.(2).(3):4:.pg-4:p.p>yg 4)

[11 03] 16-3.(4): =QED

In the fourth hne of the above proof, 16 2 1s used as a prin-
ciple of inference If we had used this in the bnefer manner
which 18 permissible in the case of T-principles, the third line
would have been omitted, and this fourth line would have been
written

[16 2] 11 2.(2).(T):4:.pg-4:p.pog.

The reader will observe that this procedure would not have
affected the result.

16 32 pqg.=:p.~(p~q)
[14 01] 16 31 = QED.

16 33 pHg.=:p-.3.pg

[12-11] ~o(p ~q) = ~0(p ~q) (1)
(16-32, 12 3] (1) . = . ~0(p ~q) = ~0[p ~(p ¢)] 2
[11 02] (2) = QED

16-34 pH4g.=:pvg.4.¢q
[16 33] ~q4~p. = :~q.4.~¢~p (1)
(12 44,12 15] (1) . = : . pd4g. = : ~(~p ~g) 4=(~q) (2)
[11 01, 12-3] (2) = QED

16 35 p-=:pvg.p
[16 33] 13 2. RAAL

.P.
(12 15] .P-3:pVg.p 1)
(12 17] pvg.p:d.p (2)
(11 03] (1).(2): = QE
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Theorems 16-1 and 16-2 give nse to other and simmlar
theorems:

16 4

16 5

16 51

16 6

p3r.qdr.T:4:pvg.d.r
T=:~mpmg.4.=p=q

[16-2] ~rd=p.~rd4~g.T:4:ar.4.~p =g

12 44] VD). =:.pdr.g4r. T4 :~(~p~g) 47

(11 01] 2) =QED

p-d.qr:T: . 4:p4q.par
T=:.qr.d4.q:qr.4.71

[1217) p.4.gr:T:.4:.p.4.gr:gr.d.q

[12 17) p.4.gr:T:.4:.p.d.qr:gr.4.r

(11 6] p.4.qrigr.d.q:.4.pHg

[11:6] p.4.gr:gr.d3.7:.4.p4r

[11:-6) (1). @) :34::p.4.¢gr:T:.4.pH¢g

[11-6] (2).(4) :4::p.4.qr:T:.4.p3r

[12 1] p4g.pdr:3:pdq.p3r

)
@)

6y
2
@)
4)
(5
(6)
)

16 2] 5).(6).(7) :4::p.4.gr:T:.4:p4q.par

pvg.d.7:T:.4:pHAr.q4r
T=:.~p=qg.4.~p:ap=~q.4.~¢

{16 5] ~r.d.~p~g:T:.d:ard4~p.~rd~g

[12-44] (1) . = i:i~(~p~g)dr.T:3:pAr.g4r

[11 01] (2) = QED.

pAr.gds.T:4:pg.1.738

T=:.rqg.4.qr:isr.4.rs

(11 2,12 5] p4r.g4s.T:4:.pdr:irg.4.qr

[12 17,12 5] p47.g4s.T:4:.g4s:57r.4.7r38

[12 77. r/q, q/r, q /3]

paAr:rqg.d4.qr:.4:pqg.4.qr

[12 77] g4s:sr.d4.rs:t.d:gr.d.r5

[11-6] (1).(3):4:.p4r.g4s.T:4:pg.4.¢qr

(11 6] 2). (@) :4:.p4r.g4s.T:4:qr.4.75

[121] pg.d4.qr:gr.d.rs:.4:.
pg-d.q9r:gqr.4.7s

[16-2] (5).(6).(7) :4::pdr.q4s.T:4:,
Pq.d-grigr.4.rs

(1)
2

(1
@)

@)
(4)
(8)
(6)
U]

(8)
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[11-6]l pg.4.qr:qr.4.78:.4:pg.d.78 ()
[11 6] (B).(9):4QE.D
16 61 p4Ar.gq4s.T:d4:pvg.d.rvs
T=:.~pesg.d.~3~pimge~p.4.~p=~g

[16:6] «rd~p.agdng. T:d:ar~s.d.~p~q Q)
[12 44) ). = ipAr.q48.T:4:~(~p~g) 4 ~(~r ~5)
(2)

[11.01] (2) = QED.
16 62 p4q.pAr.T:4:p.4.qvr
T=:.~par.d.=r~p:~pd~p
[16 61] p3g.p4r.T:4:pvp.4.qVvr (€))
{13-31] 1) =QED
All the above T-principles follow from the three basic ones,
16 1, 16 2, and 16-5 In Section 5 of this chapter, we shall
show how these three theorems, and hence the 7-principleg in
general, can be proved without the T. For this, however, a
further postulate will be necessary ®
Having illustrated, in the preceding proofs, that for any T-
theorem, p T . 4. ¢, ¢ can be deduced if p 18 g1ven, we shall here-
after 1gnore the presence of the 7' 1n using such theorems as
principles of inference
The analogues of 16-1 and 16-15, for material imphcation,
have been givenin 16 11and 16 16 Analogues of the remaining
T-principles are most easily derived from the Distributive Law,
16 72 below

16 7 pg.v.pr:dip.qvr

(12 17) pg.d.q (1)
(11-2] pg.4.p 03}
[12:17] pr.4.7 (3)
[11-2] pr.4.p 4)
[16-61] (1)-(3).(T):4:.pg.v.pr:d.qvr (5)
[16 61] (2).(4).(T):4:.pg-.v.pr:d.pvp (6)
[13 31] (). =:.pg.v.pr:d.p ¢

[162) (7.65).(T:49QED

® No poaitive proof that 16 1, 16-2, and 18 5, without the 7', are mnde-
pendent of the postulates of Section 1 has been discovered But perastent
efforta to derive them 1n this form have failed
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16-71 p.qvr:4:pg.v.pr

[11-2] p.p2~qg.~¢g27:4.p (0]
[12:17]) p.po~g.=g27:4.pD~q.~¢2r (2)
[15-1] po>~=g.=gDr: 4 .p>r 3)

16 2] (1).@).(T) :4:.
p.pd~g.~gdr:d4:p.p>r (4)

[16 31]) 4). = :.p.p2~¢g.~¢d7:4.pT (5)
(14 26] (5) .= :.p.~¢g>r:4:pDd~q.D.pT (6)
(14 2,12 3] 6). =:.p.gvr:d:~pv~g.D.pr (7)
(14 21 (7). = :.p-qVrid:i~(=pVv~g).V.pDT (8)

[11 01,12-3] 8) = QED
16 72 p.gvr:=:pq.v.pr
[11 03] 16-71.16 7: = QED.
A corresponding principle to 16-72 18-
16 73 p.v.qr:=:pvg.pVvr
[12 11, 16 72]
~(~p.~qver):=:i~(-p=q.v.-p~1) (1)
(11 01,12 3] (1) . = :.
P-V.~(~qVv-r):
[11 01, 12-3] (2) = QE.D.
16 8 p.>.qr:=:p>q.p>r
[16 73] ~p.v.gr:=:i~pvg.~pVvr 1)
[14-2] 1) = QED
16 8 contains the analogues of 16-2 and 16 5 It 15 to be
observed that these analogues would be

1=(p~g) . ~(~p-1) (2)

P-2.qri4:pdqg.p>orT,
and pdg.p>drid:p.d.gr,
the asseried relation being a strict implication The similar
theorems 1n which the asserted relation 18 material would follow
immediately Proof of the other analogues of the above 7-
principles would be from 16 8, 1n a manner similar to the proof
of other T-theorems from 16-2 and 16-5. These analogues will
not be needed later, end may be histed only

16-81 p>r.g>dr:d:pvg.d.r
16 82 pvg.>.r:4:ip>dr.g>or
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16-83 p>og.v.pdr:id:p.2.qvr
16-8¢ poOr.v.gor:4:pg.>.7
16 85 p>Or.gd>s:4:pqg.d.rs8
16:86 p>Or.gos:4:pvg.d.TVsS
There are two T-principles which have been omitted because

they can be proved without the 7' 1n Section 5. (See 19 46 and
19 5.)

SecTioN 4 CoNSISTENCY AND THE MobpAL FUNCTIONS

Up to this point, the modal function ¢p, “p 18 possible” or
‘1 18 self-consistent,”’ has not appeared explicitly 1n any theorem,
and has been made use of in only three proofs We have
proceeded, so far as possible, i1n the same manner as if pd4g
had been taken as a prumitive 1dea, instead of 0p That method
would, in fact, have been adopted, and 0p introduced for the
first tume 1n the present section, were 1t not that two additional
postulates would then have been required in Section 1.

In the present section we shall introduce the relation of
consistency, p 0 g, and the 1deas of possibility, 1mpossibility, and
necessity. The definition of p © ¢ and the equivalences to be
established between this function and the modal propositions
will serve to clarify and sharpen the significance of all these
1deas, as well as that of p4¢

When we speak of two propositions us ‘consistent,” we mean
that 1t 18 not possible, with either one of them as premise, to
deduce the falsity of the other Thus if p 4 ¢ has the intended
meaning ‘‘q 18 deducible from p,” then “'p 13 consistent with g”
may be defined as follows.

17 01 pogq.=.=(p4=~g)

We have seen (12 42) that ~(p4~g) = ~(g4~p) Hence
p 0 q, defined to mean '‘It 1s false that p 1mplies the falsity of g,”
has exactly the same force as “p does not 1mply that g 19 false,
and ¢ does not imply that p 18 false”” The properties which
result from this defimition will serve as a check upon the accord
between the usual meanings of ‘‘mplies’ and of ‘consistency’
end the functions p4¢ and pog.
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17-1 pg.d4.pog
[12-84] pg.4.~(p4 =q) 1)
[17-01] 1) =QED
Any two propositions, both of which are true, must be con-
sstent This 1mplication 18 not reversible: two propositions

may be consistent though one 1s false and the other true, or
though both are false

I17-12 p4q. = .~(po=~q)
[17-01, 12 3] p4q. = .p4~(~g) .
= .~[~{pd~(=9)}]l. =.~(po~g)
That p strictly implies ¢ means that p 1s inconsistent with the
demal of ¢ Compare this with the defimtion of material impli-
cation, 14-01,
p2g.=.~(p~g)
For example, let p = “Roses are green” and ¢ = “Sugar 18
sweet ”” Since p 18 false (or since g is true), ~(p ~¢) holds for
this example, and hence p > ¢ holds ‘' Roses are green” matenally
implies ‘‘Sugar 18 sweet '’ But, so far as one can see, ‘‘Roses
are green” and ‘‘Sugar 18 not sweet’’ are not inconsistent with

one another. ~(p 0 ~g) does not hold, and hence p 4 ¢ does not
hold.

17 13 ~(po~p)
[17 121 121 = QED.
No proposition 18 consistent with its own demial.
17-2 pog.4.qo0p

(12 1] =(p4~q) 4~(p 4 ~) o))
(12 45] (1). = .~(p4~q) 4~(g3~p) 2
[17-01] (2) = QED
The relation of conswstency is symmetrical The equiwalence
of pog and gop is an obvious corollary:

17 21 pog.=.qop

(12-42] ~(p4~q) = ~(g4~p) ¢Y)
[17-01] (1) = QE.D.
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17-3 pdg.por:d.qor
[11-6) pAg.gd~r:d.pH~r 1)
[126] ). =:.p4g.~(p4=~r) :4.~(gd~1) (2)
[17-01] (2) = QED.
If a proposition r 18 consistent with another, p, then r 18 con-
sistent with any proposition ¢ which p implies.

17-31 p4q-~(gor):4.~(por)
(12 6] 17-3 = QE.D
If p has some 1mplication, ¢, with which r 18 not consistent,
then p and r are not consistent.

17 32 pHr.qd4s.pog:d.ros
[12 78] pAr.74~s.a54~¢:4.p4~q (1)
[12 5, 1244, 12 15} (1) . = :.
pAr.gds.7r4~s:4.p4~q (2)
[12 6] 2).=:.p4r.gds.~(pd=~q) :4.~(rd~s) (3)
[17-01] 3) = QED
For example, if a postulate p 1mphes a theorem r, and a
postulate ¢ 1mples a theorem s, and the two postulates are con-
sistent, then the theorems will be consistent A system deduced
from consistent postulates will be consistent throughout,

17 33 pdr.gqd4s.~(rosg):4.~(poyg)
[12 6] 17 32 =QED
If there 18 some consequence of p which is not consistent with
some consequence of g, then p and ¢ are not consistent.

17-4 pq.0.r:=:qr.o.pi=:pr.o.q:
=:1p.0.gr:=1:q.0.pT:=":r.0.pQ
[12-6,12 3] ~(pg.d.~r) : = :~(gr.4.~p) *
=i=(pr.4.~q) (1)
[17-01] 1).=:.pg.0.r:=:igr.0.p:=:pr.o.q
[17 21] pg.o.r:=:r.0.pq, etc.
It 18 important to note that the statement *p, ¢, and r are
8ll consistent’ does not mesn po(gor) or (pog)or. For

example, let
p = Grass is red,

g = Grass has color,
and r = Grass 15 green.
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Here though p 18 false, p and ¢ are obviously consistent pogq
is true Also r 18 true Since two propositions which are true
must be consistent (17-1), it follows that (p o q) or will hold 1n
this example But ‘“p, g, and r are all consistent” 1s false.
Also it might be thought that *'p, ¢, and r form a consistent set”’
may be expressed by the complex proposition pog.por.gor
But this also would be 8 miatake let

p = To-day is Monday,
¢ = To-day 18 July 4th,
and r = July 5th 18 not Tuesday

Here any two of the three, p, g, and r, are consistent. pog, por,
and gor are all true, hence pog.por.qgor 18true Butitis
false that p, g, and r form a consistent set  Or we may form the
‘inconsistent, tmad’ corresponding to any syllogism all of whose
propositions are contingent (not necessarily true or necessanly
false), any two propositions of this triad will be consistent with
one another—they will be related hike p, q, and r above—but
any two together will be incompatible with the third. The
statement ‘‘p, ¢, and r are all consistent’ does mean pg.o0.7,
or any of its equvalents according to 17 4 In more general
terms, ‘‘p, q, T, form a consistent set’”’ means ‘“The joint-
assertion of any selection from p, g, 7, is consistent with the
joint-assertion of the remainder of the set ”

Many of the laws governing the relation of consistency follow
from the Principle of the Syllogism, 11-6

17-5 ~(por).=(go~r):4.~(poyq)
[11 6] pA~r.~rd=~g:4.p4~ (1)
[12-45]1 (1) - = :.pA~r.gH~(~r) :4.pH~7 (2)
17 12,12-31 (2) = QED
If p 18 not consistent with r, but g 15 not consistent with the
demal of r, then p and g are not consistent with each other
17 51 pH~r.gdr:d4.~(pog)
[17-12,12 3] 17 5 = QED.

If p imphes one of a pair of contradictories, and g 1mplies
the other, then p and ¢ are not consistent
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17-52 p4g.pd~g:4.~(pop)
[17-51. p/g; g/l pd~q.pdg:d.~(poD)
A propostion which implies both of any contradictory pair
15 not consistent with itself

17 53 pHq.pop:4.qog

(12 7] p4g:qi~gq:=:pH4g.pd4qg.qd~g ()]
[12 44, 12 15] =:ip4q.q3~g.~q4~p (2)
[12-78] p4g.g4~g.~g4~p:id.p4~p (3)
[((2), @] p4g-gd~g:4.p4~p 4)
(126] (4).=:.p4g.~(p4~p) :4.~(g4~¢) (5)

[17-01] (8) = QE.D

What 18 1mphed by a self-consistent proposition 1s self-con-
sistent

17-54 p4g.~(gog):4.~(pop)
[12 6] 17-53 = Q E D.

If g 18 not self-consistent, and p 1umphes ¢, then p 15 not self-
congistent,

17 55 pop.~(goq) :4.~(p4¢q)
[12 6] 17 54 = QED

A self-consistent proposition does not imply one that is not
self-consistent

17 56 pH4q.pop:4.pog
[12-6] 17-52. = :.p3g.pop:4.~(p4~q) (1)
[17-01] (1) = QED
If p implies ¢, and p 18 self-consistent, then p 18 consistent

with ¢, or, a self-consistent proposition 18 consistent with all 1ts
imphications  The principle

pig.d.pog,

which might be expected to hold, does not, 1n fact, hold without
exceptions There are propositions which are not comsistent
with any other proposition; yet such propositions have implica-
tions Hence 1f p 4 ¢ holds, 1t requres the further condition
p © p to assure that p 18 consstent with ¢
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17-57 p4g.~(pog):4.~(pop)
[12 6] 17-56 = Q E D.
A proposition which imphes anything with which it 18 not
consistent, 18 not consistent with 1tself

17-58 pop.~(pog :4.~(p4¢
112 6] 17 56 = QED
A pelf-consistent proposition does not imply any with which
it 18 not consistent
17-59 pop.pHq:4.~(p4~q)
[12-15,12 3] 17-56. =:.pop.pdq:4.~[~(pog)] (1)
[12-3, 17 12] (1) = QED.
If p 18 self-consistent, and p 1mphes g, then p does not also
imply the falsity of g.
17-591 pop.4:~(pH4qg.pd~q)
[12 45] 17 52 = QED
A gelf-consstent proposition does not imply both of any
contradictory pair
17 592 pop.d:pog.v.po~g
[14-21,12 3] 17 591. = :.
pop.d:~(p4g).v.~(pd~g (1)
[12 3,17-01] (1) = QED
If p 18 self-consistent, then 1t 18 consistent with one or other
of any contradictory pair
It 15 to be observed that the relation of consistency 1s not, mn
general, transitive If 1t were, then no pair of propositions
could be at once consistent and independent - if we should have
88 a theorem
pog.gor:d.por, (1)
then we should also have, as a special case of this,
POg.go=-p:d.po~p (2)
Since, by 17 13, ~(p © =p), (2) would have the consequence,
~(pog.go~p). @)

And (3) is equivalent to ~(pog) .v.qdp
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The next two theorems state an obvious relation between
truth and self-consistency
17-6 p.4.pop
(17-1] pp-4.pop 1)
[12-71 (1) = QED
Every true proposition 1s self-consistent
17.61 ~(pop)d~p
[12 44] 17 6 = QE D.
Any proposition which 1s not consistent with itself is false.
We have, as T-principles concerning consistency, the corre-
lates of 16 2 and 16-5
177 p.o.qvr:T:.4:pog.v.por
T=:~qger.4.~q=~r

[16 2] pA~g.pHA~r.T:d:p.4.~gn~r (1)
[12-6] (1) . = :.

“(p.d4.~q~r):T:.4:~(pA~g.pd~r) (2)
[1101] 2). =:i:~p.4.~(gvr)]:T:.4:

~(pd~g).v.~(pi~1) (3)
[17 01] (3) = QED
17-71 pog.v.por:T:.4:p.o.qvr
T=:.agrr.d.~gi~g~r.d.~r
[16 5] p.4.~g~r:T:.4:pd~qg.p4~r (6]
[12 6] (1). =:.
~(pd=g.pA~r) . T:3:~(p.4.~¢g=~1) (2)
[11-01] (2). = t:~(p4~q) - V.~(p4~r): T :.4:
~[p.4.~(@gvr)] @)
[17 01] 3) = QED
If the modal function ¢p had not been taken as a primitive
1des, it could now be defined as equivalent to pop Its proper-
ties 1n the system are precisely those which would follow from
such definition

181 op.=.pop.=.=(p4~p)
[12 3,12-7] ¢p. = . ~(~0p) . = . ~[~0(p p)] .

= - ~[~¢{p ~(~p)}]
[11-02, 17-01] ~[~0{p~(~p)])]. = .~(p4~p). = .poOp
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Thus ¢p merns “p 18 self-consistent” or “p does not 1mply
1ts own negation ”* If we read ¢p as “'p is possible,” then ~(¢p)
will be “It is false that p is possible” or ‘“p 18 impossible”,
o(~p) will be “It is possible that p be false” or “'p is not neces-
sanly true”; and ~[¢(~p)] will be ‘It is 1mpossible that p be
false” or "'p is necessarly true” For convenience, these ex-
pressions will be written without parentheses- ~¢p, ¢~p, and
~0~p. If at first one forgets what these represent, 1t 1s only

necessary to read the constituent symbols, 1n the order written

18 12 ~4p.= .~(pop).=.p4=-p
[18 1] ~0p. =.~(pop). = .~[~(p 4 ~p)]
The modal proposition “p i8 impossible’’ means ''p is not
self-consistent” or ‘'From p, 1ts own negation can be deduced ”

18 13 ¢~p.= .~pO=~p.=.~(~p4p)
(18 1] 6=p. = .~pO~p. = . ~[~p 4 ~(~p)]
It 18 to be observed that ¢~p and ~¢~p are mutually con-
tradictory.

I8 14 ~0~p.= .~(~pO~p).=.~p4p
(18-13] ~0~p. = . ~(~p0~p) . = . ~[~(~p 4 p)]

That p is necessanly true means ‘' The denial of p 18 not self-
consistent” or ‘‘The truth of p can be deduced from its own
demal.”

The above equivalences may be compared with the following,
which hold for matenal impheation:

18:1 with p.=.p=(~p). = .~(p>~p),
18-12 with ~p. = . ~[p~(~p)]. = . p> ~p,
18 13 with ~p. = .~p~p. = .=(~p>dp),
18 14with p.=.~(~p=~p). =.~p2p

As this comparison illustrates, ‘‘p is possible” and “p is peces-
sary’ are indistingmshable, in terms of matenal implication,
from “p is true”, and ‘‘p is impossible” and *‘p is possibly false”
are incdistinguishable from “p 1s false.”

It should also be noted that the words ‘possible,’ ‘impos-
sible,’ and ‘necessary’ are highly ambiguous in ordinary discourse
The meaning here nssigned to ¢p is a wide meaning of ‘possi-



THE MODAL FUNCTIONS 161

bility—nsamely, logical conceivability or the absence of self-
contradiction. And the resultant meanings of ~¢p and ~0~p
are correspondingly nerrow meamngs of ‘umpossibility’ and
‘necessity’. ~0p means “p 18 logically inconceivable”, and ~¢~p
means “It 18 not logically conceivable that p should be false.”

A second—and colloqually more frequent—meaning of
‘possible,’ ‘1mpossible,’ and ‘necessary’ has reference to the
relation which the proposition or thing considered has to some
state of affairs, such as given data, or to our knowledge as a
whole In this second sense, ‘possible’ means ‘consistent with
the data’ or ‘consistent with everything known’; ‘impossible’
means ‘not conswstent with the data, or with what 18 known’,
and ‘necessary’ means ‘imphed by what 18 given or known.’
Such meaning of ‘possible,” ete, 18 relatzve—* possible 1n relation
to ’: by contrast, the meanings which we symbolize are
absolute; they concern only the relation which the fact or propo-
sition hae to 1itself or to its negative—what can be analyzed out
of the proposition by sheer logic  The two sets of meanings can
be compared if, for the moment, we represent what is given, or
what is known, by @

Relative P18 Absolute
poQ possible pop
~(po Q) 1mpossible ~(pop)

~(~poQ)or@Q-4p necessary ~(~po~p)or ~p4p

It 18 the more important to understand the distinction of these
two meanings of ‘possible,’ ‘1mpossible,’ and ‘necessary’ because
frequently they are confused, even by logicians, with consequences
which are fatal to the understanding of logical prninciples

Relative possibility implhes absolute possibility, absolute
impossibility imphes relative imposaibility, and absolute necesaity
umplies relative necessity., But these relations between the
absolute and the relative are not reversible.

Since p+4q is defined 1n terms of logical impossibility, as
~0(p ~g), it is a narrow, or strict, meaning of ‘implies.’” If our
various definitions apnd assumptions are in accord with one
another, and with the meamngs assigned, 1t should be possible
to prove that p 4 g 18 equivalent to "p ~¢ 1mphes 1ts own denial
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Ths is the case. The proof of this which we give below depends
solely upon the assumed properties of p 4 ¢, and would hold even
if the function ¢p and the relation p o ¢ did not appear 1n the
system.

182 pag.=:p~g.4.~(p~g):=:~(p~g.0.p~q)
[12:44]) pdAg.=.~g4~p

[12 7] =:i~g~g.d.~p
[12-6] =:ip~qg.d.9q

[12 7] =:(pp)~q-4.¢
[12-5] =:1p(p~q)-4.¢
(12 6] =:ip~g.4.~(p~q)
[17 12] =:t=(p~g.0.p~q)

No pninciple of the present section figures in this proof until
the last line, which gives the second equivalence stated in the
theorem.

Incidentally, the above theorem demonstrates a point which
has sometimes been questioned, namely, whether there are any
propositions which genuinely 1mply their own negation. Unless
some one or more of our assumptions 1n Section 1 18 a false
principle, there must be as many such self-contradictory propo-
sitions as there are instances of valid deduction 1if ¢ is deducible
from p, then the proposition “p 18 true but ¢ 18 false’”’ 1mplies its
own denial

Similarly, if our various definitions and assumptions are in
accord with one another, we should be able to prove that pog
is equivalent to pg¢.o.pg¢ This equivalence is, 1n fact,
deducible from the same principles upon which the proof of 18-2
depends-

Since p4g-=:p~g.4.~(p~gq),
we have ~(p4~q). = .~[pg.4.~(p )]
Hence, by the definition of the relation pog,
POg.=:pg.0.pg.
This equivalence 1s included 1n the follomng:

18-3 o(pg)-=:pg.0o.pg:=.pog.=.~(p4~q)

[18-1] o(pq). =:pg.0.p¢
(17-01] pg.0.pg: = :~[pg.4.~(p g)]
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(18-2, 12-3] ~[pg.4.~(pg)] = ~(p 3 ~9)
[17-01] ~(p4~). =.poOgq
‘Tt is logically posaible that p and ¢ be both true’’ means that
the statement *p and ¢ are both true’’ 1s self-consistent, and this
is equvalent to ‘'p 15 conmstent with ¢.”

18:31 ~0(pg).=.~(pg.0.pg).=.~(p0q).=.pd~q
This follows immediately from 18 3. The manner in which
18-3 extends to consistent sets 1n general 18 important As has
been indicated, ¢(p ¢ ) means‘“‘p, g, r, are all consistent”
or“p, qr, form a consistent set ’ The extension of 18-3
18 a step-by-step process in 18-35 we give the equivalents of
0(p qr), and 1n 18-36 we indicate the further extension which
would result by letting r be a compound proposition, rs, rat,
ete -
18 35 o(pgr).=:pqr.o.pqr
=:pg.0.r:=1:iqr.0.p:=1:pr.o.gq,
ete
=:~(pg.d~r)i=:i~(gr.4.~p);
=:t=(pr.d.~q)
The theorem follows immediately from 18 3 and 17-4.
J8-36 o(pgrs ):i=:p.o.qrs ! =1:19.0.prs .:
=:pqg.0.rs, ete
=:=(qgrs . .4.~p):
=:=(prs ..4.~q),etc
The next group of theorems—all obvious—are consequences
of the postulate 11 7
18-4 p40op
[18-1] 17-6 = QED.
What 15 true is logically possible or conceivable,
18:41 ~opd~p
[12-44] 18-4 = QED
What 18 1mpossible is false
18-42 ~o0~pHp
[18-41] ~0~p 4 ~(-p)
What 18 necessary is true
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18-43 ~o~p4o0p
{11-6] 18-42.18-4:4Q.E.D
18-44 ~p46~p
[18-4 ~p/p] ~p 4 0-p.
18-45 ~0pHo~p
(11-6] 18-41.18-44:4Q.ED
The next six theorems are consequences of the Principle of
the Syllogism

18-5 pdq.~0g:4.~0p

[12 7] pAg.gd~q:=:p4q.p4¢q.q4~g
[12-5, 12-43] =:pdg.qd ~q.~g4~p (1)
(12:78] p4g.g4~g.~q4~p:4.pd~p 2

[(1),18 12] 2) =QED
A proposition which implies something impossible 18 1tself
1mpossible
18 51 pag.0p:4.0g
[12-6,12 3] 18-5 = QED
Anything 1mphed by a proposition the truth of which 18 con-
ceivable is 1tself concervably true
18-52 pdq.0~qg:4.0~p
[18-51] ~g4~p.0~g: 4. 6~p 1)
[12-43]) (1) = QED
A proposition which imples anything whose falsity 18 con-
cervable, 18 1tself concervably false.
18:53 pHqg.~0~p:4.~0~g
[12-6) 18 52 = QED
Anything implied by a necessary proposition 1s 1tself neces-
sarly true.
186 pg.4.r:ip~q.4.7:.9.pAr
[17 52] p~r.d.~q:p=~r.4.q:.4:~(p=r.0.p~1)
1)
[1831] 1).=::pg.4.7:p=g.4.7:.9.~6(p=~r)
(2)
{11 02]_(2) = QE.D
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18:61 ~¢~p:pg.d.7:.4.qHr
[12 77] =p4p:pg.d.7:.4:~pg.4.7 1)
[16 33] (1). =::~pdp:pg.4.7:.4:.
~pdp:pg.d.ri~pg.4.7 (2)
ited~pipq.d.7I. 4.
~pdp:ipq.4.7:~pg.4.7 (3)
{12 17) ~p4p:ipg.d.7:~pg.d.7:.9:.
pg.d.7:~pg.4.r (4
[18 6] pg.d.7:~pqg.4.7:.4.q4T (5)
[12 78] 3)-(4).(53):4QED

[18 14] (2).

In terms of material impheation, if pg.>.7 and p is true,
then gor, since pg.>.7r:=:p.d>.¢g>r But 1 terms of
strict implication, if two premses, p and g, together imply r, and
p 18 true, 1t does not follow 1n general that g4 r; since pg.4.r
15 not equuvalent to p.4.g4r But as 18-61 1indicates, if
pqg.-4.7, and p 18 necessarily true, then ¢4r That 18, In
stating a strict imphcation one cannot omit a merely true
prermise which 18 one of a set of premises which together give the
conclusion, but one can omit a necessamly true premise. The
omission of a premise which is a priore or logically undeniable
does not affect the valhdity of deduction but the omission of a
required prermse which 1s true but not a priori leaves the dedue-
tion 1ncomplete and, as it stands, invalid Since this is a dis-
tinguishing feature of strict implication, a8 compared witu
various other ‘implication relations,’ let us illustrate 1ts logical
significance The two premses ‘“Socrates 18 & man”’ and ‘“ All
men are mortal’’ together 1mply *Socrates is mortal ’ But does
the single premise ‘‘Socrates 18 2 man” imply ‘“Socrates 1s
mortal”’? If the omitted premise ‘‘All men are mortal’” 1s
necessarily true (e g, if ‘immortal man’ 18 & contradiction in
terms), 1t does but if this omitted premise 18 merely a con-
tingent truth, 1t does not

18:7 pHq.=.~0=(p>Qq)
[11-02, 12 3] p4g. = -~0(p~q) . = . ~o=~[~(p ~q)]

A strict implication 18 equivalent to a matenal impleation
which holds of necessity, or by purely logical analysis This is
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the reason for the fact—illustrated at length 1n Seetion 2—that
the material impheations which are asserted in theorems of logic
are strict imphcations as well as materal.

Two simple but 1mportant principles are the following:

18-8  ~0(p ~p)
[11-02] 121 =QED

18-81 ~o=(pv~p)
[11 01,12 3,13 11] 18 8 =QED
From 18 81 and 18-61 the Principle of Expansion, 18-92
below, can be deduced

18-9 p.d:pq.-v.p~q
[18-81] ~0~(qv ~q) (1)
[16-71, 12 15] gv~g.p:3:pg.-V.p~q (2)
[18 61] (1)-(2):4QED

18:91 pg.v.p~g:4.p
(11 2] pg.4.p 1)
[11:2] p~q.3.p 2
[16 4] (1).(2).(T):4QED.

18-92 p.=:p.qv~qi=:pq.vV.-Dp~q
[11-03] 18 9.1891:=:.p.=:pg.v.p=~g
(16 7] pg.v.p~g:=:p-qVv~q

Section 5. TeE CoNsIsTENCY PosTurLaTe AND ITs
CONSEQUENCES

In this section we introduce an additional postulate con-
cerning the relations of modal functions As will be pointed out
later, this assumption, and all the consequences of 1t, can be
proved in the form of T-principles from the seven postulates of
Section 1 But this further assumption allows such T-theorems,
and also all the T-theorems of premous seclions, to be replaced by
the corresponding theorems 1n which T' does not oceur.

The additional postulate 15-

19-01 o(pq)49p
The correlate of this principle can be proved directly from it:
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19-02 0po6(pvy
(19-01] ¢(pvg.p):4.0(pvy) (1)
[16-35] (1) = QED.
An alternative and equivalent form of this essumption is:

19-1 ~(pop)i~(pog)
[12-45] 19-01. = .~0p 3 ~0(p q) (4]
[18 12,18 3] (1) = QED
If p 18 not consistent with 1tself, then p 18 not consistent with
any proposition Thus the force of this assumption 18 to the
effect that no group of propositions can form a consistent set if
they include one which 18 not self-consistent. This principle,
either 1n the form of 19:01 or 19 1, will be referred to hereafter
as the “Consistency Postulate’ Its accord with the usual
meaning of ‘consistency,’ as 1n mathematics, 18 obvious.
The first group of theorems are simple and obvious con-
sequences of 19-01

19 11 pog.4.pop
[12 45] 19 1 =QED
A proposition which 18 consistent with any other is consistent
with 1tself

19-13 o(pq)d0gq

[19 01] o(gp) 4 6q (1)
[12-15] 1) = QED

19-14 o(pq) .4 0p0g
[16 2] 19-01.19-13.(T) :4QED.

If 1t 15 possible that p and ¢ be both true, then p 18 possible
and ¢ 18 possible This implication 15 not reversible. For
example- 1t is possible that the reader will see this at onee It
18 also possible that he will not see 1t at once But it 18 not
possible that he will both see 1t at once and not see 1t at once

This last theorem could be extended, by successive substi-
tutions—as ¢ r for g, etc —to any number of propositions-

19-15 o(pgr .).4.06pogor

Every member of any consistent set must be a self-consistent
proposition,
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19 16 ~0p4~0(pgq)

[12 45] 19:01 = QE D.
19-17 =~0q4~0(pq)
19-18 ~0pv=0q.4.-0(pq)

[16-4] 19-16.19 17. (T) : 4 QE.D.
19-i9 =4~pv~0~g.4.~0~(pvyq)

[19-18: ~p/p, ~g/q] ~0~p V ~0~q . 4. ~0(~p ~q) 1)
[12 3] (1) . = : ~0~p V ~0~q .4 . ~0=[~(~p ~g)] (2)
[11-01] (2) = QED

As 1n 19-14, so also 1n 19 18 and 19:19, the impheation 18
not reversible. If 1t 15 1mpossible that p and ¢ be both true, 1t
does not follow that at least one of the two, p and ¢, 18 an 1m-
possible proposition  And if 1t 18 necessary that at least one of
the two, p and g, be true, 1t does not follow that either of them
18 8 necessary proposition Thie will be apparent if, for ¢, one
substitutes ~p, as the theorems allow

The last two theorems could be extended to any number of
propositions, as 19-14 1s extended 1n 19 15.

The next group of theorems are corresponding consequences
of 19 02.

19-2  ¢~p10~(p g

[19 02. ~p/p, ~q/q] 0~p 4 0(~p v ~q) (1)
[12 3] (1) . = . 0~p 4 0~[~(~p v ~g)] 2)
[11-01,12 3] (2) = QED

19 21 6~g40=~(pq)

19 22 ¢~pvo~g.4.0~(pq)
[16-4] 19-2.19 21.(T):4QE.D.

19 23 ~0~(pq) 4~0~p
[12 44] 19 2 = QE.D

19-24 ~0~(pq) 4 ~0~g

19 25 ~o~(pq).4.~0~p ~0~q
[16 2] 19-23.19 24.(T) :4QE.D.
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19-26 ~4(pvq)4=~0p
[19-23: ~p/p; ~q/q] ~0[~(~p =q)] 4 ~0[~(~p)] )]
[11.01,12:3] (1) = QED
By the same method used 1n the proofs of 19-19 and 19-26,
we get a theorem 1n terms of p v ¢ from each of the preceding
theorems 1n terms of p ¢. Proofs of the remainder of these will

be omitted, only the preceding theorem which is transformed
being indicated,

19-27 ~0(pvq)4~0q [19-24]
19-28 ~0(pvg).4.=~0p~0q [19-25]
193 ¢p4o(pvyg) [19-2]
19:31 og40(pvyq) {19-21]
19 32 opveég.-4.6(pvyq) [19 22]
19 33 ~0~p4~0=~(pVyq) [19-16]
19 34 ~0~g4=0=(pVv ) [19:17]

The next group of theorems are laws goverming triadic rela-
tions of the type ¢(pgr), or pg.o.r, etc, which follow from
the Consistency Postulate
194 p.o.qr:4.pog

[19 11] pg.0o.7:9:pg.0.D ¢
(17-4,18-3] 1) = QED
19-41 p.o.gqr:4d.por
19 43 p.o.qr:4d.qor
19 44 p.o.gr:4:pog.por
(16 2] 19 4.19 41.(T):4QED.
19 45 p.o.gr:4:pog.por.qor
[16-2] 19 44 .19-43.(T):4QED.

The complete statement of the consequences of ¢(p g 7), or
p-0.qr, 18 ;ven by the next theorem, which 18 an obvious con-
sequence of 19-46 and 19 11, by 11-6 and 162
19 451 p.o.gr:4:pop.qOg.TOT.pPOG.pPOT.gOT

We have already called attention to the fact that the imph-
cation of 19-45 is not reversible. Even more obviously, the



170 SYMBOLIC LOGIC

implication of 19-44 is not reversible This represents an
exception to the general analogy between pg and pog, since
pP.qr:i=:pg.PTi=:pq.pr.qr.
19-46 piqg.v.pa3r:d:p.1.qvr
[19 44] p.o.~g~r:4:po=~g.po~r (1
[12-44] (1) . =:.
~(pO~g.pO~r)id4:=(p.0.~g~r) (2)
[11-01, 12-3] (2). =:.
~(po~q).v.~(po~r)id:~(p.0.~q~r) (3)
[17 12, 12-3,11 01] (3) = QED
The implication of 19 46 18 not reversible If we had

p.d.gvr:dipdq.v.pdr,

then we should also have, through transforming 1t by means of
12 6,
Pqg.4.r:4:pHdr.v.qg4r

This laet does not hold for strict implication- 1t 1s frequently the
cage that two premises p and g strictly imply a conclusion r,
although neither premise alone implies this conclusion Almost
any syllogism 18 an illustration This 15 another point of dif-
ference between strict and materal implication, and explains
the faet that

P-2.gvr:4:pdqg.V.pOr

and pg.2.r:d:pdr.v.g¢g>or

both hold, though their analogues for strict 1mpheation do not
19 47 pAHdqg.v.pdr.v.~gdr:4:p.d.qvr
Proof sxmilar to 19- 46, using 19-45 1n place of 19 44
Theorem 19 46 gives the obvious corollaries
19-48 pHdqg.4:p.d.gqvr
19 49 pHr.4:p.J.gvr
19-5 pAr.v.qdr:d:pq.4d.r7
(19-44, 17-4] pg.0.~r:4:pO~r.qo=r (D

[12-44] 1). = :.~(po~r.qo~7) :4:~(pg.0.~r) (2)
[11 01,12 3,17-01] (2) = QED.
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We have already noted that the impheation of 19-5 is not
reversible This theorem gives the corollaries:

19-51 pdr.dipg.d.r

19:52 gq4r.4:pg.34.r7
It may be observed that, 1n 19 46 and 19-5, we have in this
section proved two principles of the general type of the 7-
prnneiples which occur in Section 3 In fact, 19-46 and 19-5
could there have been proved as T-theorems, but were omtted
because they would not be needed for later proofs and because
demonstration of them would have been long and involved.
All previous T-principles can now be proved, with omission of
the 7. We called attention, in Section 3, to the fact that the
basic theorems of this type, from which all others are deduced,
are-
16:1 pd4q.T:4:pr.4.qr,
16-2 pd4q.par.T:d:p.d.¢qr,
and 16 5 p.3.qr:T:.4:p4q.pHdr

In order to prove these, waithout the T, we need first two sxmple
principles which are consequences of 19 16 and 18-8
19-57 p.q~q:=.q~q
(18 8] ~0(g ~q) 1)
(19 16. g ~¢/p, ~(p - ¢ ~q)/q]
(1) .4:~0[(g~g) . ~(p.g~g)] (2)
(11-02] (). =:.g~g.4:p.q=q 3)
(12 17] p.g~g:4.9~¢ 4)
[11-03] 3).(4):=QED
The adjunction of any proposition p with the impossible
proposition ¢~g,1s equvalentto g~g. Thistheorem corresponds
to the principle of certain other systems, p x0 = 0, g ~g here
behaving hike the zero-element of the system

19-58 p.=:p.v.q~g

[19-16] 18 8.4 : ~0[(g ~g) - ~p] ¢))
1102} (1).=:q~¢.4-D 2)
[16-34] ). =:.p.v.g~q: 4.p 3)
(13-2) p.4:p.v.g~¢ 4)

[11-03] (3).(4): = QED.
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This theorem corresponds to the pnnciple p = p + 0 in certain

other systems.
Using 19-57 and 19-58, proof of 16-1, without the 7, is &s

follows
196 pAqg.d:ipr.d.gqr

[19-16] ~o(p ~g) 4 ~0(p ~q r) (D
[19-58] (1) . = :-~0(p~q) .4:~0(p~grT.V.T~T) 2)

[19 67} ). = :.~0(p~g) . 4:~0(p~qr.v.pr~r) (3)
[16-72] 3). = :.~0(p~g) -4 :~0(pT.~gV~r) 4)
[11:01,12-3] (4). = 1. ~0(p~q) -4:~0[pr.~(gr)] (5)

[11-02] (5) = QED.
The other two T-pnnciples mentioned above may be replaced
a8 follows:

19-61 pAagqg.pAr:d:p.4.¢qr
[11-6,12:15] pr.d4.grip.d.pr:.4:p.4.qr (1)
[12:77} 19.6. (D) :4::pAg:p.4.pri.4:p.4.q7 (2)
[16 33] (2) = QED.

19 62 p.4.gr:d:pdq.pr
[19:28] ~0(p~¢.v.p~r) :4:~0(p ~q) . ~0(p ~r) 1)
[16 72] (1). = :.
~(p.~gver)id:i~0(p~q) . ~0(p~r) (2)
[11-01,12-3] (2). = :.
~0[p.~(gr)]:d:~0(p~q) . ~0(p~r) (3)
[11-02] 3) = QED
1963 p.d.qr:=:pHdq.pAdr
[11 03] 19 61.19 62: = QED

Since 16 1 can now be replaced by 19 6, 16:2 by 19-61, and
16:5 by 19 62, 1t will be obvious from the proofs of other 7-
principles, given in previous sections, how they may now be
proved with omission of the T. Accordingly we shall ssmply list
such theorems without demonstration*

19 64 pdq.4:ipvr.d.qvr (See 16 15)
19:65 pHar.gdAr:d:pvg.4.7 (See 16 4)
19-66 pvg.d.rid:ipdr.qdr (See 16-51)
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19 67 pHAr.qdr:=:pvg.d.r
[11-03] 19:-65.19-66: = Q E.D

19-68 pHdr.gds:4d:pqg.4.78 (See 16-6)
19 681 pHAr.g4s:d:pvg.d.rvs (See 16-61)
19-682 p4dq.-p4r:d:p.d.qvr (See 16 62)
1969 p.o.gqvr:d4:pog.v.por (See 17-7)
19 691 pog.v.por:4:p.o0.qvr (See 17-71)

19 692 p.o.gvr:=:ipog.v.por
[11 03] 19 69.19 691: = QED

The next two theorems are alternative forms of a very im-
portant consequence of the Consistency Postulate.

197 pop.=:pog.v.poO~q
[19 11] pog.4.pop (1)
[19 11] po=g.4.poOp (2)
[19 65] (1).(2):4:.pog.v.po~g:4.pOpD 3)

[11 03] 17-592.(3): = QED.

1971 op.=:pog.v.po-qg:=:0(pq).v.0(p~q)
[18-1, 18-3] 19-7 = QE D.

Theorem 19 71 could be extended, since the same principle
glves

0(pg). =:0(pgr).v.o(pg-~7),
o(p~g) . = :0(p=gr7).v.0(p=g=r),
o(pgr).=:0(pgrs).v.e(pgr=~s),

and so on, for any number of elements Thus the fambar
Principle of Expansion holds for ¢p as well as for p.

It will be noted that one of the two implications involved 1n
the equivalences stated by 19 7 snd 19:-71—that if p is self-
consistent, then 1t 18 consistent with one or other of every con-
tradictory pair—has been previously proved, as 17-592, and
does not depend on the Consistency Postulate But the other
implication—that if p 1s consistent with ¢ or with ~g, then it 1s
self-consistent—depends directly upon the Consistency Postulate
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The correlates for ~¢p and ~¢~p are as follows
1972 ~p.=:=~(poq).~(po~g):=:pA~g.pH¢
[19:71] ~0p. = :~(poOg.v.poO~q)
(11-01] =:~(pog).~(po~q)
[17 12] =:pd~q.pHgq
Here also, one implication involved 1n the equivalence stated
by the theorem does not require the Consistency Postulate that
if p4¢ and p 4~q, then pis impossible, follows from the Principle
of the Syllogism But that ‘‘an impossible proposition 1mphes
both of any contradictory pair” depends on the Consistency
Postulate

19-73 ~0~p. = :1qAp.~q4p
[19 72- ~p/p] ~0=p. = : ~(~pO(Q) . ~(~p O ~q)
[17-12, 17 21] =:¢g4p.~g4p

That if p 18 imphed both by g and by ~g, then p is necessanly
true, follows from the Principle of the Syllogism But that ‘‘a
necessary proposition 1s 1mplhed by both of any contradictory
pair”’ depends on the Consistency Postulate

The last two equvalences involve what are sometimes called
the ‘paradoxes of strict imphcation’ The principle 1n question
becomes explicit in the next four theorems.

1974 =0p.4.p4¢
[19-1. ~g/q] ~(pop) 4~(po~g) 1)
[18 12,17-12] (1) = QED.
A proposition which 1s gelf-contradictory or impossible 1mplies
any proposition,
19 75 ~0~p.d.q4p
(19 74 ~p/p, ~q/q] ~0~p.4.~p3~q (1)
12 44] (1) = QED.
A proposition which 18 necessanly true 18 implied by any
proposition.

1976 =(pd4q)36p
[12-4] 19 744QED
If there 18 any proposition ¢ which p does not imply, then p
1s self-consistent or possible
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1977 ~(g4p)40~p
[12 4] 19:-754QED

If there 18 any proposition ¢ which does not 1mply p, then p
15 possibly false (not necessanly true).

Unhke the corresponding paradoxes of material implication,
these paradoxes of strict imphcation are ineseapable consequences
of logical principles which are 1n everyday use They are para-
doxical only 1n the sense of being commonly overlooked, because
we geldom draw inferences from a self-contradictory proposition
Further discussion of this point will be found 1n Chapter VIII.

The three theorems which follow represent equivalences one
1mplication of which, 1n each case, has been proved already, the
other implication depends on the principle of the paradoxes.

19 8 ~0p~0g.=.~0(pvq

[11:2] ~0p ~0g.4.~0p (0]
[12-17] ~0p ~6g.4.~0g (2)
[19 74] ~0p.4:p.3.~p~g 3)
[19-74] ~¢g.4:q¢.4.~p~g 4)
[11 6] (1)-(3) :4:.~0p~0g.4:p.4.~p~g (5)
[11-6] (2)-(4) :4:.~0p~0g.4:qg.4.~p =g (6)

[19-61] (5). (6) :4::
~p=~0qg.4:.p.4.~p~giq.3.~p~q (7)
[19-65] p.4.~p~q:q.4.~p~q:.4:pVvq.4.~p~¢ (8)
[11 6] (7)-(8) :4:.~p~0g.d4:pVvg.3.~D~¢ (9,
11 01, 12:3] (9).=":.
~0p~0g-4:pvg.d4.~(pvyg) (10)
[18 12] (10). = : ~0p~0g.4.~0(p Vv Q) (11)
[11-03] (11).19-28: =QED
The eompound proposition *“p 18 impossible and ¢ 18 impos-
sible” 18 equivalent to ‘It 18 impossible that either p or ¢ be
true.” (It should be remembered that pvg means exactly
‘At least one of the two, p and g, 18 true.”)

19-81 ~0~p ~o~q. = .~0~(pq)
[19 8: ~p/p; =q¢/q] ~0~p ~0~q . = . ~0(~p vV ~q)
[12 3] = . w~[~(~p v ~g)]
[11-01] =, =0~(p q)
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The compound proposition ‘ p 18 necessary and g 18 necessary ”’

18 equivalent to **‘p and ¢ both’ 15 necessanly true.”

19 82 oepvog.=.0(pvy)
(19-8, 12:3] ~(~0p ~0q) = 0(pVv Q) 1
[11-01] (1) = QE.D

The compound proposition ‘‘Either p is possible or g is
possible”’ 18 equivalent to ‘‘It is possible that ‘either p or ¢’ is
true "'

It will be noticed that there 15 nothing paradoxical about
these last three equvalences, although they depend on the
principle of the paradoxes Two further pnnciples which might
be classed as paradoxes follow.

19-83 ~0p~0g.4.p =g

[11-2] ~¢p ~0g.4.~0p ¢}
[12-17] ~0p ~0g .4 . ~0qg (2
[19 74] =0p.3.p4¢ 3)
[19-74] ~0g.4.¢q4p 4)
[11 6] (1).(3) :4:~0p~0q-d.p3¢ (5)
[11-6] (2)-.(4) :4:~0p~0g.4.¢H4D (6)
[19-61] (5).(6) :4:.~0p~0g.4:p4q.q4p (7

[11-03]) (7) = QED
Any two self-contradictory propositions are logically equiva-
lent
19:84 ~0=-p~0~q.4.p =¢g
Similar proof, using 19-75 in place of 19-74
Any two necessarnly true propositions are logically equivalent
It does not follow from these principles that any two proposi-
tions which are self-consistent or possible will be logically equva-
lent, If that should be the case, then no two propositions could
be at once consistent and independent  Nor does 1t follow from
the above that any two propositions both of which are possibly
false (not necessanly true) will be equivalent  As a fact, nothing
follows, from the postulates so far assumed, as to the equivalence
or non-equivalence of propositions which are neither self-contra-
dictory nor logically undeniable But we shall assume, in the
next section, that not all merely true propositions are equivalent,
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from whieh 1t will follow that not sll merely false propositions
are equivalent

We have now shown in this section that, assuming 19-01,
all the T-principles of preceding sections can be replaced by the
corresponding principle without the 7. It 1s also a fact that,
unthout the nssumption of 19-01, all the theorems of the present
section can be deduced, in the form of T-principles, from the
postulates of Section 1 alone In order that this may be clear,
we give below such proof of 19-01, 19-02, and 19 1, 1n the form
of T-theorems The proof of their consequences—all the the-
orems of this section—in simlar form, follows readily, and the
general method of 1t will be obvious.

199 o(pq).T:4.0p (See 19-01)
T=:pqg.4.p
[18 511 T.o0(pgq) :4.0p

1991 60p.T:4.¢(pvyg) (See 19-02)
T=:p.4.pvg
[18 51] T.oep:4.0(pvQ)

19 92 ~(pop).T:4.~(pogq) (See 19-1)
T=:pg.4.p
[17-54] T.~(pop):4:=(pg.0.p Q) (1)

[12-15,18 3] 1) = QED.

Thus we have demonstrated, by the manner in which this
chapter 18 developed, that there are two systems, related but
distinet System 1, deduced from the defimtions which have
been given and the postulates 11-1-11-7 of Section 1, contains
all the theorems of previous sections, a8 there printed, and it
contains all the theorems of the present section 1n the form of T-
principles System 2, deduced from the definitions and the
postulates of Section 1, with the addition of the postulate 19-01,
contains all the theorems of this section, as here printed, and
all the theorems of previous sections, sny T-principle being
replaced by the corresponding theorem without the 7.

These two systems, and others which are related, will be
discussed in Appendix II  Although System 1 is more economical
in its assumptions, and although there 18 no usable principle of
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inference in System 2 which 1s not also contained (1n more com-
plex form perhaps) in System 1, nevertheless we regard System
2 as superior on account of 1ts shghtly greater simpheity It is
this System 2 which we desire to 1ndicate as the System of Strnct
Implication

SEcTioN 6 THE ExXI1sTENCE PosTULATE AND EXISTENCE
THEOREMS

Our postulates, up to this point, do not 1nclude any one which
categorically distingumshes the System of Strict Implication from
that of Matenal Imphication That 15, while there are theorems
in terms of the relation p > ¢ which cannot be proved to hold of
p 4 ¢, there 18 no assumption which asserts or imphes that any
theorem which 1s true of p 3 ¢ would be definitely false of pog.
What distinguishes our assumptions from a possible set for
Matenal Implication 18 only that the converse of 12 81, which
would be

~(p~g).4.p4g,

15 not assumed, and cannot be proved from our postulates But
this 1s consistent unth our previous symbolic assumptions, hence
nothing so far (except the meanings assigned) positively prevents
interpretation of our postulates as an incomplete set for Matenal
Implication

If the converse of 12 81, above, were added to the previous
assumptions, the result would be to reduce the whole system to
8 redundant form of Material Impleation, 1n which p 0 ¢ would
be merely a second mode of symbolzing p g, ~¢~p and op
would both be superfluous equivalents of p (p is true), ~0p
and ¢0~p would be superfluous equivalents of ~p; and p4gq
would be equivalent to p>¢ A postulate which makes this
mnterpretation impossible 18 now to be added

We have pointed out that one way in which materal 1mphea-
tion, p>¢q, fails to have the properties of the relation ‘g 18
deduacible from p” 18 that, 1n terms of matenal implication, no
two propositions can be at once consistent and independent
That p is consistent with ¢ means ““p does not 1mply the falsity
of ¢ =(p4~g). And that g 15 independent of p means “p does
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not imply ¢,” ~(p4¢q) Thus if p 4 ¢ is to express a meaning of
‘imphes’ in terms of which ¢ can be at once consistent with and
independent of p, then 1t must be the case that there are some
propositions, p and g, such that

~(p4q) .~(p4~9)-

But this could not be assumed to hold for every pair of proposi-
tions, p and ¢. If the above symbolic expression were asserted
a8 a postulate, 1t would mean *No proposition imphes anything;
and any two propositions are consistent with each other.”

Thus the postulate we require cannot be expressed without
introducing the 1deas ‘for some p,’ ‘for some p and ¢,’ etc  Let
us represent any statement which can be expressed 1n the symbals
of the system, and involves the proposition-sign p, by »(p) or
V(p), ete, any such statement involving the two proposition-
signs p and g, by ¢(p, ¢) or ¢(p, q), ete  And let us express *' For
some p, ¢(p)1s true,”’ by (A p) . ¢(p); *“For some p and g, ¢(p, 9)
18 true,” by ({ p, q) - ¢(p, @ The postulate which categorically
distinguishes stmet 1mplcation from materizl 1mpheation will
then be

20-01 (dp,q :~(pdq).~(p4~9)

For some p and g, p does not strictly 1mply ¢, and p does not
strictly imply that ¢ 1s false, or, there is some pair of propositions,
p and g, 5o related that p imphes nothing about the truth or
falsity of ¢

For material implication, we bave proved (15 72) that

PIqg.v.pd~q

For every p and g, etther p matenally imphes ¢ or p materially
imples that ¢ 1s false Thus 20 01 and 15 72 would be exact
contradictones if p 4 ¢ should comncide with p>¢ Hence the
consistency of 20 01 with our previous assumptions (proved 1n
Appendix IT) demonstrates categorcally that p 4 ¢ 1n this system
18 distinet from p o g.

The reader may be puzzled by the necessity of imntroducing a
postulate of the general form (X p). ¢(p) The laws of loge,
one may say, are all unmiversal But without meaning to beg
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any question of truth or falsity in logie, we may here point out
a general fact about the distinction of any system of ‘good’ logic
—adequate fo and true of deductive inference—and various
‘bad’ logics? For example, suppose we wish to deny the valhdity
of dedueing ““p 18 true and g false”” from “p and g are both true”
that 18, to deny that

pg.d.-p~q
18 a vahd logical principle We cannot do this by asserting

~(pg.4-p~9),
because this affirms altogether too much For example, sub-
stituting ~p for g, 1t nsserts
“[p-p.4.p~(~p)] or =(p-p.d4.p).

If this last should hold, then we should have contradictory
principles 1n our logic, since p ¢ . 4. p 18 a valhd law of logie, and
this gives p~p .4 . p a8 a special case Thus any system con-
tamning the two prineiples,

pg-4.p and ~(pg.d4.p~q),

would not be a consistent system, and with the first of these 1n
the system, the second cannot be

It 18 for such reasops that 1t 18 1mpossible to distinguish a
‘good’ logic from various other strange and bizarre systems by
umversal principles alone If a ‘bad’ logic should be ‘bad’ only
by including as universal principles such laws as genuinely hold
1 some single 1nstance or specizl case, then no ‘good’ logic could
mmelude any postulate or law, of the form of those 1n earlier sec-
tions, which would be categoricelly incompatible with this ‘bad’
logic

Even the particular existence postulate which we here assume
does not distinguish Strict Implication from various other systems
any one of which might be put forward as a calculus of proposi-
tions. It does, however, distingumsh it from Materal Imphca-
tion, a8 has been pointed out ®

" We shall revert to the question of the truth about deductive inference 1n

Chapter VII1
8 In a doctoral dissertation presented to the Department of Philosophy 1n

Harvard Unmiversity, Dr W T Parry has reached certain umportant resulta
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It has not been customary heretofore to introduce in logic
principles of the form of our existence postulate. But it 1s only
through such principles that the outhnes of a logical system can
be positively dehneated.®

Given a postulate of exstence, theorems of the same form
can be proved In fact, certain theorems of this form can be
proved without any postulate of existence

The technique adequate to such demonstration would require
s discussion and development too long to be introduced here.
We shall simply set down, and explain where necessary, certain
general principles to be made use of The analogy of these to
the laws of propositionsal functions 1n Chapter V will be an ad
to the understanding of their sigmficance

It will be well that the 1dea of universality, impleit 1n the
assertion of the principles of previous sections, should be explicitly
symbolized Let us represent ‘for every p’ by the prefix (p),
‘for every p and ¢, by (p, q), etc This 1dea can be defined in
terms of (d p), (Hp, ¢), etc .

20-02 (p)- ¢(p) : = :~[(Hp) - ~¢(p)]

2003 (p,q)-¥(p,@:=:~[(Hp, g) - ~¥(p, 9)}

The same principle extends to expressions involving three or
more proposit10n-s1gns

The following principles will be used 1n the demonstration of
existence theorems 'These are stated i1n terms of ¢(p) only,
but are meant to extend also to ¢(p, g), #(p, g, 1), ete :

(A) If ¢(p) 15 asserted as a law, (p) . ¢(p) may be asserted as
1ts equvalent

which bear upon this pomnt. In the hght of his work, i1t seems to us probable
that any calculus of propositions must be such that either (1) 1t has the above-
indicated non-categorical character, or (2) the class of ite distinet elements 18
assumed to be nfinite, or (3) 1t 18 capable of mnterpretation as a truth-value
system This mesns that any system such as Strict Imphcation must either
be capable of more than one interpretation as a logical aystem, or i1t must
be assumed that there are an infinite number of propositione which are con-
sistent and independent  Thus last 18 very hkely true, but 1t would be a very
awkward sssumption

 This has been recogmized by Professors Lukamewicz and Tarski See
Lukamewicz, “Philosophische Bemerkungen zu mehrwertigen Systemen des
Aussagenkalkiils,” Comples Rendus des séances de la Sociétd des Scrences et des
Letires de Varaovie, XXII1 (1930), Classe III, 58 and elsewhere,
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(B) If ¢(p), or (p) - ¢(p), is asserted, then (H p) . ¢(p) may
be asserted. That 1s, what 18 true of all propositions 18 true of
some This 1s valid if, and only A, there are propositions. But
the existence of at least two distinet propositions has been

assumed, in 20 01 1
(C) I (Hp). ¢(p) holds, and we have, as a postulate or proved

principle, ¢(p) 4 ¥(p), or (p) . ¢(p) 4 ¥(p), then (H p) - ¥(p) holds
(D) If ¢(p), or (p) - ¢(p), holds, and (A p) . ¥(p) holds, then

(A p) : o(p) . ¥(p) holds
(E) What 1s true universally 1s true of any chosen proposition

Hence also, (p) - ¢(p) :4: (A p) - ¢(p).

(F) If two logical expressions P and @ are so related that @
is a value of P in ¢(P), then

(a) if an existence pnneiple (H-) . ¢(Q) 18 asserted, the ezistence
principle (H-) . ¢(P) can be asserted,

(b) f (@) is asserted universally, the existence principle

({H-) . ¢(P) can be asserted
(The dash following H here represents the variable, or

vanables, 1n the expression P or @ )
Use of any of the above principles, when not obvious, will
be indicated by letter (F) above covers & principle which 13

10 The 1dea of ‘existence’ here involved, and symbolized by (H p), (A p, g),
etc , 18 the same as that which characterizes ‘existence postulates’ and ‘exist-
ence theorems’ 1n mathematics 1n general But the designation 18 doubtfully
sppropriate logic and deductive systems are never concerned with existence
except 1n a hypothetical sense—the sense in which ' A exists”’ means ' There
15 & definable entity, A, such that ' Thus ‘existence’ has to do with the
posmbility of intellectual construction, or of definite conception which 18
free from inconsistency The conception of ‘existence’ involves theoretical
and methedological problems of the first magnitude, which cennot be discuased
bere The most accurate reading of (dp) - ¢(p), ete, 1n the above 18 “'For
some choice of p, ¢(p) holds”, where ‘choice’ refers to the alternatives
covered by the range of significance of the variable p Thusnothing 1s asserted
by writing a theorem of the form (dp) . ¢(p) except exactly what 1s proved,
for example, by the fact that ¢(~p) or ¢(p vg), etc, holds, and ~p or pvyg,
etc, 18 a ‘value’ of pn ¢(p) Furthermore, the inference that 1f ¢(p) holds,
then (H p) . ¢(p), does not 1nvolve the principle that whatever 1s umversally
true, 18 true of some existent thing or things, which would be false It does
wnvolve the assumption that there are instances of what the symbol p 1n ¢(p)
represents, that where ¢(p) 18 a formula of logie, 1t 1s true, and 18 true for a
different reason than that 1t 15 ‘ vacuously satisfied.’
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difficult to express and requires explanation. We have referred
to an expression Q being a value’ of an expression P. It would
be more appropriate to speak of P bemng in the ‘generic-specific’
relation to @

If @ can be denived from P by substitution, according to the
principle of substitution, (b), 1In Section 1, let us say that P
stands to @ in the ‘generic-specific’ relation, that Q stands to P
1n the ‘specific-generic’ relation, and that, relative to each other,
P is the ‘generic’ proposition, @ the ‘specific’ proposition. Thus
v(p) stands to ¢(~p), or to ¢(pvyg), or o(pdg), ete., in the
genernic-specific relation ¢(p) is the generic proposition with
respeet to which ¢(~p), ¢(p v q), ¢(p 3 q), etc., are specifie. (It
18 to be noted that, as the terms are here used, ¢(p) stands to
¢(q) 1n both the generic-specific and the specific-generic relation-
that 1s, given p 4 p, for example, ¢ 4 ¢ can be denved by substitu-
tion, and vice versa )

The operation of substitution, (b), 1n Section 1, holds for
universal propositions, of the form ¢(p), or (p). ¢(p) The
vahidity of 1t reflects the fact that if a principle is unmiversally
true of the genemnc proposition—e g, if p4p holds—then the
same principle holds for any specific proposition—e g, ~p 4 ~p
holds, pvg.4.pvg holds, p4¢g.4.p4q holds, etc What 18
true of every proposition p 1s true of every negalive proposition,
~p, of every ‘either . or ' proposition, pvgq, of every
hypothetical proposition, p 4 g, ete

This operation of substituting the specific for the generic 18
nol val:d for existence principles  If there is some proposition p
such that (H p) . ¢(p), 1t does not follow, for example, that there 1s
some megatwe proposition, ~p, such that (Hp) . ¢(~p), or some
hypothetical proposition, p<4¢, such that (A p). ¢(p 44), ete.
But the converse substitution 8 vahd for pninciples of the form
(D). e¢(p Thatis, i (Ap).e(=p), or (Ap,q)-e(pvy), or
(T p,q). ¢(p4g) holds, then (H p) - ¢(p) holds, because whatever
negative proposition ~p it 18 for which ¢(=p) holds, 15 some
proposition, whatever hypothetical proposition p 4 ¢ it is which
18 such that ¢(p 4 ¢) holds, 18 some proposition; and so on.,

An analogy here may be helpful What is umversally true
of the genus ‘birds’ 1s universally true of the species ‘swans.’ It
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does not follow that what is true of some birds will be true of
some swans. Instead, it follows that what 1s true of some swan,
18 true of some bird

We shall represent the ‘converse substitution’ of the genenec
for the specific, which 1s valid 1n exstence principles, as follows:
pSpVgq, for example, will mean ‘substituting p for p vg,’ just
a8, 1n umversal principles, p v ¢/p means ‘substituting p v ¢ for
p’ Thus if pvg/p represents a substitution which 18 vahd in
unaversal principles, then the converse substitution, p fpvyg,
will be vald in existence principles  This is the sumplest and the
final test of the vahdity of any converse substitution The
principle of such converse substitutions 1s stated above in (F, a),
(F, b) merely combines, 1n one operation, (F, a) and (B)

It 18 to be noted that this prineiple does not allow us to sub-
stitute the same symbol, p, for two expressions which are sym-
bolically distinet For example, 1n our existence postulate,

@p, g):=~(p4g -~(pI~9),
1t would not be legitimate to substitute p for both ~(p 4 q) and
(p 4 ~q), thus deriving
Hp):ip.~p

Thus 18 the case, because if we were given, as a umiversal principle,
p ~p, we could not, by substitution in this, derive

~(p4q).=(p4~q)

We could substitute ~(p<4¢q) for p, but that would give us,
instead of the above,

~(pq) .-~~(p49]
We proceed to the proof of theorems
201 (Hp).p
[12 1] pap (1)

[, 1) pSp4p] @p).p
The theorem states that ' There exists st least one proposi-
tion p which 15 true’” To prove 1t, we take 12 1, p4p (we
might have taken any other asserted principle), as some proposi-
tion By principle (F), since p 4p 18 asserted to be true, the
oonverse substitution, p /S p 4 p, ;ives (Hp).p
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20-11 (dp).~p
[12-9] ~(p ~p) 1)
[(F), (O): pSp~p] (@p).~p
For some p, p 1s false, or, there exsts at least one false
proposition Here we take the fact that the falsity of p ~p is
asserted, 1n 12 9, as our demonstration that there is some
proposition which 1s false

20-2 (dp).=~op
(12 1] p4p 1
(11.02] (1) = ~o(p ~p) )
[(F), @) pSp=~p] (Ap).~0p

There 18 at least one proposition which is 1mpossible, not
self-consistent

20 21 (Hp).~0-p
[12-1] p4p (1)
[11-02, 12 3] (1) = ~o~[~(p ~p)] (2)
[(F), ) pS ~(p-p)] (Ap).~0~p
There 18 at least one necessanly true proposition It might
be supposed that the existence of more than one necessary
proposition, and of more than one impossible proposition, could
be proved But by 19 84, any two necessary propositions are
logically equivalent, hence not distinct; and by 19 83, any two
impossible propositions are equivalent

2025 (dp,q@-.-~(p=9

(12 86] 12-1.4:~[p4p.4.~(p4p)] (1)
(F), (V) pSp4p,9S =(p4p)] Hp, @) .~(p4g) (2)
[12 72]) ~(p4¢q) -4:~(p4g.¢4D) (3)
[11-03]) (3). = :~(p4g) .4.~(p = 9) (4)

[(C), ), W] Ep,q) -~ =9
There are at least two propositions which are distinct (not
equivalent)
20 26 (@p) - op
[18-4] pd0p (¢))
[(C), 20 1, (1)] (Ep)-.op
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There is at least one proposition which is possmble or self-
consistent.

20-27 (dp).o~p
[18 44] ~p 4 0~p (1)
[(C), 20-11, (1)] (A p) . 0~p

There is at least one proposition which 1s possibly false (not
necessarlly true)

So far, we have made no use of our Existence Postulate.
Hence, without that principle, 1t can be proved that there exst
one true and one false proposition, one necessary and one im-
possible, one possible and one which 15 possibly false It might
be supposed that we have here proved the exstence of six
distinct propositions But 1n fact, no more than two have been
proved to exist (20-25), or could be proved to exist without the
Existence Postulate All the above theorems are satisfied if
there exast two distinet propositions’ one which 1s necessanly
true (hence true and possible), and its negative which 15 1m-
possible (hence false and possibly false) As has been pointed
out, all the principles so far made use of could be interpreted 1n
terms of Material Implieation, and the system of Matenal
Implication 1s incompatible with the existence of more than two
non-equvalent propositions—such that ~(p = g)—since

Pg-31:p>¢-93p,
and ~p~g.d4:p>¢.¢>p

Beginning with 20 5, we derive the simular consequences of
the Existence Postulate. Theorem 20-4 18 5 lemma which 1s
needed*

204 (p)-=(p = ~p)

[12 87] p4~p.3.~p (1)
(12 89] ~p .4.~(~p4p) (2)
[11:6] (1).(2):4:p4~p.4.=(~pHp) (3)
(12-81] 3)-4:~(p4~p.~p4p) 4)

[11'03] (4) . = .-(p = -p)
No proposition 18 equivalent to its own negative.
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205 (p,q,7):0p.0q.0r.~p=q.~(p=r).~(g=r)
[12:7] 20-01. =:.(Hp, q) :~(p3q) - ~(p9).
~(pi~q) .~(pd~g) (1)
[12-44, 12-45) (1). = :.
dp,q):~(p4¢g) . ~(~g4~p) .
~(pd~q) .~(g4~p) (2)
Let H=:~(p4¢q).~(~g4~p) . ~(p4~g) - ~(g4~p)

[11 2] H4~(p49) (3)
(12:17] H 4 ~(~g 4 ~p) 4)
(12 17] H4~(g4~p) (5)
[12-17] H4~(p 4~ (6)
[19 76] ~(p4q).3.0p )
(19 76] ~(~g4~p) - 3. 0(=q) (8)
[19-76] ~(g4 ~p) . 4. 0q ®)
[12-72,11-03] ~(p4¢q) . 4.~(p = q) (10)
[12 72, 11-03] ~(p4~g) -4.=(p = ~q) (11)
[11-6] (3).(7):4.H4¢p (12)
[11 6] (4).(8) :4.H40(~q) (13)
[11 6) (5).(9):4-H40q (14)
[11-6] (3).(10) : 4. Ha~(p = ¢) (15)
[11-6] (6) . (11) : 4. HA4~(p = ~q) (16)

(16 2] (12).(13) . (14) . (15) . (16) . (T) =4 1.
H:4:9p.0g.0(~g) .~(p =90 .~(p==~9) (17)
[(C), (1), D] (Hp, 9) = 0p.0q-0(~q) - ~(p = Q) .
~(p =~g) (18)
[(D), (18),20 4] (Tp, q) :0p.0g.0(~q) . ~(p = @)
~(p==~g)-~(g==g) (19)
[(F), (19)" 7./ ~q) (Hp, g 7):0p.0g.07.
~p=¢q.~(p=1)-~g=71)
There are at least three distinct propositions which are self-
consistent
We could similarly prove.
20 51 (Ap,qr):0~p.0~q.0~r.~(p=¢q).~(p=1).~(g=r1)
There are at least three distinct propositions which are pos-
sibly false (not necessanly true).
The next theorem establhshes the existence 1n the system of
at least four distinet propositions:



188 SYMBOLIC LOGIC

206 (Ap, qr,8):~p=9Q .~p=71).~(p=8).~(g=171).
~(g=238).~(r=29)

[20 01) (Hp, @) :~(p4q) .~(p4~g)
Let H=:=(p4g) .~(p4~g)
[11:2] H4=(p4gq)
[12-17] H 4~(p 4 ~q)
(12 44] (2). = . H4~(~g4~p)
(12 45] 3) . = . H4~(g4~p)
[12 72, 11-03] ~(p4g)4~(p = @)
[12-72, 11 03] ~(p4=q) 4=~(p = =)
[12-72, 11 03] ~(g4~p) 4 ~(g = ~p)
[12-72, 11 03] ~(~g 4 ~p) 4 ~(~g = -D)
[11-6] (2).(6) :4:H4~(p = q)
[11-6] (3).(7) :4.HA4=(p = ~q)
[11-6] (5).(8) :4.H 4~(q = ~p)
(11 6] (4).(0) :4.H d~(~g = ~p)
[16 2] (10).(11).(12).(13) . (T) =4:.
H:d4:=~(p=1¢q).~(p =~).~(q = =~p).
~(~g = =~p)
[(C), (1), (14)] Hp,q) :~(p = q) - ~(p = ~q) .
=(q = =p) . ~(~q = ~p)

& LA

A

(20-4] (p) . ~(p = -p)
[20 4] (g) - ~(q = ~q)
(D), (15), (16), (17)]
Hp,q):~(p=¢q .=(p =~g) .~(¢ = ~p) .
~(=q = =p) . ~(p = ~p) . ~(g = ~q)
[((F), (18)- r S ~q, 3.J ~p]

Hp,gr,8):i~p=¢q.~(p=1).~(¢g=259).

(D

@)
@)
(4)
(5)
(6)
)
(8)
©)
(10)
(11)
(12)
(13)

(14)
(15)

(16)
(17

(18)

~r=29.~@=29.~@g=r)

The last three theorems merely make expheit what 1s impheit

in the Existence Postulate, namely, that there are at least four
distinct propositions—the p and ¢ of the postulate and therr
negatives—three of which, p, ¢, and ~g, are logically possible,
since for each there 18 & proposition which 1t does not 1mply (see
19-76), and three of which, ¢, ~p, and ~g, are possibly false,
gince for each there is a proposition which does not 1mply it
(see 19 77) Two of these, consequently, ¢ and ~g, must be
both possible and posmbly false—self-consiwstent but not logically
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necessary, but they sannot be both true or both false. Of the
other two, p and ~p, one must be true and one false; but p 18 not
required to be possibly false, and hence may be both true and
necessary. And ~p 1s not required to be possible, hence it may
be both false and impossible

Previous theorems—not dependent on the Existence Postu-
late—require that there be at least one true and one false proposi-
tion, one necessary and one impossible proposition. Thus to
satisfy the mimmum requirements of the system, there must be
four distinct propositions, distributed as follows® one true and
necessary, one true but not necessary, one false and impossible,
and one false but not impossible. This could be proved as a
theorem, but the symbohic demonstration would be unduly long.

It may be a matter for surpnse that, 1n view both of the
symbolic diversity of the propositions of logic 1taelf and of obvious
facts about the existence of consstent and independent proposi-
tions, 1t 18 not easily possible to prove the existence of an indefi-
nitely large number of distinet propositions. But three facts
should be borne 1n mind* (1) The only ‘examples’ of propositions
which are available to us for use 1n demonstrating existence
theorems here, are the propositions of logic itself (2) Symbohe
diversity 1s no guarantee of distinctness.!' Not only may differ-
ent complexes of symbols represent propositions which are
equivalent, but also 1t 18 frequently 1mpossible to prove the
distinctness of non-equivalent expressions  For example, it can-
not be proved that

~(p4g.=.p4p),

because 1t 18 the case that (Hp, ¢) ip4g.=.p34p. (3) In the
nature of the case, no greater number of distinet propositions
can be proved to exist, from the laws of logie, than that minimum
number which, for some distribution of them, would permit
these laws to be sumultaneously true. Furthermore, no larger
number can be proved to exist than 18 required by each and
every possible interpretation of the symbolic assumptions It 18

il Use of the operation of substitution (for umversals) tacitly assumes that
if p 18 & proposition, ~p 1s & proposition, and that \f p and g are propositions,
then pg, pvg, pd4g, and p = g are propositions However, 1t assumes
nothing about the equivalence or distinctness of any pair of expressions
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for this reason that the Existence Postulate could not be proved:
the other mssumptions, by themselves, allow the interpretation
by which pog. =.pg, etc, and the system coineides with
Material Implication.

Existence propositions of a different type may be demon-
strated by ‘generahzing’ with respect to some only of the
elements, p, g, 7, etc, 1n previous theorems This process may
@ve unportant results when there 13 an element which occurs on
one s1de only of the asserted relation 1n such cases 1t 18 sometimes
possible to prove the equivalence of an exstence proposition to
a unmiversal Certain equivalences of this sort throw further
light on the logical significance of the Conswstency Postulate
and of such functions as ¢p and ~¢p As s first example of this
kind of generahzation, let us take postulate 11 6,

p4qg.gdr:4d.par.

Here g occurs only in the hypothesis Let us generahize the
expression with respect to g alone that 1s, instead of reading 1t
with the preface (expressed or implied) ‘Whatever propositions
p, ¢, and r may be,’ let us take p and 7 as constant or given
propositions, and read 1t with the preface ' Whatever proposition
g may be’ This will be symbolized by

() :.p4g.g4dr:4.pHr.

By principle (A) this 1s assertable as equivalent to the postulate.
The logical significance of this will become evident 1if, for the
moment, we give p and r fixed meanings Let p = “To-day 18
Wednesday” and r = ‘“To-morrow will be fair' Then the
above symbohc statement reads.  Whatever proposition ¢ may
be, if ‘To-day 18 Wednesday' implies ¢, and ¢ imphes ‘ To-morrow
will be fair,’ then ‘To-day 18 Wednesday’ implies ‘ To-morrow
will be fair.’””” One sees that this 18 true, and that the truth of
1t 1s 1ncluded 1n the postulate as generalized.

As another example, we may take 11 2, pg.4.p General-
ized wmith respect to ¢ alone, thus becomes,

(@:pg.4.7,
that is, " Whatever proposition ¢ may be, if p and g are both true,
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then p is true” A further and most important point, in this
case, is that

(@:pg.4.p 1Bequvalentto (Hgqg).pg:4.p.

[Note the dots in these expresmions the force of (g), in
(9) :pg-9.p, extends to the whole of pg.4.p, but (Hg), n
(g .pg:4.p, modfies only the hypothesis, p¢] Thus
““Whatever proposition ¢ may be, if p and ¢ are both true, then
p is true” is equivalent to “If there is some (any) proposition g
such that p and g are both true, then p 15 true.”
To revert to the previous example:
(@:-pd4g.q4r:d.pHr
18 equivalent to
Hq):pdg.gadr:.4.p4ar.

The second of these equivalents reads *If there 18 some (any) ¢
such that p4¢ and g4r, then p4r” This is obviously equva-
lent to the first.

The general principle of such equivalences might be expressed
as follows
@ :el@ar D-4-¥gr )

18 equivalent to
@p).el@,gr, ):id.¥ar . )

In fact, this is merely & special case of a still more general
principle

21-01 (p):e(p).4.K:.=:.(p).e(p):4.K

where K 1s any proposition whatever [It should be remembered,

mn applying this prineiple, that ¢(p,gq, )1saninstance of ¢(p) ]
When we generahize with respect to an element which occurs

only in the consequent of an asserted 1mplication, the situation 18

quite different. Let us take as our example, 12 72, ~p . 4. ~(p q).

The assertion of this 18 equivalent to

(@:=p-4.~(p9),

““Whatever proposition ¢ may be, if p 18 false, then it is false
that p and q are both true.” But also it 18 equivalent to

~p.4:(9).~(p9),
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“If p is false, then, whatever proposition ¢ may be, 1t 18 false
that p and ¢ are both true.”
Here also, it holds generally that

(P)H’(%T, -)"""p(pJQprl- )
is equvalent to
V(q; L ) 9 (p) . W(P; a7, )

And this 18 8 special case covered by the principle:

21-02 (p):K.d.¢(p):i.=:.K.4:(p). ¢(p)
A smlar principle holds for propositions of the form
(@p):K.4. ¢(p).

21-03 (Ap):K.d.¢(p):.=:.K.4:(p). o(p)

If a technique sufficient for demonstrating logical prineiples
which involve functions of the type 1n question were here avail-
able, 21-01, 21:02, and 21 03 would be provable theorems
(See the analogous prineiples, 8-41, 8 42, and 8-43, in Chapter
V) We must here rely upon the reader’s intuition to recognize
their truth.

We shall thus generalize, below, certain previous theorems,
in which a particular element appears only on one or the other
side of an asserted imphcation. Sometimes this procedure allows
us to replace an impheation by an equvalence, due to the fact
that (3 p) . ¢(p) 18 satisfied by ¢(g), and if ¢(p, q) does not con-
tain or imply ~(p = ¢), then (Hp, q) . »(p, ¢) 15 satisfied by
¢(p, p)- Some of the equivalences thus arrived at give the
clearest and most specific meanings of the logical functions

which are 1n question.
First, we give two or three obvious and umimportant examples,
to illustrate the method After that, only those theorems will

be given which are logically important.

21-1 (dg).pg:d.p
[(A), 11-2] (@) :pg-d.p (1)
[21-01] (1) = Q.E.D
If there 18 some proposition g such that p and g are both true,
then p is true.
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21-11 p.=:(Hgq).pq

[11-3] p.4.pp 1)
(F), Q) ¢fpl @g):p.4.p9¢ 2)
21 03] (2).=:.p-4:(H@-Pg 3)

(11 03]211.3):=QED

The statement “‘p 18 true” 18 equivalent to ‘' There 18 some
proposition ¢ such that p and ¢ are both true.” In hne (2) of
this proof, 1t will be noted that the substitution 1s of ¢ for p in
one place only this 1a vahid on the general principle that, if we
were given as a unwersal pnnciple p.4.p g, p.4.pp could be
denved by the substitution p/g That 15, p.4.p ¢ stands to
p .4 .pp 1 the generic-specific relation  In hine (3), we havean
example of 21 03; ‘“There 18 some ¢ such that p imples p g”’ 18
equvalent to “If p 18 true, then for some ¢, p g 18 true.”

21 12 ~p.3:(9.~(pQ
[(A), 12:72] () :~p -4 .~(pq) M
[21 02] (1) = QED
If p 1s false, then whatever proposition ¢ may be, it is false
that p and ¢ are both true

21-15 (@ :pig.gqadr:.4.pdr
[(A), 11-6] (g) :-p4qg-gqir:3.p4r
[21-01] 1) = QED
This theorem has been discussed above.

212 p.4:(g).q>p
(15 2] (9 :p.4.92p (1
[21-02] 1) = QED.

If p 18 true, then whatever proposition ¢ may be, g matenally
imples p It is, in fact, 21-2 rather than 15 21 which vahdates
the usual reading of p.4.¢>p a8 "“A true proposition is ma-
terially imphed by any proposition.”

21-21 p.=:(¢)-q>p

(®E)] (@.g2p:4.-~p>3p (1)
(15 24, 12-17] ~pop.4.p (@)
[11-6] (1).(2):4:.(g) . g2>p:4.p 3)

[11-03] 21-2.(3): = Q.ED.
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This theorem states a most important property of material
implication ““p is true” and “Every proposition ¢ materially
unples p”’ are equivalent statements.

2122 -p.4:(g).p>¢q

[(A), 15-22] (¢) :=p.4.pP>¢ e))
[21-02] (1) = QE D.

2123 ~p.=:(g)-pagq

[(BE)] (¢) -p2qid.p2>~p @
[15 25, 12 17] p2=~p.4.~p (2)
[11 6] (1).(2):4:.(g) -p2g:d.~p (3)

[11 03] 21 22.(3):=QED

The statement ‘‘p 1s false” 18 equivalent to '‘p matenally
1mples every proposition ¢ ”’

We shall next generahze certaln theorems of Section4 These
are not dependent on the Consistency Postulate, and the com-
parison between them and later theorems which depend on that
postulate will be important

21'3 (dq):pH4g.pHd~g:.4.~0p

(11-6] p4q.q4~p:d.p4~p (1)
[12 45,18 12) (1) . = :.pHg.pd~¢:4.~0p 2)
((A), 2)] (@ :-pH4g.-Pd~g:4.~0p (3)

[2101] Q) =QED
If there 1s some (any) proposifion, ¢, such that p strictly
imphes both ¢ and ~g, then p 1s impossible The converse of thia
principle takes the form of a 7-principle.
2131 ~0p.T:4:.(Hq):pH4qg-pd~g
T=:p.4.~(p-p)
[12 1] p4~p.T:4:p4~p. T (1)
[16-33] ). =::pa=~p.T:4:.
p.4.-p~p:p.4.~(p~p) (2)
[(F), @): ¢S p~p] (2).=::
pA~p.T:4:.(Hq).p4g.pHi~¢ (3)
[18:12] (3) = Q E.D.
If p isimpossible, then for some g, p 4 ¢ and p 4 ~¢ both hold.
That in such a case p 4 ¢ and p 4 ~¢ both hold is not deducible
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from ~4p alope, however, but from this together with the
prnnciple that p 4 =(p ~p). There are other principles also which
could replace T' here- for example, the theorem could be proved
with T=.p4p

From 21:3 and 21-31 together, we may say that ““p is im-
possible” and *There 18 some proposition ¢ such that p 4q and
p 4 ~¢ both hold” are equivalent 1n the senze that when either of
these is true the other 15 also [since p.4.~(p ~p) ie always true).

21-4 o0p.4:.(¢)i~(p4g .v.~(p4~g)
[12 2] 21 3.4::0p.4:.~[(Hg):p4¢g.p4~q] §))
[20-02) (1).=::0p.4:.(¢):~(pH4g.p4~Q) 2
11-01]) () = QED
If p 18 possible, then for every proposition ¢, either p does
not strictly 1mply ¢ or 1t does not 1mply ~¢  The converse of this
also takes the form of a T-principle, Proof 18 from 21:31, by
12 6

21 41 (g) i~(p4g) .v-~(p3~g):.T::4.0p
T=:p.4.~(p~p)
If, for every g, either p does not strictly 1mply g or p does not
1mmply ~q, then p 13 possible or self-consistent,

21-5 (Hg)igap.~gdp:.4.~b~p

[11-6] ~p4~g.~g4p:d.~pdp 1)
[12 44,18 14] (1) . = :.g4p.~gdp:4.~0~p (2)
[(A), @] (@) :-g3p.~gdp:4.~0~p 3

[21-01) 3) = QED
If there 18 some (any) proposition g such that g4p and ~g4p
both hold, then p 15 a necessary truth The converse 18 again a
T-prninciple.

21 §51 ~0~p.T:4:.(Hg):gqdp.~g4p

T=.p4p
(11-1] ~p4p.pap:4:pdp.~pdp ¢y
(1814] (1). = :.~~p.T:4:p4p.~pHp (2)

(), @) ¢fp) ~0~p.T:4:. (@ :q4p.~g4p
Other such principles, of less importance, follow. The proofs
are obvious: only the theorem generalized will be indicated.
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21-6 (dp):pH4g.por:.4.qor [17-3]

21.61 (Hq):pH4qg-=(gor):.4.~(por) [17.31]
2162 (Ap, g :pdr.gds.pogi.4.ro0s [17-32]
2163 (Hr,8):pdr.q4s.~(ros):.4.~(pog) [17-33]
21-64 (Ar):=(por).~(qgo~r):.4.~(pogq) [17 5]

21-65 (Mq):pH4g-pH4~g:.4.~(pop) [17-52]
21-66 (dp):p4g-poep:.4.q0q [17-53]
2167 (Hq):p4q-~(gog) :.4.~(pop) [17 54]
21-68 pop.4:.(q):~(pg.p3~q [17 591]
21-69 pop.4:.(Q):pog.v.poO~g [17 592]

Each of these theorems gives another, by 12 44 and 21-01
or 2102 Where, 1n the above, the operator 1s of the form (H p)
and appears 1n the antecedent, the theorem denved from it by
12-44 will have an operator of the form (p) 1n the consequent
Thus 21 6 gives

~(gor).4 :.(p):~(pdg.por),
or ~(gor).4:.(p):=~(p4g).v.~(por)
And where, 1n the above, an operator of the form (g) appears 1n
the consequent, the derved theorem will have the operator (H q)
in the antecedent Thus 21-68 gives
(Hq):p4g.pd~q:.4.~(pop)

Some of the above also have a converse 1n the form of a T-

principle  For example, since
~(pop) = ~¢p,

it 18 evident from 21-31 that 21 68 has such a converse

As has been said, the theorems immediately preceding have
no dependence on the Consistency Postulate. The theorems
which follow are corresponding consequences of that postulate

217 ~0p.=.~(pop).=1:.(q):ipd4g-p4~g

(18:12) ~¢p. = .~(pop) (1)
(BE)] (@ :p4g-pa~g:.4:.(Hq):pd4g.pi~g )
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[11-6] (2).21-3:4::(¢) tp4g-p4d~g:.-4.~bp (3)
[19-1] ~(pop).4.~(pog) 4)
[19-1] ~(pop) .4.~(po~g) (5)
{16 2] 4).(8).(T):14:.
~(pop).4:~(pog).~(po~g) (6)
[18-31] (6) . = :.~(pop).4:p4q.p4~¢ (7)
[(A), M (@:.~(pop).4:pdg.pd~g (8
21 02] (8). = ::~(pop).4:.(9):pd4g.p4~¢ (9)
[11-03] 3).(9):=::~(pop). =:.(9):pdg-pi~g
In 21-3 and 21 31, we have proved, unthout the Consistency
Postulate, that ~6p 1s equivalent 1n logical force to ‘' There 18
some proposition g such that p stnetly implies ¢ and p 1mphes
~g” 1In 21 7, we prove, unth the Consistency Postulate, that
~¢p 18 equivalent to ‘‘For every proposition ¢, p imples g and p
mmphes ~g” This leads to the further consequence stated by
the next theorem, which also depends on the Consistency Postu-
late:

2171 (Aq):pd4q.pd~g:.=:.(@)ip4q.p4~q
(21 3] (Hg):pAg.pA~g:.4.~0p (1)
(11 2] 21 7.4::~0p.4:.(q) :p4q.pH~q (2)
[11 6] (1)-(2):9::(Hq):p4g.pa~g:.4:.
(@:pd4q.pd~¢ (3)
(E)] (@ :pdg.pa~g:.4:. (A :pdg.pd~¢ (4)
[11 03] 3).4): =QED.
If there 18 any propoeition g such that p 4 ¢ and p 4 ~g, then
for every proposition ¢, p 4 ¢ and p 4 ~g, and wvice versa
The same general comparson which holds between 21 3 and
21-31, on the one hand, and the stronger statement of 21-7, on
the other, extends to the equvalents of the other modal functions,
a8 the following theorems mdicate

2172 op.=.pop.=:.(Hq) :~(p4q).v.~(p4~q)
[18-1] ¢p. = .pop (1)
[21-7] ~(<0p) - = :.~[(@) :pH4g.Pd~q] (2)
(20 02,11 01] (2) = QED
The statement ‘‘p 18 possible or self-consistent” 1s equivalent
to “There 18 some proposition ¢ such that either it 1s false that p
unphes g or 1t 18 false that p imphes =q
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21.73 (Hq):=(p4g).v.~(pd~g):.=1:.
@ :=(p9)-v.-~(pi~0)
[11 03,12-17] 21 72.4::
Hq):~(p4g).v.~(p4~g):.4.0p (1)
[11 6) (1).21-4:9::
Hq):~(pag).v.~(pi~g):.4:.
(@ :=(pag).v.~(pi~9) (2
[(B) (@ :i~(@Iq).v.~(pi~g) :.9:.
Hg):~(pdg).v-~(pd~q) ()
(11 03] 2).3):=QED
21-74 ~0~p.=1:.(g):q3p.~q4p
[21 7. ~p/p] ~0~p. = :.(q) i~pdg.~p~¢ 1)
[12-44] (1) = QED.
The statement *p 1s necessarily true” 1s equivalent to “For
every proposition ¢, g4 p, and ~¢4p

21:75 (Hg)ig3p.~qg4p:.=:.(q):g4p.~q9p
[21-74] ~0~p.4:.(q):q4p.~q 4P (1)
[11-6] 21 5. (1) :4::
(g :qip.~gdp:.4:. (@9 :gq9p-~q4p (2)
[(E)] (@) :qd4p.~q4p:.4:.(Hg):g4p.~¢4p ()
[11 03] (2).3):=QED
These equivalences, 21 7—21 75, are perhaps the clearest and
the crucial examples of the logical mignificance of the Consistency
Postulate It 1s to be observed that if that postulate were
omitted, these equivalences would be replaced, 1n the system,
by those of 21-3—21-51.



CHAPTER VII
TRUTH-VALUE SYSTEMS AND THE MATRIX METHOD

As we have seen 1n Chapter IV, the Two-valued Algebra, n
mathematical terms, is a class of elements, p, g, etc, each of
which 18 esther = 0 or = 1. Otherwise put, 1t is a clasa of two
distinct elements, 0 and 1—p, g, etc, representing ambiguously
one or other of these two. When p = 1 1s interpreted, in the
usual way, as ‘‘p 18 true,” and p = 0 as “p 18 false,” the algebra
comncides with the system of Materal Impheation Any other
pair of properties, one or other of which 1s assignable to every p
or g, etc , would also constitute a possible interpretation, provided
that the relations of the system could also be interpreted in the
chosen fashion

It 18 a distinetive feature of this two-valued system that when
the property, 0 or 1, of the elements p, g, etc, 18 given, any
function of the elementa which 1s 1n the system 18 thereby deter-
mined to have the property 0 or the property 1. In the usual
terms, this means that the truth or falsity of p and ¢ being given,
the truth or falsity of ~p, of p2 g, of pv~g, of p.>.¢>p, and of
every other function of p and ¢ which can figure in the system
is thereby categoncally determined Any system having this
character—that there 1s no function or relation of the elementa
which 15 1n the system except such as are categoricelly deter-
mined to be true or to be false by the truth or falmity of ther
elementary terms—may be called a ‘truth-value system.’

For example, contrast the relation of maternal implieation,
P 2 ¢, with striet 1mpheation, p 4 ¢, on this point:

P ¢ P3¢ piq
11 1 undetermined
1 0 O 0

01 1 undetermined
00 1 undetermined

In the first two columns at the left are represented the four
possible combinations of the truth-values of p and ¢ And in
* 199
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the columns under p> g and p 4 ¢ 18 set down, for each of these
four possible cases, the result for the truth or falsity of the
mnplication In the case of p>g, this 15 always determined;
p> q defimtely holds except when p 18 true and ¢ false, in which
case 1t definitely fails to hold This 18, 10 fact, exactly what 1s
expressed by 1ts definition,

p3¢.-=.=(p~g). = ““f’V‘}

By contrast, p 4 ¢ 18 defimtely false 1f p 15 true and g false, but
18 not determuned to be either true or false in the other three
cases whether 1t holds or not depends upon something else than
merely the truth or falsity of p and ¢

If we use the term ‘truth-function’ for relations and functions,
such as p> g, whose truth-status (truth or falsity, etc ) 18 cate-
gorically determined by the truth-status of the elements, then
~p,Dq, PVQq P24, and p = g are, all of them, truth-functions?
But 6p, ~0p, 0=p, ~¢~p, pogq, p4g, and p = ¢ are not truth-
functions. 1t may be the case that these last are determined to
be true, or to be false, by some parficular truth-value of the
elements—as p 0 ¢ must be true if p and ¢ are both true, and
~0~p must be false if p 18 false—but 1t 18 nof the case that what-
ever the truth-value of the elements, the truth or falsity of these
expressions 18 thereby determuned The relations and other
functions 1n the system of Matenal Implecation are exclusively
such truth-functions. the system of Strict Implication contains
both kinds.

Material Implhecation 18 the only truth-value system which
has been extensively investigated. But 1t 18 by no means the
only possible one there are an unhmited number Some of
these others are of interest on their own account Also there are
certain problems of logic which may be i1llumnated by & com-
panson of Material Impheation with other truth-value systems.
We shall exhibit two such, a8 further examples, 1n this chapter.

Any truth-value system can be developed by a method which
18 mdependent of interpretations, or of meanings, to a degree
which even the logistic method does not attain. Even proofs,

' The exact meaning of ‘truth-value’ and of denvative conceptions will
become clearer as the chapter progresses



TRUTH-VALUE SYSTEMS 201

in the ordinary sense of inference from postulates, can be dis-
pensed with: that any pnneiple, expressible in the symbols of
the system, holds or does not hold can be determined by inves-
tigating its truth-status for all combinations of the truth-values
of the elements. This 18 the matrix method

In order to apply this method, all that 15 required 1s that the
‘defimtion’ of each function of the elements should be given in
the form of a matrix or truth-table, which determines the truth
or falsity of the function for each combination of the truth-
values of the elements The table given above, for p 2 g, 18 such
a definition of that relation, and the definition of ~p can be very
sumply given 1n the same way

P =P
1 0
01

That 18, ~p 15 that function of p which 1s false when p 18 true, and
true when p 1s false ?
Ag further examples, let us observe the matrix-defimitions of

pegand pvg-

P 9 Pe PVvY
11 1 1
10 0 1
01 O 1
00 0O 0

* Another form of matrix-definition than the one here used 18 more common,
because more economical of space and more 1n line with usual mathematical
modes of representation For example, the defining matrix for p> g would
be given as

5|1 0
11 0
0|11

Here the column at the left represents the truth-value of the antecedent (p 1
P gq), and the truth-values of the consequent (g) are at the top. Since the
functions which figure in the system of Material Implication can all be defined
In terms of two, =p and p > g, the whole system can be speaified by the matrix
10
i1 00
0|1 1]1
However, any extensive use of the method requires also the truth-table form
of matrix, which we use in this chapter

=
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That 18, p ¢ 18 that function which is true when p and g are both
true, and is false for all other values of the elements, pvgq is
that function which 1s true except when p and g are both false
These defimtions could be given originally in this matrix form,
or they might be arrived at as consequences of the more usual
form of definition, 1n terms of some other relation for which the
matnx has been given. For example, the definitions,

pq_=,~(p=-q) and PVg.=.~p2Oyg,

together with the matrix-definitions of p 3 ¢ and ~p, would give
results the same ns those set down above

‘When matneces for the elementary functions have been given,
1t 18 possible to determine directly whether any expression 1n
terms of these functions 18 or 18 not a law of the system This
18 done by determining the truth-value of the expression for
every combination of the truth-values of 1ts ultimate constitu-
ents, p, q, etc  If for every such combination the truth-value of
the expression 1tself 18 1, it 18 & law of the system, otherwise, 1t 18
not & law. In other words, the laws of the system are those
expressions, 1n terms of p, ¢, ete , which are always true, whether
p and g themselves are true or false

This mry be determuned by taking the expression to pieces
and determiming the truth-value of each of 1ts constituents by
reference to the onginal defiming matnx for functions of that
form One builds up any complex constituent out of 1ts simpler
members, thus proceeding from simple to complex until the
expression s & whole 18 reached, at each step determiming the
truth-value of whatever 15 1n question by reference to the truth-
values of 1ts members (which will have been determined already)
together with the rule given by the defining matnx for functions
of that form

As an example, let us test the proposrtion,

P>g.d.~gd-p,

using the defining matrices for ~p and p> g which have been
given above'
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P ¢ P ~¢ P3¢ =¢>~p Pp3¢.d.-¢3~p
110 0 1 1 1
100 1 o 0 1
011 0 1 1 1
001 1 1 1 1

The proposition to be tested contains only two elemeni-symbols,
pand ¢ So in the first two columns at the left, we indicate the
four possible combinations of p, true or false, with g, true or
false Next, we set down the truth-values for ~p which corre-
spond to the values of p 1n the first column Similarly, the
values of ~g are determined by reference to the values of ¢ 1n
the second column. Then the truth-values of p>g are deter-
muned by reference to the values of p and ¢, according to the
rule given by the matrix-definition of po>g¢ Similarly, the
truth-values of ~¢g>~p are determined by this rule from the
values of ~¢ and ~p. (One has to remember here that ~g 18 the
antecedent, ~p the consequent, in ~¢2~p ) Finally, the truth-
values of the whole expression,
P>¢.3.~¢d ~p,

are determined by reference to the values of 1ts constitucnts,
p>Dq and ~¢3 ~p, and the rule for the relation > which holds
between them Since this truth-value turns out to be always 1,
the expression is always true, and 18 a law of the system.

Next, let us take a proposition which we know does not always
hold p.>.pog¢g

P ¢ P2¢ P:3-P2¢
11 1 1
10 0 0
01 1 1
00 1 1

Thas 18 not a law of the system, being false when p 18 true and g
false One might be inclined to say that 1t 18 never true, but
that would be a mustake. it 18 not a universal principle, but 1t 18
true when p and g are both true, or both false, or when p is
false and ¢ 18 true. Or, to put 1t otherwise.

pg-2:p.2.p3g,
~pg.2:p.2.p3g,
and ~p~¢.-D:ip.d>.Pp2¢g
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That 18 the fact which the three 1’s in the last column represent.
But
p~¢.2:~(p-3.p39).

That is the fact represented by the 0 1n the second hne of the
last column These four mplications are themselves laws of the

system, verifiable as always true.
Let us take one further example, so as to illustrate the pro-
cedure when a third element 18 1nvolved

PGeD-TiDIP.D.~qVT"

P g T Pg =¢ ~gVT Ppqg.d> T P.D.~gVr pg.>d.7Id> p-d.~qVvr
1111 0 1 1 1 1
110 1 0 0 0 0 1
101 0 1 1 1 1 1
100 0 1 1 1 1 1
011 0 O 1 1 1 1
010 0 O 0 1 1 1
001 0 1 1 1 1 1
000 O 1 1 1 1 1

The mmportant difference of this example from the preceding
ones is that here all the combinations of the three elements, p,
g, and r, true or false, must be g1ven 1n the first three columns, so
that the matrix has eight lines instead of four If there were a
fourth element, s, 1n the proposition to be tested, sixteen lLines
would be required.

The order of columns 1n such a matnx or truth-table does
not matter, except for convemence. the only important points
are the obvious ones, already 1illustrated, and no further principle
18 involved 1n testing even the most complex expressions. How-
ever, the reader for whom the matrx method is a novelty will
do well to give himself some further practice The laws of the
Two-valued Algebra, or propositions of the system of Matenal
Implication, afford matenal, and they will provide a check upon
results, since any such proposition should turn out to have the
value 1 for all values of the elements Every postulate and
theorem of Material Implication 1s verifiable by this method from
the matrices given above for the functions ~p, p23¢q, p g, and
p v g, together with a sumilar matnx for the relation of matenal
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equivalence, which results from its definition,

pP=gq.=:p>¢.¢>p

P g pmg
11 1
10 0
01 0
00 1

Since this system has been sufficiently dealt with in preceding
chapters, further consideration of 1t here would be superfluous,

It is of more 1mportance to consider certain facts about truth-
value systems 1n general which the method 1tself brings to light,
and the bearing of these facts upon the nature of logieal prin-
ciples, so far as these prineiples are capable of statement in the
form of truth-relations First, let us consider the possible
vanety (in a two-valued system) of truth-functions of a given
number of elements The functions of two elements—that 1s,
relations—are the most important

All relations 1n any calculus of propositions are dyadic Any
triadic relation, such as pg.>.p or p.2>.pvyg, 18 a dyad one
member of which is 1tself a dyad Any tetradic relation 1s
either a dyad both members of which are dyads, like

P2¢-2.=~92~D,
or 1t 18 8 dyad one member of which is (nadic, hike
p-2:¢-2.9g2p

All relations of a higher order can be sumilarly resolved, even-
tually into dyads Thus consderation of dyadic relations
covers the whole topic examination of possible dyadic truth-
relations will be exhaustive of truth-relations 1n general Any
such truth-relation, T'(p, ¢), 1n a two-valued system must be
definable by some matnx

p ¢ T(®9
11 A4
10 B
01 c
o0 D
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where A, B, C, and D are esther Oor 1  Hence there are as many
distinet (non-equivalent) truth-relations as there are different
ways of replacing these letters with 0 or 1—that is, sixteen.
Let us desgnate any one of these relations by naming the letters
which are replaced by 1 1n 1ts defining matrx, those replaced by
0 bemng omitted The possible truth-relations are, then, as
follows (1) ABCD, (2) ABC, (3) ABD, (4) ACD, (5) BCD,
(6) AB, (7) AC, (8) AD, (9) BC, (10) BD, (11) CD, (12) 4;
(13) B, (14) C, (15) D, (16) the O-relation, or combination
0000.

All of these can be expressed 1n terms of two relations, p g
(p and g are both true) and p v g (at least one of p and ¢ 1s true),
together with the idea of negation, ~p That 18, 1if we wish to
state the meaning of any one of these sixteen possible relations
of p to g, defined by any one of these sixteen different matnces,
this can always be done, 1n some more or less eomplex fashion,
by means of the three 1deas just mentioned Thus p ¢ 1itself is
A, 1t 18 defined, as we have seen, by a matrix in which 4, above,
is 1, and B, C, and D are each 0 The relation pv¢q1s ABC,
1ts defimng matrix has 1 1n the first three hnes and 0 1n the last
The relation designated by B 18 p ~g, as may be seen by forming
the matrix for p ~q according to rule

P 9 =9 p-¢9
110 0
1 01 1
01 0 0
00 1 0

Laikewise ~p g is C, and ~p ~¢ 18 D. The relation designated by
AB18 pg.v.p~q:

p 9 -9 P9 P~9 P9-vV.P=¢
110 1 0 1
101 0O 1 1
010 o0 0 0
00 1 O 0 0

If the reader will note that the relation designated A 18 p g,
and the relation B 1s p ~g, while AB 18 pq.v.p~g, he wil be
able {o ‘translate’ the remainder of these relations for himself.
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Thus the matrix designated by AC defines the relationpg.v.~pgq,
that designated by ABD defines

Pqg-v.p~q-v.~p=~q,

and g0 on. It may seem a httle strange to call some of these
truth-functions ‘relations’ of p to g, but that is precisely one of
the ways 1n which consideration of the matrx method should
broaden our 1deas the ‘simplicity’ of the relations we are accus-
tomed to call such, and have ssmple names for, 15 purely psycho-
logical or due to practical importance, logically what any one of
these mxteen matrices defines 18 as much a relation of p to g as
any other

The possible truth-functions of a single element are, of
course, four 1p number

(1) 2) 3 4
p T » Tl) »p T p T
1 1 1 1 1 o0 1 0
0o 1 0 o 0o 1 0 0

Of these, 1t will be obvious that (2) 15 p 1tself, or 'p 15 true”,
and that (3) 18 ~p, the function which 1s false when p 1s true, and
true when p 1s false The other two, (1) and (4), will be con-
sidered shortly.

The next point to be observed 15 the manner in wlich a
function of one element may be considered as a function of two,
& function of two as a function of three, and so on  Any truth-
function of a single element p 1s expressible also as a truth-
function of p and any other element ¢ Thus, 1n terms of p
and ¢, (2) above becomes

p ¢ T
11 1
10 1
01 0
00 0

This is the matnx for p ¢.v.p ~¢, which 15 1n accord with the
fact that
p-=.p@gv-9).-=:pg.v-p~g

That is, the matrix (2) above, which defines the function “p 18



208 SYMBOLIC LOGIC

true” 18 equivalent to that which defines ‘' Either p and ¢ ere
both true or p 18 true and ¢ false ”

Similarly, (3) above, which defines the function *'p 1s false,”
becomes, in terms of p and g, the equvalent function

~pg.V.~p~g

In the same way, any function of two elements, p and g, 1s
expressible as a function of three, p, g, and 7, and 1n general, a
function of any number of elements 1s expressible as a funection
of any larger number of elements, in accordance with the prin-
ciple that, for any expression p,

p-=.p(gv=q). = .plgv~q)(rv=~r)

A truth-function of a larger number of elements cannot
always be expressed as a function of any smaller number for
example, p ~¢ cannot be expressed as a function of p or a func-
tion of ¢,

These matters are of some 1nterest on their own account, but
are of particular umportance 1n connection with the umiversal
function, ‘always true,’ and the null-function, ‘always false.’
Consideration of the universal function will lead to some of the
most significant results which the matrix method 15 capable of
demonstrating

For a single element p, the universal function 18 (1) on page
207. And (4) on that page 18 the null-function It will be
obvious that the umversal function 18 expressible as pvep
The null-function 1s the negative of this, it may be expressed as
P ~p.

It 18 a fact of much 1mportance that the universal function

15 1dentical for every number of elements In terms of two, 1t
is ABCD, or

Pg-V.P~q.V.~pg.vV.~p~g
Thus 18, of course, equivalent to
p(gv~q) .v.~p(gv~g), andhenceto pv-~p,

which is the umversal function in terms of a single vanable It
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18 also equivalent to

Parv=r) .V.pag(rv~r) .v.=pq(rver) .V.=p~q(rva=r),

or Pgr.V.pg=r.V.p=qr.v.p~g=r.v.~pqr.v.
-pq-r.v.-p-qr.v.-p-q-r,

which 18 the umversal function for three elements In short,
the umversal function 1s the same 1n all cases, and 15 always
equivalent to the ‘sum’ of all the combinations represented by
the left-hand columns of any truth-table

The pull-function also 1s 1dentical for every number of
elements, being expressible a8 p=p .v.g~q.v.7-r.Vv

Any law, being an expression which is always true, 18 equv-
alent to the universal function This 18 the famous principle of
‘Tautology.! (There are other ways of stating the pnneiple, but
all of them, of course, come to the same thing) The prineiple
18 of considerable i1mportance in understanding the nature of
truth in logie, and has been much discussed Let us, therefore,
give attention to certain elementary considerations which will
make clear the precise significance of 1t

First, let us observe the relation which the matrix method
establishes between the truth-values of the elements, represented
1n the left-hand columns of any truth-table, and the resultant
truth or falsity of any expression to be tested This relation
will be clearer if we take an example which 18 true for some values
of the elements, and false for others, than if we take a law which
is always true  Consider the following

P ¢ P9 PY-V-P
11 1 1
10 0 1
o1 0 0
00 0 0

In the first two columns (together), the first line represents p ¢
(p and ¢ are both true), the second hine represents p ~g, the third
hine, ~p ¢, and the fourth, =p~¢ The four Lines together (or
the matnx 1itself) represent the fact that at least one of these
four, p g, p ~g, ~p g, and ~p ~g, must be true, which 1s precisely
what 18 stated by the umversal function,

Pg.V-p~q:V.~Pq-V.~P~q
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This represents an exhaustion of the possible alternatives as to
truth and falsity, and 1s, therefore, true a priori
Consider, now, the last column of the matrix. Here 1 1n the
first line represents
Ifpg thenpgqg.v.p,

1 1n the second line represents
If p~=q, thenpgq.v.p,
0 1n the third Line represents
If ~p g then pq.v.p isfalse;
and 0 1n the fourth line represents,
If ~p ~g, then pg.v.p 18false

Thus the four hines together represent ‘‘If one of the two, p ¢
and p ~g, 18 true, then p ¢ . v. p 1s true, and otherwise 1t 1s false ”’
Thus p q - v. p ~¢ (the logical sum of those lines 1n the first two
columns 1n which the value of pg.v.p1s 1) 15 a sufficient and
a necessary condition of the truth of pg.v.p 1Itis a sufficient
condition because, if p g.v.p ~g 18 true, then p g.v.p 1s true
And it 15 a necessary condition because (the value of pg.v.p
in the other two lines being 0) if p g.v.p ~g 18 not true, then
pq-v.p 1s false.

Now to say that something, A, 15 a necessary and a sufficient
condition of something else, B, 1s the same as to say that 4
and B are logically equivalent, when either 1s true, the other
18 true; and when either 1s false, the other is false, Thus 1n
general, for any function T(p, ¢) whose truth 1s tested by ths
method,

T(p,q):=:(1/0)pg-v.(1/0)p ~g.v. (1/0) ~p g - v. (1/0) ~p ~q,

where (1/0) represents the 1 or 0 under 7T'(p, ¢) in the corre-
sponding line of the matrx, and any term whose coefficient 1s 0
drops out (We have taken advantage of this fact 1n specifying
the sixteen distinet functions of two elements, on page 206 )
Next, let us ask how the distribution of 0 and 1 under any
funetion, T'(p, g), 18 determined In ome of two ways. (1)
arbitranly, as a ‘definition’ of T'(p, g¢), which fixes 1ts posable
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interpretation or meamng; (2) according to the rules of the
method, by reference to previous defimtion—definition of func-
tions of the form of those which figure in T(p, ¢9) Thus the
exact significance of the 0's and 1’s under p g.v.p, above, 1s
this “By virtue of the definitions of the relations p ¢ and pvyg,

Pg-v.pi=1:1pqg.v.p~q”

Now let us take any truth-value prineiple or law, L(p, q)
It 18 proved to be such by the fact that, in every line under 1t
in the matrix, the truth-value 18 1 The exact significance of
this, therefore, is. By virtue of defimtions of functions of the
form which figure in L(p, q),

Lp,):=:pqg.V.p=~q.V.~pq.V.~p~q"”

Since this equvalent of L(p, ¢) exhausts the possibilities, and is
true @ priori, L(p, ¢) Likewse 1s necessanly true There 18 no
concervable alternative to the truth of L(p, q) It 18 a very
mnportant fact that every law of logic has this ‘tautological’
character

The source of this necessary truth, be 1t observed, is in defi-
nitrons, arbitranly assigned Thus the tautology of any law
of logic i1s merely a special case of the general principle that what
18 true by definition cannot conceivably be false. 1t merely
explicates, or follows from, a meaning which has been assigned,
and requires nothing in particular about the umverse or the
facts of nature. Thus any logical principle (and, 1n fact, any
other truth which can be certified by logic alone) 1s tautological
In the sense that 1t 18 an analytic proposition The only truth
which logic requires, or can state, 18 that which is contained m
our own conceptual meanings—what our language or our sym-
bolism represents. Or to put 1t otherwise there are no laws of
logie, 1n the sense that there are laws of physics or biology,
there are only certain analytic propositions, exphcative of
‘logical’ meanings, and these serve as the ‘principles’ which
thought or inference which involves these meanings must, 1
consistency, adhere to

Such tautologies are by no means confined to what 18 tra-
ditionally subsumed under ‘logic.’ All the laws of pure mathe-
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maties, for example, are similarly tautologieal. If 2 were
represented somewhat more graphically by 11, 3 by 111, and 5
by 11111, 1t could not escape notice that 2 + 3 = 518 a tautology,
true by the definitions of + and =.

There has always been some confusion about the nature of
analytic propositions, which are true by definition or follow from
the meamngs of terms, and there hags been & tendency to say
that such propositions ‘make no assertion’ or ‘are not sigmf-
icant,’ or even that they ‘are not propositions’ They are not,
of course, 'assertions’ or ‘sigmficant’ 1n the sense that synthetic
propositions sre, such as generalizations from experience, like
the physical law v = gt Such natural laws state something
which could quite conceivably be false Whether what could
not conceivably be false—such as logical prninciples and smth-
metical sums—is ‘significant’ or not, or ‘makes an assertion’ or
not, 18 merely a question of propriety in the use of language, and
18 not worth argung We can only ask that those who deny
significance or the quality of assertion to analytic propositions
should be & hitle more expheit as to what they mean by ‘sigmi-
1cant’ or ‘an assertion.’

On the other hand, there have always been those who take
logieal truth to state some peculiar and miraculous property of
reahity or the umiverse, and thus fall into a state of mystic wonder-
ment about nothing The facts which the pnneiples of loge
state are sumply facts of our own meanings in the use of language
they have nothing to do with any character of reahity, unless of
reaity as extubited 10 buman language-habits. The universe
can ‘be what 1t likes’; it cannot make a definition falge, and it
cannot eximbit what 18 logeally mconceivable, for the simple
reason that logical conception exhausts the possibilities.

Furthermore, we must not allow preoccupation with the
matrix method to draw us into supposing that the particular
lund of tautologies which 1t reveals—namely, those of truth-
value—are in any sense proved to be exhaustive of logical truth,
or even logically fundamental There are other relations of
propositions than such truth-functions, and these also will give
nse to analytic or tautological principles which are necessary
truths. But the matrix method (as here used) will not apply to
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them, because the question whether such a relation holds or does
not hold will not be categorically determined by the truth-values
of 1ts elements but will depend on something else The laws of
the relation of strict implication, for example, are tautologies,
but they are not truth-value tautologies Such truths as the
matrx method establishes are necessanly true, but they are not
necessarily the whole of logie, or even an 1mportant part of 1t

Moreover, there are other truth-value systems than this two-
valued calculus And these alternative systems are not naces-
sarly inconsistent with the prineiple that ' Every proposition 1s
erther true or false, and none 1s both,” which might be supposed
to dictate the two-valued character of the logic of propositions
One such alternative 18 the Three-valued Calculus, developed by
Lukasiewicz and Tarski,? based upon the matnx

C'O%l'N

0 1 1 1 1
Y| M 1 1 [ 33
1 0 ¥ 1 0

Let us read pCq as “p 1mphes ¢”', and Np as ‘not-p’ or “p 18
false”’ It should be remembered, however, that the appro-
priateness or 1nappropriateness of these readings 18 something
which the development of the system must 1tself determine,
through the properties of these functions which result from the
above matrix

® Lukasiewicz, ' Philosophische Bemerkungen zu mehrwertigen Systemen
des Aussagen-kalkuls,”’ Comptes rendus des séances de la Société des Scrences
et des Lettres de Varsome, XXIII (1930), Classe III, 57-77 Iu thia article, a
general method 15 indicated for the erection of any number of such systems
“If p and g designate certain numbers of the interval 0-1, then

Cpg [p implies g] = 1for p £ g,
Cpg=1—p+g forp>yg
Nplpisialse] =1 —p

“If from the interval 0-1 only the lumits are chosen, then the above
definition represents the matrix of the usual two-valued calculus of proposi-
tions If, 1n addition, the number 14 18 taken, then we have the matrix of
the three-valued system In simlar fashion, 4, 5, n-valued systems can
be erected ” (Translation ours )

In presenting, in outlne, this three-valued system, we here alter somewhat
the symbolism of the authors, to avoid certan difficulties meident to their
notation

8
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It mevitably suggests 1tself that p=1 may be read “p 18
certainly true’”, p=0, ‘p 18 certainly false’’, and p=1/2, “p is
doubtful”’, after the analogy to the calculus of probabilities
As a matter of convemence, let us tentatively adopt these
readings also It must be remembered that p and p=1 may
not be equivalent 1n this system that remains to be determined

In terms of the relation C, three further relations are defined,
ag follows.

p0q = .pCq Cq Def
Read pOq as ‘‘p or ¢’ this relation 1s the analogue of pvg 1n
the Two-valued Calculus

pAg =N(Np O Ng) Def
Read pAq as “p and ¢” this relation 1s the analogue of p ¢
pEq =.pCq A ¢Cp Def
Read pEq a8 “p 18 equivalent to ¢’ tlus relation 1s the analogue
of p=g¢
In the truth-table form, the above matrix-defimtion of pCy,
and these three further definitions 1n terms of this relation, can
all be summarized as follows (for typographical reasons, we
substitute ? for the truth-value 1/2)
¢ pCq pOg pAg pEq
1

-

P g e e © g
=0 b 3 D e
O OO0 O 3 =t
ey O g e 3 O T

OO O 8 "9 5 - e i
C N = O 0O -

0

It wmill be necessary to examine with care the truth-values of
these different relations for the corresponding values of p and g
Our logical intwitions will at first be useless here But if the
readings we have suggested are kept 1n mind, the properties of
these relations will for the most part seem ‘natural’ and right,
with the possible exception of pCq The best way to remember
the properties of this relation 1s through its analogy to p>g¢;
and by means of the rule given 1n the foot-note on page 213
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taking ? 88 1/2, the value of pCg 15 1 when the value of p 18 equal
to or less than the value of g, when p>g, the value of pCq is
1—-p+g

In terms of Np and pCq, a further function of one element,
Mp, 18 defined as follows

Mp =NpCp Def
The truth-table for Np and Mp 1s

p Np Mp
1 0 1
7?1
01 o

As would be expected, Np 1s false when p 18 true, true when p
15 false, and doubtful when p 1s doubtful Lukasiewicz and
Tarski read Mp as “p 1s possible” ('‘Es 18t mogheh, dass p”’)
It 18 not analogous to ¢p 1n the Calculus of Strict Impleation
We shall develop the basic properties of Mp later *

In this calculus, 1t 18 important to distingwsh the truth-
values, 1, ?, and 0, from the truth-functions, p, Mp, and Np
The latter are propositions The former would best be taken,
for the present, merely as part of the machinery of the matrnx

{ Lukasiewicz and Tarski treat Mp (p 18 possible), NMp (p 18 impossible),
MNp (p 18 posaibly false), and NMNp (p 18 necessary) ag analogues of the
modal propositions of traditional logic  They find that the properties of thess
functions coincide only partially with what traditional dicta requure The
principal reason for thia failure of accord 18 the ambiguity of the words
‘possible,’ ‘imposaible,’ and ‘necessary’ in ordinary usage One precisely
correct interpretation of Mp 15 as the relatwe 'possibihity’ of the caleulus of
probabilities, p # 0, ' Nothing 1s known which requires that p be false” or
p 15 not certainly-false ” Mp cannot validly be interpreted as the absolute
or logical posaibility, “p 18 logically concervable” or “‘p 18 self-consistent
(pop)” An excellent example of the difficulties which beset the modal
conceptions 1n ordinary language 18 the following principle, put forward by
these authors for consideration but not mcluded 1 th> calculus above
“Wird vorausgesetzt, dass nicht-p, so 18t es (unter dieser Voraussetzung) nucht
mdgheh, dass p"” (loc ot , p 54) They translate this into symbols aa

NpCNMp
But the statement ' When p 1s false, then 1t 18 not possible that p be true" 18
highly ambiguous 1f it means ‘It 18 not possible that p should be true when
1t 18 false,”” 1t 18 obviously valid, but if 1t means * When p 1s false, p 18 logioally
inconcervable, not self-conmstent,” then it 18 mvelid, mince 1t equates con-
cervebility with actual truth,
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method The interrelation of truth-values and truth-functiona
will be considered later

Since truth-tables 1n this calculus require considerable space,
and since no new principle of the matrix method 1s required for
dealing with it, we shall give only one example of the verification
of alaw In order that this example may be as extended as any
with which the reader need trouble himself, we choose a prineiple
involving three elements

pC ¢Cr C ¢C pCr

(In the table, 1n order to save space, the antecedent of this
expression, pC qCr, 18 represented by A, the consequent, qC pCr,
by B, and the whole expression by A C B)

¢Cr oCr B ACR
1

-

Pt bt ek b b e b e b b e b b b g bt et b et et g e et D —a
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1
7
0
1
?
0
1
7
0
1
7
0
1
7
0
1
?
0
1
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0
1
1
0
1
?
0
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The following elementary laws—all of them analogues of
those 1n the Two-valued Calculus—may be venfied as holding 1n
this Three-valued Calculus.

(1) pCp
(2) pAgCqAp, pAgEqAp
(Where an imphcation and an equivalence both hold, we shall
state both )
(3) pC NNp, pE NNp.
(4) pC pOg,
(5) ¢C pOq
(6) pAg Cp
(7) pAq Cq.
(8) pCgC NgC Np
(9) Np C NqC ¢Cp, pCqENgCNp
(10) pC Ny C.¢qC Np, pC Ng E ¢C Np.
(11) Np Cq C.Ngq Cp, NpCqENqCp
(12) pC ¢Cr C.qC pCr, pC qCr E gC pCr
(13) pCq C-¢Cr C pCr
(14) qCr C.pCq C pCr

The operation of ‘inference,” based upon the relation C, c.n
validly be used 1n this calculus to derive further theorems from
the above. Any theorem so derived will be found to be ver-
fiable from the matrices of the caleculus This fact will be
understood 1f one observes, 1n the defining matrix for the relation
C, that when p=1, the relation pCq has the value 1 when and
only when 1t 1s also the case that ¢g=1 That 18, when p 18 an
assertable proposition (certainly true) in the system, pCq will
be assertable if and only if ¢ also 18 assertable

The correspondences and differences between the body of
propositions which hold 1n this calculus and those of the two-
valued system are both interesting and important We can do

no more than indicate the salient features of this compenson
here What 1t 18 of the utmost importance to note 1s that for



218 SYMBOLIC LOGIC

every principle which holds 1n this system, its analogue must
hold 1n the Two-valued Calculus, but that the reverse is not the
case. We can see that this s so, very simply, by noting what
would happen, 1n any matrix of this system, if each Line in which
the truth-value ? occurs should be struck out The defimng-
matrix on page 214 would then become

p ¢ pCq pOg pAg pEg
11 1 1 1 1
10 0o 1 0 0
01 1 1 o0 0
00 1 o0 O 1

Thus, as companson of this with the matrnces of the Two-valued
Calculus will show, pCg would coincide with p>gq, pOgq with
pvq, pAg with p q, and pEq with p = ¢ Now n order to have
the value 1 for all values of the elements 1n this three-valued
system, any expression must of course hold (1) for the values 0
and 1 of the elements, and combinations of these two values, and
(2) for the value ?, and combinations of ? with 0 and 1 Hence
every law of this system (1) must be true in the Two-valued
Calculus (when the relations are interpreted as those of the
two-valued system) and (2) must salisfy certain further con-
ditions

It 18 important to understand what this means. in particular,
to avoid the error of supposing that, because the Two-valued
Calculus contains all the laws of this system and certain others
besides, therefore this calculus 18 merely the two-valued system
with part of it left out It is true that, for every law of thus
calculus, 1ts analogue holds 1n the two-valued system, and that
certain laws of the Two-valued Calculus are absent here because,
although they hold for the values 0 and 1 of the elements, they
fa1l when some element has the value ? But suppose we were
dealing with two mathematical systems System A, containing
the laws which hold of the rational fractions between 0 and 1,
including 0 and 1 as hmits, and System B, containing the laws
which hold of 0 and 1  Every law of system A would belong to
System B also, and there would be laws of B (which held of the
hmits only) which would not hold in A But which of the two
would be the ‘more comprehensive’ mathematical system?
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The analogy bere 1s exact: the Two-valued Calculus is the
system of laws which hold of the hmmts 0 and 1, the laws of the
Three-valued Calculus must hold also of the intermediate value
represented by ?  Also, the distinction of Mp from p, NMNp
from p, NMp from Np, and MNp from Np would disappear with
the elimination of the value ?, hence these distinetions are not
possible 1n the two-valued system

One point of difference between the two systems concerns
the triadic relations In the Two-valued Calculus,

pq.d>.1 and p.d.q>dT
are always equvalent But in the Three-valued Calculus,
pdgCr and pC qCr

are not, 1n general, equvalent They have the same truth-
value 1n every case but one, namely, when p and ¢ both have
the value ? and r has the value 0 For that combination, the
defining matrices give the following results

p q r pAdg q¢Cr pAgqCr pCqCr
7?70 ? ? ? 1

Thus pAg Cr-C pC qCr holds, but the converse impheation fails
to hold, 1t has the truth-value ? for the above values of p, g,

and r

As a result of this difference, the laws of triadic relations, in
the Three-valued Calculus, ordinanly require that the relation
have the form pC ¢Cr, though (6) and (7), above, indicate a
certain kind of exception One important case 1n point 18 the
following proposition, which might be regarded as stating the
principle of inference.
(15) pCpCqCq
(This 1s & triadic relation of the general form pC ¢Cr, with one
complex member ) If this principle be given the other triadic
form,

pA pCq Cy,

1t fails to hold Thus it would seem that, 1n this calculus, we
ought not to say “If p 18 true and p 1mphes ¢, then g 18 true”
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but instead ' If p 1s true, then +f p implies q, ¢ 18 true ”’ But the
point that, ;rven p and pCq, ¢ can be denved, 1s not affected 1f
p 18 given, then by (15), pCq Cq can be inferred, from which, if
pCq 18 given, g can be inferred

Further important points of companson can be brought out
by cousidering together certain principles which hold, and
certain other and similar propositions which fail to hold (In
listing the propositions which fa:l, we shall give them a number,
for convenience of reference, but this number will be primed )

(16) pC ¢Cp.

In this system, as 1n the two-valued, an assertable proposition (p)
18 1mplied by any proposition (g)
(17) Np C pCq
If pot-p can be asserted, p 1mplies every proposition (In
reading these last two theorems, we say ‘‘assertable’” and ‘‘can
be asserted,” instead of ‘true’ and ‘1s true’ because a proposition
which 15 asserted must have the value 1 Precisely what p=1
means 1n this caleulus we shall see shortly )

As a special case included 1n (16), we have

(18) pCNpCp, pC Mp

An assertable proposition 1s implied by 1ts own negation By
definition Mp 1s Np Cp, hence the second form of the law, which
would be read ‘“p implies ‘p 15 possible (not certainly-false) '’
In the Two-valued Calculus, the converse of (18) would also
hold, but here

(19") Np Cp Cp does not hold

If (18) and (19’) should both hold, then p and Np Cp would be
equivalent, p and Mp would be equivalent, and this calculus
would collapse into the two-valued system

But note the next two, and compare them with (197)
(20) pC NpCp Cp
(21) NpC.NpCp.Cp
If erther p or Np holds, then Np Cp Cp holds But this does
not hold generally, because it fails when p has the value? If
we should suppose that what 18 implied by p and hkewise by Np
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can therefore be asserted as always true—since always either p
or Np must be true—we are met by the further fact that

(22") pO Np does not hold

This hkewise fails when p has the value ?  This 1s, perhaps, the
most 1mportant point of comparison between the three-valued
and the two-valued system, since pO Np might be taken to
express the Law of the Excluded Middle

There are other examples of propositions 1n this ealeulus
which hold with the hypothesis p and ikewise with the hypothesis
Np, and yet fail to hold generally

(23") pC N(pC Np) does not hold 1t has the value ? when p
and Np have that value

But the two following hold.

(24) pC-pC N(pC Np)

(25) Np C pC N(pC Np)

(26’) pC Np C.Np does not hold, 1t has the value ? when p and
Np have that value

But the two following hold

(27) pC:pC Np C Np

(28) NpC:pCNpC Np

In fact, the same thing holds generally Let T'(p) be any propo-
sition, 1nvolving only one element, whose analogue holds 1n the
two-valued system, if T(p) does not hold 1n the Three-valucd
Calculus, then pC T(p) and Np C T(p) both hold The hypoth-
esis p has the same force as ‘if p=1’, the hypothesis Np, the
same force as ‘1if p=0’, hence either of these hypotheses will
confine the values of p and Np to 0 and 1, thus eliminating the
effect of the value 7  Similarly for any such proposition T'(p, g),
mvolving two elements 1f the analogue of T(p, ¢) holds in the
two-valued system, but T'(p, ¢) does not hold in the Three-valued

Calculus, then
pC qC T(p, 9),

Np CqC T(p, @),
pC‘Nq C T(P; Q))
NpCNqCT(p q),
qC.pC.T(p, @),
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and so on, will all hold In other words, any proposition which
fails to hold i this system, but whose analogue holds 1n the
two-valued system, will bold 1n this system for the values 0
and 1 of the elements, and will fail to hold when some element
(or elements) has the value?

Thus there are many propositions which are true if, or when,
p=1, and hkewise true f Np=1 (if p=0), which nevertheless
are not valid laws of the Three-valued Calculus If p having the
value 1 1n this system represents simply ““p 1s true”, and p=0, or
Np=1, represents sumply ' p1s false’’, then the calculus obviously
requires that the Law of the Excluded Middle,  Every proposition
18 exther true or false,” must be repudiated as a false principle

Shall we, then, say that the calculus 1tself 15 merely a jeu
d'esprit, and false 1n so far as 1t has this consequence? That 1s
impossible all 1ts laws are necessanly true, the matrx method
makes 1t certain that any pnnciple whose value 1s always 1 1s
a truth-value tautology, which could not concervably be false

In the hght of this, shall we decide that the laws of this
system must be accepted, and the Law of the Excluded Middle,
therefore, repudiated? In that case, we are met by the fact
that the laws of the Two-valued Calculus hikewise are tautologes,
and that system requires the acceptance of the Law of the
Excluded Middle

The way out of this dilemma hes 1 the reflection that the
tautological laws of any truth-value system are necessanly true,
but that the symbolic system itself does not tell us what 1t 18
true of It 1s true for whatever interpretation of 1ts truth-
values will make them exhaustive of the possibilities, and for any
interpretation of 1ts relations and other truth-functions which
will then be consonant with their matnx-properties But such
an 1nterpretation—for this or any other symbolic system—s
something which has to be found, and something concerning
which 1t 18 easily possible to make a mistake To suppose that
because of the rigorous character of 1ts method, 1t must therefore
represent ‘the truth of logic’ would be excessively nafve

This Three-valued Calculus sumply does not admt of that
interpretation which takes p=1 to represent “p 15 true,” and
p=0 to represent ‘‘p 13 false"—unless the Law of the Excluded
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Mddle is, 1n fact, & false prineiple, in which case we might find
here an exact determination of the truth of logic

Let us try whether the suggested interpretation of 1 as repre-
senting ‘certainly true’, 0, ‘certainly false’, and ?, ‘doubtful
(neither certainly true nor certainly false)’ will be compatible
with the properties of the caleulus which we have discovered
For these meanings, 0 and 1 do not exhaust the possibilities, but
0, ?, and 1 do exhaust the possibilities, and are mutually ex-
clusive  This, of 1tself, is absolute assurance that this inter-
pretation 18 possible all functions are defined 1n terms of these
truth-values, and hence must admit any interpretation which
can be imposed upon the truth-values It does 7ol assure us
that any particular reading of these functions will be correct
what interpretation of them will be valid must be determined
from their defining-matrices As a fact, none of the suggested
readings 18 qute satisfactory In particular, pOg cannot vahdly
be interpreted as ‘' At least one of the two, p and g, 18 true,”
because pOgq has the truth-value ? when p and ¢ have that value
It 18 not umversally the case that, when p and ¢ are both doubtful
propositions, “At least one of the two, p and g, is true” 18 a
doubtful proposition This fails when p and g are propositions
so related that 1f one of them 1s false, the other must be true, in
particular, 1t fails for p and Np  Thus the fact that the proposi-
tion pO Np does not hold generally 1n this calculus proves nothing
whatever about the Law of the Exeluded Middle * Similarly,
the reading of pAgq, “p and g are both true,” 18 inaccurate, because
this function has the value ? when p and g have that value Tt
is not universally the case that, when p and ¢ are both doubtful,
“p and ¢ are both true’” 18 doubtful When p and ¢ are prop-
ositions 8o related that the truth of one 18 incompatible with
the truth of the other, p may be doubtful, and n doubtful, but
““p and g are both true” 1s certanly false The exactly vahd

8 It should not be supposed that, in onginatig this ealeulus, Lukasiewicz
and Tarska think that anything 18 proved about the Law of the Excluded
Middle, or any other principle of logic  Their brief paper demonstrates the
existence of this system, and of an unhimited number of other such truth-value
systems—a contribution of the greatest importance It also pomnta out
problems and mekes suggestions concermng possible interpretation, but
discussion of these 15 not sufficient to be final
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meemngs of pOg and pAq are a hittle difficult 1n ordinary lan-
guage. pOq 18 “* At least a designatable one of the two, p and g,
18 true”’, and pAq s ‘It 18 not the case that a designatable one
of the two, p and ¢, 18 false” The relations pCq and pEgq are
hardly expressible at all 1n simple Enghsh, wth strict accuracy-
pCq 18 best charactenized by the fact that its truth-value is 1
when and only when the value of ¢ equals or exceeds the value
of p, and pEgq, by the fact that its value is 1 when and only when
the values of p and q are i1dentical * It should be understood,
however, that even if there be no way of rendering these meanings
1n precise English, except to recite the truth-values of the func-
tions for the corresponding values of the elements, these functions
are still perfectly definite logical relations Their properties are
completely determined there 18 an absolutely fixed logical truth
about them
Interpretation of the functions of a single element 18 simpler

Also, 1t will prove decisive of certain important questions about
the calculus If we take Mp provisionally to mean ‘““p is
posaible,” then

NMp 18 '"p1simpossible”,

MNp 18 *p1s possibly false”,

NMNp 18 "p 18 necessanly true ”’

The matnx-definition of Mp gives the following determination

of these.
Mp NMp MNp NMNp

p Np NpCp N(NpCp) pC.Np N(pCNp)
1 0 1 0 0 1
7 7 1 0 1 0
01 0 1 1 0

* Perhaps the following will make clearer the difference between * at least
one” and "at least a demignatable one’’ as used above Let the probability of
p be 14, and the probability of ¢ be ¥4 I, then, one be allowed to designate
either p or g at will, what 18 the probability that the designated proposition
will be true? The answer 18 14, even when p and ¢ are contradictory proposi-
tions such that when one 15 false the other must be true

The meaning of pCq might be suggested by ‘g 1s at least as believable as
2" But this 18 not really accurate ‘believability’ here cannot mean ‘prob-
ability,’ because when p = 1 and ¢ = ¥4, pCqg 1s doubtful (= 14) And 1t
cannot refer to actual truth or falsity, because when p and g are doubtful,
pCq has the value 1 One atnictly accurate reading of pCq s * Diaregarding
degrees of uncertainty, s bet on g is at least a8 good as & bet on p.”
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There are 1n the system two other definable truth-functions of
one element, which are omitted in this table, and 1n the calculus
a8 presented by 1ts onginators  One of these may be symbolized
by Dp 1t 1s defined by

Dp = pE Np Def

The other 18 the negative of this, NDp Matnx values of Dp
and NDp are:

p Dp NDp
1 0 1
1 0
0 0 1

Reading these ]ast two truth-tables, for the ‘modal’ functions of
one varnable, we have the following

(1) Mp 1s that function which holds except when p=0 (1 e,
except when p 18 certainly false)

(2) NMp 1 that function which holds only when p=0 (1 ¢,
only when p 15 certainly false)

(3) MNp s that function which holds except when p=1 (1 e,
except when p 15 certainly true)

(4) NMNp 1s that function which holds only when p=1
(1.e , only when p 18 certainly true)

(5) Dp 1s that function which holds only when p=°? (1e,
only when p 1s not certainly true and not certainly false)

(6) NDp 15 that function which holds except when p=? (1 ¢,
which holds when p 1s either certainly true or certainly false)

Thus the obviously correct interpretations of these functions
are as follows.

NMNp, or p=1, means “p 1s certainly true "
MNp, or p#1, means ''p 18 not certainly true "
NMp, or p=0, means ‘‘p 18 certainly false "

Mp, or p#0, means '‘p 18 not certainly false ”
Dp, or p=17, means ‘‘p 18 doubtful (not cer-
teinly true and not certainly false) ”

NDp, or p=?, means ''p 18 not doubtful "

All of these six functions are themselves categorically deter-
mined to have the value 0 or the value 1 under all circumstances
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(see the matrices) Herein they differ from p and Np, which
admit the value ? But this 18 quite a8 1t should be. when
p=" (and hence Np="?), "“p 18 certainly true’” 1s false, ''p is
certainly false” 18 false, and ‘‘p 18 not doubtful” 1s false, while
‘“p 18 not certainly true,” ‘‘p 18 not certainly false,” and “p 18
doubtful” are all true?

It should be understood that ‘‘certainly” does not here
connote a psychological status, or behef-status *‘certainly true’
has here exactly the meaning of p=1 1n the caleculus of proba-
bilities—a status of logical believabilily One may, as a fact,
disbelhieve a proposition whose probabihity-value 18 1—but one
may not rationally do so

The proposition p and the proposition p=1 are seen to be
distinct when p has the value 7, NMNp, which 15 equivalent
to p=1, has the value 0 But the asserizon of p 15 equivalent
to p=1, mn this a8 1n the two-valued system, because whatever
15 asserted must have the value 1 for all values of the elements
—which means, by the matrix method, that 1t 1s a tautology
whose falsity 1s 1nconcervable

Particular interest attaches to the relation pCq and to the
vahdity of its use as a basis of inference It occurs to us that
the properties of this relation do not coincide with those of p> g
in the Two-valued Calculus We mught, therefore, be inclined
to say, "If one of these truly has ihe properties of the relation
‘implies,” the other does not It cannot be the case that the
laws of both represent principles of valid inference, since these
laws are not the same 1n the two cases ”

The matrix method never uses the operation of inference,
that 1s ta say, by the matrnx method one never establishes a
theorem g by taking some previous proposition p and establishing
that pCq (or p>¢) holds Instead, one proves any proposition
by establishing the fact that ite truth-value 1s 1 for all values
of the elements, and hence that 1t 18 a tautology Nevertheless,

"It may be objected that when NMNp, for example, has the value 1
in the matrix, we should, to be consistent, read this "It 1s certainly true
that p 18 certain '  As a fact, this reading 18 permissible but not. obligatory
1t 18 & property of ths calculus that p = 1 18 equvalent to (p = 1) = 1,
NMNp ENMN(NMNp) However, the law p = (p = 1), which char-
acterizes the Two-valued Calculus, does not hold 1 this three-valued system
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the matrix method provides a sumple test for determining whether
inferences based upon a given ‘implication’-relation—eall it
plg—willbe vahd In any truth-value system, if pIq1s a relation
so defined that when p has the value 1, and pIg has the value 1,
g also has the value 1, then any inference, ¢, based on the fact
that “p 18 assertable, and pIg holds,” will be a true proposition

This does not depend upon any peculiar ‘logical’ sigmficance
of such a relation, pJ¢ Whatever more 1t may be, the matrnx
method at least 15 a kind of game which we play with recognizable
marks, according to certain rules If in any game which deals
with any lund of things, p’s and ¢'s, there 1s an operation or
move, plg, which according to the rules can be taken, when p
has the property A, only if q also has the property 4, then 1pso
facto if p has A and plIq1s allowable, then q has 4

Thus 1t does not matter whether p=1 represents ‘'p is true”
or “p 18 a curly wolf,”’ nor whether pIq represents ‘*p imphes ¢”
or ''p bites ¢"’, 1f the rules of the matnx game are such that when
p=1, pIq holds only if ¢g=1, then 1n the nature of the case, any
g such that, for some p which always has the value 1, pIq holds,
will be such that g always has the value 1 Thus the use of the
operation of inference, based on such a relation plg¢ will, when
the antecedent 1s assertable as a law of the system, give only
such results as are also assertable laws of the system, as tested
by the matrnx method

Now a glance at the matnx definit on of pCq will show thst
when p has the value 1, pCq has the value 1 only if ¢ also has the
value 1 Therefore if any set of propositions, each of which
always has the value 1 in this system (as tested by the matnx
method), be taken as postulates or as already proved, and these
propositions include some concermng the relation pCg, which
are used as ‘principles of inference,’ the result of any such infer-
ence will always be a law of the system (as tested by the matrix
method)

The nature of such an ‘implication’-relation 1s not by any
means completely determined by this requirement which enables
it to function as a basis of inference 1n the system—because this
requirement concerns only what will be the case when p has the
value 1. Thus even 1n a single system there can be more than
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one such ‘implication’-relation two such may be different by
virtue of having different truth-values when p does not have the
value 1 For example, 1n the Two-valued Calculus, there are
four such relations, pg,p=¢, pg¢-v.~pq, and p>q If pIgbe
any one of these four, 1t will umversally be the case that “If p
18 true, and plg holds, then ¢ 1s true ”’ If, for the moment, we
call any one of these relations ‘implies,” they coincide with one
another 1n what a true proposition implies, and differ from one
another in what s false proposition implies A glance at the
matrx definitions of them will reveal this

P g pg p=¢g pg.-v.~pgq p>¢
11 1 1 1 1
1 0 0 0 0 0
01 0O 0 1 1
00 O 1 0 1

The choice of p ¢ would mean ‘A false proposition implies
nothing’’, of p = q, ** A false proposition 1mplies every false prop-
osition, but no true one”, of p q.v.~p g, " A false proposition
implies every true proposition, but no false one”, of pog, “A
false proposition implies every proposition ”’

In a three-valued system, there 18 even wider choice of
definable relations, any one of which will be such that true
propositions imply only true consequences The following table
indicates the alternatives

201

1

20r3
2o0r3
lor2or3
lor2or3
lor2ord
lor2or3d
lor2or3d
lor2or3

IO NN N =Y
G DT e G DD e G DN e

Any one of the possible combinations 1ndicated by the column
under pIq will define a relation such that “If p=1, and plg
holds, then ¢g=1"*% There sre, thus, 22X3 or 2,916 different

' It might be supposed that, far every such relation, pIq, there would be
some finite set of postulates from which, using this relation as the baas of
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relations, each having the requred property that ‘“What an
assertable proposition implies is assertable,” which can be defined
1n a three-valued system,

The nature of the matnx method and the charactenstics of
‘umplication’-relations which have just been considered meke it
obvious that there 15 an 1immense varnety of truth-value systems,
every one of them having its determined structure and its
definite laws, and any one of which might conceivably be taken
as a calculus of propositions We do not need to descover such
systems* they can be devised in vanous simple ways The fol-
lowing matrix, on five values, illustrates a method (due to
Lukasiewicz and Tarski) which can be extended to systems on
any finite number of values (1) the value of pIq (*‘p 1mplies ¢")
1811f g<p, and if ¢>p, then pIg=g+1—p, (2) the value of
Np (“pisfalse”) 1s 54+1—9p

I|12345|N
1(1 234615
2(1 1 2 3 4|4
31112 3]|3
41111 2]2
511111 1]1

(The values of p are 1n the left-hand column, and the values of
¢ in the top line. Corresponding values of plg are at the inter-
section of column and Lhne Values of Np, corresponding to
those of p, are 1n the right-hand column )

Let us, as before, assert as laws of the system only such
expressions as have the value 1 for all values of the variables
Any g such that, for some p which has the value 1, pIq holds,
will be such that ¢ has the value 1 Thus pIg will be an ‘1m-
plication’-relation, or possible basis of inference

Let us try the following interpretation

inference, all the laws of the aystem could be deduced This, however, 1s far
from being the case  The connection between a truth-value system as deter-
mined by a set of postulates, and as determined by the matrix method, 18
rather intricate One pomnt of some importance 1s the fact that there is a
certain subeclass of relations of the form plg which do not give rse to laws of
‘inference,’ because they hold only when g = 1.
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p=1, p is certamly true

p=2, p 18 more probable than not, but not certain
p=3, p 18 exactly as probable as not

p=4, p 18 less probable than not, but not certainly false.
p=2>5, p 18 certainly false

These meamings represent mutually exclusive alternatives,
which together exhaust a certain set of possibilities, hence this
interpretation 18 possible And the meaning assigned to p=1
18 compatible with talung this truth-value to be equivalent to
assertability Therefore all laws of this system will be truth-
value tautologies

The matrix-definrtion of plq invelves the principle A propo-
sition 1mplies any which 18 equally or more probable, and 1s
impled by any which is equally or less probable. This principle
holds of pCq in the Three-valued Calculus, and, 1n 1ts hmiting
forms, appears as the two theorems of Material Implication
(1) A true proposition 1s 1mplied by any, and (2) A false propo-
sitionimplies any. The further properties of pIg, as here defined,
present an obvious umformity, but not one which allows the
general meaning of the relation to be simply expressed 1n English
However, 1f one should not be satisfied with this relation, there
are billions of other definable relations (44X5*—1), 1n the
system, each of which has the required property of ‘1mplheation’

The function Np, as defined, 15 obviously ' p 1s false ”’

The following summary statement concerming truth-value
systems goes a httle beyond what has been exemplfied in the
preceding, but 1n ways which will be easily understood.

(1) Truth-value systems are such as contain only functions
which are categorical in terms of the truth-values of the system
A function 18 thus categoneal if 1t is such that 1ts truth-value, for
every truth-value of its elementary terms, 13 unambiguously
determined

(2) The number of non-equivalent functions of one element,
functions of two elements, etc, and the matrnix values of such
functions, 1s fixed sumply by the number of truth-values of the
system If n be the number of truth-values, the number of
definable functions of one element will be =", the number of
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definable relations (functions of two elements) will be n with the
exponent nt,

If there be one designated truth-value which 18 equated wath
assertabihty, then the laws of the system are similarly deter-
mined simply by the number of the truth-values (But the
meaning of these laws 18 not- that depends on the interpretation
of the system ) The manner in which functions—and hence
laws—shall be symbolized is of course subject to arbitrary choice
Also, if some only of the mathematically definable functions are
given symbolic representation, the laws which can be symbolically
expressed will be a selection only of the mathematical laws of the
system.

Let us call an n-valued system ‘symbolically complete’ if 1t
1s such that every function which could be determined by an
n-valued matrx—the totality of functions mentioned 1n the last
paragraph but one—can also be represented 1n the symbols of
the system For example, the two-valued system 1n the early
part of this chapter 18 symbolhcally complete, as was there pointed
out Mathematically, there is only one symbolically complete
system for any given number of truth-values But a particular
n-valued system, as determined by a matrix and defimitions—e g ,
the three-valued system of Lukasiewicz and Tarski—may or
may not be symbolically complete That 1s, 1t may or may not
be the case that all n-valued truth-functions are definable 1n
terms of the chosen two or three which appear 1n the fundamental
matrix  Whether this 18 so or not will depend in part on the
functions so chosen and in part on the mathematical properties
of the system. Thus two n-valued systems, as determined by
given matrnces, may differ by being symbolically incomplete 1n
different ways. In that case, they may be regarded mathe-
matically as different selections from the complrte n-valued
mathematical system (Also, of course, two such systems may
differ 1n interpretation through assignment of a different set of
meanings to the n truth-values )

(3) The conditions on which any truth-value system, taken
as an abstract mathematical system, can be interpreted as a
calculus of propositions, are two. (a) The truth-values must
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represent properties such that every proposition will have at
least one of this set of properties, (It will be logically ‘neater’
if they are also such that no proposition can have more than one
property of the set. But 1t 15 not required that they should be
such mutuslly exclusive elternatives ) This condition will be
satiefied if the truth-values, together, represent an exhaustive
classification of propositions according to some particular prin-
ciple of divisieon (b) The property represented by any ‘desig-
nated’ truth-value must be such that whatever proposition has
this property will be vahdly assertable It should be noted here
that ‘assertability’ 1s a general character which 1s common to a
considerable vanety of more specific properties—e g, truth,
universal truth, probability-value =1, logical necessity

There are no further conditions of interpretation, since the
valid meaning of every function, and hence of every asserted law,
depends upon that of the truth-values Incidentally, it 13 quite
generally, if not universally, the case that a system will admt
of more than one vald interpretation

(4) The meaning of any function 1s determined by 1ts defining
matrx, together with the interpretation imposed upon the
truth-values For different interpretations of the truth-values,
the same matnx-function, 1n the abstract n-valued system, wnll
have the same matrix-properties (and hence the same laws) but
different meanings (and hence the laws will be of different sig-
nificance) A logical relation, for example, which represents the
agsignable meaning of a certain matnx-function on one inter-
pretation, will not generally be the assignable meaning of that
function on another interpretation  In fact, for a different inter-
pretation 1t may not be assignable as the meaning of any function
mm the system. Practically, the selection of functions to be
symbolized and considered will be hikely to depend upon the
importance of the entity or relation which they mean

(5) It follows from condition (b) under (3) above, that if
there be one designated truth-value equated with assertability,
the laws of any truth-value system will be truth-value tautologies
for any valhd interpretation of the system. The laws of the
n-valued abstract system will not vary from one to apother
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interpretation, since whether any symbolic expression 15 & law
depends only on its matrx-properties But the meaning of a
gymbolic law will, of course, vary with the interpretation

(There are some truth-value systems 1n which more than one
of the truth-values may be taken as meaning ‘13 assertable’ for
example, 1 can be interpreted as ‘necessanly true, and 2 as
‘true but not necgssary’ However, the complications thus
introduced are not of fundamental importance )

(6) If an "‘impheation’-relation, pIlg, be defined as any such
that, when p 18 assertable and plq 1s assertable, ¢ 18 assertable,
then 1n the n-valued system, the number of definable ‘1mph-
cation’-relations 18 (n—1)"! multiphed by n with the exponent
(n?—n) Each of these will be distingmshed from every other
which 18 1n the system with respect to what non-assertable prop-
ositions ‘1mply’ The laws of any such relation do not alter with
interpretation of the truth-values, so long as the same designated
truth-value 18 equated with assertability, but the meaning both
of the relation and of 1ts laws does alter with 1nterpretation.
However, what 1s an ‘1mplication’-relation for one interpretation,
will remain an ‘implication’-relation for any interpretation which
can validly be imposed

(7) A truth-value system 1s essentially an abstract mathe-
matical structure It becomes a system of logical truth only by
mterpretation That the structure of a logical calculus can be
thus considered 1n abstraction from 1ts logical meaning 18 a fact
of the greatest importance, and one which has commonly been
overlooked Nevertheless, any interpretation of such a system
presumes antecedent logical meanings and an antecedent logical
truth 1n terms of these meanings Otherwise the validity of the
interpretation could not be tested, and the meaning of abstract
functions eould not be assigned The logical truth exhibited
by the system, as interpreted, 1s 1mphcit in the logical truth
which tests the vahdity of the interpretation and assigns the
meanings of the functions Development of the system deter-
mines logical truth only 1n the sense (the very important sense)
of exhibiting 1n detail the necessary consequences of the truth
and meanings which the interpretation 1mpheitly presumes
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Such truth-value systems sre only beginming to be investi-
gated, in their generahity The wealth of facts awaiting exposi-
tion here is obvious. It is to be hoped, however, that students
will not be so preoccupied with these as to overlook the fact
that not all logical meanings are truth~value functions, and not
al]l logical principles are capable of statement 1n truth-value terms



CHAPTER VIII
IMPLICATION AND DEDUCIBILITY

Exact logic can be taken in either of two ways (1) as a vehicle
and canon of deductive inference, or (2) as that subject which
comprnses all principles the statement of which 1s tautologieal
The two conceptions are by no means equivalent, the second 1s
much more 1nclusive Those who take logic in this second
fashion have—perhaps unnoticed by themselves—usually con-
fined attention to truth-value tautologies which approximate to
principles of deductive inference But how multifarious and
how varied 1n type tautologies may be the preceding chapter has
made evident To debate which of these two conceptions 1s
correct would be to argue the meanming of a word All that 1s
important here 18 to apprehend the facts and to perceive certain
connections between the laws of deduction and the wider field
which 1ncludes tautologies of all kinds.

The chief business of a canon of deduction is to delneate
correctly the properties of that relation which holds between any
premuse, or set of premises, and a conclusion which can vahdly
be inferred Commonly this relation 13 ealled ‘implication’
But ss the preceding chapter has shown there 18 more than one
relation which can be made the basis of inference If we con-
cerve that the distingushing mark of an implication-relation, pIg,
1s that if p 15 a true premuse and plg holds, ¢ also will be true,
then, as we have seen, the pumber of relations having this
property, but distingwshed one from another 1n other respects
and answering to different laws, 18 indefimitely large.

This vanety of implication-relations came to ow. attention in
the previous chapter exclusively 1n connection with truth-value
systems We are aware that there are other than truth-value
relations which give nse to inference through having observed,
in Chapter VI, that strict impheation 18 such a relation Itisa
further fact—though 1t 18 nowhere established 1n this book—
that there exist also a vanety of non-truth-value relations which

) 235
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may give rise to inference, 1ncident to a sumilar vanety of systems
which are not of the truth-value type, each having the general
form of a calculus of propositions.!

Now 1n some sense or other there must be a truth about
deducibility which 18 not relative to this vanety and difference
of systems and their relations Either a given proposition g 18
genuinely deducible from another, p, or 1t is not  Either, then,
there 18 some one system which alone 18 true when pIq 15 trans-
lated "¢ 18 deducible from p,” or none of them states the truth
of logic 1n that sense On the other hand, there i1s a certain
land of consistency and rigor which characterizes truth-value
systems, as well as systems of other than the truth-value type
There appears to be a sense in which any law of any such system
represents an undeniable truth The systems themselves are
developed by & procedure which evidently possesses some kind
of logical compulsion Inference, based on any one of these
truth-implications, may be used to derive the laws of the system
from postulates or previously established theorems And that
such inference does not lead us astray 13 evidenced by the fact
that all principles thus derived are venfiable by the matrx
method If the ‘truth about deducibihty’ does not somehow
include 2nd account for this fact, then we shall have an unsolved
puzzle left on our hands

Any two implication-relations will be such that one of them
holds 1n some class of cases 1n which the other does not They
cannot, then, each of them hold when and only when the con-
gequent 1n the relation 1s genwnely deducible from the antecedent
—if the truth about deducibihity 18 unambiguous and fixed
Yet any one of them may genwnely give rise to inference, if the
antecedent 18 & proposition known to be true, then the consequent
will not be false It becomes a problem, then, 1n what sense,
if any, there can be a single relation answering to laws which are
unambiguously determined, which holds when and only when ¢
18 deducible from p

Let us first inqure what, if anything, 18 common to all the
relations which can give rise to inference  All of them have the

1 The systems indicated s 51, S2, ete, at the end of Appendix I1, may be
taken as such different determinations of the relation there represented by +
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property that when the antecedent p in any such relation plq 18
assertable as true, the consequent g cannot fail to have this
status also? This property must belong not only to truth-
implications but also to any relation, whether of the truth-value
type or not, which could give mse to inference The very
meaning of inferring or deducing, and the purpose for which we
perform any such operation, require that 1t should never be the
case that a proposition which 18 true should 1mply one which 1s not

All truth-impheations have the eddiizonal property 1n common
that if p and g are both assertable as true, then pIq holds, regard-
less of any further consideration That 18, for any meaning of
‘imphes’ which 18 definable 1n any truth-value system, it must
be the case that, of any pair of true propositions (those having
the value 1), each implies the other The reason for this 1s
simple. any relation whatever, of the truth-value type, must
either hold always when the terms 1t relates are both true, or 1t
must always fail to hold when both are true For by the very
nature of a truth-value function, given the fact that p and ¢ are
both true, any truth-relation must, by that fact alone, be cate-
gorically determined to hold between these terms, or 1t must be
categorically determined not to hold Hence, for any truth-
implication, either every true proposition must imply every true
proposition, or ne true proposition will imply any true proposition
This latter alternative would mean that the relation could never
give nise to 1nference, since either true propositions would imply

1In the Two-valued Calculus, p = 1 means simply “p 18 true”, 1n a three-

valued calculus, a8 we have seen, p = 1 must be given the narrower interpreta-
tion, “p 18 certamn” or “p 18 known to be true,’” 1f the Law of the Excluded
Middle 15 to be retained In a four-valued calculus, p = 1 may take the inter-
pretation 'p 1s certan” or—for some systems—it may be mterpreted “p 18
mpled by 1ts own negation” or “p 18 logically necessary” It would be
awkward, 1n the remainder of this chapter, to be obliged continually to allow
for such differences of interpretation We shall, therefore, wnte with the
Two-valued Caleulus 1n mind as our principal illustration any qualification or
correction of language required in the case of other systems, will be such ss the
reader can make himgelf No conclusion reached will be affected by thus  The
properties which all relations of truth-impheation have 1n common are three
(1) the truth-value of plg 18 categorically determined when the values of p
and ¢ are given, (2) if p = 1 and plg = 1, then ¢ = 1, (3) when p = 1 and
g=1,plg=1 In every case, our conclusions will be found to depend only
upon these propertiea.
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only those which are not true, or no true proposition would 1mply
anything ®

Thus any truth-implication, appearing 1n any truth-value
system whatever, will be such that not only does no true proposi-
tion imply any which 1s not true, but also every true proposition
implies every other which 15 true  This second property of such
relations leads to a very important consequence 1f we should
take any such truth-umphcation, pIq, to be equivalent to ‘g 18
deducible from p,” then every pair of true propositions must be
such that each can validly be deduced from the other Thus,
in terms of any truth-implication, two propositions could be
independent (one not deducible from the other) only if one of
them be true and the other false

As a statement about deducibility, this is quite surely an
absurdity Otherwise, any mathematical system which, for any
concervable interpretation, could represent the truth about some-
thing or other, would be deducible in tolo from any single proposi-
tion of 1t taken as a postulate ¢ It seems to us that the falsity

® There 1s a class of four-valued systems 1n which p = 1 takes the interpreta-
tion “The negation of p» 1mplies p”’ or "'p 18 logically undeniable ” (Any one
of the matrices given 1n Appendix Il may be taken as an example These are
there used to prove consistency and mdependence of postulates But they
could also be taken as the generating matrices of truth-value systems If so
taken, each of them would give a four-valued system belonging to the class 1n
question ) For systema of this class, any two propositions having the value 1
are genwnely deducible from one another—if 1t be granted thet all propositions
which are logically necessary have this property But the same problem
pointed out above recurs 1n these systems 1n another form The indicated
1nterpretation of p = 215 " p1s true but not necessary ”’ Therefore, since these
are truth-value systems, in which plq always has the same determined value
when p = 2 and ¢ = 2, either every proposition which 1s true but not necessary
will umply every other such proposition, or no proposition which 1s true but not
neceasary will imply any other such proposition (In the examples referred to
above, this implication always holds, and any proposition which 18 true but
not necessary implies every true proposition ) This paradox inevitably]recurs,
in some form, 1n every truth-value system

¢ An attempt might be made to escape this consequence by mamtaining that
mathematical systems do not consist of propositions but of propoaitional func-
tions, or by mamtaming that, when properly interpreted, a mathematieal
system does not assert its postulates and theorems, but asserts only that the
postulates 1mply the theorems Discussion of these points would imvolve
188ues too complex to be inserted here (We may observe, in pasaing, that i
Princypne Mathematrca, for example, the propositions of mathematics which
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of the assertion ‘' Every tiue proposition 1s deducible from every
other” hardly requires proof. But if this s false, then we have
the unavoidable consequence that there can be no relation of
truth-impheation, plg, which holds whenever g 1s deducible
from p, and fa:ls to hold when g 18 not deducible from p  Since
all such truth-imphcations hold whenever p and g are both true,
every such relation 1s too wnclusiwe 1n 1ts meaning to be equivalent
to ‘¢ 18 deducible from p.”

This conclusion 19 1nescapable. But 1n that case, how can a
truth-implication validly give nse to inference? How can 1t be
true, at one and the same time, that (1) a relation of truth-
impheation, pIq, which 1s definable in a given system, 15 not
equivalent to ‘g 1s deducible from p,”’ but holds sometimes when
q 18 not deducible from p, and that (2) when p 13 any proposition
in the system, and plg 1s assertable as a law of the system, we can
validly infer that ¢ 13 a proposition 1n the system?

The answer 1s that, 1f pIg¢ 1s a relation which sometimes holds
when ¢ 1s not deducible from p—and every truth-impheationis
such—then obviously, ¢ cannot vahdly be inferred from p merely

are demonstrated are not merely asserted to be implied by something with a
few explicit exceptions, they are asserted unconditionally ) But certain facts
may be noted which will, 1n all probability, be sufficient to satisfy the reader

If a mathematical system, in the abstract, consists of statements which
are not definitely true or false, being ambiguous as to what they are about or
what their terms denote, at least 1t has been commonly sssumed by mathe-~
maticians that there must be one or more interg etations—one or moie ways
of assigning fixed meanings to its ambiguous terms—for which all 1ts staternenta
become true propositions The usual test of consistency equires the finding
of such an interpretation It may be that such tests are not of the essence of
consistency, but, however that may be, at least 1t 15 & fact that, for the great
majornty of all mathematical systems ever presented, such interpretation haa
been found

Now the clam that, although the mathematical system n 1ts abstract
form 18 such that 1t contans statements (for example, the postulates) one of
which may be not-deducible from another, an interpretation for which the system
becomes true will not exhibit any simlar independence of the propositions
ansmg from such mnterpretation—if any one would make this claim—is some-~
thing the plausibiity of which the reader can Judge for himeelf It would
mean, for example, that, although a system of geometry 1n 1ts modern abstract
form exhibits independence of certain of 1t propasitions from certain others,
any geometry which should be the truth about space would be such that every
proposttion of 1t could be deduced from the single assumption ‘A triangle has
more than two sides ”
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because plq 18 true  But this 18 never done when pIg 18 made the
basis of an i1nference 10 a truth-value system The inference 18
made on the ground that plg is a tautology Nothing 1s ever
asserted 1n a truth-value system unless 1t 1s a tautology And the
relation of p to ¢ when plg 18 a tautology 18 quite different from
the relation when pIq 18 true but not tautological Thus we may
propound the conundrum ‘'When 18 a truth-implication not a
truth-imphecation?” And the answeris ‘Whenitis a tautology ”’

Every truth-implication 1s such that it 15 sometimes true
when 1t is not tautological And when plIg 1s true but not
tautological, ¢ cannot vahdly be deduced from p  But the truth
of ¢ can vahdly be deduced from the truth of p together with the
fact that pIq 18 a tautology And 1t is only in such cases that
any truth-implieation 18 made the basis of inference, 1n any
truth-value system Thus in all cases of such inference withun
the system, the truth-value system makes use of a relation—the
relation of p to ¢ when pIq 18 a tautology—which 1t symbolizes
merely as plg, but which 18 1n reality a more special relation
which often feils to hold when plg1s true

The problem which thus appears, though at bottom siumple,
18 one which 1s marked by small distinctions which are apparently
tnvial but really essential to understanding It suggests 1itself,
1n the light of the foregoing, that a clue to the relation of deduei-
biity may be discovered by attention to the nature of truth-
mmphcations when they have the character of tautologies If
we are to investigate this, there are three points which should
be kept in mind

First, as has been stated in the preceding chapter, there are
other tautologies than those of truth-value, because there are
other principles of division, and hence other ways of exhausting
the possibilities, than by reference to alternatives of truth-value &

"It 18 a fact that any principle of divimion operates 1n such wise that the
result of 1t can be exhibited as the necessity that some one of a given set of
alternatives must, 1n any particular case, be true. If the alternatives are
mutually exclusive, then 1t 18 further required that, in any particular case, all
the alternatives but one must be false Thus every tautology must be capable
of statement by reference to alternatives of truth or falsity., But that has
nothing to do with the question whether the principle of dinsion has reference
to truth and falaty.
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But 1t 18 8t least plausible that any law of logic, 1n whatever
terms, must be & tautology, 1e, a principle whose truth is
demonstrable by exhaustion of some set of alternative possi-
bilities,

Second, 1if we make this supposition that the laws of logic
must be tautological or necessary truths, then any law of dedue-
tive inference, being a statement that something, g, ean be
inferred from something, p, must be a tautology If this be
the case, then 1n order to elicit such principles of valid deduction,
we requre to discover a relation, ‘‘p imphes g,”” which when 1t
holds represents a tautology But it will not and cannot be &
relation which 1s tautological 1= general 1t cannot be a relation
R such that the function pRg 1s equivalent to the universal
function, or always has the value ‘truth’ It must be a relation
which fails to hold sometimes—when g 1s not dedueible from p—
and no relation which 1s sometimes false can be such that the
mere statement pRq 18 a tautology

Third—and this 1s the important point, the other two being
set, down to guard 1t from misunderstanding—if *p 1mphes g"
18 to be synonymous with ‘g 18 deducible from p’’, and if g 15
deducible from p when and only when ““p implies ¢’ expresses
8 tautology, then ‘‘p imphes ¢,”’ 1n this required meaning, must
be true when, for a particular p and g, 1t expresses a tautology,
and it must be false when, for a particular p and g, 1t does not
express a tautology

No truth-value relation can meet this requirement Any
truth-implication must be such that, 1n some cases, 1t 18 true
when 1t does not express a tautology

Inference 1n a truth-value system, based upon & relation of
truth-implication, 1s really a special case of the kind of inference
to which such a relation may give rise Where such inference
occurs in the system 1tself, the premise p will be some law (i e,
a tautology), pIg will hkewse be assertable as a law, and the
inferred ¢ wall also be a law of the system  Let us first consider
the general case, 1n which a truth-implication may vahdly give
nise to inference, that 1s, the case in which the premuse p need
not be a law of the system but may be any proposition, and plg
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need not be a tautology Consideration of this general case will
lead us to the heart of the whole matter

Any truth-implication pIq gives rise to inference through the
fact that—no matter what particular implication-relation 1t may
be, or to what truth-value system 1t may belong—

(pand plg) Ig

expresses s tautology ® And this may be a tautology when plg
18 not a tautology Notice that 1t 15 only the second I in the
above expression which 18 asserted: 1t 18 only this I which 1s
required to express a tautology if the inference from ‘p and plg’
to ¢ 18 to be & valid deduetion, the unasserted 7, 1n pIq, need not
express a tautology.

Suppose that p and ¢ be some pair of true but independent
propositions—neither deducible from the other For example,
let p = '"Vinegar tastes sour” and ¢ = "Some men have beards ”’
Since any truth-impheation, pIq, will hold when p and g are
both true, it will hold 1n this case For these meamngs, plg
will not express a tautology. the statement ‘It 18 not the case
that (‘ Vinegar tastes sour’ 1s true and ‘Some men have beards’
18 false)” 18 a true statement, but 1t 1s not tautological or neces-
sanly true, since it has a conceivable alternative Nevertheless,
‘(p and pIg) I ¢’ unll be a tautology This 1s the case because.
(1) Any truth-implication pZq will fail to hold if p 18 true and ¢
false So that when pIq holds, we may be sure that It 18 not
the case that p is true and ¢ false” 18 a true statement. And
(2) from the premises ““p 18 true” and ‘“It 1s not the case that p
18 true and ¢ false,” the truth of ¢ can valhdly be deduced That
18 (and now we read the meaning of the second, or asserted, I),
“It 15 false that (p 18 true, and 1t 18 not the case that p 18 true
and ¢ false, but g 18 not true)” is a tautology.

This is a bit involved, perhaps the point will be clearer if we
put the matter in more completely symbolic form  Let us choose,

® This cannot be expressed symbolically 1n the same way 1n every aystem.
For example, in the Three-valued Calculus 1t requres to be symbolized by

pC pCq Cq.
But 10 every case, the expression of the principle will contain an asserted
implication-relation which will be tautological, and an unasserted imphcation,
represented by the same symbol, which need not be tautological
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as our relation of truth-umplication, maternal implication of the
Two-valued Calculus, pog By defimition, this means “It 1s
false that ‘p 18 true and ¢ false’”

PIq. = .~(p~g).

Given the meanings mentioned above, p 3 g 1s true, but 1t 1s not
8 tautology ‘It 1s false that ‘Vinegar tastes sour and no men
have beards,’” 18 a true statement, but 1t 18 not tautological
Nevertheless, for these or any other meanings of p and g,

P.pdg:id.gq

18 & tautology  Substituting for the first or unasserted imphea-
tion here 1ts defined equivalent, we have

p.~(p~q)id.q

The 1mpheation-relation which still remains 18 the tautological
one which 1s asserted That this 25 a tautology will be apparent
if we transform this relation also 1nto 1ts defined equivalent

~[p.~(p~g) : ~q]

The expression 1n brackets here 18 a Jogical product, the order of
whose members 1s indifferent Changing this order, we have

~[p~q-~(p ~9)]

Thus p.p>g:2.q 18 equvalent to “It 18 false that p ~g 18
both true and false’’ and that statement 15 an obvious tautology
It 15 a tautology even when p and g are independent propositions,
1t 18 always a tautology

Let us return to our example ‘Some men have beards”
(g) cannot be deduced from ‘' Vinegar tastes sour” (p) But
from the two premuses, (1) '‘Vinegar tastes sour” (p), and (%)
It 13 false that ‘ Vinegar tastes sour and no men have beards,’”’
~(p ~q), the conclusion ‘“Some men have beards” can vahdly
be deduced In ordinary discourse, we seldom have occasion
to make an inference which has this form, but 1t should be noted
that 1t accords completely with our logical intwitions

Thus we find a very sunple answer to the question how an
unplication-relation which 1s rather ‘queer, and not at all
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equivalent to the relation of deducibiity, may nevertheless give
nse to completely valid inference. Define this relation—in
English or any other terms which make 1ts meaning really clear—
and choose an mstance 1n which the relation actuslly holds and
the antecedent 18 actually true The consequent also will then
be true; for if the antecedent were true but the consequent false,
the relation would not hold. Moreover, if for the relation plq
its meaning as defined be substituted, 1t will be found that from
the two premises (1) ‘‘p 1s true” and (2) “plq (read 1n Englsh)
holds,” the truth of ¢ can validly be deduced, by the commonly
nccepted principles of deduction And yet if one take plg to
express ‘‘ g 18 deducible from p,” the relation may not hold at all
1t may be as absurd as 1t would be to say, “From ’Vinegar tastes
sour,’ we deduce 'Some men have beards '

We see further that if we wish to elicit that relation which
holds whenever, 1n terms of any one of the vanety of possible
implhcation-relations, a deduction can validly be made, 1t 1s
required that we should be able to distinguish between ‘‘pIq 1s
true” and ‘“plq 18 a tautology'” When plq 1s true but not
tautological, g can be deduced from the two premises, p and pIg,
but only because ‘' (p and pIg) I ¢ 18 a tautology When plg
18 & taulology, q can be deduced from p

This 1s precisely the logical mgmficance of the relation p4gq
in the system of Strict Implication The one requirement of
all imphcation-relations 1s that plg must not hold when p 1s true
and q false Thus 1n order to express ‘‘plq 18 a tautology,”
what 18 needed 15 to ehcit a relation K such that pRg will mean
“"p true and ¢ false, 15 a logically 1mpossible combination,” or
It 18 necessanly true—true under all concervable circumstances
—that 1t 18 not the case that p 1s true and ¢ false” Ths 15
exactly the meaning of strict implication, as 1s evidenced by the
equivalences

pdg. = .~0(p~g) . = . =0~[~(p ~q)]7

Whenever any truth-implieation, pIg, expresses a tautology
(18 necessarily true) the relation p4¢ holds when pIq 1s true
but does not express a tautology, p4q does not hold So far,
7 See Chapter VI, 11 02 and 18 7
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then, p4q has the property requsite to that relation which
holds when g 18 deducible from p, and does not hold when q18
not deducible from p

The same fact 18 evidenced, 1n more stnking fashion, by the
relation which exists between strict implication and any truth-
impheation, of any truth-value calculus Let any relation of
truth-implication be introduced 1nto the system of Strict Imphea-
tion, by suitable definition (This can always be done if in no
other way, by expleit introduction of the truth-values and
definition 1n terms of these ) The laws of this relation of truth-
umplication will then be provable theorems in the system of
Strict Implication And in these laws, 1n any case 1n which this
truth-implication, I, 18 tautologieal, 1t will be possible to replace
1t by 4, but 1n any case 1n which plq 18 true but 18 not tauto-
logical, the relation I will not be replaceable by 4. Every
instance 1n which this truth-impheation I gives rise to inference,
1 the truth-value system in which 1t occurs, will be a case 1n
which I can be replaced by 4  For example, we introduced the
relation of matenal imphecation into the system of Strict Imphca-
tion, 1n Chapter VI, by defimition of p>¢. From this definition,
it was possible (using the piopositions of Strict Implication as
principles of deduction) to deduce every theorem of the system of
Matenal Impheation This was demonstrated by deducing the
postulates for Material Imphcation, as given 1n Principia Mathe-
matice  In such theorems, as deduced 1n the system of Strict
Imphecation, 1n every case in which the relation > 1s assertable
m a law (1e, 18 tautological), > can be replaced by 4+ But
when an unasserted (non-tautological) relation o appears 1n a
theorem, 1t cannot, in general, be replaced by 4.

We set down below two columns for comparison  Under (1),
18 given a proposition 1n the form 1n which 1t appears mn the
system of Matenal Impheation Each of the *heorems cited
can be proved 1n that form, from the defimtion of p>g, 1n the
system of Strict Implication  But also 1t can be proved 1n the
form given under (2), where any relation 3 which 1s tautological
18 replaced by 4 Where the relation > appears under (2),
1t 18 Dot tautological in the theorem, and if > were here replaced
by 4, the theorem would be false (Reference numbers are,

9
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of course, those of the theorems 1n Chapter VI, where proof 1s
given )

1) 2
15-21 p.>.q>p. 152 p.4.¢>p
16 23 ~p.>.p>g 15 22 ~p.4.p>g¢g
15 31 ~(p>g)-2.p2>~q 153 =~(p>q).4.p>~q.
15 41 ~(p>2gq).2.92p 154 =~(p>q).4.g2p

Of special interest 1s 14 29, p.p>¢g:4.¢ Let us presume,
for the moment, that p 4 ¢ 18 precisely equivalent to ‘¢ 15 deduc-
tble from p "' Then 14 29 means ‘g 18 deducible from the two
premises, ‘p’ and ‘p matenally imphes ¢’”’ 1t does nol mean
that when p>gq holds, q 18 deducible from p Inability to dis-
tinguish between (1) “If p 18 true and p>¢ holds, then ¢ 1s
true”” and (2) “When p>q holds, ¢ 18 deducible from p” 1s
responsible for most of the confusion about maternal impleation
and dedueibibty This distinction may be subtle, and the
confusion understandable, but remembering our 1illustration,
p = “Vinegar tastes sour” and ¢ = “Some men have beards,”
we should see clearly that (1) 1s true but (2) 1s false

Let us now turn back, briefly, to what we have said 15 a special
case 1n which truth-implications give nse to inference, namely,
the case 1n which such a relation 1s used in deducing one law of
the system 1n which 1t occurs from another which hLas been
agsumed or already estabhshed In that special case, the ante-
cedent p 1n the relation will be a tautology (since it 18 a law of
the system), pIg will also express a tautology, and the g which 18
deduced must also be a tautology We have seen that in any
case 1n which a truth-implication plg gives rse to inference,
‘(p and pIg) I ¢’ will be a tautology Where the truth-umplica-
tion 1n question 1s the relation of matenal impheation, this
principle 18 what 18 expressed by 14-29,

p.p3¢g:id.g

The further fact that if p 13 a tautology, or necessary truth, and
p2q ie & tautology, then ¢ 18 a tautological or necessary truth,
is what 1a stated by 18-53:

pPAqG.~0~p id.~0~g
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Since pH4g. = .~0~[~(p ~q)]. = . ~0~(p3g), this may be trans-
formed mto
~0~p . ~0~(p 3 g) 14 .~0~q.

That 15, 1f g 1s deducible from p (as 1t 18 when plgq 1s & tautology),
then from this and the fact that p 1s & tautological or necessary
truth we can deduce that g 18 a tautology also Thus not only
may a relation of trutb-implication give rse to inference, but
also 1t gives nse to inference 1n such a manner that when the
premise 18 8 law of the system, the consequent also will be a
law of the system The principles of Strict Implieation express
the facts mbout any such deduction in an explicit manner in
which they cannot be expressed within the truth-value system
itgelf, for the reason that, 1n Strict Implication, what 15 tauto-
logical 1s distinguishable from what is merely true, whereas this
difference does not ordinarily appear in the symbols of a truth-
value system

In the hght of all these facts, 1t appears that the relation of
strict 1mphcation expresses precisely that relation which holds
when vahd deduction 1s possible, and fails to hold when vald
deduction 15 not possible In that sense, the system of Strict
Implication may be said to provide that canon and critique of
deductive inference which is the desideratum of logical investiga-
tion All the facts about those cases 1n which eny other
implication-relation may genuinely give rise to inference are
mcorporated 1n and explained by t..e laws of this system—-or
they may be so incorporated by introducing the impheation-
relation 1n question into the system by definition  Also Stmet
Implication explains the paradoxesncident to truth-implications,
such as

15-2 p.4.¢g2p and 1521 p.d>.g>p,

“If p 18 true, then any proposition ¢ imphes p™', and
1522 ~p.4.p>¢ and 15623 =-p.>.p2y,

“If p is false, then p imples any proposition ¢” It explains
these by making 1t clear that ‘‘p imphes ¢’ 1n these cases 18 not
equivalent to “g 1s deducible from p,” but is a relation which

may hold when p and g are independent propositions
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The one serious doubt which can arise concerning the equiva-
lence of p 4 ¢ to the relation of deducibiity and concerning the
adequacy of Strnict Implication to the problems of deduction in
general anses from the fact that stmet implication has its
corresponding paradoxes.

1974 ~0p.4.pAyg,

“If p 18 impossible, then p strictly imphes any proposition ¢”,

and
19 75 ~¢~p.4.g4p,

“If q 18 necessary, then any proposition p strictly implies g ”’
If p 9 ¢ 15 equivelent to *'¢ 18 deducible from p,” then to satisfy
these theorems 1t must be the case that, from any proposition
which negates a necessary or tautological truth, anything what-
ever can be deduced, and that any proposition whose truth 1s
necessary or tautological can be deduced from anything whatever

We wish to show that this 18 indeed the case, and that these
theorems, as well as others in the system of Strict Implication
which may be subject to a similar doubt, are paradoxical only
in the sense of expressing logical truths which are easily over-
looked

But there are certain ambiguities which may cloud the 1ssue
First, 1t must be understood that ‘deducible’ here means ‘deduc-
1ble by some mode of inference which 15 valid’ It might seem
that this meamng 1s the obvious one which eould not be missed,
but, as we shall see, 1t might easly be confused with another
which 18 of quite different 1mport

Second, we must observe the meaning of ‘necessary’ and
‘impossible’ here By definition,

18 14 -o.p-=--'p'.p.=.~(~p°-p),
To oy ''p is necessary” means ‘‘p 158 implied by 1ts own denial”
or ““The denial of p 18 not self-consistent "
1812 ~¢p.=.pd~p.=.=(pop),

To say ‘“p 15 impossible” means ‘‘p 1mplies 1ts own negation”
or ‘‘p is not self-consistent.” Necessary truths, so defined, co-
incide with the class of tautologies, or truths which can be
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certified by logic alone, and 1mpossible propositions comncide
with the class of those which deny some tautology

Every tautology 18 expressible as some proposition of the
general form pv~p Probably this fact 18 slready evident from
the considerations of the preceding chapter Complete demon-
stration of 1t would run to greater length than can be afforded
here, but it may be of value to give a few examples, which will
also serve to make clear the manner 1n which theorems of Strict
Implication express tautologies The simplest of all tautologies
18 ~pvp And, remembering that ~0~p means “p 18 a tau-
tology,” we may observe that the theorem p 4 p states “~pvp
1s a tautology”

~0~(~pVp). = .~0(p~p)- = .pdp
A tautology of more complex form 1s:
~[~0(p-9)]-v.~0(p ~0),

‘““Either 1t 18 false that p ~g 1s impossible, or p ~g 18 1mpossible
The statement that {his 1s a tautology becomes the theorem

pAqg.4.~q4~p

Because pdg. = .-0(p-q),
and ~q4~p. = .~0(~gp). = .~0(p~9)
And ~0~[~(p4q)-V.~qgd~p]l: =:ipd4g.d.~-g3~p

by the general prninciple that
~0=(=pVvq).=.~0(p~q) . =.pd¢

Let us take one more example, beginning this time with the
theorem and producing the tautology Let us choose as our
theorem number 12 61,

pg-d.ridip=~r.4.~q
By successive transformations this becomes

~0~[=(pg.4.7)ivip=Td=q],
w0~ (~[~0(p q.-1)] =V :=0[p ~T . ~(~q)]],
~0~[0(pg.~r)iVi=0(p~7.q)]
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Thus what the theorem msserts to be a tautology is the proposi-
tion “‘Either 1t is possible that p be true, g true, and r false, or
1t 18 impossible that p be true, r false, and g true ”

Oftentimes the tautologies to which theorems are reducible
would be more comphcated than this, but 1t 18 a fact that all
vald logical principles may be thus reduced. (There are certain
complicating considerations, but 1n the end this statement holds )
And any tautology whatever may be given the general form
pVv~p; something beanng on that point will appear in what
follows

We may now imdicate the manner 1n which, from a proposi-
tion whose truth i1s i1mpossible, anything whatever may be
deduced The negation of any proposition which 1s of the form
~p v p 18 a corresponding proposition of the form p ~p.

~pvp.=.=~(p-p)

From any proposition of the form p ~p, any proposition whatever,
¢, may be deduced as follows

Assume p -p (1)
14p (2)

If p 1s true and p 18 false, then p 1s true.

(1)4=~p (3)
If p1s true and p 18 false, then p 1s false

(2)-4.pvq (4)
If, by (2), p 18 true, then at least one of the two, p and g, 1s true

3).(4):4.¢

If, by (3), p 1s false, and, by (4), at least one of the two, p and
g, 18 true, then ¢ must be true

This demonstration 15 & paradigm, 1n which p may be any
proposition so chosen that ~pvp will express the tautology
which 18 in question, and ¢ may be any proposition whatever
Thus any proposition one chooses may be deduced from the
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deniel of a tautological or necessary truth. the theorem

~p.4.p4¢
states a fact about deducibility

Similarly, from any proposition whatever, p, every proposi-
tion of the form ~g v ¢ may be deduced, as follows

Assume p 1)
(1).4:p~q.v.pg (2)

If p 18 true, then either p 18 true and q false or p and g are both
true

(2). =:p.~-qvyg @)

‘‘ Father p 18 true and g false or p and ¢ are both true” 1s equiva-
lent to “p 1s true, and either ¢ 15 false or g 18 true ”

3).9.~qvgq

If p 18 true, and erther g 1s false or g 18 true, then either g 18 false
or q 18 true

This demonstration, hkewise, 15 a paradigm, 1n which p may
be any proposition whatever, and ¢ may be so chosen as to give
any desired tautology, ~qvg¢ Thus tautologies 1n general are
deducible from any premise we please the theorem

~d=~g.4d.pH7

states a fact about deducibility

Hence the two paradoxical theorems cited are no ground of
objection to the supposition that stmet implication, p4gq, co-
incides 1n 1ts properties with the relation ‘' ¢ 18 deducible from p.”

Another general property of the system of Stnict Implication
which may seem paradoxiecal 18 the fact that, in its terms, all
tautological or necessary propositione are equivalent, and hence
all 1mpossible propositions hikewise are equivalent. These also
are inevitable consequences of any genuinely vahd logic Any
two tautologies, ~p vp and ~¢vg, however unrelated in their
content, are logically equivalent, in the general fashion in which
any proposition p 18 equivalent to its division into the alternatives
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p~gand pgq.

~pvp.=:(=pvp)~q.v.(~pvp)g
= lep=q.V.P~¢.V.=pq.V.DQq
= :~p(=qvq).v.p(~qgv(q) : = .~qvgq

For example, ' Either 1t 18 raining or 1t 18 not raimng’’ 18 equiva-
lent to ‘‘Either 1t 1s raining or not, and 1s hot, or 1t 1s raining or
not, nnd 18 not hot’’, which 18 equivalent to ‘“Either 1t 18 raining
and hot, or raining and not hot, or not raimng and hot, or not
raining and not hot '’ This, 1n turn, 1s equivalent to * Either 1t
is hot or not, and raimng, or 1t 1s hot or not, and not raining”,
whieh 18 equivalent to " Either 1t 15 hot or 1t 18 not hot "

For the vahdity of the trains of reasoming in these proofs
we must, of course, appeal to intwition A point of logie being
1 question, no other course 18 possible But let the reader ask
himself whether they 1nvolve any mode of inference which he 1s
willing to be deprived of—for 1nstance, in making deductions 1n
geometry The proofs have the air of clumsy legerdemain, not
because they are sophistical, but because they are ‘so unneces-
sary’' They merely emphasize the fact that the logical division
of any proposition p with respect to any exhaustive set of other
alternatives, ~q v ¢, does not alter the logical force of the assertion
p That 18 to say, the tautological character of tautologies 1s
something which ordinary logical procedures assume, and 1n
that sense, all tautologies are presumed as already given This
merely reflects the inevitable fact that, when deductions are to
be made, logical principles themselves are already 1mplicit

However, one may object that to assume 1mplicitly what 1s
to be deduced 1s not legitimate Let us examine this possible
objection with care The problem 1s whether something 1s
deducible from something else This something to be deduced
may happen to be a logical principle But if I want to know
whether B 15 deducible from A4, and I find that there 18 & vahd
mode of reasoning which allows me to take A as premise and
denive B as conclusion, do I or do I not thereby discover that B
is genuinely deducible from A? It 1s here that we encounter the
ambiguity of ‘deducibility’ which has been mentioned It may
mean (1) 'deducible by some vahd mode of inference’, or 1t may
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mean (2) ‘deducible 1n accordance with some principle of infer-
ence which has been assumed or already proved’ The first 18 the
only meaming which ever occurs outside of logic itself. 1n mathe-
matics or politics or what not, to say that something 18 deducible
means that 1t may be inferred by some vahd mode of reasoning
(all such valid modes being taken for granted) But in logie
itself, the propositions of the system have a double use. they are
used as premuses from which conclusions are drawn, and as
principles of inference in accord with which conclusions are
drawn Therefore in logic, ‘deducible’ may have the first mean-
1pg above, or 1t may have the second meamng, which 18 here
quite different This 15 the 1mportance of the logistic method.
by that method, one assumes a set of postulates and definitions
to begin with, and the problem 15 to deduce the further principles
of the system from the propositions assumed (or previously
proved) 1n accordance with these same propositions as principles
of inference Thus 1n logic, something B may be deducible from
something A, 1n the first sense, when 1t 18 not deducible 1n the
second—because the principle of inference required for the deduc-
tion 1s valid but has not yet been proved in the system To avoid
the ambiguity, then, let us call this second meaning of the word
‘logistic deducibility ’

‘What has been shown above 18 that the properties of striet
implication (paradoxical ones included) coincide with those of
deducibility in the first or general sense That 18, p4¢ can
vahidly be interpreted to mean “Given p as premise, g may be
deduced by some vahd mode of inference ” But the properties
of strict implication do not coincide with those of logistic deduci-
bility, and the paradoxical theorems are, 1n general, false of
logistic deducibiity  For example, if the theorem

~)=g.4.p4¢

should hold when p 4 ¢ 18 interpreted ‘g 18 logistically dedueible
from p,” then (since the laws of any properly constructed logistic
system are all tautologies) the whole of any logistic system could
be denved from a single postulate, or from any assumption
whatever This 18 not, of course, the case
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However, this failure to accord with the properties of logistac
deducibihity 18 no ground of possible objection to strict 1mplica-
tion For there can be no relation having fixed logical properties
which 18 such that it holds between A and B whenever B 18
logstically denvable from A, and fails to hold when this 18 not
the case

Let us imnvestigate the reason for this Suppose that a com-
plete calculus of logic can be derived 1n the logistic manner from
five postulates, A, B, C, D, and E If the postulate-set 18 well
devised, 1t will be the case that, if any one of these five postulates
should be omitted, there would be a certain body of theorems,
belonging to the calculus and expressing truths of logie, which
could not be demnved from the remammng four This would
likewise be the case for any selection of the postulates from A,
B, and C, or from B, D, and E, etc, certain theorems would be
logistically deducible, but certain others belonging to the system
would not For example, 1t might be the case that, using postu-
late E as a principle of inference, we can denive theorem @ from
postulate 4 as premise, but that without postulate E, no principle
of inference can be denved from the other four which will serve
as the principle by which theorem @ can be deduced Theorem
@ would, i1n this case, not be logistically deducible from the four
postulates, 4, B, C, and D. This would be so in spite of the fact
that a sufficient premise for the theorem—postulate A—is given,
and that the theorem can be inferred from this premise by a
vahd mode of inference—according to the omitted postulate E
Thus if we omit any postulate in our set, not only have we lost
a premuse from which theorems might be derived, but we have
lost certain modes of inference which, 1n the absence of this
postulate, are not allowable

Also 1t 18 the case that, for any logistic system derived from
any set of postulates, the allowable modes of inference vary with
the stage of development of the system The reason 18 obvious
no principle of inference can be used (exeept the postulates) until
it has been proved In denving the first few theorems, the
sllowable modes are very much restricted, later, when a consider-
able number and vanety of theorems have been proved, the
modes of inference available are similarly multiphed. If 1t
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were not for this fact, then any proper and complete caleulus of
logic could be denved logistically from a single assumption For
such a calculus will, when completely developed, contamn all
genuinely valid modes of inference amongst 1ts theorems, and 1f
all of these were available from the beginning, then, as we have
shown, a single postulate would be sufficient

Thus it cannot be demanded that any implication-relation
should be such that ‘‘p imphes ¢" will hold when and only when
g 18 logastically deducible from p, or that 1ts properties should be
those of logistic deducibihty in general Lomstic deducibility
has no general logical properties, but only such as are relative
to the antecedently given modes of inference No rehable
logical relation could be such that 1t will hold, for example,
between postulate 4 and Theorem @ when 4, B, C, D, and E
are given, but will fail to hold when 4, B, C, and D are given
and E 18 not given

It 18 not, therefore, a legitimate objection to strict 1mplica-
tion, or to any other imphcation-relation, that 1t fails to coincide
with logistic deducibility 1n logic itself * The only legitimate
demand which can be made is that a relation shall hold between
a premise and a conclusion whenever, all val:d modes of deduction
being allowed, that coneclusion can be derived from that premise,
and that 1t shall fail to hold when such deductive derivation 1s
not possible The relation of stmet 1mplication satisfies this
requirement no relation of truth-implication does  In this serse,
the system of Strict Implication constitutes an adequate ecanon
(for unanalyzed propositions) of deductive inference.

However, 1t would be a mstake if this should be taken to
mean that the principles of other systems are false as laws of
logic It needs to be understood that what 18 ususlly called
‘logic’—mesmng the canon of inference—represents simply a
selection of relations, with their laws, which are found useful for
certain purposes, notably those commonly connoted by ‘deduc-
tion’ There 1s no peculiar and excluswve truth of these, as agansi
some other selection of the relationa of propositions, and the laws

" Material umplication hkewise lacks this property According to it, any
true proposition 18 1mplied by anything But obviously one cannot derive
the system, logistically, from a single arbitrarly chosen assumption.
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of these other relations It 18 in this sense that 1t 18 accurate to
say that there 18 no such thing as ‘logic’, there are only the
mdefimitely large number of different relations of propositions,
every one of them having 1ts own fixed properties, the expression
of which are the ‘laws’ of it These different relations, and their
laws, may each be elicited by some particular mode of classifying
snd comparing propositions, and conveyed by a defimtion ex-
pressing the enterion of such classification

It 18 obvious enough, 1n the hight of this and earlier chapters,
that whether a particular relation 18 included or omitted 1n a
‘system’ 18 a matter of choice Systems are thoroughly man-
mede, even in that sense 1n which relations and the truth about
them are not When we 1nclude a given relation in a system,
or ot 1t, we may do well or 1ll, but such i1nclusion creates no
truth, and such omussion indicates no falsity The justification
of one’s procedure, 1n this respect, 18 purely pragmatic,1t depends
upon the relevance of what 1s 1ncluded or omitted to the purposes
which the system 18 designed to satisfy If, for example, 1t 18
important to be able to express in logic those facts about the
relations of propositions commonly denoted by ‘consistency’ and
‘independence,’” then any calculus comprising truth-value rela-
tions exclusively 18 1ll-devised, because 1t cannot express or deal
with the consistency or independence of unanalyzed propositions
If, on the other hand, these relations of propositions are 1rrelevant,
to the purposes for which the system 1s intended, then the
complexity incident to their inclusion would merely be a nuisance

Traditional logic 18 a highly selected body of truth within an
immensely greater body of truth (tautologies in general) of the
same fundamental type The same 15 true also of any ‘logic’
devised to accord with and convey the significance of proofs in
mathematics and other exact sciences—to which purpose tradi-
tional logic 18 hopelessly inadequate Just as the weight of
every grain of sand on the seashore 1s a physical fact, though no
part of ' physics,” so the truths about the relations of propomitions
are all of them logical facts, and the multiplheity and varety of
such facts 18 beyond all imagining, but to be a logical fact 1n this
sense does not mean to be & part of ‘logic’ Logic represents a
certain order or arrangement of facts, a very fundamental type
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of order, since 1t 18 the order of our chosen ways of ordering 1n
general Nevertheless 1t 15 not the only type of such order which
15 possible 'We could not arrange facts in & certain order if the
facts did not have certain relations But facts do not arrange
themselves, and quite generally the relations which facts actually
have allow an almost unhmited varety of different orderings
Ths is true even 1n logic

We cannot do justice to the importance of this matter here
But something of its bearing on logic must be understood 1if we
are to appreciate the sense in which there are allernatwes wnth
respect to the canon of wnference, and the relation which holds
between any such canon and the wider field of logical facts or
tautologies 1n general

The facts summarnzed by a system, and the relations of these
facts, are not created by the system nor dependent on the process
of inference by which the system grows. Geometry did not wait
for Euclid, nor logic for Anstotle Inference or other system-
building sets up gude-posts or makes a map of facts, but 1t does
not create the geography of them This 18 true even of logical
fucts We cannot ‘relate them in certain ways’ they either are
so related or they are not We can only select certain relations
to be our guudes But 1t 18 1mportant to realize that there are
genwne alternatives for such selection of relations and consequent
types of order utihzed And so far as such choice 18 possible, the
result of our system-making answers 10 pragmatic entena which
are quite outside any question of absolute truth We can select
the relations to be followed as guides and thus delineate & struc-
ture of facts in ways which are suited to our purposes But
also we might do this 1n some other fashion which would still
be true to the facts but relatively useless to us

Perenmal purposes may, 1n the main, be reled upon to eleit
and integrate that body of truth which 1s relevant and adequate
to them Thus accord with tradition 18 a valuable test 1n logic,
especially if by ‘tradition’ we denote practice rather than precept.
But we should guard ourselves against designating what 18 falsely
put forward as best satisfying certain purposes as therefore ‘false ’

Inference 18 not something which we are forced to perform in
certain ways because ‘reality 18 what 1t 18’ Even so fer s a
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pyetem exhibits & certain set of facts 1n thewr relations, 1t 1s still
true that the inferences which represent our ways of devising
the system stand qute outside the facts and their relations,
which the system serves to summarize. Inference 18 something
which we do, upon observation of certain relationships amongst
the facts with which we are dealing 'We make the inference of
B from A when we observe that a certain relation exists between
A and B But the relation exists whether 1t 15 observed or not
(This 18 true—and most cunously so—even 1n logie itself. In
deahng with a caleulus of propositions, for example, we find A in
the system, and we find the relation ‘A imphes B” in the
system, whereupon, f we choose, we 'infer B from 4. But ‘B
inferred from A’ 1s nothing which happens in the system of
logical facts The three facts, A, B, and "“A 1mphes B,” stand
side by side in the system, and are unaffected by our inferring
Inference remains an operation even when implication 1s a relation
of the system The logistic rule which controls or allows this
operation of 1nference reveals its externality to the facts within
the system 1tself by being incapable of expression 1n the symbols
of the system The systern may be discovered or delhimited 1n
terms of inference. nevertheless the fact of the inference 1s
nothing in the system )

The point—the very important point—of what immediately
precedes 1s this We make an 1nference upon observation of a
certain relation between facts Whether the facts have that
relation or not we do not determine But whether we shell be
observant of just this particular relation of the facts and whether
we chall make that relation the basis of our wnferences are things
which we do deterrmne. It 15 quite umversally the case that
the facts with which we are dealing have other logical relations,
which we do not choose to be observant of And these un-
observed relationships may also be such that, when they exst,
1t 18 vahd to make an inference Thus that relation upon
observation of which we shall make an inference 18 not something
unambiguously determined by the nature of logical facts There
are alternatives in fact, an extraordinamnly large number of
alternatives
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The fact that logieal order is 1mmensely wider than tradi-
tionally observed relationships, and the fact that quite other
relations might serve as guides 1n our exploration of facts and as
the basis of our inferences, have been obscured by the settled
character of our 1ntellectual habits It has seemed to us that
there was only one basic type of order, 1n terms of certain chosen
logical relations, which could possess validity We are familiar
with the fact that there is & varniety of abstract geometres, for
example, no more than one of which 18 true of space, but all of
which are valid But that there may be a varnety of ‘logies,’
each comprising certain selected relationships of propositions,
any one of which might validly become the chosen basis of our
inferences, has escaped us It hag seemed to us that there must
be one unambiguously true canon of inference, based upon s
single impheation-relation, and that any inference not sanctioned
by the Iaws of this relation would be invalid But this 1s not
the case The number of relaticns which can vahdly give nse
to inference 18 indefinitely large At least their number i1s so
great that 1t 18 practically impossible for our human nmunds to
be observant of them all, or even aware of them Thus, prac-
tically, 1t 15 necessary that we make our inferences upon observa-
tion of some chosen one—or at least some chosen few—of these
relations This choice will, of course, be determined, 1n part at
least, by conformuty to our capacities, our bent of mind, and our
charactenstic 1ntellectual purposes Thus logic, as the capon
of deductive inference, must necessarily be something which,
wn addution to being absolutely true, 18 pragmatically determined

We have tried to make clear the sense i1n which the laws of
valid inference are truly unambiguous They must, indeed, be
laws of some relation, pIq, which 1s such that when p is true, or
assertable, and this relation holds, ¢ will not be false It 1s a
further fact that all such relations, which can g.ve nse to infer-
ence, coincide with one another 1n the property that

(pand plq) I g

represents a tautology; and that the relation I, in 1ts asserted
occurrence here, coineides with strict implication Thus atten-
tion to this relation of strict implication 1solates and generalizes
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the properties of valid inference  But 1t remains a fact that such
mmplication-relations exist in great vanety, incident to possible
systems which arise when the basic classification of propositions
18 made 1n different ways The laws of such systems are as
various as the systems themselves, and the implication-relations
appearing 1n them are distinct from one another Moreover, 1t
does not require attention to precisely that property in which
they coincide to secure that inferences drawn 1n accordance
with their laws will always be true when the propositions used as
premuses are true  The nature of any impheation-relation 1tself
secures that

Thus there are an indefimtely large number of ‘logies,’ or
possible canons of inference, every one of which 1s true throughout,
and states true laws of inference If our intellectual habits and
interests were shightly different, we might choose some other than
the logic of traditional deduction to be our guude  For example,
if the fundamental division, (1) known for a fact, (2) known not
to be a fact, (3) doubtful, should seem to us more 1mportant,
natural, and simpler than the basic dichotomy 1nto true or false,
then we might choose the Three-valued Calculus of Lukasiewicz
and Tarsk: a8 our canon, and draw our inferences on the basis
of some one or more of the 2,916 implication-relations which are
definable 1n terms of the truth-values of that system In that
case, we should not (f we were consistent) deny the Law of the
Excluded Middle we should zgnore 1t, because we should be
unobservant of that prninciple of division to which alone 1t 1s
pertinent Similarly, if consistency and independence of proposi-
tions should not be important to us, we might choose the system
of Mateniel Implcation as the canon of our inferences We
should then observe the basie dichotomy of true and false, and
the Law of the Excluded Middle, but we should ignore the basic
trichotomy of consistency, ' Either p 18 consistent with ¢, or p
15 consistent with ‘g 1s false,’ or p 15 not consistent with itself,”
which represents the fundamental tautology of strict implication
(Most of us do igpore this trichotomy 1n precept, though whether
we 1gnore 1t 1n practice, or can 1gnore 1t with safety to our pre-
valling intellectual interests, are different questions )
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The real defect which all truth-value logies have, 1n use, 1s
pragmatic It 18 one which 1s very sumple and easily observed
What a proposition imphes, in any truth-value meaning of the
word, 15 different, 1f the proposition 1s true, from what it imples
if false And this dependence of what imphes what upon truth
or falsity defeats one of the most 1mportant interests which
we have 1n our observation of logical relationships  This char-
acteristic 1nterest moves us to note, primanly if not exclumively,
only those relations which remain invariant whether the terms
of them are true or false One notable example of the interest
1n question 1s the desire to be able to draw the consequences of an
hypothesis whose truth or falsity 1s undetermined

If we choose a truth-implication as the basis of inference,
there are two ways, and only two, in which this 1mpheation-
relation can be known to hold (1) it may be known from the
import, content, or meaning of p and g, that 1t 18 2mpossible
under any circumstances that p should be true and ¢ false, (2)
1t may be known that 1t 18 not the case that p 18 true and g false,
through knowing the truth of ¢ or knowing the falsity of p
But the second alternative here has no value for any of our
characteristic interests 1n drawing inferences And the first
alternative means that the relation coincides with strict imphea-
tion

Let us examine this second alternative Here we should
know plg to hold either because we know g to be true or becaure
we know p to be false  But if we kmow p to be false, we discover
nothing about the truth of ¢ from the fact that pIq holds If p
15 false, and pIq holds, ¢ may, of course, be likewisc false
Furthermore we cannot, 1n this case, infer g hypothetrically from p:
that 18, we cannot say ‘g would be true if p were true,” because
a truth-implication which holds when p 1s false might or might
not hold if p were true Again, if we know that pIg holds
because we know that g 18 true, this serves none of the purposes
which we have in drawing inferences First, because if we
know g to be true, why infer 1t And second, because a truth-
implication which holds when g 1s true mght or might not hold
if ¢ were false Thus no relation of truth-implication has eny
possible use in the investigation of hypotheses For example, 1n
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terms of materal implication any known fact 18 implied equally
by all hypotheses. And for any such relation, if k be an hy-
pothesis and f be some known fact, then either kIf holds for all
hypotheses equally or the truth-value of AIf cannot be deter-
rmuined until the value of 4 15 known

Thus the only case in which any truth-implication can be
known to hold, under circumstances which make that faet useful
for tha purposes of 1nference, 15 the case 1n which pIq 18 known to
hold through knowing that the conjunction ‘p true but g false’
is impossible under any circumstances To know this, however,
means precisely to know that plg 15 a tautology—to know that
p4qholds Thus the only case in which any truth-implication
18 ikely to have any value in application, as the basis of inference,
18 the case 1n whieh 1t coineides with strict imphieation

There can be no reasonable doubt that 1t 18 such pragmatic
considerations which acecount for the aceord beiween traditional
logical prineiples and Strict Implication, and the failure of such
accord 1n the case of truth-value systems The laws of all such
formal systems are equally truc—of their own relations But
pragmatically the laws of truth-value systems, where these
diverge from those of Strict Implieation, are ‘false’ or unacecept-
able 1n the sense that they have no useful appheation to inference



CHAPTER IX
THE GENERAL THEORY OF PROPOSITIONS

In previous chapters we have dealt with propositions con-
structed on elementary propositional functions, that 18 to say,
on functions built up by the use of the vanables p, ¢, . , and
1n terms of the 1deas symbolized by v, ., ~, 4, together with
certain denvative conceptions Thus, we have constructed such
propositions as (p).pv-~p and (dp, q).p v¢ on functions Lke
pv~p and pvg Elementary functions provide a framework
on which more expheit functions can be constructed, and 1t 18
these more explicit functions, Logether with the propositions that
can be formulated in connection with them, which we have to
consider 1n this chapter The way 1n which elementary functions
are related to the ones with which we are now concerned can be
seen from the following consideration If we have an elementary
function F(p:, , pa), such that

Py P -F(py, ,pa)

18 true, we can replace the variables involved by more explicit
expressions, such as f(z) and g(z, v), and obtain a true proposition
that 1s a logical consequence of the original one, because the
resulting function will amply be a specific form of F(p;, , Pa)s
and what holds for all propositions denoted by p;, , Pn Will
hold for the narrower range of propositions denoted by the more
specific expressions f(z), g(z, y), etc Thus, from (p).pv~p
we can denve (f(z)) . f(z) v =f(z), (¢(z,¥))-9(z, y) v ~y(z, y), and
the hke And this means, of course, that all umversal propo-
sitions constructed on elementary functions which have been
previously established can be extended without further argument
to the functions with which we are immediately concerned

In order to make clear the significance of such expressions as
f(z), let us take two propositions which can be expressed by the
words '"a 1s round’’ and ‘“b 18 round” respectively, where a and
b are names of assigned particulars, and let us observe what

263



264 SYMBOLIC LOGIC

these propositions have in common It 18 clear, 1n this case,
that if the subjects a and b were not distinct, we should have one
proposition 1n place of two, so that the only point of difference
arses 1n connection with a diversity of subjects If, therefore,
we remove a and b, we shall have left only what 18 common to the
two propositions, and what we have to do 18 to devise a way of
representing this common factor It might be supposed that
we could do this, quite simply, by writing ‘18 round”’, but that
would hardly be sufficient, because, 1n addition to having their
predicates 1n common, these propositions are both of the subject-
predicate kind, and so have their forms 1n common as well It
will be better to write ‘'z 15 round,” where z 18 to be understood,
not as being a name of an assigned thing, but simply as repre-
senting an element of syntax This complex factor, ‘““z 18
round,” 18, then, the ground of the resemblance of the two
propositions, it 18 an incomplete enlity, of such a kind that,
when completed 1n an appropriate manner, a proposition, true
or false, anises 1if ¢ 15, a8 we say, substituted for z, the first
proposition results, if b 1s substituted, the second In refernng
here to the ‘substitution of a for z,” however, we must not be
supposed to be referring directly to anything other than the
gymbols 1n question, what z stands for, namely, an element of
syntax, does not vamish when substitution 1s carred out, it 18
simply that the symbol z 18 no longer required, 1ts function being
performed by a

Now, 1n ‘“z 18 round,” the element of form represented by z
18 referred to as being a variable, a, b, etc, being called values of
that vanable, and “‘z 1s round” 18 1tself said to be a propositional
function, of which “‘a 18 round,” ‘b 1s round,” etc , are values or
instances The situation here 15, of course, exactly analogous
to the one we have in the case of elementary functions. Thus,
P Vv g8 a function of the two variables p and ¢, and takes such
propositions as “To-day 18 Monday or to-day 18 Tuesday’ as
values, where the vanables themselves denote the separate prop-
ositions By using propositional functions, we are able to speak
of all the propositions that are instances of a given function, we
are, for instance, able to refer to all propositions of the form
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“z 18 round” without being acquainted with the several members
of the class of propositions in question

Let us take now the propositions ““a 18 round” and “b 1s
square,” with a view to examiming their points of resemblance
These propositions have distinct predicates, as well as distinct
subjects, but they resemble each other 1n that they are both of
the subject-predicate kind, so that we may replace a and b by =z,
and '‘round” and '*square” by f, and thus obtain a function of
the form ““z 18 f,”’ of which each proposition 1s an instance This
function will denote any subject-predicate proposition, and we
shell be able, accordingly, to refer to all such propositions by
referring to all that are of the form “z 18 f,” just as we can refer
to all disjunctive propositions by referring to all values of the
function pvg Again, let us compare e 13 round” with, say,
““b 18 perceived by some one,” where the latter proposition 18
not, strictly, of the subject-predicate kind Here the two
propositions seem to resemble each other only in that each 15 a2
proposition with regard to an assigned entity, to the effect that
that entity possesses a certain property, and we may, as 1s
customary, represent this common factor by wnting f(z) The
function so expressed 18 more generic than any heretofore con-
sidered, and 1t will therefore denote a wider range of propo-
sitions we can speak of any proposition that 15 one with regard
to an assigned thing—to the effect that that thing pogsesses a
certain property, however complex—us being of the form f(z)

Let us consider now the proposition ‘‘a 18 larger than b,”
where a and b are given particulars We can, just as before,
replace ¢ and b by vanables, so that we have “
y”; and then, 1f we replace the relation ‘‘being larger than' by
R, we shall have the function z Ey, which will denote any
proposition consisting of two terms connected by a dyadic rela-
tion And we may, of course, wrnite f(z, ¥) to denote such propo-
mitions 88 ““a and b are perceived by some one,” which are not
strictly of the dyadic-relational kind, as well as such as “a 18
larger than b,”’ which ere of that kind In the same way, we
may take the praposition ‘‘a gives b to ¢,” which involves three
terms asserted to be connected by a tnadic relation, and from 1t

z 18 larger than
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derive f(z, y, z); and, again, we may write f(z, y, z, w), which
will denote propositions hike “a gives b to c at ¢t ”

We must endeavor to make more explicit the exact way in
which propositions sare related to the functions that denote them.
In general, a proposition admits of several different analyses, and
each analysis reveals a function which denotes the proposition.
Thus, “a 15 larger than " can be analyzed into a and ‘being
larger than b,’ and 1s therefore an 1nstance of the function ‘“z 18
larger than b”, 1t can be analyzed into b and ‘e as being larger
than,’ and 80 18 an 1nstance of ‘g is larger than y”, and 1t can be
analyzed into a, b, and ‘being larger than,’ and is therefore an
mstance of ‘“z 18 larger than ¥’ An assigned function will,
then, denote a proposition, 1f at all, only with respect to some
analysis of which the proposition admits, or, 1n other words, only
1n virtue of the way in which certain factors in the proposition
are related; and since a proposition 18 complex, there may be
many such functions, more or less generic  Observe, for instance,
that j(z) 15 simply & more generic function than ‘“z 1s larger than
b” and will therefore denote any proposition denoted by this
latter function Moreover, the function ‘‘a 1s larger than y”
18 also of the form f(z), and since both "z 18 larger than b” and
“‘a18 larger than y'’ denote the proposition ‘““a 1s larger than b,”
the function f(z) wll denote this proposition mm virtue of two
different analyses Any proposition of the form f(z, ¥) must be
of the form f(z) 1n at least two respects, and any one of the form
f(z, y, z) must be of the form f(z) 1n at least three respects, so
that when we speak of all propositions that are instances of f(z),
we are speaking of all that are instances of f(z, y), and of all that
are 1nstances of f(z, y, z); though, of course, the converse does
not hold Again, consider the conjunctive proposition “a 1s
round and b 18 not square ”’ This 18 an 1nstance of each of the
functions p.~g, p.q, and p, but 1t 18 also an instance of f(z),
since 1t 18 of the form “‘z 18 round and b 18 not square,” and of
J(z, y), since 1t 18 of the form ‘‘z 18 round and y 18 not square”,
and it 18, of course, also an instance of f(z) . g(y) and of f(z) . ~g(y)
What distinguishes the functions dealt with 1n this chapter from
elementary functions 15 that here we introduce vanables such as
J and z which can denote constituents of propositions that are
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not themselves propomtions, whereas in elementary functions
only propositional vanables occur. It is commonly supposed
that vanables like f and z cannot denote propostions, but we
shzll see, later on, that they can, and that they differ from p, g,

only 1n having & wider range of vaniation This 18 why the
present theory 18 more general, and includes functions involving
propositional vanables as a special case

Now, let us take the proposition (Hp).p, 1e, ‘“There 18 at
least one true proposition,” and let us replace p by f(z), so that
we shall have (Hf(z)) . f(z), which will mean ‘' There 18 at least
one true proposition of the form f(z)" or ‘At least one value of
Sf(z) 18 true” It 18 not customary in such a case to use the
symbol (Hf(z)) as a prefix, however, we wnte instead (Hf, z) . f(z),
which 1s to be read ‘‘For at least one value of f and at least one
value of z, f(z) 18 true,” or ' There are values of f and z such that
J(z) 18 true”’ And 1t 15 clear that we can here say equally well,
‘“Some value of f 18 such that there 1s a value of z for which f(z)
18 true,” and wnite (Hf) : (Hz) . f(x), which expresses a proposition
about (Hz).j(z) to the effect that, for at least one value of f,
(dz).f(z) 18 true The proposition (Hf): (Hz).f(z) 18 to be
concelved as built yp by means of two successive generalizations
we first take f(z) and generalize with respect to z, so that we have
(dz) . f(z), where f remains undetermined, and then we generahze
this latter with respect to f

It 18 to be observed that whereas (Hf) : (Hz) . f(z) expresses a
proposition, (Hz) . f(z) expresses a propositional funetion, which
will give nse to a proposition when a value 18 assigned to f, so
that, for instance, if we specify f as meaning ‘18 round,” we shall
have the proposition *(Hz).z 18 round,” 1e, “There 18 at
least one round thing,” as a value of the function (Hz) . f(z)
belongs to a new kind of propositional functions, which we shall
call general functions because they involve generahzation They
ere to be contrasted with such functions as f(z) and p v ¢, which
do not 1nvolve generalization, and which we may call matrices !
In particular, we shall refer to (dz).f(z) as a singly-general
function, since 1t 1nvolves only & single generalhization

I See Pnncypa Mathematica, ¥ 12.
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If we have a function of the form f(z), where f is constant,
such as "z 18 round,” there are two assertions that can be made
by way of generalizing z we can say ''f(z) has a true value’ and
write (Hz) . f(z), or we can say ''f(z) does not have a true value”
and write ~(Hdz) . f(z), and there are, accordingly, two funda-
mental sorts of singly-general propositions—those hike ' (Hz) . z
18 round,”’” which are particular propositions, and those hke
“~({z) .z 18 Tound,” which are umversal ones But since f(z)
18 associated with 1ts negative, ~f(z), 1t will be convenient to
consider, together with (Hz).f(z) and ~(dz).f(z), the fune-
tions (dz) . ~f(z) and ~(Hz) . ~f(z), which are 1dentical with the
first ones except that they result from generalization on ~f(z)
rather than on f(z) These four expressions provide us with a
means of rendenng any proposition that can be said to be con-
structed on a function f(z) in terms of (dz) and ~ A proposition
of the form (dz) . f(z) means that for some value or other of z,
f(z) 18 true, one of the form ~(Hz) . f(z) means that all values of
f(z) are false, one of the form (Hdz) . ~f(z) means that for some
value or other of z, f(z) 1s false, whereas, one of the form
~(Hz) . ~f(z) means that there does not exist a value of z for
which f(z) 1s false, or, 1n other words, that all values of f(z) are
true

The logical relations which hold among these four functions
are very simple (Hz) . f(z) and ~(dz) . f(z) are, of course, con-
tradictones, as are (dz) . ~f(z) and ~(dz) . ~f(z), and (Hz) . f(z)
18 logically consistent with (Hz) . ~f(z), as 15 =(Hz) . f(z) with
~(Hz) . =f(z) Ths latter relation, however, 1s lhikely to lead to
confusion We mught suppose that if ~(Hz) . f(z) held, that 1s,
that if f(z) had no true values, then (dz) . ~f(z) would necessarly
hold, and ~(dz).~f(z) would have to be false But if these
expressions are interpreted carefully, this will be seen to be not
the case =~(Hz).f(z) sumply demes that there 18 a true value of
J(z), whereas ~(Hz) . ~f(z) denies that there 1s a false one, so
that if both were true, 1t would follow merely that there were no
values of f(z) at all, and this 18 logically possible  For the same
reason, (Hz) . f(z) 18 not & logical consequence of ~(dz) . =f(z),
though, of course, if we know that there 1s at least one value
within the range of significance of z, this knowledge, together
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with ~(Hz) . =f(z), will enable us to infer (dz) . f(z) All that
needs to be emphasized here is that (Hz) . f(z) does not follow
from ~(dz).~f(x) slone

Now, just as we replace ~(dp).~ by (p), s0o we may replace
~(dz).~ by (z), so that we may wnte (z) . f(z), and say "“For
every value of z, f(z) 18 true,” where (z) . f(z) 18 sumply another
way of expressing ~(Hz).~f(z) This will give rise to a number
of redundant, though convement, expressions We shall have
(z) . =f(z), which 18 equivalent to =(Hz) . f(z), ~(z) . f(z), which
18 equivalent to (Hz) . ~f(z), and ~(z) . =f(z), which 18 equivalent
to (Hz) .f(z) And in view of these equivalences, 1t 18 easy to
see that (z) . f(z) 18 contradicted by (dz) . =f(z), and (z) . ~f(z)
by (Hz).f(z)

We are here interpreting umversal propositions as being
purely negative, inasmuch as we are defining them as demals of
particular, existential propositions And, indeed, when a
universal proposition 18 examined, this is seen to be 1ts essential
mmport Take, for instance, the umiversal ‘‘Everything 1s
extended,” which we should write

~(Hz) . 7 is not extended,
or (z) . = 15 extended

It 18 clear that, in making this assertion, we are not saying what
things do exist, what we are 1n fact doing 18 denying the existence
of unextended things, we are saying, with regard to the function
‘7 18 unextended,”” that there 1s nothing to which 1t applies It
would, of course, be possible so to interpret ‘‘Everything 1s
extended” that 1t would imply, not only that there were no
unextended things, but also that there were, say, at least two
things that were extended, or at least one, and 1t 18 quite possible
that such a meaning 18 often, if not always, at*ached to these
words 1n ordinary discourse  But this means merely that these
words are commonly used to express a compound proposition like

~(Hz) , z 15 not extended : (dz) . z 18 extended,

where the left-hand expression 1n the conjunction does not 1mply
that there are any things at all We shall always interpret a
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universal proposition as merely denying the existence of anything
of a certain kund, and thus as being without exstential import

It will be clear, then, that the foregoing functions all take as
values propositions which either assert or deny the existence
of entities of a certain sort There are, however, other functions
that ean be constructed on f(zr) which take as values propositions
of an entirely different kind Let us consider the function
(Hz, . f(z), and assign to f(z) the meaning ‘'z 1s round,” so that
we shall have the proposition ‘“There are round things” If
we wrlte

~0(Hz) . z 15 round,

we shall be expressing the false proposition ‘It 1s 1mpossible
that there should exist a thing that was round,”” and 1f we deny
this proposition, by writing

¢(dz) . z1s round,

we shall be saying, not that there are round things, but simply
that there might be, 1 e, that round things are logically possible
Of course, 1t 18 true both that there are round things and that
there might be, but let us assign to f(z) the meaning '‘z 18 a
centaur ”” Then we have the false proposition,

(dz) . = 15 a centaur,
1e, "Centaurs exist,”’ and the true omne,
¢(Hz) . 18 a centaur,

1e, ‘“It 18 logically possible that centaurs should exist '  Again,
if we assign to f(z) the meaning ‘'z 18 both round and square,”
we can write the true propositions

~(Hz) . z 1s both round and square,
and ~0(drt) . z1s both round and square

1f, however, we give to f(z) the meamng ‘'z 15 both human and
immortal,” we shall have the true proposition,

~(dz) . z 18 both human and 1mmortal,
1e, “Immortal men do not exist,”” and the false one,
~0(Hdr) . z 18 both human and immortal,

1e, “Immortal men are not logically possible "
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Thus, 1n addition to functions of the forms (Hr).f(z) and
~(dz) .f(z), we must take account of those of the forms
0(dz) . f(z) and ~6(dz).f(z) These latter are said to be
intensional functions, whose values are propositions in 1ntension,
whereas the former are said to be eztensional functions, whose
values are propositions 1n extension Now, 1t will be clear, in
view of the foregoing examples, that from a proposition of the
form (dz).f(z) a corresponding proposition of the form
6(dz) . f(z) follows, but that the converse does not hold, from
the existence of an entity of a certain sort, we can infer the
possibility of 1ts exastence, but from the mere logical possibihity
that there should be things of a given sort we cannot infer that
such things actually occur It will be clear, also, that from a
proposition of the form ~¢(Hz) . f(z) a corresponding proposition
of the form ~(Hdz) .f(z) follows, but not conversely, If we know
that things of a certain lund are logically impossible, we can
know that no such things exist, but we cannot know that such-
and-such things are logically impossible by knowing that there
are no such things

We are here introducing propositions which express categorical
possibility, as contrasted with those which express possibihity
only hypothetically That 1s to say, 1n place of propositions of
the form ¢p 4 0q, we have those of the form 6p, where the scope
of ¢ 18 the whole expression in question Such propositions
result from the substitution of values for p 1n ¢p and similar
functions And although the propositions of this kind which
have been so far formulated are matenal rather than logical,
we shall see presently that analogous strictly logical propositions
are to be asserted There are, clearly, purely logical truths to be
expressed in the form of statements of categorical possibiity
A proposition will be a logical truth if 1t 15 both constructed
wholly 1n logical terms and certifiable on logical grounds, a prior:
Thus, 1t can be seen a prior: that ¢(dp).p 18 true, and this
proposition contains nothing other than logical constants and
vanables It will therefore be a purely logical truth expressing
categorical possibiity  Such propositions are essential in proofs
of logical independence and non-deducibility, as we shall see
later on  But when they are 1ntroduced, a deductive develop-
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ment of theorems from a few selected premises does not seem
possible, because, 11 such a deductive development, we proceed
by substituting more specific expressions for more generic ones,
end that process 13 valid only where we have functions that
are universally true in which to substitute

We may now observe how purely logical propositions are to
be constructed All propositions whatever can be derived from
logical matnces, such as f(z), pvgq, and f(z) v ~f(z), a matnx
being a function which involves no generalized variables There
are two ways 1n which a variable 1p a matrix may be transformed,
1n the process of derniving a proposition from the matnx we may
specify the vanable by assigning a value to 1t, or we may
generalize the vanable When each of the variables 1n a logcal
matrix has been either generahized or specified, a proposition,
true or false, results, but so long as at least one variable remains
free, we have a propositional function Thus, if we take the
matnx f(z), and specify f as being ‘18 round,” we have the func-
tion ‘‘z 18 round,” involving the free vanable z, but 1f we then
go on to specify z as being an assigned thing a, we have the
proposition “a 1s round ”’ If, on the other hand, we generalize
z, 1n place of assigning a value to 1t, by writing, say, “(Uz) . z
is round,” we have the general proposition ‘“There are round
things”’ If, again, we take the matnx f(z), and assign to z the
value a, so that we have the function f(a), and then generalize
J by wnting, say, (4f) . f(a), we have the proposition ‘‘a has some
property ’’ If, finally, we generalize both f and z by wnting,
say, (z) : (f) . f(z), we have the proposition ''Everything has
some property or other” Now, each of the first three proposi-
tions here denved involves one or both of the matenal con-
stituents a and ‘being round,’ and for this reason 1s not purely
logical, but the fourth proposition, which results from general-
1zation with respect to both f and z, 1nvolves only logical factors
A purely logical proposition 1s one that can be denived from some
logical matnx without the assignment of a value to any variable
1n the matrnix

In connection with more complex matrices, we can, of course,
construct functions involving generahzation which are similar
to those we have been considering we have (z).f(z) v ~f(z),
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~(Uz) . ~f(z) . f(2), ~(z).=f(z).f(z),etc The function (z). f(z)
v ~f(z) 18, by defimtion, the same as ~(Hx).~[f(z) v~f(z)], and
since ~[f(z) v ~f(z)] 18 equivalent to ~f(z) - f(z), we have ~(dz)
. =f(z) . f(z), so that the functions

(@) -f@)v~f(z) and  (Hz).~f(2).f(z)

are mutually contradictory, 1n the sense that, when a value 1s
assigned to f, the resulting propositions will be mutually con-
tradictory Again, ~(z) . ~f(z) . f(z) means what 18 meant by
(dz).~[~f(z) - f(z)], where the matnx involved in the latter
expression 18 equivalent to f(z) v ~f(z), so that we have

#z) . j(@)v-fz) and  (z).~f(2).f(2)

as contradictory functions

Now, 1t 18 clear that whatever value we may assign to f, the
function (z) . f(z) v =f(z) must, of necessity, give rise to a true
proposition, that 18 to say, from the mere fact that a proposition
was an 1nstance of the function here 1n question, 1t would follow
that the proposition was true, so that we may write the purely
logical proposition

=0(Hdf) : =(z) . f(z) v =f(x)
or =~0(df) : (Hz) . ~[f(z) v ~f(2)],

1e, It 1s impossible that there should be a value of f such that
some value of f(z) v ~f(z) was false’”” This 1s a specific form of
the principle of excluded muddle, the general form being
~0(dp) . =(p v=p), 1e, "It 18 1mpossible that there should be a
proposition which wes neither true nor false ’ Again, 1t 18 clear
that from the mere circumstance that a propostion was an
mmstance of the function (Hz) . ~f(z) . f(z), we should be able to
infer that 1t was false, so that we have

~0(df) : (Fz) . =f(z) - f(2),

1e, “It 18 1mpossible that there should be values of f and z
such that ~f(z) . f(z) was true’”’ This 18 a specific form of the
principle of contradiction, the general form being ~¢(dp) . ~p . p,
1e, ‘It is 1mpossible that there should be a proposition which
was both true and false ”
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Corresponding to each of the foregoing propositions, which
are 1n intension, we have, of course, a proposition In extension,
since & universal 1n 1ntension always imphes a corresponding
extensional umiversal Thus, we have

~(d) : (dz) . ~f(2) . f(2),

which expresses the fact, not that there could not be values of f
and z such that =f(z) . f(z) was true, but merely that there are
no such values

Tet us take now the function (Hz).f(z) It 18 easily seen
that, from the mere circumstance that a proposition was an
instance of this function, we should not be able to infer that the
proposition was true, so that we may write

o(df) : ~(dz) . /(2),

1e, “It 18 possible that there should be a value of f such that
(Hz) . f(z) was false ” It 18 equally clear, on the other hand,
that a proposition of the form (Hz) f(z) mght, possibly, be
true, so that we have the correlative proposition

o(dy) : (Hz) . f(2)
And, obviously, we can write also
odf) :(x)-flx) and  O(Hf) :~(z).[(a)

We have seen how from such a proposition as ~¢(Hp) . p . ~p
we can 1nfer a proposition like ~0(Hf, z) . f(z) . ~f(z), on the
ground that 1f the more generic function, p . ~p, could not have
a true value, the more specific one, f(z) . ~f(z), could not, the
values of the more specific function being necessarily among
those of the more generic  In the case of propositions expressing
posaibility rather than impossibility, however, such an inference
would be invahd Consider, for example, the true proposition
¢(Hp, @ .p.q, 1e, “It 15 possible that there should be a true
proposition of the form p.gq,” where, if we replace p by f(z),
and g by ~f(z), we get the falsehood ¢(Hf, z) . f(z) . ~f(z) On
the other hand, the converse implication holds 1n such a case
from a proposition about a more specific function we can infer
8 proposition about a lessspecific one. Thus, from ¢(Hf, z) . f(z)
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we can mfer 0(Hdp) .p, on the ground that any true value of
f(z) would necessarily be a true value of p

Tt wll be observed, with regard to each of the propomtions
so far considered, that each prefix has within 1ts scope the entire
matrix on which the proposition 15 constructed If, however,
we substitute (Hz) . f(z) for p in the matrix p v ~p, we shall have
(Az) . f(z) . v.~(Hz) . f(z), where the two prefixes apply to
separate subordinate matrices This 18 a disjunctive function of
two mmngly-general functions And since ~(Hz).f(z) 15 equiv-
alent to (z) . ~f(z), we can write the function 1n question 1n the
form (A1) .f(z)-v. (x) - ~f(z) and say *'Eather there 18 a value
of z for which f(r) 1s true, or else every value of z 1s such that
f(z) 18 false ” In the same way, we may substitute (Hz) .f(z)
for p 1n ~(p.~p), and obtain ~[(Hz).[(z) : () . ~f(z)], which
may be read ‘It 18 not the case both that some value of z 18 such
that f(z) 1s true and that every value of z 1s such that f(z) 1s
false ’ Since these propositions result from substitution 1n
pv~p and =(p . ~p), respectively, where both ~6(Hp) . ~(p v ~p)
und ~0(dp) - p.~p hold, we have the two theorems

~0(@)) . ~{(@e) - f() . v. (@) . =f(@)],
and  ~0(df) : (dz) . f(2) 1 (z) . ~f(2),

as well as two corresponding propositions in extension, where
~¢ 15 replaced by ~ And we have also, of course, hoth

o(df) : (Az) . f(z) - v. x) . ~f(z)
and o(Hf) . ~[(Hz) . f(z) : (z) . ~f(2)]

These are singly-general propositions constructed on disjunctions
and conjunctions of singly-general functions

It will, perhape, be of interest to make some compansun at
this point between the theory of propositions sn far developed
and the theory involved 1 the traditional Anstotehan logic
Traditional formal logic was concerned mainly with four funda-
mental propositional functions, or types of propositions, which
were expressed, respectively, by “All ¢’s are b's,” ““No a’s nre
b's,”” ‘“Some a's are b’s,” and ‘‘Some a’s are not b’'s” Let us
first express these functions in symbolic form A class @ 18 to
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be understood as being determined by a defining function, f(z);
so that we may replace a by f(z), and b by g(z), and wnte the
function ‘““All a’s are b’s’’ 1n the form-*

(A) (z) - f(z) 2 g(2),

1e, "For every value of z, f(z) 18 false or g(z) 1s true ” Again,
the function ‘“No a’s are b’s’’ 18 to be written 1n the form

(E) ~(lz) . f(z) - g(2),

1€, ""There 18 nothing which satisfies both f(z) and g(z) "’ And
the function “Some a's are b’s”’ 15 to be wntten

(D (Hz) . f(z) - g(2),

1e, “There exists at least one thing satisfying both f(z) and
g(z) ' Whereas, ‘‘Some a’s are not b's" 1s to be written

0) (dz) . f(z) - ~g(2),
1e, "There 1s something which satisfies f(z) and fails to satisly
g(z) "

Now, according to the traditional doctrine (A) and (O) were
contradictory functions, as were (E) and (',, \I) was impled
by (A), and (O) by (E), while (A) and (I.) were incompatible
It 18 easy to see that (A) and (O) are, in fact, contradictores,
since (z) . f(z) 2 g(xr) 18 equivalent to ~(Hz).-[~f(z)vg(z)],
whieh 18 equivalent to ~(Hz) . f(z) . =g(z), and, of course, (E)
15 contradictory to (I) But we cannot admit the view that
(A) imphes (I), or that (E) imphes (O) Suppose we have a
value nssigned to f such that ~(dz) . f(z) holds Then, of course,
(I) will be false, whatever meaning g may have, since there wmill
not exist a value of z such that f(z) and g(z) Thus, let j(z)
mean ‘“‘z 18 a centaur,” and g(z) mean ‘‘z lives upon the earth”,
then (z).f(z)>g(z) will be true, because ~(Hz).f(z).~g(z)
will be, while (Hz).f(z).g(z) wll be false We have, then,
contrary to the traditional doctrine,

o(df, g) : () . f(@) > g(2) : ~(Hxz) . f(2) . g(z),
from which 1t follows that
~(,9) : (@) . f(z)29(x) . 4. (Hz) . f(z) - g(2)
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And note that, in the first of these expressions, the rght-hand
member of the matnx, ~(Az) . f(z) . g(z), 18 8 function of the type
(E); so that we must deny that (A) and (E) are incompatible.
Again, 1f f and g take the values just assigned to them, function
(0) will become 2 false proposition, while (E) wll, as we have
just seen, become a true ope, so that we must wrnte

¢(df, g) : ~(dz) . f(z) . g(z) : ~(T2) . f(2) . ~g(2),

and deny that (O) follows from (E)
Now 1t 18 of course true that, 1n the traditional interpretation
of expressions of the forms ‘*All a's are b's” and ''No a's are b's,”

existential 1mport was assigned, and 1n this interpretation, we
should have

(A%) ~(dz) . f(z) . ~g(z) : (Hz) . f(2) : (Fz) . ~g(2),
(E) ~(dr) . f(z) - g(z) : (Hz) . f(z) : (dz) . g(2),
I’ (dz) . J(z) - g(z),

(0) (dz) . J(z) - ~g(2).

Here, of course, (A’) and (E’) are incompatible, (I’) follows from
(A", and (O’) from (E’) But the relationship of contradic-
tories breaks down, as may be seen i1f we allow f(z) to mean ‘'z
18 a centaur” and g(z) to mean ‘“z hives upon the earth’” In
this case, all four expressions (A’)-(0’) become falsehoods, and
two contradictory propositions cannot both be false

‘We must, then, emend the traditional scheme either by deny-
ing that '“All o’s are b's” implies “Some a’s are b’s,”” and that
““No a's are b's” implies ‘''Some a’s are not b's,”” or by denying
that ‘‘All a's are b’s” contradicts '‘Some a’s are not b’s,”” and
that ‘“No ¢’s are b's” contradicts “Some a's are b’s”’ And
there can be hittle doubt which emendation ought to be adopted:
if we interpret these expressions by means of funstions (A’)-(0’),
thus allowing them all to 1mply existence, we shall have a scheme
of propositions such that, if p belongs to the scheme, ~p does not

The four fundamental propositional forms of the traditional
logic might, of course, be interpreted 1n intension In place of
"All a's are b’s”’ we might say '‘Anything that was an g would

necessarily be & b” or It 15 1mpossible that there should be an
10
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a that was not also a b And we might interpret the remaining
types of propositions, respectively, by ‘It 18 impossible that
there should be anything that was both an a and a b”, "It 18
possible that there should be something that was both an ¢ and
a b’, and “It 18 posaible that there should be a thing that was
an g and not & b’’ In this interpretation, we should have the
four fundamental functions

(A”) ~0(dz) . f(z) . ~g(z),
(E™) ~0(lz) . f(z) - g(2),
1) 0(Hz) . f(z) - g(2),
(0”) ¢(dz) . f(z) - ~g(z)

It 18, of course, clear that the range of values satisfying the
first two of these intensional functions 1s narrower than that
satisfying the corresponding extensional ones, (A), (E), and that
the raunge of values satisfying the last two 15 wider than that
satielying the corresponding extensional functions, (I), (O)
Thus, let f(z) mean “z 1s 2 man” and g(z) mean ‘‘z lives on the
earth” Then (z).f(z)>g(z) will mean ‘“All men live on the
carth” and so will be true, while ~¢(dz) . f(z) . ~g(z) w1ll mean
‘It 18 not possible that there should be a man who did not Live
on the earth” and so will be false, whereas, (Mz) . f(z).~g(z)
will mean ‘‘There 18 at least one man who does not live on the
earth” and so will be false, while ¢(Hdz) . f(z) . ~g(z) will mean
‘It 18 possible that there should be a man who did not Iive on
the earth’’ and so will be true As we have said, an 1ntensional
universal 1mplies a corresponding extensional universal, but not
conversely, whereas an extensional particular implies a corre-
sponding intensional particular, but not conversely

Now, 1n connection with this intensional interpretation, dif-
ficulties arse with regard to the traditional doctmne which are
exactly analogous to those which anse in connection with the
extensional interpretation (A’’) does not 1mply (I”); (E') does
not 1mply (0"), and (A”) 18 compatible with (E”") Thus, let
J(z) mean "‘z 18 both round and square’” and g(z) mean "'z 18
colored” Then ~¢(Hz) . f(z) . ~g(z) will be true, since i1t will
mean "It 13 not possible that there should be anything that was
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round, square, and not colored,” whereas ¢(Hz) . f(z) . g(z) will
be false, mince 1t will mean ‘“It 18 posaible that there should be a
thing that was round, square, and colored ”’ And 1if we attempt
to rectify this situation by changing (A”) to

~0(dz) . f(z) . ~g(z) : 0(Hz) . f(z) . 9(2),

then (I'’) will, indeed, follow, but the relationship of contradie-
tories will be destroyed Thus, if we allow f(z) and g(z) to
retain the meanings just assigned to them, the expression here
given will mean ‘It 18 impossible that there should be anything
which was round, square, and not colored, and possible that
there should be a thing which was round, square, and colored,”
whereas

0(dz) . f(z) - ~g(z)

will mean ‘'It 15 possible that there should be a thing which was

round, square, and not colored”, so that these two propositions

will both be false, and wll, therefore, not be contradictones
Let us form now an expression for the syllogistic proposition

“‘All a’s are b’s, and all b's are c¢’s’ implies ‘All a’s are c’s
Consider the three functions

(). J(@)2¢(x), (7)-9@)2k(z), (Hz).f(z).~h(z)

Clearly, there cannot be values of f, g, and b for which all three
of these functions give rige to true propositions, so that we may
write

~0(Hf, g, h) : ~(Hz) . f(z) . ~g(7) :
~(dxz) . g(z) . ~h(z) : (Hz) . f(z) . ~h(z),

from which we have, as an immediate consequence,
(g B) . (@) - J(2)29(2) : (1) - g(2) D h(2) : 4. (2) - f(z) 2 h(z)

And 1t 18 to be noted that from this same incompatible tnad of
functions we have the two further syllogistic propositions

g h) . (z) - f(z) 2 9(z) :
(Hz) - f(z) . ~h(z) : 3. (Hz) . g(z) . ~h(2),

end (f, g, B) :. (z) . g(z) D h(z) :
(Hz) - f(z) - ~h(z) 1 4. (Hz) . f(z) . ~g(z)
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Moreover, we have also.
~0(df, g, b) : ~0(dz) . f(z) . (=) :
~0(Hz) . g(z) . ~h(z) : 6(Hz) . f(z) . =h(z),
from which follow the three consequences
(o, 1) (). f(z)49(2) :
() . g(z) 1 h(z) 1 9. (z) . f(z) 4 h(2),

Gah):.@.Jz)49@):
0(Hz) . f(z) - ~h(z) : 4. 0(Hz) . g(z) . ~h(2),

and (f, g, h) :.(z)-g(z) 4 h(z) :
o0(dz) . f(z) . ~h(z) : 4. 6(Hz) . f(z) . =g(z),

in which 4 occurs in subordinate positions 1n the matrnix
Let us form an expression for the syllogistic proposition
“All o’s are b’s, and z 15 an ¢ 1mphes “z 158 b,”
where we have the incompatible tnad

W -fW)29@), [, ~g(z)

It will be noted here that f, g, and z are free variables, and that
we must write

~0(df, g, 2) = (¥) . f(W) 2 9(¥) : f(z) : ~g(),

from which we shall have, as an 1mmediate consequence,

oD :@. . JW)290k) -f(z).4.9(z),

as well as the two further propositions

o) @ -J@29W) -=g(@) . 4. =f(z),
and (f, g, ) 1 f(z) - ~g(z) - 4 - (Ty) - () . ~g(v).

There are certain syllogistic arguments occurring in the
traditional logic, however, which we shall have to disallow In
particular, 1t must be demed that from ““All a’s are b’s” and
“All ¥'s are ¢’s”’ we can infer ''Some a's are ¢’'s " Here we have
the three functions,

@) .f(2)30(2), (2)-9@@)3h(z), (2).f(z) 3=h(z),



THE GENERAL THEORY OF PROPOSITIONS 281

which do not constitute an 1ncompatible tnad; so that we must
write.

o(Hfl 4 k) :-(H:) 'f("':) .~g(z) :
~(dz) . g(z) . ~h(z) : =(Hz) . f(z) . h(2).

This expression states a fact to the effect that certain func-
tions are independent of others, and that therefore certain
propositions do not follow from certain others It 1s ordinary
practice 1n such a case sumply to say on the side, and 1n English,
that such-and-such implications do not hold But 1t 18 plain
that facts hke these about non-impheation and independence
are coordinate 1n every way with facts about implication and
dependence, and ought, therefore, to be given a cobrdinate status

So far, 1n discussing singly-general functions, we have dealt
only with those in one generalized varable, such as (dz) . f(z)
and (z) . f(z), but 1t 18 easy to see that there are singly-general
functions mmvolving any number of vanables, since all that 18
required 1n such a case 1s that only one generahization shall
occur Thus, we can wnte

(Hz, y) . f(z, y) and (7, y).f(z, v),

which are singly-general functions in two generalized vanables
and one free vanable, and we cap write

(HI[, ’ In) f(II: ) Z,.) and (Ill ’ I,.) '.f(-tl: ’ -Tn)r

which 1nvolve n generalized variables, where n 18 any Amite
number So long as we are confined to a single generalization,
however, the formal properties of functions in » vanables are
the same as those of functions 1n one, so that a detailed treat-
ment of functions 1n more then one vanable will not be necessary
We have such propositions as

odf) : (Hzy, ,za)-flzy, , z4),
o(dS) : (a4, y Ta) - f(21, ) Za),
N = (zy, , Ta) - J(z1, y Tu) o4
~lzy, , za) . flzy, ., 2Z4),
and ~0(Hf) : (z;, ,z.).f(zy, ,Za)?
(Hzy, . Za) - ~f(zy, y Ta),
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of which the corresponding theorems for functions 1n one gen-
eralized vanable are special cases

We turn now to doubly-general functions It will be clear
that (dz, y) . f(z, y) 18 equvalent to (Hz) : (Hy) . f(z, y), that
18, that we have

N :-lz,9) . f(z, y) . = : (Hz) : (Hy) - [z, ¥),
and that we have also
N:-@y)-fz,y).= :(2): @) . flz, ¥)

The nght-hand function 1n each of these equivalences 1s doubly
general, since 1t 1nvolves two occurrences of d; and although,
mn each case, we have an equivalent singly-general function,
doubly-general functions usually involve new logical force, 1n
that equivalent functions of a lower degree of generality do not
exist Thus, in connection with (dz) : (y) . f(z, v), and with
(z) : (dy) . f(z, y), there are no equivalent singly-general func-
tions The first of these expressions may be read ‘' There is a
value of z such that for every value of y, f(z, y) 18 true” or,
more strictly, ‘‘There 18 a value of z such that no value of y
exists for which f(z, y) 18 false,”’ 1e, (Hz) : ~(Hy) . ~f(z, ), and
the second may be read ‘'Every value of z 18 such that a value
of y exists for which f(z, y) 18 true” or, more strictly, “It 1s
false that a value of z exists for which there 15 no value of y
such that f(z, ¥) 18 true,” 1e, «(dz) : ~(Hy) . f(z, v) On the
other hand, (dz) : (dy) . f(z, y) means ‘‘Some value of £ 1s such
that there exigts a value of y for which f(z, ¥) 1s true”, and this
can, as we have just seen, be expressed in terms of a single
occurrence of H ‘‘z and y exist such that f(z, y) 15 true”
Functions hke this one, which can be expressed 1n equivalent
form by means of functions of a lower degree of generality, will
be said to be reducible, whereas those hke (z) : (Hy) . f(z, ),
which are not equivalent to any function of a lower degree, will
be said to be #zrreducible And 1t 18 clear that a function will
be reducible, 1n this sense, if and only if, when 1t 15 expressed 1n
terms of d and ~, two occurrences of H are juxtaposed, without
the ntervention of ~ Thus, (z) : (y) - f(z, ¥) 18 equivalent to
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~(Hz) 1 ~ ~(dy) . =f(z, y), which is equivalent to ~(Uz) : (Hy)
. ~f(z, y), which 18 equivalent to ~(Hz, ) . ~f(z, ¥)

On & function f(z), where z 15 to be generahized and f 1s to
remain free, there are, as was pointed out above, four general
functions that can be constructed by the use of H and ~ On a
function f(z, y), where z and y are to be generahized and f1s to
remain free, there are sixteen such functions that can be con-
structed

1] (dz) : (Hy) - f(z, v); 9] (dy) : (dx) - flz, v),

(2] ~(Hz) : (Hy) . [ (=, v), [10] ~(Hy) : (Hz) . f(z, ),

(3] (Hz) :~(Ty) - f(z, ¥); [11] Hy) : ~(H2) . f(=z, v),
4] (Hz): (Hy) - ~f(z, v), (12] (dy) : (Hz) . ~f(z, ¥);
[5) ~(dz) : ~(Hy) - f(7, v), (13] =(Hy) : ~(Hz) . f(z, y),
[6] ~(Hz) : (Hy) . ~f(z, ), [14] ~(@y) : (Fz) . ~f(z, ),
(7] (Hz) :~(Hy) - ~f(z, y), [15] Hy) :~(Hz).~f(z, v),
(8] ~(Hz) : ~(Hy) . ~f(z, y),  (16] ~(Hy) : ~(Hz) . ~f(z, )

Some of these functions are, however, equivalent to others
And 1t w1ll be seen that all those that are, are also reducible [1]
15 equivalent to [9], and to (Hz, v) . f(z, ¥), [2] 18 equivalent to
{10}, and to ~({z, y) .f(z, ¥), {4] 18 equivalent to [12], and to
(dz,y) . ~f(z, y), [6] 15 equivalent to (14], and to ~(Hz, ) . =f(z, %)
There are, then, four pairs of these functions that are equivalent
and reducible, they correspond to the four functions that can
be constructed on f(z), and there are no other equivalent pa‘rs,
as will become clear presently

Let us write [5] 1n the form (z) : (Hy) . f(z, ¥), and [15] o
the form (Hy) : (z) f(z, y), andinquire how these functions are
related The first expression 15 to be read ''Every value of z 18
such that for some value of y, f(z, ¥) 18 true,”” whereas the second
18 to be read ‘“Some value of y 1s such that for every value of z,
J(z, y) 18 true” These two readings, though Lkely to be con-
fused, differ 1n important respects, as may be seen if we take an
example Let f(z, y) be interpreted to mean “z 18 1n contact
with y” Then (z) : (Hy).f(z, y) says “Each thing 18 1n con-
tact with something or other,” whereas (Hdy) : (z) .f(z, y) says
‘“Some one and the same thing 18 such that everything 18 1n con-
tact with it.” Obwiously, the first of these propositions might
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be true while the second was false; so that we have

¢(Hf) 2. (2) : (Ay) - f(z, 9) 2« ~(Hy) 2 () - f(=, ¥)-

On the other hand, the first proposition does follow from the
second 1f there were one thing that was 1n contact wath every-
thing, then, of course, everything would be 1n contact with
something or other And such an implication can be seen to
hold quite generally, so that we have

N Hy): (@ Sz, p) 2:4: (@) : (Hy) . f(z, v)

Whenever the prefix attaching to a given vanable comes before
the one attaching to another, the first vanable 18 saird to have
8 wider scope than the second in (dy) : (z) . f(z, ¥), the scope
of y 18 wider than that of z, whereas 1n (z) : (dy) . f(z, ¥), 1t 18
narrower In the position of wider scope, the prefix H has the
force of ‘some one and the same,’ while 1n the position of narrower
scope, 1t has the force of ‘some one or other’
We have, of course,

(N - @) : (Hy) - flz, v) :v: dx) = () - ~f(z, ),

gince the two functions here involved are contradictones And
1t will be geen that, 1n order to get the contradictory of a function
expressed 1n terms of (Hz) and (z), we must change each
occurrence of (Hz) to (z), and each occurrence of (z) to (Hz),
and take the negative of the matrix Thus, again, we have

N :e@ @Sz, v) iv: (Hz) 2 (Jy) - ~f(z, y),

where the two alternatives are contradictones

There are one or two points regarding the way 1n which fune-
tions are related to the propositions that are their values or
mnstances which we must endeavor to make clear We have
called (z).f(z) a=ingly-general function, and (z) : (dy) . f(z, ¥)
a doubly-general one, and these same terms may be applied to
the propositions which are instances of these functions But 1t
will be convenient to use the terms 1n connection with proposi-
tions 1n = slightly different sense, owing to the following circum-
stance Let us take the propostion ''Everything 18 1n contact
with something’ If we assign the meamng ‘‘z 18 in contact
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with something”’ to f(z), this proposition 18 seen to be an instance
of the function (z) .f(z), and therefore ought presumably to be
called singly general. But we have seen that the proposition
so expressed involves a further element of generality. 1t says
that everything 1s 1n contact with something or other, and so
can be written 1n the form *“(z) : (Hy) . z ia 1n contact with y "’
Thus 1t might seem to be at most doubly geperal, but if we
carned the analysis further, another element of generality might
be found We might find that '‘z 15 1n contact with " meant
"z has contact of some specific sort or other with 4" and was
therefore of the form (H¢) . ¢(z, ¥), so that the onginal proposi-
tion would be of the form (z):.(Hy) : (H¢) . F(¢, z,y)? For
this reason, and for the reason that a logical matnx may take
as values propositions involving any number of generalhzations,
we are going to say that a proposition 15 singly general if it
involves at least one generalization, that 1t 18 doubly general if
1t 1nvolves at least two, etc  In connection with purely logical
functions, on the other hand, our terminology indicates the exact
number of generalizations that occur This usage 18 justified
by the fact that all generalizations 1n a logical function are
necessarily expheit It 15, of course, true that, for instance,
(z) : (Hy) .f'(z, y) 18 e species of (z).f(z), in the sense that
we can derive the first of these functions from the second by
replacing f(z) by (Hy) . f'(z, ), but such a specific function 18
not 1dentical with the function from which 1t 18 denved, the
possibility of the derivation being sumply dependent upon the
fact that every value of (z) : (Hy) .f'(z, ¥) 18 also a value of
{z) -f(z) It 1s true, also, that there may be concealed genersl-

1 This point 1n the analysis of propositions, to which we shall refer several
times later on, 18 due to Professor G E Moore BSee Proc Arwst Soc, Bup
Vol VII,pp 171 & Professor Moore bolds, in effect, that whenever we aa-
sert “a has B to b,” where R 15 a generic relation, what 1s naad can be expressed
equivalently by ‘' a has to b some relation of the kind R,” where any relation
of the kind 1n question will be an ahsolutely specific one It is to be noted,
however, that he does not suppose thia second expression to be necesaarily iden-
tical in meaning with the first In the paper here referred to, he shows quite
clearly that there may be genuinely distinct propositions which are yet logi-
cally equivalent—by showing that there are pairs of equivalent propositions one

of which contains a concept not contaned 1n the other We give an example
of this at the beginming of Chapter X1
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1zations 1n a non-logical function, and that all generahzations in
a purely logical proposition must be expheit, but the fact that a
logical proposition will, according to our conventions, be of only
one degree of generality does not matter, and we shall be con-
cerned with non-logical functions only as they enter non-logical
propocitions  All that 1t 15 necessary to bear in mind 1s that
when material factors enter a proposition or a function, impheit
elements of generahty may exst

Having discussed propositions constructed on singly and
doubly general functions, we are in a position to see something
of what the limitations of the traditional formal logic of proposi-
tions are and to see how that logic 18 related to more modern
developments The main pomnt of difference 15 extremely simple,
1t congsists mmply 1o this, that the traditional logic 15 confined
to functions 1nvolving a single generalization, while the modern
logie of propositions deals with functions involving many gen-
erahzations Thus, the typical expression ‘' All a’s are 8’5, 1 ¢,
(z) .f(z)>g(z), 18 seen to be a function constructed on the
matnx f(z)dg(z) by means of the single generalization ex-
pressed by (z), and this 18 as far as we can go in accordance
with the traditional procedure Consider, however, such a prop-
osition as ‘‘Every man has a father,” which 15, 1n Enghsh,
explicitly doubly general This proposition can be analyzed 1n
part 1n terms of the traditional scheme we can let a stand for the
class of men, and b stand for beings that have fathers, and write
“Everything that 15 an a 18 also a b”’, and we can, correspond-
ingly, let f(z) mean “z 18 & man” and g(z) mean ‘“z has a
father,”” and wnte (z).f(z)2g(z) But this effects an analysis
of the proposition only 1n respect of i1ts first generalization In
order to represent 1t as being doubly general, we shall have to
proceed as follows Let f(z) mean ““z 18 a man” and g(z, y)
mean ‘“y 18 father of z’”’ Then we have

(z) : (Hy) . f(z) 2 9(z, y),
or (z): f(z).-2. Hy) .g(z, v),

1e, “'For every z, etther z 18 not a man or there 15 a ¢ such that
y is father of z.”” It s plain that such propostions and functions
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cannot be expressed in Aristotelian terms They are, however,
as we shall see, essential to any development of types of order
and mathematical systems Of course, modern logic differs also
from the traditional scheme 1n the degree to which 1t pushes its
analyses Thus, such an expression as ‘‘Some a’s are b's,”
which remains in effect unanalyzed 1n the traditional account,
turns ouf to be complex, and to be of the form (Hz) . f(z) - g(z),
where the more general expression would be (Hz).F(z), of
which the other was a specific determination But these are
minor differences as compared with the chief one here pointed out.

We come now to triply-general functions A detailed treat-
ment of these functions will not be necessary, however, owing to
the fact that they are related to doubly-general functions 1n the
way 1 which these latter are related to functions that are singly
general

Note that

(N::@la):. Hy): () -f(z,y,2) :-4:.
(dz) :. (2) = (Ay) - f(=, v, 2),
and that

()2 (da) e @) - (Ty) Sz, 4, 2) 35
(2) :. (Uz) : (Hy) . f(z, y, 2),
but that we have both

o) ::(Hz) . (2) : (Ay) -f(s, 9, 2) 75
-(HI) s (Hy) : (Z) -f(I, Y, Z)
and

o) :: @) . (Fx) : (My) - flz, 9, 2) =5
"(HI) T (?) : (E{y) -f(-’E, Y, z)
And we have, of course,

DNl :. () : (A2 -flz, y,2) =V,
(@) :- (@y) : (2) . ~f(z, 9, 2),

which 1nvolves a disjunction of contradictory functions

If we are given a matnx f(z, y, z), where f 18 to remain free
end z, y, z are to be generahzed, there are ninety-six tnply-
general extensional functions that can be constructed, as may
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be seen from the following consideration. Take
("z) :. (Ay) : (F2) - f(z, y, 2),

and consider the number of functions that must arise in virtue
of the presence or absence of ~ before each prefix and before the
matnx f(z, y,z2) There are, 1n all, 24 cases Then, 1n virtue
of the fact that the three prefixes can be arranged 1n 3! different
orders, we have 3' X 2¢ functions that can be constructed
Some of these will, however, be reducible, and will therefore not
involve new logical force over and above that which can be
expressed by means of functions of a lower degree of generality

Thus
(Hz) . (y) : ~(Hz) . f(z, v, 2)

18 equivalent to

(HI, ) :'(Hz) 'f(Iv Y, z)

and 18 thus reducible to a doubly-general function, but 18 not
further reducible, whereas

~(dz) : . (Hy) : (Hz) . <f(z, v, 2)
reduces immediately to the singly-general function
"(Hzi Y, Z) . 'f(Il Y, z)

Now, a function will be irreducible 1f, and only 1f, ~ appears
between any two occurrences of H, so that, among the ninety-six
functions that can be constructed on f(z, y, z), there will be
4 % 3! or twenty-four which involve new logical force In the
same way, on the matrix f(z, y, 2z, w), there will be 1n all 4! X 25
or 768 quadruply-general functions that can be constructed; and
among these, there will be 4 X 4! or nirety-six which are irre-
ducible And, i1n general, on & matnx f(z,, ; Is), there will
be altogether n! X 2*1!' n-tuply general extemsional functions
that can be constructed, and there will be 4 X n! 1irreducible
ones

We have seen that any singly-general extensional function
has one of the forms

(zll .- )II)'I(IM lzl) or (azlv - III)'f(I!-l LI | zn):
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and that any 1rreducible doubly-general extensional function has
one of the forms

(171; ’ I,,.) . (E[ylv y yn) 'f(:h y Imy Yy ] y-)
or (Hzll ' I,,.) H (yh ] 1/!!) 'f(zll y Imy Y1y ] f/n)

It will be easy to see, 1n general, that there are two forms of
irreducible multiply-general functions which involve a single
prefix appled to a matrix, namely,

(a) (.’51, ] .’E,,,) B (Hyll ) yﬂ) :

f(Ily y Tmy Y1y y Un) )
and (ﬁ) (HIIJ ) Im) " (yll y Yn) -
f(zy v Zmy Yy y Yny )

Note that the contradictory of (a) 18

Hzy,  zm)i-(yy, Ly ~f(Z,  ,Te, Y1, G Un, b
and that that of (8) 18

(zv, zm) i@y, Sy @y S Te¥n G Ye ),

so that if we wish to express the contradictory of a function
1nvalving a single complex prefix in ‘some’ and ‘every,” we have
simply to replace each orcurrence of ‘some’ by ‘every,’ and each
occurrence of ‘every’ by ‘some,’ and apply ~ to the matnx
Of course, (@) can be written 1n the form

“'(HIl, ] Iﬂ') H -(Hyh ] yﬁ) H
'f(zll )y Tm,; Y1, y Yn, -» )l

where the contradictory is obtained when the first occurrence of
~ 18 dropped, and 1t can be wntten 1n the form

(.’51, [} Il'l) " -(yly ’ yn) E
Iz, v Imy Yy )y YUn, )

where the contradictory anses through the application of ~ to
the entire function

We mey now return to singly-general functions in order to
develop some theorems conpecting them with functions of a
higher degree of generality Let us take a function (Hz).f(z),
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and another function p, and form the disjunctive expression
p.v.(dz) . f(z), which may be read ‘‘p 13 true, or f(z) 18 true
for at least one value of £’ Clearly this will hold when and
only when (dz).pvj(z) holds, that 18, when and only when
there 18 at least one value of z such that p vf(z) 1s true, so that
we may wriie

) (p):op.v.lo).f(@): =.(Hz).pvS(z)

Agaw, 1t. will be seen that p: (Hz).f(z), 1e, "p 1s true, and
there 15 at least one value of z for which f(z) 18 true,”” will hold
when and only when (Hz).p.f(z) holds, so that we have

(1D (p,)):-p:(lr) . f(z) : = .(dx).p.f(z)

And 1n the same way, we have

(I1D) (friopov.(@) @) : = . () . pvilz),

and
(IV) pN:p:().fryi=.(x).p.flz)?

Lel us take the function (dz) - f(z) . v. (v) . g(y), which may
be read ‘“f(z) 1s true for some value of z, or g(y) 1s true for all
velues of y ' It 15 ensy to see that the force of this reading can
be given by ‘“Every value of y 18 such that (Hz).f(z).v.g(w)
18 true,” that 18, by

() : (dz) . f(z) . v. g(),

where the scope of (y) 15 the whole expression, while that of
(dr) 18 lmted to f(z) Ths latter reading 18, however, plainly
equivalent to “Every value of y 18 such that for some value of z,
J(x) v g(y) 18 true’’, so that we have, from (I) and (11I),

M (g:. (o). f2).v. @) . 9y) : = : () : (Az) . f(z) v (),

where the left-hand expression 18 the disjunction of two mngly-
general functions, while the nght-hand one 15 a doubly-general
function constructed on a matrix. It 18 to be poted here that
we can, of course, replace f(z) and g(y) 1n this proposition by
functions of any degree of generality, just as we are able to
substitute any function for p We can, for instance, replace

?Compare with these propositions the defimtions given i Prinapa
M athemaira, %9
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J(z) by (2).f'(z, 2), and g(y) by (Hz).g'(y, 2), and so derive,
as & logical consequence of (1),

Fr0)::HD): @) - S, 2):vi(@) :(Hz) g'(y,2) 1. =x,
() :-(Fz): (2) . f'(z,2) . v. (F2) . ¢'(y, 2)

Let us consider the function (z).f(z).v.(y).g(y), which
may be rendered “Either f(z) 18 true for all values of z, or g(y)
18 true for ell values of " Plainly, the force of this assertion
can be given by ‘' For all values of z, f(z) . v. () . g(¥) 18 true,”
and also by '“For every z, every y 18 such that f(z) vg(y) 1s
true”, so that we have, from (III),

2 (fig:-(@) -f@).v. (@) .9() :=:(z) = () -f(z) voly)

And 1n the same way, we have, from (I),

@ (,g):.Hz).f(z)-v.(Hy) .g(y) : =:
(Hz) : (Hy) - f(2) vg(v)

Again, consider the function (z).f(z) : (Hy) - g(y), the force
of which can be expressed by '‘All values of f(z) are true, and at
least one value of g(y) 1s true ” Here we cansay ‘' (z) . f(z) : g(y)
18 true for at least one value of 4" or wnte (Hy) : (z) - f(z) : g(y),
and we can say ‘‘Some value of y 18 such that for all values of z,
f(z) . g(y) 15 true”, so that we have, from (II) and (IV),

@ (f,9:-@-f=): Hy) . g9() : = : (HTy) : (2) - f(2) - g(¥)
And, similarly, we can write

B Go:-@ J@: @) .9 :=:(): @) . f(=). 90,

and

6) (f,):-(dz)-f(z): (Ay) -9(w) : = : (Hz) : (Ty) . f(z) - g(y)

There 18 one point, having to do with a refinement of theory,
which must be noted with regard to propositions (I)-(IV) and
(1)-(6) It will be seen that the equivalences expressed 1n these
propositions are all matenal rather than strict The reason we
have stated them 1n this way 18 that 1n general the corresponding
stnct equivalences do not hold, owing to the fact that one of the
two functions involved 1mples existence in a respect in which
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the other does not. There are only two exceptions to this,
namely, propositions (2) and (6) In each of the other cases,
however, we can obtain a strict equivalence either by confining
z and y to the same range of vanation or by inserting apprapriate
existence-conditions

Let us take proposition (I), and consider the import of the
function p.v. (dr).f(z), and let us suppose p to be so chosen
that it 18 & proposition without existential import However f
may be rhosen, (Hz).f(z) can be true only if there 15 at least
one value within the range of significance of z, but since p does
not 1mply exstence, p.v, (dz).f(z) will not imply the ex-
wtence of anything at all, because 1t will be true if p 18 true
and (Ir).f(s) 18 false But then consider the import of
(Uz) .pvf(z) This function cannot be satisfied unless there
18 at least one value within the range of significance of z, although
of course such o value peed not satisfy f(z) Now, 1t 18 plainly
8 logical possibility that f should be so chosen that there would
be no values within the range of z, and since this 18 so0, the
equivalence 1n (I) cannot be strict, although 1n fact there may
always be values either satisfying or faihng to satisfy f(z) for
any arbitranly chosen value of f

In the case of proposition (1), mmilarly, we have no corre-
eponding sirict equivalence Suppose that meanings were as-
aigned to f and g such that there were no values within the range
of z, but such thai there were values within the range of y, and
() . 9(y) held Then the left-hand member of the equivalence
would be true, but the right-hand member,

~(ly) : =(dz) . f(=z) v g(y),

would be false, since 1t would mean that there was no value a
such that

~(dr) . f(z) v g(a)

wad true, and this latter would mean that there was no value of
z such that f(z) vg(s) was true In such a case, there would
be values of y not associated with values of z which satisfied
J(z) vg(y), 1nesmuch as there would be nothing within the range
of z and something within that of y
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A similar situation anses in connection with proposition (3)
Buppose that f and g are so chosen that z and y can never take
the same value, and that, further, there are no values within
the range of y. Then if (dz).f(z) 18 true, the left-hand ex-
pression will be true, but the right-hand expression says that
there 15 a value of z to which there corresponds a value of y
such that f(z) vg(y) 18 true, and this cannot be so unless there
18 at least one value of y satisfying or failing to satisfy g

Let us take proposition (4), and consider the following posa-
bility Suppose that z and y could not take values 1n common,
and that no values emsted within the range of z, while there
were only such within the range of y as failed to satisfy g Then
although the left-hand side of the equivalence would be false,
the right-hand mde would be true For

(Ay) : =(Hz) - ~f(z) v ~g(¥)

means that there 15 a value @ such that

~(Hz) . =f(z) v ~g(a)

18 true, while this latter means that no value of z exists which
makes ~f(z) v=~g(z) true, and if no values of z existed at all,
there could be nothing which transformed this matrix into a
true proposition Moreover, with regard to proposition (5), 1t
will be seen that under these same conditions, the left-hand
member of the equivalence would be false while the nght-hand
member would be true

In wvirtue of propositions (I)-(IV), 1t 18 possible to express
any complex function involving prefixes of restricted acope 1n
an equivalent form m which there occurs only a single complex
prefix applied to a matnx In particular, any function can be
8o expressed as to have one of the forms

(11, - ) IM) . (Hyll ’ yn) :
f(zll »Im, Yy » YUn, )

or (Hzy, ,zn):.(yy, ,¥n:
I(Il, 1 Imy YUy -y Yny - )-

In order to find an equvalent form 1n the case of a given
function, we must first so express the function that the mgn of
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pegation ~ never has a prefix within 1ts scope, and this can always
be done by means of the following equivalences:

=(Ar).f(z). = . () - ~f(2),
~(z) . f(z) . = . (Hz) . ~f(2),
~(pvg.=.-p-~q,
-(p-@.=-~pv-g

T'he function will then be built up 1n terms of v, ., (dz), and
(z) on ccrtain expressions not involving generalization, and by
refernng to propoaitions (I)-(IV), we can develop a single com-
plex prefix applied to a matnx

Take, for example, the function

-l : (Y Sz, y) . ~dz2) 2 (w) . g(z, w)]
Removing ~ from before prefixes, we have

(1) - (Ay) - ~flz, y) v : (H2) 2 (w) - g(z, w)
Then, by (I11), we have

() 1. (M) - ~flz, y) v i (H2) : (w) . glz, w),

by (I)
() @ y) " ~fz,y).v: () : (w).g(, w),

by (1) again

(r) :(Uy):. (T2) :~f(z, y) . v. (w).g(z, w),
and by (IIT)

() ::(dy) . (Hz) : () - ~f(z, ¥) vo(z w)

We must now discuss 1n detail some points with regard to a
question which has been heretofore almost entirely neglected,
namely, that having to do with the range of sigmficance of the
functions and vanables with which we have been concerned We
began by allowing p to denote any proposition, and then we
replaced p by such functions as f(z) end f(z, y), which, as was
indicated, denote propositions 1n virtue of some analysis of
which the propositions admit Now, in functions constructed
on f(z, y), the vanables z, y have been generahzed, while f
has not, and 1t might therefore be supposed that f was to be
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understood 28 occupying some special position in the function,
different 1n point of syntax from that of zand y Ths, however,
18 not the case, f(z, y) 18, 1n fact, a function of three variables,
and could be wntten equally well as (f, z, y), where f, z, and y
would denote factors into which a proposition was analyzable,
and (f, z, y) the whole proposition. We have used the expression
f(z, y) merely mith a view to suggesting a distinction between
those vanables that were to be generahized in the construction
of general functions and those that were not, whereas the only
necessary distinction here 1s that between the whole [unction,
which denotes propomtions, and the vanables in the function,
which denote factors in propositions Thus, suppose that a
and b are names of assigned things, such that “a 18 to the nght
of b"” expresses a proposition, true or false The function
(f, z, y) will denote this proposition 1f z corresponds to a, and
y to b, while f corresponds to ‘being to the nght of’, 1t will
denote the proposition if = corresponda to b, y to @, and f to
‘being to the nght of’, but 1t will equally well denote the propo-
sition 1if f corresponds to a, and z to b, while y corresponds to
‘being to the rght of * Of course, if (f, z, y) denotes the proposi-
tion ““a 1s to the nght of b”” where z corresponds to a, ¥ to b,
and f to 'being to the right of,’ then, correlatively, (f, v, z)
must denote ““b 13 to the right of ¢,” and (z, f, y) cannot denote
anything at all, but mtially, 1t does not matter how the corre-
spondence 18 established

The point here 1n question has an important bearing upon
the notion of the range of significance of functions and vanables,
A vanable 18 not an 1independent entity, but 15 merely an 1lem
of syntax in a function, so that those entities which may be
gaid to be values of an assigned vanable are determined by the
propositions to which the function involving the vanable applies
A function, when 1t 18 the whole function on which a proposition
18 constructed, always has a determinate range of application,
1t applies to all propositions possessing 1ts form, and when this
class of values 1z fixed, as 1t always 18 by the nature of the func-
tion, the values of the variables in the function are determined
a8 all those factors 1n the members of this class of propositions
to which the vanables may correspond Let us take, for in-
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stance, a function in two vanables, which we may write (z, y)
This function, which 1s purely logical, will denote any proposition
that can be analyzed into two factors, and z and y will correspond
1p each case to these factors It must not be supposed, however,
that 1f z can take a certain value 1n connection with an assigned
value of y, 1t can take that value in connection with any arbi-
tranly chosen value of y Thus, the proposition “a 18 round”
18 denoted by (1, y) when, say, z corresponds to 'being round’
snd y to a, and the proposition ‘¢ 1s larger than d” 18 denoted by
thig function when, say, z 18 taken as denoting ¢, and y as denoting
‘being larger than d’ But the value ‘being round,’ taken by z
1n conjunction with o as value of y, cannot be taken by z 1n
conjunction with ‘being larger than d’ as value of y, because
there 18 no such proposition This means that a varnable has
no preassigned ronge of vaniation  We cannot designate a class
of entities and pay that the vanable z, 1o (z, ¥), can be assigned
a8 & value any member of that class, no matter what value y
may have, and we must therefore distinguish between the values
that z can take 10 conjunction with some value or other of y, 1 e,
with at least one value of y, and those that 1t can take in con-
junction with an assgned value

Now, 1t may be thought that 1f we attempt to allow a function
to have a range of appheation as wide as the one just indicated,
we shall encounler difficulties 1n formulating general propositions
and general functions, for we are saying that, as a rule, 1t 1s not
posaible to speak of all values of a vanable z irrespective of
what values vonables associated with z may have, and yet n
saying, for mnstance, that for every value of z, every value of y
18 such that f(r, y) 18 true, we seem to be presupposing an
independent range of varation for both z and y It wll be
recalled, however, that 'every’ has been defined in terms of
‘some’ and ‘not’ *‘All values of x and y are such that f(z, y)
15 true”’ means what 15 meant by ''It is not the case that z and
y exist such that f(z, y) 15 folse ” And 1t 18 clear that we can
nssert, or deny, '‘For some z,y, f(z, y) 18 false” irrespective
of whether there are values that z can take n conjunction with
some values of y and not 1n conjunction with others Agsn,
copsider (7) : (dy) . flz, y) or =~(Hz):~(dy).j(z, y), whch
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means ‘' There 18 no value of z not mssociated with a value of y
such that f(z, y) 18 true” For an assigned value of f there will
be a class of propositions denoted by f(z, y), and the values
that z can take, with that value of f, will be all those factors in
these propositions to which z corresponds And we can assert,
or deny, that a value of z exists such that there never corresponds
a value of y maling f(z, y) true When, 1n f(z, y), where f
18 constant, we assign a value to z, there will then be a class of
values that y can take with that value of z, this class being deter-
mined by the values of f(z, ¥) 1n which that value of z occurs,
whereas, for another value of z, there may be a different class
of values that y can take

Let us consider the function f(z, y), with f vanable, and take
three propositions denoted by 1t ‘‘a 13 larger than 5", "¢ 18
both round and colored”, and ‘‘d 18 round or e 18 square "
With regard to the first proposition, let a value be assigned to f
such that f(z, y) becomes "z 18 larger than y,” and let z be
replaced by a, and y by b, with regard to the second proposition,
let f be assigned a value such that f(z, y) becomes ‘¢ 18 both
z and y,"” and let ‘round’ be substituted for z, and ‘colored’
for y, with regard to the third proposition, let f be so determined
that f(z, y) becomes “z or y,” and let z be replaced by “d 1a
round,” and y by ‘‘e 13 square ” In the first case, after f has
been determined, £ and y are restricted to denoting particular
things, 1n the second case, they are restricted to denoting prop-
erties, whereas 1n the third they must of necesaity denote propo-
sitions  But 1t 18 only after f has been assigned a value that the
denotations of z and y are so restricted It will be seen, too, 1n
view of the third example, that f(p, ¢) 18 simply a more specific
function than f(z, ), hmting z and y to propositions, and thus
restricting the range of f

Consider the general logical principle.

(f) : (Il y) 'f(zl y) -V (Hxl Z/) . .f(zl y)-
From this principle, we can derive
(z, y) - z 18 larger than y.v. (dz, y) . z 18 not larger than y,

where the vanables are confined to such entities as can sigmfi-
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cantly be said to be one larger than the other We can denve,
also,

(z,y) - ¢ 18 both z and y.v. (dz, y) . ¢ 18 not both z and ,

where z and y are plainiy confined to properties. And we can
denve
(z,y)-zvy.v.dz,9).~z.~y,

where th~ twn varables must be restricted to propositions

A further point 1s 10 be noted with regard to the range of
gignificance of functions Suppose that, 1n place of deahng
with a single function, we are concerned with two related ones,
say f(z) and g(z). which involve a variable in common If we
substitute a value for z 1n f(z), then of course that value must
be substituted 1n g(r) also, and this wall restrict the values that
g can take Suppose, again, that f and g were assigned values,
go tbat woe had fi(r) and g,(z) It might happen in such a
case that there were values that fi(z) alone could take which were
guch that g,(x) could not, so that the range of application of
J.{z) would be restricted To say that these two functions are
connecled or taken together, however, means sumply that we
have to consider some function 1nto which they both enter as
conatituenis, such as fi(z) . gi(r), and 1t 1s this expression which
determines the range of application of the subordinate functions
These subordinate functions must be regarded as variables which
enter the compound expression, and the values they can take
88 bemng determined by reference to it  Simalarly, in the case
of fi(z) vg\(x), we cannot determine the values of the disjunc-
tion by determining separately those of the constituent functions,
but must proceed the other way round And in genera], 1n the
case of any complex function, 1t 1s the whole function that deter-
mines, and often restricts, the ranges of the subordinate functions
Of course, two functions can have a vanable in common only
if they occur as factors 1n the same complex function, and
ultimstely 1n the same propoaition

We shall be able to develop further the points here 1n question
If we consider an ulternative conception of the way in which
general propositions and functions are to be analyzed Through-
out the foregoing discussion, general propositions in extension
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are conceived 1n the usual way as being those propositions which
anse from matnces by generahization, this generahzation being
effected by the attachment of a prefix to each vanable constituent
of the matnx, and general propositional functions are thought of
as being those functions which anse from matnces by generalza-
tion with respect to some but not all vanables It is possible to
analyze these propositions and functions 1n & shghtly different
way, and this alternative analysis has some advantages as against
the ordinary one We have seen that a singly-general proposi-
tion 18 always concerned in effect with the appheabihty or non-
applicability of some propositional function, and that in the
sumplest case this reduces to an assertion to the effect that a
matrx f(z) has a true 1nstance or does not have a true instance
But 1n attaching prefixes to the varnables 1n a matnx, we do not
seem to be making an assertion of precisely this kind, we are
saying ‘‘For some value of f and some value of z, f(z) 18 true,”
and not applying the prefix ‘some’ to the entire matnx f(z),
as we should be doing if we said ‘“Some value of f(z) 18 true ”
No doubt there appears to be good reason for applying prefixes
to vanables rather than to functions, for when we come to
multiply-general propositions, 1t 15 not 1mmediately clear how
we can attach prefixes to functions, as we can in the case of
propositions that are singly general It seems, however, that
there 1s & way of doing this, and 1t will be of interest to see how
this alternative procedure 1s to be carned out

In this connection, 1t 15 important to have a clear conceplion
of what we have called the ‘scope’ of an apparent vanable, and
since this notion 1s the same as the mathematical one of what we
may call the ‘order’ of a parameter, we can bring out the import
of the conception by considerning paramelers of various orders
A companson here between the scope of a variable and the order
of a parameter 18 of 1nterest because, 1n the parameter, we have
the notion of scope dissociated from the prefixes ‘some’ and
‘every' Roughly, the order of a2 parameter 1n a function 1s the
‘degree of fixity’ of the parameter as a vanable constituent of
the function To take a simple 1llustration, consider the equation
y = kz, which 1s that of a line through the ongin of coordinates
1n the Cartesian plane, and 1n which & 18 a parameter of the first
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order with respect to z and y s ordinary vanables, We tend
to express the relation of k to z and y by eaying that & is & con-
stant, or represents a constant, though of course k 18 in fact no
more a constant than z 18 But there 18, nevertheless, an 1m-
portant difference between y = kz and y = zz, where z 18 an
ordinary venable, and this difference becomes clear when we
consider typical values of these two expressions The equation
y = zr 18 a propositional function, which denotes such propos:-
tions a8 6 = 2 3, whereas y = kz does not denote anthmetical
propositions, 1t denotes such equations as y = 2z, which in
turn denote propositions ke 6 =2 3 Thus y = kr 18 one
step removed from propositions, 1t collects together a class of
propositional functions, and each of these functions collects
together a class of anthmetical propositions Hence 1t 18 easy
to see why we say that k represents a constant, in y = kz 1t
denotes constants, whereas 1t 18 only 1n such expressions as
y = 2z ihat z and y denote constants And this 18, of course,
why y = kr determines lines in the plane, each value of k
is such that the values of z and y which give nse to true propo-
sitions for that value of k fall along one and the same straight
Lne If 1t were not for a convention with regard to the para-
metnc orders of these variable constituents, the expression y = kz
would be ambiguous, and, indeed, ambiguity does amse 1n other
cnses—as In y = kr 41 In this case, the relative orders of &
and ! are not given, but they may be designated by the use of
subscripts  'We may, for example, wnte y, = kyry 4 I3, where
the highest subscript indicates the parameter of highest order,
and the lowest subacripts the parameters of lowest order, or the
variables, and, of course, we may here omit the lowest subscripts
without incurnng ambigmity Now, y = kiz 4+ 1, denotes such
expressions a8 y = 2r + l;,, which 1n turn denote such expres-
gions a8 y = 27 + 3, which in turn denote such propositions as
11 = 2-4 + 3, and this means that y = kiz + [, determines sys-
tems of parallel hnesin the plane  Ontheotherhand, y = k;z + 1,
denotes y = kir + 3, which denotes y = 2z + 3, which denotes
11 = 2-4 + 3, that 13, this expreasion determines pencils of hnes
on points on the y-axis But y = k;z + !, denotes y = 2z + 3
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directly; that ia to say, it determines, not systems of lines, but
simply any line in the plane

We have here a bierarchy of denoting, and 1t 18 a hierarchy
of this sort that 18 involved 1n multiply-general propositions and
functions Consider, for example, a function of the form f(z, y),
in which f 18 constant, and attach subscripts to r and y—as 1n
f(zo, y1)) This expression collects together all functions that
can be obtained by the assignment of a value to y, and each of
these latter, 1n turn, collects together all propositions that result
from the assignment of & value to z, and when, for instance, we
wnte (y) ! (Hz) .f(z, y), we are saying 1n effect that any value
of f(z, y), say f(z, b), resulting from a determunation of y has
at least one value f(a, b) which 18 true, where the values that
y can take are determined by the propomtions to which f(z, y)
applies, and those that z can take are in turn determined by
the range of values of f(z, b)) In virtue of the sigmficance of
the subscnpts, such an expression as (Hz) : (y) . f(zo, ¥1) 18
meaningless, parameters of highest order correspond to varables
of widest scope, and 1t 1s therefore unnecessary to employ
subscripts together with a prefix of this kind But a prefix
involves generalization as well as scope (z) : (dy) . f(z, y) and
(dz) - (y) . f(z, y) 1nvolve precisely the same determination of
scope, and when 1t 18 desirable to determine scope and leave
generalization undetermined, the use of subscripts or some sumilar
usage 18 Decessary

We are now 1n & position to see how multiply-general propo-
sitions 1n which each prefix attaches to an entire function, rather
than to a vanable 1n a function, are to be constructed. If we
take f(zq, ,), where f 18 constant, we can say ‘‘Bome value
of every value of f(zo, y1) 18 true’’ or wrnte

U(on yl)) : (Hf(zol yo)) 'f(zﬂi yﬂ);

which would be expressed in ordinary notation by (y) : (Hz)
.f(z, y). Agein, let us take the proposition ‘““a gives b to c.”
It is a value of f(z, y, z) 1f this function 18 regarded as denoting
propoeitions directly, but without such an understanding, the
function 12 ambiguous Bs regards the parametric order of its
vanables We may have f,(zo, %o, 20), which will denote the
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function 'z, gves yo to z,,” which will denote '‘a gives b to ¢”,
or we may have fqo(z1, ¥1, 21), which wll denote fo(a, b, ¢), which
will denote ‘a gives b to ¢’ Omtting the lowest subscripts
a3 8 matter of convenience, we have in connection with this
function such propositions as

(Hfrz, g, 2)) : (f(z, ¥, 2)) f(z, 4, 2),

which corresponds to (df) : (z, y, 2) . f(z, ¥, ) 1n ordinary nota-
tion, and

(E{f(zl; U, 21)) - (f(.‘t, Y, z)) 'f(I) Y Z),

which corresponds to (Hz, v, 2) : () - f(z, ¥, 2)

We can now see more clearly how the renge of vanation of
each variable 1o a function 15 to be determined Let us take
again the function (z) : (y) . f(z, y), where, 1n accordance with
the order of generalization determined by the prefix together
with the free vanable f, the vanables must take values 1n the
order represented by f.(zi, o). Consider first the range of
spphcation of f(z, y), which will be s]l those propositions that
can be anslyzed, in any way whatever, into three factors that
can be replaced by vanables In each proposition of this class,
there will be o constituent corresponding to f, and since, In
(z) : (My) . f(z, y), f has the widest scope, and will therefore
take values first, 1t can take any one of these constituents as a
value—and, of course, nothing elsc. Let ¢ be one of these
constituents, and let 1t be assigned as & value to f, so that we
have the propoeition (z) : (Hy). ¢(z,y) The propositions to
which ¢(z, ¥) applies will be all those among the values of
J(z, ¥) 1n which ¢ occurs, and this subclass will involve all
the values that z and y can take 1n conjunction with the given
value of f 1In ¢(r, y), £ 18 the vanable of widest scope, and
for each value of this function there will be a value that z can
take. If a 18 one of these values, then we have ¢(a, y), which
determines a subelass of the values of ¢(z, ¥), and correspond-
1ng to each member of this subclass, there will be a value that
y can take in conjunction with the assigned values of f and «

The variables 1n such functions as f(z, y) are, then, not
restricted by anything except the values of the functions into
which they enter DBut there are certain relative restrictions
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which can be placed upon the values that a variable mey take,
and these are often 1mportant, owing to the fact that many
propositions depend for their vahdity upon them Just as we
indicate by f(z, £) the condition that both occurrences of a
vanable within the parentheses must take the same value, so
we may 1ndicate by f(z, z') that a value taken by one varable
ghall be of the same kind as & value taken by the other And
what 15 meant here by “of the same lund” can be specified 1n
the following way Suppose that ¢ and b are such that f(a, b)
18 significant for a given value of f, then they are values of the
same kind if, and only if, f(b, a) 15 significant for that value
of f Thus, j(z, ') hes as a value the proposition '‘a 15 larger
than b,” where f corresponds to ‘being larger than,’ = to a, and
z’ to b, because, owing to the fact that ‘‘b 13 larger than o’ 18
significant, @ and b are of the same kind The function f(z, ),
on the other hand, 1n addition to applying to each of these propo-
sitions, has as a value '‘a 18 characterized by ¢,”” where ¢ 18
an assigned character, but 1in this case, "y 18 characterized by a”
18 not sigmficant, so that f(z, ') does not have ““a i1s char-
actenized by ¢ as a value If we wish to make the definition
of f(z, z') formal, we can say that 1t means what 13 meant by

Iz, y) Sy, z) v~f(y, 2),

since this conjunctive expression will not be significanlt unless
the values of z and y are, 1p the sense intended, of the same kind
We may employ =z, =/, ", to stand for vanables taking
values of the same kind, and may employ y, ¥, ¥, and
nLrr, smilarly  Of course, 1t 18 possible that y, 3/, ¥*,
should take the same values as those taken by z, 2/, 2",
and f, ', f", , the distinction 1n question being simply that
they need not Accordingly, all values of f(z, ) are values
of f(z, y), just ms all of f(z, z) are values of f(z, z’), so that
from s proposition of the form (r, y) .f(z, y) we can infer one
of the form (z, ') . f(z, '), provided f(y, z) 18 significant, and,
again, from a proposition of the form (dz, z’) . f(z, 2') we can
infer one of the form (Hz,y).f(z, ¥). It will, of course, be
clear that we do not mean to restrct z, z’, z”/, .  to one par-
ticular kind of entities, but only to entities of the same kind:
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f(z, ') has a8 8 value the proposition * Red is & species of color,”
as well as the propomtion ‘‘a 1s larger than b”; but a and “'red”
are of different kinds, since * Red 18 a’’ 15 nonsense

We have said that all the propositions with which we have
8o far been concerned are vahd without explicit restriction of
any of the variables involved to the same range of varnation
Take, for exsmple,

(.ﬁ s (I) E (y) 'f(zl y)v.f(zl ZI)

In this and similar propositions, 1t 18 plain that z and y need
not take values of the same kind, 1 e, values such that f(y, z)
will be mgnificant There are, however, a few propositions that
heve been stated where certain vanables will of necessity, and
without an explicit condition, take values 1n common Con-
sider, for 1nstance,

(f) : (Fz) . f(z) - v (v) - (W),

where the occurrences of r and y are, of course, 1ndependent,
end take the two functions f(r) and g(y). By themselves, these
functions have the same range of applhieation, since each denotes
any proposition that can be analyzed into two factors And,
obviously, when f and g are given the same value, the values
that can be taken by z and y will be the same  Again, take the
proposition

N:.@): @) flg,y) :v: o) : () - ~f(z, w)

Here f(z, y) and f(z, w) will necessanly have the same range,
and 1t 18 clear that r and z can always take the same values
(if y and w remain undetermined), also that when they do, y
and w can take the same values Hence the pairs of values taken
by z, y will be 1dentical with those taken by z, w, although, of
course, neither £ and y nor z and w need take values of the same
lind  Again, consider the proposition

N @S, z).4:(z) : (Ty) . f(=z, y)

This holds because y can always be assigned any value taken by
z And here sn explieit condition to the effect that z and y
shall take values of the same kind 18 unnecessary, omng to the
fact that f(z, ) must be significant
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We shall formulate a few propomstions that require such an
explicit restriction 'We have, in the first place,

N:-(2):(z) . flz, 2) = 4:(2) : (L) . f(z, 2'),
and (f) :. (@z) : (') - f(z, z') 2 4 : (@z) : (@) . f(z, '),

because z’ can always be assigned any value taken by z

It is to be noted here that (z) : (z’) . f(z, ') would be satis-
fied 1f there were not at least one value within the range of z
and 2/, since a proposition of this form means ‘It 18 false that
there 18 8 value of z not associated with a value of z’ such that
f(z, ') fails,” and thus that (dz) : (z’).f(z, z’) 18 not strictly
mmplied In general, in the case of any proposition, we can
derive a logical consequence by turning a universal varnable into
a particular if there 18 1n the proposition some other generalzed
variable of the same kind and of wider scope In particular,
however, if we have, for example, the proposition (p).pv=p,
where the vanable can denote propositions only, we can infer
(dp) . pv ~p, because a value of p can be constructed out of
purely logical materals

We can, if we like, reformulate the foregoing propositions
without using the vanables z and £’ by putting 1n & condition
that can be satisfied only if the two vanables are of the same
kind Thus, the first proposition can be written

N:-@:W) Sz ) - Sy, D) v~f, 2) 294 () : (Ay) - £z, v),

where the significance of f(y, z) v~f(y, ) ensures 8 common
range
It was remarked above with regard to the proposition

(fg)i.Hz) . fz) . v- @y) . gW) : = = (H2) : (Ty) . (=) v ¢ W)

that we did not have, without special conditions, a corresponding
strict equivalence This was because, if f and g were 80 chosen
that £ and y did not have the same range of vanation, the nght-
hand expression would demand at least two entities, one mg-
nificant as a value of f(z) and the other a8 a value of g(y), whereas
the left-hand expression would demand the existence of at most
one entity 'We have, however,

. (). f(z).v.(H') . g(z") : = : (Uzx) : (Hz') . f(z) v g(z),
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because the nght-hand expression 1n thie case demands, at most,
one value within the range of z and =’

In formulating general propositions, we have so far intro-
duced only two prefixes, (z) and (Hz), which correspond to the
force of ‘every’ and ‘some,’ respectively, but 1t 18 possible to
define two further prefixes, either or both of which may be
emplcyed for the purposes of generahization There are, 1n the
traditional treatment of smingly-general propositions, four gen-
eralizations of a function f(z), namely, " Every z 18 such that
J(@),” '“Some z 18 such that f(z),” '*No z 18 such that f(z),” and
*‘ Nol-every =18 such that f(z)"', and 1t 18 the last two of these that
we have not symbolhized explhicitly The force of **No z 18 such
that f(z)"” has been expressed by ~(dz).f(z), or by (z).~f(z),
and what we are going 1o do 1s to replace the compound symbol
~(Hz) by [7], so that we shall have [z].f(z) Again, the force
of ''Not-every z 1s such that f(z)” has been expressed by
~(r) . f(z) or by (dz).~f(z), so that we may replace =(z) by
z},and wnite {z) .f(z) It will appear that certain advantages,
a8 regards symmetry and the like, result from the use of [z]
and (z] 1n place of (z) and (Hz), but there can be no doubt
that these new symbols are, nevertheless, generally less con-
venient than the ordinary ones *

Unlike (7) and (dr), the force of [z] depends upon 1ts position
mn & complex prefix Taken nlone, [z] 18 of course negative 1n
effect, but 1f a complex prefix 18 made up of two occurrences of 1t,
the force of the second occurrence 1s affirmative, owing to the
fact that 1t 18 affected by the first occurrence Thus, the import
of

() : (Ay) . f(z, y), or ~(Hz):~(Hy).[(z, y),
is given by

(7] = [y] - (=, v),

that 18, by “No z 1s such that no y 18 such that f(z, y)”' or
‘“There 18 no value of £ without a value of y such that f(z, y) "

¢ The prefix [z}, as correlative wath [z], was suggested to us by Profeasor
H.M Shefler See Bull Amer Math Soc, XXXII(1926), 604 The prefixes
are analogues of Sheflar's stroke-function p|g 1 1ts two interpretations
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In exactly the asame way,

(z):.dy) : (@) -f(z, v, 2)
is equivalent to
[z]:-W: e ~f(z, v, 2),

where the force of the first generahzation 18 negative, that of the
second afirmative, and that of the third negative And 1t 1s
to be observed, 1n this connection, that when we express in
terms of [z] a function of the form

(z)(dz;) . (za) -f(21, 22,  , Z4),

where 7 18 odd, we have

[zdlza]  [za) . ~fzyy 22y, 7W),
whereas, when we express in this way a function of the form
(z1) (Hz2) (Hz,) - f(zy, T3, , Zn),
where 7 13 even, we have
[zdlz:] [zl - f(z1) 22, , 20)

That 18, f does or does not become ~f according as the degree
of generality of the function 18 or 18 not odd

Since the force of [z] depends upon 1ts position 1n the prefix,
the 1mport of [z, ¥].f(z,y) 18 very different from that of
[z] = [¥] - f(z, y), the first of these expresstons being equivalent
to (z, y) . ~f(z, ¥), and the second, as we have seen, to (z) = (Hy)
.f(z,y) Ths brings out an important fact with regard to
functions 1n terms of [z], namely, that they must be 1n reduced
form; and there will therefore usually be many different functions
10 terms of (z), or 1n terms of (Hz), corresponding to one and
only one 1n [z] Thus,

@) :. @ :(-flz, v 2), (z, 1) : (2) - f(z, y, 2),
(I) : (yl z) 'f(Il yl z)l (Il y! z) 'f(zl yl z)’

are all equivalent, and each 18 equivalent to
[z, 9,2} . ~(z, 9, 2),

there being no other equivalent expression in [z],
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By virtue of the fact that any proposition 1n a single complex
prefix whose vanables of widest scope are universal can be

expressed in the form

~dz,, ., Im):- ~(Hy,, yYn) -
f(Ih -1 Tm Y1 1 Yny )l

any such proposition can be written-

[z3, y Zm 5 [y y Ynl f(zy, 1 Imy Y, ) Uny )

The fact that irreducible multiply-general propositions can be
expressed 1n this way by the use of [z] alone distinguishes this
prefix both from (r) and from (dz)

The properties of functions in terms of (z} are analogous
to those of functions in [z] But 1n contrast to [z], the prefix
|z} is affirmative 1n 1mport when 1t occurs in functions of the
form (z] .f(z), and when we have a function 1nvolving more
than one occurrence, the import of the first occurrence 18 affirma-
tive, that of the second negative, and so on  Thus,

Hz) : (v) - f(=, )
(2} : {y) . Iz, v),
(1) :. (v) : (Hz) . f(z, w, 2)

[z) ia (y) i (2) o ~f(z, 9, 2)

It will be seen that f changes to ~f 1n the second case, but not
in the first, and generally that, in expressing a function mn (z)
end (dz) in terms of [z], we must apply ~ to the matnx if,
and only if, the degree of generahty of the function 18 odd

As in the case of [z], functions 1n terms of [z] are always
in reduced form, so that although (Hz): (dy).f(z, y) and
(dz, y) . f(z,y¥) are equivalent expressions 1n (Hz), there 18
Just one corresponding function 1n [z}, namely [z, y] . ~f(z, y).
And just as any proposition 1n a single prefix whose vanables of
widest scope are umversal can be expressed 1n terms of [z] alone,
80 any propomtion of this sort whose vanables of widest scope
are particular can be expressed 1n the form

is equivalent to
and

is equivalent to

lzl, ’ I-] s lyh 11/-] . f(zll 1 Tm; UL - oy Yuy - - )-
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When the functions with which we are concerned are not
gwven 1n terms of a single prefix applied to s matnyx, their formula~
tion by means of [z] and (z) 15 usually less convenient than 1t is
1n the ordinary notation In this connection we have the follow-
mg equivalences, which relate conjunctions and disjunctions of
general functions to functions constructed on matnces-

2] - f(z) - v.ly] . 0(%) : = . [z, 4] . J(2) - 00,

2] .f(@) : [y} -g(y) : = . [z, 9] . f(2) ve(w),

(z) -f@).v. ly) . g(w) : = . [z, ¥} - () - g(),
(z) - f(): (y) - 0() s =. [z, 9} - fz) vo(y),

] . f(@)-v. ly) .gw) : = :[z] : [y] - f(2) v=g(y),
[z} . J(@) : [y] . g(p) = = = [2) : [y) - ~f(2) . ~g(®)

11



CHAPTER X
PROPOBITIONS OF ORDINARY DISCOURSE

The purely formal theory of general propositions as developed
jn the preceding chapter would be incomplete without a some-
what detailed account of the way 1n which propositions of ordi-
nary discourse are to be interpreted 1n terms of 1t, so, 1n order to
supplement this formal treatment, we are going to discuss 1n the
present chapter some points regarding the analymie of ordinary
judgments This will consist mainly 1n an endeavor to make
expliat what 18 implicit 1n judgments of unanalyzed discourse,
and 1n an attempt to show how the resulting analyzed judgments
are to be formulated by means of the technical apparatus em-
ployed 1n the abstract theory of propositions We shall examine
samples of judgments of different kinds and shall try to show
what their logical forms are, what are the logical constants and
vanables 1nvolved 1n them, and how they are to be classified
In doing thus, however, we shall be led occasionally to adopt
certain views, as against others, with regard to the way such
judgments are to be interpreted 1n respects that are not purely
logical This 1s 1nevitable, becnuse the form that a proposition
18 to be understood to have will depend upon 1ts import 1n other
respects, but where such non-logical 1nterpretation 1s necessary,
the points to be 1llustrated will not in general depend upon the
correctness of the particular view adopted, owming to the fact
that, with appropriate alterations, these points could be brought
out equally well if some other view were taken We are inter-
ested primanly in showing how the analysis of ordinary judg-
ments 18 to be developed 1n accordance with our theory of general
propositions, and only secondarly 1n defending particular views
regarding the way in which judgments that are not purely logical
are to be analyzed 1n respect of their non-logical features

We may, to begin with, consider some points regarding the
nature of ordinary words, and the way they are connected with
their meanings It has often been pointed out that a word,

a10
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strictly so ealled, is not one single entity, but is rather a class or
collection of entities which resemble one another in certain
respects It may be said that, in the ordinary sense of the term,
there 18 only one word ‘man’ 1n the Enghsh language, but if we
look over a page of prnint, we may find this wntten symbol
occurring several different tumes  Clearly, in one sense, there 18
not sumply a single symbol ‘man,” but a multipheity of such
symbols We shall have to distinguish here between a word,
as a generic entity, and the several occurrences of the word, just
as we distinguish between a piece of music and 1ts several ren-
ditions, or a book and the different copies of the book The
word ‘man’ has many different 1nstances, written or spoken, and
the word 1tself cannot be i1dentified with any one of these 1n-
stances, but must be regarded either as the class made up of
them all or as an abstract entity after the fashion of & umi-
versal And in the same way we shall have to distinguish be-
tween any verbal phrase and an occurrence of that phrase, as
well as between a complete sentence and an occurrence of the
sentence

It 18 plain that instances of spoken words or sentences are
particular sounds, which are auditory events But 1t 18 to be
observed that wrnitlien words, sumilarly, when they function
symbolically, are visual events, for 1t 18, of course, the word as
read, the visual impression received, which actually arouses 1n
the mind of the reader a corresponding meaning, and it 18 only
when a mark or set of marks actually gives rise to meaning that
1t 18 operating as a symbol It 18 to be noted, too, that any smgn
or symbol, taken merely as an object, 15 of great complexity,
but that 1t 15 only certain features of signs which are symbolically
significant Take again the word ‘man’' It does not matter
how large or how small this word 18 wntten, or what the color
of the ink 18, and there may also be a good deal of difference 1n
the shapes of the letters, as 1n the handwriting of different
persons. All these features, and many others, are symbolically
urelevant, although they might of course be given meamng 1n
some usage—in maps and n bookkeeping, for example, color
often has notational significance There will, however, 10 the
case of any symbol, always be an enormous vanety of aspects
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which are to be neglected, and only a small number selected
to represent what 18 to be meant by the symbol

Now, with regard to the relation of words to what they stand
for (when they stand by themselves for anything at all), we can
easily distinguish two quite different kinds  Take, for example,
the words '“That 18 a table,”” which, when read, give us a par-
ticular 1nstance of a sentence As here mven, no proposition 1s
conveyed by this expression, not because the part ‘1s a table”
fails to arouse a definite meamng, but because “ That" 18 without
other than syntactical smgmficance Consider, however, two
instances of this sentence or, a8 we may say, two different
occasions of 1ts use  On one of these occasions one proposition
may be expressed, and on the other another proposition, owing
to the fact that the two occurrences of ‘“That” correspond to
different things Clearly, we may distinguish between demon-
strative words, like ‘this’ and ‘that, whose several instences
have many different meanings, and adjectival words, lke
‘table’ and ‘round,’ whose 1nstances have, 1deally, the same
meaning  Of course, the precise meaning of an adjectival word
often varies from 1nstance to instance, but that results from a
defect 1n the language, whereas the vanation 1n meaning among
the inatances of a demonstrative word 1s essential to the language

We can, if we hike, speak less accurately 1in this connection,
and say that a demonstrative word has many different meanings,
while an adjectival word has only one, although strictly 1t 1s
only instances of words that function symbolically and corre-
gpond to meanings  If this were not 80, the use of demonstrative
terms in the ordinary way would be impossible  Thus we could
not say, on & given occasion, ‘‘This 18 red” without expressing
the propoaition that everything was red, because different in-
stances of the word ‘this,’ and therefore the word itself, may be
apphied to anything whatever And with regard to adjectival
terms, 1t seems clear that 1t 1s the particular sound or particular
visual 1mpression which gives nse to an understood meaning,
and not the class of such sounds or visual impressions

There are some words which carry both adjectival and demon-
strative mgnificance, and these, of course, have different meanings
on different occasions of their use, owing to the presence of a
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demonstrative factor It appears to be always posmible, however,
to replace the mingle word 1n such a case by an equivalent verbal
phrase 1n such a way that some of the words in the phrase are
purely demonstrative and others purely adjectival Take, for
mstance, the word 'here,’ which means ‘this place,’ or ’this,
which 18 a place,” with some preposition usually understood
We can say ‘“He came to this place,” where “‘this” 18 purely
demonstrative and ‘‘came to . . place” purely adjectival
And 1n the same way, ‘now’ has the force of 'thus time,’ 'to-day’
of ‘this day,’ etc , so that a separation of adjectival from demon-
strative factors would seem to be always possible !

All or nearly all the propositions that we are accustomed to
express 1n ordinary discourse turn out upon analysis to be much
more complex than we are at first sight inclined to suppose them
to be Let us take an example which 15 as sumple a8 any that
we should 1n practice have frequent occasion to use—a proposi-
tion, say, which can be expressed by the words ‘' That table 18
square ” Grammatically, we have here a subject-predicate ex-
pression, but 1t 18 easy enough to see that, when we make a
judgment expressible 1n these words, we are not 1n fact sumply
assigning a single predicate to a given subject We are at the
least assigning two predicates; for we are saying, with regard to
the entity 1n question, both that 1t 18 a table and that 1t 18 square
It 18, of course, posaible to be mistaken 1n such a judgment on the
ground that the thing 18 not & table, even if 1t 18 square So, in
place of saying ‘“That table 18 square,” we can express the
proposition in equivalent form by the words ' That square thing
18 & table,” or by the words "“That 18 a table and 1t 18 square "’
Whach of these three expressions we use on a given occasion will
very hkely depend upon what we wish to emphasize and what
we suppose our hearer already to understand The last 18, of
course, the most explicit: we have a proposition that involves
conjunction, but 1t will be seen presently that this analyss is
very far indeed from being a complete one, 11 the sense of revealing

Tt must not be supposed that demonstrative words correspond to or
stand for particular ‘things,” as commonly understood, the presumption 1a
that they never do, but that 1s a matter to be discussed later on.
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the complete logical structure of the proposition under considera-
tion The point to be noted now is that when a proposition in-
volves two or more terms having adjectival aignificance, whether
these terms are given in the verbal expression as common nouns
or a8 adjectives, 1t can always be shown to be a logical function
of eumpler expressions Let us take as a further example a
proposition that can be expressed by the words “This piece of
cloth 18 erther blue or green ’ Here we can wrnte, in accordance
with the interpretation just given, ‘‘This 15 a piece of cloth, and
it 18 exther blue or green’’, so that we have at least a proposition
involving conjunction But 1t 1s clear that ‘being either blue
or green’ 18 not a sumple property, and that the proposition
“This 18 either blue or green’ can be expressed in equivalent
form by ‘“Ths 18 blue or 1t 18 green”, so that the force of the
onginal proposition (an be given by ‘“This 15 a piece of cloth,
and 1t 15 blue or 1t 15 green,” which appears to be an expression
of theform p.qvr Agan, take the proposition ‘' This book 1s
larger than that one’’ We have here the two propositions
“This 18 8 book’’ and ‘*Thati 1s a book” expressed by parts of the
complex expression, and we may therefore wrte, as a partial
interpretation of what 18 meant by the whole expression, *‘ This
18 & book and that 18 a book, and this 18 larger than that,” which
would seem to be of the form f(z) .f(y) . g(z, y)?

Let us turn now to propositions which are 1n ordinary dis-
course explicitly general, in that their expression involves a use
of the prefixes ‘some’ and ‘all, or equivalent apphcatives The
simplest examples are found 1n such statements as ‘I saw a
large house,” where the article “a’ has the force of ‘some’
This statement can plainly be rendered otherwise in the words
“There was & large house which I saw,”’ and 1s therefore of the
form (dr).¢(z) DBut in virtue of what has just been said
about expressions contaimng several adjectival terms, we can
also write ‘‘(dz) .z was seen by me, z was a house, and z was
large”, so that there results a proposition of the form

(dz) . f(z) . f'(2) - /7 (2)

"It 18 pot to be held that this 18 m fact the form of the propomtion 1n
question, because 1t will be seen upon further analyms that the propeeition
18 really a general one, which 15 constructed on a function of this farm and
which contamns prefixes covenng the entire function
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This does not give us 8 complete representation of the formal
structure of the proposition, however, for it is plain that to use
a past tense and say "I sew so-and-so" 15 to make a judgment
about the time at which the statement 18 made, and also about
some past time Saying on one occamon ‘I saw so-and-so”
mey express what is true, and on another occasion what is false,
mnce 1t plainly 1nvelves ‘now’ s an essential part of 1t8 meanming
and unphes that there was some other occasion of a certain sort
prior to the one 1n question® Let f(z, t) mean ““I saw z at ¢,”
f(z,t) mean “z was a house at t,”’ f"(z, t) mean ‘*z was large at t”,
and let g(¢, t;) mean “'£18 a time earlier than¢;”’ Then we have

(Hz) : (AL -f(z, 1) - f'(z, 1) - " (2, 1) - g, 1),

where f; 13 the particular time at which the statement 18 made
Stall, there 18 no assurance that the expression here given repre-
sents all the details of the formal structure of the onginal proposi-
tion, 1t would, indeed, be easy to suggest elements of generality
not yet made explicit, but this 1s as far as we need carry the
analysis 1n the present instance, since 1t indicates sufficiently the
complexity of any judgment of the kind in question *

Let us take, as a further example, the proposition '‘There
are no books on that table” This statement must be carefully
interpreted, because 1t appears at first sight to be negative and
of the form ~(dz). ¢(z), but 181n fact a conjunctive statement,
one part of which 15 of this form and the cther existential The
proposition 1s plainly equivalent to '* That 1s a table, and there
are no books on 1t”’, g0 that 1f we ellow f(y) to mean 3 1s a table,”
f'(z) to mean "z 15 & book,” and g(z, ¥) to mean ‘‘z 18 on y," and
if ““That” 15 replaced by a, we have, a8 a partial interpretation,

J(@) : ~(Jz) . f'(2) . g(z, a)

1Cf G E Moore, Proc Anst Soc,Sup Vol VII, p 1B5.

4 There 15 no reason m formal logic why s proposition should have a
complete analysis If 1t turned out that interpretation could be continued
indefinitely 1n some or 1n all cases, that would not affect ordnary logical
procedures  We denote a proposition 1n virtue of some sapect of its logical
form, which 18 represented by the function through which 1t 1s denoted, but
this form may be more or less specific and need not embody the complete
logical structure of the propoeition denoted, nor is there any presupposition
that a most specific form emsts, though there may be grounds upon which it
can be shown that one must exist.



316 SYMBOLIC LOGIC

Suppose, however, that we changed the statement to ‘That 18
not a table with books on 1t” In the most natural under-
standing of this expression, there 18 no 1mphcation that the object
1n question 18 & table, since everything that is said would ordi-
narily be taken to full within the scope of the negation, and we
should have

~(Hz) . (@) -f'(2) - 9(z, @).

One 18 templed to try to interpret general propositions like
those here considered as conjunctions and disjunctions of their
values—or rather, of the values of the matrices on which they
are constructed Bnt, 1n fact, such an interpretation cannot be
carried out Let us take, as a sumple example, the proposition
“Everything 1s extended,” and represent 1t by (z).f(z) We
are inchned to say that this 1s really a shorthand way of stating
a long conjunction, f(z:) . f(r3) . , where z,, z,, either
pame or umiquely describe particular things And similarly,
there 18 a temptation to say that (Hz) . f(z) means what 15 meant
by f(z)vf(z:) v Consider, however, the exact import of
the proposition ‘‘Everything 15 extended,” and suppose some
one to be knowing this proposition  All that he will be knowing
is that, whatever things there may happen to be, they are ex-
tended But if he were knowing the proposition represented by
f(z1) . f(z2) - , he would have to be aware of what things there
were which were named or described by z), z,, Clearly:
the existence of those particular things 18 not imphed by the
proposition ''Everything 1s extended,” which 18 in fact not
existential at all, but of the form ~(dz).-f(z). And the same
will be true of f(z,) vf(za) v as contrasted with (Hz) . f(z)
We can know that something 1s extended by making a particular
obgervation, but we cannot know a proposition of this disjunctive
form without knowing about the existence of each of the thungs
represented by x4, 1,

It might be supposed, however, that sach conjunctions and
disjunctions were stronger statements, from which propositions
hke (z).f(r) and (dz).f(z), respectively, followed Ths 18
true 1n the second case, but it 1s not true 1n the first, as may be
seen from the following conmderation. Suppose we knew a prop-
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omtion of the form f(z:).f(z:) ... to theeffect thateach of the
things z,, x,, was extended, and suppose that 1t was 1n fact
the case that these were all the things that existed Neverthe-
less, we should not, merely by knowing that these things were
all extended, be able to infer that unextended things did not
exst, since the propomtion itself does not imply this Let us
take a sumpler example, which, although 1t 15 not strictly anal-
ogous to this one, will perhaps bring out the point more clearly.
There are just three things, a, b, ¢, on this table, and each of them
18 rectangular, so that if we sllow f(z) to mean ‘'z 18 on the table,"
and g(z) to mean ‘'z 18 rectangular,” we shall have

() . f(@)29(2),
J(@) . g(a) : f(b) . g(b) : f(c) . g(c)

Obviously, by merely knowing this second proposition, we cannot
know the first, because we are not able to infer that o, b, and ¢
are all the things on the table, the proposition would be equally
true if a fourth thing, d, satisfied the condition f(z) and failed
to satisfy g(z) And since we are plainly not able to know the
second propoaition by knowing the firat, so far from hawving here
two equivalent propositions, one of which could be taken as an
interpretation of the other, we have two propositions which are
mm fact independent, in that neither 1s a logical consequence of
the other

The sense of the term ‘exists,’ as 1t 18 asserted 1n existential
propositions and demed 1n umversal ones, 18 especially difficult
to analyze, but there are certain points with regard to 1t which
seem clear enough In all the ordinary uses of this term, 1t 18
predicated of concepts or descriptions, and not of particular
things* If you say ‘‘Men exist,’”’ you are making a judgment
about the property ‘being a man,’ to the effect that that property
apphes to something, or, in other words, 18 realized, where 'to
exst,’ ‘to apply,’ and ‘to be reahzed’ all have the same meaning
The subject of your judgment 18 Dot any particular man, nor all
mep together, but mmply the conecept or descniption which you

" This is Russell’s view, as explained, for instance, in his Jnlrodusion lo
Mathematical Phalosophy, Ch XVI

as well as
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have 1n mind If this were not 80, you could not make signifi-
cantly such judgments as ‘' Ghosts exist,” since there would then
be nothing whatever which was the subject of your judgment,
nor could you make true judgments hike ‘‘Ghosta do not exist "
In pomnt of fact, we never talk about concrete particular things
except through concepts, and the question whether these concepta
apply to anything, or ‘exist, 18 always an open one This 18
true even 1n the case of judgments of perception, where we judge,
say, with regard to some object ‘seen’ that 1t exasts In such
e case, a8 18 shown by 1llusions and hallucinations, as well as by
direct 1nspection, the object 1n question, 1f there 18 one, 18 not
bodily present in the judgment, but 15 given only indirectly by
way of a conceptual complex which 1s integrated with a sensory
appearance When, for example, we Judge with regard to an
object apprehended 1 this way ‘“That 18 a book,”” we are judging
that the conceptual complex in question, which contains a
datum of sense as a factor, 1s exemplified or realized or ‘exists ’

Bo far as this account goes, it would seem to be satisfactory;
but 1t by no means provides answers to all the questions that one
would wish to raise There 18 1n the view a suggestion to the
effect that we are to think simply of a dyadic relation as holding
between an 1dea and some particular thing to which the 1dea
apphes, and so far as contemporary things are concerned, this
might seem to be unobjectionable We might say, for instance,
that the words ‘the King of England’ stood for a deseriptive
1des, and that there was a substantival person whose existence
satisfied this description. But it 18 also true that Cesar existed,
and yet there 18 nothing whatever which answers to the notion
for which the term ‘Cmsar’ stands, so that there can be no
relation between an 1des and a particular thing 1n this case
Whatever may be the nature of facts about the past, they are

* The reason why ‘exista’ 18 put 1n quotes here 18 not that it 18 bemng
employed 1n an unususl sense, but that 1t 18 bemng employed in an unusual
context For in saying 'the conceptual complex 1n question emsts,” we
should naturally be understood to mean, not that the ides ‘this book’ emsts,
1e, 18 reahzed, but that a description of this idea, namely ‘the conceptual
complex 10 question,’ emsts or 18 realiced, and although this 18 true enough,
what we wish to say 18 not that the description ‘the conceptual complex

question’ apples to something, but that what it apples to apples to some-
thing.
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gll present facts; 1t is a present fact that Cemsar did emst, and
also a present one that Zeus did not; but inasmuch as there 1a no
substantival past, there can no more be a particular thing to
which the description ‘Cesar’ applies than there can be one to
which the description ‘Zeus’ apphes. Plainly, existential asser-
tiong about the future are in the same case If a man says ‘I
am going to build a house,” we cannot understand him to mean
‘“There s a house which I am gomng to build,” but must render
his assertion by ‘'There will be a house which I shall have
built,” that 18, by “(Hz) .z will be a house, and I shall have
built z”’

It 15 a cunous crcumstance that in English certain non-
emstential statements have exactly the same grammatical form
a8 certain existential ones, and that some expressions can be
employed either as implying or as not implying existence  Take,
for example, the statement ‘I am looking at & house”’ In any
proper senge, this statement cannot possibly be true unless there
does exist a house which the speaker 15 seeing, 1f he 15 suffering
from an illusmon, he must be speaking falsely Consider, how-
ever, the statement “I am thinking of a house” This 18 am-
biguous, since 1t may mean '‘There 18 a house of which I am
thinking” and thus be exisiential, or may mean “I am enter-
taining a conception of such a kind that, 1f 1t did apply to any-
thing, that thing would be a house,” from which 1t does not
follow that there 13 anything to which the conception so described
apphes Take the statement '‘I am thinlung of a centaur”
If these words are to be used truly, their import must be, 1n
effect, “I am conceirving an 1dea which 18 such that, whether 1t
apphes to anything or not, 1f 1t should do so, what 1t apphed to
would be a centaur "’ 7 Again, suppose some one to say ‘‘I wish
to build a house” Then, clearly, we cannot draw the absurd
consequence, ‘' There 18 a house which I wish to build”, though
1t does look as if the drawing of just this consequence were re-
sponsible for the common view that a desre must have an
‘object.’” Nor will 1t help matters, so far as finding an object
for the desire 1n such a case 19 concerned, to say that what 18
really meant 1s ““I desire that the building of a house by me should

1Cf G. E. Moore, Phiulosophical Studies, pp 218 fi.
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be realized,” although this 1s plainly true The words ‘the
bwlding of & house by me’ stand merely for a descriptive idea,
and 1nasmuch as this 1dea 15 not realized, there 15 nothing which
can properly be called the object of the desre 1n question
What one 18 doing 18, of course, desinng by way of or through
this descniption, which 1s capable of being the medium of a desire
wrrespective of whether 1t ever will 1n fact be realized.

We come now to certain propositions which occur with great
frequency in ordinary discourse An analysis of propositions of
this Jund, in the respects here to be considered, 15 of importance
both on 1te own nccount and in wvirtue of 1ts bearng on other
points with which we shall be concerned presently Following
the usage of Mr Russell, to whom the interpretation of these
propositions 18 due, we shall say that they are such as involve
definite descriptions * Consider the import of the propositional
function ‘‘z 158 & man whom you met yesterday,’”’ and contrast
1ts import with that of ‘'z 18 the man you met yesterday '’ Each
of these funclions 18 descriptive, the first being an indefinite
description and the second a definite one And the difference
between them 1s clearly this if you met two men yesterday, the
first will descnbe each man, whereas the second will describe
peither, since nether will satisfy the condition of being the man
whom you met If we allow f(z) to mean 'z 18 a man whom you
met yesterdey,” then the force of the second function 15 given by

J@): @) -~ v [y = 1),

which will be satisfied if, and only 1f, there 18 just one person of
the sort 1n question Thus, ‘the’ in the singular means ‘an
only,” a8 1n "I have an only brother "

Let us examine a proposition 1n which a definite description
occurs Suppose some one to say ‘‘I have been reading the
book which I have in my hands ”” There are three circumstances
under which such a proposition might be false 1t might of course
be the case that the person 1n question had one and only one
book 1n lus hands, but had not been reading it, 1t might be the
case that he had in his hands no book whatever, or 1t might be

¥ Loc al, and Pnnapu Mathemahaoa, ¥ 14.
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the case that he had more than one  And, clearly, what any one
who made such an essertion would be saying 1s ‘I have a book
In my hands, one and only one, and I bave been reading 1it”,
so that if we allow f(z) to mean ‘'z 18 a book 1n my hands” and
g(z) to mean ‘I have been reading z,”” we can express the propo-
sition here 1n question by

(Hz) :f(z) : () . ~f@) v (y = 2) 1 g(2)
or by (Hz).f(z).g(z) : ~(Hy, 2) . f(¥) . f(2) - ~(y = 2),

that 1s, *“There 15 8 book 1n my hands which I have been read-
g, and 1t 18 not the case that there are two books 1n my
hands” Note that although in the first expression the words
“"the book which I have in my hands” correspond to the part
() : (y) . ~f(y) vy = z), which 15 equvalent to (y).f(y) =
(y = z), 1n the second expression there 18 no part to which these
words can be said to correspond, owing to the hmited scope of
(Hz) 1If, however, we put two dots after this prefix, thus
bringing the whole expression within 1ts scope, an equivalent
rendening of the propostion will result, and we can then say
that the phrase ““the book which I have 1n my hands” corre-
sponds to 1(z) : =(Ty, 2) . f(y) - 1(2) . ~(y = 2)

Take the proposition ‘' The satellite of the earth 18 unin-
habited” The truth of this proposition depends upon the fact
that there 1s at least one satelhte of the earth, that there 18 at
most one, and that there does not exist a satellite of the earth
which 12 1nhabited, 8o that if we allow f(z) to mean ‘'z 18 a satellite
of the earth” and g(z) to mean ‘‘z 18 uninhabited,” the unport
of the statement will be given by

@z) . (=) : ~Hz, y) . f(2) - JW) .~z = ¥) = (2) - f(z) 3 9(=)

Thus, ‘' The square root of four 18 two'’ 18 a false proposition, not
because two 15 not a square root, but because 1t 18 not the only
one, we can say truly ‘‘The positive square root of four 18 two”
or ‘‘The negative square root of four 18 mMinus two ”’ Agsin, let
us take ‘“The book on that table 18 the one you gave me ” This
proposition may be rendered '‘ There 18 an z which 18 both a book
on that table and a book you gave me, and if y 18 erther a book
on that table or a book you gave me, then y is identical with = ”
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So, if f(z) means ‘“z 18 a2 book on that table” and g(z) means
"z 18 a book you gave me,” we can write either

Hz) s f(z) - p(z) = . @) 1~ @)« ~g(¥) . v (y = T)

or (z,2):.f(z): () . ~fw)vy=12):.
g@): () . ~gly) vy =2):.(z = 2).

Although propositions like this one are such as imply that
there 1= at least and at most one entity of the lund 1n question,
1t 18 not to be supposed that all assertions 1n which definite
descriptions occur will have existential import 1n this way, that
will depend upon the position of the description n the complex
expression aud upon the force of the whole assertion If some
one should say ““The book on that table 18 not mine,” he would
actually be ssying, in part, that there was one and only one book
on that table, but if he should say ‘It 1s false that the book on
that table 18 mine,” us words would be open to another inter-
pretation we might understand him to mean “Either there 18
not Just one book on that table, or else there 1s just one and 1t
does not belong to me"” The distinction depends, of course,
upon whether negalion 18 to be understood as applying to the
whole proposition or only to a part of 1t, so that 1f we allow f(z)
to mean ‘“z 18 a book on that table’’ and g(z) to mean "z belongs
to me,” we can express the first proposition by

(Hz) : f(z) : (y) - f() 2 (y = 7) : =g(2),
and the second by

=) :f(2) : (W) -SW) 2 (y = 2) 1 g(2)

There 15 an ambiguity of another sort, as between extension
and intension, which may arise 1n connection with propositions
nvolving definite descriptions, and which may be responsible
for doubt whether a proposition does or does not have existential
import Suppose some one to say ‘' The President of the Umted
States commands the Army and the Navy” He msy mean
simply ‘' There 15 one and only one person who 18 Presadent of the
Umted States, and he 18 1n command of the Army and the
Navy” But it 18 also true that a man would not, by legal
definition, be Preaident unless he were 10 command of the Army
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and the Navy; so that the speaker may mean to express a propo-
sition 1n intension- ““From the fact with regard to anybody
whatever that he was the President of the Umited States, 1t would
follow that he was 1n command of the Army and the Navy " If
we allow f(z) to mean ‘““z 18 President of the Umited States”
and g(z) to mean ‘'z commands the Army and the Navy,” then
we can express this latter proposition by writing

=0(qz) : f(2) : () - f(y) > (v = 2) :~g(2),
or by wnting
() :. f(@) = () -S>y = 1) : 4. g(1),

the corresponding proposition 1n extension being
(dz) : f(2) : (W) . SW) 2 (y = 2) : g(2)

In intension there 15 no implication that a Presdent exists, al-
though the rendering of the definite description ‘‘the President
of the Umted States” by f(z): (y).f(y) 2 (y = ) 18 the same
n each case A change from extension to intension never alters
In any way the interpretation to be put upon a phrase of the
form ‘the so-and-so’

An exactly ssmilar ambiguity occurs in connection with certain
apparently tautological propositions Take, for instance, the
expression ‘' The integer between threc and four 18 the integer
between three and four” Interpreted 1n extension, this ex-
pression may be understood to mean ‘“‘There 18 one and only
one entity z having the property of being an integer between
three and four, there 15 one and only one entity y having this
same property, and z 18 1dentical with y,”” which 18, of course, a
false proposition In intension, however, we have a true
proposition ““If anything had the property of being the only
integer between three and four, then i1t would have that prop-
erty ’’ So,1f f(z) means ‘‘z 15 an integer between three and four,”
we have, 1n 1ntension,

@: 0@ @) W2y =2):3:f2): @) - JW)>@ = 7)

It will be seen, too, that 4 might be replaced by >, and the
statement interpreted to mean “'If anything is the only integer
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between three and four, then 1t 18 the only one,” although this
would hardly be & natural rendering. On the other hand, ' The
present King of France 1a the present King of France” mght
quite naturally be understood as being of this form, and therefore
a8 being true  Or we might write

(Hz) : f(z) : (y) . f(y) 3 (y = 2) :2:
(Hz) :f(2) = () - f(y) > (y = 2),

and interpret the statement to mean ‘'If something has the
property of being the present King of France, then something
has that property ”

The theory of definite descriptions enables us to interpret
certain propositions dealt with above 1n respects which have so
far been left unanalyzed It will be recalled that we considered
the proposmtion ‘That table 1s square,” and said merely that 1t
appeared to be conjunctive and of the form ‘‘ That 15 a table and
it 18 square ”’ However, let us take simply ‘“That 1s a table,”
whuch 18 part of what 18 being expressed, and consider the exact
significance of this part We have seen that the import of
‘that’ 18 purely demonstrative, with no admixture of adjectival
sigmficance And 1t 1s plain that the entity designated by this
demonstrative term, whatever 1t may be, 1s the primary subject
of the judgment we are making when we judge, on s given
occasion, ‘‘That 18 a table”’ At first sight, we are inchned to
say that the subject of such a judgment, which corresponds to
the demonstrative term, 18 the concrete thing which we are st
the time perceiving, and which we are asserting to be a table
But there are certain considerations which make 1t 1mpossible
to hold such a view We cannot say that the subject of a judg-
ment of this kind 1e the table or other object which we are at the
moment perceiving, because 1t sometimes happens that there 18
no object at all that 18 being perceived, as 1n mirror-images,
dreams, and waking hallucinations In these cases, 1t 18 plain
that we can and do judge such things as ' That 15 a table”, and
even If such judgments are false, they are significant and must
have subjects Moreover, 1t is obvious that if physical things
cannot be the subjects of hallueinatory judgments, they cannot
be the subjects 1n vendical nstances either, for there 18 mo
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intnnsic difference between the two casea. If there were, we
could tell whether s judgment was vendical or not by mere
inspection, which we cannot do It is, indeed, obvious that
what the words 1n the verbal expression of a judgment stand for
will be the same whether the judgment 1s true or false, and that
therefore we must not suppose an entity to be a constituent of a
judgment, whether as subject or as some other factor, which 1s
not essential to the significance of the judgment

We are going to say, quite sumply, that the logical subject of
a judgment of perception is the given datum which 18 sensed
when the propostion 1s asserted There must of course always
be such a datum, even when we are judging falsely, as may be
seen by reference to illusory cases On any occasion on which
there was no such sense-datum, a sigmficant judgment, true or
false, would be impossible When we judge ‘‘That 1s a table,”
the sense-datum corresponding to ‘‘ That’’ seems to be a part of
the surface of a table, in an illusory 1nstance 1t of course cannot
be, and there are reasons for believing that 1t cannot be even 1n a
veridical 1nstance, but it 15 in any case the immediate subject of
the judgment, upon which an interpretation 18 placed, truly or
falsely ©

If this 18 so, however, we shall have to be very careful 1n
rendering the import of the words ‘18 a table’’, for 1t looka at
first smght as if we were asserling the entity corresponding to
““That” to be a table But 1n point of fact, we are not dealing
here with a sumple subject-predicate proposition, we are saying
something like ““That 15 an appearance of one and only one
table" or “That 18 a manmfestation of one and only one table”
or *That discloses one and only one table,” where the relation
expressed by ''appearance of,” '‘manifestation of,”" and '‘dis-
closes” remains to be analyzed How such a relation 18 to be
interpreted wll, of course, depend upon what view 1s to be taken
concerning the nature of physical objects and their connections
with data of sense, and we are not here concerned to maintain
any particular theory with regard to this matter All we wish
to do 1s to point out that judgments about physical objects are

* The account of judgments of perception as here given is due to Profemsor
G E Moore. See his Phiuosophical Studzes, pp 220
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not simple subject-predicate ones and to indicate what, in
certain respects, their logical form seems to be If f(z) means
“z18 a table” and if “That" 18 replaced by a and if “a 18 an
appearance of z'’ 18 expressed by h(e, z), then the proposition
under consideration can be rendered by

(¥z) : h(g, 7) : () - h(a, ¥) > (y = 2) : f(2),

which may be read ‘' There 15 an z which 1s the z of which a is an
appearance, and that 71s a table ” It will be seen, too, that the
proposition with which we began, namely, ‘' That table 18 square,”
will be of the form

(dz) : h(a, ) : () - (g, ¥) 2 (y = 2) : f(2) - 9(z)

Let us take, finally, the statement “That piece of cloth 18
either blue or green,” which was considered above If j(z) 1s
understood to mean ‘'z 18 a piece of cloth,” g(z) to mean "'z 1s
blue,” and ¢’(s) to meen 'z 15 green,”’ then we have, as an inter-
pretation of the proposition in question,

(Hz) :f(z) - g(z) vg'(z) . h(a, ) : () . h(a, ¥) 2 (¥ = 2)

If this 15 a nght account, so far as 1t goes, of judgments about
physical objects, then one 1mportant consequence follows with
regnrd to the communicabiity of such judgments Suppose
that one person, A, endeavors to communicate such a judgment
to another, B, suppose A says ‘' That 1s a table,” where ‘‘ That”
corresponds to a given datum a and where the judgment 1s to be
analyzed in the manner indicated B wll not be apprehending
the datum apprehended by A, he will be led to judge “Thatisa
table” where the demonstrative term will correspond to one of
his data b And A will have succeeded 1n communicating his
judgment, 1n so far as 1t can be communicated, if the datum b 1s,
in point of fact, an appearance of the same object as that of
which the datum a 1s an appearance, although, stnctly, B will
not succeed 1n apprehending the exact proposition apprehended
by A, owing to this dufference 1n respect of n single factor It 1s
to be noted, too, that this same consideration presumably apples
to two succeamive Judgments made by the same person 1if A says,
on two successive occasions, ' That 18 a table,” then, according
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to most theories of the nature of data of sense at least, the im-
mediate subject of his judgment on the first occasion will be
distinct from the immediate subject on the second

The theory of definite descriptions supplies an explanation of
so-called proper names Let us take, for instance, the name
‘Lincoln’ es 1t would be understood in a proposition expressed
by the words ‘‘Lincoln was assassinated ” It might seem at first
sight as 1if “‘Lincoln” were a purely demonstrative term, which
was employed as a sort of sign 1n the designation of a particular
person, but obviously such a view 18 quite 1mpossible, owing to
the fact that there 18 no person who 18 so designated  There did
exist a certain man who bore that name, but all that we have
now 18 the fact that there was such a person, and 1t therefore
seems necessary that we interpret the term ‘Lincoln” as standing
for a defimte description, 1n such a way that the proposition
“Lincoln was assassinated” will be of the form ‘‘The person
having such-and-such characteristics was assassinated.” We
may say, ‘' There was such-and-such a person, one and only one,
who was known as Lincoln, and who was assassinated ’’ It 1s
true that different speakers may have in mind different descriptive
complexes when they use this name, and may therefore be
asserting different propositions; but this means merely that sen-
tences contalning proper names are more likely to be ambiguous
than those which involve exphecitly a phrase of the form ‘the
so-and-so ' Such ambiguity will, however, be of no practical
importance if the description that the hearer 18 led Lo concerve
18, 10 point of fact, such as would apply to the same thing ns the
one copceived by the speaker If, for instance, by ‘‘Lincoln”
one person understands ‘ the President of the United States dunng
the Civil War’ while another understands ‘the President who
sighed the Proclamation of Emancipation,’ there will be sufficient
agreement for most purposes, though there will, of course, be
two genuinely distinct propositions that are in question More-
over, even when a proper name 1g applied to an exsting person,
it 18 clear that the name must have descriptive significance,
because the person, 1n such a case, 18 never directly apprehended
If we say, for instance, ''John Smith 1s 1ll,”” the words ‘'John
Smith” wll stand for some descnption hke ‘the person whom
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we call John Smith’ And even when, on seeing the person, we
say ‘“That person 18 John Smith,” we are saying something hke
“That 18 an appearance of one and only one person, who 18 the
one we know as John Smith’ The only proper names, strctly
so called, are demonstrative pronouns and demonstrative
adjectives

We turn now to certain propositions of ordinary discourse
which 1mvolve numencal factors—such, for instance, as ' There
gre three books on this table”” Roughly speaking, we may say
that & natural number 18 an adjective which can be predicated
mgnificantly of classes or collections!®* To say that there are
three books on this tsble 1s tantamount to saying that the
collection of books on the table has the number ‘three,’ or 1s
characterized by that number The adjective ‘three’ will, of
course, apply to many different collections, 1t will apply to the
three chairs 1n this room as well a8 to the three books 1n question,
just as the adjective ‘red’ applies to this book and also to that
piece of cloth

If any conception of an ordinary natural number 1s to be an
adequate one, 1t must enable us to say what 15 meant by the sum
of two numbers, as well as by the sum of instances of two numbers
And the rough conception here suggested does enable us to do
thus  If @, b, ¢ are the books on this table, we can form the
collection whose only member 15 @ as well as the collection whose
members are b, ¢, and say that this one book together with these
two 18 a collection of three books This will mean that since the
class of which e 18 the only member 15 ‘one,” and that of which
b and ¢ are the only members 18 ‘two,’ there will be a single col-
lection ench of whose members belongs to one or the other of
these, and this collection will be ‘three’ This formulation 1s not
quite adequate, however, because there must be a condition to
the effect that the two classes shall not overlap If we take the
class whose members are a, b, and the one whose members are
b, ¢, we shall have two classes of two members each, but therr
sum i8 not four, and indeed they do not have a numercal sum,
owing to the fact that they do not satisfy the condition of having

WCf W E Jobneon, Logc, Pt I, pp 126 B
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no members in common. In the abstract case, we can say that
the statement 14 2 =3 18 to be interpreted as follows ‘'If
there were & class of one member, and another of two, and if
there were nothing which belonged to both, there would be a
class made up of the members of these two, and that class would
have three members” In this formulation 1t will be seen that
an anthmetical statement 18 interpreted as being strictly hypo-
thetical and that the statement would therefore be true even if no
classes of the kind in question existed This 18 obviously a
necessary condition for any correct interpretation of purely
anthmetical statements, since they plainly do not depend for
their sigmficance or validity upon the emstence of corresponding
classes

So far as this account goes 1t would seem to be a satisfactory
one, but 1t does not go very far It tells us nothing about the
structure of a numencal adjective, which must at least be some-
what different from that of an adjective hke ‘red,’ because it has
to do with classes or collections and not with individual things
Moreover, the account suggests a nalve and untenable view of
the nature of a class In most cases 1n which this notion 18
employed, 1t cannot possibly be understood as refernng to a
group or aggregate of particular things, but must be given some
more complex 1nterpretation Thus we may say that the class
of Presidents of the United States up to the present time com-
prises some thirty members But there cannot possibly be any
such group or collection of particular persons, nor, of course,
was there ever a time at which such a concrete group or aggregate
emisted We shall have to revise this crude conception of the
class of the Presidents, and perhaps the following will serve this
purpose as well as anything else It 18 B fact that there was a
President satisfying the descnption 'Lincoln,” and it 18 also a
fact that there was a President satisfying the deseription
‘Washington,’ etc , and since the number of facts of thig kind 18
the number we want, they can be held to be what we are counting
when we enumerate the Presidents Indeed, 1t 18 pretty evident
that thus 18 what we actually do, we say, '"Washington was
President, Adams was Presdent, ;' and thus actually count
the facts of this kind.
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Let us see how a natural number 18 to be understood ns being
an adjective or property, and how such properties differ from
more ordinary ones A property 18 always represented by a
propositional function Thus ‘‘z 18 red’”’ wll be satisfied for
certain values of z, and to say that these values satisfy the
function or mive mse to true propositions when substituted for
z ir of course tantamount to saying that they possess the property
of beiny red To say that a number is a property 1s therefore
equivelent to saying that 1t 18 a propositional function

Conaider, then, the following function, which contains only
one free vanable, f

() . f(z) 1=z, y) . J(2) - f(y) . ~(z = ¥)

Wo rhall say that this function defines, or 18, the cardinal
number 1 If {this 18 & correct definition, 1t must of course
enable us to count In particular, 1t happens to be a fact that
there 18 just one table in this room, and if the definition 18 nght,
it must be possible to state this fact This 15 easily done For
if, by way of applying the defimtion to the particular case, we
interpret f(z) to mean ‘“z 1s a table in this room,” we have
““There 15 8 value of z such that z 15 a table 1n this room, and 1t 1s
false that there are distinct values of z such that this 1s true ”
Agnin, the moon 1s the only satellite of the earth, and if we assign
to f(z) the meaning ‘‘z 18 a satellite of the earth,” a statement of
the fact that the earth has one satellite results The number
‘one’ 18 of the form '‘f 1s one,” just as the property ‘red’ is of
the form *'z 15 red "

It will be seen that the notion of a class can be dispensed with
altogether 1n this connection and can be replaced by any property
which would, in the ordinary manner of speaking, be said to
determine the class We can say that the property ‘being a
gatellite of the earth’ has or corresponds to or 1s associated with
the number ‘one’ But 1t must be noted that the number which
a given property has 18 an extrinsic and not an ntrinsc char-
actenstic of that property So far as the intnnsec nature of the
property 'being a satellite of the earth’ 1s concerned, 1t mght
just as well have been associated with ‘two’ as with ‘one’
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This 18 why we cannot tell what the number of a property is by
merely inspecting the property

It 18 easy to see how the number 2 can be defined according to
the plan followed 1n defimng 1

Hz, y) . g(z) . g(y) - ~(z = y) :
~(dz, y,2) . 9(2) s g(¥) - g(2) . =z =yvz =2vy =2)

If, for example, we wish to say ‘'The earth and the moon are
two,” we have sumply to interpret g(z) to mean ‘'z 18 either the
earth or the moon”’ and read the result Similarly, 1t 18 possible
to define 0 according to this plan, by wnting

-(dz) . h(z)

Thus, the moon has no satellites, and 1f we wish to say that the
number of 1ts satellites 18 zero, we have merely to replace h(z)
by ‘“z 18 a satellite of the moon " 1

It will be clear what 18 to be meant by the assertion ihat &
given collection of two things 18 equal 1n number to another col-
lection of two things,1t 18 sumply that they both satiefy the defi-
nmition There are two books on that chair, and also two
windows 1n this room, so that if, 1n the definition of 2, g 15 1nter-
preted to mean ‘a book on that chair,’ and again to mean ‘a
window 1n this room,’ the function will be satisfied 1n each case
Equahty between the sum of two numbers and a single number
mey be understood 1n a corresponding sense  Let us consider,
for example, what 15 to be meant by 1 4+ 1 = 2, and how this
proposition 18 to be proved In the defimtion of 1, we may
replace f by the independent varnable f’, so that there will result
the same function of f* as of f Then 1+ 1 may be defined by

(dz) :f(z) : (W) - fW) Iy = 2) : -
(Hz) :f'(z) : () S W) 2 (y = 2) : - =~(Hz) - f(2) . ['(2),

which 18, hterally, ‘one and one, but not the same one’ By
sumple logical transformations, 1t can be shown that this function

4 We are not attempting to follow at all closely the procedure of Prnazna
Mathematien 1n dealing with cardinal numbers  The technique developed by
the authore of Prinapia 18 much too elaborate to be conmdered here and 18
really not neceasary to a farly clear understanding of the way particular
numbers oceur in ordinary judgments
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implies

(z, ) s J@ V(@) SO VI -~z =) =.

@:f@vf@.2.=2)v(z=1y),
which results from the defimtion of 2 when g(z) 18 replaced by
f(z) vf'(z), and ¢(y) by f(y)vf'(y) Thus, anything that is a
case of 1 4+ 1 will also be a case of 2 It does not matter that
the defimtion of 1+ 1 18 a more specific function, which 1mplies
but 18 not implied by the general definition of 2, for to say that
141 equals 2 18 merely to say that any value satisfying erther
function must have the same number as any value satisfying the
other And sumilarly, to say that 14 4 equals 24+ 3 18tosay
that if we had an instance of the first of these functions, and also
an 1nstance of the second, each would be an instance of one and
the same number

We come, finally, to certain verbal expressions of ordinary
diecourse which, nlthough they are complete sentences, seem to
express propositional functions rather than propositions It has
been pointed out that all ordinary propositions involve functions
a8 factors or constituents Thus, the proposition ‘“a 18 round”
involves 1n 1ts structure the function ‘'z 18 round,” and so does
""Something 1s round,” since 1t 18 of the form (dr). ¢(z) But
an nterrogative expression would seem 1iteelf to stand for a
function, and not for a proposition !* Suppose some one to say
“What time 158 1t?"”’ Then he would seem to be merely stating
the function 'z 1s the time”’, and a correct answer to his question
would seem to be given when a value of z was supplied which
transformed this function nto a true proposition—one might
gay, 1n response, ‘' Ten o’clock 18 the time ” According to this
view, the interrogative ‘what’ of ordinary discourse will be a
vanable And it seems pretty clear that the force of any other
interrogative word can be given 1 terms of ‘what’ Thus,
‘who’ means ‘what person,’ ‘when’ means ‘what time,’ ‘where’
means ‘what place,’ etc, so that, for example, the question
“Who is the present King of England?” wnll be identical 1n
import with the function “z 18 the person who 1s the present
King of England ”

WS a paper by F S Cohen, in The Momal, XXXIX (1829), 350
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It wll be seen that if this 18 & correct view of the nature of
nterrogative expressions, there can be no question without a
true answer, and therefore, strictly speaking, no such thing as a
‘false question’, for a propositional function can always be trans-
formed 1nto a true proposition either by specification or by gener-
ahization If some one asks ‘“Who 1s the present King of
France?” we may say, '“~(Hdz).z 185 the person who 18 the
present King of France,” and thus transform the function or
question 1nto a true proposition by generalization 1t 15 to be
noted, too, that there may be questions which contain more than
ope free vaniable Thus, * What shall we do when?” and *“Who
sald what when?” are questions that have been known to be
asked, the first being of the form ‘'z is the thing we shall do at
time y"” and the second of the form 'z 18 the person who said y
at time z "'

On the view here suggested, 1t 18 not so easy to deal with
questions of the yes-no vanety, because they seem, at first
sight, to be propositions, true or false Take, for example, the
simple question ‘‘Is 1t raiming?” This looks hike an inverted
form of the proposition ‘It 18 raiming,” and there can be no doubt
that the question either 1s 1dentical with this proposition or
involves 1t as a constituent It seems plausible, however, to
adopt the latter alternative, and to say that the question 13 B
function constructed on the proposition, and means ‘It 18 raining
18 z,"”’ where there are only two values that z can take, true and
false If this 18 right, then every yes-no question can, 1n & strct
sense, be answered by a plain ‘yes’ or ‘no,’ because every
proposition 18 either true or false, although, of eourse, this 18 not
to say that such an answer may not in certain circumstances be
misleading Thus, suppose some one to ask ‘‘Has 1t stopped
raimng?” on an oceasion on which 1t has not been ramming. The
proposition ‘It has stopped raiming” may be false on two dif-
ferent grounds 1t may have begun to rain and be continuing to
do eo, or 1t may not have begun And 1n a large majority of
cases (possibly in every case) when this proposition 15 denied, 1t
is on the presumption that rain continues, so that a hearer, 1n
ordinary circumstances, will immediately judge that this 18 why
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the proposition is denied, despite the fact that what the reason
may happen to be is no part of what 18 being expressed

It 18 sometimes suggested that questions are simply propo-
sitions which express desires or wishes on the part of a speaker
to know so-and-so0  Thus, 1t may be held that the words “ What
time 18 1t?7"” mean what could be expressed otherwise by ‘I
should like to know what the time 18"’ and will therefore be true
if the rpeaker does 1n fact wish to know the time, and false if
he does not According to this view, a question will not itself
be & function, but will always be a proposition about one, to the
effect that the speaker desires to know how the function 1s to
be transformed 1nto o true proposition And 1t 15 of course the
case that people do often convey questions which they have in
mind in this way DBut when we ask what precisely 1t 18 1n such
B case that the speaker wishes to know, 1t becomes clear that
hie whole statement does not express the question to which an
answer 18 desired To say ‘‘I wish to know what the time 18"
18 tantamount to saying ‘‘I should like to know the answer to
the question ‘What is the time®’’”’ Merely because a speaker
who expresses a question usually wishes to be given an answer
1t 18 not to be supposed that the statement of the question actually
expresses this desire  'We must distinguish between the logical
import of a question and the fact that so-and-so asks it His act
of reking the question will of course be an event, which a hearer
will perceive, and 1t 15 almost 1nevitable, under ordinary circum-
stances, that the hearer should conclude, from the observed fact
that the speaker thought 1t worth while to ask the question, that
an answer 18 desired But this act of asking the question can
hordly be taken to fall mithin the 1mport of the statement 1tself,
because, 1if 1t did, no two persons could ask the same question



CHAPTER XI
POSTULATIONAL TECHNIQUE: DEDUCTION

SectioN 1 INTRODUCTION

We have seen that no proposition can be true merely by 1tself,
since each one 18 Bo related to others that, under any conceivable
circumstances under which 1t would be true, the others would
necessarily be true also These are the logical consequences of
an assigned proposition, they are, as we have seen, related to the
proposition of which they are consequences 1n such a way that
we can by knowing 1t know them also, without further appeal
to empinecal faet  This 18 the circumstance out of which deduc-
tion arises We may take a given proposition and ask what, if
1t were known to be true, could be known about the truth or
falsity of other propositions by reasoning alone and without
additional empirical information  Let us take, for instance, the
proposttion ' This table 1s brown” and ask what must necessanly
be true solely in virtue of the fact that 1t 18 true  Clearly, we
have here the following logical consequences, among many
others ‘“There exists at least one table”, " There exists at least
one physical object”, '"This table 15 colored’”, ‘'There are
colored things’, ‘‘There 18 at least one thing that 18 not a
chair”’, ' If any one were to beheve tables not to exst, he would
believe falsely’’, “If any one were to judge this table to be brown,
he would judge truly ”’ Each of these propositions 18 such that,
if 1t were false, then '"This table 18 brown” would of necesmty
be false too But 1n general the converse implication does not
hold it might be false that this table was brown, and yet be true
that there was at least one physical object, that there was at
least one table, that this table was colored, that if any one were
to beheve tables not to exst, he would beleve falsely, etc

There 15, however, one exception to this 1n the hst of con-
sequences given, which we may note in passing  From the fact
that, were any one to judge this table to be brown, he would
judge truly, 1t does follow tbat this table 18 brown; these propo-

336
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sitions imply each other or, 1n other words, arelogically equivalent
But it must not be supposed that, since they are equivalent and
thus would under any conceivable circumatances be true together
or false together, they are really one and the same proposition
expressed 1n different words That we have here two genuinely
distinct propositions which are nevertheless logically equivalent
can be secn from the fact that one of them involves the concept
of a person, the concept of judging, and the concept of being true,
while the other does not

Now, these same considerations will apply equally when we
are concerned with a collection or set of propositions the members
of which are to be employed as premises Let us take, for
instance, the following set of three propositions, with a view to
examnng the logical consequences entailed

There are just five books on this table
Each of these books has been read by at least one person
Notody has read more than one of them

The 1mplications of these propositions may be divided 1nto those
which follow from one of the set, by itself, those which follow
from two, without the third, and those which require all three,
jointly Thus, '‘There are tables’’ and ‘'This 1s a table” are
logical consequences of the first proposition, whereas ‘‘ There 18
a book on this table which has been read by some one” 1s a
proposition which does not follow from any one of the three
slone, but requires the first and second together, while the
proposition ‘' There 18 & book on this table which has been read
by just one person" 18 one the falsity of which 18 compatible with
the truth of any two of the three premises given, but not with
that of all three

We speak of the logical consequences of a set or collection of
propositions, but 1n order to be quite accurate, we should say
that these consequences, which are said to follow from the set,
really follow from one single proposition, which 1s the conjunction
of the several members of the set In strict accuracy, two or
more propositions as 8 mere collection do not have logical con-
sequences jointly, though they do separsately, 1t 18 the propoaition
that results when they are connected by ‘and’ which reslly has
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the 1mphcations commonly spoken of as being those of the set.
If r must be true 1n virtue of the fact that p and g are true, then
what r follows from 18 the proposition ““Both p and ¢"” or p.gq,
if r 18 false, then what implies 1t must be false, and the mere
collection p, ¢ has no truth-value When we speak of a prop-
osition as following from several others, we really mean, then,
that 1t follows from the conjunctive proposition determined by
these others, but in order to avoid tiresome circumlocution, we
shall adhere for the most part to the more usual way of putting
the matter

It will be seen that the foregoing set of three propoeitions
enables us to define a class made up of all the logical consequences
of the set This class 18 said to be determined by the three
propositions  And, of course, since a proposition always implies
itself, the members of the set themselves belong to the class they
determine The set constitutes, as 1t were, a logical warrant for
all the propositions belonging to this class, 1f the members of the
set are true, then the truth of each proposition belonging to the
class can be inferred

Suppose, now, that we add to this set the further proposition
“Each of these books has more than 200 pages’” Then we can
deduce further consequences, not implied by the original set,
we can, for instance, infer that at least one person has read a
book of more than 200 pages, bence the class of propositions
determined by the new set will be wider than that determined by
the onginzl one Suppose, however, that we add to the onginal
set the proposition ‘*There are tables,” which 1s 1tself a logical
consequence of the set Then, of course, 1n accordance with the
prinaiple that, if p imphes ¢ and g 1mphes r, then p 1mplee r,
the class of logical consequences of the set will not be widened
Moreover, 1n the set so reconstituted, we have a redundancy, in
the sense that one member can be dropped withrut any resultant
weakening of the logical force of the whole

So, 1n general, 1f we have a set of = propositions and 1f one of
them 15 & logical coneequence of the remaiming n — 1, that one
will be redundant with the remainder and may be discarded from
the set When no further reduction of this sort 18 possible, the
propositions of the set are said to be ‘independent’ This term
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‘independent,’ as mppled to a set of propomtions no one of
which follows from the others, 18 1n common use, and we shall
adopt 1t, but we must here point out a possible source of ambi-
guty connected with the term Even if two propositions p, g
are independent 1n the sense 1n question, 1t may still happen that
p imphes ~g, and that ¢ 1mplies ~p, so that there may, 1n fact,
be a good deal of mutual dependence  All that 18 meant, how-
ever, 1n the gpecial sense of this term here intended, 18 that if p
18 true, ¢ may be false, and 1f ¢ 18 true, p may be false

Suppose, now, that to the set of three propositions given
above we add ‘‘There are no tables’”’ Then the set becomes
inconsistent with itself, in the sense that 1t 18 impossible for the
several propositions to be true jointly. And 1t 18 clearly an
immportant question regarding any set of propositions 1in which
we may be interested whether they are possibly all true—that 1s,
whether they are compatible both with themselves and with one
another This 18 the question of consistency We often say of
two propositions which are incompatible that they contradict
each other, and th:s 1s, 1n fact, a fairly accurate way of putting
the matter Take, for example, the two propositions “A 18
red” and ‘A 18 green” the first implies ‘' A 18 not green,” and
so contradicts the second, while the second implies ‘‘ 4 18 not red,”
thus contradicting the frst It will be seen, however, that two
propositions p, ¢ might form en inconsistent set owing to the
fact that p impled ~p, or that g implied ~¢  Or 1t might happen
that, although both p and q were self-consistent, and although p did
not 1mply ~g and ¢ did not 1mply ~p, the two propositions jointly
would imply ~p or imply ~¢ And even if none of these things
happened, the propositions might still 1mply =-p v ~g, which 18
the contradictory of p.g A set of propositions may be said
to be consistent, or the members of the set to be compossible,
if and only 1f the set does not 1mply a contradiction

When we have several propositions which are not 1n fact all
true (such as the set of three we have been considenng), it 1s often
posaible to see that they might all be true, and 1f this can be seen,
we can of course infer that they do not imply a contradiction
Often, however, we have to do with a set of true propositions,
and from the fact that several propositions are all true, 1t follows
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that they are consistent. This circumstance sometimes furnishes
us with a test of consistency, because we can sometimes be quite
sure that each propoaition of a set is true where we cannot be
nearly so sure of the consistency of the set on other grounds
Let us take, as an example, & set which has some degree of 1n-
trinsic 1mportance, and with regard to which 1t 15 especially easy
to see that each proposition 1s true-

(®:pvp-2.p

(P, @:g.2.pvyg,

(mo:ipveg.2-.qvp,

(pogr):i.p.v.gvria:iq.v.pvr,

(p,qr):.q2r.2:pvg.2.pvr!
From this set, any proposition 1n extension of the theory of ele-
mentary functions follows, and since all five propositions are
plainly true, we can infer that they do not lead to contradiction
However, since this argument from truth to consstency can be
employed only when we are concerned with a set of true propo-
sitions, the eriterion 1t supplies 18 merely a sufficient condition of
consistency, not a necessary one

We have so far been discussing propositions, but n fact 1n

the theory of deduction 1t 18 not propositions with which we are
primarnly concerned, because they involve more specificity than
15 actually required We can just as well deal with sets of
propositional functions, and can 1n so doing attain a degree of
generality that 1s not possible 1n connection with propositiors
This can be 1illustrated by a sumple example Suppose we take
a proposition about a particular given thing A which can be
expressed by the words ‘' A 15 red,” and consider 1ts logical con-
sequences We can 1nfer that A 1s colored, that 1t 18 not green,
that 1t 18 extended, that 1t has a shape, that if any one were to

1 These are the formal premizea for elementary functions as given in
Prinapia Mathematica It may be noted that they are not independent,
although this fact 18 not relevant to our Ulustration The third is really a
consequence of (p) . p>p, and therefore of the remainder of the set, because
two propositions have only one disjunction, the order in which p and g are
wntten 1n pvg being & non-agnificant feature of the symbol See Bull
Amer Math Soc, XXXVI (1830), 23 Moreover, 1t has been shown that
the fourth proposition can be derived from the others See Hilbert and
Ackermann, Grundzuge der theoretischen Lok, p 27
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judge A to be not red, he would judge falsely, ete But all thia
is obviously more restricted than necessary not only does " A
is red” imply '“A 18 colored,” **A is not green,” etc, but B is
red” imphes ‘B 18 colored,” ‘B 18 not green,” etc , so that we
may replace A by & vanable z and say that any proposition of
the kund 'z 18 red” 1mphes a corresponding proposition of the
kind ‘'z 18 colored”’ One proposition 1mphes another 1n virtue
of 1ts logical form or 1n virtue of 1te conceptual content, and any
proposition of the same form or conceptual content will imply
a corresponding proposition

Let us take another example, which 18 less simple and of more
intnnsic importance  Suppose we have a collection of pieces of
metal, no two of which have the same weight, and suppose
we compare these objects with respect to the relation ‘heavier
than’ Then the following propositions cen be seen to be planly
true

If z 18 a member of the collection, then 1t 15 not heavier than
itself

If z and y belong to the collection, and are distinct, then exther
z 18 heavier than y or y 18 heavier than =

If z and y belong to the collection, apd are distinct, then
either £ 18 not heavier than y or y 1s not heavier than =

If z, y, z are distinct things belonging to the collection, and
if £ 18 heavier than y, and y than 2, then z 18 heavier than z

It will be easy to see that, in virtue of the truth of these
propositions, the weights of the class fall into a seres with respect
to the relation ‘heavier than’, as connected by this relation,
they constitute an 1nstance of Serial Order  And, of course, the
set of propositions here 1n question 1mphes many different con-
sequences, we can, for 1nstance, 1nfer the proposition “*If z and
v belong to the collection, and 1if z 15 not heavier than y, and y
not heavier than z, then they are 1dentical ”’

Now, we may rewnte the foregoing propositions 1n the fol-
lowing way. Let f(z) mean ‘'z belongs to the collection,” and
let g(z, y) mean ‘‘z1s heavier than y”, then we have

(&) @) .f(z)>-g(z, 1)
®) (z,0): @) J@) .~z=y).-2.9(z, Y vey, T)
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(€ @y :f@) S .~z =1y).2.=g(z, y) v~g(y, 1)
dy (z,%2) :f(z)-f() - f(2) . d(z, ¥, 2) . g(z, ¥)
-9y, 2) .2.g(z, 2)?

The logical consequence of this set just indicated will then be
expressed 1n the form

(z,9) : f(z) - J(y) - ~9(z, v) . ~g(y, ) ..z = y,

that 18, “For all values of z and y, either 1t 18 not the case that
z and y both belong to the collection, and that z 18 not heavier
than ¥, and y not heavier than z, or else z and y are 1dentical "
It will readily appear, however, that 1n drawing inferences from
(a)—(d), 1t 18 not reully essential that we allow f(z) and g(z, y)
to have the meanings assigned to them, or any other specified
meanmngs We can understand these expressions as representing
functions rather than propositions, and can draw inferences appl-
cable to any values that may be given to the functions Not
only does the theorem just cited follow in the case of the par-
ticular meanings assigned to f and g, but corresponding theorems
follow for all meanings whatever

But, now, just as a set of propositions 1s really one compound
proposition, so this set of functions, which results when the values
of f and g are discarded, 18 one compound function And the
only free vanables that occur are f and g, so that the set 18 really
a function, ®(f, g), of these vanables, such that when values
are assigned to them, a compound proposition, irue or false,
results If we allow P to represent the compound proposition
which results when f(z) and g(z, y) are assigned the meanings
“z 18 a member of the collection” and '‘z 18 heavier than y”
respectively, and allow Q to represent the logical consequence
given above, then, 1n saying that this consequence follows, we
are asserting the proposition P4Q or ~¢(P.~Q) But if we
drop these meamings and represent the compound propositional
function by ®(f, y) and the function that 18 said to follow by
¥(f, g), then, 1n eaying that this consequence follows, we are

' The expresaion d(z, y, z) 1# to be understood to mean 'z, y, and z are
all distnet,” 18, =(z = y) =(z =32) =(y = 2), d will be subsequently em-
ployed 1n the same sense as applied to any number of variables

12
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asserting the proposition
U9 20, 94¥(, 0,
or ~0(df, g) - 2(f, 9) - ~¥(J, 9),

1e, ‘"It 18 impossible that there should be values of f and g such
that ®(f, g) would be true and ¥(f, g) false ”

When we speak of one function as being implied by another,
we mean, then, that the implication holds for all values of the
variables Tt 18 1n this sense that we can speak of the class of
all functions that follow from the set (a)—(d), or from the function
®(f, g), Just as we speak of the class of all propositions that follow
from an assigned proposition  For any values of f and g whatever
which transform the functions (a)-(d) into a set of propositions,
there will be a corresponding class of propositions, and if all the
functions of the set are transformed into true propositions by
the apmignment, of a pair of values to f and g, then all the functions
that are imphed by (a)-(d) will be transformed 1nto true propo-
sitions by that same pair of values

A set of propositions resulting from the assignment of values
to f and g 1o the functions (a)—(d) 18 called an interpretation of
these functions, and if, 1n such a case, all the propositions are
true ones, we are said to have an interpretation satisfying the
functions, or a true nterpretation It will be clear, however,
that in general an arbitranly chosen interpretation will not trans-
form all the functions 1nto true propositions If, for instance,
we take a collection of sticks of wood of varying lengths, which
are, however, such that at least two of them have the same
length, and 1f we allow f(z) to mean 'z belongs to the collection”
and g(z, y) to mean '‘z 18 longer than y,”” then we have, as an
mterpretation of the functions (a)—(d), the following propositions

If z 18 a stick belonging to the collection, then z 18 not longer
than 1tself

If z and y belong to the collection, and are distinct, then
either r 18 longer than y or y 1s longer than z

If z and y are distinct members of the collection, then z 15 not
longer than y, or y not longer than z

If z, y, z are distinct members of the collection, and if z 18
longer than y, and y longer than 2, then z 18 longer than z



POSTULATIONAL TECHNIQUE DEDUCTION 343

Although the first, third, and fourth of these propositions will
be true, the second will be false On the other hand, 1t can
easily be verified that each of the following interpretations
transforms all the functions (a)-(d) 1nto true propositions

Let f(z) mean "z 158 a cardinal number” and g(z, y) mean
"z 18 greater than y "’

Let f(z) mean ‘‘z 18 a cardinal number” and g(z, y) mean ‘'z
18 less than y

Let f(z) mean *z 13 one of the forty-eight States comprsed
1n the United States” and g(z, y) mean ‘'z has more inhabitants
than y" (or, alternatively, ‘'z has fewer inhabitants then y')

Let f(z) mean ‘“‘z 18 a planet revolving about the sun” and
g(z, ¥) mean ‘'z 15 nearer the sun than y "

Let f(z) mean “z 15 a sentence on this page” and g(z, y)
mean 'z comes before y "'

We shall have a defimition of independence for sets of prop-
ositional functions which 18 quite similar to that given 1n con-
nection with sets of propositions We may say that the functions
(a)—(d) are independent if, and only 1f, no one of them 18 imphed
by the remaining three, 1n the special sense of ‘implied’ under-
stood 1n connection with functions In this sense, to say, for
mstance, that (a) 18 not implied by (b) 15 to assert the proposition

6(df, 9) i. (2, 9) 1 f(@) - S (@) - ~(z = ¥) - 2.

g(z, ) vgly, 7) :. (A1) . f(z) - 9(3, 2),
that 18, ‘“It 18 possible that there should be values of f and g
such that, for those values, (b) would be true and (a) false "

It 15 not to be supposed, however, that because two functions
are 1ndependent, two propositions which are true interpretations
of the functions will be, and thus that any interpretation satis-
fying (a)-(d) will be an independent set of propositions if these
functions are independent Let us take, for example, the two
mmple functions ¢(z) and ¢(z), which do not contsin any gener-
shized vanables, and let us first interpret them to mean A 18
red” and “4 18 round,” respectively The two functions are
independent, since

°(H¢J \P) - dJ(J') . "%(T) and 0(514’1 V/) . "(;) . -4’(1:)
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hold; and the two propositions are, since it 18 not impossible that
A should be red and not round, and not impossible that 1t should
be round and not red But let us leave the interpretation of
#(z) unchanged, and allow y(z) to mean A 18 colored ” Then,
although the two functions are independent, the propositions
resulting from this interpretation are not It will be clear,
1n general, that values of functions may be more deternmnate 1n
lozical or conceptual form than are the functions from which
they are derived, and thus that there may be implications holding
among the propositions which do not hold among the functions
If we know that a set of functions 18 1ndependent, all we know 1s
that the set may bave independent interpretations If, on the
other hand, we know that a set of functions 15 not an independent
one, we know that 1t cannot possibly have an independent inter-
pretation, and that there will inevitably be some point of re-
dundancy, for 1f one function follows from another, any value of
the one must follow from a corresponding value of the other
Now this fact, that 8 non-independent set of functions cannot
possibly have an independent 1nterpretation, gives us a criterion
by which we can oftep determine that a set involves only inde-
pendent functions In order to illustrate this criterion, let us
take again the two functions ¢(z) and y(z), with a view to
showing that ¢(z) neither imples nor 18 1mplied by ¢(z) Ths
18 obvious and trivial, of course, but we wish to prove 1t by the
method 1n question To show that ¢(z) does not follow from
¢(z), we must find an interpretation which transforms ¢(z)
1nto & true proposition and y(z) into a false one This page of
print 18 & rectangular, black-and-white pattern of color, which
we may call S, and we may allow ¢(z) to mean S 15 black-and-
white” and ¢(r) to mean S 18 circular,” the first proposition
being true and the second false 8o, ¢(z) cannot umply ¢(z),
amnce, 1f1t did, “ S 18 black-and-white ”’ would have to imply “S1s
arcular,” and no true proposition can imply a false one  Again, a
certain fountain-pen, which we may call T, 1s green and cylindrical,
8o that we may interpret ¢(z) to mean ‘T 1s red” and y(z) to
mean’ ' T18 cylindricel,” thus giving ¥(z) a true and ¢(z) a false 1n-
terpretation. But let us take two functions which are not in fact
independent—(z, y) . g(z, y) and (z).¢(z, z), for example—
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where, of course, z and y in the first function are independent vari-
ebles, taking thesame or different values ~We can find an interpre-
tation making (z, y) . g(z, y) falseand (z) . g(z, z) true:ifg(z,y)
18 understood to mean ‘‘z 18 1dentical with y,”’ the first function
becomes ‘' For every z, y, z 18 1dentical wmith y,” and the second
becomes ''For every z, z 18 identical with z”” Hence the first
cannot be 1mplied by the second But 1t 1s plainly quite 1m-
possible to make (z, ) . g(z, y) true without making (z) . g(z, 1)
true

We may now apply this procedure to showing that the four
functions (a)-(d) form an independent set In the frst place,
in order to see that (a) does not follow from (b), (¢), and (d),
we must find meanings for the variables f and g which make (a)
false and (b), (c), (d) sall true, and the following interpretation
will be seen to do this Let f(zr) mean ‘“z 15 a natural number,”
and let g(z, y) mean ‘“‘z 18 not larger than y” Then ~g(z, z)
will mean ‘“‘z 15 larger than 1tself,”” and (&) will become */If any-
thing 18 a natural number, then 1t 18 larger thnn 1tself,” while
all the other functions will be transformed 1nto true propositions.
Second, to see that (b) does not follow from (a), (c), and (d),
interpret f(z) to mean ‘‘r 18 a human bemng” and g(z, y) to
mean ‘‘z 18 an ancestor of ¥ Then (a) 158 satisfied, since
nobody 18 his own ancestor, (c) 1s satisfied, since no two persons
can be ancestors of each other, and (d) 18 satisfied, since 1f one
person 1s an ancestor of another, and the other of a third, the
first 18 an ancestor of the third, but (b) fails, owing to the fact
that there are persons between whom the ancestral relation
does not hold either way In the third place, to show that (c)
does not follow from (a), (b), (d), let f(z) mean 'z 18 a degree of
temperature” and g¢(z, y) mean '‘z 18 either higher or lower
than ¥ " Here (c) will fail, since 1t will mean “If z and y are
distinet degrees of temperature, then 1t 18 not the case that z is
higher or lower than y, or not the case that y 18 higher or lower
than z"”, whereas all the other functions are easly seen to be
transformed 1nto true propositions Note that (d) would
become false with this interpretation 1f it were not for the con-
dition 1n that function that z, y, and z shall all be distinct, since
from g(z, y) and g(y, z) we should have g(z, z) Finally, that
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(d) does not follow from (a), (b), and (¢) may be seen from the
following interpretation Take a circle, and three points on it,
I, m, n, let f(z) mean ‘'z 18 1dentical with I, m, or n,” and let
g(z, ¥) mean "'y comes next after z i1n the clockwise direction.”
Then, clearly, (a}, (b), and (c) are satisfied, but the relation
‘coming next after’ 15 not transmitted in the manner required by
(d), suce, for example, we may have g(l, m) and g(m, n) to-
gether with g(n, I) rather than g(l, n)

The procedure here in question 18 known as the Interpreta-
tional Method for proving the independence of a set of functions
It 18 dependent upon the fact that we can often observe with more
certainty that certain propositions are true and others false than
we can that s given function is or 18 not 1implied by others But
the situation 1s, of course, entirely relative, 1t might happen in a
particular case that we could see more clearly how a function
did not follow from certain others than we could see that corre-
sponding propositions were true and false, respectively More-
over, this method gives us merely a sufficient condition of inde-
pendence, not a necessary one 1f interpretations of an appropriate
sort exist, then the functions of the set are independent, but if
none do, 1t does not follow that they are not independent We
might quite well have a function that was not deducible from
certamn others, and yet no interpretation which would make 1t
false and the others true It may, indeed, be the case that for
any independent set of functions, there exist, 1n pownt of fact,
appropriate interpretations showing 1t to be so, but that 1s
hardly a matter open to logpical demonstration

We may now turn to the question of consistency as it anses
1In connection with functions We shall say that a set 18 con-
sistent 1f, and only 1if, there does not exist a function F such that
the set implies both F and ~F So, 1if & set 18 not consistent, it
will 1imply a function of the form F.~F, which cannot have a
true value And from the fact that a set of true propositions
cannot 1mply a false consequence, 1t follows that an 1nconsistent
set of functions cannot have a true interpretation, so that we
may define a consistent set, alternatively, as one that maghi be
interpreted truly In view of this Iatter definitionm, 1t 18 clear
that we can adopt an interpretational procedure in proving con-
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mistency, for if we can show that a set of funotions doss have a
true interpretation, we can, of course, infer that 1t meght have,
on the ground that what 1s actual is possible And 1t 18 easy to
see, by means of a true interpretation, that the set of functions
(a)-(d) 18 consistent, any of the five true ones given above will
do Here, however, as 1n the case of proofs of independence, we
cannot 1nfer from the mere fact that s set does not have a true
interpretation, that 1t 18 not{ conaistent, truth is a sufficient con-
dition of consistency, not a necessary one

But, now, there 1s a feature of the functions (a)-(d) 1n virtue
of which we can see that they must be consistent, without resort
to particular interpretations they arc all umiversal functions,
which are negative 1n effect, and no purely negative function can
be inconsistent either wath 1tself or with another purely negative
function Thus, 1 the ecase of function (a), we have
~(Hz) . f(z) . gz, ), which merely demes the existence of a
thing of a certain lund, and the only functions that can be 1ncon-
sistent with this one are those with existential 1import It some-
times happens that when a negative function 1s interpreted, the
resulting proposition 18 true because there do not exist things
sufficient to fulfil 1ts hypothesis, and when thie 1s the case, we say
that the function 1s satisfied ‘vacuously’ Thus, let f(z) mean
"z 19 erther the earth or the moon” and g{z, y) mean "z 18
larger than ¥ > Then (a), (b), and (c) are plainly satisfied, but
80 18 (d), since all 1t says 18 that 1f there are three distinet things
1n the class determined by f(z), then they will satisfy such-aud-
such a condition, that 18 to say, either there are not at least
three things of the kind 1n question or else the consequence
holds Again, let f(z) mean ‘‘z 18 a satellite of the earth” and
g(z, y) mean ‘“z 18 larger than y '’ Then (a) 18 satisfied 1n the
ordinary way, while (b), (c), and (d) are satisfied vacuously
Thus, (b) says that either there are not two distinct things,
z,y, 1n the class deterrmned by f(z) or else one of the two
functions g(z, ) and g(z, =) holds, and so for the other cases.
Finally, let f(z) mean 'z 18 a satelite of the moon” and g(z, ¥)
mean ‘“‘z 18 larger than y”’ or, for that matter, anything else
whatever, then all four functions are satisfied vacuously, It 1s,
then, a charactenstic of umversal or negative propositiona that
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they would ell be true 1f pothing whatever existed. And this
brings out precisely the conditions under which a negative propo-
mtion is true as contrasted with those under which an affirmative
ope is an affirmative propostion will be true if and only if
something meakes 1t 80, 2 negative proposition will be true if and
only if nothing makes 1t false, 1t does not require anything to
make 1t true

There 18 one further notion relevant to sets of functions which
we must endeavor to explain It has been pointed out that the
only free vanables occurning 1n the set (a)-(d) are f and g, and
that each of the four expressions 1a constructed on f(z) and
g(z, 1), 1n the sense that no further functions are involved, the
other factors 1ntroduced bemng logical constants The two
functions f(z) and g(z, y) are eaid to constitute the ‘base’ of the
set, 1t being understood that f and g are to remain free, and that
the other vanebles are to be generalized Now, we can speak
of other functions as being constructed on this same base, and
of still others aa constructed on different bases Thus, the func-
tion (Hz).f(z).g(z,z) 18 on the base f(x)g(z,y), but if
¢'(z, ) 18 another matrix, which can take values independently,
then the expressions (¥z).f(r).g¢'(z,z) and (z,¥).¢(z, v)
will not be on this base It 18 to be noted, too, that a function
on the base of the set (a)—(d) need not 1mvolve both f(z) and
g(z, y), all that 18 necessary 18 that 1t should not mnvolve mat-
rices other than these two Thus, (dz).f(z) 18 on the base
in question, as 18 (r,y).g(r,y) And there 18 one further
circumstance that must be taken account of here We some-
times define functions 1n terms of others, 1n the sense of giving a
purely verbal definition We can, for instance, define h(z, y, z)
as meaping ¢(r, ) . ¢(y, 2), and 1f this 1s done, then, of course,
(7,9, 2) - h(z, v, 2) will be on the base f(z),g(z, ¥), since it will
simply mean what 158 meant by (z, v, 2) - ¢(z, ) . g(y, 2).

The importance of the notion of the base of a set of functions
can be seen from the following considerations  From s set, con-
sequences may be deduced which are on the base of the set, and
we may consider the class of all consequences that are on that
base It might be supposed that any theorem which followed
from & set would be on the same base as the set, and there is a
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sense in which all ‘important’ theorems are; but strictly speaking,
in the case of any set of functions, there are many implications
containing vanables which do not appear 1n the functions of the
set. This anses from the circumstance that 1f p imphes g, then
it 1mphes gvr, and also ¢.rv-r, no matter what r may be
Thus, from conditions (a)~(d), we have

~(Hz, y) . g9z, ¥) -9y, 2) . () . f@) - =(z = p),

and s0 we have

~dz, y)-9(z, ) - gy, 7) . g’ (=, ) - J(2) - f(w) - =(z = ¥),

which contains the new vanable g’

In this connection there 15 one further important notion,
which 18 that of all functions that can be constructed on the
base f(z),9(x, ¥) Thise will be a wider class than that of all
functions on the base 1n question which are deducible from
(a)—(d), since, for one thing, 1t will include the contradictories
of sll such functions Thus,

(@, 9) :~f(D) v~f(@) . v.g(z, y) > =g(y, T)

15 a logical consequence of (a)-(d), and 118 contradictory,

Az, y) - f(2) - J@) - 9(z, ¥) - 0(v, 2),

is, of course, on the same base 8o, if a set of properties 18
consistent, 1e, never 1mples both ¥ and ~F, the class of all
functions that can be constructed on the base of the set will be
at least twice as large as that of all those following from the set
In general, however, 1t will be a still wider class, for only 1n
exceptional cases does a set of properties imply one or the other
of every pair of mutually contradictory functions that can be con-
structed on the base of the set Thus, 1n the case of the set
(a)-(d), nerther the function (Hz).f(z) mnor its contradictory,
(z) - =f(z), 18 1mpled, and, agamn, neither

(@) :. @y) : f(z) -2 f(¥) - g(z, y)
(dz) : (v) . f(@) - ~f(y) v =g(z, )

nor

18 umplied
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The proof that these functions do not follow from the set 18,
of course, like the proofs of independence given above- we find
an interpretation satisfying (a)-(d) and failng to satisfy the
function that 18 to be shown not to follow Let f(z) mean ‘'z
18 a satellite of the moon” and g(z, y) mean "'z revolves about
y” Then (a)~(d) are satisfied vacuously, while (Hz).f(z)
faills Let f(z) mean ‘'z 18 a satelhite of the earth’” and g(z, y)
mean ‘‘z 18 not 1dentical with ¥’ Then (a)-(d) are satisfied
(the last three vacuously), while (z) . =f(z) fails Again, if we
allow f(z) to mean ‘‘z 18 one of the numbers 1, 2, , 9" and
g(z, y) to mean ‘‘z 18 less than y,” then (a)—(d) are satisfied, and
the first one of the other pair of contradictory functions fails
And, finally, if we allow f(z) to mean ‘“z 18 one of the numbers
1, 2,3, " and g(z, y) to mean ‘'z 15 less than y,” then the
second function of this pair fails, while (a)-(d) are satisfied

II we denote by o the class of all functions that can be con-
structed on the base f(z),9(z, y), we can say that o falls 1nto
three mutually exclusive and jointly exhaustive subclasses, a), as,
aj, where a, 18 the ¢lass of all functions that [ollow from (a)-(d),
ay the class of all contradictories of these functions, and as
the class of all those functions such that neither they nor their
contradictories follow from the set  Here, 1t 1sto be noted that the
members of a3 are no more 1ndependent of the set than are those
of a,, 1if an interpretation makes (a)-(d) true, then all the
members of a; will be transformed into true propositions, and
all those of a, 1nto false ones, so that we may combine a; and a,
mmto one class, a;;, and say that (a)-(d) determmne the truth-
value of every member of this class If we add to the set
(a)-(d) a function from the class a;y, we shall get either a con-
tradiction or a redundancy, whereas 1f we add a member of a,,
the new set will be self-consmstent—=slthough 1t may not be an
independent set, owing to the fact that the new condition, either
alone or together with some of the onginal ones, may 1mply
others of the onginal set Now, of course, this new set will have
a wider range of implications, a;s will be incrensed, and a,
correspondingly diminished So, we may continue to add func-
tions to (a)—(d) until the class a, vamshes sltogether, and when
this occurs, the set obtained 18 said to be calegorical or complete,
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A set 18 complete if, and only if, it determines the truth-value of
every function that can be constructed on 1ts base In the case
of such a set, one of every pair of mutually contradictory func-
tions 18 1mplied, and the other is, of course, incompatible with the
set  The problem of completeness is a difficult one, and we shall
not deal with 1t 1n this chapter, except by way of showing that
certain sets are not complete—as has already been done with
(a)-(d) In the next chapter, however, we shall take up this
problem with reference to ecertain particular examples, and
under a restricted form, 1n connection with the general problem
of deducibility

For the purpose of illustrating how deductions are to be made
from the functions (a)-(d), we may now show that the following
miscellaneous theorems are logical consequences of this set

(1) (Hz).f(z).3. (Hz) . ~g(z, 2)

That 1s, if there 18 at least one thing satisfying f, then there
18 an z such that g(z, z) fails This follows immediately from
(a), since, according to that condition, either a thing does not
satisfy f or else 1t 1s such that ~g(z, z)

(2) Hz,y) . (@) fy) -~z =1y).>-
(E{Il 1/) . g(zl U) = -g(yl I)

That 13, 1f there are at least two things satisfywng f, then
there will be two things z, y such that g(z, y) has a truth-value
opposite to that of g(y, z) This follows from (b) and (c),
gince, according to (b), there will in such a case exist two things
z, y such that g(z, y) holds, and, according to (c), no two things
satisfying f can be such that both g(z, %) and g(y, z) hold

@) [z, y,2)-f@).f@) @) -~z=y).~(z=12).
~y=12)-2.dz,y,2 .90z, ¥) - 9(y, 2) . 9(z, 2)

From (b), if z and y satisfy f, then either g(z, y) or g(y, z)
holds, and since these two cases are distinguishable only relatively
to each other, we may say that g(z, ) holds, without loss of
generality Using (b) again, we have g(y, z) or g(z, y), where z
is taken to be another thing satisfying f If g(y, z) holds, we
have, by (d), g(z, £), and the theorem 1s satisfied, so that we
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may suppose g{z, y) to hold Then there are two further posai-
bilities, g(z, z) and g(z, z), but if g(z, z) holds, the theorem 1s
eatisfied, since we shall have g(z, 2).¢(z, ¢) . ¢(z, ¥); and if
g(z, =) holds, we shall have g(z, z) . g(z, ¥) . g{z, 7).

It is to be noted that the three theorems here established do
not have existential import, despite the fact that the symbol H
occurs in their formulation This symbol occurs only aa govern-
ing subordinate constituents of the expressions, and 1t must do
g0 in connection with any function deducible from conditions
(a)-(d), since they are non-existential

4) (@ y)J@) S -~g(z,y) - ~9(y, 0).2.2=y

From (b), f z and y were distinct, either g(z, y) or g(y, z)
would hold

G) (9 :9(z,v) .9y, 7).2.=f(z) v=f(y)

From (c), if both z and y satisfied f and were distinet, either
g(z, y) or g(y, ) would fal, and from (a), if they satisfed f
and were not distinct, ¢ would not be satisfied

6) (2).0(z, 2)>~f(2)

Note that this theorem 1s really 1dentical with (a) Replacing
> by 1ts defimtion, we have (z).=~g(z, z) v ~f(z), and since the
order of the alternatives 18 not symbohically relevant, we may
wnte (z) . ~f(z) v~g(z, 7)

M (z,v,2:f(=) -5 . J(2) - 9(z, y) - gy, 2) .2 . =g(z, 7)

This follows from (a), (¢), and (d) If g(z, ) and ¢(y, 2)
hold, then, by (a), = 18 distinet from y, and y from z, but z 1s also
distinct from 2, since, if 1t were not, we should have both g(z, y)
and g(y, ), contrary to (c), so that from g(z, ) and g(y, z) we
bave, by (d), g(z, z), which imphes ~g(z, z), by (c)

It will be seen that we cannot deduce from conditions (a)-(d)
functions like

@) . ~f(2)29(z, 2)
ﬂnd (Il y) : "'f(Z) v ~I(y) 9. -G(IJ y):
a8 could easily be established by reference to appropnate inter-
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pretations. This fact 15 connected with a general feature of the
set (a)—(d), namely, that 1t places no restrictions upon things
not satisfying the function f, that 1s, not belonging to the clasa
determined by this function In connection with any interpre-
tation of the set, we are interested merely 1n relationships among
those things belonging to the class determined by the interpre-
tation put upon f, this class constitutes, as 1t were, the ‘universe
of discourse’ If, for instance, we allow f(z) to mesan 'z 18 &
planet,” and g(z, y) to mean “z 13 larger than y,”” we are con-
cerned solely with size among planete Nevertheless, the prop-
ositions resulting from this interpretation will be sigmficant for
other things, and will always be satisfied by them All other
things satisfy the conditions by failing to satisfy their hypotheses

Among all the funcuons that can be deduced from conditions
(a)—(d), there are certain selections from which (a)—(d) 1n turn
follow Any such selection will be a set of conditions which 18
equivalent to the set (a)-(d), 1t will be one which has exactly
the same logical force, and which determines, accordingly, the
same class of theorems Let us take, as an example, the fo]-
lowing selection of three functions, with a view to showing that
1t implies and 15 implied by (a)-(d)

(@ (z9):f@) . J@) .90, ) .2. = =v)
B @y /@) J@).-~c=1) - =gz ¥).2.90 2)
(v @y 2):5@) S-S -g9(z, ¥) -9y, 2) -2 g(z, 2) *

Note that (y) differs from (d) merely 1n respect of the fuct
that the condition of distinctness among z, y, z 18 omitted in the
one case and not 1n the other In order to show that the two
sets are equivalent, we must show that each function of either
set follows when the other set 1s assumed And we may begin
by showing that (a), (8), and (v) are consequences of (a)-(d)

(«) follows from (a), since, according to (a), g(z, z) cannot
hold if z satisfies f

(8) follows from (b), since, according to (b), if ~g(z, y),
where z and y are distinet, then g(y, z)

(y) follows from (a), (c), and (d) If g(z, y) and g(y, 2) hold,
then, by (a), z and y are distinct, a8 are y and z, but 1t 18 also

* Thus set 18 given by E V Huntington, 1n The Continyum, p 10



354 SYMBOLIC LOGIC

true that z 18 distinct from z, since otherwise we should have
both g(z, y) and g(y, z), contrary to (c); and so, by (d), g(z, 2)
holds

It will be seen that 1n these deductions each of the conditions
(a)—(d) is used at least once If this were not so, the two sets
could not be equivelent, because, if the functions (a)-(v) fol-
lowed, say, from (a), (b), and (c), they could not 1mply (d),
owing to the fact that 1t does not follow from (2), (b), (¢) That
the functions (a)-(d) are logical consequences of (a)—(y) may
be seen as follows

(8) 15 an immediate consequence of (=), and (b) of (8) (c) 18
a comsequence of (a) and (), for, if both g(z, ¥) and g(y, =)
hold, then, by (v), g(z, z), contrary to (a«¢) And (d) follows
immediately from (v)

In view of these deductions, 1t will be observed that (a) and
(8) are equivalent to (a) and (b), respectively, so that 1n the set
(a)-(d), we can replace (¢) and (d) by the single function (),
without altenng the force of the set It will be seen, too, that
since (e)—(v) and (r)—(d) are equivalent, and since the latter 1s
consistent, the former must be, any i1nterpretation satisfying the
one must satiefy the other also And 1t can be shown, by means
of appropnate examples, that conditions (a)-(y) make up an
independent set  If f(z) 18 1nterpreted to mean ““‘z 18 a day of
the week” and g(z, y) to mean "“z does not come before y,"”
then (@) fails, while (8) and (y) are satisfied If f(z) 15 inter-
preted to mean ''z 18 a President of the Umted States’’ and
g(z, y) to mean ‘‘z 18 an ancestor of y,”’ then (8) fails, while («)
and (y) are satisfied If f(z) 18 interpreted to mean “‘z 18 a
thing” and g(z, y) to mean ‘‘z 18 other than y,” then (v) fails,
since from g(z, y) and g(y, ) we shall have g(z, z).

The sets of postulates dealt with in this and 1n the next
chapter are chosen for the purpose of 1llustrating how the formal
logical theory of propositions 1s to be applied to problems ansing
n connection with types of order and deductive systems, and
also to show how this logical theory may be developed in the
direction of mathematics The examples selected are very
saimple, and are designed rather to exhibit prineiples of logical
procedure than to be of mathematical interest on their own
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account These two aims, however, are not cleatly separable,
and 1t will be seen that the theorems established in the next
chapter are not without stnctly mathematical mgmficance

The postulates themselves are, of course, sxmply premises or
‘defimtions,” and the theorems logical consequences of them
Thus, as has been pointed out above, if we show that (z) . f(z, z)
follows from (z,y).f(z, y), we are establishing the logical
proposition

Nz, y)-flz,y).4.(z) . f(z, 2)

It 18 poseible 1n such a case to refer the proposition 1n question
back to sumpler logical ‘principles’ by way of proof Indeed, 1t
would seem to be possible, by the use of certain assumptions
which are themselves purely logical truths, to refer all such
propositions back to a small fimte number of principles  But 1t
18 to be noted that no such reference 15 nzcessary to s strict
proof, because all propositions like the one here cited are as
much Jogical principles as anything else 18 That 18 to say, if
(z, ¥) - f(z, v) mmphes (z).f(z, ), 1t 18 10 virtue of an internal
relationship in which these functions stand, and no appeal beyond
that fact 15 necessary The method of proving logical propo-
sitions by basing them on a hmited set of primitive assumptions
18 an 1mportant one, because 1t shows that the propostions
dealt with, however complex, can be derived from and established
n terms of certain very simple 1deas  But this methed does not
seem to be adequate to propositione expressing possibility, which
are involved 1n proofs of independence  Thus, 1t can be observed
that (z).f(z, z) does not mmply (z,%).f7, ¥), and this 15,
like the observation that the converse implication does hold, &
matter of strictly logical insmght, so that we have

o(df) : (z) . f(z, 2) : (Uz, y) - ~f{z, ¥)

It seems evident that there must be uniform ansalytic procedures
by which any such proposition could be established, but 1t 18
doubtful whether this could be done by deduction from any
restricted set of propositions
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SecTioNn 2 Tyres oF SERIAL ORDER

In virtue of the fact that functions (2)-(d) do not form a
categorical set, we are able to determine specific kinds of serial
order by adding further conditions to these four We may, for
instance, add the condition (Hz).f(z), which demands that
there shall be at lenst one thing satisfying f. In that case, the
set wall no longer be satisfied when f(z) 18 given such interpre-
tations se ‘'z 18 a satellite of the moon,” however ¢(z, y) may
be interpreted Or we may add the function (Hz, y).f(z)
J(@) -~(z = y), which demands that there shall be at least
two things 1n the class determined by f, and 1n that case the set
will not be satisfied when, for example, f(z) 18 1nterpreted to
mean ‘‘z 18 a satellite of the earth” There 15, of course, no
upper Limit to the number of things which can belong to the class
determined by 7 in either of these cases, nor 1s 1t customary to
restrict this class s0 as to make 1t finite 1n number, since that
gives nse to relatively trivial situations It 1s, however, quite
easy to impose such restrictions Suppose, for example, that in
aeddition to the requirement that there shall be at least two
things satisfying f, we demand that there shall be at most two

~Hz,y,2) -f(2)  J@) . J@) .=z = y) .~z = 2) . =(y = 2)

Then the set can be satisfied only when f(z) 1s given such &
meaning a8 ‘‘z 18 either the earth or the moon ” It wall be seen,
too, that with this further restriction function (d) becomes
redundant, since 1t follows 1mmediately from the requirement
that there shall not be as many as three things which satisfy f
A condition that 1s not implied by a set may 1tself 1mply some
member, or may do so in conjunction with other members of the
set

We shall get an interesting case if to the functions (a)-(d)
we add the following iwo.

() (Hz,p).f(2).fy) .~z =)
N @)@ . @) -0(z, v)-2.f() . g(z, 2) . gz, ¥)-

The second of these expressions may be rendered “If z and y
satisfy f, and are such that g(z, y) holds, then there exmsts at
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least one thing 2 which satisfies f, and which is such that both
g(z, 2) and g(z, y) hold” In order to make clear the force of
this condition, we may take a true interpretation of properties
(a)-(f) Consider an assigned straight line runming from left
to rnight, and let f(z) mean ‘'z is a point on the hne” and g(r, y)
mean ‘'z 18 to the left of y”’ Then, what (f) tells us 18, that 1f
z and y are ponts on the hne such that z 18 to the left of y,
there will exist a point z which 1s to the nght of z and to the left
of y. So we can express what this really comes to by saying
‘‘Between any two points there 18 a third ¥ And condition (e)
tells us that there are at least two points Without this con-
dition we could not prove that there were points on the line at
all With 1f, however, we can prove that the number of points
cannot be finite, for if there are two distinct points, z, y, there
must be a third, z, between z and y, and, again, a fourth, 2/,
between z and z, etc , and 1t 18 easy to see that none of the points
80 derived can be i1dentical with any of the others This, of
course, does not show that there are, 1n fact, a non-finite number
of points on a given line, but only that if, as we supposed, & line
affords a true interpretation of postulates (a)-(f), there must
be Any true interpretation of these functions 18 called a ‘dense
series '

With only one existential condition in the lst, then, and that
one satisfied by the existence of a class of just two members,
we have here framed a set which can be satished only by 8 non-
finite class. This shows how the join* force of several conditicas
may be vastly different from that of the several conditions sepa-
rately, and suggests s conception which might be called the
‘fertiity’ of & set of properties Suppose we have a condition
p, with consequences g, 7,  , and another p’, with consequences
g, v, .. . Thep, of course, p.p’ will imply all these con-
sequences, and therefore the conjunction of any of them But
if these two functions comnstitute a fertile set, they will entail
some consequence § which cannot be analyzed a8 a mere con-
Junction, or any other truth-function, of imphecations derivable
from p and p’ separately Thus, if p 18 the conjunction of con-
ditions (a)-(e), and p’ 18 the single function (f), from p.p’ we
can infer that there are, say, at least ten things involved 1o any
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true interpretation, whereas from p slone we can infer at most
that there are two things, while from p’ alone we are not able to
infer that there are any things at all

It may be of interest to observe how conditions (a)-(f) are
to be classified, with respect to their degrees of generalhity and the
hke The first four of these functions are, as has been pointed
out, non-exustentinl, and all four are singly general, the first
being a function 1n one vanable, the second and third 1n two,
and the fourth ip three, (e) 15 a singly-genersl existential function
1n two vanables, while (f) 18 a doubly-general non-existential
function 1n three variables Moreover, (f) 18 wreducible, as of
course the other functions are, since they are singly general
When the members of a set of functions are not 1irreducible, the
mere fact that they are of certain degrees of generality 1s of no
special significance, since any function 1n n generalized variables
can be so expressed as to be n-tuply general

We may be reasonably assured that conditions (a)-(f) are
independent by reference to the following interpretations, the
first example faxhng on (a), the second on (b), ete

(A) Take a hne running from left to rght, and interpret f(z)
to mean '‘z 18 a point on the line” and g(z, ¥) to mean ‘'z 13 not
to the left of y "

Here (f) will be satisfied when z, y, and z all denote the same
point, as well as 1n other cases

(B) Take two parallel hnes running from left to nght, and
let f(z) mean ‘“z 18 a point on one of these lines” and g(z, y)
mean ‘118 to the left of y

(C) Interpret f(z) to mean ‘“z 18 & number” and g(z, ¥) to
mean ‘'z 18 distinct from y "’

(D) Consider the circumference of a circle drawn on this
page Let f(z) mean '“z 18 8 point on the circumference,” and
assign to g(r, y) the following meamng ““It 13 less than 180°,
but not & zero distance, in the clockwise direction from z to y,
or else 1t 18 exactly 180° 1n that direction to y, and z 1s lugher up
on the page than y, or else 1t 15 just that far 1n that direction to
y, 8nd z 15 at the same height and also to the left of y

Thus, if z and y are distinet points not at opposite ends of a
diameter, and 1t 18 neerer from z to y clockwise than from y to
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z, g(z, y) holds, if they are at oppoaite ends of & diameter that
18 not the honzontal one, and z 18 above y, g(z, y) holds, if they
are the end-points of the horizontal diameter, and z 18 to the
left of y, g(z, y) holds, and 1n each of these cases, g(y, z) fails,
o that conditions (b) and (c) are satisfied But 50 18 (a), since
a point 18 not less than 180° clockwise from 1tself, nor above,
nor to the left of itself Moreover, (f) 18 clearly satisfied if z
and y are not on a diameter, and 1if they are, and g(z, y) holds,
then when we go clockwise from z to y, each point between wll
be less than 180° from either However, condition (d) fails for
sets of three points z, y, z where g(z, ¥) and g(y, z) hold, but wheret
18 more than 180° from 1 to z clockwise, as well as 1n certain
other cases

(E) Let j(z) mean 'z 15 this table” and pg(z, y) mean "z
18 not 1dentical with 3

(F) Let f(z) mean ‘'z 15 a rational number not faling between
1 and 2” and g(z, y) mean "'z 1s greater than y.”

Here (f) fails when z takes the value 2 and y the value 1

In the set (a)—(f), we can replace function (f) by the following
condition, without altering the logical force of the set

) (@) ::{z):.f(x)-fy) -~z =1y) 2:
J@) t gz, 2) gz y) -v.g(y, 2) . 4lz, 7)

When this substitution 18 made, however, condition (b) becomes
redundant with the remainder of the set, for if, 1n the case of
every pair of distinct terms z, y, =ither g(z, 2).g(z, y) Ix
g(y, 2) - g(z, ) holds for some term z, then, by (a), z must be
distinct from both z and y, so that, by (d), we have g(z, y) or
g(y, z) Andn wirtue of the fact that (b) may here be discarded,
8 set of four conditions that will be equivalent to (a)—(f) can be
made up 1n the followng way We have seen that condifions
(@)—(y) are equivalent to (a)~(d), where (n) 18 equivalent to
(a) and (b) to (), and where, therefore, (y) supples the force
of (c) and (d) jontly So, to begin with, we have (a), (b), (),
(e), (f,) equivalent to (a)-(f) But we have just seen that (b)
follows from (a), (d), (f,), and since (v) 18 stronger than (d),
(b) will, of course, follow when (v) 18 substituted, so that we

have (3); ('Y); (e)l (fl)
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We mey now consider the following logical consequences of
(a)—(f), each of which expresses a property that is possessed in
common by sall dense series

1) sy 2) f@).-f@) SE)-~(z=19).~(z=2) .~ =2

By (b) and (e), there are at least two elements z, y such that
¢(z, y) holds, and so, by (f), there will be an element z which 18
such that f(z), g(z, z), and g(z, y) all hold, and which, by (a),
must be distinct from z and y

@ @:i-g ) ).~z ) vz =y:3.~(z) v-f(y).
That 18, 1f g(z, y) holds, and if we have ~g(z, z) except when

2 18 1dentical with y, then f cannot be satisfied by both z and y
This follows from conditions (a) and (f)

@ @:-Hy, 2):f(z).2.4(z, ) vg(z 2).

That 18, if z satisfies f, then there is some term y such that
g(z, y) holds, or some term z such that g(z, z) holds This
follows from (b) and (¢) By (e), there are at least two terms
satisfying f, and so, 1f z 18 any such term, there will be at least
one other, z’, such that, by (b), g(z, ') or g(z’, ) mll hold

4) @:.Hy, 2):f(@).2.~g(z, y) v=~4(s, 2).
This follows from (c) and (e), or from (a)
) (my):-Ha):f(2) . fy) -~z =)
. 'U(Il '!_l) -3 g(yl Z) - 0(21 I)

By (b), i z and y are distinct, ~g(z, ¥) 1mphes g(y, z), and so,
by (f), there exasts a 2z such that g(y, z) and g(z, z) hold

) (Hz,y,2) .9(z, ¥) -0y, 2) -9¢(z, 2)

By theorem (1), there are three distinct elements, z, y, 2,
which satisfy f, by (b), ¢(z, ¥) or ¢(y, ), and g(y, 2) or g(z, v),
and g(zx, z2) or g(z, z) all hold, but any combination of these
posatbilities that 18 compatible with (d) satisfies the theorem

Let us consider now certain functions which cannot be
deduced from (a)—(f), end which show that this set 18 incomplete
in an important respect In the first place, 1t cannot be proved
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that there is a term z, which satisfies f, such that for evary other
term y, satisfying f, g(z, y) holds, and 1t cannot be proved that
there 18 no such term  In other words, 1f we represent conditiona
(a)-(f), which are functions of the free vanables f and g, by
®(f, g), then we have the two theorems

o(lf,g) ::8(,9) :. () : ~fz) . V.
Hy) -1@) -~y = z) . ~g(z, ¥),

and O(Hf, g) ::.®(f, g) :: (Hz) :.f(z) :.
@@ .=y = 2).2.49(z, y).

These theorems are established by the following examples.

Let f(z) mean ‘'z 15 a rational number between 1 and 2" and
g(z, ¥) mean ‘'z 18 less than y "’

Let f(z) mean ‘‘z 18 a rational number less than 2 but not
less than 1”” and g(z, y) mean ““z 18 less than y "

We may express this situation with regard to functions (a)-(f)
by saying that these conditions are compatible with the absence
a8 well as with the presence of a ‘first’ term 1n any senes which
satisfies them And they are, of course, compatible with the
absence, and with the presence, of a ‘last’ term 1p any such
series Thus there appear to be four possibihities with regard to
a further determination of (a)-(f), we may add

(8) (z) :- @y) : f(z) .>. ) - 9(y, 2),
(h) () :. Ay) : 7)) -2.7@W) - 9(z, v),

or

(g) (Fz) ::(y) :.f(2) :J@) - =y = 2) .2.¢(z, ),
(h") (Hz) :: () :.f(@) : (@) -~y = 1) . 2. q(y, 7),

or (g), (W), or (g'), (h) Conditions (a)-(f),(g),(h) define a
dense seres with no extreme elements, while conditions (a)-(f),
(8),(k’) define a dense series with two extreme elements

Now, 1t looks as 1f we had here four types of dense senes, but
there are good reasons for holding that this 18 not in fact the
case, and that the set expressed by (8)-(f),(g),(h) 15 really
identical with the one expressed by (a)-(f),(g),(h’) There
does not appear to be any formal distinction involved in de-
manding a ‘first’ and no ‘last’ element as against a ‘last’ and
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no 'Arst.’ Whether this 18 so, however, wil depend upon
whether every true interpretation 1n the one case will be a true
interpretation 1n the other, and conversely

Let us consider this situation somewhat 1n detail, since 1t 18
one with regard to which confusion mey easily arise  And let us
begin by considenng a very sumple example Take the two
expressions h(z, y) and k(y, z) Plainly, these are simply two
waye of representing one and the same function, since every
admissible meaning of either of them will also be an admissible
meaning of the other Suppose, however, that we bring them
mmto conjunction by wnting h(z, y) - h(y, z) Still there are
not two functions entering 1nto this conjunction, but only one,
the conjunction itself being a function constructed on this
single one and demanding two values of this one function related
in the way 1t specifies That 18 to say, the conjunction demands
for 1ts satisfaction two values of the function Ah(t, t') so related
that they will be of the form h(z, y).h(y, z) Let us take, as
a further example, the expressons (z):(dy).h(z,y) and
(y) : (Uz) . h(x, y) I these two expressions do not enter the
same context, they differ merely 1n respect of a trivial point of
notation and not at all in what they mean With regard to the
firat, if h(z, y) 18 interpreted to mean "z 1s smaller than y,”’ we
shall have ‘“‘Everything 1s smaller than something or other”
But with regard to the second, if h(z, ) 18 interpreted to mean
‘“y 18 smaller than z,”’ we shall have the same thing If the two
expressions occur together 1o one context, however, that context
will demand two different values of the one function which 18
represented by either expression separately, and will specify by
the two representations the way 1n which these values are to be
related If one of the two values of thus function should be
"“Everything 15 smaller than something,” the other would have
to be “Everything 15 such that something 18 smaller than 1t ”

In view of these considerations, 1t will be clear that the con-
junctive expressions (g') . (h) and (g) . (h’) represent the same
function But 1t does not follow from this alone that (a)-(f),
(g),(h) end (a)-(f),(g),(h’) stand for the same set of conditions,
because one and the same function may enter a set in different
ways To take a mmple example, let us consder the two
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symbolizations of the function k(¢ t') given by i(z, y) and
k(y, 2), and let us conjoin them 1n order with j(z, z), so that we
have h(z,y).3(2,2) and h(y, 2).3(z,2) Plamly, these con-
junctive expressions stand for different functions, since there
will be true values of the first which are not true values of the
second However, (g').(h) and (g).(h') seem, as a matter
of fact, to be conjoined with (a)-(f) 1n exactly the same way.
If, in connection with (a)-(f),(g’),(h), we allow f(z) to mean
““z 15 a positive rational number or zero'” and g(z, y¥) to mean
““z 18 less than y,” the set will be satisfied But 1t 15 also true
that if, in connection with (a)-(f),(g),(h’), we allow f(z) to
bave the same meamng, and interpret g(z, y) to mean ‘“y 18
less than z,”” we shall have a true interpretation It 1s, indeed,
eesy to see quite generally that every true interpretation in
either case must be a true interpretation in the other, all we have
to do 15 to essign to g(z, y) 1n the one case the meaning assigned
to g(y, z) 1n the other

It 18 to be observed that we can weaken condition (e) of the
set (a)-(f),(g),(b) by substituting for 1t the function (Hz).s(z),
sinee both (g) and (h) mmply that if there i1s one element n the
clase determined by f(z), there will be another Moreover, 1n
the set (a)-(f),(g),(h’), condition (e) 18 redundant, and may
be dropped altogether For (h’) implies that there will be at
least one element satisfying f, and 1t follows from (g) that there
will be two Here, however, we can, if we like, replace (h') by
the condition

(Hz):. ) : fy) -~y =12).2 [f(z).9(y, 2),

which does not 1mply that there 13 at least one element satisflying
f, and then (e) cannot be discarded altogether, but can be weak-
ened to (Hz).f(z) It will be clear, also, that both (g') and
(b") of the set (a)—(f),(g'),(h’) can be altered 1n this way But
1n the case of that set, whether this change 15 made or not, con-
dition (e) eapnot be weakened

We may turn now to a consideration of discrele semes of
vanous kinds A discrete series is one in which, if g(z, y)
holds, then there will always be some term 3’ such that g(z, y’)
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holds, end such that for every z, g(z, z) and g(z, y’) are not both
true, and some term z’' such that g(z’, y) holds, and such that
for every z, g(z’, z) and g(z, y) are not both true In short, a
discrete senes 18 one 1n which, if a term has a successor, 1t has
an immediate successor, and 1if 1t has a predecessor, 1t has an
immediate predecessor So, we may define such a seres gener-
ically by subjoiming to (a)—(e) the condition

) (@9::0(x).JW) .9(z,v)-2:.
Hy') : 1@ -0(z, ¥) 1 ~(H2) . (&) - g(z, 2) - g(z, ¥') =
(Az') 1 f(&@') - g(, v) 1 ~(H2) . f(2) - g(=', 2) - (2, )

And we may then go on to determine specific sorts of discrete
series by placing further restrictions upon this generic definition ¢
Thus, if we subjoin conditions (g') and (h), above, we shall have
a definition of a discrete senes with just one extreme element.

Let us consider the following examples, some of which afford
true interpretations of the set (a)-(e),(f),(g"),(h), and others
false ones

(I) Interpret f(z) to mean ‘‘z 15 one of the natural numbers,
1, 2,3, " and g¢(z, y) to mean ‘‘z 18 greater than y "’

(II) Interpret f(z) to mean '‘z 18 a natural number” and
g(z, y) to mean '‘y 18 greater than z "

(III) Interpret f(z) to mean ‘‘z 18 one of the numbers 1,

, 10” and g(z, y) to mean ‘'z 1s less than y "’

(IV) Take a line two 1nches long, running from left to nght,
and messure off from the middle of the line, 0, the distances
1, %, Y, . tothe nght, and the distances —1, —14 —14,
to the left, in terms of inches, so that there will be a class of
points corresponding to these numbers, with a zero point Then
let f(z) mean ‘‘z 18 one of these points” and g(z, y) mean '‘z
18 to the left of y "’

(V) In the example just given, change the meaning of f(r)
to ‘'z 18 one of the points of the class, but not the zero point "

(VD) In the same example, mterpret f(z) to mean "'z 18 one
of the pomnts 0, , 14, 3¢, 1"

¢Cf Huntington, Ioc e, p 19 There one further condition 18 used 1n
defimng a 'discrete series,’ but a less specific definition seems desirable in the
present connection
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(VIX) Let f(z) mean "z is one of the odd numbers 1, 3, 5,
. " and g(z, y) mean “z is 8 natural number just less than y.”

(VIII) Let f(z) mean ‘'z 18 one of the negative integers — 1,
—2, =3, . * and g(z, y) mean "'z 18 greater than y "

(IX) In the same example, change the mesmng of g(z, y)
to ‘“z 18 less than y ”’

(X) Let f(z) mean "'z is an integer, positive, negative, or
zero” and g(z, ¥) mean '‘z 1 less than y.”

It will be seen that examples (II) and (VIII) safisfy each
function of the set (a)-(e),({’),(g),(h) end that the other
examples fail to satisfy one or more of these conditions The
first example fails to satisfy (g'), because this condition, with the
interpretation 1n question, requires that there should be a greatest
natural number, and 1t fails to satisfy (h) because there 18 a
least natural number Example (III) satisfies (g’), but 1t fails
on (h), owing to the fact that 10 has no successor belonging to
the class determined by jf(z). (IV) fails on (h), and also on
(f), 1o that there 15 no point immediately to the nght of the
zero point, and none 1mmediately to the left In the next ex-
ample, however, where the zero point 15 omitted, (f') 18 satisfied,
while (h) fails, whereas 1n example (VI), (') fails, since there 18
no term coming next after 0, while (g’) holde Note that (VII)
fails on conditions (b), (g'), (b) and satisfies the other conditions
And finally, it will be seen that (IX) differs from (VIII) in having
a greatest but no least element, and thus m failing on both (g')
and (h), whereas (X) differs from (7III) 1n having no least
element, apd thus 1n fathng oo (g’)

Let us consider now the set (a)-(e),(f'),(g"),(h) together
with the two other sets which result from replacing (g’), (h) by
®), (b) and by (g'), (h') It 15 to be observed that there is an
unportant respect in which each of these sets 18 incomplete and
therefore open to further determination This pownt of incom-
pleteness can be brought out by contrasting examples (III) and
(V), each of which satisfies the third set, where the existence of
both extreme elements 12 demanded In example (III) the
number of terms of the series which fall between any two 1s
fimte, whereas 1n (V), between any positive and eny negative
pont, the number of terms 18 non-finite, and thus there can be
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nothing 1n the conditions 1mposed by the set which decides
whether or not, in the case of a true interpretation, any term of
the senes can be reached from any other by a fimite number of
steps  We mght therefore 1mpose the further condition "If =
and y satisfy f, and are distinct, then not more than a fimte
number of terms fall between z and y,” which fails on examples
(IV), (W), (VI) and 15 satisfied by each of the others

The 1mportance of this condition hes 1n the fact that unless
it holds, arguments by ‘mathematical induction’ are not vahd
Suppose we have the semes of numbers 1, 34, Y4, , where
each term 18 one-half 1ts immediate predecessor, and wish to
show that every member of the series 18 & positive number. To
do this, we show, 1n the first place, that when any member of
the senes 1s a positive number, 1ts immediate successor, 1f 1t has
one, 18 positive, and then we show that the first member of the
geries 18 positive If there were terms in the series which were
not positive, there would have to be a first term of this kind,
which would necessanly have an immediate predecessor, since
118 positive, and thus the condition that positive terms can have
only positive successors would be violated We can convince
ourselves of the necessity of the condition that there should not
be more than a finite number of terms between any two by con-
sidenng the seres 1, 14, 14, , , =Y, =1, —1 Here the
condition that positive members of the sernies cannot have other
than positive immediate successors 18 satisfied, as well as the
condition that the first term should be positive, but the trouble
18 that certain terms cannot be reached step by step from 1

Whenever a property 18 such that, if 1t belongs to a given
member of a series having an 1mmediate successor, 1t belongs
to the successor, the property may be said to be ‘hereditary’ in
the series with respect to the relation ‘being an 1mmediate
predecessor of,” as defined 1n terms of the ordering relation of the
sertes® Thus, in 1, 34, 14, , ‘'z comes Just before y”’ means
“r 18 twice as great as y,”’ and the property ‘being a positive
number’ 18 transmitted by the relation ‘being twice as great as’
Let us take the seres of pomtive integers 1, 2, 3, and con-
mider some properties which are hereditary with respect to the

' Cf Russell, Iniroducion to Mathematical Philosophy, Ch III
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relation ‘being one less than’' Of course, the property ‘being
greater than 0’ 1s hereditary in this series, and since 1t belongs
to 1, 1t belongs to every member, owing to the fact that any
positive 1nteger can be reached step by step from 1. In general,
however, hereditary properties do not belong to every member
of a series Thus, ‘being greater than 10’ 15 hereditary 1n the
geries of positive integers, because, once 1t gets into the seres,
1t does not come out Moreover, 1t 18 not at all necessary that
an hereditary property should belong to at least one member
of a series, as may be seen 1f we take the property ‘being less
than 0’ in connection with the positive integers This property
18 said to be transmitted, because there 1s no term possessing the
property whose immediate successor lacks 1t And perhaps it
will be well, 1n view of this example, to reformulate the definition
of an hereditary property in the following way ‘'A property ¢
18 hereditary 1n a series with respect to a relation ¥(z, y) if,
and only 1if, there 18 no pair of terms @, b such that ¢(g, b),
¢(a), and ~¢(b) are all true”’ One final example will bring out
further the exact force of this defimtion Let us take the seres
of positive 1ntegers from 1 to 9, and consider the property 'being
less than 10’ This property 1s hereditary with respect to the
relation 'being one less than,’ because 1t nowhere comes out of
the series It 18 only when there 18 some pair of terms between
which a property leaves the series that i1t 18 not hereditary

We may say that two terms of a discrete series are an ‘indue-
tive distance’ apart 1f, and only if, eny hereditary property
belonging to either of them 1s transmitted tu the other by san
appropriate relation This 15, a8 we have seen, tuninmount to
saying that either of the terms can be reached from the other
step by step, and thus that not more than a fimite number of
elements fall between the two And what we wish to do 18 to
frame a condition, 1n terms of the theory of genesal propositions
heretofore developed, which will hold if and only if any two terms
of a discrete senes satisfymng the condition 1n question are at
most an mductive distance apart We shsll consider three
ways of doing this, two of which seem to be satisfactory and
one not.
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It will be observed that if an inductive series like that of
the numbers 1, 2, 3, is separated into two parts in such a
way that every element of one part comes before every element
of the other, there will be a last element of the one part and a
first element of the other In the case of a non-inductive series
bke —1, =34, -1, , ,Y, ¥, 1, however,f we separate all
the negative terrns from &ll the pomtive ones, there will be
pveither a last element of the one part nor a first element of the
other We mght try imposing the following condition “If K
is any non-empty subclass of the elements of the senes, such
that at least one element of the sermes does not belong to K,
and such that if z belongs to K and y does not, g(z, ¥) holds,
then there will be an element z’, in K, such that for every other
element z, 1n K, g(z, z') holds, and there will be an element ¥/,
not 1n K, such that for every other element v, not 1n K, ¢g(¥’, )
holds”’ Suppose that z and y are any two terms of a discrete
series of this kind such that g(z, y) holds, and suppose that ¢
18 an hereditary property belonging to z If ¢ does not belong
to ¢, 1t cannot belong to the immediate predecessor of y, nor to
the second term preceding y, etc , so that there will be an infinite
sequence of terms, , Y3, Y1, ¥, with no first member, and this
sequence cannot include z, since ¢ belongs to 1t Hence we
may let X be the class of all those terms which precede every
member of thie sequence Then the sequence of all terms not
belonging to K will have no first element, contrary to the con-
dition 1n question This condition 1s, then, sufficient, and we
can, if we like, weaken 1t shghtly It 18 not necessary to say
that there shall be both a laat term belonging to K and & first
not belonging to K, we can say that there shall be either a last
term 1n K or a first not 10 K, because 1n a discrete series every
term has an 1mmediate predecessor and an 1mmediate successor,
and therefore 1if a first or a last term exists, both must exist *

We may consider, then, how this condition 1s to be expressed
formally In the first place, 1n order to say that K 18 a sub-

* This 18 Dedekind’s postulate, 1t 18 used by Veblen and by Huntington

in defining an inductive seres See Trans Amer Math Soc, VI (1005),
165, and Hunungton, loc cu
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class of the class determined by f(z), we may write

(@) . ¢(z) 2 f(z),

where ¢ 18 & determuning function of K. But since we wish to
say that the class determined by ¢(z) has members, and 18 yet
not the whole of the class determined by f(z), we shall have to
add

(dz) . ¢(z) : (Fz) . f(z) . ~(2)

We wish to say, further, that each element in the class deter-
mined by ¢(z) precedes each one in the class determined by
J&@) . ~¢(2)

(z,9) : ¢(2) . f(¥) . ~6(y) . 2. 0(z, ¥)

It will be convenient 1f we abbreviate the conjunction of these
three expressions, each of which 1s a function of two or more of
the free variables ¢, f, and g, by wnting H(¢,f,g) This 18
the hypothesis of the required condition, and the conclusion 18,
that there will be erther a last term 1n the class determined by
¢(z) or a first 1n the one determined by f(z) . ~¢(x), that 15, that

(Hz) . (@) s(z) . ~(z = 2') .2.0() .g(z, ') s V=,
Hy) i (1) 1 7@) - ~o @) .~y = ¥) . 2. () - ~¢(¥") - 0¥, ),

which may be shortened to I(¢,f, g9 We can, then, express
the condition 1n question by wnting

(¢) . H(e,f,9)21(s,], 9)

It will be observed that thie condition contamns the new
vanable ¢, and might therefore be thought io be not on the
same base as the other conditions In one sense of the term
‘base,’ and that the one we have heretofore understood, this 13
true By ‘a function on the base f(z),g(z, y)' we have meant
one which involves no matrices other than j(z) end g(z, y),
and mm which f and g are not generalized, while = and y are,
these latter vanables being understood to have a common range
of vanation But there 18 an 1mportant sense of this term in
which the function bere introduced 18 on the base of the other
conditions We can say that the base of a set 18 made up of all
the free vanables contained 1n the set, that 18, of all the vanables
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to which values must be assgned 1n arriving at an interpretation;
and 1n this sense the condition under consideration, hike the
other conditions, 18 on the base comprising only f and g, since
the vanable ¢ 18 generalized When we wish to refer to the
base in question in the first of these senses, we may write f(z),
p(z, ¥), and when we wish to refer to 1t 1n the second and weaker
sense, we may wrte f, g

It has been held that an inductive senes can be defined simply
by imposing the condition that any two elements z, y of the
senes shall be such that every hereditary property which belongs
to z belongs nlso to 7 A property ¢ 1s hereditary if, and only 1f,

(2,2) :.7@) . J(2') . g(z, 2) « $(2)
~([@z")  f(Z") «g(z 2"7) . g(e", 2') 1. (),

which may be wntten J(¢, f, g0 And we wish to say that if
g(z, y) holds, then every property of the sort here in question
whach 18 possessed by z 18 possessed also by y

(z,v) - J@) . J@W) g, y) .2 (d) : J(o, f, 7) - ¢(z) .. ¢(y)

Let us take, for example, the senes 1, 14, 14, , 0, where
we have an inductive sequence followed by the single term 0
Here every hereditary property belonging 1o 1, such for instance
as that of being a positive number, must belong to every
term except 0 It 18 true that certain hereditary properties
possessed by 1, such as that of being a number, are possessed
also by 0, but the presumption 1s that if z and y are any two
terms of a series which are more than an inductive distance
apart, there will always be some property belonging to z which
does not belong to y

This presumption, however, 18 one that raises doubts con-
cerning the adequacy of the condition here given 1In the case
of the example just cited, we know that there 18 at least one
hereditary property belonging to 1 which does not belong to 0,
since an instance can be produced, but 1t 1@ by no means easy
to see that this will necessamly be true in general It would
seem that there might be two terms z, y of a discrete senes
which were not an inductive distance apart, but which were

! See Principua Mathematica, 1, 543 £
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yet such that every hereditary property possessed by z was,
mn point of fact, possessed also by y, and 1if this were so, then the
condition would not be sufficient If ¢ 18 any hereditary prop-
erty belonging to z, and 1if not more than an inductive distance
separates z from y, we can prove, from that alone, that ¢ belongs
to 4. If, on the other hand, z and y are more than an inductive
distance apart, it may happen that ¢ always belongs to y,
although from the mere fact that ¢ belongs to z and 13 trans-
mtted in the series, we cannot infer that 1t belongstoy  Clearly,
the condition we want here 18 not that every hereditary property
possessed by z 15 also 1n fact possessed by y, but that every one
must necessanly be  To this objection 1t has been replied that,
for the proof of inductive properties in a series of the form
1, 2, 3, , 1t does not matter if entities other than members
of the series possess all hereditary properties belonging to 1,
since 1n such a case any inductive argument will still be vahd
This reply 1s correct, but 1t does not meet the point of the
objection We wish to be able to give a definition that will be
satisfied by a sernies of this form and by nothing else, and if
other entities could possess all hereditary properties belonging
to 1, series of other sorts would satisfy the definition  Moreaver,
even 1f 1t 50 happened that nothing else possessed &l these hered-
itary properties, and thus that inductive serics were umquely
selected, that would be a ‘matenal’ accident, and would not
mean that our analysis was correct

What we have to do 18 to make the main implication of ovr
condition strict rather than material We wish to say, 1n effect,
that 1n an inductive series, from the fact that an hereditary
property belongs to z, we can infer that the property belongs to
¥ We do not wish to say, however, that this consequence
follows solely from the fact that the property belongs to z, but
from this fact together with the general defimtion of an inductive
series If the set (a)—(e),(f’) 15 represented by F(f, g), the
requred condition can be wntten as follows )

(z,y):-f(z) S(y) -9(z, ) - F(f,9) -4~
(#):J(¢, [, 0) - ¢(z) -2. )
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Becrion 3. DEerINITION OF ‘BETWEENNESS’

Heretofore we have been dealing with sets of properties con-
structed on a function f(z), whose values determine classes, and
a function g(z, ), whose values are dyadic relations In ths
section, we shall replace g(z, ) by the function g(z;, zs, z),
which gives nse to a triadic relation when a value is agsigned
to g Thus, f(z) may be interpreted to mean ‘‘z 15 either a
person or s thing” and g(zy, zs, z:) to mean ‘'z; gives z; to
z),"" where we have to do with the tnadic relation of ‘donation’
Or we may take a hne !, and allow f(z) to mean '“z 18 a point
on 1” and g(z,, 73, Z2) to mean ‘“z; 18 between z; and z,,”
where we are concerned with the relation of ‘betweenness’ in
copnection with points on a8 hine It 18 interpretations hike this
latter one which are here of interest We shall construct a set
of functions on the bese f(z),g(zi, zs, zz) which are such that,
whenever f(z) and g(z,, rs, T;) are given an interpretation of
this kind, all the functions will be transformed 1nto true proposi-
tions Any interpretation satisfying these functions will be
said to be a case of Betweenness

Let us consder the particular example of points on a hne,
in order to list certain properties which every one will recognize
as essential to the relation 1n question In the first place, if z,,
z4, 7, are ponts such that z; 18 between z, and z,, 1t must be
true that z, 158 between z, and z;, so that we must have, either
explicitly or by implication, a condition to the effect that when-
ever g(zy, Ty, Zo) holds, so does g(z;, 25, z1) It will be clear,
too, that if z,, z,, zy are distinct points on a line, one of them
must be between the other two, so that we must have a condi-
tion to the effect that g(zi, zi, zs) holds or g(zi, zy, z;) holds
or, etc Moreover, if g(z1, z3, s) 18 true, 1t cannot be the
case that g(zy, zs, z3) 18 true also, so that we must say, or be
gble to prove, that g(z,, zi, z.) imphes ~g(z,, z,, 7y) Again,
if 7,18 be.ween z, and z,, it cannot be 1dentical with either, nor
can they be i1dentical with each other, and we must therefore
be able to show that whenever g(zi, zs, ;) holds, z,, z,, and
z, are all distinct TFinally, suppose we have g(z,, zs, z,), and
that z, 18 any fourth point, then we must have either g(z,, z,, z,)
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or g(z, s, Zs). These five conditions, which we shall take as
defiming Bet weenness, may be formulated more exactly as follows*

(1) (23 23, 7a) 1 f(20) . f(z3) . f(z0) . G(z1, Tn, Tb) - 2. glZ4, 20, T4).
(2) (21, 23, zv) 1 f(z1) . f(z3) - f(z1) . d(T4, 23, T0) - 2.

g(z,, 1, ) vg(zs, zy, 71) Vg(zy, T1, Ta) V
g(zs, 73, T1) v g(z1, Z4, Z2) V g(23, T1, T4)

3) (21, 2y, T3) 1 f(21) - f(24) - J(za) - d(zy, T4, Z4) - .

=g(z1, Iy, Ta) V'Q(TI. Zy, 1)
(4) (21, 23, 24) : f(2)) - f(2) - f(za) - 0(21, 23, T1) . 2. d(24, T4, 74)
(5)  (z1, T3, Ty, T4) 1 f(z1) S(xa) . S(22) . f(zd) - G(z1, T3, Ta)

Ty =21 VT = T3V Iy =) .D.9(Ty, T3, Ts) V §(Ty, Ty, 74) *

There are two senses 1n which this set might be said to con-
stitute a definition of Betweenness The first 15 that of merely
verbal defimition = We might say of any interpretation satisfying
these conditions that 1t was a case of Betweenness, 1rrespective
of whether or not this usage aceorded with the ordinary under-
standing of the term The second sense 1s that of a correct
analysis of this ordinary meaning We might try to show that
these properties could be satisfied 1f and only if we had a case
of Betweenness 1n a sense closely similar to the ordinary one
It can be seen by inspection that any interpretation failling to
satisfy one or more of these conditions will not accord with the
ordinary notion (as exemplified, for 1nstance, by the points on a
hne), but 1t 18 not clear that properues (1)-(5) are sufhcient
Indeed, there 1s one respect in which they are cerlainly not
It will be seen that these conditions sre all non-existential, and
would thus hold for an interpretation in which nothing satisfied
J, or 1n which just one thing or two things did, while 1t 18 clear
that common usage would require at least three things for a
case of Betweenness Thus, we shall have to add

(6) (ﬂ-'ﬂl. Iy, Ii) -f(Il) -f(Iz) -f(Il) - d(z;, T3, i)

It still remsains possible, however, that some essential non-
" These postulates are due to Huntington, and so are the theorems to
which we shall come presently See Trans Amer Math Soc, XXVI (1924),

257.
13
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existential property has been overlooked, and the only way we
have at present of obtaimng evidence that this is not so 15 to
deduce any property that we can think of which might seem
to be essential Later on, we shall be able to supply positive
proof that the conditions here given are sufficcent This will
be done in the following way It 18 clear that any property
mnvolved 1n the general notion of Betweenness, as exemplified by
the series of whole numbers in order of magmtude, or the letters
of the Enghish alphabet 1n their conventional order of occurrence,
can be expressed by means of a singly-general function, and we
can see that, aside from the existential condition just given, all
these properties can be expressed by means of unmversal functions
like thoee 1n the hist (1)-(5) So, 1t must be shown that, 1n an
appropriate sense, no singly-general universal function of this
kind can be both consistent with and independent of the set
(1)-(6) With this result, which will be estabhished i1n the next
chapter, we can argue that since conditions (1)-(6) are necessary,
they must also be sufficient

The independence of these six properties can be seen from
the following interpretations, where the first example fails on
(1), the second on (2), etc

(I) Let f(z) mean "z 19 a natural number’’ and g(z,, z3, zs)
mean ‘‘z; 18 less than z;, and z, less than z, ”’

(IT) Take three powmnts a, b, ¢ not on a straight hne, and let
f(z) mean “z18 a, b, or ¢” and g(z,, z3, z3) mean ‘“z; 18 between
x, and 7, "’

(ITI) Consder a plane, and let f(z) mean ‘'z 18 2 point 1n the
plane” and g(z,, Tz, ;) mean ‘‘z,, 7,5, and z, are all distinct ”’

(1IV) Consider a line ! and intervals determined by pairs of
distinct points, the end-points of an interval being understood
to belong to1t  Let f(z) mean ‘'z 15 a point on ! ”’ and g(z,, 3, T3)
mean '‘ry belongs to the interval determined by z, and z, "

(V) Take a arcle in which two perpendicular diameters have
been drawn, and consider the four quadrants Let j(z) meen
"z 18 one of these quadrants '’ and ¢(z,, z3, z,) mean ''z; and z,
are contiguous to zs on opposite sides "’

In this case, if the quadrants are lettered 1n order, a, b, c, d,
we shall have g(a, b, ¢), but neither g(a, b, d) nor g(d, b, c), so
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that condition (5) will fail And note that 1f we had not sad
‘“on opposite sides,’”” (4) would have failed also

(VI) Take two points a, b on a hne, and let f(z) mean 'z is
either ¢ or b” and g(z,, z3, ;) mean "'z, 18 between z, and z,

We may now consider some theorems deducible from condi-
tions (1)—(5) If the reader will draw a line and mark off points
upon 1t 1n accordance with the hypotheses of the theorems, he
will see that what 15 to be proved i1n each case 1s immediately
obvious from the interpretation Of course, this by itself has
no tendency to show that the theorems are deducible from the
postulates, all 1t can show 18 that what 18 to be proved 1s self-
consistent end, since the points on a hine are a true interpretation
of the set (1)-(5), that the theorems are consistent with the set
In these theorems, all the vanables are to take distinct values,
as well as to satisfy f, and 1t will be convenient if we omit the
explicit insertion of these conditions The variables are also
always generahzed umversally, so that the prefix 1n each case
may be dropped

(7) g(zll T, Iﬂ) - g(Iz, Iy, 14) 9. g(zh Tz, Il)

By condition (5), g(ri, 72, Ta) 1mplies g(z1, Za, T4) or g(zy
Iz, T3), but g(zs, za, z,) 1mphes g(zy, s, z2), by (1), which 18
incompatible with g(z4, s, z2), by (3) The theorem follows,
then, from (1), (3), and (5)

(8) g(zy, 73, Ts) . gza, T4, 23) -2 - g(z1, T2, T4)

This also follows from (1), (3), and (5) By (1), g(zs, Z4, T4)
imphes g(zs, 74, z2), and, by (5), g(z1, 72, 72) 1mplies g(zy, 71, o)
or g(z4, s, 71), but this latter imples g(zs, zs, 1), which 18 1n-
compatible with g(zs, z4, 73), by (3)

(9) g(zy, Zay Ts) - g(£a, T4, Ta) - 2. §(Z1, Tay T3)

Here, again, we employ (1), (3), and (5) By (5), g(z1, T3, Za)
mmplies g(z,, T, T4) or g(z4, 71, T1), this latter being equvelent
to g(zs, 3, z4), and g(za, T4, Zs) 1mplies g(z3, T4, 71) OF (1, T4, Za)
But g(zi, 4, Z2) 18 equivalent to g(za, 74, 72), contrary to g(z,,
I3, z.), by (3), so that we have g(zi, zy, z) If g(zs, 74 71)
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holds, then g(z,, z,, zs) holds, and the latter iz incompatible
with g(z,, 23, z,), 8o that we have g(z,, 4, Za)

(10) g(zy, T3, 24) - g(z1, Zs, Z4) - . (24, T4, Z3) V (T4, 23, 72).

By (5), g(z1, 24, 70) imphes g(z,, Zs, z5) or g(zs, 23, Z4), and
7(zs, T, x) 1mphes g(zi, T3, T2) or g(zs, Ts, o), but, by (1) and
3), g(zs, 73, 70 and g(z,, T3, 7,) W1l not both be true, so that
we shall have either g(z,, 23, 2s) or g(z;, Z4, Ts)

(11)  g(z1, 74, 24) - g(z1, 75, T4) . 2. 9T, T3, Ta) V g(23, Z1, Z4)

Here the hypothesis 15 sumply stronger than that of (5), and
the conclusion 13 the same

(12) g(zi, 25, 7J) - g(T3, T3, To) - D . (T4, T2, T4) V g(T2, T3, T4)

By (1) and (2), g(zi, 13, 74) or g(z3, 11, 24) Or g(z1, T4, Z)
But if g(z,, 24, 73) holds, then g(z,, z,, y) or g(zs, z4, 75) holds,
by (5), the first bemng incompatible with g(z,, z;, z,) and the
second with g(z4, za, z4)

(13)  g(z1, 24, z4) - g(z3, Ty, T4) . 2. g(T4, T3, T2) Y g(T3, 71, T2)

By (12), the hypothesis here implies g(z,, 73, z,) or g(zs, 71,
z4) If g(z,, 25, 74 holds, then, by (5), g(z., s, 1) or g(zs, T3,
z,) will hold, and the latter 1s incompatible with g(z,, z;, z,)
If g(zy, 7, ) holds, then g(z;, z,, ;) or g(za, z1, z,) wll hold,
and the latter 18 incompatible with g(z,, 7,, z4)

(14) g(zy, 4, 24) - g(za, Tu, ) . 3. g(T1, T3, 1) V(T3 T), Z4)

By (1) and (2), g(zy, 24 22) or g(zy, 13, z4) oF g(z3, T4, 24)
holds If g¢(zi, z4, zs) holds, then g(zy, z4, z2) or g(z4, Z4, Z3)
will hold, the first alternative being incompatible with g(z;, zs, z.)
end the second with g(xs, zs, z) If g(zy, z3, z,) holds, then
g(z1, Zs, 74) or g(z, 73, ) Wil hold, the latter being incom-
patible wmith g(zs, Ta, i)

We may now ehow how new sets of properties which are equiva-
lent to (1)-(5) can be denved, by showing how condition (5) can be
replaced by two or more of the functions (7)-(14) without
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altenng the lomcal force of the set’ It will be shown, Hrst,
that an equivalent set results when (5) 18 replaced by (7) and
(8) In order to do this, 1t will, of course, be sufficient to show
that (5) follows from (1)-(4),(7),(8), since 1t has already been
shown that (7) and (8) are consequences of (1)—(5)

(5) g(=zy, 3, T6) . 2. g(z1, Z3, zo) v g(z4, Iy, T1)

By (1) and (2), we have g(z4 z31, z4) or g(zs, 21, 2o or
g(zs, o, Ts) I g(z4, 74, z() holds, then since g(zi, 24, z4) holds,
we have g(z1, 1, z4), by (7), and if g(zs, z4, z,) holds, then since
g(z1, Z2, zs) holds, we have g(z,, s, z,), by (8)

That neither (7) alone nor (8) alone can replace (5) may be
geen from the following examples, the first being such as to
satisfy (1)-(4),(7) and fail on (5), and the second such as to
satisfy (1)—(4),(8) and fail on (5)

Take a nght trniangle abe, with right angle at b, and draw
from b a perpendicular, bo, to the side ac Then let f(z) mean
““z 18 one of the points a, b, ¢, 0" and g(z;, z4, T,) mean “z,zsz,
18 either a right or a straight angle”” Here (7) holds, because
ite hypothesis ¢(z:, z3, z3) - g(zs, s, zs) 18 never satisfied, but
(5) fails, ms, for mnstance, when we take g(a, b, ¢) and ha~e both
=g(a, b, 0) and ~g(o, b, c)

Take a square, and draw the two diagonals ac and bd Then
let f(z) mean ‘'z 18 one of the points a, b, ¢, d" and g(z,, 1, T1)
mean ‘‘z,Tyr, 18 & nght angle’ Here (B) 18 satished, owing to
the fact that 1ts hypothesis always fzils, but if we take g(a, b, ¢),
we have both =~g(a, b, d) and =g(d, b, c), contrary to (5)

In order to see that the set (1)-(4),(7),(8) 18 au independent
one, we may observe, 1n the first place, that (8) cannot follow
from (1)-(4),(7), since these conditions would then be equivalent
to (1)-(5), and that, mmlarly, (7) cannot follow from (1)-(4),
(8). In the second place, if we take any one of the conditions
(1)-(4), we can, of course, find an example for which 1t fails

' These equivalent sets are selected from among a number given by
Huntington See the paper just referred to, pp 267 f Weare also indebted
to Professor Huntington for the convenient expreasion ' vacuously sshufied’

as used 1n this chapter See ' The I'undamental Propositions of Algebra,” 0
Monographs on Modern Mathematica (euted by J W A Young), pp 187, 183
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and the other three hold, end 1n which there are only three ele-
ments 1n the class determined by f, (7) and (8) thus beng
satisfied vacuously.

A set of properties equivalent to (1)-(5) can be dernved by
replacing (5) by (7) and (11), since condition (5) can be shown
to follow from (1)-(4),(7),(11)

By (1) and (2), g(z1, T3, z4) or g(zs, T1, z4) or g(zy, T4, T3)
holds, and g(z4, T3, z3) or g(zs, zs, T4) oF g(z3, T4, T2) also holds,
where the first alternative in each case satisfies the theorem
Now, g(zi, 73, z5) 18 equivalent to g(x;, 3, z1), and, by (7), ths
latter together with g(zs, z,, z,) 1mples g(zs, z3, z4), which 1m-
phes g(z,, s, 7,), and, again, g(zr,, T, zs) together with g(z,,
T3, T,) 1mphies g(zi, T2, ) It might be the case, however, that
g(z1, T4, 1) and g(zs, z4, z;5) were both true We have, by (1)
and (2), g(z,, 73, z4) or g(zs, T1, T4) or g(zs, T4, 1), g(T1, T4, T4)
and g(zs, T4, 72) 1mply g(zi, Ty, z3), by (7), and this 18 incom-
patible with g(zy, z3, z5), g(zs, z1, z) and g(zi, 74, z2) unply
g(zs, 21, 73), which 1s incompatible with g(z,, z3, 1), g(zs, 73, 11)
and g(za, 24, z,) 1mply g(zs, 73, ) or g(z4 72, 1), by (11), and,
therefore, g(z,, T4, 74) or g(z4, T3, Ts) holds

That (5) cannot be replaced by condition (11) alone 1n the
formation of a set equivalent to (1)-(5) may be seen from the
following example,

Take the letters a, b, ¢, d, and form the eight ordered tnads
abc, adb, bed, bda, cad, cba, dac, dcb Then let f(z) mean “z
18 one of the letters a, b, ¢, d,”” and let g(z,, 3, ;) mean
15 some one of these eight triads’’ Here (1)-(4) are satisfied,
and 8o 18 (11), 1n that 1ts hypothesis 18 never fulfilled, but since
we have g(ag, b, c) together with =g(a, b, d) and ~g(d, b, c), (5)
fails

T1T3Ty

Inasmuch as properties (1)-(5) follow neither from (1)-(4),
(7) nor from (1)-(4),(11), and yet do follow when (7) and (11)
are both included, 1t must be true that (7) 18 not a consequence
of (1)-(4),(11), and also that (11) 1s not a consequence of (1)~
(4),(7) Moreover, we can easily find an example where just
three thungs satiefy f which will fail to satiefy any chosen one
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of the properties (1)—(4) while satisfying the others; and such
an example will, of course, satisfy (7) and (11) vacuously

A set of properties equivalent to (1)-(5) results when (5)
18 replaced by (7) and (12), as may be seen from the fact that
(5) 18 a logical consequence of (1)-(4),(7),(12)

BY (1) and (2); g(zll Ty Il) or g(zl, Zy) I’) or 0(1‘:, Iy xl)
holds, and g(zy, 73, zs) ot g(zy, 4, z4) or g(zs, 74, z4) also holds,
where the first member of each tnad of alternatives satisfies the
theorem By (7), g(z1, 3, zs) and g(zs, s, T,) 1mply g(z,, 73, 7)),
so that only one alternative of the second tmad remaimns to be
considered Suppose both g{r,, x4, z:) and g(z,, 7., s} to hold
We have g(zs, z4, 1), and 50, by (12), g(z,, T4, T2) or g(z, 21, 73),
both of which are incompatible with g(z,, z;, 7:) Suppose
g(z2, 1, z4) and g(zs, 24, 7s) From g(z4, i, 1) and g(z,, 3, 72),
we have g(z4, 71, zs), by (7), and, by (12), g(zs, z:, ) and
g(z3, 1, 4) 1mply g(zs, Ts, T4) Or g(zs, Tz, 7,), both of which
are incompatible with g(z;, z4, zs)

That (12) alone cannot replace (5) can be seen in the following
way Suppose we had a class of just four things g, b, ¢, d which
satisfied f, and suppose that g(z,, zs, za) was satisficd by cach
of the eight ordered tmads abc, adc, bad, cha, cbd, cda, dab, dbe,
and by no others Then conditions (1)-(4),(12) would hold,
but since we should have g(a, d, ¢) together with ~g(a, d, b)
and ~g(b, d, c¢), (5) would fail

It 18 to be observed that we have here a general method for
constructing examples satisfying or failling to satisfy given con-
ditions We do pot need to take an actual interpretation, 1t
being sufficient to consider sbstractly the notion of an inter-
pretation which should involve, say, four elements e, b, ¢, d
satisfying f(z), and to indicate all those ordered triads for which
g 18 to be thought of as holding, and all those for which it 18 to
be thought of as faling  Any combination of hrlding and failing
among distinct ordered trniads 1s, of course, logically posaible;
go that if some combination can be specified which would, if
realized, satisfy one condition and fail to satisfy another, we
can know that the second condition does not follow from the
first, and 1f we can specify some combination that would satiefy
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both conditions, we can know that they are comsistent. It 18
to be noted, however, that except where one or more general
rules can be given by which ordered selections of elements are
to be listed, this procedure 18 applicable only to cases 1n which
e fimte interpretation 18 sufficient If, for instance, we should
add to properties (1)-(6), above, the condition that between
any two elements there must exist a third, no finite interpretation
would do, and no het of ordered tnads for which g was to hold
could be arbitranly specified, although such a hst might be
g@ven by some appropriate rule

The so-called 1nterpretational method 1s, then, frequently not
interpretationsal at all, but involves a quite different procedure,
which 18 really analytic It will be recalled that the method of
interpretation 1n proofs of consistency rests on the fact that
truth imples consistency To say that a set of properties is not
inconsistent 16 to say that it mpght, conceivably, have a true
interpretation, and if the set does have, then of course the
possibility follows But, now, suppose we have two functions
F, @, which are such that F implhes G, and suppose that F 1s
known to be self-consistent To say that F imples G 1s to
say that any true interpretation of F will also, of necessity, be
a true interpretation of G, and since no self-consistent function
can 1mply an 1ncopsistent one, from the fact that F 1s self-con-
sistent, we can conclude that @ 18, without resorting to inter-
pretations This 15 what 15 done in many cases We have a
function G which 18 to be shown to be self-consistent, and we
set about finding a function F which imphes @, and which can be
seen by inspection or in some other way to admit of true values

Of course, this same procedure 1s valid in proofs of inde-
pendence, for to show that p and ¢ do not imply 7 15 merely to
gshow that p.¢.=r 18 self-consistent Let us take the set of
properties (a)-(d), which 18 given 1n the first section of this
chapter, and show that (a), (b) do not imply (¢) It must be
shown that the function

(2) . f(z) > =g(z, ) :.
@y :f@)-J@) -~(z=y).2.9(z, y) voly, z) = .
Hz, v) - f(2) - J(w) - =(z = ¥) - 9(z, V) - ¢(¥, 2),
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which we may call G(f, g), 18 self-consistent Let us comstruct
a function F(f, g) which will imply this one and which can be
seen to be logically possible

Fz, ) f(2)  f@) -~z = y) . g(z, ¥) . gy, @) - ~g(z, z) . =y, ¥):
~(Hz, y, 2) - f(z) . J () . 1(2) - d(z, ¥, 2)

Here, each of the pairs z, y, ¥, z, z, z, ¥, y enters only once, and
1 such a8 way that no contradiction can arnse It can be seen
that o(Hf, g) . F(f,¢), and also that ~0(Hf,g).F(J, g).~G(S, p),
from which 1t cap be concluded that o¢(df, g) . G(f, y§) When
we take, supposititiously, four things a, b, ¢, d that shall be
sa1d to satisfy f, and then list u set of ordered triads for which
g 18 supposed to hold, we are really comstructing a function
F(f, g) which can be seen by inspection to be self-consistent

SEcTioN 4 DEFINITION OF BETWEENNESS IN TERMS OF SERIAL
OrpER EqQuivALENT DEFRINITIONS ON DIFFERENT BASER

We can begin with a defimition of Serial Order, and then
define on the base f(z),g(z, ) a trnadic relation having sll the
formal properties of the relation of Betweenness as given on the
base f(z),g(z, v, z2) Let us take the properties (a)-(d), which
are used 1n Section 1 to define Seral Order, and, mm order to
avoid trivial cases, let us add

() (Hz,y,2.f@) . J@) - f(2)-d(z, 3, 2)

If we consider en 1nterpretation of this set 1o terms of the po'nts
on a line running from left to nght, where g(r, ) means "z 18
to the left of z,” 1t will be clear how "y 18 beiween r and 2”
18 to be defined y will be between = and z i either g(z, y)
. g(y, 2) holds or g(z, y) . g(y, r) holds, so that we may define
a trindic relation g(z, ¥, 2) by wrniting

gz, ) -gw, 2) v-9( ¥) -9, )

Thus 18, of course, to be understood as a purely verbal definition,
1n the sense that the expression ¢(z, y, z) 18 merely an abbre-
viation for the more complex expression which 18 1ts defimition

In order to see that the triadic relation so specified has all
the formal properties of Betweenness a8 defined in Section 3, 1t



382 SYMBOLIC LOGIC

will be sufficient to prove as theorems from the set (r)-(e) all
the properties (1)-(6), of that section, with the definition here
given substituted for g(z, ¥, 2).

(1) gz, v, 23¢(z, 4, 2) "

Note that this theorem does not require any of the premises
(a)-(e), but 15 merely a logical necessity 1n virtue of the definition
For, by the defimtion of g(z, y, z), we have

0z, 9) - 9w, 2) .v.glz,y) - gy, 7) 12
gz, ) -9y, z) . v.9(z, 4) . 0(y, 2),

which 18, of course, certifiable on logical grounds alone

(2) gz, y,2)vygly, 2, 2)vg(z, 2, ) vg(e, y, ) v
9(y, 7, 2) v y(z, 2, v)

By (b), g(z, y) or g(y, z) holds, and we may, without loss
of generality, say g(z, y) Consider any third element z, where
we have, by (b), g(z, z) or g(z, z) If g(z, z) holds, then, by
definition, g(z, 1, ¥) also holds, so that we may suppose g¢(z, z)
to hold By (b), we have g(z, y) or ¢g(y, 2), 1f g(z, y) holds,
then, by defimtion, g(z, z, ¥) also holds, whereas, 1f g(y, 2)
holds, then, since g(z, y) holds, g(z, y, z) wall also hold

3) =~g(z, y, 2) v~g(z, z, y)

This follows immediately from (c¢) and (d), since we have
erther ~g(y, 2) or ~g(z, y)

(4) g(z, 9, 223d(z, ¥, 2)

We have, by definition, erther g(z, ) . g(y, 2) or gz, v)
. g(y, 1), and we may suppose the first without loss of generality
By (a), v 18 distinet from both z and z, but z and z are dustinct
from each other, since otherwise we should have ¢(z, ) . g(y, z),
contrary to (c)

(5) gz, v, 2 .2.9(z, v, ) v, ¥, 2)

We may suppose g(z, y) and g(y, z) without loss of gener-
sty By theorem (4), z, ¥, z must all be distinct, and if £ 18

win these theorems, the umversal prefix and the conditions that the
variables shall take distinct values and aatiafy f are omatted
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any fourth element, we have g(y, t) or g(t, y) If g(y, ¢) holds,
then g(z, ¥, t) will hold, and if g(¢, y), then g(t, y, )

From these theorems, together with the fact that conditions
(6) and (e) sre 1dentical, 1t can be seen that the function g(z, y, z)
has all the formal properties of Betweenness, and thus that
wherever the conditions for Seral Order are fulfilled, a sub-
system possessing properties (1)-(6) must exist  If, for instance,
we take a set of concentric circles of varying radu, and interpret
g(z, y) to mean ““z 18 within y,” we shell have an interpretation
of conditions (1)-(6) where ¢(z, y, z) means “z 18 within ,
which 18 within 2, or z 18 within y, which 15 within 2,”” And,
again, if we take the system of positive integers, 1, 2, - , and
let g(z, ¥) mean ‘'z 18 less than y,” we have an interpretation of
(1)-(6) 1in which g(z, y, 2) means "“z s less than y, which 1s
less thar z, or z 1s less than y, which 15 less than z'' In such
interpretations, however, condition (1) will, as we have seen,
reduce to a logical principle, and so may be omitted from the
definition

Now, 1f we could reverse the process here carried out, defimng
a dyadic relation, g(z, y), 1n terms of the triadic one on which
Betweenness has been defined, and then deducing all the prop-
erties of Serial Order from those of Betwcenness, the two sets
of properties (a)-(e) and (1)-(6) would be equivalent, 1n the
sense that wherever a true mnterpretation of either was found, a
true interpretation of the other would be uniquely determined
But 1t seems pretty clear upon inspection that this eannot be
done, owing to the fact that, in Senal Order, ‘direction’ can be
distingmshed, whereas the conditions for Detweenness do not
enable us to make such a distinction Suppose we give an
Interpretation to the set (a)—(e) where f(z) means ‘‘z1s a number”
and g(z, y) means "z 18 less than y "' Then the correspunding
interpretation of the set (1)-(6) will be one guch that g(z, y, 2)
means what 15 meant by ¢(z, %) -9 2)-v-0(z"y) - 0y, 2)
But if we interpret g(z, y) to mesan ‘‘y 18 less than z,” the corre-
sponding nterpretation of (1)-(6) will be exactly the same It
is clear, 1n such a case, that whereas we shall have two different
nterpretations of conditiops (a)-(e), there will be only one



384 SYMBOLIC LOGIC

interpretation of (1)-(6) If, therefore, we begin imtially with
an interpretation of conditions (1)-(6), 1n which f(z) means
““z 18 a number” and g(z, ¥, z) means ''y 18 between z and z,”
and try to define g(z, y) so that all the properties of Serial
Order will be demonstrable, the question anses whether g(z, )
will mean ‘“z is less than ¥’ or mean “‘y 18 less than "’ Since
the meaming assigned to g(z, y, z) corresponds to both of these,
it i8 clear that neither interpretation of the set {(a)-(e) can be
uniquely determined, and thus that Senal Order cannot be defined
1n terms of the conditions for Betweenness

Another way of seeing that the defimition of Senal Order is
stronger than that of Betweenness, 1n the sense that any inter-
pretation of the former will determine umquely a corresponding
interpretation of the latter, but not conversely, 15 to exhibit
an example satisfying conditions (1)-(6) and failing to satisfy
(a)-(e) Let us take a class of four persons 4, B, C, D, where
f(z) in to mean ‘‘z 13 one of these perrons” and g(z, y, 2) 18 to
mean “z and z are both admirers of ¥, and let us suppose 1t
to be in fact the case that the following relationships and their
converses are all that hold

o(4, B, C), ¢(4, B, D), ¢(4,C, D), ¢(B,C, D)

Of the twenty-four ordered triads that can be formed, we have
eight for which g holds and sixteen for which it fails, and al-
though this interpretation satisfies conditions (1)-(6), 1t seems
plainly impossible to define 1n terms of the interpretation here
assigned to g(z, ¥, z) & meanng for g(z, y) which will satisfy
conditions (a)-(e).

It 18 possible, however, to wrnite two sets of postulates, one
on a dyadic relation and the other on a tnadie, which shall be
such that any interpretation of the one will give nse to a cor-
responding interpretation of the other, and conversely It 1s
posaible, 1n' particular, to construct a set of conditions on the
base f(x),g(z, y, z) which are such that the conditions for Seral
Order on f(z),9(z, ¥) can be defined and proved in terms of
them, and such that, conversely, they can be defined and proved
in terms of the conditions for Serial Order. Consider the fol-
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lowing set of four properties on f{z),g(z, ¥, 2)-

@) f(z)-f@) .f(2) - g(z, y, 2) ->-d(z, ¥, 2).

®) f@).f@) . fE) .d(z,y,2) ..
0, v, 2 vy, z ) vgle, z, y) velz, 4, ) vely, 7, 2) v
9(z, 2, ¥)

() J@).f@) .~z =y).2:.
(2) :f(2) . 2. ~g(z, 9, 2) . ~g(z, 2, ¥) - ~g(2, 2, ) : V&
(2) 1f(2) .2.~¢(y, 7, 2) . =g(y, 2, 7) . ~g(z, ¥, 2)

(e") (Hz,y,2) .f(=) .J(@w) -J(2) . d(z, ¥, 2)

We shall first define g(z, v, z) 1n terms of g(z, y) and prove
properties (a’)—(e’) from (a)-(e)

Let g(z, y, ) mean, by defimtion, ¢g(z, y) - gy, 2) - g(z, 2).

Then (a) follows immediately from (a).

(b") follows from (b) and (d)

For if z, y, z are any three distinct elements satisfying f,
we have g(r, y) or g(y, z), and g(z, 2z) or g(z, z), and g(y, z) or
9(z, y), by (b), and we may, without loss of generahty, suppose
g(z, ¥) to hold If g(z, z) holds, then we have, by (d), g(z, ¥),
and thus g(z, z, y), so that we may suppose g(z, z) to hold
If g(y, z) holds, then g(z, y¥) . gy, 2) - g{z, z) will hold, and this
18 ¢g(z, ¥, 2), if g(z, y) holds, then g(z, 2) . g(z, ¥) - 9(z, ) wll
hold, and this 1s g(z, 2, y)

(¢’) follows immediately from (c), while (e’) 1s identical
with (e)

It must be shown, 1o the second place, how g(z, y) 18 to be
defined 1n terms of the base f(z),g(z, y, 2), and how the prop-
erties (a)-(e) follow, 1n accordance with the defimition, from
(a")—(e")

Let g(z, y) mean, by defimition,

(H2) . f(2) . gz, y, 2) vg(z, 2, ¥) vg(z, z, ¥

Then (a) follows from (a') and (e')
For (a) is logically equivalent to

1) f) - gz, ¥) -2.~(z = y),
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which, when the defimtion of g(z, y) 18 substituted, becomes

J(@) . fly) : (Hz) - f(2) . g(z, ¥, 2) vi(z, 2, y) vg(z, z,y) id.
~(z =)

Now, by (e’), there must elways be an element z satisfying the
existence-demand here, and, by (a’), z, ¥, z must all be distinct
(b) follows from (b’) and (e')
For, when g(z, ) and g(y, z) 1n (b) are replaced 1n accord-
ance with the defimtion, we have

J@) . f@) .~z =y).2:
(HZ) -f(Z) - g(I; U; Z) vg(Il 2, y) Vg(z, Ir y)
v.(H2) f(2)-g(y,z,2) vgly, 2z, z)vg(z v, o)

But, by (¢’), if z and y are any two elements satisfying f, there
will always be o third, z, and, by (b’), ¢ will hold for some one
of the six permutations of z, v, z

When the definition 1s substituted 1n (c), we have (c¢')

When 1t 1s substituted 1n (d), we have

J@) . Jy)  f(2) - d(z, y, 2) *

H) 1) - gz, y, ) vglz, L, ) vglt, 7, 9) -
(") . f(t) - gCy, 2, ) vg(y, t, 2) vg(t, y, 2) 2.
(I . f@) . gz, 2, ) vglz, t, 2) vg(t, z, 2),

which follows from (b’) and (¢) For these conditions imply
that if gz, y, 1) vyg(a, t, ¥) vg(i, z, y) holds for some value of
¢, 1t holds for every value which 18 distinct from z and y, and so
in the other case Hence g(z, y, 2) 18 the only possibility, so
that (Ht) . g(z, ¢, 2)

Thus we have two sets of properties, one on the base f(z),
o(z, ¥) and the other on the base f(z),g(z, ¥, 2), which are such
that any interpretation of the one determines uniquely a corre-
sponding 1nverpretation of the other, and conversely They are
equivelent sets of postulates And since such a set 15 sumply &
compound propositional function, we have here two equivalent
functions, whenever either of them has a true value, the other
must have a true value also
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Two things have been shown, then, with regard to seta of
postulates on different bases, namely, that (1) it iz sometimes
possible to define a set on 8 given base in terms of another on a
different base where the converse possibihty of defimtion does
not exist, and that (2) 1t 18 sometimes possible to define equivalent
sets on different bases But here, when the converse definition
18 not possible and the sets are therefore not equivalent, we muat
observe carefully what exactly the logical stuation is When
we define Betweenpess 1n terms of Senal Order, the ‘Between-
ness’ 50 defined 13 not that of the ordinary definition, because,
as has been shown, there will be interpretations of the set given
by the ordinary defimtion that are not interpretations of the
one given 1n terms of Sernal Order This latter definition 18
stronger than the independent one, and therefore we have not
succeeded 1n defining the general meaning in terms of Seral
Order The set given on the base for Jerial Order may be
called ‘Betweenness’ because all 1ts 1nterpretations will satiafy
the defimition independently g.ven, but there will be cases of
the latter kind which are not cases of the former The relation-
ship 18 that of implication rather than that of equvalence

It 18 sometimes suggested that, when & set of properties 18
defined on a dyadic relation, we can always replace the relation
employed by a truth-function consiructed out of mmple predi-
cates and can formulate the set of properties on these predicates,
thus avoiding the use of dyadie relations This suggestion
usually takes the following form Suppose we have a set of
properties constructed on the malrix g(z, j), then we may define
g(z, ) m terms of two functions mm one vanable each, f'(z)
and f”(y), 1n such a way that it will mean f'(z) .f"(y) and will
therefore be a conjunctive function of predicates It 18 1mpor-
tant to see that no such defimtion 18 poseible 1n general, and
thus that dyadic relations cannot be analyzed as conjunctions
of predicates

The fact that such definitions cannot 1n gener.a.l be given
rests on the following property of truth-functions Consder
the doubly-general function

(2) : (Ay) - g(z, ),
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and compare it with
() : (@y) - f'(x) . S ()
We have seen that from the first of these the function
(@y) : () - 9(z, m)

does nuot follow, even where we have appropriate exstence-
conditions, but 1t 18 essy to see that, with the exstence of at
least one value within the range of z and y,

(y) : (=) - f'(2) - 1" ()

does follow from the second, so that the force of the first function
cannot be given on f'(z) - J'(y)

Consider the set of properties which was given above as de-
fiming a dense semes with a first but no last element In this
defimition, we have the condition

(z) :. Ay) :f(z) . >-J@¥) . g(z, v),

which, together with the other conditions, 1s incompatible with

(dy) :. (@) :f(2) - 2. (W) - g(=, ¥)

And here, 1f g(z, y) were equivalent to a truth-function of the
form f'(z) . f"'(y), the set defining a series without a last element
would be self-contradictory

Secrion 5 DEFINITION OF Cycric ORDER

We turn now to a set of properties which resembles closely
the set defiming Betweenness A typical nterpretation of these
properties 18 given by the order of points on a closed curve as
we proceed in an assigned direction Take a circle, and let
a, b, ¢ be any three points such that, if we start at a, we can
proceed clockwise to b and then to ¢ If g(a, b, ¢) means that
the three points stand in the relation so defined, then 1t will be
clear that tke following propositions are all true

If a, b, ¢ are distinct points, and g(a, b, ¢) 1s true, then
g(b, ¢, a) will be true.

If a, b, ¢ are distinct pownts, then for at least one permutation
of a, b, and ¢, g will hold
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If @, b, c are distinet points, then g(a, b, ¢) and g(s, ¢, b) will
not both be true

If a, b, c are points on the circle, and g(a, b, c) is true, then
they are distinct

If a, b, ¢, d are distinct points, and g(g, b, c) 1a true, then
either g(a, b, d) or g(d, b, ¢) will be true.

When the meaning here assigned to g is dropped, and the
notion of being a point on the circle 18 replaced by f(z), we have
the following set of functions on the base f(z),g(z,, za, 7,).

(1) J(z0) S(z1) « f(z4) « d(z1, T3, T2) - g(21, T3, Z4) . D g(T3, T3, T1)
(2) f(zy) - J(z2) . f(za) - d(z1, 73, 74) . 3.

g(z1, T2y ) v g(z3, Tay 1) V gz, T, T3) V¥
g(@s, Z3, £1) ¥ g(z3, T1, Ta) ¥ §(2T3, T3, Ta)

@) J(@1) - f(z2) - f(za) . A(z1, T3, 24) . 2.

-g(zll Iy, Il) V-G(Ill Iy, Il)
(4) f(z1) . f(z2) - f(xa) - g(z1, T3, T3) - 2 . d(2y, T3, Za)
(8) f(z1) . f(z2) . f(z3) - J(z4) . d(zy, T3, Tn, T4) - g(z1, Za, T3) - D

g(z1y 23, T) vV g(z4, T3, Tn)

We shall take this set of postulates as defiming Cychic Order
Whether 1t does 1n fact (f we add an exietence-condition) involve
n]l that 15 essential to the ordinary notion of directed order on
8 closed curve 18 B question which we are not now 1n 2 position to
answer; we shall show 1n the next chapter that 1t does, but we
must here simply assume the proofs there given, or, perhaps
better, take the defimtion of Cyclic Order as merely verbal, the
connotation of this term being arbitrarly assigned

In order to bring out the mmport of properties (1)-(5), we
may consider the following examples, each of which satisfies all
five conditions

Let f(z) mean "'z 15 8 number on the fac: of a clock” and
g(z1, 23, z;) mean ** The hour-band moves from 7, to £2; and then
to z,, without passing through z, ”

Take a square with vertices a, b, ¢, d, and let f(z) mean "'z
18 a, b, ¢, or d”’ and g(zi, 73, 71) mean ‘‘z,, z;, T, are vertices 1n
clockwise order "
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Let f(z) mean ''z 18 one of the natural numbers, 1, 2, 3, »
and let g(zy, T3, z2) mean “zZi < za< 74 or Z3< < T, oOr
7y < 7, < 73" Note that this example satisfies condition (1)
by defimtion, since, 1n accordance with the interpretation,
g(zy, Ta, T3), g(zs, 5, 71), and g(zs, T1, z5) all bave the same
meamng Of course, the base relation, z; < z; < zj, of which
g 18 B disjunctive function, does not satisfy this condition, but
1t will be seen that the four remaimng conditions are satisfied
when g¢(z,, T, 7:) 18 interpreted to mean z; < z3 < T,, and thua
that condition (1) differentiates Cychic from Senal Order

To see that properties (1)-(5) are independent, we may
consider the following examples, the first of which fails on (1),
the second on (2), cte

Let f(z) mean '‘z 18 & natural number,” and let g(zi, 1, zs)
mean I, < 11 < T3

let f(r) meusn ‘“‘z 1s a natural number” and g(z;, z3 z,)
mean '‘r1 < z;,< zy and 73 < z2 < 7" Here g(z\, 3, z1)
pever holds, so that condition (2) 18 falsified, (3) holds, of course,
owing to the fact that -g(z, zs, 75) 18 always true, and the
remaining conditions are satisfied because their hypotheses are
never fulfilled

let f(z) mean 'z 18 8 thing,”’ and let g(z,, z;, 75) mean
Y1y, 74, and z, are all distinct ”

Let f(z) mean ““z 15 one of the numbers 1, 2, 3, 4,” and let
g(z1, z1, z:) mean
7, = 1;” Here we have, for example, ¢g(2, 1, 1) holding, which
falsifies condition (4), and (3) holds, owing to the fact that its
hypotheais requires that r;, z3, and z, shall all be distinct.

Let f(z) mean ‘'z 18 one of the letters a, b, ¢, d” and g(zy, Za,
T;) mean ‘' The ordered tnad z,zszs occurs in the follomng list
abe, cab, bea, acd, dac, cda, bdc, cbd, dch, dba, adb, bad "’ Here
conditions (1)—(4) are seen to be satisfied; but we have g(a, b, c)
together with both ~g(a, b, d) and =g(d, b, ¢)

ZI=Z2=TIs OF I3 =731y OF ZI3=

We shall now show that the followming two properties are
logicel consequences of the defimtion of Cyche Order

(6) f(z1) - f(zs) . f(x1) . f(zd) - d(z1, Zay Tay T) «

g(z1, Ty, 1) - (T3, Ty, 2) . . g(z1, 23, 1)
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We have, by (1), g(z,, zs, 7.) from g(z4, s, z.), and we have
from g(zi, 2y, z4) either g(z;, z3, ;) or g(z,, zs, z.), but f we
have the latter, then g(z,, z,, z:) holds, contrary to g(z,, z;, 74

(7) f(zy) - f(z4) - f(z0) J(z4) - d(Ix; T3, Ty, Iy) -

g9(Ty, T3, T4) - g(Zs, 24, ) O g(xy, T4, T4).

We have, by (1), g(z,, z4, z:) from g(z,, 73, z.), and, by (5),
9(zs, Z4, 2:) 1mphes g(zy, z4, 7a) or g(zs, 24, 71) But g(zs, 24, 4)
18 mmcompatible with g(zs, 75, 7,), by (3), so that we have
g(zs, T4, x1), which 1mphes g(z;, ,, 74)

To see that (6) can replace (5) in the definition of Cyclie
Order, 1t will now be sufficient to see that (5) follows from (1)-(4)
together with (6) We wish to show that if g(zi, x5, 1)) holds,
then we have either g(zi, z3, zi) or g(z4, 3, Ts) From g(z), 71,
Ts) we have, by (1), g(z3, zi, 1), and, by (1) and (2), we have
either g(z,, =4, ) or g(z4, 73, z1) But, by (6), from g(z, Ty, 71)
and g(zs, s, 1.), we have g(z4, 15, Z2), s0 that g(z,, z4, z,) or
g(z4, T3, xs) must hold

In order to see that (7) can replace (5), we must show that
{5) follows from (1)-(4) together with (7) By (1), we bave
g(zs, T1, z») from g(z,, Zs, 7s), and, by (1) and (2), either
g(zy, 23, 7) or g(zi, L4, T2) must hold But, by (7), from
g(zs, 7., 72) and g(z,, T4, 72) we have g(z,, z,, 72), and hence, by
(1), g(z4, T3, z4), 80 that either g(zi, Ta, T4) or g(zy, 74, 15) must

hold

We have, then, three sets of postulates defimng Cyelic Order,
namely, (1)-(4),(5), (1)-(4),(6), and (1)-(4),(7)* And 1t has
been shown that the first 15 made up of independent conditions
The following five examples show that the second set 18 also an
independent one, the first example failing on (1) and satisfying
all the other conditions, the second {ahing on \2), etc"

Take s straight hne runmng from left to nght, and let f(z)
mean “‘z 18 a point on the lne” and g(zy, 3, I3) mean '‘z,, Ii,
and z, are 1 the order z)zsz: from left to nght.” Here, if

U These geta are due to Huntington Bee Proc Nat Acad Sa , X (1924),
74
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g(z1, 73, ;) holds, we have always ~g(zs, zy, z,), contrary to
condition (1)

Let f(z) mesn ‘'z 18 a pumber,” and let g(z,, z;, z,) mesn
ETr=zs=2i) . ~(z1 = T2 = T4)

Let f(z) mean ““z 18 & number”’ and g(z,, Zi, z:) mean ““z;,,
zy, and zy are all distinct

Take a ctrcle, and let f(z) mean ''z 18 & point on the circle,”
and let g(z,, z3, T;) mean “‘either z,, zs, and z, are in the order
7,775, clockwise, or z; 18 1dentical with z,

Let f(z) mean “z1s a, b, ¢, or d,” and let g(z,, 75, T5) mean
“"z,7474 18 one of the following ordered triads cba, bac, ach, abd,
bda, dab, dca, cad, adc, bed, cdb, dbc”’ Here we bave both
g(a, b, d) and g(b, ¢, d), but not g(a, b, ¢), contrary to condition
(6).

With regard to the independence of postulates (1)-(4),(7),
it will be seen that we can use the five examples just given, the
firat example fails on (1) and satisfies the other conditions, the
second fails on (2), etc In the case of condition (7), which
fails on the last example, we have g(a, b, d) and g(b, ¢, d) together
with ~g(a, c, d)

We may now consider & set of four properties which exhibit
the structure of Cyclic Order 1n more exphlicit form than do
the foregoing sets In order to formulate these properties
bnefly, we shall require some preliminery defimtions First, let
R(z,, z3, ) mean that

0(z1, 2a, 72), (23, T3, Z1), (T, Ty, 72)

hold, and that g fails for each of the three remaining permuta-
tions of these vanables. Second, let R(z;, zi, 1, T4) mean

R(Ih Ty, Il) . R(I], I, I‘) . R(I[, Iy, 174) . R(I:, Iy, 351)

And finally, consider the twenty-four permutations of the vari-
ables z,, z,, z4, 74, and form the disjunctive function

R(zy, 13, 25, T) YV R(Z4, 21, T3, Zy) V »

which involves all these permutations, and which may be written
S(Zh Ty, Ty, :t‘)
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Then it will be clear that the following four properties all
characterize any system of Cychic Order

(A) J(z)2~4(z, 2, 2)

(B) J(z) . f(za) . ~(z, = Ti) .2, "'0(11; Zy, z3) . ~g(Zy, 74, T) .
~g(z3, 1, 71)

(©) f(21) - f(za) - f(z) . d(z1, T3, 74) . 2.

R(zy, 23, z2) v R(z4, T3, 1)
(D) $(22) - f(@3) - f(on) - J(22) - d(zs, 73, 3, 2) - 3. Sz, 23, 23, 20

It will be seen that if there are not exactly three elements
satisfying f, (C) becomes redundant with (D) and follows from
it For if there are less than three elernents, (C) 1s satisfied
vacuously, and if there are at least four, (C) follows 1n accordance
- with the definition of S Thus, 1f we add the condition

(E) (Hxll T3, Ty, Il) 'f(Il) 'I(I!) 'f(Il) .f(I() - d(xh Ty, T3, z‘)l

(C) may be discarded from the set without loss of logical force

It will be seen, too, that conditions (A)-(D) imply and are
imphed by (1)-(5) Conditions (1), (2), and (3) follow 1mme-
diately from (C), (4) follows from (A) and (B), while (5) follows
from (D) Conversely, (A) and (B) follow from (4), (C) followsn
from (1), (2), and (3), and (D) follows from (1), (2), (3), and (5)

SEcTION 6 SEPARATION OF POINT-PAIRS

We turn now to 2 type of order which, like the type jus* ex-
amined, 18 best exemplified by the class of pomnts on a closed
curve In the case of Cyche Order, however, we had to do with
‘direction’ on a closed curve, whereas here we are concerned
with order irrespective of direction Consider four ponts on a
circle, a, b, ¢, d, which occur in the order mentioned 1f we take
any three of these points, say a, b, ¢, we can go from a to ¢
without passing through b, and, 1n fact, from any one to any
other without passing through the third, provided 1t 18 permisgible
to choose the direction of movement, but 1f we take all four
pomnts, then 1t 1s 1mpossible to go from a to ¢ without passing
either through b or through d When thus 18 so, a and ¢ are
said to be separated by b and d  And 1t will be clear that the
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following properties, having to do with this relation of separation,
are all true of tetrads of points on a eircle:

If z1, z3, T4, T4 are points on the circle and 1f z, and z, are
separated by z; and z,, then the points are all distinct

If z,, 71, s, z( are distinet points, then at least one of them
18 separated from at least one of the others by the remaining par

If z,, 71, 4, 7, are points on the circle, and if x, 18 separated
from r; by z, and z,, then z; 1s separated from z, by z; and =,

If zi, 74, 74, z, are points on the circle, and if z, 18 separated
from z,; by z; and z, then z, 15 separated from z; by z; and z,

If z,, x4, s, T, are points on the circle, and if z, 18 separated
from z, by z; and 1,, then =, 18 not separated from z, by z; and z,

If z,, 23, T1, Z4, 75 are distinct points, and 1f z, 18 separated
from z, by z; and z,, then z, 18 separated from z; by z; and z,
or by z; and z;

let us represent by P(g, r1, 72, 3, z.) the assertion that g
holds for at least one permutation of z,, 2y, z;, z, Then the
example just g:ven will be seen to be an interpretation of the
following properties, which define Separation of Point-Pairs

(zy) 22y T3, T4, 75) - J(2)) - J(23) - f(23) - f(z0) . f(z5) -D:
(1) g(z\, T3, Ta, ) D.d(xy, T3, Ts, T4) *
(2) d(z\, 73, 24, 24) - 2. P(g, 71, 79, T3, T4) :
@) g(xy, T3, s, T4) - d(z), T3, T3, To) . D . g(z2, T3, Ty, T1) :
(4) g(z1, 23, T4, z4) - (T4, T2, T2, T4) - . (T4, T3, To, T1) ©
(5) g(z1, 21, Ty, T4) - d(Zy, T2, T3, To) « D+ ~g(T1, Ty, Tuy Ts) :
(6) g(z1, 23, Ts, T4) - A(Ty, T3, T3, Ty, T5) D+
g(z1, T5, Ta, To) Y ¢(T4, T3, T3, Ts)
As 1n the case of the other sets of postulates dealt with, we
shall not try to prove here that these six properties are 1o fact
a sufficient characterization of what would commonly be under-
stood by reversible order on a closed hime 1t 1s evident that
they are sll necessary, 1n the sense that they must be present

either explicitly or by implication 1n any adequate defimtion;
and we shall show 1n the next chapter that they are also sufficient

U This defimation 18 due to Huntmgton See Proc Nat Acad Sa, XI
(1925), 887, and also Proc. Amer Aocad Arts and Sa, LXVII (1932), 61
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Here, however, they will be taken as defining Separation of
Point-Pairs 1n a merely verbal sense

The following interpretations show that the six properties
are mndependent, the first example falling on (1), the second on
(2), ete

Let f(z) mean “z 18 a, b, ¢, or d,” and let g(zy, 14, 73, 74)
mean ‘‘I.z:z374 18 one of the following ordered tetrads aaaa,
abcd, beda, cdab, dabe, deba, adeb, badc, cbad

With the same menmng for f(z), let g(z,, zy, z, i) mean
“z\zyzsz4 18 2 member of the null class of ordered tetrads con-
structed out of the lettersa, b, ¢, d "

Let g(r,, ,, 5, z,) mean ''z,z3757, 18 erther abed or deba "’

Let g(zi, z3, 35, z4) mean ''z;737,7, 15 one of the tetrads abed,
beda, cdeb, dabe ”’

Let g(z,, za, Ta, £4) mean “‘z,7,73z4 18 one of the ordered
tetrads abcd, beda, cdab, dabe, dcba, adch, bade, cbad, abdc, bdca,
dcab, cabd, cdba, acdb, bacd, dbac ”’

Let Q(z), T3, x3, T4) MEAN T1T9T3T4, T2T3T 41, LaaL 171, L4Z1TeLa,
T4TaTaT), T1T4TsTy, T2TT.T5, TsTzT;r4 Then let f(z) mean '‘z 18
a, b, ¢, d, or e” and g(z,, 73, Z5, T,) mean ‘‘r,z2r,74 18 one of the
ordered tetrads Q(a, b, ¢, d), Q(a, b, d, €), Q(g, ¢, d, e), Q(b, c, d, ¢),
Q(a, b, e, )" Here we have g(a, b, r, d) with both ~y(a, ¢, ¢, d)
and ~g(a, b, ¢, €), so that (6) fols

We may, of course, add further properties to the set (1)-(6),
and thus determine more specihe tvpes of order, which invnlve
the general properties of Separution of Pomnt-Paire Let us
consider, for example, the two further conditions

(7) (HI], Tz) .f(l'l) .f(l'z) - -'(.'1'1 = Iz‘

(8) (I], IB) i (E[Iz, 1'4) .f(.r,) -f(Ia) - -(Il = 1'2) 2.
J(z2) - J(z4) « g(31) T2, 70, T4)

It can be shown that, in any true interpretation of, conditions
(1)-(8), there must be more than a finite number of elements
belonging to the class determined by f(z)

We show, in the first place, that if & set of n elements fails
to satisfy condition (8), then a set of n + 1 must fail Suppose
that there are n elements (n = 4) in the class determined by
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J(z), such that two of them, a, b, are not separated by any pair
of the remaiming n — 2 elements Then, by (8), there must
exist z, y such that g(a, z, b, y) wll hold, where at least one of
the two, £ or ¥, cannot be among the original » elements But
if z 18 any one of the onginal elements other than a and b, and
peither z nor y 18 an onginal element, then we have, by (8),
g(a, z, b, y) or g(a, 7, b, z), and thia shows that if the introduc-
tion of two further elements will effect a separation between a
and b, the introduction of one will, so that we may confine
attention to the addition of a single element And here we may
assume g(a, 7, b, z) to the exclusion of g(g, 2, b, y) without loss
of generahty, since g(a, z, b, y¥) 1mphes g(z, b, y, a), which 1m-
plies g(e, ¥, b, z2) Now, with the addition of z, we have =n + 1
elements satisfying f, but 1t can be seen that a and z are not
separated by any pair For g(a, z, b, 2) 1mphes -g(a, b, z, 2),
where z 18 any one of the onginal n elements other than a and b
And if g(a, 2, z, 2’’) holds, where 2’ and z'’ are any of the original
elements other than a and b, then, by (6), g(a, b, z, 2"") or
g(a, z', z, b) wall hold But g(a, b, 7, ") 1mphes g¢(z"’, g, b, ),
while g(a, z, b, z) umples g(z, a, z, b), and these are i1ncompatible,
by (5), wherens g(a, 2, z, b) 18 contrary to g(a, z, b, z), since
the latter imphes g(e, z, b, z) So, If a set of »n elements will
not satisfy condition (8), a set of n + 1 will not, and 1t 18 easy
to see that four elements will not satisfy the condition

That properties (1)-(8) constitute a self-consistent set may
be seen from the following example

Take a circle, and let f(z) mean '‘z 18 one of 1ts points” and
g(z\, 71, 71, ) mean ‘‘z, 18 separated from z, by z; and z, "

Here there are an infinite number of elements satisfying f,
and (8) holde In the next example, on the other hand, we have
only a fimte number of elements, and (8) fails, while (1)-(7)
are satisfied

Take a square with vertices g, b, ¢, d, and let f(z) mean ‘'z
18 & vertex of the square” and g(zi, 7, 71, 2,) mean "'z, 1s sepa-
rated from z; by z; and z,"”

The cycle determined by conditions (1)-(8) 15 ‘dense’, but
we can determine a ‘discrete’ cycle by replacing (8) by the follow-
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ing condition-

(8) @) ::(lza) t.f(3) -2:f(zs) . =(z1 = ma) *
~(Hzy, 29 - flza) - [(20) - glz1, 29, 74y 20)

That is, for each element belonging to the class determined by f,
there exists another not separated from 1t by any pair. Condi-
tions (1)-(7),(8') will be satisfied by the example just mven
concerning the vertices of a square But here, too, there may
be an interpretation involving an infinite number of elements,
as may be seen from the following example

Take a circle and a point a on 1t, then move half-way round
the circle and determine another point a,; then half of the re-
maimng distance and determine apother, a,, ete. Let f(z) mean
"z 18 one of the points so determined” and g(z,, i, z), ,) mean
“r, 18 separated from z, by z: and z, "



CHAPTER XII
POSTULATIONAL TECHNIQUE: DEDUCIBILITY

Section 1 INTRODUCTION

We are going to consider 1n this chapter a problem which,
because of 1ts difficulty and complexity, was omitted from the
preceding chapter It was there shown how certain properties
were deducible from given premises, and how certain others were
mcompatible with such premises, thie bemng done by actual
deduction of the properties in question, or by deduction of their
contradictones Here, on the other hand, we propose to deal
with the logical consequences of a set of premises 1n another and
more general way  We shall write down a set of conditions and
then define, 1n connection with the set, an infimite class of prop-
erties, with A view to showing that each member of this infinite
class 18 logically dependent upon the set 1n question, 1n the sense
that either it or 1ts contradictory 1s a logical consequence of the
set That 18 to say, 1f a 18 & class of properties, of which p 158 a
member, and S 18 a set of properties, then we shall show, 1n
certain particular cases, that p always has its truth-value deter-
mined by S, or, in other words, 15 not independent. of S

The problem here described 18 a general one, of which that of
completeness or categoricalness 18 a special case, and we may,
to begin with, consider this special case somewhat 1n detail,
1n order to show how 1t 18 related to the general problem We
have seen how the completeness of a set S on a base B 15 to be
defined We consider the class of all functions that can be
constructed on the base B, and we find that, in general, these
properties fall into three classes, namely, those which follow
from 8, those whose contradictories follow from S, and those such
that neither they nor their contradictories follow And S 1s
said to be complete when and only when this third class 1s null
We have seen mlso that this defimtion really contains an am-
biguity, owing to the fact that there are two senses in which the
term ‘ base ' may be properly used Thus, suppose we have a

308
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set of functions involving only the free vamables f and g, which
occur 1n the matrices f(z) and g(z, y) It still remains possble
that there should be some other matnx, A(z, y) say, which 1s a
constituent of one or more of the functions, and i which h, z,
and y are all generaslized In one sense, we say that the base of
a set 18 all those free vanables that occur in 1t, and that therefore,
even where the matnx h(z, y) occurs, a set may be on the base
J, g, since these mey be the only free variables In another sense,
we say that a set 18 on the base f(z),¢(r, ¥) when no matnces
other than such as are constructed out of these two by the use
of logical constants occur in the functions of the set, and f, g are
the only free vanables We shall be confined, in the present
chapter, to this second sense of the term ‘ base,’ not because the
other sense 18 an unumportant one, but because all the theorems
on deducibility which we shall wish to prove are relative to sets
on given bases 1n this second and narrower sense

In order to be quite specific, let us take the set (a)-(d), as
given above, which was constructed on the base f(z),0(z, y)
and used 1n defimng Serial Order There will be a class of
theorems following from this set, each of which will be on the
base of the set, and, of course, each of the theorems wil! have a
contradictory on this same base Then there will be other
functions, ike (Hz).f(z) and (z,¥).9(z, ¥) ve(y, ), which
are such that neither they nor their contradictories are logicel
consequences of the set 1n question As has been pointed out,
eny function belonging to this third group can be added to the
set (a)-(d) without contradiction, and when any such function
18 added, the set will be stronger than 1t was before, 1n the sense
of having & wider class of logical consequences, although, 1n such
a case, the members of the set may no longer be independent of
one another As more and more conditions are added to the
list, the group of logical consequences and their contradictories
will become wider and wider, while the class of fu.nctlons on
f(z),g(z, y) which are independent of (a)-(d) will become corre-
spondingly narrower, unti finally these independent functions
will vamsh altogether, and when this occurs, the set (a)-(d),
together with all those functions which have becn subjoned to
it, will be a categorical one, and will be such that, upon the
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addition of any other function on the same base, there will arise
either redundancy or incompatibility.

It must not be supposed that completeness 1n a set of proper-
ties 18 always a desideratum, indeed, 1n many cases, 1t 1s precisely
the pont that a set constitutes a genenc rather than a specific
defimtion Thus, 1o the case of the set (a)-(d), we have &
definition of a type of order in general, as against relatively
specific sorts, such as dense seres, inductive and non-inductive
discrete senes, dense series with one extreme element, those with
both, ete , and this generic definition enables us to see what
these more determinate types of order have in common, and to
deal with these common properties all at once  To 1nsist always
upon completeness would be like insisting that a geometer be
not permitted to prove properties holding for trangles in general
(such, for 1nstance, as that the sum of the angles of any trnangle
18 180°), but must argue only with regard to triangles of some
absoiutely specific sort

But, now, even where a set does not 1mply one or the other of
every pair of mutually contradictory functions that can be con-
structed on 1ts base, and 18 therefore not categorical, it may still
be such as to determine the truth-value of every function
belonging to some more restricted class, Let us take the set
of functions (a)-(d), with 2 view to determiming 1ts precise
logical force 1n this respect

(8) (2).f(z)>~g(z, 7)
®) (z,v):/@) . JW@) .~z =1y).2.¢(z, y) vy, 7)
© (@@ J@) .~z =19).3.~(z, y) v-g(y, 2)
d) @y 2:f@) . fy) JE).d=z,y,2) .90z, ¥) - g(y, 2) . D .
g(z, 2)*
Each function of this set 18 both singly general and umversal
And we hgve seen that no existential function can be a logical

consequence of a set made up wholly of umiversals, and also
that many doubly-general functions, such as (z):.(dy):
! For purposes of abbreviation, we are umng d(z, y, z) to mean "z, y,

and s are all distinct”, and so 10 other cases where more than two variables
are invalved
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J(z)-2.J®¥) . g(z, y), are independent of the set (a)~(d) We
have seen, too, that no condition which places & restriction on
elements not belonging to the clasa determined by f(z) cen
follow from this set, 1nasmuch as these functions all involve in
their hypothesea the requirement that the elements upon which
they place restrictions shall satisfy f Now, the class of all
functions constructed on f(z),g(z, y) can be divided 1nto singly-
general functions, hke (z, y) . g(z, y), doubly-general ones, Lke
(dz) : (y) - g(z, ), tnply-general ones, etc  Each of these sub-
classes can, 1n turn, be divided 1nto unmiversal functions, such as
=) : (@y) .g(z, ¥} or (z).f(z), and existential functions, such
as (Hz): (y).g(z, y) or (dz).f(z), and what we wish to show
18 that there 18 a sense in which conditions (a)-(d) are complete
with respect to singly-geperal umversal functions placing re-
strictions only upon elements belonging to the class determined
by f(z) The sense 1n question 15 one which enables us to say
that, 1n constructing defimtions of any type of senal order,
however specific, no sipgly-general umversal functions other
than (a)—(d) ean be required, and that therefore, 1n the formula-
tion of such specific defimtions, any condition to be ndded to the
set ()—(d) will be either existential or of a degree of generahty
higher than the first

It will be seen that condition (a) 18 & function 1n one general-
1zed vanable which 1mposes restrictions only upon elements
satisfyingf And the first question we have to answer is whether
any other independent universsl fuiction 1n one varnable which
places restnctions only upon elements satisfying f can be added
to the hst It 18 easy to see that none can, fo1, in accordance
with (u), every element z, which satisfies f, must be such that
~g(z, z) holds, and this 18 8 completely determinate specification

Let us see, then, whether any further independent, exten-
sional, umiversal, singly-general functions 1o two generalized
varables can be added to the hst Consider, 1n thesfirst place,
what must be true of any two elements z, y which eatisfy f,
wrrespective of postulational conditions they must be such that

gz, v) -9, ) v.~g(z, ) . =gy, 2) . v.
9, y) - =9, D) -v.=p(z, ¥) . ¢(y, ),
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since these alternatives include all the logical possbihities And
condition (b) requires that z and y shall be such that

oz, ) . gy, 2) - V. g(z, ¥) - ~g(y, 2) . V. ~g(z, ¥) - g(¥, %)

is true, thus ehminating the possibibty ~g(z, y) .~¢(y, z),
whereas condition (c) requires that z and y shall be such that

wg(z, Y) - ~g(y, ) V. ~p(z, ) - g(y, ) . V. g(z, ¥) . ~g(y, T)

holds, thus eliminating the possibility g¢(z, %) .¢(y, z), so that
the two conditions together require that we have

glr, y) -~gly, z) . v. ~g(z, v) . g(y, 2).

Suppose that we tried to impose a further condition, which
would eliminate one of these posaibilities We should then get
a contradiction, for if we write, say, “g(z, y) . g(y, z) holds
for every z and y which satisfy " and take any two elements
z, y such that g(z, 3) . ~g(y, ) holds, we can, by interchanging
z and y, get ¢(y, ) .~g(z, ¥) Hence, the two conditions (b)
end (c) impose all the restnctions that can be 1mposed upon
pairs of elements satisfyingf  And if we take this result together
with the one just armved at, we have the following theorem
No further independent umversal extensional functions 1 not
more than two generalized vamnables, which place restrictions
only upon elements satisfying f, can be added to the set (a)-(d)

This result must, however, be emended in a certain respect
Consider the function that any two elements must satisfy in
virtue of (b) and (¢) g¢(z,¥).~a(y, 7). v =g(z, y) - g(y, 7)
If we dropped one of these alternatives, we should not, strictly
spesking, get a contradiction, but gshould get & condition i1ncom-
patible with the existence of at least two elements satisfying f
If every pair of distinct elements which satisfy f must be such
that g(x, ¥) . ~g(y, 7), then there cannot be two such elements
8o, we shall have to say that no further independent umversal
extensional functions, etc , which are compatible with the ezistence
of al least two elements sahisfyang f can be added to the hst 2

1 The argument here 18 not entirely rigorous, because we have supposed
that a function m two varisbles which can take identical values can always
be analyzed into two functions, one in s smngle variable and the other in two
vanables not taking 1dentical values Later on we shall give proofs in exactly
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Let us take, in the next place, three elements satiafying f
and consider the logical posmibilities, without regard to postula-
tional restrictions Take the conjunctive function

g(z, ¥) - g(y, 2) . g(z, 2) . g(y, 2) . 02, W) - 9(2, 7),

together with all functions that can be denved from 1t by per-
muting the varnables z, y, and z Then, 1n the case of each of
these conjunctive functions, consider the 2° functions that can
be denved by placing or not placing ~ before each of the g's.
There will be, 1n all, 6 X 2¢ functions so derived, and if we take
the disjunction of all these, we shall have the logical possibilities
for three distinct elements Now, eny one of the alternatives
of this disjunction which 1nvolves two constituents related as nre
g(z, y) and g(y, z) 18 excluded by (¢), and any one which involves
two conpstituents like ~g(z, ¥) and ~g(y, ) 18 excluded by (b),
while any alternative involving a component of the form
¢lz, ¥) - gly, 2) =gz, 2) 15 excluded by (d) When all these
alternatives have been discarded from the originnl disjunctive
function, 1t will be seen that we h..ve left the alternative

9(z, ) -9, 2) - 91, 2) . ~gy, 2) . =(z, ¥) . =g (2, 2)

together with five others of the same form that can be denved
from this one by pcrmutation of r, y, and z  If some further con-
dition were added to (a)-(d), which was about any three distinct
elements, and which excluded one or more of these slternatives,
we should be able to show that the e could not be at least three
elements 1n the (lass deterrined by f(z), and this, together with.
the result established above, enables ug to put down the following
theorein No further independent universsl singly-general fune-
tiops 1n not more than three generalized variables, which place
restnictions only upon elements satisfymng 7, and which are com-
patible with the existence of at least threc such elements, can be
added to the set (a)-(d)

We have now to extend this result, by induction, to functions
mvolving any finite number of generalized vanables Let us

analogous cases which are more rigorous and mn which this supposition is not
present, but the proof as given 18 convineing enough, and we wish to make
it as eimple as poseible within this lunitation.
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represent the function g(z, ¥) - gy, 2) - 9(z, 2) . =g(y, 2) - ~9(2, ¥)
.=g(2, z) by R(z, 9, ), snd the corresponding function 1n four
vanables by R(z, ¥, 21!, end, i general, let us write
R(z1, . ,Z,), where the occurrence of z,, z, in the order from
left to right means g(z,, z,) and ~g(z;, z,) Consider R(z), . .,Za)
together with all the functions that can be derived from it by
permutation of z;, ,za, form the disjunction of all these
functions, and let this disjunction be wntten F(r,, ,z.)
We have already shown that any three distinct elements z, ¥, z
which satisfy f are such that F(z, v, z), and what we wish to
show is that for every n distinct elements, z,, ., z,,
F(z\, , I») holds,

Let us say that F(x,, , Tn) holds for an assigned value of
n (= 3), and that y 15 a further element satisfying f In the
first place, suppose g(y, z.) to hold Then if z, 18 any one of
the elements z, , Tn, We have, by (d) and the hypothesis,
g(y, z.), snd, by (c¢), =g(z,, ¥), so that F(y, z,, ) T,) will
bold Becond, suppose ¢(za, y) to hold Then we have
g(z,, y) and ~g(y, z.), so that F(z,, . , za.,y) wll hold Fi-
nally, suppose y to be such that we have both g(z,, ¥) and g(y, z,)
In view of conditions (b), (c), (d), 1t will be seen that there must
exist elements z,, z, such that F(z, y, z,), and such that no
element among z,, , Tn [alls between z, and z, Then, if
z) i8 any element such that g(zy, z.) holds, we have g(zi, %),
and if z; 18 any element such that g(z,, z.) holds, we have
o(y, zs), so that F(z,, ,y, ,z.) will hold In any case,
then, F(z,, ) Tn) Implies F(z,, . , Zay1), and we know the
hypothesis here to be true when n 18 3

Since we have F(z,, , Tp) for every n distinct elements
satiefying f, 1t will be easy to see that, were apy further condition
introduced which would exclude one or more of the alternatives
m F(z,, , z.), we should be able to show that there were not
at least n eilements satisfying f, and this, together with the results
previously estabhshed, enables us to write the following theorem:
No further independent universal eingly-general functions 1 n
generahized vanables (n = 1), which place restrictions only upon
elemente satiefying f, and which, 1o conjunction wth (a)-(d),
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are compatible with the existence of at least n such elements,
can be added to the set (a)-(d)

In order to bring out the exact force of this theorem, we must
observe that certain functions not involving a single prefix fall
within its scope  We have seen that, for instance,

(@) =) .v. ) - S W)

18 equivalent to the mingly-general function

(z, ¥) - f(z) vf(¥),

and that, similarly, any function nct involving s single prefix
applied to & matnx is equivalent to one that does 8o, in
genersl, any function that 15 equivalent to a universal singly-
general function pluving restrictions only upon clements astis-
fywmng f wll have its tiuth-value determined by conditiona
(a)-{d) Thus,

(@) ::f2) . 2:. W) S@) -~y = 2) .2.9(z, y) vgly, 2) =
(2) 11(2) . =(z = 2) . 3. ~g(z, 2) v =gz, 7)
18 equivalent to

(z,y,2) :J(2) - J(@) - J(2) . ~(z = ) . =(z = 2) . >.
g(:rl y) v gy, T) - -0(11 Z) v-g(zl 1)!

and so falls within the scope of the theorem *

SrcTioNn 2 DrNsE SERIES

We shall consider 1n this sectiun several differen!, kinds of
dense series, with a view to establishing certain theorems on
deducibility 1m connection with them We shall, 1n the first
place, deal with properties defimng a dense senes without
exireme elements It has already been shown how such a
series 18 to be defined, to conditions (a)-(d) the following four

2 The procedure followed 1n this scction, a8 well as 1n Sections 3, 4, and 8§,
rests very largely on methods developed by Professor II M Sheffer in unpub-
Lshed work For studies somewhat closely related to the topicof the present
chapter, sce Hilbert and Ackermann, Grundzuge der theorehschen Lopk, pp
72 fi , with relerences Lhere given, and also F P Ramsey, The Foundations of
Mathematies, Ch 111 With refcrence to the method of Section 2, see espocially
Th Skolem, '* Untersuchungen Gber die Axiome des Klassenkalkuls,” Viden-
skapsaelkapets Skrifter, I Mat -nat Klasee (1819), No 3.

14
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are to be added:

(&) (z,9):.(H2):/(2).SW) -9z, ¥) -2.f(2) - 9(z, 2) . gz, ¥)
® @:.@y:f().2.7@) -0(z, )
® @) :- >y :f@)-2-70) -0 2)-
(h) Hz,y).f(2). /) .~@=9y)*
The frst of these conditions 18 one to the effect that between
any two elements of 4 senes of the kund intended there shall be
a third, the second condition 18 one to the effect that there shall
be no ‘last ' element 1n the senes, the third 1s one to the effect
that there shall be no ‘ first’, while the fourth condition de-
mands that there shall be at least two elements belonging to the
sernnes And what we wish to do 18 to show that conditions
(a)-(h) are sufficient to determne the truth-value of any exten-
sional funetion, of whatever degree of generality, which can be
constructed on the base f(z),g(z, ), and which places restne-
tions only upon elements satisfying f

It will be easy to see that, in consequence of conditions
(a)-(h), there must be more than a finite number of elements
belonging to the class determined by f(z) For, by (b) and (h),
there are two elements z, y such that g(z, y) holds, and, by (e),
there must be an element z such that g(z, z) and g(z, y) hold,
hence, by (a), z cannot, be 1dentical waith z or with y, and, agsin,
by (e), there must exist z’ such that g(z, z’) and g(z’, z) hold,
where z’ will be distinct from z and z, and also from y, since
otherwise we should have both g(y, z) and g(z, y), contrary to
condition (c), and so on

Now, among all the functions on the base f(z),g(z, y) which
place restrictions only upon elements satisfying f, there will be
some which involve single complex prefixes apphed to matrices
and others which 1nvolve certain prefixes governing subordinate
expressions only But we have seen that any function of the
latter kund 18 equvalent to some function constructed by general-
ization on a single matnx, if appropnate exstence-conditions

4 This last property could be weakened to (8z) f(z), but complcations
that would arise later on will be avoided if 1t 18 put 1n the stronger form, mnce
the demand for a mngle element 15 not enough 1n the corresponding definition
of a dense senes having both extreme elements
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are present. So that, in wirtue of the fact that there must be
& non-finite number of elements in the class determined by f(z),
any function on f(z),p(z, ¥) which places restnctions only upon
elements satisfying f will be equivalent to some function having
one of the two following forms.

(a) (Ih ) I-) te (dyy, )y Un) d
¢(-17l| »TZmy Y1y -y Uny - ')l

B® [z, » Zm) 30 (1, y Un) 2
¢(Ih ) Imy Yy y Uni )'

And this mesns, of course, that if we show conditions (a)-(h)
to be sufficient to determine the truth-value of any function of
either of these kinds, we shall have shown, also, that they are
sufficient to determine the truth-values of all these equivalent
functions, so that we may confine attention 1o what follows to
functions constructed on single matrices

Let us suppose, now, that we have a function of one of the
forms (a) or (8), and that 1t 1nvolves only two gencralized vari-
ables, z and ¥ The matrnx in such a case will be a truth-
function of one or more of the following elementary expreasions,
and of nothing else

F@), ), g(z, ¥), ¢y, 2), g(z, 2), 0@y, ¥)s (z = W)

And since this 13 s0, we may consider what the mmtial logical
possibilities sre, irrespective of post ilational conditions Aay
elements that £ and y may denote will be such that

f@) J@W) g(z, ¥) - =0y, 2) - ~g(z, 2) - =g(y, ¥) - ~(z = )
holds, or such that
J@) - f@) - =gz, y) -~y 2) - =g(z, 2) - ~g(y, ) - (z = )

holds, etc In order to get all the logical possibilities, we may
form the class of all conjunctive functions like those* here given
which can be obtaimed by applying or faiing to apply - to each
constituent There will be 1o all 27 such functions; but some of
them, such as

J@) SW) -9z, ¥) - =gy, 2) . §(2, 2) - =9y, ¥) - (z = ),
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will be self-contradictory, and may therefore be discarded from
the collection If we form the disjunction of all the remaining
conjunctive functions, we shall have a matnx that will be satisfied
by any pair of elements or any single element whatever, and all
that any postulational condition can do s, 1n effect, to demand
or reject one or more of the alternatives involved i this dis-
juxetion, which 18 1tself 8 mere tautology, holding umiversally on
logical grounds alone

We have pointed out how any matnx can be expressed 1n
expanded form with respect to the elementary constituents of
which 1t 18 a truth-function When this 15 done, the matrin
becomes a disjunctive function of conjunctive functions of these
constituents, where, if p 18 any elementary constituent, either
p or ~p occurs in each conjunctive function Let us take, for
example, the matrix mnvolved 1n condition (f), namely f(z).>.
JW) -9(z, y), and wnte f(z) =p, f(y) = ¢, and g(z,y) =71
This matrix 18 of the form ~p.v.¢.r, and 18 thus a disjunctive
function of =p and ¢ .r, where in the first alternative g and r
do not oceur, and 1n the second p does not In order to intro-
duce p into all alternatives, we multiply the expression by
p v~p, and obtain

Pr=DY.D.q.TV.~p.=p.V.~p.q.r,
which becomes
P.g-T.V.~pD.V.~p.q.T

when the seli-contradictory alternative p.~p 1s discarded and
~p .~p 18 replaced by ~p This expression 18 1n expanded form
with respect to p, since either p or ~p occurs in each alternative,
but 1t 15 not 1n expanded form with respect to gandr When we
multiply by gqv ~g, we have

P.g-T.V.~p.Q.V.=P.q-T.V.=p.~qg

which involves either ¢ or ~¢ 1n each conjunctive function, and
when this latter 18 multiphed by rv~r, we have

Pg T .Ve~P.qQ.T . V.~Pe~q.T.V.~P.g.=T . V.=p,~g . o~
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If, now, p, g, and r are replaced by what they etand for, we have

J@) . ) .oz, p) -v-=f(2) . fy) . gz, ¥) . v.
@) - ~f(y) -g(z, ¥) . v.~f(2) - () . ~g(z, ) V.
~f(x) . ~f(y) . =g(z, ¥),

which 18 expanded with respeet to f(z), f(y), and g(z,y) Of
course, we can go on to expand with respect to ¢(y, z), g(z, 2),
gy, ¥), and (z = y) When this 18 done, we shall say that
the matrix 1s 1n expanded form with respect to f, g, z, ¥, and =,
And 1t will be clear that, in general, we can expand a matrix
involving the vanables z,, , &y with reapect to f, 9, zy, . , Z»,
and =, or with respect to any selection uf the functions that cen
be constructed out of these constituents

Although 1t 18 not strictly necessary to our argument, it will
be conducive to clarity, and perhaps also of rome 1ntrinsic -
terest, 1f we show to begin with how conditions (a)-(h) deter-
mine the truth-value of every singly-general function placing
restrictions only upon elements satisfying f which can be con-
structed on the base f(z),g(z, y) Any singly-general function
has eitber the form (z,, , Tn) - &{71, , Zn) Or the form
(dz,, , In) ®(zy, , Zp) And we have seen that there 18
a senge 1n which any fuuction of the first of these two lunds has
its truth-value determined by conditions (a)-(h). But this1s a
specml sense, and, In any case, the argument doea not cover
existential functions, so we shall beg'n anew and consider beth
kinds of functions, existential and universal

Let us take the following function of the n vanubles z,,

. Zn
g(zy, 72) . g(z1, 72) - 9(z9, Ts) 0(Tnoy Za) :
~g(zs, 2)) « ~g(zy, T1) . =g(2s, T3)  ~G(Zn, Ta-1):
~§(z1, 1) « =g(23, Z1) ~g(Zn, Ta) ;
~(x;= T1) . ~(2) = T4) - ~(z3 = z4) ~(Zu-1 ¥ I,),
which, 10 the case of two vanables, reduces to g(zy, z1) . =g(z3, 21)
. ~g(z1, 21) . =g(ze, 71) . =(z1 = zi), &nd, 1n the case of one vari-

able, to ~g(z,, z.) We may form the class made up of this
function together with all thoee that can be denved from it by
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permutation of the vanables z;,, , Tn, and call the class a0
determined ¢ There will be n [ conjunctive functions belonging
to C, and in each of these functions we shall have, for any two
variables z;, r;, the condition =~(z, = z,) Consider now the
class of conjunctive functions which can be obtained by replacing
each momber of C by & set of functions derved inr the following
way Take each member of C, and derive all those functions
that can be got by removing or not removing ~ from before the

constitutents of the conjunction of the form (z, = z;). To
na—1)
each member of C there will correspond 2 2 functions; and
nn—1)
thus we shall have, 1n all, n' X 2 ®*  conjunctive functions 1n

the class so derived, which we may call C’ We may now derive
a class C"’, having the same number of members, 1n the following
way Whenever a member of (' involves a constituent (z, = z,)
without =~ before 1t, and involves also g(z,, z;) without ~, then
thia latter 18 to be replaced by ~g(z,, z,) Some of the members
of C"" wll, of course, be self-contradictory, in that they will
contain constituents hke (z, = z3). (22 = z;) . ~(z1 = z34), Or
an expression like g(zi, z3) - =g(z1, zs) together with (z1 = z,),
others will be logically equivalent, and we may discard all self-
contradictory functions from C”, and all but one of each group
of equvalent functions, and call the class that remains C’"’
Let us form, finally, the disjunction of all the members of C’”,
and denote this disjunction by S(z4, ) Tn).
Consider the function

(A) (Zu s za)if(z)  S(@a).2.8(zy -, Za),

which, 10 virtue of the hypathesis, places restrictions only upon
elements belonging to the class determined by f(z) It will be
seen by reference to the argument of the first section, where we
were concerned with deducibility in connection with umversal
functions oply, that conditions (a)—(d) 1mply the funciion here
given for each value of n (n = 1 and finite). It will be seen,
also, that any umversal singly-general function placing restnc-
tions only upon elements satisfying f can be expressed by

(B) (zll ’ 2,.) :f(xl) . f(In) -2, F(zll . ’ z")l
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the matrix F being 1n expanded form with respect to g, z,, . ., 2.,
and =, Now, if F involves as an alternative each conjunctive
function that occurs in the matnx S, then (B) will be implied
by (A), and therefore by conditions (a)—(d); if rome slternative
belonging to S does not occur 1n F, then (B) will, as we have seen,
be incompatible with the emstence of at least n elements which
satisfy f, and since we have shown that (a)-(h) imply the
existence of & non-fimite number of such elements, (B) will be
incompatible with these conditions This shows that condi-
tions (a)-(h) determine the truth-value of every universal
singly-general function placing restnctions only upon elements
satisfying f which can be constructed on the base f(z),p(z, ¥),
end really completes our argument  For an existential function
18 always the contradictory of some umversal, and if the truth-
value of a function i1s determined, the truth-value of 1ts con-
tradictory 1s, of course, also determuned Thus, the contra-
dictory of (B) 18

(HIII ] Iu) 'f(Il) f(:rn) - -F(Ill y zll) '
And if we have, say,
(Hx, y)  f(2) - fW) . ~(z = W),

which does not contain g, we can expand the matnx ~(z = y)
with respect to g(z, ), ¢(v, 2), 9(z, z), and g(y, ¥), and eo derive
an equivalent expression of the form

Az, ) . f(z) - fW) - Gz, ¥),
whose contradictory w 1l be of the form
(z, ) : f(=) - J(y) - 2. ~G(z, y)
Here =G(z, y) will lack many alternatives wluch occur in S(z, y),

and the function will, of course, be iIncompatible with the exst-
ence of at least two elements which satisfy f

We may now return to our general theorem, which is to the
effect that every extensional function, singly or multiply general,

s Note that the negative of the matrix F will be the dimunction of all
those and only those conjunctive functions constructed out of g, zy, , Tny
and = which do not oecur in P
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which can be constructed on the base f(z),g(z, y), and which
places restrictions only upon elements satisfying f, erther follows
from conditions (a)-(h) or 18 incompatible with these conditions

Just a8 we can express any singly-general function con-
structed on the base f(z),g(z, ¥) which restricts only elements
satiefying 7 1n the form (B) or that of its contradictory, so we
can express any doubly-general function of the kind 1n question
1n the form

(-'51, ] Tm) i (Hy,, y Yn) :f(Il) f(zM) -9,

f(yl) f(yn) . F(xl; y Tm, Y1y ) yn)
or the form

(Hz,, y Tm) 2 - (1, y Yn) 2 f (Y1) () ..
J(zy) J(zm) - F(z1, . | Zm, Y1, » Yn))

and, in general, 1t will be clear that any function, of whatever
degree of generality, can be expressed in one of the forms

(") (zi, , Im) = 2 (Hyy, yUn) 1. - Hf(T) I(zm) .D.

f(yl) f(yn) F(Ily y Tmy Y1y » Yn, )
or

B) A, 1)y, yad:e tfyd  fy) LD
f(Il) f(IM) F(Ilv - 9 Im, Uy y Yn, )J

where the condition that the values of a vanable shall satisfy f
18 put before the sign of implication 1f the vamnable 18 generalized
universally and after this sign 1f 1t 15 generahzed particularly,
and where, 1n each case, the matnx F 18 1n expanded form with
regpect to g, z,, y Tmy Y1, y Uny, - , 80d =
Let us take now any function on the base f(z),q(z, y), of
whatever degree of generality, which restricts only elements
satisfying f Let us express this function in one of the forms
(') or (§), and consider that part of the matnx of the function
represented by
- F(z,, -3 Zmy Y1y y Yap <o)

We have defined above a disjunctive function S, which contains
a set of alternatives that any elements substituted for the van-
ables must satisfy, in virtue of (a)—(h), and which 18 such that
it conteins every alternative that a given assignment of values
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can satisfy, in virtue of these conditions. Let us construct, as
above, the matrix

S(zy, v Twmy Yy T

corresponding to F, and compare these two matrices. Sinoe no
set of elements substituted for z,, s Tmy Y1y yYny - cBD
satigfy an alternative which does not occur 1n S, it 18 clear that
we may discard from F all such alternatives without altering the
truth-value of the function in which F occursa And it follows,
therefore, that any [unction on f(z),g(z, y) which places restric-
tions only upon elemenis satisfying f can be expressed equiva-
lently 1n one of the forms (a') or (8') and such that F involves
only alternatives among those occurnng in the corresponding
matrnx S,

If we show that all functions of this sort have their truth-
values determined by conditions (1)-(h), we shall have shown
the same thing for all functions whatever which resinet ouly
elements belonging to the class ditermined by f(z) But the
class of functions to be dealt with can be narrowed =till further.
Any function of the form (a') has a contradictory of the form
(A"), and conversely, so that 1L will be sufhicient to show merely
that functions of the form (a’), whose vanables of widest scope
are universal, have their truth-values determined

There are two theorems by reference to which the remainder

of our argument 18 to be carned cut  Let R(z,, 13, , Tn) Mean
that
D(Ih Il); ] g(Il; In). ] G(Iin In)y ] ] g(zﬂ—ll In).

-g(zll Il)' ’ -g(z!l! :!I)

all hold, that 18, that ¢ holds for any two vanables which occur
in R 1n the order from left to nght and fa:ls for any single vari-
able, where, in the hmting case, R(r,) will mean simply
~g(z1, ;) Then 1t will be clear, 1n view of conditions (a)-(d),
that any n distinct elements satisfying f are such that, for some
permutation of these elements substituted 1n order for z;, .,
Zn, R holds, and also that if we have R(z,, , z,), the function
resulting when any one of the vansables z,, . , z, 18 discarded
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will hold, so that we shall have.

(I) (:':h R | III) : :I(Il) f(Iﬂ) . R(Ilj ) 3n) =
W) :-fG) -3:5@)  J@a) i RG, 31,  ,Ta) V-
R(zy, v, yTn)-Ve. V. R(@, ., Zsy).V.
R(Ilj ,:Eﬂ).y:Il.V. -V-R(Il, ,In),y=zﬂ

Again, it will be clear, 1n view of conditions (e)-(h), that if
R(z,, , Zp) holds, then there will be some element y such
that R(y, z;,, . , z.) bolds, and some element y such that
R(z,, y, ,z.) holds, etc , so that we shall have-

D (@, ,za) @) f=@a)-2:R(zy, . ,zs).=.
(E[y) 'f(y) - R(yl Ilr ’ Iﬂ) =
Hy) - fy) - Rz, v, , Zn) -
(Hy) 'f(y) . R(Ilv - ) In; :l/) -
Hy) .f@) - R(z1, ,Z.).y=1z,-=.
Hy) . f@W) - Rz, ,2Za) .y = Zan

In consequence of these two theorems, we can take any function
of the form (e’) and obtain an equivalent function by discarding
the vanable of narrowest scope

Note that (a’) can be wntten in the form

(1)  (zm) i : (Hyy) (Hya) e :f@)  f@@m) D,
f(yl) .f(yn) - F(Il) y Tm, Y1y y YUn, )l

where a prefix attaches separately to each variable

Let us take, then, any function on the base f(z),g(z, ¥) which
places restrictions only upon elements satisfying f and 1s such
that its vanables of widest scope are universal, and express 1t in
this form We may discard from F(z), . ,Zm, %1, ,%n, )
1n the function so expressed all those alternatives which do not
occur 1n S(z;, ) Im; Y, y Yn; ) And we may call the
variable of narrowest scope zxy ~ This vanable may be generalized
either particularly or unmversally, that 15, we may have either
(Hz:) or (z)

If z, 15 generahized particularly, then, 1n virtue of theorem
(II), we can obtamn an equivalent function, 1n one fewer van-
ables, by discarding z,. This equivalence is, of course, materal
and not strict; 1t means that if conditions (a)-(h) determune the
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truth-value of either of the two functions, they determine the
truth-value of the other

Suppose, however, that the varmable of narrowest scope is
generalized universally. For the purpose of finding an equivalent
function 1n which this vanable does not occur, we proceed 1n
this case 1n the following way Every alternative in F will
1nvolve all the vanables that oecur in the function, and we may
consider what conditions of identity and distinetness are imposed
upon these vanables 1n the case of each alternative Let us
represent the vanables that occur in any alternative by z,, _,
Z., zx, and consider these varnables exclusive of zs  Among the
alternatives 1n F, there will be some which involve the same
1dentity-conditions among z, , Z» and others which involve
different 1dentity-conditions, and we may, accordingly, collect
the alternatives of F into sets, A, 4, etc , where those involving
the same conditions of 1dentity and distinctness among z;, ,
T, belong to the same set and those involving different conditions
in this respect to different seta  Consider the set A4,, and let the
vanables exclusive of z; 1n any alternative be represented by

’ " l " ’ r
T, I 1-TI|II ] ,Z;,Ig ¥

where all the z,’s are required to take the same values, while an
z, and an z, are required to take distinct values And consder
the selection of vanables z,’, ./, , 1,/, where we have always
the condition =(z, = z,) In the case of any given allernative
1n A;, there must be some permutation of these vanables, let us
gy z,/, Ty, , z,/, such that we have R(z/, zi, . , z/),
whereas 1n another alternative we may have, say, R(zs, z/,

, z¢’) And the members of A, may therefore be collected
1mto sets, A;), A3, etc, according ag they do or do not involve
R as holding for the same permutation of the varables z,’,

, ¢ Take the set Ay, and say that each of 1ts alternatives

msserts, 1n part, R(z,, » z/) Then consider the functions
R(zy, =/, » 2d), R(z, 24, ) T4), » Rz, ., 2/, 2),
R(z/, , ) - ze = 2/, , R(z/, ,Z¢) vz = z/,

and suppose that at least one of these functions is such that no
alternative 1n A, 1mvolves 1t If we mske a substitution of
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elements for the variables z,/, z."" , zy, =" , ,z{,
z, . such that R(z/\, zs', , z.) holds, our onginal funetion
cannot hold, with that substitution, for every value of z:, by
theorem (II), for we have so defined the set A, that no sub-
stitution for the varables exclusive of z; which will satisfy one
of its alternatives can satisfy an alternative of F not belonging
to that set And since this is so, we can discard from F all the
alternatives of this set without altenmng the trutb-value of our
ongnel function, the resulting function will be equivalent to
the onginal one In this way, we may test each set, 4,; 1nto
which the alternatives of F can be divided, and may discard all
the alternatives of a given set under the conditions here indicated.
‘We may then obtain an equivalent function, 1n virtue of theorem
(1), by discarding 2, altogether

It will be seen, therefore, that whether the vanable of narrow-
est scope 1 a function 18 particular or umiversal, an equivalent
function in one fewer vanables can always be found It may
happen at some stage of this process of reduction, however, that
all the slternatives in F vanish, and 1n that case F 15 to be
represented as a conjunctive function i1n the following way

Let p, g, be all the alternatives that occur in the orginal
matnx § Then, to indicate that all alternatives fail, we write
~p . ~q And 1t will be clear that if at any point all alter-

natives vanish, the function with which we began must be
incompatible with conditions (a)-(h); so that further reduction
will not be requuired If, on the other hand, some alternatives
always remain, then when we reach a function in one vanable,
F will be ~g(z4, 7,), and we shall have

(1) - f(z1) 3 ~g(zy, z1),

which 18 imphied by (a)-(h)
It must be noted what the sense 1s 1n which this argument

shows condjtions (a)-(h) to be categorical All the functions
with which we have been concerned are constructed in terms of
the conceptions represented by v, ., ~, and d, that 15 to say,
they are extensional functions We have not introduced fune-
tions 1n which the notions denoted by 4, ¢, and the like occur,
and 1t 18 easy to see that functions involving these intensional
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constants which are independent of (a)-(h) can be construoted.
Moreover, we have employed the term ‘ base ' in the narrower
of 1ts two senses all the functions dealt with are on the base
J(z),9(z, y) 1n the sense that they are all functions of f(z) and
g(z, y)—one or both—alone

We turn now to the definition of a dense series having a first
but no last element In order to define s seres of this kind, we
may replace condition (g) of the set (a)-(h) by

(&) Hz)z:w): fy) 2:/(7)-g(z, ¥) vz =1y,

which demands (hal there shall be a ‘ first ' element z in the
series And what we wish to do 18 to show that conditions
(a)-(),(g),(h) either imply or are incompatible with every
extensional function, of whatever degree of genmerahty, which
can be constructed on the base f(z),g(r, y) and which places
restrictions only upon elements belonging to the class determined
by f(z)

A part of the argument here 1° the same as that just given
We may take any function of the kind 1n question and expreaa
1t 1n one of the forms (a’) or ('), and we may confine attention
to functions of the form (2’), whose variables of widest scope
are universnl  Since uny set of values substituted for the van-
ables 1 such a function must, 1n virtue of conditions (a)-(d),
satisfy the matnx

S(Il, )y Im, Y1 y ¥n, )l
we may discard from F all those alternatives which do not oecur
in § And we may, a8 above, express any function of this kind
1n such a way that a separate prefix uttaches to each variable

There are three theorems which will be required n the re-
mamnder of the argument In consequence of condition (g’),

there exiata a unique element a such that g(a y) holde for every
element y which satisfies f and 15 distinct from g, so that we have

1mmediately,
(III) (da) ::. (7, yZn) 21 f(21) f(zn) « R(zy, yTn) I,
J(z) . S(za).fa):-(2):f(2).~(z=a).D.g(a, 2) :.

R(ﬂ., Iy, ’ zn) -V. R(ﬂ, Iy, H I”) -1 =a
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And we shall have two further theorems, which are analogous to
(I) and (II), above, and which are easily seen to hold.
av) (@, z, ,za)::.f(a) - fz) - f(za):-
@) :f@)>g(a,2).v.z=@a:.D::
R@,z,. ,Ta)-=:.@%) :.7() .2:
R(a,y,z1, ,Zn).V.
R(a, z,, ¥, L In) V. .v. R(a, z,, I Y) -V
RBa,z1, . ,Za).y=a.V. V.
R, x,, . ,Za)-Y = Zn

VM) (z, ,zZa):-f@) -fl@u).-2:R(zy, ,2Ze).=.
@) -S@) . RB@y,y, 1 2a).=. .=,
@) . f@) Bz, % Tn) =
() . f@) - B(zy,  ,2Zayy).=.
Ay -J@) - Rz, 4 Ta)-y=Tr.=. ..
(Hy) -f@W) - B(@y,  ,Zn) -y = Za
Let us take now sny function whose variable or vanables of
widest scope are universal and express 1t in the form (o), and
let us drop from F all those alternatives which do not occur 1n

the corresponding matrnx 8 We may take any alternative in F
and subdivide 1ts vanables 1nto groups,

’ ” ’ 7] ’ ”
I, T1 y Ty, T3 » y Tu,y Tu' ’

where, 1f the alternative 1s to be satisfied, the z,'s must all take
the same value and any z; must take a different value from any
z,, owing to the conditione of identity and distinetness involved

We wish to construct an equivalent function, 1n accordance
with theorem (III), in which every alternative shall 1nvolve the
vanable a, upon which the condition (z) :f(2) . ~(z = a).>.
g(a, 2) 18 imposed. In order to do this, we replace each elter-
native in F by two others Thus we take an alternative which
involves R(z,’, ,z.'), and, 1n the first place, introduce @ in
such & way that we have R(a, zi, ,zS).a=1z¢. To
complete this derived alternative, we conjoin all the conditions
required by this i1dentification, such 88 (a = z,"), ~(a = zy"'),
g(a, z¢'"), and ~g(a, z,') Second, a i8 introduced 1nto the alter-
pative 1n such a way that we have R(s, z,, ..., z.)). And
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here, in order to complete the alternative, we must conjoin such
conditions as g(a, 7.""), ¢(a, z."), and ~(a = z,"). In this way,
we obtain 8 new matrnix F'. And it will be clear, 1n view of
theorem (III), that our onginal function 1s equivalent to

(Ha) :::. (z1) (zwm) i :: (Hyy) (Hya) = = K
J@) . flzm) -2:.f(a):.(2):f(2).~(z=a).2.¢(g, 2) :.
J@) .. fya)  Fa, 2z, - Zm, Y1 -+ yYn; )

Any extensional function on f(z),g(z, ¥), of whatever degree of
generality, which restricts only elements satisfying f, and which
15 such that 1ts varnable or vanables of widest scope are universal,
can be expressed equivalently 1n this form

Let us consider any function so expressed, and call the van-
able of narrowest scope 1n the main prefix z, If this vanable is
generalized particularly, that 1s, 1f we have (Hz,), then, in virtue
of theorem (V), we may discard 1t, and thus obtain an equivalent
function 1 one fewer variables If, on the other hand, the
vanable of narrowest scope 18 generalized umversally, we proceed
1n the following way Let us collect the alternatives in F’ 1nto
sets, A, As, , In which all those alternatives involving the
same conditions of identity and distinctness among the vanables
exclusive of z, belong to one and the same set, and all those
involving different conditions in this respect belong to different
sets  Let us represent the varables exclusive of z; 1n an assigned
alternative in A, by

[ ! " ’ "
aa y I1, T ] » To,y Ty -

where ¢, ¢’ . must take the same value, as must z., z,"” .,
etc , and let us suppose that the chosen alternative of 4, asserts,
1n part, R(a, z,’, ,Z¢) Then we may form the sub-set 4;,
of all those alternatives 1n A, which mnvolve R as holding for
these vanables 1n this order. If one of the functions

R(G, Z, Ill; L] II'); R(a, Il’: 2k -, I")l »
R(G, 11’! ’ Il'; zk)v R(a) Il’v L] Il,) -2 = 4, ’
E(a, z/, yI) vz =z

fails to occur among the alternatives of A;,, then we may drop
all these alternatives from the matrnx F’ without altering the
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truth-value of the function in which F’ occurs. And when each
of the sub-sets, Ay, A1x  , 421, 42, , Into which the
alternatives of F’ are divisible, has been dealt with 1n this way,
we may, 1n virtue of theorem (IV), obtain an equivalent function
1n one fewer vanables by discarding z,

If at some pont 1n the process of reducing the number of
vanables 1n the function all alternatives vamsh, then, clearly,
the original function must be incompatible with conditions
(8)-(D),(g"),(h) If thuis does not occur, however, we shall have
finally

(Ha) = . f(a) :. (2) : J(2) . ~(z = @) . 2. ¢(a, 2) . ~g(a, a),

where ~-g(a, a) 18 F'(a), and this function 18 1mpled by conditions
(a)-(6),(g"),(h) Note here that just before this final expression
is obtained, we shall have

(Ha) ::.(z) ::f(zy) .2:.f(a) 2. (&) : f(2) . ~(z=a) .D.
g(a, z) . F'(a, z1),
which 18 equivalent to

(Ma) ::.(z1) s :f(@):. @) :f(@) -~(z=a).D.
g(a, 2) :. F'(a, 71) : . V. ~f(z1),

and that if reduction 18 possible without the vamishing of all

alternatives from F’, we have the function just given when z,
is duscarded ¢

We turn finally to the defimtion of a dense series with both
extreme elements And here we may replace condition (f) of

the set (a)-(f),(g"),(h) by
" (Hz):: () : - f@) -2 :f(2) . g(y, 2) . v-z =y,

® The theorem here established shows that a continupus series with one
extreme element (see Huntington, The Continizum, Ch V) cannot be defined
on f(z),g(z, ¥), and, of course, the preceding theorem shows the same thing
n the ecase of a continuous series without extreme elementa For proof of an
analogous thearem regarding discrete series having a first but no iast element
and 1n which every element, but one has an 1mmediate predecessor, see Annala
of Mathematics, XXVIII (1927), 459 1t follows from such a theorem that an
mductive senes, aimilarly, cannot be given on f(z),g(z, ¥), but muat involve
a further vanable ¢, as 1n Section 2 of Chapter XI  In general, wheneverit 18
neceesary to speak of all subclasses of the class determined by f, the base
f(z),g(z, ¥), n the narrower sense, 1s not sufficient
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which is a condition to the effect that a ‘last’ element of the
series shall exist. We wish to show, as before, that the set
(a)—(e),(f"),(g"),(h) either umples or 18 incompatible with every
extensional function on the base f(z),g(z, ¥y) which places re-
strictions only upon elements satisfying f

It will be clear that we can, 1n thie case, 88 1n the others,
express any function whose vanable or variables of widest scope
are universal in the form (a’), where the matnx F involves only
such alternatives as occur 1n the corresponding matnx S And
we shall have here three theorems, which are anslogous to those
just given, and which are easily seen to be consequences of the
conditions defining a dense series with both extreme elements-

(V1) (g, ¢) ::. (21, 5 %a) ::f(z) .. flza)-
R(z,, , Tn) s = 3.
J(z)  f(za) . f@@) - f(0) :.
(2) : f(2) . ~(z = a) .2.g(a, 2) :.
@) :f@).=z=1¢).2.9(z,¢) :.

R(a, z,, ) Zn €) V. R(z1, . , %4 € .8=1y.V.
R(e, 14, yZTn) -C=Tn-V.
R(z,, 1 ZIn) G = T1.C= I,

(VII) (g, ¢,21, ,20)::.f(a) . f(c) - f(z1)  flza) :.
@) :f(z) e ~(z2=a).D.g(a, 2):.
(@) :f@) .~(z=1¢).2.g(2,c):.D::
R(a, z,, y I ). =z:.(y) . f(y) .0

R(a, y, z1, , Tny C) V.

R(a': v Y - ) Imy c).V. v
R(a; I, y Tny Y, G) V.

E(a, z,, ) Tny €)Y =

.V, V.
c

R(as Iy, y Tmy C) Y=

(VII) (zi, . , Za) :.f(z1) - f(za).2:R(z,, . oTn) s =.
Hy) . f@)  RB(z,y, %) =. .=,
Hy) . /@) - B(zy, ., Y, Ta) s =
(Hy)'f(y)'R(Ih yTn) Y =Ty =,
(Hy) -J@) -R(z1, . ,Za) Y= 2In
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In wvirtue of theorem (VI), any function of the form (a') can
be written equivalently 1n the form.

(Ha, ) :::. (z1) (ZTw) 222 (Hys) .. (Hy,) it

Jlz)  f(@m) .2:.f(a).S(c):.

@ :f2).~z=1a).2.g9(a,2):.(2) :f(2) -~(z2=1¢).D.9(2¢) :.
Jw) - f(ys) F'(a,c, 21, - ,Zm, Y1 y Uny )

where F”’ 18 denived from F 1n the folloming way Each alter-
native in F 1s replaced by four others, in such a way that if

! 14 ’ 1 r "
Ti, 1 yT2,Z2 . , y Tuy Tu

are the vanables belonging to a given alternative in F, and if we
have R(zy, , Tu'), then we shall have

R(a, z, , T4, €), R(z/, , ZTW, €) . 2y = a,

ER(a, z/, JIW) Tl = ¢ R(z/, o) oo = a.3 = ¢,

a8 determiming the substituted alternatives.

If the vanable of narrowest scope 1n the main prefix of this
function 18 particular, then, in virtue of thearem (VIII), we
can discard 1t without altering the truth-value of the function
If the vanable of narrowest scope 18 umversal, then we can, as
before, divide the alternatives of the matnx F'' imto sub-sets,
Ay, A y Anyy, Am , , according to the conditiona of
1dentity and distinctness involved, and according to the per-
mutations of selections of vamnables taking distinct values for
which R holds We can diecard from F*/ all those sub-sets
which do not satisfy theorem (VIII), and can then drop the
variable of narrowest scope from the function by applying
theorem (VII) If, in the process of reduction, sll alternatives
vamsh from F”, the function will be incompatible with condi-
tions (a)—(e),(f"),(g),(h) If this does not occur, we shall
have, finally,

(Fa, ¢) :.f(@) . f(6) :. @) +J(2) . =(z = 0) .2 g(a, 2) £ »
(@) :f@@)-~=1c).2.9(z,¢) :. F'(a, ),

where F''(a, c) 18 g(a, ) . ~g(c, a) - ~g(a, a) . ~g(c, ¢) . ~(a = ¢);
and this function 1s implied by (a)—(e),(f’),(g"),(h)
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Ssecrion 3. DepuciBiLiTY FRoM CONDITIONS
FOR BETWEENNESS

We wish to show, 1n this section, that the conditions defining
Betweenness have properties analogous to those already shown
to be possessed by the general conditions defining Senal Order.
That 1s to say, we wish to show that any singly-general universal
extensional function in 7 generahzed vamables on the base
f(z),g(z, y, 2) which 1mposes restrictions only upon elements
satisfying f either 18 1mphed by the conditions for Betweenness
or, together with the premise that there are at least n elements
satisfying f, 18 mncompatible with them We could not show
mmply that any such umversal function either was implhed by
the conditions defining Betweenness or else was incompatible
with them, because, 1f there were not enough elements 1n the
class determined by f(z), any umversal function would hold,
inasmuch as 1t would be satisfied vacuously

The definition of Betweenness, which 1s on the base f(z),
g(z, 9, 2), ie as follows

(z1, T3, T, To) 2 - f(21) - f(z2) - f(zs) - f(z4) .2 :

(1) g(zy, 23, T3) 2 g(za, 73, 71) *

(2) d(zy, T3, za) D P(g, T1, T2, z5) = °

3) d(zy, 73, z3) . 2. ~g(2,, T2, ) V~g(zy, Z5, T1) :

(4) g(z1, T2, Ta) D d(zy, T3, T3) :

(58) d(zi, z3, Ts, 24) - g(z1, T2, T1) - D - g(T1, Ta, Ts) v (T4, Z3, T1).

In comsequence of (1) and (2), any three distinct elements
which satisfy f are such that for some permutation, say z,, 71, s,
both g(z,, zs, z;) and g(zs, z3, 7,) hold; and, by (1) and (3), g fails
for every other permutation of these elements Again, by (4),
we have always ~g(z1, 21, Z1), ~g(Z1, I3, Z3), ~g(z3, 71, Z2), and
~g(Zs, Z3, 1)

We may understand R(z,, 72, z:) to mean the gonjunction
of g(zi, zs, z5) . g(zs, 3, 1) with the negative of each of the
other functions of g, z;, zs, z; that can be constructed—such as
=(z1) T1, T2), =g(21, T, 22), BDd ~§(24, 21, 71) We may, sim-

® That is, m accordance with the definition of P given above, for at least
one of the six permutations of z,, zs, z,, ¢ holds
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larly, allow R(z;, z1) to stand for the conjunction of the negatives
of all functions that can be constructed out of g, 7y, zs, 1 €, for
~g(z1, T3, T2) « ~g(Zy Ty, T2) - ~§(Z3, T3, T1) - ~g(Z1, Ty, T2)-
~g(zy, T3, 21) - ~g(z2, Z1, T1) ~g§(z1, Ty, 21) . =g(Z3, T4, T1),
and R(z;) to stand for ~g(zi, z1, 71) Again, the function
R(zlr Iy Il) - R(Ih T3, I‘) - R(xll Iy, Il) - R(Ig, Ty 14)
may be replaced by R(z,, 23, Zs, 74), and R(z,, , T,) may be
similarly understood, as involving R(z., z,, z:) for any three
vanables which occur 1n the order from left to night
It will be clear, then, that we have
(1) g(z1, T3, T3) = R(zy, 23, Z)

for any three elements belonging to the class determined by f(z),
and that R(z,, zz) and R(z;) always hold. Moreover, 1n virtue
of the defimtion of R, we have

(M) R(Il; Iy, Iﬂ) = R(Ih Iy, Il))
and
(N) R(zy, T4, z3) .2 . =R(z,, T35, T2) . ~R(z3, T1, Ts)

We wish to show that some permutation of any n distinct

elements satisfying f, say z;, y Tn, 18 such that R(z, y Za)
holds
We must show, 1n the first place, that if R(z,, , Tn) holds

for an asmgned value of n (= 3), 1t will hold for n+1 Lety
denote any element 1n the class determined by f(z) other than

those denoted by z:, . , z» Then we have, by conditions
(1), (2) and theorem (L),

R(y; I, :n) VR(Ih T, y) VR(zh Y, zn)

Suppose, first, that R(y, 1, ) holds, and let z,, z, represent
any two of the varables z;, ; Zn Which are such that
R(zy, 2., 2z, By condition (5), R(y, z1, z,) 1imphes R(y, z,, z.)
or R(z,, 71, zn), where the latter 18 contrary to R(z;, z., za), by
(N), so that we have R(y, z;, z.) Now, from R(y, z,, z,) and
R(y, 1, z.), we have, by definition, R(y, z;, z,) Again, by (5),
E(z), zi, z,) 1mplhes R(z,, z., y) or R(y, z., z,), where the first
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imphes R(y, z;, 7,), contrary to R(y, z1, z:), by (N), so that we
have R(y: ) z,) But R(y: I Z;), Ry, =z, ), R(y; Ty :L'y),
and R(Zl, ’ In) Yleld R(yl I, [] Iﬂ)

Suppose that we have R(z), z., ¥) Since R(z), z,, y) is
equvalent to R(y, z,, ), and R(z,, . , Za) 18 equvalent to
R(z,, , 1), 1t can be established by the argument just given
that R(y, zn, , 71) holds, and therefore that we have
R(Ill » Tny ’U)

Suppose, finally, that RB(z,, ¥, z.) holds. Let z, be any one
of the vanables z,, , I, other than z, and z, Then, by (1),
(2), and (L), we have either R(zi, zi ¥) or R(z), y, z.) or
R(y, 7., z.) Butif R(y, z,, z.) holds, then, by (5), R(y, zi, z,)
or R(Zs, 71, z;) wll hold, the first being contrary to R(z,, ¥, za),
and the second to R(z,, z,, 7.), so that we have

R(Ih I, '_ll) VR(II! Y, I')

Consider the vanables z., such that R(z:, z.i, y) holds, and
the variables z,; such that R(zy, y, z.1) holds If z,; exists such
that R(z,, z.,, ¥) holds, then we cannot have R(z,, ¥, zi), and
if z,; exists such that R(z,, y, z.») holds, then we cannot have
R(z;, 7.3, ¥), by (N), so that the vanables z.; and z.. fall into two
non-overlapping classes; though, of course, either or both of
these classes may be null Moreover, every z,; comes before
every Z.; 1n R(z,, , Tn), for if we have R(z,, z.3, z.1), we shall
have, by (5), R(zy, Z.2, ¥) or R(y, Z., Z..), Where the first alter-
native 18 contrary to R(z;, 4, Z.2), and the second to R(z,,, y, zu),
which, as will appear immediately, must hold

Now, since R(ri, y, z.;) holds, then R(z;, y, =z,) or
R(z.1, ¥, T.2) holds, by (5), where the first 18 Incompatible with
R(zy, 741, ¥), by (N), so that we have R(z.1, ¥, £.2) And 1n the
same way, we have R(z., ¥, z») Agan, from R(z,, z.;, z,) 1t
follows, by (5), that R(zy, Z.s, ¥) or R(y, Z.s, z,) holds, the first
being 1ncompatible mth R(z1, ¥, z.s). We have then, altogether,
R(zy, ¥, Za), R(z1, Tu, Zn), R(z1,, z4, z.), R(il; Zn, y),
R(zi, v, Z.), R(Ill: ¥y Zn), R(y; Tua, Tn), R(Z], Iy J7-!). and
R(zu, v, za)

Let Z.11, Tua represent any two of the varnables denoted by
z,; which are such that R(z.11, Zus Ta) holds, and, sumlarly, let
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T.31, Ziza Tepresent any two of the vanables z,, which are such
that R(zi, Z., zas) holde? By (5), R(z.1, ., T.) 1mples
R(z.1, Tuas, y¥) or R(y, z., z.), where the latter is contrary to
R(zu, ¥, 2.). And smmce R(z, . , z,) is equvalent to
R(z,, . , 71), and R(zy, Tu1, Zus) to B(Zus, Z.11, 71), 1t can be
shown 1n exactly the same way that we have R(y, Z.21, Z.22).

This result, together with the ones obtained above, and
with R(z,, , Tn), Vields R(z,, y , Tn) Thus, f R
holds for u given value of n (= 3),1t will hold for n 4 1, and we
have seen that 1t does hold for n» = 3

Consider, now, the function

R(zy, 23, ,Zn)-~(m1=123). .~T1=1z4).
"(IZ = .’5,,) = -

where, of course, R(z;, zj, , Tn) 18 the conjunction of
g(zy, T3, Tv), 0(z4, T3, T1), ~g(Z1, T3, T3), ~9(Z1, T3, T2), etec  Let us
form the class made up of this function together with all those
that can be derived from 1t by permutation of z,, z, , Tny
and call this ¢lass C  Each member of C will, therefore, involve
R as holding for some permutation of z,, z,, , Tn, and wll
involve a condition to the effect that each pair of variables shall
take distinet values Again, let us form the class C’ by replacing

each member of C by functions obtained as follows. take a given
a(r—1)
member of C, and replace 1t by the 2° 7  functions that can be

got by removing or not removing ~ from before 1ts constituents
of the form (z, = z,) Some of the members of this class wall,
however, involve self-contradictory i1dentity-conditions, 1n that
they will involve constituents hke (z, = z3).(z2a = z3) .
~(z, = z;), and we may drop all such inconmstent members
from C' Finally, we may take each one of the remaiming
members of C’ and collect 1nto groups all those vanables upon
which i1t imposes a condition of identity, 1n such a way that
vanables talung 1dentical values will belong to the same group
and those talung distinct values to different groups, and then
discard from R all but one of the vanables in each group This

7 It wall be clear that when, 1n special cases, no elementa correspond to the
vanables 1ntroduced, the argument 18 complete for those cases without the
part mnvolving the variables in question
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class, which we may call C", will involve the same number of
functions as C' And 1t is to be noted that in discarding vari-
ables from R, we must not discard them wholly from the fune-
tion, all conditione of identity and distinctness remain, and
each function contains all the varables z,, z3, . , z» Some
members of C'’ will be redundant wmith each other in that they
will result, for example, from two functions i1n ¢’ which contain
respectively R(zi, zs, ,ZTn) - (z1 = 73) and R(zy, 71, ,zy)-
(z: = z3), where all other identity-conditions are the same, and
where one of the vanables z, and z; has been discarded 1n each
case; and we may, of course, drop all but one of each set of
redundant functions We msy then form the disjunction of all
the members of C'’, and call this disjunction S(z, ) Tn)

In view of the fact that R holds for some permutation of any
finite set of elements satiefying f, 1t will be clear that we have, as
a logical consequence of conditions (1)-(5),

(A) (1:1, ] .’1:,,) :f(zl) f(I,.) -9. S(zll L | .’!:,.)

Consider, then, any singly-general universal function on the base
f(z),9(z, y, z) which 1mposes restrictions only upon elements
belonging to the class determined by f(z), and express 1t 1n the
form

(B) (Il) » In) :f(zl) .f(zn) 2. F(zl) ) In)

Let F be put in expanded form with respect to g, z;, , z,, and
= 50 that we shall have a disjunctive function each of whose
alternatives contains all the vanables z;, , Tn~ We may, of
course, ehminate all self-contradictory alternatives which arise
in the process of putting F 1n expanded form, and all but one of
every set of redundant alternatives And 1t is to be noted 1n
this connection that ~g(zi, z,).(z; = z3) 18 1dentical with
~g(z1, 1) - ~g(z3, Z3) - (z; = 1), although not with ~g(z,, z,),
since this last expression does not contein zs, which might appear
10 some connected function It 18 necessary to observe this
because, 1n constructing S, we have omitted all redundancies
like the one that occurs in the second expression here, whereas
F might be so expressed 1n expanded form as to contain expressions
hke this second one in place of simpler ones which mean the
same thing.
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If F involves every alternative that occurs in S, then clearly
(B) is & logical consequence of (A), and therefore of conditions
(1)-(5) Now, S is so constructed that any set of elements
substituted 1n an assigned order for z;, , T, will satisfy one
and only one of 1ts alternatives, and, moreover, if we have any
set of n elements, we can substitute them or some of them for
1, , Tn 10 8uch a way that any arbitrarily assigned alternative
m S will be satisfied, and therefore 1n such & way that no other
alternative will be satisfied for that substitution, so that, if
some alternative in S does not occur 1n F, the function (B),
together with the condition that there exist at least n elements
in the class determined by f(z), will be incompatible with con-
ditions (1)-(5)

There are several ways 1n which conditions can be added to
the set (1)-(5) so as to secure the existence of a non-finite
number of elements 1n the class determined by f(z) We may
coneider, in particular, the following two conditions

08) (Hzy, 72) - f(z1) - f(z9) - ~(z1 = 1)
(7)) (21, Za) ¢ - (Hzy) : f(z1) - f(z5) . ~(z, = T35) .D -
J(z2) « g(z1, T3, Ta)

It will be easy to see that these two conditions, together with
(1)-(5), enable us to infer that there are at least = elements
satisfying f, where n 18 any finite number, and that therefore
the set (1)-(7) will either 1mply or be incompatible with any
umversal singly-general function which can be constructed on
f(@),9(z, ¥, 2) and which rmposes restrictions omly upon ele-
ments 1n the class determined by f(z) But here, since the truth-
value of every universal function of the kind 1n question 1s cate-
gorically deterrmned by the set (1)—(7), we can of course 1nclude
singly-geperal existential functions as well, owing to the fact
that they are contradictornies of corresponding universal funections.

There are, however, many functions of a degree of generality
higher than the first which are independent of (1)-(7)—such,
for mstance, as

(8) (zy, x8) = . (Hzxy) = f(z1) - J(23) - ~(21 = z3) . D.
J(zs) - g(21, 24, 24).
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This condition, when subjoined to (1)-(7), excludes the existence
of both extreme elements if we have elements b and ¢, then d
must exst such that g(b, ¢, d) holds, and a must exist such that
we ghall have g(c, b, a), which imphes g(a, b, ¢) Here 1t would
be 1nteresting to know whether it can be shown, by an argument
similar to the one we have used above 1n deahng with dense
series without extreme elements, that conditions (1)-(8) deter-
mine the truth-value of every extemsional function on f(z),
g(z, y, 2), of whatever degree of generality, which restricts only
elements satisfying f.

It was remarked in the preceding chapter that conditions
(1)-(5), together with an appropnate existence-condition, pre-
sumably constitute a correct analyms of the ordinary notion
of Betweenness 1n general We were able to see, however, only
that the properties put down were necessary to any correct
interpretation of thia ordinary notion, whereas now, 1n view of
the theorem just established, we can see that these properties
are also sufficient, since no other independent general conditions
can exist

SecTioN 4 Cycric ORDER

In this section we shall establish a result exactly analogous
to the one just obtained in connection with the properties defin-
ing Betweenness We wish to show that any extensional
singly-general unmiversal function in 7 generalized vanables on
the base f(z),g(z, ¥, z) which 1mposes restrictions only upon
elements 1n the class determined by f(z) either is impled by the
set of properties defining Cyclic Order or, in conjunction with
the premise that at least n elements satisfying f exist, 18 incom-
patible with these properties The defimition of Cychc Order
18 aa follows

(z1) 3, Tay 2o) 1 - f(z1) . fz3) - fzs) - f(T0) -2 :
(1) g(z1, 73, 24) 2 g(x3, 74, 71) = .
(2) d(zv, T2, 72) @ P(g, 71, Ts, 1) :
3) d(zy, Ty, T1) 2. ~g(z1, 3, Za) V ~g(Z1, Ty, T2):
(4) g(z1, 23, Ta) Dd(21, 24, Z4) :
(8) d(zy, 23, 20, 24) - (23, 23, o) - 2+ §(2T1, T3, T4) V g(24, 23, Ta).
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In virtue of conditions (1), (2), (3), and (4), we shall have,
for some permutation of any three elements, say zi, zs, Z,

g(z1, Za, 71) - (23, 23, T1) - §(Ta, Ty, T3) - ~g(Za, T3, T1) -
- =g(z1, Z1, T3) - ~4(Z1, 23, ) - . ~9(z1, T3, Z1) y

and we may allow R(zi, 73, zs) to represent this conjunction,
which rontains all functions that can be constructed out of g, zi,
z3, and z; We may, sumilarly, allow R(z,, z,) to stand for

~g(z1, Z1, T2) - ~g(T1, T3, T1) - . =g(z1, Ty, T1) - ~g(Z2, T3, Ta),

and R(z,) to stand for ~g(zi, =, z1) Again, we may write
R(zy, 24, z4, z4) 1n place of

R(I], T, Ig) . R(Il, T3, 1?4) . R(.’E[, I3, Z;) - R(.Tz, Ty, .'174),

and we may define R(z,, 73, , Zn) in the same way, as 1nvolv-
mg R(z, z, z:) for any three variables which occur in the
order from left to nght

Thus g(z1, z3, zs) = R(zy, T3, z;), and we have, for any two
elements zi, z3, R(z,, 7:), and for any single element z;, R(z,).
Moreover, in virtue of the definition of R, we have

R(zy, 23, T3) = R(z3, 23, 1) = R(zs, 71, T1).

Now, we wish to show that for some permutation of any n
elements satisfying f, say ., . , z., R(zy, , Zn) holds We
know, to begin with, that R holds where n =3, and 1t will
therefore be sufficient to show that if R holds for any assigned
value of n (= 3), 1t wall hold forn + 1

If y denotes any element other than those denoted by z,

. » Tn, then, by conditions (1) and (2),

R(yp Iy I") VR(:':II Y, zﬂ)'

Suppose, in the first place, that R(y, z., z,) holds Then,
by condition (5), either R(z;, zi, z«) or R(y, z1, z,), where z; 15
any one of the varables zy, , In Other than z; and z, But
R(z:, =1, £,) 18 incompatible with R(z1, ., z,), by the defimition
of R, so that we have R(y, z,, z,) Agan, R(z,, z,, Z,) unphes
R(z., za, 71), which, by (5), imphes R(y, z,, 1) or R(zi, Za, ¥);
and here the first alternative 18 i1ncompatible with R(y, z1, Z,),
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by definition, so that we have R(z: Z., y), which implies
R(y, z., z»). Now, in case the number of the vanables z;, . ,
Z, 16 not less than four, we can denote by z,;, z,; any two of these
vanables which are such that R(zi, Z.1,, T.s, z») bholds. And 1t
must be shown that E(y, z.i, 1) holde R(zi, zi1, Zi1) 1mplies
R(z.1, T, 1), which, by (5), imphes R(Z.1, T.s, ¥) or R(y, .3, 71),
where the second salternative 1s incompatible with R(y, z,, z.),
so that we have R(z.1, z.3, ), which imphes R(y, zi, z.3). We
have, then, 1n all, R(y, z1, z.), R(y, 71, z.), R(y, z., z.), and
R(y, z.1, z.2), which, together with R(z,, . , z.), 18 R(y, z1,
< ) Tp)-

Suppose, 1n the second place, that R(z,, y, 74) holds Then,
by conditions (1) and (2), either R(z,, z., y) or R(zy, ¥, z.) will
hold. And since no z, can satisfy both of these alternatives, we
may allow z;; to stand for any vanable such that R(zi, z., ¥)
holds, and z,s for any such that R(z;, ¥, Z.5) holds, and say that
these two classes of verables have no members 1n common.
Now, R(zi, ¥, z.) imphes R(z., ¥, z») or R(z;, ¥, Z.1), where the
second salternative 18 contrary to R(zi, 7., y); so that we bave
R(z., y, z.) And R(z, z., z.) mphes R(y, z.;, Ta.) oOr
R(zy, z.3, y), where the second alternative 1s contrary to
R(zy, y, z.2), 80 that R(y, Z.s, 7.) holds Moreover, R(z.1, ¥, Zs)
implies R(z.s, ¥, Z») or R(z.,, y, z.1), where the first alternative
1umplies R(z,, T.;, y), which 18 incompatible wmith R(z,, ¥, z.1),
so that we have R(z,, y, z.2) Agan, R(z.;, v, z,) imphes
R(y, zp, z.1), which 1mplies R(z.z, Zn, Z.1) O R(¥, Ta, %.1), Where
the second alternative 18 contrary to R(y, z.i, z,), so that we
have R(z.3, Z., z.1), which implhes R(z,, z.;, z,). Finally,
R(z,, z.1, z,.) 1mphes R(z., T., Z») or R(zi, z., Z.s), where
R(z.3, Tu, Tn) 1mplies R(z.;, Za, Z.2), which 18 contrary to
R(z,1, 7.3, T,); 80 that R(z;, z.1, Z,3) must hold So far, then,
we have R(zy, ¥, za), R(z1, Z., ¥), R(zw, v, 7.), Ry, Tua, 2.),
R(z., y, 2.2), R(z1, zu1, 2.3), and R(zZ.1, Z.9, Ta) .

Let z,11, Zua 8nd Z,51, T3z be vanables among the z,/'s and
zy's, respectively, such that R(z1, .11, Ziws, Tua1, Ziza, T,) holds
Then 1t must be shown that we have both R(zi, z.a, y) and
R(y, zin, Tus). R(zin, Zirs, T,) implhes R(zyy, zis, y) or
R(y, zay, z»), where the latter 1s contrary to R(z., y, a);
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RB(zy, Zis1, Zias) 1mplies R(y, Z.11, T.29) oF R(z1, Zua1, %), where the
latter 18 contrary to R(zy, 9, .a)  And this result, 1n conjunction
with the one just obtained and with R(z,, . , z.), yelds
R(zy, ' W) ) Tn)

The remainder of the argument proceeds exactly as 1n the
preceding section, We consider eny function

(Ih - Iﬂ) :.f(zl) _f(I,,) =r F(Il; ) Iﬂ):

where F is expanded with respect to g, z;, . , T, and =

We then construct & matrnx S in the following way Take
R(zy, , Tn), &nd form the class made up of this function
together with all those which can be denved from 1t by per-
mutation of z, , Tn, replace each function of this class by a
set of functions got by conjoining either (z, = z,) or ~(z, = z,)
to the function in the case of each pair of vanables z,, z, among
Iy, , Tn, discard all functions which involve self-contradictory
1dentity-conditions; take each member of the resulting class, and
drop from R all but one of every set of variables that must take
the same value, then form the disjunction S(z4, , Zn), of all
the functions that remamn If F(z,, , In) contains every
alternative that occurs 1n S, we have a logical consequence of the
set (1)-(5), 1f, on the other hand, F lacks some alternative which
occurs 1n S, the function 1n question, together with the condition
that there shall be at least n elements 1n the class determined
by f(z), will be incompatible with the set (1)-(5)

If we add to conditions (1)-(5) the followng two,

(6) (Hzy, z2) . f(z1) . f(23) - =(z1 = 79),

(7) (Il, I]) HE (H.’Eg) :f(.’l:]_) .f(Il) . -'(I] = Ia) ..
J(z9) « g(z4, 73, T3),

we shall have a set which determines categoncally the truth-
value of every mingly-general function, exstential as well as
universal, which can be constructed on the base J(@),0(z, ¥, 2)
and which 1mposes restrictions only upon elements satisfying J,
for these conditions ensure that there shall be a non-fimte
number of elements 1n the class determined by f(z) It seems
hkely, too, that the set (1)-(7) determines the truth-value of
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every function, gingly or multiply general, of the kind in question;
but we shall not attempt to prove this.

SEcTioN 5 SEPARATION OF POINT-PaIms

We turn now to the definition of Separation of Point-Pairs,
which is as follows.

(24, T3, Ta, 24, T6) 1. f(21) - f(23) - f(Za) - f(z4) - f(Ts) .2 :

(1) g(zy, zs, 74, zd) D d(z1, 23, T, T4) *
(2) d(zi, T3, Ts, T4) D P(g, 71, Ta, T3, To) 17
@) g(zy, 72, T4, T4) 2 glzs, To, 24, 71) ¢
(4)  g(zy, T2, Ts, 24) D ~g(T1) T3, Ty, T3) ¢
(5) g(z1, T3, Ts, T4) D g(z4, Ts, Z3, 1) ¢
(8) d(zi, 73, Ty, T4, Ts) » g(z1, Z3, Zs, T4) - D
g(zy, s, Tn, To) Vv (21, T3, Ts, Zs).

We wish to show that any extensional singly-general um-
versal function 1n n generahzed variables which 18 constructed
on the base of this set and which restricts only elements belonging
to the class determined by f(x) either 18 implied by these six
properties or else, 1n conjunction with the condition that there
shall be at least n elements satisfying f, 18 1ncompatible with
them ®

In consequence of conditions (3), (4), and (5), if g(zi, s, Zs,
z,) holds, then

g(IZJ Ty Ty, Il)l g(Iﬂ) T4, Ty, zl); g(zy, T, Tz zﬂ)l
g(z‘l Ty Ty, Il): g(zll Ty Iy, Il); 0(12, Iy, Ty, Il)l G(le Ty Iy, -tl)

all hold, and g fails for each of the remaining sixteen permutations
of zy, 73, Ts, 7« Moreover, 1n virtue of (1), g fails unless the
four varables take distinct values, so that we have ~g(z,, za,
Ty, T1), ~g(z1, 1, 21, 1), etc  We may represent the conjunction
of g(z1, T3, s, T,) with all these consequences by R(z., T3, T3, z4).
And we may, ssmilarly, allow R(z,, zs, zs) to stand for the con-

T That 18, ¢ holds for at least one of the twenty-four permutations of z,,
T3, Ty Iy-

* A more discursive and leas rigorous presentation of what is essentially the
proof here given will be found 1n Trans Amer. Math Soc , XXIX (1927), 96.
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junction of the negatives of all functions that can be formed of
g, T1, 1, Ty, and may employ R(zi, za) and R(z,) in the same way.
Again, let us represent by R(zi, i, , Tn) the assertion that
R(zi, z;, =, z;) holds for any four varnables which occur in
order from left to nght We have, then,

g(z1, T3, T, Ts) = R(zy, 73, Ty, T4),

and, in wirtue of (2), g holde for some permutation of any four
distinct elements Moreover, we have always R(zi, zi, zi),
R(z,, z1), and R(z;), s0 that for some permutation of any =
clements, n = 4, R(z, , Tn) holds

Now, we wish to show that R holds for some permutation
of any 7n elements, where n 18 any finite number And it will,
of course, be sufficient to show that if R holds for an assigned
value of n, = 4, 1t holds for n + 1

It has been established in Chapter XI, Section 6, 1n con-
pection with the defimtion of Separation of Point-Pairs, that
from conditions (1)-(6),

g(x1, T3, T4, T4) - g(z1, T3, Ty, Ts) - -
g(zll I3, Ty, Iﬁ) Vg(a:;, T3z, Tk, Il)

and g(zli I3, T3, T4) . 0(11, T3y Ty, :135) 9. 0(11; T3, T, zﬁ)

follow, and we may therefore employ these theorems 1m the
following argument Moreover, 1t will be noted that, 1n virtue
of conditions (3) and (5), if we have R(z,, z3, z;, z.), then we
can permute the vanables cychecally and can also reverse this
permutation, so that we shall have R(z,, z,, z,, 1), etc, as well
a8 R(z., za, Z3, 21), R(zs, z3, 71, Z4), etc , and, 10 general, when
we have R(z,, z,, ) Tn—1, Tn), We shall have R(zs, . , Tn_y,
T, T1), €tc, 80d R(Zp, Tn-y, -, T3, T1), B(Zaoy, ., T3, T4, Za),
etc , resulting from a cyclic permutation and 1ts reverse.

Suppose, now, that R holds for some permutation of any set
of n elements belonging to the class determined by f(z). Any
set of n 4+ 1 elements has » + 1 subclasses of » elements each,
and for each subclass the relation R holds for some permutation
of its members
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It will be shown, in the first place, that there are at least
three members of the set of n + 1 elements such that R(a, b, ¢, z)
holds for every element z of the set other than a, b, and ¢. Take
any subclass of n elements, g, b, ¢, ..., such that R(a, b,¢c, . )
holds, and call the element of the set of n 41 members which
does not belong to this subclass e. Now, R(a, b, c, z) holds for
every z other than a, b, and ¢ in the set of n elements, and 1f
R(a, b, ¢, ¢), then the requirement is satisfied Let z be some
one of the set of n + 1 elements other than a, b, ¢, and e, so that
we have R(g, b, ¢, z) By (6), R(a, b, ¢, 2) imphes R(a, b, c, €)
or R(g, ¢, ¢, z), and we may therefore suppose that the latter
holds R(a, ¢, ¢, z) imphes R(e, ¢, 2, ), which imphies R(a, 2, ¢, €),
and R(e, b, c, 2) imphes R(b, ¢, z, a), which imphes R(ag, 2, ¢, b)
R(a, 2, ¢, €) and R(a, 2, ¢, b) umply R(a, z, ¢, b) or R(a, 2, b, ¢€),
where R(a, 2, ¢, b) 1mplies R(z, ¢, b, a), which imphes R(a, b, ¢, 2),
and R(a, z, b, ¢) 1mphes R(z, b, ¢, a), which 1mplies R(a, ¢, b, 2),
so that we have R(a, b, ¢, 2) or R(a, e, b, 2) Suppose, 1n the
first place, that R(a, b, ¢, z) holds This imphes R(z, ¢, b, a),
which 1mphes R(e, b, g, 2), which imphes R(b, a, z, ¢), and
R(a, b, ¢, z) imphes R(z, c, b, a), which implies R(c, b, a, 2), which
1mphes R(b, a, z, c), whereas E(b, a, 2, €¢) and R(b, a, 2, ¢) imply
R(b,a,¢,c)or R(b,a,c,e) If R(b,a,e, c)holds, then R(a, b, c, €)
will hold, where @, b, and c satisfy the required condition, 1f
R, a, c, €), then R(a, b, ¢, ¢), and this together with R(a, b, c, 2)
umphes R(a, b, ¢, 2), where a, b, and e satisfy the required con-
dition Suppose, 1n the second place, that R(a, ¢, b, z) holds
This imples R(a, c, b, 2) or R(a, ¢, b, ¢) But R(a, b, ¢, 2)
mnphes R(z, a, b, ¢), and R(a, c, b, z) 1mplies R(z, a, ¢, b), which
18 contrary to R(z, a, b, c); so that we have R(a, ¢, b, ¢) And
here a, ¢, and b satisfy the required condition.

Now, let us take any set of n» 41 elements, where, by
hypothess, R holds for some permutation of any n of them, and
let us aseign these elements severally as values to the vamables
Iy, I3, , Tni1  As has just been shown, there will be three
elements of the set of n 4 1, say 1, Z3, Zs, such that R(z,, zs, z,,
z;) holds for every z, (z>>3) And if we discard z; from the
set, we shall have B holding for some permutation of the re-
mainder There will be no pair of vanables z; z, 1n the set of



436 SYMBOLIC LOGIC

n (got by discarding z,) such that R(z,, z;, z3, z:) holds For
R(zy, z4, T4, z;) and R(zy, 73, Ts, z+) 1mply R(z:, s, Zy, z4) or
R(zy, T3, Ts, ;) If R(zy, 74 z,, 2:) holds, then R(zw, 1, 23, Z;)
will hold, whereas R(z), z,, z1, z+) imphes R(z, 71, Z,, Z3), which
ia contrary ta R(zy, z1, 71, Z,), and 5o 1n the other case Thus,
10 any permutation of the n vanables for which R holds, every
variable z;, other than z, and z,, 18 such that 1t occurs between
7, and zs or else no vanable 1s so We shall have, therefore,
R(xll Ty )v R(Iz, Iy )l R( y Ty I’)l R( ) Ty 271),
R(zy, ,z3),orR(zs, ,z1) Butsince, as pointed out above,
we can reverse the order of the vanables, and permute them
cyclically, 1t 18 always possible so to choose R that we have
R(Ilj Iy, )

We have, then, R(z,, 71, 4, ) for the n variables among
which z, does not occur And we wish to show that R(zi, zi,
Zs, Ty ) holds, that is, that z, can be inserted between z,
and z,

Let z, be any variable among the n 4 1 other than z,, z,,
and z;, and let z,;, Z.3 be any two of these variables which occur
10 R(z,, T3, T4, ) o the order z.;, .2 Then we have R(z),
Ta, Ty, 2.) 8a0d R(z1, Za, ., T.a) Now, R(zy, z5, 25, z.1) 1mphes
R(z., s, T, 1), which imphes R(za, z;, 71, z.1); and, sumilarly,
R(z1, z3, s, x.2) 1mphes R(zs, Tz, 21, T.0) R(zs, T3, 21, .,) and
R(zs, z1, 71, zu) 1mply R(zs, 73, Za1, 7.0) o R(zs, 73, Ti3, Zu1),
where the first alternative imphes R(zy, z.1, Zu, 72) ER(zi, 3,
T., T,) imphes R(zs, z,, T.a, 71), 8nd R(z3, z.a, Z.a, z:) and
ER(zs, z.1, Zuz, ;) 1oply R(z2, T, 1, z5) oF R(Zs, zu, T4, T1).
Here, however, R(zs, z.1, Z1, £1) 1mplies R(z., zi, z;, 72), which
18 contrary to R(z., Zi, s, Ts), and R(zs, ., Ts, 1) 1mphes
R(z1, Ty, T, Ta), which 18 contrary to R(zy, Z3, Zs, T.1), 80 that
R(zs, zs, T, Z.1) must fail, and R(z;, zs, 7.5, 7.1) hold But
this latter implies R(zs, z3, 2.1, Ti2) Again, B(zy, Zs, Za, Zu)
imphes R(z.y, z.1, T3, z1), and R(zs, 2y, zu, Z4) 1mplies R(z.,
Ta, Za, Is), but these, jointly, 1mply R(z., z., s, zi), which
1mplies R(z1, zy, Tq1, Zu1)

We have now R(z), 3, Z4, 3.), R(Z4, 3, w1, Zn1), R(21, T4, Ty,
T.), and R(zy, 74, 2.1, 2.3) And we have also R(z,, z,1, Zua, Zus)
and R(zy, Z.1, 7.3, T.3), Where z.;, z,3, ,; are any three vanables
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other than z,, zy which occur in R(zi, 7i, Z4, . ) 1n the order
given It remains to be shown, therefore, that R(z,, 7., T3, T.a)
holds. R(zs, zi, Z.1, Z,3) \mphes R(zy, Z.1, Z:3, 1), Which imphes
R(zs, Z.1, Tus, Tua) OF R(z3, Z.s, T.3, Ta), Where the latter 18 con-
trary to R(zs, =3, T.3, T.5) Hence R(z, T3, T3, , Tn+1) holds

The remainder of the argument proceeds exactly as in the
cases of Betweenness and Cyclic Order.

15



CHAPTER XIII
THE LOGICAL PARADOXES

A paradox anses whenever we seem to have two incompatible
propositions both of which, for certain reasons, would, if appear-
ances were correct, be true  We say here “‘seem to have” two
true imncompatible propositions because, of course, we never do
actually bave any such state of affairs A paradox 1s always
a matter of mistaken appearance, and 1ts resolution will consist
simply 1n dieclosing the precise character of the mistake involved
When we apparently have two true incompatible propositions, 1t
may be that we do not have two propositions at all, but only
two verbal expressions, at least one of which does not express a
proposition, or 1t may be that we have two genuine propositions
which are not actually incompatible, or it may be that we have
two 1ncompatible propositions at leest one of which 1s false,
and the resolution of the difficulty will be effected when any
one of these possibilities 18 shown to be in fact the case Now,
a logical paradox anses whenever we seem to have two 1ncom-
patible propositions true on logical grounds or for logical reasons
And 1t 18 with this class of cases that we are here concerned,
We shall first examine some exemples of paradoxes of different
sorts, and shall consider how they are to be classified according
to the nature of the difficulties involved, we shall then try to get
some notion of the theories that can be advanced by way of
explaining their occurrence, as well as of the techmique that has
been used for the purpose of avoiding them 1n practice

Let us take, to begin wmith, what 1s perhaps the simplest and
best-known example 1n connection with which we get a logical
paradox, namely, that in which we consider what mgmificance
the words “I am spealung falsely” or, perhaps better, ‘“This
proposition 1s false’ can have, where, if we had a genuine state-
ment, we should have one that was 1ts own subject. In the
expression ‘‘This proposition 1s false,” the words ‘' This proposi-
tion" pretend to designate the whole statement as well as the

438
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subject, since these would be the same; and 1t is clear, therefore,
that we can represent the situation in the following way Let p
be the name of a proposition, and let the proposition of which
1t 18 the name be “p 18 false,” so that we can write

P p 18 false.

It looks as if these words expressed a genuine statement, and
yet, in view of certain considerations, 1t would seem that this
could not possibly be the case; so that we have two 1ncompatible
appearances, both clayming assent. If » named a proposition,
then 1t could be replaced by its meaning, and we should have
““(p 18 false) 18 false,” that 18, ““p 18 true.” But if, mn turn, p
were replaced by i1ts meaning 1n 'p 18 true,”” we should have
“(p 18 false) 18 true,” that 18, ‘'p 18 false” Thus, not only
would p 1mply 1ts own contradictory, but this contradictory
would 1n turn 1mply 1t That 18 to say, we should have both
p4~p and ~pdp, and this is what 18 known as a vicious circle.
So, if p stood for a proposition, 1t would have to stand for one
that was both true and false, from which 1t follows, of course,
that p does not stand for a proposition at all

Let us take now a similar form of expression, which, although
1t does not give rise to a vicious circle, does involve a state of
affairs that 18 equally objectionable Consider the two expres-
tions

P1 Pz s false,
Pz pi18 false,

where the first has the second as subject and is 1tself the subject
of the second That no vicious circle arises here may be seen
1 the following way Suppose p; to be true. then, since 1t says
that pj 18 false, ps must be false, but p: says that p; is false, and
therefore p, 18 true, which 1s the assumption with which we began
Again, suppose that p, 18 false then, since 1t says that p, is
false, p; must be true, but p, says that p; 1s false, ang therefore
71 is false, which 18 the assumption with which we began, It 18
clear that we can assume etther of these expressions to be true, or
felse, as we hke, and that the other will then merely have to be
supposed to take the opposite truth-value But 1n ths there is,
of course, nothing objectionable
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It has sometimes been maintained that because the two verbal
expressions here in question do not lead to a vicious circle, there
18 no objection to regarding them as expressing genuine proposi-
tions This, however, 18 2 mistake And the mere fact that
when we examine them and endeavor to grasp their import, they
neither seem to be false nor seem to be true should make us
doubtful fiom the outset whether they can really express proposi-
tions It is, indeed, quite easy to see that they cannot do so
Let us take the expression “p; 18 false” and replace p: by what
it stands for, so that we shall have */(p; 15 false) 15 false ”’ This
does not cormpletely explicate the expression ‘‘p; 18 false,” be-
cause p; remains to be replaced by 1ts meaming  And, of course,
when thia 18 done, there will result an expression 1n which p,
remains to be replaced by i1ts meaning, and so on  We have,
that 1s to say, an infinite sequence of more and more complicated
expressions, each of which requires explication before 1ts 1mport
can hecome defimite, so that no one of the expressions can be
significant unless the sequence terminates, which 1t does not do
Let us put the matter in another way We have here two
supposedly defined symbols, p, and p:, and, of course, if they
are properly defined, 1t must be possible ta replace them, ulti-
mately, by their undefined equivalents But when this 18 at-
tempted, we see that 1t can never be done, owing to the fact that
the sequence of substitutions never ends, and so never ends 1n
any undefined expression What has happened 1s, of course,
that we have pretended to define p, and p; 1n terms of each
other and have therefore not assigned to them any meanings at
all We may call the sequence that develops here a vicious
Tegression

Constder now the cycle of three expressions,

p1 Pa 18 false,
p: psis false,
Dy D118 false,
where p, 15 about p;, which 18 about ps, which, 1n turn, 15 about

p1  It1s easy to see that we are here involved 1n a vicious circle,
a8 we were 1n the first case  Suppose that p; 18 true then, since
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it says that p, is false, p; must be false; but p; says that pa is
false, so that p, must be true, and p, says that p; is false, which
18 contrary to the imitial supposition Agpin, suppose that p;
18 false then p; must be true; and since 1t says that p; 18 false,
ps must be false, but p, says that p, 18 false, and therefore p,
must be true, contrary to the initial supposition

Anybody who will set up and examine an analogous cycle of
four expressions will discover that, 1n that case, no vicious circle
oceurs And 1t will be seen, 1n general, that where there 18 an
even number of negations, no vicious circle can be shown, but
that where there 18 an odd number, one always can It does
not matter how many expressions there are in the cycle, but
only how many negations there are Thus,

p1 pa 18 false,
Pz Ps 1B true,

py P18 false,

does not 1nvolve a vicious circle, though 1t does, of course, involve
a vicious regression  And we must 1nclude 1n this generalization
the case of zero negations, as 1n

p P 18 true,

where a vicious circle does not arise.

Let us take now, as an example of another well-known type
of logical paradox, the proposition ‘“All rules have exceptions ”’
In this case, the question 15 not whether the words here used
express a genuine proposition, but rather what, precisely, the
import of the proposition they express 18 And the question
about the exact significance of these words amnses 1n this way
In using them, we seem to be expressing a rule to the effect that
all rules whatever have exceptions, from which i1t will of course
follow that this rule does But an exception to the rule that
all rules have exceptions will be a rule without an exception,
from which 1t will follow that some rules do not have exceptions
Thus, if we suppose that this proposition 1ncludes 1tself within
its range of mgmficance, we shall have to say that 1t 18 self-
contradictory Now, taken alone, this fact would commonly be
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held to constitute no good objection to the view that the propo-
sition in question does apply to 1tself, as one 18 tempted to
suppose 1t to do, for we apparently cannot, in turn, infer from
the proposition ‘‘Some rules are without exceptions” that all
rules have them, and thus obtain a vicious circle Nevertheless,
there 18 a genuine difficulty here, because the proposition seems,
from one point of view, plamnly to apply to itself, and yet, 1n
virtue of other considerations, 1t seems to be incapable of doing
50 We shall examine presently examples of what are apparently
exactly analogous cases which, if supposed to be apphcable to
themselves, give nse to 1mpossible logical mtuations; and this
fact alone might inchne one to hold that no proposition of the
sort 1n question can fall within 1ts own range of sigmificance.
Here, however, we shall merely examine more closely the exact
mnport of this proposition, with a view to seeing whether the
umpression that 1t ought to apply to 1tself 18 borne out

Let us represent by ¢(z) the function ‘‘z 15 a rule” and by
¥(z) the function ‘“z has an exception” We shall then be able
to express the proposition ‘‘Every rule has an exception” by

(z) - ¢(z) 2 W(Z),
or by ~(Hr).¢(z) . ¥(2)

Now, we apparently have ¢[(z) . ¢(r)>¢(x)], and, therefore,
Yi(z) - ¢(z) 2 ¢(z)], from which

(Hz) - ¢(2) . =¥(2)

will follow  The validity of this inference 1s dependent, however,
upon the correctness of the intermediate premse ¢[(z) . ¢(z) 2
¥(z)], that 1s, ‘‘ (Every rule has an exception) 1s a rule”’, and the
correctness of this will depend upon whether ‘' Every rule has an
exception’’ can be understood to be a ‘rule’ within the signifi-
cence of that term as 1t occurs in the general principle It 1s
surely not easy to decide by direct 1nspection whether this is so;
but some doubt will, perhaps, be thrown upon the correctness of
the intermediate premise by the following consideration The
two functions which have been 1ntroduced, namely “‘z 18 a rule”
and "'z has an exception,” are certainly open to further analysis
Thus, “z has an exception” means, plamly, “(dy) .y is an
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exception to z”” And it may well be that, ke ‘exception,’ the
term ‘rule’ 1s also relational, and that "'z is a rule” will mean
‘718 8 rule about so-and-so0’’, so that we shall really be dealing
with the function 'z is a rule about 2,"”” where 2 1s some description
that must be satisfied by any value that can be used 1n trans-
forming the function 1nto g true propomtion. If this is so, then,
with obvious definitions, the proposition ' Every rule has an
exception’’ can be wrnitten

(z) 2) 1 ¢(z, 2) - 3. (Fy) - ¥(y, 2)

And here, 1n order that the intermediate premise shall be valid,
¢(z, 2) must be transformed 1nto a true proposition when ‘* Every
rule has an exception” 1s substituted for both £ and z This
may not occur Indeed, the resulting expression may not even
make sense, but that 18 a question of a sort to be discussed later
on

Before we go on to consider other examples of expressions
mnvolving paradoxical consequences, 1t will perhaps be well if we
make as clear as possible some points with regard to the mg-
mficance and nature of ‘substitution’ 1n connection with proposi-
tions and funetions  Of course, when we substitute 1n an expres-
sion, we always get another expression, which results from the
first by the act of substituting, and this process of substitution
15 smply & shorthand way of representing that the proposition
expressed by the onginal expression imphes the one expressed by
the derived expression There 18, of course, no special efficacy
in the act of substitution, 1t has to be validuted solely by reference
to the facts which 1t indirectly represents, and these facts have
to be clearly understood before an argument can be carred
through by means of 1t In logic or mathematics, or any other
subject-matter represented through an exact symbolism, talking
about the symbols 1s often more convenient than talking about
what they stand for Thus, if we have the simple algebraic
expression 7 = y + z, we may say ‘‘Bringing z to tHe other side
of the equation and changing its sign, we have z — z = y,” and
mean to convey, of course, that if z 18 the sum of y and z, then
zsubtracted fromz18y Anybody who hstens to a mathematical
exposition will discover that the expositor is, more often than
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not, simply tallang about his symbols, and expecting his hearers
to understand what this talk indirectly represents. When a
difficulty amnses, however, direct recourse to the meanings repre-
sented 18 1n order

Now, there are two different grounds upon which a sub-
stitution may be vahdated Let us take, for example, the
expression (p) .pv=-p, and substitute gvr for p, so that we
have (g, 7).(gvr)v~(qvr) Itis often said that we have here
replaced p by the value g¢gvr, but in fact this 1s not strictly a
value of p at all, since a value would be a proposition and gvr
18 umply another function What we are really doing 18 re-
placing the generic expression p by the more specific expression
gvr, and the ground upon which this can be done 18, of course,
that whatever 18 true of all propositions of the form p must be
true of all of the form g¢vr, the operation 18 valid because the
onginal expression imples the derived one We may say that
this 18 & case of ‘genus-species’ substitution  But, now, suppose
that 1nstead of replacing p by a more specific function, we replace
1t by one of 1ts values, such for instance aa ‘' Men exist,” so that
we have “Men either do or do not exist ” We have here sub-
stituted for pv~p one of the propositions which 1t denotes,
and we may, accordingly, call this a case of ‘genus-instance’
substitution The ground upon which the substitution 1s to be
velidated 18 that whatever holds for all values of pv~p holds
for this particular one  And 1t 18 to be noted that here the prefix
(p) disappears 1n consequence of the substitution, but that 1n the
case of a genus-species substitution 1t does not A careful dis-
tinction between these two sorts of substitution 1s i1mportant,
because 1t appears that paradoxical results anse only 1n connec-
tion with the genus-instance kind

We may return now to the matter of giving examples of
logical paradoxes. Let us consider the following situation, which
will be seen to lead, on certain quite natural assumptions, to a
logical impossibihty Suppose a person, A, to take a given
interval of time (a period of five minutes, say) and durning that
mnterval to make only one assertion, namely, ‘‘Every proposition
asserted by me dunng this interval 1s false’! Here we are

1 Cf. Hilbert and Ackermann, Grundzige der theorstischen Logik, p 94
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inchined to reason in the following way. "If it 18 true that every
proposition asserted by A on the given occasion 18 false, and if
this very proposition falls within the interval in question, then
1t must be false, so that some proposition expressed by A will
be true, but if the only one expressed is the one 1n question, 1t
must be the one that 18 true, so that, again, every propoation
expressed by A during the interval 1s false ’ Apparently, then,
we have a vicious circle In fact, however, we do not have one,
although the mtuation 1s equally vicious

Let ¢(p) mean ‘p 18 a proposition asserted by A during the
interval,’”’ so that we shall have (p).é(p)>~p, and let us
replace this complex expression by P. We seem to have ¢(P),
from which ~P is to be inferred But, then, 1n order to get back
to P from ~P, we require the premise ¢(P) : (¢) . ¢(g) 2 (g= P),
that 18, ‘P was asserted by A dunng the interval, and was the
only thing he said”, and each part of this compound premise 18
a material assumption, which can be denied without contradic-
tion The situation 18 this. if the compound assumption 18 true,
then we have both P and ~P, so that, by the principle of contra-
diction, this essumption 18 1mpossible But we can see, by
1nspection, that the assumption 18 quite possible, and we have,
therefore, both

o[¢(P) : (@) - ¢(g) > (¢g=P)] and ~6[¢(P) : (q) - ¥(q) @ (¢=P)]

This 18 the paradox that arises It 18 not a vicious circle, because,
although from the first of these propositions the second can be
inferred, we cannot argue conversely; 1t 18 simply that the first
can be established on independent grounds and so cannot be
allowed to refute 1tself by implying 1ts contradictory We have
here a state of affairs 1n accordance with which, if the logical
possibility 1n question were actually realized (as 1t mught eamly
be), then we could appear to show on logical grounds that there
was no realization. That 18 to say, if A actually did make the
essertion 1n question during & given interval, we should be able
to show that he did not do so, and this would involve an 1ncom-
patibility between logic and fact There can be Lttle doubt
what the resolution of this dufficulty must be. We must deny
that the statement ‘“Every proposition expressed by A durnng
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the given interval 18 false”’ could be understood to apply to
itself, and must say that 1t would be true, because there would
be no proposition at all of the kund intended.

The next example to be dealt with 18 analogous to the one
here considered, and 1nvolves exactly the same difficulty Ths
is the well-known ‘Epimenides,’ according to which Epimenides
the Cretan said, “ All Cretans are hars,” and meant, 1f we are to
find anything paradoxical in his assertion, that all statements
made by Cretans were false* There 18 one further condition
to be edded 1n order that the difficulty may be properly de-
veloped, but note first what happens so far Obwviously, the
assertion of Epimemdes, if 1t 18 to be understood to include 1tself
within 1ts scope, cannot be true, and we shall have consequently
“Some statement made by some Cretan 18 true,”’ unless we are
prepared to deny either that Epimenides was a Cretan or that
he made the statement But, now, 1t 1s plainly logically possible
that all other statements made by Cretans should have been
false, ag well as that there should have been a Cretan who made
the statement in question, and we may suppose all this to be the
case Then the only statement made by a Cretan that can be
true 18 the one made by Epimenides, and 1t can be true only by
being false Hence, our plain logical possibility that all other
assertions should have been false would appear to be impossible.
We have here, as 1n the example just considered, a flat confronta-
tion of a logical possibihty with a logical impossibihty, and there
can be lttle doubt, 1n thus case also, that we must deny the
assumption that Epimemdes’ assertion can fall within 1ts own
range of significance

Let us take now a simple example of a kind expressible wholly
1n logical symbols, which resembles in other respects the example
given above about ‘all rules’ Suppose we wrnite (p) . ~p, that
18, ''Every proposition 1s false,”’ and infer from this (Hp) . p, by
substituting ~(Hp) .p for p 1n the first expression Since this
result 18 the contradictory of the proposition from which we
purport to denve 1t, that propoaition has been shown to be self-
contradictory, provided the substitution 1s valid But the 1mitial
eXpression, ln any case, expresses what 18 impossible, and thus

* For this and other examples here given, see Principa Mathematics, I, 60,
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the mere fact that we can show a contradiction in consequence
of this substitution 18 hardly in 1tself a sufficient reason for
holding the substitution to be invalld And 1t 18 not easy to
say whether a substitution of thie kind can be g0 interpreted as
to be vabhd It 18 an interesting circumstance, however, which
we may note in this connection, that whenever we have a proposi-
tion of the kand here in question which does not express an
impossibility, no contradiction ever results from any substitution
that may be made Thus, let us take the principle of excluded
middle as expressed by (p).pve~p, and replace the p 1n 1t
by the whole expression, so that we shall have

@  .pv~p.v.~(p)-pVv=~p

On the face of 1t, this 18 a case of genus-instance substitution,
since the denved proposition appears to be an instance of the
matnx of the onginal one  But 1t 18 worth observing that even
if, for some reason, this substitution were shown to be inad-
missible as such, 1t could still be validated in another way,
masmuch as the second proposition really 1s a logical consequence
of the first For (p).pv~p 1mplies

(P):pv~p.v.~(pv-p),
which imples

(P):-Hg) ipv~p.v.~(qv~g),

which 15 equivalent to
(p).pv~p.v.(Hg .~1.¢

It may be well to emphasize again the point thal a substitution
has no significance 1n 1tself and 1s to be validated solely on the
ground that the resulting expression stands for a proposition
which can be inferred from the one for which the original expres-
sion stands

We come now to an example which 15 of consjderable 1m-
portance 1n logical theory, because 1t has to do with the question
what kinds of things can be sigmficantly said to be members of
g@ven classes It might be supposed that if we had a class com-
prising a given membership, then we could say of any entity
whatever other than each of the members of this class that 1t
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was not & member It might be supposed, in particular, that a
class would sometimes be one of 1ts own members and sometimes
not, or, at the very least, that we could significantly say of
classes that they never were members of themselves Thus
we might be inclined to say that the class of men was not a man,
that the class of chairs was not a chair, etc, and therefore that
such classes as these were not found within their own member-
ship, but, on the other hand, 1t might appear that the class of
entities was an entity, that the class of classes was a clags, ete,
and thus that these classes were members of themselves Con-
sider, however, the following paradoxical situation which arises
in this connection Let us take the class of all classes, K Of
each member of this class, we can ask whether 1t falls within 1ts
own membership, so that we can divide K into two mutually
exclusive and jointly exhaustive subclasses, C and ~C', where the
first compnses all self-membered classes and the second all classes
that are not members of themselves, and where, of course, one
subclass or the other might conceivably be null It may then
be asked whether ~C 1s or is not a self-membered class If 1t 1g,
then 1t must belong to C, which contains all self-membered
classes, but 1f 1t belongs to C, 1t cannot belong to 1tself, and so
cannot be a self-membered class, hence, 1t must belong to 1tself
and therefore must, agamn, belong to ¢ That 18 to say, 1f ~C
belongs to C, then 1t belongs to ~C, and if 1t belongs to =C, then
1t belongs to C'* Apparently 1t cannot be sigmficant to say of
classes erther that they are or that they are not members of them-
selves In enunciating this doctrine, however, we might be
thought to be violating 1t, since we might seem to be presupposing
the sigmificance of such an expression as ‘Classes are never
members of themselves” But what 13 meant 18 that the con-
cepts ‘being a class’ and ‘being a member of’ cannot be synthe-
sized info a genwine proposition in the manner which one would
be inclined, to represent by '“C 18 a member of C”, and this
presumably can be significantly said

The paradox here in question 18 essentially the same as that
about predicates predicable or not predicable of themselves
It is to be supposed that any predicate, say 'being red,’” either

! Pnnayma Mathematen, 1, 77
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Is or is not predicable of itself—‘red’ either 1s or 18 not red.
But, then, when we consider whether the predicate ‘not pred-
icable of itself’ 18 or is not predicable of itself, we find that if
it 18, it cannot be, and if 1t 18 not, it must be The most 1m-
portant form of this paradox occurs in connection with functions.
If F is any function, 1t might be supposed that one of the two,
F(f) or «F(f), would have to be true, whatever function f might
be But suppose that F(f) means f 18 a value which satisfies
J,”’ so that ~F(f) will mean ‘‘f does not satisfy itself.” Then
F(~F) will mean that ~F satisfies 1tself, and we shall have ~F(~F),
whereas this latter will mean that ~F does not satisfy ~F, and
must, therefore, satisfy F Thus, F(~F) will imply and be
implied by ~F(~F)

Finally, we may consider what appears to be a form of this
same paradox which anses 1n connection with the relations of
adjective-words to their meanings Each adjective-word has,
of course, an associated adjective, which 18 1ts meaning; and 1t 18
to be presumed that this meamng will sometimes apply to the
word 1itself, and sometimes not Thus, ‘long’ 18 not a long word,
‘bad’ 15 not a bad word, ‘big’ 18 not a big word, etc , so that what
these words mean does not apply to the words themselves On
the other hand, ‘short’ 1s a short word, ‘good’ 18 a good word,
etc , and each of these does have a meaning which applies to 1t
We may, accordingly, divide all such words into autological
adjective-words, which are those whose meanings apply to them,
and heterological adjective-words, which are those whose meanings
donot. But, now, ‘autological’ and ‘heterological’ are ad)ective-
words, so that the question may be raised whether ‘heterological’
18 heterological  If 1t 1s, 1t must be autological, since 1ts meaning
will apply to1t, but 1if this 18 80, 1t must, 1n turn, be heterological,
gince that 18 what it means for this word to be autological 4

The foregoing examples would seem to afford a fair sample of
the difficulties we are called upon to face, and 1t will now be
mm order to raise the question what general solufion of these
difficulties can be offered We are going to explan, to begin
with, the only thoroughgoing solution which has been advanced,

4For a detailed analysis of this paradox, which is due to Weyl, see F P
Ramsey, The Foundations of Mathematics, pp 27 and 42 ff
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namely, that due to Mr Bertrand Russell, and known as The
Theory of Logical Types® We shall then make some cnticisms
regarding this doctrine, and suggest certain modifications of it.

Mr Russell does not attempt to compromise with any of the
difficulties that have been brought out by the examples given
asbove, nor does he attempt to explain any of them away as
ansing merely from minor errors in the use of symbols He
holds, on the comtrary, that they all involve serious logical
fallacies, which can be overcome only if we recogmize that
logical cntities are not all of one sort, but rather fall into a
hierarchy of knds or types, which are radically distinct among
themselves, however similar their verbal symbohization 1n ordi-
nary language may be The hierarchy of types which Mr
Russell constructs 15 not 1in the first instance a propomtional
one, although a propositional hierarchy results by imphecation,
his fundamental division of logical entities begins with indi-
viduals, or particular things, and goes on up through functions of
different kinds, but 1t will, perhaps, be conducive to clarity
1n understanding the matter 1f we begin with propositions, and
see first how distinctions of type seem to be forced upon us 1n
connection with them

We may take the example about 'all rules,’ where we say
that ‘*All rules have exceptions,” and where we seem, at least 1n
many cases, to be making a statement that 1s not in fact self-
contradictory, as we should be dong if the statement fell within
1ts own range of application Mr Russell maintains that the
sense of the term ‘rule’ as it occurs 1n this statement 15 a very
different one from the sense 1n which the statement itself 18 a
rule The sense that would ordinanly be intended 1n the state-
ment made might be expressed roughly by saying that a rule
about things was meant, whereas the statement 1itself 13 not a
rule about things at all, but a rule about rules about things

There 18, nothing unusual 1n this situation, since 1t often
happens that a generic term 18 used where some unexpressed

¥ See, especially, Prinaypia Mathematiea, I, Ch II, pp 37 ff, and %12,
pp 161 B Although the references are to Principua, we speak throughout of
Mr. Russell, because the theory had been previously publshed by hm See
American Journal of Mathematics, XXX (1908), 222262
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restriction is intended, and there can be no doubt that such a
sequence of propositions as the one indicated does exist How-
ever, Mr Russell’s main pownt 1n this connection has not been
explained. he maintains that there is no genernc meaning of
the term 'rule’ which can be specified into ‘rule about things,’
‘rule about rules about things,’ etc If there were, we could
make use of that genenec conception, and assert ' All rules have
exceptions’’ 1n a sense in which the statement would apply to
itself, and this 18 what Mr Russell wishes to deny that we can
do Accordingly, we should write ‘rule-about-things’ and ‘rule-
about-rules-about-things’ to indicate that 1t 18 the whole phrase,
1n each case, which carres a single meaning, and we should not
confuse these phrases with expressions like ‘red square thing’
and ‘red round thing,’ where there really 1s a common subordinate
meaning corresponding to the word ‘red’

It has been pointed out above that this example about ‘all
rules’ does not by itself appear to pecessitate the construction
of a hierarchy, because 1t does not seem to give rise to a Jogically
impossaible state of affairs when the term ‘rule’ 1s interpreted
univocally But other examples that we have conaidered do
seem quite clearly to substantiate Mr Russell’s view, since they
result 1n vicious circles or other logical impossibilities Let
us take the case 1n which A says, during a given 1nterval of time,
‘ All propositions expressed by me during this interval are false”
and says nothing else We can here make the same distinction
as before. 1if A means to say, ‘“All propositions about thinge
expressed by me during this intervael are false,”” then what he
means will be true, since there will be no proposition of the kind
1n question expressed by him  Of course, 1n this case as 1n the
other, a hierarchy results, but here 1t seems absolutely necessary
to interpret the term ‘proposition’ equivocally rather than um-
vocally If we suppose this term to have a genenc meaning
apphcable equally to propositions about things Bnd to those
about propositions about things, we shall get the sheer logical
nonsense pownted out above 1n connection with this example
It will be impossible either that the proposition 1n question
should be true or that 1t should be false.
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Conmder, now, the so-called principle of excluded middle, as
expressed by (p).pv~p, that 18, “Every proposition is either
true or false ”” In accordance with what has already been said,
we shall have to begin by interpreting ‘‘proposition’” here as
meaning ‘proposition-about-things,’” and the principle stated will
sccordingly be restricted 1n 1ts range of application, and will
not 1tself fall within that range. But, then, 1f this 18 80, we shall
require another principle of excluded middle that shall be appli-
cable 10 the first one and to propositions of its kind, so that we
must 1ntroduce a new vanable p’, which wll denote propositions
denoting propositions about things, and must write (p’) . p’ v ~p"
Of course, this principle will, 1n turn, be hmted 1n 1ts range of
applhcation, and we must have a further principle, (p”) . p”* v ~p”';
s0 that an infimite hierarchy will result Again, consider the
expression (p) . ~p, that 18, **All propositions are falge,”’ from
which we got by substitution (Hp).p In Mr Russell’s view,
the p here must refer to propositions of some one order, and this
cannot be the order to which the proposition itself belongs, so
that 1t cannot be a value of 1ts own varable, and the supposed
contradiction does not follow It 1s true that this proposition
does 1mply a contradiction, since if P 18 any value faling within
the range of p, we shall have both P and ~P, but this 1s to be
expected 1n the case of an 1mpossible propostion and need entail
no difficulty

We seem to be faced, then, with the necessity of conceiving a
hierarchy of propositions 1n each of these cases  But the question
ariged whether there are separate hierarchies or whether the
several cases fit together in such a way that there will be only
one, with each proposition falling on some one level Mr
Russell’s view is that the latter 1s the case, as we have already
suggested 1n speaking of propositions about things, propositions
sbout propositions about things, etc , as if any statement what-
ever would find a place 1n such an arrangement The evidence
1 favor of this view will be clearer when the hierarchy of func-
tions has been explained, but we may here note two points that
will perhaps have some weight Let us take again the example
about ‘sll rules’ If we had merely to conceive a separate
hierarchy made up of the propositions ‘‘All rules about things
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have exceptions,” ‘‘All rules about rules about things have
exceptions,” etc, 1t would seem to be possible to get round the
contradiction involved 1n the generic use of the term ‘rule’ by
saying ‘‘All rules have exceptions except this one”’ But, then,
here is & new rule, which will be 1mplied to have an exception
unless we make a dispensation 1n 1ts favor by saying ‘“ All rules
have exceptions except this one, except this one’” Obwviously,
8 viclous regression 18 entalled And 1t seems pretty clear that
we cannot conceive s hierarchy which has only one proposition
on each level, many other propositions will inevitably have to
fall into the scheme Moreover, we have seen that there must
apparently be a hierarchy of pnnciples of excluded muddle
But if this 18 8o, then each proposition will have to fall under
one and only one of these principles, and that, by itself, will
arrange all propositions 1nto one single hierarchy

We may turn now to the hierarchy of functions and 1ndi-
viduals which Mr Russell constructs, and from which that of
propoaitions results The reason why a hierarchy of propositions
18 not sufficient 18 that propositions are complex entities, and
involve constituents which are not interchangeable 1n a given
logical context Thus, let us take such elementary propositions
a8 “‘¢ 18 round,” b 18 red,” etc, and suppose that we wish to
denote them by the function f(z), where z will stand for g, b,
The variables f and z cannot be interchanged and cannot take
the same range of values, because ‘‘round 18 a,’”” ‘‘red 18 red,”
“bis b,” etc, do not make sense If, therefore, we are to avoid
nonsense as & consequence of substituting values for the variables
1n this function, we shall have to proceed in some such way es
the followmang We may hold that when a value, say that of
‘being round,’ 18 asmigned to f in the function f(z), we get the
function “z 18 round,” which, 1n turn, gives rise to a proposition
when one of the values a, b, . 18 substituted for £ Then,
since 'being round’ cannot be a value of , two types of entities
appear, namely, ‘“z is round,” ‘‘z 15 red,” , on the one hand,
and a, b, , on the other. And this will, of course, force upon
us two classes of vanables, 7, ¥y, ., which denote particular
things, and f, g, .., which denote properties of the sort here
indicated
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1t is to be noted also that elementary functions of propositions
like “a 18 round” admit of this same analysis. Thus, *“~(g is
round)” and “g 18 round . v. b is red” give nse to the functions
“~(zis round)” and “z is round . v. y 18 red,” which result from
f(z) and g(z, y) when values are assigned to fand g  If several
propositions are of a given type, then any proposition built up
out ot thein by meansof v, .,and ~ 18 of the same type; and if
several functions are of a given type, any elementary combination
of these functions 1s of that type

It will now be 1n order to explain the prninciple 1n accordance
with which Mr Russell constructs his functional hierarchy
There 18 a distinction here that may be drawn at the outset,
namely, that between ‘orders’ and ‘types’ The hierarchy con-
ssts first of functions of different orders, and then the functions
belonging to a given order subdivide into different types within
that order Thus, functions of different orders are necessanly
of different types, whereas functions of the same order may or
may not be of the same type® However, not much emphass
18 placed upon this difference of type within the same order, and
for all practical purposes functions of the same order can be
regarded as being of the same type The reason 1s that the
principle which enables us to avoid reflexive fallacies 18 fully
satisfied if the type of a proposition or function 18 simply identified
with 1ts order, the distinction of type from order being a theo-
retical matter that can be neglected 1n practice

Now, we are concerned with functions only in so far as they
fall 1nto different orders, and with the pnnciple 1n response
to which this division 18 to be made Mr Russell formulates
this principle ag follows- “ Whatever 1nvolves all of a collection
must not be one of the collection, or, conversely. If, provided
s certain collection had a total, it would have members only
definable 1n terms of that total, then the collection has no
total” 7 This 18 called the ‘vicious-circle principle,’ because
often, though not always, 1ts violation results in the occurrence
of a vicious circle

"Loc at, %9 and %12, esp p 162
? Loc ait, p. 37.
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It is easy to give examples of the kind of mtuations this
princaiple is meant to apply to  Thus, take the function “z 18
round,” where z denotes any individual thing This function
iteelf cannot, according to the prninciple, be one of the entities
denoted by z, because that totality 1s, as 1t were, already pre-
supposed 1n the defimtion of the function; or, to put the matter
in another way, since the function 1n question ranges over the
totahty of the values of z, 1t cannot 1tself be a member of that
totality Again, 1n the case of the assertion ‘“All rules have
exceptions,”’ there 18 a reference to some totality of ‘rules,” but
the proposition through which that reference 1s effected cannot
be one of the entities referred to And 1n the same way, the
expression ‘‘ All propositions are false ” must refer to some totality
of propositions so restricted that the assertion 1tself does not fall
within the domain of 1ts own reference In short, no vanable
can be one of 1ts own values, nor can it take as a4 value anything
that involves 1t as a constituent

Consider now the functions ‘‘z is near y,”’ where z and y are
free variables, ' (Hz) . = 18 near y,”’ where z 18 generalized and y
is free, ‘'z 18 near a,”” where z 1s free and « 18 a constant, *“(Hz)
t ({z) . 18 between z and z,”’ where z and z are generalized and
y 18 free  These are functions of the ‘first order,’ a first~-order
function being one that involves reference to no totality other
than that of individuals And, of course, elementary combina-
tions of functions like these, such as ‘‘z 18 near y.v.z 18 near
a,” as well as such functions as “~(Hz) :z 1s near y.v.z 18
near a,”’ are to be included among first-order functions, since
they, too, refer to no totality except that of individusals

Conaider, however, the function f(z), which takes as values
propositions ke “a 18 round” and “(dy) . c1s near y”’ When
values are assigned to f, first-order functions result, and there-
fore f(z) eannot, according to the vicious-circle principle, be of
the first order It is said to be of the ‘second order,’ and so
is each of the functions

~f(z), f@)v~g(2), (2)-f(z)va(z),
df, 2) .f(2) .g@), f().v.(Hg v).9@)

It wmll be seen that these functions are constructed wholly of
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logical constants and vanables, and that they differ mn thus
respect from the examples given of first-order functions. Second-
order functions sometimes 1nvolve non-logical constituents, as
in the case of f(a) v g(z), where a 18 a constant, they differ from
functions of the first order 1n that these latter cannot be con-
structed out of logical materals alone

Let us consider now the class of all second-order functions
We shall want vanables to be used 1n constructing functions
which will give rise to second-order functions when values are
assigned to some of the varables, and we cannot, according to
the vicious-circle principle, employ f, g, for this purpose,
since they will be constituents of the functions to be denoted
We must, therefore, introduce additional vamables, F, G, .,
which will appear 1n a new kind of functions, of which the
following are examples

~F(f, 2], ). Flf@)), @F,f).Flf@) (F,f).Fl 2],
Flfx)lv@Glg(®)], (HF).Fls, ].Glg, z)-

Take the function f(a), where @ 18 a constant, and consider all
the propositions that 1t can be thought of as denoting Each of
these will result from a specification of f, and each will be a
proposition of which a 15 a constituent But we cannot possibly
have here every proposition 1n which e occurs, for we can say
(df) - f(a), which anses by generalization and not by specifica-
tion In order to denote this proposition, we shall have to write
F(a), where F 18 a vanable of higher order than f The point 1s
this. whatever function we may construct, 1t can denote only
those propositions which result when values are assigned to
1ts free varables, but 1n such a case, 1t 18 always possible to get
& further proposition by generalizing the free varnables

Let us take an example illustrating the way 1n which the
hierarchy of functions becomes relevant in practice. Suppose
we have the following function of the two free vanables z and y.

() - 1) 25y,

1e,, ““Every function that holds of z holds also of ¥’ This1s a
certain function of z, and 1t is another function of y, mnce y
occuples a position 1n the expression different from the one
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occupied by z 8o, if every function that holds of z holds of y
as well, we shall be able to infer

N -1 25@).

This 18 true enough, but the inference 1s illegitimate according
to the vicious-circle principle, since no function involving f as a
constituent can result from the assignment of a value tof And
the lund of trouble that would anse if this principle were not
adhered to can be seen if we take a slhightly different illustration
Consider the condition-

) - 1(z) > =),

1e, “Every first-order function that 1s satisfied by z 1s such as
to be not satisfied by ¥’ If we took the second-order function
(df) . f(z), which 18 satisfied for every z, as a legitimate value of
f(z) resulting from a determination of f, we should be able to
infer ~(df) .7 ()

Both the hierarchy of functions and that of propositions can
be denved from a certain restricted kind of functions, which are
called ‘matrices’ A matnx s any function that does not 1nvolve
generalized variables Matrices may, of course, contain vanables
of any order, and these vanables may take values that involve
generalization, but the matrices themselves do not Thus, “x
18 round”’ 18 a first-order matnx, f(z) vf(y) 18 a second-order
matnx, and F[f(z)] 18 & matrix of the third order Now, clearly,
if we take o matnx of a given order (which 1s determined by the
vanable or vanables of highest order in 1t) and generalize some
only of the variables, we shall have a function of the same order,
and if we generalize all the varables, we shall have a proposition
of that order Thus, from f(z) we can derive (Hz) . f(z), which
gtill contains the free varable f and 1s a second-order function,
and we can denve (Hf) :(z).f(z), which contains no free
vanables and 18 a second-order proposition  Againsconsider the
matrix p v ~p, which 1s constructed on the propositional vanable
p. At the very least, this must be of the second order, for 1f p
denotes such propositions ag '‘a 18 round,” 1t will have the same
kind of values as f(z) The simplest proposition that can be
found will necessarily contain some constituent which 1s not an
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individual, and which will therefore be, in the most favorable
case, of the first order 8o, (p) . pv~p will be, at the least, a
second-order proposition, and (Hg) . pvg will be a second-order
function.

In the introduction to the second edition of Principic Mathe-
matica, Mr Russell gives us a version of the propositional and
functional merarchies which 1n some respects consists merely in
making more specific the onginal theory, and 1n other respects
introduces modifications of 1t At the nsk of distorting Mr.
Russell’s meaning, we must here consider a bnef account of
these new materials, especially with regard to those parts which
supplement the original doctrine, because they throw some light
on points not previously made clear?

We begin with what are called ‘atomic propositions’ These
compriee subject-predicate propositions and relational proposi-
tions 1nvolving any number of terms, and are to be represented
by R(a), R(a, b), R(a, b, c), etc Mr Russell suggests the view
that there are, and indeed must be, propositions of this kind
which are not further analyzable It seems clear, however, that
this 18 not essential to the logical theory constructed, and that 1t
will be sufficient if the propositions in question simply remain
unanalyzed 1n other respects, whatever their complete analyms
may be Thus, we may take such expressions as ‘‘a 18 red,”
“a 18 larger than b,”” and *“a 18 between b and ¢”’ as standing for
propositions that are atomic relatively to a given logical context
If 1t were not possible to treat propositions of this kund as
‘atomic,” 1t would be difficult to find examples of the kind 1n-
tended, for 1t 18 not clear that absolutely atomuc propositions
can be exhibted The most favorable case occurs when we say,
with regard to some presented datum of sense, such things as
““This 18 red.” But even here ‘red’ appears to stand for a kind
of characters rather than for a determinate character, and 1f so,
then what we shall be saying 18 ' This has some character of the
kind ‘red’”, so that the proposition expressed will be of the
form (Hf).f(z) and will thus involve a generalized variable

Out of atomic propositions we can bwld elementary proposi-
tions by constructing functions 1n terms of v, .,and ~. Inths

? See Vol. I, Introduction to the Second Edition, and also Appendix A
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connection, Mr Russell uses Sheffer’s stroke-function p|g 1
one of 1ts two meanings, namely ~pV~g, rather than using
conjunction, disjunction, and negatien, but of course the theory
is 1n no way affected by this choice among interdefinable concep-
tione So, we can construct elementary propositions having
such forms a8 R(z) v~R(z), ~R'(z, ¥), R(z).~R'(z,y), and the
like, and we may denote propositions of this sort by ¢(z), ¥(z, y),
etc Now, 1nasmuch as ¢(z) 18 a function of z, we may, of course,
generalize z 50 a8 to obtain either (z). ¢(z) or (Hz).e(z).
In these expressions, since ¢ 18 of wider scope than z, 1t remains
relatively constant while z varies, and erther expression may be
thought of as determuning a way of grouping elementary functions
50 a8 to form other elementary functions Thus, (z) . ¢(z) may
be taken as meaning ¢(z1) - ¢{(T2) - ¢(zZs) , and (Hz) . o(z)
as meaning ¢(z1) v o(z3) V o(z;) When ¢ 18 fixed, ¢(z)
determines a certain assemblage of elementary propositions, and
the difference between (z). ¢(z) and (Mz). ¢(z) 18 sumply that
the first indicates the conjunction of the members of this assem-
blage and the second their disjunction

When we come to functions 1n two vamables, ¢(z, ), a new
situation anses  Here, 1if we hold z constant and vary y, and then
change z and vary y again, etc, we get an assemblage of assem-
blages, and 1if, again, we hold y constant and vary z, we get a dif-
ferent assemblage of assemblages The first case occurs when we
wrnte (Hz) : (y)-¥(z,y) or (z):(Hy).y¥(z, y), and the second
when we write (Hy) : (z) . ¢¥(z, ¥) or (y) : (Hz).y(z, ), the mode
of grouping being determined by the order of generahzation, and
not by whether the generalizations are universal or particular

So long as we are confined to classifications obtained by
generalizing the vanables z, ¥, , each elementary proposition
entering into the grouping will be of the same form as each
other one, and the range of the classification will be restrnicted
accordingly We may denote functions which group, elementary
propositions 1n this way by ¢1, ¥1, etc, and we may take o(z),
¥(z, ¥), etc, as defined above, to be special cases of these func-
t10ms, in which there are no generalized vanables. ¢,(z), yi(z, ¥),
and the like will, then, denote first-order functions of z, y, .;
their values will not involve any vanables, generalhzed or free,
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other than those denoting individuals; and they will themselves
be second-order functions

When ¢, 18 vaned, however, a8 in (p1) . p1(z) and (Hey)
. ¢1(z), 8 much more heterogeneous assemblage of elementary
propositions results, which cannot be obtained by vanation of
z,y, . alone Thus, if we write (z):(He)) . ¢1(z), we have
s proposition which classifies elementary propositions of all
kinds, rather than of one particular kund, and 1n this way the
vanable ¢; introduces a new sort of genmerality, Similarly, a
vanable g;, which wll take as values second-order functions,
may be introduced. Thus, p:(z) will denote such second-order
functions a8 ¢1(z), ~(e1) - ¢1(z), aod (z) . 01{z) vu(z, ¥). It
will represent a new method of classifying the ultimate atomic
propositions and will introduce a further kind of generality

In view of thia conception of the hierarchy of functions, 1t
will be seen why no vansable can take values of 1ts own order,
or of any higher order If we have ¢i(z), we cannot take, say,
~(Hp,y) - ¢1(z) as a value which results from a specification of ¢,
because the sort of classification of elementary propositions which
v1 stands for 15 not to be found among the values of ¢; This
varnable 1tself determines a classification of these values, which,
1n the pature of the case, cannot be found among the materials
classified, nor can the classification determined by any varable
of the same or a higher order be found.

But although the restrictions with regard to substituting
values for vanables remain i theory the same, Mr Russell
finds 1t possible to circumvent some of these restrictions by
showing that certain functions of lower order 1mply correspond-
1ng ones of higher order, and that substitutions can be validated
on grounds other than that of the relation of a variable to its
values Let us take, for example,

‘ (1) « 91(z) ¥V ~¢1(2),
which 18 8 second-order function of £ Then we have
(1) = (M) .« er1(z) v ~u(2),

because y: can take the same values a8 ¢, This 1mplies, how-
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ever,
(e1) - 01(z) . v =(¢1) - ¢1(2),

just ag 1f (1) . ¢1(z) had been taken as resulting from a deter-
mination of ¢, in the ornginal expression Moreover, 1t can
easily be seen that whatever second-order function of z may be
substituted for ¢, 1n this original expression, the resulting function
will be true for all values of z, so that we have, 1n fact,

(v1) - p2(z) vV ~ps(z)

The principle involved 18 th1s Whenever a function F[gi(z)]
results from substitution 1n a universally true elementary funetion
of propositional vanables, a8 ¢1(z) v ~¢1(z) results from substi-
tution 1In pv~p, then (¢1) - Flei(z)] 1mphes (¢3) - Flea(z)],
which imphes (¢s) - Flga(z)], etc

It will hardly be necessary to warn the reader that he should
not take the foregoing interpretation of Mr Russell's views as
1n any way authontative, but should, in the case of any doubtful
point, go directly to the sources cited Only so much has been
given as would afford a notion of the main outhnes of the theory
and provide a basis for the comments with regard to 1t to which
we now turn

It will be seen that Mr Russell’s theory demands the existence
of an absolute hierarchy of logical propositions and functions,
and not merely a relative hierarchical arrangement of functions
and functions of functions as they occur within one and the same
proposition  That 18 to say, if we have a function F(f), there
must be some one order to which 1t belongs, F must take values
of, say, the nth order and f of the order n — 1, where n 18 definitely
fixed, and we cannot say merely that if F takes a value of a given
kand, f must take values of a subordinate lkind., This, Mr.
Russell holds, 18 true in theory, but 1n practice, he tells us, a
relative hierarchy 18 sufficient Thus, 1n one place, he says:
“In practice, we never need to know the absolute %ypes of our
vanables, but only their relative types That 18 to say, i we
prove any proposition on the assumption that one of our vanables
is an individual, and another 18 a function of order n, the proof
will still hold if, 1n place of an individual, we take a function of
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order m, and in place of our function of order n we take a function
of order 7 4 m, with corresponding changes for any other var-
ables that msy be involved ”® The reason why only relative
typic adjustments are necessary in practice 18 that symbolic
expressions have ‘systematic ambiguity.’ Thus, the symbol
pv=p can be used to denote propositions of any one order, no
matter what order may be decided upon, mnasmuch as the form
of the symbol required will be the same in any case. But 1t 18
only symbols that are susceptible of wandering from type to
type in this way, their meanings are not, because, although there
may be a systematic analogy between propositions of different
types, there will be no generic meaning common to them If
N .fl@.v.~(f).f(@) and fi(a) v~fi(a), where f; 18 constant
and 18 a value of f, look as if both were of the form p v ~p, that
18 really not so, because even the symbols for disjunction and
negation are systematically ambiguous, and do not have the same
meanings when they occur in expressions for propositions of
different orders One 18 tempted to suppose that the analogies
which occur among functions of different levels are grounded 1n
real generic identities, and that therefore there must be functions
which will denote propositions of more than one order pv=-p
muight be supposed to be of this kind; and 1t looks sometimes ag if
Mr Russell wished to hold this, but there can be no doubt that
his real view 18 that such functions do not exst.

Now, we must examine the principles or assumptions that
have led Mr Russell to the view here indicated, rather than to
what seems to be the more natural view We know, of course,
one of these already, namely, the vicious-circle principle or the
prnnciple of illegitimate totalities, but there 15 another basic
assumption 1n his theory, which 1s certainly in part responsible
for the notion of ‘systematic ambiguities’ among logical expres-
sions, and which we shall have to consider in detail A view of
the nature of typic relationships among logical functions will be
suggested presently, according to which systematic ambiguities
vamsh altogether, and genuine 1dentity of functions takes their
place. If such a view imphed any change 1n the techmque and
practice of Principia Mathematica, 1t could not be made at all

¢ Loc. cu,, p. 165.
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plausible as agamnst the view held by Mr Russell without a
thoroughgoing demonstration of the way 1n which logical analyses
were to be carmed out 1n terms of it But we have just seen that
the theory of types demands more than 18 necessary in practice,
because only ‘relative’ typic adjustments are required, and 1t
will be mantained that s view of the sort we are to consider
involves no change in the technique of types, but, on the other
hand, sumply brings the theory into closer accord with the
necessities of practice

The assumption just referred to, which Mr. Russell makes,
and which seems to be fundamental 1n his view of the hierarchy
of types, 15 one concerned with the range of significance of a
variable We may express it by saying that he supposes every
vanable to have a preassigned range of variation, or by saying
that all vanables are ‘independent’ ones, or, again, by saying
that if a vanable cen take a certain value 1n a given context, 1t
must be able to take that value 1n every context in which 1t can
significantly occur. This muight be called the prineiple of inde-
pendent vanability  And there can be no doubt that Mr Russell
adopts such a priheiple, the theory of types, as he conceives the
matter, involves 1t; and he tells us 1n several places that this
158 60 Thus, he says that ‘a variable may travel through any
well-defined totahty of values, provided these values are all
such that any one can replace any other signmificantly in any
context.”” * And this means, of course, ‘‘that two types which
have a common member coincide, and that two different types
are mutually exclusive,” a variable being incapable of talung
values beyond the bounds of 1ts own appropnate type

Now, prima facie, such a view would seem to be open to
question, as may be seen if we take a sumple 1llustration. Let
P, q, and 7 be any three vamables that denote propositions, and,
10 order that there may be no question of differences of type, we
may say that they denote elementary propositions gnly Then
let us form the two functions pvgq and ¢vr, and equate the
first to P and the second to B The total range of vanation of P
will, of course, be exactly the same as that of R, they will both

"Loc. ol , p XXXV.
u Jind , p. 162
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teke as a value any elementary disjunctive proposition But if
we form the function P.R, 1t will be seen that values cannot be
sssigned arbitranly to one of the varables in this conjunction
irrespective of those assigned to the other vanable, because, of
course, when P 1s fixed, the values that R can take will be re-
stricted accordingly, and eo for P when R 18 fixed. It 18 clear,
too, that a violation of these mutual restrictions does not give
rise to false results, but to nonsense, 1t 18, for example, mere
nonsense to assign ‘' A 18 red or green” as a value to P, and "B
18 large or heavy” as a value to R, and to pretend to get a value
of P.R, despite the fact that P and R can both take these values
1n appropnate contexts Agein, although P denotes any ele-
mentary disjunctive proposition, and p any elementary proposi-
tion whatever, when p 1s assigned, the range of significance of P
18 very much hmited This may be compared with Mr Russell’s
function f(z), where z 18 restricted to denoting ‘individuals.’
There can be nothing which 18 the totality of ‘all functions’ of
an individual thing, so that once z 18 restricted, f will be restricted
too, and once f 18 restricted, F 1n F[f(z)] will also be restricted,
and so on, all of which starts from the imtial restriction placed
upon r Mr Russell would, no doubt, urge that such an i1nitial
restriction was absolutely necessary for the purpose of avoiding
nonsense when we come to apply generalization to the vanables
1 a function We shall consider this view presently, and shall
1nsist that 1t anses from a misconception of the exact import of
generalization, and a consequent application to all varables of
the principle of independent vanabihity, but for the moment we
are concerned with another aspect of the matter.

It looks as if the restriction of z to denoting individuals,
which are one particular kind of objects 1n the world, 1nvolved
the introduction of an extra-logical factor into what purports
to be a purely logical expressiop  One might hold that we could
take any vanables, z, y, , and say that they were to denote
entities of one and the same kind, so a8 to provide for significant
nterchangeability, without imposing any condition that could
not be framed 1n purely logical terma, but that if we brought n
some conception like that of an ‘individual,” in the specific sense
here intended, and not that of a ‘relative individual,’ we should
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have to go outaide formal logic to do so, and make our expressions
less generic, and therefore of a lesser degree of generality, than
the propoaitions to be expressed actually required It would,
indeed, be possible to compel a restricted interpretation, by
putting 1n an assigned value a and wrmting f(a), this would
start an absolute herarchy, f(a), F[f(a)), ete ; but 1t would, of
course, iInvolve an extra-logical assignment of values

Moreover, 1t 18 not clear what an ‘individual’ 18 to be thought
of as being, and how 1ts substitution for a vanable z 1s to be
understood Ordinanly, we think of individuals as being such
things as tableg, chairs, and coins  But 1f you take the function
“z1s a coin” and apply 1t 1n & judgment with regard to a particu-
lar comn by saying " This 18 & cown,” you will not have got that
actual coin 1nto your proposition You will be saying, with
regard to a given sensory presentation, something like ‘‘This 18
an appearance of one and only one thing, and that thing 15 a
comn,” where the sensory appearance in question will be the pri-
mary subject of your judgment, and where the constituent of
the asserted proposition which corresponds to the actual coin
will be a definite description ! You can, of course, say that ‘'z
18 & coin” means "z 18 an appearance of one and only one coin,”
and that therefore the value substituted for z 1s a sensory appear-
ance, but if individual vanables stand for sensory appearances,
they denote entities very different from the ones we commonly
suppose them to denote, and our notion of the class of individuals
must be radically revised The fact 1s that any extra-logical
assignment of values to variables often, 1f not always, involves
conceanled elements of generality. This is why, in Chapter IX,
we 1ntroduced the convention that a proposition was to be under-
stood as being, say, doubly general if 1t involved af least two
elements of generality, but that a logical function was to be
understood as being doubly general 1f, and only 1if, 1t involved
exactly two Thus, the logical function (z) : (Hy) «f(z, ¥) con-
tains exactly two generalhzations, whereas the proposition ‘“(z)
: (dy) . z ;ves y to somebody,” which1s a value of this function,
contains two generalizations exphicitly and at least one impheitly
It 18 considerations such as these which start the search for

1 Cf G. E Moore, Phiosophical Studies, pp. 229 ff
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‘atomic’ propositions and ultimate simples, despite the 1mtial
doubt whether there are any such entities. It must be said,
however, that an absolute hierarchy of types does not demand the
exstence of things that are not further analyzable, the hierarchy
could be infinite 1n both directions and still be absolute, provided
we could determine by a umque description, such ms that of
individue!s,’ some one level as a fixed reference point.

We may return now to the question about the range of vana-
tion of the vanables 1n & matnx, and the restrictions which must
be placed upon this range 1n order that, when generalization 18
applied to these vanables, nonsense may not result We have
seen that Mr Russell's answer to this question 1s that each
vanable must have s preassigned range of variation, of such a
kind that it can take any value belonging to this range 1n any
context 1n which it can appear, no matter what values associated
vanables 1n the same context may take However, let us look
at the facts anew And let us take, to begin with, the function
f(z), by means of which we wish to denote propositions, and upon
which we wish to construct general propositions by generahza-
tion There are three symbols that can be recognized here, two
of which are simple and one complex, namely, f, z, and f(z)
But, now, from common usage, as well as from the way f(z) 18
wntten, 1t looks as if f were meant to play a different réle from
that of z, and 1n order to avoid this appearance, we are going to
replace f(z) by (z, y), without, however, introducing any pre-
supposition regarding what values z and y can take  The expres-
sion (z, y) 18, then, to denote propositions; and we may suppose,
from the way 1t 1s constructed, that 1t can be understood as
denoting any proposition which can be analyzed into two factors,
where (z, y) will denote the whole proposition, and z and y two
constituents which go together to make 1t up Thus (z, y) may
denote ‘‘ A 18 round,” where r corresponds to A and y to ‘being
round’, or 1t,may denote ‘' Red 1s a color,” where = corresponds to
‘“Red” and y to ‘bemng a color’ In this conception there can,
of course, be no preassigned range of values for z and y, but we
do have something which has a preassigned range, namely (z, y),
gince 1t 18 held to denote any proposition exemphfying 1ts form.
Indeed, it 18 inevitable, in the nature of denoting, that something
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should have an 1nitially fixed range of variation; and we are
mmply attempting to suppose that it 1s the matnx, and not any
variable constituent of it, which has such a range  And 1t must
be carefully noted that it is the whole matrx, upon which a
proposition 18 constructed, with regard to which we wish to
suppose this; for, of course, 1t 1s expresmons standing for proposi-
tions to which significance must be secured, so that, for example,
if (z, y) is brought i1nto conjunction with (y, z) 1n such a way
that we have (z, y).(y, 2), it 18 this latter, and not 1ts con-
stituents, which must have a preassigned range

Now 1if, by way of generalizing z and y, we wnte (z) : (Hy)
. (z, ¥), 1t may be asked what the range of z 18 to be, and whether
it 18 possible for a universal generalization to be significant unless
some range 18 fixed in advance It has been maintained 1n
Chapter IX that a symbol hke (z) 1s really not an integral sign,
but 18 to be understood merely as replacing ~(Hz) . ~, 1n accord-
ance with the view that all umversal propositions are negative
1n force and can only be properly interpreted as demals of par-
ticulars, so that we really have ~(Hz) : ~(Hy) . (z, y), which 1s
to be read ' There does not exist a value of z without a value of
y such that (z, y) is true,” And since (z, ¥) has a fixed total
range of varnation, the values that £ and y can take will be
determined by 1t. To find a value of z, we go to any proposition
denoted by (z, y), and take one of ithe two factors into which 1t
18 snalyzable for z to correspond to, then, to find the values of
y for this determination of z, we consider all those values of (z, y)
1m which thie copstituent occurs, and take the remaining con-
stituent 1n each case as an admissible value for y When a new
value of z 18 chosen, a set of admissible values of y will, of course,
again be determined, which may or may not be the same as the
set 1n the first case And the proposition (z): (Hy) . (z, y)
will mean sumply that however z may be chosen, there will
alwsys be an admissible value of y, for that value of Z» such that
(z, y) will be true  Of course, values must here be assigned to z
first, because 1t has the wider scope, the order of generalization
alone determines the order of assignment of values

1t appears, therefore, according to the account here suggested,
that we must distingmsh between what may be called the ‘total
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range of variation’ of a vanable and 1ts range within a specified
context In any proposition constructed on (z, y) 1n which z is
generalized first, the values that y can take 1n conjunction with
an assigned value of z will be restricted, but the values that 1t
can take with some value or other of z will be as wide as the
range of the function (z, y), and this latter defines the 'total
vanation’ of y Let us take another example, 1n which we have
a function of three varables, (z, y, 2) This matnx, 1t 18 to be
supposed, will denote any proposition whatever which can be
analyzed into three vanable factors, and the restrictions to
be placed upon the vamables will depend upon the order of
generalization, and upon what values are assigned to associated
variables If, for example, we have

(dz) :- (¥) = (H2) - (z, 9, 2),

z can be given any value within 1ts total range of varnation, and
the values of y will be restricted, in any context, by the values
assigned to z, whereas the values of z will be restricted both by
the values assigned to z and by those assigned to y The total
vanation of z, y, and z, however, will be, 1n each case, as wide
a8 that of the matrix (z, y, 2)

There are two different sorts of substituting that can be
carned out by way of deriving logical consequences from a general
proposition of the kind here illustrated Suppose we have a
propoaition of the form (z) : (Ay) - f(z, y) and replace z by a
value 1n such a way that the expression takes the form (Hy)
.f(a, y) In such a case, it may be that the value assigned to
carnes with it any number of generalizations, and we may have,
1n consequence, an expression hke

(Ay)[(2) : (Hw) . f'(a, y, 2, w)]

The vanable z will involve 1n its determination some constant,
either matenal or logicel, but 1t will also carry with it new
generalizations, which, however, all fall within the scope of the
onginal prefix (Hy) A substitution such as this 18 legitimate
because the form of the function (Hy) . f(z, ¥) 18 mply made
more determinate, and whatever 18 true in the more genenc case
will be true 1n the more specific one  Moreover, 1t 18 to be noted
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that by successive substitutions we do not necessanly come
finally to propogitions not containing generalizations, the sub-
stitutions may 1n fact lead to an ever-increasing number

But, now, there are substitutions which actually slter the
form of the function, and these are the ones in which wvicious-
circle fallacies are Iikely to arise. Let us take an example of the
sumplest kind Suppose we have the function (Hy).jf(z, ),
where f is to be understood as being fixed and z as being a free
variable, and where, therefore, we can derive by generalization
either of the propomtions (z): (Hy).f(z,y) or (dz):(Hy)
.J(z, y), and by specification (Hy).f(a, y) It might be that
any one of these procedures resulted in a true proposition and
that we wished to say so in a general statement We might then
write (F) : F[(Hy) . f(z, y)], where, when F was determined, we
should have, say, (dz) : (Hy) . f(z, y¥), which would invelve put-
ting the prefix (Hy) of the onginal expression within the scope
of o new one, (Hz) Agamn, consider (z).f(z, v, 2) and the
number of different propositions that can be derived by general-
1zation and specification  We might wnite (F) : F[(2) . f(z, y, 2)],
and take (z) :. (Hy) : (2) . f(z, ¥, 2) asresulting from the assign-
ment of a value to F.

It hag already been pointed out that in cases such as these
a hierarchy of vanables must be introduced, and the only matter
now 1n point is that this hierarchical arrangement occurs only
within a single complex proposition. When, for example, we
have

(2) :. (Hy) : (2) - f(z, ¥, 2) : - 2. (AF) . F[(2) . /(= 3, 2)),

where all the factors are purely logical, there must be distinctions
of order among the vanables But the antecedent of this propo-
sition, by 1tself, requires the introduction of no such distinctions
This does not mean, however, that the vanables z, y, z 1n &
function expressed by the antecedent alone will wander over all
logical types, for the view we are trying to m.ake plausible 18
precisely that there is no absolute hierarchy for them to wander
over And it must be noted that this 18 maintained only with
regard to purely logical propositions, wiich contain no non-

logical constituents It 18 obvious that as soon as matenal
16
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constants are mtroduced, absolute hierarchies 1nevitably result.
Thus, take the example about all propositions asserted by A
dunng a given interval of time, which was discussed above. In
that case, we have a particular time and person, and typic
adjustments based on those factors as fixed points of reference
will start a sequence of propositions that 18 absolute The point
18 that purely logical propositions are more generie, and that
logical functions can vary over all orders 1n such a non-logical
hierarchy, provided relative adjustments of type are properly
made

There remains, however, 1n the way of such a view as this,
an obstacle which seems at first sight insuperable Let us con-
sider the theoretical situation as 1t has been dealt with so far
Mr Russell’s pninciple about ‘illegitimate totahties,” 1n the sense
in which he intended 1t, must be accepted And we have tried
to get around some of the apparent consequences of this principle
by denying what may be held to be an independent assumption,
namely, that a vanable must determine some totality of values
1 such a way that any member of that totality can be sigmfi-
cantly substituted for the vanable 1n any context In this sense,
1t 18 to be held that a vanable may correspond to no single totahty
at all and still be sigmificant as an item of syntax in a function
But, now, in accepting the principle of illegitimate totahties, as
we must, we seem to be driven 1n effect into an absolute hierarchy
Let us consider, for example, the proposition (p).pv=-p, and
agk what the range of the vanable p1s to be In consequence of
the wvicious-circle principle, this proposition 1tself cannot be a
member of that range, so that we shall require a further principle,
etc , and no reference to typic adjustments among the variables
1n a proposition can cover such a case There will apparently
be an infinite sequence of principles of excluded middle, and
every logical proposition we may express (if 1t 18 to be true or
false) will hpve to fall under one of these principles and thus fall
at some definite place 1n the hierarchy so determined

In attemptirig to meet this point, we shall be led into a some-
what detailed discusmon of the nature of a proposition and of
the conditions of significant judgment We shall present in this
connection a particular theory, which has to do with the way



THE LOGICAL PARADOXES 471

propositions function 1n judgment, and what it means to believe
or to assert them It will be a consequence of this theory that
no substitution of one purely logical proposition 1n another can
be of the genus-instance kind, but must always be vahdated by
reference to the relation of genus to species We have seen that
all genus-species substitution 1s, s0 to speak, honzontal; it does
not entail any stepping-up or stepping-down , so that no hierarchy
ever gets started in connection with it We have seen, also,
that the substitution of (p).pv=~p 1n itself can be vahdated
a8 being of the genus-species kund, where the p 1n the resulting
proposition will be of the same order as the p in the onginal one,
But whether we can get all desired results by this procedure or
not, if a genus-instance substitution 1s sigmificant 1n this connec-
tion (where the p 1n the resulting proposition will be of a lower
order than that in the onginal one), a hierarchy must exist, and
we shall therefore have to hold that no such substitution 1s ever
sigonificant It may be remarked that a theory of the sort now
to be considered 18 1mportant on 1ts own account and 1s relevant
to any discussion of the logical paradoxes, even if it does not
ensble us to meet the particular point here 1n question

It 18 generally recognized that every genuine judgment pre-
supposes, on the part of the person who makes1t, some knowledge
of some sort or other And it 15 generally held that this knowl-
edge consists 1n being acquainted with certain concepts, and with
certain conceptual complexes which anse cut of observed relation-
ships among these concepts We are going to suppose that this
view 18, 5o far, a correct one, and are going to ask what, 1n certain
respects, the nature of such complexes 18 and how they function
in judgment, with a view to ascertaining under what conditions
genuine propositions do or do not anse 2

Let us take, as an example to begin with, the proposition
“There are men" or ‘‘Men exist,” and let us supposg & judgment

18 Views sumilar 1n various respects to the one to be suggested are to be
found in Wittgenstemn's Tractatus Logico-phulosophicus,” posmm, Ramsey's
Foundations of Mathematics, Ch VI, Whitehead's Symbolhsm, Its Meaning and
Effect, Ch I; Eaton’s Symbolism and Truth, Che, II, IV, V, and Principa
Mathematica, 2d ed , Vol I, Appendix C. For a closely similar view, see G
F. Stout, Mnd, XLI (1932), 297
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actually to be expressed by these words. If you msake an actual
judgment properly expressible by the words ‘Men exist,” you
must have before your mund & conceptual complex which these
words may be aaid to stand for or name And one important
thing about this complex 18 that 1t is a ‘possibiity,” which 18
susceptible of being ‘realized ' Clearly, 1n some sense, the real-
1zation or lack of realization of this possibility, which is a con-
ceptual complex, determines the truth or falsity of your judgment
Whewn you judge that there are men, you must be envisaging a
possibility which, whether it 18 reahized or not, is, in respect of
its own intrinsic nature, susceptible of being realized, and your
judgment will be true or false according as the possibility 1n
question 18 or 18 not actually realized Ths, as has just been
said, 18 one important charactenstic of the conceptual complex
through which your judgment 18 effected But there is another
thing that can be said about this conceptual complex which 18
perhaps even more important, and that 1s that 1t 18 itself a fact
The factual character of the complex in question can be brought
out by actually stating the analytic possibihity which you have
before your mind 1n the words ‘‘ There might be men” or ‘‘Men
maght exast '’ Of course, the entity named by these words, which
18 an analytic possibility and also an analytic fact, 18 not what
you are Judging when you judge that there are men, you are
knounng this fact, and ‘judgng through’ 1t And again, when
you beheve that there are men, you are, of course, not behieving
the directly apprehended fact that there might be men, this
fact 18 the medium of your belief, and you may be said to be
‘believing through’ it The fact that there might be men can
be known a priore, and 1t 18 only by knowing this ¢ prier: possi-
bility that you are able sigmficantly to judge or to bebeve that
men exist.

Now, we are going to say, quite simply, that the proposition
““Men exist’’ 18 hterally one and the same with the fact that
men might exist And we shall hold, in general, that all proposi-
tions are analytfc facts of the kind here in question We shall
say that such facts can ‘function propositionally,’ and that when
they do so, they are called propositions It is to be noted,
however, that we are not saying that all analytic facts are
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propositions. There will be many such facts (to be expressed by
means of statements in intension) which are not capable of
functiomng propomtionally and which are therefore not to be
1dentified with propositions Intensional facts of this kind will
usually contain parts which can function as propositions, so
that these facts may be said to be about propositions, 1t 1s amply
that the whole fact 1n question 1n such a case will not itself be a
proposition ¥ Thig matter 1s important, because the distinction
between statements in intension and statements in extension 14
go obwviously necessary 1n logic that any view which implied that
they were logically the same would be hardly worth developing.

It 18 to be held, however, as has just been said, that so far
a8 any logical entity named 18 concerned, the words ‘ Men exiat"’
and the words  Men might exnst” stand for the same thing; and
we must endeavor to remove the paradox involved in this pom-
tion As a first approximation, 1t may be said that the difference
here 18 that between asserting a proposition and merely enter-
taiming 1t, and that this difference 18 an extra-logical one, which
has to do with the communicative use of words rather than with
their logical use This distinction between the communicative
and logical functions of language 1s an 1mportant one, and we can
perhaps make 1t clear by comparing what may be called correct
and 1ncorrect beliefs with true and false propositions. If you
merely apprebend or entertain a false proposition, you are not,
on that account, making a mistake, and if you have such a
proposition 1n mind, and believe that 1t 18 false, your belief 18 a
correct one If, on the other hand, you have in mind a true
proposition, and believe 1t to be false, you are of course malung
s mistake In this case, you may more properly be said to be
beheving the false proposition which 18 the contradictory of the
true one you have in mind, but that 18 a matter which 18 not
important 1n the present connection. A proposition will be true
or false, and a belef associated with 1t will be correct or incorrect
according as 1t agrees or disagrees with what happens to be the
case. If the attitude 18 not one of belief, no question of correct-

¥ For the purposes of this discuasion, the term ‘ proposition * 1 used 1n &
restricted sense to which 1t 18 not elsewhere confined
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ness or incorrectness can anse, although there will be some entity
apprehended which 1s 1n point of fact either true or false

Now, when any one says ‘‘Men exist,’ he 18 bound to convey
more than s words stand for in respect of their strict logical
mmport If he 18 making this assertion as a single proposition,
we are led to suppose under ordinary circumstances that he
believes the proposition so expressed, and indeed the indicative
form of expression 18 designed to convey precisely this fact
But the speaker can hardly be held to be actually expressing the
proposition that he believes men to exist The way this Iatter
would actually be expressed 1s, of course, by using the words
‘I believe that men exist,”” and this 15 not what 18 being said,
though 1t 15 generally something that 15 being conveyed If this
latter were what was being expressed, then, 1n denying what was
said, we should be saying that so-and-so did not beheve men to
exist, and this of course 18 not at all what we should be expressing
if we denied the statement on the part of anybody that men do
exist When, on the other hand, we use the words ‘* Men might
exist” and use ‘‘might” in 1ts logical sense, as indicative of
logical possibility, we direct attention to an analytic fact wmthout
suggesting to the hearer that we are ‘believing through’ this
fact It 1s true that we do, 1n such a case, suggest to the hearer
that we believe the words '""Men mught exist” actually to stand
for a fact, but we do not indicate to him that we are making a
judgment which 15 mediated by that fact Perhaps a closer
approximation to the purely logical import of these words, with-
out communicative suggestions, 15 obtained when we mmply
utter the phrase ‘that men should exist ’

It will very likely be said, however, that the two statements
““Men exist” and ‘‘Men might exist” cannot possibly designate
the same logical entity because one 18 obviously a stronger state-
ment than the other, and that if we merely change the example,
and take, say, ‘/Ghosts exst’” and “‘Ghosts might exst,” the
first will be false while the second will be true  Clearly, we shall
have to hold that the term ‘true’ s here used ambiguously, and
that when we say that ‘‘Ghosts might exist” 1s true, we mean
sipply that these words do stand for or designate a fact, but
that when we say ‘‘Ghosts exst” 18 true, we mean that this
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fact, which 18 a possibility, 15 ‘realized,’ 1 e , corresponds to some
other fact which constitutes i1ts realization In the first case,
we shall be making a judgment about a sentence, to the effect that
that sentence does name a fact or, in other words, 18 significant;
1 the second case, we shall be maling a judgment about a logical
possibility, which is a proposition and not a sentence, to the
effect that that posmbility 15 fulfilled It no doubt often happens
that the terms ‘true’ and ‘false’ are applied to sentences like
‘“Men exist” and ‘“Ghosts exist” as well ag to those hike ‘' Men
might exiet” and ‘‘Ghosts might exist ” If we should say of
the sentence ‘‘Men exist”’ that 1t was true, we should very hkely
be saying, in effect, that there was an intensional possibility
represented by these words and that that possibility was in fact
realized We should likely be saying this because anybody
who chose these words to express that possibility would ordinanly
be ‘beheving through’ the possibiity 1n question, and would
therefore be believing truly If, however, we said of the sentence
‘“Men might exist” that 1t was true, we should commonly mean
merely that these words did designate a genuine possibility,
because anybody who chose the words in question to designate
that possibiity would ordinarly be merely entertaining tle
possibiity and not ‘believing through’ it It follows, of course,
that there will be sentences which, as wholes, do not stand for
anything at all, although parts of them may do so Take, for
example, the sentence ‘' Ghosts could not exist ’ Here the sepa-
rate words are meaningful enough, but whea we try to apprehend
what the sentence as a whole stands for, and try to envisage the
situation, not verbally but 1n terms of genwne 1deas, the only
entity we come upon 18 the fact that ghosts could exist, for which,
of course, the words ‘' Ghosts could not exist” are not a proper
€Xpression

An objection sumilar to the one just dealt with 1s that, what-
ever may be meant by the words “ Men exist” and ** Men do not
exist,” these meanings are incompatible, whereas no 1ncompati-
bility anses between ‘' Men might exist” and ‘“Men might not
exist ’  With regard to this objection, 1t must be noted that no
two entities whatever can be directly—1 e , as between themselves
alone—‘incompatible° When we say that two propositions are
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incompatible, we mean that if they were both true, an incom-
patibility would exist; snd that therefore they are not in fact
both true But the same thing can be said with regard to the
two possibilities ‘‘ Men might exist” and ““Men might not exist”
+f these two possibilities were both realized, an 1ncompatibihity
would exist; and we can know, for this reagon, that they are not
both realized. It 1s sumply that expressions hke ‘“Men might
exist” serve to direct attention to analytic poasibilities 1n con-
texts 1o which the question of realization or lack of realization
does not occur, while expressions like ‘“Men exist’” are used
where the question of truth or falmty is relevant, since they are
used where we wish to indicate that the possibilities designated
are accompanied by belef

Let us try to define more exactly the conditions under which
two propositions are to be said to be incompatible Since we are
holding that every proposition, strictly so called, must be an
analytic possibility, which 15 susceptible of being realized, we
may raise the question under what conditions two separate
propositions will give nse to a third single proposition which 1s
their conjunction The older logicians used to talk of drawing
a conclusion from several distinet propositions as premises, where-
as we now say that the premises 1n such a case are really one
compound proposition—on the assumption, of course, that if p
and ¢ are two propositions, there will always be one third propo-
sition which 18 their conjunction This assumption, however,
may be called 1n question  And 1t is clear, on the theory we are
here explaning, that we shall have to say that two incompatible
propositions never do give ree by conjunction to a third propoa-
tion, and that this 13 precisely what 1t means for two propositions
to be incompatible If we write “Men might exist, and men
might not exst,” we shall have made a single statement, although
we shall not have expressed a single fact, but only two separate
facts by means of one compound sentence There can be no
objection to making compound statements of this sort, provided
we do not suppose that these statements as wholes necessanly
express single facts; and there can be no objection to wnting
““Men exist, and men do not exist’’ provided, again, we take the
expression to express two propositions and not one When we
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try to envisage the umitary meaning of a statement of this kind,
we find that this is quite 1mpossible, and that therefore it has no
single meaning, but rather one meaning corresponding to one
part of the verbal expression, and another to another If a
proposition is something that can mediate a sigmficant judgment,
then there can be no single proposition which an expression of
this kind can express

In regard to the separate statements ‘‘ Men exist’” and ‘‘ Men
do not exet,” there 18 a temptation to hold that only one possi-
bility actually occurs, and that ‘“not” in the second statement
18 sumply a sign of an attitude, namely that of disbelief There
would then be only positive possibilities presented, and contra-
diction would be merely a matter of conflicting convictions, actual
or hypothetical We have not adopted this view, for the reason,
among others, that although 1t seems to work well enough for
singly-general propositions, when we try to apply it n inter-
preting multiply-general propositions, 1t breaks down altogether
We can say that ‘“Men exist’ sumply indicates that the speaker
18 believing through the concept ‘men,’ and that ‘“Men do not
exist” means that he 18 disbelieving through this same concept,
but we cannot interpret a proposition like ‘“Something 1s larger
than everything else” in this way We shall huve only the two
ideas (Mz) and ~(Hz), and the proposition here given will be of
the form (dz) : ~(Hy) . ~f(z, ¥) It will therefore involve sub-
ordinate negations which cannot be removed; and since the
proposition 18 complex but not compound, 1t cannot be divided
into distinct parts toward which separate attitudes corresponding
to the several occurrences of ~ can be taken

Let us turn now to statements expressing ‘necessities ' And
let us take the two propositions ‘‘Men exist” and ‘‘Conscious
beings exist,” and replace the first by P and the second by @Q,
so that we can write ~Pv Q. What 18 necessary 18 of course
possible, so that there 18 no reason why this expresrmon should
not express a genwne proposition  And we carf see Why, accord-
g to the theory, the proposition in question will be a necessary
one. If we try to construct the contradictory of ~Pv(Q, we
shall get, according to the rules, P. ~Q, where both P and ~@Q

designate genwine possibihities, but where they are so related that
17
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no third possibility, and therefore no third proposition, arises
from thewr conjunction We may say that a proposition is
necessary if and only 1if, 1n point of fact, 1t does not have a
contradictory, a proposition 18 an analytic fact, and when there
18 no associated fact of the required kind, no contradictory will
exist It 18 not easy to see what other reason could be assigned
why some propositions are ‘necessary truths’

Before going on, we had better call attention to a possible
sourse of musapprehension We are saying that the expression
P.~() does not, as a whole, stand for any single proposition
But it 18, pevertheless, easy to read this expression so that 1t will
express one proposition  We may understand it to mean ‘“ There
18 a proposition named by P, and another named by ~Q, and the
conjunction of the two propositions so named 18 true” This 18
a natural reading, and one that 18 frequently resorted to, but 1t
18 not a logical reading, since 1t 18 1n part about the way certain
symbols are, as a matter of fact, conventionally used It might
quite well be true that P and ~Q were employed to stand for two
propositions which, when conjoined, gave rise to a true proposi-
tion, this simply does not happen to be so, and the proposition
to the effect that 1t 1s, 1s merely a conlingent one, which happens
to be false The point 1s, of course, that P.~Q 1s intended to
be about what P and ~Q stand for, 1t 15 intended to mean “Men
exist, but conscious beings do not”’, so that the fact that such an
alternative reading is possible does not constitute an objection
to the view that no approprniate umtary meaning for the expres-
sion can be found It 1simportant to call attention to this point,
because, 1n failing to find a primary meamng for P.~(, we are
inchined to give the expression this secondary 1nterpretation; and
if this 18 not recognized, we are likely to suppose ourselves to
have found an interpretation which 1s strictly logical

Let us consider now the statement P4, ie, "Men exist
strictly implies that conscious beings exist ” This, 1t will be
geen, 18 a dtaterhent about the two propositions P and @, and
expresses a reletionship in which they stand It 1s, moreover,
a direct statement of fact, and 1t 18 not a proposition There
can be no question of falsehood in such a case, because falsehood
can occur only where there 1s transcendence and mediation by
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propoaitions, and we have here to do with the expression of a
fact without mediation Thie 18 why such facts are a priori,
they are simply given to direct apprehension, though, of course,
this does not preclude the possibihity of confusion regarding
whether a given expression does or does not properly express
anything at all

Facts like the one here in question are of a sort which we
have not so far considered, since they are not possibilities open
to realization and so cannot function propositionally; they are
facts about propositions which are not themselves propostions
In the case of P 4Q, however, there 18 a closely associated fact
which can function propositionally, namely, ~Pv{ And 1t
will be seen that the first of these expressions 1s an 1ntensional
function of P and @, while the second 18 an extensional function
We wish to hold, quite generally, that all statements 1n intension,
if they stand as umts for anything, state facts about propositions
which are not themselves propositions, and that all extensional
statements state facts that can function propositionally, if they
have any umtary meaning at all It might seem as if we had
made an exception to this in saying that the expressions ' Men
exist” and ‘“Men might exist” were to be understood as repre-
genting the same proposition, the first carrying the suggestion
that the speaker 1s ‘believing through’ the fact denoted, and the
second that he 18 merely apprehending the fact and directing the
attention of the hearer to 1t, for the second of these expressions
might naturally be taken to be tantamount to **¢(men exst),”
which 18 an intensional statement  wWe have said, however, that
this second expression 18 equivalent 1n logical mmport to the
phrase ‘that men should exst’, and this, we may hold, 18 to be
distingwished from ''It 18 possible that men should exist,” which
18 to be understood as a statement of fact ahout the proposition
“Men exist” that cannot itself function propositionally Thus,
functions like ¢p, 0(pvg), and p 4 ¢, which become statements
;n mtension when values are assigned to the vﬂnables, will
denote facts that are not propositions, in the strict semse in
which this term 15 here being used, whereas functions hke p,
pvg and p>g will denote facts which are, in this strict sense,
propositions, and 1t will therefore be clear that a logic which
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includes intensional statements, in addition to extensional ones, 18
wider than a logic which confines itself to extensional statements

Now, the fact that, on the view we are considering, many
forms of expression must be without umtary significance, and
therefore as wholes strictly meamngless, might be taken to be
an objection to this view It 18 to be noted, however, that
nobody wnuld wish to make a statement which had, let us say,
the form p.~p, although 1t might be desirable to make state-
ments with subordinate constituents of this form Thus, we
might wish to sy ~(p.~p), and this might seem to be meaning-
less unless p.~p had a unitary meaning That will depend,
however, upon how this expression has been defined in terms of
appropriately chosen primitive 1deas. For example, ~(p.=~p)
might have been defined to mean ~pvp, and 1n that case 1t
would have a unitary significance despite the fact that p.~p
did not Again, although p.g will not express a proposition
if p and ¢ are incompatible, ~0(p.q) will express a fact, pro-
vided 1t 18 interpreted as a statement 1n intension about the two
propositions It may, for instance, be so defined as to mean
what 18 meant by p4~¢ But even if 1t were not possible to
carry through such an analysis, that circumstance by 1tself would
hardly be a final objection to the present view It 18 a well-
known phenomenon connected with logistic systems that they
may have ‘partial’ interpretations, and that there may be a good
denl of symbolic by-play and notational pantomime which in
itself hags no meaning whatever In such a case, some of the
expressions will be significant and others not, but 1t may happen
that 1f we follow the rules of the system, as we pass from signifi-
cance to non-significance and then back to significance again,
no error 1n the statement of fact will anse, and 1t may, indeed,
be a convenience to have fictitious statements in a system, since
the rules of operation may be simphfied thereby Tt 15, however,
m following such rules of operation that the logical paradoxes
arse, and we may‘say, therefore, that the existence on the present
view of logical éxpressions having no umtary significance 18 1n
general accord with the facts

We have seen how an expression of the form p . g, where the
constituent propositions may or may not be incompatible, can
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always be given an interpretation which will be, in part, about
the symbols, and which will be a merely contingent proposition.
As has been said, such an expression may be understood to mean
‘p and g both stand for propositions, there 18 a proposition which
is their conjunction; and this proposition 1s true’”’ This point
18 1mportant 1n understanding how genuine falsehood 1n mathe-
maties 18 possible Consider, for example, the simple arnth-
metical proposition 243 =5 We shall have to hold that,
1n 1ts primary significance, this expression states a fact directly,
and that such an expression a8 2 + 3 = 6 1s, as a whole, mithout
purely anthmetical sigmficance Yet mustakes 1n anthmetic
constantly occur which are hardly mere matters of confusion
Suppose we take 7 X 8 = 63 and ask what anybody who made
this statement could be meaning by 1t It 18 clear that we do
not commonly grasp the purely anthmetical meanings of the
parts of such an expression, if we ever do On the contrary, mn
making this statement we should presumably be asserting some-
thing like the following ‘‘The symbols ‘7’ and ‘8’ stand, con-
ventionally, for natural numbers, the product of any two natural
numbers 18 1itself a natural number, and the product of the
numbers for which ‘7’ and ‘8’ stand 18, according to standard
conventions, represented by ‘63’"” This 18 false 1n the strict
sense of the term, but the parts of 1t which are false, and which
make the whole statement so, are not about the amthmetical
properties of numbers, but about certain human conventions

It should perhaps be mentioned that conceptual complexes
often 1nvolve data of sense as constivuents, where these data are
integrated with certain purely conceptual factors, and that such
complexes are often possibilities and can therefore tunction propo-
sitionally This will be true of any conceptual complex which
18 1nvolved 1n a Judgment of perception 1n such a way as to be
the medium of that judgment Let us take, for example, a
judgment which can be expressed by the words ‘' That 1s a table "
We have seen that the word “That” 1n such an exp'ressxon corre-
sponds to a presented sense-datum, and that the import of the
whole expression can be rendered in the words '‘That 18 an
appearance of one and only one table.” In a case in which we
really have a genuine judgment of perception expressible 1n these
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words, there will be a fact that the datum might, so far as the
intrineic nature of the given complex 18 concerned, be an appear-
ance of a table, and we can therefore express this possibility,
which will be a proposition, by saying ‘‘ That maght be an appear-
ance of one and only one table ’ But if we were actually judging
through this possibility, as we should be doing if we were malung
a Judgment of perception, we should, in order to indicate that
we were 80 judging, express this same proposition by saying
“That 25 an appearance of one and only one table” Suppose,
on the other hand, that we have a given datum of sense which,
let us say, 1s red, and suppose we say with regard to this datum
simply ‘“This 1s red” Here there will be no transcending of
what 1s given, and no judging, but merely a direct expression of
fact, without the intermediation of any proposition, and the fact
so expressed will not be of a sort that can function proposi-
tionally If we said, 1n such a case, " This 18 green,” where the
given datum was 1 fact red, there would be no sgmficant
gtatement The statement would have a significant syntax, and
parts of 1t would name genuine entities, but there would be
nothing which was the meaning of the whole statement, because
there would be nothing which was the synthesis of these different
entities

The foregoing discussion is perhaps detailed enough to give
a fairly clear notion of the kind of view we wish to suggest with
regard to the nature of propositions, and we may now summanze
briefly the main points Sigmficant sentences stand for or desig-
nate conceptual complexes, which are always open to direct
apprehension These conceptual complexes are factual in char-
acter, and such facts make up the domain of the a preorz  The
expression of these facts 18 direct rather than mediated, and there-
fore propositions are not required as a means of expressing them
A sentence may vary 1n grammatical gtructure (in particular,
from the indicative mood to the conditional) merely as a means
of indicating to the hearer some attitude of the speaker, and
without any alteration of the conceptual complex which the
sentence represents Conceptual complexes (which are also
called analytic facts, because of their factual character and
because they can be known by direct inspection) can sometimes
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function proposmtionally, and when they are such that they can,
they ere propositions In particular, all such complexes as are
‘possibilities’ open to realization are propomtions, and every
proposition is such & possibility. The realization of s possibility
will consst 1n the being of some state of affairs external to the
proposition which 1s the possibility, and all significant judgment
consists 1n Judging or beheving through such possibilities Some
analytic facts, however, are not possibilities, and cannot function
propositionally or be realized, they are often such as are ‘about’
possibilities, and so 1nvolve, 1n a certain way, propositions as
constituents Statements 1n 1ntension, which are constructed
by means of 4 and derivative notions, seem always to express
analytic facts which are not propositions, whereas statements 1n
extension, which are constructed by meane of ~, v, and the like,
alone, seem always to express propositions

We should not wish to place much emphasis upon the details
of this view It is plain that, 1n the present state of our knowl-
edge regarding the points dealt with, nobody can expect to formu-
late a theory that will turn out to be correct 1n detaill  All that
can be hoped 18 that certain points will be nght and that they
will contribute toward a finally satisfactory view And, of
course, we have not adopted elsewhere the terms which would
be strictly correct if the theory should be a true one 'We have
used the term ‘proposition’ to designate any statement whatever,
whether, according to the theory, 1t would merely express a fact
directly, or whether 1t would express : proposition strictly so
called, or whether 1t would be, as a whole, without significance.
Any other course would plainly involve overemphass and mis-
evaluation, and would, 1n addition, tend to confuse the reader
We are mainly interested, 1n the present connection, 1n the bear-
ing of the theory upon the conception of a hierarchy of logical
propositions, and we turn now to a consideration of this matter

Before this digression on the nature of proi)omtl'ons, we were
saying that if the function pv~p could takevas values purely
logical proposttions, then an absolute hierarchy of logical propo-
sitions would seem 1nevitable, because there would then have
to be an infimty of principles of excluded middle, with each
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proposition falling under one and only one of these principles,
and what is true of excluded middle will plainly be true of any
other logical principle Such a herarchy will result, however,
only 1f our substitutions are made on the ground of the relation
of genus to 1nstance, because 1t 18 only 1n that kind of substitution
that the resulting propostion will be of an order other than that
of the proposition from which 1t 18 derived  And 1t follows from
the theory we have developed that no substitution of a purely
logical proposition 1n a function hke p v~p can be of the genus-
instance kunnd This 18 true because all purely logical proposi-
tions are ‘necessary’ and have no sigmficant contradictories; so
that 1f p 18 logical, ~p 18 wmithout significance, and so 18 pv=~p

If we replace the p1in pv~p by (p).pv~p, we shall get,
according to the formal rules, (p) .pv~p.v.(dp).=p.p But
if ~p.p cannot denote one single proposition, there can be no
proposition expressed by (Hp) .~p.p The point 18, that if we
take an ordinary contingent proposition P, 1t will be satisfied
by certain possibilities, and made false by others, which are
covered by ~P, so that if we take the disjunction of these two,
all possibilities will be covered, and there will be nothing left
for ~(Pv~P) to stand for Such an expression may appear
ag & convenient fiction 1n a statement which, as a whole, has
significance, but 1t cannot so appear if 1t 18 to be understood as
resulting from genus-instance substitution, because there will be
no proposition which 1s an mstance of the function 1n question

Consider the matnx pv~p.v.~p.p, which contains the
fictitious alternative ~p.p It might be convenient i1f we gave
this whole expression meaning by saying that it was to be under-
stood as identical with p v~p, that 18, if we sumply neglected
the non-mgnificant part and read the remainder We could then
wnite

(@) :pv~p.v.~p.p,

which would mean exactly what was meant by (p).pv-p, and
we could also write

@:. .l :pv~p.v.~q.q,
and then, by purely verbal defimition,
(P).pv~p.v.(Hg .~q.q,
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which could be read without any reference to the fictitious part
(Hg) .~g. ¢

Let us take the matnx p.>.pvg, and, without regard to
justification, substitute (p).pv-p for p, and (Hg).q for g,
so that we shall have

(P).pv=p.2:(p).pv~p.v.(Hg) . ¢
When 5 18 replaced by 1ts definition, 1t will be seen that we have
(dp) . =p . p a8 a non-gignificant antecedent, and inference would
appear to be impossible  Consider, however, how the consequent
1n this case can be validly reached ¥ We have, to begin with,

@:.(@:p.2-pvy,
which is equivalent to

@ :.(@:pv~p.v.g,
whach 1mphes
(@:.(Hg:pv~p.v.q,

whach 18 equivalent to

(@) .pv~p.v.(Hq).q

Of course, 1n a process such as this, the resulting propositions
are of the same kind as those fiom which they are denved, so
that a hierarchy of purely logical propositions does not arse
There must be a hierarchy, or herarchies, of non-logical proposi-
tions, however, as 18 shown by such examples as that about ‘all
rules,’ or that about all propomtions asserted by A dunng a
mven 1nterval of time And there wil. have to be a relative
hierarchy of logical functions, to enable us to make typc adjust-
ments among the vanebles 1n 8 complex logical propomtion, and
to take as values propositions belonging to an absolute non-
logical huerarchy It 18 to be held that the vanables in a relative
hierarchy of functions can, wilh appropniate typic adjustments,
take values beginming at any point 1n an absolute hierarchy of
non-logical propositions This wandenng of % loglcal function
over different non-logical types 18 possible 1n vistue of our denial
that a vanable 10 a matnx need have a preassigned range of
varnation

UCf Prnoupwa Mathematica, 2d ed , Vol I, Appendix A



APPENDIX I
THE USE OF DOTS AS BRACKETS

There are a number of points with regard to the punctuation
or bracketing of logical expressions which could not be con-
vemently explained at any one place in the text, because the
symbols of different sorts, in connection with which the use of
bracketing dots requires explanation, were not all introduced
at once So, we propose to deal here somewhat 1n detaill with
the technique of the use of dots as brackets and to explain 1n
order the several points involved The scheme that we have
sdopted 18 that of Principra Mathemalica, which, as will be seen,
includes some conventions that are essential to any system of
bracketing and others that are arbitrary

Consider, in the first place, an expression like

(p2p)v(gaq),
where the use of brackets, or some equivalent scheme of punctua-
tion, 18 essential It will be zeen, 1n the case of this particular

expression, that we can if we like dispense with the two extreme
brackets without 1ncurring ambiguity, we can write

pap)v(gay.
And then we can replace the remaining brackets by dots
pap.v.g2¢.

But if this 15 to be done, one point must be carefully noted the
brackets are asymmetrical, and thus indicate the direction n
which they operate, whereas the dots are ambiguous n this
respect, so that we must introduce the convention that a dot 18
always to be understood as operating away from the connective
or other symbol heside which 1t occurs

Suppose, noy, that we have such an expression as

[pvp)a(gvd)lvilrvr)a(svs),

which 1nvolves brackets of two sorts, wider and narrower It is
486
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easy to see that we can write, mithout ambiguity,
pvp)2(@vg)lvirvr)o(svy,

and f we adopt the convention that a square bracket 1s to be
understood as being stronger than a round one, 1n the sense that
a square bracket can have within 1ts scope a round one, but not
conversely, then we can write

pvp)a(gvglvirvr)o(svs

We can then replace square brackets by double dois and round
brackets by single ones

pvp.o.gvgivirvr.o.svys

The scope of a single dot 1s to be understood as being closed by
another single dot, or by two dots, whereas the scope of two
dots 15 not closed by a single one Thus, 1o place of

(pa2p)vigaq)v(rar),
we can write
pop'.v.qaq.v.1>r,
or
p.2.p :vig.2.¢:vir.o.r

And these same conventions are to be extended to the use of

any number of dots that may be required
Now, let us take the two expressions

(p)>(gvr) and pd(nvr),

where, of course, brackets around the p in the first expresmon
are not strictly necessary. and let us replace brackets by dots,
so that we have

p.2.gvr and pd.gvr

Here, although one of the dots 1n the first expression 18 super-
fluous, we commonly put 1t 1n for the sake of symmecry. Again,

let us take the three expressions:

p>[(gvr)a(gvn)],
[p]>[(gvr) o (gv )],
@ >[gvr)a(gvn)]



488 SYMBOLIC LOGIC

in connection with which, when brackets are replaced by dots,
we have
PpOigVr.d.gvr,
Pidigvr.d.qvr,
p.DigVvr.>.qVvr

In accordance with our conventions, each of these expressions 1s
correct, the first being the most economical 1n the use of dots
The second has the advantage that coordinate elements in the
complex are punctuated alke, but this 18 really unnecessary,
and it is common practice to adopt the third form Whenever
one or more dots are required on one side of a connective, we put
one dot on the other side even when 1t 18 not necessary to do so

We have, so far, omitted consideration of expressions involv-
ing conjunction, because we also use dots to mean ‘and,’ so that
the conventions 1n this respect require special discussion Let
us take the expression

(pvy).(rvs),

1n which the dot stands only for conjunction If we here replace
brackets by dots, as above, we have

PVQ...TVSE

where the middle dot 1s the sign of conjunction and the outer
ones serve as brackets But 1t 18 customary, 1n such a case,
sumply to write
pVQq.-TVS,
and thus to allow a single dot to stand for conjunction and do
the work of bracketing as well When this is done, however, 1t
18 to be noted that the bracketing dot used, unhke the others we
have considered, must be understood as operating in both direc-
tions, since 1t does the work of two dots, one on each side of the
sign of conjunction
Again, consider such an expression as

" Up29) - (gaPIVIFas). (837,

which, when brackets are replaced by dots 1n accordance with
the conventions so far put down, becomes

PI¢.gOp:V:ITD3.89T.
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Now, 1t is not customary 1n such a case to use double dots 1n
connection with v , we may wnte

P>q.¢D>p.V,rdg.8dr

and understand the dots which stand also for conjunction as
being ‘weaker’ than those occurnng bemde a connective—as 1f
some of their force were taken up 1n meaning ‘and’ In place of
(p.gq)vr we wrnite p.g.v.r rather than p.g:v.r, and In
place of p.[go(rvs)] we wnite p:g.d>.rvs. In general, a
given number of dots occurring beside a connective will carry
over an equal number standing also for conjunction, and a given
number standing for conjunction will carry over a lesser number
beside a connective And, of course, a single dot meamng con-
junction will carry over a bare connective—as in p.qvr, which
means p.(gvr)

There 18 one further matter that must be dealt with regarding
the way dots are to be understood as operating 1n given directions
Consider the expression

svipv ([(gar)>3]],
which we should wnte
8.V:i.p.Vigdr.D.8,

and note that we here use three dots after the first occurrence of
v 1n order to get over the two dots which come after the second
occurrence, despite the fact that these la .ter dots operate in the
same direction as the set of three That 18 to say, we regard the
scope of a set of dote as being closed when another set of equel
or greater strength 15 met, no matter what the direction of opera-
tion of the other set It would be possible to adopt a convention
to the effect that the scope of a set of dots could be closed only
by dots operating 1 the opposite direction, and in accordance
with such a convention, we could write . .

§.v:p.v:g>dr.2.s °
which would correspond to

sv{pv((g>7r)23])
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But this would make our expressions less easy to read and would
effect a very slight compensating economy
There remains only one other class of dots to be discussed,
namely, those which come after prefixes Consider, for example,
the expression
@If(=) . J' @),

which is to be written
(@) .f(z) - f'(2)

We regurd & dot which comes after a prefix as being stronger than
one which indicates conjunction But, on the other hand, we
take such a dot to be weaker than one standing beside a connec-
“tive, so that, for example,

pvl@).f(=)]
p-v. (). .f(),

where the single dot after v brackets the entire expression to
the nght of 1t We wnte

() : (Hy) - f(2) - f'(y)

may be wnitten

1n place of

@)[(dy) () . '],
and

(@) -f(=): (Ay) . ')
1 place of

(@) (f)1] - [(E) (' ()}]

Now, inasmuch as ~ and ¢ are prefixes, 1t might be expected
that we should deal with them as we do with (z) and (Hz),
that we should, for example, replace

~[(dz) . f(z)] and o[(Hz) . f(x)]
~:(dz) . f(z) and 0:(dz).[f(z),

by

and replace

' ~(pvg.2.p) end 6(pvg.d>.p)
by

~':qu.D.p and ¢:ipvg.>d.p.

This procedure would be quite 1n accordance with the conven-
tions we have adopted, but, 1n fact, we dispose of these two cases
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in other ways. In the first case, we write
~(dz) . f(z) and o(dz).f(z),

without either brackets or dots—as 1f ~(dz) and 6(Hz) were
single operators, although of course they are not, since the scope
of the attached prefix 15, in each case, the entire expression
(dz) . f(z) In the same way, we wnte

(z) : =~(Hy) . f(z, ) and (z) : 0(Ay) - f(=, ¥)

1n place of

(z) . ~[(Ay) - Sz, y)] and (z) . o[(Hy) - f(z, ¥)],

and, again,
~4(dz) - f(z)

~{o((d@z) . 1())]

In the second case, where we have ~(pvg.>.p) and 60(pvg.d
. D), 1t 18 customary simply to retain the brackets, rather than
to make use of dots

It will be observed that nearly all the foregoing examples 1l-
lustrate the mimmum number of dots that may be used 1n a given
¢ase We must therefore point out that the scheme 18 more elastic
than would appear from these 1llustrations It 1s always possible,
in the interest of clanty or of emphasis, lo use more dots than
are strictly required, provided, of course, that we have due regard
for the different degrees of strength of dots of different classes.
Thus, (z).f(z).g¢(z) and (z) :f(z).g(z) mean the same thing, as
do p.>.(Hz).f(z) and p.>:(dz).f(z).

1n place of



APPENDIX II

THE STRUCTURE OF THE SYSTEM OF STRICT IMPLI-
CATION!

The System of Strict Implication, as presented 1n Chapter V
of A Survey of Symbolic Logic (Umversity of Cahforma Press,
1918), contained an error with respect to one postulate This
was pomnted out by Dr E L Post, and was corrected by me
in the Journal of Philosophy, Psychology, and Scientific Method
(XVII [1920], 300) The amended postulates (set A below)
compare with those of Chapter VI of this book (set B below) as
follows.

! This appendix 18 written by Mr Lews, but the points demonstrated are,
most of them, due to other persons

Groups II and III, below, were transmitted to Mr Lewis by Dr. M
Wajsberg, of the Unmiversity of Warsaw, 1n 1827 Dr Wajsberg's letter also
contained the first proof ever given that the System of Strict Implieation 18
not reducible to Material Implication, as well as the outhne of a system which
18 equivalent to that deducible from the postulates of Strict Implication with
the addition of the postulate later suggested in Becker’s paper and cited below
a8 C11 Itisto be hoped that this and other important work of Dr Wajsberg
will be published shortly

Groups I, IV, and V are due to Dr Wiliam T Parry, who also discovered
independently Groups II apd III  Groups I, II, and III are contained 1n his
doctoral dissertation, on file 1n the Harvard University Labrary Most of the
proofs 1n this appendix have been given or suggested by Dr Parry

It follows from Dr Wajsberg’s work that there 18 an unlimited number
of groups, or systems, of different cardinality, which satisfy the postulates
of Strict Impheation, Mr Paul Henle, of Harvard Unveraty, later dis-
covered another proof of this same fact Mr. Henle’s proof, which can be
more easly indicated 1n brief space, proceeds by demonstrating that any
group which satisfies the Boole-Schroder Algebra will also satisfy the postu-
lates of Strict Implication if ¢p be determined as follows

0p = 1 when and only when p # 0,

0> = 0 when and only when p = 0

This establishes ther fact that there are as many distinet groups satisfying
the postulates as there are powers of 2, since 1t has been shown by Huntington
that there 18 a group satiefying the postulates of the Boole-Schrider Algebrs
for every power of 2 (“Sets of Independent Postulates for the Algebra of
Logie,”’ Trane Amer Math Soc, V {1804], 309).

492
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Al pqg.4.¢9p Bl. pg-4.qp

A2, gp.4.p B2. pg.4.p

A3, p.4.pD B3 p.3.pp

A4 p(gn)-d.q(p7 B4 (por.4.p(gn)
A5 p4~(~p) B5 pd-~(-p)

AB6. pag.gqdr:d.par B6 pdqg.gdr:4.pdr
A7, ~4pd~p B7 p.pdq:4.¢

A8 pHg.d.-0g4~0p B8 o(pqg)4¢p

B9 (Hp,q):=(p4q) .~(p4~q)

The primitive 1deas and definitions are not 1dentical 1n the
two cases, but they form equivalent sets, 1n connection with the
postulates

Comparison of these two sets of postulates, as well as many
other points concerning the structure of Strict Implecation, will
be facihitated by consideration of the following groups Each of
these 18 based upon the same matrix for the relation p g and
the function of negation ~p  (This 18 a four-valued matnx which
satisfies the postulates of the Boole-Schroder Algebra) The
groups differ by their different specification of the function ¢p
We gave the fundamental matrix for p ¢ and ~p 1n the first case
only. The matnxfor p 4 g, resulting from this and the particular
determination of ¢p, 15 givep for each group:

Grour 1
q

pgl1 23 4|~ 0411234

10123 4|4 1|1]244F4
pl2l2 244|383 1222414

334342 1]3|[2424

4la 4441 3(4al2222
Grovur II Gn&mr Ili
ol 11123 4 ol 41]1 234
111434 111444
221133 1211 44
1l[a|141 4 131414
sffa|l11 11 aflalr 111
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Grour IV Gpovr V
o 4123 4 0] 31234
251111333 1]1]2 43 4
221133 2212233
2113|1313 1032 42 ¢4
414 (1111 3142222

The ‘designated values,’ for all five groups, are 1 and 2, that
18, the group 18 to be taken as satisfying any principle whose
values, for all combinations of the values of its varables, are
confined to 1 and 2 (In Groups 1I, III, and IV, 1 alone might
be taken as the designated value‘ but 1n that case it must be
remembered that, since

(Tp,q):~(paq).~(p4=g):.=:.~[(p, Q) :pdg.v.p4~q),

B9 would be satisfied unless p4g.v.pd=¢ always has the
value 1 It 1s simpler to take 1 and 2 both as designated values,
in which cuse B9 13 satisfied if and only if ~(p4q).~(p4~q)
has the value 1 or the value 2 for some combination of the values
of pand ¢)

All of these groups satisfy the operations of ‘Adjunction,’
‘Inference,’ and the substitution of equivalents If P and Q
are functions having a designated value, then P @ will have a
designated value If P has a designated value, and P 4@ has
a designated value, then @ will have a designated value And if
P = @Q—that 1s,1f P4Q.Q4 P has a designated value—then
P and @ will have the same value, and for any function f in the
system, f(P) and f(Q) will have the same value

The following facts may be established by reference to these
groups

(1) The system, as deduced from either set of postulates, 18
consistent Group I, Group II, and Group III each satisfy
all postulates of either set. For any one of these three groups,
B9 18 satisfied by the fact that ~(p4¢).~(p4~g) has a desig-
nated value when p=1 and ¢g= 2, and when p=1 and
g = 3.

(2) The system, as deduced from either set, 18 not reducible
to Matenal Implication For any one of the five groups,
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~(p~q) -4.p4g has the value 3 or 4 when p = 1 and g=2
None of the ‘paradoxes’ of Matenal Implication, such as
P-2.92p end ~p.>.p>g, will hold for any of these groups
if the sign of material implication, 2, 1s replaced by 4 through-
out

(3) The Consistency Postulate, B8, 1s independent of the set
(B1-7 and B9) and of the set A1-7 Group V satisfies B1-7,
and satisfies ~(p4¢q) .~(p4~g) for the values p=1,¢9=2
It also satisfies A1-7 But Group V fails to satisfy B8 BS hae
the value 4 when p = 2 and ¢ =3, and when p =2 and ¢ =4

(4) Similarly, A8 15 independent of the set Al-7, and of the
get (B1-7 and B9) For Group V, AB has the value 4 when
p=1 and ¢=3,and when p=2 and ¢=3

(5) Postulate B7 18 independent of the set (B1-6 and BS, 9),
and of the set (A1-6 and AB) Group IV satisfies B1-6, BS,
and B9, and satisfies A1-6 and A8 But for this group, B7 has
the value 3 when p = 1 and ¢ = 2, and for various other com-
binations of the values of p and ¢

(6) Sumilarly, A7 15 independent of the set (A1-6 and AS8)
and of the set (B1-6 and BR, 9) For Group IV, A7 has the
value 3 when p = 1 and when p = 3.

That the Existence Postulate, B9, 13 independent of the set
B1-8, and of the set A1-8, 1s proved by the following two-element
group, which satisfies B1-8 and A1-8

Ppgl 1 O |-p 6+ L0
1] 1 010 11]10
OIOO|1 0“0 11

(This 18, of course, the usual matrix for Matenal Impheation,
with the function 0p specified as equivalent to p) For this
group, ~(p4¢q) . ~(p 4~¢g) has the value 0 for all combinations
of the values of p and ¢

Dr. Parry has been able to deduce B2 frém tHe set (Bl and
B3-9) However, the omission of B2 from the postulate set of
Chapter VI would have been incompatible with the order of
exposition there adopted, since the Consistency Postulate 18
required for the denivation of B2 Whether with this exception
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the members of set B are mutually independent has not been
fully determined.

The question naturally anses whether the two sets A1-8 and
B1-8 are equivalent. I bhave discovered no proof but believe
that they are not B1-8 are all deducible from A1-8. and A1-7
are all deducible from B1-8 The question is whether AB is
deducible from B1-8 If it 18 not, then the system as deduced
from the postulate set of Chapter VI, B1-9, 18 somewhat ‘stricter’
than as deduced 1n the Survey from set A

The logieally important 1ssue here concerns certain conse-
quences which enter the system when A8 18 introduced Both
Dr Wajsberg and Dr Parry have proved that the prineiple

pAqg.4:q47.4.pA4r7

18 deducible from A1-8 I doubt whether this proposition should
be regarded as a valid prineiple of deduction 1t would never
lead to any inference p 47 which would be questionable when
pd¢ and g4r are given premuses, but 1t gives the inference
g49r.4.p4r whenever p4g 18 s premise KExcept as an
elliptical statement for “p4qg.g<4r:4.p4r and p4dg 18
true,” this inference seems dubious

Now as has been proved under (3) above, the Consistency
Postulate, B8, 18 not deducible from the set (B1-7 and B9).
Likewise the principle mentioned 1n the preceding paragraph 1s
independent of the set (B1-7 and B9) Group V satisfies this
set, but for that group the principle in question has the value 4
when p=1, ¢=3, and r = 1, a8 well as for vanous other
values of p, ¢, and r But Group V also fails to satisfy B8, as
was pointed out 1n (3) above  If 1t should hereafter be discovered
that the dubious principle of the preceding paragraph 1s deducible
from the set B1-9, then at least 1t 18 not contained 1n the system
deducible from the set (B1-7 and B9), and I should then regard
that system—to be referred to hereafter as S1—aa the one which
comeides 1n 1ts properties with the strict pnneiples of deductive
inference  As thé reader will have noted, Chapter VI was so
developed that the theorems belonging to this system, 81, are
readily distingmshable from those which require the Consistency
Postulate, B8
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The system a8 deduced either from set A or from set B leaves
undetermined certain properties of the modal functions, op,
~0p, ¢~p, and ~b~p. In wview of this fact, Professor Oskar
Becker * has proposed the following for consideration as further
postulates, any one or more of which might be added to either set.
Cl0  =¢~p 4 ~0= ~0=p =0~ ~Q=p = =fap
Cll1 op4~0~0p op = ~0 ~0p
Cl2 p4~0~0p

(Becker calls C12 the '‘Brouwersche Axiom )

When Al1-8, or B1-9, are assumed, the second form 1n which
C10 15 given can be denved from the first, since the converse
imphcation, ~¢~ ~¢~p 4 ~0~p, is an immediate consequence of the
general principle, ~¢~p 4p (18-42 1n Chapter VI) The second
form of C11 1s ssmilarly deducible from the first

An alternative and notationally simpler form of C10 would be
Cl01 oopdép ¢ 4p = 0p

(As before, the second form of the principle can be derived
from the first, since the converse implication, 6p 4 ¢ 0p, 18 an 1n-
stance of the general principle p 4 ¢p, which 1s 18-4 in Chapter
V1, deducible from Al1-8, or B1-9)

Substituting ~p for p, 10 C10 1, we have

0 ¢~pdo~p (a)
(a) . = .=0=p4~0 0~p . = . ~0~p 4 ~0=~ ~0~p,
And substituting ~p for p 1n C10, we have
~0~(~p) 4 ~0~ ~0~(~p) , (b)
(b).= .~0pd4~0~~0p.= .~0p4~00p.= .00p40p

(The principles used 1n these proofs are 12 3 and 12 44 m
Chapter VI)

For reasons which will appear, we add, to this st of further
postulates to be considered, the following.

Cl13. ¢ op

[ ]
That 18, “For every proposition p, the statement ‘p 1s self-
consistent’ 18 a self-consstent statement ”’

1 See hus paper ‘' Zur Logik der Modahtaten,”” Jakrbuch fur Philosophe und
Phdnomenologuche Forschung, XI (1930), 407-548
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Concerning these proposed additional postulates, the following
facts may be established by reference to Groups I, II, and III,
above, all of which satisfy the set A1-8 and the set B1-9

(7) C10, C11, and C12 are all conmstent with A1-8 and with
B1-9 and with each other Group III satisfies C10, C11, and
C12,

(8) C10, Ci11, and C12 are each independent of the set
Al1-8 and of the set B1-9 For Group I, C10, C11, and C12
all fail 4o hold when p = 3

(9) Neither C11 nor C12 15 deducible from the set (AI-8
and C10) or from the set (B1-9 and C10). Group II satisfies
C10, but C11 fails, for this group, when p = 2 or p = 4, and
C12 fails when p = 2

(10) C13 18 consistent with the set A1-8 and with the set
B1-9 Group I satisfies C13

(11) C13 15 1ndependent of the set A1-8 and of the set
B1-9, and of (A1-8 and C10, C11, and C12) or (B1-9 and C10,
Cl11, and C12) Group III satisfies all these sets; but for this
group, C13 fails when p = 4

When A1-8, or B1-9, are assumed, the relations of C10, C11,
and C12 to each other are as follows

(12) C10 1s deducible from C11 By C11 and the principle

~(~p) = p,
~0~p = ~[0(~p)] = ~[~¢ ~0(~p)] = 0[~0(~p)]
= ~0 =0(~0 ~p) = ~0[~0 ~0(-p)]
= ~0[0(~p)] = ~0[~[~(0~p)]} = ~0~~0~p
(13) C12 also 18 deducible from C11 By 18 4 in Chapter
VI, p4¢p, and this, together wmith C11, imphes C12, by A6 or
by B6
(14) From C10 and C12 together, C11 is deducible. Sub-
stituting ¢p for p 1n C12, we have

' 0p4=0~00p (a)

And by C10 1,'~0 ~6 ¢p = ~0 ~0p Hence (a) 18 equivalent
to C11

From (12), (13), and (14), 1t follows that as additional
postulates to the set A1-8, or the set B1-9, C11 is exactly equiva-
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lent to C10 and C12 together But as was proved (9), the
addition of C10 alone, gives a system 1n which neither C11 nor
C12 18 deduecible.

Special 1nterest attaches to C10 The set A1-8, or the set
B1-9, unthout C10, gives the theorem

~0~~0~p.d:i~0-p =p

This 18 dedueable from 19 84 1n Chapter VI It follows from this
that 1f there should be some proposition p such that =¢~ ~¢~p
is true, then the equivalences

P = ~0~p and ~0~p = ~9~~0~p

would hold for that particular propomtion And snce, by
19 84 1tself, all necessary propositions are equivalent, 1t follows
that if there is any proposition p which is necessarily-necessary—
such that ~¢~~0~p 18 true—then every proposition which 1s
necessary 18 also necessarily-necessary, and the prineiple stated
by C10 holds umversally But as was proved n (8), this pnn-
ciple, ~0~p = ~0~~0~p, 18 not deducible from A1-8 or from
B1-9 Hence the two possibilities, with respect to necessary
propositions, which the system, as deduced from Al1-8 or from
B1-9, leaves open are (a) that there exist propositions which
are necessarily-necessary, and that for every proposition p,
~0~p = ~0~~0~p, and (b) that there exist propositions which
are pecessary—asd 20 21 in Chapter VI requires—but no proposi-
tions which are mnecessardly-necessary This last 18 exactly what
18 required by C13, ¢ 6p. Substituting here ~p for p, we have,
as an 1mmediate consequence of C13, ¢ 0~p This 18 equivalent
to the theorem ‘“For every proposition p, ‘p 18 necessarly-
necessary’ 1s false””. 0 ¢~p = ¢~ ~¢~p = ~(~0~ ~0~p) [by the prin-
aple ~(~p) = p] Thus C10 expresses alternative (a) above; and
C13 expresses alternative (b) Hence as additional postulates,
C10 and C13 are contrary assumptions

(As deduced from A1-8, the system leaves open the further
alternative that there should be no necessary propositions, or
that the class of necessary propositions should merely coincide
with the class of true propositions; but in that case the system
becomes a redundant form of Materal Imphecation )
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From the preceding discussion it becomes evident that there
18 & group of systems of the general type of S8tnct Implication
and each distinguishable from Material Imphication We shall
arrange these in the order of increasing comprehensiveness and
decreasing 'stnctness’ of the implication relation

81, deduced from the set B1-7, contains all the theorems of
Sections 1-4 1n Chapter VI It contains also all theorems of
Section 5, 1n the form of T-principles, but not with omission of
the T Ths system does not contain A8 or the principle

pdg.4:qg4r.4.pHr.

However, it does contain, in the form of a T-principle, any
theorem which could be derived by using A8 as a principle of
inference* because 1t contains

P4q.~0g:4.~0p,

and hence if (by substitutions) p4¢ becomes an asserted prin-
ciple, we shall have
T.~0qg:4.~0p

When the Exstence Postulate, B9, 1s added, this system S1
contains those existence theorems which are indicated 1n Section
6 of Chapter VI as not requiring the Consistency Postulate, BS,

82, deduced from the set B1-8, contains all the theorems of
Sections 1-5 in Chapter VI, any T-principle being replaceable
by the corresponding theorem without the 7 When the Exst-
ence Postulate, B9, is added, 1t contains all the existence theorems
of Section6 Whether S2 contains'A8 and theprinciple

p4qg.4:qg4r.4.pHr

remains undetermined If that should be the case, then 1t will
be equivalent to 83

83, deduced from the set A1-8, as 1n the Survey, contans all
the theorems of 82 and contains such consequences of A8 as

«  «pdg.d4:q¢dr.4.pAr

If B9 1s added, tke consequences include all existence theorems
of 52

For each of the preceding systems, 81, 82, and 83, any one of
the additional postulates, C10, C11, C12, and C13, 18 consistent
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with but independent of the system (but C10 and C13 are mutu-
ally incompatible)

84, deduced from the set (B1-7 and C10), contains all theorems
of 83, and in addition the consequences of C10. AS and B8 are
deducible theorems §4 15 incompatible with C13 C11 and
C12 are consistent with but independent of 84 If B9 be added,
the consequences include all existence theorems of 82,

85, deduced from the set (B1-7 and Cl11), or from the set
(B1-17, C10, and C12), contains all theorems of 84 and in addition
the consequences of C12  If B9 be added, all existence theorems
of 82 are included A8 and BB are deducible theorems. 85 18
mecompatible wmth C13.

Dr Wajsberg has developed a systern mathematically equiva-
lent to 85, and has discovered many important properties of 1t,
notably that i1t is the himting member of a certain family of
systems Mr Henle has proved that 85 15 mathematically
equivalent to the Boole-Schroder Algebra (nof the Two-valued
Algebra), 1f that algebra be interpreted for propositions, and the
function ¢p be determined by:

¢p = 1 when and only when p = 0;
¢p = 0 when and only when p = 0.

In my opinion, the principal logical significance of the system S5
consists 1n the fact that i1t divides all propositions nto two
mutually exclusive classes- the intensional or modal, and the
extensional or contingent According to the principles of this
system, all intensional or modal propositions are either neces-
sanly true or necessanly false As a consequence, for any modal
proposition—call 1t pm—

0(pm) = (pm) = ~0=(pm),
and 0=(pm) = ~(Pm) = ~0(Pm)

For extensional or contingent propositions, ho'wevel.', possibihity,
truth, and necessity remmin distinct '

Prevailing good use 1n logical inference—the practice 1o
mathematical deductions, for example—s not sufficiently precise
and self-conscious to determine clearly which of these five systems



502 SYMBOLIC LOGIC

expresses the acceptable principles of deduction. (The meaning
of ‘acceptable’ here has been discussed in Chapter VIII)
The issues concern principally the nature of the relation of
‘implies’ which 18 to be relied upon for inference, and certain
subtle questions about the meaning of logical ‘necessity,’ ‘possi-
bihity’ or ‘self-consistency,’ etc —for example, whether C10 1s
true or false  (Professor Becker has discussed at length a number
of such questions, 1n his paper above referred to ) Those inter-
ested 1z the merely mathematical properties of such systems of
symbolic logic tend to prefer the more comprehensive and less
‘stnct’ systems, such as S5 and Matenal Implication The
Tnterests of logical study would probably be best served by an
exactly opposite tendency
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