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PREFACE.

HE following work is not a republication of a former trea-
tise by the Author, entitled, ¢ The Mathematical Analysis
of Logic” Its earlier portion is indced devoted to the same
object, and it begins by establishing the same system of funda-
mental laws, but its methods arc more general, and its range of
applications far wider. It exhibits the results, matured by some
years of study and reflection, of a principle of investigation re-
lating to the intellectual operations, the previous exposition of
which was wiitten within a few weeks after its idea had been
conceived.

That portion of this work which relates to Logic presupposes
in its reader a knowledge of the most important terms of the
science, as usually tieated, and of its general object. On these
points there is no better guide than Archbishop Whately’s
« Elements of Logic,” or Mi. Thomson’s ¢ Outlines of the Laws
of Thought” To the former of these ticatises, the present re-
vival of attention to this class of studics scems in a great measure
due. Some acquaintance with the principles of Algebra is also
requisite, but it is not necessary that this application should have
been carried beyond the solution of simple equations For the
study of those chapters which relate to the theory of probabilities,
a somewhat larger knowledge of Algebra is required, and espe-
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cially of the doctrine of Elimination, and of the solution of Equa-
tions containmg mo1e than one unknown quantity  Picliminary
information upon the subject-matter will be found in the special
tieatises on Piobabihties m ¢ Lardner’s Cabinet Cyelopeedia,”
and the « Libiary of Useful Knowledge,” the former of these by
Piofessor De Morgan, the latter by Su John Lubbock; and in
an intercsting seiies of Letters tianslated fiom the Fiench of
M. Quetelet  Otheriefeiences will be givenin the work On a
first perusal the reader may omit at his discretion, Chapters x.,
x1v, and xix, together with any of the appheations which he
may deem uninviting or 1releyant

In different parts of the work, and especially in the notes to
the concluding chapter, will be found references to various wiiters,
ancient and modern, chiefly devigned to illustiate a certain view of
the history of plulosophy. ith respect to these, the Author
thinks it proper to add, that he has i no mstance given a cita-
tion which he has not believed upon caireful examination to be
supported either by pmallel authorities, or by the general tenor
of the work from which 1t was taken. Wlile he would gladly
have avoided the intioduction of anything which might by pos-
sibility be constiued into the parade of learning, he felt it to be
due both to his subject and to the tiuth, that the statements in
the text should be accompanied by the means of verification.
And if now, in bunging to 1ts close a labour, of the extent of
which few peisons will be able to judge fiom its appment fruits,
he may be peimitted to speak for a single moment of the feelings
with which he has pwisued, and with wluch he now lays aside,
lus task, he would say, that he never doubted that it was worthy of
his best efforts, that he felt that whatever of truth it might bring
to hght wasnot apirvate or anbitrary thing, not dependent, as to
1ts cs=ence, upon any human opmion. He was fully aware that

learned and able men mamtaned opmions upon the subject of
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Logic directly opposed to the views upon which the entire argu-
ment and procedure of his work rested 'While he believed those
opinions to be erroneous, he was conscious that his own views
might insensibly be warped by an influence of another kind. He
felt in an especial manner the danger of that intellectual bias which
long attention to a particulm aspect of truth tends to produce.
But he trusts that out of this conflict of opimions the same truth
will but emerge the more fiee fiom any peiconal admixtwe; that
its different parts will be seen 1n theu just proportion ; and that
none of them will eventually be too highly valued or too lightly
regarded because of the prejudices which may attach to the
mere form of its exposition.

To his valued friend, the Rev. George Stephens Dickson,
of Lincoln, the Author desires to record lus obligations for much
kind assistance in the revision of this work, and for some impor-

tant suggestions.

5, GRENVILLE-PLACE, CORK,
Nov. 30th, 1853
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NOTE

In Prop II,p 261, by the “absolute probabilities” of the cvents r, y, 2 13
meant simply what the probabihities of those events ought to be, m order that,
regarding them as independent, and thewr probabilities a3 our only data, the cal-
culated probabilities of the same events under the condition ¥ 'should be p, g,
The statement of the appended problem of the urn must be modified 1n & simlar
way. The true solution of that problem, as actually stated, 15 p’ = ¢p, ¢'=rq,
m which c 1s the arbitrary piobability of the condition that the ball drawn shall
be erther white, or of maible, or both 2t once —See p 270, Case II

Accordingly, since by the logical reduetion the solution of all questions n
the theory of probabilittes 1s brought to a form \n which, from the probabilities
of sumplo events, s, £, &c¢ under a given condition, V, 1% 15 requued to determine
the probability of some combimation, 4, of those events under the same condi-
tion, the prmeiple of the demonstration in Prop IV 1s really the following —
“The probability of such combination 4 under the condition ¥ must be calcu-
lated asif the events s, ¢, &c wete independent, and possessed of such probab-
lties as would cause the derived probabilities of the smid events under the same
condition ¥ to be such as are assigned to them i the data ™ Thus prinetple 1
regard as axiomatic At the same time 1t admits of indefimite verifieation, as
well direetly as through the resuits of the method of which 1t forms the basis
I think 1t might to add, that 1t was in the above form that the principle first pre-
sented 1tself to my mind, and that 1t 15 thus that I have always understood it,
the error in the particular problem referred to having amsen from inadvertence
1 the choice of 2 material 1llustration
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AN INVESTIGATION

oF

THE LAWS OF THOUGHT

CHAPTER 1.

NATURE AND DESIGN OF THIS WORK.

1. THE design of the following treatise is to investigate the

fundamental laws of those operations of the mind by which
reasoning is performed; to give expression to them in the symboli-
cal language of aCalculus, and upon this foundation to establish the
science of Logic and construct its method ; to make that method
itself the basis of a general method for the application of the ma-
thematical doctrine of Piobabilities; and, finally, to collect from
the various elements of tiuth brought to view in the course of
these inquilies some probable intimations concerning the nature
and constitution of the human mmnd.

2 That this design is not altogether a novel one it is almost
needless to remak, and it is well known that to its two main
practical divisions of Logie and Probabilities a very considerable
share of the attention of plulosopheis has been directed. In its
ancient and scholastic form, mdeed, the subject of Logic stands
almost exclusively associated with the great name of Aristotle.
As it was presented to ancient Greece in the partly technical,
partly metaphysical disquisitions of the Organon, such, with
scarcely any essential change, it has continned to the present
day. The stream of onginal inquiry has rather been directed
towards questions of general philosophy, which, though they
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have arisen among the disputes of the logicians, have outgrown
their origin, and given to successive ages of speculation their pe-
culiar bent and character. The eras of Porphyry and Pioclus,
of Anselm and Abeclard, of Ramus, and of Descaites, together
with the final protests of Bacon and Locke, rise up before the
mind as examples of the 1emoter influences of the study upon the
course of human thought, partly mn suggesting topics fertile of
discussion, partly in provoking 1emonstiance against its own un-
due pretensions. The history of the theory of Probabilities, on
the other hand, has presented far more of that character of steady
growth which belongs to science. In its origin the early genius
of Pascal,—in its matuier stages of development the most recon-
dite of all the mathematical speculations of Laplace,—were direct-
ed to its impiovement ; to omt here the mention of other names
scarcely less distinguished than these. As the study of Logic has
been remakable for the kindied questions of Metaphysics to
which 1t has given occasion, so that of Probabilitics also has been
remarkable for the impulse which it has bestowed upon the
higher departments of mathematical science  Each of these sub-
jects has, morcover, been justly 1egarded as having 1elation to a
speculative as well as to a practical end. To enable us to deduce
correct inferences fiom given premses is not the only object of
Logic ; nor is it the sole claim of the theory of Probabilities that
it teaches us how to establish the business of life assurance on a
secure basis; and how to condense whatever 1s valuable in the
records of innumerable observations in astionomy, in physics, or
in that ficld of social inquiry which is fast assuming a character
of great importance. DBoth these studies have also an interest
of another kind, derived fiom the hght which they shed upon
the intellectual powers They instruct us concerning the mode
in which language and number serve as instrumental aids to the
processes of rcasoning ; they reveal to us in some degree the
connexion between different powers of our common intellect;
they set before us what, in the two domains of demonstrative and
of probable knowledge, are the essential standards of truth and
correctness,—standards not derived from without, but deeply
founded in the constitution of the human faculties. These ends
of speculation yield neither in intercst nor in dignity, nor yet, it
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may be added, in importance, to the practical objects, with the
pursuit of which they have been histoically associated. To un-
fold the sectet laws and relations of those high faculties of
thought by wlich all beyond the merely peiceptive knowledge
of the world and of ourselyes 1s attained or matured, is an object
which does not stand in necd of commendation to a 1ational
mind.

3 But although certain parts of the design of this work have
been entertained by otheis, its general conception, its method,
and, to a considerable extent, its 1csults, are believed to be ori-
ginal. For this1eason I shall offer, in the present chapter, some
preparatory statements and explanations, in order that the real
aim of this ticatise may be undeistood, and the treatment of its
subject facilitated.

It 15 designed, in the first place, to investigate the fundamen-
tal laws of those operations of the mind by which reasoning is
performed. It is unneccssary to enter here into any argument to
prove that the operations of the mind are in a certain real sense
subject to laws, and that a science of the mind 1s therefore possible.
If these are questions which admit of doubt, that doubt is not
to be met by an endcavour to settle the point of dispute & preori,
but by directing the attention of the oljector to the evidence of
actual laws, by referring him to an actual sczence. And thus the
solution of that doubt would belong not to the introduction to
this treatise, but to the treatise itself. ILct the assumption be
granted, that a science of the intellectual powers is possible, and
let us for a moment consider how the knowledge of it is to be
obtaned

4. Like all other sciences, that of the intellectual operations
must primnaiily rest upon obscivation,—the subject of such ob-
servation bemng the vay opeiations and processes of which we
desire to determine the laws. DBut while the necessity of a foun-
dation in experience is thus a condition common to all sciences,
there are some special differences between the modes in which
this principle becomes available for the determination of general
truths when the subject of inquiry is the mind, and when the
subject is external nature. To these it is nccessary to direct
attention.
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The general laws of Nature arc not, for the most pait, imme-
diate objects of perception. They are either inductive inferences
from a large body of facts, the common truth i which they ex-
press, o1, m their origin at least, physical hypotheses of a causal
nature serving to explain phznomena with undesiating piecision,
and to cnable us to predict new combmations of them They
are in all cases, and in the strictest sense of the teum, prodable
conclusions, approaching, indeed, cver and ever nemer to cer-
tainty, as they receive more and moie of the confimation of ex-
perience. But of the character of piobability, in the strict and
proper sense of that term, they a1e never wholly divested On the
other hand, the knowledge of the laws of the mind does not require
as its basis any extensive collection of observations The general
truth is seen 1n the particular instance, and 1t 1s not confirmed
by the 1epetition of imnstances We may illustrate this position
by an obvious example. It may he a question whether that for-
mula of 1easoming, which 18 called the dectum of Aiistotle, de omnz
et nullo, expresses a prumary law of human 1easoning or not ; but
it is no question that 1t expresser a general tinth in Logic  Now
that truth 13 made manifest m all its generahty by 1cflection
upon a smngle instance of 1fs apphication. And this 1s both an
evidence that the paiticular puneiple or formula 1n question is
founded upon some general law cu laws of the mind, and an illus-
tration of the doctiine that the pereeption of such geneial truths
is not deiived fiom an mduction fiom many mstances, but is in-
volved in the clear apprehension of a single mstance. In con-
nexion with tlus tiath is seen the not less important one that
our knowledge of the laws upon which the science of the intellec-
tual powe1s rest~, whatever may be 1ts extent o1 its deficiency, is
not probable knowledge. For we not only sce 1n the particular
example the general truth, but wesee 1t also as a certain truth,—
a truth, our confidence in which will not continue to increase
with increasing experience of its practical verifications.

5. But if the geneial truths of Logic are of such a nature that
when presented to the mind they at once command assent,
wheremn consists the difficulty of constructing the Science of
Logic? Not, it may be answered, in collecting the materials of
knowledge, but in disaiminating their natwe, and determining



CHAP. l] NATURE AND DESIGN OF TH1S WORK. 5

their mutual place and relation. All sciences consist of general
truths, but of those truths some only arc primary and fundamen-
tal, others are secondary and derived. The laws of elliptic mo-
tion, discovered by Keplei, are general tiuths in astronomy, but
they are not its fundamental tanths. And 1t 13 so also in the
purely mathematical sciences. An almost boundless diversity of
theorems, which me known, and an infimte possibility of others,
as yet unknown, rest together upon the foundation of a few sim-
ple axioms, and yet these me all general truths. It may be
added, that they aic truths which to an intelligence sufficiently
refined would shine forth in their own umboriowed hight, with-
out the necd of those conneeting links of thought, those steps
of weamisome and often pamnful deduction, by which the know-
ledge of them is actually acquued. TLet us define ag fundamental
those laws and principles fiom wlich all other general truths of
science may be deduced, and into which they may all be again
resolved Shall we then err in 1egarding that as the true science
of Logic which, laying down ceitain clementary laws, confirmed
by the very testunony of the mind, peimits us thence to deduce,
by uniform processes, the entne chan of it~ sccondary conse-
quences, and finnishes, for 1ts practical applications, methods of
perfect generality ? Let it be considered whether in any science,
vicwed either as a system of truth o as the foundation of a prac-
tical art, theie can properly be any other test of the completeness
and the fundamental chmacter of its laws, than the completeness
of its system of detived truths, and the generality of the methods
which it serves to establi-h. Other questions may indeed pre-
sent themsclves Coniecnicnee, prescuiption, individual prefe-
rence, may wge their clams and deseive attention. But as
respects the question of what constitutes science i its abstract
integrity, I apprehend that go other considaations than the
above are properly of any value.

6. It is designed, 1n the next place, to give expression in this
treatise to the fundamental laws of reasoning in the symbolical
language of'a Calculus Upon this head it will suffice to say, that
thosc laws are such as to suggest this mode of expression, and
to give to it a pecuhar and exclusive fitness for the ends in view.
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There is not only a close analogy between the operations of the
mind in general reasoming and its operations in the particular
science of Algebra, but there is to a considerable extent an exact
agreement in the laws by which the two classes of operations are
conducted. Of course the laws must in both cases be determined
independently; any foimal agreement between them can only be
established @ posteror: by actual compaiison. To borrow the
notation of the science of Numbei, and then assume that in its
new apphication the laws by wluch its use is goveined will remain
unchanged, would be meie hypothesis Theie exist, indeed,
certain general principles founded 1n the veiy nature of language,
by which the use of symbols, which are but the clements of
scientific language, is determined. To a certain extent these
elements are arbitrary. Then mnteipretation is puely conven-
tional : we are permitted to employ them in whatever sense we
please  But this permission 1s linuted by two indispensable con-
ditions,—fi1st, that fiom the sensc once cony entionally established
we nevel, in the same process of 1casoning, depart; secondly,
that the laws by which the process 1s conducted he founded ex-
clusively upon the above fixed sense or meamng of the symbols
employed. In accordance with these pinciples, any agrecment
which may be established between the laws of the symbols of
Logic and those of Algebra can but issuc in an agreement of pro-
cesses. The two provinces of mterpretation 1emain apart and
independent, cach subject to 1ts own laws and conditions.

Now the actual investigations of the following pages exhibit
Logie, in its practical aspect, as a system of processes carried on
by the aid of symbols having a defimte mterpretation, and sub-
ject to laws founded upon that interpretation alone. But at the
same time they exhibit those laws as identical in form with the
laws of the general symbols of algebia, with this single addition,
viz., that the symbols of Logic are fnther subject to a special
law (Chap. i1.), to which the symbols of quantity, as such, are
not subject Upon the nature and the evidence of this law it isnot
purposed here to dwell. These questions will be fully discussed
in a future page. But as constituting the essential ground of
difference between those forms of inference with which Logic is
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conversant, and those which present themselves in the particula
science of Numbe:, the law in question is deserving of more
than a passing notice. It may be said that 1t lies at the very
foundation of gencral reasoning,—that 1t governs those intcllec-
tual acts of conception or of imagination which are prehipinary to
the processes of logical deduction, and that 1t gives to the pro-
cesses themsels es much of their actual foim and expression. It
may hence be affirmed that this law constitutes the germ or semi-
nal principle, of which every approxunation to a general method
in Logic is the more o1 less perfect development

7. The principle has already been lmd down (5) that the
sufficiency and tiuly fundamental character of any assumed sys-
tem of laws in the science of Logic must partly be seen in the
perfection of the methods to which they conduct us. It remains,
then, to consider what the requirements of a general method in
Logic are, and how far they are fulfilled in the system of the pre-
sent work.

Logic is conversant with two kinds of relations,—relations
among things, and relations among facts. But as facts are ex-~
pressed by propositions, the latter species of relation may, at
least for the purposes of Logic, be 1esolved into a relation among
propositions  The assertion that the fact or event 4 is an inva-
riable consequent of the fact or event B may, to this extent at
least, be regarded as equivalent to the assertion, that the truth
of the proposition affiiming the occurience of the event B always
implies the truth of the proposition affuming the occurrence of
the event 4. Instead, then, of saying that Logic is eonversant
with relations among things and relations among facts, we are
permitted to say that it 1s conceined with 1elations among things
and relations among propositions. Of the former kind of relations
we have an example in the proposition—* All men are mortal ;*
of the latter kind in the proposition—¢ If the sun is totally
eclipsed, the stars will become visible” The one expresses a re-
lation between ¢*men” and ¢ mortal beings,” the other between
the elementary propositions—¢ The sun is totally eclipsed ;"
¢ The stars will become visible.” Among such relations 1 sup-
pose to be included those which affirm or deny existence with
respect to things, and those which affirm or deny truth with re-
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spect to propositions. Now lct those things or those propositions
among which relation is expiessed be termed the elements of
the propositions by wkich such relation is expressed. Proceed-
ing from thiz definition, we may then say that the premises of any
logical argument express gzuen relations among certain elements,
and that the conclusion must express an wmphied relation among
those elements, or among a part of them, i. e. a 1elation 1mphed
by or inferentially involved in the premises.

8. Now this being premised, the requirements of a general
method 1 Logic seem to be the following :—

Ist. As the conclusion must expicss a relation among the
whole or among a part of the clements involved in the premises,
it is requisite that we should possess the means of eluminating
those clements which we desire not to appear in the conclusion,
and of determming the whole amount of 1clation implied by the
premises among the elements which we wish to retain. Those
elements which do not present themselses 1n the conelusion are,
in the language of the common Logic, called middle teims; and
the species of elimination exemplified 1n t1catises on Logic consists
in deducing fiom two propositions, containing a common clement
or middle term, a conclusion connccting the two remaning terms.
But the problem of climination, as contemplated mn this work,
possesses a much wider scope It proposes not meicly the chmi-
nation of one middle texm fiom two propositions, but the elini-
nation generally of middle terms from piopositions, without
regard to the number of cither of them, or to the nature of their
connexion. To this object ncither the processes of Logic nor
those of Algebra, in their actual state, present any stuict parallel
In the latter science the problem of cimination is known to be
limited in the following manner :—From two equations we can
eliminatc one symbol of quantity, fiom three equations two
symbols ; and, generally, from » equations = — 1 symbols But
though this condition, necessary in Algebra, seems to prevail in
the existing Logic also, it has no essential place in Logic as a
science There, no relation whatever can be proved to prcvail
between the number of terms to be climinated and the number
of propositions from which the climination is to be effected.
From the equation repiesenting a single proposition, any num-
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ber of symbols representing terms or elements in Logic may be
eliminated ; and from any number of equations 1cpresenting pro-
positions, one or any other number of symbols of this kind may
be eliminated in a similar manner For such climination there
exists one general process apphecable to all cases. This is one of
the many remarkable consequences of that distingushing law of
the symbols of Logic, to which attention has been already
directed.

2ndly. It should be within the province of a general method
in Logic to express the final 1elation among the elements of the
conclusion by any admissible Z:nd of proposition, or in any se-
lected order of teams. Among vaicties of kind we may reckon
those which logicians have designated by the terms categorical,
hypothetical, disjunctive, &. To a choice or selection in the
order of the terms, we may 1efer whatsoever is dependent upon
the appearance f particulu clements i the subject or in the
predicate, in the antecedent orin the consequent, of that propo-
sttion which foims the ¢ conclusion ”  But waiving the language
of the schools, let us consader what 1eally distinet species of
problems may present themselves to om notice  'We have scen
that the clements of the final o1 inferred 1clation may either be
things o1 proposutions.  Suppose the foomer case, then it might
be required to deduce fiom the premises a defimtion or deseription
of some one thing, or cla~ of things, constituting an element of
the conclusion in teims of the other things mvolved m it. Or
we might form the conception of some thing o1 class of things,
involving more than onc of the elements of the conclusion, and
requile 1ts expression in teims of the other clements. Again,
suppose the elements retained in the conclusion to be propo-
sitions, we might desue to ascertain such pomnts as the following,
viz., Whether, in tntue of the premiscs, any of those propo-
sitions, taken singly, ame tiue or false ?—Whether particular
combinations of them are true or false >—Whether, assuming a
particular proposition to be true, any conscquences will follow,
and 1f so, what consequences, with respect to the other propo-
sitions P— Whether any paiticular condition being assumed with
reference to certain of the propositions, any consequences, and
what consequences, will follow with respect to the others ? and



10 NATURE AND DESIGN OF THIS WORK. [cHaP. 1.

so on. I say that these are general questions, which it should
fall within the scope or province of a general method in Logic to
solve. Perhaps we might include them all under this one state-
ment of the final problem of practical Logic. Given a set of
premiscs expressing 1elations among certain clements, whether
things or propositions: requued expheitly the whole 1elation
consequent among any of those clements under any proposed
conditions, and in any proposed form That this problem, under
all its aspects, is resolvable, will hereafter appear. DBut it is not
for the sake of noticing this fact, that the above inquiry into the
nature and the functions of a general method in Logic has been
introduced It is necessary that the reader should apprehend
what are the specific ends of the mvestigation upon which we
are entering, as well as the pumciples which ame to guide us to
the attainment of them

9. Possibly it may here be said that the Logic of Aristotle,
in its rules of syllogism and conversion, sets forth the elementary
processes of which all reasoning consists, and that beyond these
there is neither scope nor occasion for a general method. I have
no desre to pomt out the defects of the common Logie, nor do 1
wish to refer to it any further than is necessary, in order to place
in its true hght the nature of the present treatise. With this
end alone in view, I would 1emark .—1st. That syllogism, con-
version, &c., are not the ultimate processes of Logic. It will
be shown 1n this treatise that they aic founded upon, and are re-
solvable into, ulterior and more sumple processes which constitute
the real clements of method in Logic. Nor is 1t true in fact that
all inference is 1educible to the pauiticular foims of syllogism and
conveision.— Vide Chap. xv. 2ndly. If all inference were re-
duaible to these two piocesses (and it has been maintained that
it is reducible to syllogism alone), theie would still exist the
same necessity for a general method For it would still be re-
quisite to determine in what order the processes should succeed
each other, as well as their particular nature, in order that the
desired relation should be obtained. By the desired relation I
mean that full relation which, in virtue of the premises, connects
any elements selected out of the premises at will, and which,
moreover, expresses that 1clation 1n any desired form and order.
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If we may judge from the mathematical sciences, which are the
most perfect examples of method known, this directwe function
of Method constitutes its chief office and distinction. The fun-
damental processes of muithmetie, for instance, are in themselves
but the elements of a possible science. To assign their nature is
the fiist business of its method, but to arnange their succession
is 1ts subsequent and lugher function In the more complex
examples of logical deduction, and espeeially in those which form
a basis for the solution of difficult questins in the theory of
Probabilities, the aid of a dnective method, such as a Calculus
alone can supply, is indispensable.

10. Whence 1t is that the ultimate laws of Logic are mathe-
matical in their form; why they aie, except in a single point,
identical with the general laws of Number; and why in that par-
ticulm point they differ ;—are questions upon which it might not
be very remote fiom presumption to endeavour to pronounce a
positive judgment. Piobably they he beyond the reach of our
limited faculties. It may, perthaps, be peimitted to the mind to
attain a knowledge of the laws to which 1t is itself subjcet, with-
out 1ts bemng also given to 1t to undeistand their ground and
origin, or even, except in a very limited degree, to comprehend
therr fitness for their end, as compaied with other and conceivable
systems of law. Such knowledge is, indeed, unnecessary for the
cnds of seience, which propeily conceins itself with what is, and
seeks not for grounds of preference or reasons of appointment.
These considerations furmish a sufficient answer to all protests
against the exlubition of Logic in the foum of a Caleulus. It is
not because we choosc to assign to 1t such a mode of manifes-
tation, but because the ultimate Jaws of thought 1ender that mode
possible, and prescribe its chaiacter, and foilad, as it would
seem, the perfect mamfestation of the science 1 any other form,
that such a2 mode demands adoption. It is to be remembered
that it is the business of science not to create laws, but to discover
them. We do not originate the constitution of our own minds,
greatly as it may be in our power to modify their character.
And as the laws of the human intellect do not depend upon our
will, so the forms of the science, of which they constitute the ba-
sis, arc mn all essential 1cgards independent of individual choice.
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11. Beside the general statement of the principles of the
above method, this treatise will exhbit its application to the
analysis of a considerable yariety of propositions, and of tiains of
propositions constituting the prenuses of demonstiative argu-
ments These examples have been selected fiom various wiiters,
they differ greatly in complexity, and they emhiace a wide 1ange
of subjects Though in ths particular 1espect 1t may appear to
some that too great a latitude of choice has been exercised, I do
not deem it nccessary to offer any apology upon this account.
That Logc, as a science, is susceptible of vary wide apphications
is admitted ; but it is equally certamn that its ultimate fuims and
processes arc mathematical  Any objection @ prewre which may
therefore be supposed to lie against the adoption of such forms
and processes in the discussion of a pioblem of morals o1 of ge-
peral plilosophy must be founded upon misapprehension or false
analogy It 1s not of the essence of mathematies to be conyeisant
with the ideas of number and quantity. Whether as a geneial
habit of mind it would be desiiable to apply symbolical processes
to moral aigument, is another question. Possibly, as 1 have
elsewheic ob~erved,* the peifection of the method of Logic may
be chiefly valuable as an evidence of the speculatine tiuth of its
principles. To supersede the employment of common reasoning,
or to subjeet 1t to the 1igowr of technical {o1ms, would Le thelast
desire of one who knows the value of that mtcllectual {oil and
warfare which imparts to the mind an athletic vigow, and teaches
it to contend with difficultics, and to 1cly upon 1itself in emer-
gencies. Nevertheless, cases may aiise 1n which the value of a
scientific procedure, even m those things which fall confessedly
under the ordinary dominion of the 1cason, may be felt and ac-
knowledged. Some examples of this kind will be found 1n the
present worle.

12 The geneial doctiine and method of Logic above ex-
plained form also the basie of a theory and corzesponding method
of Probabilitics. Accordingly, the dey clopment of such a theory
and method, upon the above puneiples, will constitute a distinet
object of the present treatise  Of the natwie of this application
it may be desirable to give here some account, mote e~peetally a«

* Mathematical Analysis of Logic London G Boll 1847
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regards the character of the solutions to which it leads. In con-
nexion with this object some further detail will be requisite con-
cerning the forms in which the results of the logical analysis are
presented.

The ground of this necessity of a prior method in Logie, as
the basis of a theory of Probalulities, may be stated in a few
woids. DBefore we can determine the mode 1 which the expected
fiequency of occuirence of a particular event i dependent upon
the hknown fiequency of occurrence of any other ey ents, we mustbe
acyuainted with the mutual dependence of the eyents themselves.
Speaking techmeally, we must be able to eapress the cvent
whose probabihity is sought, as a function of the events whose
probabilities e given  Now this expheit determination belongs
m all instances to the department of Logie. Probability, how-
cver, m its mathematical acceptation, admits of numerical mea-
sutement. Hence the subject of Probabilities belongs equally to
the science of Number and to that of Logic  In recognising the
co-ordinate exi-tence of both these elements, the present tieatise
differs fiom all previous ones; and as this diffeience not only
affects the question of the possibility of the solution of problems
in a large number of instances, but also introduces new and im-
portant element- into the solutions obtamned, I deem it necessary
to state heie, at some length, the peculiar consequences of the
theory developed 1 the following pages

13. The measwe of the probability of an cvent is usually
defined as a fiaction, of which the numerator 1epresents the num-
ber of cascs favourable to the event, and the denominator the
whole number of cases favourable and unfavourable; all cases
being supposed equally hikely to happen  That definition is
adopted 1n the present work At the same time 1t 15 shown that
there is another aspect of the subject (shortly to be referred to)
which might' equally be regarded as fundamental, and which
we uld actually lead to the same system of methods and conclu-
sions It may be added, that so far as tl.e recen ed conclusions
of the theory of Probabilitics extend, and so far as they are con-
sequences of it fundamental definitions, they do not differ from
the re<ults (supposed to be equally correct in inference) of the
method of this work
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Again, although questions in the theory of Probabilities
present themselves under vamious aspects, and may be variously
modified by algebraical and other conditions, there seems to be
one general type to which all such questions, or so much of each
of them as tiuly belongs to the theory of Probabilities, may be
referred. Considered with 1ceference to the data and the ques:-
tum, that type may be desciibed as follows :—1st. The data are
the probabihities of one o1 more given events, cach probability
being cither that of the absolute fulfilment of the event to which
it rclates, or the probability of its fulfilment under given sup-
posed conditions. 2ndly. The qu@s:tum, o1 object sought, 13 the
probability of the fulfilment, absolutely o1 conditionally, of some
other event differing in expiession fiom those m the data, but
more o1 less involying the same clements. As conceins the data,
they arc either causally gien,—as when the probability of a par-
ticular thiow of a die 1s deduced fiom a knowledge of the consti-
tation of the piece,—or they aie derived fiom observation of
repeated 1nstances of the success or fmlure of events. In the
latter casc the probability of an event may be defined as the
limit towaid which the 1atio of the favomable to the whole num-
ber of observed cases approaches (the umifoinuty of natwie beng
presupposed) as the observations me mdefinitely continued.
Lastly, as conceins the natwie or 1clation of the events m ques-
tion, an important distinction 1emains.  Those events are cither
simple or compound. By a compound event is mecant one of
which the expiession in language, o1 the coneeption m thought,
depends upon the expression o1 the conceplion of vther cvents,
which, mclation to it, may be 1cgarded as sumple events. To
say ‘“1t ramns,” or to say 1t thundeis,” 15 to express the occur-
rence of a simple cvent; but to szy ‘1t rains and thunders,” or
to say <1t either rains o1 thunders,” 13 to expaess that of a coms
pound event. Foi the expiression of that event depends upon
the elementary expiessions, ¢ it rains,” ¢it thunders” The cri-
terion of simple events 1s not, therefore, any supposed simplicity
in their nature. It is founded solcly on the mode of therr ex-
pression 1n langnage or conception in thought.

14. Now one gencral problem, which the existing theory of
Probabihitics enables us to solve, 1s the following, viz :—Given
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the probabilities of any simple events: required the probability of
a given compound event, i. e. of an event compounded in a given
manner out of the given simple events, The poblem can also
be solved when the compound event, whose probability is re-
quired, is subjected to given conditions, i. e to conditions de-
pendent also in a grien manner on the given simple events.
Beside this gencial problem, theie exist also pmiticular problems
of which the principle of solution is known. Various questions
relating to causes and effects can be solved by known methods
under the particular hypothesis that the canses are mutually ex-
clusive, but appaiently not otherwise. Beyond this it is not
clear that any advance has been made towamd the solution of
what may be 1egaided as the general problem of the science, viz.:
Given the probabilities of any events, simple or compound, con-
ditioned or unconditioned - 1equured the probability of any other
event cqually aibitiany 1n expression and conception. In the
statement of this question 1t 1> not even postulated that the
events whose probabilities are given, and the one whose proba-
bility is sought, should myolve =ome common clements, because
it is the office of a method to determine whether the data of a
problem are sufficient for the end 1n view, and to indicate, when
they a1e not so, wheren the deficiency consists.

This problem, m the most umestiieied form of its statement,
is resolvable by the method of the present treatise; or, to speak
mo1e preciaely, 1ts theoretical solution iy completely given, and
its practical solution 13 brought to depend only upon processes
pmely mathematical, such as the resolution and analysis of equa-~
tions. The order and character of the general solution may be
thus descubed.

15. In the first place 1t is always possible, by the preliminary
method of the Calculus of Logie, to express the event whose
probalnlity 1s sought as a logical function of the events whose
probabilities are given. The result is of the following character :
Suppose that X represents the event whose probability is sought,
A, B, C, &c. the cvents whose probabilities are given, those
events being cither sumple or compound. "Then the whole rela-
tion of the event X to the events 4, B, C, &c. 1s deduced in the
form of what mathematicians term a development, consisting, in
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the most general case, of four distinet classes of terms By the
first class aie expressed those combinations of the events 4, B, C,
which both necessarily accompany and neccssarily indicate the
occurrence of the event X ; by the second class, those combina-
tions which necessauily accompany, but do not necessaiily imply,
the occurrence of the event X; by the thud class, those combi-
nations whose occuizence in connexion with the event X is im-
possible, but not otherwise mnpossible; by the fourth class,
those combinations whosc occurzence is impossible under any cir-
cumstances I shall not dwell upon this statement of the 1esult
of the logical analyais of the problem, fuither than to iemaik
that the elements whieh it presents aie precizely those by which
the expectation of the event X, as dependent upon our know-
ledge of the events 4, B, C, 1, o1 alone can be, affected. General
reasoning would veufy thie coaclusion, but geneial 1easoning
would not usually avail to disentangle the compheated web of
events and cucumstances fiom which the solutin above de-
seribed must be evolved. The attainment of this vbject consti-
tutes the fiist step towards the complete solution of the question
proposed. Itis to Le noted that thus far the process of solution
is logical, i. ¢. conducted by symbols of logical sigmficance, and
resulting in an cquation nter pretable mto a propositeon. Let this
result be termed the final logical equation.

The second step of the process descives attentive 1emamk.
From the final logical equation to wluch the pievious step has
conducted us, aie deduced, by inspection, a seiies of algebraic
equations mmpheitly involving the complete solution of the pro-
blem proposed.  Of the mode m which this tiansition is effected
let it suffice to say, that theie eaists a defimte 1clation between
the laws by which the probabilities of events are expressed as
algebraic functions of the probabihties of othe1 events upon which
they depend, and the laws by which the logical connexion of
the events is itself expressed  This relation, like the other co-
incidences of formal law which have been referred to, is not
founded upon hypothesis, but is made known to us by observation
(I.4), and 1ceflection  1f, how ever,its1cality were assumed d praors
as the bass of the very defimition of Piobability, strict deduction
would thence lead us to the 1cceived nunerical definition as a
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necessary consequence. ‘The Theory of Phobabilities stands, as
it has already been remarked (I. 12), in equally close relation to
Logic and to Azithmetic; and it is indifferent, so far as results
are concerned, whether we 1egaid 1t as springing out of the lat-
ter of these sciences, 01 as founded i the mutual relations which
connect the two together.

16. There me some ciicumstance-, wmteresting perhaps to the
mathematician, attending the geneial solutions deduced by the
above method, which it may be desnable to notice

1st. As the method 1s mdependent of the number and the
nature of the data, it continues to be applicable when the latter
are msufficient to render determinate the value sought When
such is the case, the final expression of the solution will contain
terms with mbittary constant cocfficients.  To such terms theie
will coirespond terms in the final logieal equation (1. 15), the
interpietation of which will inform us what new data me re-
qusite in order to determine the values of those constants, and
thus render the numectical solution complete. If such data are
not, to be obtained, we can still, by giving to the constants their
limiting values 0 and 1, determme the lmuts within which the
probability sought must lie independently of all further expe-
riecnce. \When the event whosc probability 1~ sought is quete in-
dependent of tho~e whose piobabilitics are given, the limits thus
obtained for 1ts value will he 0 and [, as 1t 15 cvident that they
ought to be, and the mnteipietation of the constants will only
lead to a 1c-statement of the ovigmal problemn

2ndly. The expiession of the finnl ~olution will in all cases
involve a particular element of quantity, detciminable by the so-
lution of an algebiaic equation. Now when that equation 1s of
an elevated degree, a difficulty may scem to amise as to the se-
lection of the proper root. Theie are, indeed, cases in which
both the elements given and the element sought are so obviously
restricted by necessary conditions that no choice remains. But
in complex instances the discovery of such conditions, by un-
assisted force of reasoning, would be hopeless A distinet me-
thod is requsite for this end,—a method which mght not
inapprop iately be termed the Calculus of Statiztical Conditions.
Into the natwe of this method 1 shall not here fwither enter
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than to say, that, like the previous method, it is hased upon the
employment of the ¢ final logical equation,” and that it definitely
assigns, 1st, the conditions which must be fulfilled among the
numencal elements of the data, in oider that the problem may
be real, i. e. derived from a possible experence , 2ndly, the nu-
merical himits, within which the probability sought must have
been confined, if, instead of being detexmined by theory, it had
been deduced directly by observation fiom the same system of
phaenomena fiom which the data were denved. It s clear that
these limits will be actual Limits of the probability sought.
Now, on supposing the data subject to the conditions above as-
signed to them, it appears 1 every instance which I have exa-
mined that there exists one root, and only one root, of the final
algebraic equation which is subject to the rcquired limitations
Every somece of ambiguity is thus 1emoved. It would even seem
that new truths relating to the theory of algebraic equations
are thus incidentally brought to light. It is 1emarkable that
the special clement of quantity, to which the previous discussion
relates, depends only upon the data, and not at all upon the
guesitum of the problem proposed  Ilence the solution of each
particular problem unties the knot of difficulty for a system of
problems, viz., for that system of problems which 1s marked by
the possession of common data, mdependently of the nature of
their quesita. This chcumstance is important whenever fiom a
particular system of data it i~ 1equired to deduce a series of con-
nected conclusions. And it fwmther gives to the solutions of
particular problems that chaiacter of relationship, derived from
their dependence upon a central and fundamental unity, which
not unfrequently marks the apphcation of geneial methods.

17. But though the above consideiations, with others of a
like natme, justify the assertion that the method of this ticatise,
for the solution of questions in the theory of Probabilities, is a
general method, it does not thence follow that we are relieved in
all cases from the necessity of recourse to hypothetical grounds.
It has been observed that a solution may consist entirely of terms
affected by arbitrary constant cocfficients,~—may, in fact, be
wholly indefinite  The application of the method of this work to
some of the most important questions within its range would—
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were the data of experience alone employed—present results of
this character. To obtain a definite solution it is necessary, in
such cases, to have recourse to hypotheses possessing more or less
of independent probability, but incapable of exact verification.
Generally speaking, such hypotheses will differ fiom the imme-
diate results of experience in partaking of alogical rather than of a
numetrical character , in prescribing the conditions under which
ph@nomena oceur, 1ather than assigning the relative frequency
of their occurrence. This encumstance 1z, howeyer, ummportant.
‘Whatever their natwwe may be, the hypotheses assumed must
thenceforth be regarded as belongmg to the actual data, although
tending, as is obvious, to give to the solution itself somewhat of
a hypothetical chmacter. With this undei~ianding as to the
possible sources of the data actually employed. the method is
perfectly general, hut for the coriectness of the hypothetical cle-
ments introduced 1t is of course no more responsible than for the
correctness of the numerical data derived fiom experience.

In illustration of these 1emarks we may observe that the
theory of the reduction of astionomical obscivations* rests, in
part, upon hypothetical grounds. It assnumes certain positions
as to the natwie of error, the equal probabilities of its occurrence
in the form of excess or defeel, &¢, without which it would be
impossible to obtain any definite conclusions fiom a system of
conflicting observations. But granting such positions as the
above, the 1esaduc of the imve~tigation falls stictly within the
province of the thecory of Probabilities. Swmilar observations
apply to the important problem which proposcs to deduce from
the records of the majoritics of a dehberative assembly the mean
probability of correct judgment in one of its members. If the
method of this treatise be apphed to the mere numerical data,
the solution obtained 1s of that wholly indefinite kind above de-
scribed. And to show in a more eminent degice the insufficiency
of those data by themselves, the interpretation of the arbitrary
constants (I. 16) which appear in the solution, merely produces

¢ The author designs to treat this subject eitherin a scparate work or mn a
future Appendix In the present treatise he avoids the use of the mtegral

calculus



20 NATURE AND DESIGN OF THIS WORK. [cHaP. I

a re-statement of the original problem. Admitting, however,
the hypothesis of the independent formation of opinion in the
individual mind, ecither absolutcly, as in the speculations of
Laplace and Poisson, or under hmtations imposed by the actual
data, as will be secn in this tieatise, Chap. xx1., the moblem as-
sumes a far more definite chmacter. It wall be manifest that the
ulterior value of the theory of Probabilities must depend very
much upon the concct foumation of such mediate hypotheses,
where the purely experimental data me msuflicient for definite
solution, and where that further experience indicated by the in-
terpretation of the final logical cquation is unattammable Upon
the other hand, an undue 1cadiness to foim hy potheses in sub-
jects which fiom then very natuie ae placed beyond human
ken, must 1e-act upon the ciedit of the themy of Probabilitics,
and tend to thhow doubt in the general nmuind over its most legi-
timate conclusions.

18. It would, peihaps, be prematwe to speculate here upon
the question whether the methods of abstiact seience m e likely at
any futwe day to 1ender scivice m the myvestigation of social
problems at all commensuate with thosze wlich they have 1en-
dered in vaiious departments of physical mquny  An attempt
to1csolve this question upon pme « preore grounds of reasomng
would be very likely to nuslead us. For example, the conside-
ration of huinan fice-ageney would <ccm at fist <ight to pieclude
the idea that the moyements of the <ocial system should ever ma-
nifest that chaiacter of orderly evolution which we me prepared
to expect under the 1cign of a physical necessity  Yet aheady
do the researches of the statist 1eveal to us facts at variance with
such an antieipation.  Thus the 1ecoids of cuime and pauperism
present a degice of regulanty unknown in 1egions in which the
disturbing influence of human want~ and pas-1ons is unfelt. On
the other hand, the distempeiatuie of scasons, the ciuption of
volcanoes, the spread of blight in the vegetable, or of epidemic
maladies in the animal kingdom, things appamently or chicfly the
product of natmal causes, 1cfuse to be submitted to 1egular and
apprehensible laws. ¢ Fickle a~ the wind,” is a proveibial ex-
pression  Reflection upon these points teaches us in some degree
to correct our carlier judgments  We lemn that we are not to



CHAP. I.] NATURE AND DESIGN OF THIS WORK. 21

cxpect, under the duminion of necessity, an order perceptible to
human observation, unless the play of its producing causes is
sufficiently simple; no1, on the other hand, {0 deem that fice
agency in the individual is inconsistent with regularity in the
motions of the system of which he foims a component unit.
uman fieedom stands out as an apparent fact of our conscious-
ness, while it is also, I conceive, a lughly probable deduction of
analogy (Chap. xxi1.) fiom the natme of that portion of the
mind whose scientific con~titution we aie able to investigate.
But whether aceepted as a fact 1eposing on consciousness, or as
a conclusion sanctioned by the reason, it must be so interpreted
as not to conflict with an established result of observation, viz.:
that phenomena, m the production of which lmge masses of men
are conceined, do actually exlubit a very 1emairkable degice of
1cgularity, enabling us to collect in each succeeding age the ele-
ments upon which the estimate of 1ts state and progress, so far
as manifested in outwaird 1csults, must depend. There is thus no
sound objection @ preor: against the posmbility of that species of
data which is 1equsite for the expenimental foundation of a
science of social statistics.  Agmn, whatever other object this
ticatise may accomplich, it 1> presumed that 1t will leave no
doubt as to the existence of a ~ystem of abstiact principles and of
methods founded upon those prmeiples, by which any collective
body of social data may be made to yield, in an expheit form,
whatever infoomation they impheitly mvolve. There may, wheie
the data me exceedingly complex, be vy gmeat difficulty in ob-
taining this information,—difficulty due not 1o any unperfection
of the theory, but to the labouous character of the analytical
processes to which it points. It is quile conceivable that in many
instances that difficulty may be such as only umted cffort could
oveicome. But that we possess theoretically in all cases, and
practically, so far as the requisite labour of calculation may be
supplied, the means of evolving from statistical records the seeds
of general truths which lie buied amid the mass of figures, is a
position which may, I conceive, with peifect safety be affirmed
19. But beyond these geneial positions I do not venture to
speak in terms of asswance. VWhether the 1esults which might
be expected from the application of scientific methods to statis-
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tical records, over and above those the discovery of which re-
quires no such d, would so far compensate for the labour in-
volved as to render 1t worth while to institute such investigations
upon a proper scale of magmtude, 1s a puint which could, per-
baps, only be deteimined by cxperience. It is to be desired,
and 1t might without great presumption be cxpected, that in
this, asin other instances, the abstract doctimes of science should
minister to more than intcllectual gatification. Nor, viewing
the apparent order in which the sciences have been evolved, and
have successively contributed their aud to the service of mankmd,
does it scem very improbable that a day may artive in which si-
milar aid may accruc from departments of the field of knowledge
yet more mtmmately alhed with the clements of human welfare.
Let the speculations of this ticatise, however, rest at present
simply upon then claim to be regaided as true.

20. I design, in the last place, to endeavour to educe from
the scientific results of the previous mquuries some general inti-
mations respecting the natwe and constitution of the human
mind. Into the grounds of the possibibty of this species of in-
ference it is not necessary to enter herte. Onc or two general
observations may serve to indicatc the track which I shall endea~-
vour to follow. It cannot but be admitted that our views of
the science of Logic must mateially influence, perhaps mainly
determine, our opinions upon the natme of the intellectual facul-
ties. For esample, the question whether reasoning consists
merely in the appheation of certam fiist or necessary truths,
with which the mind has been oniginally imprnted, or whether
the mind 13 itself a seat of law, whose operation is as manifest
and as conclusive in the paiticulax as in the general formula, or
whethe, as some not undistinguished wiiters seem to maintain,
all reasoning is of particulars, this question, I say, is one which
not merely affects the science of Liogic, but also concerns the for-
mation of just views of the constitution of the intellectual facul-
ties. Agun, if it is concluded that the mind is by original
constitution a seat of law, the question of the nature of its sub-
jection to this law,—whethe, for instance, 1t is an obedience
founded upon necessity, hke that which sustains the revolutions
of the heavens, and preseryes the order of Nature,—or whether
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it is a subjection of some quite distinct kind, 13 also a matter of
deep speculative interest. Further, if the mind is truly deter-
mined to be a subject of law, and ifits laws also me truly assigned,
the question of their probable or nccessmry influence upon the
course of human thought in different ages is one invested with
great importance, and well deserving a patient investigation, as
matter both of philosophy and of history. These and other
questions I propose, however imperfectly, to discuss in the con-
cluding portion of the present work. They belong, perhaps, to
the domain of probable or conjectural, 1ather than to that of po-
sitive, knowledge. DBut it may bappen that where there is not
sufficient warant for the ceitamtics of science, there may be
grounds of analogy adequate for the suggestion of highly pro-
bable opinions. It has secemed to me better that this discussion
should be entirely reserved for the sequel of the main business of
this treatise,—which 1s the investigation of scientific truths and
laws. Experience sufficiently instiucts u~ that the proper o1der
of advancement in all inquities after truth is to proceed from the
known to the unknown. There are parts, even of the philosophy
and constitution of the human mind, which have been placed
fully within the reach of our investigation. To make a due ac-
quaintance with those portions of our nature the basis of all en-
deavours to penetrate amid the shadows and uncertainties of that
conjectural realm which lies beyond and above them, is the
course most accordant with the limitations of our present con-
dition.



24 BIGNS AND THEIR LAWS. [cHar. 11,

CHAPTER II.

OF SIGNS IN GENERAL, AND OF THE SIGNS APPROPRIATE TO THE
SCIENCE OF LOGIC IN PARTICULAR ; ALSO OF THE LAWS TO WHICH
THAT CLASS OF SIGNS ARE SUBJECT.

1. THAT Language is an instrument of human reason, and

not merely a medium for the expression of thought, is a
truth gencrally admitted. It 1s proposed in this chapter to in-
quire what it 15 that renders Language thus subservient to the
most important of our intellectual faculties. In the various
steps of this inquiry we shall be led to consider the constitution
of Language, considered as a system adapted to an end or pur-
pose; to investigate its elements, to scek to determine their mu-
tual relation and dependence ; and to inguire in what manner they
contribute to the attainment of the end to which, as co-ordinate
parts of a system, they have respect.

In proceeding to these inquines, 1t will not be necessary to
enter into the discussion of that famous question of the schools,
whether Language 1s to be 1egaided as an essential instrument
of reasoming, 01 whether, on the other hand, it 1s possible for us
to reason without its md. I suppose this question to be beside
the design of the pesent treatise, for the followng reason, viz,
that it is the business of Scicnce to mvestigate laws ; and that,
whether we 1cgmd signs as the 1¢piesentatives of things and of
therr 1elations, or as the repiesentatives of the cunceptions and
operations of the human mtellect, in studying the laws of signs,
we are mn cffect studymng the mamfested laws of 1easoning If
there exists a dufference Letween the two inquuies, it is one which
does not affect the scientific expressions of formal law, which are
the object of investigation in the present stage of this work, but
1clates only to the mode in wluch those results aie presented to
the mental 1egnid.  For though in nvestigating the laws of signs,
@ pusteriony, the nmmediate subject of exnmmation is Language,
with the rules wlich govein its use, wiilem mahing the ternal
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processes of thought the dircet object of inquiry, we appeal in a
more immediate way to our personal consciousness,—it will be
found that in both cases the results obtained are formally equi-
valent. Nor could we easily conceive, that the unnumbered
tongues and dialeets of the caith should have preserved through
a long succession of ages so much that is common and universal,
were we not assured of the existence of some deep foundation of
their agreement 1n the laws of the mind itself.

2. The clements of which all language consists are signs or
symbols. Words we signs. Sometimes they are said to repre-
sent things , sometimes the operations by which the mind com-
bines together the simple notions of things into complex concep-
tions ; sometunes they eaxpiess the rclations of action, passion, or
mere quality, wlich we peicers e to exist among the objects of our
experience ; sometimes the emotions of the perceiving mind.  But
wouds, although in this and mn other ways they fulfil the office of
signs, or representatiyve symbols, are not the only signs which we
are capable of employing. Aabitiary maiks, which speak only to
the eye, and a1 bitrary sounds o1 actions, which address themselves
to some other sense, are cqually of the nature of signs, provided
that their 1epresentative office i defined and understood. In the
mathematical sciences, letters, and the symbols +, -, =, &e., are
used as signs, although the term ¢ sign” 1s applied to the latter
class of symbols, wluch 1epiesent operations o relations, rather
than to the formeir, wlich 1epresent the elements of number and
quantity. As the 1cal import of a sign does not in any way de-
pend upon its particular foom or expiession, so ncither do the
laws which determine its use. In the present treatise, however,
it1s with wiitten signs that we have to do, andt is with reference
to these exclusively that the tein ¢ sign” wall be employed.  The
cssential properties of signs a1e cnumeirated m the following de-
finition.

Defimtion —A sign is an arbitrary mark, having a fixed in-
terpretation, and susceptible of combination with other signs in
subjection to fixed laws dependent upon their mutual interpre-
tation,

3. Let us consider the pauiticulars mvolved in the above de-
finition sepmately.
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(1)) In the first place, a sign is an arbutrary mark. Tt s
clearly indifferent what particular word or token we associate
with a given idca, provided that the association once made is
permanent. The Romans expressed by the word ¢ civitas” what
we designate by the word “state.” But both they and we
might equally well have employed any other word to represent
the same conception Nothing, indeed, 1n the nature of Language
would prevent us from using a mere letter in the same sense.
Woere this done, the laws according to which that letter would
require to be used would be essentially the same with the laws
which govern the use of “civitas” in the Latin, and of ¢ state”
in the Enghish language, so fax at least as the use of those words
is regulated by any general principles common to all languages
alike,

(2) Inthe second place, 1t is necessary that each sign should
possess, within the limits of the same discomse or process of
reasoning, a fixed interpretation. The nccessity of this condi-
tion is obvious, and seems to be founded in the very nature of the
subjeet There cxists, however, a dispute as to the precise nature
of the representative office of words or symbols used as names in
the processes of reasoning By some it is maintainced, that they
represent the conceptions of the mind alone ; by others, that they
represent things. The question 13 not of great importance here,
as its decision cannot affect the laws according to which signs
are employed. I apprehend, however, that the general answer
to this and such like questions is, that in the processes of reason-
ing, signs stand in the place and fulfil the office of the concep-
tions and operations of the mind; but that as those conceptions
and operations represent things, and the connexions and relations
of things, so signs represent things with their connexions and re-
lations ; and lastly, that as signs stand in the place of the con-
ceptions and operations of the mind, they are subject to the laws
of those conceptions and operations. This view will be more
fully elucidated in the next chapter; but it here serves to explain
the third of those particulars involved in the definition of a sign,
viz., 1ts subjection to fixed laws of combination depending upon
the natwe of 1ts interpretation.

4. The analysis and classification of those signs by which the
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operations of reasoning are conducted will be considered in the
following Proposition :

Prorosition 1.

All the operations of Language, as an instrument of reasoning,
may be conducted by a system of signs composed of the following ele-
ments, viz :

1st Lateral symbols, as x, y, §c., representing things as subjects
of our conceptions.

9nd Signs of operation, as +, —, x, standing for those operations
of the mind by whack the conceptions of things are combined or re-
solved so as lo form new conceptions wnvolving the same elements.

3rd The sign of dentity, =.

And these symbols of Logic are wn thewr use subject to definite
laws, partly agreeing with and partly dyfering from the laws of the
corresponding symbols wn the science of Algebra.

Let it he assumed as a criterion of the true elements of ra-
tional discourse, that they should be susceptible of combination
in the simplest forms and by the simplest laws, and thus com-
bming should generate all other known and conceivable forms of
language ; and adopting this principle, let the following classifi-
cation be considered.

CLALS 1.

5. Appellative or descriptive signs, evpressing either the name
of a thing, or some quality or circumstance belonging to 1t,

To this class we may obviously refer the substantive proper
or common, and the adjective. These may indeed be regarded as
differing only in this respect, that the former expresses the sub-
stantive existence of the individual thing or things to which it
refers; the latter implies that existcnce If we attach to the
adjective the univeisally understood subjcet ¢ being” or ¢ thing,”
it becomes virtually a substantive, and may for all the essential
purposes of reasoning be replaced by the substantive. Whether
or not, in every particular of the mental regard, it is the same
thing to say, ¢ Water is a fluid thing,” as to say, ¢ Water is
flmd ;" 1t isat least cquivalent in the expression of the processes
of reasoning,
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It is clear also, that to the above class we must refer any sign
which may conventionally be used to express some circumstance
or relation, the detailed exposition of which would involve the
use of many signs. The cpithets of poetic diction are very fre-
quently of this kind. They are usually compounded adjectives,
singly fulfilling the office of a many-worded desctiption. Homer’s
< deep-eddying ocean” embodies a virtual description in the single
woid fBafudivne. And conventionally any other description ad-
dressed cither to the imagination or to the intellect might equally
be represented by a single sign, the use of which would in all es-
sential points be subject to the same laws as the use of the ad-
jective ¢ good” or ¢ great” Combined with the subject *¢ thing,”
such a sign would virtually become a substantive ; and by a single
substantive the combined meanmg both of thing and quality
might be expiessed.

6. Now, as it has been defined that a sign is an arbitrary
maik, it is peimissible to replace all signs of the species above
described by letters. Let us then agice torepresent the class of
individuals to which a paiticular name or description is appli-
cable, by a single letter, asa. If the name is ¢ men,” fo instance,
let 2 1eprezent “fall men,” or the class “men” DBy a class is
usually meant a collection of individuals, to cach of which a
particular name or deseription may be applied ; but m this work
the meaning of the term will be extended so as to include the
case in which but a single individual exists, answering to the
1equired name or desciiption, as well as the cases denoted by
the terms ¢ nothing” and ¢¢ univeise,” which as ¢ classes”
should be undeistood to compiise 1cspectively ¢ no beings,”
“all bemngs.” Again, if an adjective, as ¢ good,” is employed
as a term of description, let us represent by a letter, as y, all
things to which the desaiiption  good” is applicable, 1.e. “all
good things,” or the class “good things.” Let it further be
agreed, that by the comnbination zy shall be 1epresented that
class of things to which the names or descriptions repiesented by
z and y are simultanconsly applicable  Thus, if z alonc stands
for «winte things,” and y for ¢ sheep,” let zy stand for ¢ white
sheep;” and in hike manner, 1f = stand for ¢ horned things,” and
z and yctain thew pcvious interpictations, let z1y represent
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¢ horned white sheep,” i e that collection of things to which
the name *“sheep,” and the descriptions ¢ white” and ¢ horned”
are together applicable.

Let us now consider the laws to which the symbols z, y, &e.,
used in the above sense, arc subject.

7. Furst, it is evident, that according to the above combina-
tions, the otder in which two symbols are written is indifferent.
The cxpressions zy and yx cqually represent that class of things
to the scveral members of which the names or descriptions x and
y are together appheable. Hence we have,

xy = yr. (1)

In the case of z representing white things, and y sheep, either
of the membeis of this equation will 1epa csent the class of ¢ white
sheep.” Theie may be a dufference as to the order in which the
conception is formed, but there is none as to the individunal things
which are compichended under 1t. [n like mannar, if = represent
¢ estuaries,” and y “rivers,” the expressions zy and yz will in-
diffently represent ¢ 1ivers that are estuaries,” or *¢ estnaries
that are 1ivers,” the combination in this case being in ordinmy
language that of two substantives, instead of that of a substantive
and an adjective as in the previous instance. Let there be a
third symbol, as z, representing that class of things to which the
teum ¢ navigable” is applicable, and any one of the following
expressions,

zay, zyz, wxyz, &c,

will represent the class of ¢ navigable rivers that are estuaries.”

If one of the descriptive terms should have some mplied re-
ference to another, it 13 only necessmy to include that reference
expressly in its stated meaning, m order to render the above
remarks still applicable  Thus, if 2 1epresent ‘“wise” and y
¢ counscllor,” we shall hase to define whether # imphes wisdom
in the absolute sense, or only the wisdom of counsel  'With such
definition the law zy = yz continues o be vahd

We are permudted, therefore, to employ the symbols z, y, z, &ec ,in
the place of the substantives, adjectwes, and descrptive phs ases subject
to the rule of interpretation, that any expression w which several of
these symbols are written together shall represent all the objects or inds-
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viduals to which their several meanings are together applicable, and
to the law that the order in which the symbols succeed each other 15
indifferent.

As the rule of interpretation has been sufficiently exempli-
fied, I shall deem it unnecessary always to express the subject
«¢things” in defining the interpretation of a symbol used for an
adjective 'When I say, let x represent ¢ good,” it will be un-
derstood that = only represents *¢ good” when a subject for that
qualty is supplied by another symbol, and that, used alone, its in-
terpretation will be ¢ good things.”

8. Concerning the law above determined, the following ob-
gervations, which will also be more or less appropriate to certain
other laws to be deduced hereafter, may be added.

First, I would remark, that this law is a law of thought, and
not, properly speaking, a law of things. Difference in the order
of the qualities or attributes of an object, apart from all ques-
tions of causation, is a difference in conception merely. The law
(1) expresses as a general truth, that the same thing may be con-
ceived in different ways, and states the nature of that difference ;
and it does no more than this

Secondly, As a law of thought, it is actually developed in a
law of Language, the product and the instrument of thought.
Though the tendency of prose wiiting is toward uniformity,
yet even there the oider of sequence of adjectives absolute in
their meaning, and applied to the same subject, is indifferent,
but poetic diction borrows much of its rich diversity from the
extension of the same lawful freedom to the substantive also.
The language of Milton is peculiarly distinguished by this spe-
cies of variety Not only does the substantive oftcn precede the
adjectives by which it is qualified, but it is frequently placed in
their midst. In the first few lines of the invocation to Light,
we meet with such examples as the following :

“ Offspring of heaven first-born »
“ The rising world of waters dark and desp
* Bright efluence of b11ght essence increate.”

Now thesc inverted forms are not simply the fruits of a poetic
license. They are the natural expressions of a ficedom sanc-
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tioned by the intimatc laws of thought, but for rcasons of conve-
nience not exercised in the ordinary use of language.

Thirdly, The law expressed by (1) may be characterized by
saying that the literal symbols z, y, 2, are commutatve, like the
symbols of Algebra. In saying this, it is not affirmed that the
process of multiplication in Algebra, of which the fundamental
law is expressed by the equation

zY = Y,
possesses in itself any analogy with that process of logical com-
bination which xy has been made to represent above; but only
that if the arithmetical and the logical process are expressed in
the same manner, their symbolical expiessions will be subject to
the same formal law  The evidence of that subjection is in the
two cases quite distinct

9. As the combination of two literal symbols in the form zy
expresses the whole of that class of objects to which the names
or qualities represented by z and y are together applicable, it
follows that if the two symbols have exactly the same significa-
tion, their combination expresses no moie than either of the
symbols taken alone would do. In such case we should there-
fore have

zy = 2.

As y is, however, supposcd to have the same meaning as z, we
may replace it in the above equation by z, and we thus get

Tr=a

Now in common Algebra the combination zz is more briefly re-
presented by 22 Let us adopt the same principle of notation
here ; for the mode of expressing a pa ticular succession of mental
operations is a thing in itself quite as arbitrary as the mode of
expressing a single idea or operation (II. 3). Inaccordance with
this notation, then, the above equation assumes the form

=1z, 2

and is, in fact, the expression of a sccond general law of those
symbols by which names, qualities, or descriptions, are symboli-
cally represented
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The reader must bear in mind that although the symbols x
and y in the examples previously formed reccived significations
distinet fiom each other, nothing prevents us fiom attributing to
them precisely the same sigmification It is evident that the
more nearly their actual significations approach to each other,
the more nearly does the class of things denoted by the combi-
nation zy approach to identity with the class denoted by z, as
well as with that denoted by y. The case supposed in the de-
monstration of the equation (2) is that of absolute identity of
meaning. The law which it expresses is practically exemplified
in language To say ¢ good, good,” in relation to any subject,
though a cumbrous and uscless plconasm, is the same as to say
“good.” Thus ¢ good, good” men, is equivalent to ¢ good”
men. Such repetitions of words are indeed sometimes employed
to heighten a quality or sticngthen an affirmation. But this
effect is mercly secondary and conventional ; it is not founded in
the intrinsic relations of language and thought. Most of the
operations wlich we observe in nature, or perfoim oursels cs, are
of such a kind that their effect 1s augmented by repetition, and
this circumstance prepares us to expect the same thing in lan-
guage, and even to use repetition when we design to speak with
emphasis  But neither in stiict reasoning nor in exact discourse
is there any just ground for such a practice.

10. We pass now to the consideration of another class of the
signs of speech, and of the laws connected with their use.

CLASS II

11. Siwgns of those mental operations whereby we collect parts
wmto a whole, or separate a whole wto is parts.

We aie not only capable of enteitaining the conceptions of
objects, as characterized by names, qualities, or cicumstances,
applicable to each individual of the group under consideration,
but also of forming the aggicgate conception of a group. of objects
consisting of partial groups, each of which is separately named
ordeseribed.  For this purpose we use the conjunctions ¢ and,”
“or,” & ¢ Trecs and mineials,” *barren mountains, or fer-
tile vales,” are examples of this kind. In strictness, the words
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““and,” ¢« or,” interposed between the terms descriptive of two or
more classes of objects, imply that those classes are quite distinct,
so that no member of one is found in another. In this and in
all other respects the words ¢ and” ¢ or” are analogous with the
sign + in algebra, and their laws are identical Thus the ex-
pression ¢ men and women” is, conventional meanings set aside,
equivalent with the expression ¢ women and men.” Let z repre-
sent ¢ men,” y, ““women ;” and let + stand for * and” and < or,”
then we have

rdy=y+a, (3)
an equation which would equally hold truc if . and y 1epresented
numbers, and + were the sign of arithmetical addition.

Let the symbol = stand for the adjective ¢ Ewopean,” then
since 1t is, in cffect, the same thing to say ¢ Europcan men and
women,” as to say ¢ European men and Kwopean women,” we
have

z(a+y)=21+zy “)
And this equation also would be equally tiue weie a, y, and z
symbols of number, and were the juxtaposition of two hteral
symbols to represent their algebiaic produet, just as 1n the logical
signification previously given, it represents the class of objects to
which both the epithets conjomned belong.

The above arc the laws which govein the use of the sign
+, here used to denote the positive opeiation of aggregating
parts into a whole. But the very 1dea of an opemation effecting
some positive change seems to suggest to us the 1lea of an oppo-
site or negative opelation, having the effect of undoing what the
former one has donc Thus we cannot conceive it possible to
collect parts into a whole, and not concerve it also possible to
separate a part from a whole. Tlus operation we express in
common language by the sign eacept, as, *All men except
Asiatics,” ¢ All states except those which are monarchical.”
Here it is implied that the things excepted form a part of the
things from which they are excepted As we have expressed
the operation of aggregation by the sign +, so we may express
the negative operation above described by — minus. Thus if =
be taken to represent men, and y, Asiatics, i. e. Asiatic men,



34 SIGNS AND THEIR LAWS. [cHap. 11.

then the conception of * All men except Asiatics” will be ex-
pressed by = — y. And if we represent by z, ¢ states,” and by
y the descriptive propeity having a monarchical form,” then
the conception of ¢ All states except those which are monarchi-
cal” will be expressed by z — zy

As it is indifferent for all the essential purposes of 1easoning
whether we express excepted cases first or last in the order of
speech, it is also indifferent in what oider we write any series of
terms, some of which are affected by the sign ~. Thus we have,
as in the common algebra,

z-y=—-y+x )
Still representing by = the class *“men,” and by y ¢ Asiatics,”
let z represent the adjective ¢ white” Now to apply the adjec-
tive ¢ white” to the collection of men expressed by the phrase
¢ Men' except Asiatics,” is the same as to say, ¢ White men,

except white Asiatics.” Hence we have

z(z-y)=zz ~zy. (6)
This is also in accordance with the laws of ordmnary algebra
The cquations (4) and (6) may be considered as exemplifica-
tion of a single general law, which may be stated by saying, that
the Literal symbols, x, y, z, §c are distributve wn them operation.
The general fact which that law expresses 13 this, viz. —If any
quality or circumstance is ascribed to all the members of a group,
formed either by aggcgation or exclusion of partial groups, the
resulting conception is the same as if the quality or errcumstance
were fiist aseribed to each member of the paitial groups, and the
aggregation o1 cxclusion effected afterwards. That which is
asciibed to the members of the whole 1s asciibed to the members
of all 1ts parts, howsoever those parts are connccted togethet.

CLASS III.

12. Swgns by which relation 1s expressed, and by which we
Jorm propositions.

Though all verbs may with propriety be referred to this class,
it is sufficient for the purposes of Logic to consider it as includ-
ing only the substantive verb 15 or are, since every other verh
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may be resolved into this element, and one of the signs included
under Class 1. For as those signs are used to express quality o1
circumstance of every kind, they may be employed to expiess
the active or passive relation of the subject of the verb, considered
with reference either to past, to present, or to future time.
Thus the Piroposition, ¢ Casar conquered the Gauls,” may be
resolved into ¢ Ceasar is he who conquered the Gauls.” The
ground of this analysis 1 conceive to be the following:—Unless
we understand what 18 meant by having conquered the Gauls,
i. e. by the expression ¢ One who conquered the Gauls,” we
cannot understand the sentence in question. It is, therefore,
truly an element of that sentence ; another clement is ¢ Cesar,”
and there iz yet another 1cquired, the copula s, to show the
connexion of these two I do not, however, affirm that there is
no other mode than the above of contemplating the relation ex-
pressed by the proposition, ¢ Casar conquered the Gauls;"” but
only that the analysis here given is a correct one for the particu-
lar point of view which has been taken, and that it suffices for
the purposes of logical deduction. It may be remarked that the
passive and futurce participles of the Gieck langnage imply the
existence of the principle which has been asseited, viz.: that the
sign s or are may be regarded as an elcment of every personal
verb.

13 The above sign, s or are, may be expressed by the sym-
bol =, The laws, or as would usually be said, the axioms which
the symbol introduces, a1e next to be considered

Let us take the Proposition, ¢ The stars arc the suns and the
planets,” and let us represent stars by 2, suns by y, and planets
by z; we have then

T=y+2 )

Now if it be truc that the stars are the suns and the planets, it
will follow that the stars, except the planets, are suns. This
would give the equation

T-z=Y ®

which must therefore be a deduction from (7). Thus a term z
has been removed from one side of an equation to the other by
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changing its sign  This is in accordance with the algebraic rule
of transposition.

But instead of dwelling upon particular cases, we may at once
affirm the general axioms :—

1st. 1f equal things are added to equal things, the wholes are
equal.

2nd. If equal things are taken fiom equal things, the re-
mainders are equal.

And it hence appears that we may add or subtract equations,
and employ the 1ule of transposition above given just as in com-
mon algebra

Again: If two classcs of things, zand y, be identical, that is,
if all the members of the one are membais of the other, then
those members of the one class which possess a given property z
will be identical with those members of the other which possess
the same property z Ilence if we have the equation

z=¥;
then whateve: class or property z may represent, we have also
w=zy

This is formally the same as the algebraic law : —If both mem-
bers of an equation ame multiplied by the same quantity, the
products a1e equal

In like manner it may he shown that if the coiresponding
members of two equations me multiphied together, the 1esulting
equation is truc.

14. Ilere, however. the analogy of the present system with
that of algebra, as commonly stated, appears to stop. Suppose 1t
true that those members of a class # which possess a certam pio-
perty z a1c identical with those members of a class y which pos-
sess the same property z, it does not follow that the members of
the class 2 universally are identical with the members of the
class y. Ilence it cannot be inferred fiom the equation

2z = zy,
that the cquation
T=y

ivalso tiue  In other words, the axiom of algebraists, that both
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e1des of an equation may be divided by the same quantity, has no
foumal cquivalent here I say no formal equwwalent, because, 1
accordanee with the general spuit of these mmquuies, it is not
c\ven sought to determine whether the mental operation which is
1epresented by 1emoving a logical symbol, 2, fiom a combination
71,15 1n itself analogous with the operation of division in A1ith-
metie.  That mental operation is indeed identical with what is
commonly termed Abstiaction, and it will hereafter appear that
its Jaws arc dependent upon the laws ahieady deduced in this
chapter  What has now been shown 1s, that theic does not
exist among those laws anything analogous in form with a com-
monly 1eccived axiom of Algebra.

But a little consideration will show that even in common
algebra that axiom does not possess the generality of those other
axioms wluch have been considered  The deduction of the
equation a = y fiom the equation =z = zy is only valid when it
is known that z 15 not cqual to 0. If then the value z =0 is
supposed to be admissible m the algebraic system, the axiom
above stated ceases to be applieable, and the analogy befoie ex-
emphified 1emains at least unbioken

15. 1lowesver, it is not with the symbols of quantity geneially
that 1t 18 of any impoitance, except as a matter of epeculation, to
tiace such affimtics. We have scen (IT 9) that the symbols of
Logic are subject to the special law,

at=x

Now of the symbols of Number there are but two, viz. 0 and 1,
which a1¢ subject to the same formal law. We know that 02 = 0,
and that 1*=1, and the equation 24 =z, consulered as algebnaie,
has no other 100ts than 0 and 1. Ilence, instead of determining
the measwe of formal agrcement of the symhols of Logic with
those of Number generally, 1t 15 more immediately suggested to
us to compare them with symbols of quantity admatting only of
the values 0 und 1. Let us conceive, then, of an Algebra in
which the symhols =z, y, z, &e. admt indifferently of the values
0 and 1, and of' these values alone  The laws, the axioms, and
the processes, of such an Algebra will be 1dentical in their whole
extent with the laws, the axioms, and the processes of an Al-
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gebra of Logic. Difference of interpretation will alone divide
them Upon this principle the method of the following work is
cstablished

16. It now remains to show that those constituent parts of
ordinary language which have not been considered in the pre-
vious sections of this chapter are either resolvable into the same
elements as those which have been considered, or are subsidiary
to those elements by contributing to their more precise defi-
nition.

The substantive, the adjective, and the verb, together with
the particles and, except, we have already considered. The pro-
noun may be regarded as a particular form of the substantive or
the adjective The adverb modifies the meaning of the verb, but
does not affect 1ts nature. Prepositions contribute to the ex-
pression of ciicumstance or relation, and thus tend to give pre-
cision and detail to the meaning of the literal symbols. The
conjunctions #f, either, or, arc used chiefly in the expression of
relation among proposttions, and it will hercafter be shown that
the same relations can be completcly expressed by elementary
symbols analogous in interpretation, and identical in form and
law with the symbols whose use and meaning have been ex~
plained in this Chapter. As to any remaining elements of
speech, it will, upon examination, be found that they are nsed
either to give a more defimte significance to the terms of dis-
course, and thus enter into the interpretation of the literal sym-
bols already considered, or to express some emotion or state of
feeling accompanying the utterance of a proposition, and thus do
not belong to the province of the understanding, with which
alone our present concern lies. Experience of its use will tes-
tify to the sufficiency of the classification which has been adopted.
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CHAPTER III.

DLRIVATION OF THE LAWS OF THE SYMBOLS OF LOGIC FROM THE
LAWS OF THE OPERATIONS OF THE HUMAN MIND,

1. THE object of science, properly so called, is the knowledge
of laws and relations. To be able to distinguish what
18 cssential to this end, from what is only accidentally associated
with 1t, 15 one of the most important conditions of scientific pro-
gress. I say, to distinguish between these clements, because a con-
sistent devotion to science does not requite that the attention
should be altogether withdrawn from other speculations, often of'a
metaphysical nature, with which it 1s not unfrequently connected.
Such questions, for instance, as the existence of a sustaining
ground of phenomena, the reahty of cause, the propricty of forms
of speech implying that the successive states of things are con-
nected by operations, and others of a like nature, may possess
a deep interest and sigmficance m relation to science, without
being cssentially scieatific. It is indeed scarcely possible to
express the conclusions of natural science without borrowing
the langunve of these conceptions. Nor 15 there necessarily
any practical Inconvenience arising fiom tlus somce. They who
believe, and they who refuse to beheve, that theie 1s more in the
relation of causc and effect than an invariable oider of succession,
agree in their interpietation of the conclusions of physical astro-
nomy. But they only agiee becausc they 1ecognise a common ele-
ment of scientific truth, which is independent of their particular
views of the natwe of causation
2. If this distinction is important in physical science, much
more does it deserve attention in connexion with the science of
the intellectual powers. For the questions which this science
presents become, in expression at least, almost necessarily mixed
up with modes of thought and language, which betray a meta~
physical origin.  The idealist would give to the laws of reasoning
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one form of expression ; the sceptic, if true to his principles, ano-
ther. They who regard the phnomena with which we are con-
cerned in this inquiry as the mere successive states of the thinking
subject devoid of any causal connexion, and they who refer them
to the operations of an active intelligence, would, if consistent,
equally differ in their modes of statement. Like difference would
also result fiom a difference of classification of the mental faculties.
Now the punciple which I would here assert, as affording us the
only ground of confidence and stability amid so much of seeming
and of real diversity, is the following, viz., that1f the lawsin ques-
tion are really deduced from observation, they have a real existence
as laws of the human mind, independently of any metaphysical
theory which may seem to beinvolved in the mode of their state-
ment. They contain an element of truth which no ulterior cri-
ticism upon the nature, or even upon the 1eality, of the mind’s
operations, can essentially affect. Let 1t even be granted that
the mind 18 but a suceession of states of consciousness, a series
of flecting impressions uncaused fiom without or fiom within,
emerging out of nothing, and returning mto nothing again,—
the last refinement of the sceptic intellect,—still, as laws of suc-
cession, or at least of a past succession, the results to which obscr-
vation bad led would remain true. They would require to be
interpreted into a language from whose vocabula1y all such terms
as cause and effect, operation and subject, substance and attri-
bute, had been banished ; but they would still be valid as scien-
tific t1uths.

Morcover, as any statement of the laws of thought, founded
upon actual observation, must thus contain scientific elements
which a1e independent of metaphysical theories of the nature of
the mind, the pactical appheation of such elements to the con-
struction of a system or method of reasoning must also be inde-
pendent of metaphysical distinctions For it is upon the scien-
tific elements involved in the statement of the laws, that any
practical application will rest, just as the practical conclusions of
physical astronony are independent of any theory of the cause
of gravitation, but rest only on the knowledge of its pheno-
menal effects. And, therefore, as respects both the determi-
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nation of the laws of thought, and the practical use of them
when discovered, we are, for all really scientific ends, uncon-
cerned with the truth or falsehood of any metaphysical specula-
tions whatever.

3. The course which it appears to me to be expedient, under
these circumstances, to adopt, 1s to avail myself as far as possible
of the language of common discourse, without regard to any
theory of the nature and powers of the mmd which it may he
thought to embody Xor instance, 1t is agreeable to common
usage to say that we converse with each other hy the communi-
cation of ideas, or conceptions, such commmnnicalion being the
office of words; and that with reference to any paticular 1deas or
conceptions presented to 1t, the mind pus~e-<e~ vertain powers or
facultres by which the mental regard may be fixed upon some uleas,
to the exclusion of others, or by which the given conceptions or
ideas may, in various ways, be comlined together. To those
faculties or powers diffeient names. a3 Attention, Simple Appre-
hension, Conception or Imagination, Abstiaction, &c, have been
given,—names which have nut only firnihed the titles of distinet
divisions of the philosophy of the human n.and, bhut pa «ed into
the common language of men. Whencrer. then. orcasion -hall
occur to use these teims, I shall do w0 without implying therely
that I accept the theoy that the mind pos-e<-es such aud -nch
powers and faculties as distieet elements of 1it« wtinity  Nor 4
it indeed necessary to inquire whether -uch powers of Jde under-
standing have a di-tinct existence or not. We may merge these
different titles under the onc generic name of Operatiuns of the
human mind, define the-e operationy ~o far as i3 necewary for the
purposes of this wotk, and then seek to express thor nltimate laws.
Such will be the geneial order of the course which I' -liall pur-
sue, though reference will ocraswnally be made to the nanesvhich
common agreement has assigne ! to the pmticular ~tates or ope-
rations of the mind which may fall under our notice

It will be most conventent to distribute the morc definite re-
sults of the following investigation into distinct Propositions.
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ProrosiTioN L.

4. To deduce the laws of the symbols of Logic from a conside-
raton of those operations of the mind which are implied in the strict
use of language as an wnstrument of 1easoning.

In every discourse, whether of the mind conversing with its
own thoughts, or of the individual in his intercourse with others,
there is an assumed or expressed limit within which the subjects of
its operation are confined. The most unfettered discourse is that
in which the words we use are understood in the widest possible
application, and for them the limits of discourse are co-extensive
with those of the universe itself. But more usually we confine our-
selves to 2 less spacious field. Sometimes, in discoursing of men
we imply (without expressing the himitation) that it is of men
only under ce1tain circumstances and conditions that we speak,
as of civiized men, or of men in the vigour of life, or of men
under some other condition or relation Now, whatever may be
the extent of the field within which all the objects of our dis-
course are found, that field may properly be termed the universe
of discowse.

5. Furthermore, this universe of discourse is in the strictest
scnse the ultimate subject of the discourse. The office of any name
o1 descriptive term employed under the limitations supposed is not
to 1aise in the mind the conception of all the beings or objects to
which that name or description is apphecable, but only of those
which exist within the supposed univeise of discourse If that
univeise of discourse is the actual universe of things, which it
always is when our words are taken in their real and literal sense,
then by men we mean all men that ezust ; but if the universe of
discourse is limited by any antecedent implied understanding,
then it is of men under the limitation thus introduced that we
speak. It is in both cases the business of the word mer to direct
a certain operation of the mind, by which, from the proper uni-
verse of discourse, we select or fix upon the individuals signified.

6. Exactly of the same kind is the mental operation implied
by the use of an adjective. Let, for instance, the universe of dis-
course be the actual Universe Then, as the word men directs
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us to select mentally from that Universe all the beings to which
the term ““men” is appheable, so the adjective “good,” mn the
combination ¢ good men,” directs us still further to select men-
tally from the class of men all those who possess the further
quality ¢ good,” and if another adjective were prefixed to the
combmation ¢ good men,” it would direct a further operation of
the same nature, having reference to that further quality which
it might be chosen to express

It is important to notice carefully the real nature of the ope-
ration here descmbed, for it 13 conceivable, that 1t might have
been different from what it 1s. Were the adjective simply attr-
butwe in 1ts character, 1t would seem. that when a particular set
of beings is designated by men, the prefixing of the adjective
good would direct us to attach mentally to all those beings the
quality of goodness. But this 1s not the real office of the ad-
jective. The operation which we really perform is one of se-
lectron according to a prescribed principle or wdex  To what fa-
culties of the mind such an operation would be referred, according
to the recerved classification of 1ts powers, 1t 18 not important to
inquire, but I suppose that 1t would be considered as dependent
upon the two faculties of Conception or Imagination, and Atten~
tion. To the one of these faculuies might be referred the forma-
tion of the general conception. to the other the fixing of the
mental regard upon thoee individuals within the preseribed um-
verse of discourse which answer to the conception. If, however,
a3 seems not mmprobalble, the power of Attention is nothing more
than the power of continung the exercise of any other faculty of the
mind, we might properly 1egard the whole uf the mental process
above described as referrible to the mental faculty of Imagination
or Conception, the first step of the process bemng the conception
of the Universe 1tself, and each succeeding step hmting in a de-
finite manner the conception thus formed. Adopting this view, I
shall describe each such step, or any definite combination of such
steps, as a definite act of conception. And the use of this term I
shall extend so as to include in 1ts meaning not only the conception
of classes of objects represented by particular names or simple
attributes of quality, but aleo the combination of such concep-
tions in any manner consistent with the powers and limitations
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of the human mind ; indeed, any intellectual operation short
of that which is involved in the structure of a sentence or propo-
sition. The general laws to which such operations of the mind
ale subject are now to be considered.

7. Now it will be shown that the laws which in the preced-
ing chapter have been determined @ postercor: from the consti-
tution of language, for the use of the hiteral symbols of Logic,
are in 1eality the laws of that definite mental operation which
has just been described We commence our discourse with a
certain undeistanding as to the hmits of its subject, i. e. as to
the limits of 1ts Universe. Ewvery name, every team of descrip-
tion that we employ, directs him whom we address to the per-
foumance of a certain mental operation upon that subject. And
thus is thought communicated. But as cach name or descriptive
term is in this view but the representative of an intiellectual ope-
ration, that operation bemng also prior i the order of nature, it
is clear that the laws of the name or symbol must be of a deriva-
tive chaiacter,—must, in fact, onginate m those of the operation
which they 1epresent. That the laws of the symbol and of the
mental process are identical in expiesgion will now be shown.

8. Let us then suppose that the umverse of our discourse is
the actual universe, so that words are to be used in the full ex-
tent of their meaning, and let us consider the two mental opera-
tions 1mplied by the words ¢ white” and “men.” The word
““men” implics the opeiation of selecting in thonght fiom 1ts
subject, the universe, all men; and the resulting conception,
men, becomes the subject of the next operation  The operation
implicd by the word ¢ white” is that of selecting fiom its subject,
“men,” all of that class which are white. The final resulting
conception 1s that of *“white men” Now itis perfectly appa-
rent that if the operations above described had been performed
in a converse order, the result would have been the same. Whe-
ther we begin by forming the conception of ¢ men,” and then
by a second intcllectual act limit that conception to < white
mien,” o1 whether we begin by forming the counception of « white
objects,” and then hmit it to such of that class as aie “ men,” is
perfectly indifferent so far as the result is conceaned. It is ob-
vious that the order of the mental processes would be equally
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indifferent if for the words ¢ white” and ¢“men” we substituted
any other descriptive or appellative terms whatever, provided
only that their meaning was fixed and absolute. And thus the
indifference of the order of two successive acts of the faculty of
Conception, the one of which furnishes the subject upon wlich
the other is supposed 1o opeiate, is a gencial condition of the
excrcise of that faculty It is a law of the mind, and it is the
real origin of that law of the literal symbols of Logic which con-
stitutes its formal expression (1) Chap. 11,

9. It is equally clear that the mental opeiation above de-
scribed 1s of such a natwe that 1ts effect 1s not altered by repe-
tition. Suppose that by a definite act of conception the attentron
has been fixed upon men, and that by another exeicise of the
same faculty we limit it to those of the iace who are white.
Then any fmrther repetition of the latter inental act, by which
the attention is limited to white objects, does not in any way
modify the conception ariived at, viz., that of white men. This
is also an example of a genetal law of the mnd, and it has its
formal expression in the law ((2) Chap. 11.) of the literal symbols.

10. Again, it is manifest that fiom the conceptions of two
distinct classes of things we can form the conception of that col-
lection of things which the two classes taken together compose;
and 1t is obviously indifferent in what order of position or of
priority those classes are presented to the mental view. This is
another general law of the mind, and its expression 1s found in
(3) Chap. 1.

11 It is not necessmy to puisuc this cowmrse of mnquiry and
comparison.  Sufficient illustiation has been given to render ma-
nifest the two following positions, viz :

Furst, That the operations of the mund, by which, in the
exercise of 1ts power of imagination or conception, 1t combines
and modifies the simple 1deas of things or quahities, not Jess than
those opeiations of the reason which me exeicised upon truths
and propositions, are subject to gencial laws.

Secondly, That those laws aae mathematical in then form,
and that they are actually developed in the essential laws of
human language. Wherefore the laws of the symbols of Logic
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are deducible from a consideration of the operations of the mind
in reasoning

12. The remainder of this chapter will be occupied with
questions relating to that law of thought whose expression is
z* = z (II. 9), a law which, as has been implied (II. 15), forms
the characteristic distinction of the operations of the mind in its
ordmary discouise and reasoning, as compared with its operations
when occupied with the general algebia of quantity. An im-
portant part of the following inquiry will consist in proving that
the symbols 0 and 1 occupy a place, and are susceptible of an
interpretation, among the symbols of Logic ; and it may first be
necessary to show how particular symbols, such as the above,
may with propricty and advantage be employed in the represen-
tation of distinct systems of thought.

The ground of this propricty cannot consist in any commu-
nity of interpretation. ¥or in systems of thought so truly
distinct as those of Logic and Arithmetic (I use the latter term
in its widest sense as the science of Number), there is, propeily
speaking, no community of subject The one of them is conver-
sant with the very conccptions of thingy, the other takes account
solely of thewr numerical 1clations. But inasmuch as the forms
and methods of any system of 1casoning depend immediately upon
the laws to which the symbols are subject, and only mediately,
through the above link of connexion, upon theiwr interpietation,
there may be both propricty and advantage in employing the
same symbols in diffeient systems of thought, provided that such
interpretations can be assigned to them as shall render their for-
mal laws identical, and their use consistent. The ground of that
employment will not then be comununity of interpretation, but
the community of the formal laws, to which in theiwr respective
systems they aie subject Nor must that community of formal
laws be established upon any other ground than that of a careful
observation and comparison of those results which are seen to
flow independently from the interp:ctations of the systems under
consideration.

These observations will explain the process of inquiry adopted
in the following Proposition. The literal symbols of Logic are
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universally subject to the law whose expression is z?=2 Of
the symbols of Number there aie two only, 0 and 1, which sa-
tisfy this law  But each of these symbols 1> also subject to a law
pecuhar to itself in the system of numerical magnitude, and tlis
suggests the inquiry, what interpretations must be given to the
literal symbols of Logic, in order that the same peculiar and
formal laws may be 1ealized in the logical system also.

Prorosition 11.

13. To determine the logical value and significance of the
symbols 0 and 1.

The symbol 0, as used in Algebra, satisfies the following for-
mal law,

Oxy=0, or Oy =0, Q)
whatever number y may represent. That this formal law may be
obeyed in the system of Logic, we must assign to the symbol 0
such an inteipretation that the class represented by 0y may be
identical with the class represented by 0, whatever the class y
may be A little conmderation will show that this condition 13
satisfied if the symbol 0 represent Nothing  In accordance with
a previous defimition, we may teim Nothing a class. In fact,
Nothing and Umniverse are the two limits of class extension, for
they are the lmits of the possible interpretations of geneial
names, none of which can iclate to fewer individuals than are
comprised in Nothing, or to more than are comprised in the
Univeize. Now whatever the class ¥ may be, the individuals
which aie common to it and to the class * Nothing” aic 1denti-
cal with those comprised in the class ¢ Nothing,” for they are
none And thus by assigning to 0 the inteipretation Nothing,
the law (1) is satisfied ; and it is not otherwise satisfied consis-
tently with the perfectly gencial character of the class y.

Secondly, The symbol 1 satisfies in the system of Number
the following law, viz.,

lxy=y, o ly=y,
whatever number y may represent And this foinal cquation
being assumed as equally valid in the system of this work, in
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which 1 and y represent classes, it appears that the symbol 1

must represent such a class that all the individuals which are
found 1n any proposed class y are also all the individuals 1y that
are common to that class y and the class represented by 1. A»
httle consideration will here show that the class represented by 1

must be ¢ the Universe,” since this is the only class in which

are found all the individuals that exist in any class. Hence the

respeciive interpretations of the symbols 0 and 1 in the system

of Logic are Nothing and Unwer se.

14. As with the idea of any class of objects as ““men,” there
is suggested to the mind the idea of the contiy class of beings
which are not men; and as the whole Universe is made up of
these two classes together, since of every individual which it
comprehends we may affirm either that it is a man, or that it is
not a man, it becomes important to inquire how such contrary
names are to be expressed. Such is the object of the following
Proposition

Provosrtion 111,

If 2 represent any class of objects, then wul 1 - z represent the
contrary or supplementary class of objects, i. e the class including
all objects which are not comprehended wn the class z

For geater distinctness of conception let # represent the class
men, and let us express, according to the last Proposition, the
Universe by 1; now if from the conception of the Universe, as
consisting of ““men” and ‘ not-men,” we exclude the conception
of “men,” the resulting conception is that of the contiary class,
“not-men.” Hence the class ¢ not-men” will be rep:csented by
1 ~ % And, in geneial, whatever class of objects is represented
by the symbol #, the contiary class will be expressed by 1 - z.

15. Although the following Proposition belongs in stiictness
to a futwic chapter of this work, devoted to the subject of
mazims or necessary truths, yet, on account of the great impor-
tance of that law of thought to which it relates, it has been
thought proper to introduce it here.
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ProrosiTion 1V.

That axiom of metaphysicians which is termed the principle of
contradiction, and whch affirms that it 1s 1mpossible for any being to
Possess a quahty, and at the same tume not to possess it, is a conse-
quence of the fundamental law of thought, whose expression 1s 22=x

Let us write this equation in the form

z-x=0,

z(l ~2)=10; 1)

both these transformations being justified by the axiomatic laws
of combination and transposition (II.13). Let us, for simplicity
of conception, give to the symbol z the particular interpretation
of men, then 1- z will represent the class of ¢ not-men”
(Prop. 1) Now the formal product of the expressions of two
classes 1epresents that class of individuals which is common to
them both (IL. 6) Hence 2 (1 — «) will represent the class
whose members are at once ““men,” and ¢ not men,” and the
equation (1) thus expiess the principle, that a class whose mem-
bers are at the same trme men and not men does not exist In
other words, that it es umpossidle for the same mdividual to be at
the same tume a man end not @ man Now let the meaning of
the symbol 2 be cxtended from the representing of ¢ men,” to
that of any class of beings chavacterized by the possession of any
quality whatever; and the equation (1) will then expiess that it
is impossible for a being to possess a quality and not to possess
that quality at the same time. DBut this is identically that
¢¢ principle of contradiction” which Auistotle has described as the
fundamental axiom of all philosophy ¢ It is impossible that the
same quality should both belong and not belong to the same
thing .. This is the most certain of all piinciples. . . Wherefore
they who demonstrate refer to this as an ultimate opinion For
it is by nature the sowce of all the other axioms.”*

whence we have

® T) ydp adrd dpa dwapyew ¢ kai py Ywapyay advvarov rg adryg cai kard
To abré  Abrn &) macdv iori Bedatordry Tav dpxd@y  Awd wdvreg ol droder-
vhvreg elg Tavrgy dvdyovay loxarny é5av ¢loe yap dpxs) xai TGy ENAwy
tEwpdrwr abry Tavrwv —Metaphysica, 1 3
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The above interpietation has been introduced not on account
of its immediate valuc in the present system, but as an illustration
of a significant fact in the philosophy of the intellectual powers,
viz,, that what has been comnionly regaided as the fundamental
axiom of metaphystcs is but the consequence of a law of thought,
mathematical 1n its foom. I desiie to dnect attention also to the
circumstance that the equation (1) in which that fundamental
law of thought is expressed 1s an equation of the sccond degiee.®
‘Without speculating at all in this chapter upon the question,
whether that ciicumstance is necessary in 1ts own nature, we
may venture to assert that if it had not existed, the whole pro-
cedme of the understanding would have been different from what
it is. Thus it is a consequenee of the fact that the fundamental
equation of thought is of the second degrce, that we perform the
operation of analysis and classification, by division into paiis of

& Should 1t here be smd that the existence of the equation 2= x necessitates
also the existence of the equation z* = r, which 1s of the thud degree, and then
inqured whether that equation does not indicate a process of trichotomy, the
answer 1s, that the equation z3 =z 1s not interpretable 1n the system of logic
For writing 1t 1 either of the forms

r(l-2)(1+2) =0, @
z(1-2)(-1-12)=0, @

we see that i1ts interpretation, 1f possible at all, must invalve that of the factor
1 + z, or of the factor —1 —x  The former 1s not interpretable, because we
cannot concerve of the additron of any cluss r to the umverse 1, the latter 1s not
mterpretable, because the symbol — 1 14 not subject to the law z (1 — z) =0, to
which all class symbols a1 subject Henee the equation +' = z admits of no in-
terpretation analogous to that of the equation 22=2 Were the forme1r equation,
however, true independently of the latter, 1 ¢ were that act of the mind which
18 denoted by the symbol &, such that 1ts second repetition should reproduce the
result of a single operation, but not 1ts first or mere repetition, 1t 18 presumable
that we should be able to interpret one of the forms (2), (3), which under the
actnal conditions of thought ne cannot do  There cvist operations, known to
the mathematician, the law of wlich may be adequately expressed by the equa-
tion 23 =z But they are of a nature altogether foreign to the province of
general reasoning

In saying that 1t1s concen able that the law of thought might have been dif-
ferent from what 1t 15, I mean only that we can frame such an hypothests, and
study 1ts consequences  The possibility of doing this involves no such doctrine

as that the actual law of human reasen 1s the product either of chanee or of arbi-
trary will
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opposites, or, as it is technically said, by dichotomy. Now if the
equation in question had been of the third degree, still admitting
of interpretation as such, the mental division must have been
threcfold in character, and we must have proceeded by a species
of trichotomy, the real nature of which it is impossible for us,
with our existing faculties, adequately to conceive, but the laws
of which we might still investigate as an object of intellectual
speculation, .

16 The law of thought expressed by the equation (1) will,
for reasons which are made appaient by the above discussion, be
occasionally referred to as the ¢ law of duality.”
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CHAPTER 1V.

OF THE DIVISION OF PROPOSITIONS INTO THE TWO CLASSES OF
4 pRIMARY" AND * SECONDARY ;" OF THE CHARACTERISTIC PRO-
PERTIES OF THOSE CLASSES, AND OF THE LAWS OF THE EXPRES-
SION OF PRIMARY PROPOSITIONS.

1. THE laws of those mental operations which are concerned

in the processes of Conception or Imagination having
been investigated, and the corresponding laws of the symbols
by which they are represented explained, we arc led to consider
the practical application of the results obtained: first, in the
expression of the complex terms of propositions ; secondly, in
the expression of propositions; and lastly, in the construction of
a general method of deductive analysis. 1In the present chapter
we shall be chiefly concerned with the first of these objects, as
an introduction to which it is necessary to establish the following
Proposition :

ProrosiTion L.

All logical propositions may be considered as belonging to one
or the other of two great classes, to which the respective names of
“ Primary” or ¢ Concrete Propositions,” and “ Secondary” or © Ab-
stract Propositions,” may be given

Every assertion that we make may be referred to one or the
other of the two following kinds. Either it expresses a relation
among things, or it expresses, or is equivalent to the expression of,
a relation among propositons  An assertion respecting the pro-
perties of things, or the phaenomena which they manifest, or the
circumstances in which they are placed, is, properly speaking, the
asscrtion of a relation among things. To say that ¢ snow is
white,” is for the ends of logic equivalent to saying, that ¢ snow
is a white thing.” An assertion respecting facts or events, their
mutual connexion and dependence, is, for the same ends, generally
equivalent to the a<sertion, that such and such propositions con-
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cerning those events have a certain relation to cach other as
respects their mutual tiuth or falschood The former class of
propositions, 1clating to thangs, I call ¢ Primary ;” the latter class,
rclating to propositions, I call ¢ Secondary.” The distinction is
in practice nearly but not quite co-extensive with the common
logical distinction of propositions as categorical on hypothetical.

Forinstance, the propositions, ¢ The sun shines,” «The earth
is warmed,” mc primary; the proposition, ¢ If the sun shines
the carth Is warmed,” is secondary. To ray, ¢ The sun shines,”
is to say, ¢ The sun is that which shines,” and 1t expresses a re-
lation between two classes of things, viz , ¢ the sun™ and ¢ things
which shine.” The scconduy propo~ition, however, given above,
expresses a1clation of dependence between the two primary propo-
sitions, ¢ The sun slunes,” and ¢ The e th s waimed.” Ido not
hereby affirm that the relation between these propositions 1s, like
that which exists between the facts which they eapiess, a rela-
tion of causality, but only that the 1clation among the propo-
sitions so implies, and is so implied by, the 1elation among the
facts, that it may for the ends of logic be used as a fit repre-
sentative of that 1elation

2 If instcad of the proposition, ¢ The sun shines,” we say,
¢« It is aue that the sun shines,” we then speak not directly of
things, but of a proposition concerning things, viz., of the pro-
position, ¢ The sun shines.” And, thercfote, the proposition in
which we thus speak is a secondary one  Livery primay po-
position may thus give 1i-e to a sccondary proposition, iz, to
that secondary proposition wlhich assciis its truth, or declares its
falsehood.

It will usually happen, that the paiticles if; ewther, or, will
indicate that a proposition is sccondary ; but they do not neces-
garily imply that such is the ease  The proposition, ¢ Ammals
are cither 1ational or miational,” is pumary. It cannot be ie-
solved into ¢ Either animals are 1ational or ammals are iira-
tional,” and it docs not theicfore expre~=a 1clation of dependence
between the two propositions connected together m the latter
disjunctive sentence The particles, ewher, 07, me in fact no
criteron of the nature of propositions, although 1t happens that
they are more frequently found in sccondary propositions. Even
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the conjunction if may be found in primary propositions. ¢ Men
are, if wisc, then temperate,” is an example of the kind. It
cannot be 1csolved into ¢ If all men are wise, then all men are
temperate.”

3. Asitis not my design to discuss the merits or defects of
the ordinary division of propositions, I shall simply remark here,
that the piinciple upon which the present classification is founded
is clear and definite in 1ts application, that it involves a real
and fundamental distinction in propositions, and that it is of
essential importance to the development of a geneial method of
reasoning  Nor does the fact that a primary proposition may
be put into a form in which it becomes secondary at all conflict
with the views here maintained. For in the case thus supposed,
it is not of the things connected together in the primary propo-
sition that any direct account is taken, but only of the propo-
sition itself considered as frue or as false.

4. In the expiession both of primary and of secondary propo-
gitions, the same symbols, subject, as it will appear, to the same
laws, will be employed in this work. The difference between
the two cases 18 a difference not of form but of interpretation.
In both cases the actual relation which it is the object of the
proposition to express will be denoted by the sign = In the
expression of primary propositions, the members thus connected
will usually represent the ¢terms” of a proposition, or, as they
arc more particularly designated, its subject and predicate.

Prorosimon II.

5 To deduce a general method, founded upon the enumeration of
possible varieties, for the expression of any class or collectron of things,
which may constitute @ * term’ of a Primary Proposition.

First, If the class or collection of things to be expressed is
defined only by names or qualities common to all the individuals
of which it consists, its expression will consist of a single term,
in which the symbols expressive of those names or qualities will
be combined without any connecting sign, as if by the alge-
braic process of multiplication. Thus, if z represent opaque
substances, y polished substances, z stones, we shall have,
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zyz = opaque polished stones ;

zy (1 — z) = opaque polished substances which are not stones;

z (1 - y) (1 - 2) = opaque substances whuch are not polished,
and are not stones ;

and so on for any other combination. Let it be observed, that
each of these expressions salisfies the same law of duality, as the
individual symbols which 1t contains, Thus,

TYz ¥ BYZ = XYZ;
sy(l-2)xay(l -2z)=ay(l - 2);

and s0 on. Any such term as the above we shall designate as

a “ class term,” Decausc 1t expresses a class of things by means

of the common properties or names of the individual members of

such class.

Sccondly, If we speak of a collection of things, different
portions of which are dcfined by different properties, names, or
attributes, the eapressions for those ditferent portions must be
separately foimed, and then connected by the sign +. But if
the collection of which we desite to speak has been formed by
excluding fiom some wider collection a defined portion of its
members, the sign — must be prefixed to the symibolieal expres-
sion of the excluded portion. IRespecting the use of these sym-
bols some further obscrvations may be added.

6 Speaking gencrally, the symbol + is the equivalent of the
conjunctions ¢ and,” ¢“o1,” and the symbol -, the equivalent of
the preposition ¢ except.” Of the conjunctions ¢ and” and * or,”
the former is usually employed when the collection to be de-
scribed forms the subject, the latter when it forms the predicate,
of a proposition. ¢ The scholar and the man of the world de-
sire happiness,” may be taken as an illustration of onc of these
cases. ¢ Things possessing utility are exther productive of plea-
sure or preventive of pain,” may exempldy the other. Now
whenever an expression involving these paiticles picsents itself
in a primary pioposition, it becomes very impoitant to know
whether the groups or classes separated in thought by them are
intended to be quite distinct from each other and mutunally ex-
clusive, or not. Does the expression, ¢ Scholars and men of the
world,” include or exclude those who aie both? Does the ex-
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pression, ¢ Either productive of pleasure or preventive of pain,”
include or exclude things which possess both these qualities? I
apprehend that in strictness of meaning the conjunctions ¢ and,”
¢ or,” do possess the power of separation or exclusion here re-
ferred to; that the formula, ¢ All 2's are either s or 2’s,”
rigorously interpreted, means, ¢ All #’s arc either s, but not 2’s,”
or, *“z’s but not ’s.” But it must at the same time be admitted,
that the ¢ jus et norma loquendi” seems rather to favour an oppo-
site interpretation. The expression, ¢ Either y's or 2’s,” would
gencrally be understood to include things that are y's and 2’s at
the same time, together with things which come under the one,
but not the other. Remembering, however, that the symbol +
docs possess the separating power which has been the subject of
discussion, we must resolve any disjunctive expression which may
come before us into elements 1cally sepamated in thought, and
then connect their respective expressions by the symbol +.

And thus, according to the meaning implied, the expression,
¢t Things which are cither ’s or 4’s,” will have two different sym-
bolical equivalents. If we mean, ¢ Things which are a’s, but
not y’s, or y's, but not 2’s,” the expression will be

z(l-g)+y(1-2);
the symbol # standing for ’s, y for y’s. If, however, we mean,

¢ Things which are either a’s, or, if not 2’s, then y’s,” the ex-
pression will be

z+y(l-x).
This expression supposes the admissibility of things which are
both 2’s and y’s at the same time. It might more fully be ex-
pressed 1n the form
zy+z2(l-p+y(Q-2);

but this expression, on addition of the two first terms, only re-
produces the former one.

Let it be observed that the expressions above given satisfy
the fundamental law of duality (III. 16). Thus we have

te(d-m+y(Q-a)*=2(1-g)+y(l-2),
fe+y(Q-a2)2=2+y(l-2).
It will be scen hereafter, that this is but a particular manifesta-
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tion of a general law of expressions representing ¢ classes or
collections of things.”

7. The results of these investigations may be embodied in
the following rule of expression.

Rure.—Ezpress simple names or qualities by the symbols z,y, 2,
&c, thew contraries by 1—x, 1-y, 1- 2, &c ; classes of things
defined by common names or qualities, by connecting the correspond-
ing symbols as n multipheation ; collections of things, consisting of
portwons dyfferent from each other, by connecting the expressions of
those portions bythe sign+  In particular, let the expression, © Ether
Z'sory’s,” beexpressed by 2 (1-y) + y (1 - z), when the classes de-
noted by x and y are excluswe, by z + y (1 — z) when they are not
cxcluswe. Sumilarly let the expression, “ Inther &'s, or y's, or 2s,” be
expressed by (1-y) (1-2)+y(1l-2)(1-2)+z(1-2) (1 -y,
when the classes denoted by x, y, and z, are dessgned to be mutually
excluswe, by z + y (1 - 2) + 2(1 — 2) (1 -y), when they are not meant
to be exclusne, and so on

8 On this rule of expression is founded the converse rule of
interpretation. Both these will be excmphfied with, perhaps,
sufficient fulness in the following instances. Omtting for bre-
vity the universal subject < things,” or ¢ beings,” let us assume

2 = hard, y= elastic, z = metals;
and we shall have the following 1esults:

¢ Non-clastic metals,” will be expressed by z(1-y);
¢ Elastic substances with non-clastic metals,” by y+ 2z (1 -y);
¢ Iard substances, except metals,” by 2 -z ;
¢ Metallic substances, except those which aie neither hard nor
elastic,” by z-s(1-2) 1 -g),orbyz{1- (1-2) (1-7)},
wide (6), Chap. IL.

In the last example, what we had 1eally to expicss was ¢ Metals,
except not hard, not elastic, metals.” Conjunctions used be-
tween adjectwes are usually superfluous, and, therefore, must
not be expressed symbolically.

Thus, ¢ Metals hard and elastic,” is equivalent to ¢ Hard
elastic metals,” and expressed by zyz.

Take next the expression, ¢ Hard substances, except those
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which are metallic and non-clastic, and those which are clastic
and non-metallic.” Here the word those meuns hard substances,
so that the expiession 1cally means, Hard substances eacept hard
substances, metallic, non-elastic, and hard substances non-metallic,
elastic; the word eacept extending to both the classes which
follow it. The complete expression is

z-{zz(l-y)+ay(1-2)};
T, z-awz(1-y)—ay(l-2)

9. The preceding Proposition, with the different illustrations
which have been given of it, is a neccssmy pcliminary to the
following one, which will complete the design of the present
chapter.

Prorosrtion IT1.

To deduce from an exomnation of thewr possible varieties a gene-
ral method for the expression of Prunary or Concrete Propositions.

A primary proposition, in the most general sense, consists of
two terms, between which a relation 1s asserted to exist. These
terms are not necessarily single-worded names, but may 1epresent
any collection of objccts, such as we have been engaged in consi-
dering in the previous sections. The mode of expressing those
terms is, theiefore, compichended in the general precepts above
given, and it only 1emamns to discover how the relations between
the teims arc to be expressed. This will evidently depend upon
the natwie of the relation, and more paiticularly upon the ques-
tion whether, in that relation, the terms arc understood to be
universal or particular, i. e. whether we speak of the whole of
that collection of objects to which a term refers, or indefinitely of
the whole or of a part of it, the usual signification of the piefix,
* somne.”

Suppose that we wish to express a relation of identity be-
tween the two classes, “TFixed Stars” and ¢ Suns,” i. e. to
express that ¢ All fixed stars arc suns,” and ¢« All suns arc fixed
stars.” Here, if # stand for fixed stars, and y for suns, we shall
have

=Yy
for the equation required.
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In the proposition, ¢ All fixed stars are suns,” the term ¢ all
fixed stars” would be called the subject, and “ suns” the predi-
cate. Suppose that we extend the meaning of the terms sulject
and predicate in the following manner. By sulject let us mean
the first term of any affiymatise proposition, i. e. the term which
precedes the copula zs or are ; and by predicate let us agree to
mean the second term, i. e. the one which follows the copula;
and let us admit the assumption that either of these may be uni-
versal or patticular, so that, in either case, the whole class may
be implied, or only a part of it. Then we shall have the follow=-
ing Rule for cases such as the one in the last example:—

10 RuLE.— When both Sulject and Predicate of a Proposition
are unwersal, form the separate expressions for them, and connect them
by the sign =.

This case will usually present itself in the expression of the
definitions of science, or of subjects ticated after the manner of
pure science Mr. Senior’s definition of wealth affords a good
example of this kind, viz :

¢ Wealth consists of things transferable, limited in supply,
and either productive of pleasure or preventive of pain.”

Before proceeding to express this defimtion symbolically, it
must be remarked that the conjunction and is superfluous.
Wealth is really defined by its possession of three properties or
qualities, not by its composition out of three classes or collections
of objects. Omutting then the conjunction and, let us make

w = wealth.

t = things transferable.

s = limited in supply.

p = productive of pleasure.
r = preventive of pain.

Now it is plain from the nature of the subject, that the ex-
pression, ¢ Either productive of pleasure or preventive of pain,”
in the above definition, is meant to be equivalent to ¢¢ Kither pro-
ductive of pleasure; or, if not productive of pleasure, preventivc
of pain.” Thus the class of things which the above expression,
taken alone, would define, would consist of all things productive
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of pleasure, together with all things not productive of pleasure,
but preventive of pain, and its symbolical expression would be

p+(1-p)r

If then we attach to this expression placed in brackets to denote
that both its texms are referied to, the symbols s and ¢ limitmng
its application to things ¢ transferable” and ¢ limited in supply,”
we obtain the following symbolical equivalent for the original
definition, viz. :

w=s(p+r(l-p). ¢))
If the expression, ¢ Either productive of pleasure or preventive of
pain,” were intended to point out merely those things which aie
productive of pleasme without being preventive of pain, p (1 -7),
or preventive of pain, without being productive of pleasme,
r (1 - p) (exclusion being made of those things which aie both
productive of pleasure and preventive of pain), the expression in
symbols of the defimtion would be

w=st(p(l-r)+r(1-p)). 2

All this agrees with what has before been more generally stated.

The 1eader may be curious to inquire what effect would be
produced if we literally translated the expression, ¢ Things pro-
ductive of pleasure or preventive of pain,” by p + r, making the
symbolical equation of the defimtion to be

w=st(p+7). 3)
The answer is, that this expression would be equivalent to (2),
with the additional implication that the classes of things denoted
by stp and str are quite distinct, so that of things transfeiable
and limited 1n supply there exist none 1n the universe which are
at the same time both productive of pleasure and preventive of
pain. How the full impoit of any equation may be determined
will be explamned hereafter. 'What has been said may show that be-
fore attempting to translate our data into the rigorous language
of symbols, it 1s above all things necessary to ascertain the m-
tended import of the words we are using. But this nccessity
cannot be regarded as an cvil by those who value correctness of
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thought, and regard the right employment of language as both
its instrument and its safeguard.

11. Let us consider next the case in which the predicate of
the proposition is particular, e. g. ¢ All men are mortal.”

In this case it is clear that our meaning is, ¢ All men are
some mo1tal beings,” and we must seck the expression of the
predicate, €€ some mortal beings.” Represent then by v, a class
indefinite in every 1espect but this, viz., that some of its members
are moital bemgs, and let # stand for ¢¢ mortal beings,” then wall
va represent *“some mortal beings.” Hence if y 1epresent men,
the equation sought will be

Yy =vx.

Firom such considerations we derive the following Rule, for
expressing an affiimative universal proposition whose predicate
is particular :

Rure —Ezpress as before the subject and the predicate, attach
to the latter the indefinite symbol v, and equate the expressions.

It is obvious that v is 2 symbol of the same kind as z, y, &c.,
and that it is subject to the geneial law,

=9, or v(l-9)=0.

Thus, to express the proposition, ¢ The planets are either
primary or seconda1y,” we should, according to the rule, proceed
thus:

Let z represent planets (the subject) ;
y = primary bodies ;
z = secondary bodies ;
then, assuming the conjunction ¢ or” to separate absolutely the
class of ¢ primary” from that of ¢ secondary” bodies, so far as
they enter into our consideration in the proposition given, we
find for the equation of the proposition

z=vly(l-2)+z(1-9y). 4)

It may be worth while to notice, that in this case the /iteral
translation of the premises into the form

z=v(y+2) (®)
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would be exactly equivalent, v being an indefinite class symbol.
The form (4) is, however, the better, as the expression

y(A-2)+z(1-y)

consists of terms representing classes quite distinct from each
other, and satisfies the fundamental law of duality

If we take the proposition, * The heavenly bodies are either
suns, or planets, or comets,” representing these classes of things
by w, z, ¥, z, respectively, its expression, on the supposition that
none of the heavenly bodies belong at once to two of the divi-
sions above mentioned, will be

w=v(z(l-y)(1-2)+y(l-2)(A-2)+z(1-2) (1-p)}.

If, however, it were meant to be implied that the heavenly
bodies were either suns, or, if not suns, planets, or, if neither suns
nor planets, fixed stars, a mecaning which does not exclude the
supposition of some of them belonging at once to two or to all
three of the divisions of suns, planets, and fixed stars,—the ex-
Ppression required would be

w=v(r+y(l-2)+z(1-2)(1-p) (6)

The above examples belong to the class of deseriptions, not
definitions. Indeed the predicates of propositions are usually
particular. 'When this is not the case, cither the predicate is a
singular term, or we employ, instead of the copula ¢is” or ¢are,”
some form of connexion, which imphes that the predicate is to be
taken universally.

12. Consider next the case of universal negative propositions,
e. g. “ No men are perfect beings.”

Now it is manifest that in this case we do not speak of a class
termed ““no men,” and assert of this class that all its members
are ¢ perfect beings.” But we virtually make an assertion about
“all mer” to the effect that they are ¢ not perfect beings.” Thus
the true meaning of the proposition is this :

“ All men (subject) arc (copula) not perfect (predicate) ;”
whence, if y repiesent * men,” and # ¢ perfect beings,” we shall
have

y=r(l-2)
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and similarly in any other case. Thus we have the following
Rule:
RuLe —Tv express any preposition of the form © No z's are

y's,” convert it o the form « All 2's are not y's,”" and then proceed
as in the previous case

13. Consider, lastly, the case in which the subject of the
proposition is particular, e. g. ¢ Some men arc not wise.” Ilere,
as has been 1ema ked, the negative not may properly be referred,
certainly, at least, fur the ends of Logic, to the predicate wuse ;
for we do not mean to say that it is not true that ¢ Some men
are wise,” but we intend to predicate of ¢‘somc men” a want of
wisdom. The requisite form of the given proposition is, there-
fore, ¢ Some 1nen are not-wise.” Putting, then, y for *“men,”
z for ““wise,” 1 e. *“wise beings,” and introducing v as the sym-
bol of a class indefinite in all respects but this, that it contains
some individuals of the class to whose expression it is prefixed,
we have

vy =v(l -=2).

14. We may comprise all that we have determined in the

following general Rule:

GENERAL RULE FOR THE SYMBOLICAL EXPRESSION OF PRIMARY
PROPOSITIONS

1st. If the proposition is affirmative, form the expression of the
subject and that of the predicate  Should ewther of them be particular,
attach to it the indefiunte symbol v, and then equate the resulting ew-
pressions.

2ndly 1f the proposition is negative, cxpress first s true mean-
ing by attaching the negative particle to the predicate, then proceed as
above

Cme or two additional examples may suffice for illustration.

Ex.—* No men are placed 1n exalted stations, and free from
envious regards.”

Let y represent ““men,” z, “placed in exalted stations,” z,
¢ free from envious regards.”

Now the expression of the class described as ¢ placed in
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exalted station,” and ¢ fice from enviousiegards,” is zz. Hence
the contrary class, i. e. they to whom this description does not
apply, will be represented by 1 - 2z, and to this class all men
are referred. Hence we have

y=v(l - zz).

If the proposition thus expressed had been placed in the equiva-
lent form, ¢ Men in exalted stations aie not free fiom envious
regards,” its expression would have been

yr=v(l-2).

It will hereafter appear that this expiession is really equivalent
to the previous one, on the patticular hypothesis involved, viz.,
that v is an indefinite class symbol

Ex.—¢ No men are hcroes but those who unite self-denial to
courage.”

Let 2 = “men,” y = ¢ heroes,” z = ¢ those who practise self-
denial,” w, ¢ those who posscss courage.”

The assertion 1cally 15, that <“men who do not possess cou-
rage and practise sclf-denial are not heroes.”

Hence we have

z(l-2w)y=v(l-y)
for the equation required

15. In closing this Chapter it may be interesting to compare
together the great leading types of propositions symbolically ex-
pressed. If we agree to 1cpresent by X and ¥ the symbolical
expiressions of the ¢ terms,” or things rclated, those types will

be

X =vY,
X =%,
vX =vY

In the first, the predicate only is paiticular; in the second, both
terms are universal ; m the third, both are particular. Some mi-
nor forms are 1eally included under these. Thus, if ¥ = 0, the
second form becomes

X=0;
and if Y= 1 it becomes

X=1;
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both which forms admit of interpretation It is further to be
noticed, that the expressions X and Y, if founded upon a suffi-
ciently careful analysis of the meaning of the ¢terms” of the
proposition, will satisfy the fundamental law of duality which
requires that we have

X=X or X(1- X)=0,
Y=Y or Y(1-Y)=0.
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CHAPTER V

OF THE FUNDAMENTAL PRINCIPLES OF SYMBOLICAL REASONING, AND
OF THE EXPANSION OR DEVELOPMENT OF EXPRESSIONS INVOLV-
ING LOGICAL SYMBOLS.

1. THE previous chapters of this work have been devoted to

the investigation of the fundamental laws of the opera-
tions of the mind in ieasoning; of their developmment in the
laws of the symbols of Logic; and of the principles of expression,
by which that species of propositions called primary may be repre-
sented in the language of symbols. These inquiries have been
in the strictest sense preliminary. They form an indispensable
introduction to one of the chief objects of this treatise—the con-
struction of a system or method of Logic upon the basis of an
exact summary of the fundamental laws of thought. There are
certain considerations touching the natwie of this end, and the
means of its attainment, to which I deem it necessary here to
direct attention.

2. I would remark in the first place that the generality of a
method in Logic must very much depend upon the generality of
its elementary processes and laws. We have, for instance, in the
previous sections of this work mvestigated, among other things,
the laws of that logical process of additzon which is symbolized
by the sign +. Now those laws have been determined from the
study of instances, m all of which it has been a necessary condi-
tion, that the classes or things added together in thought should
be mutually exclusive. The expression 2 + y seems indeed un-
interpretable, unless it be assumed that the things represented
by x and the things represented by y are entirely separate ;
that they embrace no individuals in common. And conditions
analogous to this have been involved in those acts of conception
from the study of which the laws of the other symbolical opera-
tions have been asceitained. The question then arises, whether
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it is necessary to restrict the application of these symbolical laws
and processes by the same conditions of interpretability under
which the knowledge of them was obtained. If such resiriction
is necessary, it is manifest that no such thing as a general
method in Logic is possible. On the other hand, if such restric-
tion is unneccssary, in what light are we to contemplate pro-
cesses which appear to be uninterpretable in that sphere of thought
which they are designed to aid ? These questions do not belong
to the science of Logic alone. They are equally per tinent to every
developed form of human rcasoning which is based upon the
employment of a symbolical language.

3. I would obseive in the second place, that this apparent
failure of correspondency hetween process and interpretation does
not manifest itself in the ordinary applications of human rea-
son. For no operations are there performed of which the mean-
ing and the apphcation are not scen; and to most mmds it does
not suffice that merely formal reasoning should connect their
premizes and their conclusions; but every step of the connecting
train, every mediate result which is established in the course of
demonstration, must be intelligible also. And without douht,
this is both an actual condition and an important safeguard, in
the reasonings and discourses of common life.

There are perhaps many who would be disposed to extend
the same principle to the geneial use of symbolical language as
an instrument of rcasoning. It mught he mgued, that as the
laws or axioms which govein the use of symbols are established
upon an investigation of those cases only m which interpretation
is possible, we have no 11ght to extend their application to other
cagses in which interpietation 15 mpo=wible o1 doubtful, cven
though (as should be admitted) such applcation 1= employed in
the intermediate steps of demon~tiation only. Were this ob-
Jjection conclusive, 1t must be acknowledged Ahat shght ad-
vantage would accrue fiom the use of a syptbolical method in
Logic Perhaps that advantage would be ¢bnfined to the mecha-
nical gain of employing shoit and conytment symbols i the
place of more cumbrous ones. But the objection 1tself 1~ falla-
cious. Whatever our @& priore anticipations rught bhe, it is an
unquestionable fact that the validity of a conclusion arrived at
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by any symbolical process of reasoning, does not depend upon
our ability to interpret the formal results which have presented
themselves in the different stages of the investigation. There
exist, in fact, certain general principles relating to the use of
symbolical methods, which, as pertaining to the particular sub-
Jject of Logic, I shall first state, and I shall then offer some re-
marks upon the nature and upon the grounds of their claim to
acceptance

4. The conditions of valid 1easoning, by the aid of symbols,
are—

1st, That a fixed interpretation be assigned to the symbols
employed in the expression of the data, and that the laws of the
combination of those symbols be correctly determined from that
interpretation.

2nd, That the foimal processes of solution or demonstration
be conducted throughout in obedience to all the laws deter-
mined as above, without 1egard to the question of the interp etu-
bility of the particular results obtaned

3rd, That the final result be interpretable in form, and that
it be actually interpreted 1n accordance with that system of in-
terpretation which has been employed in the expression of the
data. Concerning these principles, the following observations
may be made.

5 The pecessity of a fixed interpictation of the symbols has
already been sufficiently dwelt upon (1II.3) The necessity that
the fixed result should he 1n such a foim as to admit of that 1n-
terpretation being applied, is founded on the obvious principle,
that the use of symbols 15 2 means towaids an end, that end
beingr the knowledge of some intelhgible fact or truth. And
that this end may be attained, the final result wlich expiesses
the symbolical conclusion must be in an interpretable form. It
i3, howeve, in connexion with the second of the abuve general
principles or conditions (V. 4), that the greatest difficulty is
likely to be felt, and upon this point a few additional words are
necessaty.

I would then remaik, that the principle in question may be
considered as resting upon a general law of the mind, the know-
ledge of which is not given to us & priore, 1 c. antecedently to
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experience, but is derived, like the knowledge of the other laws
of the mind, from the clear manifestation of the general principle
in the particular instance A single example of reasoning, in
which symbols are employed in obedience to laws founded upon
their inteipietation, but without any sustained reterence to that
interpictation, the chain of demonstiation conducting us through
intermediate steps which aie not wterpretable, to a final 1esult
which is inter pretable, scems not only to establish the validity of
the particulmr appheation, but to make known to us the general
law mamfested theicin. No accumulation of mstances can pro-
peily add weight to such evidence. It may furnish us with clearer
conceptions of that comnon element of truth upon which the ap-
plication of the piineiple depends, and <o prepare the way for 1ts
reception. It may, where the immediate force of the evidence is
not felt, rerve as a veufication, d pusterion:, of the practical vali-
dity of the principle 1n question. But this docs not affect the posi-
tion affiimed, viz., that the generai puinciple must be seen in the
particular instance,—seen to be general m application as well as
true in the special example. The employment of the uninterpre-
table symbol 4/ -1, in the intermediate p1oce~ses of trigonometry,
furmshes an illustiation of what has been sud 1 apprehend that
there is no mode of expluning that applieation which does not
covertly assume the very pnneiple 1n question.  But that prin-
ciple, though not, as I conccive, wananted by formal 1casoniug
based upon other grounds, scems to descrve a place among those
axiomatic truths which constitute, 1n some sense, the foundation
of the possibility of gencial knowledge, and which may properly
be regarded as expressions of the mmd’s own laws and consti-
tution

6. The following 1> the mode in which the punciple above
stated will be applied in the present work. Tt has been seen,
that any system of propositions may be expiessed by equations
mvolving symbols z, y, 7, which, whenever inter pretation is pos-
sible, mre subject to laws identical 1 foum with the laws of a sy~
tem of quantitative symbols, susceptible only of the values 0 and
1 (I1.15). But as the formal processes of 1easoning depend only
upon the laws of the symbols, and not upon the natwic of their
interpretation, we aie permitted to treat the above symbols,
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z, y, 2, a8 if they were quentitative symbols of the kind above
described. We may wn fact lay aside the logical interpretation of
the symbols in the gwven equation ; convert them into quantitative sym-
bols, susceptible only of the values 0 and 1, perform upon them as such
all the 1 equisite processes of solution, and finally restore to them their
logical wnterpretation. And this is the mode of procedure which
will actually be adopted, though it will be deemed unnecessary
to restate in every instance the nature of the transformation em-
ployed. The processes to which the symbols z, y, 2, regarded
as quantitative and ofthe species above described, are subject, are
not limited by those conditions of thought to which they would,
if performed upon purely logical symbols, be subject, and a free-
dom of operation is given to us in the use of them, without
which, the inquiry after a general method in Logic would be a
hopeless quest

Now ‘the above system of processes would conduct us to no
intelligible result, unless the final equations resulting therefrom
were in a form which should render their interpretation, after
restoring to the symbols their logical significance, possible.
There exists, however, a general method of reducing equations
to such a form, and the 1emainder of this chapter will be devoted
to its comsideration. I shall eay little concerning the way in
which the method 1enders interpretation possible,—this point
being reserved for the next chapter,—but shall chiefly confine
myself here to the mere process employed, which may be cha-
racterized as a process of ¢“ development.” As introductory to
the nature of this process, it may be proper first to make a few
observations.

7. Suppose that we are considering any class of things with
reference to this question, viz., the relation in which its members
stand as to the possession or the want of a certain property z As
every individual in the proposed class either possesses or does
not possess the property in question, we may divide the class
into two portions, the former consisting of those individuals
which possess, the latter of those which do not possess, the pro-
perty. This possibility of dividing in thought the whole class
into two constituent portions, is antecedent to all knowledge of
the constitution of the class derived from any other source; of
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which knowledge the cffect can only be to inform us, more or
less precisely, to what further conditions the portions of the class
wluch po~sess and which do not possess the given property aic
subject Suppose, then, such knowledge is to the following cffect,
viz, that the members of that portion which possess the property
&, possess also a certain property u, and that these conditions
united are a sufficient defimtion of them. We may then repre-
sent that portion of the oniginal clase by the expression uz (I1 6).
If, fuither, we obtamn information that the members of the ori-
ginal class which do not possess the property z, are subject to a
condition v, and are thus defined, it is clea, that those members
will be 1epresented by the expre~sion v (1 -2) Hence the class
in its totality will be 1epresented by

wr+v(l-2),

which may be considered as a general developed form for the
cxpression of any class of objects considered with reference to
the possession or the want of a given poperty o

The general form thus established upon purcly logical
grounds may also be deduced fiom distinet considerations of
formal law, applicable to the symbols z, y, z, equally in their
logical and in their quantitative interpretation already refeired to
(V.6)

8. Defintion — Any algebiaic expression involving a sym-
bol z is texmed a function of 2, and may be 1epresented under
the abbreviated general foom f(z). Any expiession involving
two symbols, = and y, is sinululy teimed a function of # and p,
and may be represented under the geneial form f(2, ), and so
on for any other case.

Thus the foum f(2) would indifferently 1epresent any of the

. . . 1+
following functions, viz., 2, 1 - a, i al Z, &e., and f (2, y) would
equally represent any of the foims z + y, « - 2y, : * 21/ , &e.
& - l[

On the same principles of notation, 1f 1n any function f (),
we change @ into 1, the result will be expressed by the form
7 (1) if' in the same function we change @ into 0, the 1csult will

be expressed by the form f(0). Thus, if f(a) 1epiesent the
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[ &)

function
a-—-2z

» (1) will represent Z—i—; , and f(0) will repre-
a

sent —-.
a

9 Definition.—Any function f(z), in which « is a logical
symbol, or a symbol of quantity susceptible only of the values
0 and 1, is said to be developed, when it is reduced to the form
az + b (1 - 2), a and 4 being so determined as to make the result
equivalent to the function from which it was derived

This definition assumes, that it is possible to represent any
function f (z) in the form supposed. The assumption is vindi-
cated in the following Proposition.

Prorosition I
10. To develop any function f(z) in whick z is a logical symbol

By the principle which has been asserted in this chapter, it
is lawful to treat z as a quantitative symbol, susceptible only of
the values 0 and 1.

Assume then,
f(x)=az +b(1- x),
and making = = 1, we have

) =a.
Again, in the same equation making z = 0, we have
F©)=b

Hence the values of a and b are determined, and substituting
them in the first equation, we have

f@)=fQ) 2+f0)(A-a); )

as the development sought.* The second member of the equa-

* To some 1t may be interesting to remark, that the development of f'(x)
ohtained 1p this chapter, strictly holds, mn the logical system, the place of the
expansion of f(z) 1 ascendmg powers of = 1 the system of ordinary algebra

Thus 1t may be obtamed by mtroducing mnto the expression of Taylor's well-
known theorem, viz,

S@=S O+ Oz +f O 75+ O o b 0

the condition z (1 - z) = 0, whence we find z*=z, 2=z, &c, and
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tion adequately represents the function f'(2), whatever the form
of that function may be. For z regarded as a quantitative sym-
bol admits only of the values 0 and 1, and for each of these
values the development

S z+f(0) (1 -2)
assumes the same value as the function /().
As an 1illustration, let it be required to develop the function

11—:; . Here, when z = 1, we find £ (1) = 30 and when z = 0,
we find f(0) = 100" 1. Hence the expression required is
l+a 2 P
1+2z 3 z3

and this equation is satisfied for each of the values of which the
symbol z is susceptible.

Prorosition 11,

To expand or develop a function mwolving any number of logical
symbols

Let us begin with the case in which there are two symbols,
x and y, and let us represent the function to be developed by
S (@ 9)

First, considering f (z, y) as a function of z alone, and ex-
panding it by the gencral theorem (1), we have

S @&N=fLyz+70y (1-2); &)

F(@ =50+ {0 +.f (0) _lf 2(0;%”

But making 1n (1), z =1, we get

2

1 =5 +f @ +LQ LD g

whence
5 @ +5Q v ge sy - 100,
and (2) becomes, on substitution,
S@=,© +{r()-s0)=
=fMDr+rO (1 - =),

the form in question This demonstration 1n supposing f(z) to be developable n
a series of ascending powers of z 15 less general than the one 1n the text
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wherein f(1. ) represents what the proposed function becomes,
when in it fur .« we write I, and 7' (0, y) what the said function
becomes, when in 1t fur .« we write 0.

Now, taking the coefficient 5 (1, ¥}, and regarding it as a func-
tion of y, and expanding it accordingly, we have

FTLy)=fADy+f(10) (-3, (3)

wherein (1, 1) represents what f(1, y) becomes when 7 i> made
equal to 1, and f(1,0) what f(1,y) becomes when y is made
equal to 0.

In Yike manner, the coefficient £ (0, y) gives by expausion,

O, 9) =01y +(0,0)(-9) (4)
Substitute in (2) for £(1,y), £(0,y), their values given in (3)
and (4), and we bave

[y =Dy +fLOz(1-9)+f(0, 1) (1-2)y

~f(0,0) (1-2)(1-2), (3)
for the expansion required. Here f(1, 1) represents what f(z, y)
becomes when we make therein £=1, y = 1; f(1, 0) represents
what f (., ) becomes when we make therein z=1, y=0, and
so on for the rest.

Thus, if f (=, y) represent the function I—Z—';, we find

FOY)=5 FLO=1=0, fFOD =5 fO,0)=1,

whence the expansion of the given function is
g-z'y+ 0z(l-y) +(l)(l—a:)y+(l -2y (1~
It will in the next chapter be seen that the forms g and %, the
former of which is known to mathematicians as the symbol of in-
determinate quantity, admit, in such expressions as the above, of
a very important logical interpretation
Suppose, in the next place, that we have three symbols in

the function to be expanded, which we may represent under the
general form f(z, y, 2). Proceeding as before, we get
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S(&y 2)=r(,1,)ayz+ f(1,1,0)ay 1-2)+f(1,0, D z(1 -y)=z
+f(1,0,0z(1-y) (1-2)+7(0,1,1) (1 -2)yz
+f(0,1,0) (1-2)y (1-2) +£(0,0,1) A1 -2) (1-p)=
+f(0,0,0)(1-2) (1-y) (1-2),

in which £ (1, 1, 1) 1epresents what the function f(z,y, z) be-
comes when we make therein z=1, y=1, ==1, and so on for
the rest.

11. It is now casy to sce the general law which determines
the expansion of any proposed function, and to reduce the me-
thod of effecting the expansion to a rule But before proceeding
to the expression of such a rule, 1t will be convenient to premise
the following observations :—

Each form of expansion that we have obtained consists of cer-
tain terms, into which the symbols z, y, &c. enter, multiplied by
coefficients, into which those symbols do not enter Thus the
expansion of /() consists of two terms, z and 1 - z, multiplied
by the coefficients £ (1) and f(0) respectively. And the expan-
sion of f(z,y) consists of the four terms 2y, 2 (1-y), (1 -2)yp,
and (1 - ), (1 — ), nultiplied by the coefficients £ (1, 1), £ (1,0),
S (0, 1), £(0, 0), respectively. The terms 2, 1 — 2, in the former
case, and the texms xy, z(1 — y), &, m the latter, we shall call
the constituents of the expansion It 1s evident that they are in
form indcpendent of the foamn of the function to be expanded
Of the constituent zy, = and y a1c 1cumed the fuctors.

The general rule of development will therefore consist of two
parts, the fist of which will 1clate to the formation of the consti-
tuents of the expansion, the second to the determination of their
respective cocfficients. It is as follows:

1st. To expand any function of the symbols z, y, z.—Form a
series of constituenis in the following mannei : Let the fiist con-
stituent be the product of the symbols, change in this product
any symbol z into 1 — z, for the sccond constituent Then in
both these change any other symbol y into 1 - y, for two more
constituents Then in the four constituents thus obtained change
any other symbol z into 1 - 2, for fom new constituents, and so
on until the number of possible changes is exhausted.

2ndly To find the coefficient of ary constituent.—If that con-
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stituent involves 2 as a factor, change in the original function #
into 1; but if it involves 1 — z as a facto1, change in the original
function z into 0. Apply the same rule with reference to the
symbols y, 2, &c : the final calculated value of the function thus
transformed will be the coefficient sought

The sum of the constituents, multiplicd each by its respective
coefficient, will be the expansion 1equircd.

12. Itis worthy of observation, that a function may be de-
veloped with reference to symbols which it does not explicitly
contain Thus 1f, proceeding according to the rule, we seek to
develop the function 1 -z, with reference to the symbols # and
¥, we have,

‘When z =1 and y = 1 the given function = 0.

z=1, y=0 2 ”» =0.
z2=0 , y=1 ”» » =1
z=0 , ?l=0 39 LR =1,

‘Whence the development is
l-z=0ay+0z(l-»+(1-2y+(Q-2) (1-9);
and this is a true devclopment The addition of the terms (1 - z)y
and (1 - z) (1 - y) produces the function 1 - z.
The symbol 1 thus developed according to the rule, with re-
spect to the symbol 2, gives
z+1-a.

Developed with respect to x and y, it gives

zy+z(l-g)+ (1-2)y+(1-2) (1-y)
Similarly developed with respect to any set of symbols, it pro-
duces a series consisting of all possible constituents of those
symbols.

13. A few additional remarks concerning the nature of the
general expansions may with propriety be added. Let us take,
for illustration, the general theorem (5), which presents the type
of development for functions of two logical symbols.

In the first place, that theorem is perfectly true and intel-
ligible when z and y are quantitative symbols of the species con-
sidered in this chapter, whatever algebraic form may be assigned
to the function f(v, y), and it may therefore be intelligibly em-
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ployed in any stage of the process of analysis intermediate be-
tween the change of interpretation of the symbols from the
logical to the quantitative system above referred to, and the final
restoration of the logical interpretation

Secondly. The theorem 1s perfectly true and intelligible when
z and y are logical symbols, provided that the form of the func-
tion f (z, y) is such as to represent a elass or collection of things,
in which case the second member is always logically interpretable.
For instance, 1f f (7, y) represent the function 1 -z + zy, we ob-
tain on applying the theorem

l-z+ay=ay+0z(l-p)+(1-Dy+{1-2)(1-y),
=ay+(1-2)y+(1-2) (1-9),

and this result 1s intelligible and true

Thus we may 1egard the theorem as true and intelligible for
quantitative symbols of the species above desctibed, alicays ; for
logical symbols, aliways when wmterpretable. Whensoever there-
fore it is employed in this work it must be undeistood that the
symbols z, y m1e quantitative and of the particular species 1eferred
to, if the expansion obtained is not interpretable

But though the expansion is not always immediately inter-
pretable, it always conducts us at once to results which are in-
terpretable. Thus the expression z -y gives on development
the form

2(l-y)-y(1-m),

which is not gencrally interpretable. We cannot take, in thought,
from the class of things which are z's and not g’s, the class of
things which are y’s and not a’s, because the latter class is not
contained in the former. But if the form & — y presented itself
as the first member of an equation, of which the second member
was 0, we should have on development

e(l-p) ~y(1-2)=0
Now it will be shown in the next chapter that the above equa-~
tion, « and y being regarded as quantitative and of the specics
described, is resolvable at once into the two equations

z(l-y=0, y(1-2)=0,

and these equations are dircetly interpretable in Logic when lo-
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gical interpretations are assigned to the symbols # and y. And
it may be remaiked, that though functions do not necessarily be-
come interpretable upon development, yet equations are always
reducible by this process to interpretable forms.

14. The following Proposition estabhshes some important
properties of constituents In its enunciation the symbol ¢ is
employed to represent indifferently any constituent of an eapan-
sion Thus if the expansion is that of a function of two symbols
z and y, ¢ represents any of the four forms zy, z (1 - ¥), (1 - 2)y,
and (1 -z) (1 -y). Where it is necessary to repiresent the con-
stituents of an expansion by single symbols, and yet to distinguish
them from each other, the distinction will be marked by suffixes.
Thus ¢, might be employed to represent zy, ¢, to represent z(1 - y),
and so on.

Prorosition II1.

Any single constituent t of an expansion satusfies the law of dua-
Uity whose expression 13

t(1-£)=0

The product of any two dustinet constituents of an expansion is equal
to 0, and the sum of oll the constituents is equal fo 1

1st. Consider the particular constituent zy. We have
Ty x ;Y = 2* Y.

But 2* =2, y*=y, by the fundamental law of class symbols;
hence

zYy x TY = TY.
Or representing xy by ¢,

txt=¢
or t(l1-9H=0,

Similarly the constituent # (1 - y) satisfies the same law. For we
have

r=z, (l-yy=1-y,
co{z(l-y))P=z(l-¥), or t(1-2&)=0.
Now every factor of every constituent is either of the form x or
of the form 1 — 2. Hence the square of each factor is equal to that
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factor, and therefore the square of the product of the factors, i. e.
of the constituent, is equal to the constituent ; wherefore # repre-
senting any constituent, we have

t*=¢ ort(l-¢)=0

2ndly The product of any two constituents is 0. This is
evident from the gencral law of the symbols expressed by the
equation z (1 — z) = 0; for whatever constituents in the same ex-
pansion we take, there will be at lcast one factor z in the one, to
which will correspond a factor 1 - & in the other.

31dly. The sum of all the constituents of an expansion is
unity This is evident from addition of the two constituents =
and 1-a, or of the four constituents, zy, z(1-y), (1-2)y,
(1-z) (1 -y). But it is also, and more generally, proved by
expanding 1 in terms of any set of symbols (V.12). The consti-
tuents in this case are formed as usual, and all the coefficients
are unity.

15. With the above Proposition we may connect the fol-
lowing.

Prorosition IV.

If V represent the sum of any series of constituents, the separate
coefficients of which are 1, then 1 the condition satigfied,

V(1-7)=0.
Let 4y 4, . . « & be the constituents in question, then
V=t1+tz--v+tm

Squaring both sides, and observing that ¢* = ¢, # ¢, =0, &c., we
have ,
Vi=ti+t ...+ 13
V=7

V(1-7)=0.

whence

Therefore
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CHAPTER VL

OF THE GENERAL INTERPRETATION OF LOGICAL EQUATIONS, AND
THE RESULTING ANALYSIS OF PROPOSITIONS ALSO, OF THE
CONDITION OF INTERPRETABILITY OF LOGICAL FUNCTIONS.

1 IT has been observed that the complete expansion of any
function by the general rule demonstrated in the last
chapter, involves two distinct sets of elements, viz., the consti-
tuents of the expansion, and their cocfficients. T propose in
the present chapter to inquire, first, into the interpretation of
constituents, and afterwards into the mode in which that inter-
pretation is modified by the coefficients with which they are
connceted
The terms ¢ logical equation,” ¢ logical function,” &e., will
be employed geneially to denote any equation or function in-
volving the symbols z, y, &c, which may present itself either
in the expression of a system of premises, or in the train of sym-
bolical results which intervenes between the premises and the
conclusion.  If that function or equation is in a form not imme-
diatcly interpretable in Logie, the symbols 2, 4, &c., must be re-
garded as quantitative symbols of the species described in previous
chapters (1L 15), (V. 6), as satisfying the law,

a(l-2)=0

By the problem, then, of the interpretation of any such logical
function or equation, is meant the reduction of it to a form in
which, when logical values are assigned to the symbols z, y, &e.,
it shall become interpretable, together with the resulting inter-
pretation. These conventional definitions are in accordance with
the general principles for the conducting of the method of this
treatise, laid down in the previous chapter.
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Prorositioxn 1.

2. The constituents of the exponsion of any function of the logi-
cal symbols z, y, &¢, are wnterprctable, and represent the several
ezclusive dwvisions of the umverse of discourse, formed by the predica-
tion and denial in every possible uay of the quahties denoted by the
symbols z, y, §ec.

For greater distinctness of conception, let it be supposed that
the function expanded involves two symbols & and y, with re-
ference to which the expansion has been cffected. 'We have then
the following constituents, viz .

s z(l-p), (1-2)y (1-2)(1-y).

Of these it is evident, that the first oy 1epresents that class
of objects which at the same time possess both the elementary
qualities expressed by # and y, and that the second 2 (1 - y) re-
presents the class posscssing the property z, but not the property
3. Inlike manner the thud constituent represents the class of
objects which possess the property repicsented by y, but not
that represented by 2, and the fowth constituent (1~ z) (1 - 3),
represents that class of objects, the membeis of which possess nex-
ther of the qualities in question.

Thus the constituents in the case just considered represent
all the four classes of objects which can be described by affirma-
tion and demial of the properties expressed by a4 and y.  Those
classes are distinct from each other. No member of oneis a mem-
ber of another, for each class pos-esses some property or quahty
contrary to a property o1 quality possessed by any other class.
Again, these classes together make up the universe, for there is
no object which may not be described by the piresence or the
absence of a proposed quality, and thus each individual thing in
the universe may be refeired to some one or other of the four
classes made by the possible combination of the two given
classes z and y, and therr contraites.

The remarks which have here been made with reference to the
constituents of f (z, y) aie perfectly general in character. The
constituents of any expansion represent classes—those classes
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are mutually distinet, through the possession of contrary qualities,
and they together make up the universe of discourse.

3. These properties of constitucnts have their expiession in
the theorems demonstiated 1n the conclusion of the last chapter,
and might thence have been deduced. From the fact that every
constitucnt satisfics the fundamental law of the individual sym-
bols, it might have been conjectured that cach constituent would
represent a class. Fiom the fact that the product of any two
constituents of an expansion vanishes, it might have been con-
cluded that the classes they represent are mutually exclusive.
Lastly, from the fact that the sum of the constituents of an ex-
pansion is umty, it might have been inferzed, that the classes
which they represent, together make up the universe.

4. Upon the laws of constituents and the mode of their in-
terprefation abhove determined, are founded the analysis and the
interp etation of logical equations  That all such equations ad-
mut of interpretation by the theorem of development has already
been stated 1 propose here to investigate the forms of posmble
solution which thus pre<ent themselves in the conclusion of a
tramn of reasoning, and to show how those foims anse. Although,
properly speaking, they are but mamfestations of a single funda-
mental type or principle of expiession, it will conduce to clearness
of appreliension if the minor varictics which they exhibit are
presented separatcly to the mind.

The foims, which are three in number, are as follows:

FORM 1.

5. The foom we shall first consider aiises when any logical
equation V= 0 is developed, and the 1esult, after 1esolutiorn into
its component equations, is to be inteipreted. The function 1s sup-
posed to involve thelogical symbols 2, y, &c , in combinations which
are not fractional. TFiactional combmations indeed only arise in
the class of problems which will be considered when we come to
speak of the third of the forms of solution above referred to

Prorositrion II.

To wnterpret the logical equation 1= 0
For simplicity let us suppose that ¥ involves but two sym-
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bols, z and y, and let us represent the development of the given
equation by

azy+be(l-p)+ec(l-2)y+d(Q-2)(1-y)=0; (1)
a, b, ¢, and d being definite numerical constants.

Now, suppose that any coefficient, as @, does not vanish
Then multiplying each side of the equation by the constituent zy,
to which that coefficient is attached, we have

azy = 0,
whence, as @ does not vanish,

zy =0,
and this result is quite independent of the nature of the other co-
efficients of the expansion. Its interpretation, on assigning to
z and y their logical significance, is *“ No individuals belonging at
once to the class represented by x, and the class represented by y,
exist.”

But if the coeflicient @ does vanish, the term azy does not
appear in the development (1), and, therefore, the equation zy = 0
cannot thence be deduced.

In like manner, if the coefficient & does not vanish, we have

z(1-»)=0,

which admits of the interpretation, ¢ There are no individuals
which at the same time belong to the class 2, and do not belong
to the class y ”

Either of the above interpretations may, however, as will sub-
sequently be shown, be exlibited in a different form

The sum of the distinct interpretations thus obtained from
the several terms of the expansion whose coefficients do not
vanish, will constitute the complete interpretation of the equation
¥V =0. The analysis is essentially independent of the number
of logical symbols involved 1 the function V, and the object of
the proposition will, therefore, in all instances, be attained by the
following Rule:—

Rore —Develop the function V, arnd equale to U every consti-
tuent whose coefficient does not vanish. The interprelation of these
results collectvely unll comstitute the interpretation of the given
equation.
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6. Let us take asan example the definition of ¢ clean beasts,”
laid down in the Jewish law, viz., ¢ Clean beasts are those
which both divide the hoof and chew the cud,” and let us assume

z = clean beasts ,
y = beasts dividing the hoof’;
z = beasts chewing the cud.

Then the given proposition will be represented by the equation
z = yz,
which we shall reduce to the form
z-yz=0,

and seek that form of interpretation to which the present method
leads. Fully developing the first member, we have

Oxyz+ ay(l-2)+2(1-g)z+2(l-y) (1 -2)
~(1-2)yz4+0(1-2)y(1-2)+0(1-2)(1-g) 2+ 0 (1-z) (1-y)(1-=2)

Whence the teims, whose coefficients do not vanish, give

zy(l-2)=0, 2z(1-y)=0, z(1-y)(1-2)=0, (l-z)yz=0.
These equations express a denial of the existence of certain classes
of objects, viz. :

1st. Of beasts which are clean, and divide the hoof, but do
not chew the cud.

2nd Of beasts which are clean, and chew the cud, but do not
divide the hoof.

3rd Of beasts which aie clean, and neither divide the hoof
nor chew the cud

4th. Of beasts which divide the hoof, and chew the cud, and
are not clean

Now all these several denials are really involved in the origi-
nal proposition. And conversely, 1if these denials be granted,
the original proposition will follow as a necessary consequence.
They ate, in fact, the separate elements of that proposition.
Every primary proposition can thus be resolved into a series of
denals of the existence of certain defined classes of things, and
may, from that system of denials, be itself reconstructed. It
might here be asked, how it is possible to make an assertive pro-
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position out of a series of denials or negations® Fiom what
source is the positive element derived ? I answer, that the mind
assumes the existence of a universe not d prror: as a fact inde-
pendent of experience, but either d pesterwr: as a deduction
from experience, or kypothetically as a foundation of the possi-
bility of asscrtive reasoming. Thus from the Proposition, ¢ There
are no men who are not fallible,” which is a negation or demal of
the existence of ¢ infallible men,” it may be infer1ed cither hypo-
thetically, ¢ All men (if men exist) are fallible,” or absolutely,
(experience having assured us of the existence of the race), < All
men are fallible.”

The form in which conclusions aie cxhibited by the method
of this Proposition may be teirmed the form of ¢ Simgle or Con-
joint Denial.”

FORM 1II.

7. As the previous form was deiived fiom the devclopment
and interpretation of an equation whose second member 1s 0, the
present form, which is supplementary to 1t, will be denived fiom
the development and interpretation of an cquation whose second
member is 1. It is, however, readily suggested by the analysis
of the previous Proposition.

Thus in the example last discussed we deduced from the
equation

r-yz=20

the conjoint denial of the existence of the classes represented by
the constiluents

ay(l-2), zz(1-y), 2(1-y)(1~-2), (1-2)yz
whose coefficients were not equal to 0 It follows hence that
the remaining constituents represent classes wiuch make up the
universe. IHence we shall have

zyz+(1-)y(1-2)+(A-2)(l-p)z+(1-2)(1-y)(1-2)=1.
This is equivalent to the affirmation that all existing things be-
long to some one o1 other of the following classes, viz. :

1st. Clean beasts both dividing the hoof and chewing the
cud.
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2nd. Unclean beasts dividing the hoof, but not chewing the
cud. -
3rd. Unclean beasts chewing the cud, but not dividing the
hoof.

4th Things which are neither clean beasts, nor chewers of
the cud, nor dividers of the hoof.

This form of conclusion may be termed the form of ¢ Single
or Disjunctive Affirmation,”—single when but one constituent
appears in the final equation; disjunctive when, as above, more
constituents than one are there found.

Any equation, 7 = 0, wherein V satisfies the law of duality,
may also be made to yield this form of interpretation by reducing
it to the form 1 - 7= 1, and developing the first member. The
case, however, is really included in the next general form. Both
the previous forms are of slight importance compared with the
following one.

FORM III

8. In the two preceding cases the functions to be developed
were equated to 0 and to 1 respectively. In the present case I
shall suppose the corresponding function equated to any logical
symbol w. We are then to endeavour to interpret the equation
V = w, V being a function of the logical symbols z, y, 2z, &c. In
the first place, however, I deem it necessary to show how the
equation 7= w, or, asit will usually present itsclf, w = ¥, arises.

Let us resume the definition of ¢ clean beasts,” employed in
the previous examples, viz., ¢ Clean beasts are those which both
divide the hoof and chew the cud,” and suppose it required to de-
termine the relation in which ¢ beasts chewing the cud” stand to
¢ clean beasts” and ¢ beasts dividing the hoof.” The equation
cxpressing the given proposition is

T =Yz,

and our object will be accomplished if we can determine z as an
interpretable function of z and y.

Now treating z, y, z as symbols of quantity subject to a pe-
cubar law, we may deduce from the above equation, by solution,

w &
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But this equation is not at present in an mterpretable fom 1f
we can reduce it to such a form it will furmsh the 1elation
requited.

On developing the second membér of the above equation, we
have

z=zy+%x(l—y)+0(l—x)y+%(1-a:) (1-1y),

and it will be shown hereaftcr (Prop. 3) that this admits of the
following inter pretation :

¢ Beasts which chew the cud consist of all clecan beasts
(which also divide the hoof), together with an indcfinite re-
mainder (some, none, or all) of unclean beasts which do not di-
vide the hoof.”

9. Now the above is a particular example of a problem of the
utmost generality in Logic, and which may thus be stated :—
“ Given any logical equation connecting the symbols 2, y, z, w,
required an interpretable expression for the ielation of the class
represented by w to the classes represented by the other symbols
3, ¥ 2 &

The solution of this problem consists in all cases in deter-
mining, from the equation gwen, the expiession of the above
symbol w, in teims of the other symbols, and 1endering that ex-
pression interpretable by development. Now the equation given
is always of the first degree with 1cspect to each of the symbols
involved The required expression for w can theicforc always
be found. In fact, if we develop the given equation, whatever
its form may be with respect to w, wc obtain an equation of the
form

FEw+ E(1 -w)=0, )
E and E' being functions of the remaining symbol~. Fiom the
above we have

E=(F-Ew
Therefore

"

= —E,—_—E (2)

and expanding the second member by the rule of development, it
will only remain to interpict the result in logic by the next
proposition.
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1
V]

If the fiaction 7 has common factors in its numerator
[
v 4

T -
and denominatos, we aie not pernutted to 1¢ject them, unless they
are mei¢ numerical constants For the symbols z, y, &e., re-
garded as quantitative, may admit of such values 0 and 1 as to
cause the common factors to become equal to 0, in which case
the algehnraie 1ule of 1eduction fuls  This 1s the case contem-
p]ntcci i ow remarks on the fallure of the algebraic axiom of
division (I1.14). To express the solution in the form (2), and
without attempting to perfoim any unauthorized reductions, to
inteipret the 1csult by the thcorem of development, is a course
stuetly in accordance with the general principles of this treatise.

If the 1clation of the class expressed by 1 -w to the other
classes, z, y, &c. is required, we deduce from (1), in hke manner
as above,

l-v=g—p
to the interpretation of which also the method of the following
Proposition 1s applicable :

Provrosirion I1I.

10. To determne the intern etation of any logrcal equation of
the form w =V, m which w s a class symbol, and V a function of
other class symbols quite unlimeted wn sts form

Let the sccond member of the above equation be fully ex-
panded Each cocfficient of the 1esult will belong to some one
of the four classes, which, with their respective interpretations,
we proceed to discuss

1st. Let the coefficient be 1. As this is the symbol of the
universe, and as the product of any two class symbols represents
those mdividuals which are found in both classes, any constituent
which has umity for its cocfficient must be interpreted without
limitation, i. e. the whole of the class which it 1epiesents is
imphied.

2nd. Let the coefficient be 0 As in Logie, equally with
Arithmetic, this 15 the symbol of Nothing, no pait of the class
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represented by the constituent to which it is prefixed must be
taken.

31d. Let the coefficient be of the form -g Now, as in Arith-

. 0
metie, the symbol g fepresentsan wdefinite number, except when

otlierwic determined by some special circumstance, analogy
would suggest that in the systemn of this woirk the same symbol
should 1epresent an wdefinute class. That this is its true mean-
ing will be made clear fiom the following example:

Let us take the Pioposition, ¢ Men not mortal do not exist ;”
represent this Proposition by symbols, and scek, in obedience to
the laws to which those symbols have been proved to be subject,
a reverse defimtion of ¢ mortal beings,” 1n terms of ¢ men.”

Now if we represent ¢“men” by y, and * mortal beings” by z,
the Proposition, ¢ Men who aie not mortals do not exist,” will
be expressed by the equation

y(1-a)=0,
from which we are to seck the value of z. Now the above equa-
tion gives
y-~yx=0,0r yr=y

Were this an ordinary algebraic equation, we should, in the next
place, divide both sides of it by y. But it has been 1emarked in
Chap. 11. that the operation of division cannot be performed with
the symbols with which we are now engaged. Our resource, then,
is to ezpress the operation, and develop the result by the method
of the preceding chapter. 'We have, then, first,

2=,

y
and, expanding the second member as diiccted,
0
1=y+g 1 -

This implies that mortals (z) consist of all men (y), together
with such a remainder of beings which aie not men (1 - y), as

. 0 ..
will be indicated by the coefficient o Now let us inquire what
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remainder of *“not men” is implied by the premiss. It might
happen that the remainder ncluded all the beings who are not
men, or 1t might include only some of them, and not others, or it
might include none, and any onec of these assumptions would be
in perfect accordance with our premiss. In other words, whether
those beings which arc not men aie all, or some, or none, of them
mortal, the truth of the premiss which virtually asserts that all
men are mortal, will be equally unaffected, and therefore the

. 0 < 1
expression o here indicates that all, some, or none of the class to

whose expression it is affixed must be taken.
Although the above determination of the significance of the

symbol g is founded only upon the examination of a particular

case, yet the principle involved in the demonstiation is general,
and there arc no circumstances under which the symbol can pre-
sent itself to which the same mode of analysis is mapplicable.

We may properly term % an wdefimte class symbol, and may, if

convenience should 1cquire, 1eplace it by an uncompounded sym-
bol », subject to the fundamental law, + (1-2)=0

4th. It may bappen that the coefficient of a constituent in an
expansion does not belong to any of the previous cases. To as-
certain its true interpretation when this happens, it will be ne-
cessary to premise the following theorem :

11. TugoreM —If a function V, wntended to 1epresent any
class or collection of objects, w, be expanded, and if the numerical

coefficient, a, of any constituent wn its development, do not satisfy
the law.

a(l-a)=0,
then the constituent 1n question must be made equal lo 0.

To prove the theorem gencrally, let us 1epresent the expan-
sion given, under the form

Ww=at + ayt, + aiy + &e., )

in which #,, 7., £, &c. represent the constituents, and a,, e,, a,, &e-

the cocflicients ; let us also suppose that a, and a, do not satisfy
the law

a(l-4)=0, a:(1-a;)=0;
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but that the other coefficients are subject to the law in question,

so that we have
a,? = a,, &e.

Now multiply each side of the cquation (1) by itself. The re-
sult will be
w = alz tl + ag, tg + &c- (2)

This is evident from the fact that it must represent the develop-
ment of the equation
w= 72,
but it may also be proved by actually squaring (1), and observing
that we have
2=t, L:=t, LL=0,&c

by the properties of constituents. Now subtracting (2) from (1),

we have
(@, - a)t + (@, — a?)t,=0.

Or, a(l-a)ti+a(l-a)t=0.

Multiply the last equation by ¢; then since ¢ % = 0, we have
a;(1 - a;) ¢, = 0, whence ¢, =0.

In like manner multiplying the same equation by &, we have
a;(l - a,)t. = 0, whence % =0.

Thus it may be shown generally that any constituent whose
coefficient is not subject to the same fundamental law as the sym-
bols themselves must be scparately equated to 0. The usual

. . L1,
form under which such coefficients oceur is o This is the alge-

braic symbol of infinity Now the nearer any number approaches
to infinity (allowing such an expression), the more does it depart
from the condition of satisfymng the fundamental law above re-
ferred to.

The symbol g, whose interpretation was previously dis-

cussed, does not necessarily disobey the law we are here consi-
dering, forit admits of the numerical values 0 and 1 indifferently.
Its actual interpretation, howeve, as an indefinite class symbol,
cannot, I conceive, except upon the ground of analogy, be de-
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duced from its arithmetical properties, but must be established
experimentally

12. We may now collect the results to which we have been
led, into the following summary :

1st. The symbol 1, as the coefficient of a term in a develop-
ment, indicates that the whole of the class which that constituent
represents, 1s to be taken.

2nd. The coefficient 0 indicates that none of the class are to
be taken

3rd. The symbol -gindicates that a perfectly wndefini’e por-

tion of the class, i. e. some, none, or all of its members are to be
taken

4th. Any other symbol as a coefficient indicates that the
constituent to which it is prefixed must be equated to 0.

It follows hence that if the solution of a problem, obtained
by development, be of the form

0., 1
w=A+0B+5C+5D,

that solution may be resolved into the two following equations,
viz.,
w=A4+C, 3
D=, )

v being an indefinite class symbol. The interpretation of (3)
shows what clements enter, or may enter, into the composition
of w, the class of things whose defimition is required, and the
mterpictation of (4) shows what relations exist among the ele-
ments of the original problem, in pe:fect independence of 1.

Such are the canons of interpretation. It may be added, that
they aic unnvaisal in their application, and that their use is
always unembairassed by exception or failure.

13. Corollary —If V be an independently interpretable logi-
cal function, it will satisfy the symbohcal law, ¥ (1 — /) = 0.

By an ndependently interpretable logical function, I mean
one which is interpietable, without presupposing any relation
among the things remesented by the symbols which it involves.
Thus 2 (1~ y) 15 independently mterpretable, but -y is not so.
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The latter function presupposes, as a condition of its interpreta-
tion, that the class 1epresented by y is wholly contained in the
class 1epresented by z; the foumer function does not imply any
such 1equuement.

Now if V'be mdependently interpretable, and if w represent
the collection of mdividuals which it contains, the equation
w = V will hold t1ue without entailing as a consequence the va-
mishing of any of the constituents in the development of 775
since such vanishing of constituents would imply relations among
the classes of things denoted by the symbols m 7©  Ilence the
development of F will be of the foim

at +a:t 4 &e.
the coefficients a,, a,, &c all satisfying the condition
a(l-a)=0, a.(l-a)=0,&e.
Hence by the reasoning of Prop 4, Chap. v. the function 7" will
be subject to the law
Vi-»)=o.

This result, though evident d priorz fiom the fact that V'is sup-
posed to represent a class or collection of things, is thus scen to
follow also fiom the propettics of the constituents of which it is
composed The condition V(1 ~ J7) = 0 may be texmed *the
condition of interpietabihty of logical functions.”

14. The genctal form of solutions, or logical conclusions de-
veloped in the last Proposition, may be designated as a ¢ Relation
between terms.” T use, as befoie, the word ¢ terms” to denote
the parts of a proposition, whether simple or complex, which aie
connected by the copula 15" or “are.” The classes of things re-
presented by the individual symbols may be called the elements
of the proposition.

15. Ex. 1.—Resuming the definition of ¢ clean beasts,”
(VL.6), required a description of ¢ unclean beasts

Here, as before, # standing for ¢ clean beasts,” yfor ¢ beasts
dividing the hoof,” z for ¢ beasts chewing the cud,” we have

2=yz; 6)
whence
l-a=1-ys,
and developing the second member,
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l-z=y(1-2)+z(l-xp)+(1-p» (A -2);

which is interpretable into the following Proposition: Unclean
beasts are all which divide the hoof without chewing the cud, all
which chew the cud without dividing the hoof, and all whick newher
divide the hoof nor chew the cud.

Ex. 2.—The same definition being given, required a descrip-
tion of beasts which do not divide the hoof.

From the equation z = yz we have

y:

wnis

therefore, 1-y= z-z

and developing the second member,
1—y=0.zz+:0—1-w(1—z)+(1—a;)z+g(1—z)(1—z).

Here, according to the Rule, the term whose coefficients is _Tl,
must be separately cquated to 0, whence we have
l-y=(1-2)z+v(l-2)(1-2),
z(l-2)=0;

whereof the first equation gives by interpretation the Proposition :
Beasts which do not dwide the hoof consist of all unclean beasts whach
chew the cud, and an windefimite remainder (some, none, or all) of un-
clean beasts which do not chew the cud

The second equation gives the Pioposition: There are no clean
beasts which do not chew the cud This is one of the independent
relations above referred to. 'We sought the direct relation of
¢ Beasts not dividing the hoof,” to ¢ Clean beasts and beasis
which chew the cud.” It happens, however, that independently
of any relation to beasts not dividing the hoof, there exists, in
virtue of the premiss, a separate relation between clean beasts
and beasts which chew the cud This relation is also necessarily
given by the process.

Ex.3 —Let us take the following definition, viz.: ¢ Respon-
sible beings are all rational beings who are either free to act, or
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have voluntarily sacrificed their freedom,” and apply to it the
preceding analysis.
Let z stand for responsible beings.

Y e rational beings.
z ’ those who are free to act,
w v those who have voluntaily sacrificed their

fieedom of action.

In the expression of this definition I shall assume, that the
two alternatives which it presents, viz : ¢ Rational beings free
to act,” and ¢ Rational beings whosc freedom of action has been
voluntarily sacrificed,” are mutually exclusive, so that no indivi-
duals are found at once in both these divisions. This will per-
mit us to interpret the proposition hteially into the language of
symbols, as follows :

x=ys+yu. (6)

Let us first determine hence the relation of ¢“rational beings” to
responsible beings, Leinus free to act, and beings whose freedom
of action has been voluntaiily abjured. Perhaps this object will
be better stated by saying, that we desirc to express the relation
among the elements of the premiss in such a form as will enable
us to determine how fa1 rationality may be inferied from respon-
sibility, frecdom of action, a voluntary sacrifice of freedom, and
their contraries.

From (6) we have

z
Tzvw’

y

and developing the second member, but rejecting terms whose
coefficients are 0,

y=—;—a:zw+.'cz(l—w)+w(1-z)w+%w(l—z) (1-w)
+3(L-2) (1-2) (- w),

whence, equating to 0 the terms whose coefficients are % and -(li’

we have
y=xz(l-w)+qw(l-2)+v(1-2)(1-2)(1-w); (7)
Tzw=10; (8
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z(1-9) (1-w)=0; ©)
whence by interpretation—

Direcr ConcrLustox — Ratonal beings are all responsible heings
who are either frec to act, not having voluntarily sacrificed their free-
dom, or not free to act, having voluntarily sacrmificed thewr freedom,
together with an wndefinite remainder (some, none, or all) of bemgs
not responsible, not free, and not having voluntarly sacrificed thew
Jreedom

Finst INDEPENDENT RELATION.—No0 responsible beings are at
the same time free to act, and wn the conditwon of having voluntarly
sacrificed their fi cedom.

Seconp —No responsible beings are not free to act, and at the
same time wn the condition of not having sacrificed thew freedom

The independent relations above determined may, however,
be put in another and more convenient form. Thus (8) gives

2w = g =0z+ % (1 - 2), on development ;

or, zw=v(l-~2); (10)
and in like manner (9) gives
0 0
z(l—w)=1_z=62+0(1—z);
or, z(l-w)=1vz; an

and (10) and (11) interpreted give the following Propositions.

1st. Responsible bewngs who have voluntarily sacrificed thewr free-
dom are not free

2nd. Responsible beings who have not voluntarily sacrificed thewr
fieedom ave free

These, however, are merely differcnt forms of the relations
before determined.

16. In examining these results, the reader must bear in mind,
that the sole province of a method of inference or analysis, is to
determine those relations which are necessitated by the connexion
of the terms in the original proposition Accordingly, in esti-
mating the completeness with which this object is effected, we
have nothing whatever to do with those other relations which
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may he suggested to our minds by the meaning of the terms
employed, as distinct from their expicssed connexion. Thus it
seems obvious to remark, that ¢ They who have voluntauly ra-
crificed their ficedom are not fiee,” this being a 1clation imphed
in the very meaning of the tetms. And hence it mght appear,
that the first of the two independent 1 elations as<igned by the me-
thod is on the one hand needlessly limited, and on the other hand
superfluous. Howener, if iegard be had meiely to the connexion
of the terms in the oniginal premiss, it will be scen that the re-
lation in question is not liable to cither of these charges The
solution, as expiessed in the direct conclusion and the indepen-
dent 1elations, conjointly, is perfectly complete, without being
in any way supecifluous.

If we wish to take into account the implicit relation above
referred to, viz., ¢ They who have voluntaily sacrificed their
freedom are not free,” we can do so by making this a distinct
proposition, the pioper expression of which would be

w=yv(l-2).

This equation we should have to employ together with that
expressive of the original premiss. The mode in which such an
examination must be conducted will appear when we enter upon
the theory of systems of propositions in a futwe chapter. The
sole difference of 1¢sult to which the analysis leads is, that the
first of the independent relations deduced above is superseded.

17. Ex. 4.— Assuming the same definition as in Example 2,
let it be required to obtain a desciiption of irrational persons.

‘We have

T
e+ w

l-y=1-

2+w-—-2

Z2+w

=1.2'zw+0.z'z 1-w)+0z(1-2 w—l.z' l1-2(1-=
2 0

+(1—z)zw+(1—m)z(l—w)+(1—m)(1—z)w+%(l-w)(l—:)(l—u')
=(1-2)2w+(l-z)2(l-w)+(1-x)(1-2)w+v(l-2)(1-z)(1-2)
=(1-2)z+(1-2)(1-2)w+v(l-z)(L-z) (1 -w),

with zzw =0, z(1-2)(1-w)=0.
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The independent rclations here given arc the same as we
before arrived at, as they evidently ought to be, since whatever
relations prevail independently of the existence of a given class
of objects y, prevail independently also of the existence of the con-
trary class 1 - y.

The duect solution afforded by the first equation is :—JIrra-
tional persons consist of all wrresponsible bangs who are either free to
act, or have voluntarly saciificed thew hberty, and are not free to
act , together with an wndefinite remainder of irresponsible beings
who have not sacrificed thew hberty, and are not fiee to act.

18. The propositions analyzed in this chapter have been of
that species called definitions. I have discussed none of which
the second or predicate term is particular, and of which the ge-
newal type is Y=vX, Yand X being functions of the logical
symbols z, y, 2, &ec., and v an indefinite clags symbol. The ana-
lysis of such propositions is greatly facilitated (though the step
is not an esscntial one) by the elimination of the symbol v, and
this process depends upon the method of the next chapter. 1
postpone also the consideration of another important problem
necessary to complete the theory of single propositions, but of
which the analysis really depends upon the method of the reduc-

tion of systems of propositions to be developed in a future page
of this work.
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CHAPTER VII.

ON ELIMINATION.

1. IN the examples discussed in the last chapter, all the ele-

ments of the o1iginal premiss re-appearcd in the conclusion,
only in a different order, and with a different connexion. But it
more usually happens in common reasoning, and especially when
we have more than one premiss, that some of the elements are
required not to appear in the conclusion. Such elements, or, as
they are commonly called, ¢ middle terms,” may be considered
as introduced into the oiiginal popositions only for the sake of
that connexion which they assist to establish among the other
elements, which are alonc designed to enter into the expression of
the conclusion.

2 Respecting such intermediate elements, or middle terms,
some erroneous notions prevail. It is a general opinion, to which,
however, the examples contained in the last chapter furnish a con-
tradiction, that inference consists peculiarly in the elimination of
such terms, and that the clementary type of this process is exhi-
bited in the climination of oncmddle texmfiom two premises, so as
to produce a single resulting conclusion into which that term does
not enter. Ilence it is commonly held, that syllogism is the basis,
or else the common type, of all inference, which may thus, how-
ever complex its form and structwe, be resolved into a seues of
syllogisms. The propriety of this view will be considered in a
subscquent chapter. At present I wish to dnect attention to an
important, but hitheito unnoticed, pomt of difference between
the system of Logic, as expiressed by symbols, and that of com-
mon algebia, with reference to the subject of elimination. In
the algebraic system we are able to elumnate one symbol from
two equations, two symbols fiom thice equations, and generally
n — 1 symbols from » equations. Theic thus exists a definite
connexion between the number of independent equations given,
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and the number of symbols of quantity which it is possible to
eliminate from them. But it 18 otherwise with the system of
Logic No fixed connexion there prevails between the num-
ber of equations given representing propositions or premises,
and the number of typical symbols of which the elimination
can be effected. From a single equation an indefimte num-
ber of such symbols may be climmated. On the other hand,
from an indefinite number of equations, a single class symbol
only may be elimmated. e may affirm, that in tlis peculiar
system, the problem of climination 1s resolvable under all circum-
stances alike. This is a consequence of that remmkable law of
duality to which the symbols of Logic are subject. To the equa-
tions furnished by the premises given, there is added another
equation or system of equations drawn from the fundamental
laws of thought itself, and supplying the necessary mecans for the
solution of the problem in question.  Of the many consequences
which flow fiom the law of duality, this is peithaps the most
deserving of attention.

3. Asm Algelna it often happens, that the elimination of
symbols from a g1ien sy~tem of cquations conducts to a mere
identity in the form 0 = 0, no independent relations connecting
the symbols which 1emain ; so in the system of Logic, a hke re-
sult, admitting of a similar inte:pretation, may piesent itself.
Such a circumstance does not detract fiom the generality of
the piinciple before stated. The object of the method upon
which we are about to enter 15 to climnate any number of sym-
bols fiom any number of logical equations, and to exhubit in the
result the actual relations which 1emain. Now it may be, that
no such residual relations exist  In such a case the truth of the
method is shown by its leading us to a merely identical propo-
sition.

4. The notation adopted in the following Propositions is
similm to that of the la~t chapter, By f(z) is meant any ex-
pression mnvolving the logical symbol z, with or without other
logical symbols. By f(1) 1s meant what f(z) becomes when z
is therem changed into 13 by £(0) what the same function be-
comes when 7 is changed into 0.
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Prorosition 1.

5. If f (x) =0 be any logucal equation involving the class symbol
&, with or without other class symbols, then will the equation

F(1) s =0

be true, independently of the interpretation of @ ; and it will be the
complete result of the elinunation of @ from the above equation

In other words, the chiunation of x fiom any quien equation,
J(2)=0,uall be effected by snccessively changing wn that equation zinto
1, and z wnto 0, and madteplymg the two resulting equations together

Sumilaily the complete result of the clumnation of any class sym-
bols, z, y, &c, from any equation of the form V=0, will be obtained
by completely expanding the first member of that equation wn con-
stituents of the guwen symbols, and multiplying together all the coeffi-
cients of those constutuents, and equating the product to 0

Devcloping the first member of the cquation f(z) =0, we

have (V. 10),
FM z+£0) (1-12) =0,
or, f (1) -7(0)} = +£(0) = 0. (1)
. ON
HOBO)
and R ¢)
OEVON

Substitute these expressions for # and 1 - z in the fundamental
equation

z(1-z)=0,
and there results
AOTION.

T O@-fOFE
or, F(OHFO)=0, )]

the form required.

6. Itis secn in this process, that the elimination 1s really effected
between the given equation f(z) =0 and the universally true
equation z (1 - z) = 0, expressing the fundamental law of logical
symbols, gua logical. There cxists, thereforc, no need of more



102 OF ELIMINATION, [cHaP. viI.

than one premiss or equation, in order to render possible the eli-
mination of a term, the necessary law of thought virtually sup-
plying the other premiss or equation. And though the demon-
stiation of this conclusion may be exhibited in other forms, yet
the same element furnished by the mind itself will still be vir-
tually present Thus we might proceed as follows :

Multiply (1) by «, and we have ’

F)z=0, C))
and let us seek by the forms of ordinary algebra to eliminate
from this equation and (1).

Now if we have two algebraic equations of the form

ar+b=0,
ar+ b'=0;
it is well known that the result of the elimination of z is
ab’ ~db=0. 4)

But comparing the above pair of equations with (1) and (3)
respectively, we find

a=f(1)-5(0) b=f(0);

a'=f(1) b=0;
which, substituted in (4), give

F)f(0)=0,
as before. In this form of the demonstration, the fandamental
equation z (1 - z) = 0, makes its appearance in the derivation of
(3) fiom (1).

7. I shall add yet another form of the demonstration, par-
taking of a half logical character, and which may set the demon-
stration of thi: important theorem in a clearer light.

‘We have as before

FQ)z+f(©O)(1-a)=0.
Multiply this equation first by z, and secondly by 1 - 2, we get
f(MHz=0, fOY(1-2)=0.

From these we have by solution and development,
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HHOE g = -g (1 - 2), on development,

ORI

The direct interpretation of these equations is—

1st. Whatever individuals are mcluded in the class repre-
sented by f (1), are not x’s.

2nd. Whatever individuals are included in the class repre-
sented by £ (0), are 2’s.

‘Whence by common logic, there are no individuals at once
in the class £(1) and in the class f(0), ic therc are no indivi-
duals in the class f (1) £(0). IIence,

J1)f(0)=0. O
Or it would suffice to multiply together the developed equa-
tions, whence the result would immediately follow
8. The theorem (5) furnishes us with the following Rule:

TO ELIMINATE ANY SYMBOL FROM A PROPOSED EQUATION.
RuLE —Tlheterms of the equation having been brought, by trans-
position if necessary, to the first side, gwe to the symbol succeesively
the values 1 and 0, and multsply the resulting equations together
The first part of the Proposition is now poved.
9. Consider in the next place the general equation

f(2:9)=0;

the first member of which represents any function of 2, y, and
other symbols.

By what has been shown, the result of the ehmination of y
from this equation will be

S (@ 1) f(z 0)=0;

for such is the form to which we aie conducted by successively
changing in the given equation y into 1, and y into 0, and multi-
plying the results together.

Again, if in the result obtained we change successively & into
1, and z into 0, and multiply the 1esults together, we have

f(]" l)f(19 O)f(o’ 1) F(0,0)=0; (())

as the final result of elimination.
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But the four factors of the first member of this equation are
the four coefficients of the complete expansion of f'(z, y), the
first member of the original equation ; whence the second part of
the Proposition i3 mamfest.

EXAMPLES.

10. Ex 1.—Having given the Proposition, ¢ All men are
mortal,” and its symbolical expression, in the equation,

y =z,

in which y represents ¢ men,” and x ¢ mortals,” it is required to
eliminate the indefinite class symbol », and to interpret the
result.

Here bringing the terms to the first side, we have
y-vz=0.
‘When v=1 this becomes
y-z=0;
and when » = 0 it becomes
y=0;
and these two equations multiplied together, give
y-yz=0,
or y(1-2)=0,
it being observed that y* = z.
The above equation is the required result of elimination, and

its interpretation is, Mer who are not mortal do not ezist,—an
obvious conclusion.

If from the equation last obtained we seek a description of
beings who aie not moital, we have

Y

y

]
.'.1-.z'=9.

. 0
‘Whence, by expansion, 1 -z = 5(1 - ), which interpreted gives,

They who are not mortal are not men. This is an example of
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what in the common logic is called conversion by contraposition,
or negative conversion.*

Ex. 2.—Taking the Proposition, “No men are perfect,” as
represented by the equation

y=v(l-2)
wherein y represents ‘““men,” and z ¢ perfect beings,” it is re-
quired to eliminate v, and find from the result a description both
of perfect beings and of umperfect beings. We have
y-v(l-z)=0.

‘Whence, by the rule of elimination,

fr-(1-2))xy=0,
or y—y(l-1‘)=0,
or yz=0;

which is interpreted by the Proposition, Perfect men do not exist.
From the above equation we have

z =§ = -g(l - y) by devclopment,

whence, by interpretation, No perfect beings are men. Simi-
larly,
0 v 0
1"-"7=1‘§=§ =y+5(1-9)
which, on interpretation, gives, Imperfect bewngs are all men with
an wdefinite remainder of beings, which are not men.

11. It will generally be the most convenient course, in the
treatment of propositions, to climinate fiast the indefinite class
symbol », wherever it occurs in the conesponding equations.
This will only modify their form, without impaining then signifi-
cance. Let us apply this process to one of the examples of
Chap. 15. For the Proposition, ¢ No men me placed in exalted
stations and free from envious 1egmds,” we found the expicssion

y=v(l-2z2),
and for the equivalent Proposition, ¢ Men in exalted stations are
not free from envious regards,” the expression

yr=v(l-z);

* Whately's Logie, Dook II chap 1z sce 4
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and it was observed that these equations, v being an indefinite
class symbol, were themselves equivalent. To prove this, it is
only necessary to climinate from each the symbol v. The first
cquation is

y-v(l-22)=0,
whence, first making » = 1, and then v =0, and multiplying the
results, we have

(y-1+22)y=0,
or yxz = 0.

Now the second of the given equations becomes on transposition

yz-v(l-2)=0;
whence (yz-1+2)yz=0,
or yzz =0,

as before. The reader will easily interpret the result.

12. Ex.3 —As a subject for the general method of this
chapter, we will resure Mr. Senior’s definition of wealth, viz :
¢« Wealth consists of things transferable, limited in supply, and
either productive of pleasure or preventive of pain.” We shall
consider this definition, agreeably to a former remark, as including
all things which possess at once both the qualities expressed in
the last part of the definition, upon which assumption we have,
as our representative equation,

w = st [pr+p(l—1')+r(1—p)],
or w=st({p+r(l-p),

wherein
w stands for wealth.

5 5 things limited in supply.

¢ » things transferable.
2w things productive of pleasure
r » things preventive of pain.

From the above equation we can eliminate any symbols that
we do not desire to take into account, and express the result by
solution and development, according to any proposed arrange-
ment of subject and predicate.

Let us first consider what the expression for w, wealth, would
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be if the element r, referring to prevention of pain, were elimi-
nated. Now bringing the terms of the equation to the first side,
we get

-st(p+r-rp)=0.

Making 7 =1, the first member becomes w - st, and making
r = 0 it becomes w — stp; whence we have by the Rule,

(w - st) (- stp) = 0, )
or w — wstp — wst + stp =0 (8)
whence B stp

w= —;
strstp-1"°

the development of the second member of which equation gives

0
w = sip + 0 st (1 - p)? 9)

‘Whence we have the conclusion,— FVealth consists of all things
Limited wn supply, transferable, and pr oductwe of plcasure, and an
indefinite remamder of things limited w supply, transferable, and
not productive of pleasure. This is sufficiently obvious.

Let it be 1emarked that 1t 13 not necessamy to perform the
multiplication indicated in (7), and reduce that cquation to the
form (8), in ouder to detexmine the expression of w in terms of
the other symbols. The process of development may in all cases
be made to supersede that of multiplication. Thus if we de-
velop (7) in terms of w, we find

(1 - st) (1 —stp)w + stp (1 - w) = 0,

whence B stp .
Yosp - (1 =st) (1-stp)’

and this equation developed will give, as before,

w=stp+—gst(l—p).

13. Suppose next that we scek a description of things limited
in supply, as dependent upon their relation to wealth, tiansfcrable-
ness, and tendency to produce pleasure, omitting all reference to
the prevention of pain.
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From cquation (8), which is the result of the elimination of
7 from the original equation, wo have

w—s(wt+wtp—tp)=0;

whence w
§= —————
wt + wip — p

=wtp+wt(1—p)+—16w(l—t)p+%w(l—t) 1-p)
+0(-w)ip+o(l-w)t (1-p)+g(1-w) (1~ D)p

+2(l-w) (1= (1 -p).

We will first give the direct interpretation of the above solution,
term by term; afterwards we shall offer some general remarks
which it suggests; and, finally, show how the expression of the
conclusion may be somewhat abbreviated.

Furst, then, the direct interpretation is, Things limited in
supply consist of Al wealth transferable and productive of pleasure
—all wealth transferable, and not p1oductwe of pleasure,—an indefi-
nite amount of what 1s not wealth, but s either t ansferable, and not
productwe of pleasure, or witransferable and productwe of pleasure,
or newther transferable nor productwe of pleasure

To which the terms whose coeflicients are %permit us toadd
the following independent relations, viz. :

Ist IWealth that is intransferable, and productive of pleasure,
does not exist

2ndly Wealth that 1s intransferable, and not productwe of plea-
sure, does not exist

14. Respecting this solution I suppose the following remarks
are likely to be made.

First, it may be said, that in the expression above obtained
for ¢ things limited in supply,” the term ¢ All wealth transfer-
able,” &e., is in part redundant; since all wealth is (as implied
in the original proposition, and directly asserted in the indepen-
dent relations) necessanly transferable.

I answer, that although in ordinary speech we should not
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deemn it necessary to add to ¢¢wealth” the cpithet ¢ transferable,”
if another part of our rcasoning had led us to expiess the con-
clnsion, that there 1s no wealth which is not tiansferable, yet it
pertans to the perfection of this method that it in all cases fully
defines the objects 1epiesented by each termn of the conclusion,
by stating the 1elation they bear to each quahty o1 clement of dis-
tinction that we have chosen to employ This is necessary in oader
to keep the diffeient parts of the solution really distinet and in-
dependent, and actually prevents 1edundancy. Suppose that the
pair of terms we have been consideling had not contained the
word ¢ transferable,” and had umitedly Leen ¢ All wealth,” we
could then logically resolve the single term ¢ All wealth” into
the two terms ¢ All wealth tian~ferable,” and ¢ All wealth
intiansferable.”  But the latter team 15 shown to disappear by
the ¢¢independent 1clations”  Ilence it forms no part of the de-
seription requned, and 1s theiefore redundant. The remamning
term agiees with the conclusion actually obtained

Solutions in winch theie cannot, by logical divisions, be pro-
duced any superfluous or 1edundant terms, may be termed pure
solutions. Such are all the solutions obtamed by the method of
development and climination above explained. It is proper to
notice, that 1f the common algebiaic method of ehimination were
adopted in the cases in wlich that method is possible in the pre-
sent system, we should not be able to depend upon the purity of
the solutions obtained Its want of geneiality would not be its
only defect.

15. In the second place, 1t will be 1emarked, that the con-
clusion contains two tewns, the agmegate significance of which
would be more conveniently expressed by a single term. Instead
of ¢« All wealth productive of plensure, and tiansferable,” and
¢ All wealth not productive of plensute, and tiansferable,” we
might simply say, ¢All wealth tiansferable.”  This remark 18
quite just. But it must be noticed that whenever any such sim-
plifications are possible, they mc immediately suggested by the
form of the equation we have to mtearpiet; and if that equation
be reduced to its sumplest foim, then the mterpretation to which
it conducts will be in 1ts simplest foum also  Thus in the original
solution the teims wép and wt (1 - p), wlnch have wuty for their
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coefficient, give, on addition, w¢; the terms w (1 ~¢) p and
w(l ~¢) (1 - p), which have %for their coeflicient give w(1 -£);
and the terms (1 - w) (1 - £) p and (1 ~ w) (1 -¢) (1 ~p), which
have % for their coefficient, give (1 — w) (1 - ). Whence the

complete solution is
s=ut+2(1-u) (1-9+3 (1-0)¢ (L -p),
with the independent relation,
w(l-¢)=0, or w=-gt.

The interpretation would now stand thus :—

1st. Things limited in supply conswst of all wealth transferable,
with an indefirate remarnder of what is not wealth and not transfer-
able, and of transferable articles which are not wealth, and are not
productive of pleasure

2nd. Al wealth is transferable.

This is the simplest form under which the general conclusion,
with its attendant condition, can be put.

16. When it 1s required to eliminate two or more symbols
from a proposed equation we can either employ (6) Prop I, or
eliminate them in succession, the order of the process being in-
different. From the equation

w=st(p+r-pr),
we have eliminated r, and found the result,
w — wst — wstp + stp = 0.
Suppose that it had been required to eliminate both r and £, then
taking the above as the first step of the process, it 1cmains to

eliminate from the last cquation ¢, Now when £=1 the first
member of that cquation becomes

W — WS ~ WSp + 8P,
and when ¢ = 0 the same member becomes w. Whence we have
w(w — ws - wsp + sp) =0,
or w-—ws =0,

for the required result of elimination.
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If from the last result we determine w, we have
0 0

=—S,

1-s 0

w =

whenee ¢ Al wealth s limated i supply.”  As p does not enter
into the equation, 1t is evident that the above is true, imespee-
tively of any relation which the elements of the conclusion bear
to the quality ¢ productive of pleasuwe.”

Resuming the onginal equation, let it be required to climi-
nate s and . 'We have

w=st(p+r-pr)

Instead, however, of sepmately climinating s and ¢ according to
the Rule, it will sufhice to treat s¢ as a single symbol, sceing that
it satisfics the fundamental law of the symbols by the cquation

st (1-st) =0,
Placing, thercfore, the given cquation under the form
w-—st(p+r—pry=0;
and making s¢ successively cqual to 1 and to 0, and taking the
product of the results, we have
(w-p-1+pr)w=0,
or w-wp—wr+up =0,

for the 1esult sought.

As a particular illustration, let it be required to deduce an
expression for ¢ things productive of pleasure” (p), in terms of
¢ wealth” («), and *thngs presenttve of pam” (7).

‘We have, on solving the equation,

w(l-r1)

p_w(l 1)
0 0 0 '
-—--6wr+1n(1—r)+6(l—w)7 +6(1 -w) (1-7)
0 0
=w(l —1')+6w1 +0(1 - w).

Whence the following conclusion :— Zhugs productie of plea-
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sure are, all wealth not preventwe of pain, an indefinite amount
of wealth that s preventwe of pawn, and an wndefinte amount of
what s not wealth.

From the same equation we get

w(l-r) 0

1_P=l--w(l—r)_w(l—r)’

which developed, gives
w(l-p)= 2wr+—2—(l —w).r+(ﬁ)(l ~w).(1-7)

0 0
=3 +6(1—w).

Whenee, Thengs not productive of pleasure are either wealth, pre-
ventive of parn, or what is not wealti.
Equally casy would be the discussion of any similar case.

17. In the last example of elimination, we have climinated
the compound symbol s# fiom the given equation, by treating it
as a single symbol. The same method is applicable o any com-
bination of symbols which satisfies the fundamental law of indi-
vidual symbols Thus the expression p + 7 — pr will, on being
multiplicd by itself, 1eproduce itself, so that if we 1cpresent
p +71—pr by asingle symbol as g, we shall have the fundamen-
tal law obeyed, the equation

y=ysory(l-y)=0

being satisfied  For the 1ule of eclimination for symbols is founded
upon the supposition that each mdividual symbol is subject to
that law ; and hence the climmation of any function or combina-
tion of such symbols fiom an equation, may be cffected by a sin-
gle operation, whenever that law is satisfied by the function

Though the foims of mterpietation adopted 1n this and the
previous chapter show, perhaps better than any otheis, the di-

- 0 .
1ect significance of the symbols 1 and o’ modes of expiession

more agreeable to those of common discowse may, with equal
truth and propiiety, be employed. Thus the equation (9) may
be mterpreted in the following manner : Wealth s aither linnted
i supply, transferalle, and pr oductive of pleasure, or hmted wn sup-
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ply, transferable, and not productwe of pleasure. And reversely,

Whatever 1s lumted in supply, transferable, and productwe of plea-
sure, 18 wealth  Reverse interpretations, similm to the above, are
always furnished when the final development introduces terms
having unity as a cocfficient.

18. Nore —The fundamental cquation ;'(1) /(0) =0, ex-
pressing the result of the climination of the symbol 2 from any
equation f(2) = 0, admuts of a remarkable 1nteipretation

It is to be 1cmembered, that by the equation f() = 0 is im-
plied some proposition in which the mdividuals r1epresented by
the class ., suppose ¢“men,” me refenied to, together, it may be,
with other individuals, and it is our object to ascertam whether
there is imphied 1n the proposition any relation among the other
individuals, independently of thosc found in the class men Now
the equation f(1) =0 cxpresses what the ougmal proposition
would become 1f men made up the universe, and the equation
J(0) = 0 expresses what that original proposition would become
if men ceased to exist, wharefore the equation f(1) £(0) = 0 cx-
presses what in virtue of the original proposition would be
equally true on cither assumption, i. e cqually tiue whether
““men” werc “all things” or ¢ nothing.” \Vhercfore the theo-
rem expresses that what s equally true, whether a gwen class of
objects embraces the whole univcrse or disappears from eawstence,
15 independent of that class altogether, and vice veisd. Herein
we see another example of the interpretation of formal results,
immediately deduced fiom the mathematical laws of thought, into
general axioms of philosophy
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CHAPTER VIIIL.

ON THE REDUCTION OF SYSTEMS OF PROPOSITIONS.

1. TN the preceding chapters we have determined sufficiently

for the most essential purposes the theory of single pri-
mary propositions, or, to speak more accurately, of primary pro-
positions expressed by a single equation. And we have estab-
lished upon that theory an adequate method. We have shown
how any element involved in the given system of equations may
be eliminated, and the relation which connects the remaining
elements deduced in any proposed form, whether of denial, of af-
firmation, or of the more usual relation of subject and predicate.
It remains that we proceed to the consideration of systems of
Ppropositions, and institute with respect to them a similar series
of investigations. We are to inquire whether it is possible from
the equations by which a system of propositions is expressed to
eliminate, ad Libitum, any number of the symbols involved; to
deduce by interpretation of the result the whole of the relations
implied among the remaining symbols; and to dctermine in par-
ticular the cxpression of any single element, or of any inter-
pretable combination of elements, in terms of the other elements,
80 as to present the conclusion in any admissible form that may
berequired. These questions will be answered by showing that it
is possible to reduce any system of equations, or any of the equa-
tions involved in a system, to an cquivalent single equation, to
which the methods of the previous chapters may be immediately
applicd. It will be seen also, that in this reduction is involved
an important extension of the theory of single propositions, which
in the previous discussion of the subject we were compelled to
forego This circumstance 18 not peculiar in its nature. There
arc many special departmente of science which cannot be com-
pletely surveyed from within, Lut require to be studied also from
an external point of view, and to be regarded in connexion with
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other and kindred subjects, in order that their full proportions
may be understood.

This chapter will exhibit two distinet modes of reducing
systems of equations to equivalent single equations. The first
of these rests upon the employment of arbitrary constant multi-
plicrs. It is a method sufficiently simple in theory, but it has the
inconvenience of rendering the subsequent processes of elimina-
tion and development, when they occur,somewhat tedious. It was,
however, the method of reduction first discovered, and partly on
this account, and paitly on account of its simplicity, it has been
thought proper to retain it. The second method does not re-
quire the intioduction of arbitrary constants, and is in nemly
all respects preferable to the preceding one It will, therefore,
generally be adopted in the subsequent investigations of this
work.

2. We proceed to the consideration of the first method.

Prorosrtion 1.

Any system of logrcal equations may be reduced to a single equiva-
lent equation, by multwplying each equation after the first by a dis-
tinct arbitrary constant quantily, and adding all the results, including
the first equation, together.

By Prop 2, Chap. vi., the interpretation of any single
equation, f(2,y..)=0 is obtamned by equating to 0 those con-
stituents of the development of the first member, whose co-
efficients do not vamsh. And hence, if there be given two equa-
tions, f(2,y..)=0,and F(a, y..) =0, their umted import will be
contained in the system of results {oomed by equating to 0 all
those constituents which thus present themsclves in both, or in
either, of the given equations developed according to the Rule of
Chap. vi Thus let it be supposed, that we have the two cquations

zy ~2x =0, 1)
z-y=0; (2)
The development of the first gives
-—zy-2e(l-y9)=0,

whence, ay=0, z(1-x)=0 3
12
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The development of the second cquation gives

z(l-p)-y(1-2)=0;
whence, 2(l-9)=0, y(1-=x)=0. 1)

The constituents whose cocfficients do not vanish in both deve-
lopments are zy, (1 -y), and (1 - z) y, and these would to-
gether give the system

zy=0, z(l-3)=0, (1-2)y=0; ®)
which is equivalent to the two systems given by the developments
separately, secing that in those systems the equation # (1 - 5)=0
is repeated. Confining ourselves to the case of binary systems
of equations, it remains then to determine a single equation,
which on development shall yield the same constifuents with
coefficients which do not vanish, as the given equations produce.

Now if we represent by

Irl =0, V.= 0,

the given equations, 1", and ¥V, being functions of the logical sym-
bols z, y, z, &c.; then the single equation

Ti+eV,=0, (6)

¢ being an arbitrary constant quantity, will accomplsh the re-
quired object For let AZ represent any term in the full de-
velopment 17, wherein ¢ is o constituent and A its numerical
coefficient, and let Bt represent the corresponding term in the
full development of V,, then will the corresponding term in the
development of (6) be

(A +eB)t.

The coefficient of ¢ vanishes if A and B both vamsh, but not
otherwise For if we assume that .4 and 3 do not both vanish,
and at the same time make

A+eDB=0, )

the following cases alone can present themsclves.
1st. That A vanishes and I does not vanish. In this case
the above equation becomes
eB =0,
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and requircs that ¢= 0 But this contradicts the hypothesis that
¢ is an arbifrary constant.
2nd. That B vanishes and A does not vanish. This assump-
tion reduces (7) to
A=0,
by which the assumption is itself violated.
3rd. That ncither 4 nor B vanishes The equation (7) then
gives
-A
e=—»

which is a definite value, and, therefore, conflicts with the hy-
pothesis that ¢ is arbitrary.

Hence the coefficient 4 + ¢B vanishes when 4 and B both
vanish, but not otherwise. Therefore, the same constituents
will appear in the development of (6), with coefficients which do
not vanish, as in the equations ¥, =0, V, =0, singly or together.
And the equation V, + ¢V, =0, will be cquivalent to the sys-
tem V=0, V,=0.

By similar reasoning it appears, that the gencral system of
equations

Vi=0, V,=0, ¥,=0, &e.,
may be replaced by the single equation
Vi+eVy,+cVy+ & =0,

¢, ¢, &c , being arbitrary constants. The equation thus formed
may be treated in all respects as the mdmary logical equations
of the previous chapters. The arbitiary constants ¢,, ¢,, &c., are
not logical symbols. They do not satisfy the law,

a(l-¢)=0, ea(1-¢)=0.

But their introduction is justificd by that general principle which
has been stated 1 (IL. 15) and (V. G), and exemplified 1n nearly
all our subsequent investigations, viz., that equations involving
the symbols of Logic may be treated i all respeets as if those
symbols were symbols of quantity, subject to the special law
z (1-z)=0, until in the final stage of solution they assume a
form interpretable in that system of thought with which Logic
is conversant.
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3. The following example will serve to illustrate the above
method

Ex. 1.—Supposec that an analysis of the properties of a parti-
cular class of substances has led to the following general conclu-
sions, viz. :

Ist That wherever the propeities A and B are combined,
cither the property C, or the property D), is present also; but
they are not jointly present

2nd. That wherever the properties B and C are combined,
the properties 4 and D are cither both present with them, or
both absent.

8rd That wherever the properties /1 and B are both absent,
the properties C and D are both absent also; and vice versd, where
the properties C and D are both absent, 4 and B are both absent
also

Let it then be vequired from the above to determine what
may be concluded in any particular instance from the presence of
the property A with respect to the presence or absence of the
propertics B and C, paying no 1egard to the property D

Represent the property 4 by z ;
s»»  the property Bby y;
»»  the property C by z;
» the property .D by w.

Then the symbolical expression of the premises will be

zy=v{w(l-2)+z(1-w);
yz=v{zw+ (A -2) (1-w));
(1-2) (L-5) = (1-2) (L~ )

From the first two of these equations, separately eliminating the
indefinite class symbol », we have

zy{l-w(l-2)-2z(-w)}=10;
yz{l-aw-(1-z)(1-w)} =0.
Now if we observe that by development
l-w(l-2)-2(l-w)=wz+(1-w) (1 - 2),

l-zw-(1-2)(l-wy=2(1-w)+w (1 -2),

and
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and in these expressions replace, for simplicity,
l-zbyz, 1-ybyy, &e,

we shall have from the three last equations,

zy (wz + Bz) =0; (1)
yz (zw +3w) =0 2
=73 (3)

and from this system we must eliminate .
Multiplying the second of the above equations by ¢, and the

third by ¢, and adding the results to the first, we have

zy (wz + WZ) + cyz (zw +2w) + ¢ (2§ - WZ) = 0.
When w is made equal to 1, and therefore % to 0, the first mem-
ber of the above equation becomes

zyz + cxyz + Y.
And when in the same member w0 is made ¢ and % = 1, it be-
comes
Yz + cxyz + cz§ - ¢z,

Hence the result of the elimination of w may be expressed in the
form

(zyz + cxyz + ¢1f) (xyz + cayz + ¢z -€2) = 0; “)

and from this equation « is to be determined.

‘Were we now to procced as in former instances, we should
multiply together the factors in the first member of the above
equation ; but it may be well to show that such a course is not
at all necessary. Let us develop the first member of (4) with
reference to z, the symbol whose expression is sought, we find

yz(yz+eyz~cz) z + (eyz + ) (€4 - ¢z) (L -x) =03
or, cyzz + (cyz + ¢§) (€F-¢z)(1-2)=0;
whence we find,
s () G-
(cyz + ¢7) (§ - €z) - cy2’
and developing the second member with respect to y and 2,
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=0 ~+91‘+c—,2"|0':-
=0yz OJZ c,3.'/~ 0.1/‘,

or e=(l-g)z+3y(1-2)+ 0 (L-)(1-2);

ors z=(1—y)z+g(1-—z);

the interpretation of which is, Wherever the property A s present,
there either C 1s present and B absent, or C s absent. And in-
versely, Wherever the property C s present, and the property B
absent, there the property A s present

These results may be much more readily obtained by the
method next to be cxplained. It is, however, satisfactory to
possess different modes, serving for mutual verification, of ar-
riving at the same conclusion.

4. We proceed to the <ccond method

Prorosrrion II.

If any equations, 17, =0, 17, =0, §c, are such that the develop-
ments of thewr first member s consist only of constituents weth positvve
coefficients, those equuttons may be combined together wnto a single
equwalent equation by addition

For, as before, let At 1epresent any term in the development
of the function 7, B¢ the corresponding teim in the develop-
ment of ¥, and ~o on. Then will the corresponding term in the
development of the equation

4T+ &e =0, (H
formed by the addition of the several given equations, be
(A + B4 &)t

But as by hypothesis the cocfficients 4, B, &ec. arc none of them
negative, the aggiegate coctficient 4 + B, & in the daived
cquation will only vamsh when the sepamate coefficients 4, B, &c.
vanish together., ence the same constituents will appem in the
development of' the cquation (1) as in the several equations
V=0, V7, =0, &e. of the origmal ~ystemn taken collectively, and
therefore the inteipietation of the equation (1) will be equiva-
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lent Lo the colleetive interpretations of the several cquations from
which it is derived

Provosrtion III.

5 If V1=0, Va=0,8¢ 1¢present any system of equations, the
terms of which have by transposition been Lrought to the first side,
then the combuwed interpretation of the system wnll be mvolved wm the
single equation,

V24 V34 8e =0,
Jormed by adding together the squares of the given equations

For let any cquation of the system, as ¥, = 0, produce on de-
velopment an equation

at, + a,t, + & = 0,

in which ¢, #,, &c. mie constituents, and a,, a,, &ec. their corres-
ponding cocfficients. Then the equation V2 = 0 will produce
on development an cquation

a’t, + att, + &e. = 0,

as may be proved either from the law of the development or by
squaring the function a,f, 4 a.t;, && 1 subjection to the cou-
ditions

=t ti=1t, L= 0,

assigned in Prop. 3, Chap. 1. Hence the constituents which
appear in the expansion of the cquation V,* = 0, me the same
with those wluch appear in the expansion of the equation ¥, =0,
and they have positive coeflicients. And the same 1emark ap-
plies to the equations 17, = 0, &¢. Whence, by the last Propo-
sition, the equation

Ve+ Vet e =

will be equivalent 1n interpretation to the system of cquations
Vl = 0, Vz = 0, &e.

Corollary.— Any cquation, T"= 0, of which the fist member
already satisfies the condition

VieV,or V(1-V)=0,
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does not need (as it would remain unaffected by) the process of
squaring. Such equations are, indeed, immediately developable
into a scries of constituents, with coefficients equal to 1, Chap. v.
Prop. 4.

Prorosition IV.

6 Whenever the equatins of a system have by the above pro-
cess of squaring, or by any other process, been reduced to a form
such that all the constituents ezhibuted in their development have
positwe coefficients, any derwed equations obtamned by elvmmnation
will possess the same character, and may be combwned with the
other equations by add:uzon.

Suppose that we have to eliminate a symbol z from any
equation V = 0, which is such that none of the constituents, in
the full development of its first member, have negative coefficients.
That expansion may be written in the form

Viz+ Vy(1-2)=0,
V; and V, being each of the form
a;tl + a, tz cet a,.t,,,

in which ¢ ¢, ..¢, are constituents of the other symbols, and
@, a,. . a, in each case positive or vanishing quantities. The re-
sult of elimination is

ViVo=0;

and as the coefficients in ¥V, and V, are none of them negative,
there can be no negative coefficients in the product V; V..
Hence the equation V) V, = 0 may be added to any other equa-
tion, the coefficients of whose constituents are positive, and the
resulting equation will combine the full significance of those
from which it was obtained.

ProrositioN V.

7. To deduce from the previous Propositions a practical rule or
method for the reduction of systems of equations expressing propo-
sitions in Logic

‘We have by the previous investigations established the fol-
lowing points, viz. :
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Ist. That any cquations which are of the form V=0, V sa-
tisfying the fundamental law of duality V' (1 —~ ¥) = 0, may be
combined together by simple addition

2ndly. That any other equations of the form ¥'=0 may be
reduced, by the process of squaring, to a form in which the same
principle of combination by mere addition is applicable.

It remains then only to determine what equations in the ac-
tual expression of propositions belong to the former, and what to
the latter, class.

Now the geneial types of propositions have been set forth in
the conclusion of Chap 1v. The division of propositions which
they represent is as follows:

Ist. Propositions, of which the subject is universal, and the
predicate particular.

The symbolical type (IV 15) is

A=vY,
X and Y satisfying the law of duality Eliminating v, we have
X(1-Y)=0, (1)

and this will be found also to satisfy the same law. No further
reduction by the process of squaring is needed.

2nd. Propositions of which both terms arc universal, and of
which the symbolical type is

X=1Y,
X and Y separately satisfying the Iaw of duality. Writing the
cquation in the form X -~ Y = 0, aud squaring, we have
X-2XY+Y=0,

or XQ1-Y)+Y(Q-X)=0 )]
The first member of this equation satisfies the law of duality, as

is evident from its very form.
We may arrive at the same equation in a different manmer.

The equation
X=Y

is equivalent to the two equations
X=09Y, Y=uvX,
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(for to affirm that X’s are identical with ¥’s is to affirm both that
All X’s are Y’s, and that All Y’s are X’s) Now thesc equa-
tions give, on climination of v,

X(1-Y)=0, Y(1-X)=0,
which added, produce (2).

3rd. Propositions of which both terms are particular. The
form of such propositions is

vX=vY,

but v isnot quite arbitrary, and therefore must not be eliminated.
For v is the representative of some, which, though it may include
in its meaning all, does not include none. 'We must therefore
transposc the sccond member to the first side, and square the
resulting equation according to the rule.

The 1esult will obviously be

sX(1-Y)+vY(1l-X)=0.

The above conclusions it may be convenicnt to embody in a
Rule, which will serve for constant future direction.

8 Rure —The equations being so expressed as that the terms X
and Y wn the followng typreal forms obey the law of duality, change
the equations

X =vYino X(1-Y)=0,

X=Yumo X(1-Y)+Y(1-X)=0.

vX=1Ywmto v X(1-Y)+0Y(1-X)=0
Any equation which is giver. w the jorm X = 0 will not need transfor-
mation, and any equation which presents wself in the form X =1
may be replaced by 1 - X =0, as appears from the second of the
above transformations

‘When the equations of the system have thus been reduced,
any of them, as well as any equations derived fiom them by the
process of climination, may be combined by addition.

9 Nore —It has been seen in Chapter 1v. that in literally
translating the texms of a proposition, without attending to its
real meaning, into the language of symbols, we may produce
cyuations in which the terms X and Y do not obey the law of
duaty  The cquation w = st(p + 7), given in (3) Prop. 3 of
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the chapter referred to, is of this kind  Such equations, how-
ever, as it has been scen, have a meaning. Should it, for cu-
riosity, or for any other motive, be determined to employ them,
it wall be best to 1educe them by the Rule (VL. 5).
10 Ex 2 —Let us take the following Propositions of Ele-
mentary Geometiy :
Ist. Sumilar figures consist of all whose corresponding angles
are equal, and whose corre~ponding sides are proportional.
2nd Triangles whose corresponding angles are equal have
their corresponding sides proportional, and rice versd.
To represent these prenuses, let us make
s = similar.
¢t = triangles
¢ = having corie~ponding angles cqual
r = having corresponding sides proportional

Then the premises are expressed by the following cquations :

§ =qn 1
tg= tr. (2)
Reducing by the Rule, or, which amounts to the same thing,

bringing the terms of these equations to the first side, squaring
each equation, and then adding, we have

S+ qr—2grs +tq + ir - 20yr = 0. 3

Let it be required to deduce a description of dissimilar figuies
formed out of the elements expressed by the teims, #r:angles,
having corresponding angles cqual, having corresponding sides
proportional

We have from (3),
et q + 7t — 2qr
- 2qr -1
_qr=lg—rt+ 2qr -1
1-s= g — 1 )

And fully developing the second member, we find

1-s=0tgr+2tqg(1-r)+2r(1-@+t(1-¢) (1-r)
+0(1-Bgr+(1-8)q(1 ~r)+(1-t)r(1 -7
+(1-HQ-g)(1-7). (5)
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In the above development two of the terms have the coefficient
2, these must be equated to 0 by the Rule, then those terms
whose coefficients are 0 being rcjected, we have

l-s=t(l-¢)(1-N+(A-Hg(1-1)+(A-r(1-¢)
+(I-(-g)(-r); (6)
tg(l-7)=0; (M
ir(l-q)=0; ®
the direct interpretation of which is

1st. Dissimilar figures consist of all triangles which have not their
corresponding angles equal and sides proportional, and of all figures
not being triangles which have either thewr angles equal, and sides not
proportonal, or their corresponding sides proportional, and angles
not equal, or neither their corresponding angles equal nor corres-
ponding sides proportional

2nd There areno triangles whose corresponding angles are equal,
and sides not proportional.

3rd There are no triangles whose corresponding sides are pro-
portional and angles not equal

11. Such are the immediate interpretations of the final equa-
tion. It is seen, in accordance with the general theory, that in
deducing a description of a particular class of objects, viz., dis-
similar figures, in terms of certain other elements of the original
premises, we obtain also the independent relations which exist
among those clements in virtue of the same premises. And that
this is not superfluous information, even as respects the imme-
diate object of inquiry, may easily be shown For example, the
independent relations may always be made use of to reduce, if it
be thought desirable, to a briefer form, the expression of that re-
lation which is directly sought. Thus if we write (7) in the
form

0=1tg(} - ),
and add it to (6), we get, since
t(l-g)(1-r)+tg(l-r)=t(l-r)
l-s=t(l-r)+(1-8)q(1-7)+(1-t)r(1-9)
+(1-5 A -g)(1 1),
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which, on interpretation, would give for the first term of the de-
scription of dissimilar figures, ¢ Triangles whose corresponding
sides are not proportional,” instead of the fuller description origi-
nally obtained. A regard to convenience must always determine
the propriety of such reduction.

12. A reduction which is always advantageous (VII.15) con-
sists in collecting the terms of the immediate description sought,
as of the second member of (5) or (6), into as few groups as
possible. Thus the third and fourth terms of the second mem-
ber of (6) produce by addition the single term (1 - 2) (1 - ¢).
If this reduction be combined with the last, we have

l-s=1(1-n+(10-)q(Q-7)+1-t)(1-9g)
the interpretation of which is

Dissimilar figures consist of all trmangles whose corresponding
stdes are not proportional, and all figures not being triangles whach
have either thew corresponding angles unequal, or their corresponding
angles equal, but sides not proportional.

The fulness of the gencral solution is therefore not a super-
fluity. While it gives us all the information that we seck, it
provides us also with the means of expressing that information
in the mode that is most advantageous.

13. Another observation, illustrative of a principle which has
alrcady been stated, remains to be made Two of the terms in
the full development of 1 - s in (5) have 2 fo then coefficients,

instead of 61 It will hereafter be shown that this circumstance

indicates that the two premises were not independent. To venfy
this, let us resume the equations of the premises in their reduced
forms, viz,

s(l-gr)41qr(1-5)=0,

tg(l-r) +tr(1-¢g)=0.
Now if the first members of these equations have any common
constituents, they will appear on multiplying the cquations to-
gether If we do this we obtain

stg(L-r)1su(l-q)=10
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‘Whence there will result
stg(l—7r)=0, str(l-¢)=0,

these being equations which are deducible from either of the
primitive ones. Their interpretations are—

Similar trangles which have thewr corresponding angles cqual
have their corresponding sides proportional

Sumalar triangles which have thewr corresponding sudes propor-
tional have their corresponding angles equal

And these conclusions are equally deducible fiom either pre-
miss simgly In this respect, according to the definitions laid
down, the premises are not independent.

14 Let us, in conclusion, resume the problem discussed in
illustration of the first method of this chapter, and endeavour to
ascertain, by the present method, what may be concluded from
the presence of the property C, with reference to the propertics
4 and B

We found on eliminating the symbols » the following equa-
tions, viz.:

Y \w2 + w2) =0, )]
yz (zio + 2w) = 0, )
7§ = wz (3)

From these we are to eliminate w and determine = Now (1)
and (2) already satisfy the condition V' (1- V) =0. The thnd
equation gives, on bringing the terms to the first side, and
squaring

77 (1 - wz) + 52(l - 2§) = 0. (4)
Adding (1) (2) and (4) together, we have

ay (wz + ©Z) +yz (20 +Zw)rzy (1 - w2) + 0z (1 -2§) = 0
Eliminating w, we get
(zyz + yzz + ) {2yz + yzx + 2z + z(1 - Zj)) = 0.

Now, on multiplying the terms in the second factor by those in
the first successively, observing that

a1=0, yj=0, =T=0,
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nealy all disappear, and we have only left

TYz + Yz = 0; 3)
whence . 0
ST zy+ay

=0 O:rl‘+OIf+OT'
= Iy"'(‘)J 0./ Yy

_0. 0.
NEATRS
furniching the interpretation.  Wherever the property Cs found,
either the property A or the property B wil be found with o, but
not both of them together.

Fiom the equation (5) we may 1eadily deduce the result ar-
rived at in the previous investigation by the method of mbitrary
constant multiplieis, as well as any other pioposed forms of the
relation between z, y, and z; e.g. If the property B 1s absent,
either A and C unll be jointly present, or Cwill be absent. And
conversely, If 4 and C are jountly present, B will be absent.
The converse part of this conclusion is founded on the presence
of a term zz with unity for its coefficient in the developed value
of J.
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CHAPTER IX.

ON CERTAIN METHODS OF ABBREVIATION

1 THOUGH the three fundamental methods of development,

elimination, and reduction, established and illustrated in
the previous chapters, are sufficient for all the practical ends of
Logic, yet there are ceitain cases in which they admit, and espe-
cially the method of clinnation, of bemng simplified in an un-
portant degree; and to these L wish to direct attention in the
present chapter. I shall fist demonstrate some propositions in
which the principles of the above methods of abbicviation are
contained, and I shall afterwards apply them to particular ex-
amples.

Let us designate as class terms any texms which satisfy the
fundamental law V (1 - V) =0. Such teims will individually
be constituents; but, when occurring together, will not, as do
the terms of a development, necessarily involve the same symbols
in each. Thus az+ bay + cyz may be desciibed as an expression
consisting of three class terms, z, xy, and yz, multiplied by the
cocfficients a, , ¢ 1espectively. The principle applied in the two
following Piopositions, and which, in some instances, gieatly
abbreviates the process of climination, is that of the rejection of
supcyfluous class terms; thosc being regarded as supeifluous
which do not add to the constituents of the final result.

Prorosition 1.

2 From any equation, V=0, mn which V conssts of a series of
class terms having posutwe coefficients, we are pernutted to reject any
term wlach contains another term as a factor, and to change every
positwee coefficient to unaty.

For the significance of this scries of positive terms depends
only upon the number and natwie of the constituents of its final
expansion, i. e. of its expansion with reference to all the symbols
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which it involves, and not at all upon the actual values of the
cocfficients (VI 5). Now let  be any term of the series, and
zy any other term having 2 as a factor. The expansion of z with
reference to the symbols z and y will be

2y +z(1-y)
and the expansion of the sum of the terms z and zy will be
2ry + 2 (1~ 9).

But by what has becn said, these expressions occuiring in the
first member of an cquation, of which the second member is 0,
and of which all the coefficients of the first member me positive,
are equivalent ; since there must exist simply the two constituents

zy and z (1 - @) in the final expansion, whenee will simply amise
the resulting equations

zy=0, z(1-y)=0.
And, therefore, the aggregate of terms z + zy may be replaced by
the single term z.

The same reasoning applies to all the cases contemplated in
the Proposition. Thus, if the term z is repeated, the aggregate
2z may be 1eplaced by x, because under the circumstances the
equation z = 0 must appear in the final reduction.

ProrosiTion I1.

3. Whencver in the process of elimnation we have to multiply
together two factors, each consisting solely of positue lerms, satisfinng
the fundamental lae of logical symbols, ot 15 permutted to reject from
both factors any common lerm, or from either fuctor any term which
is dwsible by a term in the other factor ; provuled always, that the
rejected term be added to the product of the 1esulting factors

In the enunciation of this Pioposition, the word ¢ divisible”
is a term of convenicnce, used m the algebraie sense, 1 which ay
and z (1 - y) are =aid to be divisible by .

To render more clem the import of this Proposition, let it be
supposed that the factois to be multiplicd together atc w + y+ 2
and z + yw +¢ It is then asseited, that fiom these two factors
we may reject the term 7, and that fiom the second factor we
may rejeet the term yw, provided that these terms be tiansferred
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to the final prodnct. Thus, the resulting factors being y 4 =z
and t, if to their product y¢ + z¢ we add the terms z and yw,
we have

T+ yw+ yt + 2t
as an expression equivalent to the product of the given factors
z +y+ zand 2+ yw + ¢; equivalent namely in the process of
elunination.

Let us consider, first, the case in which the two factors have
a common term z, and let us represent the factors by the expies-
sions z + P, z + Q, supposing P 1n the one case and Q in the
other to be the sum of the positive terms additional to z.

Now,

@rPy(r+Q=x+zP+22+PQ )
But the process of elimination consists in multiplying certain
factors together, and equating the result to 0.  Either then the
second membe: of the above equation is to be equated to 0, or 1t
is a factor of some expression which is to be equated to 0.

If the foamer alternative be taken, then, by the last Propo-
sition, we are permitted to 1¢ject the terms zP and 2@, inasmuch
as they ame positive terms having another term z as a factor.
The 1esulting expiession i»

z+ PQ,

which is what we should obtain by rejecting 2 from both factors,
and adding it to the product of the factors which remain.

Takmg the sccond alternative, the only mode m which the
second member of (1) can affect the final 1esult of elimination
must depend upon the number and natuie of 1ts constituents,
both wlhich clements a1e unaffected by the rejection of the terms
zP and 2(). For that des clopment of © includes all possible con-
stituents of which z is a facto.

Consider finally the case in which one of the factors contains
a term, as zy, divisible by a teim, z, in the other factor

Let z + P and zy + Q be the factors. Now

(x+P)(zy+ Q) =zy + 2Q + ayP + PQ.

But by the reasoning of the last Proposition, the term ay P may be

rejected as containing another positive texm sy as a factor, whenee
we hase
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Yy +zQ + PQ
=xy+(x+ P)Q.

But this expresses the rejection of the term zy fiom the second
factor, and its transference to the final product. Wherefore the
Proposition is manifest.

Prorosrrion II1.

4 If t be any symlol which 1s retained in the final result of the
elimunation of uny other symhols from any system of equations, the re-
sult of such elimination may be expressed in the form

E+E(1-¢=0,
u which E 1s formed by makiny in the proposed system t = 1, and eli-
manating the same other symbols ; and &' by makmg wn the proposed
system ¢ = 0, and eliminating the same other symbols.

For let ¢ (¢) = 0 represent the final result of elimination.

Expanding this equation, we have

p(Yt+ep (0)(1-8)=0.

Now by whatever piocess we deduce the function ¢ (¢) fiom the
proposed system of cquations, by the same process should we de-
dace ¢ (1), if in those equations ¢ were changed mnto 1, and by
the same process should we deduce ¢ (0), 1f n the same equations
t were changed into 0. Whence the truth of the proposition 13
manifest.

5 Of the three propositions last proved, it may be remarked,
that though quite uncssential to the strict development o1 appli-
cation of the general theory, they yet accomplish important ends
of a practical nature. By IPiop. 1 we can sumphfy the results
of addition; by Prop. 2 we ean stmphfy those of multiplication ;
and by Prop. 3 we can bieak np any tedious process of elimi-
nation into two distinct processes, wiich will m geneial be of'a
much less complex character. This method will be very fre-
quently adopted, when the final object of inquiry is the determi-
nation of the value of ¢, in terins of the other <y mbus~ which reman
after the elimmation is performed.

6 Ex. l.—Anstotle, 1n the Nicomachean Etlue-, Sook 11
Cap. 3, having determined that actions mc virtuous, not as pos-
sessing in themselves a certain character, but as implying a cer-
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tain condition of mind in him who performs them, viz., that he
perform them knowingly, and with deliberate preference, and for
their own sakes, and upon fixed principles of conduct, proceeds
in the two following chapter: to consider the question, whether
virtue 1s to be rcferied to the genus of Passions, or Faculties, or
IIabits, together with some other connected points. He grounds
his investigation upon the following premises, from whch, also,
he deduces the general doctrine and definition of moral virtue, of
which the remainder of the treatise forms an exposition.

PREMISES.

1. Vittue i3 cither a passion (wdfoc), or a faculty (cdvauc),
or a habit (#c).

2. Passions are not things according to which we are praised
or blamed, or in which we exeicise dehiberate preference

3. Facultics are not things according to which we are praised
or blamed, and which me accompamed by deliberate prefeience.

4. Vutue iy ~omething according to which we aie praised
or blamed, and which 1s accompamed by deliberate preference.

5. Whatever art or science makes 1ts woik to be in a good
state avouds extremes, and keeps the mean in view relative to
human nature (6 péoov  wpdc Nuac).

6. Virtue i more exact and excellent than any art or science.

This 1> an argument a fortiorz.  If science and true art shun
defect and extravagance alike, much more does virtue puisue the
undes iating line of moderation. If they cause their woik to be
ina guod state, much more reason have to we to say that Virtue
causeth her peculiar work to be “in a good state.” Let the
final piemiss be thus inteipreted. Let us also pretermut all re-
ference to praise or blame, since the mention of these in the pre-
mises accompanies only the mention of deliberate preference, and
this is an element which we purpose to 1ctam. We may then
acsume as our representative symbols—

v = viltoe.
Pp = passions
f = faculties.
h = habits.

d - things accompanied by deliberate preference.
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g = things causing their work to be in 2 good state.
m = things keeping the mean in view relative to human
nature.

Using, then, ¢ as an indefinite class symbol, our premises will be
expressed by the following equations :

v=g(p-HA-B)+fA-p(A-B)+h1-p)(1-[))
p=9(1-d).

f=qQ1-d).
v = qd.
g = gqm.
v =q9g.

And separately climinating from these the symbols ¢,
v(1-p(1-f)(A-2)-fL-p) A-B)-k(1-p)(1-£)=0.(1)

pd=0. )
fa=0. (3)
v(l1-d)=0. €))
g(1-m)=0. ®)
v(l-g)=0. (6)

We shall first eliminate from (2), (3), and (4) the symbol d, and
then determine v in relation to p, £, and 2. Now the addition of
(2), (3), and (4) gives

(p+fld+v(l-d)=0.
From which, climinating d in the ordinary way, we find
(p+f)v=0. ™
Adding this to (1), and determining v, we find
0
PTp A l-p ) U-B)- fA-p T-B-r(T-F)T-p)
‘Whence by development,
0
v=5hQ-F)A-p)

The interpretation of this equation is: Virtue s a habit, and not
a facully or a passion.
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Next, we will climinate £, p, and g fiom the original system
of equations, and then determine » 1n relation to %, d, and m.
We will in this case chminate p and f together. On addition of

(1), (2), and (3), we get
v{1-p(1-f)(1-k) -fQ-p) A-B) - ~(l-p) (1-)

+pd + fd = 0.
Developing this with reference to p and f, we have

(v+2d)pf + (vh+d)p(1-f)+ (vh+d) (1 - p)f
+v(l-A)(1-p)(1-f)=0.

Whence the result of climination will be
(v + 2d) (vh + d) (vh + d)v(l - 1) = 0.
Now v + 2d = » + d + d, which by Prop. I is reducible to v + d.
The product of this and the sccond factor is
(v +d) (vh + d),
which by Prop. II. reduces to
d + v (vh) or vk +d.

In like manner, this result, multiplied by the third factor, gives
simply vk + d Lastly, this multiplied by the fourth factor,
v (1 - k), gives, as the final equation,

vd(1~h)=0. 8)
It remains to eliminate 4 from (5) and (6). The result is
v(l-m)=0. )

Finally, the equations (4), (8), and (9) give on addition
v(l-d)+vd(A-R)+v(l-m)=0,

from which we have
0

Pt drd(-B+l-m
And the development of this result gives

v= g hdm,

f which the interpictation is,—Vrtue is a habit accompanied by
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dehiberate preference, and heeping in view the mean relative to
human nature.

Properly speaking, this is not a definition, but a deseription
of virtue. It 1» all, however, that can be correctly inferred from
the premises. Aristotle specially conneets with it the necessity
of prudence, to determine the safe and middle line of action ; and
there is no doubt that the ancient theoiies of virtue gencrally
partook more of an intellectual chaiacter than those (the theory
of utility excepted) which have most prevailed 1n modern days.
Virtue was 1eguided as consisting in the 1ight state and habit of
the whole nund, 1ather than in the single supiemacy of con-
science or the moral faculty And to some extent those theoiics
were undoubtedly 1ight. For though unqualified obedience to
the dictates of conscience is an e~~ential clement of v tuous con-
duct, yet the conformuty of those dictates with those unchanging
principles of rectitude (alwwia Sixaia) which are founded in, or
which rather arc themselves the foundation of the constitution of
things, is another element. And generally this conformity, in
any high dcgree at least, is inconsistent with a staic of ignorance
and mental hebetude. Reverting to the paticular theory of
Aristotle, it will probably appear to most that it is of too ne-
gative a chamacter, and that the shunning of extremes docs not
afford a sufficient scope for the expendituze of the nobler energies
of our being. Auiistotle reems to have been imperfectly conscious
of this defect of his system, when in the opening of his seventh
book he spoke of an ¢ herore virtue”* rising above the measure
of human nature.

7. I have already remarked (VIIL. 1) that the theory of sin-
gle equations o1 propositions comprehends questions which can-
not be fully answeied, except in connexion wifh the theory of
systems of cquations. This 1emmk 1s exemplifiecd when 1t is
proposed to deteumine from a given single equation the relation,
not of some single clementary class, but of some compound class,
involving in its expression more than one element, m teims of
the remaining elements. The followmg paiticulm exanple, and
the succeeding gencral problem, are of this natwie.

* 1y iwep ypdc dperny fpwikiy Tiva sar Baeay —Nic Eri Dook vit
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Ex. 2.—Let us resume the symbolical cxpression of the defi-
nition of wealth employed in Chap. vir., viz.,

w=st{p+rl-p)
wherein, as before,

w = wealth,

s = things hmited in supply,

t = things transferable,

p = things productive of pleasure,
r = things preventive of pain;

and suppose it required to dctermine hence the relation of things
transferable and productive of pleasure, to the other elements of
the definition, viz., wealth, things limited in supply, and things
preventive of pain.

The expression for things transferable and productive of plea-
surcis fp. Let us represent this by a new symbol y. We have
then the equations

w=st{p+r(l-p)}

y=1p,
from which, if we eliminate ¢ and p, we may determine y as a
function of w, s, and 7. 'The result interpreted will give the re-
lation sought.

Bringing the terms of these equations to the first side, we
have

w—stp—str(1-p)=10
y-itp=0. @)

And adding the squares of these equations together,
w+ stp + str (1 —p) - 2wstp — 2wstr (L—p) + y+tp - ytp=0. (4)
Developing the first member with respect to 7 and p, in order to
eliminate those symbols, we have
(w+s~-2ws+ 1 -g)tp+ (w+ sr~2wsr +y)t (1 - p)

t@+y) A-Op+w+y) (L-) 1-p); (5)
and the result of the elimination of ¢z and p will be obtained by
equating to 0 the product of the four coefficients of

tp, t(1~p), 1-0)p, and (1 -1) (1 - p).
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Or, by Prop. 3, the 1esult of the elimination of ¢ and p from the
above cquation will be of the form
Ey+ E(1~y)

wherein E is the result obtained by changing in the given equa-~
tion y into 1, and then climinating ¢ and p; and E’ the result
obtained by changing in the same equation y into 0, and then
climinating £and p. And the mode in cach case of eliminating ¢
and p is to multiply together the coefficients of the four con-
stituents tp, ¢ (1 - p), &e.

If we make y = 1, the cocfficients become—

Ist. u (1—5) + s (1 -w).

2nd. 1+w (1l -sr)+s(l -u)r, equivalent to 1 by Prop. L.

3:d and 4th. 1+, cquivalent to 1 by Prop. I.

Hence the value of E will be

w(l-5) +s(1-w).

Again, in (5) making y = 0, we have for the coefficients—

1st. 1 +w (1l -s)+s(l-w), cquivalent to 1.

2nd. w(l - sr) + sr (1 — w).

31d and 4th. w.

The product of these coefficients gives

E=w(l-sr).
The cquation from which y is to be determined, theicfore, is
(w(l-9)+s(1-w)y+w(l-s) A1 -)=0,
L w(l - sr) L
YT —e (T s —s(T-w)°

and expanding the sccond member,

y=gwsr+wa(1—r)+%w(1—s)r+%w(1—s)(1—r)
+0(L-w)or+ 0 (L-w)s(1-r)+ 3 (1-2) (L-9) r

+ 3(L-w) (1-s) (1-1);

whenee 1educing



140 METHODS OF ABBREVIATION. [cHaP. 1x.
11+ wsr+ 2(1-w) (1-4) ©)
y=ws( —1)+5wsr 6( y

with w (1 -5)=0. )
The interpretation of which is—

1st. Things transferable and productive of pleasure consist of
all wealth (lumuited wn supply and) not preventwe of pain, an inde-
Jinte amount of wealth (lunited i supply and) preventive of pawn,
and an indefinite amount of what is not wealth and not lumited 1n
supply.

2nd. All wealth is imited wn supply.

I have in the above solution wiitten in parentheses that part
of the full deseription which is implied by the accompanying in-
dependent rclation (7).

8. The following problem is of a more gencral nature, and
will furnish an easy practical 1ule for problems such as the last.

GeneraL PROBLEM.

Grwen any equation connecting the symbols z,y. w, z..
Required to determwne the logical expression of any class ea-

pressed wn any way by the symbols x, y .. wn terms of the remanung
symbols, w, z, &c.

Let us confine ourselves to the case in which theic are but

two symbols, z, ¥, and two symbols, w, z, a case sufficient to de-
termine the gencral Rule.

Let 7= 0 e the given equation, and let ¢ (z,y) represent
the class whose expiession is to be determined.

Assume ¢ = ¢ (2, y), then, fiom the above two equations, z
and y aie to be clinmated.

Now the equation ¥'= 0 may be expanded in the form

Ary+Dz(l-y)+ C(l-x)y+ D(1-2) 1 -y) =0, (1)
4, B, C, and D being functions of the symbols w and z.

Agam, as ¢ (z, y) 1cpresents a class or collection of things, it
must consist of a constituent, or seiics of constituents, whose co-
efficients are 1.
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Wharefore if the full development, of ¢ (ay y) he reprexented
in the foom
ay+bae(l-w)te(l-Dyrdd ry(l p),
the encficients a, b, ¢, d must each be 1 or 0.
Now 1educmg the equation &= ¢ (x, y) by trausposition and
squaring, to the foom

t{l-¢(mNl+o(Hy) (1-6)<0;
and expanding with 1cference to x and g, we get

{t-a)+a(l=-D}wyr{tQ-0) +b(1-t)) (1 ~y)
+{t(l-e)+e(1-0) (A -x)y
+{t(l-d)y+dQ1 -8t} (1-=z) (1-%) =0;

whenee, adding this to (1), we have

{Ad+t(l-a) +a(l-8)}ay
A{B+t(1-0)+5(1 -8}z (1-y) +&e.= 2.

Let the result of the elimination of z and y be of the form
Et+E(1~-8=0,

then E will, by what has been said, be the reduced product of
what the cocfficients of the above eapansion Lecome when ¢ = 1.
and E the product of the same factors simularly reduced by the
condition £= 0.

Hence E will be the reduced product

(13 1-a)(B+1-0)(C+1-¢)(D+1-d

Considering any factor of this expression, as .1 4 1 = &, we ¢
that when a =1 it becomes A, and when @ = 0 it hecomes 14 2|,
which reduces by Prop. T. to 1. Henee we mny infor that £ will
be the product of the cocfficients of those constituents in the de=
velopment of V whose coeflicients in the development of ¢ (r, @)
are 1.

Moreover E will be the reduced produet,

(A s a)y(Byby(Cre) (Do

Considering any one of thee fiuctors, us .1 1o, woe ree that this
becomes A when o = 0, and veducea 101 whew ¢ = Tr and a0 on
for the other~,  Henee £/ will B the produit off the woeibieients
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of those constituents in the development of y, whose coefficients
in the development ¢ (z, ) are 0. Viewmg thesc cases together,
we may establish the following Rule:

9. To deduce from a logical equation the relation of any class
expressed by a gwen combination of the symbols z, y, &c, o the
classes represented by any other symbols wvolved w the giwen
equation.

Rure.—Ezpand the given equation with reference to the sym-

bols 7, y. Then form the equation

Et+E(1-¢)=0,

wm which E is the product of the coefficients of all those constituents
an the above development, whose coefficients in the expression of the
guwen class are 1, and E the product of the coefficients of those con-
stituents of the dcvelopment whose coefficients e the expression of the
gwen class are 0 The value of t deduced fiom the above equation
by solution and wmte pretation wll be the expession 1 equired.

Norr.—Although wn the demonstration of this Rule ¥ ts sup-
posed to consist solely gf posttwe terms, it may easily be shown that
this condition s unnecessary, and the Rule general, and that no pre-
paratwn of the guwen equation s really requered.

10. Ex. 3.—The same definition of wealth being given as in
Example 2, requued an expression for things transferable, but not
productwe of pleaswe, t(1 - p), in terms of the other elements
represented by w, s, and r.

The cquation
w-stp~str(1-p)=0,
gives, when squared,
w+ stp + str (1 - p) — 2wstp - 2wstr (1-p) =0
and developing the first member with respect to ¢ and p,

(w+s—2ws)tp+(w+sr-2wsr) ¢ (1-p)+w(l-2)p
+w(l-2)(1-p)=0.
The coefficients of which it is best to exhibit as in the following
equation ;
{w(l-9)+s(1-w)}ip +{u(l-s) +sr(1-w)} 2(1-p) +w (1-)p
rw(l-¢)(1-p)=0
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Let the function # (L - p) to be determined, be represented by z;
then the full development of z in respect of ¢ and p is
z=0tp+et(l-p+0(l-)p+0(1-2) (1-p)-
Hence, by the last problem, we have
Ez+ E(1-2)=0;
wheie E=w(l-s+sr(l-w);
E={w(l-s)+s(1-w)) xwxw=w(l-s);
Sfw(d-a)+sr(I-w)zs+w(l-5)(1-2)=<0.
Hence,

w (l-5s)
2wsr — ws — sr

z
~

0 1 1
=g usT+ 0ws (1—r)+6w(1—s)r+6w(1—s)(1—r),
0 0
+0(1—uv)sr+6(l—uv)s(l—r)+6(l—w) (A-s)r

+2A-u) (1-5) (-1,

Or. 0 0 0
’ :=6wsr+6(1—w)s(l—r)+6(l—w)(l—s),

with w(1-5)=0.

Hence, Things transferable and not productive of pleasure are
either wealth (hinuted w supply and preventwe of pain), or things
which are not wealth, but hunsted v supply und not preventive of
pain; or things which ai e not weulth, and are unlunted in supply

The following results, deduced in a similar manner, will be
easily verified: ’

Things linuted wn supply and productive of pleasure which are
not wealth,—a1 e wtransferable.

Wealth that ws not productive of pleasure s transferable, lunited
in supply, and preventwe of pain.

Things lunated in supply which are either wealth, or are pro-
ductwe of pleasure, but not both,—are either transferable and pre-
wentive of pain, or wdransferable

11. From the doman of natuial history a lmge number of
curious examples might be sclected. [ do not, howesver, con-
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ceive that such applications would possess any independent va-
lue. They would, for instance, throw no light upon the true
principles of classification in the science of zoology For the
discovery of these, some basis of positive knowledge is requisite,—
some acquaintance with o1ganic stiucture, with teleological adap-
tation; and this 15 a specices of knowledge which can only be de-
rived from the use of exteinal means of observation and analysis.
Taking, however, any collection of propositions 1n natural his-
tory, a great number of logical problems present themselves,
without 1egard to the system of classification adopted. Perhaps
in formi.yg such examples, 1t is better to avoid, as superfluous,
the mention of that propeity of a class or speecies which 1s im-
mediately suggested by its name, e. g. the 1ing-stiuctuwie in the
annelida, a class of anmmals including the eairth-worm and the
leccl..

Ex. 4.—1. The annclida axe soft-bodied, and either naked or
enclosed 1n a tube.

2. The annchda consist of all inveitebrate animals having
red blood in a double system of circulating vessels.

Assume a = annelida;
s = soft-bodicd animals ;
n = naked;

t - _aclosed in a tubc;
2

. = invertebrate ;
r = having red blood, &e.

Then the propositions given will be expressed by the equations

a=vs{n(l-8)+¢(l-n)}, ¢))
a=ir; @)

to which we may add the implied condition,
nt=0 3)

On climinating v, and reducing the system to a single equation,
we have

afl-sm(l-8)-st(l-n)}+a(l-iN+ir(l-a)+nt=0. (4)

Suppose that we wish to obtain the relation in which soft-
bodied animals enclosed in tubes arc placed (by virtue of the
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premises) with respect to the following elements, viz, the pos-
session of red blood, of an external covering, and of a vertebral
column.

We must first eliminate a. The result is

ir{l-sn(l1-8)-st(l-2)}+nt=0.

Then (IX. 9) developing with respect to s and 7, and reducing
the first coefficient by Prop. 1, we have

nst+r(l-n)s(1-¢) + (er+n)(1-8)t+r(l-8)(1-2)=0  (5)
Hence, if st = w, we find

nw+wr(l-n)x(r+n)xir(l-w)=0;

or, o+ (l-n)(1-w)=0;
L. w(l-m)
e w—;r—(—l_- n) -n

=0 twr(l-n)+0(l-r)n+ e(l-)(1-1)
$0(1=i)r+ 2 (1= r(1-n)+0(1-2) (1-7)n
+%(l—1)(1—r)(l—n);
w=1r(1—n)+%z(l—r)(l—n)+g(l—1)(l-n).

Hence, soft-bodied ammals enclosed m tubes consist of all
invertebrate ammals hamng red blood and not naked, and an -
definite remainder of wnwertebrate ammals not having red blood and
not naked, and of vertebrate ammals which are not naked

And in an exactly similar manner, the following reduced equa-
tions, the interpretation of which is left to the reader, have been
deduced from the development (5).

s(l—t)=1rn+—g-z(1—n)+—g(l—z)

(1-9) t=%(l—z)r(l—n)+%(l—r)(l—n)

(U-s)(1-9=gr(1-1) bg (1)
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In none of the above examples has it been my object to ex-
hibit in any special manner the power of the method. That,
I concenve, can only be fully di~played in connexion with the
mathematical theory of probabilities. I would, howeve1, suggest
to any who may he desnous of forming a coriect opmmon upon
this point, that they examine by the 1ules of ordinary logic the
following problem, before inspecting its solution; rememberng
at the same time, that whatever complexity it possesses might
be multiplied indefinitely, with no other effect than to render its
solution by the method of this work more operose, but not less
certainly attainable.

Ex. 5. Let the observation of a class of natmal productions
be supposed to have led to the following general results.

1st, That in whichsoever of these productions the properties
A and C are mssing, the property E is found, together with one
of the propertics B and D, but not with both

2nd, That wheiever the properties .4 and D are found while
E is missing, the propeities b and € will ather both be found,
or both be nussing.

3rd, That wheiever the propeity 4 is found in conjunction
with cither /3 or F, or hoth of them, there either the property
C or the property 1) will be found, but not both of them And
conversely, wheieser the propeity C or 7) is found singly, there
the property .4 will be found in conjunction with either 22 o1 E,
or hoth of them.

Let 1t then be required to ascertain, fist, what in any paiti-
cular instance may be concluded fiom the ascertained presence of
the propeaty 4, with refamence to the pioperties B, C, and D,
also whether any relations exist independently among the mo-
perties 8, C, and D). Sccondly, what may be concluded in hke
manner respecting the property I3, and the propertics ., C,
and D.

It will be observed, that in each of the three data, the informa-
tion,conveyed respecting the properties A, B, C, and ), is com-
plicated with another element, E, about which we desne to say
nothing m ow conclusion. It will hence be requinte to climinate
the symbol 1epresenting the propeity Z fiom the system of equa-
tions, by which the given propositions will be expressed
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Let us represent the property 4 by z, Bby y, C by z, Dby
w, B byv. The data are

= v (Y5 + w); )
wow = g (42 + §7);3 @)
Y + TVY = wz + zW; (3)

z standing for 1 - z, &c., and ¢ being an indefinite class symbol.
Eliminating ¢ separately from the first and second equations,
and adding the results to the third equation reduced by (5),
Chap."vir., we get
2z (1 —vyiv - vwy) + vew (yz+ 2§) + (zy +avy) (wz + ¥7)
+(wz+zw) (1 -2y - avy)=0. 4)
From this equation v must be eliminated, and the value of x
determined fiom the result. For effecting this object, it will
be convenient to employ the method of Prop. 3 of the present

chapter.
Let then the result of elimination be represented by the

equation
Ezx+ E(l-2)=0.

To find £ make z=1 in the first member of (4), we find
v (yZ+27) + (y + vf) (wz + wW2) + (wz + zw0) v7.
Eliminating v, we have
(wz +%2) (w (yZ+27) +y (wz + BZ) + § (wz + 2));
which, on actual multiplication, in accordance with the conditions
ww =0, 2z2=0, &c, gives
E=wz+ywz.
Next, to find E' make z =0 in (4), we have
z (1 - vyib - vjw) + wZ +zw,
whence, eliminating v, and reducing the result by Propositions

1 and 2, we find L
E=uwz+zw+ywz;

and, therefore, finally we have
(wz+yioZ) z +(wZ+ 206 +JWz)T=0; (5)
from which
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wZ +2W+YW2Z .
I=—— — — ——3
Wz + 2w+ JWZ-WZ— Y02

wherefore, by development,
z=0yzw+y=w+yzw+0yzw
+ 0z +GzW+HZWH+YZ 1 ;
or, collecting the terms in vertical columms,
T=ZW0+ZW+YZWb; (6)
the interpretation of which is—

In whatever substances the property A 1s found, there will also
be found either the property C or the property D, but not both, or
else the propertics B, C, and D, will all be wanting. And con-
versely, where either the property C or the property D is found
singly, or the properties B, C, and D, are together missing, there
the propeity -\ will be found.

It also appears that there is no independent relation among
the properties B, C, and D.

Secondly, weare to find y  Now developing (5) with respect
to that symbol,

(2wz + xwZ ) 2wz + 22i0) Y + (w2 + FWZ + 2B + 72 ) F =03
whence, procceding as before,

y=5.'ﬁ;?+% (Fwz + zwZ + 2z0), ()
zzw=0; 8)
ZZw=10; ¢
2z =03 (10)

From (10) reduced by solution to the form
iz= N w3

we have the independent relation,—If the property A s absent
and C present, 1) 1s present. Again, by addition and solution (8)
and (9) give

rzZ + 7z 0
== .
0

Whence we have for the general solution and the remaining in-
dependent relation :
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st If the praperty B be present m one of the productions, either
the prope ties A, C, and D, are all absent, or some one alone of them
2s absent. And conversely, if they are all absent 1t may be con-
cluded that the property A 1 present (7).

2nd. IfA and C are both present or both absent, D unll be ab-
sent, quite mdependently of the presence or absence of B (8) and (9).

I have not attempted to verify these conclusions.
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CHAPTER X.

OF THE CONDITIONS OF A PERFECT METHOD

1. THE subject of Primary Propositions has been discussed at

length, and we are about to enter upon the consideration
of Secondary Propositions. The interval of transition between
these two great divisions of the science of Logic may afford a fit
occasion for us to pause, and while reviewing some of the past
steps of our progress, to inquire what it 1s that 1n a subject hike
that with which we have been occupied constitutes perfection of
method. I do not here speak of that perfection only wlnch con-
sists 10 power, but of that also which is founded 1 the conception
of what is fit and beautiful. It is probable that a careful analysis
of this question would conduet us to some such conclusion as the
following, viz., that a perfect method should not only be an effi-
cient one, as respects the accomplishment of the objects for which
it is designed, but should in all its parts and processes mamfest
a certain unity and hamony. Tlus conceptivn would be most
fully 1ealized 1f even the very forms of the method were sugges-
tive of the fundamental prineiples, and 1if possible of the one tun-
damentul principle, upon which they arc founded. Inapplying
these considerations to the science of Reasoning, it may be well
to extend our view beyond the merc analytical processes, and to
inquire what is best as 1espects not only the mode or form of
deduction, but al-o the system of data or premises from wlich
the deduction is to be made.

2. As respects mere power, there is no doubt that the fist
of the methods developed in Chapter vii. is, withmn its propet
sphere, a perfeet onc  The introduction of arbitrary constants
makes us independent of the forms of the premises, as well as ot
any conditions among the cquations by which they are repre-
sented  But it seems to mtroduce a foreign element, and while
it is a more laborious, it is also a less elegant form of solution
than the second method of reduction demonstrated in the same
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chapter. There aic, however, conditions under which the latter
method assumes a moic peifect form than it otherwise bems  To
make the one fundamental condition expressed by the equation

a(l-a)=0,

the umversal type of foum, would give a unity of character to
both processes and results, which would not else be attanable.
‘Weie brevity or convenience the only valuable quality of a me-
thod, no advantage would flow fiom the adoption of such a prin-
ciple. For to impose upon every step of a solution the chaacter
above desciibed, would involve In some instances no shght la-
bour of prehmmary 1eduction. But 1t is still interesting to know
that this can be done, and it 18 even of some importance to be
acquainted with the condittons under which such a form of solu-
tion would spontancously present itself Some of these pownts
will be cunsidered in the present chapter.

Prorositiox I.

3. To reduce any equation among logical symbols tv the form
V=0, mwhich V salisfies the law of dunlity,

{1 -F)=o.

It is shown m Chap. v. Prop. 4, that the above condition is
satisfied whenever 7 1s the sum of a seiies of constituents. And
it is evident fiom Prop 2, Chap. vi. that all equations are equi-
valent which, when 1educed by tiansposttion to the foom V=0,
produce, by development of the it member, the ~ame series of
constituents with cocflicient~ wlnch do not vamsl, the paticular
numerical values of those cocflicients being immateral

1lence the olject of this Propesdion may alieays be accom-
plished by biunging all the terms of an equation to the first side,
Jully expanding that member, and changing m the result «ll the co-
efficients which do not vansh into unity, except such as have alieady
that value.

But as the development of’ functions containing many sym-
bols conducts us to expiessions inconvenient fiom their gieat
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length, it is desirable to show how, in the only cases which do
practically offer themselves to our mnotice, this source of com-
plexity may be avoided.

The great pumary forms of equations have already been dis-
cussed in Chapter v, They are—

X=7%,
X=Y,
v X =vY.

‘Whenever the conditions X (1 - X)=0, Y(1-Y)=0, are
satisfied, we have secn that the two first of the above equations
conduct us to the forms

X1-Y)=0, ¢))

XQ-YD+Y(1-X)=0; &)

and under the same circumstances it may be shown that the last
of them gives

p(X(1-Y)+ Y(1- X)) =0; (3)

all which results obviously satisfy, in their first members, the
condition
V(l-V)=0

Now as the above are the forme a»Z Lunditions under which the
equationa f < Jogical system properly expressed do actually pre-
sent themselves, 1t is always possible to 1educe them by the
above method into subjection to the law 1cquired. Though,
however, the separate equations may thus satisfy the law, their
equivalent sum (VIII 4) may not do so, and 1t remawmns to
show how upon it also the 1equisite condition may be imposed.

Let us then represent the equation formed by adding the
several reduced equations of the system together, in the form

v+ v+ 0", & =0, 4)

this equation being singly equivalent to the system from which
it was obtained. We su, pose v, v, v", &ec. to be class term-
(IX. 1) satisfying the conditions

v(l-v)=0, v (1-7)=0, &e
Now the full interpretation of (4) would be found by deve-
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loping the fiist member with 1espect to all the clementary symbols
a, y, &c wluch 1t contuns, and equating to 0 all the constituents
whose cocfficients do not yvamsh, 1 other words, all the consti-
tuents which ae found m either », ¥, 2%, &e. But those consti~
tuents consist of—1st, such as aic found 1n v; 2nd, such as are
not found in v, but a1e found in »'; 31d, such as aie neither found
in v nor ¢/, but arc found in v", and so on. IHence they will be
such as a1e found in the expression

v+ (l-v)v 4 (L -v) (1 -v)o" + &e, b)

an expression in which no constituents are repeated, and which
obviously satisfics the law V(1 - V) = 0.
Thus if we had the expiression
(I-8+2+(-2)+ L2,

in which the terms 1 — ¢, 1 ~ = are bracketed to indicate that they
are to be taken as single class terms, we should, 1n accordance
with (5), reduce 1t to an expicssion satisfymg the condition
V(1-V)=0, by multiplying all the terms after the first by ¢,
then all after the second by 1 - v; lastly, the term which remains
after the thiad by z; the result being

1-t+tw+£(1-9)(1-2)+¢(l-v)zw. (6)

4. All logical equations then are reducible to the form V=0,
V satisfying the law of duality But 1t would obviously be a
higher degree of perfection if equations always presented them-
selves in such a foim, without prepaation of any kind, and not
only exhibited this form in thar onginal statement, but retained
it unimpaired after those additions which are necessmy n order
to reduce systems of cquations to single cquivalent forms  That
they do not spontancously present this featuie is not properly
attributable to defect of method, but is a consequence of the fact
that our premises are not always comnplete, and accurate, and -
dependent. They are not complete when they involve material
(as distinguished from formal) relations, which are not exp1essed.
They are not accurate when they imply relations which are not
intended. But setting aside these points, with which, in the
present instance, we arc less concerned, let it be considered in
what sense they may ful of being independent.
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5. A system of propositions may be termed independent,
when it is not possible to deduce from any portion of the system
a conclusion deducible from any other portion of it. Supposing
the equations representing those propositions all reduced to the
form

V=0,
then the above condition implies that no constituent which can
be made to appear in the development of a particular function V'
of the system, can be made to appear in the development of any
other function V” of the same system. When this condition is
not satisfied, the equations of the system are not independent.
This may happen in various cases. Let all the equations satsfy
in their first members the law of duality, then if there appears a
positive term z in the expansion of one equation, and a term zy
in that of another, the equations are not independent, for the
term z 18 further developable into 2y + z (1 - %), and the equation

zy=0

is thus involved 1n hoth the equations of the system. Again, let
a term zy appear in one equation, and a term 2z in another
Both these may be developed so as to give the common consti-
tuent ryz  And other cases may easily be imagined in which
premises which appear at first sight to be quite independent are
not really so. Whenever equations of the form V = 0 are thus
not truly independent, though individually they may satisfy the
law of duality,

Vi-V)=0,

the equivalent equation obtained by adding them together will
not satisfy that condition, unless sufficient reductions by the me-
thod of the present chapter have been performed “When, on
the other hand, the equations of a system both satisfy the above
law, and are independent of cach other, their sum will also sa-
tisty the same law. I have dwelt upon these points at greater
length than would otherwise have been necessary, because 1t ap-
pears to me to be important to endeavour to form to ourselves,
and to keep before us in all our investigations, the pattern of an
ideal peifection,—the abject and the guide of future efforts. In
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the present class of inquiries the chief aim of improvement of me-
thod should be to facilitate, as far as 1s consistent with brevity,
the transformation of cquations, so as to make the fundamental
condition above adverted to universal

In connexion with this subject the following Propositions are
deserving of attention.

Prorosnion I1.

Ifthe fir st member of any equation V = 0 satisfy the condition
V(1 - V) =0, and if the eapression of any symbol ¢ of that equa-

tron be determuned as a deceloped function of the other symbols, the
01

00
For 1if the equation be expanded with 1eference to ¢, we ob-
tain as the result,

coefficents of the expunsion can only assume the forms 1, 0,

Et+ E(1-¢), (1)
£ and E being what 17 becomes when £ is successively changed
therein into 1 and 0. IIence E and Z will themsclves satisfy
the conditions

EQ-FEy=0, E(1-I"=0. 2)
Now (1) gives

Mg =
F-FK

the second member of which 15 to be expanded as a function of
the remaining symbols. It 1s evident that the only numerical
values winch E and £ can 1ccerve in the calculation of the co-
cfficients will be 1 and 0. The following cascs alone can there-

fore arise:

R o E 1
15T. Lo=1, 4y=1, Ukl E-E-0
ond E=1, E=0, then mrmc1
341 =1, =V, cn E’— E_ .
3id. E=0, E=1, then Yo 0.

/] E 0
4th. E=0, =0, then T-F"0

Whenee the truth of the Proposition i= manifest.
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6. It may he remarked that the forms 1, 0, and % appear in

the solution of equations independently of any reference to the
condition V(1 - V) =0 DBut it is not so with the coefficient %

The terms to which this coefficient is attached when the above
condition is satisfied may receive any other value except the

three values 1, 0, and g, when that condition is not satisfied It

is permitted, and it would conduce to uniformity, to change any
coefficient of a development not presenting itself in any of the

. iye I | .
four forms referred to in this Proposition into o’ regarding this

as the symbol proper to Indicate that the coefficient to which it 1s
attached should be equated to 0. This course I shall frequently
adopt.

Prorosrrion 111.
1. The result of the ehmnation of any symbols x, y, &ec. fiom

an equation V=0, of which the first member dentically satisfies
the law of duality,
Vii-v)=0,

may be obtained by developing the gwen equation with reference to
the other symbols, and equating to 0 the sum of those constituents
whose coefficients wn the expansion are equal to umty.

Suppose that the given equation V' = 0 involves but three
symbols, z, y, and ¢, of which z and y are to be eliminated Let
the development of the equation, with respect to ¢, be

At+ B(1-¢ =0, (1)
4 and B being frec from the symbol 2.

By Chap. 1x. Prop. 3, the result of the climination of z and »

fiom the given equation will be of the form
E+E(1-¢=0, €))

in which E is the result obtained by eliminating the symbols =
and y from the equation A =0, % the result obtained by elimi-
nating from the equation B = 0.
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Now A and B must satisfy the condition

A(1-4)=0, B(1-B)=0
Hence 4 (confining ouisclves fur the piesent to this coefficient)
will either be 0 o1 1, o1 a constituent, or the sum of a part of the
constituents which involve the symbols'z and y. If 4 = 0 it is
evident that £ = 0; if 4 is a smgle constituent, or the sum of a
part of the constituents involving z and y, £ will be 0.  For the
Jill development of .1, with respect to # and y, will contain terms
with vanishing cocfficients, and E 13 the product of all the co-
efficients ITence when .1 =1, Eis equal to 4, but in other cases
E isequal to 0. Smulaly, when B =1, E'is equal to B, but in
other cases E’ vaniches. Hence the eapiession (2) will consist of
that part, if any theie be, of (1) in which the cocfficients 4, B
are unity And this 1easoning is general. Suppose, for instance,
that V involved the symbols z, , z, ¢, and that it were required
to climinate z and y. Then if the development of V, with re-
ference to z and ¢, were

zZt+zz(1-+y(l-2)t+(1-2)(1-9),
the result sought would be
z2t+(1-2)(1-¢) =0,

this being that portion of the development of which the co-
efficients are unity

Hence, if from any system of equations we deduce a single
equivalent equation 1"=0, V satisfying the condition

V(l-V)=0,

the ordinary processes of climination may be enthely dispensed
with, and the single process of development made to supply
their place.

8. It may be that theie is no practical advantage in the me-
thod thus pointed out, but it possesses a theoretical unity and
completeness which render it deserving of regard, and I shall ac-
cordingly devote a future chapter (XIV.)to itsillustiation. The
progress of apphied mathematics has presented other and signal
examples of the reduction of systems of problems o1 equations to
the domimon of some cential but pervading law
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9. It is seen from what precedes that there is one class of
propositions to which all the special appliances of the above me-
thods of preparation are unnecessary It is that which is cha-
racterized by the following conditions :

First, That the propositions are of the ordinary kind, implied
by the use of the copula s or are, the predicates being particular.

Secondly, That the terms of the proposition are intelligible
without the supposition of any understood relation among the
elements which enter into the expression of those terms.

Thirdly, That the propositions are independent

‘We may, if such speculation is not altogether vain, permit
ourselves to conjecture that these are the conditions which would
be obeyed in the employment of language as an instrument of
expression and of thought, by unerring beings, declaring simply
what they mean, without suppression on the one hand, and with-
out repetition on the other. Considered both in their relation
to the idea of a perfect language, and in their relation to the pro-
cesses of an exact method, these conditions are equally worthy
of the attention of the student.



GHAP. XI.] OF SECONDARY PROPOSITIONS. 159

CHAPTER XI.

OF SECONDARY PROPOSINIONS, AND OF THE PRINCIPLES OF THEIR
SYMBOLICAL EXPRESSION.

1. THE doctrine has already been cstablished in Chap 1v,,

that every logical proposition may be referied to onc or
the other of two geat classes, viz., Primary Piopositions and
Secondary Propositions. The foumer of these classes has been
discussed 1n the 1 cceding chapters of this work, and we aie now
led to the consideration of Secondary Propositions, i. e. of Propo-
sitions concerning, or relating to, other propositions 1egarded as
true or false. The investigation upon which we mc entering will,
in its general order and progess, resemble that which we have al-
ready conducted. The two inquiries differ as to the subjects of
thought which they recognise, not as to the furmal and scientific
laws which they reveal, or the methods or processes which ame
founded upon those laws. Piobability would in some measure fa-
vour the expectation of such a result. It consists with all that we
know of the umformity of Nature, and all that we believe of the im-
mutable constancy of the Author of Nature, to suppose, that in the
mind, which has been endowed with such high capabilitics, not
only for conveise with suirounding scencs, hut fo1 the knowledge
of itself, and for reflection upon the laws of its own constitution,
there should exast a hmmony and umfornmty not les~ 1cal than
that which the study of the physical seiences makes known to us.
Anticipations such as tlus are never to be made the pinnary 1ule
of our inquuics, no1 are they in any degree to divert us fiom
those labours of paticnt research by wlich we asceitain what is
the aetual constitution of things within the particular province
submitted to investigation. But when the grounds of 1e-em-
blance have been properly and independently deternnned, it is
not inconsistent, even with purely scientific ends, to mahe that
resemblance a subject of meditation, to trace its extent, and to
receive the intimations of tiuth, yet undiscovered, which it may
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seem to us to convey. The necessity of a final appeal to fact is
not thus set aside, nor is the use of analogy extended beyond its
proper sphere,—the suggestion of relations which independent
inquiry must either verify or cause to be rejected.

2. Secondary Propositions are those which concern or relate to
Propositions considered as true or false. The relations of things
we cxpress by primary propositions. But we are able to make
Propositions themselves also the subject of thought, and to ex-
press our judgments concermng them. The expression of any
such judgment constitutes a secondary proposition. There exists
no proposition whatever of which a competent degree of know-
ledge would not enable us to make one or the other of these two
agsertions, viz., either that the proposition is true, or that it is
false ; and each of these assertions i a secondary proposition. ¢ It
is true that the sun shines;” ¢ It is not true that the planets
ghine by their own light,” aie examples of this kind. In the
former example the Proposition ¢ The sun shines,” is asserted to
be true. In the latter, the Pioposition, ¢ The planets shine by
their own light,” is asserted to be false. Secondary propositions
also include all judgments by which we express a relation o1 de-
pendence among propositions. To this class or division we may
refer conditional propositions, as, < If the sun shine the day will
be fair.” Also most disjunctive propositions, as, ¢ Either the sun
will shine, or the enterprise will be postponed.” In the former
example we express the dependence of the tiuth of the Propo-
sition, ¢ The day will be fair,” upon the truth of the Proposition,
¢¢ The sun will shine.” In the latter we expiess a1elation between
the two Propositions, ¢ The sun will shine,” ¢ The enterprise will
be postponed,” implying that the truth of the one excludes the
truth of the other. To the same class of secondary propositions we
must also refer all those propositions which assert the simultaneous
truth o1 falschood of propositions, as, ¢ It is not true both that
“the sun will shine’ and that ¢ the journey will be postponed.’ ™
The elements of distinction which we have noticed may even be
blended together 1n the same secondary proposition. It may n-
volve both the disjunctive element expressed by either, or, and
the conditional clement expressed by 1f; in addition to which,
the conneccted propositions may themsehves be of a compound
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character. If ¢ the sun shine,” and ¢ leisure permit,” then ewther
‘¢ the enterprise shall be comnmenced,” or ¢ some preliminary
step shall be taken ” In this example a number of propositions
are connected together, not aibitiauily and unmeaningly, but in
such 2 manner as to expicss a definite connexion between them,—a
connexion having 1eference to then 1espective tiuth or falsehood.
'This combnation, theiefore, according to our definition, forms
a Secondary Proposition.

The theory of Secondmy Piopositions is deserving of at-
tentive study, as well on account of its varred appheations, as
for that close and haimomous analogy, alieady 1eferred to, which
it sustains with the theory of Primary Propositions. Upon cach
of these points I desue to offer a few fin ther observations.

3. I would 1n the first place 1emamk, that it iy in the form of
secondary proposttions, at least as often as 1 that of primary pro-
positions, that the 1easonings of ovdinary life are exhibited. The
discourses, too, of the moralist and the metaphysician are perhaps
less often concerning things and their quahtics, than concerning
principles and hypotheses, concerning truths and the mutual con-
nexion and relation of tiuths. The conclusions wlich our narrow
experience suggests in relation to the grcat questions of morals and
society yet unsolved, manifest, in moie ways than one, the limi-
tations of their human oiigin, and though the existence of uni-
versal prmeiples 15 not to be questioned, the partial formule
which comprise om knowledge of then application me subject
to conditions, and exceptions, and fulwme. Thus, in those de-
partments of inquuy which, fiom the natwe of then subject-
matter, should be the most mteresting of'all, much of our actual
knowledge is hypothetical That theie has been a stiong ten-
dency to the adoption of the same forms of thought in writers
on speculative philosophy, will hereafter appear. Hence the in-
troduction of a geneial method for the discussion of hypothetical
and the other vmicties of seconday propositions, will open to us
a more inteiesting field of applications than we have before met
with.

4. The discussion of the theory of Secondary Propositions is
in the next place inteiesting, from the close and remarkable ana-
logy which it hears with the theoy of Primary Piopositions. Tt
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will appear, that the formal laws towhich the operations of the mind
are subject, are identical in expression in both cases. The mathe-
matical processes which are founded on those Iaws are, therefore,
identical alno. Thus the methods which have been investigated
in the former portion of this work will continue to be available
in the new applications to which we are abhout to proceed. But
while the laws and processes of the method remain unchanged,
the rule of inteipictation must be adapted to new conditions.
Instead of classes of things, we shall have to subshitute propo-
sitions, and for the relations of classes and individuals, we shall
have to consider the connexions of propositions or of events.
Still, between the two systems, however differing in purport and
interpretation, there will be seen to exist a pervading harmonious
relation, an analogy wlich, while it serves to facilitate the con-
quest of cvery yet remaining difficulty, is of itself an interesting
subject of study, and a conclusive proof of that unity of cha-
racter which marks the constitution of the human faculties.

ProrosiTion 1.

5. To imestigate the nature of the connexion of Secondary Pro-
positions wnth the wdea of Time

It is necessary, in entering upon this inquiry, to state clearly
the naturc of the analogy which connects Secondary with Primary
Propositions.

Prmary Propositions express relations among things, viewed
as componcnt parts of a universe within the lmits of which,
whether coextensive with the limits of the actual umverse or
not, the matter of our discourse is confined. The relations ex~
pressed me essentially substantiwve. Some, o1 all, or none, of the
members of a given class, are also members of another class.
The subjeets to which primary propositions refer—the relations
among those subjects which they expiress—are all of the above
character.

But in treating of secondary propositions, we find ourselves con-
cerned with another class both of subjects and relations. For the
subjects with which we have to do are themselves propositions, so
that the question may be asked,—Can we 1egard these subjects
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also as things, and refer them, by analogy with the previous
case, to a universe of their own? Again, the rclations among
these subject propositions are relations of coexistent truth or
fulsehood, not of substantive equivalence. We do not say, when
expressing the connexion of two distinct propositions, ihat the
one 25 the other, but use some such forms of speech as the fol-
lowing, according to the meaning which we desire to convey:
¢ Enther the proposition X is true, or the proposition Y is true;”
¢¢ 1f the proposition X is true, the proposition Y 1s true;” ¢ The
propositions X and Y are jointly true,” and so on.

Now, 1n considering any such relations as the above, we are
not called upen to inqiure mnto the whole extent of thehr possible
meaning (for this might involve us in metaphysical questions of
causation, which are beyond the proper lmits of science) ; but it
suffices to ascertain some meaning which they undoubtedly pos-
sess, and which 18 adequate for the purposes of logical deduction.
Let us take, as an instance for examination, the conditional pro-
position, ¢ If the proposition X is true, the proposition Y is
true.” An undoubted meaning of this proposition is, that the
tume in which the proposition X is tiue, is zzme in which the pro-
position Y is true. This indeed is only a relation of coexistence,
and may or may not exhaust the meaning of the proposition, but
it is a relation really involved m the statement of the p1oposition,
and further, 1t suffices for all the purposes of logical inference.

The language of common life sanctions this view of the es-
gential connexion of sccondary propositions with the notion of
time. Thus we limit the application of'a prunary proposition by
the word ¢ some,” but that of a secondary proposition by the
word ‘“sometimes.” To say, ¢ Sometimes injustice triumphs,”
is equivalent to asseiting that theie me times in which the pro-
position ¢ Injustice now triumphs,” is a true proposition. There
aic indeed propositions, the truth of which 1s not thus hmited to
particular periods or conjunctuics; propositions which are true
throughout all time, and have received the appellation of ¢ ctei-
nal truths.” The distinction must be fammliar to every 1cader of
Plato and Anstotle, by the latter of whom, especially, it is em-
ployed to denote the contrast betwcen the abstract veuties of
science, such as the proposihions of geometry which are always
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true, and thosc contingent or phaxnomenal relations of things
which are sometimes true and sometimes false. But the forms of
language 1n which both kinds of propositions are expressed ma-
nifest a common dependence upon the idea of time; in the one
case as limited to some fimte duration, in the other as stietched
out to eternity.

6. It may indeed be said, that in ordinary reasoning we are
often quite unconscious of this notion of time mvolved in the very
language we are usmng DBut the remaik, however just, only
serves to show that we commonly reason by the aid of words
and the forms of a well-constructed language, without attending
to the ulteror grounds upon which those very forms have been
established The couise of the present investigation will afford an
illustration of the very same punciple. I shall avail myself of
the notion of time in order to determine the laws of the expression
of secondary propositions, as well as the laws of combination of
the symbols by wlich they are expiessed. But when those
laws and thosce forms aie once determined, this notion of time
(essential, as I belicve it to be, to the above end) may practically
be dispensed with. 'We may then pass from the forms of com-
mon language to the closely analogous forms of the symbolical
instrument of thought here developed, and use its processes, and
interpret its results, without any conscious recognition of the idea
of time whatever.

Prorosrtion I1.

7 To establish a system of notation for the expression of
Secondary Piopositwns, and to show that the symbols which 1t
wvolves arc subject to the same lows of combination as the corres-
ponding symbols employed wn the expression of Prumary Propo-
sions.

Let us employ the capital letters X, Y, Z, to denote the ele-
menta1y propositions concerming which we desire to make some
assertion touching their truth or falsehood, or among which we
scek to cxpiess some relation 1n the form of a secondary propo-
sition. And let us employ the corresponding small letters z, y, 2,
con~dered as expressive of mental operations, in the following
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sense, viz : Let x represent an act of the m'nd by which we fix
our regard upon that portion of time for which the proposition X
is true, and let this meaming be understood when it is asseited
that z denotes the time for which the proposition X is true. Let
us further employ the connecting signs +, —, =, &e., in the fol-
lowing sense, viz : Let z + y denote the aggregate of those por-
tions of time for wluch the propositions .X and Yare respectively
tiue, those times Leing entiicly sepaated from each other. Si-
milaily let 2 — y denote that remamder of time which is left when
we take away from the portion of tume for which X 1s true, that
(by supposition) included poition for which Y is tiue. Also, let
2=y denote that the time for which the proposition X is true,
is identical with the time for which the pioposition Y is true.
We shall term  the » epr esente” we symbol of the proposition X, &e.

Fiom the above Jdufinitions it will follow, that we shall

always have
z+y=y+ax,
for cither member will denote the same aggregate of time.

Let us further represent by ry the performance in succession
of the two operations represented by y and #, i.e. the whole
mental operation which consists of the following clements, viz,
1st, The mental selection of that portion of time for which the
proposition Y is true. 2ndly, The mental -clection, out of that
portion of time, of such portion asit contmn~ of the time in
which the pioposition X is true,—the 1¢sult of these successive
processes being the fixmg of the mental regard upon the whole
of that portion of time for which the piopositions X and Y are

both true.
From thus definition it will follow, that we shall always have

Y = Y. 1)
For whether we select mentally, fiist that poition of tine for
which the proposition I is taue, then out of the »» 't that con-
tained portion for which X is true; or fist, that portion of time
for which the proposition X is true, then out of the result that
contained portion of it for which the piroposition Y 13 tiue; we
shall airive at the same final result, viz , that portion of time for
which the propositions X and Y are both true.
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By continuing this method of reasoning it may be established,
that the laws of combination of the symbols z, y, z, &ec., in the
species of interpretation here assigned to them, are 1dentical in
expression with the laws of combnation of the same symbols, in
the interpretation ascigned to them in the first part of this
treatise. The reason of this final identity is apparent. For in
both cases it is the same faculty, or the same combination of fa-
culties, of which we study the operations; operations, the essen-
tial character of which is unaffected, whether we suppose them to
be engaged upon that universe of things in which all existence
is contammed, or upon that whole of time in which all events aie
realized, and to some part, at least, of which all assertions,
truths, and propositions, refer.

Thus, m addition to the laws above stated, we shall have by
(4), Chap. 11, the law whose expression is

z(y+2z)=ay+z=; (2)

and more particularly the fundamental law of duality (2) Chap. 11.,
whose expiession is

=z or, z(l-1)=0; 3

a law, which while it serves to distinguish the system of thought
in Logic fiom the system of thought i the science of quantity,
gives to the processes of the former a completeness and a gene-
rality which they could not otherwise possess.

8. Again, as this law (3) (as well as the other laws) is satis-
ficd by the symbols 0 and 1, we are led, as before, to inquue
whether those symbols do not admit of inte1pretation in the pre-
sent system of thought. The same course of1easoning which we
before pursued shows that they do, and warrants us in the two
following positions, viz.:

1st, That in the expression of secondary propositions, 0 1e-
presents nothing in 1cference to the clement of time.

2nd, That in the same system 1 represents the universe, or
whole of time, to which the discouise is supposed in any manner
to relate

As in primary propositions the universe of discourse is some-
times limited to a small portion of the actual universe of things,
and is sometimes co-extensive with that universe; so in secon-
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dary propositions, the universe of discourse may be limited to a
single day or to the passing moment, or it may comprise the
whole dutation of time. It may, in the most literal sense, be
¢ eternal.” Indeed, unless there is some limitation expressed or
implied in the nature of the discourse, the proper interpietation
of the symbol 1 1n secondary propositions is ¢ eternity ,” even as
its proper imterpretation in the primary system is the actually
existent universe

9 Instead of appropriating the symbols z, 3, 2, to the repre-
sentation of the truths of propositions, we might with equal pro~
priety apply them to repiesent the occurrence of events In fact,
the occurrence of an event both imples, and is implied by, the
truth of a proposition, viz., of the proposition which asserts the
occurrence of the event. The one signification of the symbol z
necessauly involves the other. It will greatly conduce to con-
venience to be able to employ our symbols in either of these
really equivalent intexpretations which the circumstances of a
problem may suggest to us as most desirable; and of thisliberty
I shall avail myself whenever occasion requires. In problems of
pure Logic I shall consider the symbols z, y, & as representing
elementary propositions, among which relation is expressed in
the premises. In the mathematical theory of probabilitics, winch,
as before intimated (I.12), rests upon a basis of Logic, and
which it is designed to treat in a subsequent portion of this work,
I shall employ the same symbols to denote the simple events,
whose imphed or required frequency of occurrence it counts
among its elements.

Prorosition III.

10. To deduce general Rules for the expression of Secondary
Propositions.

In the various inquiries arising out of this Proposition, fulness
of demonstration will be the less necessary, because of the exact
analogy which they bear with similar inquuries already completed
with reference to primary propositions. We shall first consider
the expression of terms; secondly, that of the propositions by
which they are connected.
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As 1 denotes the whole duration of time, and # that portion
of it for which the proposition X 1s true, 1 — 2 will denote that
portion of time for which the propeeition X is fal-e

Again, a» 7y denotes that portion of time for which the pro-
positions X and Y are both true, we shall, by combming this and
the previous observation, be led to the fullowing interpretations,
viz.:

The expression z (1 - ) will represent the time during which
the proposition X is true, and the proposition Y false. The ex-
pression (1 -z) (1 - y) will represent the time during which the
propositions X and Y are simultaneously false.

The expression z(1 - y) + y(1 — z) will express the time
during which either X is true or Y true, but not both; for that
time is the sum of the times in which they are singly and exclu-
sively true. The expression zy + (1 - 2) (1 - ) will express the
time during which X and Y are either both true or both false.

If another symbol z presents itsclf, the same principles remain
applicable Thus 2y denotes the time m which the propontions
X, Y, and Z are simultaneously true, (1 -z) (1 -y) (1 - z) the
time in which they are simultaneously false; and the sum of
these expressions wonld denote the time in which they are either
true or false together.

The general principles of interpretation involved in the above
examples do not need any further illustiations or more exphcit
statement.

11. The laws of the cxpression of propositions may now be
exhibited and studied in the distinet cases in which they present
themselves. There is, howeser, one principle of fundamental
importance to which I wish in the first place to direct attention.
Although the principles of expression which have been laid down
are perfectly geneial, and enable us to limit our assertions of the
truth or falschood of propositions to any particular portions of
that whole of time (whether it be an unlimited eteinity, or a pe-
riod whose beginning and whose end are definitely fixed, or the
passing moment) which constitutes the universe of our discourse,
yet, in the actual procedme of human reasoning, such hmitation
is not commonly employed. When we assert that a proposition
is true, we generally mean that 1t is true throughout the whole
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duration of the time to which our disconrse refers; and when dif-
ferent assertions of the unconditional truth or falschood of propo-
sitions a1e jointly made as the prenises of a logical demonstration,
it is to the same univeise of time that those asseitions are re-
ferred, and not to particular and linnted parts of it. In that
necessary matter which is the object or ficld of the exact sciences
every assertion of a fruth may be the assertion of an ¢ cternal
truth.” In 1easoning upon tramsient phanomena (as of some
social conjuncture) each asscition may be qualified by an imme-
diate reference to the present tune, < Now.” But in both cases,
unless there 13 a distinet expression to the contiary, it is to the
same period of dwmation that each scparate proposition relates.
The cases which then arise for our consideration are the fol-
lowing :

1st. To express the Proposition, ¢ The proposition X s true.”

‘We are here required to express that within those limits of
time to which the matter of our discourse is confined the propo-
sition X is true. Now the time for wluch the proposition X is
true is denoted by z, and the cxtent of time to which our dis-
course 1efers is represented by 1 Hence we have

z=1 €))
as the expression required.

2nd To express the Pioposition, ¢ The proposiion X s
Jalse”

‘We are here to express that within the limits of time to which
our discourse relates, the proposition X is false; or that within
those limits there is no poition of time for which it 1s true. Now
the portion of time for which it is true isz  Ilence the required
equation will be

z =0. )
This result might also be obtained by equating to the whole du-
ration of time 1, the expression for the time dwing which the
proposition X is false, viz., 1 - 2. 'This gives

l-z=1,
whence z=0.

3rd. To express the disjunctive Proposition, « Either the pro-
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position X s true or the propositwon Y s true;” it being thereby
wmplied that the said propositions are mutually excluswe, that s to
say, that one only of them 15 true

The time for which cither the proposition X is true or the
proposition Y is true, but not both, is represented by the ex-
pression z (1 -y) + ¥ (1 - ). Hence we have

z(l-p)+y(1-2)=1, (6)
for the equation required
If in the above Proposition the particles euther, or, are sup-
posed not to possess an absolutely digjunctive power, so that the
possibility of the simultancous truth of the propositions X and ¥
is not excluded, we must add to the first member of the alove
equations the term zy 'We shall thus have

gy+z(l-y)+(1-2)y=1
or z+(l-2)y=1 )

4th. To express the conduional Proposition, < If the propo-
sitwn Y 18 true, the proposition X 1s true.”

Since whenever the propo-ition Y is true, the proposition X
is tiue, 1t is necessary and »uflicient here to express, that the time
in which the proposition Y 1s true is time in which the propo-
sition X is true, that 13 to say, that 1t is some indefinite portion
of the whole time in wlich the proposition X is true. Now the
time 1 which the proposition Y is true is y, and the whole time
in which the proposition X 1s true is z. Let v be a symbol of
time indefinite, then will vz represent an indefinite portion of the
whole time z. Accordingly, we shall have

Y=z
as the expression of the proposition given

12. When v 15 thus regarded as a symbol of time indecfinite,
vz may be understood to represent the whole, or an indefinite
part, or no part, of the whole time z; for any one of these mean-
ings may be1ealized by a particular determination of the arbitrary
symbol v. Thus, if v be detecimined to represent a time in which
the whole time z is included, vz will represent the whole time .
If v be determined to repicsent a time, some part of which is in-
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cluded in the time 2z, but which does not fill up the measure of
that time, v will represent a pait of the time z. 1If, lastly, v is
determined to represent a tume, of which no part 1s common with
any part of the time z, vz will assume the value 0, and will be
equivalent to ‘‘no time,” or ¢ never.”

Now it is to be observed that the proposition, * If Y is true,
X is true,” contamns no assertion of the truth of either of the
propositions X and ¥ It may equally constst with the suppo-
gition that the truth of the proposition ¥ 1s a condition indis-
pensable to the truth of the proposition X, in which case we
shall have v=1; or with the supposition that although Y ex-
presses a condition which, when realized, assures us of the truth
of X, yet X may be true without mmplying the fulfilment of that
condition, in which case v denotes a time, some part of which is
contained in the whole time z; or, lastly, with the supposition
that the proposition Y is not true at all, in which case v repre-
sents some time, no part of which is common with any part of
the time . All these cases are involved in the general suppo-
sition that v is a symbol of time 1ndefinite

5th. To express a proposition m wlich the conditional and the
disjunctwe character s both exist.

The general form of a conditional proposition is, “If Y is
true, X is true,” and its exprcssion is, by the last section, y = vz.
‘We may properly, in analogy with the usage which has been es-
tablished in primary pioposttions, designate ¥ and X as the
terms of the conditional proposition into which they enter ; and
we may further adopt the language of the ordinary Logic, which
designates the term Y, to wluch the particle if'is attached, the
“antecedent” of the proposition, and the term X the ¢ conse-
quent.”

Now instead of the teims, as in the above case, being sunple
propositions, let each or cither of them be a disjunctive p1opo-
sition involving different terms connected by the paticles euther,
or, as in the following illustrative examples, in which X, Y, Z,
&c denote simple propositions

1st. If either X is true or Y is true, then Z s truc.
2nd. If X is true, then cither ¥ 'is true or Z tiue.
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3rd. Ifcither X is true or Y is true, then either Z and W
are both true, or they aic both false.

It is evident that in the above cases the relation of the ante-
cedent to the consequent is not affected by the circumstance that
onc of those terms or both are of a disjunctive character Ac-
cordingly 1t is only necessary to obtain, in conformity with the
principles already established, the proper expressions for the ante-
cedent and the consequent, to affect the latter with the indefimte
symbol v, and to equate the results. Thus for the propositions
above stated we shall have the respective equations,

1st z(l-p)+ (1-2)y = va.

2nd z=v{y(1~2)+z(l-9)}

3rd. z2(l-p)+y(l-2)=v{zw+(1-2)(1-w)}.
The rule here exemplified is of general application.

Cases in which the disjunctive and the conditional elements
enter in a manner different fiom the above into the expression of
a, compound p1oposition, are conceivable, but I am not aware that
they a1e ever presented to us by the natwial exigencies of human
reason, and I shall therefore refrain from any discussion of them.
No serious difficulty will arise from this omussion, as the general
principles which have formed the basis of the above applications
are perfectly general, and a slight cffort of thought will adapt
them to any imaginable case.

13. In the laws of expression above stated those of interpre-
tation are imphcitly involved. The equation

z=1

must be understood to expiress that the proposition X is true;

the equation
z=0,

that the proposition X is false. The equation

zy =1

will express that the propositions X and ¥ are both true toge-

ther ; and the equation
zy=0

that they are not both together true.
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In like manner the eqnations

a(l-g)+y(l-2)=1,
z(l-p)+y(l-x)=0,
will respectively assert the truth and the falsehood of the disjunc-
tive Proposition, ¢ Either X 1s tiue or Yis true.” The equa-
tions
y=va
y=v(l-2)
will respectively express the Propositions, ¢ If the » oposition ¥
is true, the proposition X is true.” ¢ If the proposition Y is
tiue, the proposition X 1s false.”

Examples will fiequently present themsclves, in the suc-
ceeding chapters of this work, of a case in which some terms of a
particular member of an equation are affected by the indefinite
symbol v, and other. not so affected The follow ug instance
will serve for illustiation. Suppose that we have

y=xz +vz(l-2).

Here it is mplied that the time for which the pror sition 1" is
true consists of all the time for which X and Z aie together true,
together with an indefinite portion of the time for which X is
true and Z false From this it may be scen, 1st, That if Yis
true, either X and Z are together tiue, v. . 1s true and Z false;
2ndly, If X and Z arc together true, Yis tiue. The latter of
these may bc ualled the reverse interpretation, and it consists in
taking the antecedent out of the sccond member, and the conse-
quent from the first member of the equation. The existence of
a term in the second member, whose coefficient is unity, renders
this latter mode of mterpretation possible, The general principle
which it involves may be thus stated :

14. PrincirLE.—Any constituent term or terms i a particular
member of an equation which have for ther coefficient unity, may
be taken as the antecedent of a proposition, of fvluch all the terms
wn the other member form the consequent.

Thus the equation
y=zz+vz(l-2)+(1 —ﬁ) (1-2)

would have the following interpretatiors :
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Direct INTERPRETATION.—Ifthe proposition Y us true, then
erther X and Z are true, or X s true and Z false, or X and Z
are both fulse.

Reverse INTERPRETATION.—If either X and Z are true, or
X and Z are fulse, Y s tiue.

The aggregate of these partial interpretations will express
the whole significance of the equation given.

15. We may here call attention again to the remark, that
although the 1dea of time appears to be an essential element in
the theory of the interprctation of sccondary propositions, it may
practically be neglected as soon as the laws of expression and of
interpretation are definitely established. The foims to which
those laws give 1ise seem, indeed, to correspond with the forms of
a perfect language. Let us imagine any known or existing lan-
guage freed fiom idioms and divested of supeifluity, and let us
express in that language any given proposition in a manner the
most sumple and liteal,—the most 1 accordance with those
principles of pure and umyersal thought upon which all languages
are founded, of which all bear the mamfestation, but from which
all have more or less departed  The transition fiom such a lan-
guage to the notation of amalysis would consist of no more than
the substitution of one set of signs for another, without essential
change cither of form or character. For the clements, whether
things or propo-itions, among which ielation 1s expiessed, we
should substitute letters, for the disjunctive conjunction we
should vrite +; for the connecting copula o1 sign of 1clation, we
should write =. This analogy I necd not pwisue. Its reality
and completeness will be made moie appaient fiom the study of
those forms of expiession which will present themselves in sub-
scquent apphications of the present theory, viewed in moic imme-
diate comparison with that imperfect yet noble instiument of
thought-—the English language.

16 Upon the general analogy between the theory of Primary
and that of Secondary Propositions, I am deshous of adding a
few remarks before dismissing the subject of the present chapter.

We might undoubtedly have established the theory of Pii-
matry Propositions upon *he simple notion of space, in the same
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way as that of secondary propositions has been established upon
the notion of time. Perhaps, had this been done, the analogy
which we aie contemplating would have been 1 somewhat closer
accordance with the view of those who regard space and time
as merely ¢ forms of the human understanding,” conditions of
knowledge imposed by the very constitution of the mind upon
all that is submtted to its apprehension. But this view, while
on the one hand it is incapable of demonstration, on the other
hand ties us down to the 1ecognition of * place, ' v6 wov, as an
essential category of existence. The question, indeed, whether
it 1s so or not, hes, I apprchend, beyond the 1each of our faculties;
but it may be, and I conceive has been, established, that the
formal processes of reasoning in primary propositions do not re-
quire, as an essential condition, the mamfestation in space of the
things about which we reason; that they would 1emain appli-
cable, with equal strictness of demonstiation, to forms of exis-
tence, if such there be, which lic beyond the realm of sensible
extension Itisa fact, perhaps, in some degree analogous to this,
that we are able in many known examples in geometry and dy-
namics, to exhibit the formnal analysis of problems founded upon
some intellectual conception of space different fiom that which 1s
presented to us by the senses, or which can be realized by the
imagination.* I conceive, therefore, that the idea of space is not

* Space Is presented to us 1n pereeption, as possessing the three dimensions
of length, breadth, and depth  But 1n a large class of problems relating to the
properties of curved surfaces, the rotations of sohd bodies arcund axes, the vi-
brations of elastic media, &c, this hmitation appears m the analvtical myesti-
gation to be of an arbitrary character, and 1 attention were paid to the processes
of solution alone, no reason could be discovered why :pace should not exist n
four or m any greater number of dimensions The intellectual procedure n
the imaginary world thus suggested can be apprehended by the clearest ight of
analogy

The existence of space in three dimensions, and the views thereupon of the
religious and philosophical mind of antiquity, are thus set forth by Aristotle —
Meyéfoc 8¢ 70 piv ip ev, ypapu#, 1o &' émi Stu imimedow, 16 &' ime rpia dapar
Kai wapd raira odx foriv d\\o piyefog, O1d 76 Tpré wdvra elvar xai 1o Tpig
méyry KdbBawep ydp paat xai ol MvBaydpeior, 7o m@v xar vd wdvra roic Tpiaiy
dptorar  Tehevry yap xai péoov xai dpxn Tov dpiBpov Exe Tov rob wartag
rabra 8 Tdv tijg rpialog  Atd wapd rijc phoswg eiAngdTEs BOTEP vopoyy ikevng,
xai wpdg Ta¢ dyioteiac xpdptba oy edv 7§ apiBug robrg —De Calo, 1
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essential to the development of a theory of primary propositions,
but am disposed, though desiring to speak with diffidence upon
a question of such extreme difficulty, to think that the idea of
time is essential to the establishment of a theory of secondary
propositions. There seem to be grounds for thinking, that
without any change in those faculties which are concerned in
reasomng, the manifestation of space to the human mind might
have been different from what it 1s, but not (at least the same)
grounds for supposing that the manifestation of time could have
been otherwise than we perceive 1t to be. Dismissing, however,
these speculations as possibly not altogether fiee from presump-
tion, let it be affirmed that the 1cal ground upon which the
symbol 1 represents in primary propositions the universe of
things, and not the space they occupy, is, that the sgn of
identity = connecting the membeis of the coiresponding equa-
tions, implies that the things which they repiesent are identical,
not simply that they are found mn the same portion of space.
Let it in hike manner be affirmed, that theicason why the symbol
1 in secondmy propositions 1¢p1esents, not the universe of events,
but the cternity in whose successive moments and peiiods they
are cvolved, is, that the same sign of identity connecting the
logical membeis of the corresponding equations imphies, not that
the events which those members represent are identical, but that
the times of their occmrence are the same.  Theseeasons appear
to me to be decisive of the immediate question of interpretation. In
a former treatise on this subject (Mathematical Analysis of Logic,
p- 49), following the theory of Walls respecting the Reduction
of Hypothetical Propositions, I was led to interpret the symbol 1
in secondary propositions as the universe of « cases” or ¢ conjunc-
tures of ciicumstances,” but this view involves the nccessity of a
definition of what is meant by a ¢ case,” or  conjuncturc of
circumstances,” and it is certamn, that whatever is involved in
the term beyond the notion of time is alicn to the objects, and
restrictive of the processes, of formal Logic.
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CHAPTER XII.

OF THE MLTHODS AND PROCESSES TO BE ADOPTED IN THE TREAT-
JMENT OF SELCONDARY PROPOSITIONS

1. TT has appeared from piesious researches (XI. 7) that the

laws of combination of the hiteral symbols of Logic are the
same, whether those symbols me employed in the expression of
primary or m that of sccondary piropositions, the sole existing
difference between the two cases being a difference of inter pre-
tation, It has also been established (V. 6), that whenever dis-
tinct systems of thought and interpiretation are connected with
the same system of formal laws, 1. e., of laws 1elating to the com-
bination and usc of symbols, the attendant p1ocesses, intermediate
between the expression of the primary conditions of a problem
and the interpretation of its symbohecal solution, ate the same in
Loth. Ilence, as between the systems of thought manifested in
the two forms of primary and of secondary propositions, this com~
munity of foumal law exists, the proces-es which have been cs-
tablished and 1llustiated 1n our discus~ion of the foumer class of
propositions will, without any modification, be applicable to the
latter.

2. Thus the laws of the two fundamental processes of elimi-
nation and devclopment are the same in the system of sccondary
as in the system of pimary ropositions.  Agan, it has been
seen (Chap. v1. Piop. 2) how, in pnumary propo-itions, the inter-
pretation of any proposed equatin devord of fractional forms
may be effected by des eloping 1t mto a ~eries of constituents, and
equating to 0 every constituent whose coetheient doesnot vamsh.
To the cquations of secondary propositions the same method 1s
applicable, and the mnterneted result to which 1t finally conducts
us is, as in the former case (V1. 6), a sy stem of co-enistent denals.
But while in the former case the force of those demals 1s ex-
pended upon the exwstence of certain classes of thigs, in the
latter it relates to the truth of certamn combinations of the ele-
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mentary propositions invalved in the terms of the given premises.
And as in primary propositions it was seen that the system of
denials admitted of conversion into various other forms of propo-
sitions (VI 7), &, such conversion will be found to be possible
here aleo, the <ole diffeience consisting not in the forms of the
equations, but in the natuie of therr interp1etation.

3. Moreover, as in primary propositions, we can find the ex-
pression of any clement cntering into a system of equations, in
terms of the remaining clements (V1. 10), or of any selected
number of the remaining elements, and interpret that expression
into a logical inference, the same object can be accomplished by
the same mcans, difference of interpretation alone excepted, in
the system of secondary propositions. The elimination of those
clements which we desire to banish from the final solution, the
reduction of the system to a single equation, the algebraic solu-
tion and the mode of its development into an interpretable form,
differ in no respect from the corresponding steps in the discussion
of primary propositions

To remove, however, any possible difficulty, it may be de-
sirable to collect under a general Rule the different cases which
present themselves in the treatment of secondary propositions.

RuLe —Eapress symbolically the gwen pr opositions (XI. 11).

Elmmnate separately from each equation m wlaich it 1s found the
indefimte symbol v (VIIL. 5).

Ehmnate the 1emamng symbols which it s desued to banvsh
Jrom the final solution: always before elimunation reducng to a
single equation those equatiwns wn wlach the symbol or symbols to
be elimmnated are found (VIIT T)  Collect the 1esulting equo-
tions mto a single equation V= 0.

Then proceed according to the particular form m which it s
desired to express the final 1elation, as—

Ust. Ifw the form of a demal, or system of demals, develop the
Juncton V, and equate to 0 all those constituents whose coefficients
do not vamsh.

2ndly. Ifm the form of a dispunctwe proposition, equate to 1
the sum of those constituents whose coffiecients vanish.

3rdly. Ifm the form of a condironal proposition having a sem-
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ple element, as x or 1 — &, for its antecedent, determine the alge-
braic expr esswon of that element, and develop that exp: ession.

4thly. Ifwm the form of a conditinal proposition having a
compound expression, as zy, zy + (1-z) (1 —y), §ec, for its ante-
cedent, equate that expression to a new symbol ¢, and deternune t
as a developed function of the symbols which are to appear wm the
consequent, either by ordwnary methods or by the special method
(1X.9) '

5thly. Interpret the results by (X1 13, 14),

If it only be desired to ascertawn whether a particular elemen-
Lary propositn v @< bue or filse, we must elimnate all the sym-
bolsbut x ; thenthe equation + = 1 well mdicate that the proposition
5 true, x =0 that 1t s fulse, 0 = 0 that the premuses are msufficient
to determene whether i s brue o false

4. Ex.1.—The following prediction i made the subject of a
curious discussion 1 Cicero’s fragmentary treatise, De Fato :—
¢ Si quis (Fabius) natus est oriente Canicula, 15 in maxi non mo-
rietur.” I shall apply to it the method of this chapter. Let y
represent the proposition, ¢ Fabins was born at the rising of the
dogstar;” r the proposition, ¢ Fabius will die in the sca.”
In saying that x 7 epresents the proposition, ¢ Fabius, &e.,” 1t is
only meant that z is a symbol so appropriated (XL 7) to the
above proposition, thas the equation 2 = 1 declares, and the cqua-
tjon z = 0 demies, the truth of that pioposition The equation
we have to discuss will be

y=o(l-a). )

And, first, let it be required to reduce the given proposition to a
negation or system of negations (XII.3) We have, on trans-
position

’ y-v(l-r)=0.
Eliminating »,

yly-Q1-2)=0

or, y-y(l-x2)=0,
or, yz =0. 2)
The interpretation of this result is :—¢ It is not truc that Fabius
was born at the rising of the dogstar, and will dic in the sca.”
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Cicero terms this form of proposition, ¢ Conjunctio ex repug-
nantibus;” and he remarks that Chrysippus thought in this way
to evade the difficulty which he imagined to exist in contingent
assertions 1especting the futuie : ¢ Hoe loco Chrysippus ®stuans
fall sperat Chaldzos cwaterosque divinos, neque eos usmos esse
conjunctionibus ut 1ta sua pereepta pronuntient: Si quis natus
est oriente Caniculd is in mari non morietur; sed potiusita dicant:
Non et natus est quis oriente Camculi, et in maii morietur.
O licentiam jocularem! . . .. Multa geneia sunt cnuntiandi, nec
ullum distortius quam hoc quo Chrysippus sperat Chaldwxos con-
tentos Stoicorum causi fore "— Cic. De Fato, T, 8.

5. To reduce the given proposition to a disjunctive form.
The constituents not entering into the first member of (2) are

z(1-9), (1-2)y, A-2)(1-y).
‘Whence we have

y(l-a)+a(l-y)+(1-2)(1-y)=1L 3)
The interpretation of which is :—Either Fabwus was born at the
resmg of the dogstar, and will not perish wn the sea, or he was not
born at the rising of the dogstar, and will perish in the sea, or he
was not born at the rising of the dogstar, and will not perish in
the sea
In cases like the above, however, in which there exist consti-
tuents differing fiom each other only by a single factor, it i, as
we have scen (VIL 15), most convenient to collect such consti-
tuents into a single term.  If we thus connect the first and third
terms of (3), we have

A-pa+l-2=1;
and if we similarly connect the second and third, we have
y(l-g+1-y=1
5> r"r . -
These forms of the equafion scverally give the interpretations—

Enther Falnus was notyhorn under the dogstar, and will die i
the sea, or he wall not die th the sea.

Exther Fabus was born xnder the dogstar, and will not die 1
the sea, or he was not born unde\r the dogstar.
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Itis evident that these interpretations are strictly equivalent
to the former one.

Let us ascertain, in the form of a conditional proposition, the
consequences wlich flow fiom the hypothesis, that ¢ Fabius will
perish in the sea.”

In the equation (2), which expresses the result of the elimi-
nation of v fiom the original equation, we must scek to determine
z as a function of y.

‘We have

0
z=-=0y+ o (1 - ) on expansion,

9
y

or,

(=1 =]

z=51-9);
the interpretation of which is,—If Fabuus shall die mn the sea, he
was not born at the rising of the dogstar.

These examples serve in some measure to 1llustrate the eon-
nexion which has been cstablished in the previous sections be-
tween primary and sccondary propositions, a connexion of which
the two distinguishing features aie identity of process and analogy
of interpretation.

6. Ex.2.—Theie is a remamkable argument in the second
book of the Republic of Plato, the design of which is to prove
the immutabihity of the Divine Natwe. Itis a very fine example
both of the careful induction fiom faguliaa instances by which
Plato arrives at gencral punciples, and of the clear and connected
logic by which he deduces fiom them the paiticular inferences
which it is his olject to establish  The argument is contained
in the following dialogue -

¢ Must not that which departs from its proper form be
changed either by itself or by another thing® Necessarily so.
Are not things which aic 1n the best state least changed and dis-
turbed, as the body by meats and diinks, and laboms, and every
species of plant by heats and winds, and such hke affections ? Ts
not the healthiest and strongest the least changed?  Assuiedly.
And docs not any trouble fiom without least disturb and change
that soul which is strongest and wisest? And as to all made
vesgels, and furnitures, and garments, according to the same
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principle, are not those which are well wrought, and in a good
condition, least changed by time and otber accidents? Even so.
And whatever is m a right state, cither by nature or by art, or
by both these, admmt~ of the smallest change fiom any other
thing  So it seems But God and things divine aie in every
sense in the best state. A-umedly. In this wav, then, God
ghould least of all bear many forms=? Least, mdeed, of all.
Again, should He tian~form and change [limself? Manifestly He
must do =0, if He 1= changcd at all (hanges 1le then Himeelf to
that which is moie good and fan, o1 to that which is worse and
baser? Nece-satily'to the worse, if he be changed. For never
ghall we say that God is indigent of beauty o1 of viitue, You
speak most rightly, smd I, and the matter bemng so, seems it to
you, O Adunantus, that God or man wdlingly malkes himself m
any sense worse? Impossible, said he.  Tmpossible, then, it 1s,
gaid I, that a god should wish to change himself; but ever being
fairest and best, each of thein ever remains absolutely in the same
form.”

The premises of the abiove argument are the fullowing :

1st. Ifthe Deity -uffers change, Ilc 1s changed either by Him-
self or by another

2nd. If Heis in the best state, He is not changed by another.

3rd The Deity is 1n the best state

4th. If the Deity 1s changed by Himsclf, Ie is changed to a
worse state.

5th. If He acts willingly, Ile is not changed to a worse state.

6th The Deity acts willingly

Let us express the elements of these premises as follows:

Let z remesent the proposition, ¢ The Deity suffers change.”
¥, He is changed by Himself.
z, He 15 changed by another.
s, e 1s in the best state.
t, He 1s changed to a worse state.
w, He acts willingly.

Then the premises expressed in symbolical language yield, after

elimination of the indefinite class symbols v, the following equa-
tions :
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zyz+x(l-y)(1-2)=0, ¢))
sz2=0, )]
s =1, (3)
.1/(1 - t) = 09 (4)
wt= 10, (5)
w =1. (6)

Retaining z, I shall eliminate in succession z, s, y, ¢, and w (this
being the order in which those symbols occur in the above sys-
tem), and interpret the successive results

Eliminating z from (1) and (2), we get

zs(l1-y)=0. (n
Eliminating s from (3) and (7),

2 (1-7)=0. ®
Eliminating y from (4) and (8),

z(1-8=0 9
Eliminating ¢ from (5) and (9),
2w = 0. (10)
Eliminating w from (6) and (10),
z=0. (11)

These equations, beginning with (8), give the following
results:

From (8) we have z = %y, therefore, If the Deity suffers
change, He is changed by Himself.

From (9), 2 = gt, Ifthe Deity suffers change, He is changed

{o a worse state.
From (10),z = %(1 —w). If the Deity suffers change, He

does not act willingly.

From (11), The Deity does not suffer change. This is Plato’s
result.

Now I have before remarked, that the order of elimination
is indifferent. Let us in the present case seck to verify this fact
by eliminating the same symbols in a reverse order, beginning
with w. The resulting equations are,
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t=0, y=0, r(l~2)=0, 2=0, z=0;

yielding the following mterpretations :
God vs not changed o a worse state.
He 15 not changed by Hemself.
If He suffers chanye, He s changed by another.
He s not changed by another.
He s not changed.

‘We thus reach by a different route the same conclusion.

Though as an ealubition of the power of the method, the
above examples are of slight value, they serve as well as more
complicated instances would do, to illustrate its nature and cha-
racter.

7. It may be remarked, as a final instance of analogy between
the system of prunary and that of sccondary propositions, that
in the latter system al-o the fundamental equation,

rz(l-1)=0,
admits of interpretation. It expresses the axiom, A proposdion
cannot at the sane tune be true and felse. Let thns be compared
with the corresponding mterpretation (IIL 15). Solved under
the form

I=l—z

0

= 6 x,

by development, it finnishes the respective axioms: .\ thing is
what itis:” ¢ Ifa proposition is true, it is true:” forms of what has
been termed ¢ The principle of wdentity ”  Upon the nature and
the value of these axioms the most opporite opimons have been
entertained.  Some have regarded them as the very pith and mar-
row of plnlo~ophy. Tocke devoted to them a chapter, headed,
“ On Tnfling Piopo-itions.”*  In both these views there seems
to have Leen a mivtuie of truth and error. Regarded as sup-
planting experience, or as funnmishing materials for the vain and
wordy janghngs of the schools, such propositions are worse than
trifing. Viewed, on the other hand, as intimately alhied with
the very laws and conditions of thought, they rise into at least a

gpeculative impor tance

* Essay on the Huwan Understanding, Book IV Chap v
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CHAPTER XIII.

ANALYSIS OF A PORTION OF DR SAMUFL CLARKE'S *‘ DEMONSTRA-
TION OF TUE BEING AND ATTRIBUTES OF GOD,” AND OF A
PORTION OF THE ‘ ETHICA ORDINE GEOMETRICO DEMON-
STRATA” OF SPINOZA

1. HE genaal o1der which, in the investigations of the fol-

lowing chapter, I design to pursue, is the following I
shall examine what aic the actual pienuses involved in the de-
monstrations of rome of the gencial proposahions of the above
treatises, whether those prenuses be eapiessed o1 implied. By
the actual premises I mean whatever propositions are assumed
in the course of the argument, without bemg proved, and are
cmployed as pmts of the foundation upon which the final conelu-
sion 15 built. The premises thus determined, I ~hall expiess in
the language of symbols, and I <hall then deduce fiom them by
the methods developed in the previous chapters of thns work, the
most important infercnces which they myvolve, w addition to the
particular inferences actually diawn by the authois. I shall m
some instances modify the premises by the omssion of =ome fact
or pnnciple which 1s contaned mn them, or by the addition or
substitution of some new proposition, and shall deteinune how
by such change the ultunate conclustons e alflected  In the
pursuit of these objects 1t will not devolve upon me to mgune,
except incidentally, how far the metaphy sical puneiples lud down
in these celebnated production~ ate worthy of confidence, but
only to ascertain what conclusions may justly be diawn fiom
given premises, and in doing tlus, to excmpldy the perfect h-
berty which we possess as conceins both the chowe and the
order of the elements of the final o1 concluding propo~itions, viz,
as to determining what elementary propositions e true ot false,
and what are tiue or false under given restictions, o1 in gren

combinations.
2. The chief practical dufficulty of this mquuy will consist,
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not 1n the application of the method to the premises once detler-
mined, but in ascertaining what the premises are. In what are
regarded as the most rigorous examples of reasoning applied to
metaphysical questions, it will occasionally be found that different
trans of thought are blended together , that particular but essen-
tial pats of the demonstiation are given parenthetically, o1 out
of the main course of the argument; that the meaning of a pre-
niiss may be in some degiee ambiguous; and, not unfrequently,
that arguments, viewed by the strict laws of formal 1casonmng,
are mcorrect or inconclusive  The difficulty of determining and
distinctly exhibiting the tine prenuses of a demonst:ation may,
in such cases, be very considerable. But it is a difficulty which
must be overcome Dby all who would ascertain whether a parti-
cular conclusion is proved or not, whatever form they may be
prepared or disposed to give to the ulterior process of 1easoning.
It is a difficulty, therefore, which 13 not peculiar to the method
of this work, though 1t manifests itself more distinetly in con-
nexion with this method than with any other  So intimate, in-
deed, is this connexion, that it 13 impossible, employing the me-
thod of this treatise, to foum even a conjectme as to the validity
of a conclusion, without a distinct apprehension and exact state-
ment of all the premises upon wlich it rests. In the more usual
cowrse of procedure, nothing is, however, more common than to
examine some of the steps of a f1amn of aagument, and thence to
form a vague general impression of the scope of the whole, with-
out any such pieliminary and thorough analysis of the memnses
which it involves.

The necessity of a rigorous detcimination of the real pre-
mises of a demonstiation ought not to be regarded as an evil;
especially as, when that task is accomplished, every somce of
doubt or ambiguity is 1emoved. In employing the method of
this treatise, the order in which premises are arnanged, the mode
of connexion which they exhibit, with every simila: ¢iicumstance,
may be estecemed a matter of indifference, and the process of
inference is conducted with a piecision which might almost be
termed mechanical '

3. The ¢ Demonstration of the Being and Attributes of
God,” consists of a series of propositions or theorems, each
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of them proved by means of premises resolvable, for the most
part, into two distinct classes, viz., facts of observation, such
as the existence of a matenal woild, the phanomenon of mo-
tion, &c., and hypothetical principles, the authoiity and uni-
versality of which aie supposed to be recognised & prir: It 1,
of course, upon the tiuth of the latter, assuming the correctness
of the reasoning, that the validity of the demonstiation really de-
pends. But whatever may be thought of its claims in this re-
speet, it 18 unquestionable that, as an ntellectual performance, its
merits are very high. Though the tians of aigument of wiich
1t consists are not 1n gencial veiry clemly artanged, they me al-
most always specimens of coriect Logic, and they exhibit a
subtlety of apprchension and a force of 1casoming wlich have
seldom been equalled, never perthaps swpassed. We see m them
the consummation of those intellectual efforts which weie awa-
kened in the realm of metaphysical inguiry, at a period when the
dominion of hypothetical principles was less questioned than it
now is, and when the 11gorous demonstiations of the newly 11sen
school of mathematical physics seemed to have fuinished a model
for their direction They appear to me for tlus 1eason (not to
mention the dignity of the subject of which they ticat) to be
deserving of high consideration, and I do not deem 1t a vain
or superfluous task to cxpend upon somc of them a caeful
analysis.

4 The Ethics of Benedict Spinoza is a ticatise, the olject
of which is to prove the identity of God and the univer~e, and
to establish, upon this doctine, a system of morals and of phlo-
sophy. The analysis of1its mam amgument 15 exticmely ditheult,
owing not to the complexity of the sepamate propo-~itions which it
involves, but to the use of vague defimtions, and of axioms wlneh,
through a like defeet of clemness, 1t 15 perpleaing to deteimine
whether we ought to accept o1 to 1ject. While the 1ca~omng of
Dr. Samuel Clarke is in part verbal, that of Spinoza is ~o 1w a much
greater degree; and pethaps this 15 the reason wly, to sume
minds, it has appeared to possess a furmal cogency, to which in
reality it possesscs no just clam.  These pomts will, however,
be considered in the proper place.
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CLARKE'S DEMONSTRATINN.

Provrosition 1.

5. ¢ Something has existed from eternity.”

The proof is as follows :—

¢ For since something now is, ’tis manifest that something
always was. Otherwise the things that now are must have nsen
out of nothing, absolutely and without cause Which is a
plain contradiction i terms. For to say a thing is produced,
and yet that there is no caunsc at all of that production, is to say
that something is cffected when it is effected by nothing, that i,
at the same time when it is not cficcted at all. Whatever exists
has a cause of its ealstence, cither 1n the necessity of its own
nature, and thus it must have been of itself eternal : or in the
will of some other leing, and then that other being must, at least
in the order of nature and causality, have existed before 1t.”

Let us now proceed to analyze the above demonstration Its
first sentence 13 1esolvable nto the following propositions:

1st. Something 12

2nd. If something is, either something always was, or the
things that now are must have risen out of nothing.

The next portion of the demonstration consists of a proof
that the second of the above alternatives, viz , * The things that
now are have 1isen out of nothing,” is impossible, and it may
formally be tesolved as follows:

31d If the things that now are have rsen out of nothing,
something has been cffected, and at the same time that some-
thing has been cffected by nothing.

4th. If that something has been effected by nothmg, it bas
not been effected at all.

The second portion of this argument appears to be a mere
assumption of the point to be proved, or an attempt to make that
point cleaier by a different verbal statement.

The thnd and last portion of the demonstration contains a dis-
tinet proof of the truth of either the original proposition to be
proved, viz., ¢ Something always was,” or the point proved in
the second part of the demonstration, viz., the untenable nature
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of the hypothesis, that ¢ the things that now are have risen out
of nothing.” It is resolvable as follows :—

5th. If something is, cither it exists by the necessity of its
own natme, or it exists by the will of another being.

6th. If it exists by the nccessity of its own nature, something
always was.

7th. If it exists by the will of another being, then the pro-
position, that the things which exist haye arisen out of nothing,
is false.

The last proposition is nol expressed in the same form in the
text of Dr Clarke ; but his expressed conclusion of the prior ex-
istence of another Being is clearly meant as equivalent to a de-
nial of the proposition that the things which now are have risen
out of nothing.

It appears, therefore, that the demonstration consists of two
distinct trains of argument: one of those trains comprising what
I have designated as the first and second paits of the demonstra~
tion; the other comprising the first and therd parts. Let us con-
sider the latter train.

The premises arc :—

Ist. Something 1s.

2nd. If something 1s, either something always was, or the
things that now aire bave risen out of nothing.

3rd. If something is, either it exists m the nccessity of its
own nature, or it exists by the will of another being.

4th. Ifit exists in the necessity of its own nature, something
always was.

5th. If it cxists by the will of another being, then the hy-
pothesis, that the things which now are have risen out of nothing,
is false.

'We must now express symbolically the above proposition.

Let z = Something is.

y = Something always was.

z = The things which now are haye 1isen from
nothing.

p = It exists in the necessity of 1ts own nature
(i. e. the somethung spoken of above).

g = It exists by the will of anotha1 Being.
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It must be understood, that by the exprescion, Tet 7 =
“ Something is,” is meant no more than that z is the repre-.
gentative symbol of that proposition (XI 7), the equations
z = 1, z = 0, respectivcly declaring it= truth and its falsehood.
The equations of the premises are :—
Ist. z=1;
20d. z=v{y(1-2) +z(1-y)};
3rd. z=vip(l-9)+9(1-p)};
4th. p =y;
5th. ¢ =v(1 - 2);
and on eliminating the scveral indefinite symbols v, we have

l1-z=0; )
z{yz+(1-y)(1-2)}=0; (2)
zipg+(1-p)(1-9))=0; @)
p(1-)=0; )
qz=0 (3)

6. First, I shall cxamine whether any conclusions are dedu-
cible fiom the above, concerning the truth or falsity of the
smgle propositions represented by the symbols ¥, z, p, g, viz., of
the propositions, ¢ Something always was ;” ¢ The things which
now are have risen fiom notling;” ¢ The something which is
exists hy the ncce-sity of its own nature,” ¢ The eomething
which 1s exists by the will of another being.”

For this purpose we must ecpaiately eliminate all the symbols
but , all these but =, &e. The 1esnlting equation will deter-
mine whether any such scparate 1clations exist.

To climmate z fiom (1), (2), and (3), it is only necessary to
substitute in (2) and (3) the value of z derived from (1). We
find as the results,

yz+(1-y)(1-2)=0 (6)
pg+(1-p)(1-g)=0. ™

To eliminate p we bave fiom (4) and (7), by addition,
-9 +pg+(1-p(1-9)=0, ®

whenee we find,

(1-p»A-g9)=0. C)
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To eliminate ¢ from (5) and (9), we have
g2+ (1-y)(1-9)=0;

z(l-y)=0. (10)
There now remain but the two equations (6) and (10), which,
on addition, give

whenee we find

yz+1-y=0.
Eliminating from this equation z, we have
l1-y=0, 0, y=1. (11)
Eliminating from the same equation y, we have
z=0. (12)

The interpretation of (11) is
Something abeays was.
The interpretation of (12) is
The things which are have not risen from nothing.

Next 1esuming the system (6), (7), with the two equations
(4), (5), let us determine the two equations involving p and ¢
respects ely.

To cluninate y we have fiom (4) and (6),

p-p+y>+(1-9)(1-2)=(0);
whence (pr1-2)z=0, or, pz = (13)

To ehiminate = fiom (5) and (13), we have

s +pz=0,
whence we get,
0=0

There remains then but the equation (7), fiom which clini-
nating ¢, we have 0 = 0 for the final equation, in p.

Hence there s no concluscon dervable fiom the premuses qf
Jirmng the simple truth o1 fulschood of the proposition, “ The
something which 1s exrsts m the necessity of ifs own et e ” And as,
on elimmating p, thete is the same 1e<ult, 0 =0, for the ultunate
equation 1n ¢, 1t also follows, that there 1 no conclusion deducdle
Jrom the premases as to the somple truth or fulschood of the propo-
sttion, < The something which ws exusts by the will of another Bewg.”
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Of relations connecting more than one of’ the propositions re-
presented by the elementary symbols, it is needless to consider
any but that which is denoted by the equation (7) connccting
p and ¢, inasmuch as the propositions represented by the remain-
ing symbols are absolutely true or false independently of any con-
nexion of the kind here spoken of. The interpretation of (7),
placed under the form

p(-9)+q(1-p)=11s

The somethung which s, either exists in the necessity qf ils
own nature, or by the vnll of another bewng.

I have exhibited the details of the above analysis with a,
perhaps, necdless fulness and prolixity, because in the examples
which will follow, I propose rather to indicate the steps by
which results me obtained, than to incur the danger of 2 wemi-
some fiequency of 1epetition. The conclusions which have re-
sulted fiom the above application of the method are easily verified
by o1dinary reasoning.

The reader will have no difficulty in applying the method
to the other tiain of premises involved in Dr. Clarke’s first I10-
position, and deducing fiom them the two first of the conclusions
to which the above analysis has led.

Prorosition II.

7. Some one unchangeable and independent Bewng has existed
Jrom etermty.

The premises from which the above proposition is proved
are the following:

1st. Something has always existed.

2nd. Ifsomething has always existed, either there has existed
some one unchangeable and independent being, or the whole of
cxisting things has been comprehended in a succession of change-
able and dependent beings.

3rd. If the universe has consisted of a succession of change-
able and dependent beings, vither that seizes has had a cause fiom
without, or it has had a cause fiom withm.

4th. It has not had a cause from without (because it includes,
by hypothesis, all things that exist).
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5th It has not had a cause from within (because no part is
necessary, and if no part is necessary, the whole cannot be ne-
cessary)

Omitting, merely for brevity, the subsidiary proofs contained
in the parentheses of the fourth and fifth premiss, we may repre-
sent the premises as follows:

Let z = Something has always existed.
y = There has existed some one unchangeable and in-
dependent being.
z = There has existed a succession of changeable and
dependent beings.
2 = That sciics has had a cause from without
¢ = That series has had a cause from within.
Then we have the following system of equations, viz.:
lst. 2=1;
2nd. z=v(y(1-2)+z(l -p)};
Sud. z=v(p(I-9)+(1-p)g};
4th p=0,
5th. ¢ =0:
which, on the separate climination of the indefinite symbols v,
gives

l1-2=0; (1)
zlyz+(1-y)(1-2)}=0; ©))
z{pg+(1-p) (1-9)}=0; ®)

p=0; 4)
7=0. )

The elimination from the above system of z, p, ¢, and y, con-
ducts to the equation
==0
And the elimination ofz, p, ¢, and =, conducts in a sinular man-
ner to the equation
y=1
Of which equations the respective interpretations are :
Ist. The whole of exsting things has not been comprehended
in @ succession of changeable and dependent beings.
2nd. There has existed some one unchangeable and mndependent
bemng.
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The latter of these is the propusition which Dr. Clarke proves.
As, by the above analysis, all the propositions represented by the
literal symbols 7, #, 2, p, 7, me determined as absolutely true or
false, 1t i» needles: to inquire into the existence of any further re-
lations connecting those propositions together.

Another proot is given of Prop. 11., which for brevity I pass
over. It may he observed, that the ¢ impossibility of infimte
succession,” the proof of which forms a part of Clarke’s argu-
ment, has coimmonly becn asumed as a fundamental principle of
metaphysics, and extended to other questions than that of causa-
tion. Aristotle applie- it to establish the necessty of first prn-
ciples of demonstration,” the necessity of an end (the good), in
human actions, &e.t There is, perhaps, no principle more fre-
quently 1cferred to 1 his wntings. By the schoolmen it was
similmly apphed to prove the impossibihity of an infinite suboi-
dwmation of genera and speeies, and hence the necessary existence
of umiversals. Appmently the imposability of our forming a
defimte and complete conception of an infinite series, i. e. of
compiehending it as a whole, has been confounded with a logical
inconsistency, or contradiction in the idea itself.

8. The analysis of the following argument depends upon the
theory of Primary Propositions

Prorosition I1T

That unchangeable and independent Deing must be self-existent.

The premises are =—

1. Every being must cither have come into existence out of
nothing, o1 it must have been produced by some external cause,
or it must be sclf-existent.

2. No bemng has come into existence out of nothing

3. The unchangeable and independent Bemng has not been
produced by an cateinal canse.

For the symbolical exprcssion of the above, let us assume,

% Metaphysies, 11L 4, Anal Post T 19, cf seq.
1 Nie. Lthies, Book I Cap 11
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z = Beings which have arisen out of nothing.

y = Beings which have been produced by an external
cause.

z = Beings which are sclf-existent.

w = The unchangeable and independent Being.

Then we have
2(1-3)(1-2)+y(1-2)(1-D+2(-2) (1-5) =1, (1)
z=0, )]
w=0(1~y), @
from the last of which elimmating v,
wy = 0. “4)
Whenever, as above, the value of a symbol is given as 0 or 1, it

is best eliminated by simple substitution. Thus the elimination
of z gives

y(A-2)+z(1-y)=1; (%)
or, y>+(l-yg)(1-2)=0. 6)
Now adding (4) and (6), and eliminating y, we get
w(l ~2)=0,
w =0z}

the interpretation of which is,— The unchangeable and indepen-
dent bewng 1s necessardy self-existing.

Of (5), in its actual form, the intcipretation is,—Fvery bemng
has exther been produced by an external cause, or ot 15 self-existent.

9. In Dr. Samuel Claike'’s observations on the above propo-
sition occurs a remarkable argument, designed to prove that the
material world is not the self-existent bemg above spoken of.
The passage to which I refer is the following .

¢ If matter be supposed to exist necessarily, then in that ne-
cesgary existence there is cither included the power of gravitation,
ornot. If not, then in a world meicly material, and in which no
intelligent being presides, theie never could have been any mo-
tion ; because motion, as has beern alieady shown, and 1s now
granted in the question, is not necessary of itsclf. DBut if the
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power of gravitation be included in the pretended necessary ex-
istence of matter - then, it following necessarily that there must
be a vacuum (as the incomparable Sir Isaac Newton has abun-
dantly demonstiated that theie must, if gravitation be an uni-
versal quulity or affection of matter), 1t follows likewise, that
matter i not a necessmy being.  For if a vacuum actually be,
then 1t is plamly more than possible for matter not to be.”—
(pp- 25, 26).

It will, upon attentive examination, be found that the actual
premises involyed 1n the above demonstiation are the following .

1st. If matter i~ a necessary being, cither the property of gia-
vitation 12 necessaiily present, or it 18 necessarily absent.

2nd. If gravitation 1s necessarily absent, and the woild is not
subject to any preziding Intelhgence, motion does not exist.

31d. If the property of giavitation is necessaily present, the
existence of a vacuum is necessary.

4th If the cxstence of a vacuum is necessary, matter is not a
necessa1y being.

5th. I matter i> o necessmy being, the world is not subject
to a presiding Intelligence

6th Dotion exists.

Of the above premises the first four are expressed in the de-
monstration ; the fifth is imphied in the connexion of its first and
sccond sentences ; and the sixth expresses a fact, which the au-
thor docs not appear to have thought it neccssmy to state, but
which is obviously a part of the giound of his 1easoning. Let us
represent the elementamy propositions in the followmg manner:

Let © = Matter 1s a necessary being
y = Gravitation is necessanily present
¢t = Ghavitation 13 necessanly absent.
The woild 15 marely material, and not subjeet to
any presiding Intelligence.
w = Motion exists.
v = A vacuum is necessary

1

-

Then the system of premises wall be 1eprerented by the following
equations, in which 4 i~ employed a~ the ~ymbol of time mdefi-
nite:
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z=qly(Q-D+(1-y)8.
tz=q(1 - w).

¥y =qv

v = q(l -2).

X =gz

w= 1,

From which, if we eliminate the symbols ¢, we have the follow-
ing system, viz.:

x{yt+(1-y)(1-2)}=0. (1)
2w =0 @
y(l-2)=0 (3
vr = 0. 4)
a(l-2z)=0. (5)
1-w=0. 6)

Now if from these equations we eliminate w, », z, y, and £, we
obtain the equation
z=0,

which expresses the proposition, Matter s not a necessary bewng.
This is Dr. Clarke's conclusion  If we endeavour to climinate
any other set of five symbols (except the set v, 2, y, ¢, and =,
which would give w=1), we obtan a result of the form 0 = 0.
It hence appears that there are no other conclusions evpresswe of
the absolute truth or falsehood of any of the elementary proposuions
designated by single symbols

Of conclusions expressed by equations involving two symbols,
there exists but the following, viz. *—Jf the world 1 me:ely mate-
ral, and not subject to a presiding Intelligence, giavitation s not
necessarily absent. This conclusion 1s cxpressed by the equation

tz =0, whence =z =¢(1-1).

Ifin the above analysis we suppress the concluding prenuss, ex-
pressing the fact of the existence of motion, and leave the hypo-
thetical principles which aze embodied in the 1emaming renises
untouched, some 1emaikable conclusions follow. To these I
shall direct attention in the following chay ter.

10. Of the remainder of Di. Clarke’s mugument I ~hall bisefly
state the substance and connexion, dwelling only on certiun por-
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tions of it which are of a more complex character than the others,
and affoid better 1llustrations of the method of this work

In Piop. 1v. 1t is shown that the substance or essence of the
self-existent being 1s incomprehensible. The tenor of the reason-
ing employed is, that we arc ignorant of the essential nature of
all other things,—much more, then, of the essence of the self-
existent being.

In Prop. v. it is contended that ¢ though the substance or
essence of the self-existent being is itself absolutely incompre-
hensible to us, yet many of the essential attributes of his nature
are stiictly demonstrable, as well as his existence.”

In Prop. vi. it is argued that ¢ the self-existent being must
of necessity be infinite and omnipresent,” and it is contended
that his infinity must be “an infimty of fulness as well as of
immensity ” The ground upon which the demonstration pro-
ceeds s, that an absolute mnecessity of existence must be inde-
pendent of time, place, and circumstance, fice from hmitation,
and therefore excluding all imperfection  And hence it is in-
feried that the sclf-cxistent being must be ¢ a most simple, un-
changeable, mcorruptible being, without parts, figme, motion,
or any other such properties as we find in matter.”

The premises actually employed may be exhibited as follows :

1. If a finite being is self-existent, it is a contradiction to
suppose 1t not to exist.

2. A finite being may, without contradiction, be absent from
one place.

3. That which may without contradiction be absent from one
place may without contradiction be absent from all places.

4 That which may without contradiction be absent from all
places may without contiadiction be supposed not to exist

Let us assume

x = Finite beings.

y = Things self-cxistent.

z = Things which it is a contradiction to suppose not to cxist.

1= Things which may be absent without contradiction from
one place.

¢t = Things which without contradiction may be absent fiom
cvery place.
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We have on expressing the above, and climinating the indefinite

symbols,
w(l-2)=0. 1)
z(l-w) =0. (2)
w(l-t) =0. 3)
iz=0, (4)

Elinunating in succession ¢, w, and z, we get

wy=0,
.'.y=g 1 -a);

the interpretation of which is,— Whatever s self-emstent 1s wn-
Jinate.

In Prop. vi it 1s argued that the self-cxistent being must of
necessity be One. The oider of the proof is, that the self-exis-
tent being is “necessarily existent,” that ¢ necessity absolute in
itself is simple and unifoim, and without any possible difference
or variety,” that all ¢variety or difference of existence” implies
dependence ; and hence that ¢ whatever exists necessarily is the
one simple essence of the sclf-cxistent being.”

The conclusion is also made to flow fiom the following pre-
Iises :—

1. If there are two or more necessary and independent beings,
cither of them may be supposed to exist alone.

2 If either may be supposed to exist alone, it is not a contra-
diction to suppose the other not to exist.

3. If it is not a contradiction to suppose this, there are not
two necessary and independent beings.

Let us represent the elementary propositions as follows :—

x = there exist two nccessary independent beings.
y = cither may be supposed to exist alone.
2z = it is not a contradiction to suppose the othel not to exist.

We have then, on proceeding as bcfore,/ .
z(1-y)=0" (1)

y(1-2)=0. (2)
zz =0. (3)
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Eliminating y and z, we have
z=0.

‘Whence, There do not ezust two necessary and independent beings

11. To the p1emuses upon which the two previous propositions
rest, 1t is well known that Bishop Butler, who at the time of the
publication of the ¢ Demonstiation,” was a student in a non-
conformist academy, made objection in some celebrated letters,
which, together with Dr. Clarke’s replies to them, are usually
appended to editions of the wok. The real question at issue 1s
the validity of the principle, that ¢ whatsoever is absolutely ne-
-cessary at all is absolutely nccessary in every part of space, and
in every point of duration,”—a principle assumed in D1. Clarke’s
reasoning, and cxplicitly stated in his reply to Butler’s first let-
ter. In his sccond comunumeation Butler says: ¢ I do not con-
ceive that the idea of ubiqquity 18 contaned in the idea of self-
existence, o1 directly follows fiom it, any otherwise than as what-
ever exists must exist somenwhere” That is to say, necessary
existence implies exlstence in some part of space, but not in
cvery part. It does not appear that Dr. Clarke was ever able to
dispose effectually of this objection The whole of the corres-
pondence is extremely curious and interesting. The objections
of Butler a1e preciscly those which would oceur to an acute mind
impiessed with the conviction, that upon the sifting of first prin-
ciples, 1ather than upon any mechanical dexterity of reasoning,
the successful investigation of truth mainly depends. And the
replies of Dr. Clarke, although they cannot be admitted as satis-
factory, evince, in a remarkable degree, that peculiar intellectual
power which is manifest m the work from which the discussion
arose.

12. In Piop. vur it is mgued that the self-existent and oii-
ginal cause of all things must be an Intelligent Being.

The main argument adduced in support of this proposition 1s,
that as the cause is moie cxcellent than the effect, the self-
existent being, as the cause and original of all things, must con-
tamn in atself the perfections of all things; and that Intclhigence
is one of the peifections mamfested in a pait of the creation. It
is further argued that this peifection 1s not a modification of
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figure, divisibility, or any of the known propertics of matter ;
for these are not perfections, but limetations. To this is added
the d poster:or: a1gument fiom the manifestation of design in the
frame of the universe,

Theie is appended, however, a distinet argument for the
existence of an intelligent self-existent Leing, founded upon the
phenomenal existence of motion in the universe. I shall hiicfly
exhibit this proof, and shall apply to it the method of the present
treatise.

The argument, omitting unimportant explanations, is as fol-
lows :—

«'Tis evident there is some such a thing as motion in the
world; which either began at some time o1 othe, o1 was eternal.
If it began in time, then the question is granted that the fist
causc is an intelligent being ... On the contiary, if motion was
cteinal, erther it was eternally caused by some eteinal intelligent
being, or it must of itself be necessary and sclf-existent, or clse,
without any necessity m its own natme, and without any exteinal
Decessaly cause, it must have cxisted from ctermity by an endless
successive commumication. If motion was eteinally caused by
some eternal intelhigent being, this also is ganting the question
as to the present dispute  If it was of itself necessmy and self-
existent, then it follows that it must be a contiadiction in terms
to supposc any matter to be at rest. And yet, at the same time,
becausc the deteimination of this sclf-cxistent motion must be
every way at once, the cffect of it would be nothing clse but a
perpetual rest. . . . But if 16 be said that motion, without any ne-
cessity 1n its own natwe, and without any exteinal necessary
cause, has existed {fiom cteinily meiely by an endless suecessive
communication, as Spino.za inconsistently enough seems to assert,
this I have before shown (in the proof of the second general
proposition of thus discourse) to be a plain contradiction. It 1e-
mains, therefore, that motion must of necessity be originally
cansed by something that 1s intelbgent.”

The premises of the above argument may be thus disposed :

1. If motion began in tune, the first cause 15 an mtelhgent
being
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2. If motion has existed from eternity, either it has been
eternally caused by some eternal intelligent being, or it is self-
existent, or it must have eaisted by endless successive communi-
cation

3. If motion has been eternally caused by an eternal intelli-
gent being, the first cause is an intelligent being.

4. If it 1s self-existent, matter 1s at rest and not at rest.

5. That motion bas existed by endless successive communi-
cation, and that at the same time it is not self-existent, and has
not been cternally caused by some eternal intelligent being, is
false.

To express these propositions, let us assume—

z = Motion began in time (and therefore)
1 ~ z = Motion has existed from eternity.
y = The first cause is an intelligent being.
P = Motion has been eternally caused by some eternal intelli-
gent bemg.
q = Motion is self-existent.
r = Motion has existed by endless successive communication.
s = Matter is at rest.

The equations of the premises then are—

z=vy.
1-z=0v{p(l-9)(1-N+q(l-p)(Q-r)+r(1-p)(1-9)}.
P =vy.

g=vs(l-5)=0.

r(1-g) (1=p)=0.
Since, by the fourth equation, ¢ =0, we obtain, on substituting
for ¢ its value in the remaining equations, the system

z = vy, l-z=v(p(l-r)+r(1-p)},

p=vy r(l-p) =0,
from which eliminating the indefinite symbols », we have the
final reduced system,

z(l-y)=0, (1
A-2)lpr+(1-p)(1-7)} =0, (2)
p(l-)- 0. (3

r(l-p)=0. 4)
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We shall fist seek the value of y, the symbol involved in Dr.
Clarke’s conclusion  Fust, ehminating = fiom (1) and (2), we
have
-y lpr+(A-p)(1-1)) =0 ©)
Next, to elminate r from (4) and (5), we have
r(1-p)+ (I~y) (pr+(1-p)(1-)} =0,
Al-p+(L-y)pl x(1-y) (1-p) = 0;

whence
A-pd-p)=0. (6)
Lastly, ehminating p fiom (3) and (6), we have
1-y=0,
y=1,
which expresses the required conclusion, Tke first cause w an
wtelhgent being.

Let us now examine what other coneclusions are deducible
from the premiscs.

If we substitute the value just found for y in the equations
(1), (2),(8), (4), they are reduced to the following pair of equa~
tions, viz.,

(-2 {pr+(1-p(1-7}=0, r(l-p=0. (7)
Eliminating from these equations z, we have
7(1-p) =0, whence r =wp,

which expresses the conclusion, If'motion has existed by endless
successive commuanication, it has been eternally caused by an eter-
nal mtelligent bewng.

Agnin eliminating, fiom the given pair, r, we have

(d-(1-p=0

or, 1-z=uvp,
which expresses the conclusion, If motion has existed fiom eter-
naly, 1t has been eter nally cuused by some eternal wntelligent bewng.

Lastly, from the same origmal pair cluninating p, we get

(1-z)r=0,
which, solved in the foam
l-z=v(1 — 1),
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gives the conclusion, If motion has exsted from eternty, it has not
exwsted by an endless successwe communication,

Solved under the form
r =,
the above equation leads to the equivalent conclusion, If motwn
exists by an endless successre communication, i began i tune.

13. Now it will appear to the 1eader that the first and last of
the above four conclusions are inconsistent with each other. The
two consequences drawn fiom the hypothesis that motion exists
by an endless successive conununication, viz., 1st, that it has
been etlernally caused by an cternal intelligent being ; 2ndly, that
it began in time,—are plainly at variance. Nevertheless, they are
hoth rigorous deductions from the original pemses. The oppo-
sition between them 1s not of a logecal, but of what is technically
termed a mate eal, chaiacter. This opposition might, however,
have been foimally stated in the premises. We mght have
added to them a foimal proposition, asserting that ¢ whatever 15
eternally caused by an cternal intelligent being, does not begin in
time” Ilad thus been done, no such opposition as now appeas
in our conclusions could have presented itself. Formal logic
can only take account of relations which are formally expressed
(VI 16), and it may thus, in particular instances, become ne-
cessary to express, in a formal manner, some connexion among
the premises wliuch, without actual statement, 1s involved in the
very meaning of the language employed.

To 1illustrate what has been samd, let us add to the equations
(2) and (4) the cquation

pr=0,
which cxpresses the condition above adverted to. 'We have

A-2)(pr+(1-pA-D)}+r(l-p)+pz=0. (8)
Eliminating p from this, we find simply
r=0,
which expresses the proposition, Motion does 5ot evist by an end-
less successwe commumcation. If now we substitute for » its value
in (8), we have
Q1-2)(1-p)rpx=0, or, 1- ¢ =p;
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whence we have the interpretation, If motwn has ewsted from
cternity, it has been eternally caused by an eternal intellgent being ;
together with the converse of that proposition.

In Piop. 1x. it is argued, that ¢ the sclf-existent and original
cause of all things is not a necessary agent, but a being endued
with libeity and choice.” The proof 1s based mamly upon his
possession of intclligence, and upon the existence of final causes,
implying design and choice. To the objection that the supreme
causc operates by necessity for the production of what 1s best, it
181eplied, that this is a necessity of fitness and wisdom, and not
of nature.

14. In Piop. x. it is argued, that ¢the self-cuistent being,
the suprcme cause of all things, must of nccessity have infinite
power.” The giound of the demonstration iz, that as ¢ all the
powers of all thungs arc detived fiom him, nothing can make any
difficulty or resistance to the exccution of his will.” It 1s de-
fined that the infinite power of the self-existent being does not
extend to the ¢ making ofa thing which implies a contiadiction,”
or the domg of that ¢ which would imply imperfection (whether
natural or moral) in the being to whom such power is ascubed,”
but that it does cxtend to the cication of matter, and of an im-
material, cogitative substance, endued with a power of beginning
motion, and with a liberty of will o1 choice Upon this doctiine
of hiberty it is contended that we are able to gn ¢ a satisfactory
answer to ‘“that ancicnt and great question, wdéfev 76 kakov,
what is the cause and o11igmal of ex1l ®” The aagument on this
head I shall buefly exlubat.

¢ All that we call evil 1s erther an evil of imperfection, as the
want of certain faculties o1 excellencies which other cieatwies
have; or natwal evil, a~ pamn, death, and the hike. o1 moial evil,
as all kinds of vice. The fist of these 15 not propeily an evil;
for every power, faculty, or perfection, which any cieature enjoys,
being the free gift of God, . . it is plan the want of any certain
faculty or perfection in any kind of cieatuies, which never be-
longed to thewr natutes 1= no moie an evil to them, than their
never having been created or brought mto beng at all could pno-
perly have been called an evil. The sccond hnd of evil, which
we call natwmal evil, is eithar a nece~wary consequence of the
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former, as death to a cicature on whose nature immortality was
never conferred , and then it is no more properly an evil than the
former. Or clse 1t is counterpowzed on the whole with as great
or greater good, as the afflictions and sufferings of good men,
and then also it is not properly an evil; or else, lastly, it isa
punishment, and then 1t is a necessary consequence of the third
and last kind of evil, viz, moral evil. And this aises wholly
from the abuse of liberty which God gave to His creatures for
other purposes, and which 1t was reasonable and fit to gave them
for the perfectivn and order of the whole creation. Only they,
contrary to God’s intention and command, have abused what was
necessary to the perfection of the whole, to the corruption and
depravation of themselses And thus all sorts of evils have en-
tered into the world without any diminution to the infinite good-
ness of the Cieator and Goveinor thereof.”—p. 112.

The main premises of the above argument may be thus
stated .

Ist. All reputed evil is either evil of imperfection, or natural
evil, or moral evil.

2nd. Ewil of imperfection is not absolute evil

3rd. Natural evil is exther a consequence of evil of imperfec-
tion, or it is compensated with greater good, or it 15 a conse-
quence of moial evil

4th. That which is either a consequence of evil of imperfec-
tion, or is compensated with gicater good, is not absolute evil.

5th. All absolute evils are included in reputed evils.

To express these premises let us assume—

w = reputed evil.

z = cvil of imperfection.

y = natural evil.

z = moral evil

p = consequence of evil of imperfection.
q = compensated with greater good.

r = consequence of moral evil,

¢t = absolute evil

Then, regarding the premiscs as Primary Propositions, of which



CHAP. XI11.] CLARKE AND SPINOZA 207

all the predicates are particular, and the conjunctions either, or,
as absolutely disjunctive, we have the following cquations:

w=v{t(1-7)(1-D+y(l-2)(1-2)+z(1-)(1-y)
z=v(l ~ ).
y=vpQ-9)(A-1)+q(1-p)(A-7)+r(1-p) (1 -9¢)}
rA-9)+q(l-p)=v(1-10).
i = vw.

From which, if we scparately elimnate the symbol », we have
w{l-2(1-g) (1-2)-y (1-2) (1-2)-= (L =a) (1-7)} =0, (1)

zt =0, (2)
y{1-p(l-9)(A-r)-q¢(-p)(1-r)-r(1-p) (1-9)} =0, (3)
(p(l-g9)+q(1-p)}t=0, )]

t(1-w) =0 (5)

Let it be required, first, to find what conclusion the premises
warrant us in forming 1especting absolute evils, as concerns their
dependence upon moral evils, and the consequences of moral
evils.

For this purpose we must determine £ in terms of z and 7.
The symbols w, z, y, p, ¢ must theiefore be climinated. The
process is casy, as any set of the cquations is reducible to a single
equation by addition.

Eliminating w fiom (1) and (5), we have

E-(1-y) (1= -y (1-2) (1-2)~2(L~2) (1-3)) = 0. (6)
The climination of p fiom (3) and (4) gives

ygr+ygt+ yt(L-7) (L-q)=0. )
The climination of ¢ from this gives
yt(l-12)=0. 8)
The ehmination of z between (2) and (6) gives
tyz+ (1-) (1-2)) = 0. ®

The elimination of y fiom (8) and (9) gives
t(l-=)(1-2)=0.

This is the only 1clation existing between the elements £, =, and r.
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'We hence get

CTa-a-n
=gzr+gz(1—r)+-g(l—z)r+0(l-z)(l—r)

00
=62+6(l—z)r;

the interpretation of which is, A&solute evil 1s either moral eva, or
ot 13, if not moral evil, a consequence of moral evil.

Any of the results obtained in the process of the above solu-
tion furmsh us with interpretations. Thus from (8) we might
deduce

t=(+_r)=gyr+g(1-y)r+%(1—y) -1

0 0
=¥t (-9

whence, Absolute evils are either natural evils, which are the con-
sequences of moral coils, or they are not natural emls at all.

A variety of other conclusions may be deduced from the given
equations 1 reply to questions which may be aibitrarily pro-
posed. Of such I shall give a few examples, without exhibiting
the intermediate processes of solution

Quest. 1.—Can any relation be deduced from the premises
connecting the following elements, viz.: absolute evils, conse-
quences of evils of imperfection, evils compensated with greater
good ?

Ans.—Nbo relation exsts. If we climinate all the symbols but
z, p, ¢, the resultis 0= 0.

Quest. 2.—TIs any relation implied between absolute evils,
evils of imperfection, and consequences of evils of imperfection.

Ane.—The final relation between z, ¢, and p is

xt +pt=0;
whence

t= 2 -20-p)(1-2).

Therefore, Absolute emls ore nerther ewls of vmperfection, nor con-
sequences of evrls of imperfection.
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Quest. 3.—Required the relation of natural cvils to evils of
mmpe: fection and evils compensated with gieater good.
We find
¢ pay =0,

0 0 0
Y=o gP(-0+5 (1 -p).

Therefore, Natural evils are either consequences of evds of vmper-
JSection which are not compensated wrth greater good, or they are not
consequences of enls of vmperfection at all

Quest 4.—In what 1elation do those natural evils which are
not moral evils stand to absolute evils and the consequences of
moral evils ?

If y (1 - 2) = 5, we find, after climination,

ts(l-7)=0;

Therefore, Natural evils, which are not moral emls, are cither abso-
lute evils, which aie the consequences of moral evils, or they are not
absolute evils at all,

The following conclu~ions have been deduced in a similar
manner. The subject of each conclusion will show of what par-
ticular things a de-cription was 1equired, and the predicate will
show what clements it was designed to involve:—

Absolute evils, whuh are not consequences of moval erils, ave
moral and not natural evils

Absolute evils which are not moral evils are natural evifs, whick
are the consequences of moral evils

Natural evils which are not consequences of moral evils are not
absotute evils

Lastly, let us seck a description of evils which are not ab-o-
lute, expressed in terms of natuial and moral evils

We obtain as the final equation,

1—t=_1/z+g_1/(1—:)+§(1—]/)=T(1—]/)(1‘-'-’)'

The direct interpretation of this equation 1s a necessary trath,
but the 1evetse interpretation is remarhable. Eels which are both
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natural and moral, and ewnls which are neither natural nor moral,
are not absolute evils

This conclusion, though it may not express a truth, is cer-
tamnly involved in the given premu~cs, as formally stated.

15 Let us take from the same migument a somewhat fuller
gystem of premmses, and let us in those premses suppose that the
particles, either, or, are not absolutely disjunctive, so that in the
meaning of the expression, ¢ either evil of imperfection, or na-
tural evil, or moral evil,” we include whatever possesses one or
more of these qualities

Let the premises be—

1 All evil (w) is either evil of imperfection (z), or natural
evil (y), or moral evil (2).

2 Evilof imperfection (z) 1s not absolute evil (£).

3. Natural evil (y) is either a consequence of evil of imper-
fection (p), or it 13 compensated with greater good (g), or it is a
consequence of moral evil (7)

4. Whatever is a consequence of evil of imperfection (p) is
not absolute evil (£).

5. Whatever is compensated with gieater good (g) is not
absolute evil (£).

6 Moral evil (<) is a consequence of the abuse of liberty ().

7. That which is a consequence of moral evil () is a conse-
quence of the abuse of liberty (%).

8. Absolute evils are included in reputed evils.

The premises expressed in the usual way give, after the climi-
nation of the indefinite symbols », the following equations :

w(l-2)(1-y) (1 -2)=0, )
xt =0, 2
y(-pp1-g(A-71=0 (3)
pt=0, 4)

gt =0, (5)
z(l-u)=0, (6)
r(l-u)=0, )
t(i-w)=0. (8)

Each of these equations satisfies the condition V' (1 - #) = 0.
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The following results are easily deduced—

Natural ewd 15 cither absolute evid, whach 15 a consequence of mo-
ral evil, or i 1s not absolute evil at all

All emls are ether absolute emls, which are consequences of the
abuse of Liberty, or they are not absolute evils

Natural enls are ether enls of imperfection, which are not ab-
solute ewls, or they are not evils of vmperfection at all

Absolute evils are either natural evils, which are consequences of
the abuse of hiberty, or they are not natural ewls, and at the same
time not enls of vnperfection

Consequences of the abuse of hbeity wclude all natural evils
which are absolute ewls, and are not evils of imperfection, with an
wndgfinite remainder of natural ewls which are not absolute, and of
evils whick are not natu al.

16. These examples will suffice for illustration. The reader
can easily supply others if they are needed. Ve proceed now to
examine the most essential portions of the demonstration of
Spinoza.

DEFINITIONS

1. By a cause of uself (causa sur), I understand that of which
the essence involves existence, or that of which the natme can-
not be conceived except as existing.

2. That thing 1s saxd to he finite or hounded in its own kind
(mm suo genere finita) which may be bounded by anothe thing of
the same kind; c. g. Body is said to e finite, because we can
always conceive of another body gicater than a given one.  So
thought is bounded by other thought. But body is not bounded
by thought, nor thought by body

3. By substance, I understand that which is in itself (n se),
and is conceived by itself (per se comcypetur), i ec., that whose
conception does not require to be formed fiom the conception of
another thing.

4. By attribute, I understand that which the intecllect per-
ceives in substance, as constituting 1ts very essence.

5. By mode, I understand the affections of substance, o1 that
which is in another thing, by which thing also 1t 1s concerved.

6. By God, I undeistand the Deing absolutely infinite, that
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is the substance consisting of infinite attributes, cach of which
expresses an eternal and infinite essence.

Ezplanation—1 say absolutely infinite, not infinite in its
own kind. For to whatever is only infinite in its own kind we
may deny the possession of (some) infinite attributes. But when
a thing is absolutely infimte, whatsoever cxpresses essence and
involves no negation belongs to its essence.

7. That thing is termed fiee, which exists by the sole neces-
gity of its own nature, and 1s determined to action by itself alone,
necessary, or rather constrained, which is determined by another
thing to existence and action, in a certain and determinate man-
ner.

8. By cternity, I understand existence itself, in so far as it is
conceived necessarily to follow from the sole definition of the
eternal thing.

Exrplanation —For such existence, as an eternal truth, is con-
ceived as the essence of the thing, and therefore cannot be ex-
plained by mere duration or time, though the latter should be
conceived as without beginning and without end.

AXIOMS.

1. All things which exist are either in themselves (ir se) or
in another thing.

2 That which cannot be conceived by another thing ought
to be conceived by itself.

3. From a given determinate cause the effect necessarily fol-
lows, and, contrariwise, if no determinate cause be granted, 1t is
impossible that an effect should follow.

4. The knowledge of the effect depends upon, and involves,
the knowledge of the causc.

5. Things which have nothing in common cannot be under-
stood by means of each other; or the conception of the onc does
not involve the conception of the other.

6. A truc idea ought to agree with its own object. (Jdea
vera debet cum suv rdeato convemre)

7. Whatever can be conceived as non-existing does not in-
volve existence in its essence.
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Other definitions are implied, and other axioms are virtually
assumed, in some of the demonstrations. Thus, in Prop. 1.,
« Substance is prior in nature to its affections,” the proof of
which consists in a mere reference to Defs. 3 and 5, there scems
to be an assumption of the following axiom, viz , ¢ That by which
a thing is conceived is prior in nature to the thing conceived.”
Again, in the demonstration of Prop. v. the converse of this
axiom is assumed to be true. Many other examples of the same
kind occur. It is umpossible, therefore, by the mere processes of
Logic, to deduce the whole of the conclusions of the first book of
the Ethics from the axioms and definitions which are prefixed to
it, and which are given above. In the brief analysis wlich will
follow, I shall endeavour to present in their proper order what
appear to me to be the real p1emises, whether formally stated or
imphed, and shall show in what manner they involve the conclu-
slons to which Spinoza was led.

17. I conceive, then, that in the course of his demonstration,
Spinoza cffects seveial parallel divisions of the universe of pos-
sible existence, as,

Ist. Into things whichare in themselves, v, and things which
are in some other thing, 2'; whence, as these classes of thing toge-
ther make up the universe, we have

z+d =1, (Ax.1)
or, z=1-2.
2nd. Into things which are conceived by themselves, y, and

things which aic conceived through some other thing, ¥,

whence
y=1-y. (Ax.1.)

3rd. Into substance, z, and modes, z'; whence
z=1-2. (Def.mnv.)

4th. Into things free, f, and things nccessary, /', whence
f=1-f. (Def vir)

5th. Into things which aic causes and sclf-cxistent, ¢, and
things caused by some other thing, ', whence

e=1-¢. (Defir Ax.vin)
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And his reasoning proceeds upon the expressed or assumed
principle, that these divisions are not only parallel, but equiva-
lent. Thus in Def. n1, Substance is made equivalent with that
which is conceived by itself; whence

z=1y.

Again, Ax 1v,, as it is actually applied by Spinoza, estab-
lishes the identity of cause with that by which a thing is con-
ceived; whence

y=e.

Again, in Def. vi1., things free are identified with things

self-existent ; whence
f=e

Lastly, in Def. v., mode is made identical with that which is
in another thing , whence 2’ = #/, and therefore,

Z=2.

All these results may be collected together into the following
series of equations, viz :

g=y=z=f=e=1-a'=1-y=1-f'=1-2=1-¢.

And any two members of this series connected together by the
sign of equality express a conclusion, whether drawn by Spinoza
or not, which is a legitimate consequence of his system. Thus

the equation
z=1-¢,

expresses the sixth proposition of his system, viz., One substance
cannot be produced by another. Similarly the equation

Z =€

expresses his seventh proposition, viz., ¢ It pertains to the nature
of substance to exist.” This train of deduction it is unnecessary
to pursue. Spinoza applies it chiefly to the deduction according
to lis views of the properties of the Divine Nature, having first
endeavoured to prove that the only substance is God. In the
steps of this process, there appear to me to exist some fallacies,
dependent chiefly upon the ambiguous use of words, to which it
will be necessary here to direct attention.
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18. In P1op. v. it is endeavoured to show, that  There cannot
exist two or more substances of the same nature or attribute.”
The proof is vittually as follows: If there aze more substances
than one, they me distinguished cither by attitbutes or modes ;
if by attiibutes, then theie is only one substance of the same at-
tribute; 1f by modes, then, luymng aside these as non-essential,
there remains no 7 eo/ ground of distinction. Hence there exists
but one substance of the same attmbute. The assumptions here
involved are inconsistent with those which ate found in other
parts of the trcatice. Thus substance, Def. 1v., is apprehended
by the intellect through the means of attubute. By Def. vi1. it
mway have many attributes  One substance may, therefore, con-
ceivably be distinguished from another by a difference 1 some of
its attributes, while otheis 1emain the same

In Prop. viir 1t is attempted to show that, All substance
is necessarily infinite. The proof 1> as follows. There ex-
ists but one substance, of one attribute, Pirop.v.; and it per-
tains to its natue to caist, Prop. vir. It will, therefore, be of its
nature to exist either as fimte or infimte But not as finite, for,
by Def. 11. it would 1equre to be hounded by another substance
of the same nature, which also ought to exist necessarily, Prop.
vil. Therefore, there would Le two substances of the same
attribute, which is absmd, Prop. v. Substance, therefore, is
infinite.

In this demonstration the woid ¢ fimte” is confounded with
the expression, * Finite i its own kind,” Def 1. It is thus as-
sumed that nothing can be finite, unless 1t 15 bounded by another
thing of the same kind. This 15 not con~stent with the ordi-
nary meaning of the tam  Spmoza’s u-e of the teim finite
tends to make space the only form of substance, and all existing
things but affections of space, and this, I thmk, is really one of
the ultimate foundations of Ius system.

The first scholium applied to the above Proposition is re-
markable. I give itin the original words + ¢ Quum fimtum esse
revera sit ex parte negatio, et infinitum absoluta affimatio exis-
tentiz alicujus naturz, sequitm eigo ex sola Piop. vir. omnem
substantiam debere esse infinitam” Now tlus is mn reality an
assertion of the principle affirmed by Clarke, and controverted by
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Butler (XIII. 11), that necessary existence implies existence
in every part of space. Probably this principle will be found to
lie at the basis of every attempt to demonstrate, @ prior:, the
existence of an Infinite Being.

From the general properties of substance above stated, and
the definition of God as the substance consisting of infinite at-
tributes, the peculiar doctrines of Spinoza relating to the Divine
Nature necessanly follow. As substance 1s self-existent, fiee,
‘causal in its very nature, the thing in which other things are,
and by which they are conceived; the same properties are also
asserted of the Decity. He is self-existent, Prop. x1: indivi-
sible, Prop. xi11 ; the only substance, Prop. x1v.; the Being in
which all things are, and by which all things are conceived,
Prop xv.; fiee, Prop. xvir., the immanent cause of all things,
Prop. xviir.  The proof that God 1s the only substance is diawn
from Def. vt , which 13 mterpreted into a declaration that ¢ God
is the Being absolufely wnfinite, of whom no attribute which ex-
presses the essence of substance can be denied.” Every con-
ccivable attuibute being thus assigned by defimtion to Him, and
it being deteamined in Prop. v. that theie cannot exist two sub-
stances of the same attiibute, 1t follows that God is the only
substance,

Though the « Ethics” of Spinoza, like a large portion of his
other witings, is presented in the geometrical form, it does not
afford a good praxis for the svmbolical method of this work.
Of cowmse cvery tiain of reasoning admits, when its ultimate
premises ae truly dete.mined, of being ticated by that method :
but in the pre~cnt instance, such ticatment scarcely differs, ex-
cept in the use of letters for words, fiom the processes employed
in the ouginal demonstrations. Reasoning which consists so
largely of a play upon terms defined as equivalent, is not often
met with; and it 1s 1ather on account of the interest attaching to
the subject, than of the merits of the demonstrations, highly as
by some they aic esteemed, that I have devoted a few pages
here to their exposition.

19. It 15 not possible, I think, to rise fiom the perusal of the
arguments of Claike and Spinoza without a decp conviction of the
futility of all endeavouis to establish, entiiely @ preori, theexistence
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of an Infinite Being, His attributes, and His relation to the uni-
versc. The fundamental principleofall such speculations, viz., that
whatever we can clealy conceive, must exist, fails to accomplish
its end, even when 1ts iruth 15 admitted. For how shall the finite
compichend the infinite ® Yet must the po-sibility of such con-
ception be granted, and in something more than the sense of
a mere withdrawal of the limits of phenomenal cxistence, before
any solid ground can be established for the knowledge, d priors,
of things mfinite and cternal. Spmoza’s afliimation of the 1e-
ality of such knowledge is plain and expheit ¢ Mens humana
adequatum habet cognitionem mterne et infinite essentize Dei”
(Prop xvvix, Pmt 2nd) Let this be compared with Piop.
xixiv., Part 2nd: ¢ Omnis idea quac in nobis est ab-oluta
sve adeequata et perfecta, vera est,” and with Axiom vi, Part
1st,  Idea vera debet cum suoideato convenue.” Moicoyer, this
species of knowledge is made the essential constituent of all other
knowledge: ¢ De natura ratioms est 1es sub quadain @ternitatis
specie percipere” (Prop. xuiv., Cor 1, Part 2nd). Wae it
sawd, that theie 1s a tendency in the human mind to 11se 1 con-
templation fiom the paiticular towards the umversal, from the
fimite towards the infinite, fiomn the tranwent towards the eternal ;
and that tlus tendency suggests to us, wath lugh probalahty, the
existence of more than scnse perceives or understanding compre-
hends; the statement might be accepted as true for at least a
a large number of minds There is, however, a class of specu-
lations, the character of wlich must be expluned in patt by
reference to other causes,—mpatience of probable ot Immted
knowledge, so often all that we can 1cally attain to; a desne for
absolute cartainty wheie intimations sufficient to mark out before
us the path of duty, but not to satisfy the demands of the specu-
lative intcllect, have alone been granted to us ; perhaps, too,
dissatisfaction with the picsent scene of things. With the
undue predominance of these motiyes, the more sober procedure
of analogy and probable induction falls into neglect.  Yet the lat-
ter is, beyond all question, the cowrse most adapted to ow pre-
sent condition. To mfer the eaistence of an intellygent cause
from the teeming cvidences of swiounding design, to 1is¢ to the
conception of a moral Governor of the wold, from the study of
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the constitution and the moral provisions of our own nature ;—
these, though but the feeble steps of an understanding limited
in its faculties and its materials of knowledge, are of more avail
than the ambitious attempt to arrive at a certainty unattainable
on the ground of natural religion. And as these were the most
ancient, so are they still the most solid foundations, Revelation
being set apart, of the belief ihat the course of this world is not
abandoned to chance and inexorable fate.
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CHAPTER XIV.

EXAMPLE OF THE ANALYSIS OF A SYSTEM OF EQUATIONS BY THE
METHOD OF REDUCTION TO A SINGLE EQUIVALENT EQUATION
V =0, wHEREIN V sATISFIES THE coNpITION V (1-F) =0

L. LET us take the remarkable system of premises employed
in the previous Chapter, to prove that ¢ Matter is not a

necessary being ,” and suppressing the 6th premiss, viz., Motion
exists,—examine some of the consequences which flow from the
remaining premises. This is in reality to accept as true Dr.
Clarke's hypothetical principles ; but to suppose ourselves igno~
norant of the fact of the existence of motion. Instances may
occur in which such a selection of a portion of the premises of
an argument may lead to interesting consequences, though it is
with other views that the present example has been resumed. The
premises actually employed will be—

1. If matter is a necessary being, either the property of gravi-
tation is necessarily present, or it is necessarily absent.

2. If gravitation is necessarily absent, and the world is mot
subject to any presiding intelligence, motion does not exist.

3. If gravitation is necessarily present, a vacuum is necessary.

4, If a vacuum is necessary, matter i3 not a necessary being.

5. If matter 18 a necessary being. the woild is not subject
to a presiding intelligence.

If, as before, we represent the elementary propositions by the
following notation, viz.:

x = Matter is a necessary being

y = Gravitation is necessarily present.

w= Motion exists.

¢t = Gravitation is necessarily absent

z = The world is merely materal, and not subject to a
presiding intelligence.

v = A vacuum is necessary.
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We shall on expression of the premises and elimination of the
indefinite class symbols (g), obtain the following system of equa-
tions:

ayt + & y‘[ =0,

tzw =0,
yv=0,
vz =20,
zz=10;

in which for brevity 7 stands for 1 -y, tfor 1-¢,and so on; whenee,
also, 1 - t=¢t,1-7=y, &c.
As the first members of these equations involve only pesitive

terms, we can form a single equation by adding them together
(VIIL Piop 2), viz.:

Tyt + Tt + Yo + 0T + 2Z + tzw = 0,

and it remains to reduce the first member so as to cause it to
satisfy the condition V/ (1- 7)) = 0.

For this pwmpose we will fust obtain its devclopment with
reference fo the symbols z and y.  The result is—

(C+D+v+Z+tow)ay+ (£ + v+ 2+ tew) o
+ (v + tzw) 2y + tzway = 0.

And our object will be accomplished by 1educing the four coeffi-
cients of the development to equivalent forms, themselves satis-
fying the condition 1cquired

Now the first coefficient is, since v + v = 1,

1+¢4 2+ tzw,

which reduces to unity (IX. Prop. 1).
The second cocfficient is

f+v4 2+ tow;
and its reduced form (X 3) is
£+t + (52 + tozw.

The third cocfficient, 7 + fzw, reduces by the same method
to ¥ + t=wv; and the last cocfficient tzw needs no reduction
IIence the development becomes
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ay+ (& + tv + £9Z + (620) af + (B + tzwv) Ty + tzwzy = 0; (1)
and this is the form of reduction sought.

2. Now according to the principle asserted in Prop. m1.,
Chap x., the whole relation connecting any particular set of the
symbols in the above equation may be deduced by developing
that equation with reference to the particular symbols in question,
and retaining in the result only those constituents whose coef-
ficients are unity. Thus, if z and y are the symbols chosen, we
are immediately conducted to the equation

zy=10,
whence we have

y=%(l—w),

with the interpretation, If grawvitation s necessardy present, mat-
ter s not a necessary bemy.

Let us next seek the 1elation between z and w.  Developing
(1) with respect to those symbols, we get
(y + 1§ + tof + toz§ + 15=5) 7w + (y + L + tvf + to2y) B

+ (By + tzuy + tzy) 2w + vyaw = 0.

The coefficient of 2w, and it alone, reduces to unity. For
tvzy + tozy = tvyg, and twj + {vf = tj. and 1§ + t = §, and lastly,
y+¥ =1 This is always the mode in which such reductions
take place. Hence we get

zw = 0,
0
Swsg (1 - =),

of which the interpretation is, Jf motion exists, matter s not a ne-
cessary beng

If, in like manner, we develop (1) with respect to z and 2,
we get the equation

zz =0,
z 0z
=52 '

with the interpretation, If matter s a necessary bemng, the uorld
is merely material, and without a prestding wtelligence



222 EXAMPLE OF ANALYSIS. [cmap. x1v.

This, indeed, is only the fifth premiss reproduced, but it
ghows that there is no other relation connecting the two elements
which it involves

If we seek the whole relation connecting the elements x, w,
and y, we find, on developing (1) with reference to those sym-
bols, and proceeding as before,

Ty + 2wy = 0.

Suppose it required to determine hence the consequences of the
hypothesis,  Motion does not exist,” relatively to the questions

of the necessity of matter, and the necessary presence of gravita-
tion. We find

oo
1 w—z—l +
—1:,17—01:[/ TY + ~%5
. 0_ .
or, 1-—w=:ry+—0z, with 2y = 0.

The direct interpretation of the first equation is, If motion does
not exist, either matter @ a necessary being, and gravitation s not
necessarily present, or matter 15 not a necessary being.

The reverse interpretation is, If matter s a necessary being,
and gravitation not necessary, motion does not exist.

In exactly the same mode, if we sought the full relation be-
tween z, z, and w, we should find

xzw + 2z = 0.

From this we may deduce
z=z:7;+:]—)5, with zw = 0.

Therefore, If the world 1s merely material, and not sulject to
any presiding intelligence, erther matter s a necessary being, and
motiwn does not exist, or matter is not a necessary being.

Also, reversely, If matter 1s a necessary bemng, and there is no
such thmg as motion, the world 1s merely material

3. We might, of course, extend the same method to the de-
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termination of the consequences of any complex hypothesis
such as, ¢ The world is merely muterial, and withoul any pre-
siding intelligence (z), but motion exists” (w), with reference to
any other elements of doubt or speculation involved in the origi-
nal premises, such as, ‘¢ Matter is a necessary being” (z), ¢ Gra~
vitation is a necessary quality of matter,” (y¥). We should, for
this purpose, connect with the general equation (1) a new
equation,
% = wz,

reduce the system thus formed to a single equation, V= 0, in
which V satisfies the condition V(1 — ¥) = 0, and proceed as
above to determine the relation between %, z, and y, and finally «
as a developed function of z and y. But it is very much better
to adopt the methods of Chapters viir. and 1x. I shall here
simply indicate a few results, with the leading steps of their de-
duction, and leave their verification to the reader’s choice.

In the problem last mentioned we find, as the relation con-
necting z, y, w, and z,

Tw + Twy + Twyz = 0.

And if we write % = zy, and then eliminate the symbols z and y
by the general problem, Chap. 1x., we find

xu + zyit = 0,

whence 1 . 0_,
u=6wy+ 0xy+6z,

wherefore wz = g z with 2y = 0.

Hence, If the world 1s merely material, and without a presiding
intelligence, and at the same time motwn exists, matter is not a ne-
cessary being.

Now it has before been shown that if motion exists, matter s
not a necessary bemng, so that the above conclusion tells us even
less than we had before ascertained to be (inferentially) true.
Nevertheless, that conclusion is the proper and complete answer
to the question which was proposed, which was, to detcrmine
simply the consequences of a certain complex hypothesis.
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4. It would thus be easy, even from the limited system of
premises before us, to deduce a great vanety of additional infe-
rences, involving, in the conditions which are given. any pro-
pozed cowbination: of the elementary propositions  If the con-
dition is one which is inconsistent with the premi-es, the fact
will be indicated Ly the form of the solution. The value which
the method will assign to the combination of symbols expres-1ve
of the proposed condition will be 0. If, on the other hand, the
fulfilinent of the condution in gue-tion imposes no restriction upon
the propositions among which relation is sought. <o that every
combination of those propositions is equally yossible,—the fact
will also be 1. icated by the form of the solution. Examples
of each of these cas~ are subjoined.

Ifin the ordinary way we seek the consequences w hich would
flow from the condition that matter 1s a necessary bewng, and at
the same time that motion erists, a3 affecting the Propositions,
Theworld s merely moterial, and without a presiding intelligence,
and, Grawvitation s necessarily present, we shall obtain the equa-
tion

which indicates that the condition proposed iz inconsistent with
the premiscs, and thercfore cannot be fulfilled.

If we seek the consequences which would flow fiom the con-
dition that Matter 1s not a necessary bewng, and at the same tume
that Motion dves exist, with refeience to the same elements as
above, viz., the absence of a presiding intelligence, and the neces-
sity of grar itation,—we obtain the following result,

0 0 0 0
(1—1)10=6y-+0y(1—z)+6(]—y)~+(—)(l—y)(l—..),

which might hterally be interpreted as follows:

If motter 1s not a mecessary bemng, and motion ensts, then
etther the umld 1s merely material and without a presiding intel-
lgence, and graaitution is necessary, or one of these tiro results fol-
lows without the other, or they both finl of berng true. Wharefore
of the fowr posuble combinations, of which some one is true of
necessity, and of which of necessity one only can be true, it is
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affirmed that any one may be true. Such a result is a truism—
a mere necessary truth  Still it containe the only answer which
can be given to the question proposed.

1 do not deem it necessary to \mdicate against the charge of
laborious trifling these applications. It may be requisite to en-
ter with some fulness into details useless in themselves, in order
to establish confidence in general principles and methods. When
this end shall have been accomplished in the subject of the pre-
sent 1nquiry, let all that bas contributed to its attaimment, but
has afterwards been found superfluous, be forgotten.
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CHAPTER XV

THE ARISTOTELIAN LOGIC AND ITS MODERN EXTEXNSIONS, EX-
AMINED BY THE METHOD OF THIS TREATISE.

1. HE logical system of Aristotle, modified in its details,

but unchanged in its essential features, occupies so im-
portant a place in academical education, that some account of its
nature, and some brief discussion of the leading problems which
it presents, seemn to be called for in the present work. It is, I
trust, in no narrow or harshly cntical spirit that I approach this
task. My object, indecd, is not to institute any direct cowpa-
rison between the time-honoured system of the schools and that
of the pre~ent treati-e, but, setting truth above all other con-
siderations, to endeavour to exhibit the real nature of the ancient
doctrine, and to remove one or two prevailing misappiehensions
respecting its extent and sufficiency.

That which may be regarded as essential in the spirit and
procedure of the Aristotehan, and of all cognate systems of Logic,
is the attempted classification of the allowable forms of inference,
and the distinet reference of those forms, collectisely or indivi-
dually, to some general principle of an axiomatic nature, such as
the ¢ dictum of Aristotle:” TWhatsoevcr is affirmed or demed of
the genus may 1n the same sense be affirmed o1 denied of any
species included under that genus. Concerning such geneial
principles it may, I think, be observed, that they either stat> di-
reetly, but 1n an abstract form, the aigument which they we
supposed to clucidate, and, so stating that aigument, affirm its
validily , or involve in their expression technical terms which,
after definition, conduct us again to the same point, viz.,
the abstract statemcnt of the supposed allowable foims of in-
ference The idea of classification is thus a pervading element
in thore systems. Furthermore, they exhibit Logic as resolvable
into two great branches, the one of which 1s occupied with the
treatment of categorical, the other with that of hypothetical or



CHAP. XV.] ARISTOTELIAN LOGIC. 297

conditional propositions. The distinetion is nearly identical with
that of primary and secondary propositions in the present work.
The discussion of the theory of categorical propositions is, in all
the ordinary treatises of Logie, much more full and claborate than
that of hypothetical propositions, and is occupied partly with
ancient scholastic distinctions, partly with the canons of deduc-
tive inference. To the latter application only is it necessary to
direct attention here.

2. Categorical propositions are classed under the four fol-
lowing heads, viz.:

TYPE
1st. Universal affirmative Propositions : All ¥’s are X’s.
2nd. Universal negative » No ¥’s are X’s.
3rd. Particular affirmative s Some Y’s are Xs.
4th Particular negative » Some I”s are not X'’s.

To these forms, four others have recently been added, so as
to constitute in the whole eight forms (see the next article) sus-
ceptible, however, of reduction to six, and subject to relations
which have been discussed with great fulness and ability by Pro-
fessor De Morgan, in his Formal Logic A scheme somewhat
different from the above has been given to the wold by Sir W.
Hamilton, and is made the basis of a method of syllogistic in-
ference, which is spoken of with very high respect by authorities
on the subject of Logic.*

The processes of Formal Logic, in relation to the above system
of propositions, are described as of two kinds, viz., ¢ Conversion”
and ¢ Syllogism.” By Conversion is meant the expression of
any proposition of the above kind in an equivalent form, but with
a reversed order of terms. By Syllogism is meant the deduction
from two such propositions having a common term, whether
subject or piedicate, of some thud proposition infercntially in-
volved in the two, and forming the ¢ conel sion.” It is main-
tamed by most wiiters on Logie, that these processes, and ac-
cording to some, the single process of Syllogism, fuinish the
univeisal types of 1easoning, and that 1t is the busmess of the
mind, in any train of demonstiation, to conform itsclf, whether

& Thomson's Outhnes of the Laws of Thought, p. 177
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consciously or unconsciously, to the particular models of the pro-
cesses which have been classified in the wntings of logicians,

3. The course which I design to puisue is to show how
these processes of Syllogism and Conversion may be conducted
in the most general manner upon the principles of the present
treatise, and, viewing them thus in relation to a system of Logic,
the foundations of which, it is conceived, have been laid in the
ultimate laws of thought, to seck to determine their true place
and essential character.

The expressions of the cight fundamental types of proposi-
tion in the language of symbols are as follows :

1. All Y’s are X'’s, y=or.

2. No Y’sare X’s, y=v(l-a).

3. Some Y’s are X's, vy = .

4. Some Y’s are not-X’s, vy=v(l-2a).

5. All not-Y’s are X’s, l-y=1oa ¢))
6. No not-Y’s are X’s, l-y=v(1-2).

7. Some not- Y’s are X’s, v(l-y) =z

8. Some not-Y’s are not-X’s, v(1-y)=v(1-2).

In referring to these foims, it will be convenient to apply, in
a sense shoitly to be explained, the cpithets of logical quantity,
¢ umversal” and ¢ particular,” and of quality, ¢ affirmative” and
¢ negative,” to the texms of propositions, and not to the propo-
sitions themselves Weshall thus consider the team ¢ All 175,”
as universal-affirmative; the tetm ¢ Y’s,” or ¢ Some Y's,” as
patticular-affiimative , the teim ¢ All not-Y7s,” as universal-ne-
gative; the term ¢ Some not- 17s,” as pm ticular-negative  The
expiession ¢ No 17, 1s not propeily a term of a proposition, for
the true meaning of the proposition, ¢ No 17s aie X7%,” is «“ All
Y’s aie not-X's.” The sulject of that proposition is, thercfore,
univer~al-affimative, the predicate particular-negative  That
theie is a 1cal distinction between the conceptions of ¢¢ men” and
“not men” 15 manifest  This distinction 1s all that I contem-
plate when applymg as above the designations of affiimative and
negative, without, howeyer, insisting upon the etymological pro-
pricty of the appliation to the teims of propositions. The
designations positive and privative would have heen moie ap-
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propriate, but the former term is already employed in a fixed
sense in other parts of this work.

4. Fiom the symbolical forms above given the laws of con-
version immediately follow. Thus from the equation

y = vz,
representing the proposition, ¢ All Y's are X’s,” we deduce, on

climinating v,
y(l-7)=0,

which gives by solution with reference to 1 - ,

l-z= %(1 -¥);
the interpretation of which is,
All not-Xs are not- Y's

This is an example of what is called ‘¢ negative conversion.”
In like manner, the equation

y=v (1 - 'T)a
representing the proposition, ¢ No Y’s are X’s,” gives
0
T = 0 (1 - y)’

the interpretation of which is, ¢ No X’s me Y7s.”” This is an
example of what is termel simple conversion ; though it is in re-
ality of the same kind as the conversion exhibited in the previous
example. All the examples of conversion which have been noticed
by logicians a1c cither of the above kind, or of that which con-
sists in the mere transposition of the terms of a proposition, with-
out altering their quality, as when we change

. vy = 1%, representing, Some 17's are X’s,

mto
vz = vy, 1cpresenting, Some X’s are Y's;

or they involve a combination of those processes with some auxi-
liary process of limitation, as when from the cquation

y = vz, repiesenting, All Y’s are X's,
we deduce on multiplication by »,

2y = vz, representing, Some Y's are X's,
and hence
- ’ ’
vz = vy, representing, Some X'’s mc Y's
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In this example, the process of limitation precedes that of
transposition.

From these Instances it i3 seen that conversion is a particu-
lar application of a much more general process in Logic, of which
many examples have been given in this work. That process has
for its object the determination of any element in any proposition,
however complex, as alogical function of the remaining elements.
Instead of confining our attention to the subject and predicate,
regarded as simple terms, we can take any element or any
combination of elements entering into either of them; make that
element, or that combination, the ¢ subject” of a new proposition ;
and determine what its predicate shall be, in accordance with the
data afforded to us. It may be remarked, that even the simple
forms of propositions enumerated above afford some ground for
the application of such a method, beyond what the received laws
of conversion appear to recognise. Thus the equation

¥ = vz, representing, All ¥’s are X’s,

gives us, in addition to the proposition before deduced, the three
following :

Ist. y(1- a:) = 0. There are no Y’s that are not-X’s.

2nd. 1-y= —m +(1-%). Things that arenot-Y"s include all
thmgs that are not-X’s, and an
indefinite remainder of things
that are X's.

3rd. 2=y + - (1 — ). Things thatare X’s include all things
that are Y’s, and an indefinite

remainder of things that are not~
Ys.

These conclusions, it is true, merely place the given propo-
sition in other and equivalent forms,—but such and no more is
the office of the received mode of * negative conversion.”

Furthermore, these processes of conversion are not elemen-
tary, but they are combinations of processes more simple than
they, more immediately dependent upon the ultimate laws and
axioms which govern the use of the symbolical instrument of
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rcasoning. This remark is equally applicable to the case of
Syllogism, which we procced next to consider.

5. The natwe of syllogism is best seen in the particular in-
stance. Suppose that we have the propositions,

All X’s are s,
All Y’s are Z’s.

From these we may deduce the conclusion,
All X’s are Z’s.

This is a syllogistic infetence The terms X and Z me called
the extremes, and 1" is called the imiddle term. The function
of the syllogism generally may now be defined  Given two pro-
positions of the kind whose species are tabulated in (1), and in-
volving one middle or common term I, which is connected in
one of the propositions with an extieme X, i the other with an
extreme Z; requued the relation connecting the extremes X and
Z. Theiexm Y may appear in its affirmative form, as, All 17s,
Some 1”s; or in its negative form, as, All not-Y’s, Some not-
Y’s; in either proposition, without regard to the particular form
which it assumes in the other.

Nothing is casicr than in particular instances to resolve the
Syllogism by the mecthod of this treatise. lts resolution is, in-
deed, a particular application of the process for the reduction of
systems of propositions. Taking the examples above given,
we have,

x = vy,

y = 12;
whence by substitution,

&£ =o'z,

which is interpreted into
All X’s are Z's.

Or, proceeding rigorously in accordance with the method deve-
loped in (VIII. 7), we deduce

z(l-y)=0, y(l-2)=0.
Adding these equations, and eliminating y, we have
e(l-2)=0;
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whence Z = -g-z, or, All X’sare Z%s.

And in the same way may any other case be treated.

6 Quitting, however, the consideration of special examples,
let us examine the general forms to which all syllogism may be
reduced.

ProrosiTioN T,
To deduce the general rules of Syllogism.

By the gencral rules of Syllogism, I here mean the rules appli-
cable to premises admitting of every variety both of quantity
and of quality in their subjects and predicates, except the com-
bination of two universal terms in the same propostion. The
admissible forms of propositions are therefore those of which a
tabular view is given in (1).

Let X and Y be the elements or things entering into the first
premiss, Z and Y those involved in the second. Two cases, fun-
damentally different in character, will then present themseclves.
The terms involving Y will either be of leke or of unlke quality,
those terms being regarded as of like quality when they both
speak of ¢ ¥’s,” or both of «“ Not-Y"s,” as of unlike quahty when
one of them speaks of ¢ ¥’s,” and the other of ¢ Not-1’s.” Any
pair of premises, in which the former condition is satisfied, may
be represented by the equations

vr = vy, €9

wz = wy; (2)
for we con employ the symbol y to represent cither ¢« All ¥’s,”
or ¢ Allnot-Y"s,” since the interpretation of the symbol is purely
conventional If we cmploy y in the sense of ¢ All not-17s,”
then 1 -y will represent < All Y's,” and no other change will
be intioduced. An equal ficedom is permitted with respect
to the symbols z and z, so that the equations (1) and (2) may,
by properly assigning the interpretations of x, y, and z, be made
to represent all varieties in the combination of premises depen-
dent upon the gquality of the respective terms. Agan, by as-
suming proper interpietations to the symbols », ', w, w0, in those
cquations, all varicties with reference to guantity may also be
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represented. Thus, if we take ©=1, and represent by ' a class
indefinite, the equation (1) will 1epiesent a univexsal proposition
according to the ordinary sense of that term, i. c., a proposition
with umiversal subject and paiticular predicate, We may, i
fact, give to subject and piedicate in either premiss whatever
quantities (using this term in the scholastic sense) we please, ex-
cept that by hypothess, they must not both be univeisal The
system (1), (2), represcnts. thercfore, with peifect generality,
the possible combinations of premises which have hke middle
terms

7. That our analysi: may be as general as the cquations to
which it is apphed, let us, by the method of this work, elimi-
nate ¥ from (1) and (2), and seck the expiessions for z, 1 — z, and
vz, 1 terms of = and of the symbols v, ¢, w, w’. The above will
include all the possible forms of the subject of the coaclusion.
The form » (1 ~z) 1s excluded, inazmuch as we cannot from the
interpretation vz = Some X’s, given in the premises, interpret
v(1 ~ z) as Some not-X’s. The symbol ¢, when used in the sense
of ““some,” applies to that texm only with which it is connected
in the premises.

"The results of the analysis arc as follows :

z = [www' + % (/(1-u) (1-2) +ww'(1-v)(1-v) +(1-v)(1 —)} ]z

+60 fe (1-w)+1-9} (1 -2), (L)
1-z=[v(1-7) (' +(1-w) (1 ~w)} +v (1 -w) o

+ g (v (1-w) (1 —w) +ww' (1-v) (1 -0)+(1 ~2) (1 -w)}]=z

+[‘u(l—w)w’+g{w’(l—w’)+1—v}](l—:), (I1)

va‘:[vv'ww'+g w (1-w)(1-w)) z+ g(l ~w)(1-2) (IIL)

Fach of these expressions involves in its second member two
terms, of one of which = is a factor, of the other 1 — z. Bat
syllogistic inference does not, as a matter of form, admit of con-
trary classes in its conclusion, as of Z’s and not-Z’s together.
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‘We must, therefore, in order to determine the rules of that
species of inference, ascertain under what conditions the second
members of any of our cquations are reducible to a single term.

The simplest form is (III.), and it is reducible to a single
term if w' =1. The equation then becomes

vx = wwz, 3

the first member is identical with the extreme in the first pre-
miss; the second is of the same quantity and quality as the extreme
in the second premiss. For since w'=1, the second member of
(2), involving the middle texm y, is universal ; therefore, by the
hypothesis, the first member is particular, and therefore, the se-
cond member of (3), involving the same symbol w in its coefli-
cient, is particular also Hence we deduce the following law.

ConbItioN oF INFERENCE —One middle term, at least, uni-
versal.
RuLE oF INFERENCE.—Equate the extremes.

From an analysis of the equations (1.) and (IL.), it will further
appear, that the above is the only condition of syllogistic in-
ference when the middle terms are of hike quality. Thus the
gecond member of (1.) reduces to a single term, if w'=1 and
v=1; and the second member of (IL.) reduces to a single term,
if w=1, v=1, w=1. In each of these cases, it is necessary that
w' =1, the solely sufficient condition before assigned.

Consider, secondly, the case in which the middle terms are
of unlike quality. The premises may then be represented un-
der the forms

’

e = v, (4)
' (1-y); (5)

and if, as before, we eliminate y, and determine the expressions
of z, 1 - 2, and vz, we get

wz

z= [/ (1-w) ' + 3 (s0w(1-5) + (1 -0) (1~ (L. - v)
+7 (1 -w) (1-w)}]z
+ [l +3 ((1=0) (1=9) + ¢ (1-w))] (1 -2). (IV")
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l-z=[wwv+v(1-v)(1-w)+ % {ww’ (1-1v)
+(1-) (1-v) (1 =) + ¥(1-w) (L~ w)}] 2
+ [o(1 =) + 3 (F(1 =) + (1) (1-)}] (1= 2). (V)

vz = (o' (l-w)w + % w (l-w) (1-w)z
+ {vv'w + g w(l-w)}(1-2). (VL)

Now the second member of (VL.) reduces to a single term rela-
tively to 2, if w =1, giving

ve = (vo'w +g w(l-w)} (1-2);
the second member of which is opposite, both in quantity and
quality, to the corresponding extreme, wz, in the second premiss.
For since w = 1, wz is universal But the factor v’ indicates
that the term to which it is attached is particula, since by hypo-
thesis v and v" are not both equal to 1. Hence we deduce the
following law of infercnce 1n the case of like middle terms:

First ConpITION OF INFERENCE.—At¢ least one uwmwersal
exireme.

RuLe or InFERENCE.—~—Change the quantity and quahiy of
that extreme, and equate the result to the other extreme

Moreover, the second member of (V.) 1educes to a single term
ifvy =1, w =1; it then gives

l—x:{vw+g(1-—v)w]z.

Now since v'=1, @' =1, the middle terms of the premises arc
both universal, thercfore the exticmes v, wz, are paiticular.
But in the conclusion the extreme involving 2 1s oppo~ite, both
in quantity and quality, to the extreme vz in the fiist premiss,
while the extreme involving z agrees both in quantity and qua-
Lity with the corresponding cxtreme w= in the second piemiss.
Hence the following general law :
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Seconp ConbITION OF INFERENCE — Two umwersal muddle
terms.

RuLE or InFERENCE.—Change the quantity and qually of
either extreme, and equate the result to the other extreme un-
changed.

Therc aie in the case of unlike middle terms no other condi-
tions or rules of syllogstic inference than the above. Thus the
equation (IV ), though reducible to the form of a syllogistic con-
clusion, when w=1 and v =1, does not thercby establish a new
condition of inference ; since, by what has preceded, the single
condition v = 1, or w = 1, would suffice.

8. The following examples will sufficiently illustrate the ge-
neral rules of syllogism above given:

1. All Y’s are X's.
All Z’s are Y’s.

This belongs to Case 1. All ¥’s is the nniversal middle term.
The extremes equated give as the conclusion

All Z’s are X’s;

the universal term, All Z’s, becoming the subject; the particular
term (some) X’s, the predicate.
2. All X’s are Y's.
No Z’s are Y’s.
The proper expression of these premises 1s
All X’s are Y’s.
All Z’s are not-¥Y’s.
They belong to Case 2, and sati»fy the first condition of inference.
The middle term, Y’s, in the fiist premiss, is particular-affirma-
tive; that in the second premiss, not-Y’s, paticular-negative.
If we take All Z’s as the nmiversal cxtreme, and change its
quantity and quality according to the rule, we obtain the term
Some not-Z’s, and this equated with the other cxtreme, All X’s,
gives,
All X’s are not-Z's, i. e., No X’s are Z’s.
If we commence with the other universal extreme, and proceed
similarly, we obtain the equivalent result,

No Z’s ave X’s.
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3. All Y’sare X's.
All not-Y’s are Z’s.

Here also the middle terms me unlike in quality. The premises
therefore belong to Case 2, and there being two universal middle
terms, the second condition of inference 1s satisfied. If by the
rule we change the quantity and quality of the first exticme,
(some) X’s, we obtan All not-X’s, which, equated with the
other extreme, gives

All not-X's are Z’s.
The reverse order of procedure would give the equivalent result,

All not-Z’s are X’s.

The conclusions of the two last examples would not be recog-
nised as valid in the scholastic system of Logic, which virtually
requiies that the subject of a proposition sliould be affirmative.
They arc, however, perfectly legitimate in themselves, and the
rules by which they arc determined form undoubtedly the most
general canons of syllogistic inference. The process of investi-
gation by which they are deduced will probably appear to be of
needless complexity ; and 1t is certain that they might have been
obtained with greater facility, and without the aid of any sym-
bolical instrument whatever. It was, however, my object to
conduct the investigation in the most general manner, and by an
analysis thoroughly cxhaustive With this end in view, the
brevity or prohixity of the method employed is a matter of indif-
ferer ;e Indeed the analyssis not properly that of the syllpgigm,
but « £ a much more geneial combination of propositiong’, for we
are permitted to assign to the symbols v, ¥, w, o/, ;m% class-in-
terpretations that we please. To illustrate this gedark, I will
apply the solution (1) to the following imaginary ca<e:

Suppose that a number of picees of cloth sphiped with duffe-
rent colours were submitted to inspection, angdl that the two fol-
lowing observations were made upon them :

1st. That every piece striped with whipe and gicen was also
stiiped with black and yellow, and vice vesd

2nd That cvery picce stuped with rgd and orange was also
stiiped with blue and yellow, and vice vej d.
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Suppose it then required to determine how the pieces marked
with green stood affected with reference to the colours white,
black, red, orange, and blue.

Here if we assume v = white, z = green, v’ = black, y = yellow,
w =red, z = orange, w' = blue, the expression of our premises will
be

vz = vy,
wz= wy,

agreeing with the system (1) (2). The equation (I.) then leads
to the following conclusion :

Pieces striped with green are either striped with orange,
white, black, red, and blue, together, all pieces possessing which
character are included in those striped with green; or they are
striped with orange, white, and black, but not with red or blue;
or they are striped with orange, red, and blue, but not with white
or black; or they are striped with orange, but not with white or
red ; or they are striped with white and black, but not with blue
or orange ; or they are striped neither with white nor orange.

Considering the pature of this conclusion, neither the sym-
bolical expression (I.) by which it is conveyed, nor the analysis
by which that expression is deduced, can be considered as need-
fessly complex.

9. The form in which the doctrine of syllogism has been
presented in this chapter affords ground for an important obser-
vation. 'We have seen that in each of its two great divisions the
entire discussion is reducible, so far, at least, as concerns the de-
termination of rules and methods, to the analysis of a pair of
equations, viz, of the system (1), (2), when the premises have
like middle terms, and of the system (4), (5), when the middle
terms are unlike. Morcover, that analysis has been actually
conducted by a method founded upon certain general laws de-
duced unmediately fiom the constitution of language, Chap. 11.,
confirmed by the study of the operations of the human mind,
Chap 11, and proved to be applicable to the analysis of all sys-
tems of equations whatever, by which propositions, or combina-~
tions of propositions, can be represented, Chap. viir. Here, then,
we have the means of definitely resolving the question, whether
syllogism is indeed the fundamental type of rensoning,—whether
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the study of its laws is co-extensive with the study of deductive
logic. For if it be so, some indication of the fact must be given
in the systems of equations upon the analysis of which we have
been engaged. It cannot be conceived that syllogism should be
the one essential process of 1ca~onng, and yet the manifestation
of that process present nothing indicative of this high quality of
pre-eminence. No sign, howeyver, appears that the discussion of
all systems of equations cxpiessing propositions is involved in
that of the particular sysiem examined 1n this chapter. And yet
writers on Logic have been all but unanimous in their assertion,
not merely of the supiemacy, but of the universal sufficiency of
syllogistic infeience in deductive reasoning. The language of
Archbishop Whately, always clear and definite, and on the sub-
ject of Logic ertitled {o peculiar attention, is very express on
this point. ¢ For Logie,” he says, ¢ which 1s, as it weie, the
Grammar of Reasoning, does not hing forward the regular Syl-
logism as a distinct mode of argumentation, designed to be subst:-
tuted for any other mode; but as the form to which el correct
reasoning may be ultimately reduced.”* And Mr.Mll, in a
chapter of lus System of Logic, entitled, ¢ Of Ratiocination or
Syllogism,” having enumerated the ordinmy forms of syllogism,
observes, ¢ All valid 1atiocination, all reasoning by which from
geneial propositions previously admitted, other propositions,
equally or less general, are inferred, may be exhibited in some of
the above forms.” And again < We aic therefore at hberty,
in conformity with the gencial opimion of logicians, to consider
the two elementary forms of the fitst figuie as the universal types
of all correct 1atiocination.” In accordance with these views it
has been contended that the science of Logic enjoys an immunity
from those conditions of imperfection and of progress to which
all other sciences are subject;t and its origin from the travail of
one mighty mind of old has, by a somewhat dauing metaphor,
been compared to the mythological birth of Pallas.

As Syllogism is a species of elinination, the question before
us manifestly resolves itself into the two following ones:—1st.
‘Whether all elimination is 1educible to Syllogism ; 2ndly. Whe-

® Elements of Logic, p 13, mnth edition.
+ Introduction to Kant's “Logix "
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ther deductive reasoning can with propriety be regarded as con-
sisting only of climination I beleve, upon careful examination,
the true answer to the former question to be, that 1t is always
theoretically possible so to 1esolve and combine propositions that
elimination may subscquently be cffected by the syllogistic ca-
nons, but that the process of reduction would in many instances
be constiamned and unnatuial, and would involve operations
which arc not syllogistic To the second question I reply, that
1casoning cannot, except by an arbitrary restriction of its mean-
ing, be confined to the process of ehmation. No definition can
suffice which makes it less than the aggregate of the methods
which are founded upon the laws of thought, as exercised upon
propositions ; and among those methods, the process of elimina-
tion, eminently important asit is, occupics only a place.

Much of the error, as I cannot but regard it, which prevails
respecting the natme of the Syllogism and the extent of its
office, seems to be founded in a disposition to regard all those
truths in Logic as g2 ey which possess the character of sim-
plicity and intuitive certainty, without inquiing into the relation
which they sustain to other truths in the Science, or to general
methods in the A1t, of Reasoning Aaistotle’s dictum de omm et
nullo 13 a sclf-cvident principle. but 1t is not found among those
ultumate laws of the reasoning faculty to which all other laws,
however plain and self-evident, admt of being traced, and from
which they may in stiictest order of scientific evolution be de-
duced TFor though of every science the fundamental f1uths aie
usually the most simple of apprehension, yet 1s not that sim-
pheity the ereteron by which then title to be regarded as funda-
mental must be judged  This must be sought for in the nature
and extent of the stiucture which they are capable of supporting.
Takng this view, Leibnitz appeais to me to have judged cor-
rectly when he asugned to the ¢ principle of contradiction” a
fundamental place 1n Logic;* for we have seen the consequences
of that law of thought of which it is the axiomatic expression
(I11. 15) But enough has becn said upon the nature of deduc-
tive infcicnce and upon its constitutive elements The subject of

* Nouveaux Essais sur 'entendement humain. Liv 1v cap 2. Theodicee
Pt I sce 44
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induction may probably receive some attention in another part of
this wor k.

10 It has been remaiked in this chapter that the ordinary
treatment of hypothetical, is much more defective than that of
categorical, propositions. What is commonly termed the hypo-
thetical syllogism appecms, indeed, to be no syllogism at all.
Let the argument—

Ifa4ws B, Cis D,
But A is B,
Therefore Cis D,

be put in the form——

If the proposition X is true, Y is true,
But X is true,
Therefore Y is true;

wherein by X is meant the proposition 4 is B, and by Y, the
proposition Cis D. It is then scen that the piemises contain
only two texms or clements, while a syllogism essentially involves
thiee The following would be a genuine hypothetieal syllogism .

If X is true, Y is true,
If Yi< true, 7 is tiue,
If X 1s true, Z1s true.

After the dicussion of secondary propositivns in a former
part of this work, it 15 evident that the foims of Iy pothetical
syllogism must present, in every respeet, an exact counterpm ¢ to
those of categorical syllogism  Partiwcular Propositions, such as,
¢ Sometimes if X 1s true, Y is tine,” may be introduced, and the
conditions and rules of inference deduced in this chapter for ca-
tegorical syllogisms may, without abatement, be inteipreted to
meet the coulesponding cases m kyvpotheticals

11. To what final conclu~ions ate we then led respecting the
nature and extent of the schola~tic logic? I thmlyto the following.
that 1t 1s not a seience, but a collection of scientsfie truths, too
incomplete to form a sy~tem of themselves, and not sufheiently
fundamental to scive as the foundation upon which a perfect
system may 1est It does not, however, {ollow, that becans~c the
logic of the scliools has been mvested with attubutes to which it
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has no just claim, it is therefore undeseiving of regard. A sys-
tem which has been associated with the very growth of language,
which has left its stamp upon the greatest questions and the
most famous demnonstiations of philosophy, cannot be altogether
unworthy of attention. Memory, too, and usage, it must be ad-
mitted, have much to do with the intellectual processes; and
there are certan of the canons of the ancient logie which have
become almost inwox en in the very textme of thought in cultured
minds But whether the mnemonie forms, in which the particu-
lar rules of conversion and syllogism hay ¢ been exhubited, possess
any real utility,—whether the very skill wiuch they are supposed
to impart might not, with gicater advantage to the mental
poweis, be acquired by the unassisted efforts of a mind left to its
own resources,—are questions which it might still be not un-
profitable to examine As concerns the particular 1esults de-
duced in this chapter, it is to be observed, that they aie solely
designed to aid the inquiry concerning the natuie of the ordinary
or scholastic logic, and its relation to a more perfect theory of
deductive reasoning
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CHAPTER XVI.

ON THE THEOKRY OF PROBABILITIES.

1. BEFORE the expiration of another year just two centuries
will have rolled away since Pascal solved the first known
question in the theory of Probabilities, and laid, in its solution,
the foundations of a science possessing no common share of the
attraction which belongs to the more abstract of mathematical
speculations. The problem which the Chevalier de Méré, a re-
puted gamester, proposed to the recluse of Port Royal (not yet
withdrawn fiom the interests of science® by the more distracting
contemplation of the ¢ greatness and the misery of man”), was
the first of a long series of problems, destined to call into exis-
tence new methods in mathematical analysis, and to render va-
luable service in the practical concerns of life Nor does the in-
terest of the subject centie merely in its mathematical connexion,
or its associations of utility. The attention is repaid which is
devoted to the theory of Piobabilities as an independent object
of speculation,—to the fundamental modes in which it has been
conceived,—to the great secondary principles which, as in the
contemporaneous science of Mechanics, have gradually been an-
nexed to 1t,—and, lastly, to the estumate of the measme of per-
fection which has been actually attained. I speak heie of that
perfection which consists in unmty of conception and haimony of
processes. Some of these points it is designed very briefly to
conside: in the present chapte.
2. A distingwished writert has thus stated the fundamental
definitions of the science :

¢ See 1n particular a letter addressed by Pascal to Fermat, who had solicited
lus attention to a mathematical problem (Port Royal, par M de Sainte Beuve),
also various passages i the collection of Fragments published by M Prosper
Faugére.

+ Powsson, Recherches sur la Probabihté des Jugemens
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¢¢ The probability of an event is the reason we have to helieve
that it has taken place, or that it will take place”

¢ The measure of the probability of an event is the ratio of
the number of cases favourable to that event, to the total num-
ber of cases favourable or contrary, and all equally possible”
(equally hkely to happen).

From these definitions it follows that the word probabiity, in
its mathematical acceptation, has reference to the state of our
knowledge of the chcumstances under which an event inay hap-
pen or ful  'With the degiec of information which we possess
concerning the circumstances of an event, the 1eason we have to
think that 1t will occur, or,to use a single term, our expectation of
it, will vy, Probability is expectation founded upon patial
knowledge. A perfect acquaintance with al/ the cucumstances
affecting the occurrence of'an event would change expectation
into certainty, and leave neither 100m nor demand for a theory
of probabilities.

3. Though our expectation of an event grows stronger with
the increase of the ratio of the number of the known cases fa-
vourable to its oceurrence 1o the whole number of equally pos-
sible cases, fayomable or unfavourable, 1t would be unphilosophical
to affirm that the stiength of that expectation, viewed as an
emotion of the mind, is capable of being 1¢ferred to any numerical
standard. The man of sanguine temperament builds high hopes
where the timid despaw, and the hiresolute me lost in doubt.
As subjects of scientific inquiry, theie is some analogy between
opmmewon and sensation  The thermometer and the carefully pre-
pared photogiaphic plate indicate, not the intensity of the sen-
sations of hecat and light, but certain physical cncumstances
which accompany the production of those scnsations. So also
the theory of probabilities contemplates the numerical measure
of the circumstances upon which expectation is founded ; and this
object embraces the whole range of its legitimate apphications.
The rules which we employ mn hfe-assurance, and in the other
statistical appheations of the theory of probabilities, are altogether
independent of the mental phenomena of expectation, They are
founded upon the assumption that the future will hea a 1esem-
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blance to the past; that under the same circumstances the same
event will tend to 1ecur with a definite numerical frequency , not
upon any atiempt to subnut to calculation the stiength of human
hopes and feass.

Now experience actually testifies that cvents of a given species
do, under given circumstances, tend to recur with definite fie-
quency, whether their tiue causes be known to us or unknown.
Of cowse this tendency is, in gencral, only manifested when the
area of obscivation is sufficiently large  The judicial records of
a great nation, its registries of births and deaths, in relation to
age and sex, &c, present a 1emarkable umformity from year to
yem. In a given language, or family of Janguages, the same
sounds, and successions of sounds, and, if it be a written lan-
guage, the snme chaiacters and successions of characters 1ecur
with determinate fiequency. The key to the rude Ogham in-
seriptions, found m vaiious parts of Iicland, and in whichk no
distinction of woids could at fitst be tiaced, was, by a strict ap-
plication of this pineiple, 1ccovered.* The same method, it is
understood, has been appliedf to the decipheing of the cuneiform
records recently disentombed from the 1uins of Nmeveh by the
enterprise of M1 Layad.

4. Let us endeavowr fiom the above statements and defini-
tions to foim a conception of the legitimate object of the theory
of Probabulities

Piobability, it has been said, consists in the expectation
founded upon a particula kind of knowledge, viz, the know-
ledge of the 1elative fiequency of ocemrence of events 1lence
the probabilities of events, or of cominations of events, whether
deduced from a knowledge of the pmticular constitution of
things under which they happen, mt deiived fiom the long-con-
tinued observation of a past scries of their occuriences and fai-
lures, constitute, 1 all cases, our data. The probability of some

* The discovery is due to the Rev Chailes Graves, Professor of Mathematies
in the Umiversity ot Dublin — Vide Proceedings of the Royal Irish Academy,
Feb 14, 1848 DProfesson Giaves imforms me that he has verified the principle
by constructing sequence tables for all the Tuiopean languages

1 By the learned Orientalist, )h Edward Hinchs.
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connected event, or combination of events, constitutes the cor-
responding quesitum, or object sought. Now in the most gene-
ral, yet strict meaning of the term “event,” every combination
of events constitutes also an event. The simultaneous occur-
rence of two or more events, or the occurience of an event under
given conditions, or in any conceivable connexion with other
events, is still an event. Using the term in this liberty of appli-
cation, the object of the theory of probabilities might be thus
defined. Given the probabilities of any events, of whatever
kind, to find the probability of some other event connected with
them.

5. Events may be distinguished as simple or compound, the
latter term being applied to such events as consist in a combina-
tion of simple events (I. 13). In this manner we might define it
as the practical end of the theory under consideration to deter-
mine the probability of some event, simple or compound, from
the given probabilities of other events, simple or compound,
with which, by the terms of its definition, it stands connected.

Thus if it is known from the constitution of a die that there

is a probability, measured by the fraction 1, that the result of

any particular throw will be an ace, and if it is required to deter-
mine the probability that there shall occur one ace, and only one,
in two successive throws, we may state the problem in the order
of its data and its quesitum, as follows:

Finrst Datom —Probability of the event that the first throw

will give an ace = é

Seconp Datum —Probability of the event that the second

throw will give an ace = 5

QuzEsiTuM.—Probability of the event that either the first
throw will give an ace, and the second not an ace; or the first
will not give an ace, and the second will give one.

Herc the two data are the probabilities of simple events de-
fined as the first throw giving an ace, and the second throw
giving an ace. The quesitum is the probability of'a compound
cvent,—a certain disjunctive combination of the simple events
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involved or implied in the data. Probably it will generally hap-
pen, when the numerical conditions of a problem are capable of
being deduced, as above, from the constitution of things under
which they exist, that the data will be the probabilities of sample
events, and the quasitum the probability of a compound event
dependent upon the said simple events. Such is the case with a
class of problems which has occupied perhaps an undue share of
the attention of those who have studied the theory of probabilities,
viz, games of chancc and skill, in the former of which some
physical circumstance, as the constitution of a die, determines
the probability of each possible step of the game, its issue being
some definite combination of those steps; while in the latter, the
relative dexterity of the players, supposed to be known d prir,
cqually determines the same clement. But where, as In statisti-
cal problems, the elements of our knowledge are diawn, not from
the study of the constitution of things. but from the regstered
observations of Nature or of human society, there is no reason
why the data which such observations afford should be the pro-
babilities of simple events. On the contiary, the occurrence of
events or conditions in marked combinations (indicative of some
secret connexion of a causal character) suggests to us the pro-
priety of making such concurrences, profitable for future instruc-
tion by a numerical record of their frequency Now the data
which observations of this kind afford are the probabilities of
compound events. The solution, by some general method, of
problems in which such data are involved, is thus not only essen~-
tial to the perfect development of the theory of probabilities, but
also a perhaps necessary condition of its application to a large
and practically important class of inquiries.

6 Before we proceed to estimate to what cxtent known me-
thods may be applied to the solution of problems such as the
above, it will be advantageous to notice, that there is another
form under which all questions in the theory of probabilities may
be viewed ; and this form consists in substituting for events the
propositions which assert that those events have occurred, or
will occur ; and viewing the element of numerical probability as
baving reference to the truth of those propositions, not to the oc-
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currence of the events concerning which they make assertion.
Thus, instead of considering the numerical fraction p us ex-
pressing the probability of the occurrence of an event B, let it
be viewed as representing the probability of the truth of the
proposition X, which asserts that the event E will occur. Si-
milarly, instend of any probability, ¢, being considered as re-
ferring to some compound event, such as the concurrence of the
events E and F, let it represent the probability of the truth of
the proposition which asserts that E and F will jointly occur;
and in like manner, let the transformation be made from disjunc-
tive and hypothetical combinations of events to disjunctive and
conditional propositions. Though the new application thus as-
signed to probability is a necessary concomitant of the old one,
its adoption will be attended with a practical advantage drawn
from the circumstance that we have alieady discussed the theory
of propositions, have defined their principal varieties, and estab-
lished methods for determining, in every case, the amount and
character of their mutual dependence. Upon this, or upon some
equivalent basis, any general theory of probabilities must rest.
I do not say that other considerations may not in certain cases of
applied theory be requisite. The data may prove insufficient for
defimte solution, and this defect 1t may be thought necessary to
supply by hypothesis  Or, wheie the statement of large num-
bers is involved, difficulties may arise after the solution, from this
source, for which special methods of treatment aie required.
But in eve.y instance, some form of the general problem as above
stated (Art. 4) is involved, and in the discussion of'that problem
the proper and peculiar work of the theory consists. I desire it
to be observed, that to this object the investigations of the fol-
lowing chapters are mainly devoted. Itisnotintended to enter,
except incidentally, upon questions involving supplementary hy-
potheses, because it is of primary importance, even with reference
to such questions (I. 17), that a general method, founded upon
a solid and sufficient basis of theory, be first established.

7. The following is a summary, chiefly taken from Laplace, of
the minciples which have been appled to the solution of questions
of probability. They are consequences of its fundamental defini-
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tions alrendy stated, and may be regarded as indicating the degree
in which it has been found possible to 1ender those definitions
available.

PrincipLE 1st. If p be the probability of the occurrence of
any event, 1 —p will be the probability of its non-occuirence.

2nd. The probability of the concurrence of two independent
events is the product of the probabilitics of those events.

3rd The probability of the concurence of two dependent
events is cqual to the product of the probability of one of them
by the probability that if that event occur, the other wall happen
also

4th. The probability that if an event, I, take place, an event,
F, will also take place, is equal to the probability of the concur-
rence of the events £ and F, dnvided by the probabihity of the
occurrence of E.

5th. The probability of the occurrence of one or the other of
two events which cannot concur is cqual to the sum of their se-
parate probabilities.

6th. If an observed event can only result from some one of #
different causes which aie d prwre equally probable, the proba-
bility of any one of the causes is a fraction whose numerator is the
probability of the event, on the hypothesis of the existence of that
cause, and whose denomunator is the sum of the simlar proba-
bilities relative to all the causes.

7th. The probability of a future event is the sum of the pro-
ducts formed by multiplying the probability of cach cause by
the probabilhity that if that cause exist, the said future event
will take place.

8 Respecting the extent and the 1clative sufficiency of these
principles, the following observations may be made.

1st. It is always possible, by the due combination of these
principles, to express the probability of a compound cvent, de-
pendent in any manner upon independent simple ¢vents whose
distinct probalnlities a1e given. A very large proportion of the
problems which have been actually solved are of this hind, and
the difficulty attending their solution has not arisen from the in-
sufficiency of the indications furnished by the theoiy of proba-
bilities, but fiom the need of an analysis which should 1ender
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those indications available when functions of large numbers, o
series consisting of many and complicated terms, are theieby in-
troduced. It may, therefore, be fully conceded, that all pro-
blems bhaving for their data the probabilities of independent
simple events fall within the scope of received methods

2ndly. Certain of the principles above enumerated, and espe-
cially the sixth and scventh, do not presuppose that all the data
are the probabilities of simple events, In their peculiar apphca~
tion to questions of causation, they do, however, assume, that the
causes of which they take account arc mutually exclusive, so
that no combination of them in the production of an effect is
possible. If, as before explained, we transfer the numeiical pro-
babilities fiom the events with which they are connected to the
propositions by which those events are expressed, the most ge-
neral problem to which the afuresaid principles are applicable
may be stated in the following order of data and quesita

DATA

1st. The probabulities of the z conditional propositions :

If the cause A4, exist, the event £ will follow ;
29 A" 3 -E L1

” An 2 'E 3
2nd. The condition that the antecedents of those propositions
are mutually conflicting

REQUIREMENTS.

The probability of the truth of the proposition which declares
the occurrence of the event E; also, when that proposition is
known to be true, the probabilities of truth of the several pro-
positions which affirm the respective occurrences of the causes
Ay, Ay .. An

Here it is scen, that the data are the probabilities of a series
of compound events, expressed by condztinal propositions. But
the system is obviously a very limited and particular one For
the antecedents of the propositions are suhject to the condition of
being mutually cxclusive, and there is but one consequent, the
event E, in the whole system. It does not follow, from our
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ability to discuss such a system as the above, that we are able to
resolve problems whose data are the probabiltics of any system
of conditional propositions ; far less that we can resolve problems
whose data are the probabilities of any system of propositions
whatever  And, viewing the subject in its material rather
than its formal aspect, it is evident, that the hypothesis of exclu-
szve causation is one which is not often realized in the actual
would, the phenomena of which seem to be, usnally, the products
of complex causes, the amount and chaacter of whose co-opera-
tion is unknown. Such is, without doubt, the case in nearly all
departments of natural or social inquiry in which the doctrine of
probabilities holds out any new promise of useful applications.

9. To the above principles we may add another, which has
been stated in the following terms by the Savihan Professor of
Astronomy in the University of Oxford *

¢ Principle 8. If therc be any number of mutunally exclusive
hypotheses, %,, k;, A3, . . of which the probabilities rélative to a
particular state of information are p,, p;, p,, . . and if new infor-
mation be given which changes the probalnlities of some of them,
suppose of %,., and all that follow, without having otherwise
any reference to the rest ; then the probabilitics of these latter
have the same ratios to one another, afte1 the new information,
that they had before, that is,

PripPripPse- i Pm=PriiP: Ps i Py

where the accented letters denote the values after the new infor-
matjon has been acquired.”

This principle is appaiently of a more fundamental character
than the most of those before enumerated, and perhaps it might, as
has been suggested by Professor Donkin, be regarded as axio-
matic. It seems indeed to be founded in the very definition of
the measure of probability, as ¢ the ratio of the number of cases
favourable to an event to the total number of cases favourable or
contrary, and all equally possible.” For, adopting this definition,
it is evident that in whatever proportion the number of equally

* On certain Questions relating to the Theory of Probabilities, by W. F
Donkin, M.A, F R S, &c. Philosophical Magazine, May, 1851,
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possible cases is diminished, while the'number of favourable eases
remains unaltered, in exactly the same proportion will the pro-
babilities of any events to which these cases have reference be
increased. And as the new hypothesis, viz, the diminution of
the number of possible cases without affecting the number of
them which are favourable to the cvents 1in question, increases
the probabilities of those events in a constant ratio, the relative
measures of those probabulities remain unalteied If the principle
we are considering be then, as it appears to be, inseparably in-
volved in the very definition of probability, 1t can scarcely, of
wtself; conduct us further than the attentive study of the defim-
tion would alone do, in the solution of problems. From these
considerations it appears to be doubtful whether, without some
aid of a different kind from any that has yet offered itself to our
notice, any considerable advance, either in the theory ot proba-
bilitics as a branch of speculative knowledge, or in the practical
solution of its problems can be hoped for. And the establish-
ment, solely upon the basis of any such collection of principles as
the above, of a method universally applicable to the solution of
problems, without regard either to the number or to the nature
of the propositions involved in the expression of their data,
seems to be impossible. For the attainment of such an object
other elements are needed, the consideration of which will ozcupy
the next chapter.
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CHAPTER XVII.

DEMONSTRATION OF A GENERAL METHOD FOR THE SOLUTION OF
PROBLEMS IN THE THEORY OF PROBABILITIES.

L. IT has been defined (XVI 2), that ¢ the measure of the

probability of an event is the rativ of the number of cases
favourable to that cvent, to the total number of cases favourable
or unfavourable, and all equally possible.” In the following in-
vestigations the term probability wall be used in the above sense
of ¢ measure of probabihty.”

From the above definition we may deduce the following con-
clusions.

I. When it is certain that an event will occur, the probability
of that event, in the above mathematical sense, is 1. For the
cases which are favourable to the event, and the cases which are
possible, are in this instance the same.

Hence, also, if p be the probability that an event # will happea,
1 — p will be the probalulity that the said event will not happen.
To deduce this result directly from the definition, let m be the
number of cases favomable to the event z, # the number of cases
possible, then z-m is the number of cases unfavomable to the
event 2 Hence, by definition,

17171 = probability that z will happen.

iom_ probabulity that & will not happen
But n—m m
L

II. The probalility of the concurience of any two cvents is
the product of the probability of either of those cvents by the
Pprobability that if that eyent occur, the other will occur also.

Let m be the number of cases favourable to the happening
of the first event, and 7 the number of equally possible cases un-
favourable to it ; then the probability of the first event 1s, by defini-
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tion, mr:- - Of the m cases favourable to the first event, let 7

cases be favourable to the conjunction of the first and second
events, then, by definition, —15- is the probability that if the first

event happen, the second also will happen Multiplying these
fractions together, we have

m ) l
x
m+n m m+in

But the resulting fraction has for its numerator the num-

m+n

ber of cases favourable to the conjunction of events, and for its
denominator, the number m + n of possible cases. Therefore,
it represents the probability of the joint occurrence of the two
events.

Hence, if p be the probability of any event z, and ¢ the pro-
bability that if z occur y will occur, the probability of the con-
junction zy will be pg.

II1. The probabulity that if an event z occur, the event y will
oceur, is a fraction whose numerator is the probabihity of their
joint occurrence, and denominator the probability of the occut-
rence of the event z.

This is an immediate consequence of Principle 2nd.

IV. The probability of the occurrence of some one of a series
of exclusive events is equal to the sum of their separate proba-
bilities.

For let » be the number of possible cases ; =, the number of
those cases favourable to the first event; m, the number of cases
favourable to the second, &e. Then the separate probabilities of

m, m . .
the events are 7;, f, &c. Again, as the events are exclusive,

none of the cases fivourable to one of them is favourable to
another; and, therefore, the number of cases favourable to some
one of the series will be m, + m, . . , and the probability of some

. .. m+ M. . .
one of the series happening will be —— ——— But this is the

sum of the previous fiactions, 1%, %’ s &. Whence the prin-

ciple is manifest.
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2 DeriNiTioN.—Two events are said to be independent
when the probability of the happening of either of them is
unaffected by our expectation of the occurrence or failure of
the other.

From this definition, combined with Principle IL., we have
the following conclusion :

V. The probability of the concurrence of two independent
events is equal to the product of the separate probabilities of
those events.

For if p be the probability of an event r, ¢ that of an event
regarded as quite independent of z, thenisg also the probability
that if z occur y will occur  Hence, by Principle IL., pg is the
probability of the concurrence of z and y.

Under the same circumstaunces, the probability that z will
occur and ¥ not occur willbe p (1 -¢). For p is the probability
that z will occur, and 1 - ¢ the prohabulity that y will not occur.
In like manner (1 - p) (1 - ¢) will be the probability that both
the events fail of occurring

3. There exists yet another principle, different in kind from
the ahove, but necessary to the subsequent investigations of this
chapter, before proceeding to the explicit statement of which I
desire to make one or two preliminary observations.

I would, in the first place, remark that the distinction be-
tween simple and compound events is not one founded in the
nature of events themselves, but upon the mode or connexion in
which they are presented to the mind. How many separate par-
ticulars, for instance, are imphed in the terms ¢ To be in health,”
“ To prosper,” &c., each of which might still be 1egarded as
expressing a “ simple event”? The prescriptive usages of lan-
guage, which have assigned to particular combinations of events
single and definite appellations, and have left unnumbered other
combinations to be expressed by corresponding combinations of
distinct terms or phrases, is essentially arbitrary ~When, then,
we designate as simple events those which are expressed by a
single verb, or by what grammaiians term a simple sentence, we
do not thereby imply any real simplicity ir the events them-
selves, but use the term solely with reference to grammatical
expression.
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4. Now if this distinction of events, as simple or compound, is
not founded in their real nature, but rests upon the accidents of
language, 1t cannot affect the question of their mutual depend-
ence or independence. If my knowledge of two simple events is
confined to tlus particular fact, viz., that the probability of the
occurrence of one of them is p, and that of the other ¢, then I re-
gard the events as independent, and thereupon affirm that the
probability of their joint occurience is pg But the ground of
this affirmation is not that the events are simple ones, but that
the data afford no information whatever concerning any connexion
or dependence between them. When the probabilities of events
are given, but all information respecting their dependence with-
held, the mind 1egards them as independent. And this mode of
thought is equally correct whether the cvents, judged according
to actual expression, are simple or compound, 1. e., whether each
of them is expiessed by a single verb or by a combination of
verbs,

5. Let it, however, be supposed that, together with the pro-
babilities of certain events, we posscss some definite 1nformation
respecting their possible combinations. For example, let it be
known that certain combinations are excluded from happening,
and therefore that the remaining combinations alone aire possible.
Then still is the same geneial principle applicable. The mode
in which we avail ourselves of this information in the calculation
of the probability of any conceivable 1ssue of events depends not
upon the natwe of the cvents whose probalnlities and whose
limnits of possible connexion are given. It matteis not whether
they are simple or compound. It is indifferent from what source,
or by what methods, the knowledge of their probabilities and of
their connecting relations has been derived We must regard
the events as independent of any connexion beside that of which
we have information, deeming it of no consequence whether such -
Jormaton has been explicitly conveyed to us wn the dala, or thence
deduced by logical wnférence.  And this leads us to the statement
of the general punciple in question, viz. :

VI. The events whose piobabilities are given are to be re-
guded as imdependent of any connexion but such as is either
expiessed, or necessaiily mnplied, in the data; and the mode in
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which our knowledge of that connexion is to be employed is in-
dependent of the nature of the source from which such know-
ledge has beer derived.

The practical importance of the above principle consists
in the circumstance, that whatever may be the nature of the
events whose probabilities are given,—whatever the nature of
the event whose probability is sought, we are always able, by an
application of the Calculus of Logic, to determine the expression
of the latter event as a definite combination of the former events,
and definitely to assign the whole of the implhed relations con-
necting the former events with each other. In other words, we
can determine what that combination of the given events is whose
probability is required, and what combinations of them are alone
possible. It follows then from the above principle, that we can
reason upon those events as if they were simple events, whose
conditions of possible combination had been directly given by
experience, and of which the probability of some definite combi-
nation is sought. The possibility of a general method in proba-
bilities depends upon this reduction.

6. As the investigations upon which we are about to enter
are based upon the employment of the Caleulus of Logie, it is
necessary to explain ceitain terms and modes of expression which
are derived fiom this apphication.

By the event z, I mean that event of which the proposition
which affirme the occurrence is symbolically expressed by the
equation

x=1.

By the event ¢ (2,9, 2, . .), I mean that event of which the

occurience is expressed by the equation

¢y, zn.)=1
Such an event may be termed a compound cvent, in relation to
the simple events z, y, 2z, which its conception involves. Thus,
if z represent the event ¢ It rains,” y the event *It thundas,”
the separate occuriences of those events being expressed by the
logical equations
z=1, y=1,

then will 2 (1 - ) +y (1 - z) represent the cvent or state of
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things denoted by the Proposition, ¢ It either rains or thunders,
but not both ;” the expression of that state of things being

z(l-y)+y(l-z)=1.
If for brevity we 1epresent the function ¢ (z, y, 2, ..), used in
the above acceptation by ¥, it is evident (VL. 13) that the law
of duality
V(li-7V)=0,
will be identically satisfied.

The simple events z, y, 2 will be said to be ¢ conditioned”
when they are not free to occur in every possible combination ;
in other words, when some compound event depending upon
them is precluded from occurring. Thus the events denoted by
the propositions, It rains,” ¢ It thundeis,” are ¢ conditioned”
if the event denoted by the proposition, ¢ It thunders, but does
not ram,” is excluded from happening, so that the range of pos-
sible is less than the range of conceivable combination. Simple
unconditioned events are by definition independent.

Any compound event is similarly said to be conditioned if it
is assumed that it can only occur under a certain condition, that
is, in combination with some other event constituting, by its pre-
gence, that condition.

7. We shall proceed in the natural order of thought, from
simple and unconditioned, to compound and conditioned events.

Prorosition I.

1st. If p, q, v are the respectwe probabilities of any uncon-
ditioned sumple events z, y, z, the probability of any compound
event ¥V will be [ V], this function [ V] bewng formed by changwng,
tn the function V, the symbols z,y, z mto p, q, v, &e.

2ndly. Under the same circumstances, the probability that if

the event V occur, any other event V' wnll also occur, wnll be

[Ef VI;I]’ wherem [VV"] denotes the result obtamed by multsplying

together the logical functions V and V', and changing wn the result
z, ¥, 2, §c wmio p, g, 7, §c.

Let us confine our attention in the first place to the pos-
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stble combinations of the two simple events, z and y, of which the
respective probabilities are p and g. The primary combinations

of those events (V. 11), and their corresponding probabilities, are
as follows :

EVENTS. PROBABILITIES.
zy, Concurrence of zand y,  pgq.

z(1-y), Occurrence of  without y, p (1 - ¢).
(1-2)y, Occurrence of y without z, (1 - p) 4.
(1-z) (1-y), Conjoint failure of z and y, (1-~p) (1 - ¢).

We see that in these cases the probability of the compound event
represented by a constituent is the same function of p and g as
the logical expression of that event is of = and y; and it is obvious
that this remark applies, whatever may be the number of the
simple events whose probabilities are given, and whose jomt ez-
wstence or finlure is involved in the compound event of which we
seek the probability.

Consider, in the second place, any disjuncieve combination of
the above constituents The compound event, expressed in or-
dinary language as the occurrence of ¢ cither the event z without
the event y, or the event y without the event 2,” is symbolically
expressed in the fom z (1 -g) +y (1 - z), and its probabulity,
determined by Principles 1v. and v., is p(1 —¢) + ¢ (1 - p) The
latter of these expressions is the same function of p and ¢ as the
former is of z and y. And it is obvious that this is also a par-
ticular illustration of a general rule. The events which arc ex-
pressed by any two or more constituents arc mutually exclusive.
The only possible combination of them 1s a disjunctive one, ex-
pressed in ordinary language by the conjunction or, in the lan-
guage of symbolical logic by the sign +. Now the probability of
the occurrcnce of some one out of a set of mutually exclusive
events is the sum of their scparate probabilities, and is expressed
by connecting the expressions for those sepaiate probabilities by
the sign +. Thus the law above exemplified is scen to be general.
The probability of any unconditioned event ¥ will be found by
changing in V the symbols z, y, z,.. intop, ¢, 7, ..

8. Again, by Principle m1., the probability that if the event
V oceur, the event V' will occur with it, is cxpressed by a frac-
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tion whose numerator is the probability of the joint occurrence
of Vand V', and denominator the probability of the occurrence
of V.

Now the expression of that event, or state of things, which is
constituted by the joint occurrence of the events V and V7, will
be formed by multiplying together the expressions V and V" ac-
cording to the rules of the Calculus of Logic; since whatever
constituents are found in both 7 and 77 will appear in the pro-
duct, and no others. Again, by what has just been shown, the
probability of the event represented by that product will be de-
termined by changing therein z, y, z into p, ¢, 7, .. Hence the
numerator sought will be what [77”] by definition represents.
And the denominator will be [ V], wherefore

Probability that if V occur, 7~ will occur with it = [_E’VV]’]
9, For example, if the probabilities of the simple events
z, ¥, z are p, ¢, r respectively, and it is required to find the pro-
bability that if cither z or y occur, then either y or z will occur,
we have for the logical expressions of the antecedent and conse-
quent—

1st Either z or y occurs, z (1 -y) +y (1 - ).
2nd. Either y or z occurs, y (1 -2) +z(1-y).
If now we multiply these two expressions together according to

the rules of the Calculus of Logic, we shall have for the expres-
sion of the concurrence of antecedent and consequent,

=(l-y)+y(1-z)(L-2).
Changing in this result , y, z into p, ¢, r, and similarly trans-

forming the expression of the antecedent, we find for the proba-
bility sought the value

prd-9+¢(1-p Q-7
pA-9+q(1-p)
The special function of the calculus, in a case like the above, is
to supply the office of the reason in determining what are the
conjunctures involved at once in the consequent and the ante-
cedent. But the advantage of this application is almost entirely
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prospective, and will be made manifest in a subsequent propo-
sition

Prorosition I1.

10. It is known that the probabilities of certawn simple events
Z,Ys 2y ..aTE P, G Ty . . Tespectively when a certain condition V is
satigfied; V bewng wn expression a function of 7, y, z,.. Requred
the absolute probalnlities of the events z,y, z, . ., that is, the
probabilities of their respectwe occurrence independently of the con-
dition V.

Letp, ¢, 7, &ec., be the probabilities required, i. e. the pro-
babilities of the events z, y, 2, . ., regarded not only as simple,
but as independent events. Then by Prop. 1. the probabilities
that these events will occur when the condition ¥, represented
by the logical equation V= 1, is satisfied, are

V] V] [2V] g
i’ v’ vl "
in which [z V] denotes the result obtained by multiplying V by
z, according to the rules of the Calculus of Logic, and changing
in the result z, y, z, into p), ¢, 7, &c. But the above condi-
tioned probabulities are by hypothesis equal to p, ¢, 7, . . re-
spectively. Hence we have,

V]__ [yV1_. [2V]
™" Tt
from which system of equations equal in number to the quanti-
ties p’,. ¢ 7, . ., the values of those quantitics may be deter-
mined.
Now zV consists simply of those constituents in ¥ of which
x is a factor. Let this sum be represented by V, and in like
manner let y V" be represented by Vy, &. Our equations then
assume the form

=r, &c.,

V. v, "

I;:_V]J=p9 [TI?%—%&G-, (l)
where [ V] denotes the results obtained by changing in V; the
symbols z, y, 2, &c., into p; ¢; ry &c.

To render the meaning of the general problem and the prin-
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ciple of its solution more evident, let us take the following ex-
ample.  Suppose that in the drawing of balls from an wrn
attention had only been paid to those cases in which the balls
drawn were either of a paiticular colour, ‘¢ white,” or of a par-
ticular composition, ¢ marble,” or were marked by both these
characters, no 1ecord having been kept of those cases in which a
ball that was neither white nor of marble had been drawn. Let
it then have been found, that whenever the supposed condition
was satisfied, there was a probability p that a white ball would be
drawn, and a probability ¢ that a marble ball would be drawn : and
from these data alone let it be required to find the probabulity
that in the next drawing, without reference at all to the condi-
tion above mentioned, a white ball will be drawn ; also the pro-
bability that a marble ball will be drawn.

Here if z represent the drawing of a white ball, y that of a
marble ball, the condition ¥ will be represented by the logical
function
zy+z(l-yp)+(1-2)y.

Hence we have vra(l-n+( ¥

Vi=ay+z(l-y)=2, Vy=my+(l-2)y=y;
whence
[Vel=p>, [Vl=¢;

and the final equations of the problem are

2 . q g
PE+P(1-9)+q (1-p) Pr+p(~-9)+4(1-p)
from which we find

, +qg-1 , +g-1
o AL g-pte-t

q p

Tt is scen that p’and ¢’ are respectively proportional to p and
g, as by Professor Donkin’s principle they ought to be. The
solution of this class of problems might indeed, by a direct appli-
cation of that principle, be obtained.

To meet a possible objection, I here remark, that the above
reasoning does not require that the drawings of a white and a
marble ball should be independent, in virtue of the physical con-
stitution of the balls. The assumption of their independence is
indeed involved in the solution, but it does not rest upon any
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prior assumption as to the nature of the balls, and their relations,
or freedom from relations, of form, colour, structure, &e. It is
founded upon our total ignorance of all these things. Probabi-
lity always has reference to the state of our actual knowledge,
and its numerical value varies with varying information.

Prorosition II1.

11. To determune wn any questron of probabihties the logical
connexion of the quasitum weth the data ; that s, to assign the event
whose probability 1s sought, as a logical function of the event whose
probabilities are gwen.

Let S, T, &c, represent any compound events whose pro-
babilities are given, S and T being in expression known func-
tions of the symbols z, y, 2, &ec., representing simple events.
Similarly let 7 represent any event whose probability is sought,
W being also a known function of z, , 2, & As 8, T, .. W
must satisfy the fundamental law of duality, we are permitted
to replace them by single logical symbols, s, £, . . w. Assume

then
s=8, t=T, w=W.

These, by the definition of S, T, .. W, will be a series of
logical equations connecting the symbols s, 4, . . w, with the sym-
bols z, y, = . .

By the methods of the Calculus of Logic we can eliminate
from the above system any of the symbols z, 3, 2, . . , repre-
senting events whose piobabilities are not given, and detiermine
w as a developed function of s, ¢, &c., and of such of the symbols
z, ¥, 2, &e., if any such there be, as correspond to events whose
probabilities are given The result will be of the form

0 1
’I.U=A+OB+6C+6.D,

where A, B, C, and D comprisc among them all the possible
constituents which can be formed from the symbols s, ¢, &c., i.e.
from all the symbols representing events whose probabilitics are
given.

The above will evidently be the complete expression of the
relation sought. For it fully detcrmines the event W, repre-
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sented by the single symbol w, as a function or combination of
the events similarly denoted by the symbols s, £, &e., and it as-
gigns by the laws of the Calculus of Logic the condition
D=0,

as connecting the events s, ¢, &c , among themselves We may,
therefore, by Principle vi., regard s, ¢, &c., as szmple events, of
which the combination w, and the condition with which it is as-
sociated .D, are definitely determined.

Uniformity in the logical processes of reduction being de-
sirable, I shall here state the order which will generally be pur-
sued.

12. By (VIIL. 8), the primitive equations are reducible to

the forms
s(1-8)+S(1-5)=0;
tA-T+TA-£6)=0; (1)

w(1-W)+ W(1-w)=0;

under which they can be added together without impairing their
significance. We can then climinate the symbols z, y, 2, either
separately or together. If the latter course is chosen, it is ne-
cessary, after adding together the equations of the system, to
develop the result with reference to all the symbols to be climi-
nated, and equate to 0 the product of all the coefficients of the
constituents (VII 9).

As w is the symbol whose expression is sought, we may also,
by Prop. 1. Chap. 1x., express the result of elimination in the
form

Ew + E'(1 - w) = 0.

E and E' being successively determined by making in the
general system (1), w =1 and w =0, and climinating the symbols
%, Y 2, - . Thus the single equations from which E and E are
to be 1espectively determined become

s(1-8)+8(1-5)+t(1-T)+T(1-¢)..+1-W=0;
s(1-8)+8(1-9)+t(1-T)+T(1-t)+ W=0.

From these it only remains to eliminate z, g, z, &e., and to de-
termine w by subsequent development.
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In the process of elimination we may, if needful, avail our-
selves of the simplifications of Props. 1. and 1. Chap 1x

13 Should the data, beside informing us of the probabilities
of events, finther a~sign among them any explicit connexion, such
connexion must be logically expressed, and the equation or equa-
tions thus formed be intioduced into the general system.

Prorosition 1IV.

14. Gwen the probalnlities of any system of events ; to deter-
mine by a general method the consequent or derwed probability of
any otker event.

As in the last Proposition, let S, T, &c., be the events whose
probabilities are given, TV the event whose probability is sought,
these being known functions of z, , =, &c. Let us represent the
data as follows:

Probability of S = p;

1
Probability of T'= ¢ 1)

and so on, p, ¢, &, being known numerical values. If then
we represent the compound event S by s, 7' by ¢, and W by w,
we find by the last proposition,

0 1
w=A+OB+—6C+—6D; 2)

4, B, C, and D being functions of s, #, &c. Moreover the data
(1) are transformed into

Prob. s = p, Prob.t=gq, &e. 3)
Now the equation (2) is resolvable into the system
w=A+qC } @
D=0,

¢ being an indefinite class symbol (VL. 12). But since by the
properties of constituents (V. Prop. 111.), we have

A+B+C+D=1,

the second equation of the above system may be expressed in the

form
A+B+C=1.
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If we represent the function A + B + C by V, the system (4)
becomes

w=A+4qC; (5)

V=1. (6)

Let us for a moment consider this result. Since V is the sum
of a series of constituents of s, ¢, &c., it represents the compound
event in which the simple events involved are those denoted by
s, t, &c. Hence (6) shows that the events denoted by s, ¢, &e.,

.and whose probahilities are p, g, &c., have such probabilities not
as tndependent events, but as events subject to a certain condition
V. Equation (5) expresses w as a similarly conditioned combi-
nation of the same events.

Now by Principle v1 the mode in which this knowledge of the
connexion of events has been obtained does not influence the mode
in which, when obtained, it is to be employed. We must reason
upon it as if experience had presented to us the events s, ¢, &c.,
as simple events, frec to enter into every combination, but pos-
sessing, when actually subject to the condition 7, the probabili-
ties p, ¢, &c., respectively.

Let then p', ¢, . . , be the corresponding probabilities of such
events, when the restriction V is removed. Then by Prop. 11
of the present chapter, these quantities will be determined by the
system of equations,

LA -p B -06e; o)

and by Prop. 1. the probability of the event w under the same

condition ¥V will be
[A+¢cC],

Prob w = Lorprs (8)

wherein 7, denotes the sum of those constituents in ¥V of which s
is a factor, and [ V,] what that sum becomes when s, ¢, .., are
changed into p, ¢, ., respectively. The constant ¢ represents
the probability of the indefinite event g; it is, therefore, arbitrary,
and admits of any value from 0 to 1.

Now it will be observed, that the values of , ¢, &c., are de-
termined from (7) only in order that they may be substituted in
(8), s0 as to render Prob. w a function of known quantities, p, g,
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&e. It is obvious, therefore, that instead of the letters p/, ¢, &e.,
we might employ any others as s, ¢, &c, in the same quantilative
acceptations. This particular step would simply involve a change
of meaning of the symbols s, ¢, &e —thewr ceasing to be logical,
and becoming quantitetwe. The systems (7) and (8) would then

become
V, Vi

V=P =0 & 9
Prob. w = 4 -;,CC. (20)

In employing these, it is only necessary to determine from (9)
s, t, &oc., regarded as quantitative symbols, in terms of'p, ¢, &e.,
and substitute the resulting values in (10). It is evident, that
s, t, &c, inasmuch as they represent probabilities, will be positive
proper fractions.

The system (9) may be more symmetrically expressed in the
form

MARO 4 (11)

Or we may express both (9) and (10) together in the symme-
trical system
7—=—q—..=-—u—=V; (12)

wherein # represents Prob. w

15. It remains to inteipret the constant ¢ assumed 1o repre-
sent the probability of the indefinite event ¢  Now the logecal
equation

w=24 +4qC,

interpreted in the reverse order, implies that if either the event
A take place, or the event C in connexion with the event ¢, the
event w will take place, and not otherwise Hence ¢ represents
that condition under which, if the event C take place, the event
w will take place But the probability of ¢ is ¢. Ience, there-
fore, ¢ = probability that if the event C take place the event w
will take place.

‘Wherefore by Principle 11,

_ Probability of concurrence of C and w

- Probability of ¢
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‘We may hence determine the nature of that new experience
from which the actual value of ¢ may be obtained. For if we
substitute in C for s, Z, &e., their original expressions as func-
tions of the simple events z, ¥, z, &c., we shall form the ex-
pression of that event whose probability constitutes the denomi-
nator of the above value of ¢; and if we multiply that expression
by the original expression of w, we shall form the expression of
that event whose probability constitutes the numerator of ¢, and
the ralw of the frequency of this event to that of the former one, de-
termuned by new observations, will give the value of ¢. Let it be
remarked here, that the constant ¢ does not necessarily make its
appearance in the solution of a problem. It is only when the
data are insufficient to render determinate the probability sought,
that this arbitrary element presents 1tself, and mn this case it is
secn that the final logical cquation (2) or (5) informs us how it
is to be determined

If that new cxperience by which ¢ may be determined can-
not be obtained, we can still, by assigning to ¢ its limiting values
0 and 1, determine the limits of the piobability of w. These
are

Minor limit of Prob. w = iV.
Superior limit -43C

Between these limits, it is certain that the probability sought
must lie independently of all new experience which does not ab-
solutely contradict the past.

If the expression of the event C consists of many constituents,
the logical value of w being of the form

0 0
‘ID=A+6CI+603+&C-,

we can, instead of employing their aggregate as above, present
the final solution in the form

Prob. wi=

A+ (.‘101 + C'zCa + &C.
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Here ¢, = probability that if the event C; occur, the event w will
occur, and so on for the others. Convenience must decide which
form is to be prefeired

16. The above is the complete theoretical solution of the
problem proposed. It may be added, that it is appheable equally
to the case in which any of the events mentioned in its original
statement are conditioned. Thus, if one of the data is the proba-~
bility p, that if the event & occur the event y will occur; the
probability of the occurrence of z not being given, we must as-
sume Prob. z = ¢ (an aibitiary constant), then Prob. zy = ¢p, and
these two conditions must be introduced into the data, and em-
ployed according to the previous method. Again, if it is sought
to determine the probability that if an event 2 occur an event y
will occur, the solution will assume the form

Prob. zy
Prob sought = Prob 2"

the numerator and denominator of which must be separately de-

termined by the previous gencral method.
17. We are enabled by the results of these investigations to

establish a general rule for the solution of questions in probabi-
lities.
GeneraL RuLe.

Case I.—When all the events are unconditioned.

Form the symbolical expressions of the events whose proba-
bilities are given or sought .

Equate such of those expressions as relate to compound events
to a new series of symbols, s, £, &c., which symbols regard as re-
presenting the events, no longer as compound but simple, to

whose expressions they have been equated.

Eliminate from the equations thus formed all the logical symn-
bols, except those which express events, s, £, &c , wliose respective
probabilities p, g, & are given, or the event w wliose probability
is sought, and determine w as a developed function of s, ¢, &c.

in the form
0 1
w=A+OB+-dC+6D-
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Let A+ B+ C=V, and let V, represent the aggregate of
those constituents in ¥ which contain s as a factor, V, of those
which contain ¢ as a factor, and thus for all the symbols whose
probabilities are given.

Then, passing from Logic to Algebra, form the equations

V. V.
2-7° " M

P 9
Prob. w = 4 -;’cC, 2

from (1) determine s, ¢, &c. as fanctions of p, ¢, &c., and sub-
stitute their values in (2). The result will express the solution
required.
Or form the symmetrical system of equations
V., T A+eC ¥V
7-7 "% °T 3)
where # represents the probability sought.
If ¢ appear in the solution, 1ts interpretation will be

Prob. Cw
Prob.c’

C=

and this interpretation indicates the nature of the experience
which is necessary for its discovery.

Casg IL.— When some of the events are conditioned.

If there be given the probability p that if the event X occur,
the event Y will oceur, and if the probability of the antecedent
X be not given, resolve the proposition into the two following,
viz.:

Probability of X =g,
Probability of XY = cp.

If the quesitum be the probability that if the event /¥ occur,
the event Z will occur, determine separately, by the previous
case, the terms of the fraction

Piob. WZ
Piob. W’

and the fraction itsclf will express the probability sought
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It is understood in this case that X, Y, W, Z may be any
compound events whatsoever The expressions XY and WZ
represent the products of the symbolical expressions of X and ¥
and of /¥ and Z, formed according to the 1ules of the Calculus of
Logic

The determination of the single constant ¢ may in certain
cases be resolved into, or replaced by, the determination of a series
of arbitrary constants ¢;, ¢,. according to convenience, as pre-
viously explained.

18. It has been stated (I. 12) that there exist two distinct de-
finitions, or modes of conception, upon which the theory of pro-
babilities may be made to depend, one of them being connected
more immediately with Number, the other more directly with
Logic. 'We have now considered the consequences which flow
from the numerical definition, and have shown how it conduects
us to a point in which the necessity of a connexion with Logic
obviously suggests itself. We have seen to some extent what
is the nature of that connexion ; and further, in what manner the
peculiar processes of Logic, and the more familiar ones of quanti-
tative Algebra, arc involved in the same general method of solu-
tion, each of these so accomplishing its own object that the two
processes may be regarded as supplementary to each other. It
remains to institute the reverse order of investigation, and, setting
out from a definition of probability in which the logical relation
is more immediately involved, to show how the numerical defini-
tion would thence arise, and how the same general method,
equally dependent upon both eclements, would finally, but by a
different order of procedure, be established

That between the symbolical expressions of the logical cal-
culus and those of Algebra there exists a close analogy, is a fact
to which attention has frequently been directed i the course of
the present treatise. It might even be said that they possess a
community of forms, and, to a very considerable degree, a com-
munity of laws. With a single exception in the latter respect,
their difference is only one of interpretation. Thus the same
expression admits of a logical or of a quantitative interpretation,
according to the particular meaning which we attach to the sym-
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bols it involves The expression zy represents, under the former
condition, a concurrence of the events denvted by  and y; under
the latter, the product of the numbers or quantities denoted by =
and y. And thus every expression denoting an event, simple or
compound, admits, under another system of interpretation, of a
meaning purely quantitative. Here then arises the question,
whether there exists any principle of transition, in accordance
with which the logical and the numencal interpretations of the
same symbolical expiession shall have an intelligible connexion.
And to this question the following consideiations afford an
answer.

19. Let it be granted that there exists such a feeling as ex-
pectation, a feeling of which the object is the occurrence of events,
and which admits of differing degrees of intensity. Let it also
be granted that this feeling of expectation accompanies our
knowledge of the circumstances under which events are produced,
and that it varies with the degree and kind of that knowledge.
Then, without assuming, or tacitly implying, that the intensity
of the feeling of expectation, viewed as a mental emotion, admits
of precise numerical measmement, it is perfectly legitimate to
inquire into the possibility of a mode of numerical estimation
which shall, atleast, satisfy these following conditions, viz., that
the numerical value which it assigns shall increase when the
known circumstances of an event are felt to justify a stionger
expectation, shall diminish when they demand a weaker expec-
tation, and shall reman constant when they obviously require an
equal degree of expectation.

Now these conditions at least will be satisfied, if' we assume
the fundamental principle of expectation to be this, viz., that the
laws for the expiession of expectation, viewed as a numerical
element, shall be the same as the laws for the expression of the
expected event viewed asa logical element. Thus if ¢ (z, y, 2) re-
present any unconditional event compounded in any manner of
the events z, y, 2, let the same expression ¢ (z, y, 2), according
to the above principle, denote the expectation of that event;
z, ¥, = representing no longer the simple events involved, but
the expectations of those events.
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For, in the first place, it is evident that, under this hypothesis,
the probability of the occurrence of some one of a set of mutually
exclusive events will be equal to the sum of the separate proba-
bilities of those events. Thus if the alternation in question con-
sist of # mutually exclusive events whose expressions are

ou(t, 1,2), G289, 2)y - ov . Ba (B, 2),
the expression of that alternation will be

#1 (@52 + (03 2) . -t gu (B, 2) = 15
the literal symbols z, y, z being logical, and relating to the sim-
ple events of which the three alternatives are compounded :
and, by hypothcsis, the expression of the probability that some
one of those alternatives will occur is

$1(2,92) + (1,8, 2) -+ P (5 9 2),
x, Y, z here denoting the probabilities of the above simple events.
Now this expression increases, ceters paribus, with the increase
of the number of the alternatives which are involved, and di-
minishes with the diminution of their number; which is agree-
able to the condition stated.

Furthermore, if we set out from the above hypothetical defi-
nition of the measure of probability, we shall be conducted,
either by necessary inference or by successive steps of suggestion,
which might perhaps be termed necessary, to the received nu-
merical definition. We arc at once led to recognise unity (1)
as the proper numerical measure of certainty. For it is certain
that any cvent z or its contrary 1 — = will occur. The expres-
sion of this proposition is

z+(1-x) =1,

whence, by hypothesis, z+ (1 - z), the measure of the proba-
bility of the above proposition, becomes the measure of certainty.
But the value of that expression is 1, whatever the particular
value of z may be. Unily, or 1, is therefore, on the hypothesis
in question, the measuie of certainty.

Let there, in the next piace, be » mutually exclusive, but
equally possible events, which we will represent by #,, ¢, . . t,.
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The proposition which affirms that some one of these must occur
will be expressed by the equation

t1+t2--+tn= 1;

and, as when we pass in accordance with the reasoning of the
last section to numerical probabilities, the same equation remains
true in form, and as the probabilities ¢, £;. . ¢, are equal, we
have

nt =1,

whence ¢, = i, and similarly ¢, = %, b= % Suppose it then re-

quired to determine the probability that some one event of the
partial series £, ¢; . . fn Will occur, we have for the expression
required

h+tlyood ==+ —..%t0m terms

R -
S| -

_ m
=
Hence, therefore, if there are m cases favourable to the occur-
rence of a particular alternation of events out of z possible and
equally probable cases, the probability of the occurrence of that

alternation will be expressed by the fraction :l:

Now the occurrence of any event which may happen in diffe-
rent equally possible ways is really equivalent to the occurrence
of an alternation, 1. ¢., of some one out of a set of alternatives.
Hence the probability of the occurrence of any event may be
expressed by a fraction whose numerator repiesents the number
of eases favourable to its oceurrence, and denominator the total
number of equully possible cases. But this is the rigorous nume-
rical dehnition of the measure of probability ~That definition is
therefore involved in the more peculiarly logzcal definition, the
consequences of which we have endeavoured to trace.

20. From the above investigations it clearly appears, lst,
that whether we set out from the ordinary numerical definition
of the measuic of probability, or fiom the definition which assigns
to the numerical measure of probability such a law of value as
shall establish a formal identity between the logical expressions



CHAP.XVIL.] GENERAL METHOD IN PROBABILITIES 215

of events and the algebraic expressions of their values, we shall
be led to the same system of practical results 2ndly, that
either of these definitions pursued to its consequences, and con-
gidered in connexion with the relations which it inseparably in-
volves, conducts us, by inference or suggestion, to the other
definition. To a scientific view of the theory of probabilities
it is essential that both principles should be viewed together, in
their mutual bearing and dependence.
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CHAPTER XVIII

ELEMENTARY ILLUSTRATIONS OF THE GENERAL METHOD IN PROBA-
BILITIEB

1. IT is designed here to illustrate, by elementary examples,

the general method demonstrated in the last chapter.
The examples chosen will be chiefly such as, from their sim-
plicity, permit a ready verification of the solutions obtained.
But some intimations will appear of a higher class of problems,
hereafter to be more fully considered, the analysis of which
would be incomplete without the aid of a distinet method deter-
mining the necessary conditions among their data, in order that
they may represent a possible expericnce, and assigning the cor-
responding limits of the final solutions. The fuller consideration
of that method, and of its applications, is reserved for the next
chapter.

2. Ex. 1.—The probability that it thunders upon a given
day is p, the probability that it both thunders and hails is g, but
of the connexion of the two phenomena of thunder and hail, no-
thing further is supposed to be known. Required the probability
that it hails on the proposed day.

Let x represent the event—It thunders.
Let y represent the event—It hails.

Then zy will represent the event—It thunders and hails; and
the data of the problem are

Prob.z =p, Prob.zy=gq.

There being here bul one compound event zy involved, assume,
according to the rule,

Y =1 (1)
Qur data then become

Prob.z=p, Probu=g; (2)
and it is required to find Prob.y Now (1) gives
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1
y=g=m+6u(l—z)+0(l—u)z+g-(l-u)(l-a:).
Hence (XVIL. 17) we find
V=uz+(l-uw)yz+(1-2u)(1-2),
Ve=ux+(l ~a)z=2, V,=uz;

and the equations of the General Rule, viz.,

V. V.

— ===V,
P q
4+ eC
Prob. y = 7

become, on substitution, and observing that 4 = uz, C=(1 - )
(1 - z), and that V reduces to z+ (1 - ) (1 -2),

§="§=z+(1_u)(1-w), (3
uz+e(l-w)(1 -z
Prob.y = m:(l—u) (l(—w))’ ®

from which we readily deduce, by climination of z and =,
Prob.y =g + c(1 - p). 5)

In this result c represents the unknown probability that if the
event (1 —%) (1 - z) happen, the event y will happen Now
(1-%) (1-2)=(1-xy) (1 -=x)=1-ux, on actual multiplication.
Hence ¢ is the unknown probability that if it do not thunder, it
will hail.

The general solution (5) may therefore be interpreted as fol-
lows :—The probability that it hails is equal to the probability
that it thunders and hails, ¢, together with the probability that it
does not thunder, 1 ~ p, multiplied by the probability ¢, that if it
does not thunder it will hail And common reasoning verifies
this result.

If ¢ cannot be numerically determined, v e find, on assigning
to it the limiting values 0 and 1, the following limits of Prob. y,
viz. :

Inferior mit = g.
Superior limit =¢ + 1 - p.
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3 Ex.2.—The probability that one or both of two events
happen is p, that one or both of them fail is g. What is the
probability that only one of these happens ?

Let z and y represent the respective events, then the data
are—

Prob.zy+z -y +(1-2)y=p,
Prob.z(l-p)+ (1-2)y+(1-2) (1 -y)=¢;
and we are to find
Prob.z(1 -y) +y( - 2).
Here all the events concerned being compound, assume
zy+z(l-y)+(1-2)y=3,
2(1-9)+(1-2)y+(1-2)(1-y) =4
z(l-y)+(Q-2)y =w.
Then eliminating z and y, and determining w as a developed
function of s and ¢, we find

w=st+0s(l-—t)+0(l—s)t+%(l—s)(l—t).

Hence Ad=st, C=0, V=st+s(1-8)+(1-s)t=5+(1-9)¢
V,=s, V;=t; and the equations of the General Rule (XV1I.17)
become

%=§=a+(l—s)t, 1)
st
s+ (-9t

whence we find, on eliminating s and 2,

Prob.:

Prob.w=p+q-1.

Hence p + ¢ - 1 is the measure of the probability sought. This
result may be verified as follows :—Since pis the probability that
one or both of the given events occur, 1~ p will be the proba-~
bility that they both fail ; and since g is the probability that one
or both fail, 1 -¢ is the probability that they both happen.
Hence 1-p+1-¢, or 2—p~ g, is the probability that they
either both happen or both fill. But the only remaining alter-
native which is possible is that one alone of the events happens.
Hence the probability of this occurrence is 1 - (2 - p—¢), or
P +q -1, as above.
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4. Ex. 3.—The probability that a witness A speaks the truth
is p, the probability that another witness £3 speaks the truth is g,
and the probability that they disagree in a statementis » What
is the probability that if they agree, their statement is true ?

Let  represent the hypothesis that 4 speaks truth; y that
B speaks truth; then the hypothesis that A and B disagree in
their statement will be represented by = (1 — y) + y (1 ~12); the
bypothesis that they agree in statement by zy + (1~ z) (1 - ¥),
and the hypothesis that they agree in the truth by zy. Hence
we have the following data :

Prob.z=p, Prob.y=gq, Prob.z(1-p)+y(l-z)=r,
from which we are to determine

Prob. zy
Prob.ay+ (1-x) (1 -g)
But as Prob. z(1~ y)+ y(1 - z) =7, it is evident that Prob.
zy + (1-2z) (1 -y) will be 1 - r; we have therefore to seek

Prob. zy
l1-7r

Now the compound events concerned being in expression,
z(1-y)+y (1 - z) and zy, let us assume
z(l-y)+y(l-2)=3s 0
Ty =®
Our data then are Prob. 2 = p, Prob.y = g, Prob. s = r, and we

are to find Prob w.
The system (1) gives, on reduction,

(z(1-9) +y(l-2)} (1-9)+s{zy+(1-2) (1-9)}

tzy(l-w)+w(l-zy)=0;
whence

0o 2A=9A-5)+y(1-2)(1-5)+smy+s(1-2) (1-y)+ay
2zy -1

= oy +ay(1-9) +0s (1 -g)s+ 52 (1-3) (1- )

+0(l-z)ys+%(l—z)(l—y)s+%(l—z)y(l—s) (2)

+0(A-2) (-3 -3).
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In the expression of this development, the coefficient (l—) has been
made to replace every equivalent form (X. 6). Here we have
V=ay(l-s)+z(l-p)s+(1-2)ys+ (1 -2) (1 ~y) (1 -9);
whence, passing from Logic to Algebra,

gy (l-9)+a(l-yg)s _ay(i-9)+(-a)ys
p

_2(l-y)s+(1-2)ys

=zy(l-s)+z(l-x)s+(1-2)ys+ (A -2)(1-2) (1 -9).

~ zy (1 -5)
Brob 0 = e (e -y =D P (=5

from which we readily deduce

Prob.w = z_o+_§_—_r :
whence we have

Prob.zy p+q-r
T-r 2(1-7) )

for the value sought.

Ifin the same way we seek the probability that if A and B
agree in their statement, that statement will be false, we must
replace the second equation of the system (1) by the following,

viz.:
(1-2)(1-y)=w;
the final logical equation will then be

w=%a:ys+0:cy(1—s) + 0z (1 —y)s+%a:(1—_1/) (1-9)
+0(l-2)ys 3 (L-2)y(L-2) + 5 (L-2) (L-g)s
+(1-2)A-»-9; (@)

whence, proceeding as before, we finally deduce

Prob.w = 2—_&-29——-—1‘ )

‘Wherefore we have
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Prob(l1-2(1-y) 2-p-gq-r
T T Sy ©)

for the value here sought.

These results are mutually consistent For since it is certain
that the joint statement of 4 and B must be either true or false,
the second members of (3) and (5) ought by addition to make 1.
Now we have identically,

ptqg-—r +2—p—q—r=1
2(1-7) ' 2(1-7n) '

It is probable, from the simplicity of the results (5) and (6),
that they might easily be deduced by the application of known
principles ; but it is to be remarked that they do not fall directly
within the scope of known methods. The number of the data
exceeds that of the simple events which they involve. M Cour-
not, in his very able work, ¢ Exposition de la Theorie des
Chances,” has proposed, in such cases as the above, to select
from the original premises different sets of data, each set equal in
number to the simple events which they involve, to assume that
those simple events are independent, detcimine separately from
the respective seta of the data their probabilities, and comparing
the different values thus found for the same elements, judge how
far the assumption of independence is justified. This method
can only approach to corlectness when the said simple events
prove, according to the above criterion, to be nearly or guite in-
dependent ; and in the questions of testimony and of judgment,
in which such an hypothesis is adopted, it seems doubtful whether
it is justified by actual expeirience of the ways of men.

5. Ex. 4.—Fiom observations made during a period of gene-
ral sickness, theie was a probability p that any house taken at
random in 2 particular distuict was visited by fever, a probability
q that it was visited by cholera, and a probability r that it es-
caped both diseases, and was not in a defective sanitary condition
as regarded cleanliness and ventilation. YWhat is the probability
that any house taken at random was in a defective sanitary
condition P

‘With reference to any house, let us appropriate the symbols
z, ¥, z, as follows, viz.:
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The symbol z to the visitation of fever.
y s cholera.
z defective sanitary condition.

The events whose probabilities are given are then denoted by
z, y, and (1-z) (1 - y) (1 - z), the event whose probability is
gought is z. Assume then,

(1-2)(0-yA-2)=w;
then our data are,
Prob.z=p, Prob.y=q, Prob.w=r,
and we are to find Prob. z. Now

z=(l—z)(l-—y)—w
(1-2)(1-y)

1 0 1 0
=g+ 6my(l-w)+6w(l—y)w+-6a;(l—y)(l—w)

+(—l) (1—a:)yw+-g(l—w)y(l—w)+0(1-a:)(1—y)w
+1-D)(A-y) Q-w). Q)
The value of V' deduced from the above is
Vezy(l-w)+z(1-9)(1-w)+ (1-2)y (1 -w)
+(1-2)A-p)w+(1-2) 1-y) QA-w)=1-w+w(l-2) (1 -y);
and similarly reducing V., V,, V., we get
Vei=z(l-w), Vy=y(l-w), Vo=w(l-z)(1-3);

furnishing the algebraic equations

- - 1-2)(1 -
z(l w)=.7/(1 w)___w( z)( 3/)=1_w+w(l_m)(1_y). ()
p 7 r
As respects those terms of the development characterized by
the coefficients %, I shall, instead of collecting them into a single

term, present them, for the sake of variety (XVII. 18), in the
form

gz(l-w)+g(l—w)y(l—w); (3)

the value of Prob. z will then be
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(1-z) (1-y) A-~w)+ez(1-w) + ¢ (1-z) y (L -w)
Prob.z = I—w+w(l-2)(1-) : -

From (2) and (4) we deduce
Prob z=(L=P-N(-g~-7)

-7

+ep+ c’q(l1 _T)

as the expression of the probability required. If in this result
we makec=0, and ¢ = 0, we find for an inferior limit of its value
-p~-r)(l-g-7)
l1-r
for its superior limit 1 - 7.

6. It appears from inspection of this solution, that the pre-
mises chosen were exceedingly defective, The constants ¢ and
¢ indicate this, and the corresponding terms (3) of the final
logical equation show how the deficiency is to be supplied.
Thus, since

z(l-w)=z{l-(1-2)(1-y)(1-2)) =g,
(1-2) y(1-w)=(1-2)y (1 -(1-2) A -9) (1-2)} = (1-2)
we learn that ¢ is the probability that if any house was visited by
fever its sanitary condition is defective, and that ¢ is the proba-
bility that if any house was visited by cholera without fever, its
sanitary condition was defectivc.

If the terms of the logical development affected by the coeffi-

; and if we make ¢ =1, ¢ =1, we obtain

cient g had been collected together as in the duecct statement of

the gencral rule, the final solution would have assumed the fol-
lowing form :

Prob. z—(l —71')_(:-—4— )+c(p+g__ﬂ_)

¢ here representing the probability that if a house was visited by
either or both of the diseascs mentioned, 1ts sanitary condition
was defective. This result is perfectly consistent with the former
one, and indeed the necessary equivalence of the diffeient forms
of solution presented in such cases may be formally established.
The above solution may be verified in particular cases. Thus,
taking the second foim, if ¢=1 we find Prob. z = 1 - r, a correct
result. For if the presence of either fever or cholera certainly
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indicated a defective sanitary condition, the probability that any
house would be in a defective sanitary state would be simply
equal to the probability that it was no¢ found in that category
denoted by z, the probability of which would, by the data, be 1-r.
Perhaps the general verification of the above solution would be
difficult

The constants p, ¢, and r in the above solution are subject to
the conditions ~
p+rzl, g+rzl.
7. Ex. 5.—Given the probabilities of the premises of a hypo-
thetical syllogism to find the probability of the conclusion
Let the syllogism in its naked form be as follows :

Major premiss : If the proposition ¥ is true X is true.
Minor premiss: If the proposition Z is true Y is true.
Conclusion:  If the proposition Z is true X is true.
Suppose the probability of the major premiss to be p, that of the
minor premiss g¢.
The data then are as follows, representing the proposition X
by z, &c, and assuming ¢ and ¢’ as arbitrary constants :
Prob.y =¢, Prob. zy = ¢p;
Prob.z = ¢, Prob. yz = ¢¢;
from which we are to determine,

Prob zz Prob. zz
Prob.z T ¢

Let us assume,
Y =1u yz="n, xz=w;

then, proceeding according to the usual method to determine w
as a developed function of g, z, %, and v, the symboals corres-
ponding to propositions whose probabilities are given, we find

w=uzy+0u(l-2) (1-v)y+0(1-u)2vy
+2(1-0)z(1-9)(1-5)+ 0 (1-4) (1-2) (1 -v)y
+0(1-u)(1-2)(1-v) (1-y) + terms whose coeffi-
1

cients are 3’
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and passing from Logic to Algebra,

uzvy+u(1-2) (1-v) y _uzvy+(1-w) zoy + (1-u) 2(1-v)(1-y)
p ¢
_ uzvy + (1-w) zvy
=
_wey+u(l1-2)(1-v)y+ (1-n) 2oy + (1-1 )(1-2) (1_")-V=V,

Prob-w=uzvy+a(l—u)vz_(l—v)(l-_1/),

wherein

Vewewytu(l-2)(1-v)y+(1-w)2oy+(1-u) 2z(1-v) (1 -y)
+(1-0)(1-2) (1-v) y + (1-8) (1-2) (A - ) (1- 9),
the solution of this system of equations gives

Prob w = dpg + ac (1 - ¢),
whence
Prob. zy

—g — =pg+ra(l-g),

the value required. In this expression the arbitrary constant a
is the probability that if the proposition Z is truc and Y false, X
istrue. In other words, it is the probability, that if the minor
premiss is false, the conclusion is true.

This investigation might have been greatly simplified by as-
suming the proposition Zto be true, and then seeking the proba-
bility of X. The data would have been simply

Prob.y = ¢, Prob. zy = pg;

whence we should have found Prob. z=pg+a(1- ¢). Itis
evident that under the ciicumstances this mode of procedure
would have been allowable, but I have preferred to deduce the
solution by the direct and unconditioned application of the
method. The result is one which ordinary reasoning verifies,
and which it does not indeed require a calculus to obtain. Ge-
neral methods are apt to appear most cumbrous when applied to
cases in which thelr aid is the least required.

Let it be observed, that the above method is equally appli-
cable to the categorical syllogism, 2nd not to the syllogism only,
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but to every form of deductive ratiocination. Given the proba-
bilities separately attaching to the premises of any train of ar-
gument ; it is always possible by the above method to determine
the consequent probability of the truth of a conclusion legitimately
drawn from such premises It is not needful to remind the
reader, that the truth and the correctness of a conclusion are dif-
ferent things

8. One remarkable circumstance which presents itself in such
applications deserves to be specially noticed. It is, that propo-
gitions which, when true, are equivalent, are not necessarily
equivalent when regarded only as probable. This principle will
be illustrated in the following example.

Ex. 6.—Given the probability p of the disjunctive proposition
«¢ Either the proposition Y is true, or both the propositions X and
Y are false,” required the probability of the conditional prope-
gition, ¢ If the proposition X is true, Y is true.”

Let z and y be appropriated to the propositions X and ¥
respectively. Then we have

Prob.y + (1-2) 1-2)=p,

from which it is required to find the value of Prob. zy

Prob.z ~
Assume y+(1-a)(A-y) =t )
Eliminating y we get

(1-z)(1-2)=0

whence eQentos

and proceeding in the usual way,
Prob.z=1-p + cp. €))
‘Where c is the probability that if either Y is true, or X and ¥
false, X is true.
Next to find Prob. zy. Assume
Ty =w ®
Elminating y from (1) and (3) we get
z(1-¢6=0;
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whence, proceeding as above,
Prob. z=¢p,
¢ having the same interpretation as before. Hence

Prob. zy cp
Prob.z l1-p+cp’

for the probability of the truth of the conditional proposition
giv n.

Now in the science of pure Logic, which, as such, is conver-
sant only with truth and with falsehood, the above disjunctive
and conditional propositions are equivalent, They are true and
they are false together. It is seen, however, from the above in-
vestigation, that when the disjunctive proposition has a proba-
bility p, the conditional proposition has a different and partly in-

definite probability T ;:i s Nevertheless these expreesions

are such, that when either of them becomes 1 or 0, the other as-
sumes the same value ‘The results are, therefore, perfectly con-
sistent, and the logical transformation serves to verify the formula
deduced from the theory of probabilities.

The reader will easily prove by a sinular analysis, that if the
probability of the conditional proposition were given as p, that
of the disjunctive proposition would be 1 - ¢ +cp, where ¢ is the
arbitrary probability of the truth of the proposition X.

9. Ex.7.—Required to determine the probability of an event
@, having given either the first, or the first and second, or the
first, second, and third of the following data, viz. :

1st. The probability that the event z occuis, or that it alone
of the three events 2, y, 2, fails, is p

2nd. The probability that the event y occurs, or that it alone
of the three events z, y, z, fails, is ¢

3rd. The probability that the event z occurs, or that it alone
of the three events z, y, 2, fails, is 7.

SOLUTION OF THE FIRST CASE.

Here we suppose that only the first of the above data is
given,
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‘We have then,
Prob. [z + (1 - z) yz} = p,

to find Prob =z
Let z+(1-2)yz=s
then eliminating ¥z as a cingle symbol, we get,
z(l-8)=0
Hence
0 0
x=l——_6:=68+ 0(1—-8),

whence, proceeding according to the rule, we have
Prob. z = ep, 1)

where ¢ is the probability that if z occurs, or alone fails, the
former of the two alternatives is the one that will happen. The
limits of the solution are evidently @ and p.

This solution appears to give us no information beyond what
unassisted good sense would have conveyed. It is, however, all
that the single datum here assumed really warrants us in infer-
ring. We shall in the next solution see how an addition to our
data restricts within narrower limits the final solution.

SOLUTION OF THE SECOND CASE.
Here we assume as our data the equations
Prob. {z + (1-x) yz} =p,
Prob. (y+ (1-y) a2z} =q.
Let us write
z+(l-z)yz=s,
y+(l-gy)ez=1¢;
from the first of which we have, by (VIIL. 7),
z+(1-2)yz) (1-s8)+s(l-z-(1-2)yz} =0,
or @+zy2)s+sz(l-y2)=0;

provided that for simplicity we write ¥ for 1 -z, 7 for 1 - y, and

so on. Now, writing for 1 - yz its value in constituents, we
have
(z+Zyz)s+s2(@yz+ gz + yz) = 0,

an equation consisting solely of positive terms.
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In like manner we have from the second equation,
(y+ §22) ¢ + tj (22 + T2 + TZ) = 0;

and from the sum of these two equations we are to eliminate y
and z.

If in that sum we make y = 1, z =1, we get the result 5+ ¢
If in the same sum we make y=1, z=0, we get the result

TS + 5T + L.
If in the same sum we make y=0, z =1, we get
T5 + ST + af + IZ.
And if, lastly, in the same sum we make y = 0, z = 0, we find
x5+ 8T + tx + tT, or 5 + 5T + L.

These four expressions are to be multiplied together. New
the first and third may be multiplied in the following manner:

(5+12) (&5+ 5% +at + tz)
= a5 + 2t + (5 + 1) (57 + tz) by (IX. Prop. 11.)
= 23 + ot + 5Tt + sTL. (2)
Again, the second and fourth give by (IX Prop. 1.)
(z5+57 + t) (z5+ 387 +1)
=I5 + 7. (3)
Lastly, (2) and (3) multiplied together give
(5 + s7) (25 + 53t + xt +t73)
= &5 + 53 (52t + ot + £75)
= 5 + sit.
‘Whence the final equation is
I-s)z+s(1-2)(1-2)=0,

which, solved with reference to z, gives

g=__3(1-9
Ts(l-t) - (1-9)

=gst+s\1-—t)+0(1—s)t+0(1—s) (1-1¢),
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and, procceding with this according to the rule, we have, finally,

Prob #=p(1-¢)~epy *
where ¢ is the probability that if the event sf bappen, z will
happen. Now if we form the developed expression of s¢ by mul-
tiplying the expressions for s and ¢ together, we find—

¢ = Prob. that if # and y happen together, or z and z happen
together, and y fal, or y and z happen together, and z fail, the
event 2 will happen.

The limits of Prob z are evidently p (1 - ¢) and p.

This solution is more definite than the former one, inasmuch
as it contains a term unaffected by an arbitrary constant.

SOLUTION OF THE THIRD CASE.
Here the data are—
Prob. {z + (1 - 2)yz} = p,
Prob. {y + (1 -y) 22} = ¢,
Prob. {z + (1 - 2) 2y} = 7.

Let us, as before, write # for 1 — #, &e., and assume

T+ ITYZ=19,
Yy +yrz =1t,
zZ+ Zay=1u

On reduction by (VIIL. 8) we obtain the equation

(x + Ty2)s + sT (YZ + J= + §z)

+ (y + Jaz) & + tj (2% + 2Z + T3)

+ (2 + Zay) i + uZ (zf + Ty + zi) = 0. 5)
Now instead of directly eliminating y and z from the above
equation, let us, in accordance with (IX. Prop. n1.), assume the
result of that elimination to be

Ex+ (l-2)=0,

then E will be found by making in the given' equation « = 1,
and eliminating y and = from the resulting equation, and E' will
be found by making in the given equation z =0, and eliminating
y and z from the result. Fust, then, making = = 1, we have
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S+(y+g2)t+tgz+ (z+y2) i+ ugz =0,
and making in the first member of this equation successively
y=l z=1, y=1, 2=0, &c., and multiplying together the
results, we have the expression
G+t+a) G+re+a)(F+t+a) (5+t+u),
which is equivalent to
G+t+a)(F+t+u).

This is the expression for .  'We shall retain it in its present
form. It has already been shown by example (VIIL 3), that
the actual reduction of such expressions by multiplication, though
convenient, is not necessary.

Again in (5), making z = 0, we have

Yyzs+s(YZ + §z + §Z) + yt + tj+ zik + uz = 03
from which, by the same process of elimination, we find for £’ the

expression _
Grtra)(s+t+ru)(s+t+a)(s+t+u).

The final result of the elimination of y and z from (5) is there-
fore
(+t+ @) (Srt+ w)e+(5++a) (s+E +u)(s+t+@) (s+2+ u)(1-2) =0,
Whence we have
_ (G+1+4) (s+t+u) (s+8+@) (s+t+u) )
(FHE+@) (s+t+u) (s+t+d) (s+E+u)—(F+EI+A)(5HE4u)

or, developing the second member,

0 1 - 1 . =
z-astu+astu+6stu+sm (6)

+ % stu + 05tu + 0544 + 05L4.
Hence, passing from Logic to Algebra,

stu+sti _ stu + 3t stu + Su
4 r Q)

= stu + st + 5w + 5G + Sei
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el + cstu
Prob. z = o . (8)
slu+ st + stu + st + st

To simplify this system of equations, change % into s, ;— into ¢,

&c , and after the change let A stand for stx + s+£+1. We then
have

Prob z =1 +f stu’ €))

with the relations

stu+s stu+t stutu
p q

From these equations we get

stu+s+t+u+l=X (10)

stu + s = Ap, (11)
stu+s=A-t-u-1,
o Ap=A-u-t-1,
u+t=A(l-p)-1.
Similarly, u+s=A(l-¢)-1,
and s+t=A(1-7r) -1

From which equations we find

cA(l+p-g-71-1 t_)\(1+q-r—p)—l
o= —2 H - H

2
A(l+r-p-g)-1 (12)
u= 5 .
Now, by (10),
stu=2Ap - s.

Substitute in this equation the values of s, £, and u above deter-
mined, and we have

{Qtp-g-1)A-1}{L+g-p-r)A-1}{(L+7-p-g)A-1]
=4{(p+g+r-1DA+1}, (13)
an cquation which determines A The values of s, ¢, and u, are

then given by (12), and their substitution in (9) completes the
solution of the problem.



CHAP. XVIII] ELEMENTARY TLLUSTRATIONS. 293

10. Now a difficulty, the bringing of which prominently be-
fore the reader has been one object of this investigation, here
arises. How shall it be determined, which root of the above
equation ought to taken for the value of \. To this difficulty
some reference was made in the opening of the present chapter,
and it was intimated that its fuller consideration was reserved for
the next one; from which the following results are taken.

In order that the data of the problem may be derived from
a possible experience, the quantities p, ¢, and r must be subject
to the following conditions :

l+p-g-r30,
l+g-p-r30, (14)
l+r-p-¢30.

Moreover, the value of X to be employed in the general solution

must satisfy the following conditions :

1 = 1 = 1

AL P >\51+g__p_r, S Py (15)

Now these two sets of conditions suffice for the limitation of
the general solution It may be shown, that the central equation
(13) furnishes but one value of A, which does satisfy these con-
ditions, and that value of A is the one required

Let 1+p - g -7 be the least of the three coefficients of A
given above, then 7 i 7=
lues, above which we are to show that there exists but one value
of A. Let us write (13) in the form

(A+p-g-r)A-1}{(Q+g-p-r)X-1}{(L+r-p-g)A-1]}

will be the greatest of those va-

-4 [(p+g+r-1)A+1}=0; (16)
and represent the first member by V.
1

Assume X = , then ¥ becomes

l+p—g-r

_a(prgir-1 ____4( 2p )
4(1+p—q—r+l> l+p-¢g-7)°

which is negatwe.
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Let A = =, then V is posifive and infinite.
Again,
av
d_A‘-=(l+I)-q_r) (Q+g-p-nNiQl+r-p-9)A-1)
+ sumilar positive terms,
1

which expression is positive between the limits A = ————
lep-g-r
and A = oo.

If then we constiuct a curve whose abscissa shall be measured
by A, and whose ordmates by V, that cmve will, Letween the
limits specified, pass from below to above the abscissa A, 1ts con-
vexity always being downwards. Hence it will but once intersect
the abscissa A within those limits ; and the equation (16) will, there-
fore, have but one root thereto corresponding.

The solution is, therefore, expressed by (9), A being that
root of (13) which satisfies the conditions (15), and s, ¢, and =
being given by (12). The interpretation of ¢ may be deduced
in the usual way.

It appears from the above, that the problem is, in all cases,
more or less indeterminate.
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CHAPTER XIX.
OF STATISTICAL CONDITIONS.

1. Y the term statistical conditions, I mean those conditions

which must connect the numerical data of a problem in
order that those data may be consistent with each other, and
therefore such as statistical observations might actually have
furnished. The determination of such conditions constitutes an
important problem, the solution of which, to an extent sufficient
at least for the requirements of this work, I purpose to under take
in the present chapter, regarding it partly as an independent ob-
ject of speculation, but partly also as a necessary supplement to
the theory of probabilities already in some degree excmplified.
The nature of the connexion between the two subjects may be
stated as follows:

2. There are innumerable instances, and one of the kind
presented itself in the last chapter, Ex. 7, in which the solution
of a question in the theory of probabilitics 1s finally dependent
upon the solution of an algebraic equation of an clevated degree.
In such cases the selection of the proper root must be determined
by certain conditions, partly relating to the numerical values as-
signed in the data, partly to the due lumitation of the element
required. The discovery of such conditions may sometimes be
effected by unaided reasoning. For instance, if there is a proba-
bility p of the occurrence of an event .1, and a probability ¢ of
the concurience of the smd event .4, and another event B, it is
evident that we must have

p>q
But for the general determination of such relations, a distinet
method is required, and this we proceed to establish.

As derived fiom actual expeiience, the probability of any
event is the result of a process of approximation. It is the limit
of the ratio of the number of cases in which the event 1s observed
to occur, to the whole number of equally possible cases which
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observation records,—a limit to which we approach the more
nearly as the number of observations is increased. Now let the
symbol #, prefixed to the expression of any class, represent the
number of individuals contained in that class. Thus, z represent~
ing men, and y white beings, let us assume

n = number of men.
nry = number of wlhite men.
nz (1 - y) = number of men who are not white; and so on.

In accordance with this notation (1) will represent the number

of individuals contained in the universe of discourse, and :—;g—‘?
will represent the probability that any individual being, selecte

out of that universe of being denoted by n (1), isa man. If ob-
servation has not made us acquainted with the total values of

n(z) and n(1), then the probability in question is the limit to
which : (T) approaches as the number of individual observations

is increased

In hike manner if, as will generally be supposed in this chap-
ter,  represent an event of a particular kind observed, n(z) will
represent the number of occurrences of that event, n (1) the
number of observed events (equally probable) of all kinds, and
% or its limit, the probability of the occurrence of the
event z.

Hence it is clear that any conclusions which may be deduced
respecting the ratios of the quantiues n (z), n(y), 2 (1), &ec. may
be converted into conclusions respecting the probabilities of the
events repiesented by z, y, &c. Thus, if we should find such a
relation as the following, viz.,

n(z) + n(y) <n(l),
expressing that the number of times in which the event x occurs
and the number of times in which the event y occurs, are toge-
ther less than the number of possible occurrences = (1), we might
thence deduce the relation,

n(s)  n(y
,—l'(—l) + Tl—(T) < 1,

or Prob.2 + Prob.y < 1.
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And generally any such statistical relations as the above will be
converted wto relatwons connecting the probalilities of the events
concerned, by changing n (1) wmto 1, and any other symbol n (x)
wnte Prob. x.

3. First, then, we shall investigate a method of determining
the numer1cal 1elations of classes or ¢s ents, and more particularly
the major and minor limits of numerical value Secondly, we
shall apply the method to the limitation of the solutions of ques-
tions in the theoy of probalnlitics.

It is evident that the symbol # is distributive in its operation.
Thus we have

nfey+(1-2) (1-9)) =nzy+n(l-2)(1-y)
nz (1-y) = nx - nzy,

and so on. The number of things contained in any class re-
solvable into distinct groups or portions is equal to the sum of
the numbers of things found in those separate portions. It is
evident, further, that any expression formed of the logical sym-
bols &, y, &e. may be developed or expanded in any way consis-
tent with the laws of the symbols, and the symbol » applied to
each term of the result, provided that any constant multiplier
which may appear, be placed outside the symbol z; without affect-
ing the value of the result. The expression n (1), should 1t ap-
pear, will of course represent the number of individuals contained
in the universe. Thus,

n(1-2) (1-y)=n(l -z-y+ay)
=n(l) - n(x) - n(y) + = (zy)-
Again, nlzy+(Q-2)(1-p) =2(1-2-y+2zy)
=n(l) - nz - ny + 2nzy).

In the last member the term 2nry indicates twice the number of
individuals contained m the class zy

4. We proceed now to investigate the numerical limits of
classes whose logical cxpiession is given. In this inquiiy the
following principles are of fundamental importance :

1st. Ifall the members of a given class possess a certain pro-
perty , the total number of individuals contained in the class »
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will be a superior limit of the number of individuals contained in
the given class.

2nd A minor limit of the number of individuals in any class y
will be found by subtracting a major numerical limit of the con-
trary class, 1 -y, from the number of individuals contained in the
universe.

To exemplify these principles, let us apply them to the fol-
lowing problem:

" ProsLEM —(iven, 2 (1), 2(z), and n(y), required the su-
pesior and inferior limits of nzy.

Here our data are the number of mdlv:duals contained in the
universe of discourse, the number contained in the class .z, and
the number in the class y, and it is required to determine the
limits of the number contained in the class composed of the indi-
viduals that are found at once in the class » and 1n the class y

By Pirinciple 1. this number cannot exceed the number con-
iained in the class z, nor can it exceed the number contained in
the class ¥  Its major it will then be the least of the two va-
lues = (z) and (y)

By Principle 11 a minor limit of the class zy will be given by
the expression

n (1) ~ major limit of {z(1 -y)+y(1-2) + (1 —2) (L -#)}, (1)

gince z(1-y) +y (1 -2) + (1 — 2) (1 - p) is the complement of
the class zy, i. e. what it wants to make up the universe.

Now z(1 -yg) + (1-2) (1-y) =1-y. We have there-
fore for (1),

n (1) - major limit of {1 -y + y(1 - z)}
=n(1) - n(1 - y) — major limit of y (1 - 2). 2

The major limit of y (1 — z) is the least of the two values 2 (y)
and (1 — z). Let n(y) be the least, then (2) becomes

a(1)-2(l-y)-n(y)
=a(l)-n(1)+n(y)-n(y)=0.
Secondly, let 2 (1 — z) be less than  (y), then
major limit of ny (1 - 2) = n (1 - 2);

therefore (2) becomes
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z()-2(l-y)-2(1-2)
=n()-2()+2(y) -n(1)+n(z)

=nx + ny -~ n(l).

The minor limit of nzy is therefore either 0 or % (2) + n (y) - n(1),
according as 7 (y) 18 less or greater than » (1 - 2), or, which is an
equivalent condition, according as # () is greater or less than
n(l-y).

Now as 0 is necessarily a minor himit of the numerical value
of any class, it is sufficient to take account of the second of the
above expressions for the minor limit of z (zy). We have, theie-
fore,

Major limit of z (2y) = least of values # (z) and = (y).
Mumor limit of z (zy) = 2 (z) + = (y) — 2 (1).*

Prorosition I.

5. To express the major and mmnor limts of a class represented
by any constituent of the symbols x, y, z, §c., having gwen the va-
lues of n (z), n(y), n(2), §c., and n(1).

Consider fi1st the constituent zyz.

It is evident that the major numerical limit will be the least
of the values n(z), n(y), n(2).

The minor numerical hmit may be deduced as in the previous
problem, but it may also be deduced fiom the solution of that
problem. Thus:

Minor limit of # (zyz) = # (2y) + n(2) - 2 (1) €))
Now this means that z (xy<) 13 at least as great as the expics-
sion = (zy) + #(2) - n(1). DBut n(xy) is at least as gicat as
n(z) + n(y) - n(1). Thercfoic # (xy=)is at least as great as

n(@)+n@) ~n(l)+n(z) -—n(l),
or n(z)+n(y) +n(=) - 2 (1).

* The above expression for the mmor hmit of nzy 13 apphed by Professor
De Morgan, by whom 1t appears to have been first given, to the syllogistic torm
Most men 1n a certain company have coats
Most men 1n the same company have waistcoats
Therefore some 1n the company have coats and waistcoats
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Hence we have
Minor limit of n (zyz) = n (z) + 2 (y) + n(2) - 2n(1).

By extending this mode of reasoning we shall arrive at the
following conclusions :

1st. The major numerical limit of the class represented by
any constituent will be found hy prefixing n separately to each
factor of the constituent, and taking the least of the resulting
values.

2nd. The minor limit will be found by adding all the values
above mentioned together, and subtracting from the result as
many, less one, times the value of z(1).

Thus we should have

Major limit of nzy (1 — z) = least of the values 2z, ny, and #(1 - z).
Minor limit of nzy (1 - 2) = (z) + n (y) + n(1 - 2z) - 2z(1)
=nz +n(y) - n(z) - n(l).
In the use of general symbols it is perhaps better to regaid all
the values % (), 2 (y), 7 (1 - 2), as major limits of z {zy (1 - 2)},
since, in fact, it cannot exceed any of them. I shall in the fol-
lowing investigations adopt this mode of expression.

ProrositTion I1.

6. Todetermine the major numerwcal hmit of a class expressed
by a series of constituents of the symbols 2, y, z, &c., the values of
n(2), n (y), n(2), §e., and n (1), bewng given.

Evidently one mode of determining such a limit would be to
form the least possible sum of the major limits of the several con-
stituents. Thus a major limit of the expression

nfzy+ (L~ 2) (1 - )}
would be found by adding the least of the two values nz, ny, fur-
nished by the first constituent, to the least of the two values
2 (1 - z), = (1 - ), furnished by the sccond constituent If we
do not know which 1s 1n each case the least value, we must form
the four possible sums, and rcject any of these which are equal to
or exceed # (1).  Thus in the above example we should have
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nz +a(l-z)=n(1)
(@) +n(l-y) =2(l)+n(z) - n(y).
n(y) +n(l-y)=n(l) +n(y) - n(a).
2(y)+n(l —y) =n(l).

Rejecting the first and last of the above values, we have

(1) +n(z)-n(y), and (1) + n(y) - = (),
for the expressions required, one of which will (unless nz = ny)
be less than 72(1), and the other greater. The least must of
course be taken.

‘When two or more of the constituents possess a common fac-
tor, as z, that factor can only, as is obvious from Principle 1.,
furnish a single texm % (#) in the final expression of the major
limit. Thus ifz (z) appear as a major limit in two or more con-
stituents, we must, in adding those limits together, replace
nz + 7w by nx, and so on. ‘Take, for example, the expression
2 {zy + (1 - y)z} The major limits of this expression, imme-
diately furnished by addition, would be—

1. nx 4. ny + nz.
2. az+a(l-y). 5. ny+n(l-y).
3. nz + n(2). 6. ny + nz.

Of these the first and sixth only nced be retained; the second,
third, and fourth being greater than the first ; and the fifth being
equal to n (1) The limits are therefore
n(z) and % (y) + 2 (2),
and of these two values the last, supposing it to be less than z (1),
must be taken
These considerations lead us to the following Rule:
RuLk. — Take one factor from each constutucnt, and prefiz to
it the symbol n, add the several terins or 1esults thus formed toge-
ther, rejecting all repetitions of the same term ; the sum thus ob-
tamned will be a major limt of the expression, and the least of all
such sums will be the major limat to be employed.
Thus the major limits of the expression
ryz+e(l-p) (1-2)+1-2)(1-y) (1-2)
would be
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n(z) +n(l-y), and n(z)+n(l-2),
or n(2) + n(1) - n(y), and 2 (z) + n(1) - n(2).
If we began with 2 (y), selected from the first term, and took

n (z) from the second, we should have to take n (1 - ) from the
third term, and this would give

n(y)+n(z) +n(l-y), or n(l) + n(z).
But as this result exceeds z (1), which 1s an obvious major liniit
to every class, it need not be taken into account.

Prorosition III.

1. To find theminor numerical lumi of any class expressed by
constituents of the symbols &, y, 2, having gwen n(z), n(y), n(2)..

n(1).

This object may be effected by the application of the pre-
ceding Proposition, combined with Principle 11., but it is better
effected by the following method :

Letany two constituents, which differ from one another only
by a single factor, be added, so as to form a single class term
as (1 -y) + zy form &, and this species of aggregation having
been carried on as far as possible, i. e., there having been selected
out of the given seiies of constituents as many sums of this kind
as can be formed, each such sum comprising as many constituents
as can be collected into a single term, without regarding whether
any of the said constituents enter into the composition of other
terms, let these ultimate aggregates, together with those con-
stituents which do not admit of being thus added together, be
written down as distinct terms  Then the several mmor limits
of those terms, deduced by Prop I., will be the minor limits of
the expression given, and one only of those minor limits will at
the same time be positive

Thus from the expression 2y + (1-2)y + (1 - 2) (1 -y) we
can form the aggregates y and 1 — 2, by respectively adding the
first and second terms together, and the second and third.
Hence z(y) and #(1 — z) will be the minor hmits of the expres-
sion given. Again, if the expression given were
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zyz+x(l-pNz+(1-2)yz+(1-2) 1-y)z

+ay(1-2)+(1-2) 1-9) (1-2)
we should obtain by addition of the first four texms the single
term z, by addition of the first and fifth term the single term zy,
and by addition of the fourth and sixth terms the single texm
(1-2) (1-y); and theie is no other way in which constituents
can be collected into single terms, nor aie theic are any consti-
tuents left which have not becn thus taken account of. The
three resulting terms give, as the minor himits of the given ex-
pression, the values

n(z), n(z)+n(y) - =(l),
and n(l-2)+n(l-y)-a(l), or n(l) ~n(z) -n(y)

8. The proof of the above rule consists in the proper appli-
cation of the following pinciples :—lst The mino1 limit of any
collection of constituents which admit of bemg added into a sin-
gle term, will obviously be the minoa linut of that single term.
This explains the first part of the rule 2nd. The minor limit
of the sum of any two terms which either ave distinet constituents,
or consist of distinct constituents, but do not admit of being
added together, will be the sum of their 1espective minor lumits,
if those minor lumits are both positive; but if one be positive, and
the other negative, it will be equal to the positive minor limit
alone For if the ncgative one were added, the value of the limit
would be dimimshed, i. e. it would be less for the sum of two
terms than for a single term. Now whenever two constituents
differ in more than one factor, 50 as not to admit of bemg added
together, the minor limits of the two cannot be both positive.
Thus let the terms be zy= and (1 - ) (1 - ¥) 2, which differ in
two factors, the minor limit of the first is #n (z+ y+ = - 2), that
of the seccond n(l -z +1 -7+ 2 - 2). o,

Ist. n{z+y~1~(1-2)). 2nd n{l-z-y-(1-2))

If n(z + y - 1) is positive, n(1 ~ r — y) is negative, and the se-
cond must be negatne If a(z +y - 1) is negative, the first is
negative; and similarly for cases in wluch a lmger number of
factors are involved It may in this manner be shown that, ac-
cording to the mode in which the aggregate tetms are formed in
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the application of the rule, no two minor limits of distinct terms
can he added together, for either those terms will involve some
common constituent, in which case it is clear that we cannot add
their minor himits together,—or the minor hmits of the two will
not be both positive, in which case the addition would be useless.

Prorosition IV.

9. Gwen the respectwe numbers of indimduals comprised wn
any classes, s, t, §¢ logwally defined, to deduce @ system of nume-
rical hmits of any other class w, also logucally defined

As this is the most general problem which it is meant to dis-
cuss in the present chapter, the previous inquiries being merely
introductory to it, and the succeeding ones occupied with its ap-
plication, it is desirable to state clearly its nature and design.

‘When the classes 5,2 w are said to be logically defined, it
is meant that they are classes so defined as to enable us to write
down their symbolical expressions, whether the classes in ques-
tion be simple or compound. By the general method of this
treatise, the symbol w can then be determined directly as a deve-
loped function of the symbols s, ¢, &c. in the form

0 1
10=J]+0B+BC+'6D, (l)

wherein A, B, C, and D are formed of the constituents of's, ¢, &e.
How from such an expression the numerical limits of % may in
the most general manner be deteimined, will be considered here-
after., At present we mercly puipose to show how far this object
can be accomplished on the principles developed in the previous
propositions; such an inquiry being sufficient for the purposes of
this work.  For simpheity, I shall found my argument upon the
particular development,

west+0s(l-t)+ g (L-8)t+3(1=5) (L-1) (@)

in which all the varieties of coefficients present themselves
Of the constituent (1-s) (1 ~¢), which has for its coeffi-

cient %, it is imphed that some, none, or all of the class denoted
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by that constituent are found in w. It is evident that n(w) will
have its highest numerical value when all the members of the
class denoted by (1 -+s) (1 -#) are found in w. Morcover, as
none of the individuals contained in the classes denoted by
s(1-t) and (1 —s) ¢ are found in w, the superior numerical limits
of w will be identical with those of the class sf + (1 - 5) (1 - ¢).
They are, therefore,
ns+n(l-t) and ot +n(l-s).
In like manner a system of superor numerical limuts of the

development A + 0D + g— C+ % D, may be found from those of
A + C by Prop 2

Again, any minor numerical limit of w will, by Principle 11.,
be given by the cxpiession

~

7 (1) — major limit of z (1 - w),

but the development of « being given by (1), that of 1 - w will
obviously be

1-w=04 +B+%C+ (—I)D

This may be directly proved by the method of Prop. 2, Chap. x.
Hence
Minor limit of # (w) = n (1) — major limit (B + C)
= minor limit of (4 + D),

by Piinciple 11., since the classes 4 +.D and B3 + C are supple-
mentary. Thus the minor hmit of the second member of (2)
would be x (£), and, generahizing this mode of reasoning, we have
the following 1esult :

A system of minor Lumts of the development
0 1
A4 +0B+ 0 C+ 3 D

well be gwen by the minor limts of A + D.

This result may also be dircetly inferred  For of mino1 nu-
metical limits we aie bound to seck the greatest. Now we ob-
tain in geneial a hugher minor liunt by connecting tle class O
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with A4 in the expression of w, a combination which, as shown in
various examples of the Logic we are permitted to make, than
we otherwise should obtain.

Finally, as the concluding term of the development of w in-
dicates the equation D = 0, it is evident that » (D) = 0. Hence
we have

Minor limit of = (D) < 0,
and this equation, treated by Prop 3, gives the requisite condi-
tions among the numerical elements n(s), #(¢), &e., in order that

the problem may be real, and may embody in its data the re-
sults of a possible experience.

Thus from the term %(1 - §)t in the second member of (2)
we should deduce
n(l-8)+n(t)-n(1) 20,
son(t) 2 n(s)

These conclusions may be embodied in the following rule:

10. RuLe.—Determine the expression of the class w as a deve-
loped logical function of the symbols s, t, &c. w the form

w=A+OB+%C+(1)—D.
Then wnll
Maj. lim. w = Maj. lim. 4 + C.
Min. lim. w = Min. lim. 4 + D.
The necessary numerical conditions among the data being gwen by
the inequality
Min. lim D Zn(1).

To apply the above method to the limitation of the solutions
of questions in probabilities, it is only necessary to replace in
each of the formula. n (z) by Prob. z, n (y) by Prob.y, &c, and,
finally, n (1) by 1. The application being, however, of great im-
portance, it may be desirable to exhibit in the form of a rule
the chief results of tiansformation.

11. Given the probabilities of any events s, ¢, &c., whereof
another event w is a developed logical function, in the form

0 1
w=.A+OB+60+6D,
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required the systems of superior and inferior limits of Prob. w,
and the conditions among the data.

SovruTion.—The superior limits of Prob (4 + C), and the
inferior limits of Prob (4 + D) will form two such systems as a1e
sought. The conditions among the constants in the data will be
given by the inequahty,

Inf. lim Prob.D Z 0

In the application of these principles we have always
Inf Yim. Prob. z, «, .. 2, = Prob z, + Prob. 2, .. + Prob.2, - (n-1).

Moreover, the inferior limits can only be detexmined fiom single
terms, either given or formed by aggregation. Superior limits
are included in the form = Prob z, Prob.z applying only to
symbols which are different, and are taken from different terms in
the expression whose superior limit is sought. Thus the supe-~
rior limits of Prob. zyz + z (1 -y) (1 - 2) are

Prob.z, Prob.y + Prob. (1 - 2), and Prob. z + Prob. (1-y).

Let it be observed, that if in the last case we had taken Prob. z
from the first term, and Prob (1 ~ z) from the second,—a con-
nexion not forbidden,—we should have had as their sum 1, which
as a result would be useless because d prior: mecessary. It is
obvious that we may reject any limits which do not fall between
0 and 1.

Let us apply this method to Ex. 7, Case 1. of the last
chapter.

The final logical solution is

z= 0stu+ lszu+l st + stu
) 0 0 ’

+ X5t 057w+ 03t + 0547,

o

the data being
Prob.s=p, Prob t=q, Prob.u=r.

‘We shall seek both the numerical limits of z, and the condi-
tions connecting p, ¢, and 7.
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The superior limits of = are, according to the rule, given by

those of stu + stii. They are, therefore,
pgtl-r, r+l-gq.
The inferior limits of z aie given by those of
stu + sti + stii + stu.
‘We may collect the first and third of these constituents in the
single term s¢, and the second and third in the single term si.
The inferior limits of z must then be deduced separately from
the terms s (1 - £), s(1 - u), (1 - s) 2y, which give
prl-gqg-1, p+l-r-1, l-p+qg+r-2

or p-¢ p-r andg+r-p-1.

Finally, the conditions among the constants p, ¢, and r, are

given by the terms
stu, stu, stu,

from which, by the rule, we deduce

P+l-g+7-220, p+g+1-7r-220, 1-p+g+7r-220.
orl+gq-p-7r30, 1l4+r-p-¢50, l+p-qg-130.

These are the limiting conditions employed in the analysis of
the final solution. The conditions by which in that solution X is
limited, were determined, however, simply from the conditions
that the quantities s, ¢, and u should be positive Narrower

limits of that quantity might, in all probabiity, have been de-
duced from the above investigation.

12 The following apphcation is taken from an important pro-
blem, the solution of which will be given in the next chapter.
There are given,

Prob. z=¢;, Prob.y=c;, Prob s=e¢,p, Prob.= €:Ppss
together with the logical equation
2 = stwy + stxff + stiy + 05t
A l{sta:g} + StTY + SIT§ + stxy + stzy
0 +s6ag + stxy + stry + stTy;
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and it is required to determine the conditions among the constants
€15 €15 Py P2y and the major and minor lumts of =.
First let us seck the conditions among the constants Con-

fining our attention to the terms whose coefficients are %, we
readily form, by the aggregation of constituents, the following
terms, viz.:

s(l-z), t(l-g), sy(l-¢), tz(l-3s);

nor can we form any other terms which are not included under
these. Hence the conditions among the constants are,

n(s)+n(l-2)-n(1)20,
(@) +n(l-y-2(1)20,
n(+n(P+n(1-6H-22(1) 20,
n()+n@)+n(l-5)-22(1)20
Now replace z () by ¢;, () by ¢;, n(s) by e, py, n(t) by
c.p,, and 2 (1) by 1, and we have, after slight reductions,
i 26, C; P2 <6
aepzl-c (I—Pz)) czpzz l_cl(l_pl)'

Such are, then, the requisite conditions among the constants.
Again, the major humits of z arc 1dentical with those of the
expression

stzy+s(1-)z(Q-p» r(1-8)t(1-2)y;
which, if we bear in mind the conditions
n(s)zn(z), n@)In(@),
above determined, will be found to be
n(s) + n (), Or, G, P1 + C: 2y
n(s)+n(l-2) or,1-a(l-p)
(@) +n(l-y), or, 1-c.(1-p.).
Lastly, to ascertain the minor limits of z, we readily form

. . 1 .
from the constituents, whose cocfficients are 1 or o’ the single

terms s and ¢, nor can any other terms not included under these be
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formed Ly selection or aggregation. Hence, fur the minor limits
of z we have the values ¢, p, and ¢, p..

13. It is to he ohserved, that the method developed above
does not alway= assgn the narowest himits which it is possible
to determine. But it in all caces, I believe, sufficiently limits the
solutions of questions in the theory of probabilities.

The problem of the determination of the narrowest limits of
numerical extension of a class is, however, always reducible to a
purely algebraical form.* Thus, resuming the equations

w=AJ-OB+gC'+%D,

let the highest infeilor numerical limit of w be represented by
the formula an (s) + bn (¢) . . + dn (1), wherein a, b, ¢, ..d are
numerical constants to be determined, and s, £, &c, the logical
symbols of which 4, B, C, D are constituents. Then

an (s) + bu(¢) . . + dn (1) = minor limit of A subject
to the condition D = 0.
Ience if we develop the function
as + bt ..+d,

reject from the result all constituents which are found in D, the
coefficients of those constitnenis which remamn, and me found
also in 4, ought not individually to exceed unity in value, and
the coefficients of those constituents which 1cmain, and which
are not found in 4, should individually not exceed 0 in value.
Hence we shall have a scries of inequalities of the form f< 1,
and another seiics of the form g < 0, fand g being linear func-
tions of @, b, ¢, &c. Then those values of @, & . d, which, while
satisfying the above conditions, give to the function

an(s) +bn(t) ..+ dn(l),

its highest value must be determined, and the highest value in

¢ The author regrets the loss of a manuseript, written about four years ago,
in which this method, he belheves, was developed at considerable length His
recollection of the contents 1s almost entirely confined to the :mpression that the
prineiple of the method was the same as above deseribed, and that its suffier-
ency was proved The prior methods of this chapter are, 1t 1s almost needless
to say, easier, though certainly less general.
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question will be the highest minor limit of w  To the above we
may add the 1clations simluly formed for the determination of
the relations among the given constants 2 (s), # () 2 (1),

14. The following somewhat complicated example will show
how the limitation of a solution is effected, when the problem
involves an arlntiary element, constituting 1t the represeatative
of a system of problems agieeing in their data, but unlimited in
theii quesita.

ProsreM.—Of 2 events 2, 2. . . &,, the following particulars
are known :

1st. The probability that either the event z, will oceur, or
all the events fail, is p, -

2nd. The probability ihat either the event z, will oceur, or
all the events fail, is p,. And so on for the others.

It is requred to find the probability of any single event, or
combination of events, represented by the general functional form

¢ (x . . z,), or ¢

Adopting a previous notation, the data of the problem are
Prob. (2, + 2, . . 1a) =py - - Prob.(@a+ T, . . Tn) = P-

And Prob.¢ (z ) is required.

Assume gencially
Tp+2y002n=8, (1)

¢ = w. )

‘We hence obtain the collective logical equation of the problem

(2 +3, Tn) T+ 5 (@ - T 3n))+¢B+wh=0. (3)
From this equation we must climinate the symbols z,, .z,, and
determine w as a developed logical function of 5, . 8a.

Let us represent the 1esult of the aforesaid elunination in the
form

Ew+E(1-w)=0;

then will E be the result of the climination of the same symbols
from the equation

S+ .28 48 (r—T . T+ 1-9p=0 (4)

Now E will be the product of the coefficients of all the con-
stituents (considered with 1cference to the symbols z,, z, . . z,)
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which aic found in the development of the first member of the
above equation. Moreover, ¢, and therefore 1- ¢, will consist
of a seiics of such constituents, having unity for their 1espective
coefficients. In determimng the forms of the cocflicients in the
devclopment of the first member of (4), it will be convenient to
arrange them in the following manner:

1st. The coefficients of constituents found in 1 - ¢.

2nd. The cocflicient of 1,, Z, . . T, if found in ¢.

3rd. The cocflicicnts of constituents found in ¢, excluding the
constituent z;, 7; . . iy

The above is manifestly an exhaustive classification.

First then; the cocfficient of any constituent found in 1 - ¢,
will, in the developnient of the first member of (4), be of the form

1 + positive texms derived fiom 3

Hence, every such cocfficient may be replaced by unity, Prop. 1.
Chap 1x.

Secondly ; the coefficient of 2, . . Z,, if found in ¢, in the
devclopment of the first member of (4) will be

S3ry OF 51+ 824« + 5n

Thirdly ; the cocfficient of any other constituent, z, .,
L1+ o Tn, found in ¢, m the development of the fiist member
of () willbe 51 . . + 5, + 811+« + e

Now it i> seen, that E is the product of all the cocfficients
above deternnned, but as the cocflicients of those constituents
which me not found in ¢ reduce to unity, ZZ may be 1cgarded as
the product of the cocfficients of those constituentswlich arefound
in ¢. From the mode in which those coefficients are formed, we
derive the following rule for the deteimination of E, viz., in
cach constituent found in ¢, except the constituent z, z, . . Za,
for z, write 5, for z, wiite 51, and so on, and add the results;
but for the constituenty, 7,..2,, if it occur ing, write s,+ 5.+ +513
the product of all these sums is E.

Tofind £ we must in (3) make w = 0, and climinate z,, . . . Za
fiom the 1educed equation. That equation will be

Sl{ndn 4 T) st s (EP_II- 5:n)} +¢9=0. (5)
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Hence Z’ will be formed fiom the constituents in 1 - ¢, i e.
fiom the constitucnts not found in ¢ in the same way as £ is
formed fiom the constituents found in ¢.

Consider next the equation

Ew+ E(1-w)=0.
This gives
gl B
w = —m. (6)

Now E and E'are functions of the symbols s, s, . . $,. The
expansion of the value of w will, therefore, consist of all the con-
stituents which can be formed out of those symbols, with their
proper cocfficicnts annexed to them, as determined by the rule
of development.

Morcover, £ and £’ arc each formed by the multiplication of
factors, and neither of them can vamish unless some one of the
factors of which it is composed vanishes. Again, any factor, as
% ..+ 5p can only vanish when all the termsby the addition of
which it is formned vanish together, since in development we at-
tribute to thesc terms the values 0 and 1, only. It is further evi-
dent, that no two factors diffeiing fiom each other can vanish
together. Thus the factors 5, +35; .+ 5, and 5, +3,.. + 5, can-
not simultancously vanish, for the foimer ¢innot vanish unless
§ =0, or 5, = 1; but the latter cannot vamsh unless s, = 0.

First, let us determine the coefficient of the constituent
515 .5, in the development of the value of w.

The shnultancous assumption 5, =1, 5. =1 . 5, = 1, would
cause the factor s, + s; . . + s, to vamsh if this should occur 1n
E or E'; and no other factor under the same assumption would
vanish; but s, +s, + s, does not occur as a factor of cither
E or I’; ncither of these quantities, theiefore, can vanish; and,

nd

. .. 0
therefore, the expicssion T 1 neither 1, 0, nor o
Wherefore the coefficient of s, s; - . 5, in the expanded value
1
of w, may be represented by B

Secondly, let us determine the coefficient of the constifuent
8 804 8y
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The assumptions s, = 1, 5. =1, .. 8, = 1, would cause the factor
3 +35, .. 173, to vanish. Now this factor is found in E and not
in E whenever ¢ contains both the constituents z, z, . . z, and

1 v

E E
T, %s. Tz Here then Y becomes—E—, or 1. The factor

51+ 3 ..+ o, is found in E' and not in E, if ¢ contains neither
of the constituents =z, %, . . 7, and =, 7, . . Z,. Here then

1

mbecomes % or 0 Lastly, the factor 5+ 5, ..+ 5, is

contained in both & and ", if one of the constituents z, z, .z,

and 7,7, Z,is found in ¢, and one is not. Here then E_IS—E

0
becomes re

The coefficient of the constituent s, s, . sny will therefore be
1,0, or t according as ¢ contawns both the constituents z,xz, . .z,

and T, T, . T, or neither of them, or one of them and not the
other

Lastly, to detcrmine the coefficient of any other constituent
a8 8, .. 8, 501 - Sne

The assumptions $;=1,..8, =1, 5., =0, s, = 0, would
cause the factor 5, + 5, + §,.1. « + 8 to vanish. Now this fac-
tor is found in Z, if the constituent , . . ¢, Z,,;, %, is found in
¢ and in ', if the said constituent is not found in ¢. In the
former case we have E——J_E_ ol % =1; in the laiter case we have

E 0
E-E 0-E

Hence the coefficient of any other constituent s,. s,, 5., .. 5,
s 1 or 0 according as the stmilar constituent z,
18 or 15 not found m ¢.

We may, thercfore, practically determine the value of  in
the following manner.  Rejecting from the given expression of
¢ the constituents x, . . . z, and and &, 7,. . I,, should both or
either of them be contaned in it, let the symbols z,, z,, =z,
in the result be changed into s, 85, . . 8, respectively. Let the co-
cfficients of the constituents s, s, .s, and 5,5, 3, be determined

0.

Ty, Tie1 o0 Tn
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according to the special rules for those cases given above, and let
every other constituent have for its coefficient 0. The result
will be the value of w» as a function of s,, 5.y . - 5

As a particular case, let ¢ =z, It is required from the
given data to detcrmine the probability of the event ,.

The symbol 2;, expanded m terms of the entire series of sym-
bols @, 2, . . Zy, will generate all the constituents of those
symbols which have =z, as a factor. Among those constituents
will be found the constituent z, z, . . z,, but not the constituent
21Tz . dp.

Hence in the expanded value of #, as a function of the sym-
bols sy, 5., . .55, the constituent s, s; . . s, will have the coeflicient
-g, and the constituent 5, s;. . s, the coefﬁcientt—l).

If fiom &, we reject the constituent z, 2, . . z,, the result
will be #, — 2,2, . . #,, and changing therein z, into s,, &ec., we
have s; — 8,5, . . §, for the corresponding portion of the expres-
ston of x; as a function of s, Sa,y « « Su.

Hence the final expression for z, is

1._
a:,=s,—sls,..s,,+(—)sls,..s,.+—s,s,. Sn

0
+ constituents whose coefficients are 0.

()

The sum of all the constituents in the above expansion whose

. . 0o . - -
cocfficients are cither 1, 0, or 3’ willbe 1 - 5,5 . . 5,.

We shall, theiefore, have the following algebra:c system for
the determination of Prob. ;, viz :

L= 8183 o4 Sn + €585 4 Sp

Prob z,= g

’ 8

1-5152¢+5n
with the relations

pop P )
=l-55..5=2A
It will be seen, that the relations for the determination of
51 8; . $, are quite independent of the form of the function ¢,
and the valucs of these quantities, determined once, will serve
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for all possible problems in which the data are the same, how-
ever the guevta of those problems may vary. The nature of
that event, or combmation of events, whose probability is sought,
will affect only the form of the function in which the determined
values of s, 8, . . s, are to be substituted.

‘We have fiom (9)
s =pA, & =PA «+ Sp=pn
‘Whence
Or 1—(1—p1A) (l—pzk)-.(l—Pnl)=A

I-A=(1-pA)(1-2:.A). . (1 - paA); (10)

from which equation the value of A is to be determined.
Supposing this value determined, the value of Prob z, will be

PA-(l-C)pips. - pr A"
I-(A-p N A-2A) .. 0-paAy
or, on reduction by (10),

Prob.z,=p, - (1= ¢) pyps . pad*"N 1

Let us next seek the conditions which must be fulfilled

among the constants p,, p., . . 72n, and the limits of the value of
Prob =z,.

. . . 1 .
As there 1s but onc term with the coefficient 5’ theie is but

one condition among the constants, viz.,

Minor limut, (1-8)(1-5) (1-35.)<0.
Or, n(1-s)+n(l-s) .+2(l-52) - (m-1)n(1)Z0.
Or, n(l)-n(s)-n(s)..—n(s)< 0.
‘Whence Ptpa. a1,

the condition required.
The major himiit of Prob #, is the major limit of the sum of
. . 0 .
those constituents whose coefficients are 1 or o But that sum is s,.

ITence,
Major limit, Piob. 2, = major limit s, = p,.
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The minor limit of Prob. z; will be identical with the minor
limit of the expression

si-88% S+ (1-8)(1-8)..(1-s).

A little attention will show that the different aggregates,
terms which can be formed out of the above, each including the
greatest possiblec number of constituents, will be the following,
viz :

s(1-8) 8(1-8) su(l-8) (1-8)(l-8)..(1-8).

From these we deduce the following expicssions for the minor
limit, viz.:

Dr—Des Pr—Ps Py~ Pus 1"}72"}’,--‘]711-

The value of Piob 2, will, therefore, not fall short of any of
these values, nor cxceed the value of p,.

Instead, howcver, of employing these conditions, we may
directly avail ourselves of the principle stated in the demon-

stration of the general mcthod in probabilities The condition

that s, s;. .., must cach be less than unity, requires that A

.. 1
ghould be less than each of the quantities —, —1—, . —1— And
pl P3 [’n
the condition that &, 8,, . 8;, must each be greater than 0, re-
quires that A should also be greater than 0 Now p, p. . pn

being proper fiactions satisfying the condition

PP +pa>1,
it may be shown that but onc positive value of A can be deduced
from the cential equation (10) which shall be less than cach of

the quantities l, —1—, . 1 That valuc of X is, therefore, the

. P P Pn
one required.

To prove this, let us consider the equation
(l*plk) (1 —pgx) e (1 ‘—pnk) - 1 + A = 0-

‘When A = 0 the first member vanishes, and the equation is
satisfied. Let us examine the vamiations of the fiist member

between the limits A =0 and A = 1%—, supposing p, the greatest of
1
the values p, p; . . p.



318 OF STATISTICAL CONDITIONS. [caa®. xix.

Bepresenting the first member of the equation by ¥, we have

14
Z_A=_Pl (l-p_l) . (I-Pnl) «=Pn (1 -plf\) .. (1 _P"-JA)-FI’

which, when A = 0, assumes the form — p, - ps . . — pe + 1, and
is negative in value.
Again, we have

d:Vv
- pp (1-2:2) (1-pad) + &e.,

consisting of a series of terms which, under the given restrictions
with reference to the value of A, are positive.

Lastly, when A = %, we have
1

V=—1+l,

which is positive. B

From all this it appears, that if we construct a curve, the or-
dinates of which shall represent the value of ¥ corresponding to
the abscissa A, that curve will pass through the origin, and will

for small values of A lie beneath the abscissa. Its convexity will,
between the limits A =0 and A =% be downwards, and at the
1

T | . . . .
extreme limit 7 the curve will be above the abscissa, its ordinate
1

being positive. It follows from this description, that it will m-
tersect the abscissa once, and only once, within the limits speci-

fied, viz., between the values A = 0, and A = _1_

1
The solution of the problem is, therefore, expressed by (11),
the value of A bemng that root of the equation (10), which les

within the limits 0 an i, 1 l

4 Pz’ Pﬁ-

The constant ¢ 15 obviously the probability, that if the events
Zi, Tz, - Tny all happen, or all fail, they will all happen.

This determination of the value of A suffices for all problems
in which the data are the same as in the one just considered. It
is, as from previous discussions we are prepared to expect, a de-
termination independent of the form of the function ¢.
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Let us, as another example, suppose
¢=0rw= zl(]. —xz) --(.l. —1'") R zn (1 - wl).-(l—ﬂ.',,.l).

This is equivalent to requiring the probability, that of the events
&, &, &, one, and only one, will happen. The value of w will
obviously be

wes(L-a)-e(1=00) . +8(1=8) (1= 802)+ 5 (1-8)..(1-80)
from which we should have
Prob. (z, (1-=) .. (1-m) ..+ xn(l-x) (L-2,)}
=81(1—33) (l-8) +8(l-8)..(1-8.)
1-(Q1-8) (1-8.)

=p;k(1—p,)\)..(1—p,,)\) + 02 A(1=-pd) . (1= pssd)
A

(- pl-2)  pa(l-d)
l-pd  1-pd " 1-paA

This solution serves well to illustrate the remarks made in the
introductory chapter (I 16) The essential difficulties of the
problem are founded in the nature of its data and not in that of
its queesita  The central equation by which X is determined, and
the peculiar discussions connected therewith, are equally perti-
nent to every form which that problem can be made to assume,
by varying the interpretation of the arbitrary elements in its
original statement.
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CHAPTER XX.

PROBLEMS RELATING TO THE CONNEXION OF CAUSES AND
EFFECTS

1. O to apprehend in all particular instances the relation of
cause and effect, as to connect the two extremes in thought
according to the oider in which they are connected in natue
(for the modus operands is, and must ever be, unknown to us),
is the final object of scicnce  This treatise has shown, that theie
is special reference to such an object in the constitution of the
intellectual faculties There is a sphere of thought which com-
prchends things only as coexistent parts of a unmiveise; but
there is also a sphere of thought (Chap xr) in which they me
apprehended as links of an unbroken, and, to human appear-
ance, an endless chain—as having their place in an order con-
nceting them both with that which has gone before, and with
that which shall follow after. In the contemplation of such
a series, it is impossible not to fecl the pre-eminence which 1s due,
above all other relations, to the relation of cause and effect
Here I propose to consider, in their abstract form, some pro-
blems in which the above relation is involved  There cxists
among such problems, as might be anticipated from the natuie
of the relation with which they aze conceined, a wide dweisity.
Firom the probabilitics of causes assigned & priors, or given by
expeiience, and their 1espective probabilities of association with
an effect contemplated, it may be required to determine the pio-
bability of that cffect ; and this cither, 1st, absolutely, or 2ndly,
under given conditions To such an object some of the earlier
of the following problems rclate. On the other hand, it may be
required to determine the probability of a particular cause, or of
some particular connexion among a system of causes, from ob-
served cffects, and the known tendencies of the said causes, singly
or in connexion, to the production of such effects. This class of
questions will be considered in a subsequent portion of the
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chapter, and other forms of the general inquiry will also be
noticed I would remark, that although these examples are de-
signed chiefly as illustrations of a method, no regard has been
paid to the question of ease or convenience in the application of
that method. On the contrary, they have been devised, with
whatever success, as types of the class of problems which might
be expected to aiise from the study of the relation of cause and
effect in the more complex of its actual and visible manifestations.

2. ProsrLEM I.—The probabilities of two causes 4, and 4,
are ¢, and ¢, respectively The probability that if the cause 4,
present itself, an event E will accompany it (whether as a conse-
quence of the cause 4, or not) is p,, and the probability that if
the cause 4. present itself, that event E will accompany it,
whether as a consequence of it or not, is p, Moreover, the
event % cannot appear in the absence of both the causes 4, and
A4,.* Required the probability of the cvent E.

The solution of what this problem becomes in the case in
which the causes d,, 4, are mutually exclusive, is well known
to be

Prob. E=¢,p: + ;23
and it expresses a particular case of a fundamental and very im-
portant principle in the reccived theory of probabilities. Here
it is proposed to solve the problem free from the restriction above
stated

¢ The mode 1n which such data as the above might be furnished by eape-
rience 1s easily conceivable Opposite the window of the room 1n which I write
is a field, hable to be overflowed from two causes, distinct, but capable of being
combined, w1z, floods from the upper sources of the River Lec, and tides from
the ocean Buppose that observations made on IV separate occasions have
yielded the following results On A occasions the river was swollen by freshets,
and on P of those occasions 1t was 1mmundated, whether from this cause or not
On B occasions the river was swollen by the tide, and on Q of those occasionsit
was inundated, whether from this cause ornot Supposing, then, that the field
cannot be inundated 1n the absence of Jot% the causes above mentioned, let 1t be
required to determine the total probability of its inundation
Here the elements ¢, b, p, ¢ of the gencral problem represent the ratios
4 P B Q
F A
or rather the valucs to which those ratios approach, as the value of V 1s indefi-
mtely increased
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Let us represent
The cause 4. by z.
The cause 4, by y.
The effect E by z.
Then we bave the following numerical data:
Prob. z=¢,, Prob. y = cy,

1
Prob. 2z = ¢, p,, Prob. yz = ¢ ps. M
Again, it is provided that if the causes 4,, 4, are both ab-
eent, the effect E does not occur; whence we have the logical

equation
1-2)A-y=v(1-2).
Or, eliminating »,
z(I-z)(1-y)=0. 2)
Now assume,
zz=5, yz=4_. 3)

Then, reducing these equations (VIIL 7), and connecting the

result with (2),

2z(1- 8)+ s(1-z2)+yz(1- )+ t(1-y2)+z(1-2)(1-)= 0. (4)
From this equation, z must be determined as a developed

logical function of z, y, s, and ¢, and its probability thence de-
duced by means of the data,

Prob.z=¢,, Prob.y=¢;, Prob s=cipn, Prob t=c.p.. (5)

Now developing(4) with respect to z, and putting z for 1 - =,
# for 1 = y, and so0 on, we have

(z5+sz+yt+ tj+ TPz + (8 +£) 2= 0,

s+

oz ——
S+t—xs-sT—ytl -ty - 7§
= siz +lst.z:'+l siz ! ey

1 - _ o1 -— 1 - _
+ astzy+stzy+-dstzy+ﬁstzy
+l_tz +1E 7 + stz +1‘ti‘

05%*y txy + stay of Yy

+ 07tzy + 05ixg + 05tTy + 05477. (6)
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From this result we find (XVII. 17),
V=stxy + sfzy' + stay + ?[xy+ Et_w;l}
+5tTy + 5tzy
= sty + stz +5txy + st

‘Whence, passing from Logic to Algebra, we have the following
gystern of equations, # standing for the probability sought:

stry + stz + Sta _ stzy + STy + Sty

a c
_ slzy+ stxy _ slzy +sizy (N
ap C3 P2
_ stay+ staj + StTy  stzy + st + STy +50 v
B u - 1 -

from which we must eliminate s, ¢, z, y, and 7.
Now if we have any series of equal fractions, as

a b ¢
we know that

la + mb + nc _
la+ mb+nd

And thus from the above system of equations we may deduce

A

Stzy stz 5t
v—-cop uU-Gp, l-u

»
3

whence we have, on equating the product of the three first mem-
bers to the cube of the last,

STy _p 8
(u-eps) (u - expa) (1 - %) ®
Again, from the system (7) we have

stz St _ stzy

. Yy .V
l-u-e+ep l-u-crap. api+ep-u
whence proceeding as before
SPLLETT Yy -7 (9)

(I-a+ep-u) (1-c+cps—u) (aps + Gps ~¥)
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Equating the values of V2 in (8) and (9), we have

(u-ep) (n-ep) (1 -n)
= (1= (1-p) ~ ) {1- e (1~ p2) ) (espr+ espa— ),

which may be more conveniently written in the form

(w—ap)(u-c:py) _l-a@-p)-u}{l-c(l-p)-u) (10)
QP+ Cp,—U | )

From this equation the value of # may be found. It remains
only to determine which of the roots must be taken for this pur-
pose.

3. It has been shown (XIX. 12) that the quantity w, in
order that it may represent the probability required in the above
case, must exceed each of the quantities ¢, pi, c.p», and fall
short of each of the quantities 1 - ¢, (1 - p)), 1 -, (1 — p,), and
¢, P, + (P, the condition among the constants, moreover, being
that the three last quantities must individually exceed each of
the two former ones Now I shall show that these conditions
being satisfied, the final equation (10) has but one root which
falls within the limits assigned. That root will therefore be the
required value of .

Let us represent the lower limits ¢, p,, ¢ p:, by a, b respec-
tively, and the upper limits 1 -¢, (1 - p,), 1 - ¢ (1 - ), and
€, Py + & pa, by @, U, € respectively. Then the general equation
may be expressed in the form

(-a)(u-b) (1 -u)-(a'-w) (F -u) (c-u)=0, (11)
or (1-a-byw—|ab—-a¥+(1-a'-b)c}u+ab-abd=0.

Representing the first member of the above equation by V, we
have
eV

:lu—2=2(1—al—b') (12)

Now let us suppose a the highest of the lower limits of », &’ the
lowest of its higher limits, and trace the progress of the values
of V betwcen the limits 2 =a and u=a'.

When u = a, we sce fiom the form of the first member of (11)
that V is negative, and when z = o’ we see that V is positive.
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Between those limits V' varies continuously without becoming
&V, .
infimte, and 7 18 always of the same sign.

Hence if u represent the abscissa 77 the o1dinate of a plane
curve, it is evident that the cmve will pass from a point below
the axis of u corresponding to « = a, toa point above the axis of
u corresponding to u=a’, the curve 1emaimng continuous, and
having its concavity or convexity always twined in the same di-
rection. A lLittle attention will show that, under these circum-
stances, it must cut the axis of u once, and only once.

Hence between the limits u = a, u = ', there exists one value
of u, and only one, which satisfies the equation (11). It will
further appear, if in thought the cmivo be traced, that the other
value of » will be less than a when the quantity 1 - &’ ~ ¥ is po-
sitive and greater than any one of the quantities o', ¥, ¢ when
1 — & - ¥ is negative. It hence follows that in the solution of
(11) the positive sign of the radical must be taken. We thus
find , )

e (3

where Q= {ab-al'+(1-a' -b)c)*-4(1-a'-¥)(ab-d'l’).

4. The results of this investigation may to some cxtent be
verified. Thus, it is evident that the probability of the event £
must in general exceed the probability of the concurrence of the
event E and the cause A4, or .l,. Ilence we must have, as the
solution indicates,

u>ep, uU>Cp

Again, it is clear that the probability of the effect £ mustin
general be less than it would be if the causes A,, .1, were mu-~
tually exclusive. Hence

UL P+ O
Lastly, since the probability of the failure of the cffect E con-
curring with the presence of the cause 4, must, in general, be
less than the absolute probability of the failure of E, we have
a(l-p)zl-u
ucl - (l-p)
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Similarly,
u-1-c(l-p.).

And thos the eondition: by which the general zolotion was
limited are confirmed.

Agzain, let p. =1, p,=1. Thi- iz to suppo=e that when either
of the cauzes .1, 4,1s present, the crvent Ewill occur. Wehave
thena=¢, b=¢, a'=1, =1, F=¢, ~ ¢, and substituting in
(13) we get

-6 -6-1+ (e~ ~c,- 1) -4(e,e. - e, — .}
u= H — = 2!

= ¢, + ¢; — ¢,6, on reduction
=1-(1-¢) (1 -¢).

Now this is the known expression for the probability that one
cause at least will be prezent, which, under the circumstances, is
evidently the probability of the event E.

Finally, let it be supposed that ¢, and ¢, are very =mall. so0
that their product may be neglected; then the expressiun for
reducen to e py+ €, p.. Now the smaller the probabality of each
cause, the emaller, 1n a much lugher degree, is the probabihity of
a conjunction of cause~ Ultimately, therefire, such reduction
continuing, the probubiity of the event £ Lecomes the =ame as
if the causes were mutually exclusive.

I have dwclt at greater length npon this solution, because it
sery es in sume re~pect as a model for those which follow, some of
which, Leing of 2 more comiplex character, might, without such
preparation, appear difficult.

5. ProsLEm 1I —In place of the supposition adopted in the
previou- problem, that the cvent £ cannot happen when both the
causes A ,, A, a1c abeent, let 1t be assumed that the canses A, .1,
cannot both Le absent, and let the other circumstances remain as
before.  Required, then, the probability of the event E.

Here, in place of the equation (2) of the previous solution, we
have the equation

(1-z) (1-y)=0.

The developed logical expession of z is found to be
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- L.
z=stwy+%stwg}+%stxy+6.stxy

ot

1 1
= t.z‘y+st.z'y+ —.stz'_/+os Yy

-—-o

1 1
- m_y+—- stxy + stzy + —sta:y

O

+ 05Ty + 03¢zy + 05Tzy +

OI'—‘

and the final solution is
Prob. E = u;

the quantity » being dctermined by the solutivn of the equation

(u-a) (u-b) - (@-u) (¥-u) 1)

a+b-u u-a-b+1’

wherein a = ¢, p), b=¢,p5, a’'=1-¢,;(1-p), ¥ =1-¢(1 -

The conditions of limitation are the following :—That value
of » must be chosen which exceeds each of the thiee quantities

a, b, and o' + % ~ 1,

and which at the same time falls short of each of the three quan-
tities
a, b, and a + b

Exactly as in the solution of the previous problem, it may be
shown that the quadratic equation (1) will have one root, and
only one root, satisfying these conditions The conditions them-
gelves were deduced by the same rule as before, excepting that
the minor limit @'+ & — 1 was found by secking the major hmit
of1-z

It may be added that the constants In the data, beside satis-
fying the conditions implied above, viz , that the quantities o/, &,
and a + b, must individually exceed a, b, and @'+ &' - 1, must
also satisfy the condition ¢; +¢;5 1. This also appeas fiom the
application of the rule.

6. ProBLeM III.—The probabilities of two events 4 and B
are e and b respectively, the probability that if the event A take
place an event E will accompany it is p, and the probability that
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if the event B take place, the same event £ will accompany it
is g. Required the probability that if the event 4 take place the
event B will take place, or vice rersd, the probability that if B
take place, 4 will 1ake place.
Let us represent the event A by z, the event B by y, and the
event E by z. Then the data are—
Prob. z =a, Prob. y=5.
Prob.zz=ap, Prob.yz=1Y.
‘Whence it is required to find
Prob. zy . Prob. zy
Prob.z ° Prob.y "
Let TY=8 yz=t Y=

Eliminating z, we have, on reduction,

sz+ty+syt+zts+ayw+ (1 -)w=0,

_ ST+l +sytrals+ay
- 2ry—-1

= ayst 4 %zﬁst+ -ldiyst+ %Ey'st
+l zyst + 0zy sT + 1 Tyst+ 1 Tyst
0 0 0
1 _ 1 __ - =, 1___
+ azyst + 0 zyst+ 0zyst + Bzyst
+zyst+0zyst+ 0ZysT+ 0Zy5t. 4y
Hence, passing from Logic to Algebra,

Prob. zy = zﬂvﬂlﬁ,

2, ¥, 8 and ¢ being determined by the system of equations

zyst + TYst+ xyst + zYsi ayst + Tyst + xysi+ Tyst
a - b
_ ayst + xyst  xyst + Tyst
G
= ZyYst + TYST+ Tyst + xYs  + TYst + TYSt + zyst = V.
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To reduce the above system to a more convenient form, let every
member be divided by 2757, and in the resuls let

%=m, %:m’, ;=n, %=n’
‘We then find
mm'+m+nn’+n mm +m +an + 0
a . b
mm'+m mm+m
- ep T g

=emm+m+m+n+ndn+1

Also,

] 7

mm' + nn
Prob. oy = —; ; 7 .
4 mm +m+m+al+n+n+1

These equations may be reduced to the form
mm'+m mm +m  an+n oA+ A
ap b a(l-p) bl-9)
=(m+1)(M+1)+(m+1) (w+1)-1.

Prob. Yy = (m) (TITTI) T (n+ 1) (n’+ ]) -1
Now assume

m+1) (m+1)= T?ZTT (a+1) (@+1)= ;—:"—_—1 @

m(m'+1) (m+1) myu

m+ 1 NCEDICTTED]
and so on for the other numerators of the system, we find, on
substituting and multiplying each member of the system by
v+ pu— 1, the following results:

Then since mm +m =

mu - ny - ny -1
m+Dap (m+1)bg (n+1a(l-p) @#+1)d(l-¢q)
Prob. zy = (mm’ + nn') (v + p - 1). 3)

From the above system we have

m a a,
—2, whence m = /d

m+l pu p-ap’
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Similarly
I AL (Sl O N bA-q)
p-bg v-a(l-p) v-b(l-9)
Hence mil=e—t_ a+l=—o—T — &

- ap v-a(l-p)
Substitute these values in (2) reduced to the form

1- £ = v
VIR T ) M) (e ) (h+1)
and we have
vopo1- GG [rme(op) obUon)
Substitute also for m, m', &c. their values in (3), and we have
Prob. 2y
_ abpg ab(1-p) (1-9) -1
= == * v=at-a1 posa=pr] @+ -V
_abpg ab(1-p) (1-¢)
" + S by (4).
Now the first equation of the system (4) gives
vip-l=p —ap—bq+a€‘iq, (%)
prq—v—l+ap+bq.
Similarly,

ab(l P)(l q) =p-l+a(l-p)+b(1-9g).

Adding these equations together, and observing that the first
member of the result becomes identical with the expression just
found for Prob zy, we have

Prob.zy=v+pu+a+b-2,
Let us represent Prob. zy by », and let @ + & — 2 = m, then
ptv=u-m 6
Again, from (5) we bave
v = abpg - (ap + bg - 1) . @
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Similarly from the first and third members of (4) equated we
have
p=ab(l-p)(1-¢q)-{a(l-p)+b(1-q)- 1.

Let us represent ap + bg - 1 by k, and a (1 - p) +b(1 ~-q)-1by
k. We find on equating the above values of uv,

hu ~ kv = ab {pg + (1 - p) (1 - g))

=ab(p+qg-1).
Let ab(p+ ¢ - 1) =1/, then
]'F" Kv =1L (8)

Now from (6) and (8) we get

M(u-m)+1 h(u-m)-1
MLt T

Substitute these values in (7) reduced to the form
u(v + h) = abpq,
(hu= ) (K (u - m) + 1) = abpgm, 9)

a quadratic equation, the solution of which determines , the va~
lue of Prob ay sought.
The solution may readily be put in the form

I+ h(R'm < Iy + o [{I} - h (Km ~1))* + 4hKabpgm®]
= SRl .

and we have

k

But if we fuither pbserve that

K —h(Km~1)=1I(h+F) - hi'm = (I- hi'ym,
since lk=ap+bg-1, K¥=a(l-p)+d(1-9) -1,
whence h+W=a+b-2=m,
we find

‘+ h(Km ~ — k'Y + 4Rk abpq)
Prob..z‘y=”l+h( m l)im‘g}{”(l{ W) +4uabpq_,. (10)

It remains to determine which sign must be given to the radi-
cal. We might ascertain this by the general method exemplified
in the last problem, but it is far easier, and it fully suffices in the
present instance, to determine the sign by a comparison of the
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above formula with the result proper to <ome known case  For
instance, if ii were certain that the event .1 is olvays, and the
event B never, a~-ociated with the event E, then it 1= certain that
the events .4 and B are never conjoined. Hence if p=1, ¢4=0,
we ought to have = 0. Now the assumptions p=1, ¢=0,
give
k=a-1, kK=b-1, =0, m=a~+b-2.

Substituting in (10) we have

(a-1)b-1(a+b-2)z(a+d-2) (¢-1) (b-l)
Prob.zy = Sa-1 G-1)
and this expression vanishes when the lower sign is taken.

Hence the final solution of the general problem will be expiessed
in the form

Prob.ay W+ h(Km - O-—my {(I-RE)? - 4hkabpq.
Prob.z 2ahk

wherein Z=ap-b7-1, F=a(l-p)+0(1-¢)-1,
l=ab(p+y-1), m=a+b-2.
As the terms in the final logical solution affected by tbe co-
efficient % are the same as in the fiist problem of this chapter,
the conditions among the constants will be the same, viz,

apZl-0(1-¢q), bgZl-a(l-p).

7. Itisa confirmation of the correctness of the above sclution
that the expression obtained is symmetrical with respeet to the
two sets of quantitiesp, ¢, and 1 - p, 1 - ¢, i. e. that on changing
pinto 1 - p, and ¢ into 1 — ¢, the expression is unaltered This
is apparent from the equation

Prob. zy = ab {1124. (-p) (1 “I)}
I3 v

employed in deducing the final result. Now if there exist pro-
babihtics p, g of the event L, as consequent upon a knowledge
of the occurrences of A and B, there exist probabilities 1 —p, 1-¢
of the contrary event, that 1s, of the non-occurrence of E under
the same circumstances As then the data are unchanged in
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form, whether we take account in them of the occurrence or of
the non-occurrence of E, it is evident that the solution ought to
be, as it is, a symmetrical function of p, g and 1 - p, 1~ ¢

Let us examine the particular case in which p=1, ¢=1.
We find

h=a+b-1, WF=-1 I=ab m=a+b-2,
and substituting

Prob. zy _—ab+(e+b-1)(2-a-b-ab)-(a+b-2)(ab~a-b+1)
Prob.z ~22(@+b-1)

_—2ab(a+b-l)_b
T -22(a+b-1)

It would appear, then, that in this case the events A and B are
virtually independent of each other. The supposition of their
invariable association with some other event E, of the frequency
of whose occurrence, except as it may be inferred from this par-
ticular connexion, absolutely nothing is known, does not establish
any dependence between the events A and B themselves. I ap-
prehend that this conclusion is agrecable to 1eason, though par-
ticular examples may appear at fiist sight to indicate a different
result. For instance, if the probabihties of the casting up, 1st,
of a particular species of weed, 2ndly, of a certain description of
zoophytes upon the sea-shore, had been scparately determined,
and if it had also been ascertained that neither of these events
could happen except during the agitation of the waves caused by
a tempest, it would, I think, justly be concluded that the events
in question were not independent. The picking up of a picce of
seaweed of the kind supposed would, 1t 15 presumed, 1ender more
probable the discovery of the zoophytes than it would otherwise
have been. But I apprchend that this fact is due to our know-
ledge of another chcumstance not imphed in the actual conditions
of the problem, viz, that the occurience of a tempest is but an
occasional phenomenon. Let the range of observation be con-
fined to a sea always vexed with storm. It would then, I sup-
pose, be seen that the casting up of the weeds and of the
zoophytes ought to be regarded as independent cvents. Now,
to speak more generally, there aie conditions comnon to all phee-
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nomens,—conditions which, it is felt, do not affect their mutual
independence. T apprehend therefore that the solution indicates,
that when a particular condition has prevailed through the whole
of our recorded ezperiwence. it assumes the above character with
reference to the class of phenomena over which that experience
has extended

8. ProsiLEy IV.—To illustrate in some degree the above
observations, let there be given. in addition to the data of the
last problem, the absclute probability of the event E, the com-
pleted system of data being

Prob.z=a, Prob.y=86, Prob.z=¢,
Prob.zz = ap, Prob.yz =bq,
and let it be required to find Prob. zy.

Assuming, as before, 2z =35, yz=1¢, zy =, the final logical
equation is

w=2zystz + Tystz + 0(zFsTz + Tystz + TYZ5E + xYZst
+ 7§25t + TPz 51).
. 1
+ terms whose coefficients are 5 (1)

The algebraic system having been formed, the subsequent elimi-
nations may be simplified by the transformations adopted in the
previous problem. The final result is

Prob. oy = ab {pq (1-p) (l—q)} @)

1-¢
The conditions among the constants are
cSap, c¢3by cZl-a(l-p), e21-56( -9
Nowifp=1, g=1, we find
Prob.zy = a_b,
c

¢ not admitting of any value less than a or 4. It follows hence
that if the event £ is known to be an occasional one, its mnva-
riable attendance on the events  and y increases the probahility
of their conjunction in the inverse ratio of its own frequency.
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The formula (2) may be verified in a large number of cases.
As 3 particular instance, let ¢ = ¢, we find

Prob zy = ab. 3

Now the assumption 7 = ¢ involves, by Definition (Chap. XVI.)
the independence of the events B and E. Ifthen B and E are
independent, no relation which may exist between 4 and E can
establish a relation between A and B; wherefore A and B are
also independent, as the above equation (3) implies.

It may readily be shown from (2) that the value of Prob. z,
which renders Prob. zy a minimum, is

rob 2 = v (Pg)
Prob 2~ S+ va-p -0

If p = g, thi gives

Piob.z = p;
a result, the correctness of which may be shown by the same con-
siderations which have been applied to {3).

ProsreEM V.—Given the probabilities of any three events,
and the probability of their conjunction; required the proba-~
bility of the conjunction of any two of them.

Suppose the data to be

Prob. z = p, Prob.y = ¢, Prob.z =r, Prob. zyz = m,
and the quasitum to be Prob. zy.
Assuming zyz = s, zy = ¢, we find as the final logical equa-
tion,
t=xyzs +2yZs+0(2Fs+235) + % (sum of all other coustituents) ;

whence, finally,

~ Y (H? - 4pgT - 4pTF
Prob my=H v 21’777 4pgTm)

wherein 2=1-p& H=p3+(p+ T

This admits of verification when p = 1, when ¢=1, when r =0,
and therefore m = 0, &e.

Had the condition, Prob z = 7, been omitted, the solution
would still have been definite. 'We should have had
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Prob.a:y=p9(1_m)+(l -p)(l-q)m

1-m

.
H

and it may be added, as a final confirmation of their correctness,
that the above results become identical when m = pgr.

9 The following problem is a generalization of Problem I.,
and its solution, though necessarily more complex, is obtained by
a similar analysis.

PropLeM VI.—If an event can only happen as a conse-
quence of one or more of certain causes 4,, A .. A4, and if
generally c, represent the probability of the causc 4,, and p, the
probability that if the cause A, exist, the event E will occur,
then the series of values of ¢, and p, being given, required the
probability of the event E.*

Let the causes 4,, 4;, . A, be represented by @, 2,, Za,
and the event E by z.

Then we have generally,
Prob.z, =¢, Prob.z,z = ¢, p..

Further, the condition that E can only happen in connexion with
some one or more of the causes A,, 4,, A, establishes the logi-
cal condition,

z(l-z)(1-z)..(1-2)=0 €]

* It may be proper to remark, that the above problem was proposed to the
notice of mathematicians by the author in the Cambridge and Dublin Mathema-
tical Journal, Nov 1851, accompanied by the subjoinced observations

“ The motives which have led me, after much consideration, to adopt, with
reference to this question, a course unusual n the present day, and not upon
shght grounds to be revived, are the following —First, I propose the question
as a test of the sufficiency of received methods  Sccondly, I anticipate that its
discussion will in some measure add to our knowledge of an important branch
of pure analysis However, 1t 1s upon the former of these grounds alone that I
desire to rest my apology

¢ While hoping that some may be found who, without departing from the line
of their previous studies, may deem this question worthy of their attention, I
wholly disclaim the notion of 1ts being offered as a tmal of personal skill or
knowledge, but desire that 1t may be viewed solely with reference to those pub-
he and seientific ends for the sake of which alone 1t 1s proposed "

The author thinks it right to add, that the publication of the above problem
led to some interesting private correspondence, but did not eheit a solution
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Now let us assume generally
,z=1t,
which is reducible to the form
zz(1-t)+ 4L (1 -z2) =0,

forming the type of a system of # equations which, together with
(1), express the logical conditions of the problem Adding all
these equations together, as after the previous reduction we are
permitted to do, we have

Blpz(l-t)+L(l-zm2))+z(l-z)(l-2).. (1 -22)=0, (2)

(the summation implied by = extending from z=1 to 2 = =), and
this single and sufficient logical equation, together with the 22
data, represented by the general equations

Prob. 2, = ¢,, Prob.¢ =¢ p, 3)

constitute the elements from which we are to determine Prob. z.
Let (2) be developed with respect to z We have

[(Blz(l-t)+t(A-z)}+Q-2) (1 -2)..(1-2a)] 2
+3,(1-2)=0,
whence

s,
N CEEm(onyrn(-z)] (a1 -z) .- (1-&) (4)

Now any constituent in the expansion of the second member of
the above equation will consist of 2z factors, of which # are taken
out of the set x,, 23y .. Ty 1 - 21y 1 = X3y .- 1 — 2, and % out of
the set ¢, ¢, .., 1 -, 1 - £,, 1— ¥, no such combination as
z(} —=z), (1 - ¢), being admissible. Let us consider first
those constituents of which (1~ ¢), (1~ 2,)..(1 - ¢,) forms the
t-factor, that is the factor derived from the set £, .. 1 - ¢

The coefficient of any such constituent will be found by
changing ¢, ¢, .. ¢, respectivcly into 0 in the second member of
(4), and then assigning to =, &>, . - %, their values as dependent
upon the nature of the a-factor of the constituent. Now simply
substituting for ¢, #,, .. ¢, the value 0, the second member be-
comes

0
S (VY (EFS R (R
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and this vamshes whatever values, 0, 1, we subsequently assign
10 @y Ty .. &, For if those values are not all equal to 0, the
term 2z, does not vanish, and if they are all equal to 0, the term
-(1-=) (1-xz,)becomes - 1, so that in either case the denomi-
nator does not vanish, and therefore the fraction does. Ience
the coefficients of all constituents of which (1-4#,)..(1 -¢,) isa
factor will be 0, and as the suin of all possible z-constituents is
unity, there will be an aggregate term 0(1-¢) (1-¢,) mthe
development of z.

Consider, in the next place, any constituent of which the
tfactoris ¢, ¢, . . ¢, (1 - £r,) .. (1 —ty), 7 bemng equal to or greater
than unity. Making in the second member of (4), £, =1,..t =1,
ta=0, t,=0, we get the expression

r
T +&—Zra.e~T—-(l-z)(1-x)..(1-2,)

Now the only admissible values of the symbols being 0 and 1,
it is evident that the above expression will be equal to 1 when
ni=1l..2,=1, £.,,=0, z,=0, and that for all other combi-
nations of value that expression will assume a value greater than
unity. Hence the coefficient 1 will be applied to all constituenits
of the final development which are of the form

2. t(l-2.) (I-z)t t(1-t,) (1-t),

the z-factor being similar to the ¢-factor, while other consti-
tuents included under the present case will have the virtual co-
efficient (l) Also, it is manifest that this reasoning is independent

of the particular arrangement and succession of the individual
symbols.

Hence the complete expansion of z will be of the form
z=3(XT)+0(1-t)(1-8) .(1-t)

. . 1
+ constituents whose coefficients are o (G))

where T represents any ¢-constituent except (1-1£)..(1 - ta)
and X the corresponding or similar constituent of z, . . z,.
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For instance, if » = 2, we shall have
S(XTD)=mmtib+ Tt G+ T2 T by,
Zy, Ty, &e. standing for 1 - 2,, 1 - 2;, &e.; whence
Z=maghbh+t o+, 05t

+0@nb LG+l R+ Rn GG+ 0 5,05) (6)
. . 1
+ constituents whose coefficients are o

This result agrees, difference of notation being allowed for, with
the developed form of z in Problem I. of this chapter, aa it evi-
dently ought to do

10. To avoid complexity, I purpose to deduce from the above
equation (6) the nccessary conditions for the determination of
Prob. z for the particular case in which # = 2, in such a form as
may enable us, by pursuing in thought the same line of investi-
gation, to assign the corresponding conditions for the more gene-
ral case in which 7 possesses any integral value whatever.

Supposing then 7 = 2, we have

Vazaztity+ 2 7, bWh+nmt b+ an bt + LY A
+ D00+ 51, 06,

Prob. z = 2L bt + 3, 'i;f, L+ w,'i",t,,

the conditions for the determination of z,, £,, &c , being

Bttt Ltht ottt T, LT
1

&, &2 tl tz + El -ﬂg?] tz + a','ﬂ:g?,_t-g + El Eg?l?z
= P

B E bbbl nmbl T B0t v
- 9y 2 G

Divide the members of this system of equations by z, 7, £, &,
and the numerator and denominator of Prob. 2z by the same quan-
tity, and in the results assume

4 &y Ly T Ty
_'—_§=m,, =2 =, :"=nl, ==Mn; (7)
z & X b T I



340 PROBLEMS ON CAUSES [cHae. xx,

we find

mm, + m, + nt;
M, + My + My + MR+ Rt N+ 10

Prob. z =

mm, + M+, +n Mt m+ N, + N,
[ 5 Cy

and
_ T+ My mum, +
ap, C:p;
whence, if we assume,
(m+1)(m+1)=M, (m+1)(®+1)=N, 9)
we have, after a slight reduction,

ST+ My + Myt M+ + 7+ 1, (8)

M-1
Prob.z= m’

mEmtl) mu+l) m@mtl) m(m+l) .0 N
€ (1 - Pl) C (1 - PB) [y 21 C2 Pq
or,

mlM sz nlN

(m,+ V)ep (m:+ Veyp, T+ a(l-p)
ml -M+N-1.

Tt a(l-p)

Now let a similar series of transformations and reductions be
performed in thought upon the final logical equation (5). We
ghall obtain for the determination of Prob. z the following ex-
pression :

M-1
Pl'Ob. zZ = —m, (10)

wherein

M=(m+1)(m+1)..(m+1),
N=@+1)(m+1).. (. +1),

My .+ « Mpy Ny .« . By, being given by the system of equations,

mM _ m, M _ m,M
(m+)ap, (m+l)ap, " (ma+1)capa
utl wy__men-1 (D

T @A Da(T-p) T @t D ea(l-p)
Still further to simplify the results, assume
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M+N—l__l_ M+N-1 1
M —’.l,’ N —v’
whence
= [k _ v
M—p.+v—l’ ol p+v-1
‘We find
m, _ m, _ m, _1
(ﬂl1+ l)clpl (m;+l) C: P2 o (m,,+1)c,,p,.— F"
&) 7, %,

1
m+)a(1-p) m+Da(l-p)  @atl)e(i-pa) v
whence

i CuPrn
ml:l‘“clpl,“ "=,.,—c,,p,,
and finally,
m+1=—E e+ l= M )
p-Cp p— Capn
+1 L . [ A—
SR § Py LN Y

Substitute these values with those of M and N in (9), and
we have

K N
(w-cp)(u-cp)..(u=-capa) p+v-1

T v

p-a(@-p)llv-a(-p)-.(v=ca(l-pa)] p+v-1
which may be reduced to the symmetrical form

(e ~e1p1) « « (1~ €apa)

ptv-1= P
fv-a(l-p)}  {v-ec (1 -pn) (12)
Finally, M-1
Prob.z = MiN-1" 1-w. (13)

Let us then assume 1 — » = %, we have then
g e-ap) . (= capn)

n

=“ -0 (1"Pl)"u}"“"cﬂ(l—Pﬂ)'u}_
(1 -2y

M
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If we make for simplicity
G = Gy CnPn = Qpy 1-¢ (l—Pl) = by, &c.,

the above equations may be written as follows:

p-u= (I‘ - al) -1(# - a,,) (14)
wherein o ;
peusr @ ‘(’;)_ u()n'jl‘ “, (15)

This value of i substituted in (14) will give an equation in-
volving only %, the solution of which will determine Prob. z,
since by (13) Prob. z=u. It remains to assign the limits of =

11. Now the very same analysis by which the limits were deter-
mined in the particular case in which » = 2, (XIX. 12) con-
ducts us in the present case to the following result. The quan-
tity u, in order that it may represent the value of Prob z, must
must have for its inferior limits the quantities a,, a,, . . @,, and
for its superior limits the quantities b,, b,, &,, @, + a; . . + a,.
‘We may hence infer, @ prior:, that there will always exist one
root, and only one root, of the equation (14) satisfying these
conditions. I deem it sufficient, for practical verification, to show
that there will exist one, and only one, root of the equation (14),
between the himits a,, a, .. a,, and b,, b,, . . B,.

First, let us consider the nature of the changes to which y is
subject in (15), as u varies from a,, which we will suppose the
greatest of its minor limits, to b,, which we will suppose the least
of its major limits 'When u = a,, it is evident that y is positive
and greater than a,. When % =,, we have u = 3,, which is also
positive. Between the limits % = a,, % = &, it may be shown
that u increases with # ‘Thus we have

du_ | (B-w). . bu-v) Gi-0)(ts-0)..(-%)

du Q- uy (1-w)?
+(n-1) (b u) (b,l— uz)" (R u) (16)
Now let
b —u by,-u
Tog B 1=y ™™
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Evidently ,, 2,, . . #, will be proper fractions, and we have

%:1—@22..:,,—1-, Ty By BT Tyt -Doz .z,
=l-(Q-z)zme z-o(l-z)z .z,
~z Tya(l-z)-m3m 2,
Now the negative terms in the second member are (if we may

borrow the language of the logical developments) constituents
formed from the fractional quantities z,, 2., .x,. Their sum

. du . " .
cannot therefore exceed unity; whence # is positive, and g in-
creages with u between the hmits specified

Now let (14) be written in the form

oo 8y, an
and assume # = a; The first member becomes
(r-8:) (p—as)
N

and this expression is negative in value For, making the same
assumption in (15), we find
(b~u)..(bn— )

A= uy = a positive quantity

p-an=
At the same time we have

(p-a) (p-8n) p-a: p-o
"n-l N I ’
and since the factors of the second member are positive fractions,
that member is less than unity, whence (18) is negative. Where-
fore the assumption w = a, makes the first member of (1T) ne-
galwe.
Secondly, let #=5,, then by (15) u = u = b,, and the first mem~
ber of (17) becomes positwe
Lastly, between the limits  =a, and u =,, the fust member
of (17) continuously increases For the first term of that ex-
pression written under the form

,;—a, y—a,,
- . . T—
(- @) o W
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increases, since y increases, and, with it, every factor contained.
Again, the negative term p - # diminishes with the increase of
u, as appears from its value deduced from (15), viz.,

(b -2 .. (- u)‘
(1 - ur

Hence then, between the limits z = a,, % = b,, the first member
of (17) continuously increases, changing in so doing from a nega-
tive to a positive value. 'Wherefore, between the hmits assigned,
there exi-ts one value of #, and only one, by which the said
equation is satisfied.

12. Collecting these results together, we arrive at the follow-
ing solution of the general problem.

The probability of the event E will be that value of u de-
duced from the equation

- (e —e1py) o - (u—Cnpa)

p-u un? ? (19)
herelr fl-a(1-p)-u} (1-ca(l-pn)-u)
ey t-a-p)-u —ca(l=pn)~u
p=u _——U fu)n_—'{_ T T

which (value) lies between the two sets of quantities,

C\P1y CPay o Ciprand -, (1-p1), 1= (1=ps) . . 1 =€ (1),

the former set being its inferior, the latter its superior, limits

And it may further be inferred in the general case, as it has
been proved m the particular casc of n = 2, that the value of #,
determined as above, will not exceed the quantity

P14 s - - + Cons

13 Particular verifications are subjoined.

Ist. Let py=1,p.=1,. pa=1. Thisis to suppose it cer-
tain, that if any one of the events 4,, 4, .l, happen, the
event E will happen  In this case, then, the probabulity of the
occuirence of £ will simply be the probability that the events or
causes -1y, -1... .1, do not all ful of occurring, and its expression
will theicforebe 1 - (1-¢) (1-¢)) (1 -ecn).

Now the general solution (19) gives
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(k-a). _l(ll -~ "'-)’

p-u=
. 5
wherein
A Ol
S e
Hence,

l-u=(l-¢). (1-eca),
cu=1-(1-¢). (1-c),
equivalent to the d priore determination abovo.
2nd Let p,=0, p,=0, p.=0, then (19) gives
U=,
. u=0,

a8 it evidently ought to be.
3rd. Let ¢;, ¢; . c, be small quantities, so that their squares
and products may be neglected. Then developing the second
members of the equation (19),
_p"=~(apit Cps - .t Capa) p

m-u e

=mn- (clpl + czp.’. et c"p")’

e U=CPy+ Py . + CyPae

Now this is what the solution would be were the causes
A, 4,. A, mutually exclusive DBut the smaller the proba-
bilities of those causes, the more do they approach the condition
of being mutually exclusive, since the smaller is the probability of
any concurrence among them Ilence the result above obtained
will undoubtedly be the limiting form of the expression for the
probability of £

4th. In the particular case of z =2, we may readily elimi-
nate u from the general solution. The result is

(w=ep) (= cp) _(1-a(l-p) - ul{l-c.(1~p)-u)
QP+ e —u 1-u ’

which agrees with the particular solution before obtained for this
case, Problem 1.

Though by the system (19), the solution 1s in gencral made
to depend upon the solution of an equation of a lngh order, its
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practical difficulty will not be great. For the conditions relating
to the limits enable us to select at once a near value of %, and
the forms of the system (19) are suitable for the processes of sue-
cessive approximation

14. ProeLeM 7.—The data being the same as in the last pro-
blem, required the probability, that if any definite and given
combination of the causes 4,, A., .. A4,, presentitself, the event
E will be realized

The cases A,, Az, .. An, being represented as before by
&1, Ta, . . 2, respectively, let the definite combination of them,
referred to in the statement of the problem, be represented by
the ¢ (z,, z ) so that the actual occurrence of that combi-
nation will be expressed by the logical equation,

¢ (zl, T2y :u) = 1
The data are

Prob z,=¢,, . Prob z, =c,, )
Prob 2,z = ¢,p,, Prob 2,2 = ¢y pn,
and the object of investigation is
Prob. ¢ (21, 2. aw) z )
Prob. ¢ (21,2, . 2n)

‘We chall first seek the value of the numerator
Let us assume,

T2=8 &pz=tln, (3)
p(@ 2. a)z=w 4)

Or, if for simplicity, we represent ¢ (#:, 2; . . #a) by ¢, the last
equation will be

$2z = w, (%)
to which must be added the equation
E,Eg..f,.z=0. (6)

Now any equation z,z = £, of the system (3) may be reduced
to the form
2,20+t (1-2,2) =0

Similarly reducing (5), and adding the different results together,
we obtain the logical equation
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Bzt + (-2 2)} + 51 Tnz +p2ib+w (1~ 92) =0, (T)

from which z being eliminated, w must be determined as a de-
veloped logical function of #,, s, &, .

Now making successively z=1, z=0 in the above equation,
and multiplying the results together, we have

(Z@ T+ 2:t)+ 7). . Tn+ ¢+ W) X (Btr+w) = 0

Developing this equation with reference to w, and replacing
in the result B¢, + 1 by 1, in accordance with Prop. 1. Chap. 1x.,

we have
Ew+E(1-w)=0;

wherein
E=2@T+ta)~%. 2a+ g
E=3St (2 (@ + t2r) + Ty oo ZTn + ).
And hence )+ #)
EI
USF-E ®

The second member of this equation we must now develop
with respect to the double series of symbols ,, z,, .Zn, &, &, . ta.
In effecting this object, it will be most convenient to arrange
the constituents of the resulting devclopment in three distinct
classes, and to determine the coefficients proper to those classes
separately.

First, let us consider those constituents of which7; .. 7, isa
factor. Making#, =0 ¢, =0, we find

E'=0,E=2$r+71 En"";-

It is evident, that whatever values (0, 1) are given to the z-sym-
bols, ZZ does not vanish. Hence the coefficients of all constituents
involving 7, . . 7, are 0

Consider secondly, those constituents which do not involve the
factor ;. 7,,and which are symmetrical with reference to the two
sets of symbols @, . .z, and £, ¢, By symmetrical constituents
is here meant those which would remain unchanged if z, were
converted into ¢,, 2, into 4,, &c, and vice versd. 'The constitu-
ents z, . .oy b, toy T, Tn & . Tny &c., are in this sense sym-
metrical.
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For all symmetrical constituents it is evident that
(et + b xy)

vanishes. For those which do not involve 7, ¥,. it is further
evident that 7, . . Z, also vanishes, whence

E-9 E=34(p)

0N
209)- ¢

For those constituents of which the z-factor is found in ¢ the
second member of the above equation becomes 1; for those of
which the z-factor is found in g it becomes 0. Hence the coeffi-
cients of symmetriwcal constituents not wvolovig T, . T, of uhich
the z-factor s found wn ¢ wrll be 1; of those of which the x_factor
15 ot found wn ¢ if will be 0.

Consider lastly, those constituents which are unsymmetrical
with reference to the two sets of symbols, and which at the same
time do not mnvolve 7, . . 7,.

Here it 1~ evident, that neither £ nor £ can vanish, whence
the numerator of the fractional value of » in (8) must exceed
the denominator. That value cannot therefore be represented

by 1, 0, or g It must then, in the logical development.be re-

presented by% Such then will be the coefficient of this class

of constituents

15 Hence the final logical equation by which w is expressed
as a developed logical function of z;, . . 2a, &, . &, will be of
the form

w=Z (XT)+0{Z(XT)+% ..} +—l- (sum of other con-

0 stituents), &)
wherein 2, (X T') represents the sum of all symmetrical consti-
tuents of which the factor X is found in ¢, and =, (X T, the
sum of all symmetrical constituents of which the factor X is not
found in ¢,—the constituent Z, 7z, %, ..7,, should it appear,
being in cither case rejected.

Passing from Logic to Algebra, it may be observed, that
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here and in all similar instances, the function V, by the aid of
which the algebraic system of equations for the determination of
the values of 2, ., ¢;,..¢,is formed, is independent of the
nature of any function ¢ involved, not in the expression of the
data, but in that of the quesitum of the problem proposed. Thus
we have in the present example,

Prob w = E‘—(ﬁ—,

wherein V=3 (XD +32(XT)+t .T,
“S(XT)+T (10)

Here 2 (X T') represents the sum of all symmetrical constituents
of the x and ¢ symbols, except the constituent T, =z, #; T
This value of 7 1s the same as that virtually employed in the so-
lution of the preceding problem, and hence we may avail our-
selves of the results there obtained.

If then, as in the solution referred 10, we assume

T k) Znln &

Z'T_t—l.r-m“ In-t_n=m'” ;—l=nu &c.’
we shall obtain a result which may be thus written :
M,
Prob. w =m, (11)

M, being formed by rejecting from the function ¢ the constituent
Zy. . Ty, if it is there found, dividing the result by the same con-

. - . T z, |
stituent Z, . . Z,, and then changing = into m,, = into m,, and
2, z,

gso on. The values of M and N ate the same as in the preceding
problem. Reverting to these and to the corresponding values of
My, My, &C., we find

Prob w = Ml(y +v- 1),

the general values of m,, », being

ap . _a(-p)
p-up’ O w-a(l-p)
and u and » being given by the solution of the system of equa-
tions,

my
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| _(w-ap)..(u-caps) _ bv=a(1-p)}.. (v=e(1-pa)}
l‘ﬂ-l vn-l .
The above value of Prob. w will be the numerator of the fraction
(2). It now remains to determine its denominator.
For this purpose assume

¢ (1'1’ T2 1',,) =17,

or ¢ =v;
whence v+ vp = 0.
Substituting the first member of this equation in (7) in place of
the corresponding form ¢z + w (1 — ¢z) we obtain as the primary
logical equation,

S(orzt+tr(l-2:2))+71..T,2+ 9o+ vp =0,
whence eliminating z, and reducing by Prop. 1. Chap. IX,

pv+ 06+ 3 (2 (@ T+ 6 X)) + 71 .. T,) = 0.
Hence
¢+ 3t (22T + G z) + 2. . T,)
v= .
2¢ - 1
and developing as before,

o= (XT)+ T 5,3 (X)+ 0[S (XT)+% .T,2(X))

+ il)— (sum of other constituents) (12)

Here =,(X) indicates the sum of all constituents found in ¢,
¥, (X) the sum of all constituents not found in ¢. The expres-
sions are indeed used in place of ¢ and 1 - ¢ to preserve sym-
metry.

It follows hence that =, (X) + 2.(X) = 1, and that, as be-
fore, 3, (XT) + =(X7)=2(XT) Hence V will have the
same value as before, and we shall have

Prch o 2L(XT) +g..?,.21(§)

Or transforming, as in the previous case,

M, + N,

P'l‘f)b- v = m, (13)



CHAP. XX.] PROBLEMS ON CAUSES. 351
wherein N, is formed by dividing ¢ by 7, . . %,, and changing in
the result ‘2 into n,, '3 into n,, &e.
Zy I
Now the final solution of the problem proposed will be given
by assigning their determined values to the terms of the fraction

Prob.¢(zi, .. 2,) 2 o Prob. w
Prob. ¢ (z:, -2y . Prob o

Hence, therefore, by (11) and (13) we have
M,
M, + Ny

A very slight attention to the mode of formation of the func-
tions M, and N, will show that the process may be greatly sim-
plified. We may, indeed, cxhibit the solution of the general
problem in the form of a rule, as follows :

Piob. sought =

Reject from the function ¢ (2, &z - . &,) the constituent T, . . To if
it is therewm contawned, suppress wn all the remaining constituents
the factors T,, ., &c, and change generally wn the result z, wnto
SBr_ Call thes result M,
p=Cpr

Again, replace w the function ¢ (%, ;. .x,) the constituent
T, .. T, of oL 15 theren found, by umity ; suppress m ail the remawmng
constituents the factors I,, T,, &c., and change generally wn the re-

1-
sult z, mto v—c_'—g:(l—f_)%’)
Then the solution required unll be expressed by the formula
M,
A (14)

pand v berng determined by the solution of the system of equations

p+rrv-1= (M_clpl)‘;n:l(ﬂ—cnpn)

= {v—cl(l -P|)] . {v —C‘,,(l—P,.)]. (15)

It may be added, that the limits of u and » are the same asin
the previous problem. This might be inferred from the general
principle of continuity; but conditions of limitation, which are
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probably sufficient, may also be established by other conside-
rations

Thus from the demonstration of the general method in pro-
babilities, Chap. XVII. Prop. 1v., 1t appears that the quantities
Ty o o Tyy by Ly in the primary system of algebraic equations,
must be positive proper fractions. Now

Hence generally n, must be a positive quantity, and therefore
we must have

v>e(l-pr)
In like manner since we have
z.t, CrPr
A-z)(@-t)" " p-ep’

we must have generally
|/ s y
16. It is probable that the two classes of conditions thus re-
presented are together sufficient to determine generally which of
the roots of the equations determining u and v are to be taken.
Let us take in parficular the case in which = =2. Terewehave

(u-c.p) (u-c:ps)

C.
ptv-1l= p =p-(ep+ep) + 'P'F’p’
._v=1_c,pl_c,p,+ﬂ£#%= 1 _c,p,_(i—_ffsz,

Whence, since p > ¢, p, we have generally

vel- G -
In like manner we have
vl-aps pl-a(l-p), pzl-a(l-p)

Now it has already been shown that there will exist but one
value of y satisfying the whole of the above conditions relative
to that quantity, viz.

p>ap, pl-e(l-p),

whence the solution for this case, at least, is determinate. And I
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apprehend that the same method is generally applicable and suf-
ficient. But this is a question upon which a further degree of
light is desirable.

To verify the above results, suppose ¢ (zi, - . Z2) = 1, which is
virtually the case considered in the previous problem. Now the
development of 1 gives all possible constituents of the symbols
Tyy .. %, Proceeding then according to the Rule, we find

M, = ol I T S ‘
' ("—clpl)' (I""'Cnpn) 1 utv-~-1 lby (15)

el -ad-p) ' TEre-1
Substituting in (14) we find

Prob.z=1 - v,

which agrees with the previous solution.

Again, let ¢ (z,, . @) =1,, which, after development and sup-
pression of the factors Z,, . . Z,, gives z, (Z+ 1) .. (24 + 1), whence
we find

= Gp ™ = ap .
M, (-—ap) .- (n—Capa) p+ v-lby (15)
N, C (1 "‘P[) ! _ €y (l —Pl)

1

TTmaQ-p)l - vma(l-pa)] p+v-1
Substituting, we have
Probability that if the event A, oceur, £ will occur = p.

And this result is verified by the data. Similar verifications
might easily be added.
Let us examine the case in which

¢(zl,...z-,,) = X TpeeTy+ LTy TyeeTpes + Tnys Zpa.

Here we find
M, = ap |y ol .
g-ap U —Cn Pn
__a(l-p) e(l-pn) .
Mmoo v mal-pa)

whence we have the following result—
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Probability that if some one Cr pr
alone of the causes 4,,.4,..4, | _ B = ¢ P
present itself, the event E [ 5 CrPr g O (1=p.)
will follow. n—CrPr v—c(l~py)

Let it be observed that this case is quite different from the
well-known one in which the mutually exclusive character of
the causes 4, . . A, is one of the elements of the data, expressing
a condition under which the very observations by which the pro-
babilities of A,, A, &c. are supposed to have been determined,
were made.

Consider, lastly, the case in which ¢ (21, ..%:) = 217, .. 2,.
Here

M, = CPr CaPn =GP CapPn
" (umap)..(p-capa) pri(utv-1)
N, = a(l-p)..ca(l-pn) _a(l-p). aa(l = pn)
(v-ad-p)j.. [v=-ca(1-pa)) vVWi(u+ v - 1)
Hence the following result—
Probability that if all the
causes A, .. An con-| _ oo Pa™?

spire, the event E will [ ~ 21 . pav™ + (1 —p1) . (1 —pn) ™"
follow.

This expression assumes, as it ought to do, the value 1 when any
onc of the quantities p1, . p, is equal to 1.

17 Prosrem VIIL.—Certain causes 4., 4, A4, being so
restricted that they cannot all fail, but still can only occur in cer-
tain definite combinations denoted by the equation

¢(Al’ Anz .An) = 1,

and there being given the separate probabilities ¢,, . . ¢, of the
said causes, and the corresponding probabilities p,, pn that an
event F will follow if those respective causes are realized, re-
quired the probability of the event £

This problem differs from the one last considered in several
particulars, but chiefly in this, that the restriction denoted by the
equation ¢ (4,, .A,)=1, forms one of the data, and is supposed
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to be furnished by or to be accordant with the very experience
from which the knowledge of the numerical elements of the
problem is derived

Representing the events 4,, A,byz,, =, respectively,
and the event ¥ by z, we have—

Prob 2, =¢,, Prob.z,z=¢,p, (1)

Let us assume, generally,
z, 2 =y,

then combining the system of equations thus indicated with the
equations
zZ, T,=0, ¢(zn..2,)=1, or¢=1,

furnished in the data, we ultimately find, as the developed ex-
pression of z,

z=3(XT) +04 % .7,2(X), (2)
where X represents in succession each constituent found in ¢,
and 7' a similar series of constituents of the symbols ¢;,. ¢,;
2(XT) including only symmetrical constituents with reference
to the two sets of symbols.

The method- of reduction to be employed in the present case
is so similar to the one already exemplified in former problems,
that I shall merely exhibit the results to which it leads We
find

M
Prob z = g &)

with the relations
MM, N N _mMiN @)

epr s €1 (1-p1)  ca(l - Pa)

‘Wherein M is formed by suppressing in ¢ (&, . - Z) all the fac-
tors 7), Z,, and changng in the result z; into m,, z, nto m,,
while N is formed by substituting in M, », for m;, &c.; more-
over M, consists of that portion of M of which m, is a factor,
N, of that portion of N of which #, is a factor; and so on.

Let us take, in illustration, the particular case in which the
causes 4, A, are mutually exclusive. Here we have

¢($|, l'n)=a7| Eg E’ll c et Ty -51--5"_1
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‘Whence
M=m+m..+my,
Ne=n+n. +n,
M =m, N,=n, &c
Substituting, we have
m, m, n Ty
ap’’ apn a(l-p) " e(1-pa)
Hence we find

=M+ N.

m+m; .+m,
clpl-rczp, ..+c,,p,.

o u -=M+ N.
CPr--+CpPn

=M + N,

Hence, by (3),
Prob.z = ¢;py .. + Co s
a known result.

There are other particular cases in which the system (4) ad-
mits of ready solution. It is, however, obvious that in most
instances it would lead to results of great complexity. Nor does
it seem probable that the existence of a functional relation among
causes, such asis assumed in the data of the general problem, will
often be presented in actual experience; if we except only the
particular cases above discussed.

Had the general problem been modified by the restriction
that the event E cannot occur, all the causes A, .. 4, being ab-
sent, instead of the restriction that the said causes cannot all fail,
the remaining condition denoted by the equation ¢ (4,,..4,)=1
being retained, we should have found for the final logical equation

z=2(XT) + 0 =(X),
= (X) being, as before, equal to ¢ (2, . . z,), but =, (X T) formed
by rejecting from ¢ the particular constituent z, ..z, if theremn
contained, and then multiplying each z-constituent of the result
by the corresponding ¢-constituent, It is obvious thatin the par-
ticular case in which the causes are mutually exclusive the value
of Prob. z hence deduced will be the same as before.

18. ProBLEM IX —Assuming the data of any of the pre-
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vious problems, let it be required to determine the probability
that if the event E present itself, it will be associated with the
particular cause 4, ; in other words, to determine the & posterior
probability of the cause 4, when the event E has been observed
to occur.

In this case we must seek the value of the fraction

Piob 2,2 or SPr
Prob.z °’ Prob z

» by the data. ¢))

As in the previous problems, the value of Prob. z has been as-
signed upon diffcrent hypotheses relative to the connexion or
want of connexion of the causes, it is evident that in all those
cases the present problem is susceptible of a determinate solution
by simply substituting in (1) the value of that element thus de-
termined.

If the d prwr: probabilities of the causes are equal, we have
¢ =¢..=c. Ilence for the different causes the value (1) will
vary directly as the quantity p,. WWherefore whatever the nature
of the connexion among the causes, the d posterwre probability of
each cause will be propot tional to the probability of the observed
event E when that cause is known to exist. The particular case
of this theorem, wlich presents itself when the causes are mu-
tually exclusive, is well known. We have then

Prob.z,z  e.p. Pr
+ pa

TProb.z  Sepr p+ps

the values of ¢;, ¢, being equal.
Although, for the demonstration of these and similar theo-
rems in the particular case in which the causes are mutually ex-
clusive, it is not neceessary to introduce the functional symbol ¢,
which is, indeed, to claim for omselves the choice of all possible
and conceivable hypotheses of the connexton of the causes, yet,
under eveiry form, the solution by the method of this work of
problems, in which the number of the data is indefimtely great,
must always partake of a somewhat complex chmacter  Whe-
ther the systematic evolution which it presents, first, of the logi-
cal, secondly. of the numencal 1elations of a problem, furnishes
any compensation for the length and occasional tediousncss of 1ts
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processes, I do not presume to inquire. Its chief value undoubt-
edly consists in its power,—n the mastery which it gives us over
questions which would apparently baffle the unassisted strength
of human reason. For this cause it has not been decmed super-
fluous to exhibit in this chapter its applcation to problems, some
of which may possibly be regarded as 1epulsive, from theiwr diffi-
culty. without being recommended by any prospect of immediate
utility. Of the ultelior value of such speculations it is, I con-
ceive, impossible for us, at present, to form any decided judg-
ment.

19 The following problem is of a much easier description
than the previous ones.

Prosrem X.— The probalility of the occurrence of a certain
natural phenomenon under gwen circumstances 1s p. Observation
has also recorded a probability a of the emistence of a permanent
cause of that phenomenon, 1.e. of a cause which would always pro-
duce the event under the circumstances supposed. JVhat s the
probability that 1if the phenomenon is observed to occur n trmes
succession under the gwen circumstances, it will occur the n+ 1
time? What also s the probabulity, after such observation, of the
existence of the permanent cause referred to?

First Case —Let ¢ represent the existence of a permanent

cause, and 2,, Z; . . Z,,, the successive occurrences of the natural
phenomenon.

If the permanent cause exist, the events z,, ;.. %5, are ne-
cessary consequences. IHence

t=vz, t=uv1,, &,
and eliminating the indefinite symbols,
t(l-2)=0, t(1-2)=0, t(l-2z,,)=0.

Now we are to seek the probability that if the combination
Z, 7, ..z, happen, the event z,,, will happen, i. e. we are to seek
the value of the fraction

Prob @, 2, .. 24

Prob.z,z5. .2, °

‘We will first seek the value of Prob. z, z;. . x,.
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Represent the combination 2, ;.. 2, by w, then we have the
following logical equations:
t(l-2)=0, t(l-2)=0 t(1-2z,)=0,
BBy By=w
Reducing the last to the form
@z z)(l-w)+w(l-z5..2,)=0,
and adding 1t to the former ones, we have
S(-z)+ T 2T T (I -w)y+0w(l -2, 7. 2,)=0, (1)

wherein = extends to all values of i from 1 to #, for the one logi-
cal equation of the data 'With this we must connect the nume-
tical conditions,

Prob. z, = Prob.2;..=Prob, 2, =p, Prob t=a;
and our object is to find Prob. w.

From (1) we have

U(1-2)+ 2 T2, Tn
w =
22, Xp. - Tn—1

_E(l-z)+mm,. . T Ty Ty B gy 9
2z, %, .. T~ 1 t+2zla:,. m,.—l( » (@)
on developing with respect to £. This result must further be

developed with respect to @), 2, . - Z,.

Now if we make z, =1, 2,=1, . 2. =1, the coefficients both
of ¢t and of 1 — ¢ become 1. If we give to the same symbols any
other set of values formed by the interchange of 0 and 1, it is
evident that the coefficient of ¢ will hecome negative, while that
of 1 — ¢ will become 0. Hence the full development (2) will be

V=212, L+ 3% .. 2, (1) + 01—z 2. . 2,) (1 -0)

. 1 . 1
+ constituents whose coefficients are oo equivalent to o

Here we have

Veam, . g+ 2. . 2a(1-8) + (1-112..3,) (1 - 2)
=X Ty Bl +) -1

whence, passing from Logic to Algebra,
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BTy T+ 2(1-8) a3zt + 3 (L )

r b

0t Ztta (-6 @ &t a1y
p a
Prob.w = — 2122+ Tn

oxe xT,b+1-10

From the forms of the above equations it is evident that we

have &, = z, .. = z,. Replace then each of these quantities by z,
and the system becomes

st+(l-Oz a2

P a
.tﬂ
Prob.w - m—_'—t N
from which we readily deduce

- g\
Prob.w =Prob. 2, 2, ..z, = a + (p - a) (p 2

l-a
If in this result we change 7 into = + 1, we get
Prob.z,2, z,,=a+ (p-a) (I;_‘_Z)",
Hence we find—

p-ay

Prob 2, x, .. 2,, _a t(p-9) (”1?2)
Prob T\ %y .. T, - p-a -1 (3)

a+(p—a)<r_—a>

as the expression of the probability that if the phenomenon be »
times repeated, it will also present itself the # + 1** time. By the
method of Chapter XIX it is found that ¢ cannot exceed p in
value

The following verifications are obvious :—

1st If a =0, the expression reduces to p, as it ought to do
For when it is certain that no permanent cause exists, the suc-
cessive occurrences of the phenomenon are independent.

2nd If p = 1, the expression becomes 1, as it ought to do

3rd If p = a, the expression becomes 1, unless a=0 If the
probability of a phanomenon is equal to the probability that there
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exists a cause which under given circumstances would always
produce it, then the fact that that phoenomenon has ever heen no-
ticed under those circumstances, renders certain its1e-appearance
under the same *

4th. As n increases, the cxpression approaches in value to
unity. This indicates that the probability of the recurrence of
the event increases with the frequency of its successive appear-
ances,—a result agrecable to the natwal laws of expectation.

Seconp Case.—We are now to scek the probabihity d pos-
terore of the existence of a permanent cause of the pheenomenon.
This requires that we ascertain the value of the fraction

Piob.tz;, 2" =z,

Prob. z, z, ?

the denominator of which has already been determined.
To determine the numerator assume

iz, 2, oy=w,

then proceeding as before, we obtain for the logical develop-

ment,
w=iz,x, .+ 0(1-12).

Whence, passing fiom Logic to Algebra, we have at once
Prob.w = a,

a result which might have becn anticipated  Substituting then
for the numerator and denominator of the above fraction their
values, we have for the d posterior? probability of a permanent
cause, the expression

* As we can neither re-enter nor recall the state of infancy, we are unable to
say how far such results as the aboveserve to explain the confidence with which
young chuldren connect events whose association they have once perceived
But we may conjecture, gencrally, that the strength of their expectations 18
due to the necessity of inferring (as a part of thar rational nature), and the
marrow but impressive experience upon which the faculty 15 evereised  Tlence
the reference of every Lind of sequence to that of cause and effect A httle
friend of the anthor’s, on being put to bed, was heard to ask his brother the
pertinent question,—*¢ Why does going to sleep at night make it light in the
morning?” The brother, who was a year older, was able to reply, thatig
would be hight 1 the mormng evea if hittle boys did not go to sleep at mght,
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a
a+(p—a)(p

It is obvious that the value of this expression increases with the
value of n.

I am indebted to a learned correspondent,* whose original
contributions to the theory of probabilities have already been re-
ferred to, for the following verification of the first of the above
results (3).

¢« The whole & priwr: probability of the event (under the cir-
cumstances) being p, and the probability of some cause C which
would necessarily produce it, @, let z be the probability that it
will happen if no such cause as C exist. Then we have the
equation

a\n—l

p=a+(l-a)a,

whence gP"C
l-a
Now the phznomenon observed is the occurrence of the event
times. The d priori probability of this would be—
1 supposing C to exist,
z" supposing C not to exist;

whence the @ postertor: probability that C exists is

a+(1-a)a”
that C does not exist is
(l-a)z
a+(l-a)a"
Consequently the probability of another occurrence is
ar(i=ds" ! +a-£1(1 f):w X
or a+(l-a)am

a+(l-a)a’

* Professor Donkin.
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which, on replacing n by its value H , will be found to agree
with (3).”

Similar verifications might, it is probable, also be found for
the following results, obtained by the direct application of the
general method.

The probability, under the same circumstances, that if, out of
n occasions, the event happen r times, and fail # -  times, it will
happen on the z + 1 time is

p —la\"
a+m(p-a)(1_a)
p - la\™
a+m(p—la)<1_a)
whereinm=n(n—1)"n_r+la.ndl=z.
1.2..r n

The probability of a permanent cause (r being less than n)
i80. This is easily verified.

If p be the probability of an event, and ¢ the probability that
if it oceur it will be due to a permanent cause; the probability
after n successive observed occurrences that it will recur on the
n + 1* similar occasion is

c+(l-c¢)z
c+(l-c¢)z
p(1-¢)

wherein z =
l1-¢p

20. It is remarkable that the solutions of the previous pro-
blems are void of any arbitrary element We should scarcely,
from the appearance of the data, have anticipated such a circum-
stance. Itis, however, to be observed, that in all those problems
the probabilities of the causes involved are supposed to be known
@ prior:, In the absence of this assumed element of knowledge,
it seems probable that arbitrary constants would necessarily ap-
pear in the final solution. Some confirmation of this remak is
afforded by a class of problems to which considerable attention
has been directed, and which, in conclusion, I shall briefly
consider.
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It has been observed that there exists in the heavens a large
number of double rtar- of extreme closeness  Either these ap-
parent instances of connexion have some physical ground or they
have not. Ifthey have not, we may regard the phznomenon of a
double <tar as the accidental result of a © random distizbution” of
stars over the celestial vault, 1 e of a distribution which would
render it just as probable that either member of the Linary sys-
tem should appear in one spot as 1n another, Ifthis hypothesis be
assumed, and if the number of stars of a requ=ite brightne<s be
known, we can determine what 13 the probability that two of
them should be found within such hmits of' mutual distance as
to constitute the observed phenomenon. Thus Mitchell.® esti-
mating that there are 230 stars in the heavens equal in brightness
to (3 Capricorni, determines that it is 80 to 1 against such a
combination being presented were those stars distributed at ran-
dom. The probability, when such 2 combination has been ob-
served, that there exists between its members a physical ground
of connexion, is then required.

Again, the sum of the inclinations of the orbit> of the ten
known planets to the plane of the ecliptic 1n the year 1801 was
91°-4187, according to the French measures Were all inclina-
tions equally probable, Laplacef determines, that there would be
only the excessively small probability 00000011235 that the
mean of the inchinations should fall within the limit thus as-
signed And he hence concludes, that there is a very igh
probahility in favour of a disposing cause, by which the inclina-
tions of the planetary orbits have been confined within such narrow
bounds. Piofessor De Morgan,} taking the sum of the inclina-
tions at 92°, gives to the above probability the value 00000012,
and infers that it 15 1:.00000012, that there was a necessary
cause 10 the formation of the solar system for the inclinations
being what they are.” An equally determinate conclusion has
been drawn from observed coincidences between the direction of

¢ Phil Transactions, An 1767
t Theorie Analytique des Probabihtés, p 276
1 Encyclopmdia Metropolitana Art Probabilities
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circular polarization in rock-crystal, and that of certain oblique
faces in its crystalline structurc.*

These problems are all of a sumilar character. A certain hypo-
thesis is framed, of the various possible consequences of which
we are able to assign the probabilities with perfect rigour. Now
some actual 1esult of observation being found among those con-
sequences, and 1ts kypothetical probability being theiefore known,
it is 1equired thence to determine the probabihity of the hypo-
thesis assumed, or its contrary, In Mitchell’s problem, the hy-
pothesis is that of a ¢ random distribution of the stms,”—the
possible and observed consequence, the appearance of a close
double star. The very small probahility of such a 1esult is held
to imply that the probability of the hypothesis is equally small,
or, at least, of the same order of smallness. And hence the igh
and, and as some think, determinate probability of a disposing
cause in the stellar atrangements is mferied. Similar remarks
apply to the other examples adduced.

21. The gencral problem, m whatsoever form it may be pre-
sented, admits only of an wzdefinite solution Let 2 represent the
proposed hypothesis, ¥ a phenomenon which might occur as one
of its possible consequences, and whose calenlated probability, on
the assumption of the truth of the hypothesis, 1s p3, and let 1t be re-
quired to determine the probability that if the pheenomenon y is
observed, the hypothesis # is tiue. The very data of this pro-
blem cannot be expressed without the introduction of an arbi-
trary element. We can only write

Prob. z = a, Piob zy = ap; )]

a being perfectly arbitrary, except that it must fall within the
limits 0 and 1 inclusive. Ifthen 2 represent the conditional pro-
bability sought, we have

_Puob.zy  ap @)
" Prob.y Piob.y

It remains then to determine Prob. y

¢ Edinburgh Review, No 185, p 32. Tlus article, though not entirely free
from error, 1s well worthy of attention
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Let 2y = ¢, then
0
y=lemeg1-2)+0(1-Datg1-0-2). ()

Hence observing that Prob. z=a, Prob ¢=ap, and passing from
Logic to Algebra, we have

_tz+c(l-) =
Prob. y= ——m,
with the relations

z+(l1-)z tz
—_—  =— =i+ 1t
. -1t

Hence we readily find
Prob. y =ap + ¢ (1 - a). )

Now recurring to (3), we find that ¢ is the probability, that if
the event (1 - ¢) (1 - z) occur, the event y will occur. But

1-H(A-2)=Q-a)(1-2)=1-=.

Hence ¢ is the probability that :f the event z do not occur,
the event y wall occur

Substituting the value of Prob. y in (2), we have the follow-
ing theorem:

The calculated probability of any phenomenon y, upon an as-
sumed physical hypothesis x, being p, the @ posterior: probability P
of the physical hypothesis, when the phenomenon has been observed,
s expressed by the equation

a
=ap+06—a)’ ®)
where a and ¢ are arbitrary constants, the former representing the
d priort probability of the hypothess, the latter the probability that
if the hypothesis were false, the event y would present utself

The principal conclusion deducible from the above theorem
is that, other things being the same, the value of P increases and
diminishes simultancously with that of p. Hence the geater or
less the probability of the phznomenon when the kypothesis is
assumed, the greater or less is the probability of the hypothesis
when the phenomenon has been observed. When p is very small,
then generally P also is small, unless either a is large or ¢ small.



CHAP. XX.] PROBLEMS ON CAUSES 367

Hence, secondly, if the probability of the phznomenon is very
small when the hypothesis is assumed, the probability of the hy-
pothesis is very small when the ph@nomenon is observed, unless
either the d prior: probability e of the hypothesis is large, or the
probability of the phznomenon upon any other hypothesis small.

The formula (5) admts of exact veuification in various cases,
wswhene=0,ora=1,0or a=0. But it is evident that it does
not, unless there be means for determining the values of @ and ¢,
yield a definite valne of P Any solutions which profess to ac-
ccmplish this object, either are erroncous in principle, or involve
a tacit assumption respecting the above arbitraiy clements Mr.
De Morgan’s solution of Laplace’s problem concerning the ex-
istence of a determining cause of the narrow limits within which
the inclinations of the planetary orbits to the plane of the echptic
are confined, appears to me to be of the latter description Having
found a probability p = .00000012, that the sum of the incli-
pations would be less than 92° weie all degrees of inclination
equally probable in each orbit, this able writer remarks: If
there be a reason for the inclinations being as described, the
probability of the event is 1. Consequently, it is 1: 00000012
(i.e 1:p), that there was a necessary cause in the formation of
the solar system for the inclinations being what they are.” Now
this result is what the equation (5) would really give, if, assigning

to p the above value, we should assume ¢=1,a= % For we
should thus find,

1
P= 2f_-l__
1 1 1-+p
3P73
1-P.P:-1:p 6

But P representing the probabihity, d posterzari, that all
inclinations are equally probable, 1 — P is the probability, d pos-
terworz, that such is not the case. or, adopting Mr De Morgan’s
alternative, that a determumning cause exists. The equation (6),
therefore, agrees with Mr. De Morgan’s 1esult

22. Are we, however, justified in assigmng to a and ¢ parti-
cular values? I am strongly disposed to think that we me not.
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The question is of less importance in the special instance than
in its ulterior bearings. In the received applications of the theory
of probabilities, arbitiary constants do not explicitly appear;
but in the above, and in many other 1nstances sanctioned by the
highest authorities, some virtual determination of them has been
attempted. And this circumstance has given to the results of
the theory, especially in reference to questions of causation, a
character of definite precision, which, while on the one hand 1t
has seemed to exalt the dominion and extend the province of
numbers, even beyond the measure of their ancient claim to rule
the world ;* on the other hand has called forth vigorous protests
against their intrusion into realmsin which conjecture is the only
basis of inference. The very fact of the appearance of arbitrary
constants in the solutions of problems like the above, treated
by the method of this work, seems to imply, that definite solution
is impossible, and to maik the point where inquiry ought to stop.
‘We possess indeed the means of interpreting those constants, but
the expericnce which is thus indicated is as much beyond our
reach as the expenience which would preclude the necessity of
any attempt at solution whatever.

Another difficulty attendant upon these questions, and inhe-
rent, perhaps, in the very constitution of our faculties, is that of
precisely defining what is meant by Order. The mamfestations
of that principle, except in very complex instances, we have no
difficulty in detecting, nor do we hesitate to impute to it an al-
most neccssary foundation in causes operating under Law. DBut
to assign to 1t a standmd of numerical value would be a vam,
not to say a presumptuous, endeavour. Yet must the attempt be
made, before we can aspire to weigh with accmacy the piobabi-
bilities of different constitutions of the universe, so as to detei-
mine the clements upon which alone a defimte solution of the
problems in question cex be eswbiished.

23. The most usual mode of endeavouring to evade the ne-
cessary arbitrariness of the solution of problems in the theory of

= Mundum regunt numer1
t Sce an interesting paper by Prof Forbes in the Philosophical Magazine,
Dec 1850, also Mill's Logic, chap xviu
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probabilities which rest upon insufficient data, is to assign to some
element whose real probability 13 unknown all possible degrees
of probability: to suppose thar these degiecs of probability are
themselv es equally probable: and. regaiding them asso many dis-
tinct causes of the pheenomenon observed, to apply the theorems
which represent the case ot an effect due to some one of 2 number
of equally probable but mutually exclusive causes (Problem 9).
For mstance, the rising of the sun after a certain intersal of
darkness having been observed m times in succession, the proba-
bility of 1ts again rising under the same circumstances is deter-
mined, on received principles, in the following manner. Let p
be any unknown probability between 0 and 1, and ¢ (infinitesimal
and constant) the probability, that the probabdity of the sun’s
rising after an interval of daikness lies between the limits p and
P+ dp. Then the probability that the sun will rise m times in
succession is

1
c| pmdp,
=0
and the probability that he will do this, and will rise again, or,

which is the same thing, that he will rise m + 1 times in succes-
sion, 1s

CI:Pm *1 d_P!

Hence the probability that if he rise m times in succession, he will
rise the m + 1t time, is

1
L.mendp m+ 1

e

m+2

the known and generally received solution.

The above solution is usually founded upon a supposed analogy
of the problem with that of the drawing of balls from an urn con-
taining a mixture of black and white balls, between which all
possible numerical ratios arc assumed to be equally probable.
And it is remarkable, that there are two or three distct hypo-
theses which lead to the same final result. For instance, if the
balls are finite in number, and those which are drawn arc not
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replaced, or if they are infinite in number, whether those drawn
are replaced or not, then, supposing that m successive drawings
have yiclded only white balls, the probability of the issue of a
white ball at the m + 1% drawing is

m+1l
m+ 2

It has been said, that the principle involved in the above
and in similar applications is that of the equal distribution of
our knowledge, or rather of our ignorance—the assigning to
different states of things of which we know nothing, and upon
the very ground that we know nothing, equal degrees of proba-
bility. Tapprehend, however, that this is an arbitrary method of
procedure. Instances may occur, and one such has been adduced,
in which different hypotheses lead to the same final conclusion.
But those instances are exceptional. With reference to the par-
ticular problem in question, it 1s shown in the memoir cited, that
there is one hypothesis, viz , when the balls are firute in number
and not replaced, which leads to a different conclusion, and it is
easy to see that therc are other hypotheses, as stiictly involving
the principle of the ¢ equal distribution of knowledge or igno-
rance,” which would also conduct to conflicting results

24. For mstance, let the case of sunrise be 1cpresented by
the drawing of a white ball from a bag containing an infinite
number of balls, which are all either black or white, and let the
assumcd prneiple be, that il possible constitutions of the system
of balls are equally probable. By a constitution of the system, 1
mean an artangement which assigns to every ball in the system
a determinate colour, either black or white. Let us thence seek
the probability, that if m white balls are drawn in = drawings,
a white ball will be drawn in the m + 1* diawing.

First, suppose the number of the balls to be y, and let the
symbols z,, ., . z, be appromiated to them in the following
manner. Lct z, denote that event which consists in the % ball
of the system being whte, the proposition declaratory of such a
state of things being #.=1 In hke manner the compound

* See a memoir by Bishop Terrot, Edinburgh Phal Trans vol xx Partiv.
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symbol 1 - z; will represent the circumstance of the :™ ball being
black. It is evident that the several conotituents formed of the
entive set of symbols z,, @2, .. #, will represent in like manner
the several possible constitutions of the system of balls with
respect to blackness and whiteness, and the number of such con-
stitutions being 2*, the probability of each will, in accordance

with the bypothesis, be -él: This 1s the value which we should
find if we substituted in the expicssion of any constituent for
each of the symbols z,, o, .. z,, the value % Hence, then, the

probability of any event which can be expiessed as a series of
constituents of the above description, will be found by substi-

tuting in such expression the value % for cach of the above

symbhols,

Now the larger u is, the less probable it is that any ball
which has been drawn and replaced will be drawn again Asp
approaches to infinity, this probability approaches to 0. And
this being the case, the state of the balls actually drawn can be
expressed as a logical function of » of the symbols z,,.. 2, . . z,,
and therefore, by development, as a series of constituents of the
gaid m symbols. Hence, therefore, its probabulity will be fonnd
by substituting for each of the symbols, whether in the unde-
1
2
substitution which it would be necessary, and which it would
suffice, to make, 1f the probability of a white ball at each drawing

veloped or the developed form, the value . But this is the very

A 1
were known, d prior, to be 5

It follows, thercfore, that if the number of balls be infinite,
and all constitutions of the system equally probable, the proba-~

bility of drawing m white balls in succession will be 51;, and the

probability of drawing = + 1 white balls in succession gmiTs

whence the probability that after m white balls have been diawn,

the next drawing will furnish a white one, will be ,—: In other
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words, past experience does not in this case affect future ex-
pectation.

25. It may be satisfactory to verify this result by ordinary
methods. To accomplish this, we shall seck—

First : The probability of drawing r white balls, and p -~
black balls, in p trials, out of a bag containing y balls, every ball
being replaced after drawing, and all constitutions of the systems
being equally probable, d priorz.

Secondly : The value which this probability assumes when
u becomes infinite.

Thirdly : The probability hence derived, that if m white
balls are drawn in succession, the m + 1** ball drawn will be
white also

The probability that r white balls and p - r black ones will be
drawn in p trials out of an urn containing u balls, each ball
being replaced after trial, and all constitutions of the system as
above defined being equally probable, is equal to the sum of the
probabilities of the same result upon the separate hypotheses of
there being no white balls, 1 white ball,—lastly u white balls in
the urn  Therefore, it is the sum of the probabilities of this re-
sult on the hypothesis of there being # white balls, » varying
from 0 to u.

Now supposing that there are # wlite balls, the probability

of drawing a white ball in a single drawing is 2, and the proba-
I

bility of drawing r white balls and p - » black ones in a parti-
cular order in p drawings, is

RIS

But there being as many such orders as there are combinations
of r things i p things, the total probability of drawing 7 white
balls in p diawings out of the system of u balls of which » are

white, is (1) ( l)()( >p
p(p-1) (p-r+1)/n\(, n\-r (1)

1.2..r i u

Again, the number of constitutions of the system of u balls, which
admit of exactly z balls being white, is
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pu-1). (n —n+ 1)
1.2.

and the number of possible constitutions of the system is 2.
Hence the probability that exactly z balls are white is

pp-1) .. (u-n+1)
1.2..22:

Mnultiplying (1) by this expression, and taking the sum of the
products from z =0 to n= g, we have

p(p—l)..p-—r+l ‘n=pu(,,¢—1)..'u,—’n+l 11' _"__I p-r
1.2 7 e T2a® \u/\l7H) 0 @

for the expression of the total probability, that out of a system
of u balls of which all constitutions are equally probable, » white
balls will issue in p drawings. Now

TRV T (e
n=0 1.2..n.2* u il

_gmre(p-l) .. (u—"+1)<ﬁ)'(1,'2‘)"'5..a .. (6=0)

n=0 1.2 a2«

(-2 e
Lo

D standing for the symbol dO’ sothat ¢ (D) eye=¢ (n) . But

by a known theorem,

" azQm A*O™
=14 A0 T t(E-1) + 75t (E-1)(¢-2).

. Dn(l+)p=|14+A0"D +—— D(D 1)+ &e.) (1+ )n.

In the second member let & = z, then
* d A"
= — —— T —— D (1 + o),
Dm(1+ e A+A0"z—+ 757 a,m,+&c)( + T)
since
rd \l
\az)
* ERRATA. — 3,5, and 8 from bottom, for | read 0™

D(D-1)..(D~-241) =2



374 PROBLEMS ON CAUSES. [cmap. xx.

In the second member of the above equation, performing the dif-
ferentiations and making z =1 (since 6 =0), we get

D (1+ef)=p (AOm) 201 4 }%_)_ (A20m) 252 + &

The last term of the second member of this equation will be

plp-1) .. (u—m+1) Am0™
12 .m

2"""'='u(y,—1) . (u-m+ 1) 2¢-m;

gince A™0" =1.2..m. When p is a large quantity this term
exceeds all the others in value, and as p approaches to infinity
tends to become infinitely great in comparison with them And
as moreover it assumes the form ™ 2#-™, we have, on passing to
the Limit,

Dn (]_ + EO)p = " 9u-m _ <g>m2“.

Hence if ¢ (D) represent any function of the symbol D, which
is capable of being expanded in a series of ascending powers of D,
we have

$(D) (14 ey =g ()2 0

if0=0and pu=oo. Strictly speaking, this implies that the ratio of
the two members of the above equation approaches a state of
cquality, as u increases towards infinity, 6 being equal to 0.

By means of this theorem, the last member of (3) reduces to

the form
1/1y 1\e-7 1\
2/ (-3 ==
Hence (2) gives

p(p-1) (p-r+1 /1\1'
1.2 ~ \2

as the expression for the probability that from an urn containing
an infinite number of black and white balls, all constitutions of
the system being equally probable, » white balls will issue in p
drawings.

Hence, making p = m, r =m, the probability that in m drawings

all the balls will bo white is 5 ) and the probability that this
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will be the case, and that moreover the m + 1* drawing will
m+t

yield a white ball is (%) , Whence the pirobability, that if the

first m drawings yield white balls only, the m + 1% drawing will
also yield a white ball, is

DO

and generally, any proposed result will have the same probability
as if' it were an even chance whether each paticular drawing
yielded a white ora black ball ~ This agrees with the conclusion
before obtaincd.

26. These results only illustrate the fact, that when the defect
of data is supplicd by hypothesis, the solutions will, in general,
vary with the nature of the hypotheses assumed; so that the
question still remains, only moiec definite in form, whether the
principles of the theory of probabilities seive to guide us in the
election of such hypotheses. Ihaveaheady expressed my convie-
tion that they do not—a conviction strengthened by other reasons
than those above stated.  Thus, a definite solution of a problem
having been found by the method of this wotk, an equally de-
finite solution is sometimes attainable by the same method when
one ofthe data, suppose Prob. z=p, is omitted. But Ihave not
been able to discover any mode of deducing the second solution
from the first by wtegration, with respect to p supposed variable
within limits determined by Chap. xix. This deduction would,
however, I conceive, be possible, were the principle adverted to
in Art. 23 valid Still it is with diffidence that I express my
dissent on these points from mathematicians generally, and more
especially from one who, of English wiiters, has most fully en-
tered into the spirit and the methods of Laplace; and I venture
to hope, that a question, second to none other in the Theory of
Probabilities in importance, will receive the carcful attention
which it deserves
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CHAPTER XXI

PARTICULAR APPLICATION OF THE PREVIOUS GENERAL METHOD
TO THE QUESTION OF THE PROBABILITY OF JUDGMENT#S.

1. N the presumption that the general method of this treatise
for the solution of questions in the theory of probabilities,

has been sufficiently elucidated in the previous chapters, 1t is pro-
posed here to enter upon one ofits practical apphcations sclected
out of the wide field of social statistics, viz., the estimation of the
probability of judgments. Perhaps this application, if weighed
by its immediate results, is not the best that could have been
chosen. One of the first conclusions to which it leads 1s that of
the necessary insufficiency of any data that experience alone can
furnish, for the accomplishment of the most important objeet of
the inquiry. But in setting clearly before us the necessity of
hypotheses as supplementary to the data of experience, and in
enabling us to deduce with rigour the consequences of any hy-
pothesis which may be assumed, the method accomplishes all
that properly lies within 1ts scope. And it may be 1cmarked,
that 1 questions which relate to the conduct of our own species,
hypotheses are more justifiable than in questions such as those re-
ferred to in the concluding sections of the previous chapter. Our
general experience of human nature comes in aid of the scantiness
and imperfection of statistical records.

2. The elements involved in problems relating to criminal
assize axc the following : —

1st. The probability that a particular member of the jury
will form a correct opinion upon the case.

2nd The probability that the accused party is guilty.

3rd. The probability that he will be condemned, or that he
will be acquitted.

4th. The probability that his condemnation o1 acquittal will
be just.

5th. The constitution of the jury.
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6th The data furnished by experience, such as the relative
numbe1s of cases in which unanimous decisions have been arrived
at, or particular majorities obtained; the number of cases in
which decisions have been reversed by superior courts, &e.

Again, the class of questions under consideration may be
regarded as either direct orinverse. The direct questions of pro-
bability are those in which the probahility of coirect decision
for each member of the tiibunal, or of guilt for the accused
paity, are supposed to be known @ preore, and in which the proba-~
bility of a decision of a particular kind, or with a definite majority,
issought. Inverse problems are those in which, from the data fur-
nished by experience, it is required to determine some element
which, though it stand to those data in the relation of cause to
effect, cannot directly be made the subject of observation; as
when from the records of the decisions of courts it is required to
determine the probability that a member of a court will judge
correctly ‘To this species of problems, the most difficult and
the most important of the whole series, attention will chiefly be
directed here

3 'There is no difficulty in solving the direct problems re-
ferred to in the above enumeration. Suppose there is but one
juryman. Let & be the probability that the accused peison is
guilty; z the probability that the juryman will form a coirect
opinion; X the probability that the accused person will be con-
demned : then—

kz = probability that the accused party is guilty, and that the

juryman judges him to be guilty
(1 -#) (1 - 2) = probability that the accused person is inno-
cent, and that the juryman pronounces him guilty.

Now these being the only cases in which a verdict of con-
demnation can be given, and being moieover mutually exclusive,
we have

X<=kz+(1-k)(1-2). )

In like manner, if there be # jurymen whose separate proba-
bilities of correct judgment are x,, 3 . s, the probability of an
unanimous verdict of condemnation will be

X=htyd .0+ (1-A)(A-2)(1-2) (1-2za).



378 PROBABILITY OF JUDGMENTS.  [CHAP. XxI.

‘Whence, if the several probabilities #,, z, . . 2, are equal, and are
each represented by z, we have

X=kr+(1-k)y(1-2) )
The probability in the latter case, that the accused person is guilty,
will be
ka
Rz + (1-R) (1 -z)°

All these results assume, that the events whose probabilities
are denoted by %, z,, z,, &c, are independent, an assumption
which, however, so far as we are concerned, is involved in the
fact that those events are the only ones of which the probabilities
are given

The probability of condemnation by a given number of voices
may be found on the same principles. If a jury is composed of
three persons, whose several probabilities of correct decision are
z, ', 2, the probability X, that the accused person will be de-
clared guilty by two of them will be

X, =k {ar (1- o) + 32" (1 - &) + 22" (1 - 7))
+1-8) {(1-5)(1-2)2"+(1-2) (1 -2) 2’ + (1 -2) (1 -2") z},
which if # =2’ = 2 reduces to

3kr(l-2)+3(-%k)z (1-2)%

And by the same mode of reasoning, it will appear that if
X, represent the probability that the accused person will be de-
clared guilty by ¢ voices out of a jury consisting of = persons,
whose separate probabilities of correct judgment are equal, and
represented by z, then

x,= 20D s (1 (- B (1-aY). (3)

If the probability of condemnation by a determinate majority a
is required, we have simply

i-a=n-1,
whence
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which must be substituted in the above formula. Of course a
admits only of such values as make i an integer. If z is even,
those values are 0, 2, 4, &ec. ; ifodd, 1, 3, 5, &c., as is otherwise
obvious.

The probability of a condemnation by a majority of at least a
given number of voices m, will be found by adding together the
following several probabilities determined as above, viz :

1st The probability of a condemnation by an exact ma-
jority m;
2nd. The probability of condemnation by the next greater
majority m + 2;
and 80 on; the last element of the series being the probability of
unanimous condemnation. Thus the probability of condemnation
by a majority of 4 at least out of 12 jurors, would be

Xo+ X + X
the values of the above terms being given by (3) after making

therein z = 12.

4. When, instead of a jury, we are considering the case of &
simple deliberative assembly consisting of 2 persons, whose sepa-
rate probabilities of correct judgment are denoted by =, the above
formule are replaced by others, made somewhat more simple by
the omission of the quantity 4.

The probability of unanimous decision is

X=a+(l1-2)»

The probability of an agreement of 2 voices out of the whole

number is
x,- 2o @ D) g gy i-ay). ()

Of this class of investigations it is unnecessary to give any
further account. They have been pursued to a considerable ex-
tent by Condorcet, Laplace, Poisson, and other writers, who
have investigated in paiticular the modes of calculation and re-
duction which are necessary to be cmployed when 7 and ¢ are
large numbers It is apparent that the wholeinquiry is of a very
speculative character. The values of z and & cannot be deter-
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mined by direct observation. We can only presume that they
must both in general exceed the value %; that the former, z, must

increase with the progress of public intelligence ; while the latter,
%, must depend much upon those prelimmary steps in the ad-
minjstration of the law by which persons suspected of crime are
brought before the tribunal of their country. It has been re-
marked by Poisson, that in periods of revolution, as during the
Reign of Terror in France, the value of £ may fall, if account be

taken of political offences, far below the limit % The history of

Europe in days nearer to our own would probably confirm this
observation, and would show that it is not from the wild license
of democracy alone, that the accusation of innocence is to be
apprehended.

Laplace makes the assumption, that all values of # from

.‘l'=l, tozx=1,

2

are equally probable. He thus excludes the supposition that a
juryman is more likely to be deceived than not, but assumes that
within the limits to which the probabilities of individual cor-
rectness of judgment are confined, we have no resson to give
preference to one value of z over another. This hypothesis is
entirely arbitrary, and it would be unavailing here to examine
into its consequences.

Poisson seems first to have endeavoured to deduce the values
of z and %, inferentially, from experience. In the six years from
1825 to 1830 inclusively, the number of individuals accused of
crimes against the person before the tribunals of Fiance was
11016, and the number of persons condemned was 5286. The
juries consisted each of 12 persons, and the decision was pro-
nounced by a simple majority. Assuming the above numbers
to be sufficiently large for the estimation of probabilities, there
would therefore be a probability measured by the fraction 15120 l(:a
or .4782 that an accused person would be condemned by a simple
majority. We should have the equation

X+ X, .+ X5 = 4782, ©®)
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the general expression for X, being given by (3) after making
therein 2= 12. In the year 1831 the law, having received altc-
ration, required a majority of at least four persons for condemna-
tion, and the number of persons tiied for cumes against the
person during that year being 2046, and the number condemned
743, the probahility of the condemnation of an individual by the

-

- 4
above majority was i‘_()_;l%-’ or .3631. Hence we should have
Xq + Xg e oat Xlg = 3631- (6)

Assuming that the values of k and = were the same for the
year 1831 as for the previous six years, the two equations (5) and
(6) enable us to determine approximately their values Poisson

thus found,
k=.5354, x=.6786.

For crimes against property during the same periods, he
found by a similar analysis,

k=.6744, 2= TIT1

The solution of the system (5) (6) conducts in each case to
two values of %, and to two values of z, the one value in each

1
pair being]greater, and the other less, than 5 It was assumed,

that in each case the larger valuc should be preferred, it being
conceived more probable that a party accused should be guilty
than innocent, and more probable that a juryman should form
a correct than an erroncous opinion upon the evidence,

5. The data employed by Poisson, especially those which were
furnished by the year 1831, are evidently too imperfect to permit
us to attach much confidence to the above determinations of z and
k; and it is chiefly for the sake of the method that they are here
introduced. It would have been possible to record during the
six years, 1825-30, or during any similar period, the number of
condemnations pronounced with each possible majority of voices.
The values of the several clements X, X,, .. Xz, were there
no reasons of policy to forbid, might have been accmately ascer-
tained Here then the conception of the general problem, of
which Poisson’s is a particular case, arises How shall we, from
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this apparently supernumerary system of data, determine the
values of z and £? If the hypothesis, adopted by Poisson and
all other writers on the subject, of the absolute independence of
the events whose probabilities are denoted by z and % be retained,
we should be led to form a system of five equations of the type (3),
and cither select from these that particular pair of equations which
might appear to be most advantageous, or combine together the
equations of the system by the method of least squarcs. There
might exist a doubt as to whether the latter method would be
strictly applicable in such cases, especially if the values of z and £
afforded by different selected pairs of the given equationswerevery
different from each other. M Cournot has considered a somewhat
similar problem, in which, from the records of individual votes in
a court consisting of four judges, it 1s proposed to investigate the
separate probabihties of a correct verdict fiom each judge. For
the determination of the elements z, #, 2, ", he obtams cight
equations, which he divides into two sets of four equations, and
he remarks, that should any considerable discrepancy exist be-
tween the values of z, 7', 27, 2, determined from those sets, it
might be regarded as an indication that the hypothesis of the in-
dependence of the opinions of the judges was, in the particular
cagse, untenable. The principle of this mode of investigation has
been adverted to in (XVIII 4).

6. I proceed to apply to the class of problems above indicated,
the method of this treatise, and shall inquire, first, whether the
records of courts and deliberative assemblics, alone, can furnish
any information respecting the probabilities of correct judgment
for their individual membeis, and, 1t appearing that they cannot,
secondly, what kind and amount of necessary hypothesis will best
comport with the actual data.

Prorosition 1.

From the mere records of the decistons of a court or deliberative
assembly, 1t 15 not possible to deduce any defimte conclusron re-
specting the correctness of the indrndual yudgments of 1ts members.

Though this Proposition may appear to express but the con-
viction of unassisted good sense, it will not be without interest to
show that it admits of rigorous demonstration.
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Let us suppose the case of a deliberative assembly consisting
of » members, no hypothesis whatever being made respecting
the dependence or independence of their judgments. Lot the
logical symbols i, a;, . . ¥, be employed according to the fol-
lowing definition, viz : Let the genenc symbol x, denote that
event which consists in the uttering of a correct opinion by the
™ member, A4, of the conrt. WWe shall consider the values of
Prob. z,, Prob x, . . Prob. z,, as the guesita of a problem, the
expression of whose possible data we must in the next place
investigate.

Now those data are the probabilities of events capable of
being expressed by definite logical functions of the symbols z,,
Zyy . . Zn. Let X, X,, .. X ,1ep1esent the functions in question,
and let the actual system of data be

Prob. X, =a,, Prob.X,=a, Prob X,=an

Then from the very nature of the case it may be shown that
X:, X;, . . Xn, are functions which remain unchanged if
%, &5, .z, are therein changed into 1~ 2z, 1-a,,..1-m,
respectively. Thus, if it were recorded that in a certain pro-
portion of instances the votes given were unanimous, the event
whose probability, supposing the instances sufficiently numerous,
is thence determined, is expressed by the logical function

Tz, Ta+(1-z)(l-2) .(1-z)

a function which satisfies the above condition. Again, let it be
recorded, that in a certain proportion of instances, the vote of an
individual, suppose 4,, differs from that of all the other mem-
bers of the court. The event, whose probabihty is thus given,
will be expressed by the function

n(l-z)..0-z)+(1-2) 2 .. Zn3

also satisfying the above conditions. Thus, as agreement in
opinion may be an agreement in either truth or erior; and as,
when opinions are divided, either party may be right or wiong ;
it is manifest that the expression of any particular state, whether
of agreement or difference of sentiment mn the assembly, will
depend upon a logical function of the symbols z,, 72y . n,
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which similarly involves the privative symbols 1 -z, 1 - =,,
.. 1 =x,. Bul in the records of assemblies, it is not presumed
to declare which set of opinions is right or wrong Hence the
functions X, X,,.. X must be solely of the kind above de-
scribed.

7. Now in proceeding, according to the general method, to
determine the value of Prob. 2,, we should first equate the func-
tions X, . . X, to a new set of symbols ¢, .., From the
equations

X1=tu Xz=tzs L Xm=tnu
thus formed, we should eliminate the symbols #,, #, .. 2,, and
then determine =, as a developed logical function of the symbols
by, &y « « tn, expressive of events whose probabilities are given.
Let the result of the above elimination be

Eny+ E(1-2)=0; )]
E and E’ being function of ¢,, &, . . £t5. Then
I = ‘E,'—f'-—E- (2)

Now the functions X, X;, . X, are symmetrical with re-
ference to the symbols 1, . . zyand 1 -z, ..1-z,. Itisevi-
dent, therefore, that in the equation E' must be identical with L.
Hence (2) gives

E
z =5
and it is evident, that the only coefficients which can appear in the
development of the second member of the above equation are

gsmd 5 The former will present itself whenever the values

assigned 10 ¢, . . n in determining the cocfficient of a constituent,
are such as to make E = 0, the latter, or an equivalent result, in
every other case. Hence we may represent the development

under the form
0 1
I = 6 C + 6 D, ( 3)
C and D bemng constituents, or aggregates of constituents, of the
symbols &, &5, « . ta.
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Passing then from Logic to Algebra, we have

Prob =, =c__((; =¢,

the function V of the general Rule (XV1I. 17) reducing in the
present case to C. The value of Prob. z, 1s therefore wholly ar-
bitrary, if we except the condition that it must not transcend
the limits 0 and 1. The individual values of Prob z,, Prob.z,,
are in Like manner arbitrary. It does not hence follow, tbat
these arbitrary values are not connected with each other by ne-
cessary conditions dependent upon the data. The investigation
of such conditions wounld, however, properly fall under the me-
thods of Chap. xIx.

If, reverting to the final logical equation, we seek the mter-
pretation of ¢, we obtain but a restatement of the original pro-
blem. For since C and D together include all possible consti-
tuents of &, ¢, . . tn, we have

C+D=1,

and since D is affected by the coefficient %), it 1s evident that on
substituting therein for ¢, ¢,, . ¢4, their expressions in terms of
Tyy Tyy -« Tu, we should have D=0. Hence the same substitution
would give C=1. Now by the rule, ¢ is the probability that if
the event denoted by C take place, the event z, will take place.
Hence C being equal to 1, and, therefore. embracing all possible
contingencies, ¢ must be interpreted as the absolute probability of
the occurrence of the event z,

It may be interesting to determine in a particular case the
actual form of the final logical equation. Suppose, then, that the
elements from which the data are derived are the records of
events distinct and mutually exclusive. For nstance, let the
numerical data @, ai, .. @a. be the respective probabiities of
distinct and definite majorities. Then the logical functions
X, X,, . X, being mutually exclusive, must satisfy the con-
ditions

X X;=0,.. X, Xp,=0, X,Xn=0, &c.
‘Whence we have,
Lt =0, litn=0,&e.
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Under these circumstances it may easily be shown, that the
developed logical value of z, will be

0 FF oy F F x F 1
z,=(—)(t1t2 AR X S AT Y §

. . 1
+ constitutents whose coefficients are o

In the above equation 7, stands for 1 — ¢, &e.

These investigations are equally applicable to the case in
which the probabilities of the verdicts of a jury, so far as agree-
ment and disagreement of opinion are concerned, form the data
of a problem. Let the logical symbol w denote that event or
state of things which consists in the guilt of the accused person.
Then the functions X, X, . X, of the present problem me
such, that no change would therein ensue fiom simultaneously
converting w, #,, 2, . . T, into @, %, 7, . . Tp respectively.
Hence the final logical value of w, as well as those ofz,, %, . . 2,
will be exhibited under the same form (3), and a like general
conclusion thence deduced.

It is therefore established, that from mere statistical docu-
ments nothing can be inferred respecting either the individual
correctness of opinion of a judge or counsellor, the guilt of an
individual, or the merits of a disputed question If the deter-
mination of such elements as the above can be reduced within
the province of science at all, it must be by virtue either of
some assumed criterion of truth furnishing us with new data, or
of some hypothesis relative to the connexion or the independence
of individual judgments, which may warrant a new form of the
investigation. In the examination of the results of different
hypotheses, the following general Proposition will be of im-
portance.

Prorosition 1I.

8. Guen the probalulities of the n sumple events x,, 2,5  Zn,y
ViZ o—
Prob.z, =¢;, Prob.az=c¢,, .. Prob. a; = cp; 0))

also the probabilities of the m — 1 compound events X,, X, . Xqp.1
V2. 2—

Tiob. X, =, Prob. X;=a., .. Prob. Xu.1 = @m15 (2)
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the laiter events X, .. X,,_, beng destinct and mutually excluswe ;
1equared the probability of any other compound event X.

In this proposition it is supposed, that X,, X,, .. X,_, as
well as X, are functions of the symbols #,, &, . z, alone.
Moreover, theevents X, X,,.. X,._,, being mutually exclusive,

we have
Xl r! =0, .. Xl Xm-. = 0, Xg Xa = 0, &O-; (3)

the product of any two members of the system vanishing. Now

assume
X, =t, X = Imo1y X=t (4)

Then ¢ must be determined as a logical function of =, . . z,,

AL A

Now by (3),
ht,=0, &tn,=0, L1,=0,8&; (5)

all binary products of ¢, .. £,.,, vanishing. The developed ex-
pression for ¢ can, theiefore, only involve in the list of constitu-

ents which have 1, 0, or g for thewr coefficients, such as contain

some one of the following factors, viz :—
Hl e Tmay Glaeenory oo Do Imoalna (6)

% standing for 1 — ¢,, & It remains to assign that portion of
each constituent which involves the symbols @, ..z, ; together
with the corresponding coefficients

Since X, = ¢, (: being any integer between 1 and m - 1 inclu-

sive), it is evident that
X..?l o Tm-l = 01

from the very constitution of the functions Any constituent
included in the first member of the above equation would, there-

1 . .
fore, have 5 for its coefficient.

Now let
Xm=].‘—X1t-"‘Xm—l; (7)

and it is evident that such constituents as involve %, .. Tu., as

0
a factor, and yet have coefficients of the form 1, 0, or —d‘must be
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included in the expression
Xat. Tuae

Now X, may be resolved into two portions, viz., X X, and
(1 - X) X,, the former being the sum of those constituents of
X, which are found in X, the latter of those which are not found
in X. Tt is evident that in the developed expression of ¢, which
is equivalent to X, the coefficients of the constituents in the
former portion XX, will be 1, while those of the latter portion

(1 - X) X, will be 0. Hence the elements we have now con-
sidered will contribute to the development of ¢ the terms

XXt Gua+0(1-X) X070 .. T
Again, since X, = ¢,, while X, ¢, = £,¢,= 0, &e, it is evident
that the only constituents involving £, %, . . Z_, as a factor which
have coeflicients of the form 1, 0, or g—, will be included in the ex-
pression

X, 4T, t—m-l;

and reasoning as before, we see that this will contribute to the de-
velopment of ¢ the terms

XX[ tl-t-g . ?m-l + O(I—X)Xltl?g .o ?m_]l

Proceeding thus with the remaining terms of (6), we deduce
for the final expression of ¢,

1=XX, .. 00+ XX 0,5 . Ty A XX (T Tnn bn
10(1-X)Xn?,. . a1+ 01 -X) X, 6, 5y . . Ty + & (B)

+ terms whose coeflicients are %—

In this expression itis to be noted that XX, denotes the sum
of those constituents which are common to X and X, that sum
being actually given by multiplying X and X,together, according
to the rules of the czlculus of Logic

In passing from Logic to Algebra, we shall represent by
(X Xu) what the above product becomes, when, after effecting
the multiplication, or selecting the common constituents, we
give to the symbols z,, . z,, a quantitative meaning.
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With this understanding we shall have, by the general Rule

(XVIL17),
Prob ¢
(XXM)?] ?m-l+(XXl) t| ?.) _t-"_' ..+(XX - 1)?1 .o Tm-ﬂtn.l
= Vv s (9)

V=Xm?; .o Tm-l"' Xltl -t_;.. ?_M-l « +Xm_1?-1. -?m_zt -1 (10)
whence the relations determining z,, . Za, &, . . £,-; Wwill be of
the following type (2 varying from 1 to =),

@X)h T+ (@ X)hE T, + (@ X )0 Taban
[

_X4%. G Xea B Tnataa_p )y

a, am-1

From the above system we shall next eliminate the symbols

by oo lmoys

‘We have -
aV - Qp. 1 (12)

tl-t; . .?m_1=—X:~, tl'-?m-ztm-l= Xm_l .

Substituting these values in (10), we find
Ve Xpfioolana+ayV.otau, V.

Hence,
. ?m_l=(l—a, ..-a,,_,)V.
Now let
Qn=1-0,..-an., (13)
then we have -
- -~ an
tl .o tm_l:Tm-‘ (l4)

Now reducing, by means of (12) and (14), the equation (9),
and the equation formed by equating the first line of (11) to the
symbol ¥'; writing also Prob. X for Prob. ¢, we have

Prob. X= 2 (§IX‘) + & (§?’2 syl ()}‘(jm) s (15)
a(EX), aeX) et (16)

wherein X, and a,, are given by (7) and (13).
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These equations involve the direct solution of the problem
under consideration. In (16) we have the type of z» equations
(formed by giving to ¢ the values 1, 2, .. z successively), from
which the values of #,, @;, a, will be found, and those values
substituted in (15) give the value of Prob. X as a function of
the constants a,, ¢;, &ec.

One conclusion deserving of notice, which is deducible from
the above solution, is, that if the probabilities of the compound
events X;, X,_,, are the same as they would be were the
events zi, .. &, entirely independent, and with given probabi-
lities ¢;, . ¢y, then the probability of the event X will be the
same as if calculated upon the same hypothesis of the absolute
independence of the events x,, .. For upon the hypothess
supposed, the assumption 2, = ¢,, 2 = ¢,, in the quantitative
system would give X, =a,, X, =a,, whence (15) and (16)
would give

Prob. X = (XX)) + (XX3) .+ (XXa), (1
X))+ (@X).. +(@ X)) =¢ (18)

But since X; + X, . + X, =1, it is evident that the second
member of (17) will be formed by taking all the constituents that
are contained in X, and giving them an algebraic significance.
And a similar remark applies to (18). Whence those equations
respectively give

Prob X (logical) = X (algebraic),
z, =c
Wherefore, if X = ¢ (21, 2., #.), we have
Prob X =¢(c;,c;, cn),
which is the result in question

Henee too it would follow, that if the quantities ¢;, .« €a
were mdeterminate, and no hypothesis were made as to the
possession of a mean common value, the system (15) (16) would
be satisfied by giving to those quantities any such values,
&y, T2, Ta, 88 would satisfy the equations

Xi=a. Xua=ay,, X=g

supposing the value of the element a, like the values of ), @u_1,
to be given by experience.
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9. Before applying the geneial =olution (15) (L6), to the
question of the probability of judgments, 1t will be convenient to
make the following transformation. Let the data be

£1=€ . Tp=Cps
Prob X, =2, . Prob. Xp_: = ap-13

and let it be 1cquired to determine Prob. X,,_,, the unknown
value of which we will represent by @,_1. Then in (15)and (16)
we must change

X into X,._,, Prob X into a,._,,
X, into X, ., G-y Int0 @p.q.
X, into X, _, + X, A INtO @y + G

with these transformations, and observing that (X,., X,) =0,

except when r =m -1, and that it is then equal to X, _,, the

equations (15) (16) give

(am-l + am) X
3

Q. = = ot X (19)
C =
‘ll(wl -Xl) Uy (xl Xm-':) (am-'l + a'") (wl X"'-l + . “XE
Xl + X N Xy + Xy (20)

Now from (19) we find
Xm—] Xm Xm-l + Xm

iy ap A1+ dy ~

by virtue of which the last term of (20) may be reduced to the
form

Ay -1 (ml Xm-l) " ay (x, Xm)
X Xu

With these reductions the system (17) and (18) may be replaced
by the following symmetrical one, viz. :

Xm-l _ Xm
(’Hl-l B a"l ? (21)
e X)) w(@.X) | an(ada)
=, 22
X, T x, ‘T x. °¢ (22)

These equations, m connexion with (7) and (13), enable us to
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determwine n,._, a- a function of ¢, €., @, @a.., the numerical
data suppo-ed to be furnished by experience We now proceed
to their apjlication.

Prorosirion I11.

10. Given any system of probubilities drawn from recorded
tustances of unammuty, or of assigned numerical majority wn the
decisions of a delderatre assemlly ; requred, upon a certarn deter-
minate hypothesis, the mean probalnlity of correct judgment for a
member of the assembly.

In what way the probabilitiez of unanimous decizion and of
specific numerical majorities may be determined from experience,
has been intimated in a former part of this chapier. Adopting
the notation of Prop. 1. we shall represent the esents whose pro-
babilities are given by the functions X,, X,,.. X, It has
appeared from the very nature of the case that these events are
mutually exclusive, and that the functions by which they are re-
presented are symmietrical with reference to the svmbols . ree 2.
Those eymbols we continue to use 1n the same sense as 1n Prop. 1.,
viz., by z, we understand that event which consists in the for-
mation of a correct opinion by the :* member of the assembly

Now the immediate data of experience are—

Prob. X; =a,, Prob. X,;=a,,..Prob. Xp_:=an., (1)
Prob. Xu.; = an., (2)

X, .. X,., being functions of the logical symbols z,, . . z, to the
probabilities of the events denoted by which, we shall assign the
indeterminate value ¢. Thus we shall have

Prob.z, = Prob.z,..=Prob z; = ¢ 3)

Now it has been seen, Prop 1, that the immediate data (1)
(2), unassisted by any hypothesis, merely conduct us to a re-
statement of the problem. On the other hand, it is mamfest that
if, adopting the methods of Laplace and Poisson, we employ the
system (3) alone as the data for the application of the method of
this work, finally comparing the results obtained with the expe-
rimental system (1) (2), we are relying wholly upon a doubtful
bypothesis,—the independence of individual judgments. But
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though we ought not wholly to 1ely upon this hypothesis, we
cannot wholly dispense with it, or with some equivalent substi-
tute Let us then examine the consequences of a hunited inde-
pendence of the individual judgments ; the conditions of limitation
being furnished by the appaiently superfluous data From the
system (1) (3) let us, by the method of this work, determine
Prob. Xpn.,y and, comparing the result with (2), determine c.
Even here an arbitrary power of selection is claumed But it is
manifest from Piop. 1. that something of this kind is unavoidable,
if we would obtain a definite solution at all. As to the principle
of selection, I apprehend that the equation (2) 1eserved for final
comparison should be that which, from the magmtude of its nu-
merical element a,,.,, is estecmed the most important of the pri-
mary series furnished by experience.

Now, from the mutually exclusive character of the events
dencted by the functions X;, X,.. Xy, the concluding equa-
tions of the previous proposition become applicable. Onaccount
of the symmetry of the same functions, and the reduction of the
system of values denoted by ¢, to a single value ¢, the equations
represented by (22) become identical, the values of 2,2, =z,
become equal, and may be replaced by a single value z, and we
have simply,

Xﬂl-l . Xm
a1 - a—m’ (4)
a, (X)) a.(zX,) a.(zX,)
X, + X S X =c (5)

The following is the nature of the solution thus indicated :
The functions X,, X,_.,, and the values a,..«,.;, being
given in the data, we have first,
Xm =1- Xl"— Xm-ls
a,,,=1—a,..—a,,,_|
From each of the functions X;, X, . . X, thus given or de-
termined, we must select those constituents which contain a par-
ticular symbol, as z,, for a factor. This will determine the func-

tions (zX,), (zX,), &c, and then in all the functions we must
change 2,, #;, ..z, individually to z Or we may regard any
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algebraic function X, in the system (4) (5) as expressing the
probability of the event denoted by the logical function X,, on
the supposition that the logical symbols #,, 2., .z, denote in-
dependent events whose common probability isz. On the same
supposition (zX,) would denote the probability of the concur-
rence of any particular event of the series «,, ., =z, with X,
The forms of X, (zX,), &c. being determnined, the equation (4)
gives the value of z, and this, substituted in (5), determines the
value of the element ¢ required. Of the two values which it- so-
lution will offer, one being greater, and the other less, than 1, the
greater one must be chosen, whensoever, upon general conside-
rations, it 1s thought more probable that a member of the assembly
will judge correctly, than that he will judge incorrectly.

Here then, upon the assumed principle that the largest of
the values a,_, shall be reserved for final comparison 1n the
equation (2), we possess a definite solution of the problem pro-
posed. And the same form of solution remains applicable should
any other equation of the system, upon any other ground, as that
of superior accuracy, be similarly reserved in the place of (2).

11. Let us examine to what extent the above resei vation has
influenced the final solution It is evident that the equation (5)
is quite independent of the choice in question. So is likewise
the second member of (4) Had we reserved the function X,
instead of X, _,, the equation for the determination of z would
have been -

1 “*m

@ ©
but the value of z thence determined would still have to be sub-
stituted in the same final equation (5). We know that were
the events z,, 73, .., really independent, the equations (4),
(6), and all otheis of which they are types, would prove equ-
valent, and that the value of z furnished by any one of them
would be the tiue value of ¢. This affords 2 means of veritying
(5). For if that equation be correct, it ought, under the above
circumstances, to be satisfied by the assumption ¢ = z. In other
words, the equation

"(;“) ) “(‘Y‘) & (;;\,,) —z )
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ought, on solution, to give the same value of = as the equation
(4) or (6) Now this will be the case For since, by hypothesis,

Hence (7) becomes on substituting g, for X, &c.

@X) +(zXy). + (= X,) ==
a mere identity

‘Whencver, theirefore, the events ,, &, . . Z, are really inde-
pendent, the system (4) (5)is a correct one, and is independent
of the arbitrariness of the first step of the process by which it
was obtained. When the said events are not independent, the
final system of equations will possess, leaving in abeyance the
principle of selection above stated, an arbitrary element. But
from the persistent form of the equation (5) it may be inferied
that the solution is arbitrary in a less degree than the solutions
to which the hypothesis of the absolute independence of the in-
dividual judgments would conduct us. The discussion of the
limits of the value of ¢, as dependent upon the limits of the value
of 2, would determine such points.

These considerations suggest to us the question whether the
equation (7), which is symmetrical with reference to the func-
tions X,, X,,.. X,,, fiee from any arbitrary elements, and rigo-
rously exact when the cvents ), %, . . z, arc really mdependent,
might not be accepted as a mean general solution of the problem.
The proper mode of determining this point would, I conceive, be
to ascertain whether the value of 2 which 1t would afliud would,
in general, fall within the limits of the value of ¢, as deteamned
by the systems of equations of which the system (4), (5), presents
the type. It seems probable that under oadinary encumstances
this would be the case. Independently of such consuleiations,
however, we may regard (7) as itself the expression of o certain
principle of solution, viz., that regarding X,, X, . X, as ex-
clusive causes of the cvent whose probablity 15 2, we accept the
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probabilities of those causes a,, . a, [rom experience, but form

the conditional probabilities of the event as dependent upon such
causes,

€X) X

X 9

on the hypothesis of the indepen(lence of individual judgments,
and so deduce the equation (7). I conccive this, however, to be
a less rigorous, though possibly, in practice a more convenient
mode of procedwrc than that adopted in the general solution.

12, It now only remains to assign the paticular forms which
the algebraic functions X,, (#X,), &c. in the above equations as-
sume when the logical function X, 1epresents that event which
consists in r members of the assembly voting one way, and n —r
members the other way. Itis evident that in this case the alge-
braic function X, capresses what the probability of the supposed
event would be were the events z, 2., . . 2, independent, and
their common probability measured by x. Hence we should
have, by Art. 3,

&e. (XVIL. Prop. 1.)

nr-1)..(n-7+1)

X, = 1.2..r

{zr + (1 - z)"r).

Under the same circumstances (#.X,) would represent the pro-
bability of the compound event, which consists in a particular
member of the assembly forming a correct judgment, conjointly
with the general state of voting recorded above. It would,
therefore, be the probability that a paiticular member votes cor-
rectly, while of the remaining » — 1 members, r — 1 vote cor-
rectly; or that the same member votes correctly, while of the
remaining z - 1 members r vote incorrectly. Hence

(n-1)(n-2). (n-r+) (n—l)(n—2)..(n—r) "
(X)) = 1.2..r-1 1.2..r sl

ProrosiTion IV.

13. Gwen any system of probabilities drawn from recorded in-
stances of unammity, or of assigned numerical majority in the de-
cisions of a criminal court of justice, required upon hypotheses
sumalar to those of the last proposiion, the mean probability c of
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correct judgment for a member of the court, and the general pro-
babelity k of gult wn an accused person

The solution of this problem differs 1 but a slight degice
from that of the last, and may be referred to the same general
formulez, (4) and (5), o1 (7) It is to be observed, that as there
are two clements, ¢ and %, to be determined, it is necessary to
reserve two of the functions X, X3,.. X,,,, let us suppose X,
and X, for final comparison, employing either the remaining
m — 3 functions in the expicssion of the data, or the two respec-
tive sets X, X,,.. X1, and X, X,, X,.. In either case
it is supposed that there must be at least two original indepen-
dent data. If the equation (7) be alone employed, it would in
the present instance furnish two cquations, which may thus be

written :

a(zX, a; (z X, 2n(\TAn
(Xl )+ (Xz )..+ (AerX)=x, (1)
(X)) (X)) | a.GX.) _, @)

<1 “<ag “Am

These equations are to be employed in the following manner :—
Let 21, 7, . zn rcpresent those events which consist in the for-
mation of a correct opinion by the members of the court respec-
tively. Let also w 1epresent that cvent which consists in the
guilt of the accused member. By the aid of these symbols we
can logically express the functions X, X, .. X,..,, whose proba-
bilities are given, as also the function X,. Then fiomn the func-
tion X, select those constituents which contam, as a factor, any
particular symbol of the set ), &, .. %n, and also those consti-
tuents which contain as a factor w In both results change
Ty Xy .. Tn severally into z, and wnto k. The above results
will give (#X,) and (%X,). Effecting the same tiansformations
throughout, the system (1), (2) will, upon the particular hypo-
thesis involved, detcimine z and £.

14. We may collect fiom the above investigations the fol-
lowing facts and conclusions :

1st. That from the meic records of agreement and disagrec-
ment in the opinions of any body of men, no definite numerical
conclusions can be drawn respecting either the probability of cor-
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rect judgment in an individual member of the body, or the merit
of the questions submwitted to its consideration.

2nd. That such conclusions may be drawn upon various dis-
tinct hypotheses, as—1st, Upon the usual hypothesis of the abso-
lute independence of individual judgments; 2ndly, upon certain
definite modifications of that hypothesis warranted by the actual
data; 3rdly, upon a distinet principle of solution suggested by
the appearance of & common form in the solutions obtained by
the modifications above adverted to.

Lastly That whatever of doubt may attach to the final re-
sults, rests not upon the imperfection of the method, which
adapts itself equally to all hypotheses, but upon the uncertanty
of the hypothcses themselves.

It seems, however, probable that with even the widest hmits
of hypothesis, consistent with the taking into account of all the
data of experience, the deviation of the results obtained would be
but slight, and that their mean values mght be determined with
great confidence by the methods of Prop. 1. Of those methods
I should be disposed to give the preference to the first  Such a
prineiple of mean solution having been agiecd upon, other consi-
derations seem to indicate that the values of ¢ and % for tribunals
and assemblics possessing a definite constitution, and governed
i their deliberations by fixed rules, would remain nearly con-
slant, subject, however, to a small secular variation, dependent
upon the progress of knowledge and of justice among mankind.
There exist at present few, if any, data proper for their determi-
nation.
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CHAPTER XXII.

ON THE NATURE OF SCIENCE, AND THE CONSTITUTION OF THE
INTELLECT.

1. HAT I mean by the constitution of a system is the
aggregate of those causes and tendencies which pio-
duce its obser ved character, when operating, without interference,
under those conditions to which the system 1s conceived to be
adapted Our judgment of such adaptation must be founded
upon a study of the circumstances in which the system attains its
freest action, produces 1ts most harmonious 1csults, or fulfils in
some other way the apparent design of its construction. There
are cases 1n which we know distinctly the causes upon which the
operation of a system depends, as well as its conditions and its
end. This is the most perfect kind of knowledge 1elatively to
the subjcet under consideration There amie also cases in which
we know only imperfeetly o1 partially the canses which aie at
work, but are able, nevertheless, to deteinune to some extent
the laws of their action, and, beyond this, to discover general
tendencies, and to infer ultenior pmpose. It has thus, I think
rightly, been concluded that there 15 a moral faculty 1n our na-
ture, not because we can understand the speeral instiuments by
which it works, as we conncet the organ with the faculty of sight,
nor upon the ground that men agree in the adoption of universal
rules of conduct, but beeause while, 1 some foum o1 other, the
sentiment of moial approbation or disappiobation manifests itself
in all, it tends, wherever human piogressis observable, wherever
society is not cither stationary or hastening to decay, to attach
itself to certain classes of actions, conscntaneously, and after a
manner indicative both of permancncy and of law  Always and
everywhere the manifestation of Order affords a presumption, not
measurable indeed, but 1cal (XX 22), of the fulfilment of an end
or purpose, and the existence of a ground of ordeily eausation.
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2 The particular question of the constitution of the intellect
has, it is almost needless to say, attracted the efforts of speculative
ingenuity in every age For it not only addresses itself to that
desire of knowledge which the greatest masters of ancient thought
believed to be innate in our species, but it adds to the ordinary
strength of this motive the inducement of a human and personal
interest. A genuine devotion to truth is, indeed, seldom partial
in its aims, but while it prompts to expatiate over the fair fields of
outward observation, forbids to neglect the study of our own fa-
culties. Even in ages the most devoted to material interests,
some portion of the current of thought has been reflected in-
wards, and the desire to comprehend that by which all else is
comprehended has only been baffled in order to be renewed.

It is probable that this pertinacity of effort would not have
been maintained among sincere inquirers after tiuth, had the
conviction been general that such speculations are hopelessly
barren. We may conceive that it has been felt that if something
of error and uncertainty, always incidental to a state of partial
information, must ever be attached to the results of such in-
quiries, a residue of positive knowledge may yet remain; that
the contiradictions which are met with are more often verbal than
real; above all, that even probable conclusions derive here an in-
terest and a value from their subject, which render them not
unworthy to claim regard beside the more definite and more
splendid 1esults of physical science. Such considerations seem
to be perfectly legitimate Insoluble as many of the problems
connected with the inquiry into the nature and constitution of
the mind must be presumed to be, there are not wanting others
upon which a limited but not doubtful knowledge, others upon
which the conclusions of a highly probable analogy, are attan-
able. As the realms of day and night are not strictly contermi-
nous, but are separated by a crepuscular zone, through which the
light of the one fades gradually off into the darkness of the other,
so it may be said that every region of positive knowledge lies sur-
rounded by a debateable and speculative territory, over which it
in some degree extends its influence and its light. Thus there
may be questions relating to the constitution of the intellect
which, though they do not admit, in the present state of know-
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ledge, of an absolute deci~on, may reccive so much of reflected
information as o 1ender thewr probable solution not difficult ; and
there may also be questions 1elating to the nature of science, and
even to particular tiuths and doctrines of science, upon which
they who accept the geneial principles of this woik cannot but be
led to entertain positiy e opmions, differng, it may be, fiom those
which aie usually recenved in the pesent day.* In what fol-
lows I shall 1ecapitulate some of the more definite conclusions
estabhished 1n the former paits of this ticatise, and shall then
indicate one o1 two trams of thought, connccted with the gene-
ral objcets above adverted to, wluch they seem to me calenlated
1o suggest

3. Among those conclu~ions, 1elating to the intellectual con-
stitution, which may be considered as belonging to the 1calm of
positive knowledge, we may reckon the scientific laws of thought
and 1easoning, which have foimed the basis of the geneial me-
thods of this treatise, together with the puneiples, Chap. v., by
which their application has been deteimined  The resolution of
the domain of thouglit 1uto two spheres, distinet but coexistent
(IV. XI1.), the subjection of the intellectual operations within
those spheies to a common system of laws (XI); the general
mathematical chaiacter of those laws, and then actual expiession
(TL III ); the extent of then affimty with the laws of thought in
the domain of number, and the pont of then divergence there-
fiom ; the doimnant chatacter of the two lmting coneeptions of
universe and etetmty among all the subjeets of thought with
which Logic is conceined , the 1clation of those conceptions to
the fundamental conception of unity m the science of number,—
these, with many similai results, are not to be ranked as merely

* The following illustration may sufhce —

It 1s maintamed by some of the highest modern authorities in grammar that
conjunctions connect propositions only Now, without inquiring directly whe-
ther tins opinion 18 sound or not, 1t 15 obvious that 1t cannot consistently be held
by any who admit the scientific principles of thus treatise, for to suchit would
seem to 1nvolve a demal, either, 1st, of the possibihity of performing, or 2ndly, of
the possibility of eipressing, a mental operation, the laws of which, viewed 1
both these relations, have been 1nvestigated and apphed 1n the present work —
(Latham on the Englbh Language, Sir John Steddart's Umversal Gram-

mar, &c )
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probable or analogical conclusions, but are entitled to be re-
garded as truths of scicncc. 'Whether they be termed meta-
physical or not, is a matter of indifference. The nature of the
evidence upon which they rest, though in kind distinet, is not
infei101 in value to any which can be adduced in support of the
general truths of physical science.

Again, it i3 agreed that there is a certain oider observ-
able in the progress of all the cxacter forms of knowledge.
The study of every department of physical science begins with
observation, 1t advances by the collation of facts to a presump-
tive acquaintance with their connecting law, the validity of
such presumption it tests by new expeiiments so devised as to
augment, if the presumption be well founded, its probability in-
definitely , and finally, the law of the phwenomenon having been
with sufficient confidence deterimned, the investigation of causes,
conducted by the due mixture of hypothesis and deduction,
crowns the inquny. In this advancing order of knowledge, the
particular facultics and laws whose nature has been considered
in this work bear their pmt. It is evident, therefore, that if we
would wmpartially 1yestigate either the nature of scicnce, or
the intellectual constitution in 1ts 1elation to science, no part of
the two series above presented ought to be 1egarded as isolated.
More especially ought those truths which stand in any kind of
supplemental relation to cach other to be considered 1 their mu-
tual beaiing and connexion.

4. Thus the necessity of an experimental basis for all positive
knowledge, viewed in connexion with the existence and the
pecuhar character of that system of mental laws, and principles,
and operations, to which attention has been directed, tends to
throw light upon some impoitant questions by which the world
of speculative thought is still in a great measure divided How,
from the particular facts which experience presents, do we arrive
at the general propositions of science® What is the nature of
these propositions?  Are they solely the collections of experi-
ence, o1 does the mind supply some connecting principle of its
own? In a word, what is the natuwie of scientific truth, and
what are the grounds of that confidence with which 1t claims to
be 1ccerved?
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That to such questions as the above, no single and general
answer can be given, must be evident. There ate cases 1 which
they do not even neced discussion. Instances are fammhar, in
which general propositions meiely express per enumerationem
simplicem, a fact established by actual obscivation in all the
cases to which the proposition applies The astronomer as-
serts upon tluis ground, that all the known planet: move from
west to east 10und the sun  But there mic also cases in which
general propositions ale assumed frow obsersation of their truth
in particular instances, and extension of that truth to instances
unobserved. No principle of meiely deductive 1easoning can
warrant such a procedme. When fiom a latge numher of ob-
servations on the planct Mars, Kepler inferred that 1t 1evolved
in an ellipse, the conclusion was laiger than us premises, o1 in-
deed than any premises which mere obseivation could give.
‘What other element, then, 1s necessary to give even a prospective
validity to such geneiahzations as this? It 1s the abihity in-
herent in our naturc to appieciate Order, and the concnent pre-
sumption. however founded, that the phxnomena of Nature are
connected by a piinciple of Order Without these, the general
truths of physical science could never haie been ascertaned.
Grant that the procedme thus establi-hed can only conduct us
to probable o1 to approaimate 1esults; 1t only follows, that the
larger number of the geneializations of phy=ical science possess
but a probable o1 approximate tiuth  The secunty of the tennre
of knowledge consists 1n this, that whetesocver such conclusions
do truly represent the constitution of Natwie, owm confidence in
their truth 1eceives indefimite confirmation, and soon becomes
undistingmshable fiom certamty. The eustence of that prin-
ciple above represented as the bacs of mductive 1easoning
enables us to solve the much disputed question as to the ncces-
sity of general propositions in reasoning The logician affirms,
that it is impossible to deduce any conclusion from particular
premises. Modern writers of high repute have contended, that
all reasoning is from particular to particular truths. They in-
stance, that in concluding fiom the possession of a property by
certain members of a class, its possession by some other member,
it is not necessary to establish the intermediate general conclu-
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sion which affirms its possession by al/ the members of the class
in common Now whether it is so or not, that principle of
order or analogy upon which the reasoning is conducted raust
either be stated or apprehended as a geneial truth, to give vali-
dity to the final conclusion. In this form, at least, the necessity
of general propositions as the basis of infetence is confirmed,—a
necessity which, however, T conceive to be involved 1n the very
existence, and still more in the peculiar nature, of those faculties
whose laws have been investigated in this work  For1f the pio-
cess of 1easoning be carefully analyzed, it will appear that ab-
straction is made of all peculimities of the individual to which
the conclusion refeis, and the attention confined to those pio-
perties by which 1ts membership of the class is defined.

5 But besides the geneial propositions which me derived by
induction fiom the collated facts of experience, theie exist others
belonging to the domain of what is termed necessary tiuth.  Such
are the geneial propositions of Anthinetic, as well as the propo-
sitions expressing the laws of thought upon which the geneial
methods of this ticatise e founded, and these propositions
are not only capable of being ngoiously venfied in paticular
instances, but mc made manifest 1 all then generality fiom the
study of pmticular instances Agan, theie exist gencial pro-
positions expiessive of necessaiy tiuths, but incapable, fiom the
impeifection of the senses, of bemng exactly veufied  Some, if
not all, of the propo-itions of Geometry are of this natwe, but
it is not 1 the region of Geomet1y alone that such piopositions
are found. The question concerming then natwe and origin
s a very ancient one, and as 1t is more intimately connected
with the inquiry mto the constitution of the intellect than any
other to which allusion has been made, 1t will not be iirelevant
to comsider it heie. Among the opmnions which have most
widely prevailed upon the subject are the followng. It has
been maintained, that propositions of the class referred to exist
in the mind independently of experience, and that those concep-
tions which aie the subjects of them are the impiints of eternal
archety pes. 'With such aichetypes, conceived, however, to pos-
gess a reahity of which all the objects of sense are but a faint
shadow or dim suggestion, Plato furnished his ideal woild. It
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has, on the other hand, been variously contended, that the
subjects of such popositions aie copies of individual objects of
expeilence, that they aie meie names; that they arc mndividual
objects of experience themselves, and that the propositions w huch
relate to them aie, on account of the imperfection of those obyjects,
bnt partially true; lastly, that they are mtellectual products
formed by abstiaction fiom the sensible perceptions of individual
things, but so formed a~ to become, what the imndividual things
never can be, subjeets of science, 1. e. subjects concerning which
exact and general propositions may be afiimed  And theie ex-
ist, perhaps, yet other views, 1 some of which the scnsible, in
othets the intellectual or ideal, element predominates.

Now 1f the last of the views above adveiled to be taken (for
it is not proposed to consider either the puiely ideal or the
purely nominalist view) and 1f 1t be inquued what, in the
sense above stated, are the proper objects of science, objects in
relation to which 1ts propositions are true without any miztwe
of enor, it 1s conceived that but one answer can be given. It
is, that neither do mdividual objects of experience, nor with all
probability do the mental images which they suggest, possess
any stiict claun to this title It seems to be certain, that neither
in matme nor 1 art do we meet with anytlung absolutely agicemng
with the geometiical defimtion of a stiaight line, o1 of a tuangle,
or of a circle, though the deviation therefiom may be mapyne-
ciable by scnse, and 1t may be conccived as at least doubtful,
whether we can foim a peifect mental 1image, ot conception, with
which the agieement shall be moreexact  But 1t 1s not doubtful
that such conceptions, however impetieet, do pont to something
beyond themselves, in the giadual approach towmds which all
impex fection tends to disappear  Although the peifect tiiangle,
or squate, or circle, exists not 1 natwe, cludes all our powers of
representatwe conception, and 1s presented to us m thought
only, as the liniit of an indefinite process of abstiaction, yet, by
a wonderful faculty of the understanding, it may be made the
subject of propositions which are absolutely true. The domain of
reason is thus revealed to us as laiger than that of imagination.
Should any, indecd, think that we are able to picture to ourselves,
with rigid accuracy, the scientific elements of form, direction, mag-
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nitude, &c., these things, as actually conceived, will, in the view
of such persons, be the proper objects of science. But if, as
seems to me the more just opinion, an incurable imperfection
attaches to all our attempts to realize with precision these cle-
ments, then we can only affirm, that the more exteinal objects
do app1oach in reality, o1 the conceptions of fancy by abstiaction,
to cortamn limiting states, never, it may be, actually attained, the
moie do the general propositions of science concerning those
things or conceptions approach Lo absolute truth, the actual devi-
ation therefiom tending to disappear. To some extent, the same
observations are applcable also to the physical sciences. What
have been termed the ¢ fundamental ideas” of those sciences as
force, polarity, crystallization, &e.,* are neither, as I conceive,
intellectual products independent of experience, nor mere copies
of external things; but while, on the one lhand, they have a ne-
cessary antecedent in experience, on the other hand they require
for their formation the exercise of the power of abstraction, in
obedience to some general faculty or disposition of our nature,
which ever piompts us to the 1esearch, and qualifies us for the
appreciation, of order ¥ Thus we study approximately the effects
of gravitation on the motions of the heavenly bodies, by a re-
ference to the hmuting supposition, that the plancts me perfect

* Whewell's Philosophy of the Inductive Sciences, pp T1, 77, 213

+ Of the 1dea of order it has been profoundly said, that it carries within itself
1ts own justification or its own control, the very trustwoi thiness of our faculties
being judged by the conformity of their results to an order which satisfies the
reason ¢ L'idée de ordre a cela de smgulier et d’eminent, qu'elle porte en elle
méme sa Justification ou son contrdle Pour trouver s1 nos autres facultés nous
trompent ou nous ne trompent pas, nous examinons si les notions qu’elles nous
donnent s'enchainent on ne s'enchainent pas smvant un ordre qu satisfasse la
rason "—Cournot, Essat sur les fondements de nos Connaissances Admitting this
prineiple as the guide of those powers of abstraction which we undoubtedly pos-
sess, 1t seems unphilosophical to assume that the fundamental ideas of the
sciences are not derivable from experience Doubtless the capacities which
have been given to us for the comprehension of the actual world would avail us
1 a diffeiently constituted scene, 1f in some form or other the deminion of
order was still mamtamned Itis conceivable that in such a new theatre of spe-
culation, the laws of the mtellectual procedure remaiming the same, the funda-
mental 1deas of the scrences might be wholly different from those with which we
are at present acquamnted
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spheres or spheroids We determine approximately the path
of a 1ay of light thiough the atmosphere, by a process in which
abstiaction 15 made of all distwbing 1nfluences of temperatuie.
And such is the order of mocedure 1 all the ligher walks of
human knowledge  Now what is remakable 1 connexion with
these pirocesses of the intellect is the disposition, and the cor-
responding abilicy. to ascend fiom the imperfeet 1epresentations
of sense and the diveraaties of mdividual experience, to the pei-
ception of general, and 1t may be of immutable tiuths. Where-
ever thio disposition and this abilisy umte, each seiies of con-
nected facts in natwe may furnish the mtimitions of an order
more exact than that wluch it dnectly manifests  For it may
serve as ground and occaswn for the exeicie of those poweis,
whose office it is to apprehend the general tiuths wlnch are m-
deed exemplified, but never with peifect fidehity, in a world of
changeful phenomena

6. The truth that the ultimate laws of thought aie mathe-
matical in their foam, viewed i connexaion with the fact of the
possibility of @1or, establishes a ground for some remaikable eon-
clusions. If we diiccted our attention to the scientific {iuth
alone, we nught be led to infer an almost exact parallelism be-
tween the mtellectual operations and the moyements of external
natute  Suppose any onc conversant with physieal science, but
unaccustomed to 1eflect upon the natue of lus own faculties, to
have been informed, that 1t had been proved, that the laws of
those fuculties were matheniatical, it 1s probable that after the
first feelngs of mciedulity had subsided, the 1mpression would
atise, that the order of thought must, therefire, be as neces-
samy as that of the material univeise We know that in the
realm of natwal science, the absolute connexion between the
initial and final elements of a problem, exhibited 1 the mathe-
matical form, fitly symbolizes that physical necessity which binds
together effect and canse. The necessary sequence of states and
conditiops in the mnorgame world, and the necessmy connexion
of premises and conclusion in the processes of exact demonstra-
tion thereto applied, scem to be co-ordinate. It may possibly be
a question, to which of the two series the primary application of
the term ““necessary” is due, whether to the observed constancy of
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Nature, or to the indissoluble connexion of propositions in all valid
reasoning upon her works. Historically we should perhaps give
the preference to the foumer, philosophically to the latter view.
But the fact of the connexion is indisputable, and the analogy to
which it points is obvious

Weie, then, the laws of valid 1easoning uniformly obeyed, a
very close parallchiam would exist between the opetations of the
intellect and those of external Nature  Sulbyjection to laws ma-
thematical in their foum and expression, even the subjection of
an absolute obedience, would stamp upon the two seiies one
common chaacter. The reign of necessity over the intellectual
and the physical wold would be alike complete and universal

But wlule the obseivation of external Nature testifies with
evel-sticngthening evidence to the fact, that uniformity of
operation and umaying obedience to appointed laws prevail
throughout i entite domam, the shghtest attention to the pro-
cesses of the intelleetual world 1eveals to us another state of
things. The mathematieal laws of reasoning are, prope:ly speak-
ing, the laws of 1:4At 1ensoning only, and then actual tran-gres-
sion is a peipetually 1ccurning phaenomenon  Faror, which has
no place in the material system, occupies a lage one here. We
must accept this as one of those ultimate facts, the o11gin of which
it lies beyond the piovinee of ~cience to deternune We must
admit that there exi-t laws wlach even the rigour of their ma-
thematical foims does not prescive fioin violation. We must
ascribe to them an anthoirty the essence of wlnch does not con-
sist in powel, a supiemacy wlnch the analogy of the inviolable
order of the natwmal woild m no way assists us to comprehend.

As the distinction thus ponted out 15 real, it 1¢emains un-
affected by any peculiauty in ow views 1espeeting other portions
of the mental constitution. If we 1egard the intellect as fiee,
and this 15 appatently the view most in accordance with the gene-
ral spint of these speculations, its fieedom must be viewed as
opposed to the domimon of necessity, not to the existence of a
certamn just suptemacy of truth. The laws of coirect inference
may be violated, but they do not the less truly exist on this ac-
count. Equally do they remain unaffected in chaiacter and au-
thouty if the hypothesis of neeessity in its eatieme form be
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adopted Let it be gianted that the laws of valid reasoning,
such as they are determined to be in tlus woik, o1, to speak more
gencially, such as they would finally appear m the conclusions of
an exhaustive analysis, {o1m but a par¢ of the system of laws by
which the actual processes of 1easoning, whether 11ght or wrong,
arc governed  Let 1t be gianted that 1f that system weie known
to us m 1ts completeness, we should peicene that the whole m-
tellectual procedime was necrssary, even as the mos ements of the
inorgamc woild ate necessmy.  And let 1t finally, as a conse-
quence of thi~ hypotheas, be granted that the phaenomena of in-
cowrcct 1casommg or eiror, whewesoever presented, aie due to the
inteiference of other laws wath those laws of wluch reght 1eason-
ing 18 the produci.  Stilit would 1emaumn that there eaist amnong
the mtellectnal laws a number marked out fiom the 1est by this
spectal chmacter, viz, that every movement of the ntellectual
system which 1s accomphished solely under then duection is
right, that every inteiference therewith by other laws 1s not m-
terference only, but violation. It eannot but be felt that this
circumstance would gnve to the laws 1 question a chaacter of
distinction and of predominance They would but the moie
cvidently seem to indicate a final pmipose which is not always
fulfilled, to possess an authouty mheient and just, but not
always commanding obedicnce.

Now a httle consideration will show that there is nothing
analogous to this 1 the government of the woild Ly natmal law.
The 1ealin of morgame Natwie admits neither of preference nor
of distinctions. We cannot sepauate any portion of her laws
from the 1¢st, and pronounce them alone worthy of obedience, —
alone chaiged with the fulfilment of het lughest pupose  On
the contiany, all her laws seem to stand co-ordinate, and the
larger our acquaintance with them, the moie necessary does their
united action scem to the haimony and, so far as we can com-
prehend it, to the geneial design of the system  How often the
most signal dcpartwes fiom appuent oider in the inorgame
world, such as the pertmbations of the planctay system, the in-
terruption of the process of ciystallization by the imntiusion of a
foreign foice, and otheis of a like nature, either merge into the
conception of some more cxalted scheme of oider, o1 lose to a
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more attentive and instructed gaze thehr abnormal aspect, it is
needless to remaik. Onec explanation only of these facts can be
given, viz., that the distnction between £ ue and false, between
correct and mcorrect, exists in the processes of the intellect, but
not in the region of a physical necessity. As we advance from
the lower stages of orgame being to the higher grade of conscious
intelhgence, this contiast gradually dawns upon us. Wherever
the phznomena of Iife are mamfested, the dominion of 11g1d law
in some degree yields to that mysterious puneiple of activity.
Thus, although the stiucture of the animal tribes is confoimable
to certain general types, yet aie those tvpes sometimes, perhaps,
in relation to the highest standaids of beauty and propo:tion,
always, impeifectly 1calized. The two alteinatives, between
which A1t in the present day fluctuates, are the exact inutation
of individual foims, and the endeayvour, by ab-traction fiom all
such, to muive at the conception of an 1deal grace and expression,
never, it may be, peifectly mamfested in forns of carthly mould.
Again, those teleological adaptations by which, without the o1-
ganic type bemg sacificed, species become fitted to new con-
ditions m abodes, arc but slowly accomphshed,—accomphshed,
however, not, apparently, by the fateful power of exteinal ewr-
cumstances, but by the calling foith of an energy from within.
Life 1n all 1ts forms may thus be contrasted with the passive fixity
of inorganic nature But masmuch as the perfection of the types
in which it is corporeally manifested is in some measure of an
ideal chaiacter, imasmuch as we cannot precisely define the
highest suggested excellency of {oim and of adaptation, the con-
trast is less marked here than that which exists between the in-
tellectual processes and those of the purely material world. For
the defimte and techmeal character of the mathematical laws by
which both are goi cined, places in st1onger hight the fundamental
diffarence between the kind of authority which, in their capacity
of government, they respectively exeicise.

7. There is yet another instance connected with the general
objects of this chapter, in which the collation of truths or facts,
drawn from different sources, suggests an instruetive tiain of re-
flection. It consists in the comparison of the laws of thought, in
their scientific expression, with the actual forms which physical
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speculation in early ages, and metaphysical speculation in all
ages, have tended to assume. There are two illustrations of this
remaik, to which, mn particular, I wish to direct attention here.
1st. It has been shown (IIIL. 13) that there is a scientific
connexion between the conceptions of unity in Number, and the
universe in Logic. They occupy in their respective systems the
same 1elative place, and are subject to the same formal laws.
Now to the Greek mind, in that emly stage of activity,—a stage
not less marked, peihaps not less necessary, in the progression of
the human intellect, than the era of Bacon or of Newton, — when
the gicat problems of Nature began to unfold themselves, while
the means of observation were as yet wantmg, and its necessity
not understood, the terms ¢ Umveise” and ¢¢ The One” seem to
have been 1egmded as almost identical. To assign the nature of
that unity of wlhich all existence was thought to be a manifesta-
tion, was the fitst aim of philosophy.* Thales sought for this
fundamental unity in water. Anaximenes and Diogenes con-
ceived it to be air. Hippasus of Metapontum, and Heraclitus
the Ephesian, pronounced that it was fue Less definite or
less confident in s views, Paimenides simply declared that all
existing things weie One; Melissus that the Universe was infi-
nite, unsusceptible of change or motion, One, like to itself, and
that motion was not, but seemed to be.} In a spiut which, to the
1eflective mind of Auistotle, appemed sober when contrasted
with the rashness of picevious speculation, Anaxagoras of Clazo-
mene, following, perhaps, the steps of his fellow-utizen, Hermo-
timus, sought in Intelligence the cause of the woild and of its
order § The panthestic tendency which pervaded many of these
speculations 1s manifest i the language of Xenophanes, the
founder of the Eleatic school, who, ¢ surveying the expanse of

* See various passages i Aristotle’s Metaphysics, Book 1

1 'Eddxer 8¢ adrg rd wav dwetpov elvai, xai dvalloiwrov, kai drivyrov, xal
By, Spowov davrg kat whijpeg kwvyoiy e pip elvar Soxeiv Ot elvar —Dioy Laert 1X.
cap. 4

1 Nodv 8f) ric elmwov dveivar, xabamep iv Tole yotc, ral iv 1§ pioel, rov
alroy rob céopov kal Tij¢ rdkewg maong olov vipuy ipdvy wap' sixj Néyovrag
Todg wpbrepoy  Davepiic piv oy 'Avakaydpay iopey apdpevoyv robrwy Tdv No-
ywv, airiay 8' Ixet wpbrepoy ‘Eppdrytoc & KAaloutviog elmetv.—Arist Met 1 3
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heaven, declared that the One was God.”* Perhaps there are few,
if any, of the forms 1 which unity can be conceived, in the ab-
stract as numerical or rational, 1n the coneiete as a passive sub-
stance, o1 a central and hving principle, of wluch we do not
meet with applications 1n these ancient doctrines. The wiitings
of Aristotle, to which I have cluefly 1efered, abound with allu-
sions of thi> nature, though of the larger number of those who
once addicted themselves to such speculations, 1t is probable that
the very names have perished. Stiange, but suggestive tiuth,
that while Nature in all but the aspect of the heavens must have
appeared as hittle clse than a scene of unexplaned disorder, while
the popular belief was distracted amid the multiphcity of 1t~ gods,
—the conception of a prunal umty, 1if only in a rude, mateiral form,
should have stiuck decpest root, smviving in many a thought-
ful breast the clulls of a hfelong disappomtment, and an endless
search 't
2ndly. In cqually intimate alliance with that law of thought
which is expressed by an equation of the second degiec, and
which has been tetmed n this ticatise the law of dualitv, stands
the tendency of ancient thought to those forms of philosophical
speculation wlich aie known under the naume of duahsm. The
theory of Empedocles,i which explamned the appaent contradice-
tions of natme by referting them to the two opposing prnciples
* Ewogdvyc (e el TOV ON\ov olpavdv dmwopNiday, O ev elvar ¢noe Tov
Oedv — 1

+ The following hnes, preserved by Seatus Empiricus, and ascribed to Timon
the Sallograph, are not devoid of pathos —
v kai éywy dpelor wuctrod véov avrifolijoat
apgorepsphentoc (fohiy ¢ bigi eemarnfyy,
wpeapuyerne Er dr) sar avaudipiorog amdong
onemToTbyN, Pwwy ydp épdv véov elploaut,
eic ev T abrd Te Tav dvilvero
I quote them from Ritter, and venture to give the following version —

Be mine, to partial views no more confin'd
Or sceptic doubts, the truth-illumin’d mind 1
For, long deceiv'd, yet still on Truth intent,
Tafe’s waning years in wand’'rings wild are spent
Still restless thought the same high quest essays,
And still the One, the All, eludes my gaze

1 Arist Met 1 4 6
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of «strife” and ¢‘fiiendship,” and the theory of Leucippus,*
which resolved all existence into the two elements of a plenum
and a vacuum, are of this nature  The faunous comparison of the
universe to a lyre or a bow,t 1ts ¢1ecurtent hanmony” bemng the
product of opposite states of tension, betiays the same origin.
In the system of Pythagoras. wluch seems to haye been a combi-
nation of dualism with other clements deirved fiom the study of
numbers, and of their 1clations, ten fundamental antitheses are
recognised: finite and infinite, even and odd, umty and multitude,
right and left, male and female, rest and motion, straight and
curved, hight and daikness, good and evil, the square and the
oblong. In that of Alemreon the same fundamental dualism is
accepted, but without the defimte and numerical liunitation with
which it is connected m the Pythagorean system. The grand
devclopment of this idea is, how ever, met with mn that ancient
Manichzan doctrine, which not only furmed the basis of the re-
ligious system of Persia, but spread wadely thiough other 1egions
of the East, and became memoiable i the history of the Christian
Church. The otigin of duahism a+ a speculative opinion, not
yet connected with the persomfication of the Evil Piineiple, but
naturally succeceding those doctiines which had assumed the
prmal unity of Natwe, 1s thus stated by Aiwstotle ——¢¢ Since
there manifestly evisted 1n Natwe thigs oppostte to the good,
and not only order and beauty, but al<o disoider and deformity ;
and since the evil thing~ did mamfe~tly pneponderate in number
over the good, and the defoimed over the beautful, ~ome one
else at length mtroduced stife and fizend~lup a~ the 1espective
canses of these diverse phenomena ”’f  And m (hecee, mdeed,
it seems to have been cluefly as a plilvsophical opmion, ot as an
adjunct to plnlosophical speculation, that the dualistic theory ob-
tained giound.§ The moral application of the doctine most i

* Arist Met 1 4 9

t wahwrpumog appovuy Skwe mep tikov kai ANénne — Herachtus, quoted m
Orwems Phiosopht mena, 1x 9 Also Plutarch, De Iside et Osirede

1 ’Emel & kai rdvavrria tolg ayaloic aovra igatvero £v vy ¢hoet, rai od
povov rakic xal 76 ka\dv aX\\d kai dreia ral 76 aloxpéy, ket 7w rd kaxd
T@v ayafdv kai e puila TGV kadv, ottw, d\Nog Tig Pthiay tlonveyre xal vel-
xog, ixdrepoy exaripwy aitiov rodrwy —Arist Metophysice, 1 4

§ Witness Aristotle’s well-known derivation ot the clements from the quah-
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accordance with the Greek mind 1s preserved in the great Pla-
tonic antithesis of * being and non-being,"—the connexion of the
former with whatsoever 1= good and true, with the eternal ideas,
and the archetypal world: of the latter with evil, with error,
with the perishable phznomena of the present scene The two
forms of speculation which we have considered weire here blended
together ; nor was it during the youth and matunty of Greek
philosophy alone that the tendencies of thought above described
were mamfested. Ages of iinitation caught up and adopted as
their own the same spnit. Especially wherever the gemus of
Plato exercised sway was this influence felt. The unity of all
real being, its identity with truth and goodness considered
as to their essence, the illusion, the profound unreality, of all
merely phznomenal existence, such weie the views,—such the
dispositions of thought, which it chiefly tended to foster. Hence
that strong tendency to mysticism which, when the days of 1e-
nown, whether on the field of intellectual or on that of social en-
terprise, had ended in Greece, became prevalent in her schools
of philosophy, and reached their culminating point among the
Alexandrian Platonist~. The supposititious treatises of Divnysius
the Areopagite served to convey the same mfluence, much modi-
fied by its contact with Aristotelian doctrines, to the scholastic
disputants of the middle ages. It can furnish no just giound of
controversy to say, that the tone of thought thus encowmaged was
as little consistent with genuine devotion as with a sober phi-
losophy That kindly influence of human affections, that homely
intercourse with the common things of life, which form so large
a part of the true, because intended, disciphne of our nature,
would be ill replaced by the conteniplation even of the highest
object of thought, viewed by an excessive abstraction as some-
thing concerning which not a single intelligible propesition could
either be affiimed or denied * I would but slightly allude to
those connccted speculations on the Divine Nature which asciibed

ties * warm,” and “drv,” and their contraries It 1s charaeteristic that Plato
eonnects their generation with mathematical principles — Ttmeus, cap xi

® Abrog aai bwep Oiow lori kai dpaipesiy — Dion Areop De Divvus No-
mintbus, cap I
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to it the perfect union of opposite qualities,* or to the remarkable
treatises of Anselm, designed to cstablish a theory of the universe
upon the analogies of thought and being.t The primal unity is
theie 1cpresented as having its abode in the one eternal Truth.
The conformity of Natme to her laws, the obedience of moral
agents to the dictates of rectitude, are the same Truth seen in
action; the world itself being but an expression of the self-reflect-
ing thought of its Author} Still more marked was the revival
of the older forms of speculation duting the sixtcenth and seven-
tcenth centuries. The filends and associates of Lorenzo the
Magnificent, the recluses known m England as the Cambridge
Platonists, together with many meditative spirits scattered
through Europe, devoted themselies anew, either to the task of
solving the ancient problem, De Uno, Vero, Bono, or to that of
proving that all such inquiries aie futile and vain § The logical
elements which underhe all these spcculations, and fiom which
they appear to boirow at least then form, it would be easy to
tiace in the outhnes of more modein systems,—more especially
in that association of the doctime of the absolute unity with the
distinction of the ego and the non-ego as the type of Nature,
which forms the basis of the philosophy of Ilegel. The attempts
of speculative minds to ascend to some high pmnacle of truth,
from which they might survey the entiie framework and con-

* See especially the lofty strain of Hildebert beginming <¢ Alpha et Q magne
Deus” (Trench's Sacred Latin Poetry ) The principle upon which all these
speculations rest 1s thus stated in the treatise 1cferred to m the last note
Oudiv 0dvy Gromov, 8 auvipiy Lixbvwy emt ro whyrwy alrioy dvadavrac, vmep-
xoopbig o¢pBfakpoic Qewpijoar warra bv v wavrav dirip, rai ré dAAANoig dvay-
ria povoebic xai pywpivwg —De Dwms Nominbus, cap v And the kind of
knowledge which 1t 1s thus sought to attam 18 described as a ¢* darkness beyond
light,” dmeppiaroc yvégoc (De Mystica Theologie, cap 1) Milton has a simi-

lar thought—
«« Dark with excessive bright Thy skirts appear "

Par Lost, Book 111

Contrast with these the nobler simpheity of 1 John, 1 5

+ Monologiuin, Prosologium, and De Veritate

1 **Idenco cum ipse summus spuitus dieit seipsum dieit omnia que facta
sunt "—Monolog cap XXiIr

§ See dissertations 1n Spinoza, Picus of Mirandula, H More, &c Modern
discussions of this nature are chiefly 1n connexion with westhetics, the ground of
the application being contamed mn the formula of \ugustme * Ommsy porro
pulchritudinis forma, unitas est
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nexion of things 1 the order of deductive thought, have differed
less in the forms of theory which they have produced, than
through the natuic of the interpretations which have been as-
signed to those foims * And herein lies the 1eal question as to
the influence of philosophical systems upon the disposition and
the hfe. For though it is of slight moment that men should
agiee in tracing back all the forms and conditions of being to a
primal unmity, 1t is otherwise as concerns theit conceptions of
what that unity is, and what are the kinds of rclation, beside
that of mere causahty, which 1t sustains to themselves. Herein
too may be felt the powerlessness of mei1e Logic, the insufficiency
of the profunndest knowledge of the laws of the undeistandng,
to 1esolve those problems wlich lie neaer to our heaits, as pro-
gressive years stiip away fiom ow life the illusions of 1ts golden
dawn

8. If the eatremely abitimy chaiacter of human opinion be
considered, it will not be expected, nor i« 1t here mainlamed, that
the above me the only forms m wlhich speculative men have
shaped then conjectial solutions of the problem of existence.
Under pmrticula influences other forms of doctimme have misen,
not unficquently, however, ma-hing those poitiayed above.f

¢ For nstance, the learned mysticism of Gioherti, widcly as 1t differs in 1ts
spirit and 1ts conclusions from the panthersm of Ilegdd (both bang, perhaps,
equally remote from truth), resembles 1t m applving both to thought and
to hewny the prinuples of umty and duality It 1s asked —Or non & egh
clnaro che ogni discorso st riduce 1n fine m fine alle idee di Dio, del mondo, e
della ereazione, 'uitima delle quak &1l legame delle due prime »* And tlis ques-
tion being aflirmatively answered 1n the formula, 1 Lnte crea le esistenze,” 1t
1s said of that tormula,—¢ Essa abbraceia la realtd umversale nella duahta del
necessario e del contingente, esptime 1l vincolo dh quest: due ordimi, e collocan-
dolo nella creazion sostanziale, 11duce la duahta 1eale a un principio umico, all
unita primordiale dell’ Ente non astratto, complessivo, e geneiico, ma concreto,
mdividuato, assoluto, e creatore "—Del Bello e dvl Buono, pp 30, 31

t Ewvidence 1n support of this statement will be found 1n the remarkable
t1eatise recently published under the title (the correctness of which seems doubt-
ful) of Origumes Philocophumena The early corruptions of Christianity of which
it contams the 1ecord, though many of them, as 1s evident fiom ther Ophite
character, deinved from the very diegs of pagamsm, manifest certain persistent
torms of philosophical speculation  For Lhe most part the)y either belong to the
dualistic scheme, o1 recognise three principles, primary or derived, between two
of which the dualistic relation may be traced —Orig Phid, pp 135, 139, 150,
235, 253, 264
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But the wide prevalence of the particular theories which we have
considered, together with their manifest analogy with the ex-
pressed laws of thought, may justly be conceived to indicate a
connexion betwcen the two systems. As all other mental acts
and procedures are beset by their peculiar fallacies, so the opera~
tion of that law of thought teimed in this work the law of duality
may have its own pecuhar tendency to error, exalting mere want
of agrcecment into contianiety, and thus form a world which we
necessarily view as formed of parts supplemental to each other,
framing the conception of a woild fundamentally divided by op-
posing powers. Such, with some lmge but hasty inductions fiom
phenomena, may have heen the ongin of dualism,—indepen-
dently of the question whether dualism is in any form a true
theory or not. Here, however, it is of moic importance to con-
sider in detail the bearing of these ancient forms of specalation,
as revived in the present day, upon the progiess of 1eal know-
ledge; and upon this point I desiic, in pursuance of what has
been said in the previous section, to add the following remarks :
1st. All sound philosophy gives its verdict against such spe-
culations, if regarded as a mcans of determining the actual con-
stitution of things. It may be that the piogress of natural
knowledge tends trowards the 1ecognition of some central Unity
in Natuie. Of such unity as consists in the mutual relation of
the parts of a system there can be little doubt, and able men
have speculated, not without grounds, on a more intimate corre-
lation of physical forces than the meie 1dea of a system would
lead us to conjectme. TFurther, 1t may be that in the bosom of
that supposed unity are involved some gencaial principles of di-
vision and re-union, the souices, under the Supreme Whll, of much
of the related variety of Natuie. The wstances of sex and po-
larity have been adduced in support of such a view. As a sup-
position, I will venture to add, that it is not very improbable
that, in some such way as this, the constitution of things without
may correspond to that of the mind within. But such corres-
pondence, if it shall ever be proved to exist, will appear as the
last induction fiom human knowledge, not as the first principle
of scientific inquiry. The natwal order of discovery is fiom the
particular to the universal, and 1t may confidently be affirmed
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that we have not vet advanced sufficiently far on this track to
enable us to detersine what are the ultimate forms into which all
the special differences of Nature shall meige, and from which
they shall receive their eaplanation.

2ndly. Were this cor1espondence betw een the forms of thought
and the actual constitution of Natme proved to exi=t, whatso-
ever connexion or relation it mght he suppo-~cd to establish be-
tween the two systems, it would m no degiee affect the question
of their mutual independence. It would in no sense lead to the
consequence that the one system i3 the mere product of the other.
A too great addiction to metaphy<ical epeculations reems, in
some instances, to have produced a tendency towmd tlns »pecies
of illusion, Thus, among the many attempts which have been
made to explam the existence of evil, 1t has been sought to assign
to the fact a merely relutie character,—to found it upon a species
of logical opposition to the equally relative element of good. It
suffices to say, that the assumption is purely gratuitous  What
evil may be in the eyes of Infinite wisdom and punty, we ean at
the best but dimly conjecture; but to us, m all ats forms, whe-
ther of pain or defeet, o1 moial hiansgiession, o1 1etubutory wo,
1t can wear but one aspeet,—that of a sad and stern ieality,
against which, upon somewhat more than the lughest order of
prudential considerations, the whole pieventive foice of our
nature may be exeited. Now what has been sud upon the
particular question just considered, is equally applicable to many
other of the debated points of philosophy, such, for mstance.
as the extainal 1cality of space and tiue We have no war-
rant for 1esolving these mto meie forms of the undeistanding,
though they unquestionably deteimne the present sphere of
owm knowledge. And, to <peak moie generally, there 1s no war-
rant for the extiemely subjectice tendency of much modern spe-
culation. Whenever, in the view of the intellecct, different
hypothe-es me equally consistent with an observed fact, the
insfinctive testimony of consciousness as to their relative value
mu-t be allowed to possess authordty.

Srdly. If the study of the laws of thought avails us neither
to determine the actunal constitution of things, nor to explain the
facts nvolved in that constitution which have perplexed the wise
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and saddencd the thoughtful in all ages,—still less does it enable
us 10 rise above the present conditions of our being, or lend its
sanction to the doctiine which affirms the possibility of an in-
tuwrtwe knowledge of the infinite, and the unconditioned,—whe-
ther such knowledge be sought for in the realm of Nature, or
above that realm  We can never be said to comprekend that
which 1s repicsented to thought as the limit of an indefinite
process of abstiaction. A\ progiession ad wyjinitum is impos-
sible to finite poweis. DBut though we cannot comprehend the
infinite, there may be evcn scientific grounds for believing that
human nature is constituted in some relation to the infinite. We
cannot perfectly express the laws of thought, or establish in the
most general sense the methods of which they form the basis, with-
out at least the implication of elements which ordinary language
expresses by the terms ¢ Unmiverse” and ¢ Etermty.” As in the
pme abstractions of Geometry, so in the domain of Logic it is
seen, that the empire of Tiuth is, 1n a certain sense, larger than
that of Imagination. And as theire aie many special departments
of knowledge which can only be completely surveyed from an ex~
ternal point, so the theory of the intellectual processes, as applied
only to finite objccts, secems to involve the recognition of a
sphere of thought fiom which all limits are withdrawn. If then,
on the one hand, we cannot discover 1n the laws of thought and
ther analogies a sufficient basis of proof for the conclusions of
a too daring mysticism ; on the other hand we should cir in re-
garding them as wholly unsuggestive. As paits of our intellec-
tual nature, it seems not impiobable that they should mamfest
their presence otherwise than by merely prescribing the condi-
tions of foimal infeience. Whatever grounds we have for con-
necting them with the peculiar tendencies of physical speculation
among the Ionian and Ttalic plulosopheis, the same grounds
exist for assoclating them with a disposition of thought at once
more common and moie legitimate. To no casual influences, at
least, ought we to attubute that meditative spiiit which then
most delights to commune with the exteinal magnificence of
Nature, when most impiessed with the consciousness of sempi-
ternal verities,—which 1cads in the noctmnal heavens a bright
manifestation of order; or feels in some wild scene among the
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hills, the intimations of more than that abstract eternity which
had rolled away erc vet their dark foundations were laid.*

9. Reframing from the further prosecution ofa train of thought
which to :ome may appear to be of too speculatise a character,
let us briefly review the positive results to which we have been led.
Ir has appeaied that there exist in our nature faculties which
enable us to ascend fiom the particular facts of experience to the
general propositions which form the basis of Science ; as well as
faculties whose office it is to deduce from general propositions
accepted as true the paticular conclusions which they involve
It has been seen, that those facultics aie subject in their opera-
tions to laws capable of precise scientific expression, but invested
with an authority which, as contrasted with the authority of the
laws of nature, is distinct, suz generes, and underived. Further,
there has appeared to be a manifest fitness between the intel-
lectual procedure thus made known to us, and the conditions of
that system of things by which we are surrounded,—such condi-
tions, I mean, as the cxistence of species connected by general
resemblances, of facts associated under general laws; together
with that union of permanency with order, which while it gives
stability to acquired knowledge, lays a foundation for the hope
of indefinitc progression. Human nature, quite independently
of its observed or mamfested tendencies, is seen to he constrtuted
in a certain 1elation to Thuth ; and thus relation, considered as a
subject of speculative knowledge, 13 as capable of being studied
in its detuls, is, moicover, as worthy of being so studied, as are
the sey eral depar tments of physieal science, considered in the same
aspect I would especially duect attention io that view of the
constitution of the intellect which represents it as subject to laws
determinate in then chaiacter, but not opeiating by the power of
necessity, which exInbits it as 1cdeemed from the dommion of
fate, without being abandoned to the lawlessness of chance We
cannot embiace this view without accepting at least as probable
the intimations which, upon the principle ofanalogy, it seems to
furnish re~pecting another and a higher aspect of our nature,—its
subjection in the spheie of duty aswell as in that of knowledge to

¢ Psalm xc. 2
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fixed laws whose authority docs not consist in power,—its con-
stitution with reference to an ideal standard and a final purpose.
It has been thought, indced, that scientific puisuits foster a dis-
position erther to oveilook the specific differences between the
moral and the mateiial woild, or to 1egard the former as in no pro-
per sense a subject for exact knowledge. Doubtless all exclusive
pursuits tend to produce partial views, and it may be, that a mind
long and deeply imnmersed in the contemplation of scenes over
which the dominion of a physical necessity is unquestioned and su-
preme, may admit with difficulty the possibility of another order of
things. But it is because of the exclusiveness of this devotion to a
particular sphere of knowledge, that the prcjudice in question
takes possession, 1f at all, of the mind. The application of
scientific methods to the study of the intellectual phenomena,
conducted in an impartial spirit of mquiry, and without over-
looking those elcments of error and disturbance which must be
accepted as facts, though they cannot be regarded as laws, in
the constitution of our nature, seems to furnish the materials of
a juster analogy.

10 If1t be asked to what practical end such inquiries as the
above point, it may be replied, that there exist various objects,
in relation to which the courses of men’s actions are mainly de-
termined by their speculative views of human nature Educa-
tion, considered in 1fs la1gest sense, 1s one of those objects. The
ultimate giound of all inquiry into 1ts nature and its methods
must be lud m some previous theory of what man is, what are
the ends {1 wlnch lus several facultics weie designed, what
are the motives which have power to nfluence them to sustained
action, and to elicit their most peifect and most stable results.
It may be doubted, whether these questions have ever beep
considercd fully, and at the same time impartially, in the rela-
tions here suggested. The highest cultivation of taste by the
study of the pure models of antiquity, the largest acquaintance
with the facts and theories of modein physical science, viewed
from this larger aspect of om natwe, can only appear as paits of
a perfect intellectual disciphine. Looking from the same point
of view upon the means to be employed, we might be led to in-
quire, whether that all but exclusive appeal which is made in
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the present day to the spirit of emulation or cupidity, does not
tend to weuken the influence of thoze more enduring motives
which seem: tv have been nnplanted 10 our nature for the imme-
diate end in view Upon these, and upon many other questions,
the just huits of authouty, the reconcihation of fieedom of
thought with disciphme of feelings, habits, manners, and upon
the whole moral aspect of the question,—what unfixedness of
opinion, what diversity of practice, do we meet with! Yet, in
the sober view of 1eason, there 15 no object within the compass
of human endeavours which 1s of meire weizht and moment thar
this, considered, as I have said, in its largest meaning  Now,
whatsoever tends to malke more exact and defimte our view of
human natuie, in any of its real aspects, tends, in the same pro-
portion, to reduce these ¢uestions into nanower compass, and
restrict the limits of their possible solution  Thus may even
speculative inquiries prove fimtful of the most important prin-
ciples of action.

11. Pethaps the most obviously legitimate bearing of such
speculations would be upon the question of the place of Mathe-
matics in the system of human knowledge, and the nature
and office of mathematical studies, as a means of intellectual
discipline No one who has attended to the comse of 1ecent
discussions can think this question an unimportant one. Those
who have maintained that the position of Mathematics 1s 1m
both respects a fundamental one, have diawn one of then sti ongest
arguments from the actual constitution of things. The mate-
rial fiame is subject in all its parts to the 1elations of number.
All dynamical, chemical, electiical, theimal, actions, seem not
only to be measwmable m themselves, but to be connected with
each other, even to the extent of mutual conivertibility, by nu-
merical relations of a perfectly definite kind  But the opimion
in question seems to mc to rest upon a deeper basis than this.
The laws of thought, in all its processes of conception and of
1casoning, in all those opeiations of which language is the ex-
pression ot the mstrument, are of the same kind as are the laws
of the acknowledged proccsses of Mathematics It is not con-
tended that it is necessary for us to acquaint ourselyes with those
laws 1 order to think coherently, or, in the ordinary sense of
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the terms, to reason well. Men draw inferences without any
consciousness of thosc elements upon which the entire procedure
depends.  Still less is it desired to exalt the reasoning faculty
over the faculties of observation, of reflection, and of judgment.
But upon the very ground that human thought, traced to its
ultimate elecments, reveals itself in mathematical forms, we have
a presumption that the mathematical sciences occupy, by the
constitution of our nature, a fundamental place in human know-
ledge, and that no system of mental culture can be complete or
fundamental, which altogether neglects them.

But the very same class of considerations shows with equal
force the error of those who regard the study of Mathematics,
and of their applications, as a sufficient basis either of knowledge
or of disciphne. If'the constitution of the mateiial frame is ma-
thematical, it is not merely so. If the mind, in its capacity of
formal reasoning, obeys, whether consciously or unconsciously,
mathematical laws, it claims through its other capacities of sen-
timent and action, through its perceptions of beauty and of
moral fitness, thiough its deep springs of emotion and affection,
to hold relation to a different order of things. There is, more-
over, a breadth of intellectual vision, a power of sympathy with
truth 1n all its forms and manifestations, which is not measured
by the force and subtlety of the dialectic faculty. Even the
revelation of the mateiial universe in its boundless magnitude,
and pervading oider, and constancy of law, is not necessarily the
most fully apprehended by him who has tiaced with minutest
accuracy the steps of the great demonstration. And if we em-
brace in om survey the interests and dutics of hife, how little do
any processes of meie 1atiocination cnable us to comprehend the
weighticr questions which they present! As truly, theiefore, as
the cultivation of the mathematical or deductive faculty is a pait
of intellectual discipline, so truly is it only a part. The pre-
judice which would either banish or make supreme any one
department of knowledge or faculty of mind, betiays not only
crror of judgment, but a defect of that intellectual modesty
which 1s inseparable fiom a puie devotion to truth. It assumes
the office of criticising a constitution of things which no human
appomntment has established, or can annul. It sets aside the
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ancient and just conception of truth as one though manifold.
Much of this error, as actually existent among us, scems due
to the special and isolated character of scientific teaching—
which character it, in its turn, tends to foster. The study of
philosophy, notwithstanding a few marked instances of exception,
has failed to keep pace with the advance of the several depart-
ments of knowledge, whose mutual relations it is its province to
determine. It is impossible, however, not to contemplate the
particular evil in question aspa1t of a larger system, and connect
it with the too prevalent view of knowledge as a merely sccular
thing, and with the undue predominance, aheady adverted to, of
those motives, legitimate within their proper limits, which are
founded upon a regard to its secular advantages. Inthe cxtreme
case it is not difficult to see that the continued operation of
such motives, uncontrolled by any higher principles of actiom,
uncorrected by the personal influence of superior minds, must
tend to lower the standard of thought in reference to the objects
of knowledge, and to render voul and incffectual whatsoever ele-
ments of a noble faith may still survive And ever in proportion
as these conditions are 1calized must the same effects follow.
Hence, peihaps, it is that we sometimes find juster conceptions
of the unity, the vital connexion, and the subordination to a
moral purpose, of the different parts of Truth, among those who
acknowledge nothmng higher than the changing aspect of col-
lective humanity, than among those who profess an intellectual
allegiance to the Father of Lights. But these me questions
which cannot further be pursued here To some they will ap-
pear foreign to the professed design of this work But the
consideration of them has arisen naturally, either out of the
speculations which that design involved, or in the course of
reading and reflection which seemed necessary to its accomplish-
ment.

THE END.






