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PREFACE

In the past three decades enormous advances have been made
in the field of statistics. These advances have taken place so
rapidly that it is not at all surprising that those employing
statistical methods have found it difficult to keep pace with
them, or that certain of the older methods, which are obsolete,
and even in some cases erroneous—or, at the very best, crudely
approximative in character—continue to be taught in the class-
room and to be treated in textbooks which appear from time
to time. A notable example is the use of the probable error
or standard error in testing the significance of a correlation co-
efficient derived from a sample, although this method gives un-
reliable or incorrect results if there is a high degree of correla-
tion in the population from which the sample is drawn, or if
the number in the sample is small.

It is, of course, in the theory of small samples that the
greatest progress has been made. The theory of sampling which
assumes that the sample is composed of a large number of items
is inadequate for many practical purposes. Biological, agri-
cultural, and other scientific expcriments frequently deal with
comparatively few observations. Sometimes the cost of obtain-
ing additional observations is prohibitive; sometimes, indeed, it
is impossible to obtain more data, as might be true in the case
of meteorological records. In manufacturing inspection, too,
small samples are of frequent occurrence.

Most of this theory has been developed and unified by R. A.
Fisher, who has shown how to make more accurate estimates
and how to utilize the maximum amount of information con-
tained in a set of data, and has provided exact tests of re-
liability and significance. Fisher’s efficient methods, at first slow
in taking hold, because not thoroughly understood, gradually
began to gain momentum, and are now spreading rapidly.

In this book I have endeavored to explain the most widely
used of these methods, illustrating their application by com-
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vi PREFACE

paratively simple numerical examples, so that the underlying
principles are not lost sight of in a maze of arithmetical com-
putations. The earlier chapters develop the fundamental con-
cepts of statistics, so that the book is suitable as a textbook for
a first course in the subject. It is also planned for those with
some knowledge of the subject who wish to gain an insight into
the more modern methods, as it leads from the classical concepts,
through such topics as “Student’s” distribution and the chi-
square distribution, to the analysis of variance and the design
of experiments, which are the culminating features of Fisher’s
work.

Grateful acknowledgment is made to Professor Fisher, and
to his publishers, Messrs. Oliver and Boyd, for their generous
permission to reproduce, from ‘“Statistical Methods for Research
Workers,” the tables of ¢, chi square, and the 5 per cent and
1 per cent points of the distribution of z.

I am deeply indebted to Dr. Churchill Eisenhart for a eritical
reading of the manuscript, and for many valuable suggestions.
However, full responsibility for errors is, of course, my own.

I am also indebted to various persons and various sources
for material used in the exercises, being particularly grateful
to Messrs. A. G. Brooks and J. B. Gibson for supplying, and for
granting permission to use, certain data of the Western Electric
Company.

Paur R. Riper

WasHINGTON UNIVERSITY
SainT Louls

September, 1938 .
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INTRODUCTION TO
MODERN STATISTICAL METHODS

CHAPTER 1
FREQUENCY DISTRIBUTIONS

1. Frequency tables. A frequency table is a table classifying
a set of observations according to the numbers of them which fall
within certain limits. It is a tabular method of exhibiting a
requency distribution. For example,
{rable 1 classifies the heights of a TABLE 1
group of men. The table shows the FrequENcy TABLE oF
frequency with which men of a given Heiarrs of 4 Grove or

MEeN
height, or rather between two given
limits of height, occur in the group of Number of
346 men under consideration. The umpber ol men

. ; . Height within given
values 58 inches, 60 inches, 62 inches, | in inches | limits of height

etc.,, are the class limits, and the (frequency)
difference between two consecutive

N . R 58-60 1

class limits, here 2 inches, is the class 60-62 2
interval. The mid-values of the | 62-64 9
classes are obviously 59 inches, 61 64-66 48
! 66-68 131
inches, etc. The range of the table, 68-70 102
from 58 inches to 74 inches, is 16 70-72 40
inches. 72-74 13
A word regarding classification and | .y 346

class limits may be worth while at this
point. It is assumed that in the con-
struction of Table 1 the measurements of height have been made
to a sufficient degree of fineness that no doubt exists regarding
the class to which a man belongs. If, however, we had a set of




2 FREQUENCY DISTRIBUTIONS

data in which measurements were made to the nearest inch, we
could not employ the same class limits as those used in Table 1.
For a height recorded as 62 inches would simply mean that the
measurement was between 61.5 and 62.5 inches. In such a case,
if we wished to use a 2-inch interval, we could set the classes as
57.5-59.5, 59.5-61.5, . ..  The mid-values of these classes would
be 58.5, 60.5, . . . ’

Some question arises as to what disposition to make of an
observation or measurement which falls exactly on a class boun-
dary. For example, if the classes are as in Table 1 and we have a
measurement of 62 inches, it is not clear whether this should be
assigned to the class 60-62 or to the class 62-64. In such an
instance there are certain theoretical advantages in dividing the
unit of frequency between the two classes, and assigning 14 to
each class.

Difficulties in the classification of raw data can usually be
avoided by a proper choice of class limits.*

2. Cumulative frequency tables. The above frequency dis-
tribution is equally well specified if we know the number of men
below (or above) any given height, for if we know that there are
60 men below 66 inches in height and 12 below 64 inches, we can
find at once that there are 60 — 12, or 48, men who are between
64 and 66 inches tall. If we convert Table 1 into a table showing
the number of men below certain heights, we obtain the cumulative
frequency table, Table 1A.

3. Continuous and discrete variables. The variable in the
foregoing example is height. Theoretically it can be measured to
any degree of fineness. Such a variable is called continuous.
There are, however, variables which can have only integral values.
Such variables are called integral or discrete. Examples of such
variables are the number of petals on flowers (see Table 2), the
number of spots obtained in throwing dice, the number of
heads obtained in tossing coins, the number of children in a
family.

. * For a good discussion of these and related questions, see Yule and Ken-

dall, “An Introduction to the Theory of Statistics,” Charles Griffin & Co.,
Ltd., London, 1937.



REPRESENTATION OF FREQUENCY DISTRIBUTIONS 3

TABLE 1A TABLE 2
CumuraTivE FREQUENCY TaABLB Frequency TasLe or NUMBERS
or HeieHTS oF PETALs ON A CERTAIN
SpreciEs oF FLOWER
Number of men
Height in below specified Number of flowers
dnches height (cumula- Number | having a specified
tive frequency) of petals | number of petals
(frequency)
60 1
62 3 5 133
64 12 6 55
66 60 7 23
68 191 8 7
70 293 9 2
72 333 10 2
74 346
Total 222

4. Graphic representation of frequency distributions. In the
case of continuous variables, the accepted method of representing

130-
120 -

60 -

uency (Num!|

F
8883

/
10 - ﬁ'_ _"I

58 60 62 64 66 68 70 72 74
Height In inches

Fia. 1.—Histogram of Heights of a Group of Men.

a frequency distribution graphically is by means of a rectangular
Jrequency diagram or histogram. This is constructed by marking
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off a scale for the variable and erecting, at the appropriate posi-
tions on this scale, rectangles whose areas are equal or propor-
tional to the respective class frequencies (See Fig. 1.) In the
usual case of class intervals of equal size, such rectangles will
obviously have heights equal or proportional to the respective
class frequencies.

A cumulative frequency distribution can be represented by
plotting points with ordinates equal to the cumulated frequencies,
and with abscissas equal to the upper limits of the classes, and

130 -

90 -

Frequency (Number of flowers)
~
°

1 | ) .
5 6 7 8 9 10
Number of petals

F10. 2.—Frequency Diagram. Discrete Variable—Number of Petals on a
Species of Flower.

then connecting these by straight-line segments. (See Fig. 3.)
For discrete variables, perhaps the best method of graphic repre-
sentation is to erect, at the proper places on the scale or base line,
ordinates equal or proportional to the frequencies. (See Fig. 2.)
6. Frequency curves. Theoretical frequency distributions.
If the size of the class interval of a distribution be decreased indefi-
nitely and the number of individuals be simultaneously increased
indefinitely, the histogram approaches a frequency curve. A fre-
quency curve may be regarded as representing an idealized
frequency distribution.
-+ . Suppose that the equation of the frequency curve is ¥. = f(X).



FREQUENCY CURVES 5
The function f(X) can always be multiplied by a constant factor
which will make the area under the curve-equal to unity, and we
shall assume that this has been done. Then we have

f(X)dX =1 (1)

8 8 8 8
i i 1 i

Cumulative frequency(Number of
-
?

men less than specified height)

8

50~

B8 60 62 64 66 68 70 72 74
Height in inches

F16. 3—Cumulative Frequency Diagram.

(If the curve does not actually extend to infinity, but meets the
X-axis in some point such as X¢ in Fig, 4, the value of f(X) is
to be regarded as zero outside of such points. Consequently we
can always use —oo and oo as limits of the above definite
integral.) The proportion of items between the values X = a
and X = b, a < b, is the shaded area in Fig. 4, and, provided
(1) holds, is given analytically by

f f(X)dx @

By the artifice of defining f(X)-= 0 outside the range of the curve,
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we see that we have defined f(X) so that (2) gives the proportion
of the area under the curve lying between any two values X = a
and X = b,a < b. This is the exact mathematical interpretation
of f(X). As an aid to intuition, it is often convenient to regard
f(X)dX as giving approximately the proportion of items in the
interval between X and X + dX, the closeness of the approxima-
tion depending on how small dX is. It is desirable to write the
equation of a frequency curve in the form YdX = f(X)dX, because
if any transformation is made in the variable X it must also be
made in the differential dX. (See next paragraph.)

X, a b X
Fi1a. 4—Frequency Curve.

The most widely used frequency curve is the normal curve,
whose equation may be written
YdX = (2m)~Hem X-w/2e ‘Lj—( ®)
If we make the transformation
X—u_, 4% _

=z, =dz
v o

(3) goes into the simpler form
YdX = (2x) Ye~*%dz )

Another important curve is the Pearson type I1I curve
YdX = kllX'e“"dX, 0sX<w (5)
The symbol kl, called * k factorial,” is defined by

k! =f X~ XdX = Dk + 1) (6)
0
If k is an integer, this reduces to k(k — 1) . .. 3.2.1,



EXERCISES 7

Examples of ideal or theoretical discrete frequency distribu-
tions are the binomial distribution

1
Y ik L—p= 0<p<l, ¥

=X -1 @
X=012...,N

and the Poisson exponential distribution

-8 X
Y=eX‘!‘, X=012... 7 ®
EXERCISES

1. The frequency in a class of Table A is the number of students receiving
grades between the limits indicated. (a) Draw a histogram for the data of
this table. (b) Construct a cumulative frequency table from the data.
(c) Draw a cumulative frequency diagram.

2. Table B gives the number of men of a certain group whose weights fall
within specified limits. (e¢) Draw a histogram for this frequency table.
() Construct a cumulative frequency table, and (¢) draw a cumulative fre-
quency diagram.

8. (a) Reduce Table C to a percentage frequency basis, and (b) draw the
corresponding histogram. (c) Construct a cumulative percentage frequency
table, and (d) draw the corresponding cumulative diagram.

4. Table D shows the number of lost articles turned in per day at the lost
and found bureau of a store. The frequency is the number of days on which
the specified number of articles were returned. (a¢) Draw a frequency dia-
gram. (b) Construct a cumulative frequency table. (c¢) Draw a cumulative
frequency diagram.

5. (a) Draw a frequency diagram for the data of Table E. "(b) Construct
a cumulative table, and (¢) draw a cumulative diagram.

6. Form a frequency table from the data of Table F. First construct a
tally sheet making a mark for each time that a temperature of a given number
of degrees occurs. From this tally sheet make a frequency table of class
interval 1°. Then choose what you consider an appropriate wider class inter-
val and group the frequencies accordingly. Next construct a rectangular
frequency diagram. Finally construct a cumulative frequency table and the
corresponding cumulative frequency diagram.
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TABLE A

GRraDES RECEIVED BY A CLASS OF
STUDENTS IN AN ExaMiNaTION

TABLE B

WeIGHTS oF A GROUP OF MEN

Weight in pounds | Frequency
Grade Frequency
100-110 2
10- 20 1 110-120 3
20~ 30 120-130 11
30- 40 4 130-140 34
40- 50 6 140-150 84
50- 60 7 150-160 65
60- 70 12 160-170 48
70- 80 16 170-180 33
80- 90 10 180-190 20
90-100 4 190-200 11
200-210 4
210-220 3
TABLE C 220-230 1
230-240 - 1
DIsTRIBUTION OF EMPLOYEES IN
A CERTAIN INDUSTRY ACCORD-
ING TO ANNUAL EARNINGS
Annuasl earn- Number of
ings, dollars employees i
0- 200 88 TABLE D
200~ 400 236 Lost ArTICLES RETURNED
400- 600 396
600 800 386
800-1000 412 Number of
1000-1200 341 articles Frequency
1200-1400 208
1400-1600 113 0 84
1600-1800 68 1 67
1800-2000 68 2 37
2000-2200 33 3 16
2200-2400 18 4 5
2400-2600 15 5 1




EXERCISES

TABLE E
NuMBER OF CHILDREN BORN PER FAMILY IN 735 FaMILIES
Number of
children born Number of families

per family

0 96

1 108

2 154

3 126

4 95

5 62

6 45

7 20

8 11

9 6

10 5

11 5

12 1

13 1
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CHAPTER II
AVERAGES AND MOMENTS

6. Averages. An average is a quantity which may be regarded
as representative of a group of data. We may use an average to
characterize a frequency distribution, or we may use the averages
of two different distributions for purposes of comparison. For
example, we may compare the average weights of two football
teams, or the average wages in two different occupations.

There are various types of average, such as the arithmetic
mean, the geometric mean, the harmonic mean, the median, and
the mode.

7. Arithmetic mean. The arithmetic mean, often called merely
the mean, of a set of quantities is their total divided by their
number. Thus, if we have N quantities X1, X», ..., Xy, their
mean is

1 1
X=IT,EX=ﬁ(X1+Xz+-..+XN) 1)

If each X; occurs with the respective frequency f;, the mean may
be written as
1
X-—Ef——I—V(X1f1+X2f2+---+kab) 2

where N=Zf=f1+f2+ ...+ fi. However, equation (1)
will mean the same thing as equation (2) if we consider that some
of the X’s in (1) may be identical in value.

The arithmetic mean has the property that the algebraic sum of
deviations from it is zero. 'That is,

.ZX-X=0 ®)

In computing the mean, it is sometimes convenient to choose
11



12 AVERAGES AND MOMENTS C

an arbitrary origin X’. Then the mean may be found by the
formula

X=X’+11V2(X—X') @

For example, if we wish to find the mean of the numbers 205, 197,
200, 204, we might choose the origin 200, the deviations from
which are 5, —3, 0, 4, respectively. Then

X=200+35-3+0+4) =2015

For application to a frequency table, formula (4) might be
written in the form

Zz'f

zf

in which z’ is the deviation, in terms of the class interval c as a unit.

Let us apply this formula to the computation of the arithmetic
mean of the heights in Table 1. The details of the computation
are shown in Table 3, in which the heights are regarded as con-
centrated at the mid-values of the classes.

X=X +"Zrc (5)

TABLE 3
CoMpUTATION OF THE MEAN HEIGHT OF A GROUP OF MEN
. Deviation in
i:li(:gll::s class intervals | Frequency if
X from 67 ! z
zI
59 -4 1 - 4
61 -3 2 -6
63 -2 9 -18
65 -1 48 —48
a7 0 131 0
.69 1 102 102
71 2 40 80
73 3 13 39
Total...| ......... 346 145
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Here X' = 67 inches, ¢ = 2 inches, and we find
X =67+ 345 X 2 = 67.84in.

The arithmetic mean of a continuous distribution represented
by the frequency curve ¥ = f(X) is given by the formula

L ®
f X)X

or simply by the numerator if the area under the curve is taken
as unity.

8. Weighted mean. In the computation of a mean the vari-
ous quantities may be assigned various weights. If w; is the weight
associated with X; then

Weighted mean = ZuXs

T, )

The weights may be somewhat arbitrary. For example, in com-
puting & student’s final grade the instructor might assign various
weights to the laboratory grade, the final examination grade, the
test average, and the average of daily recitations, depending upon
the importance that he attaches to the various phases of the work.
On the other hand, they may be somewhat more definite; a stu-
dent’s average in all his work would in general be found by weight~
ing the grade in each course by the number of hours per week that
the course meets. Comparison of (2) and (7) shows that the mean
of a frequency table may be regarded as a weighted mean in which
the weights are the frequencies.

9. Median. The median of a set of quantities is the middle
value when the quantities are arranged in order of magnitude.
Thus, the median of 1, 3, 8, 10, 20 is 8. Obviously when there is
an even number of quantities there is no middle quantity; in such
a case the median is usually defined as the number halfway
between the middle pair, that is, the arithmetic mean of the
middle pair. The median of 1, 3, 8, 10, 20, 25 would be
%8 + 10) = 9,
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The serial number of the median of N quantities is (N + 1)/2.
For 99 quantities the serial number is (99 + 1)/2 = 50, and the
median is the fiftieth quantity when they are arranged in order.
There will be 49 quantities below the median and 49 above. For
100 quantities, (N + 1)/2 = 101/2 = 50.5, and the median is
halfway between the fiftieth and the fifty-first quantity.

To find the median in a frequency table, that is, in a grouped
frequency distribution, we must resort to interpolation. A satis-
factory interpolation formula, based upon the assumption that the
quantities are uniformly distributed in the class interval in which
the median lies, is
(R e [Tl 8

Median = I 8)
which reduces to the simpler form
. IN — N,
Median =1 + _A—’—— [ (9)

in which ! = lower limit of median class.
N = total frequency.
Nn= frequency of median class.
N, = sum of frequencies below median class.
¢ = class interval.

Let us apply this formula and find the median height of the
group of men in Table 1. Here N = 346, and the serial number of
the median is (346 + 1)/2 = 173.5. Referring to the cumulative
frequency table, Table 1A, we see that there are 60 men below 66
inches in height, and 191 below 68 inches, so that the median is in
the class 66-68 inches, that is, the class whose lower limit is 66
inches. Employing formula (9), we have

Medisn = 1 + 2 =2,
Na
— 60

173 .
-66+-—1§—1—-X2=67.73m.

For a continuous distribution the median is the value of that
abscissa corresponding to the ordinate which divides the area under
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the frequency curve into two equal parts. Analytically, if M is
the median, then

_[ :f(X)dX = '4 °".f(X)dX (10)

10. Mode. The mode is the value which has the greatest
frequency. In a grouped frequency distribution we shall simply
refer to the modal class (the class 66-68 inches in Table 1, for
example), as a precise determination of the mode is difficult; per-
haps the only satisfactory way is to fit a theoretical frequency
curve to the data and then to find the abscissa corresponding to
its maximum point.

11. Geometric mean. The geometric mean of N quantities is
the Nth root of their product. It is best found by means of
logarithms. If G is the geometric mean of X, Xs, ..., Xu, then

N 1/N
G=(X:Xz... X)W = (n X..) or (IX)"" (11)
=1
logG=]—:7(logX1+...+logXN)=J%ZlogX (12)

The geometric mean is useful in the construction of index
numbers. :

12. Harmonic mean. Suppose that an automobile makes a
200-mile trip, covering the first 100 miles at the rate of 50 miles an
hour and the second 100 miles at the rate of 40 miles an hour. We
can not find its average speed by taking 15(50 + 40) = 45 miles
per hour. The total time is 2 hours for the first 100 miles, plus
2 15 hours for the second 100 miles, or a total of 4 15 hours. The
average speed is therefore 200 <+ 415 = 44%¢ miles per hour.
The same result can be obtained by employing the harmonic mean,
which is the reciprocal of the arithmetic mean of the reciprocals
of a set of quantities, If H is the harmonic mean of X3, ..., Xy,

then

1 1.1

A=W z X (13)
Applying this formula to the above example, we get

1_1(1 1)_i - 444 —
H‘2(50+4o ~ 400’ H = 44§ = 444
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(A dot above a number following a decimal point means that the
number is to be repeated indefinitely. Thus 1.83 means 1.8333....
Similarly 1.216 means 1.216216216 . . . .)

13. Appropriateness of different averages. Different aver-
ages may be used for different purposes. For example, in economic
statistics it is often desirable to disregard extreme items, which
may be due to unusual circumstances. In such cases the median
has been found to be serviceable, as it is not affected by extreme
items.

It was stated above that the geometric mean is useful in the
construction of index numbers.

In section 12 was given an example in which the harmonic
mean was found to be the appropriate one to use.

It may be worth mentioning at this point that the arithmetiec,
geometric, and harmonic means of a set of quantities are always
in the same order of magnitude. If we designate them by
A, G, and H respectively, then

AZGZH (14)

the equality signs holding only if all the quantites have the same
value. For example, if we have the numbers 2, 4, 8, we find

1 14
=3@+4+8) =5 =43
G=(2X4XxX8)"=(64)"*=14

1 1/71 1 1 1 7 7
§=§(§+z+§)=§x§=§;'

24

and we see that the values are arranged in the order of magnitude
specified by (14).

If a man were purchasing a house and wanted to know the
average time that it would take him to reach his place of business
he would probably find the mode the most acceptable average to
employ, since he would doubtless like to know how long it would
usually take him to make the trip.
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Although the various averages other than the arithmetic mean
are thus seen to have their merits, in certain cases, nevertheless,
this familiar average has advantages which in most circumstances
outweigh those of the others. Chief among these is its reliability
in sampling. One of the important uses of an average calculated
from a sample is that of estimating the corresponding average in
the population, that is, the large group from which the sample is
drawn. Suppose that the arithmetic mean of a sample is 10 and
we estimate that the population mean is between 8 and 12; sup-
pose, on the other hand, that the median is also 10 and we estimate
that the population median is between 8 and 12. We are more
likely to be correct in our first estimate than in our second, unless
we are sampling from an unusual population.

14. Partition values. Quite analogous to the median are the
quartiles, the deciles, and the percentiles. These are not averages,
but might be termed partition values. The quartiles divide the
frequencies into four”equal groups, the deciles into ten, and the
percentiles into one hundred. The serial number of the first or
lower quartile is (2¢)(N + 1), that of the third or upper quartile is
(34)(N +1). The second quartile is the median. The serial
number of the kth decile is (k/10)(N + 1), and that of the kth
percentile is (k/100)(N + 1).

Formula (8) of section 9 may be generalized to give any parti-
tion value. Thus, the partition which has a proportion p of items
below it is given by the formula

PN+ —No— 1}
N, °
the meanings of the symbols of which will be obvious if section 9
is reread.
To illustrate the application of this formula, let us com-
pute the third quartile, Qs, of the distribution of heights in

Table 1. We find the serial number of the third quartile to be
(34)(346 + 1) = 260.25. From Table 1A we see that Qg is in the

class whose lower limit is 68 inches. Thus,
$)347 — 191 — §
102

I+

Qs = 68 + X 2 = 69.348 in.
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16. Variance and standard deviation. The variance of a set
of quantities is defined as the sum of the squares of their deviations
from their mean, divided by their number, that is, their mean
square deviation from their mean. Analytically the variance is
defined by

= I%E(X - X)2 or I%E X - X)zf (15)

for a discrete distribution, and by
o = f (X — X)Pf(X)dX + f (X)dX (16)
=f(X - X)zf(X)dX if ff(X)dX =1 @17

for a continuous distribution. If z = X — X, (15) and (17)
assume respectively the simpler forms

1 1
2 = 32 il S
=y Zz2 or Nzxf (18)

0% = f 2 (x)dz if f flx)dz =1 (19)

The standard deviation, o, is the square root of the variance;
that is, it is the root-mean-square deviation about the mean.

It can be shown that the sum of the squares of the deviations of a
set of quantities from any fixed value is @ minimum when that fized
value 18 the mean. In other words, the variance is the minimum
mean square deviation and the standard deviation is the minimum
root-mean-square deviation.

For computational purposes the formula

¢=3’-‘-’-( I @)

is better than (15), from which it can easily be derived. In (20),
X may be measured from any origin whatever. It is often con-
venient and simpler to choose an origin near the mean.

The method of computing the variance from a grouped fre-
quency distribution will be illustrated in Table 4. Here the data
of Table 1 have been used.
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TABLE 4
COMPUTATION OF THE VARIANCE oF THE HE1GHTS OF A GROUP OF MEN
Height " Deviation
in inches from 67 quency z'f z'Y z +1¥
X 2 I
59 —4 1 -4 16 9
61 -3 2 -6 18 8
63 -2 9 —18 36 9
65 -1 48 —48 48 0
67 0 131 0 0 131
69 1 102 102 102 408
71 2 40 80 160 360
73 3 13 39 117 208
Total.....| ........ 346 145 497 1133
The appropriate formula is
Zz'? Z2'f\2
o[22 (20 -
zf zf

in which 2’ is the deviation (expressed in terms of the class interval)
from any origin, preferably the center of a class in or near which
the mean lies, and c is the class interval. From Table 4 we find

497 (145 2] . _ g
a2 [346 - (346) X 22 = 5.0432 in.

The final column of Table 4 affords a check, known as the
Charlier check, on the accuracy of the totals of that table, since

Z(z' 4+ 1)% = 22'2f + 222'f + 3f, or 1133 = 497 + 290 4 346.
The standard deviation is

o = 1.123 class intervals = 2.246 in.
Incidentally we can find the mean (cf. section 7),

Zz'f 145
= ’ — = — = R 1 .
X X+2fc 67+346X2 67.84 in
When a continuous variable is grouped into classes, an adjust-

ment called Sheppard’s correction is sometimes applied to the
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variance if the frequency distribution tapers off gradually at both
ends. This correction is —c2/12. If o* represents the variance
after Sheppard’s correction is applied, then
2
L . Sl
o o 12 (22)
From this value we may, of course, obtain the corresponding
value o* of the standard deviation. In the example given,
22

* = 5.0432 — I = 4709 in2, o*=217in.

The variance and the standard deviation are measures of the
ston of a set of qua.ntmes or of a frequency dmtnbutlon A
distribution which is widely scattered will have a larger variance
and consequently a larger standard deviation than a more compact
group.

It is sometimes desirable to compare the dispersion of two dis-
tributions. For example, although we should expect a larger
actual dispersion in the weights of rabbits than in the weights of
mic~ °  -ariability in relation to size might not be so great.
This bu,,...8 dividing each standard deviation by the respective
mean. The quotient, ¢/X (usually expressed as a percentage), is
called the coefficient of variation. It is independent of the unit of
measurement and thus renders comparable not only the varia-
bility of two distributions such as the weights of rabbits and the
weights of mice, but also the variability of two different charac-
teristics such as weight and stature.

16. Mean deviation. Another measure of dispersion is the
mean deviation, which is the mean of the absolute values of the
deviations from any value 4. Analytically, it is defined by

1
ﬁZIX—Al (23)

for a discrete variable, and by
Six-aimax ¢ froax=1 @
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for a continuous variable. As the mean deviation from the median
is the minimum mean deviation, A is usually set equal to the
median.

For computing the mean deviation of a grouped frequency
distribution the following formula * is recommended:

Mean deviation = %[z |2’ | £+ (Ws — No)d + Nu(d? +1)] (25)

Here 2/ = deviation, in class-interval units, from center of class con-
taining average from which deviations are measured.
d = distance, in class-interval units, from center of this
class to average.
N, = total frequency below this class.
N. = total frequency above this class.
N.. = frequency of this class.
N = total frequency.
¢ = class interval.

17. Moments. The mean and the variance are special cases
of moments, the kth moment of X, . .., X being defined as

’ 1 Ty
—— k .
k N 2X i L "26)
The kth moment of a continuous distribution is
B =fX"f(X)dX if ff(X)dX =1 @7

The kth moment about the mean is
1
N

we = — Zz* or Mk=f$"f(-’5)d% z=X-X (9
Obviously y; is the mean and up the variance, that is, u; = X,
#2 = ¢%  (The word ‘“ moment "’ will ordinarily be understood to
signify moment about the mean.)

We shall illustrate the method of transferring from moments

* For its derivation and an illustration of its application the student is
referred to H. L. Rietz (Editor), “Handhook of Mathematical Statistics,”
Houghton Miflin Co., Boston, 1924, pp. 29-31.
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about any origin to moments about the mean, by developing the
formula for the third moment.
1 1
= — = — — 3
s =3 a3 ¥ X~-X

- % (ZX® — 3XZX? + 3X?2X — NX®

= py — 3Xuz + 2X3
= p3 — 3uapy + 2u1®
The formulas for the first four moments are as follows:
m=0, pe=p;— p?
B3 = M3 — 3uzmy + 243 (29)
pe = pg — 4uguy + Gpguy? — 3t
Others can be developed as shown above. All these formulas hold
for continuous as well as discrete variables. It will be noted that
the formula for ug is the same as (20).

The adjusted moments, after Sheppard’s corrections for group-
ing a continuous variable (see section 15) have been applied, are

o ey O
b = p1 =V, Mg = u2 12’
7 (30)
. . _ _ E L
B3 = M3, M=M= 02+240¢:‘
in which ¢ is the class interval employed in the grouping.
The following functions of moments are sometimes used:
#3 _ p3
ag = % =3 (often denoted by /g1) (31)
= :—; = :—: (often denoted by 82) (32)
2

‘The quantity oz is a measure of the skewness or lack of sym-
metry of a frequency distribution. For a curve which has a longer
tail to the right, such as the curve in Fig. 4, the skewness is positive;
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when the curve stretches out more to the left the skewness is
negative.

For the normal distribution a4 has the value 3, for curves which
come to a sharper peak than the normal curve it has a value
greater than 3, while for curves that are flatter than the normal
curve it has a value less than 3. The quantity as — 3, the excess
of the value of ag over the value for the normal distribution, is a
measure of the kurtosis of the distribution.

The computation of the first four moments of the frequency
distribution of Table 1 is shown in Table 5.

TABLE 5

CompUTATION OF THE FIRsT FOuR MOMENTS OF THE FREQUENCY
DisTRIBUTION OF HEIGHTS OF A GROUP OF MEN

eight |y | g | e | e | WY | @Y @ -y
59 —4 1 -4 16 —64 256 625
61 -3 2 -6 18 —b64 162 512
63 -2 9 —18 36 =72 144 729
65 -1 48 —48 48 —48 48 768
67 0 131 0 0 0 0 131
69 1 102 102 102 102 102 0
71 2 40 80 160 320 640 40
73 3 13 39 117 351 1053 208
Total...| ..... 346 145 497 635 2405 3013

To verify the totals of Table 5 we may employ the Charlier
check

2@ £ )Y = Za'Yf £ 4223 + 622 £ 4Z2'f + Zf  (33)
Here it seems more advisable to use the lower signs. We find
3013 = 2405 — 4 X 535 + 6 X 497 — 4 X 145 4 346

‘We now calculate

pi = 344 c = 0.41008 ¢, ph o= 435 & = 143642 2
43 = }i4 o8 = 1.54624 ¢, pé = AEE ot = 6.95087 b
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pa = 143642 ¢ — (0.41908 c)? = 1.26079 c? = 5.04316 in.?

ps = 1.54624 ¢* — 3(1.43642 c?)(0.41908 c) + 2(0.41908 c)® = — 0.11247 ¢*
- — 0.89976 in.}

#e = 6.95087 c'—4(1.54624 %) (0.41908 c) +6(1.43642 c*)(0.41908 c)2—3(0.41908 c)¢
= 5.77997 ¢* = 92.47952 in.¢

3 = (1.26079 — v4) ¢ = 1,17746 c* = 4.70984 in.?

ue = (5.77997 — ¥ X 1.26079 + 3i7) ¢* = 5.17874 ¢* = 82.85084 in.¢

EXERCISES

{. The following observations were made on the vertical diameter of the
planet Venus (the unit is 1 second of angle): 42.70, 42.56, 43.01, 43.48, 42.76,
43.06, 43.63, 42.87, 41.60, 42.78, 42.95, 43.20, 43.18, 43.39, 43.10. Find
(a) the arithmetic mean, (b) the median, (¢) the standard deviation, (d) the
mean deviation from the mean, (¢) the mean deviation from the median.

In the next five exercises find, for the tables mentioned, the following
quantities: (a) arithmetic mean, (b) median, (c) upper and lower quartiles,
(d) mode, (e) standard deviation, (f) mean deviation from median, (g) third
moment, (k) fourth moment.

2. Table A, page 8. 8. Table B, page 8.
4. Table C, page 8. 5. Table D, page 8.
8. Table E, page 9.

7. From the results of exercise 6, page 7, calculate the values of the
following quantities from the raw data, and also from the grouped data, and
compare: (a) mean, (b) median, (c) standard deviation, (d) third moment,
(e) fourth moment.

8. The relative price of a commodity is the ratio, usually expressed as a
percentage, of its price at a given time to its price during a specified base
period. Find the geometric mean of the following set of relative prices:
142, 156, 94, 175, 150, 114, 150, 95, 72, 119.

9. Given N pairs of numbers (X3, X3),..., (Xa Xn). Let G’ be the
geometric mean of the quantities Xj, ..., Xy, G” the geometric mean of
XY%,..., Xy, and G the geometric mean of the ratios X1/X7, ..., X5/Xy.
Show that G = G'/G"".

10. A man motors from 4 to B. A large part of the distance is uphill,
and he gets a mileage of only 10 miles per gallon of gasoline. On the return
trip he makes 15 miles per gallon. Find the harmonic mean of his mileage.
Verify the fact that this is the proper average to use by assuming that the
distance from A to B is 60 miles.

11. In five different cities the numbers of streetcar tickets sold for a dollar
are respectively: 8, 12, 10, 8, 9. Find the harmonic mean of the number of
tickets sold for a dollar. '

12. Table G gives index numbers for various items entering the cost of
living. Find an index of the cost of living by computing a weighted average
of these items. The weights to be used are also given in the table.
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TABLE G
Index Weight
Clothing............ 77.3 13
Food................ 74.5 43
Fuel and light........ 85.8 6
Housing.......... .ot 64.6 18
Sundries............. 92.5 20

18. Table H is the grade sheet of a university graduate. (a) Find his
average grade by weighting each course taken by the number of units of credits
which the course carries. (b) Find his average grade in this manner for each
of the four years. (c) Verify the statement that his average grade for the
entire course is equal to the weighted average of his average grades for fresh~
man, sophomore, junior, and senior years, the weights being the total numbers
of credits for these respective years.
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TABLE H
GRADE SHEET OF A UNIVERSITY STUDENT
1st Semester 2nd Semester
m Credits Grade m Credits Grade
1 3 72 6 3 70
2 5 79 7 5 80
] 3 5 85 8 4 82
> 4 3 72 9 3 89
5 3 64 10 3 75
1 2 71 17 2 76
g 12 & 86 18 3 78
g ] 13 5 77 19 5 88
& 14 2 82 20 3 72
8 15 2 77 21 1 74
16 1 73 22 4 63
23 3 60 33 3 75
24 1 70 34 1 76
25 1 85 35 2 86
. 26 2 26 36 2 97
S 4 27 1 90 37 1 91
Bx| = 3 72 38 3 60
20 1 87 39 1 81
30 3 85 40 3 78
31 3 74 41 3 86
32 3 85 42 3 78
43 3 78 51 3 74
4 2 87 52 2 81
. 45 2 70 53 2 72
] 46 3 69 54 2 (]
g ™ 47 1 82 55 1 84
48 1 86 56 2 71
49 2 83 57 1 85
50 3 72 58 3 65




CHAPTER III
REGRESSION

18. Regression or trend lines. If the pairs of numbers
X, Y) = (0,1), (1,3), 3,2), (6,5), (8,4) are plotted, as in Fig. 5,*
we see that they tend to lie on a straight line. A line drawn so as
to pass near most of the points is called a regression line if X and ¥
represent characteristics such as height and weight, for example,
or a trend line if X represents time and Y represents some: such
quantity as population or the price of a commodity. The objeet
of such a line is usually to estimate one of the variables, say Y,
from the other, X.

A standard procedure in fitting a line to the points is the
method of least squares. By this method we write the equation
of a line

Y =a+bX 1)

and then determine a and b so that the sum of the squares of the
vertical deviations of the points from this line will be the least
possible. That is, we minimize Z(Y — Y")2. We could just as
well minimize the sum of squares of the horizontal distances of the
points from the line (or of their perpendicular distances), but this
would in general give a different line. For a line of the form (1),
X is termed the independent and Y the dependent variable.

If we have N pairs of values (X;, ¥1),..., (X, Y») and
substitute each X in (1) we obtain N values of ¥’. We then wish
to minimize ?

2(Y - Y)2 = 3(Y — a - bX)?

Employing the usual methods of the calculus, we differentiate

*P. 30. (Such a figure is sometimes called & scatter diagram).
27
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partially with respect to @ and then b and set the derivatives equal
to zero, obtaining the normal equations .

aN 4 bZX = ZY

0)]
aZX 4+ b2X2 = XY
. If we write
N 22X
D= X >x2|T NZX? - (ZX)? ®
the normal equations have the solutions
o= 112Y 2ZX | _ (2X3)(2Y) — (ZXY)(ZX) )
D|ZXY zXx2| NZX2 — (2X)?
XYY —
b= 1N 2Y |_NZXY - (2X)(2Y) ®)

D|ZX 2XY|  N23X2? - (2X)?

The quantity b is called the coefficient of regression of Y on X.
It measures the average increase of Y per unit increase of X. If
we determine a line of the form X’ = a 4 bY, b is called the
coeflicient of regression of X on Y. The values of a and b in such an
equation can obviously be obtained from (4) and (5) respectively
by interchanging X and Y.

If the variables are measured from their respective means the
foregoing equations are materially simplified. Let z and y repre-
sent deviations from the means of X and Y respectively, Then
2z = Zy = 0, and the normal equations reduce to aN= 0 and
bZ22 = Zzy, with the solutions

a=0, b= 3. (6)

Even if only X is measured from its mean we have simpler

results, viz.,

zY Zz¥
== Y, = _2—;; (7)
In any case the equation of the line of regression can be written
V-P=pX—-2X) or y =0bz ®

in which b may be obtained from (5), (6), or (7).
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The mean product of deviations of X and Y from their respec-
tive means is called their covariance. It may be written in any
of the following forms:

1 1 1
§ 2 = 52X - X)(¥ - V) = L ZXY - X¥

1 1
= ﬁ Zz¥ = ﬁEXy (9)

If we divide numerator and denominator of b in (6) by N, we see
that the coefficient of regression of ¥ on X is the covariance of
X and Y divided by the variance of X, and coefficient of regression
of X on Y is the covariance of X and Y divided by the variance
of Y.

It is useful to know the sum of squares of deviations from the
line of least squares. This can be found directly by substituting
each X; in the equation of the regression line, computing the
corresponding Y7, subtracting it from Y, squaring the result, and
finally summing. A shorter method is to make use of the formula

(Y — Y')? = 2Y2 — aZY — bZXY (10)
which may be developed as follows:
2(Y —Y)2 =2 — a — bX)?
=ZY(Y — a — bX) — aZ(Y — a — bX)
— bZX(Y — a — bX)
The last two terms drop out, since the normal equations (2) are
satisfied, and the remaining term reduces to the right side of (10).

This sum of squares may be placed in another convenient form.
If we replace a and b by their determinant values from (4) and (5),
we find that

IY? Y IXY| o ey
(¥Y-Y)2=|Z¥Y N 32X |+ .| an
XY X X2 zX 2X .

It is to be noted that the denominator is the determinant D and
that the numerator is this determinant bordered by 2Y2,2Y,ZXY.
If we measure both variables from their means we can reduce
(11) to the simpler form
1

24 - y) = 2¥ - V) =g

Zy? Zay

Zry Za? 12
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To illustrate the foregoing theory we shall fit a line of least
squares to the set of points given at the beginning of this section.
(We should, of course, usually have more pairs of values than five,
but the regression line could be obtained by the process illustrated.)
The summations necessary for forming the normal equations are
to be found in Table 6.

TABLE 6
X Y x | xy | v Y Y-Y | (¥ -1)
0 1 0 0 1 1.646 | —0.646 | 0.417316
1 3 1 3 9 2.022 0.978 0.956484
3 2 9 6 4 2.774 -0.774 0.599076
6 5 36 30 25 3.902 1.098 1.205604
8 4 64 32 16 4.654 —0.654 0.427716
18 15 110 71 55 14.998 0.002 3.606196
The normal equations are
w4t <Y 5¢a + 18b =15
v bxts X .
avH = XY iRa+ 1106 = 71

and have the solutions .
a =33 =1646, b= &% = 0.376

The line of least squares is there-

fore
Y’ = 1.646 4 0.376X

Note that it can also be written
in the form (8)

o Y’ -3 = 0.376(X — 3.6)

0] 1 23456 78X rpelineisshowninFig. 5. Using
Fia. 5.—Line of Least Squares.  (10), we find that

(Y — Y2 = 55 — 333 X 15 — ffiy X 71 = §4§ = 3.6061947

This sum of squares has also been computed by the other method
in Table 6, but it is readily seen that the use of formula (10) is
much to be preferred.

e oo > a N
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19. Transformations. Certain types of equation can be
reduced to linear form by a proper transformation of the variables.
For example, some data, such as the numbers of bacteria in a colony
at different times, conform to the exponential equation

Y’ = AB* (13)
which may be written in the alternative form
Y = A (14)
Taking logarithms of both sides of (13), we get
log Y =log A + X log B (15)
or,if wesetlog Y’ =y, logA =a, logB =D,
¥ =a+bX (16)

We can now fit a line of least squares to the pairs of values
(X,y = log Y) as in section 18. It should be noted that it is
Z(y — ¥')% not Z(Y — Y’)?, which will be minimized. This sum of
squares is given by

Zy—y)=2y? - a3y — bZXy an

To discover whether a set of data conforms to the law (13)
we may plot X and log Y on ordinary graph paper, or X and ¥ on
semi-logarithmic paper, that is, paper on which one set of rulings
is uniformly spaced and the other set logarithmically spaced. If
in either case the points seem to lie along a straight line, we may
fit a line of type (16).

In Table 7, column Y gives the number of bacteria per unit of

TABLE 7

X Y z y =log0.1Y Ty

0 73 -2 . 0.8633 —1.7266
1 91 -1 0.9590 —0.9590
2 112 0 1.0492 0

3 131 1 1.1173 1.1173
4 162 2 1.2095 2.4190
Total........ 0 5.1983 0.8507
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volume existing in a culture at the end of X hours. Plotting
X and Y on semi-logarithmic paper, as in Fig. 6, using the arith-
metic or uniform scale for X and the logarithmie scale for Y, we

Y
55
82 150 A
i 4
b /
- 0
SE
§3100 /
5% 20

> 80
70 A
0 1 2 3 4+ X

Number of hours
Fia. 6.—Plot of X and Y of Table 7 on Semi-logarithmic Paper.

see that the points lie approximately on a straight line. Figure 7
shows X and log Y plotted on ordinary graph paper.

)

/)
/

-
[

/
7

0 2 4 X

1 2 3
Number of hours
F16. 7—Plot of X and y of Table 7.

Logarithm of 0.1 of number of
bacteria after X hours
o -
© o

o
®

The numerical work of fitting an exponential curve is shown in
Table 7. In order to make the logarithms somewhat smaller we
use log 0.1Y rather than log Y. This merely moves the decimal
point in ¥ one place and reduces the characteristic of log ¥ by 1.
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X = number of hours

Y = number of bacteria per unit volume after X
hours

Y =g+br=g+bX -2
_Zz(y—9 _ Zzy 08507

¥’ = 1.03966 + 0.08507(X — 2)
= 0.86952 + 0.08507X

log 0.1Y’ = log 7.405 + X log 1.216
0.1Y’ = 7.405(1.216)%
Y’ = 74.05(1.216)%

Nore. The minus sign over the 5 in the number 74.05 indicates that this
number is less than 74.06. This knowledge is useful if we wish to cut down
the number of digits in the number. Here the number to the nearest tenth
is 74.0, not 74.1.

The sum of squares of deviations is
Z(y — ¥')? = Zy? — 1.03966Zy — 0.08507Zxy
= 5.47704 * — 1.03966 X 5.1983 — 0.08507 X 0.8507
= 5.47704 — 5.40446 — 0.07237

= 0.0002
Another type of equation which can be reduced to linear form is
Y = AX® (18)
By taking logarithms of both sides we reduce this to the form
logY =logA + Blog X 19)
or,if wesetlog Y’ =3, logAd =a, logX =z,
¥y =a+ Bz (20)

Again, the constants a and B can be determined by the method of
least squares.

* Machine-calculated without recording the individual values of y2
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To determine whether a set of data conforms to the law (18)
we may plot log X and log Y on ordinary graph paper, or X and ¥
on logarithmic paper (both scales logarithmic), and note whether
the points tend to lie on a straight line.

The sum of squares of deviations is

Z(y - ¥)? = Zy? — a2y — BZzy (21

20. Multiple regression. If we are concerned with more than
two variables we may wish to estimate one of them from all the
others. For example, we may wish to estimate ¥ from X; and X2
by means of a multiple regression equation

Y’ = bo + biX1 + bo X (22)

The coefficients b; and b2 are the partial regression coefficients of
Y on X; and X, respectively; b1, for example, measures the
average increase of Y per unit increase of X;, when X is held
constant. Geometrically this equation represents a plane, and
the ordinary procedure is to determine the b’s so as to minimize
the sum of squares of vertical deviations (assuming the Y-axis to
be vertical) from the plane. We are led to the normal equations

boN + 012X, + 022X = Y

boZX1 + 01ZX12 4 b ZX1 X2 = ZX1Y (23)
boZX2 + 012X 1 X2 + 022X02 = TX,Y
which have the solutions
1 Y X IZX. N Y ZX,
bo = -1-)- =X,Y X2 X1 X,|,b = —|2X; 2X1Y ZX:1X,
3XY X, X, X2 X, ZX,Y ZX,? 24)
1 N X, Y N Z2ZX, ZX,
b2 -5 =X, X2 Z2X,Y |, D= |ZX: ZX:? ZXiX,
X2 XX XY X2 XX, ZX32

If we measure X, X3, Y from their respective means, setting

n=X-%, un=X:—%Xs, y=Y-¥
A
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the first normal equation yields bp = 0 at once and the others
reduce to
b1 2z} + beZz1z2 = Sy

. (25)
biZziz2 + bzz:tz = Za:zy
From these, or from (24), we find
L= Exly 122 - 2::12 zzlxz
Szoy a2t | | Zxize Zaf -
bo = T2k Zny | b Trize
2 Zx1x2 Zx2y Stize Zad

The terms such as Zz,%, 2172, and 2z1y can be found from
the relations
2
32 =3IX2 — (l;l , Zay = XY — ZX)(ZY)

N

For the sum of squares of deviations from the regression plane
we have

(Y —Y')2 = 2Y2 - b2Y — 012X Y — b2ZXoY
= 2y2 bt bIE:c;y - sz:cgy
ZY? ZY ZX,Y =XoY
ZY N Z2X; 22X,

XY ZX; ZXI ZXiX»
ZX,Y ZX, IX1Xe ZX3

N X ZX.
X1 ZXT  ZXiX.
X, ZX,X; ZX3

-

Zy? 2oy 22y
=|Zzy Z2i Znze
Zzay Zrize xk

Ex",’ E:clzz
Srize 213

@n

For the actual numerical solution of a set of normal equations
it is better to use some such systematic method as the Doolittle °
method * or the method which we shall now illustrate by fitting a

* See Frederick C. Mills, “Statistical Methods Applied to Economics and
Business,” Henry Holt & Co., New York, 1938, pp. 665-659.
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linear regression of the form (22) to the data in the first three
columns of Table 8.

TABLE 8

X1 X, Y x? XiX: | X XY | Xa¥
0 4 1 0 0 16 0 4
1 4 3 1 4 16 3 12
3 3 2 9 9 9 6 6
6 2 5 36 12 4 30 10
8 0 4 64 0 0 32 0
18 13 15 110 25 45 7 32

The normal equations and their solutions are shown below:

Sum of
coefficients
(A) 5bp 4+ 18by + 13b; — 156 =0 21
(B) 18by + 110b; + 26bs — 71 =0 82
©) 13bp + 25b1 + 46b; — 32 =0 51
(D) = 5(B) ~ 18(A) 226b1 — 109b; — 85 = 0 32
(E) = 5(C) — 13(A) ~109b1 + 56by + 35 =0 -18
(F) =109(D) + 226(E) 775bg — 1355 =0 —~580
(G) = (F) + 776 by — 1.7484 = 0 —0.7484
(D) 226b1 = 109 X 1.7484 4 85 = 275.5756, by = 1.2194
(E) —109b; =— 56 X 1.7484 — 35 = — 132.9104, b = 1.2194

(A)  Bby=— 18X1.2194—13X1.7484+15=— 29.6784, b = — 5.9357
(B) 18bp=—110X1.2194—25X1.7484+71 = —106.8440, by = — 5.9358
(C) 13bo=— 25X1.2194—45X1.7484+32=— 77.1630, by = — 5.9356

The method of obtaining equations (D) and (E) is indicated
in the solution. For example, (D) is obtained by multiplying (B)
by 5, the coefficient of bo in (A), and (A) by —18, the negative of
the coefficient of bo in (B), and adding the results, thus eliminat-
ing bo. If it seems desirable, these extra equations, which may
be symbolically written

(A") =—18(A) and (B) = 5(B)
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may be inserted between (C) and (D). Similar equations may be
inserted at the proper places in the solution. However, an experi-
enced computer would probably prefer to obtain (D) and (E)
directly, and this saves the labor of writing down the equations
such as (A’) and (B’).

The column headed *“ Sum of coefficients ”’ serves as an invalu-
able check on the correctness of the work at each stage of the
solution. The sum of the coefficients in equation (A) is 21, that
of the coefficients in (B) is 82. Since (D) is obtained by multiply-
ing (B) by 5 and (A) by —18 and adding, the sum of the coeffi-
cients of (D) must be equal to 5 X 82 — 18 X 21 = 32. Simi-
larly, the other steps may be checked by performing on the
respective sums of coefficients the same operations that have been
performed upon the equations.

It will be observed that in all the above equations the coeffi-
cients of the b’s are symmetric about their principal diagonal.
Because of this it is not necessary to rewrite those coefficients
below this diagonal. A compact form of arranging the foregoing
solution (as far as bz = 1.7484) is shown below.

bo by be 8
(A) 5 18 13 -15 21
(B) 110 25 -71 82
©) 45 —32 51
(D) 226 |—109 —85 32
E) 56 35 -18
(0] 775 —1356 —580
(G) 1 —1.7484 —0.7484

In caleulating the * sum of coefficients ”’ column, labeled s, one
must realize that an L-shaped path must often be taken, since
those coefficients below the diagonal have not been written down.
This path has its corner, or turning point, at the number in the
diagonal. Thus we have by way of illustration in the present
example,
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for equation (B) for equation (C)
18 13
+ +
110 425 — 71 = 82 25
+

45 — 32 = 51

The regression equation is

Y’ = —5.936 + 1.219X; + 1.748X>

or .
Y’ — 3 = 1.219(X; — 3.6) + 1.748(X2 — 2.6)

R. A. Fisher, * following Gauss, has given the following method
of handling the normal equations: Let us replace the normal
equations (23) by the three sets of equations

Forj =0, 1, 2
coiN + ¢1;2X1 + 22Xz = 1, 0, 0 8)
c0;2X1 + ¢1;2X1% + 2;Z2X1 X2 = 0, 1, 0
c0;Z2X2 + ¢1;2X1X2 + c2;ZX92 = 0, 0, 1
with ¢;; = ¢;;. (It is equivalent to replace equations (25) by
enzi? + ceZzize = 1 c12221% + c22Zz122 = 0 @9)

1122122 + 122222 = 0 1227122 + €22222%2 = 1

where the 2’s are, as usual, deviations from means.) If D is the
determinant of the coefficients of (28), then c¢;; = D;;/D, where
D;; is the cofactor of the element of D which is the coefficient of
¢sjy that is (—1)**’ times the minor obtained from D by striking
out the row and the column occupied by the coefficient of c;;.}

* “Btatistical Methods for Research Workers,” Oliver & Boyd, Edinburgh
and London, section 29.

{ See Maxime Bdcher, “Introduction to Higher Algebra,” The Macmillan
Co., New York, 1907.
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In the present example we have the set-up and solution shown
below.

coj | e cgj i=0 ji=1 j=2 ) 2 22
) 5 18 13 -1 0 0 35 36 36
(B) 110 25 0 -1 0 153 152 153
© 45 0 [] -1 83 83 82
(D) 226 | —109 18 -8 0 135 112 117
(E) 56 13 1] -5 —40 ~53 —-58
4} 775 4900 —545 -1130 5675 230 —355
@ 1]6.3226 | —0.7032 | —1.4581 | 7.3226 | 2.9678 | —0.4581
co2 = — 6.3226, c12 = 0.7032, cgp = 1.4581
(D) 226 co1 = 109(—6.3226) — 18 = — 707.1634, co1 =— 3.1290
(D) 226cn = 109 X 0.7032 + 5 = 81.6488, cn = 0.3613
(E) — 109 ¢o1 = — 56(—6.3226) — 13 = 341.0656, co1 =— 3.1290
(E) — 109 ¢j1 = — 86 X 0.7032 + 0 = — 39.3792, cn = 0.3613

(A) 5 ego=— 18(—3.1290) —13(—6.3226) 41 =139.5158, cpo = 27.9032
(B) 18 cgo = —110( —3.1290) —25( —6.3226) +0 = 502.2550, coo = 27.9031

Here we have solved all three sets, of three equations each, at the
same time. The solution follows very closely that previously
given. The constant term in each equation, however, is different,
and naturally the s or ‘“ sum of coefficients ’’ columns will be dif-
ferent. For example, (A) really consists of three equations, each
corresponding to a fixed value of 5. When j = 0, we have

5co0 + 18¢co1 + 13¢co2 — 1 =0, s =35
When j = 1, we have
5co1 + 18¢11 + 13c12 =0, s = 36
When j = 2, we have
5co2 + 18¢12 + 13c22 = 0, s = 36
The b’s can be found from the ¢’s by means of the relations
bo = co0ZY + conZX1Y + co2ZX2Y
b1 = c1ZY + ennZX1Y + c122XY (30)
b2 = c02ZY + c12Z2X1Y + c222X,Y
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In the present problem we have
bo = 27.9032 X 15 — 3.1290 X 71 — 6.3226 X 32 = — 5.9342
by = — 3.1290 X 15 + 0.3613 X 71 4 0.7032 X 32 = 1.2197
by =— 6.3226 X 15 4 0.7032 X 71 + 1.4581 X 32 = 1.7474

It will be noted that there are slight discrepancies between these
values and those previously obtained. These are due to the fact
that the ¢’s have not been carried to a sufficient number of decimal
places to make the values of the b’s that we have just obtained
quite as accurate as the previous values.

One advantage of the method just described is that, if we wish
to find the regression equation for a new set of Y’s with the same
set of X’s, Xo’s, etc., we can make use of the ¢’s already found
and determine the b’s from (30) with little extra labor. Suppose,
for example, that we have 25 stations at which we have observed
the first flowering dates of 10 species of plants over a period of 12
years. Let variables X; and X2 be the altitude and latitude
respectively of the stations, X3 the year. If Y, is the first lower-
ing date of the first species, Y2 of the second species, and so on,
we might want to determine ten regression equations (one for
each species) of the type

Y' =bo + b1X1 + b2X2 + b3X3

Instead of deriving each of these separately we could derive the
¢;; for the altitude and the latitude of the 25 stations and for the
12 years. These would be

Co0, Co1, Co2, Co3
€11, C12, C13
C22, C23

€33

since ¢;; = ¢j;, and from them we could find the 10 b’s by using
formulas similar to (30).

Another advantage of this method will be evident when we
study the significance of regression coeflicients.
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It is not difficult to extend the foregoing discussion of multiple
regression to the case of % independent variables Xj, ..., X;.
The equation of the regression may be written

Y =bo+ b01X1 + b2Xo + -+ + X (31)
and the normal equations are
boN + 012X + b2ZXo + -+ + BZXe = ZY
boZX1 + biZX:? + b2ZX1 X2 + -+ + ZX1 X, = ZX,¥Y
boZXz + 012X 1 X3 + b2ZX22 + -+ + biZXo X, = ZX,Y (32)

boZXi + biZX1Xi + bo2ZXo Xy + -+ + bZXi? = ZXiY
The sum of squares of deviations is
(Y -Y)2 =
ZY2 — bo2Y — b1ZX,Y — b2XeY — -+ —biZX:Y (33)
21. Curvilinear regression. The X; do not actually have to

be independent. For example, if we wish to fit a regression equa-
tion of the type

Y' = bo + 01X + b2Z + b3X? + bsXZ + b52?

we can set X = X, Z =X2,X2 = X3, XZ = X4, 22 = X5, and
proceed as above.

One important case is that in which the regression function is
a polynomial

Y =bo+ 01X + b2 X2+ .- + buX* (34)

For purposes of illustration we shall fit a second-degree equation
(geometrically a parabola) to the points of section 18 (see Table 6).
The normal equations are

boV + b1ZX + beZX%2 = ZY
bo2X + b12X2% 4 b22X3 = ZXY (35)
ol boZX2 + b1ZX3 + bZX*t = ZX2Y
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The various summations needed will be found in Table 9.

TABLE 9
X X2 Xt X4 Y XY xy y?
0 0 0 0 1 0 0 1
1 1 1 1 3 3 3 9
3 9 27 81 2 6 18 4
6 36 216 1296 5 30 180 25
8 64 512 4096 4 32 256 16
18 110 766 5474 15 71 457 55
The solution is shown below.
bo b be s
(A) b 18 110 - 156 118
(B) 110 756 -7 813
©) 5474| —457 | 5,883
D) 226 | 1,800 — 85| 1,941 5(B) — 18(A)
(E) 1800 | 15,270 —635 | 16,435 5(C) — 110 (A)
() 211,020 9490 | 220,510 | 226 (E) — 1800 (D)
() 1| 0.04497 |1.04497 (F) + 211,020
(G) by = — 0.04497
(D) 22651 =— 1,800(—0.04497) + 85 = 165.9460, by = 0.73427
(E) 1800 by = — 15,270(—0.04497) + 635 = 1321.6919, by = 0.73427

(A) Sbp=— 18X0.73427—110(—0.04497)+15= 6.72984, by = 1.345968
(B) 18 bp = —110XX0.73427 —756( —0.04497) 471 =24.22762, by = 1.346979
The regression equation is therefore
Y’ = 1.3460 4 0.73427X — 0.04497X2 (36)
The sum of squares of vertical deviations from the regression
curve is _
Z(Y - Y2 = ZV2 — boZY — b1ZXY — b22X2Y
= 55 — 1.3460 X 15 — 0.73427 X 71 4
0.04497 X 457 = 3.22812
Comparing this value with that found for the sum of squares of
deviations from the straight line fitted in section 18, viz., 3.60619,
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we see that although it is less, as is to be expected, it is very little
less. That is, the parabola fits the points very little better than
the straight line. The small value of b2 means that the X2 term
has little influence on our estimated value of Y.

When the degree of the polynomial to be fitted has not been
decided upon in advance, it is possible to fit successively a constant
(the mean), a linear function, a quadratic, and so on, each function
being obtained from the preceding by the addition of a new term.
The technique of this process is fully explained by Fisher.*

EXERCISES

1. The length of a spiral spring under various loads is given in the following
table:

Load in grams, X.............. 5 10 15 20 25 30
Length in centimeters, Y........ 7.2518.1218.95(9.90| 10.9| 11.8

(a) Plot these values, and find the equation of a least squares line of the form
Y =a+bX. (b) Find Z(Y — V")
2. Table J gives the intelligence quotients and the scores on a reading
TABLE J

INTELLIGENCE QUOTIENTS AND ScORES IN A READING VoCABULARY TEsT
oF A Grour orf FIFTH-GRrADE PuriLs

. Reading . Reading
Pupil 1.Q. vocabulary Pupil L.Q. vocabulary
1 140 64 14 112 51
2 139 54 15 105 44
3 135 55 16 105 35
4 134 56 17 103 44
5 126 46 18 103 29
6 126 51 19 96 33
7 124 61 20 94 30
8 118 42 21 93 31
9 115 41 22 92 33
10 114 47 23 76 14
11 114 43 24 70 12
12 113 56 25 66 15
13 113 48

* “ Statistical Methods for Research Workers,” sections 27-28.1,
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vocabulary test of a group of fifth-grade pupils. (Yates, A. M. Thesis,
Washington University, 1937) (a) Make a scatter diagram for these data.
(b) Find the equation of the line of regression of reading vocabulary on I. Q.
(c) Find the sum of squares of deviations from this line.

8. Plot the data of Table K, and fit a straight line of trend to them.

TABLE K

RaTe PER 100,000 POPULATION OF AUTOMOBILE FATALITIES IN THE
UniTeED STATES (Statistical Abstract of the United States)

Year Rate Year Rate
1911 2.2 1923 14.7
1912 2.9 1924 15.5 ‘
1913 3.9 1925 17.1
1914 4.3 1926 18.0
1915 5.9 1927 19.6
1916 7.3 1928 20.8
1917 9.0 1929 23.3
1918 9.3 1930 24.5
1919 9.4 1931 25.2
1920 10.4 1932 21.9
1921 1.4 1933 23.3
1922 12.4 1934 26.8
TABLE L
PoruraTiON OF THE UNITED STATES
Your [Popubtion| y (Population
in millions in millions
1790 3.9 1870 38.6
1800 5.3 1880 50.2
1810 7.2 1800 62.9
1820 9.6 1900 76.0
1830 12.9 1910 92.0
1840 17.1 1920 106.7
1860 23.2 1930 122.8
1860 31.4

4. (a) Plot the population of the United States for the census years
(Table L) on ordinary graph paper. (b) Plot these same data on semi-
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logarithmic paper, or plot the logarithms of the population against equally
spaced time values. (c) Fit a straight line of trend to the period 1880-1930,
and calculate the theoretical values of the population for the census years
of this period. (d) Fit an exponential curve to the period 1790-1900, and
calculate the theoretical values.

5. (a) Fit a parabola to the cotton production data of Table M. (b) Draw
the parabola and plot the data. (c) Find the sum of squares of deviations
from the curve.

TABLE M
CotroN PropucTiON IN THE UNITED STATES

(Survey of Current Business)

Year Production Year Production
(millions of bales) (millions of bales)

1931 17.1 1935 10.6

1932 13.0 1936 12.4

1933 13.0 1937 18.2

1934 9.6

8. The following pairs of values of the pressure p and volume v of a gas
were measured in a laboratory experiment. Find an equation of the type
p’ = Av® connecting the two variables.

vl 1.6 1.7 2 2.6 3 3.6 4.2 5

p| 106 89.0 70.8 49.0 40.0 30.0 24.5 19.5

7. Fit an exponential curve to the data of Table 2, page 3.

8. (@) Find a multiple regression equation of grade-point average on the
other variables of Table N. (b) Find the sum of squares of deviations from
the regression function.
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TABLE N

Scores or 100 StupeEnTs IN AN INTELLIGENCE TEsT, READING COMPRE«
HENBION, AND READING RaTB, AND GRADE-POINT AVERAGE FOR Fimst
SEMESTER IN UNIVERSITY

Inteli- | Reading | g gipng | Grade | yoen. | Reading | poyging | Grade
oe oy rate pown gence fompre= rate poln

&en hension average hension average
275 153 29 1.2 295 186 41 2.4
181 132 22 0.0 152 107 18 0.6
152 144 34 0.6 214 198 45 0.2
162 134 31 1.0 171 139 29 0.0
158 145 34 1.2 131 111 28 1.0
228 179 47 2.8 178 149 38 0.6
273 172 38 2.2 225 143 25 1.0
246 148 36 0.8 141 122 26 0.4
235 166 29 2.0 118 83 22 0.0
131 124 26 0.6 173 144 37 2.6
247 158 25 1.0 230 179 37 2.6
187 90 22 0.6 174 114 24 1.8
150 120 29 1.2 177 133 32 0.0
234 183 41 1.2 210 151 26 0.4
215 178 41 0.0 236 132 29 1.8
237 139 24 1.4 198 160 34 0.8
182 159 31 0.6 217 178 38 1.0
177 152 29 0.0 143 153 40 0.2
165 161 48 1.0 186 144 27 2.8
317 192 30 2.0 233 172 44 1.4
202 128 28 2.0 136 100 32 0.2
161 131 17 0.8 183 142 26 0.4
181 130 27 0.6 223 167 50 1.4
176 126 26 0.4 108 116 24 0.0
271 178 25 3.0 211 128 18 0.8
174 148 22 0.6 151 93 20 0.4
161 136 29 0.2 231 171 26 2.2
231 158 32 1.4 135 152 26 1.4
229 174 33 2.0 146 154 19 1.2
152 116 23 0.7 227 149 35 1.4
o7 113 20 1.0 204 160 26 1.4
182 165 38 1.4 223 109 18 1.4
247 168 27 2.2 142 101 22 0.8
232 191 4 0.4 176 127 22 0.8
246 1566 29 1.2 238 164 27 2.6
180 101 25 1.0 268 177 40 2.6
247 158 25 1.0 163 139 33 0.2
188 148 18 0.0 195 140 38 0.0
233 144 27 1.2 184 143 32 0.8
164 113 29 1.2 192 119 22 0.8
270 194 50 2.0 121 100 34 0.6
220 175 24 1.2 316 176 42 2.6
206 136 33 0.8 234 183 41 1.2

170 186 40 0.6 146 112 18 0.6 |
162 50 1.6 261 176 35 2.6
192 150 32 0.6 175 158 30 1.2
157 119 30 0.4 233 182 34 1.8
223 164 20 0.4 261 1568 25 2.4
221 152 14 1.2 242 187 49 1.4
262 162 44 0.6 134 170 48 0.8




CHAPTER 1V
CORRELATION

22. Coefficient of correlation. As we realize from the dis-
cussion of regression, there are many instances in which an increase
in one variable is in general accompanied by an increase in another.
In other words, large values of one variable tend to be associated
with large values of a second, while small values of the first tend
to be associated with small values of the second, without the
existence of a strict mathematical relationship between the two.
In such a case the variables are said to be correlated. Of course an
increase in one variable may be accompanied by a decrease in the
other, that is, large values of each variable may tend to be asso-
ciated with small values of the other. This situation is called
inverse correlation.

The most widely used measure of correlation is the coefficient
of correlation. For the case of N pairs of values of the variables
X and Y the coefficient of correlation may be defined as

. 3X-XD@-V Zxy Iy
TTEX —XPI(¥ - V)% (Z22-2p)®  Nogoy

in which ox and oy are the standard deviations of X and Y respec-
tively. It is to be noted that it is entirely symmetric with respect
to X and Y. Moreover, it is entirely independent of the units in
which X and Y are expressed, and may have any value between
—1and 1. If large values of the two variables tend to be associ-
ated, the factors X — X and ¥ — ¥ in the numerator of r will
usually have like signs and the sum of products will accumulate,
giving a value of 7 near to 1. If there is little correlation between
X and Y the products (X — X)(Y — P) will sometimes have a
positive sign, sometimes a negative, thus tending to neutralize
each other and resulting in a value of 7 near zero. Inverse corre-
47

€Y
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lation yields a negative value of r. The coefficient r will have the
value 1 or —1 only in the case of perfect correlation, that is, when
there exists a definite linear relation between X and Y.

For the actual computation of r, (1) may be placed in the form

XY — (ZX)(ZY)/N

=[x = CX)/NAZY? — (2V)2/NTS @

r

in which the variables may be measured from any origin and in *
terms of any unit. If one of the variables is measured from its
mean, r assumes one of the following simpler forms:

_ ZzY B =Xy .
"= GEAEY - GV BXE - GXUAPGHR O

If both variables are measured from their means, the resulting
form of r is shown in (1).
Let us compute r for the following pairs of numbers:

X|01,368

1,38, 2, 5,4

From Table 6 we get
X =18, XY =15 3ZX2=110, ZXY =171, ZY? =55
Hence, using (2), we find

_ 71 - 18 X 15/5
[110 — (18)2/5)%[556 — (15)%/5)*

r

17~

= @2 x100% 0.80

23. Connection between correlation and regression. The
equation of the line of regression of ¥ on X (see section 18) is

Zzy
YV =byg® b= T2 . @
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Similarly, the equation of the line of regression of X on Y is

Zzy
@ =by,y by, = 7 (5)
From (4), (5), and (1) we see that
by b,y =1 (6)

and that r is consequently equal to the square root of the product
of the two regression coefficients, that is, to their geometric mean.
These regression coefficients will both have the same sign, and r
should be given their common sign.

It is also easily shown that
4 (3
byx":"‘l» bxr=7‘—x 4]
’x oy

Another instructive way of regarding the correlation coef-
ficient is as follows: Suppose we have fitted a line of regression,
Y’ = a + bX, to a set of points. The points will cluster more
closely about this line than they will about the horizontal line
drawn through the mean of the Y’s. That is, unless b = 0, the
sum of squares of deviations of the Y’s from the estimates Y’ will
be less than the sum of squares of deviations from the mean. The
quotient

Z(Y - Y')?
(Y - ¥)2 ®

will therefore be less than 1. The more closely the points are
clustered about the regression line the smaller will the numerator
be. The quotient (8) is small if X and Y are closely correlated,
and approaches its maximum value 1 if they are practically inde-
pendent. Its value, which varies between 0 and 1, is then a
sort of inverse measure of the correlation. If it were subtracted
from 1 it should give a measure of the correlation. Actually it
can be shown that

(Y - Y')?
=1 -ZY}_;——Y)Z 9
- aZY + bZXY - (ZY)2/N (10)

2Y2 - (ZY)*/N
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The sign to be prefixed to r is that of the regression coeffi-

cient b.
Formula (9) is most readily proved if we use deviations from

the mean. Thus, for the right side of the equation we can write

I_E(y—y’)z_l_zyz—bzzy
Zy? Zy?

2
Ty _ Ca) _

=l-14b5 =Sy

Formula (10) follows from (9) above and from (10) of section 18
(page 29).

Formula (9) may, of course, be used to find the sum of squares
of deviations from the line of regression if r is known.

To the data of section 22 we have previously (section 18) fitted
a regression line Y’ = @ + bX, finding a = 1.646, b = 0.376. Also
we have, from section 22 or from Table 6,

ZY =15 ZXY =171, ZY? =255

Thus from (10)

2= 1.646 X 15 4 0.376 X 71 — (15)2/5

55 — (15)%/5
- 24.690 + 26.696 — 45 = 0.6386
10
r = 0.80

24. Correlation table. When the pairs of values of two vari-
ables are numerous they are often grouped into a correlation table,
which is a table of double classification. Table 10 is a correlation
table, the data, however, being fictitious to admit of an easy illus-
tration of how r may be calculated from such a table. The num-
bers in the body of the table are frequencies. For example, the
number 5 near the middle of the table indicates that there are five
individuals whose heights are between 66 and 69 inches and whose
weights are between 125 and 150 pounds.
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TABLE 10
CorreLATION TABLE oF HE1GHTS AND WEIGHTS OF A GROUP OF MEN
Height in inches
Weight in

pounds

60-63 63-66 66-69 69-72 72-75
100-126 2 1
125-150 2 3 5 1
150-176 | ....... 2 4 1 2
176200 | ....... | ....... 1 1

Since the value of r is quite independent of the units in which
either variable is measured, we find it most convenient to measure
each in terms of its class interval, and from the middle of some
centrally located class as origin, as shown in Table 11.

TABLE 11
COMPUTATION OF r

X
N“ ol 1| o | 1| 2 || fel| vy | vy | vy,
-1 “2 o 1l 3| -3] 3 0
—1i1 0
0 |0 2| 3| 5[ 1[.... 1l o 0 11
-2/0 -—1]0 0J0 1
T ... 2| 4| 1| 2| of 9 9 36
-1 -2/0 -—1{1 0]2 1
2 ... 1| 1|, 2| 4 8 18
0 212 -1
Iz 4| 6/100]| 3| 2 25|10 | 20 65
Xfy | -8|-6| 0o 3| 4| -7
X, 6| 6| o 3| 8| 33
X+0%y | 4| o 10|12 |18 | 44

TABLE 11A TABLE 11B
XY | fxy | XVixy X=Y)? | fgy |(X=Y)Ygy
-1 2 -2 0 7 0
0 16 0 1 13 13
1 2 2 4 5 20
2 5 10
25 33
25 10
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CHARLIER CHECKS

ZX? =33 2y? =20 X2 =33
2TX =—14 2ZY =20 —2ZXY =-20
N=25 N=25 Zyt =20

X +1)P =4 (Y 4 1) = 65 (X - Y)? =33

XY - ZX-ZY/N
= [ZX? — (ZX)¥/NPHZY? — (ZY)*/NPS
10 — (—7)-10/25
= 33 — 49/25)%(20 — 100/25)%

12.80
= Glot x 0% ~ 057

r

In this table the frequencies are shown in the middle of the
various compartments. The small number in the lower left-hand
corner of a compartment is the product of X and Y for that com-
partment; the number in the lower right-hand corner is the dif-
ference X — Y. The first of these is used in computing the sum
of products, ZXY; the second, in making a third Charlier check,
viz.,

Z(X — Y)2 = =X2 - 2ZXY + ZY? (11)

Table 11A shows the computation of ZXY; Table 11B shows
the computation of £(X — Y)2. In the latter the frequencies cor-
responding to (X — Y)2 = (£1)? can, of course, be grouped
together, as can those corresponding to (X — Y)? = (£2)2.

To use formula (10) in the computation of » we must fit a line
of least squares, Y’ = a + bX. The normal equations with their
solutions are

25a — 7b = 10 a = 0.51546
—T7a+33b =10 b= 041237

and from (10) we have

- 0.51546 X 10 + 0.41237 X 10 — 4

2
T 20 — 4

= 0.3299

r = 0.57

26. Correlation ratio. We have seen in section 23 that the
square of the coefficient of correlation can be obtained by subtract-
ing from unity the fraction whose numerator is the sum of squares
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of deviations of the Y’s from the line of regression and whose
denominator is the sum of squares of deviations of the ¥’s from
their mean. If the regression of ¥ on X is not linear, that is, if
the straight line of regression does not pass near to the points of the
scatter diagram, we can get a better measure of the correlation by
means of the correlation ratio.

Suppose that instead of fitting a straight line of regression to
the data of a correlation table we find the mean of each column,

X
O -1 0 1 2
¢ . -1
21251 '
c r . ¢« o
g 1. TS| o
€ 150 P Y'Y
- O
:§ . . o \K Ol 1
2175 ~
. . 2
200
60 63 66 69 72 75
Helght In inches

F1a. 8 —~Correlation Diagram. (Note that the Y-axis is positive downward
and that consequently the regression line slopes downward on the graph
although the coefficient of regression is positive.)

plot these means on a graph, and then draw a broken line through
the resulting points. See Fig. 8, which illustrates the data of the
correlation table discussed in section 24. The dots in this figure are
the individuals; the small circles indicate the means of the respec-
tive columns. By analogy with the square of the correlation coef-
ficient, we define the square of the correlation ratio to be 1 minus
the fraction whose numerator is the sum of squares of deviations
from the means of the columns and whose denominator is the sum
of squares of deviations from the general mean.

To express the correlation ratio analytically, suppose that we
have a correlation table consisting of & columns. Suppose that in
the column corresponding to a fixed X there are Nx values of Y,

Y1, Y2, ...y Yxir . . o, Yy
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whose mean value is Yx. If ¥ is the general mean of the ¥’s, tha
correlation ratio of ¥ on X is the square root of

X Nx
(Yx:— ¥x)?
My =1 — 20t (12)
D Wx— Ty
XmX) t=1

This can be shown to be equal to the ratio of the weighted sum of
squares of deviations of the means of columns from the general
mean (the weights being the numbers in the columns) to the sum
of squares of deviations from the general mean, that is,

, _ ZNx(Yx - V2
NMrx (Y — Y)2 y

For purposes of computation (13) is superior to (12), although the
following equivalent form is perhaps still better:

(13)

()
Xk YX 0’) P 2
o= | LT - B e - B ae
-X1

Here N = N; + ...+ N; = total frequency, and Y and I¥2
indicate summation over the entire table, viz., for both the index ¢
and the index X. That is, the denominators in (14), (12), and
(13) are the same.

We shall illustrate below the calculation of 4 from the correla-
tion table used above (Table 10). It seems more appropriate here
to use subseripts —2, —1, 0, 1, 2 rather than 1, 2, 3, 4, 5.

1st column (X =— 2)

Y| 5| Y |YY Nag=4

"(1) g —§ g Y3=—2/4=-05
(Y -FPor=2—-(-224=1

4 | -2} 2
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2nd column (X =—1)

v |7 |wl|ry
N.=6
-1 1 -1 1
o] 3 0| o Y.=1/6=018
1102122 (Y - V)2 = 3 — 12/6 = 2.83
6 1 3

3rd column (X = 0)

Y| 7 |w|w
No =10
0 5 0 0
1| 4| 4| 4 Yo =6/10 = 0.6
o I I s (Y ~ Fo)? = 8 — 62/10 = 4.4
10 6 8

4th column (X = 1)

ANRRARE
Ni=3
0 1 0 0
1111 Y.=3/3=1
2
o I (Y -P)2=5-3/3=2
3 3 5

5th column (X = 2)

Ne=2
: Y2=1
. (Y -T2 =0




56 CORRELATION

Nx 2
i (Z Y“) _ Yy

X=X Nx N
(2)2_,__ 62 32 22 (—2+41+6+3+2?
107372 25
=14016+36+3+2—4=576
2 - 2
sy2 - N o s g ipyp (S2H1+64342)
N 25
=20—4=16
5.76

From (14), 7}z = o~ = 0.3604 = 0.60

y Myx

With a calculating machine, ZY? can be computed directly, in
which case the columns headed Y?f are unnecessary. These
columns are, however, necessary if we use formula (12). Ordinar-
ily the correlation ratio would not be calculated by (12), but to
emphasize the analogy between the correlation ratio and the corre-
lation coefficient, and also to verify the equivalence of (12) and (13)
or (14), we shall carry through the calculation for this particular
example. We find

X, Nx

2 (Yzi— Px)2=1+283 +44+2+0=10.23
XeX; $=1
Xk Nx
D (¥xi— V)2 = 16, as before.
X=X =1 P 2
From (12), 92z =1 — %-63 =1 — 0.6396 = 0.3604
Ny = 0.60

If we had used the means of rows instead of the means of
columns we should have found nxy, the correlation ratio of X on Y.
The formula for nxy is obtained from any of the preceding formulas
for nrx by interchanging X and Y. It should be noted that in
general nxy is different from gyx, although rxy = ryx = r. We
shall always consider 5 as positive. It is necessarily larger than
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(in exceptional cases equal to) the numerical value of , for the sum
of squares of deviations from the means of arrays* will be less than
the sum of squares of deviations from the line of regression (unless
the means of arrays lie exactly on a straight line), and consequently
there is a smaller fraction to be subtracted from 1 in the case of the
correlation ratio than there is in the case of the correlation coef-
ficient, leaving a larger remainder. In the preceding example we
found r = 0.57, » = 0.60.

26. Relation between correlation coefficient and correlation
ratio. Fréchet  has pointed out that the correlation coefficient
computed from a correlation table can be separated into the
product of two factors, thus:

_ SNx(X - X)(Px-P) . [ZNx(Tx — V)%
- [ENx(X — X)z]”[sz(Yx - Y4 [Z(Y - Y)'Z]%

The first factor is the coefficient of correlation obtained by associ-
ating with each value of X the mean of the corresponding values
of Y, weighted with the number of such Y’s; the second is the
correlation ratio nyx. The first factor depends only on the line
joining the means of columns, approaching 1 if this line approx-
imates a straight line. It is not affected by the dispersion of the
points in a given column. The correlation ratio, on the contrary,
is not affected when the partial distributions of the columns are
displaced by shifting the means, that is, by deforming the curve
(or broken line) of the means. Thus the first factor does not
depend on the closeness of the relation between X and Y. On the
other hand, the value of the correlation ratio may be near 1 either
because the points corresponding to a given X are near the mean
of that column or because there is a small number of ¥’s for each
value of X. Both these factors have to be near 1 to yield a value
of  near 1.

We shall illustrate the separation of r into the two factors by
using the data of the correlation table given above. To facilitate

r

(15)

* Array is a generic term for row or column.

t Maurice Fréchet, ““Sur le coefficient, dit de corrélation et sur la corréla-
tion en général,” Revue de I'Institut International de Statistique, vol. 4, 1933,
pp. 1-8. o
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the computation we shall first throw the numerator of the first
factor into a different form. It can easily be shown that

ZX.-2Y
N

INx(X — X)(Px — P) = ZXNsPx - (16)
Using the values obtained when calculating #, we find that the
foregoing is equal to

—2(—2)—1-140:6 + 1.3 + 2.2 — ~—2—

In the calculations of r and 7 respectively we have already found
INx(X — X)2 = 31.04, ZNx(Yx - V)2 =576
Consequently

12.8

T @L04 X 576BTTE T 0.949 X 0.60 = 0.57

r

which is the value previously found.

27. Index of correlation. When a curve Y’ = f(X) is fitted
to a set of data we may define the ¢ndex of correlation of ¥ on X
as the square root of

(Y — Y)?
Riz=1- ﬁ an

The index of correlation will be numerically greater than or equal
to the coefficient of correlation. It can be used in connection with
ungrouped data or grouped data. The correlation ratio can be
used only in connection with data which have been grouped into a
correlation table, or which have more than one value of ¥ corre-
sponding to a given value of X.

In section 21 we fitted a second-degree polynomisal, obtaining
the curvilinear regression equation

Y’ = 1.3460 + 0.73427X — 0.04497X2

In that section we also found
Y =15, ZY%2 =055 ZXY =171, ZX?2Y = 457
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Thus .
(¥ - ¥)
2 =1 = —_——
Bex=1- 37 =Py
_ | Z¥*= a2V — bIXY - XY

ZY? — (2Y)?/N
_ aZY + bEXY + cEX?Y — (SV)Y/N
Y2 — (ZY)2/N
_ 13460 X 15 + 0.73427 X 71 — 0.04497 X 457 — (15)%/5
55 — (15)%/5

6.77188
10
Ryx = 0.823
The coefficient of correlation was previously found to be 0.80,
and we see that the index of correlation is slightly larger.
28. Multiple correlation. If we have found a linear regression
equation of Xy on X3, ..., X3,

X3 = b1 + boX2 + baX3 + -+ + biX

then by analogy to the simple coefficient of correlation (see equa~
tion (9), section 23, page 49) we define the coefficient of multiple
correlation between X; and X3, ..., X to be the square root of

(X, — Xy)?

= 0.677188

Ames =1 3 (18)
It will be remembered (cf. (33), section 20, page 41) that
(X1 - X1)2? =2X2—a1ZX1—bi2ZX1 X2 — -+ — buZX1 Xk (19)
N X, ZX, cee ZXg
X, ZX? X1 X o ZX1 X
=|2X; ZX:X: =X} cee XX,
ZXy ZXaXx ZX2 X X}
N ZX, 22X,
o e )
X 2X2Xu o 22X}
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If we use (19) and the relation Z(X; — X)? = 2X7 — (ZX1)?/N
we can reduce (18) to the form *:
7%.23.... =

12Xy + b12ZX1 X2 + .-« 4+ b ZXo X — (2X1)%/N
=X - (TX1)?/N

@)

It can be shown that the coefficient of multiple correlation between
X; and Xa, . . ., X8 the same as the simple coeffictent of correlation
between X3 and X, the least squares linear estimate of X, from
X2, ...y Xk

As an example, let us consider the data of section 20 and deter-
mine the coefficient of multiple regression between ¥ and X, Xa.
Changing the notation in (21) slightly, we find

.2 _ bo2Y + biZX,Y + b:2X,Y — (ZY)?/N
¥-nx 3Y? — (ZY)2/N
—5.9357X15+1.2194 X 7141.7484 X 32— (15)2/5
55 — (15)%/5
= 0.8491, Ty.x\ X3 = 0.92

29. Partial correlation. Suppose that we have k variables
X1, ..., Xs If we estimate X; from the others, excepting X3,
by means of the linear regression equation

X1 =a1+ baXs + biaXs + - + X

and likewise estimate X2 from the others, omitting X, by means
of the equation

X; = ag + boaX3s + baaXs + -+ + baXa

then the coefficient of partial correlation between X, and X2 is the
coefficient of correlation between the residuals X; — X; and
Xz — X5. It may be regarded as the correlation between X and
X5 when the effect of the remaining variables on each of them has
been removed by linear regression equations.

* Another form is r2,g5...x = 1 — R/Ry, where R and R;, are defined in
gection 29.
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If we estimate each of the variables X; and X2 from all the
others by means of the equations

Xi = a1+ b12X2 + biaXs + -+ - + buXa
X2 = az + b X1 + b2aX3 + -+ + baXs

the coefficient of partial correlation between X, and X2 may also
be defined as the square root of

r423..1 = bizba (22)

The partial correlation coefficient can be simply expressed by
means of determinants. Let

1 re rng -+
r 1 T see T2

R = 12 . 23 k (23)
Tie T2k T3k 1

in which r;; is the coefficient of correlation between X; and X;
(sometimes called the coefficient of fotal correlation between X;
and X;). Then *

Ri2

712.3...k4 = — —(Rllez)“ (24)

where R;; is the cofactor of r;; in the determinant R, that is,
(—1)** times the determinant remaining after the ith column and
jth row have been struck out of R.

The coefficient ry5.5..., is said to be of order k — 2; formula
(24) expresses the coefficient of order k¥ — 2 in terms of the coeffi-
cients r,; of order zero.

We shall compute a coefficient of order one from the data of
Table 8. Here we have N = 5, and replacing ¥ by X3,

ZX; = 18 22X =13 X3 =15
X2 =110 ZX: =45 X3 =155
ZX1Xo=25 ZXX3=71 ZX.X3=32

* For a proof of this statement and for a fuller discussion of partial and
multiple correlation see H. L. Rietz, ‘ Mathematical Statistics” (Carus Mon-
ograph 3), Open Court Publishing Co., Chicago, 1926.
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X1 Xo— ZX,-ZX2/N
"2 = [2X% = (2X)?/NPIZX] — (3X2)Y/NE
_ 25 — 18-13/5 __ -218
[110 — (18)2/5]%[45 — (13)2/5P%  (45.2)%(11.2)#
=— 0.9689
1—18-1
s = (45.2;%[55 - (ff{)i/ﬂ” = (45.2)1’47(10)% =0.7006

32 -1315/5 -7
™8 = Tq1.2)%10)%

— 0.6614

T W2)% 0% -

The determinant (23) is

1 rz ngs
T2 1 T23
13 reg 1

R =

of which the cofactors needed are

_ |1 res —_ |2z T = 13
Ry = rs 1|’ Riz = s 1|’ R = rs 1 ,
Formula (24) becomes
I -_—Rlz _ T12 — T13723
128 . (RuR2)”? (1 — rd)*(1 — )%
- —0.9689 — 0.7996(—0.6614)
{1 — (0.7996)2*[1 — (—0.6614)2]*
—0.4400 —0.4400
- 0.977

= (0.360619 X 0.5625+)%  0.45038

EXERCISES

1. Find the coefficient of correlation between I.Q. and score in reading
vocabulary test in Table J, page 43.

2. Find the coefficient of correlation between number of red blood cells
and hemoglobin (a) for the men of Table O, (b) for the women of Table O.
(Adapted from data quoted by Dunn, Physiological Reviews, vol. 9.)

8. Table P gives the lengths of right chela (pincer) and of carapace (shell)
of 470 females of a species of deep-water crab. (Schuster, Biometrika, vol. 2.)
(a) Find the coefficient of correlation between chela length and carapace
length. (b) Find the equations of both lines of regression. (c) Find the
correlation ratio of chela length on carapace length.
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TABLE O

Numser or Rep Broop CeLLs AND AMOUNT oF HEMOGLOBIN,
20 MEN AND 12 WOMEN

Men Women
Red blood Red blood
cells (mil- |Hemoglobin || cells (mil- |Hemoglobin mﬁm‘f Hemoglobin
lions per | (grams per || lions per | (grams per lions per (grams per
cubic 100 cc.) cubic 100 cc.) 100 cc.) 100 ce.)
millimeter) millimeter) g
4.27 14.00 4.93 16.20 3.89 12.12
4.40 14.41 4.97 15.40 3.95 12.10
4.52 14.02 5.00 16.40 3.97 11.90
4.56 14.20 5.02 15.52 4.15 13.20
4.58 14.50 5.156 16.50 4.20 13.10
4.64 14.30 5.20 15.76 4.20 13.50
4.72 14.70 5.36 16.10 4.31 13.40
4.80 15.10 5.49 16.70 4.38 14.80
4.84 15.00 5.67 17.17 4.40 13.50
4.89 15.60 5.62 16.61 4.45 13.88
4.56 14.00
4.72 14.60
TABLE P
CoRRELATION TABLE OF LENGTHS OF RIGHT CHELA AND OF CARAPACE '
IN 470 CRraBs
Length of Length of right chela in millimeters
carapace
in milli-
meters 8-9|9-10{10-11|11-12|12-13{13-14{14-16|15-16{16-17|17-18|18-19
9.65-10.0 |....]..... ...} e e e 2
9.0-9.5]....0......... oo e e 3 4 4 2
85-90....].....]..... 1 |.....|..... 1 6 15 11 2
80-8561]....|..... 1 {..... 2 1 16 | 61 25 3
7.6-801(....|..... 4 1 3 915 | 34 4 2
7.0-7.51. 1 2 |..... 21| 43 | 43 2
6.5-7.0]. 1 |..... 1|23 | 28 3
6.0-6.5]....0..... 1] 2 8
56601 | 2 10 9
5.0-55(....| 2 3
46-50; 1| 6
40-4.5| 2
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4. (a) Find the coefficient of correlation in Table Q. (b) Find the corre-
lation ratio 9yy. (c) Draw a diagram similar to Fig. 8, page 53.
TABLE Q

CORRELATION TABLE OF AMOUNT OF NITROGEN USED A8 FERTILIZER AND
YiELp OF WHEAT

Yield of Nitrogen applied in pounds per acre, X
wheat in
bushels
per acre,| 0— | 20- | 40- | 60- | 80- | 100- | 120- | 140- | 160-

Y 20 | 40 | 60 80 100 120 140 160 180

32-26 |.....|.....|..... 6 15 10 4 6 2

2832 |.....|..... 1 18 20 9 5 1

24-28 |..... 1|15 20 3

2024 |..... 2|12

16-20 |..... 10 2

12-16 |..... 8
8-12 4 4
4-8 10
04 6

5. (a) From the data of Table N find the coefficient of multiple correlation
between grade-point average and the other variables. (b) Find the coefficient
of partial correlation between grade-point average and reading comprehen-
sion. (c) Find the coefficient of partial correlation between grade-point aver-
age and reading rate.

6. Using the data of Table N, but leaving grade-point average entirely out
of consideration, find the coefficient of partial correlation between (a) reading
comprehension and reading rate, (b) intelligence and reading comprehension,
(c) intelligence and reading rate.

7. Tables Ry, Ra, Rs are correlation tables of age and weight, height and
weight, age and height, of 1138 boys. (Data were selected by Tippett’s Ran-
dom Sampling Numbers from more extensive data of Isserlis, Biomelrika,
vol. 11.) (a) Find the coefficient of multiple correlation of weight on height
and age. Find the coefficient of partial correlation between (b) weight and
height, (¢) weight and age, (d) height and age.

8. (a) Find the correlation ratio of weight on height in Table Rp. (b) Fit
a parabola of least squares to the means of columns of Table R;, weighting
each mean by the number of individuals in the corresponding column.
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TABLE R;
CoORRELATION TABLE oF AGEs AND WEIGHTS OoF 1138 Bovs
Weight Age in years
in pounds
5 [} 7 8 9 10 11 12 13

31 2 4 b2 R 1

36 6] 13 | 16 5 [..... 4 2

41 10 | 25 47 24 8 10 1

46 17 49 33 51 34 37 2 3 1

51 3 27 22 | 52 38 37 10 5

56 |..... 6 13 16 | 36 | 30 32 22 6 1
6L |.......... 2 4 17 12 26 24 17 2
66 {.....|].....]..... 1 3 6 32 25 17 7
i) U [V IV BV 1 3 1 15 17 26 13
76 ... 11]..... 5 11 29 12
81 ... ... 5 11 2
86 |.....0.... et 3 4 5 3
91 ... 2 4 1
9 |..... ..o 3 1
100 ..o 1 1

TABLE R

CoRRELATION TaBLE oF HEiguts aAND WEIGHTS oF 1138 Boys

Height in inches.

Weight
in pounds
34 | 37 | 40 | 43 | 46 | 49 | 52 | 55 | &8 | 61

31 2 6 1
36 |..... 24 | 16 6
41 |..... 6| 5 | 69 | 10
46 |.......... 51 | 74 [ 73 | 21 8
51 1 |..... 2 | 47 | 91 | 48 4 |..... 1
6 |.....0.....|..... 713 | 76 | 37 2 [t
61 ... 2 | 4 | 49 9
66 ... . e 12 | 64 | 14 1
4 S PR PR RPN PP P 3|3 | 4 1
0 ] 14 | 35 9
8L ... oo e e 2 5 (11
86 ... oo e 7 8
£*) S (AP AR IR RO R PR PR 1 3 3
98 ... 1 3

100 oo e 1
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CORRELATION

TABLE R;

Age in years
Height gy
in inches

5 [ 7 8 9 10 11 12 13 14
4 2 IS IR (R PN T 1
37 7| 16 5 5 |..... 1 2
40 22 | 50 | 29 9 7 2 1
43 7 (46 | 61 | 50 | 19 7 3
46 |..... 12 | 35 | 56 | 68 | 35 9 8 2
49 ... ... 4 | 22 | 39 | 54 47 26 12
52 |.....0..... 111|156 | 33 45 52 41 12
85 ... el 2 5 18 26 43 19
68 |.... ]l ) S (Y RN 2 6 16 10
(2 T PR [RRRPIY (U PRV PP [ IR 5 2
64 ... o] ) U P 1




CHAPTER V
THE BINOMIAL AND NORMAL DISTRIBUTIONS

30. Binomial distribution. In textbooks on college algebra *
it is shown that if p is the probability that an event will happen,
and ¢(=1 —p) is the probability that it will fail to happen, in a
single trial, then the probability that it will happen exactly X
times in N trials is

N!

( PIRCr™ ™™ = =y P M

CY being the number of combinations of N things taken X at a
time. For example, in tossing a die the probability of throwing
an ace is 3, that is, p = 1%, ¢ = 3%. In tossing a die 5 times
(or 5 dice once) the probability of throwing exactly 3 aces is

5! (1 3(5)2 250
3!2!(6) 6 = e 0032

If a long series of hospital records shows that 40 per cent of
cases of a certain disease fail to recover, p = 0.4 may be regarded as
the probability of dying from the disease. Then, just as in the
dice problem above, the probability that exactly 3 patients out
ofa.givensetof5will die is

—— (0.4)3(0.6)2 = 0.2304
The expression (1) is the general term in the binomial expan-

sion of (¢ + p)”. Thus, the successive terms of this expansion

give the probabilities that the event will happen not at all, once,

twice, ..., N times, respectively. If we compute all these
* See, for example, H. L. Rietz and A. R. Crathorne, ‘College Algebm,”

Henry Holt & Co., New York.
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probabilities for the binomial (0.6 4+ 0.4)> we have the results
shown in Table 12. ,
If a new treatment for this disease were being tried out, 5
TABLE 12 patients would be too small a number from
Propasirry oF X which to form a judgment as to the efficacy
" Dgarss v 5 Casgs  Of the treatment, but suppose it had been
oF A Disease ForR administered to 10 patients and all but 1 of
Wmce taE MoR-  4yory recovered. The probability of no

Ra 40 A . ;
;;;!T(;ENT ™ deaths in a group of 10 patients is

P(0) = (0.6)1° = 0.00605—
X | Probebility | 16 probability of 1 death is
0 0.07776
1 0. 25020 P(1) = 10(0.4)(0.6)° = 0.04031
2 0.34560 ili 3
3 023040 The probability of fewer than 2 deaths is
4 0.07680 P(<2) = P(0) + P(1) = 0.04636
5 0.01024
In sets of 10 patients we should then expect
1.00000 at most 1 death 4.6 per cent of the time, or

about once in 20 times, so we should be some-

what doubtful that the treatment is effective. Our doubt will be
strengthened if we consider the probability of a deviation in either
direction from the expected value, which is 40 per cent of 10, or 4.
We have already found that the probability of a deviation of 3 or
more below the expected value is P(=1) = P(<2) = 0.04636.
Similarly we can find that the probability of a deviation of 3 or
more above the expected value is P(27) = P(>6) = 0.05476.
Thus the probability of a numerical deviation of 3 or more from
expectation is P (| X — 4| 23) = 0.04636 + 0.05476 = C.10112.
That is, as a matter of pure chance we should find a deviation of 3
or more deaths from the expected number oftener than once in 10
times. ’

31. Normal distribution. As the number of cases grows larger -
the computation of the various probabilities becomes very tedious.
Fortunately, however, as the number of cases increases the binomial
distribution approaches the so-called normal distribution

YdX = (2mo?) He~ X0V x 0))



NORMAL DISTRIBUTION 69

In section 5 was given the transformation that would change
the normal distribution (2) into the simpler form

Ydz = ¢(2)dz, ¢(z) = (2r) He™?/2 @)

Values of ¢(z), that is, the ordinates of the normal curve, are given
in Table I at the end of this book.
The function

¢-1(2) = _[ o(z)dz = f (@r) M™%z 0

gives the probability that a normal variable, with mean zero
and standard deviation unity, will be less than z. It is the
area under the normal curve, from the extreme left to the ordinate
corresponding to the abscissa . The difference ¢_1(z2) — ¢-1(z1)
gives the probability that a random variate * will fall between
7y and x2; it is the area under the curve between z = z; and
z = z2(22 > 1).

It has seemed more desirable in this book to deal with the
probability that a normal deviate will be greater than xz. This
probability will also be found in Table I. If we denote it by
P(>z), then we have

P(>2) = f o@)de = 1 — p1(@)] ®)

Thus, P(>z) is the area under the normal curve to the right of
the ordinate corresponding to z. Further, by means of (5) it
can be shown that the probability that z will be between z; and z3
is P(>z;1) — P(>ux2), which is the area under the curve between
21 and za2(ze > z1). This may be expressed by the formula

f o(@)ds = P(>m) — P(>a2) ®)

To illustrate the way in which a binomial distribution
approaches the corresponding normal distribution, we shall fit a
normal distribution to the binomial (0.6 + 0.4)2% which gives, for

* A variate may be defined as a particular value of a variable.
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example, the probabilities of various numbers of deaths from 0 to
25, in 25 cases of a disease for which the mortality rate is 40
per cent.

It can easily be shown * that for the binomial distribution
(¢ + p)" the mean number of happenings is Np and that the
standard deviation of the number of happenings is (Npq).” It
can also be shown, by integration, that the mean of the normal
distribution (2) is u, that its standard deviation is o, and that the
area underneath the curve is unity.t The method of fitting a
normal distribution to the binomial consists in choosing the mean
and the standard deviation of the normal curve equal respectively
to the corresponding parameters of the binomial distribution.

In the present case we have Np = 25 X 0.4 = 10, which is
the mean or expected number of deaths in a group of 25 patients,
also o = (Npg)* = (25 X 0.4 X 0.6)* = 6 = 2.44949, Conse-
quently the corresponding normal distribution is

YdxX —(X—lO)’/2x6dX (7)

1
= 245@n)h°

The two distributions may be compared graphically by drawing the
curve

_ 1 -(X~10%/2X6
b yromyL @)

and, on the same set of axes, erecting ordinates equal to the bino-
mial probabilities. Although this is unnecessary, it will be done
here to give a clearer insight into the meaning of the normal
approximation to the binomial distribution.

*See Yule and Kendall, ““An Introduction to the Theory of Statistics,”
Charles Griffin & Co., Ltd., London, 1937.

t Another parameter connected with the normal curve is the probable error :
or probable deviation. It is defined as that deviation which, taken on each
gide of the mean, will include half of the area under the normal curve. If an
item is selected at random from a normal distribution, it is equally probable
that its absolute deviation from the mean will be greater than one probable
error or less than that value. The probable error may be found by the approx-
imate formula P.E, = 0.674490. '
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In order to use available tables we set (X — 10)/6” = z;
then (8) assumes the form

=1 _en_ 1
Y = Sas@nn® 245 #@ ®

From Table I we can obtain the values necessary for plotting the
curve. The binomial probabilities, worked out by the formula
25!

2 X 25-X __
P(X) = C%5(0.4)%(0.6) = X125 = X1 @ — X1

0.4)*(0.6)**~* (10)

are shown in Table 13. Figure 9 shows the normal curve (9) with
the probabilities (10) plotted as small circles.

0.15

0.10

Probability

0.05

R T T | 1 L .

(] 1 2 34567 89 10111213 14151617181920
F1a. 9.—Normal Curve Fitted to a Binomial Distribution.

To get a normal probability, we must find the area under the
appropriate part of the normal curve. It must be remembered’
that the binomial distribution is discrete, in fact it is often called
the point binomial. If then, for example, we wish to find the‘
probability of 13 deaths by using the normal approximation we
find the area under the normal curve from X; = 12.5to Xz = 13.5.;
This is given by the definite integral

13.5 1
L oy L an

We make the transformation

X-10 _ aX
6}6
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which gives
125 — 10 13.5 — 10
== =1.021, z = R = 1.429

and changes the integral (11) into

1.429 1429
fl (@m)~He™ ™ dy = o(z)dz

021 1.021
= P(>1.021) — P(>1.429)
= 0.1536 — 0.0765 = 0.0771

z1

from Table I. The true probability, found by using the binomial
formula (10), is, to six decimal places, 0.075967.

One advantage of the normal distribution is illustrated by the
following examples: The probability of 14 or more deaths is
given by

13.5 — 10 i
P (> ——6%—) = P(>1.429) = 0.0765
The probability of between 7 and 13 deaths, inclusive, is
6.5—10 13.5—=10
P(> o ) - P(> o5 ) = P(>—1.429) — P(>1.429)

=1—2P(>1429) =1 — 2 X .0765 = 0.8470
(It can easily be shown that P(> — z1) = 1 — P(>x1).)

If these probabilities were calculated by the exact binomial for-
mula it would be necessary to calculate all the individual proba-~
bilities included and then to sum them.

The normal approximation * to the binomial (0.6 4 0.4)28
is shown in Table 13. It is seen that the approximation is only
fairly good. It is better near the expected value X = 10 than it
is in the tails of the distribution. It would have been better for
larger values of N(say N = 100, in which case it would have been
too laborious to compute the binomial probabilities); it would
have been worse for p not so close to 34, It is difficult to lay down

* Obtained by using a seven-place table (Table II of Karl Pearson’s ‘“Tables
for Statisticians and Biometricians,” Part 1).
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fixed rules about when the
normal distribution may be
used as an approximation to
the binomial; this depends
upon the accuracy of the re-
sults desired, and good judg-
ment in the matter comes only
with experience.*

If a better approximation
is desired we can use a Gram-
Charlier type A distribution.
(See section33.) Forextremely
small values of p combined
with large values of N the
Poisson exponential function
may sometimes be used as
an approximation. f

32. Fitting a normal dis-
tribution to observed data.
The normal distribution is not
limited in its uses to approxi-
mating the binomial, for ex-
perience has shown that many
sets of data are distributed
approximately like the normal
distribution. Thus, suppose
that we know that the heights
of a group of men are normally
distributed, with mean 68
inches and standard deviation

TABLE 13

ProBaBiLITY OF X DEaTHS IN 25

Cases oF A DisEaseE For WHICH
THE MORTALITY RATE 18 40 PER
CENT

X Probability Nor{nal ap-
proximation
0 0.000 003 0.000 044
1 0.000 047 0.000 208
2 0.000 379 0.000 840
3 0.001 937 0.002 882
4 0.007 104 0.008 389
5 0.019 891 0.020 726
6 0.044 203 0.043 419
7 0.079 986 0.077 206
8 0.119 980 0.116 415—
9 0.151 086 0.149 001
10 0.161 158 0.161 725 —
11 0.146 507 0.149 001

12 0.113 950+ | 0.116 415—

13 0.075 967 0.077 206
14 0.043 410 0.043 419
15 0.021 222 0.020 726
16 0.008 843 0.008 389
17 0.003 121 0.002 882
18 0.000 925— | 0.000 840
19 0.000 227 0.000 208
20 0.000 045+ | 0.000 044
21 0.000 007 0.000 008
22 0.000 001 0.000 001
23
24
25

Total. .| 0.999 999 0.999 994

* For a discussion of this question and of other approximations to the
binomial distribution, see Burton H. Camp, “Probability Integrals for the
Point Binomial,” Biometrika, vol. 16, 1924, pp. 163-171; and Camp’s book,
“The Mathematical Part of Elementary Statistics,” D. C. Heath & Co.,

Boston, 1931.

1 See Thornton C. Fry, “Probability and Its Engineering Uses,” D. Van

Nostrand Co., New York, 1928.
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é inches, and wish to find the probability that the height of a man
taken at random from the group is between 66 inches and 69
inches. We calculate

_66-68__ . _69—¢68
Z1 2 = y T2 = 2

P(>-1) — P(>0.5) =1 — P(>1) — P(>0.5)
=1 — 0.1587 — 0.3085 = 0.5328

= 0.5

which is the required probability. If 100 men were taken at
random from such a population, we should expect to find about
100 X 0.5328, or 53 of them, between 66 and 69 inches tall.

\

\\

* / \
A |

58 60 62 64 66 68 70 72 74
Height in inches

F1a. 10—Normal Curve Fitted to Distribution of Heights of Men.

Such data as the above may be graduated by means of the
normal distribution, that is, a normal distribution may be fitted to
them by making its mean coincide with their mean and its standard
deviation equal to their standard deviation. We shall illustrate
the process by fitting a normal curve to the distribution of heights
of men given in Table 1.

The mean of this distribution was found to be 67.84 inches; the
standard deviation, after Sheppard’s correction had been applied
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to the variance, was 2.17 inches. The equation of the correspond-
ing normal curve is
_ 1 (X — 67.84)2
YaX = o enn &P [ 2(2.17)2
where X is to be expressed in inches. The curve is graphed in
conjunction with the histogram of heights in Fig. 10. In construct-
ing the graph, we must multiply each value of ¥ by N(=2346).

To obtain the theoretical frequencies in the various classes,
we express the class limits as deviations from the mean, divided by
the standard deviation. Obviously the theoretical proportional
frequencies must be multiplied by the total frequency N. The
work is shown in Table 14. For purposes of comparison the
observed frequencies are shown in the last column.

TABLE 14

« NorMAL DisTRIBUTION FITTED TO THE FREQUENCY DISTRIBUTION OF
HEereuaTs oF A GROUP OF MEN

] dX (12)

Class X — 6784 346 X differ-
limit |z = '2—— P(>z) | Difference| % theo- | Observed
X 17 retical frequency
frequency

58 —4.53 1.0000

0.0002 0.1 1
60 —-3.61 0.9998

0.0034 1.2 2
62 —2.69 0.9964

0.0348 12.0 9
64 -1.77 0.9616

0.1593 56.1 48
66 -0.85 0.8023

0.3302 114.2 131
68 0.07 0.4721

0.3134 108.4 102
70 1.00 0.1587

0.1313 45.4 40
72 1.92 0.0274

0.0251 8.7 13
74 2.84 0.0023

0.0022 0.8
76 3.76 0.0001

Total...| .......... | ...... 0.9999 345.9 346
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33. Gram-Charlier type A distribution. If a better approxi-
mation to a binomial distribution is desired we can, as suggested
in section 31, use a Gram-Charlier type A distribution, which also
provides a better fit than the normal function to an observed
frequency distribution such as the distribution of heights con-
sidered above. This distribution consists of an expansion in terms
of the normal function and its derivatives, viz.,

YdX = Yo dz
= [age(z) + a,0,() + a205(2) + a305(z) +- - -Jdz (13)

where ¢i(z) is the kth derivative of ¢(z) = (2r) ¥e~*/2 and
and z = (X — X)/o, dz = dX/o. It can be shown that if we
use z instead of X, that is, if we express our variable as a deviation
from the mean divided by the standard deviation, then ap = 1,
a; = az = 0, and through the term in ¢4(z), which is as far as we
should often want to carry the expansion,

1ps 1 (s
YdX = Yodz = [¢(z) e es3(z) + % (0—4 — 3) m(z)]dz (14)
The area under any portion of the Gram-Charlier curve

S CR FECR{ CRD IC] I
is given by

f YdX = f Yode=¢_,(z)— %:%tpz(x) + 2—14(:‘—: - 3) #3(z) (16)

between the appropriate limits.
For the binomial distribution we have *

bg = Npg, ng= Npq(q — p), r#y = Npg(1 — 6pq) + 3N?p*¢* (17)
Consequently (16) reduces to

- 1-6
f YdX = ¢_,(z) — 6—(‘-’]—\,?’)’,‘ ¢a@) + Mp’q’q ¢s@)  (18)

For a further discussion of the Gram-Charlier distribution

“* Thornton C. Fry, “Probability and Its Engineering Uses,” D. Van
Nostrand Co., New York, 1928.
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and examples of fitting observed data and the point binomial by
means of it, the student is referred to Fry,* Camp,f and Fisher.}

34. Testing the significance of a mean when the population
standard deviation is known. If the populatlon from w}nch we
are taking samples is normal, with mean u “and variance o2 then,
as has long been well known, the means of samples of size N will
themselves be normally distributed, with mean u and variance
o2/N (i.e., standard deviation o/N*).§ This fact enables us to
use the normal distribution to test the significance of a mean,
provided we know the standard deviation of the population.

Suppose, for example, that we know from considerable experi-
ence that the average breaking strength of a certain type of cotton
thread is 7.50 ounces, and that the standard deviation is 1.20
ounces. A sample of 9 pieces of thread shows a mean breaking
strength of 6.52 ounces. If we assume that the population of
breaking strengths is normally distributed we can find the proba-
bility that the consignment from which the sample was taken is
below standard. The standard deviation of the mean of a sample
of 9 is

We now calculate
X—u_ 652-1750

og 040

The probability that the mean of a sample of 9 will be this far or
farther below the population mean is

¢-1(—2.45) = P(>2.45) = §.0071

That is, in samples of 9, such a deviation below the general aver-
age would be expected only about 7 times in 1000, and we con=-
clude that the product is inferior.

*Thornton C. Fry, “Probability and Its Engineering Uses,” D. Van
Nostrand Co., New York, 1928.

t Burton H. Camp, “The Mathematical Part of Elementary Statistics,”
D. C. Heath & Co., Boston, 1931.

t Arne Fisher, “The Mathematical Theory of Probabilities,”” The Mac-
millan Co., New York, 1930.

§Even if the population is not normal, the distribution of means wx].l
usually be approximately normal.

=— 245
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It should perhaps be emphasized that ‘ significance ” is a
relative term. Thus, one person might regard a deviation as
significant if the probability of the occurrence of a greater devia-
tion were 0.05. Another might regard it as significant only if this
probability were 0.001. It is largely a subjective matter and
depends upon the chances that the individual is willing to take
that his judgment may be wrong. Many investigators are willing
to regard as significant any deviation (or difference) for which the
probability of a greater deviation is 0.05, and as highly significant
any deviation for which this probability is 0.01 or less.

It is conceivable that we might know the population standard
deviation but not the population mean. For instance, we might
be prepared to believe that the variability of strength of a certain
type of thread is about the same although produced by different
factories, but that the average value differed from factory to
factory. Suppose that in the above illustration the 9 pieces of
thread are from a certain factory and that we wish to test the
hypothesis that the mean breaking strength of this type of thread
produced by the factory is not below 6 ounces, on the assumption
that ¢ = 1.20 ounces. We calculate

6.52 — 6

W = 130, P(>1.30) = 0.0968

so that if the mean breaking strength of the product put out by
this factory were 6 ounces, we should, in samples of 9, find
a mean breaking strength of 6.52 ounces or greater nearly once
in 10 times. The mean breaking strength of the product of this
factory could very easily be as low as 6 ounces and still yield a
sample of 9 having a mean breaking strength of 6.52 ounces.

35. Fiducial or confidence limits. Suppose that, with a known
population standard deviation of 1.20 ounces, we want to set limits,
as judged from our sample mean of 6.52 ounces, within which we
should have some confidence that the population mean lies. If
we take the probability

p(> ) - r(> 1552
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and set it equal to 0.02, say, we find * from Table II
v|6.52 — 1| /0.40 = 233, |6.52 — u| = 0.93
p=6.521093 p =559, p =745

The value u2 = 7.45 may be called the 1 per cent fiducial value of
p for X =6.52 and o = 1.20. Similarly, u; = 5.59 may be
termed the 99 per cent fiducial value of u corresponding to the
given values of X and 0. The two values may be called the 98
per cent fiducial or confidence limits for u corresponding to the
given X and ¢. For suppose that from a sample mean X we
should assert that the population mean p is between the limits
X — 2.330/N* and X + 2.330/N%, that is,

T _ 2 330’ <X + 2. 330‘
This inequality is eqmvalent to
2.33¢0 2. 330‘
Y X<u +

But the probability that X will satisfy this last inequality is 0.98,
80 that in the long run we should be right in our assertion regarding
the population mean 98 times out of 100 and wrong twice out of
100 times—once because the observed X fell below u — 2.33/N*
and once because it was above u + 2.33/N ”, so that the inversion
of the second inequality above supplied an inequality which failed
to include u in these instances.

36. Testing the significance of the difference between two
means when the population standard deviation is known. If the
variables X; and X, are normally distributed with means y; and
p2 respectively, their difference X; — X2 will be normally distrib-
uted with mean u; — ug.

The variance of the difference between two variables is the
sum of their variances diminished by twice their covariance. In
symbols this may be stated

O'il -X3 = d'xl + UX’ 2r0'xla'x’ (19)
v,

* Note that the probability of an absolute or numerical deviation is twice
that of the corresponding algebraic deviation, and that consequently we ﬁnd
in Table II the value of z corresponding to P(> z) = 0.01.
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In the last term, r is the coefficient of correlation between the
variables X and X3, and rox, oy, is their covariance. If X, and X>
are uncorrelated this last term drops out and the foregoing formula
reduces to

0h-x = 0%, + 0%, (20)

The variance of the difference between two uncorrelated means
is thus

o2 o
o%!_x, = 0'?21 + cr?z, = ﬁ + ﬁ (1)

where Ny and N are the respective numbers in the samples from
which the means X; and X, were calculated.

It may sometimes happen that it is reasonable to suppose that
the populations from which the samples have been drawn have
the same variance ¢2. In this case, (21) assumes the still simpler
form

1 1
A= (o + o @2)

For example, experience might show that the standard deviation
of the breaking strength of a type of thread such as that considered
earlier in the chapter could be regarded as 1.20 ounces. Suppose
that under this assumption a sample of 9 pieces from one factory
showed a mean strength of 6.52 ounces, while a sample of 16 pieces
from another factory showed a mean strength of 7.20 ounces. We
wish to know whether we can regard the general average output of
the second factory as superior. We can test the hypothesis that
the two samples were drawn from populations with the same mean,
that is, s = pg, or that the difference X; — X5 has the mean
p1 — uz = 0. Here we have .

ox,-x, = 1.20 3 + )% = 1.20 X % = 0.5

X, -X: 652-1720
=03 =—1.36

UXI—XQ

Actually we are concerned only with the absolute value of the dif-
ference. We find from tables of the normal distribution that the
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probability of a deviation greater than 1.36 above or below the
mean is
2P(>1.36) = 2 X 0.0869 = 0.1738

This would not disprove the hypothesis, and we can not conclude
that the product of the second factory is, on the average, superior.

37. Testing the significance of the difference between two
proportions. If, from a population in which the proportion of
individuals possessing a certain characteristic is p, we take a large
number of samples of size N, then the number X of individuals
possessing this characteristic might range in these samples from
0 to N, but would on the average be X = Np, and the standard
deviation of this number would be cx = (Npg)*, as was stated in
section 31. The proportion of such individuals might have the
values 0, 1/N, 2/N, ..., (N — 1)/N, 1, but would on the aver-
age have the value 7 = p, and the standard deviation ox/N
=(pg/N)*.

If we draw repeatedly two samples, one of size N; and the
other of size N2, from a common population, and if we average
the obtained values of p1, and likewise those of p2, we expect to
find the average proportions to be 5, = P2 = p, the true popula-
tion proportion, and the standard deviations to be

% %
=) o= (F) @
respectively.

Suppose we wish to test the hypothesis that two observed
proportions, p; and p, obtained from samples of size N1 and N;
respectively, are consistent with sampling from a common popu-
lation. On this hypothesis, the expected value of the difference
P1— p2 is P1 — P2 = 0, so that we wish to test whether<the
observed difference is significantly different from zero. The
standard deviation of the difference, assuming no correlation
between the proportions, * is

onom = ety = (24 BY'o (1 1) e

Te The proportions might, for example, be correlated if the individuals m
the first sample were brothers of those in the second.
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Since p = D1 = P2 is unknown, it must be estimated in order to
evaluate (24), and theoretical considerations show that a good
estimate based on the samples is the weighted mean of the two
observed proportions, viz.,
' Nip1 + Nap2
N1+ N2

which is the proportion observed in the combined samples. If the
numbers N; and N2 are large, we may assume that the quantity

P1 — P2
7= WORA/N i+ N @)
(¢ = 1 — p’) is normally distributed, and so test the significance
of the observed difference.
Suppose that in a group of 33 light-haired persons there are
26 with blue eyes, while in a group of 27 dark-haired persons there
are only 9 with blue eyes. (See Table 15.) The proportion of

TABLE 15

HAIR-CoLoR AND EYE-CoLOR OF 60 PERsONS

Light-haired | Dark-haired | Total

Blue-eyed. . .... 26 9 35
Brown-eyed. ... . 7 18 25
Total........ 33 27 60

blue-eyed persons in the light-haired group is p; = 2843 = 0.78,
while in the dark-haired group it is pz = %7 = % = 0.3. For
the total group, p’ = %0 = %z = 0.583, ¢’ = 1 — 336 = 2360 =
%2 = 0.416. Further, N; = 33, N2 = 27, and from (25) we have

0.7879 — 0.3333 0.4546

T @5 X 3D + ) 01279

The probability of a greater numerical difference is
2P(>3.55) = 0.0004

z = 3.564
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It should be added that the test regarding the difference
between the proportion of light-haired persons among those having
blue eyes and among those having brown eyes yields precisely the
same result. This is always true in a table such as the foregoing.
We have for this test

p1 =328 =07429, ps =% = 02800, Ny =35 N:=25

o =8, ¢ =%, N = 60
0.7429 — 0.2800 0.4629
= = =3.554
T B X3 +25)° 01303 +
38. Testing the significance of a correlation coefficient.*

The significance of a correlation coefficient r may be tested by
making the transformation
1 147

=§log,1_r=

11513 Iogro -7

1—r (26)

Then X will be approximately normally distributed with standard
deviation 1/(N — 3)%, where N is the number of pairs of variates
from which r was calculated. If p is the coefficient of correlation
in the population from which the sample was drawn, we can also
make the transformation
14+p

1 1+,
p= 210g.l —, = 1.1513 loglol _

@)

and test whether X deviates significantly from p.

Suppose that the scores in two tests administered to the same
set of 20 students have a correlation of 0.65. Could we expect
these same tests in general to yield a correlation of as much as 0.50?

We test the hypothesis that the population correlation is 0.50.
That is, we assume that the population correlation is 0.50 and see
whether the value 0.65 is unusual in such a case. If it is, we should
reject the hypothesis. We find

1. 14065
X =3log 565

* See R. A. Fisher, “On the ‘probable error’ of a coefficient of correlation
deduced from a small sample,” Metron, vol. 1, 1921, part 4, pp. 1-32. .

= 0.77530
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1. 14050
n =g log T = 0.54930
11
T W =3)% T
X-w_ (0.77530 — 0.54930)(17)* = 0.9318
g
X

As a normal deviate this is, of course, not significant.
To test whether this correlation coefficient is significantly dif-
ferent from zero we calculate

X —

Tx

0_ 0.77530(17)% = 3.197

The probability of a numerical deviation of this much or more is

2 X P(>3.197) = 2 X0.0007 = 0.0014

which is extremely small, so that the observed correlation is
decidedly significant.

An exact method of testing the significance of a correlation
when the correlation in the population is zero will be given in
Chapter VI.

In testing the significance of a partial correlation coefficient we
proceed as above, except that the standard deviation of X is

1
T (N—m- 3%

v (28)
where m is the number of variables eliminated. Thus in testing
the significance of a partial coefficient r;53..., we should use
¢ = 1/(N — k — 1)% since k — 2 variables have been eliminated.

39, Testing the significance of the difference between two
correlation coefficients. To test the significance of the difference
between two correlation coefficients r; and re, calculated from
samples of N; and N respectively, we make the logarithmic
transformation

l+r1 1 147
I—r’ Xa=glei—,

X = —log. (29)



EXERCISES 85

Since
S S U
nTN, 3% TRT (N, — 3%

the standard deviation of the difference X; — X2 is

ax-x=<a§+ai)%=(N1 - )” @1)
1 3 1 2 1__3 N2_3

(30)

We therefore set

x=(X1—~X2)—I'(N 1 + ! )}‘ (32)
1—3 N2-3

and regard z as a normal deviate, with unit standard deviation.
We test whether z is significantly different from its expected value,
Zero.

Suppose that a correlation coefficient of r; = 0.60 has been
obtained from a sample of size 28 and that another of r; = 0.40
has been obtained from a sample of size 23. Are they significantly
different?

We find X; = 0.69315, X, = 0.42365

1 1\¥ 0.26950
z = 0.26950 + (ég + -2—0) = W

= (.898
which is not significant.

EXERCISES

1. In the manufacture of a certain article it is known that 2 per cent of the
articles are defective. What is the probability that a random sample of 10
of the articles will contain (a) no defectives, (b) exactly 1 defective, (c) exactly
2 defectives, (d) not more than 2 defectives?

2. If the probability that a person 65 years old will die within 1 year is
0.04, find the probability that of 5 persons 65 years old exactly 1 will die dur-
ing the year. .

8. A certain disease has a fatality of 10 per cent. The records of a hospital
show that, out of 15 patients belonging to a designated occupational class and
admitted with this disease, 4 died. Does this indicate a lack of resistance to
the disease on the part of this occupational class?

4. The presidents of the United States, up to and including Franklin D.
Roosevelt, have a total of 70 sons and 46 daughters (World Almanac). Is this
an unusual proportion if the ratio of male births to total births in the popula-
tion at large is 0.517

6. If a baseball player has a batting average of 0.300, what is the prob-
ability that he will get at least 25 hits out of 100 times at bat?

8. In a certain university the number of failures in freshman English, over
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a period of years, is 8 per cent. In a given year there were 50 failyres in &
class of 500. Can this be attributed to chance?

7. Supposing that the observer who made the telescopic readings of exer-
cise 1, page 24, is known to have a standard deviation in his readings of
0"'.52, and that the population mean is the same as that of the sample of 15
readings, find the probability of a deviation as great as or greater than the
maximum deviation among the 15 readings, under the further assumption of
a normal population.*

8. Fit a normal curve to the data of Table B, page 8, finding the theo-
retical frequencies of the various classes.

9. (a) Fit a normal curve to the total frequencies of carapace length in
Table P, page 63. (b) Fit a normal curve to the total frequencies of right
chela length in this table.

10. (a¢) Fit a normal curve to the distribution of weights obtained as mar-
ginal totals in either Table Ry or Table Rs. (b) Fit a normal curve to the
distribution of heights obtained as marginal totals in either Table Rz or
Table Rs.

11. Suppose that it has been determined that the average pulse rate of
males in the 20-25 year age group is 72 beats per minute and that the standard
deviation is 9.5 beats per minute. If a group of 25 distance runners, all in
the given age group, were examined and found to have an average pulse rate
of 65, should this be regarded as a significant deviation from the general
average?

12. Suppose that the standard deviation of stature in men is 2.48 in. One
hundred male students in a large university are measured and their average
height is found to be 68.52 in. Determine the 98 per cent confidence limits
f‘oithe mean height of the men of the university.

18. If 50 freshmen in a given university are found to have a mean height
of 68.60 in., and 40 seniors a mean height of 69.51 in., is the evidence conclu~
sive that the mean height of the seniors is greater than that of the freshmen?

e the standard deviation of height to be 2.48 In.

14. A certain intelligence test has been administered to a large group of
pupils and it has been found that the standard deviation of scores is 38.5 for
girls and 35.2 for boys. The test is given to a group of 17 girls, who make
an average score of 185.1, and to a group of 23 boys, who make an average
score of 156.7. Is there a significant difference in intelligence between these
two groups?

15. One thousand articles from a factory are examined and found to be
3 per cent defective. Fifteen hundred similar articles from a second factory
are found to be only 2 per cent defective. Can it reasonably be concluded
that the product of the first factory is inferior to that of the second?

16. In 1916, in the original registration states, the number of white males
dying between the ages of 30 and 31 was 1609 out of a population of 253,445
of white males in this age group; the corresponding figures for white females of
the same age were 1302 out of 239,912 (“United States Life Tables”). Is

* See Paul R. Rider, “Criteria for Rejection of Observations,” Washington
University Studies, new series, Science and Technology, No. 8, 8t. Louis, 1933.
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there a significant difference between the death rates of the two sexes at this
age?

17. In 1910, in the original registration states, the number of negro males
dying between the ages of 30 and 31 was 115 out of 6975. Can it be assumed
that there is a racial difference in death rates at this age? (See preceding
exercise for data on white males.)

18. In 1910, for white males in the age group 30-34 years, the number
dying in Chicago was 902 out of 106,307; in New York 2130 out of 221,598
(“United States Life Tables”). Are the death rates in the two cities signifi-
cantly different?

19. How significant are the results of vaccination shown in Table S8?

TABLE 8

Smarrrox Darta, Lonpon, 1901
(Macdonell, Biometrika, vol. 1)

l Recoveries

Deaths
Vaccinated. . .... 652 108
Unvaccinated. . . . 96 98

20. A correlation coefficient of 0.5 is discovered in a sample of 19 pairs.
Is this significantly different (a) from 0.3, (b) from 0?

21. Answer the questions of the foregoing exercise for the case in which the
coefficient is a partial correlation coefficient r12,345.

22. The correlation coefficient between mathematics aptitude and lan-
guage aptitude for a group of 20 boys is 0.42. For a group of 25 girls the
correlation is 0.75. Is the difference significant?

28. How probable is it that the correlation in the population from which
the sample shown in Table J, page 43, was taken is 0.50 or greater? (See
exercise 1, page 62.)

24. Is there a significant sex difference in correlation between red blood
cells and hemoglobin as determined from Table O, page 63? (See exercise 2,
page 62.) ’ '



CHAPTER VI
STUDENT’S DISTRIBUTION

40. Student's distribution and the reliability of a mean. We
have seen in the preceding chapter that, if we know the standard
deviation ¢ of a normal population, we can test the probability
that a sample mean X deviates by more than a specified amount
from the population mean by treating the quantity N*¥(X — u)/o
as a normal deviate with unit standard deviation. If, however, we
do not know the standard deviation of the population, it becomes
necessary to estimate it from the sample. We might use the
standard deviation of the sample,* viz., s = [Z(X — X)2/NT*, but
for certain reasons it is more desirable to use t

sIN/(N - 1)* Q)

Then the estimated standard deviation of the mean, found by
dividing (1) by N%, is s/(N — 1)*, and if we set

X—u X—u

L= - D% T X = DUNE - D

@

. * Any quantity such as a standard deviation, a median, a correlation
coefficient, when calculated from a sample, is called a statistic; the correspond-
ing quantity in the population is called a parameter.

t The expression (1) is the value of o which will make the value of s
obtained from the sample the most probable. It is obtained by the method
which Fisher terms that of mazimum lLikelthood and is called the optimum
value of o. (See section 50; also Deming and Birge, “On the statistical
theory of errors,” Graduate School of the U. S. Department of Agriculture,
Washington, reprinted with additional notes dated 1937 from Reviews of
Modern Physics, vol. 6, 1934, pp. 119-161.)

°
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then the quantity ¢ is not distributed normally, but in * Student’s
digtribution

__ln =121t £\~ +or2
*= (nm)*[(n — 2)/211(1 + n) dt @

with n = N — 1, the so-called number of degrees of freedom.
The symbol k!, called ‘ k factorial,” is defined as

[ wz"e"dz 4)

This reduces to k(k — 1)(k — 2) ... 3:2-1if kis an integer. The
integral (4) is often called the gamma function, I'(k + 1), and we
have the relation k! = I'(k + 1).

Any gquantity t which is the ratio of a normal deviate to a sto-
chastically independent * estimate of its standard deviation, obtained
from samples from a normal population, is distributed in Student’s
distribution with n equal to the number of degrees of freedom utilized
in estimating the standard deviation.t

Thevariance of £ isn/(n — 2), and as n becomes larger the distri-
bution approaches a normal distribution. Forn > 30 it is permis-
sible to use tables of the normal distribution by taking t[(n — 2)/n]*
as a normal deviate with unit standard deviation, and for n > 100
the quantity ¢ itself may be considered as the deviate. .

The probability that ¢ will be numerically greater than a
specified value has been tabulated, } but in practice one generally
uses tables such as Table V at the end of this book, in which ¢ is
tabulated in terms of the probability that it will be exceeded in
random samples.

In order to gain an idea of the use of Student’s distribution let
us suppose that a machine which produces mica insulating washers
for use in electrical devices is set to turn out washers having a
thickness of 10 mils (1 mil = 0.001 inch). A sample of 10 washers
has an average thickness of 9.52 mils with a standard deviation

* I.e., independent in a probability sense.

tSee R. A. Fisher, “Applications of ‘Student’s’ distribution,” Metron,
vol. 5, 1925, No. 3, pp. 90-104.

1 See Metron, vol. 5, 1925, No. 3, pp. 105-120.
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of 0.60 mil. Let us see the significance of such a deviation. We find
by using (2) that

9.52 — 10

=W=—2.4, n=10-1=9

The probability that ¢ is numerically greater than 2.4, or that the
mean thickness of a sample of 10 washers will deviate more than
2.4 times its estimated standard deviation above or below the
population mean (here assumed to be 10 mils), is, from the tables
in Metron just referred to, found to be

P(t| > 24) = 004

For such a probability we should be inclined to say that the devia-
tion is not altogether due to chance. In practice we should merely
note in Table V that 2.4 > 2.262, the 5 per cent level forn = 9,

41. Confidence limits for the population mean.* The fore-
going probability statement can be phrased as follows: If 10 is
the mean thickness, then the probability of obtaining a sample of
10 with a mean and a standard deviation leading to a more improb-
able value of ¢ is 0.04. A similar probability statement can be
made on the basis of the assumption that the mean thickness of
the population of washers is 9, or 11, or any other value.

Suppose that we wish to estimate, from our sample, limits
within which the population mean lies, with some assurance that
we are correct. For example, suppose that we want to be 98 per
cent sure (in the sense that we should be correct in our judgment
08 per cent of the time). We canset P(|¢| 2 ¢;) = 0.02, and for 9
degrees of freedom find, from Table V, that {; = 2.821. That is,

[9.52 — u|
0.60/93;

8.9558 < u < 10.0842

= 2821, |9.52— u| = 0.5642

* For a clear elementary discussion of the subject of confidence limits and
fiducial probability the reader is referred to H. L. Rietz, “On a recent advance
in statistical inference,’” American Mathematical Monthly, vol. 45, 1938,
pp. 149-158.
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If p is less than 8.9558 or greater than 10.0842, then |¢| found
from our sample values of X and s will exceed 2.821, and therefore,
if any such value of u is chosen as a hypothetical mean, the sample
will be regarded as inconsistent at the 2 per cent level of signifi-
cance, even though this value of x may be the true one. On the
other hand, if any value of p for which 8.9558 < p < 10.0842 is
chosen as a hypothetical mean, then for this choice | ¢| will be
less than 2.821 and the sample will be regarded as consistent with
such a hypothesis at the 2 per cent level of significance. But,
whatever be the true value of y, in repeated samples with u set
equal to this value, we shall obtain simultaneous values of X and s
such that |¢|< 2.821 in 98 per cent of cases, so that whatever be
the value of ¢ we expect consistent samples at the 2 per cent level of
significance in 98 per cent of cases. Therefore, if we suppose our
sample to be consistent (at the 2 per cent level of significance) with
regard to the unknown value of p from which it did arise, then
in 98 per cent of cases in the long run we shall be correct in our
supposition. Consequently, in the present instance we sup-
pose our sample to be consistent, which means that we suppose
8.9558 < p < 10.0842; and although we may be wrong in this
instance, yet 98 per cent of the time that we write such inequalities,
based on the values of X and s observed, we shall be right; for 98
per cent of the time we shall have drawn a consistent sample,
whatever u.

The values 8.9558 and 10.0842 may be termed 98 per cent
Jiducial or confidence limits of p corresponding to the observed
sample.

42, Testing the significance of the difference between two
means. If we wish to determine the significance of the difference
between two means of small samples we test the hypothesis that
they came from the same normal population. If two variables
having variances o3 and o2 respectively are uncorrelated, the
variance of their difference is o7 + o2 Thus the variance of the
difference between two means X; and X, of samples of Ny and
N respectively, taken from a population whose variance is ¢2, is
0?/N1 + ¢®/N; = ¢*(1/Ny + 1/N3). If we do_not know the
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population variance we estimate it from the expression

& = (X — X2 + 2(X2 — X2)? _ N, + N,
N1+ Nz -2 N1+ N:-2

where s? and sZ are the variances of X; and X respectively. The
denominator of the foregoing fraction is the number of degrees of
freedom used in estimating o2. To obtain this we must deduct
two from the number of observations, one degree having been
used up in calculating X, another in calculating X,. The esti-
mate of the standard deviation of X; — X, would then be
§'(1/N1 + 1/N3)* and we write

X-X X -X, ©
Y L O TET VN

N, N 1+N2—2/ \N; N,
Then ¢ is distributed in Student’s distribution with the number of

degrees of freedom n = N;+ N2 — 2. If Ny=Nz=N, (6)
reduces to the simpler form

e
1 2
with n = 2(N — 1). v -

As an illustration let us consider the following problem: The
ash content of coal from two different mines was analyzed, five
analyses being made of the coal from the first mine, four of that
from the second mine. Are we justified in supposing that the two
mines consist of coal with the same percentage ash content on the
basis of the results obtained, which are recorded in Tables 16A
and 16B?

107.5

Ni=35, X,——5—=215 N,s? = 30.02

®)

=

Nz =4, X2=7—2=18 N2s§=7.78

t=

Ny + N ) (lex + st«f’)
N+ N - NiN:
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21.5 — 18.0
(9) (30 02 + 7. 78)
5X 4

= 2.245+

(243)“
n=N+Ns—2=17
P(|t] > 2.245) = 0.06

TABLE 16A TABLE 16B
CoaL FroM FirsT MINE Coar FroM SEcoND MINE

Per cent Per cent

ash ¥ w2 ash _ 2
content | X1~ X1| (X1 X content, | X? X | (X2 - Xy

Xi X

24.3 2.8 7.84 18.2 0.2 0.04

20.8 -0.7 0.49 16.9 -1.1 1.21

23.7 2.2 4.84 20.2 2.2 4.84

21.3 -0.2 0.04 16.7 -1.3 1.69

17 .4 —4.1 16.81

107.5 0.0 30.02

72.0 0.0 7.78

Thus, there are about 6 chances in 100 of observing a greater
difference in percentage ash content, on the supposition that the
mines are equal in this respect, and at the 5 per cent level of sig-
nificance we can not judge that any difference between the mines
has been detected. .

43. Testing the significance of a regression coefficient. Sup-
pose that we have fitted a regression line Y’ = a + bX ory’ = bz
to a set of NV pairs of values of X and Y and wish to see whether the
regression coefficient b differs significantly from some hypothetical

value 8. We have previously found that
N

PIET

=1
b=—%

2.4 .

=1
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which is a weighted sum of y’s, the weight corresponding to y; being
w; = z;/Zz% If now we assume that, for a given value of z, y is
normally distributed with variance ¢2, b will be normally distrib-
uted with variance

2 0.2

o
LN W, S
(22?2 Za Zax? ®

o = ¢2Zw? =
If we do not know o2 we must estimate it from the data. As an
estimate we use
_XY=Yv)» 1
- N-2 N-2

s'?

(ZY2 — aZY — bZXY) 9)

the divisor N — 2 being the number of degrees of freedom left
after the two constants ¢ and b have been calculated.
If we divide b — B by the estimate of the standard deviation of
b we have a quantity distributed in Student’s distribution with
N — 2 degrees of freedom. The estimated value of o, is
s [ (Y — Y2 ]%
(Z2)% LV - 2)2(X — X)?

(10)

and we set
t=©0-p)+ [(N _2_:(2);2_()(},222)2
For the illustration used in section 18 we have
b=0376, Z(Y — Y’')? = 3.6062,
ZX-X)2=110—-224 N-2=3
To test whether b is significantly different from zero we set 8 = 0in
(11) and find

t = 0376 = [

]%, n=N-2 (11)

=231

3.6062 ]” _ 0376
3(110 — 324/5) 0.1631

This is not significant, as the 5 per cent value of ¢ for 3 degrees of
freedom is 3.182.

44, Testing the significance of the difference between two
regression coefficients, Suppose that we have two regression
equations

. Yi=a+b0X, Ys2=a3+bX. 12)
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calculated from N; and N2 pairs of values respectively. To test
the significance of the difference between b; and bs we calculate

_ 21— Y2+ 2(Yp — ¥)?

8’2
Ni+N; -4

~13)

the denominator being the total number of degrees of freedom,
(N1 — 2) + (N2 — 2). The estimated variances of b; and b are
respectively

8’2 8’2

2t 2Xi - (2X0)%/N,

§'2 - §'2

=22 ZX2 - (ZX3)?/N,
and the estimated variance of the difference b; — b2, under the
assumption of no correlation between b; and bz, is the sum of the
foregoing. We test the difference by — b2 by setting

(14)

(15)

by —b
f=—> 2 . p=N;+N;—14 (16)

1 1\%’
Ez1 EIz
and continuing as in the preceding sections.

46. Testing the significance of a partial regression coefficient.
Suppose that we have fitted a multiple regression equation

Y =bo+ X1+ boXo+ --- + 0uXs 17)

and wish to test the significance of one of the regression coeffi-
cients, say b;. It can be shown, by the method used in the pre-
ceding section, that the estimated variance of b, is §'%c;;, where

(Y -y
" N-k-1

82

(18)

and c;; is found as in section 20 of Chapter III. The denominator
in (18) is the number of sets of values used in obtaining the regres-
sion equation diminished by the number of constants in the equa-~
tion. It is the number of degrees of freedom used in the estimate
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8’2, Then to test the significance of the deviation of b; from a
hypothetical value B; (e.g., zero) we set

_ bi - ﬁi _ Q) . [c.-.-E(Y - Y')z]“
t= ok ®: — By = N-F=1 (19)

and use probability tables of the quantity {withn = N — k — 1.
In the example of multiple regression worked out in Chapter
IIT we found

coo = 27.9031 cop =— 3.1290 co2 = — 6.3226
c11 = 0.3613 c1z = 0.7032
c22 = 1.4581
1.7484

bo =— 5.9357 b, = 1.2194 be
We need

Z(Y = Y)2 = ZY%2 — boZY — 01ZX1Y — b ZX,Y
= 55 + 5.9357 X 15 — 1.2194 X 71 — 1.7484 X 32
= 1.5093

To test whether b; has a significant value, that is, whether it is
significantly different from zero, we set

0.3613 X 1.5093)“ 12194

t=l.2194+( 5_3 —m=0.739

From Table V we find for n = 2 that the probability that ¢ will
exceed this value numerically is between 0.5 and 0.6, so the value
of b; is not at all significant—we should expect a value this large
numerically more than half the time.

46. Comparing two partial regression coefficients. To com-
pare two partial regression coefficients in the same regression
equation,* such as b; and bz, we set ¢ equal to their difference
divided by the square root of

§'%(c11 — 2c12 + c22) (20)
' * See Fisher, ‘“Statistical Methods for Research Workers,” section 29.
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In the present example we have
_ by — by
§'(c11 — 2012 + c22)”

1.5093 ]"

= (1.7484—1.2194) + [——2——(0.3613—2x0.7032+1.4581)

05290  0.5290
~ (0.311670)% ~ 0.5583

=0947, n=2

and Table V shows that there is no significant difference, the
probability of a greater difference being near 0.5.

47. Testing whether a sample has been drawn from uncor-
related material. If we are sampling from uncorrelated material
the values of r obtained follow the rather simple distribution

_ v - 3)/2I!

Ydr = S — 4201

1 = r)W-972 gy (21)
where N is the number of pairs of values in the sample. By means
of the substitution

% i = dt
SUFemB TR eyt

the. distribution (21) is transformed into Student’s distribution (3)
of section 40 with n = N — 2.

To test whether a value of r obtained from a sample of N pairs
of values is significantly different from zero, that is, whether the
material from which we are sampling is correlated, we make the
inverse of transformation (22), viz.,

r n=N-2 (22)

ﬂ%T

t=—t T
a1 - r2%’

n=N-—-2 (23)
\ and use tables of Student’s distribution.

In section 22 of Chapter IV we found » = 0.80 from 5 pairs of
values of X and Y. Using formula (23) we find

_ 3% X 080 13856

== 060% " 06

=2310, n=3
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The probability that ¢ is numerically greater than 2.310, which
is the probability that r deviates from zero by more than =-0.80,
is about 0.1. The observed value of r therefore could not be
regarded as significant. The reason why such a comparatively
high value of the correlation coefficient is not significant is that it
is obtained from such a small number of cases, that is, the number
of degrees of freedom is small.

1 48. Testing the significance of a partial correlation coefficient.

If we have found a partial correlation coefficient r,53,..., from N

sets of values, the significance of its difference from zero can be

obtained by using the transformation employed in the preceding

section, with » = N — k. For example, we found in section 29 a

value ri2.3 = — 0.977 from 5 sets of values. In this case N = 5,
k=3,n=N-—k=2 and

‘e (—0977)

T - (—0977)%PE

The probability that ¢ will be larger than this numerically is

slightly greater than 0.02 and the corresponding value of » may be
regarded as significant, although not highly so.

— 6479, n=2

EXERCISES

1. A certain stimulus administered to each of 12 patients resulted in the
following increases of blood pressure: 5, 2, 8, —1, 3,0, 6, —2, 1, 5, 0, 4.
Can it be concluded that the stimulus will be in general accompanied by an
increase in blood pressure?

2. Using the observations of exercise 1, page 24, set 95 per cent fiducial
limits for the vertical angular diameter of Venus.

8. Below are given the gains in weight (pounds) of hogs fed on two different
diets. Twelve animals were fed on diet A, 156 on diet B. Is either diet
superior?

Gains in weight on diet A: 25, 30, 28, 34, 24, 25, 13, 32, 24, 30, 31, 35
Gains in weight on diet B: 44, 34, 22, 8, 47, 31, 40, 30, 32, 35, 18, 21, 35,
29, 22 -

4. Test for significance the regression coefficient found in exercise 2,
page 43. Can the population regression coefficient be regarded as great
as 0.5?

6. Test for significance the partial regression coefficients found in exercise 8,
page 45.

6. A correlation coefficient of 0.42 is found in a sample of 25 pairs of
values. Can it be regarded as significantly different from zero?
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7. If the coefficient in the preceding exercise is a partial correlation coeffi-
cient of order 3 obtained from 25 sets of 5 values each, can it be regarded as
significant?

8. (a) Is there a significant sex difference in mean number of blood cells
a8 determined from Table O, page 63? (b) Is there a significant sex differ-
ence in mean amount of hemoglobin as determined from this table?

9. Find the coefficients of regression of hemoglobin on red blood cells for
the men and for the women of Table O, page 63. Is there a significant
difference between these coefficients?



CHAPTER VII
THE CHI-SQUARE DISTRIBUTION

49. Chi square. Suppose that the variable X has the distri-
bution (2x)* exp(—X2/2¢2)dX /s, in other words that it is
normally distributed about zero with variance ¢2. If we have n
values of X, we define

Sox
x? == ¢Y)

[

In words, chi square is the sum of squares of n independent normal
deviates divided by their common variance. The number of inde-
pendent deviates, n, is called the number of degrees of freedom.

It can be shown that x2 has the distribution

1
22[(n — 2)/2]!

and tables of integrals of this function, which is a Pearson type III
funetion, have been prepared. They show the probabilities that
x2 will exceed certain values,* or the values of x? that will be
exceeded certain fixed proportions of times.f Table VI at the
end of the book is of the latter type.

For large values of n, say n > 30, x (not x2) may be regarded
a8 being normally distributed, with mean (n — 15)% and standard
deviation 27%; that is, the quantity 2x2)% — (2n — 1)% may be
used as a normal deviate with unit standard deviation.

A very important property of the chi-square distribution is
that the sum of any number of independent quantities each of which is

* Table XII in Karl Pearson’s “Tables for Statisticians and Biometri-

cigns,” part 1.
t Table III in R. A. Fisher’s “Statistical Methods for Research Workers."”

100

X212 (52)(n=212](52) 2
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distributed in a chi-square distribution s itself distributed in a chi-
square distribution with degrees of freedom equal to the sum of the
degrees of freedom of the separate components.

60. Distribution of variances and standard deviations. If in
formula (2) of section 49 we set

2
X2 = IZ_:, d(x?) = %d(s”), n=N-1 @)

where s2 is the variance of a sample of N individuals, the chi-square
distribution is transformed into
N(N -1/2

2V-V(N —3)/2]1 6" !

which is the distribution of variances of samples of size N from
normal material. This can readily be changed into the distribu-
tion of standard deviations if desiréd.

The above connection between chi square and variance can be
used in comparing a sample variance with the population variance.
Suppose, for example, that a sample of 9 individuals has a variance
of 4.8. How likely is it that the sample came from a population
having a variance of 3.2?

We set

, N2 9X48

a2 3.2
From Table VI, for 8 degrees of freedom, we find
P(x? > 13.362) = 0.10

(sz)(N—3)/2e—Nl’/Md(sz) (4)

=135, n=N-—-1=8

Thus, a population having a variance of 3.2 would yield a sample
having a variance of 4.8 or greater about once out of 10 times,
From equation (4) can be obtained the value of ¢2 which will
make the observed value of s2 the most probable. This value is
called the optimum value of o2, and the method of obtaining it
. is called the method of mazimum lkelihood. The method consists
of differentiating (4) with respect to o2, setting the derivative
equal to zero, and solving the resulting equation. This gives

o? =

N
o1 ®)
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For this reason the quantity

T LR DY A o ®
t=1

N-1°

is regarded as a better estimate of the population variance than is
the sample variance s? itself. Also (6) is the mean value of the
variance of samples of size N.

61. Testing the homogeneity of several estimated variances.*
The chi-square distribution can be used as an approximate test of
the homogeneity of several estimates of variance. Suppose that
we have k independent estimates of variance,

1 1
3'12 =— Z(X; — X1)2; 85?2 = — (X2 - X2)2; ttty
ni nz

82 = ;;1—,, X — X2 ()

based upon ni, ne, . . ., n. degrees of freedom respectively. The
pooled variance is the weighted mean
1 ,
§2 = T_l En;s,z, n = En.- (8)

Then the quantity

2.3026
c

1 1 1
C=1+3(k—1)(zl_ﬁ) (10)

(nlogio 8’2~ Zn;logios2)  (9)

é (nlog, 82— Zn;log, 82) =
in which

is approximately distributed as x2 with £ — 1 degrees of freedom,
and an unduly large value of x2 will indicate the presence of dis-
crepancies among the several estimates of variance. (The special
case in which only two estimates are involved is treated in the dext
chapter.) Since C > 1, it need not be calculated if x2 for C =1
is non-significant.

For example, if we have three estimates of variance, 4.2, 6.0,

*See M. 8. Bartlett, ‘“Properties of sufficiency and statistical tests,”
Proceedings of the Royal Society of London, series A, vol. 160, 1937, pp. 273 ff.
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and 3.1, based on 4, 5, and 11 degrees of freedom respectively, we
can form a table such as Table 17, from which we find

TABLE 17
P 8¢ ng nise? log. s;2 n; log, 8;2
1 4.2 4 16.8 1.43508 5.74032
2 6.0 5 30.0 1.79176 8.95880
3 3.1 11 34.1 1.13140 12.44540
Total e 20 80.9 4.35824 27.14452
Znig2 809
2= 20 Yy
8 n: 20 045
n log, §'2 = 20 X 1.39748 = 27.94960
1
14ttt w) -t
0 + o 3-D\ + - + ~ 20 1.0818

x2 = é(n log, 8’2 — Zn; log, ;2)

_27.94960 — 27.14452 _ 0.80508
- 1.0818 T 1.0818

= 0.744

The probability of a greater value than this, for 2 degrees of
freedom, is between 0.50 and 0.70, so that the three estimates of
variance may be regarded as homogeneous. Actually the use of C
is unnecessary in this example. :

62. Small samples from binomial and Poisson distributions.
Quite similar to the use of the chi-square test described in section
50 is its use in testing the homogeneity of small samples of material
supposed to have come from a binomial or from a Poisson exponen-
tial distribution, by comparing the variance of the sample with the
expected population variance as estimated from the sa.mple

A single member of the binomial distribution (g + p)" will
be understood to mean the number of occurrences in N independent
trials or observations, in each of which the probability of occur-
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rence is p. A sample of k¥ members is of the form X, Xs,...,
X, in which each X is an integer between 0 and N inclusive. Then
the index of dispersion
(X - X)? _ (X - X)? a1
Np'¢ vx (1 _ E)
N N

is distributed approximately as x2 with k¥ — 1 degrees of freedom.
It may be noted that the denominator of (11) is the expected
value of the population variance as estimated from the sample,
and that the quantity (11) is comparable to the x% in (3) of
section 50.

Suppose, by way of illustration, that a plant pathologist is
investigating the distribution of a certain plant disease and has
divided a field into plots, in each of which is a certain number of
plants. If every plant in the field has an equal and independent
chance of becoming infected, we expect that the index of dispersion
will not have an unusual value. If, on the other hand, there is a
deviation from a random distribution of infection, as for instance
if the plots on one side of the field show a higher degree of infection,
we may expect to get an unusual value for the index.

In an experiment of the type just described, a field was divided
into 12 plots, each of which contained 90 plants. The numbers
of infected plants from the various plots were as follows: 19, 6, 9,
18, 15, 13, 14, 15, 16, 20, 22, 14. Is the infection random? That
is, does the variability conform to expectation?

Here we have

ZX 181
X= % -1 15.083
2 2
(X - X)? = X2 — (E’-CIQ = 2953 — Q%)_ = 222.9167

The index of dispersion, as calculated from (11), in which
N =90, is
x2 = 17.76

The number of degrees of freedom is 11, one less than the number
of ;plots. Table VI shows that the probability of obtaining this
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value of x2, or a larger value, is between 0.05 and 0.10, which would
indicate that groups of infected plants do not occur together oftener
than would happen by chance.

"' The index of dispersion for the Poisson exponentisl distri-
bution is

(X - X)?
_(—i-—)— 12)

The denominator is the expected value of the population variance
as estimated from the sample, since in the Poisson distribution the
variance is equal to the mean.

This index is useful in checking whether the variability in
bacterial counts made by the dilution method is that which is to
be expected. According to theory, if the technique of dilution pro-
vides a random distribution of organisms, and if these can develop
on the plate independently, then the numbers of colonies counted
on plates from the same dilution are distributed in a Poisson
exponential distribution. An unusual value of x2 obtained from
(12) may be taken as an indication that the technique is not good.

Suppose that the following counts were obtained on 15 plates
made with the same dilution of a bacterial culture: 193, 168,
161, 153, 183, 152, 171, 156, 159, 140, 151, 152, 133, 164, 157. Is
the variability of the counts consistent with that to be expected
according to the Poisson distribution?

We calculate the index of dispersion

3(X - X)°  3229.73
X 159.53

xZ=

= 20.25—

For 14 degrees of freedom (that is, one less than the number of
counts), this is not an unusual value, since Table VI shows that
thg probability of a greater value is between 0.1 and 0.2. We
conclude that the variability is consistent with expectation.

63. Combining homogeneous estimates of correlation. If
correlation coefficients have been calculated from two or more
samples extracted from equally correlated populations, then their
values can be combined to give a better estimate of the populatxon
correlation.



106 THE CHI-SQUARE DISTRIBUTION

Suppose, for example, that we have found the correlations

71, T2, ..., 7% in k independent samples of size N1, Nz, ..., Ny,
respectively. We make the transformations *
147r
X——log.lt y 1=12...,k (13)

The several X; must be weighted inversely according to their vari-

ances. Since the variance of X, is * 1/(N; — 3), the weighted

average of the X’s is

Z(N; — 3)X;
Z(N: —3)

This may be changed back to a correlation coefficient by the trans-
formation

X = (14)

e2X —

1
X + 1

X=%log.i-_*_-:, orr = = tanh X (15)

Before combining different values of r in this way, however,
one should test the validity of the underlying assumption that
the samples from which they were calculated came from equally
correlated populations.

The correlation coefficient r; is an estimate of a population
correlation p; appropriate to the ¢th sample, and if we make the
transformations (13) then each X; is approximately normally
distributed with mean and variance

1+Pt 2 1

Xi=u= 103.1 . BTN (16)
respectively.
The hypothesis to be tested is that
pi=p t=12...,k (17)
in which p is a censtant, or that
1
X¢=M‘=p,=-log,1:l:p (18)

(It should be remarked here that the case in which 4 = 2 has
already been treated in section 39.)

’ * See section 38.
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On this hypothesis we have k¥ independent quantities,
Xt =12, ..., k), distributed in an approximately normal man-
ner with common mean p and with variances given by the last
part of (16). In a somewhat more general case the variance of
X. might be given by ¢2/(N; — 3), so that we are led to the
general problem of finding an estimate of the variance ¢2 from a
set of numbers which are normally distributed about a common
mean, and whose variances are known fractions of that variance.

It is found * that s'2, the estimate of o2, may be obtained
from the equation

(k — 1)s'2 = SV; — 3)(X: — X)?
[Z(N: —3)X.}?

= i —3)X:% -
Z(N:—3) SN. - 3) (19)
in which X is the weighted mean of the X; as given by (14).
Then the quantity
k— 1)
X2 = % (20)

is distributed as x2 with £ — 1 degrees of freedom. Since ¢2 = 1
in the present case, our test reduces to testing the significance of
the quantity (19), calling it x2 because of (20). If this x2 is sig-
nificant, we judge that the variation among the X’s is greater than
is to be expected at the level of significance chosen, on the hypothe-
sis that us = u(t =1,2,...,k). In such a situation we reject
the hypothesis, which implies the rejection of the hypothesis
P = p.

If x2 is not significant, we judge that the r; are homogeneous
and proceed to combine them as explained in the early part of this
section. It will be noted that the quantities needed in forming
the combined estimate have already been calculated in making the
hémogeneity test.

As an illustration, suppose that we have obtained a correlation
coefficient of 0.60 from 33 pairs of values, another of 0.52 from 40

*See F. Yates, “The analysis of multiple classifications with unequal
numbers in the different classes,” Journal of the American Statistical Associa-
tion, vol. 29, 1934, p. §6.
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pairs of values, and a third of 0.44 from 28 pairs of values. The
calculations necessary for making the homogeneity test are shown
in Table 18.

TABLE 18
t i X; N; -3 (N; — 3)X; (N; — 3)X2
1 0.60 0.69315 30 20.79450 14.41371
2 0.52 0.57634 37 21.32458 12.29021
3 0.44 0.47223 25 11.80575 5.57503
Total....} .... | ....... 92 53.92483 32.27895
From (19) we find
53.92483)2
x2 = 32.27895 — (53.92483)"

92
= 32.27895 — 31.60747 = 0.671

For two degrees of freedom this is not an unusual value, so that
we conclude that the three sample values of the correlation coeffi-
cient may be regarded as coming from equally correlated popu-
lations.

To combine them we make use of (14), finding

_ 53.92483
92

= 0.58614

From the second part of (15) we get r = 0.53.

54. Test of goodness of fit. One of the principal uses of the
chi-square distribution is testing how well an observed frequency
distribution fits a theoretical distribution, although it affords only
an approximate test in this instance.

If the observed frequency in a class of the distribution is‘fo
and the theoretical or expected frequency is f, then

x2= Zsio%j;)—z (21)

The number of degrees of freedom is the number of classes less the
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number of constants in which we have forced the theoretical dis-
tribution to agree with the observed. For example, if we have
made the totals agree and have caused the theoretical distribution
to have the same mean and the same standard deviation as the
observed, the number of degrees of freedom is three less than the
number of classes. If the resulting value of x2 is unusual, say the
probability is 0.01 or less, we conclude that, if the theoretical dis-
tribution which we have chosen represents the population ade-
quately, then the data which we have observed are unusual —we
should get a worse fit only once out of a hundred times as a matter
of chance. In such a situation we are inclined to discard the
hypothesis that the theoretical distribution is adequate. If we
obtain an exceptionally small value of x2, say one such that the
probability of getting a larger value is 0.99, the fit is too good
and we suspect that the data are not random.

As an illustration of the method we shall consider the distribu-
tion of heights and the normal distribution with which it was fitted.
(See section 32.) The details of the work are shown in Table 19.

TABLE 19
COMPUTATION OF x%

Theoretical | Observed Go = N?
frequency | frequency | fo — f (fo = f)F | =—=
s fo /

0.1 1
1.2 2 - 1.3 1.69 0.1271.

12.0 9
55.1 48 - 7.1 50.41 0.9149
114.2 131 16.8 282.24 2.4716
108.4 102 - 6.4 40.96 0.3779
45.4 40 - 5.4 29.16 0.6423
8.7} 13 3.5 12.25 1.2895

0.8

345.9 346 0.1 416.75 5.8232

X =58232, n=3
P(x* > 5.8232) is between 0.10 and 0.20 (Table VI)



110 THE CHI-SQUARE DISTRIBUTION

It will be noticed that the first three classes have been combined
into a single class. This is because the theoretical frequencies
in the first two are small, it being an empirical rule that we should
never use alone a class having in it a theoretical frequency less
than five. There are six classes, but it will be recalled that we
made the normal distribution agree with the observed distribution
in total, mean, and standard deviation. Thus, the number of
degrees of freedom is 6 — 3 = 3. It is seen from Table VI
that the probability of a greater value of x2 than that observed,
viz., 5.8232, is between 0.10 and 0.20. The observed value can
hardly be regarded as significant, since a larger value would occur
by chance oftener than once in ten times.

56. Application to contingency tables. If a set of individuals
is classified with respect to two or more different attributes and
the frequencies tabulated we have a contingency table. As a simple
example of a contingency table let us consider a 2 X 2 table
(Table 20).*

TABLE 20
Harr-CorLor aND EYE-CoLor (Observed)
Hair-color
Eye-color Total
Light Dark
Blue........ 26 9 35
Brown...... 7 18 25
Total. .... 33 27 60

Our problem is to determine whether there is any connection
between hair-color and eye-color or whether they are independent
of each other. In the case of a 2 X 2 table such as the one at hand
this problem is perhaps best considered from the standpoint of the
difference between two proportions. (See section 37.) However,
we shall show how the x2 distribution can be used in testing this
independence, as the method can be used for tables with a greater

number of compartments.
. * Cf. p. 82.
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If the two attributes were quite independent we should expect
the 35 blue-eyed persons to be distributed in the same proportion
as the entire group, that is, we should expect 3360 X 35(=19.25)
of them to be in the light-haired class and 2%¢ X 35(=15.75)
of them to be in the dark-haired group. Similarly we should expect
the 25 brown-eyed persons to be divided into 3360 X 25(=13.75)
light-haired and 2%o X 25(=11.25) dark-haired.* Thus we can
form a table of values expected on the assumption that the two
attributes are independent (Table 21).

TABLE 21
Har-Coror aNDp Eve-Coror (Expected)
Hair-color
Eye-color Total
Light Dark
Blue........ 19.25 15.75 35
Brown...... 13.75 11.25 25
Total. .... 33 27 60

From the table of observed and theoretical frequencies we can
calculate

(observed value — expected value)?
expected value

_(26—19.25)2  (9—15.75)2  (7—13.75)2 = (18—11.25)%

=2

19.25 15.75 13.75 11.25
_ (6.75)2  (—6.75)2 | (=6.75)%  (6.75)%
. 1925 575 T 1375 T 1125 - 126234

The number of degrees of freedom is the number of compartments
of the table which we are free to fill. In this case this is merely one,

* It should be noted that testing whether the proportions of light-haired
and dark-haired are the same in each group (that is, blue-eyed and brown-
eyed) is equivalent to testing whether the two groups are samples from th
same population, :



112 THE CHI-SQUARE DISTRIBUTION

because if we fill one of them the others are determined by the
marginal totals. In general, for a contingency table with r rows
and ¢ columns, the number of degrees of freedom is (r — 1)(¢ — 1).

Forn = 1 we find
P(x2 > 12.6234) < 0.01

so that in our example the departure from independence ‘is
decidedly significant.
If n = 1 the x2 distribution (2) reduces, after division by 2,* to
(2r) He—*'12dy

which is the normal distribution for x. The probability that x2
is greater than k is

P(x2 > k) = P(|x| > k% = 2P(x > k%) = 2[1 — o _1(¥*¥)] (22)

It must be remembered that this applies only if n = 1.
In our example we find (12.6234)% = 3.55+, and

P(x2 > 12.6234) = 2[1 — ¢_1(3.55)] = 2[1 — 0.9981] = 0.00038

It should be noted that the x2 test applied to a 2 X 2 contin-
gency table always gives the same result as the method of testing
the difference between two proportions given in section 37.

66. Contingency tables with small frequencies.f If the
number in one or more compartments of the table is small, say less
than 5, certain refinements of the above method yield better results.
For example, consider Table 22, which shows the results of expo-
sure of 20 people to a certain disease, 7 of the people having been
inoculated and 13 not. The question to be answered is whether
the inoculation is effective, that is, whether the frequencies in
the various compartments differ significantly, on the whole, from
the values that would be expected if they were distributed in pro-

* It is necessary to divide by 2, otherwise the area under the normal curve
from x =0 to x = ® (corresponding to x? = 0 and x* = , respectirely)
would be 1 instead of 4.

t For a good discussion of this topic see F. Yates, ‘Contingency tables !
involving small numbers and the x? test,” Supplement to the Journal of the
Royal Statistical Society, vol. 1 (1934), pp. 217-235; and J. O. Irwin, “Tests
of significance for differences between percentages based on small numbers,”

Metrom, vol. 12, No. 2 (1935), pp. 1-94; also R. A. Fisher, “Statistical Methods
for Research Workers”, section 21.02.
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portion to the marginal totals. In such a table we use Yates’s
correction, which consists of adding 14 to the smallest frequency

TABLE 22
REesuLTs OF EXPOSURE TO A DIsEASE

Attacked | Not attacked | Total

Not inoculated. . 10 3 13
Inoculated.... .. 2 5 7
Total........ 12 8 20

of the table and adjusting the others so that the marginal totals
will remain the same. This is quite comparable to our procedure
in approximating the point binomial by the normal curve, when,
in order to find the probability of more than 10 occurrences, we
use 1 — ¢_1[(10.5 — ;.t)/(Npq)%] rather than 1 — ¢_;[(10 — u)/
(Npg)*¥]. The numbers 10, 3, 2, 5 in Table 22 would then be
replaced by 9.5, 3.5, 2.5, 4.5, respectively, and the expected values
would be

1 X13=78 £ X183=52 EX7=42 HX7=28
As before,
_(9.5—-78)% (3.5—5.2)* (2.5—4.2)* (4.5—28)’

2 =
7.8 52 42 2.8 2.64652
x = 1.627
P(x2>2.64652) = 2P(x>1.627)

2A1—p_1(1.627)] = 2(1—0.94813) = 0.10374
not a significant value.
YVithout Yates’s correction we should have found
(10—-78)2 (3—52)2 (2—422 (5—2.8)
=78 52 T4z T 28 42
x = 2.1054
P(x2 > 4.4322) = 2P(x > 2.105)

= 2[1 — ¢_(2.105)] = 2(1 — 0.98236) = 0.03528
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It seems appropriate to consider at this point the exact treat-
ment of a 2 X 2 table, which in general may be exhibited as
Table 23.

TABLE 23
A Not 4 Total
B...... a b a+b
Not B...... ¢ d c+d
Total. .... a+c b+d N

It can be shown that when the marginal totals are fixed the
probability of the observed values a, b, ¢, d in a contingency table is

@a+d!lc+d!@a+o!®d+d!
(@+b+c+ d)ialdlcld!

(22)

If then we wish to find, in the above example (Table 22), the prob-
ability of the observed set of frequencies, or a set more extreme,
viz.,

10 3 | 13 11 2 | 13 12 1 13

2 6 7 1 6 7 07 7

12 8 | 2 12 8 | 20 12 8 | 2
we calculate the sum

131711218! 131711218! 131711218!
201101312151 ° 20111121116! ° 201121110171

_13!7!12!8!( 1 1 1 )

201 10131215t T iraritel T 12riror7y/

= 5dso (462 + 42 + 1) = 0.0521156

This exact probability is comparable with P(x > 1.627) =
1% X 0.10374 = 0.05187, using Yates’s correction, and with
P(x > 2.105) = 35 X 0.03528 = 0.01764. 1t is thus seen that,
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in this particular case at least, Yates’s correction yields much
better results; in fact, without it our calculated probability is far
from correct.

In conclusion we may say that a 2 X 2 contingency table can
be dealt with by the method of the difference of two proportions or
by the x? method, but if the latter is used and any frequency is
small, say less than 5, Yates’s correction should be made. Better
still is to employ the exact method.

For a fuller discussion of testing independence in contingency
tables the reader should consult the references given earlier in the
section.

EXERCISES

1. An entomologist sprayed 10 batches of 100 insects each with an insecti-
cide. The numbers killed in the various batches were as follows: 30, 54, 33,
60, 63, 48, 54, 63, 54, 51. Does the variance conform to what might be
expected on the basis of a binomial distribution of mortality?

2. The following counts of bacteria from the same culture were made on
8 plates: 260, 196, 204, 246, 186, 260, 198, 278. Is the variability in con-
formity with what might be expected in samples from a Poisson distribution?

8. Test the goodness of fit of the normal curve fitted in exercise 8, page 86.

4. Test the goodness of fit of the normal curves fitted in exercise 9, page 86.

6. Test the goodness of fit of the normal, curves fitted in exercise 10, page
86.

6. Use the x2 distribution to test the significance of the difference in death
rates in (a) exercise 16, page 86; (b) exercise 17, page 87; (c) exercise 18,
page 87.

7. If, in a cross between hybrids, two Mendelian factors are inherited
independently, that is, if there is no linkage between the two, then the four
possible combinations should theoretically occur in the proportion 9:3:3: 1.
In an experiment with a species of flower the results shown in Table T were
noted. (Gregory, Journal of Genetics, vol. 1.)  Are these results consistent
with this proportion?

TABLE T

Resovurs oF Crossing Two HyBrips oF A Species or FLOWER
® (Frequencies of Various Combinations)

Magenta flower Magenta flower Red flower Red flower
Green stigma Red stigma Green stigma Red stigma

120 48 36 13
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8. Can it be concluded from the data of Table U that bottle-feeding is
conducive to malocclusion of teeth? (Yates, Supplement to the Journal of the
Royal Statistical Society, vol. 1.)

TABLE U

MavLoccLUSION OF THE TEETH IN INFANTS

Normal Teeth Malocclusion

Breastfed..................o0ivit 4 16
Bottlefed.......................... 1 21




CHAPTER VIII
ANALYSIS OF VARIANCE

57. Comparing two variances. Let two independent estimates
of the variance of a normally distributed variable X be

1 ,
2 =—3(X, — X1)?, s2= X 2(X2 — X»)?
ny n2

which are based upon n; and n degrees of freedom respectively.
Then the probability distribution of
W= 1)
is known to be *
[(n1 + ng — 2)/2]! 0} 23 2™ =2/ 2dy
[(m — 2)/2]![ (n2 — 2)/2]! (nw + ng)™*™72

and if we make the transformationr w = e?* we find that the
distribution of

@

1 1 st 81
z= Elog, w= log.;é; = log°s_§, 3

is Fisher’s distribution
2[(n1 + n2 — 2)/2]! 03V 2n 2em s @
[(n1 — 2)/2]![(n2 — 2)/2]! (n1®* + mp) ™"/
The subscript 1 should always be used with the greater estimated
variance.

* See, for example, J. O. Irwin, ‘ Mathematical theorems involved in the
analyeis of variance,” Journal of the Royal Statistical Society, vol. 94, 1931,
pp. 287f.

®  {SeeIrwin, loc. cit. Also see R. A. Fisher, “On a distribution yielding the

error functions of several well-known statistics,” Proceedings of the Inter-
national Mathematical Congress, Toronto, 1924, pp. 805-813. In this paper
Fisher shows how the normal distribution, the chi-square distribution, and
Student’s distribution may be regarded as special cases of his general z dis-
tribution, and summarizes the chief uses of all these distributions.

uz
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The probability that the ratio (1) will be greater than a speci-
fied value w is found by integrating (2) from w to c0. It is more
useful, however, to know the value of w for a fixed probability
such as 0.01, and values of the ratio w corresponding to probabili-
ties of 0.05 and 0.01 and to various values of n; and nz have been
tabulated by Snedecor.* These values are called respectively the
5 per cent and 1 per cent values of w. Similarly, values of z
corresponding to probabilities of 0.05, 0.01, and 0.001 have been
worked out by Fisher and Deming and have been published in
Fisher’s book.t These 5 per cent and 1 per cent values of z are
reproduced, by permission, as Tables VII and VIII respectively
at the end of this book. In testing variances Sheppard’s correction
should not be applied.

For large values of n; and nz, and for moderate values if they
are equal or nearly so, z is approximately normally distributed
with standard deviation

HCE ®

As an illustration, consider two samples composed of 7 and 9
individuals respectively, and having variances 9.6 and 4.8 respec-
tively. Is the variance 9.6 significantly greater than the vari-
ance 4.87

We have

2
m=N—1=86, s =96, 8'12=%=% X 9.6 = 11.2
=
2
ng=Ny—1=8, s =48, s§2=N]:2_821=§X4.8 = 54
112
w—a—2.074

* George W. Snedecor, “Statistical Methods Applied to Experimetits in
Agriculture and Biology,” Collegiate Press, Inc., Ames, Iowa, 1937. These
tables are also to be found in C. B. Davenport and Merle P. Ekas, “Statistical ®
Methods in Biology, Medicine and Psychology” (4th edition), John Wiley &
Sons, Inc., New York, 1936. In Snedecor’s notation the ratio s;2/sg? is denoted
by F.

1 R. A. Fisher, ‘“Statistical Methods for Research Workers.” These tables
are also to be found in Davenport and Ekas, op. cit.
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From Snedecor’s tables we find that the 5 per cent point corre-
sponding to n; = 6 and nz = 8 is 3.58 and that the 1 per cent
point is 6.37. The obtained value is well within the 5 per cent
point, and the first variance can not be regarded as significantly
greater than the second, although it is twice as large.

We could also make the test by setting

log.ﬂ'—? = 1.1513 log;o 112 = 0.3648

e 1
- 5. 5.4

| SRR

From Tables VII and VIII the 5 per cent and 1 per cent values for
z corresponding to n; = 6, ng = 8 are 0.6378 and 0.9259 respec-
tively, and the obtained value is well inside the 5 per cent point.
Although these two methods are perhaps in most common use,
there are other ways of comparing two variances. For example,
the transformation
2U mw

n
T —w) or u= nw + ng ©

w
will carry the distribution (2) into

[(n1 + ne — 2)/2]! u
[(n1—2)/2]![(n2 — 2)/2]!

(nx—'2)/2(1 — u)(nz—2)/2du (7)

whose integral is the incomplete beta function. From tables of this
function * the significance of the ratio between two observed vari-
ances can be tested.

68. Analysis of variance as applied to linear regression. It is
often possible to separate the variance into the constituent parts
contributed by various factors, and it is in this possibility that
the power and usefulness of Fisher’s method known as the analysis
of vgriance lie. Let us, for example, consider the regression line
fitted in section 18 to the set of points (X, ¥) = (0, 1), (1, 3), (3, 2),

(6, 5), (8,4). The equation of this line was found to be ¥’ = 1.646
+ 0.376X, and the sum of squares of deviations from it was
Z2(Y - Y')2 = 3.60620.

* “Tables of the Incomplete Beta-Function,” Biometrika Office, London
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Now the sum of squares of deviations from the mean can be
written
Y -P2=2Y-Y)+ ¥ -DP
=Z(Y -Y2+2ZY -V -P)+2¥" -Fp @
The middle term is zero, since
-V -V =2 -a-bX)a+bdX -9
=aZ(Y — a — bX) + bZX(Y —a — bX) — V(Y —a —bX)
and all three of these terms vanish by reason of the normal equa-

tions from which the regression line was determined.
Consequently (8) reduces to

(Y -7 =Y -V)2+ (Y -2 9

which states that the total variation about the general mean, as
measured by the sum of squares of deviations from the mean, is
equal to the variation of the residuals about the regression line plus
the variation of the regression line about the mean.

The last term in (9) is usually found as the remainder after
the variation about the regression line has been subtracted from the
total variation. In the present example Z(Y — Y)2 = Iy? —
(ZY)2/N = 55 — (15)2/5 = 10, and (¥’ — V)2 = 10 — 3.60620
= 6.39380. However, the term Z(¥Y’ — Y)2 can be calculated
independently as follows:

YV -P2=Z@+bX-72=2P+0X-X) - Pp

Say)? Say)?
= bE(X - X)? = Ezfj;z p 2 (2’3{3
_ (XY - ZX-3Y/N)? _ (71 —18X3)* 289
—(2X))/N 110 — 324/5 452

= 6. 39380

There are five points to which the regression line is fitted, soe
that the number of degrees of freedom for estimating the total
variance is four, one having been deducted because we have caleu-
lated the mean from the set of values. Another must be deducted
for the regression, since another constant, b, has been introduced.
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The results may be placed in an analysxs of variance table such as
Table 24.

TABLE 24
ANALYSIS OF VARIANCE FOR LINEAR REGRESSION
Sum of squares | Degrees of | Mean square
- of deviations freedom deviation
Residuals.................. 3.60620 3 1.20207
Regression. ............... 6.39380 1 6.39380
Total.................. 10 4

To test the significance of the linear regression we can use the
ratio of the two mean square deviations, or half the difference of
their natural logarithms,

z = 3(log. 6.39380 — log, 1.20207) = 0.83564

Here n; = 1, nz = 3, and for these degrees of freedom the 5 per
cent and 1 per cent points of z arc 1.1577 and 1.7649 respectively.
The observed value is within the 5 per cent point, and the regres-
sion is not significant.
We have just shown that
(Zzy)?
SV - P2 =3y2=
@ - Py = gy = E
‘We know, moreover, that
z

3 — ¥ = 3 - ) = 29 — b2ay = 32 - S a0

The sum of these two expressions is the total sum of squares of

deviations Zy2. From the above, and from formula (9), page 49,
we find that

= (Zzy)?/Z2? _ Zy”

Zy?
r?=1- =2 Zy2

(1)

Also, since r? = (Zzy)2/Zx2-2y2, we see that we may in general
analyze the sum of squares of deviations as follows:
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Degrees of
freedom
Son)2
Residuals 3@/ =) =3¢~ ol = (1 -3, N2
2
Regression 22 = b2322 = ii—?zl = r2Zy2, 1
Total Zy? 2y, N-1

Actually, then, testing whether the mean square deviation due
to regression is significantly greater than the mean square of
residuals incidentally tests whether the correlation coefficient is
significant.

The question may be considered from a somewhat more gen-
eral standpoint. Thus, if we wish to test the significance of the
departure of an observed set of data from a hypothetical popula-
tion regression Y, = a + Bz (for simplicity we have taken the
origin of z at the mean), we can analyze the sum of squares of
deviations from the population regression line into the sum of
squares of residual deviations about the sample regression line
Y’ = a + bz and two other terms as follows:

(Y = Ye)2=Z[(Y = Y) + (¥ — Ya)
=Z[(Y —a—bz) + (e — ) + (b — fz]?
=2(Y —a—bx)2+ N(a — a)? + (b — 8)2222 (12)
it being demonstrable that the cross-product terms vanish on

summation. The various terms of this equation with their appro-
priate degrees of freedom are shown in Table 25.

TABLE 25

ANALYSIS OF VARIANCE FOR LINEAR REGRESSION, SHOWING SUBDIVISION OF
REGRESSION SUM OF SQUARES

Sum of squares | Degrees of
of deviations freedom

Residuals........... 2(Y—a—-bz)!| N-2
Constant term. . .... N(a — a)? 1
First degree term....| (b — 8)222? 1

Total........... Z(Y — a — B7)? N
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To test the significance of the first degree term we consider
the ratio
~ (® — Bz '
VTSV —a—)/(N =2 (13)
or z, half the natural logarithm of this ratio, and apply the usual
test, withn; = 1,np = N — 2.

It will be noted that the square root of (13) is exactly the ¢ of
equation (11) of section 43 in Chapter VI. In fact, when n; = 1,
the w or z test and the ¢ test give identical results.

To test the constant term we use the ratio

N(a — a)?
Z(Y —a—b2)?/(N —2)

w =

(19

or the corresponding z.

The test is slightly different from the test of significance of the
difference between a mean a and a hypothetical mean «; it tests
the significance of the deviation from « of the estimate a of the
mean value of Y for a given value of z at or near the sample mean.
For a fuller discussion of this point the reader is referred to Fisher,
“ Statistical Methods for Research Workers,” section 26.

To test the significance of the deviation of the regression
observed in the sample from the population regression we use

[N(@a — @) + (b — B)*Z2%]/2

YT IV —a - bX)Y (N - 2) ()

or half its natural logarithm. This can not be changed to a ¢
test because n; = 2, np = N — 2, and the ¢ test can be used only
when n; = 1. '
In our illustrative example,
N(@ — a)?2 =5@3 — a)?
. (b — B)2Z2? = (0.376 — B)?45.2
(Y — a — bX)? = 3.60620

If « and B are zero these quantities assume the values 45, 6.39380
(not exactly, but this is merely because 0.376 has been carried to
only three places), and 3.60620, respectively, the last two of which
are the values of Table 24.
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69. Application to curvilinear and multiple regression and
correlation. The results of the preceding section admit of exten-
sion to regression of higher order. For instance, we may wish to
see whether we get significantly better results, by fitting a second-
degree regression curve, over what we get by fitting a straight line.
Let the two regression equations be

Y =a +b0X, Y =a;+ boX + X2 (16)
Then it can readily be shown by methods already employed that
(Y -P2=3(Y -V 42" -2+ 3(Y' -2 Q7
That is, the total variation about the mean may be analyzed into
three parts:
(3) the residual variation about the parabola.

(77) the variation of the parabola about the straight line.
(447) the variation of the straight line about the mean.

For the set of five points considered in the preceding section,
the first- and second-order regression equations were found (see
sections 18 and 21) to be

Y’ = 1.646 + 0.376X, Y” = 1.3460 + 0.73427X — 0.04497X%

respectively. The sums of squares of deviations from these were
found to be (Y — Y’)2 = 3.60620 and Z(Y — Y")2 = 3.22812.
Then Z(Y" — Y’)? = 3.60620 — 3.22812 = 0.37808.

The analysis of variance table assumes the form below (Table
26). The remaining degree of freedom is taken up by the variation
of the mean about the origin.

TABLE 26
ANALYsIS OF VARIANCE FOR PARrABOLIC REGRESSION

Sum of squares of Degrees of

deviations freedom
Residuals.................c.u0en (Y - Y")? = 3.22812 2
Parabola about line | 2(Y” —-Y): = 0.37808 1
Line about mean................. (Y’ - P)? = 6.39380 1

T D (¥ - ¥)2 = 10.00000 4
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To test the significance of the deviation of the parabola from
the straight line we take the ratio

w = 0.37808  0.37808

3.22812/2  1.61406

= 0.23424

The degrees of frcedom are n; = 1, np = 2. Three possible ways
of completing the test are now open to us.* We may use Snedecor’s
tables on w directly, or Tables VII and VIII on z = 14 log, 0.23424.
A third method, which is the one we shall use, is to calculate
t = w” = 0.484. For two degrees of freedom this is decidedly
not significant, since the probability of a value of ¢ this large or
larger is greater than 0.6.
To test the significance of the linear part of the regression we
can compute
IV (6.39380
= w2 =
1.61406

%
) = (3.9613)% = 1.990, n =2

The probability of a value of ¢ numerically this large or larger is
between 0.2 and 0.1. Although this is not significant, it is less
probable than the value obtained from ¢ = 0.484. In some cases
it is possible in this way to show, for example, that the linear
regression fitted to a set of data is significant while a second-order
regression is not, that is, that nothing is to be gained in such cases
by fitting anything but a linear regression.

To test the complete regression in our illustration we could use

_ (6.39380 + 0.37808)/2

- 3.22812/2
or z = } log, w = 0.3704
Here we have n; = 2, nz = 2, and we can not use the ¢ test. The
values are not significant.

»For a multiple regression equation such as
Y =bo+ 01 X1 + b2Xo + -+ 4+ 0:X

we can form Table 27. The sums of squares of deviations have
heen expressed in terms of the multiple correlation coefficient { R.
(See section 28.)

* Actually there is no necessity of making the test, sincew < 1.
t For convenience we use R instead of r1.23. . .z,

= 2.0978
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TABLE 27
ANALYSIS OF VARIANCE FOR MULTIPLE REGRESSION
Sum of squares of deviations Degrees of
freedom
Residuals............. (Y -Y)2=Q-RYyZ(Y -¥9?2 | N-k-1
Regression............ (Y - 7)? = RZ(Y - V)2 k
Total............ (Y -72=2r -7 N -1

To test the significance of the multiple regression we form the
ratio
_ (Y - V)2/k _ R2/k
TE(Y-Y)2/(N-k—-1 (Q-—-R)/N-k-1)

w (18)

and use Snedecor’s tables with n; =k, no =N — k — 1, or set
z = ¥ log.w and use Tables VII and VIII with these same degrees
of freedom. Incidentally we are testing the significance of the
multiple correlation coefficient R.

60. Absolute criteria in the theory of regression.* In the
preceding section, our estimate of the variance of Y, without
utilizing the regression, is Z(Y — Y)2/(N — 1). Our estimate of
the variance of Y taking the regression into consideration is
(1 - R)Z(Y — Y)2/(N — k — 1). Consequently if our estima-
tion is to be improved by the use of regression, that is, if our
estimate is to have a smaller variance, we must have

(1 - RY)Z(Y — T2 LB - 7)2

N-k-1 N-1
which leads to the inequality .
B> k/(N — 1) 19)

To be somewhat more exact, our estimate of the variance of an
individual forecast without using the regression is our estimate of

* From an unpublished note by Churchill Eisenhart.
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the variance about the mean plus the variance of the mean itself.
This estimate is
(Y - Y)2 ( 1)
N =1 1+ N (20)

The minimum value of the estimate of the variance of a forecast
when the regression is used occurs when X; = X, . .. , X = X,
and is equal to *

1 - RAZ(Y — 7)2( l)
j— 14 N (21)
If (21) is to be less than (20), then
1—-R? 1

N—k-1°N-1

which leads to (19) as before. For ¥ = 1, (19) degenerates into
the inequality
1
2> N_1 (22)
for the usual correlation coefficient associated with linear regres-
sion. '

By using such inequalities as the above, we can make a definite
decision regarding the advisability of keeping an additional inde-
pendent variable in our regression. Let RZ denote the square of
the coefficient of multiple correlation for % independent variables,
and R}, the square of the coefficient for & + 1 independent
variables. If the additional variable is to improve our estimation,
we must have

1R, _ 1 — R
N—-k—-2 N—-k-1

or,
1- R, 1
1 — R} <1 N-k-1 23)
This is probably the most convenient form of the inequality, as it
gives the necessary smallness of the ratio of the two residual sums

* Cf. R. A. Fisher, “Statistical Methods for Research Workers,” section 26.
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of squares if the additional variable is to improve our estimation.
Thus, if a simple linear regression (k¢ = 1) has been calculated on
twelve observations, we see that it is useless to consider the addi-
tion of a second independent variable unless by doing so we can
reduce the residual sum of squares by more than

1
N—k—1 12—-1—1

= 10 per cent

It is not intended to suggest that these criteria be used as tests
of significance, but merely to indicate that there exist such absolute
criteria—criteria independent of significance level chosen—and to
suggest that these considerations be taken into account in experi-
ments in which the use of simple or multiple regression methods
may be contemplated.

61. Testing the significance of the correlation ratio. In
section 25 two different forms for the square of the correlation ratio
were given, viz.,

=1- iz (Yx. - Yx)z/zz (YX| Y)Z (24)

and XeX) 4=l X=Xy b=l
=3 NelWe - Y)z/ZZ (Yxi— P2 (25)
X=X =Xy im1

For the meaning of the notation, refer to section 25. If we equate
these two values and clear of fractions we obtain the fundamental
identity

X Nx

PN o
Xex 1=1
D) IUSES S SR TR

which expresses the fact that in a correlation table the sum of
squares of deviations of the Y’s about their mean is equal to the
sum of squares of the deviations about the means of columns plus
the (weighted) sum of squares of the deviations of the means of
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columns about the general mean. This enables us to form the
analysis of variance table (Table 28).

TABLE 28

ANALYSIS OF VARIANCE FOR CORRELATION RaATIO

. Degrees
Sum of squares of deviations of
freedom
Nx Xk Nx
Within columns Z D Vni~Trt=(1-m Y, D (¥ri-P? N —k
X mX) fm ] X=X) 4=1

Column means E Nx(Yx - 7)? Z zx:(Yx; Y k-1

X=X X=Xy =1

Total. ... E ZX(YX. - Py f %(Yx;—l’)’ N-1

=X t=1 X=X $t=1

Xk
N=) Ni

X=X

We can calculate the ratio of the mean square deviation of the
column means to the mean square deviation within the columns,

__n/E&-1) N-k 7
T(l=-)/N-k k-1 1-—qx

@n

and use either w or 14 log.w in the usual manner to test the sig-
nificance of an observed value of 7.

As an illustration we shall consider the value of 3 computed in
section 25 of Chapter IV. There we found

ZxZi(Yxs — Vx)2=1+4+283+44+4+2+0 = 1023
ZxNz(Px — V)2 = 577, ZxZ:(¥Yx: — V)2 = 16

The number of columns was k = 5, and the total number of items
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in the correlation table was N = 25. Consequently the analysis
of variance table assumes the form shown in Table 29.

TABLE 29
Sum of squares| Degrees of Mean square
of deviations freedom deviation
Within columns. ......... 10.23 N-—-k=20 0.51656
Column means. .......... 5.77 k—1= 4 1.4425
Total............... 16 N—-1=24
1 1.4425
z==1lo = 05147, n1 =4, na =20
2 °% 0.5165 » m=5 e

This is just under the 5 per cent point 0.5265 and can hardly be
regarded as significant.

62. Testing linearity of regression. To test linearity of regres-
sion, that is, to test whether #2 is significantly larger than r2, we
subdivide the sums of squares still further.

Suppose that in a correlation table we have fitted a regression
line ¥’ = a + bX. Let Yy be the ordinate of this line corre-
sponding to a fixed value of X, and let ¥x be the mean of Y for
this value of X, that is, the mean of the column whose central
abscissa is X. Then it can be demonstrated that

53 e PR TS - Ty
4+ Nx(Px — Y2+, Nx(Ye — P)2 (28)

In words, the sum of squares of deviations about the mean is’
composed of the sum of squares of deviations about the column
means, the (weighted) sum of squares of the deviations of <the
column means from the regression line, and the (weighted) sum of
squares of deviations of the ordinates of the regression line about
the general mean.

The sum of the first two terms on the right of (28) is equal to

. ZxZi(Yz: — Y%)?
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which is the sum of squares of deviations about the straight
line of regression, and which is consequently equal teo
(1 — r)ZxNx(¥x — ¥)2. It is not difficult to prove the other
relations necessary for setting up the analysis of variance table
(Table 30).

TABLE 30
ANALYSIS OF VARIANCE FOR TESTING LINEARITY OF REGRESSION
Degrees
Sum of squares of deviations of
freedom
Residuals about col-
umn means. . ..... ??(Yx.-—yx)z =(1—7,2)§Nx(Yx—Y)2 N-k
Column means about
regression line. .. .. EIV;{(YX—-Y:\»)2 = (*—™)ZNx(Px-V)?} k-2
X
About regression line.
Subtotal.......... EZ‘(YX;' -Y'3)? = (1-r2)§Nx(S’x—Y)2 N-2
Regression.......... )E(NX(Y}—-Y)Z = 2?N):(YX—Y)2 1
Total.......... I3(Yxi-¥)? = ZE(Yx:-Y)? N -1
X1 X4

To test whether 7 is significantly greater than r we set

ZxNx(Yx — Yi)%/(k — 2)
ZxE,'(Yxi - Yx)z/(N - k)

1 (= )/~ 2)
R gy

. n1=k—2, nz=N—IG

. and proceed in the usual manner.
In the example already cited,

72 = 03604, 72 = 03299, N =25, k = 5 (No. of columns)

ol (03604 —0.3209)/3 1 001017
&1 = 03604)/20 2 5 0.03198

1
= - log,
z = —log,

(29

2
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The numerator of the ratio is smaller than the denominator and
consequently the difference between 2 and 2 can not possibly be
significant.

63. Variance within and among classes. Suppose that we
have k classes of individuals with m individuals in each class. We
may wish to discover whether there is significantly more variation
among the classes, that is, among the class means, than there is
within the classes. Let the measurement of the characteristic of
the 7th individual in the jth class be denoted by X;; and let the
mean of the jth class be denoted by X;. (See Table 31.) Then

TABLE 31
Class
1 2 j k
Xn Xp - Xy - Xu
Xn Xy o--r Xy - Xu
X Xig -+ Xy - Xa‘k.
Xml sz e ij ka
Total. ...| T1 Ty oo T; oo T
Mean.... 21 Xz X’j Xk
13 m 13 m
DD X =B =D D> (X~ X+ (X - TP
7=1 ‘t=1 =1 (=1
13 m k m
= Z Z Xi— X2+ 2 Z Z(Xii -X)X; - X)
7=1 =1 =1 =1 P
r m
IR
=1 =1
| ] m 3

=22 X~ Xyt +m D (X - Xy (30)
L4

J=1
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the middle term vanishing on summation. The importance of
this formula lies in the fact that it separates the sum of squares of
deviations about the general mean into the sum of squares of
deviations about the class means and the sum of squares of devia-
tions of the class means about the general mean (multiplied by the
number in each class, of course). These two components may be
spoken of as the sum of squares of deviations within classes and
among classes respectively. The formula is exhibited in tabular
form in Table 32. The total number of items in the entire group

TABLE 32
ANALYSIS OF VARIANCE WITHIN AND AMONG CLAsSES
Sum of squares of | Degrees of
deviations freedom
£ m
Within classes. . . .. DD Xy — X | k(m — 1)
J=1i=1
k
Among classes. .... m E X; — X)? k-1
=1
t m'
Total.......... DX —X72 | mk—1
J=11=1

is mk, and the total number of degrecs of freedom is mk — 1,
unity having been deducted because we are calculating deviations
about the mean. That is, one degree of freedom is taken up by
the deviation of the mean about the zero point. The number of
degrees of freedom within each class is similarly m — 1, and since
there are % classes, the number of degrees of freedom within
classes is k(m — 1). The number of degrees of freedom among
clasSes is k — 1, one less than the number of classes.

»  To test whether the variance among classes is significant we use

mZ,(X; — X)?)/(k — 1)

¥ %Koy = X /km = 1) ®D

orz= Y%logw withny =k —1,n2 = k(m — 1).
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For actual computation it is probably preferable to transform
the foregoing formulas somewhat. Thus, for the total sum of
squares of deviations we have

23Xy — X2 = 32} - BEXY
T2
= 2,2.X; — na (32)

where N = mk, and T is the grand total.

For the sum of squares of deviations among the class means
we find
(2;2:.X:)?

mZX} —

X\ 1
mZ; (T’ - (BiZXu)?

mZi(X; — X)?

T2 T2
~m W (@)
T, being the total of the jth class.

The sum of squares of deviations within classes can be calcu-
lated as a remainder by subtracting the sum of squares of devia-
tions among class means from the total sum of squares of devia-
tions.

It may be remarked that

w=1+(m—-l)r’

— (34)

where 7’ is the intraclass correlation coefficient,* so that our test will
incidentally test the significance of this coefficient.

As an illustration of variance among classes let us consider
Table 33, which shows the ulna lengths of four strains of hens.
Measurements of five individuals from each strain are given.
Actually, measurements would doubtless be made to a greater
degree of accuracy. These numbers are given to only two sig-
nificant figures for simplicity of illustration.

* See R. A. Fisher, “Statistical Methods for Research Workers.”
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TABLE 33

ULna Lenares (IN MILLIMETERS) IN 4 STRAINS OF HENS

Strain
1 2 3 4
- 67 68 72 66
66 68 70 70
66 71 68 65
73 69 65 64
66 58 70 67
Total. .... 338 334 345 332
Mean..... 67.6 66.8 69.0 66.4

Grand total = T = 1349
1349

General mean = X = 20 = 67.45

Ordinarily the calculation would be performed on a machine.*
In the present example we shall list the squares of the items in
Table 34 so that the application of the formulas involved in the
analysis can be more easily understood.

TABLE 34

Squares oF ITems IN TaBLe 33

4480 4624 5184 4,356
4356 4,624 4900 4,900
4356 5041 4624 4,225
5329 4,761 4,225 4,096
4356 3364 4,900 4,489

® 22,886 22,414 23,833 22,086
Grand total = 91,199

* It might sometimes be of advantage to express all numbers as deviations
from an arbitrary origin. For example, if we had a long series of numbers in
the 700’s, such as 725, 702, 718, . . . , we could write 25, 2, 18, . . . , and, deal-
ing with these deviations, obtain precisely the same results.
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From formula (32) we find for the total sum of squares of
deviations
(1349)2

20 - 91,199 — 90,990.05 = 208.95

91,199 —

From (33) the sum of squares of deviations among means of
strains is

2
3(338)2 + (334)% + (345) + (382)?] — “(13;: )
= }(114,244 + 111,556 + 119,025 + 110,224) — 1,8129(;801

= 4 X 455,049 — 90,990.05 = 19.75

The sum of squares of deviations within strains is the difference
208.95 — 19.75 = 189.20, and the analysis of variance table is as

follows:

TABLE 35
Sum of squares Degrees of Mean square
of deviations freedom deviation
Among strains. . .. 19.76 4—-1= 3 6.583
Within strains. . . . 189.20 456 ~1) =16 11.825
Total......... 208.95 4Xb5-1=19

It is seen that there is less variation among strains than within
strains,

If there are unequal numbers in the various classes, say N; in
the first class, N3 in the second, and o0 on, the fundamental for-
mula is

-

13 N,

Z; (X, — X2
=1 N )
= Z i: Xy — X))? +Z N4X; - X)? (35)
J= =1

[T))
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This is exactly comparable to the formula (26) used in connection

with the correlation ratio.

In fact, our classes correspond to the

columns of the correlation table from which the correlation ratio
is calculated, and consequently to test whether the variation among
class means is significantly greater than within classes we proceed
as before, using the ratio

T TiEX -

ZNAX; - X)2/(k — 1)

or half its natural logarithm.
64. Subdivision of variance into more than two portions.*
It often happens that there is a connection between the individual

items in the different classes.

plants at ten different stations.

X)*/(N — k)

(36)

For example, we might have obser-
vations on the first flowering date of four different varieties of
The observations could be classi-
fied both according to variety and to locality. We should in gen-
eral have a table like Table 31, but should want the means of rows

as well as columns. (See Table 36.)
TABLE 36
1 2 J k Mean
1 Xu Xig oor Xyj o0 Xue IZI-
2 Xa1 Xog +++ Xgj oo+ Xox | Xa.
P Xa X o0 Xij oo X X;.
m Xm Xmg ¢+ Xmi coo Xonk Xﬂu
Mean | X.; X2 o X - X | X

* To obtain a clear insight into the foundations of the analysis of variance

one should read two papers by J. O. Irwin, “ Mathematical theorems involved
.in the ‘analysis of variance,” Journal of the Royal Statistical Society, vol. 94,

1931, pp. 284-300; and “Independence of the constituent items in the analysis
of variance,” Supplement to the Journal of the Royal Statistical Society, vol. 1,

1934, pp. 236-261.
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Let X, denote the mean of the ith row, X.; the mean of the
jth column, and X the general mean. The fundamental identity is

Z;Z(X., X)2 = kZ(X X>2+m2<x _xy

ZZ(X., X~ X+ X7 @D

J=1 =1

The last term is called the error or interaction. It has been freed
of the effect of both rows and columns, and is therefore assumed to
be due to experimental error only. Ordinarily it is not calculated
directly, but as the remainder after deducting the other two terms
from the total sum of squares of deviations. Exhibiting formula
(37) as an analysis of variance table, we have Table 37. The

TABLE 37

Sum of squares of deviations | Degrees of freedom

Means of rows. ...... kz;(&. - )?__)2 m—1

Means of columns. ...| mZ;(X.; — X)? _ k-1

Error............... 22X — Xi. — X+ X)? (m — 1)k —1)
Total. ........... 22X — X)? mk — 1

number of degrees of freedom for rows (or columns) is one less
than the number of rows (or columns). The number of degrees of
freedom for error is, as in a contingency table, the number of com-
partments of the table that can be arbitrarily filled, keeping the
marginal totals or means constant, viz., (m — 1)(k — 1).

If our data are a random sample from a homogeneous normal
population, then each sum of squares of deviations in Table 37,
when divided by the corresponding number of degrees of freedom,
gives an unbiaged estimate of the variance of the population. If
the population is not homogeneous, that is, if it is more variable in
one way than another, this will show up in the different estimates
of the population variance; some of them will be greater than
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others. It is usual to compare the columns and rows with the
error or interaction.

To test whether there is significant variation in the means of
rows we use

k24X — X)2/(m — 1)

w= EiE.-(X.-i - X.‘. - X’i + X)2/(m - 1)(’0 - 1) (38)
np=m-—1 nge=m-—1)k-1)
and to test the variation of the means of columns we use
(X - X)2/(k — 1
" m3( )2/ — 1) )

T IEXi— X — X+ X)2/(m — 1)k — 1)
n1=k—1, ng = (m—l)(k—-l)

Of course, we have the option of using z = 3 log, w in either case.

} V7 QD
: 86};.\ > 4 ’$
- X
VS (X;-X,.~X,;+X) £
i X =
H Js (X;L—)Ef’ o
[Setde Ibet
M= = N |.,: -
// ..,){-'l 'ﬁ
’/I ,IS \Xﬂ
L'

Fia. 11.—Analysis of Variance Diagram.

Formula (37) can be represented geometrically by letting the
square root of the left side be the diagonal of a rectangular
parallelopiped of which the edges are the square roots of the three
terms on the right side, as in Fig. 11. In this figure the symbol S is
used to indicate summation over every individual in the sample;e.g.,

13 mn m
SR — X)2 = Z D X-Xr=k D (X - Xp
=1 =1 =1

As a very simple illustration of formula . (37) let us consider
Table 38. We find: for total
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TABLE 38
Total | Mean
2 3 5 6 16 4
4 7 8 b 24 6
[ 5 5 4 20 5
Total. ..... 12 16 18 15 60 15
Mean. ..... 4 5 6 5 20 5

4 3
Xy— X2 =@ =52 +@ =52+ (6 -5 +(6 -5

=1 (=1
+ =52+ (T —5)2+ (8~ 572+ (5~ 5
+(6—52+ (5 -5+ (5—52+ 4 — 5)?
=9+4+4+04+14+14+44+9+0+1+4+04+0+1 =30

For means of rows

4 Z X. — X)2

=4@4-5°+6-5°+@E-5°=41+1+0)=8

For means of columns
324: X —X)2=3(4-52+(6—52+ (6 — 5?2+ (5 —5)?
i'ls =3(14+0+1+0)=6
Z Xi— X — X+ X)2

J=1 =1
=@2-4—-4+524+B—-4—5+52+(5—4—6+5)?
+(@—4—5+52+@-6—4+52+(7—6—5+5)?
+(8—6—-6+52+(5—6—5+52+(6—5—4+5)32
+06-5-5+52+(B-5—-6+572+(4~-5—-5+5)?
=1+14+04+4+1+1+1+1+4+0+1+1=16

. Check: 30 =8+ 6+ 16
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In actual practice the sums of squares of deviations would not
be calculated as above. Perhaps the most satisfactory formula
for use in machine calculation is the following:

(ZiZ:X;)?

22Xy - D) = 32X - 2

zZX} ’
= Z;Z.X% — _7 (40)
in which N = mk, and T is the grand total.

In the present example this total sum of squares of deviations

would be
2
22432452462+ 424724824 52462452+ 5242 — ©0*

12
= 330 — 300 = 30
The sum of squares, 300, and the total, 60, could be run off simul-

taneously on the machine.
Then for rows we could use the formula

2;Z:X)?
k2K — X)? = kZ.XE — (—‘?ﬁ}f—')—
- EL) (EEX_) _1 w1 2
- kE.( k N = k 2: (EIX") N (zztilz)
T2 T2
=0t 4
P N (41)

where T'; is the total of the ith row, and T is the grand total. This
gives

1(16)? + (24)% + (20)%] — 5 (60)% = 308 — 300 = 8

The formula for columns, analogous to (41), is

TR Ve S SRS To R SIS Yo RS ot
o
m N
= }[(12)2+ (15)2+(18)2+(15)2] — 1 (60)2 = 306—300 = 6

T is the total of column j. .
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As has been stated above, the error term would be obtained by
subtraction (30 — 8 — 6 = 16).
The analysis of variance table would appear as follows:

TABLE 39
Sum of squares Degrees of Mean square
of deviations freedom deviation
Rows............. 8 3—-1= 2 4
Columns. ......... 6 4—-1=3 2
Error............. 16 3X2=6 2.6
Total.......... 30 3X4-1=11

To test the significance of the variation among rows we set

1 1 4 1
z= Elog. w=3 log,i—(:i =3 log, 1.5 = 0.2027

n1=2, n2=6

Such a value would not be significant.

The mean square deviation for columns is less than that for
error and would not need to be tested.

As was suggested above, the observations might be first
flowering dates of plants. The columns might then refer to dif-
ferent varieties and the rows to different observation localities.
Or the columns might refer to different varieties and the rows to
different years. For rainfall data we might have twelve columns
for the various months and use the rows for years. Other examples
could be adduced without limit, and the method is very broadly
useful.

The foregoing method of subdivision admits of still further
extension. Rainfall data, for instance, might be classified accord-
ing to month and year and station at which measured. Or for
a given station it might be classified according to the hour of the
day as well as according to month and year.

. Suppose then that we have N = klm observed values which are
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subjected to a triple classification into groups, columns, and rows.
(See Table 40.) Let there be I groups of k rows and m columns

TABLE 40
Column
. Mean
1 j m
X Xu; Xum Xu.
Group 1 .X:h'll X :..1,‘ X h‘lm X ;. 1 .
3(. k.ll X k.lj X Ic.lm X k.l
Mean......... X_n ;1—,— }—1;. )_(—1—
b X m. X 1 X1im ;?1.'-
Group ¢ X h..'x X h‘;‘j Xhim Xha
;Y‘ k‘il X k..'i Xim X k.
Mean......... ‘ X.a ;(:: )_('_m X.;
I X m. X uj D¢ u».z X u.
Group ! X ;..n X ;..;,' Xhim X ;.;.
k' k.ll X k‘li Xkim X Kl
Mean......... ;(:; E-l,_ )—(_tm X...
X141 X1 Xim Xi..
Means of rows f ;... 1 J? ;... i X ;,.. m )? h.- .
. %k.-l Xh .X.k.-m Xi..
e Mean......... }—; f-: 'J?_,,. X_-

each. Let X);; be the item in row /& and column j of the ¢th group.

Let

X»i. = mean of items in row k of group <.
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X>.; = mean of items in row 4 and column j.
X..s = mean of items in column 7 of group <.
X,.. = mean of items in all hth rows.

X... = mean of items in group <.

X..; = mean of items in all jth columns.

X = general mean.

Then the fundamental identity, which we shall state without
proof, is

m 3

Z Zz': Xais— X)? = lmzk: Xs.. — X)2
A=l

j=1 $=1 h=1

1 m
+ kmz R — X2+ kzz X.;— X2
[ =1
k ]

+mY D (Kni — Ko — X + X2

h=l (=1
] m
+1) > Eni—Zn — Xy + X2
h=1 f=1
3 m
SE)DDINC.LED M FE oL
=1 j=1
3 ] m
+2 Z EE(XMi —‘XM. - X».,‘ - X.;j -+ Xp...
A=l f=1 j=l
+X.+X.,;-X)2 42)

The corresponding analysis of variance is shown in Table 41.

The matter will be much clearer if we work through a concrete
example. Let us consider Table 42, which shows the first lowering
date (day of the year) of 5 varieties of plants at 6 different stations
over g period of 3 years. In the preceding terminology, the plants
correspond to columns, the stations to groups, and the years to
rows. In this table totals rather than means are shown.

The total sum of squares of deviations is found by summing the
squares of all individual items and then subtracting the square of
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TABLE 42

FirsT FLoWERING DATB (DAY OF YBAR) OF § VARIETIES OF PLANTS
AT 6 StaTIONS OVER A PERIOD OF 3 YEARS

Colts- | Anem- | Black-
Hazel foot one thorn Mustard| Total
Broadchalke—
1932 57 67 5 102 123 444
1933 46 72 90 88 101 397
1934 28 66 89 109 113 405
Total......... 131 205 274 299 377 1246
Bratton—
1932 26 44 92 96 93 351
1933 38 68 89 89 110 304
1934 20 64 106 106 115 400
Total......... 84 176 291 291 318 1145
Lenham—
1932 48 61 78 99 113 339
1933 35 60 89 87 109 380
1934 48 75 95 113 111 442
Total......... 131 196 262 299 333 1221
Dorstone—
1932 50 68 85 117 124 444
1933 37 65 74 93 102 371
1934 19 61 80 107 118 385
Total......... 106 194 239 317 344 1200
Coaley—
1932 23 74 105 103 120 425
1933 36 47 85 90 101 359
1934 18 69 85 105 111 388
Total. ........ 7 190 275 208 332 1172
Ipswich— N
1932 39 57 91 102 112 401
1933 39 61 82 93 104 379
1934 43 61 98 98 112 412
Total......... 121 179 271 293 328 1122
All stations—
1932 243 371 546 619 685 2464
1933 231 373 509 540 627 2280
1934 176 396 542 638 680 2432
Total......... 650 1140 1597 1797 1992 7176
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the grand total divided by the number of items (5 X 6 X 3 = 90).
This can readily be done on a calculating machine. We find

2
(67)2 + (67)% +- -+ + (112)2 — (719+6)
1
- Ao - 5_%3"97—6 = 644,074 — 572,166.4 = 71,907.6

For plants and stations we have Table 42A. From this table

TABLE 42A
PLANTS AND STATIONS

Hazel | COlts | Anem- | Black- 1y o al Total

foot one thorn
Broadchalke. . .... 131 205 274 299 337 1246
Bratton.......... 84 176 276 291 318 1145
Lenham.......... 131 196 262 299 333 1221
Dorstone. ........ 106 194 239 317 344 1200
Coaley........... 77 190 275 298 332 1172
Ipswich.......... 121 179 271 293 328 1192
Total......... 650 1140 |- 1597 1797 1992 7176

we calculate as we did for the double classification table of sec-
tion 64,
H(131)2 + (205)2 +- - - + (328)%] — g (7176)2
=1 X% 1,916,812 — 572,166.4 = 66,770.93
The reason that we take one-third of the sum of squares is that
each value such as 131 is the total of three items (flowering dates
for 1932, 1933, 1934). The value 66,770.93 is the subtotal sum of

squares of deviations for plants and stations.
The sum of squares of deviations for plants is

5 [(650)2 + (1140)2 + - - - + (1992)%] — o' (7176)?
= & X 11,469,782 — 572,166.4 = 65,043.71

Here each value such as 650 is the total of 18 items (flowering
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dates for 3 years at 6 stations), and we must divide the sum of

squares by 18.
The sum of squares of deviations for stations is

15 [1246)? + (1145)% +- - - + (1192)] — g5 (7176)2
= y% X 8,588,830 — 572,166.4 = 422.26
The interaction term for plants and stations is the remainder,
66,770.93 — (65,043.71 + 422.26) = 1304.95
For plants and years we have Table 42B.

TABLE 42B
PLANTS AND YEARS
Hazel | Coltsfoot | Anemone Black- Mustard | Total
thorn

1932 243 371 546 619 685 2464

1933 231 373 509 540 627 2280

1934 176 396 542 628 680 2432

Total...| 650 1140 1597 1797 1992 7176

The subtotal sum of squares of deviations is
3((243)2 + G712 +- -+ (680)%] — gy (7176)?
= X 3,834,492 — 572,166.4 = 66,915.6
The sum of squares of deviations for years is
251(2464)% + (2280)2 + (2432)%] — 44 (7176)2
= s X 17,184,320 — 572,166.4 = 644.26

The sum of squares of deviations for plants has already been
found to be 65,043.7i. Consequently the interaction term for
plants and years is

66,015.6 — (644.26 + 65,043.71) = 1227.62
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The table for stations and years is Table 42C.

TABLE 42C

STATIONS AND YEARS

Broad- .
chalke Bratton | Lenham {Dorstone| Coaley | Ipswich | Total

1932 444 351 399 444 425 401 2464
1933 397 394 380 371 359 379 2280
1934 405 400 442 386 388 412 2432

Total.| 1246 1145 1221 1200 1172 1192 7176

Since we have the sums of squares of deviations for stations and
for years (422.26 and 644.26 respectively) we need only to find
the subtotal sum of squares of deviations. This is

$[(444)% + (351)2 +-- -+ (412)%] — Y5 (7176)2
= } X 2,873,410 — 572,166.4 = 2515.6
The interaction between stations and years is
2515.6 — (422.26 + 644.26) = 1449.06

We can now find the sum of squares of deviations for the
interaction among plants, stations, and years by subtracting from
the total the terms for plants, stations, and years, and the single
interaction terms, plants X stations, plants X years, and stations
X years. This gives

* 71,907.6 — (65,043.71 + 422.28 + 644.26 + 1304.95
+ 1227.22 + 1449.08) = 1815.91

We are now ready to form the analysis of variance table
(Table 42D).
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TABLE 42D
ANALYSIS OF VARIANCE
Sum of squares Degrees of Mean square
of deviations freedom deviation
Plants. ....covvveenen... 65,043.71 5—1= 4 | 16,260.927
Stations......oovueeenn.. 422.26 6—1=5 84.453
Years......oovavninnn... 644.26 3-1= 2 322.133
Plants X stations......... 1,304.95 4X5=20 65.247
Plants X years........... 1,227.22 4X2= 153.4027
Stations X years......... 1,449.08 5X2=10 [ 144.908
Plants X stations X years. 1,815.91 4X5X2=40 45.397
Total............... 71,907.6 5X6X3—1=89

If we wish to test any variance, that is, any mean square devia-
tion, we use the interaction of plants, stations, and years for the
comparison term. For example, if we wish to test the variation
from year to year we take

322.13
1
z2 =5 log.——— = 09797, n; =2, ng =40
7 108 45,403 R
This value is outside the 5 per cent point and is very close to the
1 per cent point.

In double or multiple classification the case of unequal frequen-
cies in the various classes presents some difficulties. Those inter-
ested in this case are referred to the original papers in which it has
been treated.*

66. Analysis of covariance.} The covariance between N
pairs of values of X and Y has been defined (see section 18) as
Saxy/N, where z = X — X, y = Y — Y. It is quite possible to

*See F. Yates, “The analysis of multiple classifications with unequal
numbers in the different classes,” Journal of the American Statistical Associa~
tion, vol. 29, 1934, pp. 51-66; and the references contained therein. .

t For a fuller treatment of this topic consult the following references:

R. A. Fisher, “Statistical Methods for Research Workers,” section 49.1.

J. Wishart and H. G. Sanders, “Principles and Practice of Field Experi-
mentation,” Empire Cotton Growing Corporation, London, 1936.

J. Wishart, “Tests of significance in analysis of covariance,” Supplement

to the Journal of the Royal Statistical Society, vol. 3, 1936, pp. 79-82, and further
references contained therein.



ANALYSIS OF COVARIANCE 151

analyze the sum of products into components just as we analyzed
the sum of squares. In this way we are able to obtain estimates of
the covariance, and also of the regression and correlation coeffi-
cients, which are freed from class or other effects. The analysis of
covariance has been used in agricultural and biological problems by
Fisher and others. Bailey * has given a number of miscellaneous
examples of its use and has emphasized its applicability to time
geries in economics,

Suppose that we have a table (Table 43) similar to Table 31

TABLE 43
Class 1 cee k
(Xu, Yu) 3 (Xm, Ylk)
(Xml, le) ..o (X mky Ymk)
Mean ()?1, Y1) e (Xk, Yk)

but with two variables instead of one. That is, we have k classes
with 7 individuals in each. With the ¢th individual in the jth
class is associated a pair of values X;;, Y;;, which may be regarded
as the measures of a certain pair of attributes or characteristics.
If X,, V; are the means of X and Y respectively in the jth class,
then the sum of products Zzy can be written

2 i Xi—X)(Y;—-7)

=1 $=1
- i i (Xi—X)+ X - DY, - P)+(¥; - D)
=1 =1
Z Z Xi—X)(Yy— V) + 2 i Xi-X)(Y;-Y)
J=1l tml J=1l f=1
Z E @i = Xy = X)+ E Zm: X - X)(¥; - 7)

J=1 $m1

* A. L. Bailey, “The analysxs of covariance,” Journal of the American
Statistical Association, vol. 26, 1931, pp. 424-435.



152 ANALYSIS OF VARIANCE

= 2 i X:i— XYy — V)

J=l $=1

+m) &Xi- (- P @3)
=1

The term 2,Z:(X; — X)(Yi; — Y,) vanishes, since it is equal to

]

=B =Ty =3 &~ Dm(Ti— Py =0
1 =1 j=1

J=

Similarly the corresponding term with X and Y interchanged
vanishes. The fundamental identity (43) expresses the fact that
the total sum of products of deviations is equal to the sum of
products of deviations within classes plus the sum of products of
the deviations of the class means from the general means, multi-
plied by the number of individuals in each class.

The sum of products can be broken up into more components
just as can the sum of squares. It is not necessary to illustrate
further subdivision, however, as it can be effected in a manner
entirely analogous to the subdivision in the analysis of variance.

As an example of the analysis of covariance, consider the
following data on the yield of wheat in bushels per acre and the
production cost per bushel for five farms in each of three districts.

TABLE 44

District I District 11 District II1

Yield (bush-| Cost per || Yield (bush-| Cost per (| Yield (bush- | Cost per
els per acre) | bushel [l els per acre) | bushel || els per acre) | bushel

9 $1.80 18 $1.00 14 $1.00
11 1.40 18 0.50 10 1.50
8 2.00 20 0.70 13 0.80
9 1.50 16 0.70 16 0.70
11 1.70 9 2.00 7 2.10
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Designating yield by X and cost by Y, we form Table 45, in
which are also listed X2, XY, Y2,

TABLE 45

X Y X2 XY Y?
9 1.80 81 16.2 3.24
11 1.40 121 15.4 1.96
District I 8 2.00 64 16.0 4.00
9 1.50 81 13.5 2.25
11 1.70 121 18.7 2.89
Subtotal....... 48 8.40 468 79.8 14.34
18 1.00 324 18.0 1.00
18 0.50 324 9.0 0.25
District 1T 20 0.70 400 14.0 0.49
16 0.70 256 1.2 0.49
9 2.00 81 18.0 4.00
Subtotal........ 81 4.90 1385 70.2 6.23
14 1.00 196 14.0 1.00
10 1.50 100 15.0 2.25
District III 13 0.80 169 10.4 0.64
15 0.70 225 10.5 0.49
7 2.10 49 14.7 4.41
Subtotal. . 59 6.10 739 64.6 8.79
Total. ...... 188 19.40 2592 214.6 29.36

TABLE 46
AmoNG DisTrICTS

District X Y b ¢ Xy y?

° I 48 2,304 403.2 70.56

8.40
11 81 4.90 6,561 396.9 24.01
III 59 6.10 3,481 3569.9 37.21

Total......... 188 19.40 12,346 1160.0 131.78
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In computing, from Tables 45 and 46, the sums of products of
deviations and the sums of squares of deviations, we make use of
the formulas

>X)? zX.2Y
sat = 3x0 = B gy - gy XY
2
2t = 372 D
For the total we have

Zz? = 2592 — (188)%/15 = 2592 — 2356.26 = 235.73
Szy = 214.6 — 188 X 19.40/15 = 214.6 — 243.146 = — 28.546
Sy? = 29.36 — (19.4)2/15 = 29.36 — 25.0906 = 4.2693
Among districts,
22?2 = X 12346 —1%(188)2=2469.2—2356.26 = 112.93
Zzy = $X1160.0 — 4 X 188X19.4 =232 —243.146 = —11.146
Zy? = 1X131.78 — 1% (19.4)2=26.356 —25.0906 = 1.2653
Within districts,
I. Zz2 = 468 — (48)2/5 = 468 — 460.8 = 7.2
Sry = 79.8 — 48 X 8.4/5 = — 0.84
3y = 14.34 — (8.4)2/5 = 14.3¢ — 14.112 = 0.228
II. 222 = 1385 — (81)2/5 = 1385 — 1312.2 = 72.8
Szy = 70.2 — 81 X 4.9/5 = 70.2 — 79.38 = — 9.18
2y = 6.23 — (4.9)2/5 = 6.23 — 4.802 = 1.428
III. 322 = 739 — (59)2/5 = 739 — 696.2 = 42.8
Sry = 64.6 — 59 X 6.1/5 = 64.6 — 71.98 = — 7.38
Zy? = 8.79 — (6.1)2/5 = 8.79"— 7.442 = 1.348
Compiling these results, we have Table 47. From this table we
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can calculate the regression coefficients for the different compo-
nents. Within districts we find

17.40
by =— 228 =" 0.1417
while among districts
11.146
by =— 11208~ 0.0987
TABLE 47

ANALYSIS OF VARIANCE AND COVARIANCE

o Degr: f
2 2 grees O
p Zry 2y freedom
District I 7.2 —0.84 0.228 4
I 72.8 -9.18 1.428 4
1L 42.8 -17.38 1.348 4
Within districts. . . 122.8 —17.40' 3.004 12
Among districts...| 112.93 —11.146 1.2653 2
Total.......... 235.73 —28.546 4.2603 14

Let us first test whether the coefficient of regression within dis-
tricts is significant. We may use the ¢ test of section 43, or may
use the analysis of variance method. Let us use the latter. For
the sum of squares of deviations from the regression line, ' = bz,
we have

Sy — bux)? = Zy? — 2b3xy + biZx?

which, since by = Zzy/Zx?, reduces to

2 - 2
Zy? — %)— = 3.004 — 5—11272% = 3.004 — 2.46547 = 0.53853

The analysis is summarized in Table 48.
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TABLE 48
ANALYSI8 OF VARIANCE WITHIN DIsTRICTS
Sum of squares | Degrees of Mean square
of deviations freedom deviation
Residuals................ 0.53853 11 0.0490
Regression............... 2.46547 1 2.46565
Total................ 3.004 12

We find z = ¥ log. (2.4655/0.0490) = 1.959, which for n; = 1
and ng = 11 is highly significant.

Next we analyze the residual variance. For the regression
among districts we have, as above,

2(y — baz)? = 1.2653 — (Z L1407

112.93
= 1.2653 — 1.10019 = 0.16514

The sum of squares of differences between regressions is *

(—17.40)2 = (—11.146)2 _ (—28.546)2
122.8 112.93 235.73

= 2.46547 + 1.10019 — 3.45692 = 0.10874

The sum of squares of the deviations among districts is
0.16514 + 0.10874 = 0.27388

The sum of squares of deviations for the * total ” is

(—28.548)?

3578 = 4.2693 — 3.45692 = 0.81241

4.2693 —
and the corresponding sum within districts has already been found
to be 0.53853.

These results are recapitulated in Table 49. Any desired tests
can be made by computing the appropriute values of z, using the

* See Wishart and Sanders, op. cit.
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mean square deviation within districts as the error mean square.

TABLE 49
ANALYSIS OF RESIDUAL VARIANCE
Sum of squares | Degrees of Mean square

of deviations freedom deviation
Between regressions. ... ... 0.10874 1 0.10874

Residuals from the o
“among’’ regression. . . . . 0.16514 R | 0.16514
Among distriets.......... 0.27388 2 0.13694
Within districts.......... 0.53853 11 0.04896

Total................ 0.81241 13

To be noted is the fact that the estimated standard deviation
has been decreased from (3.004/12)”% = 0.503, to (0.04896)% =
0.221; that is, it has been cut to less than half, thus greatly increas-
ing the accuracy of any tests made.

EXERCISES

1. (a) From the data of Table O, page 63, can it be concluded that either
sex has a greater variability in number of red blood cells than the other?
(b) Can it be concluded that either sex has a greater variability in amount of
hemoglobin?

2. Analyze the variance for the linear regression found in exercise 2,
page 43, and make a test of significance.

8. Make an analysis of variance for the parabolic regression obtained in
exercise 5, page 45, and make tests of significance.

4. Analyze the variance for the multiple regression pbtained in exercise 8,
page 45, and make a test of significance.

8. (a) Analyze the variance for the correlation ratio found in exercise 3,
page 62. (b) Test the significance of this correlation ratio. (c) Test the
linearity of the regression.

8. Make an analysis of variance for the correlation ratio found in exercise 4,
page 84. Test (a) the significance of the correlation ratio, and (b) the linearity
of the regression.

7. Analyze the variance in Table W into that within batches and tha.t
among batches, and test for significance.
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TABLE W

BreakiNg STreNGTH (Pounps TENsION) OF 10 BarcHEs oF CEMENT
BRIQUETTES

1 2 3 4 5 6 7 8 9 10

518 508 554 5556 | 536 | 544 | 578 | 530 | 590 | 542

538 528 579 550 528 | 548 | 562 | 536 | 6530 | 590°
510 534 538 536 572 | 562 | 524 | 540 | 572 | 546
544 538 544 540 506 | 534 | 548 | 530 | 6525 | 522

8. Table Y gives porosity readings on 3 lots of condenser paper. There
are 3 readings on each of 9 rolls from each lot. Determine whether there are
significant variations (a) among readings within rolls, (b) among rolls within
lots, and (c) among lots. (Western Electric Co. data.)

TABLE Y
Porosiry READINGS ON CONDENSER PAPER
Lot Reading Roll number
number number 1 9 3 4 5 6 7 s 9
1 1.5 1.6 2.7 3.0 3.4 2.1 20 3.0 5.1
I 2 1.7 1.6 1.9 2.4 566 4.1 2.5 2.0 5.0
3 1.6 1.7 20 2.6 56 4.6 2.8 1.9 4.0
1 1.9 23 1.8 1.9 2.0 3.0 2.4 1.7 2.6
II 2 1.6 24 2.9 35 1.9 26 2.0 1.6 4.3
3 2.1 2.4 47 2.8 2.1 3.5 2.1 2.0 2.4
1 2.5 32 14 78 32 1.9 20 1.1 2.1
111 2 29 556 1.6 5.2 2.6 2.2 2.4 1.4 2.5
3 33 7.1 34 50 40 3.1 3.7 41 1.9
L
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9. Table Z gives impact strength readings, in foot-pounds, on 5 lots of
insulating material. One specimen from each of 20 different, sheets was tested
from each lot. The first 10 specimens were cut along the lengthwise direction
of the sheets, the second 10 specimens were cut along the crosswise direction.
Determine whether there are significant variations (a) among lots, and (b)
between lengthwise and crosswise specimens. (Western Electric Co. data.)

TABLE Z
IMpact StrRENGTH READINGS (FooT-Pounps) oN § LoTts or INSULATING
MATERIAL
Specimen Lot number
number I II 11 v v

1 1.16 1.16 0.79 0.96 0.49

2 0.84 0.85 68 .82 61

3 .88 1.00 64 .98 59

4 .91 1.08 72 .93 51

Lengthwise 5 .86 0.80 63 .81 53
specimens 6 .88 1.01 59 .79 72
7 .92 1.14 81 .79 67

8 .87 0.87 65 .86 47

9 .93 0.97 64 .84 44

10 .95 1.09 75 .92 48

11 0.89 0.86 0.52 0.86 0.52

12 .69 1.17 52 1.06 53

13 .46 1.18 80 0.81 47

14 .85 1.32 64 .97 47

Crosswise 16 .73 1.03 63 .90 57
specimens 16 .67 0.84 58 .93 54
17 .78 0.89 65 .87 56

18 N 0.84 60 .88 55

19 .80 1.03 71 .89 45

20 .79 1.06 59 .82 60
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10. The following data are the thicknesses of coating, in 0.0001 in., on
fiber strips sprayed with varnish. Measurements were taken at 5 different
points on each of the 3 strips selected from each of 5 lots. Test for significance
the variance (¢) among points within strips, (b) among strips within lots, and
(c) among lots. (Western Electric Co. data.)

Lot I Lor IT
Strip Point number Strip Point number
number | ", 3 4 number "\ ", 3 4 5
1 10 8 10 9 7 1 13 12 12 12 13
2 8 8 8 8 10 2 10 9 13 11 8
3 8 10 10 6 7 3 1 8 10 12 12
Lor III Lor IV
Strip Point number Strip Point number
mumber [, 3 4 5 mumber | \" "y 3 4 5
1 12 13 14 17 16 1 14 13 17 11 11
2 17 10 13 10 14 2 11 9 13 11 12
3 12 11 13 16 13 3 17 13 14 13 8
Lor V
Strip Point number

number "\ 3 4 5

9 13 17 13 1
2 8 11 10 12 11
7 14 14 9 9
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11. Table AA gives the initial weights and the average daily gains of 4 lots
of 10 pigs each. Each lot was fed on a different diet. Make an analysis of
variance and covariance, and test the significance of the differences among
the adjusted or residual mean gains of the different lots.

TABLE AA

INtTIAL WEIGHTS (X PoUNDS) AND AVERAGE DarLy GAins
(Y Pounps PER DaAY) oF 4 LoTs oF Pias

Lot 1 Lot 2 Lot 3 Lot 4
Initial | Daily || Initial | Daily || Initial | Daily || Initial | Daily
weight gain weight gain weight gain weight gain

X Y X Y X Y X Y

36 1.33 38 1.25 45 1.22 38 1.35
65 1.13 60 1.39 59 1.79 73 1.60
4 1.80 41 1.57 38 1.31 ' 40 1.26
51 1.48 50 1.29 53 1.50 43 1.15
66 1.76 61 1.25 50 1.31 44 1.54
44 1.42 44 1.20 45 1.55 48 1.24
57 1.90 60 1.40 56 1.70 50 1.47
79 1.67 71 1.29 61 1.40 62 1.29
41 1.31 53 1.30 39 1.36 51 1.41
57 1.34 54 1.46 59 1.53 58 1.35




CHAPTER IX
EXPERIMENTAL DESIGN

66. Randomized blocks. The realization is becoming stronger
that, in order to yield the best results and the greatest possible
information, an experiment should be properly planned before it
is performed. The development of the analysis of variance and
the improvement of experimental design have proceeded simul-
taneously. In agricultural science particularly, it has been found
desirable to design experiments so that the analysis of variance
can be conveniently and correctly applied.

One field arrangement that has been found extremely useful,
and at the same time specially suited to the application of the
analysis of variance, is that of randomized blocks. Consider, for
simplicity, an experiment which is to be made on three varieties of
wheat to ascertain which has the greatest yield in bushels per acre.
We might take four blocks of land, divide each block into three
strips, and sow each strip of a given block with a different variety,
arranging them at random. Such an experiment would be repre-
sented by the following diagram, in which v;, v, v3 are the three
varieties, and the numbers shown in the various strips are the
yields in bushels per acre.

1 2 3 4 '
vg 9 v 10 vs 20 va 14
vy 11 vy 18 v, 16 v 12
v 8 vg 18 vge 9 | vg 7

162
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When the data are arranged in tabular form we have Table 50.

TABLE 50
YieLps 1N BusHELS PER ACRE OF 3 VARIETIES OF WHEAT

Block
Variety Total
1 2 3 4
1 8 10 16 12 46
2 11 18 9 14 52
3 9 18 20 7 54
Total. . ... 28 46 45 33 152

They can be analyzed as before by formulas (40), (41), and (42)
of section 64.
The total sum of squares of deviations is

(Z;2:.X:7)?
N
= (8)2 4+ (10)2 + (16)2 + (12)2 + (11)% + (18)2 + (9)?

2
+ 4?4+ O + (187 + @02 + (@) — -
= 2140 — 1925.3 = 214.6

22Xy — X)? = 22X —

The sum of squares of block differences (due to differences in
soil fertility, etec.) is

m2(Xs — X = L B(2X,)? — = (B2
= %[(28)2 + (46)2 + (45)% 4 (33)%] — -112(152)2
= 2004.6 — 1925.3 = 79.3

*For variety differences we find
BE(Re = B0 = L ZEX) — o (BZX)?

= 1(46)2 + (52) + (54)2] — 5(152)
= 1034 — 1925.3 = 8.6 .
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The error term is
214.6 — 79.3 — 8.6 = 126.8

so that the analysis of variance table is as follows:

TABLE 51
Sum of squares Degrees of Mean square
of deviations freedom deviation
Blocks............ 79.3 4—-1= 3 26.4 -
Varieties.......... 8.6 3—-1= 2 4.3
Error............. 126.6 3X2= 6 21.1
Total........... 214.6 12-1=11

The mean square deviation for varieties is less than that for
€error.

A similar analysis could be made if different treatments were
applied to the same variety.

If each variety in the foregoing illustration were treated with
two different kinds of fertilizer we should have six different com-
binations

vity, vile, vali, vals, wvsty, wvste

where of course v refers to variety and ¢ to treatment. Each block
would be divided into six different plots and a
vt | vatz | typical block would be that shown in the diagram.
That is, each block would be divided into three
strips, to which would be assigned at random the
vsls | vst1 | three varieties. Each strip would be subdivided
into two plots, and the treatments would be al-
located to them at random. The results could be tabulated as
in Table 52.

These data could be analyzed in precisely the same way as were
the phenological data (first flowering dates of plants).

nts | nh
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TABLE 52

Ymeros 1IN BuseELS PER ACRE OF THRER VARIETIES OF WHEAT
TREATED WITH Two DIFFERENT FERTILIZERS

Block
Total
1 2 3 4
Variety 1
1... 8 10 16 12 46
T'e“tme“t{& o7 8 | 12 | 13 40
Total. ....... 15 18 28 25 86
Variety 2
... 11 18 9 14 52
T'“‘“‘e““{z. 1w | 0] 12| 4
Total. ....... 21 34 19 26 100
Variety 3
1... 9 18 20 7 54
I'“‘“‘e"t{z. 110 22/ 10| e
Total........ 19 38 40 17 114
All varieties
Tren.t,ment{ 1...] 28 46 45 33 152
2...| 27 44 42 35 148

Total........ 55 90 87 68 300

It should be noted that when we have only two subdivisions, as
for treatments in the foregoing illustration, the sum of squares of
deviations can sometimes be calculated more simply as follows:
The totals 152 and 148 represent 12 plots each, and according to
thesmethod already employed the sum of squares would be

* ((152)2 + (148)7] — 54(300)2 = 0.6

However, the difference between 152 and 148 represents 24 plots,
and we obtain the same result by taking

2 (152 — 148)2 = 0.6
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In general, the sum of squares of deviations of two quantities X,
and Xz from their mean is

(%= B2 + (X, - Xy = T =KoY M

Their variance is (X; — X2)%/4 and their standard deviation
| X1 — Xa| /2.

67. Latin square. One arrangement frequently used is the
Latin square. If we are testing m varieties (or treatments), a
block of land is divided into a checkerboard arrangement of m
rows and m columns, and the varieties are distributed at random
in the plots, with the restriction that each variety occurs once
and but once in each row and also in each column. If 4, B, C,
D, E are five varieties, we can form a five-by-five Latin square, a
typical example of which is shown in Fig. 12, It will be noted

C|A|E|D|B
D|B|A|E|C
A|D|C|BI|E
B|E|D)|C]| A
E|C|B|A|D

Fi1a. 12—Latin Square.

that each letter occurs once and only once in each row and each
column. The fundamental identity for the Latin square of order
m (m rows, m columns, m varieties) is

(X(,' - X)2 = ‘MZ (X.'. - X)2 + mZ (X.,' - X)2
1 i= J=1

f=]l j=

O EDIPICIEL BB IR R
« f=] J=

k=1
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In this formula ¢ refers to row, j to column, and % to variety* (or
treatment). That is, X;;is the item in the 7th row and jth column,
X.. is the mean of the ¢th row, X.; the mean of the jth column,
X, the mean of the kth variety, and X the general mean. The
analysis of variance table showing the degrees of freedom is given
below (Table 53).

TABLE 53

ANALYSIS OF VARIANCE FOR A LATIN SQUARE oF ORDER m

Sum of squares of deviations Degrees of freedom
Rows....... mZ;()z;. - )z)2 m—1
Columns. ...| mZ;(X.; — X)? m—1
Varieties. ...| mIx(X; — {)2 _ _ _ m—1
Error....... E;Ei(X;,- - X — X — Xk + 2X)2 (m —1)(m — 2)
Total. . ... 22X — X)2 m? —1

The variation in the totals of rows and of columns gives an
indication of the amount of soil heterogencity running in two
directions at right angles to each other, and it is the object of the
Latin square arrangement to remove the effect of this heteroge-
neity. For a square larger than eight-by-eight, the rows and
columns tend to become to0o long, and the efficiency of the design
is impaired. For a four-by-four square there are three degrees
of freedom for varieties and six for error, and we find, by reference
to Snedecor’s tables, that the mean square deviation for varieties
can be judged significant at the 5 per cent level if it is 4.76 times
that for error. But for a three-by-three square there are only two
degrees of freedom for varieties and the same number for error, so
that the variety mean square will have to be nineteen times the
errr mean square before it can be judged significant. Conse-

» quently, squares larger than eight-by-eight or smaller than four-
by-four are not recommended in practice.

For the sake of simplicity, however, we shall give the analysis

* The subscript k would refer to the variety occurring in row s and column j. |



168 EXPERIMENTAL DESIGN

of a three-by-three square. In this square (Fig. 13) the v’s in the
compartments refer to varieties of wheat; the numbers in the
compartments are the corresponding yields in bushels per acre.

Total
vg vg v1 .
1 9 8 28 Varieties
n ve v
n vy vg o o -
8 11 9
10| 18| 18| 48 10 18 18
NERE LN
0] 18] 9 65 paise 38 47

Total 41 43 35 119
Fia. 13.—Latin Square Showing Yields of Three Varieties of Wheat.

The calculation of the sum of squares of deviations is as follows:

Total

(112 + (9)2 + (8)2 + (10)2 + (18)2 + (18)2 + (20)2 + (16)%

+ 92— @5—)—2 = 1751 — 15734 = 177.5

Rows

31(28)2 + (46)2 + (45)?] — $(119)% = 1641.6 — 1573.4 = 68.2
Columns

$((41)2 + (43)2 + (35)%7] — $(119)? = 1585 — 15734 = 11.5
Varieties

3(34)2 + (38)% + (47)?] — $(119)2 = 1603 — 15734 = 20.5
Error

177.5 — (68.2 + 11.5 4 29.5) = 177.5 — 100.3 = 68.2

We have calculated the error term as a remainder, in which

way it is usually found. For illustrative purposes we shall also
calculate
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224X~ X.’. — X.,' - X + 2X)2
S SR CI Y PY JPL Y S

B3 R IXLRI (10— 48— 41— 38 42xTfo?
8448 12X} (184 54T 4212
00— 4~ 42X (16— 4~ 42— 34 4 2xAf)?
HO—4E -+
= 51067 + (=38)* + (19)7 + (=35)?
+ (19)? + (16)° + (19)? + (16)? + (~35)7

= 5330 = 682
The analysis of variance table (Table 54) follows.
TABLE 54
ANALYSIS OF VARIANCE TABLE FOR LATIN SQUARE oF WHEAT YIELDS
Sum of squares Degrees of
of deviations freedom
Rows......... 68.2 3—-1=2
Columns. . .... 11.5 3—-1=2
Varieties. . .. .. 29.5 3—-1=2
Error......... 68.2 2X1=2
Total. ...... 177.5 3-1=8

68. Factorial design and orthogonality. In any sort of experi-
ment it is usually better to vary several factors simultaneously
rather than one at a time. For example, in an agricultural experi-
ment on yields it is better to test several varieties with several dif-
ferént kinds of fertilizer, and even with varying degrees or levels of
each kind of fertilizer. For if four different varieties were being
tested with.the same fertilizer we might find, for example, that the
second variety gave the .greatest yield. A separate investigation
on this variety with three kinds of fertilizer might show that the
first kind of fertilizer gave the best results. However, from thege
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two experiments we could not tell but that the second kind of
fertilizer, say, when applied to the fourth variety would give still
better results. If the experiments were all combined into one, in
which all four varieties are tested in conjunction with all three
kinds of fertilizer, much more information will be elicited, since a
large share of it is contained in the interactions among the various
factors at work.

The method of experimentation in which two or more sets of
factors, such as treatments and varieties, are taken in all combina-
tions has been called factorial design.* Factorial design had its
inception in agriculture, and its greatest development has taken
place in that science. However, it should doubtless find applica-
tion in biology and medicine, and in testing materials and manu-
factured goods.

The usefulness of the analysis of variance in testing significance
in factorial design consists in the multiplicity of ways in which the
sum of squares of deviations can be split up. For example, con-
sider the numbers X;, X2, X3. Let us form the two linear expres-
sions

X1 —X;

X+ X2 — 2X3
which, together with the sum

X1+ X4 X3

constitute a mutually orthogonal set. This means that the sum of
products of corresponding coefficients in any two members of the
set is zero, e.g., 1 X 14+ (—=1) X140 X (—2) = 0. The term
“ orthogonal ”’ comes from geometry; we recall that, if ay, by, ¢1
and ag, bz, cz are the direction numbers of two lines, these lines
will be orthogonal (that is, perpendicular) if ajaz + bibz + cicz = 0.
It is worth noting that, if a linear function of the X’s is orthogonal
to their sum, then the sum of the coefficients of this linear function

*See R. A. Fisher, “The Design of Experiments,” Oliver and Boyd,

Edinburgh and London; also F. Yates, “Complex experiments,” Supplement
to the Journal of the Royal Statistical Society, vol. 2, 1935, pp. 181-247.



FACTORIAL DESIGN AND ORTHOGONALITY 171

is zero. Thus, for the above linear functions, we have1 ~ 1 = 0
andl4+1-2=0.

When we have a set of linear combinations of a series of num-
bers, which, together with the sum of the numbers, constitutes a
complete * mutually orthogonal set, we have one way of sub-
dividing the sums of squares of deviations of these numbers from
their mean. In the above example we have

(X1 — X2)2 X1+ X2 —2X3)?
124 (-1 12 + 12 4 (—2)?

=X - X2+ (X2 - X)?+ (X — X)?
as can readily be verified. The denominators on the left are the
sums of squares of coefficients.

There are many ways of forming orthogonal sets. Thus, with
four variables we might, to enumerate three such sets, have

X;—X, X1+ X—X3—X4 —3X1—Xo+X3+4+3X4
X1+X—2X;3 X,—X2 X1—Xo—X3+X4
X1+Xo+X3—3X, X3—-X4 - X143X2-3X3+ X,

Each column, together with the sum, X; + X; + X3 + X,
constitutes a complete mutually orthogonal set. If the X’s
correspond to treatments, for example, any set may be regarded
as comparisons, and, moreover, independent comparisons among
them. (With four variables we must have three independent
comparisons.) That is, if X; is the total yield of plots treated
with the first fertilizer, and so on, then examining the first set we
see that X; — X2 compares the yicld due to the first treatment
with that due to the second, X; + X2 — 2X3 compares the sum
of the yields due to the first and second treatments with twice that
dde to the third, while X; + X2 + X3 — 3X4 compares the yields
of the first three treatments with three times that of the fourth.
To see how this method of subdivision may be used to advan-
tage in factorial design, let us consider an experiment in which we

* By a complete set we mean one that contains just as many linear combi-
nations (including the sum of the numbers) as there are numbers.
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are testing three kinds of fertilizer, a, b, c. 'We might not merely
want to apply them alone, but in conjunction with one another, so
that altogether we should have not three treatments, but eight,
which might be designated by

abe, ab, ac, be, a b, ¢ (1)

the symbol (1) denoting the absence of application of a, b, and c.
The symbol abe, for example, may be regarded qualitatively as
the treatment containing all three ingredients, or quantitatively
as the total yield of plots treated with all three ingredients. We
should have blocks of land with eight plots each, the treatments
being scattered at random over the blocks, each block, however,
containing all the treatments. A typical block is shown in the
accompanying diagram. If we had five such blocks or replications,

ab | b | 1) | abe

c be ac a

the degrees of freedom in the analysis of variance would be as
follows:

Degrees of freedom
Blocks........o00une. 5§—1= 4
Treatments........... 8§—-1=
Error..........00000. 4X7=28

Total.............. 5X8—-1=39

The number of degrees of freedom for treatments is the number of
independent comparisons.

The total or the mean yield of plots having the treatment abc
could be calculated, similarly for ab and all the others, and we
could determine whether the variation in these means was or was
not accidental, and any one of them could be tested individually.

Instead of considering the treatments as they are, we might be
more interested in subdividing them in' another manner. For
instance, instead of considering merely a as contrasted with (1) we
mijght want a comparison of the yields of plots containing @, with
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or without any other ingredient, with the yields of plots not con-
taining a at all, that is,

abc +ab+ac+a—be—b—c— (1)

Or we might want a comparison of the effect of a in the presence
of b with that of a in the absence of b, viz.,

abc+ab—ac—a—bc—b+c+ (1)

This is also a comparison of the effect of b in the presence of a with
that of b in the absence of a. We can thus arrive at the seven
independent comparisons:

A = (a—1)(b+1)(c+1) = abc+ab+ac—be+a—b—c—(1)
B = (a+1)(b—1)(c+1) = abc+ab—ac+bc—a+b—c—(1)
C = (a+1)(b+1)(c—1) = abc—ab+ac+bc—a—b+c—(1)
AB = (a—1)(b—1)(c+1) = abc+ab—ac—bc—a—b+c+(1)
AC = (a—1)(b+1)(c—1) = abc—ab+ac—bc—a+b—c+(1)
BC = (a+1)(b—1)(c—1) = abc—ab—ac+bc+a—b—c+(1)
ABC = (a—1)(b—1)(c—1) = abc—ab—ac—bc+a+b+c—(1)
Note the method of obtaining each of them as a symbolic algebraic
product. Note also that they are orthogonal among themselves
and likewise to the blocks,* so that the sum of their squares
divided by the sum of the squares of their coefficients is equal to
the sum of squares of their deviations from their mean. To each
of them corresponds one degree of freedom, and the seven degrees
of freedom due to treatments are completely accounted for in a
manner which has a useful interpretation in treatment contrast.
As a numerical case, suppose that the total yields for five
blpcks are as follows, the unit being immaterial:
abc =48 ab=54 ac=37 bc=2
a =40 b=31 c=25 (1)=15

L]

* Since the total yield of a block is
abc+ab+ac+bc+a+b+c+ (1) .
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Then for the sum of squares of deviations for treatments we
should have

£((48)% + (54)2 + (37)% + (20)% + (40)? + (31)% + (25)2 + (15)7]

-3-:5(4s+54+37+2o+4o+31+25+15)2

=} X 10400 — ;(270)% = 2080 — 1822.5 = 257.5

‘We take one-fifth of the square bracket because each total such as
abe represents five blocks. Similarly, we take one-fortieth of the
total squared since there are five blocks of eight plots each. Cf.
formula (33) of section 63.

We also find

A=48+54+37—-20+4+40—-31—-25—15 =88

B=48+54—37+20—40+31—25—15= 36

C=48-54+4+374+20—-40-314+25—-15=-10
AB=48+54—-37—-20—-40—-31+25+15= 14
AC =48 —54+37—-20—40+31—-254+15=—8
BC =48 —54 —37+204+40—31 —25+4+15=—24
ABC =48 — 54 — 37— 204+ 40+ 31425 —15=18

The sum of squares of these quantities is

(88)2-+ (36)2-+(— 10)2-+ (14)2-+ (—8)2+ (—24)2-+(18)2 = 10,300

The sum of squares of coefficients of the abc, ab, etc., in any
expression such as A is 8, and since each abc, ab, etc., is the total of
5 blocks we must divide 10,300 by 5 X 8. This gives 257.5, which
agrees with the value obtained above.

69. Confounding. The treatment contrasts 4, B, C are cal.l.ed
main effects; the contrasts AB, AC, BC are called inierac-
tions of first order; ABC is an interaction of second order. If
more ingredients are used or if different levels of ingredients are
employed—double doses or triple doses—the number of separate
treatments is greatly increased, and to accommodate all of them
in. each block would require blocks of large size, since the indi-
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vidual plots of the blocks can not be too small.* But if the blocks
were larger we should be more likely to encounter soil heterogeneity
within blocks. One way by which this can be controlled is by
confounding, that is, by not completely replicating within each
block. A simple example will make this clear.

Suppose that in the experiment just described we use ten
blocks instead of five but have only four plots in each block. If
five of the blocks contain the treatments

abe, a, b, ¢
and the other five the treatments
ab, ac, be, (1)

the second-order interaction ABC is confounded with blocks.
This interaction is not orthogonal to the blocks. For we recall
that

ABC =abc —ab—ac—bc+a+b+c— (1)

and this is orthogonal neither to

abc+a+b+c

nor to

ab + ac + be + (1)

The main effects and the first-order interactions are orthogonal
to the blocks and are unaffected by block differences, since for
any one of these there are two positive and two negative treatment
combinations occurring in each block. The degrees of freedom
for the analysis of variance would appear as follows:

Degrees of freedom
Blocks. ..o.ovieiiiiiii i 10—-1=9
. Treatments (4, B, C, AB, AC, BC)..... 6
Brror. . i i i e 26-1)4—-1)=24
Total.....covviiiieiiinnnnnniennns 4X10-1=239

* The language used is that of agricultural experiment, but it seems best
to speak in concrete terms belonging to a specific science rather than to
attempt to invent terms of greater generality, which, although of w1der
applicability, might not convey the concepts so well.
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The contrast ABC has been sacrificed but it has been determined
experimentally that higher-order interactions are often unimpor-
tant. In this case it is possible to evaluate the other six contrasts
with whatever additional precision has been gained by eliminating
soil heterogeneity through the use of smaller blocks.

70. Partial confounding. We have seen that, in an experi-
ment involving the ingredients a, b, ¢ in which a treatment may
contain none, one, or two of these ingredients, it is possible to
confound one of the treatment effects such as ABC with blocks,
thus gaining greater precision by using homogeneous material, at
the expense, however, of losing all information concerning the
effect ABC. Instead of confounding this same interaction in all
the blocks it would be possible to confound different interactions
in different sets of blocks. This procedure is called partial con-
founding. Some information will then be obtained on all the
interactions, the loss of information being spread over several
interactions instead of being confined to one.

In the foregoing example we might confound each of the first-
order interactions AB, AC, BC in a quarter of the blocks and the
second-order interaction ABC in the remaining quarter. A
complete set of blocks would then look like the accompanying
diagram.

abe ab abe be abe ac abe a
c (1) a ) b 1) b c
ac be ab ac ab be ab ac
a b b c a c be (1)

Here the interaction AB is confounded in the first column of
blocks, BC in the second column, CA in the third, and ABC in the
fourth.

To illustrate the use of the analysis of variance in partial con-
founding let us take an even simpler efample, one in which we
deal with only two ingredients a and . We remember that the
main effects and the interaction are
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A=@—-1)0b+1)=ab+a—-b—- ()
B=(@+1)b—-1)=ab+b—-a—-()
AB=(e-1)(b—-1)=ab+ (1) —a—-b

Suppose that we confound A4 in half of the blocks and B in the

other half, leaving AB unconfounded. With eight blocks we
could have two replications as shown below.*

1 II 111 v
ab b ab a
a (¢)) b 0]

Iy 1 Ir v’
ab b ab a
a 1) b m

We note that A4 is confounded in blocks I, II, I, II’, B in blocks
III, IV, III/, IV’, and that AB is unconfounded, since from each
block we use a plus sign with one treatment and a minus sign
with the other.

We can then calculate the AB sum of squares from all the
blocks. A is calculated from blocks III, IV, III’, IV’; B, from
blocks I, II, I’, II’. The sum of squares for error can be obtained
by contrasting treatment differences in blocks I and I’, IT and II’,
IIT and III’, IV and IV’. These contrasts give us four degrees of
freedom; a fifth degree of freedom for error is involved in the
error component obtained when abstracting AB. The sum of
squares for blocks (seven degrees of freedom) can be obtained
dir&ctly or may be resolved into contrasts between I and I, II

»and II’, III and III/, IV and IV’ (one degree in each of these, or
four degrees altogether); the contrast between I 4 II 4 I’ 4
II' and III 4 IV + III',+ IV’ (one degree) which is the blocks
component obtained when evaluating AB; I + I’ versus IT + II’

* They are not randomized in the diagram.
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(one degree); and III + III' versus IV + IV’ (one degree).
These last two contrasts are seen to be closely related to the treat-
ment effects A and B, being the block differences with which they
are partially confounded.

The degrees of freedom table for the analysis of variance would

then appear as follows:
DEGREES OF FREEDOM

Blocks.............co0vntn 7
Treatments (4, B, AB)..... 3
Error.......cooiiiiinnnnn 5

Total.........ovvevennn 15

This section will be concluded by a simple numerical illustra-
tion of the set-up just described. Suppose that the values apper-
taining to the plots are as shown below:

1 II 111 v
ab 7 b 2 ab 9 a 8
a & a 2 b 4 1 2
12 4 13 10
iy 1 r v’
ab 6 b 3 ab 7 a 6
a 4 1 2 b 3 1 2
10 5 10 8

The total sum of squares of deviations is
7 +5°+22+2°+9°+47+82+ 27462 +47+32+ 2%+ 72 4-3%+-67 -2
—Ys(7T+5+2+2+9+4+8+2+6+4+3+2+7+3+642)°

=410_(-71L6)2=410—324=86 !
For blocks we find
v 2
$(12)* + 42 + (13)? + (10)* + (10)* + 8 + (10)* + 8% — %L

. =359 — 324 = 35
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As stated above, the AB sum of squares is calculated from all
blocks. So as to be able to obtain the error component when
abstracting AB, we make the following arrangement (Table 55):

TABLE 55

Blocks

Treatments Total
I, II III, 1V
v, 1’ | Ir, iv’

ab + (1) 17 20 37
a+b 14 21 35
Total. . ... 31 41 72

The sum of squares of deviations can be calculated in the ordinary
manner, but we shall here make use of the following formulas,
which are applicable when we have only two divisions, and which

TABLE 56
Total
Xn X T
Xo1 Xo T2
Total T, T, T

are simpler from the standpoint of computation. Consider
Table 56. The sums of squares of deviations are:

+ Forrows }(T:— T»)?
For columns 1(T — T5)?
Forerror  [(X1 + X22)? — (X12 + X21)?]

The first two of these follow from (1) of section 66; the second is
readily demonstrated. In applying them to Table 55 we must
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realize that each difference of totals involves sixteen plots instead
of four and that consequently we must multiply by 3 instead of 4.

TABLE 57
Sum of squares of deviations [:':‘:ede?nrf
Treatment AB................ 15(87—35)2=0.25 1
Blocks{_ ((III'ITK,I_:I“IIIILIV)} FeBl-41)2=6.25| 1
Error. ..., Bal(17421) — (204+14) 12 =1 1
Total.................... 7.5 3

To check the total we calculate
HAD2 + @0)2 + (14)2 + 21)2] — 15(72)? = 7.5

To calculate the sum of squares of deviations for treatment
contrast A, we use only blocks III, IV, III’, IV’, since this contrast
is confounded in the others. We find this sum to be equal to

$ab+a—-b— P =59+7+8+6—-4—3—2—2)2

= 3(19)% = 45.125

From blocks I, II, I’, II’ we find the sum of squares of devia-
tions for treatment contrast B to be equal to

Hab—a+b— (D2 =3407+6-5—-4+2+3—2-2)7

=} X 52 = 3.125

We are now ready to abstract the remaining sums of squares

of deviations for error. If there is a fertility difference between

two similar blocks, such as III and IIT’, it will be eliminated if we

compare the differences in yield due to treatment, viz., ab — b? in

these two blocks. These differencesare9 — 4 = 5,and 7 — 3 = 4,

respectively. The sum of squares of deviations can be calculated
either as

352 +42) — 1(5 + 4)? = 0.25
ar as (5 — 4)%/4 = 0.25, the latter way being in general simpler.
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The treatment differences for the various blocks are shown
below.
TABLE 58A TABLE 58B TABLE 58C TABLE 58D
ab—a b—(1) ab—b a—(1)
I 7—5=2 I {2-2= 0 IIT | 9—-4=5 IV | 8—-2=6
I | 6—4=2 I {3—-2= 1 Hr | 7-3=4 IV | 6—-2=4
Difference =0 Difference = —1 Difference =1 Difference =2
TABLE 58E
ab—a —b+ (1)
I4+II+T+11 13— 9-5+4= 3
I 4 IV 4 111 4 IV 16 —14 —74+4=-1
Difference = 4

Thus for the sum of squares of deviations due to error we have

the following analysis:

TABLE 59

ERROR

Blocks Sum of squares of deviations Dfii;de?z:f

B 1Xxo0? = 1
B A § L X (-1)?=0.25 1
B0 LR 1§ G X1 =0.25 1
. IV-IV. 1x 22 = 1

C+II4T+1I) } .
—@I+IV 4+ 100+ 1v)f (See AB analysis) 1 1

»

Total.................... 2.5 5




182 EXPERIMENTAL DESIGN

Although the sum of squares of deviations among block means
has already been calculated we shall for completeness show the
analysis.

TABLE 60
Brocks
Sum of squares of deviations Degrees of
freedom
) N 12 -102 = 1 1
b5 G § I 14 -52 = 0.25 1
)6 G ¢ § (O 113 - 102 = 2.25 1
IV=IV. . i, 110 -8)2 =1 1
T+II+ 1 +1I) } .
QI+ IV + IO + IV [ (See AB analysis) 1 1
T+ —-AI41)......... (@2 -9 =21.125 1
(I + 1Y) — AV +1V). ... 123 — 18)2 = 3.125 1
Total......ovvvvvnenn.. 35 7

Results are recapitulated in Table 61.

TABLE 61
ANALYSIS OF VARIANCE FOR PARrTIAL CONFOUNDING
Sum of squares | Degrees of
of deviations freedom
Blocks. .............. 35 7
AB...... 0.25 1
TreatmentsiA........ 45.125;48.5 1; 3
B........ 3.125 1
Error................ 2.5 5
Total.............. 86 15 *

71. Dummy treatments. Sometimes, in order to have each
ingredient or factor occur with proportional frequency in com-
bination with the variants of other factors, it becomes necessary

.
.
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to use so-called dummy treatments. For example, if we are inves-
tigating three levels (degrees) and three kinds of nitrogenous
fertilizer, the three plots of cach replication receiving no nitrogen
are indistinguishable. The accompanying diagram, representing
such a replication, will make this clearer. The subscripts represent
the level of the ingredient, that is, the quantities of it applied. The

' " e
ao ao )
’ ” re
ay ay a
’ " s
az a az

subscript 0 denotes that none has been applied, the subseript 1
indicates a single application, the subscript 2 indicates a double
dose. The primes, etec., represent different kinds of ingredients;
for example, they might be sulphate of ammonia, chloride of am-
monia, and cyanamide. It is evident that there is no difference
in the aq’s; in fact, their superseripts should be deleted since they
are meaningless. Thus we have not nine distinct treatments but
only seven, and our degrees of freedom in the analysis of variance
would be, if we had, say, five blocks:

DEGREES oF FREEDOM

Blocks. ........cooiiiiiiiiii., 5—-1= 4
Treatments.............ccovvn... 7—-1=6
E Among blocks. . ........... 4X6 =24
TTOT) Within blocks.............. 53 — 1)= 10
Total......oovvveevininn... 5X9—-1=44

If we wish to analyze the treatment degrees of freedom further
we may do so as follows: two degrees for comparison of the three
levels of a, i.c., ao, a1, az; two degrees for comparison of the three
kinlls of treatment, i.e., a’, a”’, a’’’; two degrees, (3 — 1)(2 — 1),
for interaction between level and kind, i.e.,

ay ay da

Y " "m

a az a:

(The zero level would not be included here.)
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The sum of squares of deviations for error within blocks is
obtained by comparing the three dummy plots in each block.
There are thus two degrees of freedom for each block, or ten
altogether.

The sum of squares of deviations for error among blocks is
composed of three parts:

(z) The remainder or interaction term obtained when compar-
ing the three treatments a3, aj, a; in the five blocks, the degrees
of freedom being (3 — 1)(5 — 1) = 8.

(¢t) The interaction term obtained when comparing the three
treatments as, as, as in the five blocks, the degrees of freedom
being eight as before.

(#4t) The interaction term obtained when comparing the three
levels of treatment ao, @i, az in the five blocks, the number of
degrees of freedom again being eight.

It is quite possible to have dummy treatments in connection
with confounding, but for this and for more complex examples the-
reader is referred to Fisher * and Yates.t

As a numerical example of dummy treatments consider the
following two blocks, where the notation has the same meaning
as earlier in the section; that is, subscripts refer to different levels
of treatment and superscripts to different kinds of treatment. The
numbers are yields.

Brock 1 Brock II

@ |a |a Total @ e |a Total

2 4 2 8 3 2 2 7
a |a |ai a |ai |a"

6 4 3 13 7 6 5 18
acl %(I e a; a‘l e

7 5 9 21 8 6 9 23,

42 48

* R. A. Fisher, “ The Design of Experiments.”

t F. Yates, “ The principles of orthogonality and confounding in replicated
experiments,” Journal of Agricultural Science, vol. 23, 1933, pp. 108-144;
“Complex experiments,” Supplement to the Journal of the Royal Statistical
Society, vol. 2, 1935, pp. 181-247.
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The plots are not arranged at random, as they would be in the
field, but are placed in corresponding positions so that totals of
corresponding treatments can more readily be obtained.

We first calculate the total sum of squares of deviations,
which is
224+424+224624+424+324+72+524 92
4324224224 72 4 62 4 52 + 82 + 62 + 92 — (42 + 48)2/18

= 548 — 450 = 98

The number of degrees of freedom is the number of plots less one,
viz., 17.

For the difference between blocks we have

(42 — 48)2 -

2
18
with one degree of freedom.
We now take up the three different levels of treatment:
TABLE 62A
Qo b] ag Total
Block I...... 8 13 21 42
Block II....... 7 18 23 48
Total...... 15 31 44 90

The total sum of squares of deviations is

%“8)” + (13)2 + @12 + ()2 + (18)2 + (28)7] — "Té‘z

= 525.3 — 450 = 75.3
with five degrees of freedom.
The sum of squares of deviations for different levels of treat-
ment is
1 »
8 [(15)% + (31)2 + (44)%] —

with two degrees of freedom.

©90)? _ 450 —
T = 520.3 — 450 = 70.3
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For block differences we have already found the sum of squares
of deviations to be two, with one degree of freedom, and we can
find the error term by subtraction:

753 — (103 +2) =3

the number of degrees of freedom being two.

Next we consider the different kinds of treatment. Here the
ap plots are, of course, left out of consideration. Since we wish to
get the interaction between levels and kinds of treatment we form
the following table, in which blocks I and II are combined:

TABLE 62B
a’ a” a'’ Total
ax 13 10 8 31
az 15 1 18 44
Total. .. 28 21 26 75

The total sum of squares of deviations for this group is

21037 + (102 + ® + (197 + A? + (18] - (7";’

= 501.5 — 468.75 = 32.75

the number of degrees of freedom being five. Note that each
value, such as 13, is the total of two plot-yields, so that the total
of 75 is for 12 plots.

For the sum of squares of deviations due to different kinds of

treatment we obtain .

(5 _ 47525 — 46875 = 6.5

3108 + @17 + 2oy7] —

with two degrees of freedom. 4
For the different levels in this group we find (31 — 44)2/12
= 14.083, with one degree of freedom, so that for the interaction
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term among the three kinds and the two levels of treatment we find
32.75 — (6.5 + 14.083) = 12.16

The corresponding number of degrees of freedom is (3 — 1)(2 — 1)
= 2, or it can be found by subtraction: 5 — (2 4 1) = 2.

This completes the analysis of the sum of squares due to
treatments, but we found only part of the error term, viz., the
interaction between blocks and levels of treatments (three, with
two degrees of freedom). Consequently we next proceed to isolate
the error or interaction term from blocks and kinds of treatment
at the first level. (See Table 62C.)

TABLE 62C

I ay ay’’ Total
Block I...... 6 4 3 13
Block II...... 7 6 5 18
Total. ..... 13 10 8 31

The sums of squares of deviations for this subgroup are:

Total: 62 + 42 + 32 + 72 4 62 + 52 — (31)2/6

= 171 — 160.16 = 10.83 (5 degrees of frecdom)
Treatment: 3[(13)2 + (10)2 4 (8)2] — (31)2/6

= 166.5 — 160.16 = 6.3 (2 degrees of frcedom)
Blocks: (13 — 18)2/6 = 4.16 (1 degree of freedom)
Error: 10.83 — (6.3 + 4.16)

= 0.3 (2 degrees of freedom)

[
Similarly we isolate the error term from blocks and kinds of
treatment at the second level.
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TABLE 62D
: a3 oy’ ay”’ Total
Block I...... 7 5 9 21
Block II....... 8 6 9 23
Total, ..... 15 11 18 44

Total: 72 4 52 4 92 + 82 + 62 + 92 — (44)2/6
= 336 — 322.6 = 13.3 (5 degrees of freedom)
Treatment: 3[(15)2 + (11)2 + (18)2] — (44)2/6
= 335 — 322.6 = 12.3 (2 degrees of freedom)
Blocks: (21 — 23)2/6 = 0.6 (1 degree of freedom)
Error: 13.3 — (12.3 + 0.6)
= 0.3 (2 degrees of freedom)

The components of error between blocks may be summarized
as follows:

TABLE 62E
Sum of squares | Degrees of
of deviations freedom
Blocks X levels of treatment.............. 3 2
Blocks X kinds at 1stlevel............... 03 2
Blocks X kinds at 2nd level............... 0.3 2
Between blocks. .. .......ovviienen.. 3.8 6

It now remains only to find the components of error in the dummy
treatments ap within blocks. These are

Block I 224 4% 422 —8%/3 = 2.6 (2 degrees of freedom)
Block II 32 422+ 22 —172/3 =0.6 (2 degrees of freedom)
Total within blocks 3.3 (4 degrees of freedom)

. Collecting our results we have the following analysis:
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TABLE 63
ANALYSIS OF VARIANCE FOR DuMMY TREATMENTS
Sum of squares | Degrees of
of deviations freedom
Blocks.............. 2 1
Treatments
Levels............ 70.3 2
Kinds............. 6.5 89 2t 6
Levels X kinds. .. .. 12.16 2
Error
Between blocks. . .. 3.6 } 7 6}10
Within blocks...... 3.3 4
Total. ............ 98 17

72. Non-orthogonal data. Non-orthogonality is sometimes
deliberately introduced into an experimental design, as for exam-
ple when confounding is resorted to. On the other hand, it may
be unavoidable on account of the nature of the material, as for
instance in poultry experiments in which the sex of the individual
birds can not be determined when the experiment is begun, and
when consequently the numbers of the different sexes in the
various subclasses are not equal or not even proportional. When
some of the animals in an experiment die during the progress of
the experiment, or when some of the plots in a field trial are
damaged, orthogonality is lost.

Some of the modifications of the ordinary analysis of variance
for the case of deliberately non-orthogonal data have been described
in the earlier sections of this chapter. No attempt will be made
to discuss other types of non-orthogonal data, but attention is
called to several original papers dealing with the subject.*

» 8. 8. Wilks, ““ The analysis of variance and covariance in non-orthogonal
data,” Metron, vol. 13, 1938, pp. 141-154.

F. Yates, “ The principles of orthogonality and confounding in replicated ,
experiments,” Journal of Agricultural Science, vol. 23, 1933, pp. 108-145;
“The analysis of replicated experiments when the field results are incomplete,”
Empire Journal of Ezperimental Agriculture, vol. 1, 1933, 129-142; “The
analysis of multiple classifications with unequal numbers in the different
classes,” Journal of the American Statistical Association, vol. 29, 1934, pp
51-66.
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EXERCISES

1. Complete the analysis of variance for Table 52, p. 165.

2. Figure 14 shows the yields, in pounds per plot, in an experiment in
raising potatoes. Six different treatments were used in each of 4 different
blocks. The random field arrangement is shown in the table, in which ¢;
indicates the treatment applied to the particular plot. Analyze the variance,
and make the appropriate tests.

ta ty ts t tg t3

Block I | 256 | 442 | 205 | 200 | 457 | 349

151 tg i3 123 ts ty
Block II 253 | 415 | 297 | 288 | 268 | 434

ts t2 t1 ts lg ts

Block III 419 | 307 | 178 | 310 | 467 | 304

Ly tg t3 2 t ta

Block IV | 66 | 428 | 308 | 404 | 172 | 268

Fi1a. 14.—Yields of Potatoes in Pounds per Plot
(Randomized Blocks)

8. Figure 15 shows the actual arrangement of a Latin square used in a
potato-growing experiment in which 4 different treatments, ¢y, &, ts, t4, were
applied. The numbers in the various cells are yields in pounds per plot.
(Eden and Fisher, Journal of Agricultural Science, vol. 19.) Analyze the
variance, and make a test of significance.

i3 ta t1 23
444 422 173 398

5% ta ts ty
279 439 423 409

[ ts t2 21
436 428 445 212

12 t1 t4 ts
453 237 410 R93

F1a. 15.—Yields of Potatoes in Pounds per Plot
(Latin Square)
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4. Figure 16 shows the plan, and the yield in quarter pounds, of an experi-
ment in growing oats (Yates, Supplement to the Journal of the Royal Statistical
Soctety, vol. 2). There were 3 varieties, v1, vs, v3, and 4 treatments, the latter
consisting of the application of 4 different levels of nitrogenous fertilizer,
ng, 1, Mg, ng.  Each block consisted of 3 whole plots, each of which contained
1 of the 3 varieties. Each whole plot was subdivided into 4 subplots, each
subplot containing a different level of nitrogen. Such a design is called a
split-plot arrangement. Analyze the variance according to the following
scheme, and make appropriate tests of significance:

Blocks. ...............
Whole plotsq Varieties. .............
Error.................
Subtotal.....................
Nitrogen. .............
Subplots Nitrogen X Varieties. . .
Error...........oooun.
Total.......................
ng 166 | ng 118 ng 109 | nz 99 ng 104 | ng 70
V3 3 U3
ny 140 | np 105 n 63 | n1 70 n1 89 | nz 117
no 111 | my 130 n 80 | ng 94 ng 122 | ng 74
V1 Vg L "
ng 174 | np 157 ng 126 | n1 82 ny 89 | ng 81
no 117 | ny 114 n1 90 | ng 100 ny 103 | ny 64
v2 vy o
ng 161 | ng 141 ng 116 | ng 62 ng 132 | ng 133
ng 96 | ng 60 ny 108 | ng 126 ng 118 [ np 53
v2 ve 151
ng 89 | np 102 ng 149 | np 70 ng 113 | ny 74
neg 112 ng 86 ng 144 ni 124 ng 104 ng 86
v vg v
[| 7o 68| n 64 ne 121 | ny 96 no 89 | m 82
ng 132 | n3 124 no 61 | ng 100 nog 97 | ma 99
v3 1 ]
ny 129 | ny 89 n1 91 | ng 97 ng 119 | ng 121

F1a. 16.—Experiment on Oats. Plan, and Yields in Quarter-Pounds
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EXPERIMENTAL DESIGN

5. In Fig. 17 is shown the design of an experiment on peas.

Supplement to the Journal of the Royal Statistical Society, vul. 2). Three
different kinds of fertilizer were used: nitrogen (n), phosphate (p), and
potash (k). These were administered singly and in various combinations,
including no fertilizer, which is indicated by the symbol (1). Half of the
6 blocks contained the treatments (1), np, nk, pk; the other half, the treat-
ments n, p, k, npk. The yields of the various plots are given in pounds.
Perform an analysis of variance, and make any tests of significance that seem

appropriate.

npk P npk n np vk

55.8 62.8 58.5 59.8 62.8 49.5
k n P k nk 1)

55.0 69.5 56.0 55.5 57.0 46.8
np nk @) np npk n

59.0 57.2 51.5 52.0 48.8 62.0
(1) vk pk nk P k

56.0 53.2 48.8 49.8 44 .2 45.5

Fia. 17.—Experiment on Peas. Plan, and Yields in Pounds




I

III.

IV.

V.
VL
VII
VIIL

TABLES

PAGE
PROBABILITIES AND ORDINATES OF THE NORMAL CurveE Cor-

RESPONDING TO GIVEN DEVIATIONS............... e 194

DeviaTioNs oF THE NoRMAL CURVE CORRESPONDING TO GIVEN
PROBABILITIES. . . .ottt ettt ittt iie ey 198

ProBABILITIES OF THE NORMAL CuURVE CORRESPONDING TO
LARGE DEVIATIONS. .. ...ttt it ie i 199

DEVIATIONS OF THE NORMAL CURVE CORRESPONDING TO SMALL

PROBABILITIES. . . o\ttt ittt ittt et eneenanennn 199
VALUES OF ¢ CORRESPONDING TO GIVEN PROBABILITIES....... 200
VALUES OF x* CORRESPONDING TO GIVEN PROBABJUITIES...... 202
5 Per CENT POINTS OF THE DISTRIBUTION OF 2............. 204
1 Per CENT PoINTS OF THE DISTRIBUTION OF 2............. 206

193



194 TABLES

TABLE I

ProBABILITIES AND ORDINATES OF THE NoOrRMAL CUrvVE
CoRRESPONDING TO GIVEN DEVIATIONS

Probability Ordinate Probability Ordinate
z of a deviation e” 72 z of a deviation e~ 3%
greater than z @en¥ greater than z @nk
0.00 . 5000 .3989 0.50 .3085 .3521
0.01 .4960 .3089 0.51 3050 3503
0.02 .4920 .3989 0.52 .30156 .3485
0.03 4880 .39088 0.53 2981 3467
0.04 4840 3986 0.54 2946 3448
0.056 4801 .3984 0.55 L2912 .3420
0.06 4761 . 3982 [\] .2877 .3410
0.07 4721 .3980 0.67 . 2843 .3391
0.08 .3977 0.58 .2810 337
0.09 4641 .3973 0.59 .2776 3352
0.10 02 .3970 0.60 2743 .3332
0.11 4562 3965 0.61 2709 .3312
0.12 4522 3961 0.62 2876 .3202
0.13 83 0.63 2643 .3271
0.14 4443 3951 V] 2611 .3251
0.15 4404 .3945 0.65 2578 3230
0.16 4364 .3939 0.66 2546 3209
0.17 43256 .3932 0.67 2514 3187
0.18 4286 .3926 0.68 2483 3166
0.19 4247 3918 0.69 2451 3144
0.20 4207 .3910 0.70 2420 .3123
0.21 4168 .3902 0.71 2389 .3101
0.22 4129 . 3894 0.72 2358 .3079
0.23 0 .3885 0.73 2327 .3056
0.24 4052 3876 0.74 2296 .3034
0.25 4013 . 3867 0.76 2266 .3011
0.26 3974 .3857 0.76 2236 . 2989
0.27 3936 13847 0.77 206 12066
0.28 3897 .3836 0.78 2177 .2943
0.29 3859 3825 0.79 2148 . 2920
0.30 3821 .3814 0.80 2119 .2897
0.31 3783 .3802 0.81 2090 L2874
0.32 3745 .3790 0.82 2061 . 2850
0.33 3707 .3778 0.83 2033 . 2827
0.34 3669 .3765 0.84 2006 .2803
0.36 3632 3752 0.856 1977 .2780
0.36 3594 3739 0.86 1949 .2756
0.37 36587 3725 0.87 1922 .2732
0.38 3520 3712 0.88 1804 .2709
0.39 .3483 3697 0.8 1867 .2885
0.40 3446 .3883 0.90 1841 .2661
0.41 .3668 0.91 1814 .2637
0.42 3372 .3653 0.92 1788 .2613
0.43 3336 .3637 0.93 1762 .2889
0.44 3300 3621 0.94 1736 .25658
0.45 3264 .36058 0.95 1711 .2541
0.46 3228 . 3580 0.96 5 .2516
0.47 3192 .3572 0.97 1660 . 2492
€).48 . 3556 0.98 1635 .2468
0.49 3121 .3538 0.99 1611 L2444

[}
The probability of a deviation numerically greater than z is twice the
probability given in the table.
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TABLE I—Continued

PROBABILITIES AND ORDINATES OF THE NoRMAL CURVE
CoORRESPONDING TO GIVEN DEVIATIONS

Probability 0‘2‘;‘;;9 Probability Ordinate
z of a deviation e z of a deviation e ¥

greater than z @en¥ greater than « PRy
1.00 1587 . 2420 1.50 .0668 .1295
1.01 .1562 .2396 1.51 0855 .1278
1.02 .1539 .2371 1.52 0643 . 1257
1 1516 .2347 1.53 0630 .1238
1.04 1492 .2323 1.54 18 L1219
1.08 1469 . 2299 1.55 0606 1200
1 1446 .2275 1.56 0594 1182
1.07 1423 .2251 1.57 0582 1163
1.08 1401 .2227 1.58 0571 1145
1 1379 .2203 1.59 0559 1127
1.10 1357 2179 1.60 .0548 1109
1.11 1335 2155 1.61 .0637 1092
1.12 1314 2131 1.62 .05626 1074
1.13 1292 2107 1.63 .05618 1057
1.14 1271 2083 1.64 .05056 0
1.18 1251 .2059 1.65 0495 1023
1.16 1230 .2036 1.66 0485 1006
1.17 1210 .2012 1.67 0475 0989
1.18 90 .1989 1.68 0465 0973
1.19 1170 .1065 1.69 04565 0957
1.20 1151 1942 1.70 .0446 0940
1.21 1131 1919 1.71 .0436 0925
1.22 L1112 1898 1.72 .0427
1.23 .1093 1872 1.73 .0418 .0893
1.24 1075 1849 1.74 .0878
1.25 1056 1826 1.76 .0401 . 3
1.26 1038 1804 1.76 .0392 .0848
1.27 .1020 1781 1.77 .0384 .083.
1.28 .1003 1758 1.78 .0375 .0818
1.29 0985 1736 1.79 .0367 .08
1.30 0968 1714 1 0359 .0790
1.31 0951 1691 1.81 51 .0775
1.32 0934 1669 1.82 0344 .0761
1.33 0918 1647 1 0336 .0748
1.34 0901 1626 1.84 0329 .0734
1.35 .0885 16 1.85 0322 .0721
1.36 .0869 .1582 1.86 0314 .0707
1.37 .0853 .1561 1.87 .0307 .0894
1.38 .0838 .1539 1.88 .0301 . 06881
1.39 0823 1518 1.80 029 .06869
1.40 0808 1497 1.90 .0287 .0858
1.41 0793 1476 1.91 .0281 .0844
1.42 0778 1456 1.92 .0274 . 0832
1.43 0764 .1435 1.93 .0268 .0820
1.44 49 .1418 1.94 .0262 .0608
1.45 0738 .1394 1.95 . 0256 .0596
1.46 0721 .1374 1.96 .0250 .0084
1.47 0708 .1354 1.97 L0244 .0573
1.48 0694 .1334 1.08 .0239 .0562
1.49 0681 1315 1.99 .0233 .0551

1]
The probability of a deviation numerically greater than z is twice the
probability given in the table.
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TABLE I—Continued

ProOBABILITIES AND ORDINATES OF THE NorMAL Curve
CORRESPONDING TO GIVEN DEVIATIONS

Probability Ordinate Probabili Ordinate
z of a deviation o~ 3% z ofa devinfgn o= 2¥
greater than z @Y greater than z (2')2
2.00 .0228 .0540 2.50 .0062 .0178
2.01 .0222 .0529 2.51 . 0080 .0171
2.02 .0217 .0819 2.52 . 0059 .0167
2.03 .0212 0508 2.53 . 00587 .0163
2.04 .0207 98 2.54 .0055 .0158
2.06 .0202 .0488 2.585 . 0054 .0154
2.08 0197 .0478 2.56 . 0052 . 0151
2.07 0192 .0468 2.567 .0051 0147
2.08 0188 . 0459 2.58 .0049 0143
2.09 0183 . 0449 2.59 .0048 0139
2.10 0179 . 0440 2.60 .0047 ' .0136
2.11 0174 .0431 2.61 . 0045 0132
2.12 0170 .0422 2.62 .0041 0129
2.13 0166 .0413 2.63 .0043 01268
2.14 0162 .0404 2.64 . 0041 0122
2.156 0158 0395 2.65 .0040 0119
2.18 0154 . 0387 2.66 . 0039 0116
2,17 0150 .0379 2.67 .0038 0113
2.18 0146 0371 2.68 .0037 0110
2.19 0143 .0383 2.69 .0036 0107
2.20 0139 .03558 2.70 .0035 .0104
2.21 0136 . 0347 2.71 . 0034 .0101
2.22 0132 .0339 2.72 .0033 . 0099
2.23 0129 .0332 2.73 .0032 . 0096
2.24 0128 .0325 2.74 .0031 . 0093
2.26 0122 .0317 2.75 .0030 .0091
2.26 0119 .0310 2.78 .0029 . 0088
2.27 0116 .0303 2.77 . 0028 . 0086
2.28 .0113 .0297 2.78 .0027 . 0084
2.29 .0110 0290 2.79 . 0026 .0081
2.30 .0107 .0283 2.80 .0026 .0079
2.31 .0104 0277 2.81 .0028 .0077
2.32 .0102 .0270 2.82 .0024 .0078
2.33 .0099 . 0264 2.83 .0023 .0073
2.34 . 0096 0258 2.84 .0023 . 0071
2.38 .0094 .0252 2.85 .0022 . 0089
2.36 .0091 . 0246 2.86 .0021 . 0087
2.37 . 0089 .0241 2.87 .0021 .0065
2.38 . 0087 .0238 2.88 .0020 .0063
2.39 .0084 0229 2.89 .0019 . 0081
2.40 . 0082 .0224 2.90 .0019 . 0080
2.41 . 0080 .0219 2.91 .0018 .0058
2.42 .0078 .0213 2.92 .0018 . 0056
2.43 .0075 0208 2.93 .0017 . 0055
2.44 .0073 0203 2.94 .0016 .0053
2.45 .0071 0198 2.95 .0016 . 0051 b
2.46 . 0069 0194 2.96 .0015 . 0080
2.47 . 0068 0189 2.97 .0015 .0048
2.48 . 0066 0184 2.98 .0014 . 0047
2.49 . 0064 0180 2.99 .0014 . 0046

The probability of a deviation numerically &reater than z is twice the
probability given in the table.
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TABLE I—Continued

PROBABILITIES AND ORDINATES OF THE NorMmAL CuUrve
CORRESPONDING TO GIVEN DEvVIATIONS

Probability O'd_l;';é“ Probability Ordinate
z of a deviation [ z of a deviation =%
greater than z @)% greater than = @en¥
8.00 .0013 . 0044 3.50 .0002 .0009
3.01 .0013 .0043 3.51 .0002 .0008
3.02 .0013 . 0042 3.52 . 0002 .0008
3.03 .0012 .0040 3.53 . 0002 .0008
3.04 0012 .0039 3.54 .0002 .0008
3.08 .0011 .0038 3.55 .0002 .0007
3.08 . .0037 3. . 0002 .0007
3.07 .0011 .0036 3.57 .0002 .0007
3.08 .0010 .0035 3.58 .0002 .0007
3.09 .0010 .0034 3.59 .0002 .0006
3.10 0010 .0033 3.60 . 0002 . 0006
3.11 . 0009 .0032 3.61 . 0002 .0008
3.12 .0009 .0031 3.62 .0001 .0006
3.13 0009 0030 3.63 .0001 . 0005
3.14 0008 0029 3. .0001 . 0005
3.15 .0008 .0028 3.858 .0001 . 0005
3.18 .0008 .0027 3.66 .0001 .0005
3.17 .0008 .0026 3.67 .0001 0005
3.18 .0007 .0025 3.68 .0001 0005
3.10 .0007 .0025 3.69 .0001
3.20 .0007 .0024 3.70 .0001 .0004
3.21 .0007 .0023 3.71 .0001 . 0004
3.22 . 0008 . 0022 3.72 .0001 . 0004
3.23 . 0006 .0022 3.73 .0001 . 0004
3.24 .0008 .0021 3.74 .0001 . 0004
3.28 . 0006 .002 3.75 .0001 .0004
3.26 . .0020 3.76 .0001 .0003
3.27 .0005 .0019 3.77 . 0001 . 0003
3.28 . .0018 3.78 .0001 . 0003
3.29 . 00056 .0018 3.7 .0001 .0003
3.30 .0017 3.80 .0001 .0003
3.31 .0005 .0017 3.81 . 0001 .0003
3.32 .0005 .0016 3.82 .0001 .0003
3.33 .0004 .0016 3. . 0001 .0003
3.34 . 0004 .0015 3.84 .0001 .0003
3.38 .0004 .0015 3.85 .0001 .0002
3.38 .0004 .0014 3.86 .0001 .0002
3.37 .0004 .0014 3.87 .0001 .0002
3.38 . 0004 .0013 3.88 .0001 .0002
3.39 .0003 .0013 3.89 .0001 . 0002
3.40 .0003 .0012 3.90 .0000 . 0002
3.41 . 0003 .0012 3.91 .0000 . 0002
3.42 .0003 .0012 3.92 . 0000 . 0002
3.43 .0003 .0011 3.93 .0000 .0002
8.4& .0003 .0011 3.94 . 0000 .0002
3.45 .0003 .0010 3.95 . 0000 .0002
3.46 .0003 .0010 3.96 .0000 . 0002
3.47 .0003 .0010 3.97 .0000 . 0002
3.48 .0003 . 0009 3.98 . 0000 .0001
3.49 . 0002 . 0009 3.99 . 0000 .0001

»
The probability of a deviation numerically greater than z is twice the
probability given in the table.
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TABLE II

DrviaTions oF THE NorMAL CurvE CORRESPONDING TO
GIVEN PROBABILITIES

Probability Probability Probability
of a deviation z of a deviation z of a deviation T
greater than z greater than z greater than z

.000 ] 175 .9346 .350 .3853
.005 2.5758 .180 .9154 .355 .3719
.010 2.3263 .185 .8965 .360 .3585
.015 2.1701 .190 .8779 .365 .3451
.020 2.0537 .195 .8596 .370 .3319
.025 1.9600 .200 .8416 .376 .3186
.030 1.8808 .205 .8239 .380 .3055
.035 1.8119 .210 .8064 .385 .2924
.040 1.7507 .215 .7892 .390 .2793
.045 1.6954 .220 1722 .395 .2663
.050 1.6449 .225 .7554 .400 .2533
.065 1.5982 .230 7388 .405 .2404
.060 1.5548 .235 7225 .410 .2275
.065 1.5141 .240 .7063 .415 .2147
.070 1.4758 .245 .6903 .420 .2019
.075 1.4395 .250 6745 .425 .1891
.080 1.4051 .255 .6588 .430 1764
.085 1.3722 .260 .6433 .435 .1637
.090 1.3408 .265 .6280 .440 .1510
.096 1.3106 .270 .6128 .445 .1383
.100 1.2816 275 .5978 .450 .1257
.105 1.2536 .280 .5828 .455 .1130
.110 1.2265 .285 .5681 .460 .1004
.115 1.2004 .290 .5534 .465 .0878
.120 1.1750 .295 .5388 .470 .0763
.126 1.1503 .300 .5244 .476 .0627
.130 1.1264 .306 .5101 .480 .0502
.135 1.1031 .310 .4959 .485 .0376
.140 1.0803 .315 .4817 .490 .0251
.145 1.0581 .320 .4677 .496 .0125
.150 1.0364 .325 .4538 .500 .0080
.155 1.0152 .330 .4399

.160 .9945 .335 .4261

.166 .9741 .340 .4125

.170 .9542 .345 .3989

The probability of a deviation numerically greater than z is twice the
probability given in the table.
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TABLE III

ProBABILITIES OF THE NorRMAL CurvE CORRESPONDING TO
LArGE DEVIATIONS

z Probability of a z Probability of a
deviation greater than z deviation greater than z

3 .00134 99 6 9.8660 X 1010

3.5 .00023 26 7 1.2798 X 10-12

4 .00003 17 8 6.2210 X 10-16

4.5 .00000 33977 9 1.1286 X 1019

5 .00000 02867 10 7.6199 X 10—

The probability of a deviation numerically greater than z is twice the
probability given in the table.

TABLE IV

DEeviaTioNs OF THE NORMAL CuRVE CORRESPONDING TO
SMaLL PROBABILITIES

Probability of a Probability of a
deviation greater than z z deviation greater than z z
.005 2.57583 .000,000,5 4.89164
.000,5 3.29053 .000,000,05 5.32672
.000,05 3.89059 .000,000,005 5.73073
.000,005 4.41717 .000,000,000,5 6.10941

The probability of a deviation numerically greater than z is twice the
probability given in the table.
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TABLE V
Varues oF ¢{ CORRESPONDING TO GIVEN PROBABILITIES *
Degrees Probability of a deviation greater than ¢
of
freedom n o5 ol 025 05 1 16
1 63 6567 31 821 12 706 6 314 3 078 1 963
2 9 926 6 965 4 303 2 920 1 886 1 386
3 5 841 4 541 3 182 2 353 1 638 1 250
4 4 604 3 747 2 776 2 132 1 533 1 190
b 4 032 3 365 2 571 2 015 1 476 1 156
6 3 707 3 143 2 447 1 943 1 440 1134
7 3 499 2 998 2 365 1 895 1 415 1119
8 3 356 2 896 2 306 1 860 1 397 1 108
9 3 250 2 821 2 262 1 833 1 383 1 100
10 3 169 2 764 2 228 1 812 1372 1 093
11 3 106 2 718 2 201 1 796 1 363 1 088
12 3 055 2 681 2 179 1 782 1 356 1 083
13 3 012 2 650 2 160 1771 1 350 1 079
14 2 977 2 624 2 145 1 761 1 345 1 076
16 2 947 2 602 2 131 1 753 1 341 1 074
16 2 921 2 583 2 120 1 746 1 337 1 071
17 2 898 2 567 2 110 1 740 1 333 1 069
18 2 878 2 552 2 101 1 734 1 330 1 067
19 2 861 2 539 2 093 1729 1 328 1 066
20 2 845 2 528 2 086 1 725 1 326 1 064
21 2 831 2 518 2 080 1721 1323 1 083
22 2 819 2 508 2 074 1717 1 321 1 061
23 2 807 2500\1 2 069 1714 1 319 1 060
24 2 797 2 492 2 064 1711 1 318 1 059
25 2 787 2 485 2 060 1 708 1 316 1 058
26 2 779 2 479 2 056 1 708 1 316 1 058
27 2 771 2 473 2 0562 1 703 1 314 1 057
28 2 763 2 467 2 048 1 701 1 313 1 056
29 2 756 2 462 2 045 1 699 1 311 1 03
30 2 750 2 457 2 042 1 697 1310 1 0556
0 2 576 2 328 1 960 1 645 1 282 1 036

The probability of a deviation numerically greater than ¢ 18 twice the
probability given at the head of the table

* This table 1s reproduced from Statistical Methods for Research Workers,” with the
l‘xugg‘rm of the author, Professor R A Fisher, and the publishers, Messrs
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TABLE V—Continued
VaLues oF ¢ CORRESPONDING To GIVEN ProBABILITIES

Degrees Probability of a deviation greater than ¢
of
freedom m) 25 3 35 4 45
1 1.376 1.000 727 .510 .325 .158
2 1.061 .816 .617 .445 .289 .142
3 .978 .765 .584 424 277 137
4 .941 .741 .569 .414 271 .134
5 .920 127 .569 .408 .267 .132
6 .906 718 .553 .404 .265 .131
7 .896 711 .549 .402 .263 .130
8 .889 .706 .546 .399 .262 .130
9 .883 .703 .543 .398 .261 .129
10 .879 .700 .542 .397 .260 .129
11 .876 .697 .540 .396 .260 .129
12 .873 .695 .539 .395 .259 .128
13 .870 .694 .538 .394 .259 .128
14 .868 .692 .537 .393 .258 .128
15 .866 .691 .536 .393 .258 .128
16 .865 .690 .535 .392 .258 .128
17 .863 .689 .534 .392 .257 .128
18 .862 .688 .534 .392 257 127
19 .861 .688 .533 .391 .257 127
20 .860 .687 .533 .391 257 127
21 .859 .686 .532 .391 .257 127
22 .8568 .686 .532 .390 .256 127
23 .858 .685 .532 .390 .256 127
24 .857 .685 .531 .390 .256 127
25 .856 .684 .631 .390 .256 127
26 .856 .684 .531 .390 .256 127
27 .866 .684 .531 .389 .256 .127
28 .855 .683 .530 .389 .256 127
'29 .864 .683 .530 .389 .256 .127
30 .854 .683 .530 .389 .256 J127
@® .842 .674 .524 .385 .253 126

The probability of a dewiation numerically greater than ¢ is twice the
probability given at the head of the table.
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TABLE VI
VALUES OF x? CORRESPONDING TO GIVEN PROBABILITIES *
Degrees Probability of a deviation greater than x?
of
freedom

n .01 .02 .05 .10 .20 .30 .60

1 6.635 5.412 | 3.841 2.706 1.642 1.074 .455
2 9.210 | 7.824 5.991 4.605 3.219 2.408 | 1.386
3 11.341 9.837 7.815 6.251 4.642 3.665 | 2.366
4 13.277 | 11.668 | 9.488 | 7.779 5.989 4.878 | 3.357
b 15.086 | 13.388 [ 11.070 | 9.236 7.289 6.064 | 4.351
6 16.812 | 15.033 | 12.592 | 10.645 8.568 7.231 | 5.348
7 18.475 | 16.622 | 14.067 | 12.017 9.803 8.383 | 6.346
8 20.090 | 18.168 | 15.507 | 13.362 | 11.030 | 9.524 | 7.344
9 21.666 | 19.679 | 16.919 | 14.684 | 12.242 | 10.656 | 8.343
10 23.209 | 21.161 | 18.307 | 15.987 | 13.442 | 11.781 | 9.342
11 24.725 | 22.618 | 19.675 | 17.275 | 14.631 | 12.899 | 10.341
12 26.217 | 24.054 | 21.026 | 18.549 | 15.812 | 14.011 | 11.340
13 27.688 | 25.472 | 22.362 | 19.812 | 16.985 | 15.119 | 12.340
14 29.141 | 26.873 | 23.685 | 21.064 |- 18.151 | 16.222 | 13.339
16 30.578 | 28.269 | 24.996 | 22.307 | 19.311 | 17.322 | 14.339
16 32.000 | 29.633 | 26.296 | 23.542 | 20.465 | 18.418 | 15.338
17 33.409 | 30.995 | 27.587 | 24.769 | 21.615 | 19.511 | 16.338
18 34.805 | 32.346 | 28.869 | 25.989 | 22.760 | 20.601 | 17.338
19 36.191 | 33.687 | 30.144 | 27.204 | 23.900 | 21.689 | 18.338
20 37.566 | 35.020 | 31.410 | 28.412 | 25.038 | 22.775 | 19.337
21 38.932 | 36.343 | 32.671 | 29.615 | 26.171 | 23.858 | 20.337
22 40.289 | 37.659 | 33.924 | 30.813 | 27.301 | 24.939 | 21.337
23 41.638 | 38.968 | 35.172 | 32.007 | 28.429 | 26.018 | 22.337
24 42.980 | 40.270 | 36.415 | 33.196 | 29.563 | 27.096 | 23.337
25 44.314 | 41.566 | 37.6562 | 34.382 | 30.675 | 28.172 | 24.337
26 45.642 | 42.856 | 38.885 | 35.563 | 31.795 | 29.246 | 25.336
27 46.963 | 44.140 | 40.113 | 36.741 | 32.912 | 30.319 | 26.336
28 48.278 | 45.419 | 41.337 | 37.916 | 34.027 | 31.391 | 27.336
29 49.588 | 46.693 | 42.557 | 39.087 | 35.139 | 32.461 | 28.336
30 50.892 | 47.962 | 43.773 | 40.256 | 36.250 | 33.530 | 29.336

For larger values of n, the quantity @)% — $2n — 1)¥8 may be used as a
normal deviate with unit standard deviation.

* This table is

“Statisti

1 Methods for Research Workers,” with the

duced from
60 ermission of the a.u'.hor, Professor R. A. Fisher, and the publishers, Messrs.
l.wor ans

Boyd.
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TABLE VI—Continued
VaLues oF x* CORRESPONDING T0 GIVEN PROBABILITIES
Degrees Probability of a deviation greater than x?
of
freedom

n .70 .80 .90 .95 .98 .99

1 .148 .0642 .0158 .00393 .000628 .000157

2 .73 .446 211 .103 .0404 .0201

3 1.424 | 1.005 .584 .352 .185 .116

4 2.195 | 1.649 1.064 711 .429 .297

5 3.000 | 2.343 1.610 1.145 752 .554

6 3.828 | 3.070 2.204 1.635 1.134 .872

7 4.671 | 3.822 2.833 2.167 1.564 1.239

8 5.627 | 4.594 3.490 2.733 2.032 1.646

9 6.393 | 5.380 4.168 3.325 2.532 2.088
10 7.267 | 6.179 4.865 3.940 3.059 2.558
11 8.148 | 6.989 5.578 4.575 3.609 3.053
12 9.034 | 7.807 6.304 5.226 4.178 3.571
13 9.926 | 8.634 7.042 5.892 4.765 4.107
14 10.821 | 9.467 7.790 6.571 5.368 4.660
15 11.721 | 10.307 8.547 7.261 5.985 6.229
16 12.624 | 11.1562 9.312 | 7.962 6.614 5.812
17 13.531 | 12.002 | 10.085 8.672 7.256 6.408
18 14.440 | 12.857 | 10.865 9.390 7.906 7.015
19 15.352 | 13.716 | 11.651 | 10.117 8.567 7.633
20 16.266 | 14.578 | 12.443 | 10.851 9.237 8.260
21 17.182 | 15.445 | 13.240 | 11.591 9.915 8.897
22 18.101 | 16.314 | 14.041 | 12.338 10.600 9.542
23 19.021 | 17.187 | 14.848 | 13.0901 11.293 10.196
24 19.943 | 18.062 | 15.659 | 13.848 11.992 10.856
25 20.867 | 18.940 | 16.473 | 14.611 12.697 11.524
26 21.792 | 19.820 | 17.292 | 15.379 13.409 12.198
27 22.719 | 20.703 | 18.114 | 16.151 14.125 12.879
28 23.647 | 21.588 | 18.939 | 16.928 14.847 13.565
29 24.577 | 22.475 | 19.768 | 17.708 15.574 14.256
30 25.508 | 23.364 | 20.599 | 18.493 16.306 14.953

For larger values of n, the quantity (2x)* — (2n — 1)% may be used as
a normal deviate with unit standard deviation.
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TABLE VII
8 Per CeENT PoINTS OF THE DISTRIBUTION OF z *
Degrees of Degrees of freedom 7, of greater mean square
freedom ns
of smaller
mean square 1 2 3 4 5 6

2.5421 | 2.6479 | 2.6870 | 2.7071 | 2.7194 | 2.7276

1.4592 | 1.4722 | 1.4765 | 1.4787 | 1.

1.1677 | 1.1284 | 1.1137 | 1.1051 | 1.0094 1.0953

1.0212 .9690 .9429 9272 .9168 .9093
.9441 8777 .8441 .8236 .8097 L7997

.8948 .8188 .7798 7558 7394 7274
.8606 777 7347 .7080 .6896 .6761
.83566 7475 .7014 .6725 .6526 .6378
.8163 7242 .6767 .6450 .6238 .6080
.8012 .7058 .65563 .6282 .6009 .5843

.7889 .6909 .6387 .6056 .5822 .5648
7788 .6786 .6250 .5907 .5666 .5487
7703 .6682 .6134 .5783 .5636 .5350

.7630 .6594 .6036 .5677 .5423 .5233
.7568 .6618 .5950 .5686 .6326 | .5131

7514 .6451 .5876 .5505 .5241 .5042
7466 .6393 .5811 .5434 .5166 .4964
7424 .6341 .5753 .5371 .5009 .48904

8#»—.—:0—- bk ek ek ek ek ek
WO NWN- OCOROID OO -

.7386 .6295 .6701 .5315 .5040 .4832

.7362 .6264 .5664 .5265 .4986 . 4776

21 7322 .6216 .5612 .5219 .4938 .4725
22 7204 .6182 .5674 .5178 .4894 .4679
23 .7269 | -.6151 .5540 .5140 .4854 .4636
24 .7246 .6123 .5608 .5106 .4817 .4598
25 7225 .6097 .5478 .5074 .4783 .4562
26 .7205 .6073 .5461 .5045 4762 .4529
27 7187 .6051 5427 .5017 .4723 .4499
28 7171 .6030 .5403 .4092 .4696 L4471
29 7158 .6011 .5382 .4969 .4671 L4444
30 7141 .5994 .5362 .4947 .4648 .4420
40 .7037 .5866 .5217 .4789 .4479 4242
60 .6033 .5738 .5073 .4632 .4311 .4064
120 .6830 .5611 .4930 .4476 .4143 .3886
%© .6729 .5486 .4787 . 4319 .3974 .3706

* This table is reproduced from * Sumﬁul Methods for Research Workers,” with the
g ‘rr of the R. A. Fisher, and the publishers, Mesers.
hvu and Boyd.
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TABLE VII—Continued
5 Per CENT POINTS OF THE DISTRIBUTION OF 2

Degrees of Degrees of freedom n; of greater mean square
freedom n,
of smaller
mean square 7 8 10 12 24 ©

1 2.7335 | 2.7380 | 2.7442 | 2.7484 | 2.7588 2.7693

2 1.4814 1.4819 1.4826 1.4830 1.4840 1.4851

3 1.0022 | 1.0809 | 1.0865 | 1.0842 | 1.0781 1.0716

4 .9037 .8993 .8929 .8885 .8767 .8639

5 7921 .7862 7775 7714 .7550 .7368

6 .7184 7112 .'7006 .6931 .6729 .6499

7 .6658 .8576 .6455 .6369 .6134 .5862

8 .6265 .8175 .6041 .5945 .5682 .5371

9 .5959 .5862 5717 .5613 .5324 .4979

10 6714 .5611 .5457 .5346 .5035 .4657

11 .5514 .5406 .5243 .5126 .4795 .4387

12 .5347 .5234 .5064 .4941 .4592 .4156

13 .5206 .5089 .4912 .4785 .4419 .3957

14 .5084 .4964 .4782 .4649 .4269 .3782

15 .4979 .48565 .4668 .4532 .4138 .3628

16 .4887 .4760 .4568 .4428 .4022 .3490

17 .4805 .4676 .4480 .4337 .3919 .3366

18 4733 .4602 .4402 .4255 .3827 .3253

19 .4668 .4535 .4331 .4182 .3743 .3151

20 .4610 4474 .4268 .4116 .3668 .3067

21 . 4557 .4420 .4211 .4055 .3599 .2971

22 .4500 .4370 .4158 .4001 .3536 .2892

23 .4465 .4325 .4110 .3950 .3478 .2818

24 .4425 .4283 .4066 .3904 .3425 .2749

26 .4388 4244 .4025 .3862 .3376 .2685

26 .4354 .4209 .3987 .3823 .3330 .2625

27 .4322 .4176 .3952 .3786 .3287 .2569

28 . 4292 .4146 .3920 .3752 .3248 .2516

29 .4265 L4117 .3889 .3720 .3211 .24668

® 30 .4239 .4090 .3861 .3691 .3176 .2419

40 .40563 .3897 .3655 .3475 .2920 .2047

60 .3866 .3702 .3447 .3265 .2654 .1644

120 .3678 .3506 .3236 .3032 .2376 .1131

L] .3490 #3309 .3023 .2804 .2085 .0000
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TABLE VIII
1 Per CENT POINTS OF THE DISTRIBUTION OF z *
Degrees of Degrees of freedom n; of greater mean square
freedom ns
of smaller
mean square 1 2 3 4 5 6

1 4.1535 | 4.2585 | 4.2974 | 4.3175 | 4.3297 | 4.3379

2 2.2950 | 2.2976 | 2.2984 | 2.2088 | 2.2991 | 2.2992

3 1.7649 | 1.7140 | 1.6915 | 1.6786 | 1.6703 | 1.6645

4 1.5270 1.4452 1.4075 1.3856 1.3711 | 1.3609

5 1.3943 | 1.2929 | 1.2449 | 1.2164 | 1.1974 | 1.1838

6 1.3103 | 1.1955 | 1.1401 | 1.1068 | 1.0843 | 1.0680

7 1.2526 1.1281 1.0672 1.0300 1.0048 .9864

8 1.2106 1.0787 1.0135 .9734 .9459 .9259

9 1.1786 1.0411 .9724 .9299 . 9006 .8791

10 1.1535 1.0114 .9399 .8954 .8646 .8419

-1 1.1333 .9874 .9136 .8674 .8354 .8116

12 1.1166 .9677 .8919 .8443 8111 .7864

13 1.1027 .9511 .8737 .8248 .7907 7652

14 1.0909 .9370 .8581 .8082 .7732 7471

15 1.0807 .9249 .8448 .7939 7582 .7314

16 1.0719 9144 .8331 .7814 .7450 77

17 1.0641 .9051 .8229 7705 7335 7057

18 1.0572 .8970 .8138 .7607 7232 .6950

19 1.0511 .8897 .8057 .7521 .7140 .6854

20 1.0457 .8831 .7985 7443 .7058 .6768

21 1.0408 8772 .7920 7372 .6984 .6690

22 1.0363 .8719 7860 .7309 .6916 .6620

23 1.0322 .8670 .7806 .7251 .6855 .6555

24 1.0285 .8626 7767 7197 .6799 .6496

25 1.0251 .8585 L7712 .7148 .6747 .6442

26 1.0220 .8548 .7670 .7103 .6699 .6392

27 1.0191 .8513 .7631 .7062 .6655 .6346

28 1.0164 .8481 .'7595 .7023 .6614 .6303

29 1.0139 .8451 .7562 .6987 .6576 .6263

30 1.0116 .8423 .7531 .6954 .6540 .6826

40 .9949 .8223 .7307 .6712 .6283 .5956

60 .9784 .8025 .'7086 .6472 .6028 .5687

120 .9622 .7829 .6867 .6234 .5774 .5419

o .9462 .7636 .6651 | «.5999 . 5522 .5152

* This table is reproduced from *‘Statistical Methods for Research Workers,” with the
enerous J:ermmion of the author, Professor R. A. Fisher, and the publishers, Messrs.

iver and Boyd.

.
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TABLE VIII—Continued
1 Per Cent PoinTs OF THE DISTRIBUTION OF z
Degrees of Degrees of freedom n; of greater mean square
freedom ng
of smaller
mean square 7 8 10 12 24 ©
1 4.3438 4.3482 4.3544 4.3585 4.3689 | 4.3794
2 2.2993 2.2994 2.2996 2.2997 2.2999 | 2.3001
3 1.6602 1.6569 1.6522 1.6489 1.6404 | 1.6314
4 1.35632 1.3473 1.3387 1.3327 1.3170 | 1.3000
b 1.1736 1.1656 1.1539 1.1457 1.1239 | 1.0997
6 1.0557 1.0460 1.0318 1.0218 .9948 .9643
7 L9724 .9614 .9451 .9335 .9020 .8658
8 .9105 .8983 .8802 .8673 .8319 .7904
9 .8626 .8494 .8297 8157 7769 .7305
10 .8244 .8104 . 7894 L1744 7324 .6816
11 7932 7785 .7564 .7405 .6958 .6408
12 7673 7520 7289 L7122 .6649 .6061
13 7454 7295 .7056 .6882 .6386 .5761
14 7267 .7103 .6856 .6675 .6159 .5500
15 L7105 .6937 .6682 .6496 . 5961 5269
16 .6963 L6791 .6530 .6339 .5786 .5064
17 .6839 .6663 .6395 .6199 .5630 4879
18 .6728 .6549 .6276 .6075 5491 4712
19 .6629 .6447 .6169 . 5964 . 5366 .4560
20 .6540 .6355 .6072 .5864 .5253 .4421
21 .6459 .6272 .5984 5773 .5150 4294
22 .6386 .6196 .5904 . 5691 .5056 .4176
23 .6319 .6127 .5832 .5615 . 4969 .4068
24 6258 .6064 .5765 .5545 .4890 .3967
25 .6202 .6006 .5704 .5481 .4816 .3872
26 .6150 .5952 .5647 .5422 .4748 .3784
27 .6102 .5002 .5595 .5367 .4685 .3701
28 .6057 .5856 .5546 .5316 .4626 .3624
29 .6016 6813 .5500 .5269 .4570 .3550
30 6977 .5773 .5458 .5224 .4519 .3481
40 5695 | .5481 | .5149 | .4901 | .4138 | .2952
60 .5414 .5189 .4838 .4574 .3746 .2352*
120 .5133 .4897 .4526 .4243 .3339 .1612
%© .4853 | » .4604 .4210 .3908 .2913 .0000
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Absolute criteria in regression theory, 126-128
Analysis of covariance, 150-157
Analysis of variance, 119
in confounding, 175
for correlation ratio, 128-130
in curvilinear and multiple regression and correlation, 124-126
diagram, 139
for dummy treatments, 182-189
in factorial design, 170
for Latin square, 166-169
applied to linear regression, 119-123
for testing linearity of regression, 130-132
in partial confounding, 176-182
for randomized blocks, 162-166
Arithmetic mean, 11-13, see also Mean
Array, 57n
Averages, 11
appropriateness of different, 16-17

Bailey, 151, 151n
Bartlett, 102n
Beta function, incomplete, 119, 119n
Binomial distribution, 7, 67-68
approximated, by Gram-Charlier distribution, 73, 76
by normal distribution, 69-73
by Poisson exponential distribution, 73
testing homogeneity of small samples from, 103-105
index of dispersion of, 104
mean of, 70
moments of, 76
small samples from, 103-105
standard deviation of, 70

B.xrge, 88n

Blocks, randomized, 162-166
Bécher, 38n

Camp, 73n, 7n *
Charlier check, 19, 23, 52
Chi square, 100

and variance, connection between, 101
209+
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Chi-square distribution, 100
Class interval, 1
Class limits, 1
Coefficient, of correlation, see Correlation coefficient
of multiple correlation, see Multiple correlation coefficient
of partial correlation, see Partial correlation coefficient
of partial regression, see Partial regression coefficient
of regression, see Regression coefficient
of total correlation, 61
of variation, 20
Combining estimates, of correlation, 105-108
of variance, 102
Comparisons, independent, 173
Complete set, 171n
Confidence limits, 78-79, 90-91
for population mean, 78-79, 90-91
Confounding, 174-176
partial, 176-182
Contingency table, 110
degrees of freedom in, 111-112
exact treatment of 2 X 2, 114-115
testing independence of attributes in, 110-112
with small frequencies, 112-115
Continuous variable, 2
Correction, Sheppard’s 19-20, 22, 118
Yates’s, 113-115
Correlated variables, 47
Correlation, 47
diagram, 53
index of, 58-59
inverse, 47
multiple, 59-60
partial, 60-62
and regression, connection between, 48-50
table, 50-52
Correlation coefficient, 47-48
combining estimates of, 105-108
computation of, 48, 51-52
and correlation ratio, relation between, 57-568
estimate of, 105-106
testing homogeneity of estimates of, 105-108
intraclass, 134
multiple, see Multiple correlation coefficient
partial, see Partial correlation coefficient
testing significance of, 83-84, 122
when population correlation is zero, 97-98
transformation of, 83, 97, 106
Correlation coefficients, testing significance of difference between, 84-85
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Correlation ratio, 52-57
computation of, 54-56
and correlation coefficient, relation between, §7-58
testing significance of, 128-130
Covariance, 29
analysis of, 150-157
Crathorne, 67n
Cumulative frequency diagram, §
Cumulative frequency table, 2, 3
Curve, frequency, 4-6
Gram-Charlier, 76
normal, 6
Pearson type III, 6
Curvilinear regression, 41-43
testing significance of, 124-125

Davenport, 118n
Decile, 17
Degrees of freedom, in analysis of covariance, 155-157
in analysis of variance, 133, 138, 145
for correlation ratio, 129
in chi-square distribution, 100
in confounding, 175
in contingency table, 111-112
in dummy treatments, 183-189
in factorial design, 172, 173
in Fisher’s distribution, 117
in goodness of fit test, 108-109
in testing homogeneity of estimates of correlation, 107
in testing homogeneity of estimates of variance, 102
for index of dispersion, 104, 105
in Latin square, 167, 169
in linear regression, 120-123
in testing linearity of regression, 131
in multiple regression, 126
in parabolic regression, 124-125
in partial confounding, 177-182
in randomized blocks, 164
"n “Student’s” distribution, 89
in testing whether sample is from uncorrelated material, 97
in testing significance, of correlation coefficient when population correla-
tion is zero, 97 s
of difference between means, 92
of difference between vegression cocfficients, 95
of partial correlation coefficient, 98
of partial regression coefficient, 96
of regression coefficient, 94 .
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Deming, 88n, 118
Dependent variable, 27
Design, experimental, 162
factorial, 169-174
Deviation, mean, 20-21
mean square, 18
probable, 70n
root-mean-square, 18
standard, 18-20
Deviations, sum of squares of, see Sum of squares of deviations
Diagram, analysis of variance, 139
correlation, 53
cumulative frequency, 5
frequency, discrete variable, 4
rectangular frequency, 3
scatter, 27n
Difference, between correlation coefficients, testing significance of, 84-85
between means, testing significance of, when population standard devia-
tion is known, 79-81
when population standard deviation is unknown, 91-93
estimated standard deviation of, 92
uncorrelated, variance of, 80, 91
between partial regression coefficients, testing significance of, 96-97
between proportions, testing significance of, 81-83
standard deviation of, 81
between regression coefficients, testing significance of, 94-96
estimated variance of, 95
between variables, variance of, 79-80, 91
between variances, testing significance of, 117-119
variance of, 79-80, 91
Discrete variable, 2
Dispersion, 20
index of, binomial distribution, 104
Poisson exponential distribution, 105
Distribution, binomial, 7, 67-68
chi-square, 100
cumulative frequency, 2
Fisher’s, 117
frequency, 1
Gram-Charlier, 73, 768-77 ,
of means in samples from normal population, 77
normal, 6, 68-75
' Pearson type III, 6, 100
Poisson exponential, 7
of ratio of estimates of variance, 117 L
of standard deviations, 101
“Student’s,” 89
of variances, 101
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Doolittle method, 35
Dummy treatments, 182-189

Eisenhart, 126n
Ekas, 118n
Error, 138
probable, 70n
Estimate, of correlation, 105-106
of population proportion, 82
of standard deviation, 88
of mean, 88
of regression coefficient, 94
of variance, 92, 102
of difference between regression coefficients, 95
of partial regression coefficient, 95
of regression coefficient, 94, 95
Excess, 23
Expected value, 68
Experimental design, 162
Exponential curve, fitting an, 31-33
Exponential equation, 31-33
Exponential function, Poisson, 7
as approximation to binomial distribution, 73

Factorial, 6, 89 '
Factorial design, 169-174
Fiducial limits, 78-79, 90-91

for population mean, 78-79, 90-91
Fisher, Arne, 77, 77n
Fisher, R. A., 38, 43, 83n, 89, 06n, 100n, 112, 117n, 118, 118n, 119, 123.

127n, 134n, 150n, 151, 170n, 184, 184n

Fisher’s distribution, 117
Fisher’s method of fitting polynomial, 43
Fitting, exponential curve, 31-33

line of least squares, 30

multiple linear regression, 35-41

normal curve, to binomial distribution, 69-73

to observed data, 73-75

*parabola, 41-43

polynomial, 41-43
Fréchet, 57, 57n
Freedom, degrees of, see Degrees of freedom
Frequency curve, 4-6 »

Gram-Charlier, 76

normal, 6

Pearson type III, 6
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Frequency diagram, cumulative, §
discrete variable, 4
rectangular, 3
Frequency distribution, 1
graphic representation of, 3-4
Frequency table, 1
cumulative, 2
Fry, 73n, 6n, 7Tn
Function, beta, incomplete, 119, 119n
gamma, 89
Pearson type III, 6, 100

Gamma function, 89
Geometric mean, 15
Geometric representation of analysis of variance, 139
Goodness of fit test, 108-110
Gram-Charlier distribution, 73, 76-77

as approximation to binomial distribution, 76-77
Graphic representation of frequency distributions, 3-4

Harmonic mean, 15

“Highly significant,” 78

Histogram, 3

Homogeneity test, for correlations, 106-108
for small samples from binomial and Poisson distributions, 103-105
for variances, 102-103

Incomplete beta function, 119, 119n
Independence of attributes in contingency table, testing, 110-112
Independent, stochastically, 89
Independent comparisons, 173
Independent variable, 27
Index, of correlation, 58-59

of dispersion, binomial distribution, 104

Poisson exponential distribution, 105

Integral variable, 2
Interaction, 138, 174
Interval, class, 1
Intraclass correlation coefficient, 134
Javerse correlation, 47
Irwin, 112n, 117n, 137n

Kendall, 2n, 70n
Kurtosis, 23
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Latin square, 166-169
Least squares, 27-30
Likelihood, maximum, 88n, 101
Limits, class, 1
fiducial or confidence, 78-79, 90-91
for population mean, 78-79, 90-91
Line of least squares, 27-30
Line of regression, 27-30
Linear regression, 27-30
analysis of variance applied to, 119-123
multiple, 34-41
testing significance of, 125-126
testing significance of, 121
Linearity of regression, testing, 130-132
Logarithmic paper, 34
semi-, 31-32

Main effects, 174
Maximum likelihood, 88n, 101
Mean, 11
arithmetic, 11-13
computation of, 12-13
of binomial distribution, 70
distribution of, in samples from normal population, 77
fiducial or confidence limits for population, 78-79, 90-91
geometric, 15
harmonic, 15
of normal distribution, 70
of sample proportions, 81
testing significance of, when population standard deviation is known,
77-78
when population standard deviation is unknown, 88-90
of variance, 102
weighted, 13
Mean deviation, 20-21
Mean square deviation, 18
Median, 13-15
Method, Doolittle, 35
Fisher’s, of fitting polynomial, 43
of maximum likelihood, 88n, 101
of solving normal equations, 35-40
Mid-value of class, 1, 2
Mills, 35n
Modal class, 15
Mode, 15
Moments, 21-24
of binomial distribution, 76
computation of, 23-24
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Multiple correlation, 59-60
Multiple correlation coefficient, 59-60
testing significance of, 125-126
Multiple regression, 34-41
testing significance of, 125-126

Non-orthogonal data, 189

Normal curve or distribution, 6, 68-75
fitted to binomial distribution, 6, 69-73
connection with Gram-Charlier distribution, 76
fitted to observed data, 73-75
mean of, 70
standard deviation of, 70

Normal equations, 28
for curvilinear regression, 41
for multiple regression, 34, 41

numerical solution of, 35-40

for parabolic regression, 41

Optimum value, 88n, 101

of standard deviation, 88n

of variance, 101
Order of partial correlation coefficient, 61
Orthogonality, 170-173

Parabola, fitting a, 41-43

Parabolic regression, 41

Parameter, 88n

Partial confounding, 176-182

Partial correlation, 60-62

Partial correlation coefficient, 60-62
order of, 61
testing significance of, 84, 98

Partial regression coefficient, 34
testing significance of, 95-96
estimated variance of, 95

Partial regression coefficients, testing significance of difference between,

96-97

Partition values, 17

Pearson, 72n, 100n

Pearson type III curve or distribution, 6, 100

Rercentile, 17

Point binomial, 71

Poisson exponential distribution, 7 ¢
as approximation to binomial distribution, 73
testing homogeneity of small samples from, 103-106
index of dispersion of, 106
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Polynomial, fitting a, 41-43
Fisher’s method, 43
Population correlation, estimate of, 105-106
Population mean, fiducial or confidence limits for, 78-79, 90-91
Population proportion, estimate of, 82
Population variance, estimate of, 102
Probability, 67
Probable deviation, 70n
Probable error, 70n
Proportion, estimate of population, 82
mean of, in samples, 81
standard deviation of, in samples, 81
Proportions, testing significance of difference between, 81-83

Quartile, 17

Randomized blocks, 162-166
Range, 1
Ratio, correlation, see Correlation ratio
of estimated variances, distribution of, 117
Rectangular frequency diagram, 3
Regression, 27
and correlation, connection between, 48-50
curvilinear, 41-43
line, 27-30
fitting, 30
linear, 27-30
analysis of variance applied to, 119-123
plane, 34, 35
testing linearity of, 130-132
multiple, 34-41
parabolic, 41
theory, absolute criteria in, 126-128
Regression coefficient, 28
partial, 34
testing significance of, 95-96
estimated variance of, 95
variance of, 94
estimated, 94, 95
Regression coefficients, partial, testing significance of difference between,

96-97
testing significance of difference between, 94-85
Rejection of observations, 86n .
Relative price, 24
Replication, 172 .
Rider, 86n

Rietz, 21n, 61n, 67n, 90n
Root-mean-square deviation, 18
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Samples from binomial and Poisson distributions, 103-105
Sanders, 150n, 156n
Scatter diagram, 27n
Semi-logarithmic paper, 31-32
Sheppard’s correction, 19-20, 22, 118
“Significance,” 78
Significance tests, see Testing significance of
“Significant,” 78
_Skewness, 22
Small samples from binomial and Poisson distributions, 103-105
Snedecor, 118, 118n
Snedecor’s tables, 118, 119, 126, 167
Solution of normal equations, numerical, 35-40
Split-plot arrangement, 191
Square, Latin, 166-169
Standard deviation, 18-20
of binomial distribution, 70
of difference between means, estimated, 92
of difference between proportions, 81
of normal distribution, 70
optimum value of, 88n
of a proportion, 81
of a regression coefficient, estimated, 94
Statistic, 88n
Stochastically independent, 89
“Student’s” distribution, 89
Subdivision of variance into more than two portions, 137-150
Sum of squares of deviations, among class means, 133, 134
within classes, 133, 134
from multiple regression function, 41
from regression curve, 42
from regression line, 29
from regression plane, 35

¢, 89

variance of, 89
Testing goodness of fit, 108-110
Testing homogeneity, of estimates of correlation, 106-108

of estimates of variance, 102-103

of small samples from binomial and Poisson distributions, 103-105 N
Testing independence of attributes in contingency table, 110-112
Testing linearity of regression, 130-132
Besting whether two groups are samples from same population, 111n
Testing whether sample is from uncorrclated material, 97-98
Testing whether samples came from equally correls.ted populations, 106-108
Testing significance, of correlation coefficient, 83-84, 122

when population correlation is zero, 97-98
of correlation ratio, 128-130
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Testing significance, of difference, between correlation coefficients, 84-85
between means, when population standard deviation is known, 79-81
when population standard deviation is unknown, 91-93
between partial regression coefficients, 96-97
between proportions, 81-83
between regressions coefficients, 94-95
of intraclass correlation coefficient, 134
of linear regression, 121
of mean, when population standard deviation is known, 77-78
when population standurd deviation is unknown, 88-90
of partial correlation coefficient, 84, 98
when population correlation is zero, 98
of partial regression coefficient, 95-96
of ratio between variances, 117-119
of regression coefficient, 93-94
of variance, 101
Total correlation cocfficient, 61
Transformation, of chi-square distribution, 101
of correlation coefficient, 83, 97, 106
of exponential curves, etc., 31-34
of ratio of variances, 117
of variables, 6, 69
Trend line, 27
Type A distribution, Gram-Charlier, 73, 76-77
Type III distribution, Pearson, 6, 100

Uncorrelated material, testing whether sample is from, 97-98
Uncqual numbers in classes, 136, 150

Variable, continuous, 2
dependent, 27
discrete, 2
independent, 27
integral, 2
Variance, 18-20
analysis of, see Analysis of variance
and chi square, connection between, 101
within and among classes, 132-137
computation of, 18-19
¢f difference, between uncorrelated means, 80, 91
between regression coefficients, estimated, 95
between variables, 79-80, 91
distribution of, 101
distribution of ratios of estimates of, 117
testing homogeneity of ®stimates of, 102-103
testing significance of ratio between estimates of, 117-119
of mean, 77
mean of, 102 .
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Variance, optimum value of, 101
of partial regression coefficient, estimate of, 95
population, estimate of, 102 /
of regression coefficient, 94
estimated, 94 ’
subdivision into more than two portions, 137-150
testing significance of, 101
of t, 89
Variate, 692
Variation, coefficient of, 20

w, 117

Weighted mean, 13
Wilks, 189n
Wishart, 150n, 156n

Yates, 107n, 112n, 150n, 170n, 184, 184n, 189n
Yates’s correction, 113-115
Yule, 2n, 70n

z, 117






