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PREFACE

The present book is a partially modified and extended edition
of my book On Mathematical Logic and Deductive Method, which
appeared first in 1936 in Polish and then in 1937 m an cxact
German translation (under the title: Ewnfubrung in die mathe-
matische Logik und in die Methodologie der Mathematik). In 1ts
original form it was intended as a popular seientific book, its
aim was to present to the educated layman—in a mauner which
would combine scientific exactitude with the greatest possible
intelligibility—a clear 1dea of that powerful trend of contemporary
thought which 1is concentrated about modern logic. This trend
arose onginally from the somewhat limited task of stabilizing
the foundations of mathcmatics. In its present phase, however,
it has much wider aims  For 1t seeks to ereate a unified conecptual
apparatus which would supply a common basis for the whole of
human knowledge. Furthermore, 1t tends to perfect and sharpen
the deductive method, which 1n some sciences 1s regarded as the
sole permitted means of cstablishing truths, and 1ndeed 10 every
domam of intellectual activity 1s at least an indispensable auxihary
tool for deriving conclusions from accepted assumptions.

The response accorded to the Polish and German editions, and
especially some suggestions made by reviewers, gave rise to the idea
of making the new edition not merely a popular scientific book,
but also a textbook upon which an elementary college course in
logic and the methodology of deductive sciences could be based.
The experment seecmed the more desirable 1 view of a certamn
lack of suitable elementary textbooks in this domain.

In order to carry out the experiment, 1t was necessary to make
several changes n the book

Some very fundamental questions and notions were entirely
passed over or merely touched upon in the previous cditions,
either because of thewr more techmeal character, or in order to
avoid points of & controversial nature. As examples may be cited
such topics as the difference between the usage of certgin logical
notions in systematic developments of logic and in the language

x1
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of everyday life, the general method of verifying the laws of the
sentential calculus, the necessity of a shaip distmction between
words and their names, the concepts of the universal class and
the null class, the fundamental notions of the calculus of relations,
and finally the concepfion of methodology as a general science of
sciences In the piesent edition all these topics are discussed
(although not all 1n an equally thorough manner), since 1t seemed
to me that to avoid them would constitute an essential gap 1n any
textbook of modern logiec. Consequently, the chapters of the
first, general part of the book have been more or less extended;
in particular, Chapter II, which 1s devoted to the sentential
calculus, contains much new material, I have also added many
new exercises to these chapters, and have increased the number
of historical indications

While 1n previous editions the use of special symbols was re-
duced to a minimum, I considered 1t necessary m the present
edition to famihanze the reader with the elements of logical
symbolism Nevertheless, the use of this symbolism 1n practice
remains very restricted, and 1s imited mostly to exercises

In previous editions the principal domain from which examples
were drawn for illustrating general and abstract considerations
was lgh-school mathematics; for 1t was, and still 18, my opmion
that elementary mathematics, and especially algebra, because of
the stmplicity of its concepts and the uniformity of 1ts methods of
inference, 1s peculiaily appropiiate for exemplifying various funda-
mental phenomena of a logical and methodological nature Never-
theless, 1n the present edition. particularly m the newly added
passages, I draw examples more frequently from other domains,
especlally from everyday lhife

Independent, of these additions, I have rewritten certain sections
whose mastery by students had been found somewhat difficult.

The essential features of the book remain unchanged The pref-
ace to the oiiginal edition, the major part of which 1s reprinted
m the next few pages, will give the reader an 1dea of the general
character of the book Perhaps, however, 1t is desirable to point
out explicitly at this place what he should not expect to find 1n it.
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First, the book contains no systematic and strictly deduetive
presentation of logie, such a presentation would obviously not lie
within the framework of an elementary textbook. It was ongi-
nally my wntention to include, in the present edition, an additional
chapter entitled Logic as a Deductiwve Science, which—as an 1llus-
tration of the geneial methodological remarks contained 1n
Chapter VI—would outhne a systematic development of some
elementary parts of logie. For a number of reasons this intention
could not be realized; but I hope that several new exercises on
this subject included in Chapter VI will to some extent compensate
for the omission

Secondly, apart from two rather short passages, the book gives
no wnformation about the traditional Aristotelian logie, and con-
tams no material drawn from 1t But I beheve that the space
here devoted to traditional logic cortesponds well enough to the
small role to which this logic has been reduced m modern science;
and I also believe that this opimion will be shaied by most con-

" temporary logicians.

And, finally, the book is not concerned with any problems
belonging to the so-called logic and methodology of empirical
sciences I must say that I am inclined to doubt whether any
special “logic of empirical seiences,” as opposed to logic 1n general
or the ““logic of deductive sciences,” cxists at all (at least so long as
the word “logic” 1s used as m the present book—that 1s to say, as
the name of a diseipline which analyzes the meaning of the con-
cepts common to all the sciences, and cstablishes the gencial laws
governing the concepts) But this 1s rather a terminological,
than a factual, problem, At any rate the methodology of cmpiri-
cal sciences constitutes an important domain of scientific research.
The knowledge of logic 18 of course valuable 1n the study of this
methodology, as it 1s 1n the case of any other disciphine It must
be admitted, however, that logical concepts and methods have
not, up to the present, found any specific or fertile apphcations
1 this domain. And 1t is at least possible that this situation 1s
not merely a consequence of the present stage of methodological
researches. It arses, perhaps, from the circumstance that, for
the purpose of an adequate methodological treatment, an empirical
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science may have to be considered, not merely as a scientific theory
—that 18, as a system of asserted statements arranged according
to certamn rules—, but rather as a complex consisting partly of
such statements and partly of human activities. It should be
added that, 1n striking opposition to the high development of the
empirical seiences themselves, the methodology of these sciences
can hardly boast of comparably defimte achievements—despite
the great efforts that have been made. Even the prehminary
task of clarifying the concepts mvolved in this domamm has not
yet been carried out m a satisfactory way Consequently, a
course 1n the methodology of empirical sciences must have & quite
different character from one in logic and must be largely confined
to evaluations and criticisms of tentative gropings and unsuccessful
efforts For these and other reasons, I see hittle rational justifi-
cation for combining the discussion of logic and the methodology
of empirical sciences 1n the same college course.

A few remarks concerming the arrangement of the book and its
use as a college text.

The book 18 divided into two parts The first gives a general
introduction to logic and the methodology of deductive sciences;
the second shows, by means of a concrete example, the sort of
applications which logic and methodology find in the construction
of mathematical theones, and thus affords an opportumty to
assimilate and deepen the knowledge acquired in the first part.
Each chapter s followed by appropriate exercises  Brief historical
indications are contained in footnotes

Passages, and even whole sections, which are set off by asterisks
“4” both at the beginning and at the end, contamn more difficult
material, or presuppose famiharity with other passages contaning
such material, they can be omitted without jeopardizing the
intelhgibility of subsequent parts of the book. This also applies
to the exercises whose numbers are preceded by astersks,

I feel that the book contamns sufficient matenal for a full-year
course Its arrangement, however, makes 1t feasible to use it 1n
half-year courses as well. If used as a text in half-year logic
courses in a department of philosophy, I suggest the thorough
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study of its first part, including the more difficult portions, with
the entire omission of the second part. If the book is used in a
half-year course in a mathcmatics department—for instance, in
the foundations of mathematics—, I suggest the study of both parts
of the book, with the omission of the more difficult passages.

In any case, I should like to emphasize the importance of work-
ing out the exercises carefully and thoroughly; for they not only
facilitate the asstmilation of the concepts and principles discussed,
but also touch upon many problems for the discussion of which
the text provided no opportunity

I shall be very happy if this book contributes to the wider
diffusion of logical knowledge The course of historical events has
assembled 1in this countiy the most cminent representatives of
contemporary logic, and has thus created here especially favorable
conditions for the development of logical thought These favor-
able conditions can, of course, be easily overbalanced by other
and more powerful factors. Tt 1s obvious that the future of loge,
as well as of all theoretical science, depends essentially upon
normahzing the political and social relations of mankind, and thus
upon a factor which 1s beyond the control of professional scholars,
I have no illusions that the development of logical thought, mn
particular, will have a very essential effect upon the process of
the normahzation of human relationships; but I do believe that
the wider diffusion of the knowledge of logic may contribute
positively to the acceleration of this process For, on the one
hand, by making the meaning of concepts precisc and uniform
in 1ts own field and by stressing the neeessity of such a precision
and uniformization in any other domain, logic leads to the possi-
biltty of better understanding between those who have the will to
doso And, on the other hand, by perfecting and sharpening the
tools of thought, it makes men more critical—and thus makes less
hkely their bemng misled by all the pseudo-reasonings to which
they are 1n various parts of the world incessantly exposed today.

I gratefully acknowledge my indebtedness to Dr O. HELMER,
who performed the translation of the German edition into English



V1 PREFACE

I want to express my warmest gratitude to Dr. A HorsTADTER,
M: L K KribEg, Piofessor E NagEL, Professor W V., QUINE,
Mr M G Warre and especially Dr J. C C. McKinsey and
Dr P. P WienNer, who were unsparing in their advice and
assistance while I was prepanng the Enghsh edition. I also owe
many thanks to Mr. K. J. ARrow for his help in reading proofs.

Alfred Tarsks
Harvard University September 1940



FROM THE PREFACE TO THE
ORIGINAL EDITION

In the opinion of many laymen mathcmatics 1s today already a
dead science. after having reached an unusually high degree of
development, 1t has become petrified in rigad peifection  This 1s
an enfirely erioneous view of the situation, theie aie but few
domains of scientific rescarch which are passing through a phase
of such intensive development at present as mathematics More-
over, this devclopment 1s extraoidinarly mamfold mathematicsis
expanding its domain in all possible duections, 1t 18 growing 1n
height, in width, and in depth It 1s growing i height, since, on
the so1l of 1ts old theories which look back upon hundreds if not
thousands of ycars of development, new problems appear again
and again, and ever more perfect results are being achieved It
is growing 1 width, since 1ts methods permeate other branches of
sciences, while 1ts domain of mvestigation embiaces nereasingly
more comprehensive ranges of phenomena and ever new theories
are bemng included 1n the large cirele of mathematical disciplines
And finally 1t 18 growing 1n depth, since 1ts foundations become
more and more fiimly established, 1ts methods peifected, and its
principles stabilized

It has been my intention in this book to give those readers who
are interested 1n contempora:ry mathematics, without being ac-
tively concerned with it, at least a very general idea of that third
bine of mathematical development, 1 ¢ 1ts growth in depth My
amm has been to acquaint the 1cader with the most important con-
cepts of a discipline which 1s known as mathematical logie, and
which has been created for the purpose of a fimer and more
profound cstablishment of the foundations of mathcmatics, this
disciphine, m spite of 1ts brief existence of baiely a century, has
already attained a high degree of perfection and plays today a role
in the totality of our knowledge that far transcends 1its origmnally
intended boundaries It has been my intention to show that the
concepts of logic permeate the whole of mathematics, that they
comprehend all specifically mathematical concepts as special cases,
and that logical laws are constantly applied—be 1t contsciously or

va
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unconsciously—in mathematical reasonings  Finally, I bave tried
to present the most important principles in the construction of
mathematical theories—principles which form the subject matter
of still another discipline, the methodology of mathematics—and
to show how one sets about using those principles in practice.

It has not been easy to carry this whole plan through within
the framework of a relatively small book without presupposing
on the part of the reader any speciahized mathematical knowledge
or any specific training 1n reasomings of an abstract character.
Throughout the book a combination of the greatest possible mtel-
higibility with the necessary conciscness had to be attempted, with
a constant care for avoiding errors or cruder mexactitudes from
the scientific standpoint A language had to be used which
deviates as little as possible from the language of everyday life.
The employment of a special logical symbolism had to be given
up, although this symbolism 1s an invaluable tool which permits
us to combine conciseness with precision, removes to a large degree
the possibility of ambiguities and misunderstandings, and 1is
thereby of essential service mn all subtler considerations The idea
of a systematic treatment had to be abandoned from the begin-
ning Of the abundance of questions which present themselves
only a few could be discussed in detail, others could only be
touched upon superficially, while still others had to be passed
over enfirely, with the consciousness that the selection of topies
discussed would 1mmevitably exhibit & moie or less arbitrary char-
acter In those cases in which contemporary science has as yet
not taken any definite stand and offers a number of possible and
equally correct solutions, 1t was out of the question to present
objectively all known views. A decision 1n favor of a definite
pownt of view had to be made When making such a decision I
hdve taken care, not primanly to have 1t conform to my personal
mechnations, but rather to choose a method of solution which
would be as sumple as possible and which would lend 1itself to a
popular mode of presentation

I do not have the illusion that I have entirely succeeded in
overcoming these and other difficulties.
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ON THE USE OF VARIABLES

1. Constants and variables

Every scientific theory is a system of sentences which are
accepted as true and which may be called LAWS or ASSERTED
STATEMENTS or, for short, ssmply sTareMENTS In mathcmatics,
these statements follow one another 1n a defimte order acrording
to certain principles which will be discussed 1n detail in Chapter
VI, and they are, as a rule, accompanicd by considciations n-
tended to establish thewr validity Considerations of this kind
are referred to as PROOFS, and the statements estabhished by them
are called THEOREMS

Among the terms and symbols occuriing 1n mathematical
theorems and proofs we distinguish cONSTANTS and VARIABLES

In anthmetic, for instance, we cncounter such constants as
“number", “zorg” (“O”), “one” (“1”), “oum’’ (u+n), and many
others! KEach of these tcims has a well-determined meaning
which remains unchanged thioughout the couisc of the considera-
tions.

As variables we cmploy, as a rule, single letters, e g 1 anth-
metic the small lettis of the Enghsh alphabet “a', “b”, “c”,

1 By “anthmetic’”’ we shall here understand that part of mathematics
which 18 concerned with the investigation of the general properties of
numbers, relations between numbers and operations on numbers In
place of the word “arthmetic’”’ the term ‘‘algebra’ 1s frequently used,
particularly 1n high-school mathematics We have given preference to the
term “anthmetic’’ because, 1n lngher mathematies, the term ‘‘algebra’
18 reserved for the much more special theory of algebraic equations (In
recent years the term ‘‘algebra’’ has obtained a wider meaning, which 1s,
however, still different from that of “‘arithmetic’’ )—The term ‘“number”
will here always be used with that meaning which 1s normally attached to
the term ‘‘real number’’ 1n mathematics, that 1s to say, it will cover integers
and fractions, rational and 1rrational, positive and negative numbers, but
not imaginary or complex numbers

3
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ouy Y27, 'y, “2”. As opposed to the constants, the variables
do not possess any meaning by themselves. Thus, the question:

does zero have such and such a property?

eg.:
18 zero an wnleger?

can be answered in the affirmative or in the negative; the answer
may be true or false, but at any rate it is meaningful A question
concerming z, on the other hand, for example the question®

18 = an snleger?
cannot be answered meaningfully

In some textbooks of elementary mathematies, particularly the
less recent ones, one does occasionally come across formulations
which convey the impression that 1t 1s possible to attribute an
independent meaning to variables. Thus1t 1s said that the symbols
“z”’, “y”’, ... also denote certain numbers or quantities, not
“constant numbers” however (which are denoted by constants
Iike 0", ¢1”, ... ), but the so-called ‘“variable numbers” or rather
“variable quantities”. Statements of this kind have their source
in a gross misunderstanding The “variable number” z could not
possibly have any specified property, for instance, 1t could be
neither positive nor negative nor equal to zero; or rather, the
properties of such a number would change from case to case, that
is to say, the number would sometimes be positive, sometimes
negative, and sometimes equal to zero. But entities of such a
kind we do not find 1n our world at all, their existence would
contradict the fundamental laws of thought The classification
of the symbols mto constants and variables, therefore, does not
have any analogue in the form of a similar classification of the
numbers.

2. Expressions containing variables—sentential and designatory
functions

In view of the fact that variables do not have a meaning by
themselves, such phrases as:

T 18 an inleger
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are not sentences, although they have the grammatical form of
sentences; they do not express a definite assertion and can be
neither confirmed nor refuted. From the expression.

Z 18 an wnteger

we only obtain a sentence when we replace ““z” 1n 1t by a constant
denoting a defimte number, thus, for mstance, if “z'’ 15 replaced
by the symbol “1”, the 1esult 1s a true sentence, whereas a false
sentence arises on leplacing “z” by “3”. An capression of this
kind, which contams variables and, on replacement of these
varlables by constants, becomes a sentence, 15 called a SENTENTIAL
FUNCTION. But mathematicians, by the way, are not very fond
of this expression, because they use the term “function” with a
different meaning More often the word ““‘conprTioN” 18 employed
in this sense; and sentential functions and sentences which are
composed entirely of mathematical symbols (and not of words of
everyday language), such as

z+y=25,

are usually referred to by mathematicians as rormuLas In place
of “sentential function” we shall sometimes simply say “sentence”
—but only in cases wherc there 1s no danger of any mis-
understanding.

The role of the varables mn a sentential function has sometimes
been compared very adequately with ihat of the blanks left mn a
questionnaire, just as the questionnaitc acquires a defimite content
only after the blanks have been filled 1, g sentential functaon.
becomes a sentence only after constants have been mscrted in
place of the vamables The result of the replacement of the
variables 1n a sentential function by constants—equal constants
taking the place of equal variables—may lead to a tive sentence;
in that case, the things denoted by those constants are said to
SATISFY the given sentential function TFor example, the numbers
1, 2 and 2% satisfy the sentential function

z <3,
but the numbers 3, 4 and 4} do not. ,
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‘\‘/Bemdes the sentential functions there are some further expres-
sions containing variables that ment our attention, namely, the
so-called DESIGNATORY or DESCRIPTIVE FUNCTIONS They are ex-
pressions which, on replacement of the variables by constants,
turn mto designations (“‘descriptions’) of things. For example,
the expression*

2 +1 /

is a designatory function, because we obtain the designation of a
certain number (e g , the number 5), if 1n 1t we replace the variable
“z” by an arbitrary numerical constant, that 1s, by a constant
denoting a number (e g, “2").

Among the designatory functions occurring 1n arithmetic, we
have, in particular, all the so-called algebraic expressions which
are composed of variables, numerical constants and symbols of
the four fundamental arithmetical operations, such as-

T -, 2.(x+y—2).

y+2’
Algebraic equations, on the other hand, that 1s to say, formulas
consisting of two algebraic expressions connected by the symbol
“="_are sentential functions As far as equations are concerned,
a special termimnology has become customary in mathematics,
thus, the varables occuiring 1n an equation are referred to as the
unknowns, and the numbers satisfying the equation are called the
roots of the equation E g, in the equation.

24 6 = 5z

the varable “z’’ 1s the unknown, while the numbers 2 and 3 are
roots of the equation.

Of the vanables “z”, “y”, ... employed 1n arithmetic it 18
said that they STAND FOR DESIGNATIONS OF NUMBERS or that
numbelrs are VALUES of these variables. Thereby approximately
the following 1s meant. a sentential function containing the
symbols “z”, “y”, ... becomes a sentence, if these symbols are
replaced by such constants as designate numbers (and not by
expressions designating operations on numbers, relations between
numbers or even things outside the field of arithmetic like geomet-~
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rical configurations, animals, plants, etc). Likewise, the vari-
ables occurring in geometry stand for designations of points and
geometrical figures The designatory functions which we meet 1n
anthmetic can also be said to stand for designations of numbers.
Sometimes 1t is simply said that the symbols “3”, “y”, ... them-
selves, as well as the designatory functions made up out of them,
denote numbers or are designations of numbers, but this is then
a merely abbreviative termmology.

3. Formation of sentences by means of variables—universal and
existential sentences

Apart from the replacement of variables by constants there is
still another way i which sentences can be obtamned from sen-
tential functions. Let us consider the formula*

zt+y=y+=z

It is a sentential funcfion contaming the two vanables “z’” and
“g”’ that 1s satisfied by any arbitrary pair of numbers, if we put
any numerical constants i place of “z” and “y”, we always ob-
tain a true formula We express this fact briefly in the following
manner

Jor any numberszandy, z+y=y+=

The expression just obtamned 1s ahcady a genuine sentence and,
moreover, a truc sentence, we 1ccognize 1n 1t one of the funda-
mental laws of arithmetic, the so-called commutative law of addi-
tion. The most important theorems of mathematics ate formu-
lated similarly, namely, all so-called UNIVERSAL SENTENCES, or
SENTENCES OF A UNIVERSAL CHARACTER, which asseit that arbi-
trary things of a certain category (¢ g, m the case of arithmetie,
arbitrary numbers) have such and such a property. It has to be
noticed that in the formulation of universal sentences the phrase
“for any things (or numbers) z, y, - -- "’ 1s often omiticd and has
to be inserted mentally, thus, fo1 instance, the commutative law
of addition may sumply be given 1n the following form.

zty=y+z
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This has become a well accepted usage, to which we shall gener-
ally adhere 1n the course of our further considerations

Let us now consider the sentential function:
z>y+ L

This formula fails to be satisfied by every pair of numbers; if, for
mstance, 3"’ is put mn place of “z” and ‘“4” in place of ‘‘y”’, the
false sentence.

3>441
is obtained Therefore, if one says:
Jor any numbersz and y, z >y + 1,

one does undoubtedly state a meaningful, though obviously false,
sentence. Thcre are, on the other hand, pairs of numbers which
satisfy the sentential function under consideration; if, for example,
“z” and *‘y” are 1eplaced by “4’’ and “2”, respectively, the result
is the true formula:

4>24+1.
This situation is expressed briefly by the following phrase:
Jor some numberszandy, =z >y +1,
or, using a more frequently employed form:
there are numbers x and y such that z > y + 1.

The expressions just given are true sentences; they are examples
of EXISTENTIAL SENTENCES, Or SENTENCES OF AN EXISTENTIAL
CHARACTER, stating the existence of things (e g , numbers) with a
certain property

With the help of the methods just described we can obtain
sentences from any given sentential function; but 1t depends on
the content of the sentential function whether we arrive at a true
or a false sentence The following example may serve as a
further 1llustration. The formula;:

z=z-+1
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is satisfied by no number; hence, no matter whether the words
“for any number z"’ or ““there 15 a number x such that” are pre-
fixed, the resulting sentence will be false.

In contradistinction to sentences of a umiversal or existential
character we may denotle sentences not contamning any variables,
such as:

34+2=2+3,

as SINGULAR SENTENCES This classification 1s not at all exhaus-
tive, since therc are many sentences which cannot be counted
among any of the thrce categorics mentioned. An example 18
represented by the following statement

Jor any numbers z and y there is a number z such that
z=y+z

Sentences of this type are sometimes ecalled CONDITIONALLY
EXISTENTIAL SENTENCES (as opposcd to the existential secntences
considered before, which may also be called ABSOLUTELY EXISTEN-
TIAL SENTENCES), they state the existence of numbers having a
certain property, but on condifion that certain other numbers
exist.

’

4, iversal and existential quantifiers; free and bound variables
‘ Phrases like.

fJoranyz,y, ---
and
there are z, y, -- such that

are called QUANTIFIERS; the former 15 said to be a UNIVERSAL, the
latter an EXISTONTIAL QUSNTIRIER. Quantificrs are also known
as OPERATORS, there are, however, capressions counted likewise
among —opera.tms, which are different from quantificts In the
preceding section we tried to explain the meaning of both quanti-
fiers. In order to emphasize their significance 1t may be pointed
out that, only due to the explicit o1 mmplicit employment of
operators, an expression contaimng varables can oceur as a
sentence, that 1s, as the statement of a well-determined assertion.
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Without the help of operators, the usage of variables in the
formulation of mathematical theorems would be excluded.

In everyday language 1t 1s not customary (though quite possible)
to use vanables, and quantifiers are also, for this reason, not in
use There are, however, certain words 1n general usage which
exhibit a very close conncction with quantifiers, namely, such
words as ‘“‘every’’, ‘‘all”’, “a cerlazn”, “‘some’’ The connection
becomes obvious when we observe that expiessions like:

all men are mortal
——
or
some men are wise
—
have about the same meaning as the following sentences, form-
ulated with the help of quantifiers:
* ~ for any =, +f T 15 a man, then  is mortal
and d
~ there s an x, such that z 13 both a man and unse,

respectively.

For the sake of brevity, the quantifiers are sometimes replaced

by symbolic expressions We can, for mnstance, agree to write in
place of

Jor any things (or numbers) z, y, - ..
and
there exast thaings (or numbers) x, y, - - - such that

the following symboliec expressions*

A and E
Z.h oY,
respectively (with the understanding that the sentential functions
following the quantifiers are put in parentheses) According to
this agreement, the statement which was given at the end of the
preceding section as an example of a conditionally existential
sentence, for instance, assumes the following form:

(D AlE(@ =y +2)]
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A sentential function in which the varables “z”, “y", “z”,
occur automatically becomes a sentence as soon as one preﬁxes
to 1t one or several opeiatols containing all those vanables. If,
however, some of the variables do not occur in the operators, the
expression in question remains a sentential function, without be~
coming a sentence. For example, the formula.

=y+z
changes 1nto a sentence if preceded by one of the phrases:
for any numbers z, y and 2,
there are numbers z, y and z such thal;
for any numbers x and y, there 15 a number z such that;
and so on. But if we merely preﬁ'x the quantifier:

there 18 @ number z such that or E
we do not yet arrive at a sentence; the expression obtained,
namely:

In E(z =y + 2)

is, however, undoubtedly_a. sentential function, for 1t immediately
becomes a sentence when _we_substitute gome constants in the
place of “z “y” and leave “z” ungltered, or else, when we

prefix another sulta.ble quantifier, ¢ g

for any numbers z andy or A
oy

It is seen from this that, among the variables which may occur
in a sentential function, two diuffezent kinds can be distinguished.
1The occurrence of variables of the fiist kind—they will be called
]FREE or BREAL VARIABLES—IS the decisive factor in determining
jthat the expression under consideration s a sentential function
and not, a sentence; n order to effect the change from a sentential
functiog _tg s ence 1t 15 necessary to 1eplace thesc variables

by ( or else to_put (operatorshn front of the sentential

unction that contain those free vaiiables, The remaining, 50-
“tulled—BUCOND Or APPARENT VARIABLES, however, are not to be
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changed in such a transformation In the above sentential func-
tion (II), for instance, “z” and ‘‘y" are free varables, and the
symbol ““z" occurs twice as a bound variable, on the other hand,
the expiession (I) 1s a sentence, and thus contains bound variables
only.

*It depends entirely upon the structure of the sentential func-
iion, namely, upon the presence and position of the operators,
whether any partienlar valiable oceurring in-it-s-free or bound
IT)E may be best scen by means of a concrete example Let us,
for instance, consider the following sentential function:

(III)  for any number z,f =z =0 or y =+ 0, then
there exists a number 2 such thal = = y.z.

This function begins with a universal quantifier containing the
vanable “z"”, and therefore the latter, which occurs three times
in this function, occurs at all these places as a bound varable,
at the firsi place 1t makes up part of the quantifier, while at the
other two places 1t 1s, as we say, BOUND BY THE QUANTIFIER. The
situation 1s stmilar with respect to the vanable “z”. For, although
the mitial quantifier of (III) does not contamn this variable, we
can, nevertheless, recognize a certain sentential function formmng
a part of (III) which opens with an existential quantifier con-
tamng the variable “z’’; this 18 the function*

) there exists a number z such that z = y-z

Both places at which the variable ‘2" occurs in (III) belong to
the partial function (IV) just stated It 1s for this reason that
we say that “z"” occurs everywhere 1n (III) as a bound varable,
at the first place 1t makes up part of the existential quantifier,
and at the second place 1t 15 bound by that quantifier As for
the varmable “y” also occurring in (II), we see that there is no
quantifier in (I1T) contaning this variable, and thereforc it oceurs
m (IIT) twice as a free variable

The fact that quantifiers bind variables—that is, that they
change frce into bound variables 1n the sentential functions which
follow them—constitutes a very essential property of quantifiers.
Several other expressions are known which have an analogous
property; with some of them we shall become acquainted later
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(mn Sections 20 and 22), while some others—such as, for mnstance,
the integral sign—play an important role in higher mathematies.
The term “operator’” 1s the general term used to denote all ex-
pressions having this property *

6. The importance of variables in mathematics

As we have seen in Section 3 vanables play a leading role
1n the formulation of mathematical theorems From what has
been said 1t does not follow, however, that 1t would be impossible
m principle to formulate the latter without the use of variables.
But 1 practice 1t would scarcely be feasible to do without them,
since even comparatively simple sentences would assume a com-
plicated and obscure form As an illustration let us consider the
following theorem of arithmetic

Jor any numberszandy, z* — 1P = (x — y).(2® + zy + 2.
Without the use of variables, this theorem would look as follows:

the difference of the third powers of any two numbers 15 equal to
the product of the difference of these numbers and a sum of three
terms, the first of which 18 the square of the first number, the
second the product of the two numbers, and the third thesquare
of the second number.

An even more essential significance, from the standpoint of the
economy of thought, attaches to variables as far as mathe-
matical proofs are concerned. This fact will be readuly confirmed
by the reader if he attempts to elimmate ithe variables 1n any of
the proofs which he will meet 1n the course of our further con-
siderations And 1t should be pointed out that these proofs are
much simpler than the average considerations to be found in the
various fields of higher mathematics;attempts at carrymng the latter
through without the help of variables would meet with very con-
siderable difficulties It may be added that 1t 1s to the mtroduc-
tion of variables that we are indebted for the development of so
fertile a method for the solution of mathematical problems as the
method of equations Without exaggeration it can be said that
the invention of variables constitutes a turning point in the history
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of mathematics, with these symbols man acquired a tool that pre-
pared the way for the tremendous development of the mathema-
tical scaences and for the sohidification of its logical foundations.?

Exercises

1 Which among the following expressions are sentential func-
tions, and which are designatory functions

(a) z s dinsible by 3,
(b) the sum of the numbers = and 2,

() ¥* — 2,

=2

@ z+2<y+3,
®@+3) - @+5),
(g) the mother of = and z,
(b) z 18 the mother of z ?

2. Give examples of sentential and designatory functions from
the field of geometry
—~

3. The scntential functions which are encountered in arth-
metic and which contain only one variable (which may, however,
occur at several diffeient places in the given sentential function)
can be divided into three categories (1) functions satisfied by

eyery number, (1) functions not satisfied by any number; (m)
iu\nctxons satisfied by some numbers, and not satisfied by others

? Variables were already used 1n ancient times by Greek mathematicians
and logicians,—though only 1n special circumstances and i1n rare cases
At the beginning of the 17th century, mainly under the influence of the work
of the French mathematician F Viera (1540-1603), people began to work
systematically with variables and to employ them consistently 1n mathe-
matical considerations Only at the end of the 19th century, however,
due to the introduction of the notion of a quantifier, was the role of
variables 1n scientific language and especially 1n the formulation of mathe-
matical theorems fully recogmzed, this was largely the ment of the out-
standing Amernican logician and philosopher Cr 8 Prirce (1839-1914).



EXERCISES 15

To which of these categories do the following sentential func-
tions belong.

@ z+2=5+4 gz,

(b) z2 = 49,

© @+ 2)-0b—2) <’

(d) v + 24 > 36,

©z=0 or 2<0 or z>0,
®z+24>2+4+36 ?

4. Gave examples of universal, absolutely existential and condi-
tionally existential theorems from the fields of amnthmetic and

geometry.
/

Vv 5 By writing quantifiers contaming the variables “z’" and ““y”
in front of the sentential function:

>y
1t is possible to obtain various sentences from 1t, for instance:
Jor any numbersx and y, z > y,
Jor any number z, there exists @ number y such that z > y;
there 1s a number y such thal, for any numberz, z > y.

Formulate them all (there are six altogethe1) and determine which
of them are true.

6. Do the same as in Exercise 5 for the followimng sentential
functions:

z4+ 4y >1
and

z 18 the father of y

(assuming that the variables ‘“z’’ and ‘4’ 1n the latter stand for
names of human beings).
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7. State a sentence of everyday language that has the same
meaning as’

for every z, +f z 18 a dog, then z has a good sense of smell
and that contamns no quantifier or variables.
8. Replace the sentence:
some snakes are poisonous

by one which has the same meamng but is formulated with the
help of quantafiers and varables.

9. Dafferentiate, in the following expressions, between the free
and bound variables.

(a) = 15 divisible by y;
(b) forany z, z —y=1z+ (-p),

(¢) of = <y, then there 18 a number z such that =z < y
and y <z

(d) for any number y, if y > 0, then there is a number 2z
such that = = y-z;

€ o =z = 9y* and y > 0, then, for any number z,
T > —2

(D) if there exists @ number y such that = > 32, then, for
any number z, z > —22%.

Formulate the above expressions by replacing the quantifiers by
the symbols mtroduced in Section 4

*10 If, in the sentential function (e) of the preceding exercise,
we replace the variable “2’ 1 both places by “y”’, we obtain an
expression 1n which ‘“‘y” occurs i1n some places as a free and mn
others as a bound variable, in what places and why?

(In view of some difficulties 1n operating with expressions in
which the same vanable occurs both bound and free, some logi-
cians prefer to avoid the use of such expressions altogether and
not to treat them as sentential functions.)
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*11. Try to state quile generally under which conditions a
variable occurs at a certain place of a given sentential function as
a free or as a bound vanable

V12. Which numbers satisfy the sentential function:
there 13 a number y such that z = 17,
and which satisfy:

there i8 a number y such that z.y =1 ?



ON THE SENTENTIAL CALCULUS

6. Logical constants; the old logic and the new logic

The constants with which we have to deal in every scientific
theory may be divided into two large groups. The first group
consists of terms which are specific for a given theory. In the
case of arithmetic, for instance, they are terms denoting either in-
dividual numbers or whole classes of numbers, relations between
numbers, operations on numbers, ete., the constants which we
used 1n Section 1 as examples belong here among others. On
the other hand, there are terms of a much more general character
occurring 1n most of the statements of arithmetic, terms which are
met constantly both in considerations of everyday life and in
every possible field of science, and which represent an indispensable
means for conveymng human thoughts and for carrying out in-
ferences 1n any field whatsoever; such words as ‘“not”’, “and”,
“or”, 18", “every”’, ‘‘some’’ and many others belong here There
is a special diseipline, namely Loaic, considered the basis for all
the other sciences, whose concern 1t 1s to establish the precise
meanmg of such terms and to lay down the most general laws 1n
which these terms are imnvolved.

Logic developed into an independent science long ago, earlier
even than arithmetic and geometry And yet 1t has only been
recently—afler a long period of almost complete stagnation—
that this discipline has begun an intensive development, m the
course of which 11 has undergone a complete transformation with
the effect of assuming a character similar to that of the mathe-
matical disciplines, 1n this new form 1t 1s known as MATHEMATICAL
Or DEDUCTIVE Or SYMBOLIC LOGIC, and sometimes 1t is also called
LoGIsTIC The new logic surpasses the old 1n many respects,—
not only because of the solidity of its foundations and the perfec-
tion of the methods employed in its development, but mainly on
account of the wealth of concepts and theorems that have been

18
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established. Fundamentally, the old traditional logic forms only
a fragment of the new, a fiagment moreover which, from the
pomnt of view of the requirements of other sciences, and of mathe-
matics 1 particulai, 15 entirely insigmifieant Thus, 1n regard
to the arm which we here have, there will 1n this whole book be
but very hittle opportunity to draw the material for our considera-~
tions from traditional loge.!

7. Sentential calculus; negation of a sentence, conjunction and
disjunction of sentences

Among the terms of a logical character there s a small dis-

tinguished group, consisting of such words as “not”, “and”, ‘or”,

“af «.., then .” All these words are well-known to us from
everyday language, and serve to build up compound scntences
from simpler ones In giammar, they are counted among the
so-called sentential conjunctions, If only for this reasom, the
presence of these tetms does not 1epresent a specific property of
any particular science To establish the mearung and usage of
these terms 1s the task of the most elementary and fundamental
part of logic, which 1s called SENTENTIAL CALCULUS, 01 somctimes

PROPOSITIONAL CALCULUS or (less happily) THEORY OF DEDUCTION,?

1 Logic was created by ARristoTLE, the great Greek thinker of the 4th
century B C (384-322), his logieal wrnitings aie colleceted 1n the work
Organon  As the creator of mathematical logie we have to look upon the
great German philosopher and mathematician of the 17th century G W
Lemeniz (1646-1716) However, the logieal woirks of Lemnniz failed to
have a great influence upon the further development of logieal 1investiga-
tions, there was even a period 1n which they sank into oblivion A con-
tinuous development of mathematical logic began only towards the middle
of the 19th century, namely at the time when the logical system of the
Insh mathematician G BoorLtn was published (1815-1864, principal work
An Investigation of the Laws of Thought, London 1854) So far the new
Iogic has found 1ts most perfect expression 1n the epochal work of the great
contemporary Enghsh logicians A N  Wuiregeap and B RusssLL:
Principra Mathemalica (Cambridge, 1910-1913)

2 The historically first system of sentential calculus 1s contained 1m
the work Begrifisschrift (Halle 1879) of the German logician G Fregn
(1848-1925) who, without doubt, was the gicatest logician of the 19th
century The eminent contemporary Polish logician and histoiian of logic
J. Lurasiswicz succeeded 1n giving sentential calculus a paiticularly
simple and precise form and caused extensive investigations concerming
thie ealculus,
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We will now discuss the meaning of the most important terms
of sentential calculus.

With the help of the word “nof” one forms the NEeaTION Of
any sentence; itwo sentences, of which the first is a negation of
the second, are called CONTRADICTORY SENTENCES. In sen-
tential calculus, the word “not”’ is put in front of the whole sen-
tence, whereas in everyday language it is customary to place it
with the verb; or should 1t be desirable to have it at the beginning
of the sentence, it must be replaced by the phrase “it 15 not the
case that”. Thus, for example, the negation of the sentence

1 18 a posilwe infeger
reads as follows-
1 28 nol a positive integer,
or else:
t 13 nol the case that 1 18 a postiive inieger.

;Whenever we utter the negation of a sentence, we intend to express

;the idea that the sentence 1s false; if the sentence is actually false,
{1ts negation 1s true, while otherwise its negation is false.

The jomning of two sentences (or more) by the word ‘“‘and”

results mn their so-called GONJUNCTION or LOGICAL PRODUCT; the
sentences joined 1n this manner are called the MEMBERS OF THE

CONJUNCTION or the FACTORS OF TEZ-LOGICAL PRODUCT. If, for
instance, the sentences.

2 18 @ positwe inleger
and
2<3
are jomned 1n this way, we obtain the conjunction:

2 15 a postlwe inieger and 2 < 3.

The stating of the conjunction of two sentences is tantamount
to stating that both sentences of which the conjunction is formed

are true If this is actually the ease, then the conjunction is
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true, but if at least one of 1ts members is false, then the whole
¢onjunction 15_false, i

By joining sentences by means of the word “or’’ ane ahtains the
DIsJuNCTION of those sentences, which 1s also called the LogICAL
GOGICAL
5uM; the sentences forming the disjunction are called the MEM-
BERS OF THE DISJUNCTION 0T the SUMMANDS OF THE LOGICAL SUM
The word “or”, wn everyday language, possesses at least two
different meanings Taken 1n the so-called NON-EXCLUSIVE
meamng, the disjunction of two sentences merely expiesses that
2t _least one of these sentences 18 true, without saying anything
as to whether or not both sentences may be tiue, taken mn another
meaning, the so-called EXCLUSIVE one, the disjunction of two
sentences asserts that one of the sentences 1s true_but that the
other is false Suppose we see the following notice put up mn a
bookstore

Customers who are leachers or college students are entilled
to a special reduction.

Here the word “or” 1s undoubtedly used in the first sense, since
1t is not mtended to refuse the reduction to a teacher who 1s at the
same time a college student If, on the other hand, a child has
asked to be taken on a hike in the morning and to a theater in the
afternoon, and we reply.

no, we are going on a hike or we are going o the theater,

then our usage of the word *“or” 1s obviously of the second kind
since we mntend to comply with only one of the two requests In
logic and mathematics, the word ‘‘or”” 15 always use

non- meanidg, the_disjunction of two sentencéSTis con-
81 oth or at least one-of 1ts_memhers are_true, and

otherwige false Thus, for mstance, 1t may be asserted:

every number 18 positwe or less than 3,

although it is known that there arc numbers which are both
positive and less than 3. In order to avoid misunderstandings,
it would be expedient, in everyday as well as 1n scientific language,
to use the word “or”’ by itself only in the first meaning, and to
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replace 1t by the compound expression “‘esther .- or ..." when-
ever the second meaning 1s mtended.

* Even 1f we confine ourselves to those cases in which the word
07" oceurs 1n its first meaning, we find quite noticeable differences
between the usages of 1t 1n everyday language and in logic In
common language, two sentences are joined by the word “or’’ only
when they are in some way connected zn form and content (The
same applies, though perhaps to alesser degree, to the usage of the
word “and”) The nature of this connection 18 not quite clear,
and a detailed analysis and desciiption of 1t would meet with
considerable difficulties At any rate, anybody unfamihar with
the language of contemporary logic would presumably be hittle
inclined to consider such a phiase as.

2.2 =05 or New York is a large city

as a meaningful expression, and even less so to accept 1t as a true
sentence. Morcover, the usage of the word “or” 1 everyday
Enghsh 1s influenced by certain factors of a psychological character.
Usually we affiim a disjunction of two sentences only if we believe
that one of them 1s true but wonder which one If, for example,
we look upon a lawn 1n normal hght, 1t will not enter o1 mind to
say that the lawn 1s green or blue, since we are able {0 affirm some-
thing simpler and, at the same time, stronge:, namely that the
lawn 18 green Sometimes even, we take the utterance of a
disjunction as an admission by the speaker that he does not know
which of the members of the disjunction 1s true  And if we later
arrive at the conviction that he knew at the time that one—and,
specifically, which—of the membeis was false, we are mclined to
look upon the whole disjunction as a false sentence, even should
the other member be undoubtedly true Let us imagme, for
instance, that a friend of outs, upon being asked when he 18 leaving
town, answers that he 1s going to do so today, tomorrow or the
day after Should we then later ascertain that, at that time, he
had aheady decided to leave the same day, we shall probably get

the impression that we were deliberately misled and that he
told us a le.
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The creators of contemporary logic, when mt1oducing the word
“or” mto thewr considerations, desired, perhaps unconsciously, to
sunplify 1ts meaning and to render the latter clearer and independ-
ent of all psychological factors, especially of the presence or
absence of knowledge Consequently, they extended the usage
of the word “or”’, and decided to consider the disjunetion of any
two sentences as a meaningful whole, even should no connection
between their contents or forms exist, and they also decided to
make the truth of a disjunction—like that of a negation or con-
junction—dependent only and exclusively upon the truth of 1ts
members Therefore, a man using the word “or” 1n the meaning
of contemporary logic will consider the expression given above:

2.2=05 or New Yok 1sa large city

as a meaningful and even a true scntence, since 1ts second part. 1s
surely true Similaily, if we assume that our friend, who was
asked about the date of his departure, used the word “or’’ 1n 1ts
strict logical meaning, we shall be compelled to consider his
answer as true, independent of our opinion as to his intentions.*

TN

8. Implication or conditional sentence;{(implication in material
meaning “

7

—
19

If we combine two sentences by the words “4f - .., then ..."”,
we obtain a compound sentence which 15 denoted as an 1mpLICA-
TION Or a CONDITIONAL SENTENCE The subordinate clause to
which the word ‘%"’ 1s prefixed 15 called ANTECEDENT, and the
principal clause introduced by the woid “then’” 15 called con-
BEQUENT. By asserting an implication one asserts that 1t _doe
not occur that the antecedent 1s true and the consequent 1s false
An mmpheation 1s thus true 1n any one of the following three cases
(1) both antecedent and consequent are irue, (n) the antecedent 1s
false and the consequent 1s true, (1) both antecedent and conse-
quent are false, and only 1 the fomth possible case, when the
antecedent 1s true and the consequent 1s false, the wholc implica~
tion is false It follows that, whoevel accepts an implication as-
true, and at the same time accepts 1ts antecedent as true, cannot
but accept 1ts consequent, and whoever accepts an imphcation as
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true and rejects its consequent as false, must also reject its
antecedent

* As n the case of disjunction, considerable differences between
the usages of implhecation 1 logic and everyday language manifest
themselves. Agam, m ordinary language, we tend to jomn two
sentences by the words “4f ..., then .. .” only when there is some
connection between their forms and contents This connection is
hard to characterize m a general way, and only sometimes 1s
its nature 1elatively clear We often associate with this con-
nection the conviction that the consequent follows necessarly
from the antecedent, that 1s to say, that if we assume the ante-
cedent to be truc we are compelled to assume the consequent, too,
to be true (and that possibly we can even deduce the consequent
from the antecedent on the basis of some general laws which we
might not always be able to quote exphcitly). Here agan, an
additional psychological factor manifests itself; usually we formu-
late and assert an implication only if we have no exact knowledge
as to whether or not the antecedent and consequent are true
Otherwise the use of an imphcation seems unnatural and 1ts sense
and truth may raise some doubt.

The following example may serve as an ilustration Let us
consider the law of physics.

every metal 15 malleable,
and let us put 1t 1n the form of an implication containing vanables:
if z 18 a metal, then x ¢s malleable.

If we believe in the truth of this universal law, we bclieve also
1 the truth of all its particular cases, that is, of all imphecations
obtamnable by replacing “z’’ by names of arbitrary maternals such
as 1ron, clay or wood And, indeed, 1t turns out that all sentences
obtained 1n this way satisfy the conditions given above for a true
mmplication; 1t never happens that the antecedent is true while the
consequent 13 false We notice, further, that in any of these
implications there exists a close connection between the antecedent
and the conscquent, which finds its formal expression in the
coincidence of thewr subjects We are also convinced that,
assuming the antecedent of any of these implications, for instance,
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“aron 18 @ melal”’, as true, we can deduce from it 1ts consequent
““4ron 1s malleable”, for we can refer to the general law that every
metal 1s malleable.

Nevertheless, some of the sentences discussed just now seem
artificial and doubtful from the pont of view of common language
No doubt 1s raised by the univeisal impheation given above, or by
any of 1ts particular cases obtamed by replacing “z’’ by the name
of a matenal of which we do not know whether 1t 18 a metal or
whether 1t 1s malleable But if we replace “z” by ‘“sron’’, we are
confronted with a case 1n which the antecedent and conscquent
are undoubtedly true, and we shall then prefer {0 use, instead of an
impheation, an expression such as

sunce 1ron 18 a metal, 1t 15 malleable

Smmularly, if for “z”’ we substitute ‘“clay’’, we obtain animplication
with a false antecedent and a tiue consequent, and we shall be
inclined to replace 1t by the expiession

although clay 13 not a metal, 1t 18 malleable.

And finally, the replacement of ‘“‘z” by “wood” results in an
impheation with a false antecedent and a false consequent; if, in
this case, we want to retain the form of an impheation, we should
have to alter the grammatical foim of the verbs

2f wood were a melal, then 1t would be malleable.

The logicians, with due regaird for the needs of scientific lan-
guages, adopted the same procedurc with 1espect to the phrase
“4 ..., then ...” as they had done 1n the case of the word “or”.
They decided to simplify and elarify the meaning of this phrase,
and to free 1t from psychological factois For this purpose they
extended the usage of this phrase, 100 88 8

f onncction whatsoever exists

between its two members, and they made the truth or falsity of
an implication dependent exclysively upon the truth ar falsity of

the To characterize this situation

briefly, we say that contemporary logic uses IMPLICATIONS IN
MATERIAL MEANING, or simply,(QMATERIAL IMPLICATIONS) this 1s
opposed to the usage of IMPLICATION IN FORMAL MEANING
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or FORMAL IMPLICATION, i which case the presence of a cer-
tain formal connection beilween antecedent and consequent 1s
an mdispensable condition of the meaningfulness and truth of the
mmphieation The conceptl of formal impheation 1s not, perhaps,
quite clear, but, at any rate, 1t 15 narrower than that of material
mpheation, every meanmngful and tiue formal implication is at
the same time a meaningful and true material impheation, but
not vice versa

In order to 1llustrate the foregoing remarks, let us consider the
following four sentences.

if 2.2 =4, then New Yorkisalarge arty, v
f 2.2=205, then New Yorksa large aity; v
if 2.2 =4, then New York s a small city; »
if 2.2 =25 then New York 1s a small c;ty v

In everyday language, these sentences would hardly be considered
as meaningful, and even less as true From the pont of view of
mathematical logic, on the other hand, they are all meanimngful,
the third sentence being false, while the remaining three are true
Thereby 1t 1, of course, not asserted that sentences like these are
particulaily relevant from any viewpomnt whatever, or that we
apply them as premisses in our arguments

It would be a mistake to think that the difference between every-
day language and the language of logie, which has been brought to
hight here, 15 of an absolute character, and that the rules, outlined
above, of the usage of the words “of ..., then - ” m common
language admit of no exceptions Actually, the usage of these
words fluctuates more or less, and if we look around, we can find
cases mn which this usage does not comply with our rules Let us
magne that a filend of ours is confionted with a very difficult
problem and that we do not believe that he will ever solve1t We
can then express our disbelief 1n a jocular form by saying*

tf you solve this problem, I shall eat my hal.

The tendency of this utterance 1s quite clear. We affirm here an
implication whose consequent is undoubtedly false; therefore,
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since we affirm the truth of the whole implication, we thereby,
at the same time, affiim the falsity of the antecedent, that is to
say, we express oul conviction that our friend will fail to solve
the problem in which he 1s interested But 1t 15 also quite clear
that the antecedent and the consequent of our implication are 1n
no way connected, so that we have a typical case of a material and
not of a formal impheation

The divergency n the usage of the phrase “sf ..., then --.
in ordmnary language and mathematical logic has been at the root
of lengthy and even passionate discussions,—in which, by the way,
professional logicians took only a mmor part?® (Curiously
enough, considerably less attention was paid to the analogous
divergency 1n the case of the word *“or’’) It has been objected
that the logicians, on account of their employment of the material
implication, arrived at paiadoxcs and even plamn nonsense This
has resulted in an outery for a reform of logic to the effect of
bringing about a far-ieaching 1approchement between logic and
ordinary language regarding the use of imphcation

It would be hard to giant that these criticisms are well-founded.
There 18 no phrase in ordmary language that has a precisely
determined sense It would searcely be possible to find two people
who would use every word with cxactly the same meaning, and
even 1n the language of a single person the meaning of the same
word varies from one period of his Iife to another Moreover, the
meaning of words of everyday language 1s usually very comph-
cated, 1t depends not only on the exteinal form of the word but
also on the crreumstances in which 1t 1s uttered and sometimes
even on subjective psychological factors If a scientist wants to

3 It 18 interesting to notice that the beginning of this discussion dates
back to antiquity. It was the Greek philosopher ParLo or MEGARA (In
the 4th century B C ) who presumably was the first in the history of logic
to propagate the usage of material implication, this was 1n opposition
to the views of his master, Dioporus CroNvUs, who proposed to use implica-
tion 1n a narrower sense, rather related to what 1s called here the formal
meaning Somewhat later (in the 3d century B C )—and probably under
the influence of PaiLo—various possible coneeptions of implieation were
discussed by the Greek philosophers and logicians of the Stoie School (1n
whose wrnitings the first beginnings of sentential caleulus are to be
found).
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introduce a concept from everyday Iife into a science and to
establish general laws concerning this concept, he must always
make 1ts content clearer, more precise and simpler, and free 1t
from 1inessential attributes, 1t does not matter here whether he
15 a logician concerned with the phrase “if ..., then ...” or, for
mstance, a physicist establishing the exact meaning of the word
“metal”. In whatever way the scientist realizes his task, the
usage of the term as 1t 1s established by him will deviate more or
less from the practice of everyday language If, however, he
states explicitly mn what meaning he decides to usc the term, and
if he consistently acts in conformity lo this decision, nobody
will be 1n a position to object that his procedure leads to nonsensi-
cal results

Nevertheless, in connection with the discussions that have taken
place, some logicians have undertaken attempts to reform the
theory of impheation They do not, generally, deny matenal
mmplication a place 1 logic, but they are anxious to find also a
place for another concept of impheation, for instance, of such a
kind that the possibihity of deducing the consequent from the
antecedent constilutes a necessary condition for the truth of an
mmplication, they even desire, so 1t seems, to place the new concept
mn the foreground These attempts are of a relatively recent date,
and 1t 15 too early to pass a final judgment as to their value *
But 1t appears today almost certamn that the theory of materal
mmphication will surpass all other theories in simpleity, and, in
any case, it must not be foigotten that logie, founded upon this
simple concept, turned out to be a satisfactory basis for the most
complicated and subtle mathematical reasonings *

9. The use of implication in mathematics

The phrase “4f ..., then -..” belongs to those expressions of
logic which are used most frequently in other sciences and, espe-
cially, m mathematiecs Mathematical theorems, particularly
those of a universal character, tend to have the form of implica-
tions, the antecedent 1s called 1n mathematics the EYPOTHESIS,
and the consequent is called the coNcLusION.

4 The first attempt of this kind was made by the contemporary American
philosopher and logician C I Lewis
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As a simple example of a theorem of arithmetie, having the form
of an imphication, we may quote the following sentence.

of 2 18 a positwe number, then 2z is a positwe number

in which “‘z 18 a posilie number” 1s the hypothesis, while “2z 15 a
positwe number” is the conclusion

Apart from this, so to speak, classical form of mathematical
theorems, there are, occasionally, different formulations, n
which hypothesis and conclusion are connected i some other way
than by the phrase ‘“4f . ., then -..” The theorem just men-
tioned, for instance, can be paraphrased in any of the followmng
forms:

Jrom z 18 a positawe number, of follows 2z 18 a positive number;

the hypothesis x 18 a positwe number, tmples (or has as a
consequence) the conclusion 2z 18 a positwe number;

the conditzon =z 18 a posilwe number, 18 sufficzent for 2z to be a
posutwe number,

Jor 2z to be a positwe number 1t 18 suffictent that x be a posilive
number;

the condilion’ 2z 18 a positwe number, 18 necessary for = to be a
posutwe number,

Jor z to be a positwe number 1t 15 necessary thal 2z be a positive
number.

Therefore, instead of asserting a conditional sentence, one might,
usually just as well say that the hypothesis

__?mms.th&m_l@
Or HAS 1t AS A CONSEQUENCE, or that it 1s a(SUFFICIENT CONDITIO

for the conclusion, or one can express 1t by@@é
sion FoLLows from the hypothesis, or that 1t 15 { NECESSARY CONDF

TION A logician may raise ¥ ]
against some of the formulations given above, but they are in gen-
eral use 1n mathematics

* The objections which might be raised here concern those of the
above formulations mm which any of the words ‘‘hypothesis”,

“conclusion”’, “‘consequence”, ‘“‘follows”, “umplies” occur
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In order to understand the essential points in these objections,
we observe first that those formulations differ in content from the
ones onignally given While 1n the origial formulation we talk only
about numbers, properties of numbers, operations upon numbers
and so on—hence, about things with which mathematics is con-
cerned—, in the formulations now under discussion we talk about
hypotheses, conclusions, conditions, that 1s about sentences or
sentential functions occurring mm mathematics. It might be
noted on this occasion that, in general, people do not distinguish
clearly enough the terms which denote things dealt with 1n a given
science from those which denote various kinds of expressions
oceurring within it, This can be observed, in particular, in the
domain of mathematics, especially on the elementary level.
Presumably only few are aware of the fact that such terms as
“equation”, ‘“inequality”, “polynomial” or “algebraic fraction”,
which are met at every turn in textbooks of elementary algebra,
do not, strictly speaking, belong to the domain of mathematies or
logie, since they do not denote things considered mn this domain,
equations and mequalitics are certain special sentential functions,
while polynomials and algebraic fractions—especially as they are
treated in elementary textbooks—are particular instances of
designatory functions (cf. Section 2) The confusion on this
pomt 18 brought about by the fact that terms of this kind are
frequently used in the formulation of mathematical theorems.
This has become a very common usage, and perhaps 1t 1s not worth
our while to put up a stand aganst 1t, since it does not present any
particular danger, but 1t mught be worth our while to get to
recognize that, for every theorem formulated with the help of
such terms, there 1s another formulation, logically more correct,
in which those terms do not oceur at all. For instance, the
theorem

the equation: z* + ax + b = 0 has at most two roots
can be expressed 1n a more correct manner as follows:
there are at most two numbers = such that 22+ ax + b = 0.

Returning to the questionable formulations of an implication,
we must emphasize one still more important point. In these
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formulations we assert that one sentence, namely the antecedent,
of the implication, has another—the consequent of the imphca-
tion—as a consequence, or that the second follows from the first.
But ordmarily when we express ourselves i this way, we have 1n
mind that the assumption that the first sentence 1s true leads us,
so to speak, mecessaily to the samc assumption concernmng the
second sentence (and that possibly we are even able to derive the
second sentence from the first) As we alrcady know from
Section 8, however, the meanmg of an implication, as i1t was
established 1 contemporary logie, does not depend on whether
1ts consequent has any such connection with 1ts antecedent.
Anyone shocked by the fact that the expression-

of 2.2 =4, thenm New York s alarge cily

18 considered 1n logic as a meaningful and even true sentence
will find 1t still harder to reconcile himself with such a trans-
formation of this phrase as

the hypothesis that 2.2 = 4 has as a consequence that
New York 18 a large city.

We see, thus, that the manners discussed here of formulating
or transforming a conditional sentence lead to paradoxical sound-
ing utterances and make yet more profound the discrepancies
between common language and mathematical logie. It 1s for this
reason that they repeatedly brought about various misunder-
standings and have been one of the causes of those passionate and
frequently sterile discussions which we mentioned above.

From the purely logical point of view we can obviously avoid
all objections 1a1sed here by stating caplicitly once and for all
that, mn using the formulations in question, we shall disregard
their usual meaning and attribute to them exactly the same
content as to the ordinaiy conditional sentence. But this would
be inconvenient 1n another respect, for there are situations—
though not 1n logic itself, but n a field closely related to 1t, namely,
the methodology of deductive sciences (ef Chapter VI)—in which
we talk about sentences and the relation of consequence between
them, and 1n which we use such teims as “mplies” and “follows”
in a different meaning more closely akin to the ordinary one.
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It would, therefore, be better to avoid those formulations al-
together, all the more since we have several formulations at our
disposal which are not open to any of these objections *

10. Equivalence of sentences

‘We shall consider one more expression from the field of sentential
calculus It 1s one which 18 comparatively rarely met in every-
day language, namely, the phrase ‘“sf, and only of”’ If any two
sentences are Jowned up by this phrase, the result 1s 8 compound
sentence called an EQUIVALENCE The two sentences connected
in this way are referred to as the LEFT and RIGHT SIDE OF THE
EQUIVALENCE. By asserting the equivalence of two sentences,
1t is intended to exclude the possibihity that one 1s true and the
other false; an equivalence, therefore, 18 true if its left and might
sides are either both true or both false, and otherwise the equiva-
lence 1s false

The sense of an equivalence can also be characterized in still
another way If, in a conditional sentence, we mterchange
antecedent and consequent, we obtamn a new sentence which, 1n
its relation to the original sentence, is called the CONVERSE SEN-
TENCE (or the CONVERSE OF THE GIVEN SENTENCE). Let us take,
for instance, as the original sentence the impleation:

(I) +f = is a positwe number, then 2z is a positive number,
the converse of this sentence will then be-
(II) #f 2z is a posulwe number, then  1s a positwe number.

As is shown by this example, 1t occurs that the converse of a true
sentence 1s true In order to see, on the other hand, that this 1s
not a general rule, 1t 1s sufficient to replace “2z” by “z?’ m (I)
and (II); the sentence (I) will remain true, while the sentence (II)
beecomes false If, now, 1t happens that two conditional sen-
tences, of which one is the converse of the other, are both true,
then the fact of their ssmultaneous truth can also be expressed by
joining the antecedent and consequent of any one of the two sen-
tences by the words “uf, and only +f”. Thus, the above two
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implications—the onginal sentence (I) and the converse sentence
(II)—may be replaced by a single sentence

z 18 @ posilwe number +f, and only +f, 2z 18 a positwe number

(in which the two sides of the equivalence may yet be inter-
changed).

There are, incidentally, still a few more possible formulations
which may serve to express the same idea, e g *

from: z 18 o positwe number, 1t follows. 2z is a positive number,
and conversely;

the conditions that z 1 a positwe number and that 2z is @ posilive
number are equwalent wath each other;

the condition that z 15 a positwe number 18 both necessary and
sufficient for 2z to be a positwe number,

Jor z to be a poslwe number 1t 18 necessary and sufficeent that
2z be a posiiwve number.

Instead of joining two sentences by the phrase ‘‘+of, and only 4f”’,
1t 18 therefore, 1n general, also possible to say that the RELATION
OF CONSEQUENCE holds between these two sentences 1IN BoTH
DIRECTIONS, QL that the two senfences are EQIIVALENT, or, finally,
that each of the two sentences rcpresents a NECESSARY AND
SUFFICIENT CONDITION for the other

11. The formulation of definitions and its rules

The phrase ‘“4f, and only +”’ 18 very frequently used 1n laying
down DEFINITIONS, that 15, conventions stipulating whal meaning
is to be attributed to an expression which thus fax has not oceurred
in a certain diseipline, and which may not be immediately compre-
hensible Imagne, for mnstance, that in anthmetic the symbol
“ <7 has not as yet been employed but that one wants to introduce
it now into the considerations (looking upon 1t, as usual, as an
abbreviation of the expression “us less than or equal t0”) For
this purpose 1t is necessary to define this symbol first, that 1s, to
explain exactly its meaning m terms of expressions which are
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already known and whose meanings are beyond doubt. To
achieve this, we lay down the following definition,—assuming
that “>’" belongs to the symbols already known*

wesaythat =z =y +of,andonlyf,tisnotthecasethat = >y

The defimtion just formulated states the equivalence of the two
sentential functions-

8
IIA
<

and
1t 25 not the case that = > y;

it may be said, therefore, that 1t permits the transformation of the
formula “z < y”’ into an equivalent expression which no longer
contams the symbol “=’' but is formulated entirely in terms
already comprehensible to us The same holds for any formula
obtamned from “z =< y” by replacing “z” and ‘“y” by arbitrary
symbols or expressions designating numbers The formula.

3+2 =5
for instance, is equivalent with the sentence
ot 18 not the case that 3 + 2 > 5;

since the latter 18 a true assertion, so 18 the former. Similarly,
the formula.

4=2+1
is equivalent with the sentence:
ot is not the case that 4 > 2 + 1,

both being false assertions This remark apphles also to more
complicated sentences and scntential funetions, by transforming,
for instance, the sentence:

f =y and y <z then z =z
we obtain:

of o6 158 not the case that = > y and of it is not the case that
y > 2z, then of 18 not the case that z > 2.
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In short, by virtue of the defimtion given above, we are mn a
position to transform any simple o1 compound sentence contamning
the symbol “<"” mto an cquivalent onc no longer contamming 1t;
1n other words, so to speak, to translate 1t into a language in which
the symbol “=<” does not occur And 1t 15 this very fact which
constitutes the role which definitions play within the mathe-
matical disciplines

If a definition 1s to fulfil its proper task well, certain precau-
tionary measures have to be observed in its formulation To
this effect special rules are laid down, the so-called rRULES oF
DEFINITION, which specify how defimtions should be constructed
correctly Smce we shall not here go mto an exact formulation
of these rules, 1t may merely be remarked that, on their bass,
exerg.definition may gssume the form of ap equivalence, the firs

, the DEFINIENDUM, should be a shorttr
grammatically simple sentential function contaning the constant
to be defined, the second member, the DPEFINIENS, may be a
sentential function of an arbitrary structuie, containing, however,
only constants whose meamng cither 15 immediately obvious or
has been explained previously In particular, the constant to be
defined, or any expicssion previously defined with 1ts help, must
not oceur in the definiens, otherwise the definition 1s mncorrect, it
contamns an error known as a VICIOUS CIRCLE IN THE DEFINITION
(just as one spcaks of a VICIOUS CIRCLE IN THE PROOF, If the
argument meant to establish a certain theoiem 1s based upon that
theorem 1tself, or upon some other theorem previously proved with
its help). In order to emphasize the conventional chatacter of a
defimtion and to distinguish 1t from other statements which have
the form of an equivalence, 1t 18 expedient to prefix 1t by words
such as “we say that”. 1t 1s easy to venify that the above defim-
tion of the symbol “<” satisfies all these conditions; 1t has the
defimendum :

z= Y,
whereas the defimiens reads:

2t 28 not the case that z > y.
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It is worth noticing that mathematicians, in laying down
definitions, prefer the words “+f” or ‘“4n case that” to the phrase
‘“of, and only +f”’. If, for example, they had to formulate the
definition of the symbol “<”, they would, presumably, give it the
following form.

we say that z < y, f 4 s not the case that =z > y.

It looks as if such a definition merely states that the definiendum
follows from the definiens, without emphasizing that the relation
of consequence also holds 1n the opposite direction, and thus fails
to express the equivalence of defimendum and definiens. But
what we actually have here 1s a tacit convention to the effect that
“f" or “an case that”, o used to jom defimendum and definiens,
are to mean the same as the phrase ‘“if, and only 4"’ ordinarily
does —It may be added that the form of an equivalence is not the
only form in which defimtions may be laid down

12. Laws of sentential calculus

After having come to the end of our discussion of the most
important expressions of sentential calculus, we shall now try
to clanfy the character of the laws of this calculus

Let us consider the following sentence:

1f 1 25 a posutive number and 1 < 2, then 118 a posilive
number.

This sentence 1s obviously true, it contains exclusively constants
belonging to the field of logic and arithmetic, and yet the 1dea of
listing this sentence as a special theorem m a textbook of mathe-
matics would not occur to anybody If one reflects why this 1s so,
one comes to the conclusion that this sentence 1s completely
uninteresting from the standpoint of arithmetic, 1t fails to enrich
in any way our knowledge about numbers, 1ts truth does not at
all depend upon the content of the arithmetical terms oceurring
1 1t, but mercly upon the sense of the words “and”, “4f”’, “then"’.
In order to make sure that this is so, let us replace in the sentence
under consideration the components:

1 s a positwe number
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and
1<2

by any other sentences from an arbitrary field; the result is a series
of sentences, each of which, hke the original sentence, is true; for
example:

of the given figure 18 a rhombus and if the same figure is a
rectangle, then the gwen figure 18 a rhombus,

1f today is Sunday and the sun is shinang, then today 18 Sunday.

In order to express this fact in a more general form, we shall
introduce the varables “p’’ and “¢”, stipulating that these
symbols are not designations of numbers or any other things,
but that they stand for whole sentences, variables of this kind are
denoted as SENTENTIAL- VABTABLES.— Further, we shall replace

in the sentence under consideration the phrase:
1 15 a positwe number
by “p’ and the formula:
1<2
by “¢’’; in this manner we arrive at the sentential function:
if pandgq, thenp.

This sentential function has the property that only true sentences
are obtained if arbitrary sentences are substituted for “p” and
“g”. This observation may be given the form of a universal
statement.

Foranypandg, f pandgq, thenp.

We have here obtained a first example of a law of sentential
calculus, which will be referred to as the LAW OF SIMPLIFICATION
for logical multiphcation. The sentence considered above was
merely a special instance of this umversal law—just as, for in-
stance, the formula.

2.3 =3.2
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18 merely a special mnstance of the universal arithmetical theorem.
for arburary numbers z and y, .y = y-z.

In a similar way, other laws of sentential calculus can be ob-
tained We give here a few examples of such laws; mn therr
formulation we omit the umversal quantifier “for any p, q, +--"—
in accordance with the usage mentioned in Section 3, which be-
comes almost a rule throughout sentential calculus.

If p, then p.
I f p, then ¢q orj

- ——— aear

I f pumpliesq and gwmpliesp, then pif, andonlyf, q
If pwmpliesq and qwmpliesr, then pimpliesr.

The first of these four statements 1s known as the Law oF
IDENTITY, the second as the Law oF smMPLIFICATION for logical
addition, and the fourth as the LAW OF THE HYPOTHETICAL
SYLLOGISM.

Just as the anthmetical theorems of a umiversal character state
something about the properties of arbitrary numbers, the laws of
sentential calculus assert something, so one may say, about the
properties of arbitrary sentences. The fact that in these laws
only such variables occur as stand for quite arbitrary sentences
is charactenstic of sentential caleculus and deeisive for 1ts great
generality and the scope of 1ts appheability.

13. Symbolism of sentential calculus; truth functions and
truth tables

There exists a certain simple and general method, called METHOD
OF TRUTH TABLES Or MATRICES, which enables us, 1n any particular
case, to recognize whether a given sentence from the domain of the
sentential calculus 1s true, and whether, therefore, it can be
counted among the laws of this calculus.5

® This method omginates with PEirce (who has already been cited at
an earlier occasion, ¢f footnote 2 on p, 14)
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In describing this method 1t 1s convement to apply a special
symbolism We shall replace the expressions

not; and; or; o ..., then -..; of, and only if
by the symbols:
~; AN VvV, - ; «

respectively, The first of these symbols is to be placed m front
of the expression whose negation one wants to obtain, the remain-
ing symbols are always placed between two expressions (“—"
stands therefore 1 the place of the word “then”, while the word
“af”” 18 simply omitted) From one or two simpler expressions
we are, in this way, led to a more complicated expression, and 1f
we want to use the latter for the constiuction of further still more
complicated expressions, we enclose it in parentheses

With the help of varables, parentheses and the consiant sym-
bols listed above (and sometimes also additional constants of a
gimilar character which will not be discussed hete), we are able to
write down all sentences and sentential functions belonging to the
domain of sentential calculus Apart from the individual sen-
tential variables the simplest sentential functions are the ex-
pressions:

~D, P Ag pVyg p—q peoyg

(and other similar expressions which differ from thesc merely in
the shape of the variables used). As an example of a compound
sentential function let us consider the expression

PpVa—(@®@A7,
which we read, translating symbols mnto common language:
if porq, them pandr

A still more complicated expression 1s the law of the hypothetical
syllogism given above, which now assumes the form:

- A@g—nN]—>@—o1)

We can easily make sure that every sentential function occur-
ring in our calculus is a so-called TRUTH FUNCTION. This means to
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say that the truth or falsehood of any sentence obtained from that
function by substituting whole sentences for variables depends
exclusively upon the truth or falsehood of the sentences which
have been substituted. As for the simplest sentential functions
“~p”, “p A ¢”, and so on, this follows i1mmediately from the re-
marks made m Sections 7, 8 and 10 concerming the meaning
attributed in logic to the words “not”, “‘and”, and so on. But the
same applies, likewise, to compound functions Let us consider,
for instance, the function “(p V q) — (p A r)” A sentence ob-
tamed from 1t by substitution 1s an implication, and, therefore, 1ts
truth depends on the truth of its antecedent and consequent only;
the truth of the antecedent, which is a disjunction obtained from
“p V ¢”, depends only on the truth of the sentences substituted
for “p"” and “q”, and similarly the truth of the consequent de-
pends only on the truth of the sentences substituted for “p’* and
7', Thus, finally, the truth of the whole sentence obtained from
the sentential function under consideration depends exclusively
on the truth of the sentences substituted for *‘p”’, “¢’”’ and “r".

In order to see quite exactly how the truth or falsity of a sen-
tence obtamed by substitution from a given sentential function
depends upon the truth or falsity of the sentences substatuted for
variables, we construct what is called the TRUTH TABLE or MATRIX
for this function. We shall begin by giving such a table for the
function “‘~p’’:

P_| =P
T F
F T

And here is the jomt truth table for the other elementary funec-
tions “p A ¢”, “p V ¢, and so on-

q PAg pVg p—4q pog
T T T T T

T F T T F
: ;

F T F F
F F F T T

The meaning of these tables becomes at once comprehensible if
we take the letters “T”’ and “F” to be abbreviations of “true

R R I L]
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sentence’” and “false sentence”, respectively. In the second table,
for mstance, we find, in the seccond hine below the headings ““p”,
‘(q” a’nd “p —_ q”, the letters “F’7’ “T” a.'nd “T”’ reSpectlvely.
We gather from that that a sentence obtained from the mplica-
tion “p — ¢" is true if we substitute any false sentence for “p”
and any true sentence for “g”’, this, obviously, 1s entirely con-
sistent with the remarks made in Section 8 —The vanables “p”
and “g” occurring m the tables can, of course, be replaced by
any other variables.

With the help of the two above tables, called FUNDAMENTAL
TRUTH TABLES, wWe can construct DERIVATIVE TRUTH TABLES for
any compound sentential function The table for the funetion
“ V @ — (p A r)”, for instance, looks as follows:

pVg pAr (pVg) > (pAr)

=

LI
L™
kg g g 3 H H | =
e E TR g
o b e g o

MRS

In order to explamn the construction of this table, let us concen-
trate, say, on 1is fifth horizontal hne (below the headings). We
substitute true sentences for “p” and “¢” and a false scnience
for “r”. According to the second fundamental table, we then
obtain from “p V ¢" a true sentence and from “p A 7’ a false
sentence From the whole function “(pV ¢) — (p Ar)” we obtan
then an mmplhication with a true anteccdent and a false consequent;
hence, agamn with the help of the second fundamental table (in
which we think of “p’” and ‘¢’ being for the moment replaced by
“p V ¢" and “p A r”), we conclude that this implication is a false
sentence.

The horizontal hines of a table thai consist of symbols “T” and
“PF"? gre called Rows of the table, and the vertical hnes are called
coLuMNs. Each row or, rather, that part of each row which is
on the left of the vertical bar represents a certain substitution
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of true or false sentences for the variables When constructing
the matrix of a given function, we take care to exhaust all possible
ways m which 'a combmation of symbols “T” and “F”’ could be
corrclated to the variables, and, of course, we never write 1n a
table two rows which do not differ either 1n the number or 1n the
order of the symbols “T” and “F”. It can then be seen very
easily that the number of rows 1n a table depends 1n a simple way
on the number of different variables occurring in the function, if
a function contams 1, 2, 3, -.. variables of different shape, 1its
matrix consists of 2! = 2,22 = 4,23 = §, ... rows. As for the
number of columns, 1t 1s equal 10 the number of partial sentential
functions of different form contained in the given function (where
the whole function 1s also counted among 1ts partial functions)

We are now 1m a position to say how 1t may be decided whether
or not a sentence of sentential calculus 1s true  As we know, m
sentential calculus, there 1s no external difference between sen-
tences and sentential functions, the only difference consisting in
the fact that the expressions considered to be sentences are always
completed mentally by the universal quantifier. In order to
recognize whether the given sentence 1s true, we treat it, for the
time being, as a sentential function, and construct the truth table
forit If, in the last column of this table, no symbol “F’”’ occurs,
then every sentence obtainable from the funection 1n question by
substitution will be true, and therefore our original universal sen-
tence (obtamed from the sentential function by mentally prefixing
the universal quantifier) 1s also true  If, however, the last column
contains at least one symbol ‘“F”’, our sentence 1s false

Thus, for instance, we have seen that in the matrix constructed
for the function “(p vV ¢) — (p A r)”’ the symbol “F’’ occurs four
times 1n the last column If, therefore, we considered this ex-
pression as a sentence (that 1s, 1if we prefixed to 1t the words
“for any p, ¢ and r'’), we would have a false sentence. On the
other hand, 1t can be easily verfied with the help of the method
of truth tables that all the laws of sentential calculus stated 1n
Section 12, that 1s, the laws of simplification, 1dentity, and so on,
are true sentences The table for the law of simplification.

(@ A g —0p
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for instance, is as follows:

P ¢ |pAg PAQ—>0p
T T T T
F T F T
T F F T
F F F T

We give here a number of other important laws of sentential
calculus whose truth can be ascertained in a similar way:

|~ A (~p)) PV (~)
i@ A D)oo, @Vpeonp -~
PAQeo@AD), ——— (@GVYe@vp, '~

PA@ADo@ADAT], [PV@VDa[@V VL

The two laws in the first line are called the Law or conTRADICTION
and the LAW OF EXCLUDED MIDDLE; we next have the two
LAWS OF TAUTOLOGY (for logical multiplication and addition); we
then have the two coMMUTATIVE LAWS, and finally the two Asso-
CIATIVE LAWS It can easily be seen how obscure the meaning
of these last two laws becomes 1f we iry to express them in ordinary
language. This exhibits very clearly the value of logical sym-
bolism as a precise mstrument for expressing more comphcated
thoughts.

*Tt occurs that the method of matrices leads us to accept
sentences as true whose truth scemed to be far from obvious
before the application of this method Here are some examples
of sentences of this kind:

p— (g — D),
(~p) = (p — 19,
-9 V (@—D.

That these sentenees are not immediately obvious is due maimly
to the fact that they are a mamnifestation of the specific usage of
impleation characteristic of modern logic, namely, the usage of
implication in material meaning.

]
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These sentences assume an especlally paradoxical character if,
when reading them 1n words of common language, the implca-
tions are replaced by phrases contaiming “umplies” or “follows”,
that 1s, if we give them, for mstance, the following form*

of p s true, then p follows from any g (in other words a true
sentence follows from every senitence),

of p is false, then p vmples any ¢ (in other words a false
senience vmplies every senlence);

Jor any p and q, either p vmplies q or q tmplies p (in other
words. af least one of any two sentences vmplies the other).

In this formulation, these statements have frequently been the
cause of misunderstandings and superfluous discussions. This
confirms entirely the remarks made at the end of Section 9.*

14. Application of laws of sentential calculus in inference

Almost all reasonings in any scientific domain are based expli-
citly or implicitly upon laws of sentential calculus; we shall try
to explamn by means of an example 1n what way this happens.

Given a sentence having the form of an imphecation, we can,
apart from 1ts converse of which we had already spoken 1n Section
10, form two further sentences' the INVERSE SENTENCE (or the
INVERSE OF THE GIVEN SENTENCE) and the CONTRAPOSITIVE SEN-
TENCE. The mverse sentence 18 obtained by replacing both the
antecedent and the consequent of the given sentence by their
negations. The contrapositive is the result of interchanging the
antecedent and the consequent in the imnverse sentence; the contra-
positive sentence 1s, therefore, the converse of the inverse sentence
and also the inverse of the converse sentence. The converse, the
inverse and the contrapositive sentences, together with the origmal
sentence, are referred to as CONJUGATE SENTENCES. As an ilus-
tration we may consider the following conditional sentence:

(I)  +f z is a positive number, then 2z 18 a positive number,
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and form its three conjugate sentences:
of 2z 18 a positive number, then x 18 o posiiwe number;
of z 18 nol @ positive number, then 2x i3 not a positive number;
of 2z is not a posilwe number, then x 18 nol a positzve number

In this particular example, all the conjugate sentences obtained
from a true sentence turn out to be likewise true. But this 1 not
at all s0 n general, in order to see that it 15 quite possible that
not only the converse sentence (as has already been mentioned mn
Section 10) but also the inveise sentence may be false, although
the original sentence 18 true, 1t 18 sufficient to 1eplace “2z” by
“z¥’ 1n the above sentences

Thus 1t 18 seen that from the validity of an impheation nothing
definite can be inferred about the validity of the converse or the
mverse sentence The situation 15 quite different 1n the case of
the fourth conjugate scntence; whenever an impheation 1s true,
the same applies to the corresponding contiapositive sentence.
This fact may be confirmed by numerous examples, and it finds
1t8 expression 1in a general law of sentential calculus, namely the
so-called LAW OF TRANSPOSITION OI OF CONTRAPOSITION.

In order to be able to formulate this law with precision, we
observe that every implication may be given the schematic form.

Y p, then g,

the converse, the mverse and the cpntrapositive sentences will
then assume the forms.

of g, then p; of not p, then not g, of not q, then not p.

The law of contiaposition, according to which any conditional
sentence imphies the corresponding contrapositive sentence, may
hence be formulated as follows.

if: of p, then g, then of not q, then not p.

In order to avoid the accumulation of the words *“zf”’ 1t 1s expedient
to make a shight change in the formulation

(IX) from- +f p, then q, 1t follows that of not q, then not p.
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We now want to show how, with the help of this law, we can,
from a statement having the form of an imphcation—forinstance,
from statement (I)—derive 1ts contrapositive statement.

(IT) apphes to arbitrary sentences “p’’ and “q”’, and hence
remains vahd if for “p” and “¢’’ the expressions.

T 18 a positwe number
and
2z 18 a posuiwe number

are substituted. Changing, for stylistic reasons, the position of
the word “‘not”, we obtain:

(III) from +f z i3 a positwe number, then 2z is a postlwe number,
1t follows that 1f 2z 15 not a positwe number, then z is not a positwe
number.

Now compare (I) and (IIT): (III) has the form of an implication,
(I) bemng its hypothesis Since the whole imphcation as well as
1ts hypothesis have been acknowledged as true, the conclusion of
the imphication must likewise be acknowledged as true; but that
15 Just the contrapositive statement in question.

(IV) of 2z 15 not a posulwe number, then x 15 not a positive number

Anyone knowmg the law of contraposition can, in this way,
recognize the contrapositive sentence as true, provided he has
previously proved the original sentence Further, as one can
easily verify, the inverse sentence 1s contrapositive with respect
to the converse of the original sentence (that 1s to say, the inverse
sentence can be obtamed from the converse sentence by replacing
antecedent and consequent by their negations and then mter-
changing them); for this reason, if the converse of the given sen-
tence has been proved, the inverse sentence may hikewise be con-
sidered valid If, therefore, one has succeeded mn proving two
sentences—the original and its converse—a special proof for the
two remaining conjugate sentences is superfluous.

It may be mentioned that several variants of the law of contra-
position are known, one of them 1s the converse of (II):

Jrom  of not q, then not p, it follows that: <f p, then q.
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This law makes it possible to derive the original sentence from the
contrapositive, and the inverse from the converse sentence.

16. Rules of inference, complete proofs

We shall now consider mn a little more detail the mechanism
itself of the proof by means of which the sentence (IV) had been
demonstrated in the preceding section Besides the rules of defi-
nition, of which we have already spoken, we have other rules of a
somewhat similar character, namely, the RULES OF INFERENCE or
RULES OF PROOF These rules, which must not be mistaken for
logical laws, amount to directions as to how sentences already
known as true may be transformed so as to yield new true sen-
tences In the proof canied out above, two rules of demonstra-
tion have been made use of the RULE oF suBsTITUTION and the
RULE OF DETACHMENT (also known as the MODUS PONENS RULE)

The content of the rule of substitution is as follows If a sen-
tence of a umversal character, that has already been accepted as
true, contains sentential vanables, and if these variables are re-
placed by other sentential variables or by sentential functions or
by sentences—always substituting equal expressions for equal
variables throughout—, then the sentence obtained in this way
may also be recognized as tiue It was by applying this very rule
that we obtained the sentence (III) from sentence (II) It should
be emphasized that the rule of substitution may also be appled
to other kinds of varables, for example, to the vanables “z”,
“y”, ... designating numbers 1n place of these varables, any
symbols or expressions denoting numbers may be substituted

*The formulation of the rule of substitution as given here 1s not
quite precise. This rule refers to such scntences as arc composed
of a universal quantifier and a sentential function, the latter con-
tammg variables bound by the umversal quantifier When one
wants to apply the rule of substitution, one omits the quantifier
and substitutes for the varables previously bound by this quanti-
fier either other variables or whole expressions (e g, senteniial
functions or sentences for the varables “p”, “g”, “r”, ..., and
expressions denoting numbers for the vanables “z”, “y”, “2”, ... );
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any other bound variables which may oceur 1 the sentential
funetion remain unaltered, and one sces to it that no varables of
the same foim as these occur 1n the substituted expiessions, if
necessary a umversal quantifier 1s set mn front of the expression
obtaned 1n this way 1n order to turn 1t into a sentence For in-
stance, by applying the rule of substitution to the scntence

Jor any number z there 1s a number y such that z 4+ y = 5,
the following sentence can be obtamed:
there is a number y such that 3 + y = 5,
but also the sentence:
Jor any number z there is a number y such that 2z 4+ y = 5,

thus, 1 this case, one substitutes only for “z” and leaves “y”’
unaltered. We must not, however, substitute for “z”’ any ex-
pression containmg ‘‘y’, for, although our origimal sentence was
true, we might m this way arrive at a false sentence For mn-
stance, by substituting “3 — y”’, we should obtam.

there 18 a number y such that 3 —y) +y=5%*

The rule of detachmént states that, if two sentences are accepted
as true, of which one has the form of an impheation while the
other 1s the antecedent of this implication, then that sentence may
also be recognized as true which forms the consequent of the
implication (We “detach’” ithus, so to speak, the antecedent from
the whole implication ) By means of this rule, the sentence (IV)
had been derived from the sentences (IIT) and (I).

It can be seen that from this that, in the proof of the sentence
(IV) as carried out above, each step consisted in applying a rule
of inference to sentences which wetre previously aceepted or recog-
nized as true A proof of this kind will be called compLETE A
little more precisely a complete proof may also be characterized
as follows. It consists i the construction of a chain of sentences
with these properties the imitial members are sentences which
were already previously accepted as true; every subsequent mem-
ber 1s obtamable from preceding ones by applying a rule of infer-
ence, and finally the last member 1s the sentence to be proved.
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It should be observed what an extiemely elementary form—
from the psychological point of view—all mathematical reasonings
assume, due to the knowledge and application of the laws of logic
and the rules of inference, complicated mental processes are en-
tirely reducible to such simple activities as the attentive observa-
tion of statements previously accepted as true, the perception of
structural, purely external, connections among these statements,
and the execution of mechanical tiansformations as presetibed by
the rules of inference. If 15 obvious that, in view of such a p1o-
cedure, the possibility of committing mistakes in a proof 1s 1educed
to a mmimum.

Exercises

1. Give examples of specifically mathematical expressions from
the fields of arithmetic and geometry

2. Differentiate mn the following two sentences between the
spectfically mathematical expressions and those belonging to the
domam of logie:

(a) for any numbers x and y, of >0 and y <0, then
there 18 @ number z such that 2 < 0 and x = y.z,

(b) for any ponts A and B there 1s a pownt C which hes between
A and B and 1s the same distance from A as from B.

3. Form the conjunction of the negations of the following sen-
tential functions.

z <3
and

z > 3.
What number satisfies this conjunction?

4. In which of 1ts two meanings does the word ““or’’ ocecur in
the following sentences:

(a) two ways were open lo him* lo belray has couniry or lo die;

(b) of I earn a lot of money or win the sweepstake, I shall go on a
long journey.
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Gave further examples in which the word ““or”’ is used in its first
or in its second meaning,

*5. Consider the following conditional sentences:
(a) of today is Monday, then tomorrow s Tuesday;
(b) +f today is Monday, then tomorrow 18 Saturday;

(c) +f today is Monday, then the 25th of December 18 Christmas
day,

(d) +f wishes were horses, beggars could ride;

(e) +f a number z 18 dunsible by 2 and by 6, then if is dunsible
by 12;

(f) +f 18 is dunsible by 3 and by 4, then 18 is divisible by 6.

Which of the above implications are true and which are false from
the pomnt of view of mathematical logic? In which cases does the
question of meaningfulness and of truth or falsity raise any doubts
from the standpoint of ordinary language? Direct special atten-
tion to the sentence (b) and examme the question of 1its truth as
dependent on the day of the week on which 1t was uttered.

6 Put the following theorems into the form of ordinary cond-
tional sentences:

(a) for a triangle to be equilateral, it 18 sufficient that the angles of
the triangle be congruent;

(b) the condition’ z 1s dunsible by 3, is necessary for z to be dwisible
by 6.

Give further paraphrases of these two sentences.
7. Is the condition:
zy>4
necessary or sufficient for the validity of:
z2>2 and y>2 ?
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8. Guve alternative formulations for the following sentences.

(2) z s dwisible by 10 +f, and only 1f, x s dwisible both by 2 and
by 5;

(b) for a quadrangle to be a parallelogram i is necessary and suff-
cient that the pownt of intersection of s diagonals be at the same time
the madpornt of each diagonal.

Give further examples of theorems from the fields of arithmetic
and geometry that have the form of equivalences.

9. Which of the following sentences are true:

(a) a triangle 1s 1sosceles of, and only +f, all the altatudes of the
triangle are congruent,

(b) the fact that x + 0 15 necessary and sufficient for a2 lo be @
positive number,

(c) the facl that a quadrangle 18 a square tmplies that all ils angles
are right angles, and conversely;

(d) for x to be dunsible by 8 1t 18 necessary and sufficient that
be dunsible both by 4 and by 2 ?

10 Assuming the terms “natural number” and “product” (or
“‘quotrent”’, respectively) to be known already, construct the defini-
tion of the term “‘dunsible’”’, giving 1t the form of an equivalence:

we say that = 1s divisible by y +f, and only of, .. .

Likewise formulate the definition of the term *parallel”; what
terms (from the domain of geometry) have to be presupposed for
this purpose?

11. Translate the following symbolic expressions into ordinary
language:

(@) [(~p)—pl—0p

®) [(~PVgleo@—q),
) [Vl (@—a,
@ (~pVige@—9l
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Direct special attention to the difficulty in distinguishing in ordi-
nary languagc the three last expressions

12, Formulate the following expressions n logical symbolism:

(a) +f not p or not q, then it 1s not the case that p or g;
(b) +f p tmplies that g vmplies r, then p and g together imply r,

(c) +f r follows from p and +f r follows from q, then r follows
fromporg.

13. Construet truth tables for all sentential functions given in
Exercises 11 and 12. Assume that we interpret these functions as
sentences (what does this mean?), and determine which of these
sentences are true and which are false.

14 Verify by the method of truth tables that the following
sentences are true. )

@) [~(-plep,

®) [~@AQ] < [(«D) V(-]
[~@Vl < [(—p) A ()],

() [pPAlgvi)l = pAgV(pAT)],
V(gAnl < eV A(pVr)]
Sentence (a) 18 the LAW OF DOUBLE NEGATION, sentences (b) are
called DE MorGaN’s LawsS, and sentences (c) are the DISTRIBUTIVE
Laws (for logical multiplication with respect to addition and for
logical addition with respect to multiplication).

15 For each of the following sentences, state the three corre-
sponding conjugate sentences (the converse, the inverse, and the
contrapositive sentence).

(a) the fact that x 18 o positwe number emplies that —x s a nega-
lwe number,

(b) +f @ quadrangle 18 a rectangle, then a circle can be circum-
scribed about 1t.

Which of the conjugate sentences are true?
Give an example of four conjugate sentences which are all false

® These laws were given by A. DE MoreaN (1806-1878), an eminent
English logieian
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16. Explain the following fact on the basis of the truth table for
the function “p < ¢":1f 1n any sentence some of its parts which
are themselves sentences (o1 sentential functions) are replaced by
equivalent sentences, then the whole new sentence obtained n
this way 1s equivalent to the onginal sentence Some of our
statements and rematks 1n Section 10 were dependent on this
fact; indicate where this was the case

17. Consider the following two sentences
(a) from* +f p, then q, ot follows that: +f q, then p;
(b) from* f p, then q, o follows that. f not p, then not q

Suppose these sentences were logical laws, would it be possible to
apply them 1 mathematical proofs in an analogous way to the
law of contraposition (cf Section 14)? What conjugate sentences
would it be possible to derive from a given asserted implication?
Consequently, can our supposition be maintamed that the sen-
tences (a) and (b) are true?

18 Confirm the conclusion which has been reached in Exer-
cise 17 by applying the method of truth tables to the sentences
(a) and (b).

19 Consider the following two statements
the fact that yesterday was Monday vmplies that today 1s Tuesday;

the fact that today 15 Tucsday wmplies thal tomorrow wnll be
Wednesday

What statement may be deduced from them in acecordance with
the law of the hypothetical syllogism (ef Section 12)?

*20 Carry out the complete proof of the statement obtaned in
the preceding exercise, use the statements and law of the hypo-
thetical syllogism mentioned there, and apply—in addition to ihe
rule of substiiution and the rule of detachment—the following
rule of inference. if any two sentences are accepted as true, thep
their conjunction may be recognized as true.
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ON THE THEORY OF IDENTITY

16. Logical concepts outside sentential calculus; concept of
identity

Sentential calculus, to which the preceding chapter was devoted,
forms merely a part of logic It constitutes undoubtedly the
most fundamental part,—at least mmasmuch as one makes use of
the terms and laws of this calculus mn the defimition of terms and
the formulation and demonstration of logical laws that do not
belong to sentential calculus Sentential calculus m itself, how-
ever, does not form a sufficient basis for the foundation of other
sciences and, 1n particular, not of mathematics, various concepts
from other parts of logic are constantly encountered in mathe-
matical defimtions, theorems and proofs Some of them will be
discussed in the present and i the following two chapters.

Among the logieal concepts not belonging to sentential calculus,
the concept of IDENTITY or EQUALITY 15 probably the one which
has the greatest importance It occurs in phrases such as

z 18 wdentical unth y,
z 18 the same as y,
z equals y.

To all three of these expressions the same meaning is ascribed;
for the sake of brevity, they will be replaced by the symbolic
expression:

z=y.
Instead of writing:

z 18 not identical with y
54
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or:
z 18 different from y
we employ the formula:
zFy.

The general laws involving the above expressions constitute a
part of logic which may be called the THEORY OF IDENTITY.

17. Fundamental laws of the theory of identity

Among the logical laws concerming the concept of identity the
most fundamental is the following:

I z =y 4, and only of, = has every properiy which y has, and
y has every property which z has

We could also say more sumply.
z =y 1of, and only +f, = and y have every property in common.

Other and perhaps more appatent, though less correct, formula-
tions of the same law are known, for instance

x =1y 1f, and only +f, everything that may be sard about any
one of the things x or y may also be said about the other.

Law I was first stated by Lrisniz! (although 1in somewhat
different terms) and hence may be called LeiBNiz's Law It has
the form of an equivalence, and enables us to replace the formula

T =Y,

which 1s the left side of the equivalence, by 1ts right side, that 1s
by an expression no longer contamning the symbol of identity.
With respect to its foom this law may, theiefore, be considered
as the defimtion of the symbol “=”, and so 1t was considered
by LemsNiz himself. (Of cowise, to 1egard LEeiBN1z’s law here
as a definition would make sense only if the meaning of the
symbol ‘="’ seemed to us less evident than that of the expressions
on the rght side of the law, such as ‘“z has every property which y
has”’; cf. Section 11).

1Cf footnote 1 on p 19
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As a consequence of LeisNiz's law we have the following rule
which 15 of great practical importance If, mn a certain context,
1t has been assumed or proved thal z = y, then 1t 18 permissible
to replace 1n any formula or sentence oceurring in this context the
symbol “z” by the symbol “y” and conveisely (since every
formula or sentence containing the symbol “z” expresses a prop-
erty of the thing x, or says something about z). It is understood
that, should “z”’ occur at several places in a formula, 1t may at
some places be left unchanged and at others replaced by ‘‘y”,
there 1s, thus, an essential difference between the rule now under
consideration and the rule of substitution discussed in Section 15
which does not permit such a partial replacement of one symbol
by another.

From LeieNiz's law we can derive a number of other laws
belonging to the theory of identity, that are ‘requently apphed 1n
various considerations and especially in mathematical proofs
The most important among these will be listed here, together with
a sketch of thewr proofs, 1n order lo exhibit by way of concrete
examples that there 138 no essential difference between reason-
ings 1mn the field of logic, and those 1n the field of mathematies.

II Everyths .gual to ztself =z
%M
ROOF  Substitute, in LEIBNIZ s law, “z” for “y’’; we obtam

z =z 1, and only +f, x has every property which z has, and
x has every property which z has

We can, of course, simphfy this sentence by omitting its last
part “and z has ...” (this follows directly from the law of tau-
tology stated in Section 12). The sentence assumes then the
following form

z = z 1of, and only +f, x has every property which x has

Obviously, the rght side of this equivalence 1s always satisfied

(for, according to the law of identity i Section 12, if = has a

certain property, it has this property). Hence the left side of the

equivalence must also be satisfied; in other words, we always have-
z =z,

which was to be proved.
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L If z=1y, then y = z. GSWI'N?)

Proor. By substituting, in LemeNwz’s law, “z” for “y’’ and
“y’’ for “‘z”, we obtain

y =z f, and only 3f, y has cvery property whach z has, and
x has every property which y has.

Let us compaie this sentence with the original formulation of
Leieniz’s law  We have here two cquivalences, the right sides
of which are conjunctions differing only 1n the order of their mem-
bers Hence the right sides are equivalent (¢f the commutative
law of logical multiplication i Section 12), and the left sides,
that is, the formulas:

zr=y and y==z

must, therefore, be also equivalent A fortior1 we may assert
that the second of these formulas follows from the first, as 1t is
stated mn our law.

IV.If 2=y and y =2 then z =z MhV(_I?o

Proor By hypothesis, the two formulas.

1 T=y
and
@ y=2

are assumed valid According to LEIBNIZ's law, 1t follows from
formuls (2) that everything that may be said about ¥ may also
be said about z Hence we may replace the varable “‘y” by “2”
in formula (1), and we oblain the desired formula:

Iz = 2.

VIf 2=2 and y=2 then z =1y, 1n other words,
two things equal to the same thing are equal to each other.

This law can be proved in a way quite analogous io the pre-
ceding (1t can also be deduced from Laws III and IV, without
using LeieNiz’s law)
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Laws II, III and IV are called the LAwS OF REFLEXIVITY, OF
SYMMETRY, and OF TRANSITIVITY for the relation of identity.

18. Identity of things and identity of their designations; use of
quotation marks

*Although the meaning of such expressions as-
=Yy or z*xy

seems to be evident, these expressions are sometimes misunder-
stood It seems obvious, for instance, thai the formula.

3=241

is a true assertion, and yet some people are somewhat doubtful
as to 1ts truth. In their opimion, this formula appears to state
that the symbols “3” and “2 4 1” are i1dentical, which 1s ob-
viously false simnce these symbols have entirely different shapes,
and, therefore, 1t 18 not true that everything that may be said
about one of these symbols may be said about the other (for
instance, the first symbol is a single sign, while the second 18 not)

In order to avoid doubts of this kind, it is well to make clear
to oneself a very general and important principle upon which the
useful employability of any language 1s dependent. According to
ihis principle, whenever, 1n a sentence, we wish to say something
about a certain thing, we have to use, in this sentence, not the
thing 1tself but its name o1 designation

The application of this piineiple gives no cause for doubt as
long as the thing talked about 1s not a word, a symbol or, more
generally, an expression of a language Let us imagine, for ex-
ample, that we have a small blue stone 1n front of us, and that
we state the following sentence

this stone s blue.

To none, presumably, would 1t occur in this case, to replace in
this sentence the words “‘this stone’” which together constitute the
designation of the thing by the thing itself, that is to say, to blot
or cut these words out and to place 1n their stead the stone. For,
m doing so, we would arrive at a whole consisting in part of a
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stone and 1n part of words, and thus at something which would
not be a linguistic expression, and far less a true sentence.

This prineiple 1s, however, frequently violated if the thing talked
about happens to be a word or a symbol  And yet the application
of the principle 1s indispensable also in this case, for, otherwise,
we would arrive at a whole which, though being a linguistic ex-
pression, would fail to expiess the thought intended by us, and
very often might even be a meaningless aggregate of words. Let
us consider, for example, the following two words.

well, Mary.

Clearly, the first consists of four letters, and the second is a
proper name But let us imagine that we would express these
thoughts, which are quite correct, 1n the following manner:

(03] well consists of four letters,
(I1) Mary 1s a proper name;

we would then, in talking about words, be using the words them-
selves and not their names And if we examinc the expressions
(I) and (IT) more closely, we must admit that the first 1s not a
sentence at all since the subject can only be a noun and not an
adverb, while the second might be considercd a meaningful sen-
tence, but, at any rate, a falsc one since no woman 1s a proper name

In order to avoid these difficulties, we might assume that the
words “well” and “Mary” occur m such contexts as (I) and (II)
in a meaning distinet fiom the usual one, and that they here
function as therr own names In generahzaiion of this view-
pomt, we should have to admit that any word may, at times,
function as 1ts own name, to usc the terminology of medieval
logie, we may say that, in a case like this, the word is used in
SUPPOSITIO MATERIALIS, as opposcd to its use 1n SUPPOSITIO FOR-
MALIS, that 1s, 1n 1ts ordinary meaning As a consequence, every
word of common or scientific language would possess at least two
different meanings, and one would not have to look far for ex-
amples of situations in which serious doubts might aiise as to
which meaning was mntended With this consequence we do not
wish to reconcile ourselves, and therefore we will make 1t a rule
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that every expression should differ (at least m writing) from
1ts name.

The problem arises as to how we can set about to form names
of words and expressions There are various devices to this effect.
The simplest one among them 1s based on the convention of
forming the name of an expression by placing 1t between quota-
tion marks On the basis of this agreement, the thoughts tenta-
tively expressed m (I) and (II) can now be stated correctly and
without ambiguity, thus:

I “well” consists of four letters;
(I1) “Mary” 18 a proper name.

In the hght of these remarks all possible doubts as to the
meaning and the truth of such formulas as:

3=2+1

are dispelled This formula contains symbols designating certain
numbers, but 1t does not contain the names of any such symbols.
Therefore this formula states something about numbers and not
about symbols designating numbeis, the numbers 3 and 2 4+ 1
are obviously equal, so that the foimula 1s a true assertion. We
may, admittedly, replace this formula by an equivalent sentence
which 1s about symbols, namely, we may say that the symbols
“3” and “2 4 1" designate the same number But this by no
means mmplies that the symbols themselves are 1dentical, for 1t 1s
well known that the same thing—and, i particular, the same
number—can have many different designations The symbols “3"
and ‘2 4 1" are, no doubt, different, and this fact can be expressed
in the form of a new formula

“3” ='= H2 + 1”

which, of course, in no way contradicts the formula previously
stated.?*

? The convention concerning the use of quotation marks has been ad-
hered to 1n this book pretty consistently We deviate from it only 1n
rare cascs, by way of a concession to traditional usage For instance, we
state formulas and sentences without quotation marks, if they are printed
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19. Equality in arithmetic and geometry, and its relation to
logical identity

We here consider the notion of arithmetical equality among
numbers consistently as a special casc of the geneial concept of
logical identaty It must be added, however, that there are mathe-
maticians who—as opposed to the standpoint adopied here—do
not 1dentify the symbol ‘="' occurring in arithmetic with the
symbol of logical 1dentity, they do not consider equal numbeis to
be necessanly 1dentical, and theicfore look upon the notion of
equahity among numbers as a specifically anthmetical concept.
In this connection, those mathematicians reject LeisNiz's law n
its general form, and merecly recognize some of 1ts consequences
which are of a less general character and count them among the
spectfically mathematical theoiems Among these consequences
there are Laws II to V of Section 17, as well as theotems to the
effect that, whenever # = y and r satisfies some formula bult up
of arithmetical symbols only, then y satisfies the same formula,
thus, for instance, the theorem.

if 2=y and z <z then y<az

In our opimion, this pont of view can claim no particular theo-
retical advantages, while, 1n practice, 1t entails considerable com-
plications 1n the presentation of the system of arnithmetie; for one
reJects the general rule which allows us to replace “z” by “y’’ on
the assumption that r = y, and smece a transformation of this
kind 1s indispensable m numetous aiguments, it becomes neces-
sary, in each case of 1ts appheation, to give a special proof that
this transformation 1s permussible 1n the case under consideration

displayed 1n a special hine or if they occur 1n the formulation of mathe-
matical or logical theorems and we do not put quotation marka about
expressions which are preceded by such phrases as ‘18 called”’, *1s known
as”’, and 8o on But other precautionary mecasures arc taken in these
cases, the expression in question is often preceded by a colon and 1f 18
usually printed 1n a different kind of print (small capitals or Italhes) It
should be observed that, 1n everyday language, quotation marks are used
also 1n cases not covered by the above convention, and examples of this
type can be found 1n this book, too.
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To 1illustrate this situation by an example, let us consider any
system of equations 1n two vanables, for instance.

z =19,
2?4+ y* = 2z — 3y + 18.

If one wants to solve this system of equations by means of the
so-called method of substitution, one has to form a new system of
equations obtaned by leaving the first equation unchanged and
replacing in the second equation “‘z” by ‘“y?"’ throughout And
the question arises whether this transformation i1s permssible,
that 1s, whether the new system 1s equivalent to the old The
answer 1S undoubtedly 1n the affirmative, no matter what con-
ception of the notion of equality among numbers 1s adopted But
if the symbol “="'is understood to designate logical identity, and
if LEIBN1Z'S law 15 assumed, the answer 15 obvious; since

= o2
r =1y,

it is permissible to replace “z"” everywhere by “y?’, and vice
versa Otherwise 1t would first be necessary to give reasons for
the affirmative answer, and although this justification would not
meet with any essential difficulties, 1t would at any rate be rather
long and tedious

As to the notion of equality in geometry, the situation 1s en-
tirely different If two geometiical figures, such as two line seg-
ments, or two angles, or two polygons, are said to be equal or
congruent, it is 1n gencral not intended to assert their identity
One merely wishes to state that the two figures have the same
size and shape, 1n other words—to use a figurative if not quite
correct mode of expression—, that they would exactly cover one
another 1f one were placed on top of the other Thus, for example,
a triangle 1s capable of having two, or even three, equal sides, and
yet these sides are certainly not 1dentical. There are also cases,
on the other hand, 1n which it is not a question of the geometrical
equality of two figures, but of their logical 1dentity; for instance,
n an isosceles triangle, the altitude upon and the median to the
base are not only geometrically equal, but they are simply one
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and the same hne segment. Therefore. m order to avoid any
confusion, it would be recommendable consistently to avoid the
term “equality™ i all those cases where it 15 not a question of
logical 1dentity, and to speak of geometrically equal figures rather
as of congruent figures, 1eplacing—as 1t 15 often done anyhow—
the symbol “=" by a different one, such as *“~".

20. Numerical quantifiers

With the help of the concept of 1dentity it is possible to give a
precise meaning to certain phiases which, both 1n their content
and therr function, are closcly 1elated to the umversal and ewst-
ential quantifiers and are also counted among the operators, but
which are of a more special character They are expressions
such as

there 15 al least one, or at most one, o1 exactly one, thing x such
that ...,

there are at least two, or at most two, or exactly lwo, things x such
that - - - ,

and so on, they might be called NUMERICAL QUANTIFIERS Ap-
parently, specifically mathematical terms oceur in these phrases,
namely, the numerals “one”, “fwo", and so on A moie exact
analysis shows, however, that the content of those phrases (f
considered as a whole) 1s of a purely logical nature Thus, 1n the
expression.

there 18 at least one thing salisfying the gwen condilion

the words ‘‘at least one’’ may sumply be replaced by the article
“a” without altering the meaning The expression

there 13 at mosi one thing salisfying the gwen condition
means the same as:

for any 1 and y, +f = saiisfies the gwen condition and if y
satisfies the given condition, then z = y.
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L4
The sentence:
there 18 exactly one thang satisfying the gwen condition
is equivalent with the conjunction of the two sentences just given-

there 15_at least one thing satisfying the gwen condition, and

at the ﬁg;:g_t}_me_ there 18 at most one thing satisfying the
gwen, condition.

To the expression:
there are al least two things satisfying the given condition
we give the following meaning

there are £ and v, such that both x and y satisfy the gwen
condstion and x £ y;

1t is, therefore, equivalent to the negation of.
there 1s at most one thing salisfyrng the gwen condilion

Anaslogously we explain the meanings of other expressions of this
category

For the purpose of illustration, a few tiue sentences of arth-
metic may be hsted here in which numerical quaatifiers appear

there 18 exactly one number x, such that z + 2 = §5;
there are exactly two numbers y, such that 32 = 4;

there are at least two numbers z, such that z+ 2 < 6

That part of logie, in which general laws involving quantifiers
are laid down, 15 known as the THEORY OF APPARENT VARIABLES
or the FUNCTIONAL CALCULUS, although 1t really ought to be called
the cALcULUS OF QuANTIFIERs Hitherto this theory has pri-
marily concerned 1tself with the universal and existential quanti-
fiers, while the numercal quantafiers have been largely neglected

Exercises

1. Prove Law V of Section 17, using exclusively Laws III and
1V, thus without the use of Luieniz’s law.
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Hint. In Law V the formulas:
z=2z and y=z2

are assumed valid by hypothesis By virtue of Law III, inter-
change the variables 1n the second of these formulas, and then
apply Law IV

2. Prove the following law:
if 2=y, y=2 and z=1, then z = I,
using exclusively Law IV of Section 17.

3. Are the sentences true which are obtained by replacing in
Laws III and IV of Section 17 the symbol “=" by “%"
throughout?

*4. On the basis of the convention stated in Section 18 con-
cerning the use of quotation marks, determine which of the fol-
lowing expressions aie true sentences

(2) 0 1s an nteger,
(b) 015 a cipher having an oval shape,
(c) “0” is an nieger,

(d) ‘0" 1s a cipher having an oval shape,

(e) 15 = 'g':
(f) “1 5” = “_g_’l,
() 2+ 2+ 5,

(h) “2 + 2” :‘: M5”.

*5 In order to form the name of a word we put that word 1n
quotation marks; in orde1r to form the name of this name we put,
1n turn, the name of this word in quotation marks, and thus the
word itself in double quotation marks Hence, of the following
three expressions:

John, “John”, ““John””,

the second is the name of the first, and the third 1s the name of
the second. Substitute in turn the three expressions above for
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‘2" in the following sentential functions, and determine which of
the twelve sentences obtained are true:

(a) z1s a man,

(b) z is a name of a man,

(c) z 15 an expression,

(d) z %s an expression contarnang quotation marks

*6 In Section 9 we gave various formulations of conditional
sentences met with in mathematical books. Attention was also
called Lo the fact that 1n some of these formulations we talk, not
about numbers or properties of numbers, and so on, but about
expressions (e g, sentences and sentential functions). It follows
from remarks made in Section 18 that these latter formulations
call for the use of quotation marks, Indicate the formulations,
and the exact place in them, 1n which quotation marks are required

*7. On the basis of the general principle concerning the use of
names of things 1n sentences stating something about these things,
we may now subject the last sentence but one of Section 12 (“Just
as the anthmetical theorems .”’) to some criticism We know
that variables occurring 1n arithmetic stand for names of numbers.
Do the variables occurning 1n sentential calculus stand for names
of sentences or for sentences themselves? May we, therefore, say,
if we want to be exact, that the laws of this calculus assert some-
thing about the sentences and their properties?

8 Consider a triangle with sides a, b and ¢. Let k., ks and k.
be the altitudes upon the sides a, b and ¢, sumilarly, let m. , m;
and m. be the medians and s, , s and s. the bisectors of the angles
of the trangle

Assuming the triangle to be 1sosceles (with @ as the base, and
b and c as the sides of equal length), which of the twelve segments
named are congruent (1e, equal in the geometrical sense), and
which are identical? Express the answer 1n the form of formulas,
using the symbol “~" to designate congruence, and the symbol
“=" to designate 1denfaty.

Solve the same problem under the assumption that the triangle
18 equilateral.
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9. Explain the meaning of the following expressions:
(a) there are at most two things salisfying the given condition;
(b) there are exactly two things satisfying the given condition.
10 Determine which of the following sentences are true*
(a) there 1s exaclly one number = such that z + 3 =7 — x;
(b) there are ezaclly two numbers z such that 2 4+ 4 = 4z;
(c) there are at most two numbers y such that y + 5 < 11 — 2y;
(d) there are at least three numbers z such that 2 < 2;

(e) for any number = there 1s exacily one number y such that
z+y =2

(f) for any number x there 18 exaclly one number y such thal
z.y = 3.

11. How can one make use of numerical quantifiers in order to
express the fact that the equation:

2—56x+4+6=0
has two roots?
12. What numbers z satisfy the sentential function:
there are exactly two numbers y such that z =y ?

Differentiate in this function between free and bound variables.
*Do numerical quantifiers bind variables?*
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21. Classes and their elements

Apart from separate imndividual things, which we shall also,
for short, call INDIvIDUALS, logic is concerned with crasses of
things; in everyday hfe as well as in mathematics, classes are more
often referred to as seTs Arithmetic, for instance, frequently
deals with sets of numbers, and 1n geometry our interest attaches
itself not so much to single points as to pomnt sets (namely, to
geometrical configurations) Classes of individuals are called
CLASSES OF THE FIRST ORDER Comparatively more rarely we
also meet 1n our investigations with CLASSES OF THE SECOND ORDER,
that 1s, with classes which consist, not of individuals, but of classes
of the first order Sometimes even CLASSES OF THE THIRD, FOURTH,
... ORDERS have to be dealt with Here we shall be concerned
almost exclusively with classes of the first order, and only excep-
tionally—as 1 Section 26—we shall have to deal with classes of
the second order, our considerations can, however, be applied with
practically no changes to classes of any order

In order to differentiate betwecen individuals and classes (and
also between classes of different orders), we employ as variables
letters of different shape and belonging to different alphabets It
18 customary to designate individual things such as numbers, and
classes of such things, by the small and capital letters of the
English alphabet, respectively In elementary geometry the op-
posite notation 1s the accepted one, capital letters designating:
pomts and small letters (of the Enghsh or Greek alphabets)
designating pomt sets

That part of logic in which the class concept and its general
properties are examined 1s called the THEORY OF CLASSES; some-
times this theory 1s also treated as an mdependent mathematical
discipline under the name of the GENERAL THEORY OF SETS !

! The beginnings of the theory of classes—or, to be more exact, of that
part of this theory which we shall denote as the calculus of classes below—

68
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Of fundamental character in the theory of classes are such
phrases as.

the thing x s an element (or a member) of the class K,
the thing x belongs to the class K,
the class K contains the thing = as an element {or a member);

we consider these expressions as having the same meaning and,
for the sake of brevity, replace them by the formula

ze K,

Thus, if I is the set of all integers, the numbers 1, 2, 3, ... are its
elements, whereas the numbers 3, 2§, ... do not belong to the
set; hence, the formulas

lel, 2¢l, 3€l, ... :
are true, while the formulas:
2

2¢€l, 23€l, ...

are false.

22. Classes and sentential functions with one free variable

We consider a sentential function with one free varnable, for
instance.

z>0
If we prefix the words*
@ the set of all numbers z such that

are already found in G BoorE (cf footnotec 1 on p 19) The actual
creator of the general theory of sets as an independent mathematical
disciphine was the great German mathematician G CanTor (1845-1918),
we are indebted to him, 1n particular, for the analysis of such concepts as
equality in power, cardinal number, infinity and order, which will be
discussed in the course of the present and the next chapters —CaNToOR’S
set theory 18 one of those mathematical diseiplines which are 1n a state of
especially intensive development Its ideas and lines of thought have
penetrated 1nto almost all branches of mathematics and have cxerted
everywhere a most stimulating and fertiizing influence



70 ON THE THEORY OF CLASSES

to that function, we obtaimn the expression:
the set of all numbers x such that z= > 0.

This expression designates a well-determined set, namely the set
of all positive numbers; 1t 1s the set having as 1ts elements those,
and only those, numbers which satisfy the given function. If we
denote this set by the symbol “P”’, our function becomes equiva-
lent to:

zeP.

We may apply an analogous procedure to any other sentential
function. In anthmetic, we can obtain mn this way various sets
of numbers, for instance the set of all negative numbers or the set
of all numbers which are greater than 2 and less than 5 (that 1s
which satisfy the function “z > 2 and z < 5””) This procedure
plays also an important role 1n geometry, especially in defining
new kinds of geometrical configurations, the surface of a spheie
is defined, for instance, as the set of all points of the space which
have a definite distance from a given pomnt. It 1s customary in
geometry to replace the words “the set of all points’’ by ‘‘the locus
of the pownts.”

We will now put the above remarks in a general form. It s
assumed in logic that, to every sentential function containing just
one free variable, say “z”’, there 1s exactly one corresponding class
having as its elements those, and only those, things z which
satisfy the given function. We obtain a designation for that class
by putting 1n front of the sentential function the following phrase,
which belongs to the fundamental expressions of the theory of
classes.

(I1) the class of all things = such that.

If we denote further the class in question by a simple symbol,
say “C”, the formula.

zeC

will—for any x—be equivalent to the original sentential function.
Hence it is seen that any sentential function containing “z” as
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the only free variable can be transformed into an equivalent func-
tion of the form:

zek,

where in place of “K’ we have a constant denoting a class, one
may, therefore, consider the latter formula as the most general
form of a sentential function with one free varable.

The phrases (I) and (II) are sometimes replaced by symbohe
expressions, we can, for instance, agree to use the following symbol
for this purpose:

S.
*Let us now consider the following expression
1 belongs to the set of all numbers x such that x > 0,
which can also be written in symbols only.

1eC(z > 0).

This expression 1s obviously a sentence, and even a true sentence;
it expresses, in a more complicated form, the same thought as
the simple formula:

1>0

Consequently, this expression cannot contamn any free variable,
and the varable *“z’’ occurring mn 1t must be a bound variable
Since, on the other hand, we do not find 1n the above expression
any quantifiers, we arnve at the conclusion that such phiases as
(I) or (IT) function hike quantifiers, that 1s, they bind varnables,
and must, therefore, be counted among the operators (cf. Sec-
tion 4).

It should be added that we frequently prefix an operator hke
(D or (II) to sentential functions which contamn—besides “z”’—
other free variables (this occurs mn nearly all cases in which such
operators are applied in geometry) The expressions thus ob-
tamned, for instance-

the set of all numbers z such that z > y
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do not designate, however, any definite class; they are designatory
functions 1n the meaning established 1n Section 2, that 1s, they
become designations of classes if we replace i them free varnables
(but not “z") by suitable constants, for instance, “y”’ by ““0” m
the example just given.*

It 1s frequently said of a sentential function with one free
variable that 1t expresses a certain property of things,—a property
possessed by those, and only those, things which satisfy the
sentential function (the sentential function ‘“‘z s dunsible by 27,
for example, expresses a certamn property of the number z, namely,
divisibihty by 2, or the property of being even). The class cor-
responding to this function contams as its elements all things
possessing the given property, and no others In this manner 1t
18 possible to corrclate a uniquely determined class with every
property of things And also, conversely, with every class there
15 correlated a property possessed exclusively by the elements of
that class, namely, the propetty of belonging to that class It 1s,
accordingly, 1n the opimon of numerous logicians, unnecessary to
distinguish at all between the two concepts of a class and of a
property; mn other words, a special “theory of properties” 1s
dispensable,—the theory of classes being perfectly sufficient.

As an applicalion of these remarks we shall give a new formula-
tion of LeiBN1z’s law  The original one (in Section 17) contained
the term ‘““property’’, 1n the following, entirely equivalent, formula-
tion we employ the term “class’” instead

xz =1y tf, and only if, every class which contains any one of the things
z and y as an element also contains the other as an element.

As can be seen from this formulation of LEieniz's law, it 1s
possible to definc the concept of 1dentity in terms of the theory
of classes

23. Universal class and null class

As we already know, to any sentential function with one free
variable there corresponds the class of all objects satisfying this

function. This can now be applied to the following two particular
functions:

@ t =2  zFaz
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The first of these functions 1s obviously satisfied by every indi-
wvidual (¢f Section 17) The corresponding class,

Cz = 2),

therefore, contains as elements all individuals, we call this class
the UNIVERSAL cLASS and denote it by the symbol “V” (or “17).
The second sentential function, on. the other hand, 1s satisfied by
no thing. Consequently, the class coriesponding to it,

Clz + ),

called the NULL cLASS or mMpTY cLAss and denoted by “A” (or
“0’"), contains no elements We may now replace the sentential
functions (I) by equivalent functions of the foim

zekK,
namely by.
(In eV, zeA,

the first of which 1s satisfied by any mndividual, and the second by
none

Instead of using the general logical coneept of individual within
a particular mathematical theory, 1t 1s sometimes more convenient
to specify exactly what 1s considered an mdividual thing within
the fiamework of this theory, the class of all those things will
then be denoted again by “V” and will be called the uNIvERsSE
oF DIScOURSE of the theory In antihmelie, for stance, 1t 1s
the class of all numbers which foims the univeise of discoutse.

*It should be emphasized that V 1s ihe class of all individugls
but not the class contaimng as ‘Jements all possible things, thus
alsu classes of first order, sccond oider, and so on  The question
arises whether such a class of all possible things euists at all, and
more generally, whether we may consider ‘“‘nhomogencous’”
classes not belonging to a particular oidet and contammg as ele-
ments individuals as well as classes of vatious orders  This ques-
tion 15 closely related to the most intiicate problems of contem-
porary logic, namely, to the so-called ANTiNomMyY oF RuUssrLL and
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the THEORY OF LOGICAL TYPES 2 A discussion of this question would
trespass beyond the mtended limits of this book We will only
remark here that the nced for considering ‘‘inhomogeneous’”
classes occurs haidly ever in the whole of mathematics (except
for the general theory of sets), and even more rarely in othe
sciences.*

24. Fundamental relations among classes

Various relations may hold between two classes K and L It
may, for instance, occur that every element of the class K 1sat
the same time an element of the class L 1 which casc the set K 1s
said to be a SUBCLASS OF THE cLASS L or t0 be INCLUDED IN THL
CLABS L, or to HAVE THE RELATION OF INCLUSION TO THE CLASS L;
and the class L 15 said to COMPREHEND THC CLASS K AS A SUB-
cLass This situation 1s expressed, briefly, by either of the
formulas:

KCL or LOK.

By saying that K is subclass of L 1t 1s not intended to preclude
the possibility of L also bemng a subelass of £ In other wouds,
K and L may be subclasses of each other and thus have all their
elements 1n common, m this case 1t follows from a law (given
below) of the theory of classes that K and L are identical If,
however, the converse relation does not hold, that 1s, if every
element of the class K 1s an element of the class L, but if not
every element of the class L 15 an element of the class K, then the
class K 1s said to be a PROPER SUBCLASS OT & PART OF THE CLASS L,
and L 15 said to cOMPRCHEND K AS A PROPER SUBCLASS OT AS A
PART For example, the set of all integers 18 a proper subset of
the set of all rational numbers, a hne comprehends each of its
segments as a part

Two classes K and L aie saxd to OVERLAP or to INTERSECT if
they have at least one element 1n common and if, at the same time,

2 The concept of logical types intioduced by RUssELL 18 akin to that of
the order of a class, and can even be conceived as a generalization of the
latter,—a gencrahzation which refeis not only to classes but also to other
things, for instance, to relations, which will be considered i1n the next
chapter The theory of logical types was systematically developed in
Principia Mathematica (cf footnote 1 on p 19)
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each contains elements not contained in the other. If two classes
have each at least one element (1e 1f they are not empty), but 1f
they have no element in common, they are called MuTUALLY
EXCLUSIVE Or DISTOINT A circle, for imstance, intersects any
straight line drawn through 1ts center, but 1t 18 disjoint from any
straight line whose distance from the center 1s greater than the
radius The set of all positive numbers and the set of all rational
numbers overlap, but the set of positive and the set of negative
numbers are mutually exclusive

Let us give some examples of laws concerning the relations be-
tween classes mentioned above

For any class K, K C K.
If KCL and LCK, then K=1
If KCL and LCM, then KCM

If K 15 a non-empty subclass of L, and 1f the classes L and M
are disjont, then the classes K and M are disjornt.

The first of these statements is called the LAW OF REFLEXIVITY
for meclusion or the class-theoretical LAw or pENTITY. The third
is known as the LAW oF TraNsITIVITY for inclusion, together with
the fourth statement and others of a simlar stiucture they form
a group of statements which are called LAWS OF THE CATEGORICAL
SYLLOGISM

A characteristic property of the universal and null classes in
connection with the concept of mnclusion 1s expressed mn the fol-
lowing law:

ForanyclassK, VDK and ACK.

This statement, particularly in view of 1its second part referring
to the null class, seems to many people somewhat paradoxical.
In order to demonstrate this second part, let us consider the im-
plication:

f zeA, then zeK

Whatever we substitute here for ‘z” (and “K’’), the antecedent
of the impheation will be a false sentence, and hence the whole
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implication a true sentence (the implication—as the mathema-
tic1ans sometimes say—is satisfied ‘‘vacuously”) We may, thus,
say that whatever 1s an element of the class A1s also an element of
the class K, and hence, by the defimtion of inclusion, that A € K
—In an analogous way the first part of the law can be
demonstrated

Tt 18 easy to see that between any two classes one of the relations
considered here has to hold, the following law 1s to this effect

If K and L are two arbitrary classes, then esther K = L or K
18 a proper subclass of L, or K comprchends L as a proper subclass,
or K and L overlap, or finally K and L are disjoint; no two of these
relatwons can hold ssmultancously

In order to get a clear intuitive understanding of this law 1t 1s
best to think of the classes K and L as geometrical figures and to
1magine all the possible positions 1n which these two figures may
be with respect to each other

The relations which have been dealt with in this section may be
called the FUNDAMENTAL RELATIONS AMONG CLASSES 3

The whole of the old traditional logic (cf Section 6) can almost
entirely be reduced to the thecory of the fundamental relations
among classes, that 1s, to a small fragment of the entire theory
of classes Outwardly these two disciplines differ by the fact that,
in the old logie, the concept of a class docs not appear explicitly
Instead of saying, for mstance, that the class of horsesis contained
1n the class of mammals, one used to say mn the old logic that the
property of being a mammal belongs to all horses, or, simply, that
every horse 1s a mammal. The most important laws of traditional
logic are those of the categorical syllogism which correspond
precisely to the laws of the theory of classes that we stated above
and named after them. For example, the first of the laws of
syllogism given above assumes the following form in the old
logic*

If every M 15 P and every S is M, then every S is P.

% These relations were first investigated 1n an exhaustive manner by the
French mathematician J D GercoNNm (1771-1859).
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Thus is the most famous of the laws of traditional logic, known as
the law of the syllogism BARBARA.

2b. Operations on classes

We shall now concern ouiselves with certamn operations which,
if performed on given classes, yield new classes

Given any two classes K and L, one can form a new class M
which contains as 1ts elements those, and only those, things which
belong to_at least one of the classes K and L, the class A, one
might say, results fiom the class K by adjomning to 1t the elements
of the class I This operation 1s called ADDITION OF CLASSES, and
the class M 1s refeired to as the suM or UNION OF THE cLassEs K
AND L, designated by the symbol

KUL (or K+ L).

Another operation on two classes K and L, called mMuLTIPLICA~
TION OF CLASSES, consists 1n forming a new class M whose elements
are those, and only those, things which belong to both K and L;
this class M 1s called the PRODUCT Or INTERSECTION OF THE
crAssES K AND L and 1s designated by the symbol

KNL (or K-L)

These two operations are frequently applied 1n geometry, some-
times 1t 15 very convenient to define with their help new kinds of
geometrical figures Suppose, for mnstance, we know already what
15 meant by a pair of supplementaly angles, then the half-plane
—that 18, the straight angle—may be defined as the union of two
supplementary angles (an angle heie bemng considered as an
angular region, that 1s, as a patt of the planc, bounded by the two
half-lines which are called the legs of the angle) Or, if we take
an arhitrary circle and an angle whose vettex les in the center
of the circle, then the mntersection of these two figures is a figure
called a circular scetor

Let us add two more examples from the ficld of arithmelic: the
sum of the set of all positive numbers and of the set of all negative
numbers is the set of all numbers different from 0; the mntersection
of the set of all even numbers and of the set of all prime numbers



78 ON THE THEORY OF CLASSES

is the set having as its sole element the number 2, this number
being the only even prime number.

The addition and multiphcation of classes are governed by
various laws  Some of these are completely analogous to the cor-
responding theorems of arithmetic concerning the addition and
multiplication of numbers—and 1t 1s for this very reason that the
terms “addition” and “multiplication’’ have been chosen for the
above operations; as an example we mention the COMMUTATIVE
and ASSOCIATIVE LAWS of addition and multiplication of classes.

Foranyclasses KandL, KUL=LUK and KNL=LNK

Foranyclasses K,Land M, KU{LUM)=(KUL UM
and KNLOM) =(KNL)N M.

The analogy with the corresponding arithmetical theorems be-
comes evident when we replace the symbols U’ and “N" by
the usual signs of addition and multiplication, “+’* and “.”

Other laws, however, deviate considerably from those of arith-
metic; the LAW OF TAUTOLOGY constitutes a characteristic example

Foranyclass K, KUK =K and KNK =K.

This law becomes obvious on reflecting upon the meaning of the
symbols “K U K” and “K N K”; if, for mstance, one adds to
the elements of the class K the elements of the same class, one
does not really add anything, and the resulting class 1s again the
same class K

We want to mention one other operation, which differs from
those of addition and multiplication inasmuch as 1t can be per-
formed, not on two classes, but only on one class. It 1s the
operation which consists mn forming, from a given class K, the
so-called COMPLEMENT OF THE crLass K, that 1s, the class of all
things not belonging to the class K; the complement of the class
K 18 denoted by:

K.

If K, for instance, is the set of all integers, sll fractions and irra-
tional numbers belong to the set K’.
As examples of laws which concern the concept of complement

rA
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and establish its connection with concepts considered earlier, we
give the following two statements

For every class K, KUK' =V
Foreveryclass K, KNK' = A

The first of these 1s called the class-theoretical LAw oF Ex-
CLUDED MIDDLE, and the second the class-theoretical raw oF
CONTRADICTION.

The relations between classes and the operations on classes
with which we have just become acquainted, and also the concepts
of the universal class and the null class, are treated in a spccial
part of the theory of classes; sinee the laws concerning those rela-
tions and operations tend to have the chaiacter of simple formulas
reminiscent of those of arithmetae, this part of the theory 1s known
as the CALCULUS OF CLASSES

26. Equinumerous classes, cardinal number of a class, finite and
infinite classes; arithmetic as a part of logic

*Among the remaining concepts which form the subject of 1n-
vestigation of the theory of classes there 1s one gioup which
deserves particular attention and which comprises such concepts
as equinumerous classes, cardinal number of a class, finite and
infinite classes They are, unfortunately, 1ather mnvolved con-
cepts which can only be superficially discussed here

As an example of two EQUINUMEROUS Or EQUIVALENT CLASSES,
we may consider the sets of the fingers of the right and of the
left hands, these sets aie equinumerous, because 1t 15 possible to
parr off the fingers of both hands in such a manner that (1) every
finger occurs m just one pair, and (1) every pair contains just
one finger of the left hand and just one finger of the right hand.
In a similar sense, the following three scts, for instance, are equi-
numerous. the set of all vertices, the set of all sides, and the
set of all angles of a polygon Later, in Section 33, we shall be
able to give an exact and general defimtion of this concept of
equinumerous classes

Now let us consider an arbitrary class K, there exists, no doubt,
a property belonging to all classes equinumerous to K and to no
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other classes (namely, the propeity of being equinumerous with
K); this property 1s called the CARDINAL NUMBER, or the NuMBER
OF ELEMENTS, ot the POWER OF THE crAss K This can also be
expressed more biiefly and precisely, though pethaps i an even
more abstract manner The cardinal number of a class X 1s the
class of all classes equinumerous with K. It follows from ths
that two classes K and L have the same cardinal number if, and
only if, they are equinumerous

With regard to the number of theiwr elements, classes are classi-
fied into finite and infinite ones Among the former, we distin-
guish between classes consisting of exactly one element, of two,
of three elements, and so on  These terms are most easily defin-
able on the basis of anthmetic Indeed, lel n be an arbitrary
natural number (that 18, a non-negative mnteger), then we shall
say thal THE cLass K cONSISTS OF n ELEMENTS, if K 15 cqui-
numerous with the class of all natural numbers less than » In
particular, a class consists of 2 clements, 1if 1t 15 equinumerous
with the class of all ratural numbers less than 2, 1e, to the class
consisting of the numpers 0 and 1. Similarly, a class consists of
3 elements if 1t 1s equinumetous with the class contaming the
numbers 0, 1 and 2 as elements In general, we shall call a class
K FINITE if there exists a natural number n such that the class
K consists of n elements, other wise INFINITE.

It has, however, been recognized that there 1s still another pos-
sible proceduie  All the terms which have just been considered
can be defined 1n purely logical terms, without resorting at all to
any expressions belonging to the field of arithmetic We may, for
instance, say that the class K consists of exactly one element, 1f
this class satisfics the following two conditions (1) there 1s an
such that z € K, (u) for anyyand z,1f ye Kand z € K, theny = z
(these two conditions may also be replaced by a single one ““there
18 exactly one z such that z € K, ¢f Section 20) Analogously,
we can definc the phrases “the class K consists of two elements”,
“the class K consists of three elements”, and so on. The problem
becomes much more difficult when we turn to the question of
defining the terms “finite class” and “mfinite class’’, but also m
these cases the efforts of solving the problem positively have been
successful (cf Section 33), and thereby all the concepts under
consideration have been mcluded withun the range of logic.
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This circumstance has a most interesting consequence of far-
reaching 1mportance, for 1t turns out that the notion of number
itself and lhikewise all other anthmetical coneepts are definable
within the field of logie It 1s, indeed, easy to establish the mean-
mg of symbols designating individual natwal numbers, such as
“0”, “1”, “2”, and so on. The number 1, for mnstance, can be
defined as the number of:elements of a class which consist of
exactly one element (A definition of this kind secems to be 1n-
correct and contains apparently a vicious eircle, since the word
“one”’, which 1s about to be defined, occuts in the definiens, but
actually no error 15 committed because the phrase “the elass con-
sists of exactly one element” 1s considered as a whole and 1ts
meaning has been defined previously ) Norisit haid to define the
general concept of a natuial number a natural number 1s the
cardmal number of a finite class We are, further, 1n a position
to define all operations on natural numbers, and to extend the
concept of number by the introduction of fractions, negative and
wrrational numbers, without, at any place, having to go beyond
the limits of logic Furtheimore, 1t 1s possible to prove all the
theorems of arithmetic on the basis of laws of logic alone (with the
qualification that the system of logical laws must first be enriched
by the inclusion of a statement which 1s mtuitively less evident
than the others, namely, the so-called aAx1oM oF INFINITY, which
states that there are infinilely many differient thmgs) This
entire construction 1s very abstraet, 1t cannot casily be popularized
and does not fit into the framework of an elementary presentation
of arithmetic, 1n this book we also do not atiempt to adapt om-
selves to this conception and ticat numbers as mdividuals
and not as properties o1 classes of classes  But the mere fact that
1t has been possible to develop the whole of atithmetie, including
the disciplines erccted upon 1t—algebta, analysis, and so on—, a8
a part of pure logic, constitutes one of the grandest achievements
of recent logical investigations **

4 The fundamental 1deas 1n this field are due to Frees (ef footnote 2
on p 19), he developed them for the first time 1n s interesting book.
Die Grundlagen der Arithmet:k (Breslau 1884) Fnecr’s 1deas found thewr
systematic and exhaustive realization 1n WaiTemeap and RusseLL’s
Principra Mathematica (cf footnote 1 on p 19)
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Exercises

1. Let K be the set of all numbers less than %; which of the fol.
lowing formulas are true:

0eK, lekK, 3¢k, 1eK, ¢eK ?
2. Consider the following four sets:
(a) the set of all positive numbers,
(b) the set of all numbers less than 3,
(e¢) the set of all numbers z such that z + 5 < 8,

(d) the set of all numbers z satisfying the sentential function
“r < 2z7.

Which of these sets are 1dentical, and which are dustinet?

3. What name 1s given 1n geometry to the set of all points in
space whose distance from a given point, (or from a given straight
line) does not exceed the length of a given line segment?

4 Let K and L be two concentrie circles, the radius of the first
being smaller than that of the second. Which of the relations
discussed 1n Section 20 holds between these circles? Does the
same relation hold between the circumferences of the circles?

5 Draw two squares K and L so that they stand in one of the
following relations.

(8) K =1L,

(b) the square K 1s a part of the square L,

(c) the square K comprehends the square L as a part,
(d) the squares K and L overlap,

(e) the squares K and L are disjoint.

Which of these cases are eliminated, (i) if the squares are con-
gruent, or (u) if not the squares but only their perimeters are
considered?

6 Let z and y be two arbitrary numbers, with z < y. Itis
well known that the set of numbers which are not smaller than
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z and not larger than y is called the interval with the endpoints
z and y; 1t 18 denoted by the symbol “[z, y]”.
Which of the formulas below are correct:

() [3,5] <3, 6],

(b) [4, 7] <[5, 10],

() [—2,4]D[-3,5],

@ [-7,11D[-5,—2] ?

Which of the fundamental relations hold between the intervals:
(e) [2, 4] and {5, 8],

(f) [3, 6] and [3%, 53],

(8) [1% 7}and[-2,33] ?

7. Is the following sentence (which has the same structure as
the laws of syllogism given n Section 24) true.

of K is disgoent from L and L disjount from M, then K ts
disjornt from M 7

8. Translate the following formulas into terms of ordinary
language:

(8 (z=1y) <—>/:\[(xeK)<—>(yeK)],
(b) (K=L)o Al(zeK) < (zel)]

What laws mentioned 1n Section 22 and 24 find their expiession
1n these formulas? What alterations on both sides of the equi-
valence (b) would be required n order to arive at a definition of
the symbol “C” or “D”?

9. Let ABC be an arbitrary triangle, with an arbitrary point D
lying on the segment BC What figures are formed by the sum
of the two triangles ABD and ACD and by their product?
Express the answer mm formulas.

10. Represent an arbitrary square:

(a) as the sum of two trapezoids,
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(b) as the intersection of two triangles.
11. Which of the formulas below are true (compare exercise 6)°
(@ [2,321U 8, 5] = [2, 5],
(®) [—1,2]UIo,3] = [o, 2],
(e [-2,8N[3,7 =(-238],
d [2,431N[3.5]=1[2,8) ?

In those formulas which are false correet the expression on the
right of the symbol “=",

12. Let K and L be two arbitrary classes What classes are
KULand KN Lmcase K < L? In particular, what classes are
KUV,KNV,AULand ANL?

Hint* In answering the second question keep 1n mind a law of
Section 24 concerning the classes V and A

13. Try to show that any classes K, L and M satisfy the follow-
ing formulas:

@ KCKUL and KD KNL,

G EKNELUM)=ENL)UEKN M)
and KU(LNM)=(KUL)NEKUM),

() (K') =K,
(dEULY=K'NL and (KNLY=K UL

The formulas (a) are called the LAws or smpriFIcATION (for
addition and multipheation of classes); the formulas (b) are the
DISTRIBUTIVE LAWS (for the multiplication of classes with respect
to addition and for addition with respect to multiplication), the
foumula (c¢) 18 the LAW OF DOUBLE COMPLEMENT, and, finally,
the formulas (d) are the class-theoretical LAws oF De MORGAN §
Which of these laws correspond to theorems of arithmetic?

Hint In oider to prove the first of the formulas (d), for instance,
1t 1s sufficient to show that the classes (K U L)’ and K’ N L' consist
entirely of the same elements (cf. Section 24). For this purpose,

5 Cf footnote 6 on p 52



EXERCISES 85

we must, using the definitions of Section 25, make clear to our-
selves when a thing = belongs to the class (K U L)’ and when it
belongs to the class K’ N L',

*14. Between the laws of sentential ealculus given in Sections 12
and 13 and in Exercise 14 of Chapter II, on the one hand, and the
laws of the caleulus of classes given 1n Sections 24 and 25 and 1n the
preceding exercise, on the other, there subsists a far-reaching
similarity n structure (which 1s indicated 1n the analogy in their
names) Describe 1n detail wherem this similanty lies, and try
to find a general explanation of this phenomenon.

In Section 14, we became acquainted with the law of contra-
position of sentential calculus, formulate the analogous law of
the calculus of classes.

15. With the help of the symbol*
C

Introduced in Section 22 we can write the definition of the sum of
two classes 1n the following way.

KUL =Cl(zeK) V (zeL)];
but it is also possible to restate this definition in the usual form of
an equivalence (without the use of that symbol).
e(EUL)]e[(reK) V (zel)l

Formulate analogously in two ways the definitions of the
universal class, of the null class, of the product of two classes,
and of the complement of a class

*16. Is there a polygon, 1n which the set of all sides 13 equi-
numerous with the set of all diagonals?

*17. Lay down defimtions of the following expressions, using
terms from the field of logic exclusively.

(a) the class K consists of two elements,

(b) the class K consisis of three elements
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*18. Consider the following three sets:

(a) the set of all natural numbers greater than 0 and less than 4,
(b) the set of all rational numbers greater than 0 and less than 4,

(c¢) the set of all irrational numbers greater than 0 and less
than 4.

Whuch of these sets are finite and which are infinite?
Give further examples of finite and infinite sets of numbers.
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27. Relations, their domains and counter-domains; relations and
sentential functions with two free variables

In the previous chapters we have already met with a tew
RELATIONS between things  As examples of relations between two
things we may take, for mstance, identaty (equality) and diversity
(inequalty). We sometimes read the formula: T

=19

e

as follows:

x has the relation o} adentsty to y

—

or also:

the relation of wdentrly holds between z and y,

and we say that the symbol “=" desigr_lgté‘gthe relation of iden-
tity. In an analogous way, the formula:
. A e A

zFy

——

is sometimes read. -‘_:_,
g W3l
z has the relation of dwersity to y

or:

the relation of dwersity holds between z and y,

and one says that the symbol “+” designates the relation of
diversity. We have further encountered certain relations holding
between classes, namely, the relations of inclusion, of overlapping,

of disjointness, and so on. We will now discuss several concepts
belonging to the general THEORY OF RELATIONS, which c_onstltutes a
special and very important part of logic, and in which relations

87
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/.n entirely arbitrary character are considered and general
aws concerning them are established !
To faciditate our considerations, we mtroduce special vanables

“B”, “3", ... which serve to denote relations  In place of such

phrases as

the thing z has the relation R to the thing y
and: ’

the thing z does not have the relation R to the thing y

we shall employ symbolic abbreviations. -

zRy
and (to use the negation sign of sententla.l calculus, cf. Section 13)
) ~(z R )
respectively

Any thing having the relation B _to some thing y we call a
PREDECESSOR’ ‘WITH RESPECT 'TO THE RELATION R, any thing y
for which there 1s a thing z such that

zRy

is called a succn‘sson WITH RESPECT TO THE RELATION B, The
class of all predecessms with respect to the relation R 18 known as
the powAaIN and the class of all suceesgors as the COUNTER-DOMAIN
(or CONYERSE DOMAIN) OF THE RELATION B Thus, for “example,
any mndividual 1s both a predecesqor Mccessor with respect
to the relation of 1dentaty, so that the domain and counter-domain
of tI}ls relation are both the universal class ~

In the theory of rclations-—-just as in the theory of classes—we
may distinguish reclations of different orders The RELATIONS

1 D MorgaN and Prrrce (¢f fiotnotes 8 on p 52 and 2 on p 14)
were first to develop the thgory of relations, especially that part of 1t
known as the calculus of relajons (ef Scction 28) Their work was sys-
tematically expanded and compieted by the German logician E ScHrbDER
(1841-1902) ScerODER'S Algebrg und Logik der Relatwe (Leipzig 1895),
which appeared as the third volume of his comprehensive work Vorlesungen

uber die Algebra der Logik, 18 still tBe only exhaustive account of the calcu-
lus of 1elations
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OF THE FIRSTQBDER. ale those which hold between mdnndunalg, thet
RELATIONS OF THE SECOND ORDER are those which hold between '
classes, or relations, of the first order, and so on  The situation
is here all the more complicated as we must often gonsider “‘mixed”
relations whose precedessors are, say, 1nd1v1duE[s_and Its sue-
cessors classes, or whose predecessors are, for instance, classes of
the first order and its successors classes of the sccond oider The

st 1mportant example of a relation of this kind 1s the rclation
?ich holds between an element and a class to which 1t belongs,

we recall from Section 21, this relation 1s denoted by the symbol
‘¢”’.—As in the case of cIasses, our considerations concerning
relations will refer primarily to those of the first order, although
the concepts discussed here can and, 1n a few cases, will be apphed
to relations of higher ordeV

We assume that, to every sentential function with two fiee
variables “z’ and %4’ there corresponds & relation holding
between the thmgs T a.nd d y 1f, and only if, they satisfy the given
sentential function, 1n ths connection 1t 1s said of a sentential
funetion with the irce varables “xz” “y’’ that 1t expresses a
relation between the things z and y Thus, for instance,, the
sentential function*

expresses the relation of having the opposite sign or, briefly, of
being opposite; the numbers z and y have the rclation of being
opposite if, and only if, z + y = 0 If we denote this relation
by the symbol ‘}Q”, then the formulas
z0y
and
z+y=20

are equivalent. Similarly, any sentential function containing the
sywu_ﬂlemly free vanables may be trans-

formed into an equivalent formula of the form:
zRy
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where, in place of “R"’, we have a constant which designates some
relation The formula

Ry

may, therefore, be considered as the general form of a sentential

function with two free varables, just as the formula:
zeK
— N

could be looked upon as the general form of a sentential function
with one free variable (cf Section 22).

28. Calculus of relations

The theory of relations 1s one of the farthest developed branches
of mathematical logic. One part of 1it,-the cALcULUS OF RELA-
TIONS, 18 akin to the calculus of classes, 1ts principal object bemg
the establishment of formal laws goverming the operations by
means of which other relations are constructed from given ones

In the calculus of relations we consider, in the first place, a
group of concepts which are exact analogues of those of the
caleulus of classes; they are usually denoted by the same symbols
and governed by quite stmilar laws  (In order to avoid ambiguity,
we might, of course, employ a different set of symbols i the
calculus of relations, taking, for instance, the symbols of the
calculus of classes and placing a dot over ea,ch )

We have thus i the caleulus of relations two special relations,
the UNIVERSAL RELATION V and the NyLL RELATION A, the first of
WhTE@@ﬂ_Eweem’ md1V1 uals, and the : 'second between
none.

We have, further, various relations between relations, for
instance, the RELATION OF INCLUSme—Iﬁlon Ris
INCLUDED In the relation S, m symbols

~RCS,
if, whenever R holds between two things, S holds between them
likewise, or, 1n other words, if, for'a,ny z and y, the formula:

-

———

z R Y T
implies:
z8y.
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We know, for instance, from arthmetic that, whenever
z <4y,

then
z*y;

hence the relation of bemg smaller 18 included_in the relation of

diversity.

If, at the same time,

R C§ and SCR,

that is to say, f the relations B_and S hold between the same
things, then they are identical
R =S8

We have, further, the sum or 'UNION OF TWQ_RELATIONS R . AND
S . symbols.

/

RUS,
and the PRODUCT Or INTERSECTION OF K AND S, n symbols
B e
RN S. . >

The first, B U S, holds between two things if, and only 1if, at least
one of the relations B and S holds between them, 1n other words,

the formula;: . .
z(R U S)y
is equivalent to the condition: )
Ry or z8 —
,\\)/’ zRy zS8y

Similarly the product of two relations 15 defined, using only the
word “and” nstead of Y o Thus, Tor example, if R is the
relatlon of fatherhood (that 18, a relation holding ween two
persons 2 a.n__ya_f and ('nuy, z1s the father of y), and'S the relation
of motherh motherhood, then B U S is the relation of od, while
R ) Sis, in this case, the null relation.

We have, finally, the NBEGATION or the ?OMPLEMENT OF A RELA-
TIoN R denoted by. -1

R,
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It 18 a relation which holds between two things if, and only if, the
relation R does not hold hetween them; in other words, for any
and y, the formulas-

zR'y and ~(Z Ry ~

are eg,uw@nt It should, ted that, 1f a relation is designated
by a constant, then 1ts cofiplement 1s frequently denoted by the
gy_n_l_‘pp_l_obta,mcd from that constant by crossing it by a vertical
or oblique bar The negation of the relation <, for example,
18 usually denoted by “{”, and not by “<’'”,

In the calculus of relatlons there occur also entirely new con-
cepts, without analogues 1n the calculus of classes.

We have here, first, twg special relations, 1DE and pIver-
sity_between individuals (which are, incidentally, familiar to us
from earlier considerations) In the calculus of relations they are
denoted by special symbols, e.g, 4” and “D’, and not by the
symbols “=" and “=" used 1n other [ parts of logic We write,
thus. -

zly and zDy V¢,
instead of .
=y and zFy.
The symbols “="" and ‘*+" are used 1n the calculus of relations
only to denote the 1dentity and diversity between relations.
We have here, further, a very interesting and important new
peration, with the help of which we form, from two relations B
S, a third relation called the RELATIVE PRODUCT Or COMPOSI-

W oF &2 AND S (as opposed to 1t, the ordinary product 1s some-
?m—.ﬂ called the ABsoLUTE propUCT) The relative product of

)nd-b\@dfgte_d by the symbol-

T~ —
S AN R/S
_ it holds between two things = a.nd Y 1f anwa
Ehmg z such that we have &t the same tune:
e—— P )

P /
z zand rSy.

47 Thus for wnstance, 1££15 the velation of being husbhand and § the
relation of bemng daughte:, then /S /8. hold - between two persons
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\ z and Y if th_ere is_ a person z such that z 1s husband of z and z is

daughter of y, tWthh the

| relation of bemg son-in-Taw —We have here, 1n addition, another

operation of a similar characici, whose 1esult 1s called the REL\TIVE

BUM OF TWO RELATIONS This opciation does not play a very
great role and will not be diﬁned heig_ ==

Fimnally, we have an opéraﬁcgn similar to that of formung R’,

namely, &n operation with the help of which, from a relatron R, we
form a new relation called the coNVERsE oF R _and denoted by

It

2
The relation w@d_gﬂg and only. if, R holds be-
tween ¥ and z If a relation 1s denoted by aconstant, then for
denoting 1ts converse we often employ the same symbol printed
in the opposite dircetion The conveise of the relation <, for
instance, 1s the relation >, since, for any z and y, the formulas

z<y and y>z
are equivalent.
/

_I; view of the rather specialized character of the calculus of
relations, we shall here not go any further into the details of 1t.

29. Some properties of relations

We now turn to that part of the theory of relations whose tas|
1t 18 to single out and nvestigate special kinds of 1clations with
which one meets fiequently 1n other sciences and, 1n pai tlcula{, ig
mathematics -
We shall call a relation B REFLEXIVE IN THE cLAss K, 1if evcryt
element z of the class K has the relation R totself = -

z Rz
if, on the other hand, no _e_lgx_ngl_lg_of this class has the relation I2 ﬁ)
itself: '
~(z R z),
then the relation R is said to be IRREFLEXIVE IN THE CLASS K.
The relation R 1s called symMyMETRICAL In THE-CLASS K 1if, for any,

two elements z and y of the class K, the formula-

W SRy
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and

the polygons P and é have the same shape (that 1s, the
— shapes of P and Q are zdentwal)-/

are cquivalent

The reader will notice immediately that, in the course of the
preceding consideralions, we have once before applied an analogous
procedure, namely m Section 26 1n making the transition from the
expression-

the classes K and L are equinumerous

to the equivaleni? one:
- the classes K and L have the same cardinal number

It can be shown with little difficulty that the same prockdure 15
applicable to any reflexive, symmetiical and transitive 1elation
There 18 even a logical law, called the PRINCIPLE OF ABSTRACTION,
that supples a general theoretical Toundation for The procedure
which we have been considering, but we shall here forego the
exact, formulation of this principle *

There is, so far, no universally accepted term denoting the
totality of relations which are at the same time reflexive, sym-
metrical and transitive. .Sommmes__they_hawgenexally beem
called EQUALITIES or EQUIVALENCES. But the term “equality” 1
also sometimes reserved for particular relations of the ca.tegory
under consideration, and two things are then called equal if such a
relation holds between them. For mstance, in geomelry, as has
been pomted out mm Section 19, congruent segments are often
referred to as cqual segments We will emphasize here once
more that 1t 15 preferable to avoid such expressions altogether,
their use merely leads to ambigwities, and it violates the conven-
tion 1n accordance with which we consider the terms ‘“‘equality”
and “identity’”’ as synonymous.

31. Ordering relations; examples of other relations

Another very common kind of relation is represented by those
which are asymmetnca,l “transitive and connected in a given class
K (they must then, as can be shown, also be irreflexive in the class
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K’f, Of a rclation with these pLof opertics we say that 1t ESTABLISHYS
AN ORDER IN THE CLASS K, We say alsg—that the elass-K 15 ORDERED

BY THE BELATION R Conmder for exariple, the relation of bemg

smaller (or, the relation less than, as we shall say occasionally);

1t 1s_asymmetrical 1n any set of numbers, for, if z and y are any
{vs_z; numbers and if e

z <y t/

y < =z, 1e ~y <z),”

then

it is transitive, since the formulas

T <y and ¥ <z
always imply. R

x <z o

finally, it is connecled, since, of any two distinct numbers, one
must be smaller thmlih_g,(ﬁhej_(and 1t 15 also 1%gx1ve, since no
numman iself) Any sét of numbets, therefore, 15
ordered by the ‘relation of | pemng smaller ILikewise, the rclation
of hewng greater Tepresents another ordermg relation for any set of
numbers,

Let ow consider the relation of being older. One can casily
verify that this relation 1s eflexive, asymmetrical and transitive
M Mnecessarlly cofi-
nected, for 1t can happen, perchance, that the set contams two
people havurg exactly the same age, that 1s to say, - who weie born
at the same moment, so that the 1clation of bemng older does not
hold between them 1n either ducction If, on the other hand, we
consider a seg’oﬁ,people in which no two aie of emctly the same
age, the relation of beng older cstablishes an order 1n that set.

Many stances of relations are known that belong to neither
‘of the tyfo categories discussed 1n the present section and in the
preceging one. Let us consider a few examples
e relation of diveisity s irreflexive 1n_any set of t_hlngsﬁsmce

IMW_ILSC_HJ 1s symmetrical, for, if
T+,




98 ON THE THEORY OF RELATIONS

then we also have Y
R H
it fails to be transitive, however, since the formulas:

z+y and y+z
]
do not imply the formula:

z * 2z ?
1t is, on the other hand, connected, as can be seen at once
The relation of inclusion between classes, by the law of 1déntity
and one of the laws of syllogism (cf. Section 24), 15 reflexivé and

transitive; 1t 1s, further, neither symmetrical nor asymmetrical,
since the formula'

KcCL .
neither implies nor excludes the formula. O

LcK 'S
(these two formulas are fulfilled simultaneously if, and only if,
the classes K and L aie 1dentical), finally, 1t can be seen with

ease that 1t 1s not connected Thus, the relation of melusion
differs 1n 1ts properties from other relations thus far con51.dered )

32. One-many relations or functions
We will now deal in some detail with another particularly
important categoy of relations A w_a ONE-
MANY Or FUNCTIONAL RELATION Qr simply 8 FUNCTION if, to_every
thing_y, there corresponds at most one thing z such that =z R y;
in other words, if the formulas

zRy_and zRy
always imply the formula’

T =2z !
=z

The successors w1§h respect to the relation R, that s, those things y
for which there actually are things = such that

— 2 -
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are~the ARGUMENT VALUES, the predccessors are the FONCTION
VALUES 0r, simply, the VALUES OF THE FUNTION B. Let R be ax
arbltrary function, y any one of 1ts argument values, the uniqud
value z of the functlon n corresponding to the value y of the argus
ment we will denote by the symbol “R(y)”, consequently We
replace the formula

zRy
by: T
z = R@y).
It has become the custom, especla.lly in mathematics, to use, nof
the varaables “R”, “8”, ..., but other letters such as ‘4™, “g"|

. to denote functional rela.tlons, so that we find formulas hke
these

z=f@), z=4g9@),---;
the formula:
z = f(y),

for 1nstance, 18 read as follows.

the function f assigns (or correlaies) the value z_io the
argument value y

or

z 18 that value of the function f which corresponds lo (or 18
correlated unth) the argument value y.

(There is also another custom, of using the variable “z’ for
denoting the argument value and the vanable ‘“y” for denoting
the value of the function We shall not adhere to this custom,
and contmue to use ‘‘z’’ and “y” in the opposite order, because
this is more convenient 1n connection with the general notation
used in the theory of relations )
In many elementary textbooks of algebia a defimition of the
coneept of a function 18 to be found that 1s quite different fiom the
defimition adopted here. The functional relation 1s ihere char4
acterzed as a relation between two ‘“‘variable” quanfitigs or|
numbers: the “independent variable” and the “‘dependent vari-
o7 ¥
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able”’, which depend upon each other in so far as a change of the
First effects a change of the second,~ Definitions of this kind should
no longer be employed today, since they are incapable of standing
up to any logical eriticism, they are the remains of a period mn
which one tried to distinguish between “constant’’ and ““variable”
quantities (cf Section 1). He who desires to comply with the
requirements of contemporaiy science and yet does not wish to
break away completely from tradition, may, however, retamn the
old termmology and use, beside the terms “argument value” and-
“function value”, the eipmm pendent
variable” and—‘_‘valpg of the dependent variable”

The sumplest example of a functional relation is represented
by the ordinary rclation of identity  As an example of a function
from everyday lifc let us take the relatloﬁ'e'xﬁessed by the senten-
tial funetion:

x 18 father of y.

It 15 a functionalrelation, since, to every person y, there exsts
but one person z who 1s father of y. In order to indicate the
functional character of this relation, we msert the word ‘the”

in the above formulation. P

z 18 the father of y,
instead of which we might also write:
z 18 tdentecal unth the father of y.

Such an alteration of the orgmal expression, involving the mser-
tion of the definite article, scives, mn ordnary language, exactly
the same purpose as the trapsition from the formula-

zRy
to the formula

z = R(y)
in our symbolism
The concept of a function plays a most important role in the
mathematical sciences. There are whole branches of higher
mathematics devoted exclusively to the study of certain kinds of
functional relations But also n elementary mathematics,
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especially m algebra and trigonomet1y, we find an abundance of
functional relations Examples are the relations expressed by
such formulas as:

z+y =235, - ?

T = yz: -

z = log,y,

z = sin y,
and many others Let us consider the second of these formulas
more closely. To every number y sponds only one
number z such that z = 32, so ula really does repre-

sent a functional relation. = Argument values of this function are
arbitrary numbers, values of the function, however, only non-
negative numbers. If we denote this function by the symbol
“f", the formula.

T =y
assumes the form
z = f(y).

Evidently ‘2z’ and “y’’ may here be replaced by symbols desig-
nating definite numbers  Since, for instance,

4 = (—2)2;
it may be asserted that
4 = f(—2);

thus, 4 15 the value of the function f corresponding to the argument
value —2

On the other hand, and again in elementary mathematics
already, we encounter numerous 1elations which are not functions.
For example, the relation of bemng smalleriseertainly not, a funetion,
since, to_every number y, there are infimtely many numbers z
such that

z <.

Nor is the relation between the numbers z and y expressed by the
formula:

4y =25
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a functional relation, since, 1o one and the same number y, there
may correspond two different numbers z for which the formula 1s
valid; corresponding to the number 4, for instance, we have both
the numbers 3 and —3. It may be noted that relations between
numbers which, like the one just considered, are expressed by
equations and correlate with one number y two or more numbers z
are sometimes called 1n mathematics two- or many-valued func-
tions (an opposition to single-valued functions, that is, to functions
in the ordinary meaning) It seems, however, inexpedient—at
least on an elementary level—to denote such relations as func-
tions, for this only tends to blot out the essential difference between
the notion of a function and the more general one of a relation

Functions are of particular significance as far as the applhications
of mathematics to the empirical sciences 1s concerned. Whenever
we mquire into the dependence between two kinds of quantities
occurring 1n the external world, we strive to give this dependence
the form of a mathematical formula, which would permit us to
determine exactly the quantity of the one kind by the correspond-
ing quantity of the other, such a formula always represents some
functional relation between the quantities of two kinds As an
example let us mention the well-known formula from physics

3 s =16.12

expressing the dependence of the distance s, covered by a freely
falling body, upon the tume ¢ of 1ts fall (the distance being meas-
ured m feet and the time 1n seconds).

*In conclusion of our remarks on funetional relations we want to
emphasize that the concept of a function which we are considering
now differs essentially from the concepts of a sentential and of a
de51gna,tory function known from Section 2. Strictly speaking,
the terms “sentential function” and ‘“‘designatory function ﬁo
not belong t6 the domain of logic or mathemafics; they __dg__e
certamn ca,tegoneb of expressmns which serve 1:0 compose logical
and mathematical : statements, but they do not denote things
treated of in those statements (ef Section 9). The term “‘ffunc-
tion” in 1ts new sense, on the other hand, 1s an expressionj of a
purely logical character; 1t designates a certain type of tlhings
dealt with m logic and mathematics. There is, no doubt, af con-
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thenerat nohon
nection between these concepts, which may be described roughly

as follows. If the variable “z’ 1s Jomed by the symbol “=""to a
designatory function contamming ‘‘y" as the only varnable, e g. to
“y? 4+ 2y + 3”, then the resulting formula (which 1s a sentential
function):

z=9y"+2y+3

expresses a functional relation, or, in other words, the 1elation
holding between those and only those numbeis £ and y which
satisfy this formula 1s a function 1 the new sense Thisis one of
the reasons why thesc concepts aie so often confused ""7

33. One-one relations or biunique functions, and one-to-one
correspondences

Among the functional relations particular attention should be
paid to the so-called ONE-ONE RELATIONS or BIUNIQUE FUNCTIONS,
that is, to those functional relations in which not only to every
argument value y only one function value & 1s correlated, but also
conversely only one argument value y corresponds to every valuex
of the funetion; they might also be defined as those relations which
have the propeity that theiwr converses (cf. Section 28) as well as
the relations themselves are one-many

If f 18 & biumque function, K an arbitrary class of its argument
values, and L the class of function values coirclated with the
elements of K, we say that the function f MaPs THE cLAss K oN
THE CLASS L IN A ONE-TO-ONE MANNER, or that 1t ESTABLISHES A
ONE-TO-ONE CORRESPONDENCE BETWEEN THE ELEMENTS OF K
AND L._~7

Let us consider a few examples Suppose we have a half-line
1ssuing from the pomnt O, with a segment marked off indicating
the umt of length Further let ¥ be any point on the half-line.
Then the segment OY can be measured, that 1s to say, one can
correlate with 1t a certain non-negative number z called the length
of the segment Since this number depends exclusively on the
position of the pomnt ¥, we may denote 1t by the symbol “f(¥)”’;
we consequently have:

z = f(Y).
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But, conversely, to every non-negative number z, we may also
construct a umquely determined segment OY on the half-hne
under consideration, whose length equals z, 1n other words, to
every z, there corresponds exactly one pomnt Y such that

z = f(Y).

Ae function f is, therefore, biunique; 1t establishes a one-to-one
correspondence between the pomnts of the half-lime and the non-
negative numbers (and it would be equally simple to set up & one-
to-one correspondence between the points of the entire line and all
real numbers). Another example 15 supplied by the relation
expressed by the formula:

z = —y.

This is a biunique function since, to every number z, there is only
one number y satisfying the given formula; it can be seen at once
that this function maps, for instance, the set of all positive numbers
on the set of all negative numbers in a one-to-one manner Asa
last example let us consider the relation expressed by the formula

=2 J

under the assumption that the symbol ‘“y" here denotes natural
numbers only. Again we have a biunique function; 1t corrclates
with every natural number ¥ an even number 2y, and vice versa—
to every even natural number z there corresponds just one number
y fuch that 2y = z, namely, the number ¥y = %z. The function
us establishes a one-to-one correspondence between arbitraiy
natural numbers and even natural numbers.—Nume: ous examples
of biunique functions and one-to-one mappings ean be drawn from
the field of geometry (symmetric, collmear mappings, and so o

Owing to the circumstance that we have the notion of a one-to-
one correspondence at our disposal, we are now 1n a position to
lay down an exact definition of a term which, earler on, we had
only been able to characterize intuitively rather than with preci-
sion. It 1s the concept of equnumerous classes (see Section 2
We shall now say that two classes K and L are equinumerous,
or that they have the same cardinal number, if there exists a func-
tion which establishes a one-to-one correspondence between th
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elements of the two clas On the basis of this definition 1t
Yollows, in connection m examples considered above, that
the set of all points of an arbitrary half-hine 1s equinumetous with
the set of all non-negative numbers, and likewise, that the set of,
positive numbers and the set of negative numbers are equ-
numerous, and that the same holds for the set of all natural
numbers and the set of all even natural numbeis_, The last ex-
ample 1s particularly instructive, for it shows that a class may be
equinumerous with a proper subclass of itself,, To many readeis
this fact may seem most paradoxical at 4 first glance, because
usually only finite classes are compaied with respect to the num-
bers of their elements, and a finite class has, indeed, a greater
cardinal number than any of its parts,. The paradox disappears
on calling to mind that the set of natural numbeis 1s infinite and
that we are, by no means, justified to aseribe propertics to infinite
classes that we have observed exclusively in connection with finite
classes —It 1s notewolthy that the property of 1the set of natural
numbers of being equinumerous with one of 1ts parts 1s shared by
all mfinite classes. This property 1s, therefore, characteristic of
infimte classes, and 1t permts us to distingwmish them from fimte
classes, a finite class can simply be defined as a class which 1s not
equmumerous with any one of its proper subclasses -(Resusewers

ol diffigulise o discusgion.ef

M v aotontay mba hc‘n :2*

34., Mgdy-termed relations; functions of several variables and
operations

We _hgve, so far, considered exclusively TWO-TERMED (or BI-
NARY) RELATIONS, that 1s, relations holding befween two things

However, ope also_mcets fxggqgntlg with EE%‘ 'E_MED_I_O_!'
TERNARY) and, in general, MANY-TERMED RELATIONS Within various
——— e

2 The first to call a\¢ention to the property of infimteclasses discussed
here was the German pYilosopher and mathematicien B BorLzavo (1781-
1848) 1n his book ParadoXen des Unendlichen (Leipzig 1851, posthumously
published), 1n this work w{ already find the first beginnings of the con-
temporary theory of sets he above property was later employed by
Prirce (¢f footnote 2 on p 14} and others in order to formulate an exact
definition of a fimte and of an efimite class
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sciences, In geometry, for instance, the relation of betweenness
constitules a typical example of a tree-termed relation, 1t holds
between—three ponts of and 1s cxpressed symbolically by
the formula. -

4 LQ[C’
which is read:

the pount B Jnes hetween the pownis A and C

Anthmetie, too, supphes numerous examples of three-termed
relations, 1t may suffice to mention the relation between three
numbers z, y and z, consisting 1n the fact that the first number 1s
the sum of the other two.

z=1y+z

as well as similar relations, such as are expressed by the following
formulas.

z=y — gz
T =Yz
T=19 2

As an example nf 2 four-termed relation let us pomnt to the relation
holding between four points 4, B, ¢ and D if, apd only if, the
distance of the first twoequals the distance of the last two, m
other words, if the segments AB and.CD are congruent  Another
example 1s the relation holding between the numbers z, y, z and ¢
whenever they form a proportion -

T y==z:1L

Of particular importanee among the totality of many-termed
relations are the many-termed functional relations, which cor-
respond to the two-termed functional relations. For reasons of
simplicity we shall restrict ourselves to a discussion of three-
termed 1clations of this type f R 15 called a THREE-TERMED
!/FUNCTION&. RELATION if, to any'two things  and 2, there corre-
Sponds at most one thing z having this relation to y and z.  This,
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uniquely determined thing, provided it exists at all, we denote
either by the symbol.

B2

or else by the symbol:
yRz

(which now assumes a differefit meaning from what 1t had in the
theory of two-termed relations) Thus, for the purpose of ex-
pressing that z stands to ¥ and z in the functional relation &, we
have two formulas at our disposal.

—

z=R(y,2) and z=yRa2
> = R(y, 2) y

Corresponding to this twofold symbohsm we have a twofold
mode of expression When using the notation:

z = R(y, 2),

the relation B is called a rFoncTiON. In order to differentiate
between two-termed and three-termed functional relations, we
speak, “In the first case, of FUNCTIONS OF ONE VARIABLE or of _
FUNCTIGNS WITH ONL ARGUMENT, and, 10 _the second, of FUNCTIONS
OF_TWO VARIABLES Or of FUNCTIONS WITH TWO ARGUMENTS
Smmilarly, four-termed functional relations ‘are called FUNCTIONS
OF THR ARIABLES Ot FUNCTIONS WITH THREL ARGUMENTS, and
so on. In designatirg functions with any numnber of arguments
1t is customary to employ the vanables ‘“f”, g, ..., the foamula“

z = f(y, ?)

is read.

z 18 that value of the function f which 1s correlated with the
—~———argument values y and z

When the symbolism*
z=yRz

is employed, the relation R 1s usually 1eferred to as an OPERATION

or, more specifically, a BINARY OPERATION, and the above formula
3 —_’__—————// — — —————
is read as follows.

z 18 the result of the operation R carried out on y and z,
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in place of the letter “R" we tend to use, 1n this case, other letters,
especially the letter “0”’., The four fundamental arithmetical
operations of addition, subtraction, multiphecation and division
may serve as examples, and also such logical operations as addition
and multipheation of classes or relations (gae-Sections-25-and-28),
The content of the two concepts of a function of two variables and
of a bimnary operation 1s evidently exactly the same It should,
perhaps, be noted that functions of one variable are sometimes
also called operations, and, in particular, UNARY OPERATIONS,
1n the calculus of classes, for instance, the forming of the comple-
ment of a class 1s usually thought of, not as a function, but as an
operationj

Although the many-termed relations play an important part m
various sciences, the general theory of these relations 1s yet 1n 1ts
initial stage, when speaking of a relation, or of the theory of
relations, one usually has only two-termed relations 1_n__g11;1d— x
more detailed study has so far only been made of one particular
categorgr'o’fj@gﬁumed relations, namely, a category of binary
operatidns, as the prototype of which we may consider the ordi-
nary arithmetical addition. These mvestigations are carried on
within the framework of a special mathematical discipline known
as the theory of groups We—tbmPzatacquanted with-gertam
eeneepisfrom-thathagn dihgreby alsowth-cortan
general-preperires—oi-bimary operatiens=wn—the—seeond-pari—of-
#has_hoolzy

35. The importance of logic for other sciences

We have discussed the most important concepts of contem-
porary logic, and m doing so we have got acquainted with
some laws (very few, by the way) concerming these concepts It
had not been our intention, however, to give a complete list of all
logical concepts and laws of which one avails oneself within scien-
tific arguments This, incidentally, 15 not necessary, as far as the
study and promotion of other sciences are concerned, even of
mathematics which 18 especially closely related to logie. Logic s
justly considered the basis of all other sciences, f only for the
reason that 1n every argument we employ concepts taken from
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the field of logic and that every correct inference proceeds in
accordance with the laws of that discipline , But this does not
imply that a thorough knowledge of logic 15°a necessary condition
for correct thmking; even professional mathematicians, who, in
general, do not commit errors m their mferences, usually do not
know logic to such an extent as to be conscious of all logical laws
of which they make unconscious use All the same, theie can be
no doubt that the knowledge of logic 1s of considerable practical
importance for everyone who desires to think and infer correetly,
since 1t enhances the innate and acquired faculties to this effect
and, in partlcularly critical cases, prevents the committing of mis-

Exercises

: 1ve examples of relations from the fields of arthmetic,
ometry, physics, and everyday hfe

Consider the relation of being father, that is to say, the rela-
tuy expressed by the sentential function

x 18 father of y.
e

Do all human beings belong to the domain of this relation?

do they all belong to the counter-domain? 2
)

’

3/ Consider the following seven relatinns among people, -
g father, mother, child, brother, sister, husband, v

denote these relations by the symbols “F”, “M”, “C”,
“H”, “W’.. By applying various operations defined -
to the relations, we obtain new relations for which
find simple names 1n ordnary language; "H/C”
can be seen very easily, denotes the relation of
Find, if possible, simple ilra,mes for the fqlpwir

UHW, anﬂF/M M'fc y
r' - (/8 u [H/(s/6)).
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Express with the help of the symbols “F”’, “M”, and so on,
together with the symbols of the calculus of relations, the rela-
tions of bemg parent, sibling, grand-child, daughter-in-law and
mother-in-law

Explan the meanings of the following formulas, and determine
which of them are tyue

FcM, B=S, FUM=C, H/M =F, B/SCB,
sccC/Cr
Consider the followng two formulas of the calculus of re-
latfons. L
S’ -
R/S=S8/R and (R/S) = S/R.*
Show by means of an example that the first 13 not always satisfied,

and try to prove that the second 1s satisfied by arbitrary relations
R and 8

N’

Hint Consider what 1t means to say that the relation (R/S)

(that 18, the converse of the relation R/S) or the relation S/E
holds between two things = and y.

\Ti/Formulate 1 symbols the definitions of all terms of the
alculus of relations that weie discussed m Section'28.

Hint The definition of the sum of two relations, for instance,
3 the following form

' ERUS)ylell@Ry) V (8y)] »
'blch among the properties of relations discussed 1n Section
" >ssessed by the following 1elations Iy 'u_ih YR
'ela.tlon of divistbility in the sel of natural numpeis,
ation of being relatively prime 1n the set of natural

natural numbers being called relatwely rime 1if
mmon divisor 18 1); = $1
of congruence in the set of pol;:gons N‘D
AL

being longer in the set of line segments;

emng perpendicular 1n the set of straight

. W'V\)\.
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L~
(f) the relation of mtersecting 1n the set of geometne configura-
tions; ¢

.V i
(g) the relation of simultaneity in the class of physical events,

(b) the relation of temporally preceding in the class of physical
events;

’;1) the relation of being 1elated mn the c}igs of human bengs;
I U
k) the relation of fatherhood 1Y the class of human beings?

) /? A8 1t true that every 1elation 1s either 1eflexive or irieflexive
(n the given class), and either symmetiical or asymmetrical?
Give examples.

,,~©We shall call the relation R INTRANSITIVE IN THE crLAss K
if, for any thiee clements z, y and z of K, the formulas-

zRy and yRz
imply the formula.
~(z Rz

Whach of the relations Iisted in Exercises 3 and 6 are intransitive?
Give other examples of intransitive relations Is every relation
erther transitive or mtra.nsmlvep

*9 Show how to make the transition fiom the expression
the lunes a and b are parallel
to the equivalent one
the durections of the lines a and b are wdentzcal,

and how, in this conncetion, to define the expiession “the direction

of a line”.
Solve the same pioblem for the following two expressions:

the segments AB and CD arc congr uent

and
the lengths of the segments AB and CD are equal

What logical law has to be applied here?
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Hint Compare the remarks in Section 30 concerning the con-
cept of sumilarity

>

10 Let us agree to call two signs, or two expressions consisting
of several signs, EQuirorM, 1if they do not differ as far as therr
shape 1s concerned, but merely possibly with respect to thewr
position 1n space, that 1s, with respect to the place at which they
are printed, otherwise let us call them NoN-EQuUIFORM Foir m-
stance, in the formula:

z =z,

the varables on the two sides of the equahity sign are equiform
whereas we have non-equiform variables mn the formula

z =y
Of how many signs does the formula*
t+y=y+z

consist? Into how many groups can these signs be divided, such
that two equiform signs belong to the same group and two non-
equiform signs belong to different groups?

Which of the properties discussed in Section ?/Q/belong to the
relations of equiformity and non-equiformity?

*11 Explain, on the basis of the results of the preceding exer-
ci1se, why 1t may be said of equiform signs that they are equal with
respect to their FoRrM, or that they have the same form, and how
the term ‘‘the form of the gwen sign’’ 18 to be defined (compare
Exercise 9)

It 15 a very common usage to call equiform signs simply equal
and even to treat them as if they weie one and the same sign It
18, for 1nstance, often said that in an expression hke

z+ z

one and the same variable occurs on both sides of the symbol “—+"
How should this be expressed with greater exactnessl—

*12 The mexact mode of speech which was pomnted out 1mn
Exercise 11 has also been employed several times in this book
(after all, we do not want to contend over deeply rooF,ed usa,ge’s).
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explain how they could be avoided,

xample of an exact™mode of speech of this kind 1s
the following. when speaking of sentential functions with one
free variable one means functions in which all free variables are
equiform. How can the expression.

Show that inexactitudes of this I:M/ocmr on pp. 12 and 56, and

sentential functions with two free varables
be formulated more etactly‘?

13 Given a pomnf mm a pla.ne consider the set of all circles in
that plane with the given point as their common center Show
that this set is ordered by the relation of being a part Would
this be true too, if the circles did not lie 1n the same plane, or if
they were not concentric? -~

14. We consider a relation among words of the English language
which will be called the relation of PRECEDING (IN LEXICOGRAPHI-
CAL ORDER) We shall explain herc the meamng of this term by
means of examples The w 01d “and” precedes the word ‘‘can”,
since the first begins with “a”, the second with “c”’, and “a’ has
an earher place 1 the Enghsh alphabet than “c”. The word
“air” precedes the word ‘“‘ale”, since they have the same first
letter (or, rather, cquiform fiist letters—ef Exercise 10), while the
second letter of the fiist word, that 1s “2”’, has an cailier place n
the English alphabet than the second letter of the sccond word,
that 18 “I"”’,_7 Analogously, “each” piccedes “‘eat”, and ‘‘tumber”
precedes ‘‘leme’” Finally, “wer” precedes ‘‘waifare”, since the
first three letters of these words arc the same, while the first word
has only these 1ettcrs, and the second morc than these; and
analogously ““mean” precedes “meander’’.~

Write the following words 1n a line so that, of any two words
the one on the left precedes the onc on the ught

care, arm, salt, art, car, sale, trouble, army, ask.

Try to define the relation of preceding among words in a quite
general way. Show that this relation establishes an order in the
set of all Enghsh words. Point out some practical applications
of this relation and explain why 1t 1s said to establish a lexico-
graphical ordergs
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15 Consider an axbitrary relation B and 1ts negation B*  Show
that the following statements of the theory of relations are true

(a) +f the relation R 1s reflexwe wn the class K, then the relation
R' 1s wrreflezwe wn that class, - \(

(b) f the relation R 1s symmetrical wn the class K, then the rela-
twon R’ 15 also symmeirical wn that class K, \’/

*(c) of the relation R 1s asymmetrical wn the class K, then the
relationy B' 18 reflexwe and connected in that class,"'(
“;k{zf the relatzion R 18 lransilwe and connected in the class K,
en the 1elation R’ 18 transilwe 1n that class.

\
Are the converses of these statements hikewise true?

16 Show that, if ihe relation E has one of the properties dis-
cussed 1 Section 29, the converse 1clation K possesses the same

property

/il:? The properties of 1elations which were introduced 1n Sec-
110129 can easily be eapressed 1n texms of the calculus of relations,
provided the class K to which they refer 1s the universal class
The formulas:

R/RCR and DCRUR,

for nstance, express that the rclation R 1s transitive and con-
nected, 1espectinely IExplain why, recall the meaning of the
symbol “D” 0£-Seehon—9y TExpress similarly that the relation R
18 symmetiical, asymmitfrical, or imtransitive fof—JExerese-8)
What propeity of ielations discussed in the present chapter is
expicssed by the formula

R/Ecl »
@Whlch of the relations expressed by the following formulas
areTunctions

_y2x+3y=12,

) 2=y

;&(0) T+ 2>y —3,
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_.-(d')' z+y=19 .
4€) x 1s mother of y,
_(Q x 18 daughter of y ?

Which of the relations considered in Exercise 3 are functloni‘z:

-

/Consider the function explle-ssed by the f—(;rmula.'_
z=9yt4 1

What 1s the set of all argument values, and what 1s the set of all
function va,lues‘?/

*20 Which of the functions in Exercise 18 are biunique? Give
other examples of biumique functions -

*21 Consider the function cxpressed by the formula-
z =3y + 1.

Show that this 15 a bwunique function and thal 1t maps the
interval [0, 1] on the mnteival [1, 4] 1n a one-to-one manner (ef.

Exoreice-6-of-Chapter¥¥) What conclusion may be diawn from
this concerning the cairdinal numbers of those mtewa]s‘?/

*22, Consider the function expiessed by the formula
z =2

Using this function show, along the lines of the preceding exei-
cise, that the set of all numbers and the set of all positive numbers
are equINUMeErous -

*23 Show that the sel of all natural numbeis and the set of all
odd numbers are cquinumelous

/
Gave examples of many-teimed 1elations fiom the fields of
arithmetic and geomei‘ry/

Which of the thiee-lermed relations eapressed by the fol-
lowing formulas are functions

Gy z+y+z=0,
& oy > 2,

-
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(G) =2 4 2 )
d zr4+2=9p24+2 7

26. Name a few laws of physics that state the existence of a
functronal relation between two, thréé and four quantities.



. VI -
ON THE DEDUCTIVE METHOD

36. Fundamental constituents of a deductive theory—primitive
and defined terms, axioms and theorems

We shall now attempt an exposition of the fundamental prin-
ciples:tha.t are to be applied in the constiuction of logie and
mathematics The detailed analysis and ciitical evaluation of
these principles are tasks of a special diseiphne, called the METH-
ODOLOGY OF DEDUCTIVE SCIENCES or the METHODOLOGY OF MATHE-
MATICS. For anyone who mtends to study or advance some
seience 1t 1s undoubtedly important to be conscious of the method
which 18 employed in the constiuction of that secience, and we
shall see that, 1n the case of mathematies, the knowledge of that
method 18 of particulaily far-reaching importance, for lacking such
knowledge 1t 18 1mpossible to compichend the nature of mathe-
matrcs.

The primciples with which we shall get acquainted scive the
purpose of securing for the knowledge acquued 1n logiec and mathe-
matics the highest possible degree of claiity and certainty Tiom
this pomnt of view a method of procedmie would be ideal, if 1t
permitted us to explain the meaning of every expression occurring
1 this science and to justify each of its asseitions It 1s easy to
see that this 1deal can never be realized In fact, when one tries
to explamn the meamng of an cxpression, one uses, of necessity,
other expressions, and 1 order to eaplain, 1n turn, the meanimng
of these expressions, without enteting into a vicious circle, one has
.2 resort to further expressions again, and so on  We thus have
the begmning of a process which can never be brought to an end,
a process which, figuratively speaking, may be characterized as an

117
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INFINITE REGRESS—a regressus «n wnfintlum The situation 15 quite
analogous as far as the justification of the asserted statements of
the science 1s conceined, for, mn order to establish the vahdity of a
statement, 1t 1s necessary to rcfer back to other statements, and
(if no vicious circle 15 to occur) this leads agan to an mmfimte
Tegress.

By way of a compromise between that unattainable 1deal and
the realizable possibilities, ceitain principles concerning the con-
struction of mathematical disciplines have emerged that may be
described as follows

When we set out to construct a given discipline, we distinguish,
first, of all, a certain small group of expressions of this discipline
that seem to us to be immediately understandable, the expressions
of this group we call PRIMITIVE TERMS Or UNDEFINED TERMS, and
we employ them without explaining their meamings At the same
time we adopt the pinciple not to employ any of the other
expicssions of the discipline under consideration, unless its
meaning has first been determined with the help of primitive
terms and of such expressions of the discipline whose meanings
have cleaily been explained previously The sentence deter-
mining the meaning of a term 1n this way 1s called a DEFINITION,
and the expressions themselves whose meanings have thereby
been determined arc accordingly known as DEFINED TERMS

We proceed similarly with 1espect to the asseited statements of
the discipline under consideiation Some of lhese statements
which to us have the appearance of evidence are chosen as the
so-called PRIMITIVE STATEMENTS or AXIoms (also often referied to
as POSTULATES, but we shall not use the latter term 1n this tech-
nical meaning heie), we accept them as true without m any way
establishing then vahdity  On the other hand, we agree to accept
any other statement as true only if we have succeeded 1n establish-
g 1ts vahdity, and to use, while doing so, nothing but axioms,
definitions and such statements of the discipline the vahdity of
which has becn establhished previously As is well known, state-
ments established 1n this way are called PROVED STATEMENTS Or
THEOREMS, and the process of establishing them is called a pPrOOF
More generally, if within logic or mathematics we establish one
statement on the basis of others, we refer to this process as a
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DERIVATION or DEDUCTION, and the statement established in this
way 1s said to be DERIVED or DEDUCED from the other statements
or to be their CONSEQUENCE

Contemporary mathematical logic 18 one of those disciplines
which are constructed m accordance with the prneiples just
stated, unfortunately, 1t has not been possible within the nairow
-framework of this book to give this important fact due promi-
nence If any other discipline 1s constiucted according to these
principles, 1t 1s aheady based upon logie, logie, so lo speak, 18
then already presupposcd This means that all expiessions and
laws of logic arc treated on an cqual footing with the primitive
terms and axioms of the diseipline under constiuction, the logical
terms are used m the foimulation of the axioms, theorems and
defimtions, for mstance, ~vithout an explanation of their meaning,
and the logical laws are ajj Yed 1n proofs without first establishing
therr validity Sometimes 1t 1s even convenient not only to use
logic 1n the constiuctlion of a discipline but to presuppose 1n the
same sense celtain mathematical disciplines picviously con-
structed; for reasons of bievity, these theories, together with
logic, may be chaiacterized as the DISCIPLINES PRECEDING THE
GIVEN DISCIPLINE  Thus logic itself does not presuppose any pre-
ceding disciphine, 1n the construction of arithmetic as a special
mathematical discipline logic 1s presupposed as the only preceding
discipline, on the other hand, in the case of geometry 1t 1s ex-
pedient—though not unavoidable—io presuppose not only loge
but also arithmetic
With 1eference to the last tematks 11 15 necessary to make certamn
corrections m the foimulation of the pinciples stated above
Before undertaking the constiuction of a discipline those disei-
piines have to be cnumerated that aic to preeede the given
disciphne, all requuements concerning the defining of expiessions
and the proving of staiements, however, aic hmited to those ex-
pressions and statements which are specific for the diseipline undex
construction, that 1s those which do not belong to the preceding
disciphnes.

The method of constructing a discipline in strict accordance
with the principles laid down above is known as the DEDUCTIVE
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mETHOD; and the disciplines constructed in this manncr are called
DEDUCTIVE THEORIES! The view has become more and more
common that the deductive method 1s the only essential feature
by means of which the mathematical disciplines can be distin-
guished from all other sciences, not only 15 every mathematical
discipline a deductive theory, but also, conversely, eveiy deductive
theory 15 s mathcmatical discipline (accordemy® to this view
deductive logic 15 also to be counfed among the mathematical
disciphnes) We will not enter here muo a diseussion of the reasons
1 favor of this view, but merely remark that 1t 1s possible to put
forward ponderable arguments 1n 1ts support.

37. Model and interpretation of a deductive theory

As a result of a consistent application <* the principles presented
in the preceding section, deductive persories acquire celtain in-
teresting and mmportant featr es whicu we shall desciibe here
Since the questions which we are going to discuss have a rather
involved and abstiact character, we shall try to elucidate them by
means of a concrete example

Suppose we are interested 1n general facts about the congruence
of hine segments, and we intend to build up this fragment of
geometry as a special deductive theory We accordingly stipulate
that the vanables “‘z”, “y”, “2”, denote segments  As primi-
tive tetms we choose the symbols “S” and ''~’’. The former 15

! The deductive method cannot be considered an achievement of recent
times Already in the Elemenis of the Greck mathematician EuvcLip
(about 300 B C ) we find a presentation of geometry which leaves nothing
much to be desired from the standpoint of the methodological prineiples
stated above For 2200 years, mathematicians have seen 1n EucLip's
work the ideal and prototype of scientific exactitude  An essential progress
m this ficld occurred only during the last 50 years, in the course of which
the foundations of the basic mathematical disciplines of geometiy and
arithmetic were laid 1n accordance with all requirements of the present-day
methodology of mathematics Among the works to which we arc 1ndcbted
for this progress we will mention at least the following two, which have
already become of historic importance the collective work Formularre de
Mathématiques (Torino 1805-1908) whose editor and main author was the
Itahan mathematician and logician G Peano (1858-1932), and Grund-

lagen der Geometrie (Leipzig and Berlin 1899) by the great contemporary
German mathematician D HILBERT
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an abbreviation of the term ‘“‘the set of all segmenis”; the latter
designates the relation of congruence, so that the formula:

Ty
18 to be read as follows
the segments x and y are congruent.
Further we adopt only two axioms:

Axiom I Forany element x of the set S, z =~z (1n other words:
every Segment 18 congruent to tself)

Axiom II  For any elements z, y and z of the set S, +f z =~ z
and Y~z then z=~y (in other words two segments congru-
ent to the same segment are congruent to each other).

* Various theorems on the congruence of segments may be derived
from these axioms, for instance.

TeEOREM 1. For any elements y and z of the set S,if y ==z,
then z~vy.

TueoreM II  For any elements z, y and z of the set S, of zxy
and Y=z then zxz

The proofs of these two theorems are very easy Let us, for
instance, sketch the proof of the first
Putting in Axiom II “2” for “z” we obtamn-

Jor any elements y and z of the set S, of z~z and Y=z
then zx~y

In the hypothesis of this statement we have the formula.

2~z

which, on the basis of Axiom I, 1s undoubtedly valid, and may
hence be omitted We thus arrive at the theorem in question.

In connection with these simple considerations we want to make
the following remaiks

Our miniature deductive theory resis upon a suitably selected
system of prmitive terms and axioms Our knowledge of the
things denoted by the primitive terms, that 1s, of the segments
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and their eongruence, 13 very comprehensive and 1s by no means
exhausted by the adopted axioms Butl this knowledge 1s, so to
gpeak, om private concern which does not exert the least influence
on the constiuction of our theory In particular, in denving
theorems from the axioms, we make no use whatsoever of this
knowledge, and behave as though we did not understand the con-
tent of the concepts involved mn our considerations, and as if we
knew nothing about them that had not been expressly asseited
i the axioms We disiegard, as 1t 1s commonly put, the meaning
of the primitive terms adopted by us, and direct our attention
exclusively to the form of the axioms in which these terms ocew
This implies a very significant and interesting consequence

Let us replace the primitive terms 1n all axioms and theorems of
our theory by suitable variables, for instance, the symbol “S” by
the vanable “K” denoting classes, and the symbol “~" by the
variable “R"” denoting relations (in order to simplfy the con-
siderations, we disregard here any theorems which contain defined
terms) The statements of our theory will then be no longer
sentences, but will become sentential functions which contamn two
free varables, “K” and “R”, and which express, i genetal, the
fact that the relation R has this or that property mn the class K
(or, more precisely, that this or that relation holds between K
and R; cf Section 27) For nstance, as 1t is easily seen, Axiom I
and Theorems I and IT will now say that the relation R 1s1eflexive,
symmetrical and transitive respectively, in the class K Axiom II
will express a property for which we do not have any special name
and to which we shall 1efer as property P, this is the followmng
property

for any elements z, y and z of the class K, of zRz and yRz,
then xRy

Since, in the proofs of our theory, we make use of no properties
of the class of segments and of the relation of congruence but those
which were explicitly stated mn the axioms, every proof can be
considerably generahzed, for 1t can be applied to any class K and
any relation IZ having those properties As a result of such a
generahzation of the proofs, we can correlate with any theorem
of our theory a general law belonging to the domamn of loge,
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namely to the theory of relations, and stating that every relation
R which 1s reflexive and has the property P in the class K also has
the property expiessed m the theorem considered So, for -
stance, the following two laws of the theory of relations correspond
to Theorems I and IT

I’ Every relation R whaich s reflexwve wn the class K and has the
propertly P wn that class ¢s also symmetrical 1n K

II' Every relation R whach 1s reflexwwe wn the class K and has the
property P in that class 1s also transitie 1n K

If a relation R 1s reflexive and has the property P 1n a class K,
we say that K and R together foiom a MODEL or a REALIZATION OF
THE AXIOM SYSTEM of ow1 theolry, o1, simply, that they satisfy the
axioms One model of the axiom system 1s formed, fo1 1nstance,
by the class of the segments and the 1elation of congiuence, that
is, the things denoted by the primitive texms, of course, this model
also satisfies all the theorems deduced fiom the axioms (To be
exact, we ought to say that a model satisfies not the statements
of the theory themsclves, but the sentential functions obtained
from them by replacing the primitive terms by vaiables) How-
ever, this particular model does not play any privileged role in
the construction of the thcory On the contiary, on the basis of
universal logical laws Iike I' and II’ we arrive at the general
conclusion that any model of the axiom system satisfies all theo-
rems deduced fiom these axioms In view of this fact, a model
of the axiom system of our theory 1s also 1cfeired 1o as a MODEL
OF THE THEORY 1tself

We are able to exhibit many diffeient models for our axiom
system, even 1 the domain of logic and mathematies To obtamn
such a model, we select within any othet deductive theory two
constants, say “K” and “R” (the foomer denoting a class, the
latter a relation), then we replace “S” by “K” and “~~" by “R”
everywhere 1n the system, and finaily we show that the sentences
thus obtained are theorems, or possibly axioms, of the new theory.
If we have succeeded 1n domg so, we say that we have found an
INTERPRETATION OF THE AXIOM 8YSTEM—and, at the same time,
of our whole DEDUCTIVE THEORY—WJTHIN THE OTHER DEDUCTIVE
THEORY. If we now replace the primitive terms “S” and “~”
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by “K” and “R”, not only in the axioms, but also in all theorems
of our theory, we can be sure in advance that all sentences thus
obtained will be true seniences of the new deductive theory

We shall give here two concrete examples of interpretations of
our mimature theory Let us replace in Axioms I and II the
symbol “S” by the symbol of the universal class ‘“V”’, and the
symbol “~" by the idenfaty sign “="" As can be secn imme-
diately, the axioms will then become logical laws (in fact, Laws
II and V of Section 17 in a shghtly modified form). The universal
class and the relation of 1dentity constitute, therefore, a model of
the axiom system, and our theory has found an mtecipretation
within logic  Thus, if 1n Theorems I and II we replace the sym-
bols “S” and “~" by the symbols “V” and “=", we are sure to
arrive at true logical sentences (in fact, we are again famihar with
them—cf Laws III and IV of Section 17).

Next, let us consider the set of all numbers, or any other set of
numbers, denoting 1t by “N”’. Let us call two numbers z and y
equivalent, 1n symbols.

r=y,
if their difference x — % is an integer; thus we have, for example-
13 = 54,
whereas it is not the case that
3 =21

If now, 1n both axioms, the primitive terms are replaced by “N"
and “=", 1t can be easily shown that the resulting sentences are
true theorems of arithmetic Thus our theory possesses an inter-
pretation within arithmetie, for the set of numbers N and the
relation of equivalence = constitute a model of the axiom sys-
tem. And again, without any special reasoning we are surc that
Theorems I and II will become true arithmetical statements if
they arc subjected to the same transformation as the axioms

The general facts described above have many interesting appli-
cations in methodological researches We shall illustrate this here
by means of one example only; we shall show how 1t may be proved
—on the basis of these facts—that certain sentences cannot be de-
duced from our axiom system.
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Let us consider the following sentence A (formulated in logical
terms and 1n the primtive terms of our theory only)

A. There exist two elements x and y of the set S for whach ot 15 not
the casethat z~y (inother words there exst two segments whach
are not congruent)

This sentence seems to be undoubtedly truc  Nevertheless, no
attempts to prove 1t on the basis of Axioms I and II give a positive
result. Thus the conjectuic aises that Scntence A cannot be
deduced at all from our axioms In order to confiim this con-
jecture, we argue 1n the following way If Sentence A could be
proved on the basis of our axiom system, then, as we know, every
model of this system would satisfy that senlence, if, therefore, we
succeed 1n mndicating such a model of the axlom system which will
not satisfy Sentence A, we shall prove thereby that this sentence
cannot be deduced fiom Axioms I and II  Now, 1t tuins out that
producing such a model does not piesent any difficulies Let us
consider, for instance, the set of all integers I (o1 any other set of
mtegers, e g the set consisting of the numbeis 0 and 1 only) and
the relation of equivalence = between numbers which was dis-
cussed above. We alieady know from the preeeding remarks that
the set I and the relation = constitute a model of onr axiom sys-
tem, Sentence A however 1s not satisfied by this model, for theie
are no two integers z and ¥ which are not equivalent, that 1s,
whose difference 1s not an nteger Another model approprate
to this purpose 18 foimed by an axlatiary elass of individuals and
by the umiversal rclation V holding between any two individuals

The type of reasoning just applied 1s known as the METIIOD OF
PROOF BY EXHIBITING A MODEL Or BY INTERPRETATION.

The facts and concepts discussed here can be related, without
essential change, to other deductive theotics In the next section
we shall try to desctibe them 1n a quite gencral way.

88. Law of deduction; formal character of deductive sciences

*We consider any deductive theory based upon a system of
primitive terms and axioms In order to stmplfy our considera-
tions, we assume that this theory presupposes logic only, that 1s,
logic is the only theory preceding the given theory (cf. Section 36).
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Let us imagine that n all the statements of vwt lheory the primi-
tive tferms are 1eplaced by suitable vamnables thioughout (as m
Section 37, and again for the s=ake of sumpleity, we disregard
theorems containing defined terms)  The statements of the theory
considercd become sentential functions contaming as free vanables
those symbols by which the primitive terms had been replaced
and not contaming any constants but those belonging to logie
Given certain things one can find out whether they satisfy all the
axioms of our itheory, or, to be exact, the sentential functions ob-
tamned fiom these axioms 1n the manner just described (that 1s,
whether the names or designations of those things, when put in
the place of the fiee variables, render the sentential functions true
sentences, cf Seetion 2)  If 1t tuins out that this 1s the case, we
shall say that the things under consideration form a MODEL or a
REALIZATION OF THE AXIOM sYSTEM of our deductive theory; we
also say somctlimes that they form a MODEL OF THE DEDUCTIVE
THEORY 1tself In a quite analogous manner we can find out
whether given things salisfy not only the axiom system but also
any other system of statements of our theory and whethei, there-
fore, they form a model of this system (it 1s not excluded that the
system consisis of a single statement)

A modecl of the axiom system 1s formed, for mstance, by those
things which are denoted by ihe piimitive tetms of the given
theory, since we assume that all axioms are true sentences, this
model satisfies, of course, all the theorems of our theory. But as
far as the construction of our theory is coneeined, this model takes
no distingmished place among all the other models. When de-
ducing this or that theoiem fiom the axioms, we do not think of
the specific propertics of this model, and we make use of only
those propeities which aie expheitly stated in the axioms and,
therefore, belong to evelty model of the axiom system Conse-
quently, every proof of a paiticular theorem of our theory can be
extended to every model of the axiom system and can be thus
transfoimed into a much more general argument no longer be-
longing to our theory but to logic, and as a result of this generaliza-
tion we obtain a gencial logical statement (like the laws I’ and IT’
of the preceding section) which establishes the fact that the theo-
rem 1n question 18 satisfied by every model of our axiom system.
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The final conclusion at which we arrive in this way can be put in
the following foim

Every theorem of a gwen deductiwe theory s satrsfied by any model
of the axiom system of this theory, and moreover, lo every thecorem
there corresponds a general statement which can be formulated and
proved within the fiamework of logic and whach csiablishes the fact
that the theorem wn question 1s salisfied by any such model

We have here a general law fiom the domain of the methodology
of deductive sciences which, when foimulated 1n a shghtly more
precise way, 18 known as the LAw oF pEDUCTION (01 the DEDUCTION
THEOREM) 2

The tremendous practical importance of this law resulis from
the fact that we are usually able to exhibit numet ous models of the
axiom system of a particular theory, even without leaving the
field of the deductive sciences In order to allive at such a model
1t is sufficient to select, certain constants from some other deductive
theory (which can be logic or a theory presupposing logic), Lo put
them 1n the axioms in place of the piuimitive terms, and to show
that the sentences obtamed mn this way aic asseited statements
of that other theory We say i this case that we have found an
INTERPRETATION OF THE AXIOM SYSTEM OF THE ORIGINAL THEORY
WITHIN THE OTHER THEORY (Il may, o paiticular, occur that
the constants chosen belong to the theoiy oiigmally considered,
in which case some of the primitive teims may even have iemained
unchanged, the given axiom system 1s then said to have found a
new interpretation within the theoty undet consideiation) We
shall also subject the theoiems of the oniginal theoiy to an anal-
ogous transformation, 1eplacing the primitive teuns throughout
by those constants that had been employed m the mierpretation
of the axioms On the basis of the law of deduction we can then
be sure 1 advance that the senienees ainived at m this manner
are asseited statements of the new thcoiy We can formulate
this in the following way

2 This law was formulated by the author as a general methodological
postulate, and was later proved exactly for various particular deductive
theones,
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All theorems proved on the hasis of a gwen ariom System remain
valid for any wnierpretation of the system

It 1s redundant to give a special proof for any of these transformed
theoiems, 1L would 1 any case be a task of a purely mechanieal
nature, for 11 would be sufficient to transfer the corresponding
argument from the field of the otiginal theory and to subject it
to the samec tiansformations that had been carred out with
respect to the axioms and theorems Every proof within g de-
ductive theory contains—potentially, so to speak,—an unlimted
number of other analogous proofs

The facts deseribed above demonstrate the great value of the
deductive method from the pomnt of view of economy of human
thought They are also of far-reaching theoretical importance, if
only for this reason that they establish a foundation for various
arguments and rescarches within the methodology of deductive
sciences In particular, the law of deduction 1s the theoretical
basis for all so-called PROOFs BY INTERPRETATION, we have alrcady
encountered one example of such proofs in the preceding scction,
and we shall meet with various other examples 1n the second part
of this book.

For 1easons of exactness it may be added that the considera-
t10ns sketched herc are applicable to any deductive theory in
whose construction logic 1s presupposed, wheleas their application
to logic itsclf bings aboul certamn difficulties which we would
rather not discuss herte If a deductive theory presupposes not,
only logic, but also other theories, some of the formulations given
above assume a somewhat more complcated form

The common source of the methodological phenomena discussed
here 18 the fact pomnted out 1n the preceding section, namely that,
in constructing a deductive theory, we disiegard the meaning of
the axioms and take into account only their form It 1s for this
reason thal pcople when referiing to those phenomena speak about
the purely FOorRMAL CHARACTER of deductive sciences and of all
reasonings within these sciences

From time to time one finds statements which emphasize the
formal chaiacter of mathematies 1n a paradoxical and exaggerated
way, although fundamentally coirect, these statements may become



FORMAL CHARACTER OF DEDUCTIVE SCIENCES 129

a8 source of obscuiily and confusion Thus one hears and even
reads occasionally that no definite content may be aseribed to
mathematical concepts, that in mathematics we do not really
know what we are talking about, and that we aic not interested
m whether our assertions aie tiue One should approach such
judgments 1ather cutically If, m the constiuetion of a theory,
one behaves as if one did not undeistand the meaning of the
terms of this discipline, this 1s not at all the same as denying those
terms any meaning It 18, admittedly, sometimes the case that
we develop a deductive theory without aserbing a definite meanmng
to its primitive terms, thus dealing with the latter as with van-
ables; 1n this case we say that we treat the theoiy as a rormAL
sYSTEM But this 1s a comparatively 1a1e siluation (not even
taken into account in owr general charactelnzation of deductive
theories given w Section 36), and 1t occurs only if 11 1s possible
to give several inteipretations for the axiom system of this theory,
that 1s, if there arc several ways available of aseribing concrete
meanings to the terms occuiring in the theory, but if we do not
desire to give prefeience n advance to any one of these ways A
formal system, on the other hand, for which we are unable to give
a single mterpretation, would, presumably, be of inteirest to
nobody.

In conclusion we shall call attention to certain interesting ex-
amples of interpretations of mathematical diseiplines, which are
much more 1mportant than those given m Seetion 37
«’The axiom system of arithmetic may be imnteipreted within
geometry given an aibitiary stiaight line, 1t 1s possible o define
such relations between 1ts pomts and operations on 1ts points as
satisfy all the axioms—and hence also all the theorems—of arith-
metic, which are conceined with coriesponding relations between
numbers and operations on numbeis  (This 1s closely connected
with a circumstance mentioned 1 Section 33, namely, the pos-
sibility of establishing a onc-to-onc correspondence between all
the poifts of a line and all numbers) Conversely, the axiom
system of geometry also possesses an mnteipietation within anth-
metic. The uses to which these two facts ean be put are manifold,
Geometrical configurations may, for mstance, be employed
order to give a visual mmage of various facts in the field of anth-
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metic,—a procedure known as the graphical method, on the other
hand, 1 1s possible to investigate geometrical facts with the help
of anthmetical or algebraical methods,—there 1s even a special
branch of geometry, known as analytic geometry, which 1s con-
cerned with all investigations of this type

Anthmetie, as we have seen previously, may be built up as a
part of logic (cf Section 26) But if we treat arithmetic as an
mndependent deductive theory, 1esting upon its own system of
primitive terms and axioms, 1ts relation to logic can be deseribed
as follows arithmetic possesses an nterpretation within logie
(with the understanding that the axiom of infimity be included
logic,—cf Section 26), in other words, 1t 18 possible within logie
to define such concepts as satisfy all the axioms, and hence also
all the theorems, of arithmetic If we remember that geometry
has an mterpietation mn arithmetie, we arrive at the conclusion
that also geometry can be interpreted within logic  All these are
facts which are exceedingly significant fiom the methodological
pomnt of view *

39. Selection of axioms and primitive terms; their independence

‘We will now turn to the discussion of a few problems of a more
special natuie, which, however, concern fundamental components
of the deductive mecthod, namely the choice of the primitive teims
and axioms as well as the constiuction of definitions and proofs

It 1s impor tant to realize the fact that we have a laige degree of
freedom 1n the sclection of the primitive terms and axioms, 1t
would be quite er1oneous 10 believe that certain expressions cannot
be defined 1n any possible way, or that certain statements can, on
principle, not be proved Let us call two systems of sentences of
a given theoly EQUIPOLLENT, if cach sentence of the first system can
be derived fiom the sentences of ihe second, together with theo-
rems of the preceding theoies, and, conversely, if every sentence
of the second system can be deiived from the sentences of the
first (uf any sentences oceur 1n both systems, they do not, of course,
have to be deirved) Let us imagime, further, that a certan
deductive theory has been bwilt up on the basis of some axiom
system, and that in the course of its construction we come across
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a system of statements equipollent 1n the sense just defined to the
axiom system (A conciete example can be obtammed in connec-
tion with the mimatuic theory of the congiuence of segments
discussed 1 Section 37 1t 15 casy to show that its axiom system
is equipollent to the system of sentcnces consisting of Axiom I
together with Theorems I and IT') If this kind of situation arises,
then, from the thcoretical pomnt of view, 1t would be possible to
reconstruct the entune theory m such a manner that the state-
ments of the new system are taken as axioms, while the former
axioms are proved as theorems IEven the cucumstance that the
new axioms may, at fiist, to a much lesser degiee have the appear-
ance of mmmediate evidence 1s 1nessential, for evely sentence
becomes evident to a certain degiee, once 1t has been derived 1n a
convincing manner from other ecvident sentences  All this apphies
hkewise—mutatis mutandis—to the pimitive terms of a deductive
theory; the system of thesc terms may be 1eplaced by any other
system of terms of the theory m question, provided only the two
systems are EQUIPOLLENT 1n the sense thal each teim of the fiist
system can be defined by mcans of terms of the sccond together
with terms taken from the preceding theoties, and vice veisa It
is not for theoretical reasons (o1, at least, not only for theorctical
reasons) that we decide to select a ceitain system of prmitive
terms and axioms 1 preference to any of the other possible equi-
pollent systems, other faciors play a 1ole here,—practical, didac-
tical, even esthetic ones Sometimes 1t 15 a question of choosing
the simplest possible primitive teims and axioms, then again it
may be desirable to get along with as few of them as possible,
or we may prefer such pumitive tcims and axioms as would
enable us, m the simplest possible way, Lo define those tetms and
to prove those statements of a given thecoy mm which we are
especially nterested

Another problem arses mn close connection with these remarks.
Fundamentally, we strive io ailive at an axiom system which
does not contain a single supeifluous statement, that is, a slate-
ment which can be derived fiom the :emaimning axioms and which,
therefore, might be counted among the thcorems of the theory
under construction. An axiom system of this kind 1s called INDE-
PENDENT (Or a SYSTEM OF MUTUALLY INDEPENDENT AXIoMS). We
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hkewise attempt to see to 1t that the system of primitive termsis
INDEPENDENT, that 1s, that 1t does not contain any superfluous
term which can be defined by means of the othets Often, how-
ever, one docs not msist on these methodological postulates for
practical, didactical reasons, particularly in cases wheie the
omission of a superfluous axiom or primitive term would bring
about great complications in the construction of the theory

40, Formalization of definitions and proofs, formalized deductive
theories

The deductive method 1s justifiably considered the most perfect
of all methods employed 1n the construction of sciences It dis-
poses to a large extent of the possibihity of obscuiitics and errors,
without resorting to an infinite regess, and 1t 1s due to this method
that any reasons for doubt as to the content of concepts or the
truth of assertions of a given theory are considerably reduced and
may hold at most for the few primitive tetms and axioms

One reservation has to be added to this statement however.
The application of the deductive method will give the desned
results only if all the definitions and pioofs fulfil their tasks com-
pletely, that 1s, if the defimitions make fully clear the meaning
of all the texms to be defined and if the proofs convince us wholly
of the validity of all the theorems to be pioved It 1s fa1 from
easy to examinc whethe:r the definitions and proofs actually com-
ply with these 1equirements, 1t 1s quite possible, for instance, that
an argument which secms entirely convincing to one person 1s not
even comprchensible to another In order to remove any cause
for doubt 1n this respect, the present-day methodology endeavois
to replace subjective valuations in the examination of definitions
and proofs by criteria of an objective nature, and to make the
decision as to the correctness of defimitions or pioofs dependent
exclusively upon their stiucture, that 1s, thewr exterior form For
this purpose, special RULES OF DEFINITION and RULES OF PROOF
(or or INFERENCE) are stated The first tell us what form the
sentences should have which are used as definitions 1n the theory
under consideration, and the second deseribe the kind of trans-
formations to which statements of this theory may be subjected
m order to derive other statements from them; each defimtion has
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to be laid down 1in accordance with the rules of defining, and each
proof must be coMPLETE, that 1s, 1t must consist 1n a successive
application of rules of proof to seniences previously recogmized
as true (cf Sections 11 and 15) —These new methodological postu-
lates may be denoted as postulates of the rormMALIZATION OF
DEFINITIONS AND PROOFS, a discipline constructed i accordance
with these new postulates 1s called a ForRMALIZED DEDUCTIVE
THEQRY.®

*Through the postulates of formalization the formal characler
of mathematics is enhanced considerably Alcady at an eailier
stage in the development of the deductive method we weire, 1n the
construction of a mathematical diseipline, supposed to disregard
the meanings of all expressions specific to this discipline, and we
were to behave as if the places of these capressions were taken
by variables void of any independent meaning But, at least, to
the logical concepts we were pexmitted to ascribe then customary
meanmgs In this connection, the axioms and theoiems of a
mathematical discipline could be t1eated, if not as sentenees, then
at least as sentential functions, that 1s, as expiessions having the
grammatical form of senlences and cxpiessing certain piopeities
of things or relations among things To detive a thcorem from
accepted axioms (or fiom theorcms previously proved) was the
same as to show convincingly that all things satisfying the axioms
also satisfy the theorem 1n question, mathematical proofs did not
altogether differ very much fiom considerations of everyday life
Now, however, the meanings of all cxpressions encouniered in the
given discipline are to be disiegaided without execption, and we
are supposed to behave 1n the task of constiucling a deductive
theory as 1f 1ts sentences weie configurations of signs void of any
content; each proof will now consist 1n subjecting axioms or pre-
viously proved thcorems to a sertes of puiely external trans-
formations *

3 The first attempts to present the deductive theories mn a formalized
form are due to FrEGE who has already been quoted twice (¢f. footnote 2
onp 19) A very lugh level 1n the process of formalization was achieved
1n the works of the late Polish logician § Lesniewskr (1886-1939), one
of his achievements 1s an exact and exhaustive formulation of the rules of
defimtion
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In the light of modern requirements, logic becomes the Lasig
of the mathematical sciences 1n a much more thorough sense than
1t used to he We may no longer be satisfied with the convietion
that—due to vur mnate or acquired capacity for coriect thinking—
our argumentations are 1 accordance with the rule< of logic In
order to give a complete proof of a theorem 1t 18 necessary to apply
the transformations prescribed by the rules of proof not only to
the stalements of the theory with which we are concerned, but
also to those of logie (and other preceding theories), and for this
purpose we have to have a complete list of all logical laws at our
disposal that are appled 1n the proofs

It 15 only by virtue of the development of deductive logie that,
theoretically at least, we are today mn a position Lo present every
mathematical discipline 1n formalized form In practice, how-
ever, this still involves considerable compheations, a gam 1n ex-
actitude and methodological correctness 1s accompaned by a loss
m clanty and mtelligihility The whole pioblem, after all, 15
fanly new, the 1elevant mmvestigations are not yet definitely con-
cluded, and there 15 1eason to hope thal thewr further puisuance
will eventually bring about essential simphfications It would
thercfore be premature to comply fully at the present time, 1n a
popular presentation of any pairl of mathematies, with the postu-
lates of formalization  In particular, 1t would be far from sensible
10 demand that the proofs of theorems in an ordinary textbook of
some mathematical diseipline be given in complete form, one
should, however, eapect the author of a textbook to be intuitively
cerlain that all his proofs can be hrought mnto that form, and even
1o carry his considerations to a pomnt from which a reader who
has some praetice 1n deduetive thinking and sufficient knowledge
of contemporary logic would be able to fill the remaining gaps
without much dilliculty

41. Consistency and completeness of a deductive theory; decision
problem

‘We shall now consider two methodological concepts which are
of great importance fiom the theoretical pomnt of view, while 1n
practical respects they are of little significance They are the
concepts of coNSISTENCY and of cOMPLETENESS.

L/,
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A deductive theory 1s called COXSISTENT or NON-CONTRADICTORY
if no two asseited statements of {his theory contradiet each other,
or, 1n other woirds, if of any two contiadictory sentences (cf
Section 7) at least onc cannot be proved A theory s called
COMPLETE, on the other hand, if of any two contiadictory sen-
tences formulated exclusively m the teams of the theory under
consideration (and the theories preceding 1t) at least one sentence
can be proved mn this theoiy  Of a sentence which has the prop-
erty that its negation can be proved 1n a given theory, 1t 1s usually
said that 1t can be pisproy D 11 that theory  In this termiology
we can say that a deductive theoiy 1 consistent if no sentence
can be both proved and disproved 1 1t, a theory 1s complete, on
the other hand, if every sentence foimulated 1n the terms of this
theory can be proved or disproved n 1t Both terms “consistent”
and ‘‘complete” aic applicd, not only to the theory itself, but also
to the axiom system upon which 1l 15 based

Let us now try to get a clear 1dea of the impoit of these two
notions Every discipline, cven one constiucted entuely correctly
m every methodological respect, loses 1ts value 1n our eyes if we
have reason to suspect that not all asscitions of this diseipline are
true On the othet hand, the value of a discipline will be the
greater, the laiger the number of {1ue sentences whose validity can
be established 1n 1t  From this pomnt of view, a diseiphine night
be considered 1deal, 1f 1t contains among 1ts asserted statements all
true sentences which aic 1clevant 1o that theory, and not a single
falseone A sentenceis heie considered 1elevant if 1t 15 formulated
entirely 1 teims of the diseiphne under eonsideration (and s
preceding diseiplines), after all, it cannot be expeeted that, say,
in arthmetie all tiue sentences can be proved, even such as con-
tain concepts of chemistiy o1 biology —Let us now imagine that a
deductive theory 1s mnconsistent, that 1s to”say, that two contra-
dictory sentences occuni among its axioms and theorems, fiom a
well-known logical law, namely, the law of contradiction (cf
Section 13), 1t follows that one of these sentences must be false |
If, on the other hand, we assume the theoiy to be mcomplete,
there exist two relevant contradictory sentences of which nerther
can be proved in that disciphine, and yet, by another logical law,
i. e , the law of excluded middle, one of the two sentences must be
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true We see from this that a deductive theory certainly falls
short of our ideal unless 1t 1s both consistent and complete
(Thereby we do not mean to 1mply that every consistent and
complete diseipline must, +pso facto, be a realization of our 1deal,
that 1s, that 1t must contain among 1ts asscrted statements all
true sentences and only such sentences )

There 15 yet another aspect to the whole question which we have
been considering  The development of any deductive seience con-
sists in formulating 1n the terms of this science problems of the
type ‘“15 such and such the case?”’ and then attempting to decide
these problems on the basis of the axioms that have been assumed
Any problem of this type may clearly be decided in one of two
possible ways 1n the affirmative or in the negative. On the fiisi
alternative, the answer runs* ‘“‘such and such s the case’’, and on
the second “‘such and such s not the case” The consistency and
the completeness of the axiom system of a deductive theory now
give us a guarantee that every problem of the kind mentioned can
actually be decided within the theory, and moreover decided m
one way only, the consistency excludes the possibility that any
problem may be decided mn two ways, that 1s, both affirmatively
and negatively, and the completeness assures us that i1t can be
decided in at least one way

Closely connected with the problem of completeness 1s another,
more general, problem which concerns incomplete as well as com-
plete theoties It 15 the problem which consists in finding, for
the given deductive theory, a general method which would enable
us to decide whetheir or not any paiticular sentence formulated
the teims of this theoiy can be proved within this theory This
mmportant problem 1s known as the DEcIsioN PROBLEM ¢

There are only a few deductive theories known of which 1t has
been possible to show that they are consistent and complete

4 The import of the concepts and problems discussed 1n this section—
and especially of the concept of consistency and of the decision problem—
was emphasized by HiLBERT (ef footnote 1 on p 120), who greatly stimu-
lated many important investigations into the foundations of mathematics
Upon his 1nstigation, these concepts and problems have of late been made
the subject of intensive researches by a number of contemporary mathe-
maticians and logicians



CONSISTENCY AND COMPLETENESS 137

They are, as a rule, elementary theories of a simple logical struc-
ture and a modest stock of concepts An evample 15 given by
sentential caleulus, which has been discussed in Chapter II, pro-
vided that 1t 1s considered as an independent theory and not as a
part of logic (howeves, 1n applying the teim “complete” to this
theory, 1t 1s to be used m a shghtly modified meaning) Perhaps
the most interesting example of a conmstent and eomplete theory
is that suppled by elcmentmé_'_gcqmetl ¥, we have here imn mind
geometry confined to the extent to which 1t has for centurics
been taught 1n schools as a pait of elementary mathematies, that
1s to say, a discipline 1n which the propetties of various special
kinds of geometrical figures such as lines, planes, tuangles, ciicles
are mvestigated, but 1n which the general concept of a geometrieal
configuration (2 point set) does not occur ¥ The situation changes
essentially as soon as one goes over to such seiences as arithmetic
or advanced geometiy DIicbably no one wotking in these
sciences doubts then consistency, and yet, as has resulted from
the latest methodological investigations, a stiict proof of thewr
consistency meets with great difficulties of o fundamental nature.
The situation 1n regaid to the problem of completencss 1s even
worse, 1t turns out that aiithmetic and advanced geometiy are
mcomplete, for 1t has been possible to set up problems of a purely
arithmetical or geometiical chaiacter that can be neither posi-
tively nor negatively decided within ihese disciphines It might
be supposed that this fact 1s merely an outcome of the imperfection
of the axiom systems and methods of proof at our disposal up to
date, and that a swtable modification (for instance, an exiension
of the axiom system) may, n the futuie, yreld complete systems
Deeper mvestigations, however, have shown this conjecture to be
erroneous never will 1t be possible to build up a consistent and
complete deductive theory containing as its theorems all true
sentences of arithmetic o1 of advanced geometry Moreover, it
turns out that the decision problem Iikewise does not admit of a

5 For the first proof of completeness of sentential caleulus (and, thereby,
for the first positive result of the investigations concerned with complete-
ness) we are indebted to the contemporary Ametican logician E L. Post
The proof of the completeness of elementary geometry originates with the
author.
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positive solution with respeet to these disciplines; 1t 1s impossible
to set up a general method which would allow us to differentiate
between those senteneces which can be proved within these dis-
ciplmes and thosc which cannot be proved  All these results can
be extended to many other deductive theories, and, 1n particular,
to all those which either presuppose the arnthmetic of integers
(1 e, the theory of the four basic arithmetical opelations on 1nte-
geis) or contain sufficient devices to develop this theory  *Thus,
for mstance, these results can be applied to the general theory of
classes (as follows from the 1emarks at the end of Section 26) *6

In view of these last remarks, 1t 1s understandable that the
concepts of consistency and completeness—in spite of therr
theoretical importance—exert little influence 1n practice upon the
construction of deductive theories

42. The widened conception of the methodology of deductive
sciences

The investigations concerning consistency and completeness
were among the most important factors which contrbuted to a
considerable extension of the domain of methodological studies,
and caused cven a fundamental change 1n the whole character of
the methodology of deductive sciences That conception of
methodology which was indicated at the beginning of the present
chapter has, duiing the historical development of the subject,
turned out {0 be too nannow  The analysis and ciitical evaluation
of methods applicd 1n practice in the constiuction of deductive
seiences ceased to be the exclusive or even the main task of
methodology The methodology of the deductive sciences be-
came a general science of deductive sciences 1 an analogous sense
as arithmetic 1s the science of numbers and geometry 1s the science
of geometiical configurations In contemporary methodology
we mvestigate deductive theoiies as wholes as well as the sentences
which constilute them, we consider the symbols and expressions
of which thesc sentences are composed, properties and sets of ex-

® These exccedingly important achievements arc due to the contem-
porary Austrian logician K GoperL His results concerning the decision

problem were further extended by the contemporary American logician
A CrURCH
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pressions and sentences, relations holding among them (such as
the consequence 1elation) and cven relations between expressions
and the things which the expicssions “talk about” (such as the
relation of designation), we establish general laws concerning
these concepts.

*Hence 1t follows that the terms which denote expicssions oc-
curring 1n deductive theories, propeities of these expressions and
relations among them belong, not to the domain of logie, but to
the methodology of deductive sciences This applies in particular
to several of the terms intioduced and employed in the previous
chapters of this book, such as “variable’, “sententral funciron”,
“quantrfier”, “consequence’ and many otheis In oider to make
clearer to ourselves the differcnce between logical and methodolog-
cal terms, let us consider such a pair of woids as “or” and “das-
Junction”’. The word “or” belongs, of couise, to logic—namely,
to sentential ealeulus—, although 1t 15 also used 1n all other seiences,
and thus 1n particula: m methodology The word “disyunction’,
on the other hand, which denotes sentences constiueted with the
help of the word ‘01", 1s a typical instance of a methodological
term.

The reader will perhaps be surpiised at the fact that in the
chapters concerned with logic we employed so many methodologi-
cal terms The explanation of this, howeves, 1s relatively simple.
On the one hand, a cerlain cincumstance here plays a 10le to which
we have aheady called attention in Section 9 theie 13 a wide-
spread custom among logicians as well as mathematicians—some-
times for purely stylistic 1casons—of using phrases which contain
methodological terms as synonyms fo1 expiessions of a purely
logical or mathematical charactet, we have to some cxtent com-
phed with this custom in the present work Bul, on the other
hand, a more important factor 1s also involved hele, we have not
attempted in this book to construet logie 1n a systematic way, but
have merely talked about logic and have discussed and commented
on 1ts concepts and laws. We know however (from Section 18)
that when talking about logical concepts we must use the names
of these concepts—thus the terms which alicady belong to meth-
odology. Should we develop logic m the form of a deductive
theory, without making any commenis on 1t at all, then meth-



140 ON THE DEDUCTIVE METHOD

odological terms would occur only in the formulation of rules of
defimition and inference *

In connection with the evolution through which methodology
has passed theie has ai1isen a need for applying new, more subtle
and more precise methods of inquuy m this field Methodology
has become like those sciences which constitute its own subject
matter— 1t has assumed the form of a deductive discipline In
view of the extended domamn of investigations, the expression
“the methodology of deductive sciences” 1tself has ceased to appear
appropriate enough, indeed, “methodology’’ means merely ‘“‘the
seicnce of method” Consequently this expression is now often
replaced by others—for imstance, by a (not altogether happy)
term “THEORY OF PROOF’, or by a (much better) texm ‘“‘mETA-
LOGIC AND META-MATHEMATICS’’, which means about the same as
“the science of logic and mathematies”  Still another term has
been recently coming mnto use, ‘“LOGICAL SYNTAX AND SEMANTICS
OF DEDUCTIVE SCIENCES”, which stresses the analogy between the
methodology of deductive sciences and the grammar of everyday
language.’

Exercises

1. The calculus of classes which was considered in Chapter IV
can be constructed as a separate deductive theory, presupposing
sentential calculus only In this constiuction we shall consider
the symbols “V’’, “A”, “C" and all operation signs introduced 1n
Section 25 as primitive terms. We assume, further, the following
nine axioms?,

T Methodology of the deductive sciences 1n 1ts widened meaning 1s a
very young discipline Itsintensive development began only about twenty
years ago—simultaneously (and, as 1t scems, independently) 1n two differ-
ent centers Gottingen under the influence of D HirrrT (cf footnote 1
onp 120) and P BERNAYs, and Warsaw where § LESNIEWSKI and J LUKa-
BIEWICZ, among others, worked (cf footnote 3 on p 133 and footnote 2
on p 19)

® The axiom system given here 15 essentially due to ScEroDER (cf foot-
note 1 on p 88) Varnous simple and 1nteresting axiom systems for the
calculus of classes were published by the contemporary American mathe-
matician I V HuNTIiNaTON, to whom we are indebted for many important

contributions concerning the axiomatic foundations of logical and mathe-
matical theories
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Axiom I. K CK.
Axrom II. If KCL and LCM, lhen K CM.

AxtioMm III KU L C M o, and only f, K C M and
LCM.

Axiom IV. M CKNL o, and onlyf, M CK and
M C L.

Axiom V ENELUMCENL) U (KNM).
Axiom VI. K CV.

Axiom VII. A CK.

Axiom VIII. VCK U K,

AxioMmIX. KNK CA

From these axioms we may derive various theorems. Prove, in

particular, the following theorems (making use of the hints which
follow them)

TaEorEM I, K U K CK.
Hmnt: In Axiom III replace “L” and “M” by “K”. Notice
that the nght side of the equivalence thus obtamed 1s satisfied by

any class K (Axiom I), therefoie the left side must also be always
satisfied.

Taeorem II. K CKNK.

Hint. The proof based upon Axioms IV and I 1s analogous to
that of Theorem I

Treorem III. KCKUL and LCKUL

Hint. In Axiom III put “K U L” 1n place of “M"’; notice that
the left side of the equivalence, by Axiom I, 1s always satisfied.

Tarorem IV KNL CK and KNL CL.
Hmt. The proof 1s analogous to that of Theorem III
Treorem V. K UL CL U K.

Hint: In Axiom III substitute “L U K for “M”’; and compare
the right side of the equivalence thus obtained with Theorem III
(where “K” 1s to be replaced by “L”, and “L” by “K").
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Tarorem VI. KNL CLNK.

Hint. The proof based upon Axiom IV and Theorem IV 1s
analogous to that of Theorem V.

Taeorem VII If LCM, then KULCK U M.

Hint. Assuming that the hypothesis of the theorem is satisfied,
derive the formulas:

KCKUM and LCKUM

(The first of these formulas follows directly from Theorem III,
and the second can be deduced fiom the hypothesis and Theorem
111 by Axiom II). Apply Axiom IIT to these formulas.

Taeorem VIII. If LCM, thn KNLCKNM

Hint, The proof 18 similar to that of the preceding theorem.

Teeorem IX, KNLCKN@€ U M)
and KNM CKN(LUM

Hint. In Theoiem III replace “K’’ by “L” and “L’ by “M”;
to the formulas thus obtaned apply Theorem VIII.
TreoreM X. (KNL)U KNM) CKN (LU M).

Hint. This theorem can be deived from Axiom III and
Theorem IX

Axioms IIT and IV, which play the most imporiant role in the
proofs of the above theorems, are called LAWS OF COMPOSITION
(for addition and multiplication of classes).

2 Into the calculus of classes whose construction was outlined
m the preceding exercise we may introduce the identity sign “=",
defining 1t as follows

DermitioNnI. K =L +f,andonly+f, KCL and LCK.

From the axioms and theorems of Exercise 1 and the above
defimition derive the following theorems:

TaeoremM XI. K = K.

Hmt Put “K” m place of “L” in Defimtion I and apply
Axiom I.
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Taeorem XII. If K=L, then L =K.

Hint In Definition I replace “K” by “L” and “L” by “K”;
compare the sentence thus obtamned with Definition I in its
origmal formulation

Teeorem XIIT If K =L and L=M, then K=M.

Hint This theorem can be derived from Definition I and
Axiom II.

Taeorem XIV K U K =K

Hint- In Definition I replace “K” by “K U K" and “L” by
“K”; apply Theorem I and Theorem III (with “K” put mn place
of “L™)

TreeoreM XV. KNK = K.

Hint The proof 18 analogous to that of the preceding theorem.

TaEoreM XVI. K UL =L UK.

Hint- By Theorem V we have.

KULCLUK andalso LUKCKUL

To these formulas apply Definition I

TreoreM XVII. KNL=LNK

Hint. The proof 1s similar to that of Theorem XVT.

Tasorem XVIII KNI U M) = K NL) U (KN M).

Hint. This theorem 1s a consequence of Definition I, Axiom V
and Theorem X.

Taeorem XIX KUK =V

Hmt: This theorem can be derived, with the help of Definition
I, from Axiom VI (with “K” replaced by “K U K’’’) and Axiom
VIII

TeeoreM XX. KN K' = A.
Hint: Apply Definition I, Axiom VII and Axiom IX.
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Notice which of the axioms and theorems of this cxercise and
the preceding one are known to us from Chapter IV (or, possibly,
III); recall their names

3 Let us assume that, into the system of the calculus of classes
discussed m Excrcises 1 and 2 we introduce a new symbol “¥”
denoting a certain relation between classes and defined as follows:

K Y L 4, and only +f, nesther K C L nor L C K mnor
KNL=A.

Is the relation defined in this way identical with any of the rela-
tions defined 1n Section 24?

Let the relation of disjointness between classes be denoted by
the symbol “)(” How can this symbol be defined within our
system of the calculus of classes?

4 Exhioit several interprctations within arnthmetic and geo-
metry of the axiom system considered 1n Section 37

Is the set of all numbeis, together with the relation less than
among numbers, a model of this axiom system? Is the set of all
straight lines and the relation of parallehism among hmes such a
model?

5. In that fragment of geometry which was discussed 1n Section
37, the relation of bemg shorter among segments can be defined
n the following way

We say that = 1s shorter than y, m symbols = <y, of zand y are
segments and +f x 158 congruent lo a segment which 18 a part of y; m
other words, +f ze€S, yeS, and +f there exisis a z such that
2€S, 2Cy, z+y and Tz

Differentiate 1 this sentence between the definiendum and the
definlens; determine the disciplines (or the parts of logic, as the
case may be) to which the terms occurring in the definiens belong
Does this defimition comply with the general methodological
principles of Section 36 and the rules of definition of Section 11?

6 Is the proof of Theorem I, as given n Section 37, a complete
proof, if only those rules of proof are taken into consideration that
were stated 1n Section 15?
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7 In addition to Theorems I and II, the following theorems
can be derived from the axioms of Section 37.

TreorEM III  For any elements z, y and z of the set S, of zczy
and T~z then yx~ea.

TaEOREM IV For any elementsz, yand zof theset S, of z~y
and y~z then z~zx

TrEorEM V. For any elements z, y, z and { of the set S, if
Ty, Y~z and 2zt then z =l

Give a strict proof that the following systems of sentences are
equipollent, 1n the sense established in Section 39, to the system
consisting of Axioms I and IT (and that each might, therefore, be
chosen as a ncw axiom system).

(a) the system consisting of Axiom I and Theorems I and II;
(b) the system consisting of Axiom I and Theorem III;
(c) the system consisting of Axiom I and Theorem IV;

(d) the system consisting of Axiom I and Theorems I and V.

8. Along the lines of the remaiks made in Section 37 formulate
general laws of the theory of relations that represent a generaliza-
tion of the results obtamned in the precedmg exercise.

Hint These laws may, for instance, be given the form of
equivalences, beginning with the words

Jor a relation R lo be reflexwe and to have the properly P in
a class K it 15 necessary and sufficient that

9 Consider the system of sentences (a) of Exercise 7 Exhubit
models satisfying

(a) the first two sentences of the system, but not, the last;
(b) the first and third sentence, but not the second,
(c) the last two sentences, but not the first.

What conclusion may be drawn fiom the fact of the existence
of such models with respect to the possibiity of deriving any one
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of the three sentences from the others? Are these scntences
mutually independent? (Cf Sections 37 and 39 )

10 There have occasionally been complamts to the effect that
there 1s a certain discrepancy 1n the various textbooks of geometry,
inasmuch as sentences treated as theorems 1n some textbooks are
adopted as axioms, and thus without proof, in others Are these
complamnts justificd?

*11. In Section 13 we became acquainted with the method of
truth tables, which cnables us 1n any particular case to decide
whether a given sentence of sentential caleulus 1s true and whether
1t may be, therefore, accepted as a law of this caleculus. When
applyng this method, we may entirely forget about the meaning
which was ascribed to the symbols “T”’ and “F”’ occurring in the
truth tables; we may assume that this method reduces to applying,
1 the construction of sentential calculus, two rules, the first of
which 1s close to the rules of defimition and the second 1o the rules
of proof According to the first rule, if we want to mtioduce into
sentental calculus a constant term, we must begin by constructing
the fundamental truth table for the simplest—and at the same time
the most general—sentential function contaiming this term
According to the sceond rule, if we want to accept a sentence (con-
tamning only those constants for which the fundamental tiuth
tables have already been constructed) as a law of sentential cal-
culus, we must construct the derivative truth table for this sen-
tence and veify that the symbol “F” never occurs in the last
column of this table

Sentential calculus constructed exclusively by means of these
two rules assumes a character close to that of formahzed deductive
theories  Justify this statement on the basis of the considerations
of Scction 40. Notice, however, some diffeiences between this
method of constructing sentential calculus and the general pin-
ciples of constructing deductive theories, which were discussed
Section 36 With the method under consideration, 1s 1t possible
to differentiate m sentential calculus between primitive and de-
fined terms? What other distinction is lost here?

*12 Applying the method of truth tables as 1t was described in
the preceding exercise, we may introduce 1nto sentential calculus
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new terms which were not discussed in Chapter II. We can, for
mstance, mtroduce the symbol “A”, considering the sentential
function.

pAg
as an abbreviation of the expression:
nether p nor q.

Construct the fundamental truth table for this function, which
would comply with the mntwitive meaning ascribed to the symbol
“A”, and then verify, with the help of the denvative truth tables,
that the following sentences are true and may be accepted as laws
of sentential caleulus.

(~p) e (pAp),
@Vvaoellpagalpag),
P> o f{llpap)AgAal(pap) Agl

*13. There exists a method of constructing sentential caleulus
as a formalized deductive theory, which differs from that desciibed
1 Exercise 11, and which complies entirely with all the prineiples
presented 1n Sections 36 and 40°® We may, for instance, assume
the symbols “—", “«<" and “~" (¢f Scction 13) as piimitive
terms and the following seven sentences as axioms of sentential
calculus’

Axiom I p—{g—p)

Axiom II. [po(g—n]—lg— (p—1)]

Axiom III. (p—q) = (g— 1) - (-1l

Axiom IV (pog) > (p— 0

Axiom V. (peog) > (@—p)

Axiom VI.  (p—¢q) = [(@— p) — (29l

Axrom VIL. [(~¢@) = (~pl—=(@— 0

Furthermore, we agree to apply 1n proofs two rules of inference
with which we are already familiar, namely the rules of substitu-

® This method onginates with FercE (cf footnote 2 on p. 19)



148 ON THE DEDUCTIVE METHOD

tion and of detachment (In order to formulate these rules, and
especially the rule of substitution, quite exactly, we would have
to establish the manner of using parentheses and to specify which
expiessions are to be considered as sentential functions in our
calculus and may be therefore substituted for variables, this task
presents no great difficulty.)

With the help of these rules of inference we are now m a posi-
tion to deduce vanous theorems from our axioms. Give, m par-
ticular, complete proofs for the following theorems (making use of
the hints which follow them):

TeeorEM I ¢ — (p — p)

Hint Substitute “p” for “s” 1n Axiom II, notice that the ante-
cedent of the implication thus obtamned comncides with Axiom I,
and accordingly apply the rule of detachment —Wgc have here a
typical example of reasoning based upon Axiom II, which 1s called
LAW OF COMMUTATION.

Taeorem II p—p

Hint. In Theorem I put the whole Axiom I 1n place of “g”,
and apply the rule of detachment.

TreoreM III. p— [(p — ¢q) — q]

Hint. In Axiom II substitute “(p — ¢)"” for “p”, “p” for “q”
and “¢” for “r”’. Notice thal the antecedent of the implication
thus derived may be obtamed by a swmtable substitution from
Theorem II; perform this substitution, and then apply the rule of
detachment.

Taeorem 1IV. (g—71r) = [(p—q) — (p—> 1]

Hint In Axiom II replace “p”, “g” and “” by “(p — @),
“(g — )" and “(p — 7)”, respectively, compare the antecedent
of the sentence obtaned in this way with Axiom III

THEOREM V. (~p)— (p—q)
Hmt From Axiom I derive, by substitution, the sentence.

(~p) = (~9 - (~ Dl
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Notice that the consequent of thus sentence comncides with the
antecedent of .Axiom VII. In Axwom III replace “p” by the
antecedent of this sentence, “¢” by its consequent and “r” by
the consequent ot Axiom VII  Then apply the rule of detachment
twice —This proof 1s a typical instance of reasonmg based upon
Axiom III, which 1s another torm of the law of the hypothetical
syllogism (cf Section 12)

TrEOREM VI. p — [(~ p) —¢]

Hint- The proof is analogous to that of Theorem IV. Perform
a substitution on Axiom II such that the antecedent of the resuli-
ing mmphication will be Theorem V.

TreEOREM VIL. [~(~ p)] — (¢ — p)

Hint The proof 1s analogous to that of Theorem V. From
Theorem V and Axiom VII denve the sentences.

[~(~p]=[(~p—=(~@] and [(~p)=(~]—(@—p)

Notice that the consequent of the first of these sentences is the
same as the antecedent of the second Accordingly, perform a
suitable substitution on Axiom ITI and apply the rule of detach-
ment twice.

TrEOREM VIII [~ (~p)]—D

Hint- Reasoning as in the pioof of Theotem I, derive first,
from Axiom II and Theortem VII, the sentence:

g — {[~ (~pI—ph

Reasoning now as m the proof of Theotem II, derive from this
sentence the desired theorem.

TrEoREM IX. P — [~ (~ D)]

Hint Perform suitable substitutions on Axiom VII and
Theorem VIII so as to be able to apply the rule of detachment,

TEEOoREM X [~ (~p)leD

Hint- This theorem can be obtained from Axiom VI and
Theorems VIII and IX by performing a substitution on Axiom VI
and by applying the rule of detachment twice.
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*14. If we are to be ablc lo mntroduce defined terms into the
system of sentential caleulus described in the preceding exercise,
we have to assume a rule of defimtion According to this rule
(cf. Section 11), every definition has the form of an equivalence
The defimiendum 1s an expression containing, besides sentential
variables, only one constant, namely the term to be defined; no
symbol may occur m this expression twice The defimens 1s an
arbitrary sentential function contamning exactly the same variables
as the definiendum, and containing no constants except primitive
terms and terms previously defined Thus we may, for instance,
accept the following definitions of the symbols “ v’ and “A”.

DerFmviTION I. (P V @) © [(~ p) — 4]
DermvtmioN IL. (p A @) & {~[(~ p) V (~)l}

From the above definitions and the axioms and theorems of
Exercise 13 deduce the following theorems with the help of the
rules of substitution and detachment:

TrEoREM XI [(~p)—ql—(p V @)

Hint In Axiom V substitute “(p V ¢)”’ for “p” and “[(~ p) — ¢]”
for **q”’; compate the sentence thus obtamned with Definition
I and apply the rule of detachment.

TaeoreM XII p V (~ p)

Hint This theorem can be derived from Theorems XI and IT
by two applications of the rule of substatution and one application
of the rule of detachment.

TreoreMm XIII. p—(p V ¢)

Hint The proof is based upon Axiom IIT and Theorems VI
and XI, and 1s quite similar to that of Theorem V (the rule of
substitution 1s applied to Axiom III only)

TreorEM XIV. (p A @) = {~[(~D) V (~ )]}

Hint The proof, which 1s based upon Axiom IV and Definition
II, is analogous to that of Theorem XI.

TaeorEM XV. {~ [~ (p A @]} = {~ [(~p) V (~ 9}
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Hint The pioof is based upon Axwwmn IIT and Theorems VIII
and XIV, and 1s sumilar to that of Theorem V. In Theorem VIII
replace “p” by “(p A ¢)”’ and compaie the consequent of the 1m-
plication thus obtamed with the antecedent of Theorem XIV

TaeoreM XVI [(~p) V (~ @]l — [~ (@ A 9]

Hmt: Perform a substitution on Axiom VII such that the
antecedent of the 1esulting impheation will be Theorem XV,

TrEOREM XVII (~p) — [~ (p A ¢)]

Hint- The proof 1s again analogous to that of Theorem V. In
Theorem XIIT substitute “(~ p)” for “p” and ‘“(~ ¢)" for “q"’;
compare the resulting sentence with Theorem XVI

TaeoreM XVIII (p A q)—0p
Hint* Derive this theorem from Axiom VII and Theorem XVII

Notice which of the axioms and theorems of this exercise and
the preceding one are famihar to us from Chapter II, and recall
their names.

*15 Formulate a definition of the symbol “A” (cf. Excreise 12),
complymng with the rule of definition stated n the preceding exer-
cise, 1n the definiens there should occu1 two constants “~”’ and
" A ”.

*16. Verify by the method of truth tables that all the axioms
and definitions given 1n Exeiciscs 13 and 14 (and also the definition
proposed 1n Exercise 15) are true sentences Tiy lo conclude
from this that all theorems which ean be derrved fiom the above
axioms and definitions by applying the 1ules of substitution and
detachment must also be found to be true sentences when tested
by the method of truth tables

(It 1s possible to show that also conversely every sentence of
sentential caleculus whase truth can be verified by the method of
truth tables 1s either one of the axioms and defimtions, or 1s
derivable from them by means of ow 1ules of inference—and,
consequently, that the two methods of constructing sentential
caleulus, which were discussed 1n Exercises 11 and 13-14, are com~
pletely equivalent. But this task is vastly more difficult.)
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*17. One of the methods of constructing sentential calculus dis-
cussed 1n Exercises 11 and 13-14 provides an immediate solution
of the decision problem (cf Section 41) for this ealculus, and
enables us to show very easily that sentential calculus 1s a con-
sistent deductive theory Which is this method, and how can
this be shown?

*18. One of the laws of sentential calculus is the following:
Foranypandgq, of pand nolp, thengq.

On the basis of this logical law, establish the following meth-
odological law.

If the axiom system of any deductwe theory which presupposes
sentential calculus s 1nconsisient, then every sentence formulated n
the terms of this theory can be derwed from that system

*19. It is known that the following methodological law holds.

If the axiom system of a deductwe theory 15 complete, and f any
sentence which can be formulated but not proved within that theory
18 added to the system, then the axiom system extended wn this manner
28 no longer consislent.

Why 1s this the case?

*20. Single out all those terms appearing in Chapter II, which
belong to the field of the methodology of deductive sciences, ac-
cording to the remarks made 1n Section 42.
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. VII -

CONSTRUCTION OF A MATHEMATICAL
THEORY:

LAWS OF ORDER FOR NUMBERS

43. Primitive terms of the theory under comstruchion; axioms
concerning fundamental relations among numbers

With a certain amount of knowledge of the fields of logic and
methodology at our disposal, we shall now undertake to lay the
foundations of a particular and, mnecidentally, very clementary
mathematical theory. This will be a good opportunity for us
to assimilate better our previously acquired knowledge, and
even to expand it to some extent

The theory with which we shall concern oursclves constitutes a
fragment of the arithmetic of real numbers It contamns funda-
mental theorems concerning the basic relations less than and
greater than among numbers, as well as the basic operations on
numbers, namely of addition and subtraction It presupposes
nothing but logic.

The primitive terms which we shall adopt 1n this theory are the
following:

real number,
18 less than,
18 greater than,
sum.
Instead of “real number”’ we shall, as before, simply say “number”.

Also, it 13 shghtly more convenient to consider, mstead of the
term “number’’, the expression “the set of all numbers’’ as a primitive

156
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term, which, for brevity, we will replace by the symbol “N”’; thus,
in order to express that z 18 a number, we wnte:

zeN.

We may, on the other hand, stipulate that the universe of dis-
course of our theory consists of real numbers only and that var-
ables such as “z”, ‘“y”, stand exclusively for the names of
numbers, n this case, the term ‘“real number” would be altogether
dispensable mn the formulations of statements of owmr theory, and
the symbol “N” might, when needed, be replaced by “V" (cf.
Section 23).

The expressions ‘a8 less than’’ and ‘“‘is greater than” are to be
treated as if they were entities consisting of a single word each,
they will be replaced by the briefer symbols “ <" and “>7”,
respectively Instead of “as mot less than” and ‘““us not greater
than’’ we shall employ the usual symbols “<’’ and “}>"’. Further,
mstead of ““the sum of the numbers (the summands) z and y”’ or
““the result of adding z and y”’ we shall use the customary notation

z+y.

Thus, the symbol “N” designates a certain set, the symbols “ <"
and “>" certain two-termed relations, and finally the symbol
*4-* a certan binary operation.

Among the axioms of the theory under consideration two groups
may be distingumished The axioms of the first gioup cxpress
fundamental properties of the relations less than and greater than,
whereas those of the second are primarily concerned with addition
For the time being we shall consider the first group only; 1t con-
sists, altogether, of five statements:

Axtom 1 For any numbers z and y (i e., for arbilrary elements
of theset N) wehave: z =y or z <y or x> y.

Axiom2. If z <y, then y & =z.
Axiom3. If >y, then y 3 z.
Axiom4 If z<y and y <z then z <a.
Axiomb5. If z>y and y >z then z > 2.
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The axioms listed here, just as any arithmetical theorem of a
universal character stating that aibitrary numbers z, y, . have
such and such a propeity, should ically begin with the words
“for any numbers x, y, " or ‘“for any elements z, y, of the
set N”’ or, ssmply, “for any =, y, " (f we agree that the van-
ables “z”, “y”, here denote numbers only) But since we
want to conform to the usage discussed 1n Section 3, we often
omit such a phrase and metely add 1t in our mind, this holds not
only for the axioms but also for the theorems and defimitions which
will oceur 1n the couise of our considerations Axiom 2, for in-
stance, 1s meant to be 1ead as follows*

For any z and y (or for any elements x and y of the set N), of
z <y, then y<{z=z

We shall refer to Axiom 1 as the WEAK LAW OF TRICHOTOMY
(with the strong law of trichotomy we shall become acquamted
later) Axioms 2-5 express the fact that the relations less than
and greater than are asymmetrical and tiansitive {¢f Section 29),
accordingly they are called the LAWS OF ASYMMETRY and LAWS OF
TRANSITIVITY for the relations less than and greater than The
axioms of the first group and the theorems following from them
are called the LAWS OF ORDER FOR NUMBERS

The relations < and >, together with the logical rclation of
identity =, will be here refeired to as the FUNDAMENTAL RELA-
TIONS AMONG NUMBERS

44. Laws of irreflexivity for the fundamental relations; indirect
proofs
Our next task consists in the derivation of a number of theorems
from the axioms adopted by us Since we do not aim at a sys-
tematic presentation, in this and the following chapter only those
theorems will be stated which may serve to help illustrate cer-
tain concepts and facts of the ficlds of logic and methodology.
TaeoreM 1. No number1s smaller than ilself: z { .

ProoF. Suppose our theorem were false Then there would
be a number z satisfying the formula

(1) <z
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Now Axiom 2 refers to arbitrary numbers z and y (which need
not be distinct), so that 1t remains valid if in place of “y’’ we write
the varable “‘z”’; we then obtain:

2 f <z then z 4 =
But from (1) and (2) it follows 1mmediately that
Tz <€z

this consequence, however, forms an obvious contradiction to
formula (1). We must, therefore, reject the original assumption
and accept the thecorem as proved

‘We shall now show how to transform this argument 1nto a com-
plete proof, using for clarity the logical symbolism (cf Sections
13 and 15). To this end we resort to the so-called LAW OF RE-
DUCTIO AD ABSURDUM of sentential calculus-

@ - (~p))— (~p)

We further use Axiom 2 1n the following symbolic form*

I <y -~ <2)]

Our proof is based exclusively upon the sentences (I) and (II).
First we apply the rule of substitution to (I), replacing “p” 1 1t
throughout by “(z < z)’:

L) {z < 2) =~ @& <} > [~ (= < 2)]

We next apply the rule of substitution to (II), replacing “y”
‘by. l‘z":

av) (@ <2)— [~ (z <2)]

Finally we observe that the sentence (IV) is the hypothesis of the
conditional sentence (III), so that the rule of detachment may be
appled We are thus led to the formula:

(V) ~(z<n2)
which 1s the symbolic form of the theorem to be proved.

1 This law, together with a related one of the same name
[(~p) — pl — p,
has been used 1n many intricate and historically important arguments 1o

logic and mathematics The Italhan logieian and mathematician G
VarraTr (1863-1909) devoted a special monograph to 1ts history
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The proof of Theorem 1 represents an example of what 1s called
an INDIRECT PROOF, also known as a PROOF BY REDUCTIO AD AB-
surDUM  Proofs of this kind may quite generally be characterized
as follows 1n oider to prove a theorem, we assume the theorem
to be false, and derive fiom that certamn consequences which
compel us to reject the original assumption Indirect proofs are
very common in mathematics They do not all fall under the
schema of the proof of Theorem 1, however, on the contrary, the
latter represents a comparatively rare foim of indirect proof, and
we shall meet with more typical examples of indireet proofs
further below.

The axiom system adopted by us 1s peifectly symmetrical with
respect to the two symbols ““<” and *“>”. To every theorem
concerning the relation less than, we theiefore automatically ob-
tain the corresponding theorem concerning the relation greater
than, the proofs being entirely analogous, so that the proof of the
second theorem may be omitted altogether In particular, cor-
responding to Theorem 1 we have.

TarorEM 2  No number is greater than tself* z 3 =.

Whule the relation of identity =, as we know from logie, is re-
flexive, Theorems 1 and 2 show that the other two fundamental
relations among numbers, < and >, are urreflexive, these theorems
are therefore called the Laws oF IRREFLEXIVITY (for the relations
less than and greater than)

45. Further theorems on the fundamental relations
We shall next prove the following theorem
TEEOREM 3 >y o, andonlysf, y <=z
Proor. It has to be shown that the formulas
>y and y<z

are equivalent, that 13 to say, that the first imphes the second,
and vice versa (cf. Section 10).
Suppose, first, that

(1) y < z.
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By Axiom 1 we must have at least one of the three cases.
(2) z=y, <Yy or z>Y.

If we had z = y, we could, by virtue of the fundamental law of
the theory of identity, ie LEisniz's law (¢f Section 17), replace
the vanable “z” by “y’’ in formula (1); the resulting formula.

y<y

constitutcs an obvious contradiction to Theorem 1 Hence we
have.

(3) z¥y.
But we also have:
4) zLy

since, by Axiom 2, the formulas.
z <y and y<z

cannot hold simultaneously. On account of (2), (3) and (4), we
find that the third case must apply

(5) z> .

‘We thus have shown that the formula (5) is implied by the formula
(1), conversely, the implication 1n the opposite direction can be
established by an analogous procedure The two formulas are,
therefore, indced equivalent, q.e d 2

Using the termmology of the calculus of relations (cf. Section
28), we may say that, according to Theorem 3, each of the rela-
tions < and > is the converse of the other.

TeeoreM 4. If z+y, then z <y or y<z
Proor. Since
¥y,
we have, by Axiom 1°
<y or T >Y;
the second of these formulas imphes, by Theorem 3.
Yy <z

2 The letters ‘‘q e d '’ are the customary abbreviation of the expression
‘‘quod erat demonstrandum’’, meamng ‘‘which was to be proved”
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Hence we have:
z <y or y < z, q.e.d.
Analogously we can prove

TaeorEM 5. If z3y, then 2>y or y> =z

By Theorems 4 and 5 the relations < and > are connected;
accordingly these theorems are known as the .AWs OF CONNEXITY
(for the relations less than and greater than)  Axioms 2-5, together
with Theorems 4 and 5, show that the set of numbers N 1s ordered
by either of the relations < and >.

THEOREM 6 Any numbers z and y satisfy one, and only one,
of the three formulas z =y, 2 <y and z >y

Proor. It follows from Axiom 1 that at least one of the for-
mulas stated must be satisfied In order to prove that the
formulas.

T=y and >y

exclude each other, we proceed as i the proof of Theorem 3:
we replace m the second of these formulas “z” by “y’’ and arrive
at a contradiction to Theorem 1 Simularly 1t can be shown that
the formulas.

T=y and >y
exclude each other. And finally, the two formulas.
<y and >y

cannot hold simultaneously, because, by Theorem 3, we would
then have.

<y and y < =z,

in contradiction to Axiom 2. Hence, any numbers z and y satisfy
one and no more of the three formulas in question, qed

Theorem 6 we will call the STRONG LAW OF TRICHOTOMY, O
simply the LAW OF TRICHOTOMY; according to this law, one and
only one of the three fundamental relations holds between any
two given numbers. Using the phrase “either ... or ...” in the
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meaning proposed 1 Section 7, we can formulate Theorem 6 in g
more concise manner

For any numbers z and y we have etther z =y or z <y
or x> Y.

46, Other relations among numbers

Apart from the fundamental relations, three other relations play
an important part in arithmetic  One of these 1s the logical rela-
tion of diversity + which we know already; the other are the
relations < and z which will be discussed now.

The meaning of the symbol “ <"’ 13 explained by the following
definition:

DerinttioN 1 Wesaythat z Xy o, andonlysf, z=1y or
z<y.

The formula:
TSy

is to be read" “z is less than or equal to 3" or “z 1s at most equal
toy”.

Although the content of the definition as stated appears to be
clear, experience shows that i practical applcations 1t some-
times becomes the source of certain misunderstandings Some
people who belicve they understand the meaning of the symbol
“<" perfectly well protest nevertheless against 1ts application to
definite numbers They do not only reject a formula like.

1=0

as obviously falsec—and this rightly so—, but they also consider
as meaningless or even false such formulas as.

0=<0 or 0=<1,

for they maintain that there 1s no sense 1n saying that 0 < 0 or
that 0 < 1 since 1t is known that 0 = 0 and 0 < 1. In other
words, 11 15 not possible to exhibit a single pair of numbers which,
n their opimion, satisfies the formula:

T Y.
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This view is palpably mistaken Just because 0 < 1 holds, it
follows that the sentence

0=1 or 0<1

18 true, for the disjunction of two sentences is certainly true pro-
vided one of them 1s true (¢f Section 7); but according to Defini-
tion 1 this disjunction 1s equivalent to the formula

0=1.

For a quite analogous reason the formula:
00
is also true.

The source of these misunderstandings, presumably, lies in
certain habits of everyday Life (*to which we have already called
attention at the end of Section 7*) In ordinary language 1t 18
customary to assert the disjunction of two sentences only if we
know that one of the sentences 1s tiue without knowing which.
It does not occur to us to say that 0 = 1 or 0 < 1, though this
1s undoubtedly true, simnee we can say something that 1s simpler
and at the same time logically stronger, namely, that 0 < 1
In mathematical considerations, howevel, 1t 18 not always ad-
vantageous to state everything that we know in its strongest
possible form. For example, we sometimes assert of a quadrangle
merely that 1t 1s a parallelogram, although we know 1t to be a
square, and this because we may want to apply a geneiral thcorem
concerning arbitrary parallclograms Foi similar 1casons 1t may
oceur that 1t 13 known of a number z (for instance, of the number
0) that 1t is less than 1, and yel 1t may mercly be asserted that
z < 1, thats, thateitherz = lorz <1

We will now state two theorems concernmg the relation <.
TerorEM 7 2 =y ,andonlysf, zF y

Proor. This theorem 1s an 1mmediate consequence of Theo-
rem 6, i e. the law of trichotomy In fact, if
Q) =y
and hence, by Definition 1,
2) z=y or <y,
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it is impossible for the formula.
zT>Y
to hold. Conversely, if
@ z %y,
we must have (2) and hence, again by Defimtion 1, formula (1)
must hold The formulas (1) and (3) are thus equivalent, qed

In the terminology of Section 28, Theorem 7 states that the
relation =< 1s the negation of the relation >.

On account of 1ts structure, Theorem 7 might be looked upon
as the defimition of the symbol “=<’’; 1t would be a different one
from that adopted here but equivalent to 1t. The statement of
this theorecm may also contribute to dispel any last doubts about
the usage of the symbol ““ £’; for nobody will hesitate any longer
to recognize as true such formulas as

0<0 and 0=1
in view of the fact that they are equivalent to the formulas-
0F0 and 0 F 1.

If we wished, we could avoid the use of the symbol “=” com-
pletely, by always employmg “}’’ mstead.

TeeorREM 8. z <y of,ondonlysf, =y and z+y
Proor If

(1) z <y,

then, by Defimtion 1,

(€)) Ty

while, by the law of trichotomy, the formula:
z=Y

cannot hold Conversely, if formula (2) holds, then by Defini-
tion 1 we obtam:

3) r<y or x=y;
but if, at the same time, we have:

z¥Y,
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we have to accept the first part of the disjunction (3), that 1s,
formula (1). The mmplication therefore holds m both directions,
q.e.d.

A number of other theorems concerning the relation < we shall
pass over; among them, there are, in particular, theorems to the
effect that this relation is reflexive and transitive. The proofs
of none of these theorems afford any difficulties.

The defimition of the symbol “Z” 15 entirely analogous to
Defimtion 1; and from the theorems concerning the relation <
we automatically obtamn corresponding theorems concerning the
relation = by merely replacing the symbols “<”, “<” and “>"
throughout by the symbols “=”, “>" and “<”.

Formulas of the form*
r=y
in which the places of “z" and ‘“‘y” may be taken by constants,
variables or compound expressions denoting numbers are usually
called EquaTioNs. Similar formulas of the form.
z<y or >y

are called INEQUALITIES (IN THE NARROWER SENSE); among the
INEQUALITIES IN THE WIDER SENSE we have, n addition, formulas
of the form:

z+y, r=y or z=y.
The expressions occurring on the left and right sides of the sym-

bols “=", “<”, and so on, 1 these formulas are referred to as the
LEFT AND RIGHT SIDES OF THE EQUATION OF OF THE INEQUALITY.

Exercises

1. Consider two relations among men. that of being of a smaller
stature, and that of being of a larger stature. What condition
has to be satisfied by an arbitrary set of people, so that 1t together
with those two relations forms a model of the first group of axioms
(cf. Section 37)?

2. Let the formula:
zQy



166 LAWS OF ORDER FOR NUMBERS

express the fact that the numbers z and y satisfy one of the
following conditions (1) ihe number z has a smaller absolute
value than the number y, or (u) if the absolute values of z and y
are the same, z 15 negative and y 15 positive. Further, let the
formula

Ty
have the same meaning as the formula:
Yy ©z.

Show, on the basis of anthmetic, that the set of all numbers
and the relations ® and ©® just defined constitute a model of the
first group of axioms

Give other examples of interpretations of these axioms within
arithmetic and geometry.

3 From Theorem 1 denve the following theorem-
if z<y, then z==+y.

Conversely, derive Theorem 1 from the theorem just stated,
without making use of any other arithmetical statements Are
these two inferences indirect and do they fall under the schema
of the proof of Theorem 1 of Section 447

4 Gencralize the proof of Theorem 1 of Section 44, and thereby
establish the following gencral law of the theory of relations
(ef remarks made in Section 37)

every relation B which 1s asymmelirical in the class K 15 also
wrreflexwe wn that class

5. Show that, if Theorem 1 15 adopted as 2 new axiom, the old
Axiom 2 can be derived as a theorem from this axiom together
with Axiom 4

As a generalization of this argument, prove the following gen-
eral law of the theory of relations*

every relation R which 18 wrreflexive and transitwe in the class K
18 also asymmelrical wn that class.

*6 At the end of Section 44 we tried to explain why the proof
of Theorem 2 may be omitted. These remarks represent an
application of certain general considerations of Chapter VI. Ex-



EXERCISES 167

plain this m detail, and, in partieular, specify the considerations
to which this refers

7. Dernve the following theorems from the first group of axioms:
(@ z=y #,andonlysf, z4Ly and y <z,
My z2<y, then 2 <2z or z<y.

8. Derive the following theorems from Axiom 4 and Defini-
tion 1.

@y <y and y =2z lhen z <z,
b 25y and y <z then z <z
(if z=y y<z and 2=t then z <

9. Show thal the relations £ and = are reflexive, transitive
and connected. Are these relations symmetrical or asymmetrical?

10. Show that, between any two numbers, exactly three of the
followng six relations hold: =, <, >, +, < and 2.

11. Both the converse and the negation of any of the relations
hsted in the preceding exercise are agamn among thesc six relations
Show 1n detail that this 1s the case

*12. Between which of the rclations given in Exercise 10 does
the relation of inclusion hold® What will be the sum, the product
and the relative product of any pair among these relations?

Hint. Recall the terms explamned m Section 28 Do not omit
to consider pairs consisting of two equal 1elations, and remember
that the relative product may depend upon the order of the factors
(cf. Exercise 5 of Chapter V) Altogether 36 pairs of relations
should be examined.



- VIII -

CONSTRUCTION OF A MATHEMATICAL
THEORY:

LAWS OF ADDITION AND SUBTRACTION

47. Axioms concerning addition; general properties of operations,
concepts of a group and of an Abelian group

We now turn to the second group of axioms, which consists of
the following six sentences

Axiom 6 For any numbers y and z there exists @ number z such
that z =y 4+ 2; 1» other words: of yeN and zeN, then
also y+ zeN.

Axiom7 z+y=y-+ =z
AxtoM8 z+ @wW+2)=@+y +=2

Axtom 9. For any numbers z and y there exists a number z such
that = =y + =

Axiom 10. If y <z then z+y<z+ 2
Axiom11l If y> 2 then z+y >+ 2

For the moment let us concentrate on the first four sentences
of this second group, that is, Axioms 6-9. They ascribe to the
operation of addition a number of simple properties which are
also frequently met when considering other operations in various
parts of logic and mathematics.

Special terms have been imtroduced to designate these prop-
erties. Thus we say that the operation O 18 PERFORMABLE IN THE
crass K or that the class K i1s CLOSED UNDER THE OPERATION O,
if the performance of the operation O on any two elements of the
class K results agamn in an element of that same class; 1n other

168
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words, if, for any two elements y and z of the class K, there exists
an element z of this class such that

z=y0uz

The operation O is called COMMUTATIVE IN THE cLass K, if the
result of this operation 1s independent of the order of the elements
of the class K on which it 18 carried out, or, 1n other woids, if for
any two elements z and y of the class we have

z0y =yO0=x.

The operation O is ASSOCIATIVE IN THE cLass K, if the result 1s
independent of the way in which the elements are grouped to-
gether, or, more precisely, if for any three elements z, y and z of
the class the condition

z0(w0z)=@x0y Oz

18 satisfied. The operation O 1s said to be RIGHT-INVERTIBLE or
LEFT-INVERTIBLE IN THE cLAsS K if, for any two elements z and ¥
of the class K, there always exists an element z of the class such
that

z=90z or =20y,

respectively, holds An operation O which is both right- and
left-invertible 15 simply called INVERTIBLE IN THE crLass K It
follows at once that a commutative operation which 1s right- or
left-invertible must be mvertible We shall now say that a class
K 15 3 GROUP WITH RESPECT TO THE OPERATION O, if this operation
is performable, associative and mveitible 1n K, 1if, morcover, the
operalion O 15 commutative, the class K 1s called an ABELIAN
GROUP WITH RESPECT TO THE OPERATION O The concept of a
group and, in particular, that of an Abehan group, forms the sub-
ject, of a special mathematical diseapline known as the THEORY OF
GrOUPS, which has alieady been mentioned above m Chapter V.

1 The group concept was introduced into mathematics by the French
mathematician E Gavrors (1811-1832) The term “‘Abehan group” was
chosen 1n honor of the Norwegian mathematician N H ABEL (1802-1829)
whose researches have had a great influence upon the development of higher
algebra The far-renching importance of the group concept for mathe-
matics has been recogmzed particularly since the works of another Nor-
wegian mathematician, 8 Lis (1842-1899)
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In case the class K 18 the universal class (or the universe of
discourse of the theory considered—cf Section 23), we usually
omit the reference to this class when employing such terms as
“performable”, “commutative”’, and so on

In accordance with the termmnology introduced above, the
Axioms 6-9 are referred to as the LAW OF PERFORMABILITY, the
COMMUTATIVE LAW, the ASSOCIATIVE LAW and the LAW oF rigHT
INVERTIBILITY for the operation of addition, respectively, together
they state that the set of all numbers constitutes an Abehan
group with respect to addition.

48. Commutative and associative laws for a larger number of
summands

Axiom 7, the commutative law, and Axiom 8, the associative
law, mn the form mn which they have been stated here, refer to two
and thice numbers, respectively But there are infinitely many
other commutative and associative laws concerning more than
two or three numbers. The formula.

t+@+Dd=y+ c+2),

for instance, constitutes an example of a commutative law for
three summands, and the formula.

t+y+C+twl=[E+y) +e+u

represents one of the associative laws for four summands In
addition, there are theorems of a mixed chaiacter which, generally
expressed, assert that any changes 1n either the order or the
grouping of the summands are without influence upon the result
of the addition. By way of an example the following theorem
may be stated.

TeEoREM 9. z+ (y+2)=(z+2) + .

Proor. By swtable substitutions we obtain from Axioms 7
and 8:

(1) zt+y=y-+2
@) z+G+y)=(@+2 +y.
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In view of (1) we may, in accordance with LEieniz’s law, replace
“2 + y” m (2) by “y + 2”; the result 1s the desired formula:

zt+@+2)=@G@+2+y

In a similar manner we can derive all commutative and asso-
ciative laws concerning an arbitraiy number of summands from
Axioms 7 and 8 together, possibly, with Axiom 6 These theo-
rems are often used 1 practice 1n the transformation of algebraic
expressions, By a transformation of an expression denoting a
number we mean, as usual, an alteration of such a kind as to lead
t0 an expression denoting the same number, which may hence be
jomed with the origmal expression by the identity sign; the ex-
pressions most frequently subjected to transformations of this
kind are those which contain vanables and which, therefore, are
designatory functions. On the basis of the commutative and
associative laws we are in a position to transform any expressions
of a form such as*

z+w+az+ly+(+4)], ,

that is, expressions consisting of numerical constants and varables
separated by addition signs and paientheses; in any such ex-
pression we may mterchange at will both the numerical symbols
and the parentheses (provided only the 1csulting expression has
not become meaningless on account of the transposition of the
parentheses),

49, Laws of monotony for addition and their converses

Axioms 10 and 11, to which we will turn now, are the so-called
LAWB OF MoNOTONY for addition with respect to the relations less
than and greater than We say, more generally, that the binary
operation O is MONOTONIC IN THE CLASS K WITH RESPECT TO THE
TWO-TERMED RELATION R, if, for any elements z, , 2 of the class K|
the formula:

yRz
implies:
(z0y) R (z02),
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which means that the result of performing the operation O on z
and y has the relation R to the result of performing the operation
O on z and z (In the case of non-commutative operations one
should, strictly speaking, differentiate between right and left
monotony, the one just defined bemng denoted as right monotony )

The operation of addition 1s monotonic not only with respect
to the relations less than and greater than—a consequence of Axioms
10 and 11—but also with respect to the other relations among
numbers discussed in Section 46 We shall show this here only for
the relation of 1dentity:

TEEOREM 10 If y =2 then z+y=2+ 2.
Proor. The sum z -+ y, whose existence 1S guaranteed by
Axiom 6, 18 equal to itself (by Law II of Section 17).
xs+y=z+ 9.
In view of the hypothesis of the theorem, the variable ““y’’ on the

rnight side of this equation may be replaced by the variable “z”,
and we obtamn the desired formula.

s+y=z+az
The converse of Theorem 10 is also true.
Teeorem 11 If z4y=x-42 then y=-.

We shall sketch two proofs of this theorem here The first,
based upon the law of trichotomy and Axioms 6, 10 and 11, 1s
comparatively simple For our later aims we require, however,
another proof which 1s considerably more mvolved, but does not
make use of anything except Axioms 7-9.

FIrsT PROOF Suppose the theorem in question were false
Then there would be numbers z, ¥ and z such that

(1) zt+y=z+z2
and yet
@ y*az

Simnce x -+ y and z 4 z are numbers (according to Axiom 6), they
can, by the law of trichotomy, satisfy only one of the formulas.

z+y=z+2 2z+y<z+z and z+y>z+a2
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Since, by (1), the first holds, the others are automatically elimi-
nated. We therefore have.
@ st+ydLz+z ad s+yPz+z

By applymng the law of irichotomy once more, we can, on the
other hand, mnfer from the mequalty (2) that

y<z or y>az
Hence, by Axzoms 10 and 11,
4) g+y<z4z or z4+y>z+2

which represents an obvious contradiction to (3) The supposi-
tion is thus refuted, and the theorem must be considered proved.

[{P= ]

*SECOND PROOF. Apply Axiom 9, with *z” and ‘2" replaced
by “y” and “u”, respectively. It follows that there exists a
number % fulfillimg the formula:

y=y+u
Since, by Axiom 7,
ytu=u+ty,

we have, on account of the transitivity of the relation of identity
(ef. Law IV of Section 17).

@) y=u+vy

Now apply Axiom 9 again, with ‘2" and “z” replaced by “z”’ and
“y”, respectively, we thereby obtain a number v satisfying the
equation:

@ z=y+o

On account of (1), we may here replace the varable “y"” by the
expression “u + y’':

z=(w+y) +o
Further, by the associative law, i e. Axiom 8, we have:
u+(@y+v)=@w+y +v,
so that, by applymng Law V of Section 17, we arrive at
z=u-+ (y + ).
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On account of (2), we may here replace “‘y 4+ v” by “z” (using
LEieNiz’s law), so that we finally obtain.
3) z=u+z

Applymng Axiom 9 for the third time, this time with “z”, ‘“y”
and “z” replaced by “u”, “z” and “w”, respectively, we obtain
a number w for which

u=z+w
holds, and since
z+w=w-4z,
we have:
@® u=w-+ =z

Using (4) we obtamn the following formula from (1):
y=@w+2) +uy;
but since, by the associative law, we have:
wt@+y)=w+2)+y
this formula becomes:
(5) y=w+ @+

In view of the hypothesis of the theorem to be proved, we may
replace “‘z + y”’ m (5) by “z + 2, which leads to:

(6) y=w-+ (x4 2).
Applyimng again the associative law, we have:
w+ (z+2) =w+32)+3
so that (6) becomes:
y=@w-+2z) +a

On account of (4), we may here replace ‘w 4+ z” by “u"”. In
this way we obtam:

) y=u-+z
But from equations (7) and (3) it follows that
y =g q.ed.*
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A few remarks concerning the first proof of Theorem 11 may be
inserted here Like the proof of Theorem 1, 1t constitutes an
example of an indirect inference The schema of this proof may
be represented as follows In order to prove a certamn sentence,
say “p”’, we suppose the sentence to be false, that 15 we assume
the sentence “not p”” From this assumption a consequence “g"
is denived; that is to say, we demonstrate the implheation:

of not p, then q

(in the case under consideration, the consequence “q” is the con-
junction of the conditions (3) and (4) which appear in the proof).
On the other hand, however, we are able to show (either on the
basis of general laws of logic, as in the case under consideration,
or by some theorems previously proved withm the mathematical
discipline in which all these arguments are carred out), that the
consequence obtaned 1s false, that 1s, that ‘““not ¢”’ holds, thetrcby
we are compelled to give up the original assumption, and thus to
accept the sentence “p’’ as true If this argument were set down
in the form of a complete proof, a logical law which would
play an essential part 1n 1t 1s 2 vanant of the law of contraposition
known from Section 14, and which reads as follows

From: 1f not p, then q,  follows that: f not g, then p.

The proof under consideration differs shightly from that of
Theorem 1. There, from the assumption that the thcorem 1s
false, we nferred that the theorem 1s true, that is, we derived a
consequence directly contradicting the assumption, here, however,
we dertved from a similar assumption a consequence of which we
knew from other sources that it was false But this difference 1s
not an essential one; 1t can easily be seen on the basis of logical
laws that the proof of Theorem 1—hke any other indirect mode
of inference—can be brought under the schema sketched above

Like Theorem 10, the other laws of monotony, that is, Axioms
10 and 11, also admit of conversion:

Teeonem 12. If 2+ y <z+2 then y <z
Tezorem 13. If z+y>z+2 then y> 2
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The proof of these theorems can without difficulty be obtained
along the lines of the proof of Theorem 1

50. Closed systems of sentences

There exists a general logical law the knowledge of which con-
siderably simplifies the proofs of the last three theorems (11, 12
and 13) This law, sometimes called the LAW OF CLOSED SYSTEMS
or HAUBER’S LAW?, permits us 1 some cases, when we have suc-
ceeded 1n proving several conditional sentences, to mfer from
the form of these sentences that the corresponding converse sen-
tences may be also considered as proved

Suppose we are given a number of implications, say three, to
which we will give the following schematic form.

if P, then ¢
tf D2, then qs,
if Ds, then ¢qu.

These three sentences are said to form a crLosEp sYSTEM, if their
antecedenis are of such a kind as to exhaust all possible cases,
that is, 1f 18 true that:

P or P2 oOr 7ps,
and 1if, at the same time, their consequents exclude one another.

of qu,thennot ga, of qu, thennotqs; +f g2, then not gs.

The law of closed systems asserts that if certain conditional sen-
tences forming a closed system are true, then the corresponding
converse sentences are also true.

The simplest example of a closed system is given 1n the form of a
system of two sentences, consisting of some implication.

1f p, then g,
and 1ts inverse sentence*
if not p, then not gq.

2 After the name of the German mathematician K F. Hauser (1775-
1851),
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In order to demonstrate the two converse sentences n this case,
it 15 not even necessary to resort to the law of closed systems, it is
sufficient to apply the laws of contiaposition

Theorem 10 and Axioms 10 and 11 form a closed system of
three sentences This 15 a consequence of the law of trichotomy;
since between any two numbers we have exactly one of the rela-
tions =, < and >, we see that the hypotheses of these three
sentences, that 1s, the formulas*

Yy =z, ’.ll<z, y>z,

exhaust all possible cases, while their conclusions, that is, the
formulas:

zty==z+z zt+y<z+z z+y>z+ 2

exclude one another (The law of trichotomy implies even more,
which however is irrelevant for our purpose, namely, that the
first three formulas do not only exhaust all possible cases but also
exclude each other, and that the last three formulas do not only
exclude each other but also exhaust all possible cases) For the
mere reason that the three statements form a closed system 1t is
true that the converse theorems 11-13 must hold.

Numerous examples of closed systems can be found in elemen-
tary geometry; for instance, when examining the relative position
of two circles, we have to deal with a closed system consisting of
five sentences.

In conclusion 1t may be remarked that anyone who does not
know the law of closed systems but trics to prove the converses of
statements forming a system of this kind may mechanically apply
the same mode of inference which we employed 1 the first proof
of Theorem 11.

b1. Consequences of the laws of monotony
Theorems 10 and 11 may be combined mto one sentence:
y=2 +,andonly+f, z+y=z+2

Similarly it is possible to combine Axioms 10 and 11 with Theorems
12 and 13. The theorems thus obtamed may be denoted as the



178 LAWS OF ADDITION AND SUBTRACTION

LAWS OF EQUIVALENT TRANSFORMATION OF EQUATIONS AND IN-
EQUALITIES by means of addition. The content of these theo-
rems 15 sometimes deseribed as follows if the same number 1s
added to both sides of an equation or mnequahty, without changing
the equality or mmequality sign, the resulting equation or inequahty
is equivalent to the origmnal one (this formulation is, of course,
not quite correct, since the sides of an equation or mequality are
not numbers but expressions, to which 1t 18 not possible to add any
numbers). The theorems mentioned here play an important role
in the solution of equations and inequalities

We will derive one more consequence from the theorems of
monotony:

Teeorem 14. If z42z2<y -+t then z <y or z <L

Proor Suppose the conclusion of the theorem is false; in other
words, neither 1s z smaller than y nor 1s z smaller than ¢ From
this 1t follows by the law of trichotomy that one of the two
formulas:

=y or z>Y
and also one of the two formulas:
z=1% or z>1

must hold. We thus have to discuss the following four possi-
bilities:

1 z=y and z=1,
@) z=y and z> ¢
3) >y and z=1{,
@ >y and z >t

Let us begin by considering the first case. If the two equations
(1) are valid, we obtain, by Theorem 10.

z+z=z4y
from the first equation; and since, according to Axiom 7,

z+z=24+2% and z4+y=y-+z2
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we may infer, by a twofold applcation of the law of transitivity
for the relation of identity:

® t+z=y+az

If now we apply Theorem 10 to the second of the equations (1),
we obtam:

) y+z=y+4
which, together with (5), yields.
7 z+z=y+t

By an entirely analogous inference—applying Axioms 4, 5, 10
and 11—any of the three remaining cases (2), (3) and (4) lead to
the mequality:

8) zc+z>y+t

One of the formulas (7) or (8) must therefore hold in any case.
But since z + z and y + ¢ are numbers (Axiom 6), 1t follows by
the law of trichotomy that the formula:

z+z<y+1i

cannot hold.

Thus, by assuming the conclusion to be false, we have arrived
at an immediate contradiction to the hypothesis of the theorem.
The assumption is therefore to be refuted, and we see that the
conclusion does indeed follow from the hypothess.

The argument just conducted 18 counted among the indirect
proofs; apart from an messential modification, 1t could be brought
under the schema sketched 1 Section 49 n connection with the
first proof of Theorem 11. Formally considered, however, the
procedure of the argument 1s slightly different from the one fol-
lowed in the proofs of Theorems 1 and 11 The inference has
the following schema In order to prove a sentence of the form
of an implication, say, the sentence

f p, then g,

we assume the conclusion of the sentence, that 1s, “q", to l')e
false (and not the whole sentence), from this assumption, that is,
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from ‘“not ¢”’, 1t 15 inferred that the hypothesis 1s false, that 1s,
that ‘“not p’’ holds. In other words, instead of demonstrating the
sentence in question, a proof of the corresponding contrapositive
sentence.

of not q, then not p

is given, and from this the validity of the original sentence 1s1n-
ferred The basis for an mference of this kind 1s to be found 1n a
law of sentential calculus to the effect that the truth of the contra-
positive sentence always implies that of the original sentence (cf.
Section 14).

Infercnces of this form are very common mn all mathematical
disciplines; they constitute the most usual type of mdireet proof

62. Definition of subtraction; inverse operations

Our next task 15 to show how the notion of subtraction can be
introduced 1nto our considerations, With this aim in mind, we
shall first prove the following theorem:

TaEOREM 15 For any {wo numbers y and z there is ezactly one
number z such thaty = z + =

Proor Axiom 9 guarantees the existence of at least one num-
ber z satisfying the formula.

=z-+4 2z

We have to show that there 1s no more than one such number, in
other words, that any two numbers « and » satisfying this formula
are 1dentical. Let, therefore,

y=z2-+u and y=2z+ o

This imphes at once (by the laws of symmetry and transitivity
for the relation =):

zt+u=z+4y,
from which, by Theorem 11, we obtain:
U = 9.
There is, thus, exactly one number z (cf. Section 20) for which
y=2+2, q.e.d.
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This unique number z, of wluch the above theorcm treats, is
designated by the symbol.

Yy—2z
we read 1t, as usual, “the difference of the numbers = and y”’ or

“the result of subtracting the number z from the number y”. The
precise definition of the notion of difference 1s as follows

DermirioNn 2 We say that z = y — z o, and only o,
y=z+z

An operation I 1s called a RIGET INVERSE OF THE OPERATION O
IN THE cLAss K 1if these two operations O and I fulfil the following
condifion.

Jor any elemenis z, y and z of the class K, we have. 2 = y I 2z
of,and only +f, y =20z.

The analogous concept of a LEFT INVERSE OF THE OPERATION O
is defined similarly If the operation @ 18 commutative in the
class K, 1ts two mverses—the 11ght and the left—coineide, and we
can then simply speak of the INVERSE oF THE oPERATION O (or,
also, of the INVERSE oPERATION OF O) In accordance with this
termmology, Definition 2 expresses the fact that subtraction 1s the
right inverse (or, ssmply, the inverse) of addition.

53: Definitions whose definiendum contains the identity sign

*Definition 2 exemplifies a kind of definition very common in
mathematics. These definitions stipulate the meaning of a sym-
bol designating either a single thing or an operation on a certamn
number of things (in other words, a function with a certamn number
of arguments) In every defimtion of this kind, the definlendum
has the form of an equation

z = ,
on the right side of this equation, we have the symbol 1tself which
was to be defined, or else a designatory function constructed out
of the symbol to be defined and certain vauables “‘y”, ‘2", s

according as the symbol 1n question designates a single thing or an
operation on things. The definiens may be a sentential function
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of any form, which contains the same free vallables as the defi-
niendum, and which states that the thing z—together possibly
with the things ¥, 2, —satisfies such and such a condition —
Definition 2 establishes the meaning of a symbol which denotes
an operalion on two numbeis To give a different example of
this type of defimtion, let us state the defimtion of the symbol
“0” which designates a single number.

we say that z = 0 1f, and only +f, for any number y, the for-
mule. y+ x=1y holds

A certain danger is connected with definitions of the type under
consideration, for if one does not proceed with sufficient caution
m laying down such defimtions, one can casily find oneself con-
fronted with a contradiction A concrete example will make this
clear.

Let us leave, for the moment, our present investigations, and
assume that in arithmetic we have already the symbol of multi-
plication ai our disposal and that, with 1ts help, we want to define
the symbol of division  For this purpose we proceed to lay down
the followmg definition, which i1s modelled precisely after Defi-
nition 2

wesaythat =z =1y z of,andonly+f, y = z'x.

If now, i this defimition, we replace both “y’’ and *z"” by “0”,
and ‘2’ fust by “1” and then by “2”, and if we observe that we
have the formulas.

0=0.1 and 0 = 0.2,
we obtain at once.
1=00 and 2 = 0.0.

But since two things equal to the same thing are equal to each
other, we arrive at.
1=2

which 15 obviously nonsense.
It 1s not hard to exhibit the reason for this phenomenon. Both
in Defimition 2 and m the defimition of the quotient considered
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hete, the definiens has the form of a sentential function with thice
free vanables “x"”, “y"" and “:". To each such sentential func-
tion there corresponds a thice-termed telation holding between
the numbeis r, ¥ and = 1f, and onlv if, these numbers satisfy that
sentential function {(¢f Section 27), and 1t 15 just the samm of the
definition to introduce a symbol designating this 1clation  But if

one gives the defimendum the form
r=y—z or zr=yg

one assumes m advance that this relation 1s functional (and hence
an operation, or a function, ¢f Section 34), and that therefore,
to any two numbers y and z, thele 1s at most one number r standing
to them 1n the relation in question The fact thatthe relation 15
funetional, however, 1s not at all evident from the begmning, and
it must fust be established This we did in the case of Defim-
tion 2, but we faued to do so in the case of the definition of the
quotient, and we would indecd have been unable to do so, sumply
because the 1elation 1n question ceases 10 be functional m a ce1tan
exceplional case. for, 1f

y=0 and z=0,
there exist wfinitely many numbers r for which
¥y=2zz

If, therefore, one wants to formulate the definition of the quotient
mn the above form without mntioducing contradictions, one has to
take care that the case 1s excluded wheie both numbers y and
are 0,—for mstance, by nsci1ting an additional condition m {he
definiens

The above considerations lead us to the following conclusion
Every defimtion of the type of Definition 2 should be preecded by a
theorem corresponding exactly to Theorem 15, that 1s to say, a
theorem to the effect that there 1s but one number r which satisfies
the definiens (The question aniscs whether it 15 relevant if there
is exactly one number z, or whether 1t 18 sufficient that there is at
most one such number A discussion of this rather difficult
problem will be omitted here.)*
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64. Theorems on subfracfion

On the basis of Definition 2 and the laws of addition we can
without difficulty prove the fundamental theorems of the theory
of subtraction, such as the law of performability, the laws of
monotony, and the laws of equivalent transformation of equations
and mequalities by means of subtraction. Those theorems also
belong here which make possible the transformation of so-called
algebraic sums, that 1s, of expressions consisting of numerical
constants and variables, separated by “+’’ and “—" signs as well
as parentheses (Lhe latter often being omitted mn accordance with
special rules to this effect). The followng theorem may serve as
an example of the last-named category:

TeEOREM 16. 24 (y —2) = (z + y) — =

Proor. To y and 2, according to Axiom 9, there corresponds a
number % such that

) Yy =2z u;

this implies, by Definition 2,

2 U=y — 2

From the commutative law we have.
tt+y=y+=

On acecount of (1), “y” may here be replaced by “z + »”’ on the
night side, so that we obtam.

3) s+y=(C+u) +z
From Theorem 9, on the other hand, 1t follows that.
4) zt+@+uy=0c+u)+=z

But since two numbers equal to the same number are equal to
each other, we can infer from (3) and (4):

(6) zt+y=z+ (z+ w.

Now, since £ + % and z + y are numbers (by Axiom 6), we may
substitute “z + " and “z + 3’ for “z”’ and “‘y’’ in Definition 2.
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(5) shows that the definiens 18 then satisfied, and hence the defi-
niendum must also hold

z4+u=(z+9y) — 2

If now, in view of (2), we replace “u” by “y — 2z” in this last
equation, we finally arrive at:

t+ @y —2=@+y —z2 qed.

Having gotten this far, we now terminate the construction of
our fragment of arithmetic.

Exercises

1. Consider the following three systems, each consisting of a
certamn set, two relations and one operation.

(a) the set of all numbers, the relations < and =, the operation
of addition;

(b) the set of all numbers, the relations < and >, the operation
of multiplication,

(c) the set of all positive numbers, the relations < and >, the
operation of multiplication

Determme which of these systems are models of the system of
Axioms 1-11 (¢f Section 37)

2. Consider an arbitrary straight line, to which we will refer as
the number line; let the pomts on this ine be denoted by the
letters “X”, “Y”, “2”, On the number line we choose a
fixed imtial point O and a umt pomnl U distinet from O Now
let X and Y be any two distinet points on our lme We consider
the two half-lincs, one beginming at O and going through U, the
other beginmng at X and gomng through ¥ We shall say that
the point X precedes the pomt Y, m symbols

XeYy,

if, and only if, erther the two half-lines are 1dentical or one of them
—no matter which—is a part of the other. In the same situation
we shall also say that the point ¥ succeeds the pomt X, wntten:

YoX.
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The pont Z 1s called the sum of the points X and V if it fulfils
the following conditions (1) the segment OX 1s congruent to the
segment YZ, (n) f O ® X, then ¥ © Z, but if O ® X, then
Y ® Z. The sum of the points X and Y 1s denoted by

XovY.

Show by means of the theorems of geometry that the set of all
points of the number line (that 1s, more simply, the number line
itself), the relations ©® and ®, and the operation @, together
form a model of the axiom system adopted by us, and that, theie-
fore, this system has an interpretation within gcometry

3. Let us consider four operations A, B, G and L which—Ilike
addition—correlate a third number with any two numbers As
the result of the operation A on the numbers z and y we always
consider the number z, and as the result of the operation B
the number y.

zAy =z, zBy =y

By the symbols “z G 3" and “z L 3" we denote that of the two
numbers z and y which 1s not less than or not greater than ihe
other, respectively; we thus have

zGy=2 and zLy =y mcasethat z = y;
zGy=y and zLy=2x mcasethat z <y

Which of the properties discussed in Section 17 belong to these
four operations? Is the sct of all numbers a group and, in par-
ticular, an Abehan group with 1espect to any of these operations?

4 Let C be the class of all point sets, that 1s, of all geometrical
configurations Are the addition and multiphication of sets (as
defined 1n Section 25) performable, commutative, associative and
mvertible m the class C? Is, therefore, the class C a group and,
m particular, an Abehan group with respect to any of these
operations?

5 Show that the set of all numbers is not an Abelian group
with respect to multiphication, but that every one of the following
sets 15 an Abehian group with respect to that operation:
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(a) the set of all numbers dufferent from 0;
(b) the set of all positive numbers;
(c) the set consisting of the two numbers 1 and —1.

6. Consider the set S conmisting of the two numbers 0 and 1,
and let the operation @ on the elements of this set be defined by
the following formulas.

0®0=1@®1=0,
0el=190=1.

Determine whether the set S 1s an Abelian group with respect to
the operation @.

7 Consider the set S consisting of the three numbers 0, 1
and 2. Define an operation ® on the clements of this set, so
that the set S will be an Abehan group with respect to this
operation,

8 Prove that no set consisting of two or three different numbers
can be an Abelian group with respect to addition Is there a set
consisting of one single number that foims an Abelian group with
respect to addition?

9. Denve the following theorems from Axioms 6-8
(@ z+@W+2 =0C+2+y;
® z+y+E+HN=0¢t+y) +G@+2

10 How many expressions can be obtamed from each of these "
expresslons:

s+ @y+a), z+y+ G+t s+{y+E+E+9)
if they are transformed solely on the basis of Axioms 6-87

11. Formulate the general defimtion of left monotony of an
operation O with respect to a relation R

12. On the basis of the axioms adopted by us and the theorems
derived from them, prove that addition 1s a monotonic operation
with respect to the relations #+, < and =.
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13 1s multiphecation a monotonic operation with respect to the
relations < and >

(a) n the set of all numbers,
(b) 1n the set of all positive numbers,
(¢) 1 the set of all negative numbers?

14 Which of the operations defined in Exercise 3 are monotonic
with respeet to the relations =, <, >, &, < and =?

15 Are the addition and multiplication of classes monotonic with
respect to the relation of inclusion? O1 with respect to any of
the other relations among classes discussed in Section 247

16. Derive from our axioms the following theorem
if <y and z2<t then z+z<y+t¢

Replace in this sentence the symbol “<” in turn by “>",
=n ap? <M and “=", and examine whether the sentences
obtained in this way are true.

17. Give examples of closed systems of sentences within arith-
metic and geometry

18. Denve the following theorems from our axioms:
@y z+z=y+y then z=y;
M)y z+z<y+y then z <y,
@y zt+z>y+y then 2>y

Hint Prove the conveise sentences first (using the results of
Exercise 16), and show that they form a closed system

*19. If a theorem 1s derivable from Axioms 6-9 alone, it can
be extended to arbitrary Abehan groups, since every class K
which forms an Abehan group with respect to an operation O
constitutes, together with this operation, a model of Axioms 6-9
(of Sections 37 and 38) This apphes, in particular, to Theorem
11 (in view of the second proof of this theorem), and we have the
following general group-theoretical theorem:
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every class K uhich is an Abelian group with respect to the opera~
tion O satisfics the following condition:

if TeK, yeK., zeK and z0y = 20z then y = 2

Give a strict proof of this theorem.

Show, on the other hand, that Theorem (a) of Exercise 18
cannot be extended to arbitrary Abelian groups, by exhibiting an
example of a class K and an operation O with these properties
(i) the class & 1s an Abelian group with respect to the operation 0,
and (u) there exist two distinet elewents r and y of the class K
for whuch rOr = yOy (¢f Exercise 6). Consequently, 18 16
possible to derive Theorem (2) from Axioms 6-9 alone”

20. Transform the proof of Theorem 14 1n such 3 manner that
it conforms to the schema sketched i Section 49 m connection
with the first proof of Theorem 11

21. May the operation of divi~ion be said to be the inverse of
multiplication mn the set of all numbers?

22, Do the operations mentioned 1n Exercises 3 and 4 possess
inverses (in the set of all numbers, or in the class of all geometrical

configurations)?

23 What operations are the left and the night inverses of sub-
traction (in the set of all numbers)?

*24 In Section 53, the defimition of the symbol ‘0" was stated
by way of an example In order to be certain that this definition
does not lead to a contradiction, 1t should be preceded by the
following theorem.

there exusts exactly one number z such that, for any number y,
we have: y 4+ =y
Prove this theorem on the basis of Axioms 6-9 alone.

25. Formulate the sentences which assert that subtraction is
performable, commutative, associative, right- and left-mvert.l .l
and right- and left-monotonic with respect to the relation i ss than.
Which of these sentences are true” Prove those for which this
is the case, using our axioms and Definition 2 of Seetion 32
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26. Derive the following theorems from our axioms and Defi-
nition 2:

(@ z—@W+2 =(—y -z
b)) z—@Y—2)=(@—y +2
© z4+y=z—[(z—y — 7]

*27 Using the law of performability for subtraction and Theo-
rem (c) of the preceding exercise, prove the following theorem.

Jor a set K of numbers lo be an Abelian group unth respect to
addition, 1t 18 necessary and sufficient that the difference of any two
numbers of the set K also belongs to the set K (1 e that the formulas
ze€eK and yeK always mmply z — yeK)

Use this theorem 1n order to find examples of sets of numbers
that are Abehan groups with respect to addition.

28 Write mn logical symbolhism all axioms, defimitions and theo-
rems given 1n the last two chaplers.

Hint Before formulating Theorem 15 in symbols, put it 1n an
equivalent form in which the numerical quantifiers have been
eliminated by virtue of the explanations given in Section 20.
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METHODOLOGICAL CONSIDERATIONS
ON THE CONSTRUCTED THEORY

b6. Elimination of superfluous axioms in the original axiom
system

The two preceding chapters were devoted to an outhne of the
foundations of an elementary mathematical theory which consti-
tutes a fragment of arithmetic In the present chapter we shall
proceed to considerations of a mcthodological nature, concern-
mg the system of axioms and primifive terms upon which that
theory 1s based.

We shall begin with concrete examples llusirating the remarks
of Section 39 concerning such problems as arbitrariness m the
selection of axioms and pumitive terms, the possible omission of
superfluous axioms, and so on.

Let us start out with the question whether our system of Axioms
1-11—t will briefly be referted to as System Y—possibly contains
any superfluous axioms, that 1s, axioms which can be derived from
the remaining axioms of the system We shall see at once that 1t
is easy to answer this question, and, moreover, affirmatively In
fact, we have:

Three of the azroms of System U, namely, one of the Azioms 4 or 5,
Aziom 6, and one of the Azioms 10 or 11, can be derwed from the
Temaining azrioms.

Proor. We show first that

(I) either of the Azioms 4 or 5 can be derwed from the other
with the help of Azioms 1-3.

191
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In fact, we observe that the proof of Theoremn 3 was based ex-
clusively—whether diwrectly or indirectly—upon Axioms 1-3

If, on the other hand, we already have Theorem 3 at our disposal,
we may dertve Axiom 5 from Axiom 4 (or vice versa) by the follow-
ing mode of inference.

It
>y and Y > 2

then, by Theorem 3,
y<z and z <y,

hence, by applying Axiom 4 (with “z” having been replaced by
“z”, and “2” by “z”’"), we obtamn*

z <z,
which, again by Theorem 3, implies:
T >z,
and this is the conclusion of Axiom 5.
Similarly 1t can be shown that:

(II) either of the Axzioms 10 or 11 can be derwed from the
other with the help of Azioms 1-3

Finally, we have.

(I11) Aziom 6 can be derwed from Azioms 7-9.

*The proof of this latter assertion is not quite simple and
resembles the second proof of Theorem 11. Two arbitrary
numbers z and y are given, by a fourfold appleation of Axiom 9,
four new numbers u, w, 2z, and » are introduced one by one, satis-
fying the following formulas.

@) y=y +u,
@ u=z +w,
@ y=w+te,
4 z=y 4o
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From (1) we have, by the commutative law,
y=u++y;

combining this equation with (4) and arguing as m the case of the
proof of Theorem 11, we obtain, by the associative law,

5 z2=u+a
From (5) and (2) we obtain
z=(z+w) + 2
and bence, again by the associative law,
z=z+4+ (w+2)
which, m view of (3), yields:
()] z=z+y.

We have thus shown that, for any two numbers z and y, there
exists a number z for which (6) holds, and this 1s just the content of
Axiom 6

It might be added that the mode of inference sketched above
apphes, not only to addition, but—in accordance with the general
remarks of Sections 37 and 38—also to any other operation, an
operation O which 1s commutative, associative and right-invertible
In a class K 15 also performable i that class, and the class K,
therefore, forms an Abehan group with respect to the operation O
(cf. Section 47).*

We have seen now that System % contains at least three axioms
which are superfluous and may therefore be omitted. Conse-
quently, System 9 may be replaced by the system consisting of
the following eight axioms

Axiom 10, For any numbers z and y we have. = = y or
z<y or z>y.

AxtoM 2W, If x <y, then y Lz
AxioMm3®, If z>y, then y >z
Axtom4®W, If z<y and y <z then z<az
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AxioM 5M., 2+ y=y +
AxioM 6, z4+(y+e)=(+9) +=

Axiom 7®  For any numbers z and y there exists a number z
suchthat z =1y -+ 2.

AxioMm 8V, If y <z then z+y<z+z

We shall refer to this axiom system as SysTem A, and we now
have the following result-

Systems A and AL are equrpollent

In comparison with the original system, the new simplified
axiom system has certain shortcomings, both from the esthetic
and the didactical pomnts of view. It 15 no longer symmetrc
with respect to the two primitive symbols *“ <’’ and “>”, certain
properties of the relation < bemng accepted without proof, while
quite analogous properties of the relation > have first to be
demonstrated. Also, in the new system, Axiom 6 15 missing
which was of a very elementary and mntuitively evident character,
while 1ts derivation from the axioms contained m System @
offers some difficulties

566. Independence of the axioms of the simplified system

The question now arises whether there are any further super-
fluous axioms contamed 1n System A It will turn out that this
15 not the case-

AW 18 a system of mulually independent axioms.

In order to establish the methodological statement just formu-
lated, we employ the method of proof by interpretation, whichhas
already been used 1n a particular case 1n Section 37

We are to show that no axiom of System 2 1s derivable fiom
the remaining axioms of this system. Let us consider, fo1 example,
Axiom 2  Suppose we replace the symbol “ <’ in the axioms of
System M throughout by “<”’, without altering the axioms 1
any other way As a result of this transformation, no axiom,
with the exception of Axiom 2®), loses 1ts vahidity, m fact, Axioms
3W, 5W, 6W and 7™, simnce they do not contain the symbol ‘<",
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are left unaltered, and Axioms 1%, 4™ and 8" go over into certain
arithmetical thcorems whose proofs on the basis of System ¥ or
YW and the Definition 1 of the symbol “<” (cf Section 46)
present no difficulties. It may, theiefore, be asserted that the
set N of all numbers, the relations < and >, and the operation of
addition form a model of the Axioms 1M and 3M-§W; the system
of these seven axioms has thus found a new interpretation within
anthmetic On the other hand, 1t can be seen at once that the
sentence resulting from Axiom 2% by the transformation 1s false,
for its negation can easily be pioved in anthmetic; the formula“

Ty

does not always exclude:
ysuz,

for there are numbers z and y simultaneously satisfying the two
wmequalities’

<y and y=<z

(this, of course, is the case if, and only if, z and y are equal) If,
therefore, one behieves 1n the consistency of arithmetic (¢f Section
41), one has to accept the fact that the sentence obtained from
Axiom 2™ 15 not a theorem of this diseiphne And from this 1t
follows that Axiom 2® 15 not denvable from the remaining axioms
of System A®, for otherwise this axiom could not fail to be vahd
mn the case of any interpretation in which the other axioms hold
(cf. analogous considerations 1n Section 37)

By using the same method of reasoning but by applying other,
suitable mnterpretations, we can obtan the same result for any of
the other axioms.

*In general, the method of proof by interpretation can be
described as follows It 1s a question of showing that some sen-
tence A 1s not a consequence of a certan sysiem & of axioms or
other statements of a given deductive theory For this purpose,
we consider an arbitrary deductive theory € of which we assume
that it 18 consistent (1t may, in particular, be the same theory to
which the statements of the system & belong). We then try to
find, within this theory, an interpretation of the system & of such a
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kind that not the sentence A 1itself but its negation becomes a
theorem (or possibly an axiom) of the theory €. If we are suc-
cessful in doing so, we may apply the law of deduction stated in
Section 38 As we know, 1t follows from this law that, if the
sentence A could be derived from the statements of the system &,
1t would remain vald for any interpretation of this system
Consequently, the very fact of the existence of an interpretation of
& for which A 1s not valid 1s a proof that this sentence cannot be
derived from the system & Moue strictly speaking, 1t 1s a proof
of the conditional sentence.

of the theory T 15 consistent, then the sentence A cannol be
derwed from the sentences of the system &.

The reason why we must include the hypothesis that the theory T 1s
consistent 15 easily seen. For otherwise the theory ¥ could con-
tain two contradictory sentences among 1ts axioms and theorems,
and we could not conclude that T did not contain the sentence A
(or rather the mterpretation of A), from the mere fact that T did
contam the negation of A; thus our argument would no longer be
vahd.

In order to arrive, in the above way, at an exhaustive proof of
the independence of a given axiom system, the method described
has to be apphed as many times as there are axioms 1n the system
1 question, each axiom 1n turn 1s taken as the sentence A, while &
consists of the remaining axioms of the system *

67. Elimination of superfluous primitive terms and the subsequent
simplfication of the axiom system; concept of
an ordered Abelian group

We return once more to the axiom system AL, Since this
system 1s independent, 1t does not permit of any further simplifica-
tion by the omission of superfluous axioms. Nevertheless, a
simplification can be achieved 1in a different way. For 1t turns
out that the primitive terms of System ™ are not mutually
mndependent In fact, either one of the two symbols “ <’ and
> may be stricken from the list of primitive terms, and then 1t
can be defined in terms of the other. This 15 easily seen from
Theorem 3, on account of 1ts form, this theorem may be con-
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sidered as a defimtion of the symbol “>’’ by means of the symbol
“<”, and of in this theorem we exchange the two sides of the
equivalence, we may look upon 1t as a defimtion of the symbol ““ <’
by means of the symbol “>". (In either case 1t 1s desirable to
have the phrase “We say that”’ precede the theorem, cf Section 11)
From the didactical point of view, this reduction of the primitive
terms might provoke certain objections, for the terms “<’ and
" are equally clear 1n their meaning and the relations denoted
by them possess entircly analogous propeities, so that 1t would
appear shightly artificial to consider one of these terms immediately
comprehensible while the other has first to be defined with the
help of the first. But these objections carry little conviction.

If now, m disregard of any didactical considerations, we resolve
to ehminate one of the symbols m question from the list of primi-
tive terms, the task arises of giving our axiom system a form in
which no defined terms occur m 1t (This 13 a methodological
postulate, by the way, which 1n practice 1s frequently disregarded,
in geometry, especially, the axioms are usually formulated with
the help of defined terms 1n order to enhance their ssmplicity and
evidence) This task does not present any difficulties, we simply
replace 1 the axiom system A every formula of the type.

>y
by the formula:
y<z

which, by Theorem 3, is equivalent to 1t It is then easily seen
that Axiom 1 may be replaced by the law of connexity, 1e Theo-
rem 4, since each follows from the other on the basis of general
laws of logic (of sentential caleulus, that 1) ; Axiom 3 now becomes
a simple substitution of Axiom 2, and may hence be omutted
altogether. 1In this way we arrive at the system consisting of the
following seven axioms:

AxioMm 1?. If z+y, then z<y or y<=z
AxiomM2®, If z<y, then y<z
AxiomM3®, If z<y and y <z then z<z
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AxioM4®, zy=y+ =
AxioM 5®. z+ (Y +2) =(@+y) + 2

Axiom 6@, For any numbers z and y there exisis a number z
such that = =y + 2.

AxioM7®, If y<z then zt+y<z++z

This axiom system, called SysTem A®@, is thus equipollent to
erther of the two former Systems % and %, However, 1n saying
this, we commit one mexactitude; for 1t 1s 1mpossible to derive
from the axioms of System UA® those sentences of Systems ¥ or
A D which contain the symbol “> ", unless System A® 1s enlaiged
by adding the defimtion of this symbol We may, as we know,
grve this definition the following form-*

DeriniTION 1®, Wesay that z >y o, and only of, y < =.

We also know that this last sentence can be proved on the basis of
Systems % or AD, iof 1t 15 treated, not as a definitron, but as an
ordinary theorem (omitting, mn this case, the mitial phrase “We
say that””) The fact of the equipollence of the three systems in
questions can now be formulated as follows:

System U@ together with Definition 1% 18 equipollent to
each of the Systems U and AW,

An equally cautious mode of formulation 1s indicated whenever
two axiom systems are compared which, though equipollent,
contain, at least partly, different primitive terms.

The axiom system A® 1s distingmshed advantageously by the
simphieity of 1ts structure The first three axioms concern the
relation less than, and together they assert that the set N 18 ordered
by this relation, the next three axioms are concerned with addition,
and they assert that the set N 1s an Abehian group with respect to
addition, the last axiom finally—the law of monotony—states a
certain dependence between the relation less than and the operation
of addition A class K 1s said to be an ORDERED ABELIAN GROUP
WITH RESPECT TO THE RELATION B AND THE OPERATION O o
(1) the class K 1s ordered by the relation R, (1) the class K 18 an
Abelian group with respect to the operation O, and (1) the opera-
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tion O is monotonic 1 Lhe class K with respect to the relation R.
In accordance with this terminology we can say that the set of
numbers 18 characterized by the axiom system A® as an ordered
Abehian group with respect to the relation less than and the opera-
tion of addition.

The following facts concerning System A can be established:

System AP 15 an wndependent axiom system, and moreover,
all ats primatwe terms, namely “N”, “<”’ and “4”, are mutually
independent.

We omit the proof of this statement We remark only that, in
order to establish the mutual independence of the primitive terms,
one has agamn to apply the method of proof by interpretation,
which 1n this case, however, assumes a more involved form; lack
of space prevents us from gomg mto the modifications of that
method which would be required for this purpose

b8. Further simplification of the axiom system; possible
transformations of the system of primitive terms

System %A® can obviously be replaced by any system of
sentences equipollent to 1t We will here give a particularly
simple example of such a system, which may be called SysTEM
A®, and which contans the same primitive terms as %®, It
consists of only five sentences

AxioM1®, If z+y, then z<y or y<gz
Axiom 2@, If z <y, then y <4 =
AxioM3®, z+y+2)=@+2+y

Axiom 4%, For any numbers © and y there exists a number 2
suchthat z=y+z

AxioM 5@, If z+z<y+t then z<y or z<L
We shall show that
Systems A2 and AD are equipollent

Proor. We observe, first of all, that all the axioms of Systgm
A® are erther contamned in System ¥ (thus, Axiom 2& coin-
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cides with Axiom 2, und Axiom 4 with Axiom 9), or else have
been proved on 1ts basis (Axioms 1, 3® and 5% are comecident
with Theorems 4, 9 and 14, respectively). But since the axiom
systems ¥ and A® are equipollent, as we know from Section 57
(Definition 19, after all, can always be added to System A®),
we may conclude that all the sentences of System A can be
proved on the basis of System A® It remains to denive those
sentences of System A® from the axioms of System A® which
are absent mn A, that 15 Axioms 3@, 4@, 5@ and 7®. Ths
task 1s not quite so simple

*We begin with Axioms 4@ and 5@,
(I) Aziom 4@ can be derwed from the axioms of System AP,

For, given two numbers z and y, we can apply Axiom 4@
(with “z”” put 1n place of *‘y”’, and vice versa); there is, therefore, a
number z such that

(1 y=z + 2
If now, in Axiom 3®, we replace “y”’ by “z’’, we obtain
(2) z+(z+2=(2+2)+z

In view of (1), “z + 2" may here be replaced by ‘“y”’ on both sides,
and we arrive at Axiom 4®:

t+y=y+z
(II) Aziom 5@ can be derwed from the axioms of System U@,

In fact, by Axiom 3® we have (if “y’”’ 15 substituted for ‘2",
and conversely).

t+G+y) =E+y +2

on account of the commutative law, which has already been
denved by (I), we may here replace “z + y” by “y + 2", and we
obtain Axiom 5®;

g+ @W+2)=(C+y +-=

In order to faciitate the derivation of Axioms 3® and 7®,
we shall first show how some of the axioms and theorems stated
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in the preceding chapters may be proved on the basis of
System A®.

(III) Theorem 1 can be derwed from the azioms of System A®.

We merely observe that the proof of Theorem 1 given in Section
44 13 based exclusively upon Axiom 2, which 1 turn comncides with
Axiom 2® of System Y@,

(IV) Aziom 6 can be derwed from the azioms of System Y®.

In fact, we saw 1n Section 55 that Axiom 6 can be deduced from
Axioms 7, 8 and 9 Axioms 7 and 8 are the same as Axioms 4@
and 5@, and can therefore, by (I) and (II), be derived from the
axioms of System A®. Axiom 9, on the other hand, occurs as
Axiom 4® m System %@ Hence, Axiom 6 15 a consequence of
the axioms of Y@

(V) Theorem 11 can be derwed from the azioms of System A®,

In the second proof of Theorem 11, as given in Section 49,
only Axioms 7, 8 and 9 were uscd Theorem 11 1s therefore
derivable from the axioms of System ‘® for the same reason as
Axiom 6; see (IV)

(VI) Theorem 12 can be derwed from the axioms of System AP
For, suppose the hypothesis of Theorem 12 holds

z+y<z+z
we apply Axiom 5@, having replaced “z”, “‘y”’ and “t” by “y”,
“g” and ““z”, respectively It follows that one of the formulas.
<z or y<z

must hold, the first possibility has to be rejected because 1t con-
tradicts Theorem 1 which has already been shown to be derivable
from System A»,—cf (III) Hence the conclusion of Theorem 12

must hold:
y <z

(VII) Aziom3® can be derwed from the azioms of System A®
Let us assume the hypothesis of Axiom 3®, that 1s, the formulas.
4)) r<y
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and
2 y<a
If now we had:
yt+tz=y+ts

it would follow by Theorem 11, which has already been derived
by (V), that
z =2

Thus 1 (1) “z” might be replaced by “z”, which would lead to.
z < .

This inequality would contradict (2) by virtue of Axiom 2 and

must therefore be rejected We thus have:*

3 ytz+y+z

Since, by Axiom 6, ¥ + z and ¥ + z are numbers, we may, by

Axiom 1®, infer from (3) that one of these two cases must hold

4) y+z<y+z or y+z<y+z

Considering the second of the formulas (4), we may replace 1n 1t
“y + 2” by “z + y” by virtue of Axiom 4® which has already
been derived; we thus arrive at.

y+z<z+y.

To this formula we apply Axiom 5@, wheie we replace “‘z”’ and
“ by “y”, and “y” by “z”’. We arve mn this way at the
following consequence-

y<z or z<UyY.

But this has to be rejected, since, on account of Axiom 2, 1t
contradiets (1) and (2) which constitute the hypothesis of Axiom
3® We therefore return to the fiist of the formulas (4) and
apply Theorem 12 derived above by (VI), wath ‘“z”’ replaced by

“y”, and conversely, we obtamn thus.

z < gz
and this i1s the conclusion of Axiom 3®,

(VIII) Aziom 7® can be derwed from the azioms of System A®.
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The procedure is here similar to the one just applied, but much
simpler. We assume the hypothesis of Axiom 7@,

M y < z

If now we had:
Tty==z+s

it would follow by Theorem 11 that
Y=z

in (1) we might therefore replace “y” by “z” and arrive at a con-
tradiction to Theorem 1, derived above by (III). Hence we must
have:

zt+yxz+e
from which, by Axiom 1®, 1t follows that
(2) zty<ztz or z+z<z+y.

In view of Theorem 12, the second of these mequalities leads to:
z <y,

but this contradiets our hypothesis (1) by virtue of Axiom 2®,
Consequently we have 10 accept the first of the mequahties (2):

z+y<z+z
and this is the conclusion of Axiom 7@ *

We have seen 1n this manner that all sentences of System A®
are consequences of System A®, and conversely, the two axiom
systems A and AP are thus really established as equipollent

System A®, no doubt, 1s simpler than System A®, and hence
still sumpler than Systems ¥ or AP  Particularly mteresting is a
comparison between Systems ¥ and A®, as a result of the sue-
cessive reductions that have been carried out, the original number
of axioms has been diminished by more than one half. On the
other hand, 1t should be noted that some of the sentences of System
A® (namely, Axioms 3® and 5®) arc less natural and siaple
than the axioms of the other systems, and also that the proofs of
some, even very elementary, theorems are here comparatively
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more difficult and involved than on the basis of those other
systems.

Just hke a system of axioms, a system of primitive terms may be
replaced by any equipollent system This applies, in particular,
to the system of the three terms “N”’, “ <" and “4’ which occur
as the only primitive terms in the axioms last considered. If,
for instance, 1n this system we replace the symbol “ <” by “<”,
we oblain an equipollent system; for the seccond of these symbols
was defined 1n terms of the first, and Theorem 8 tells us how the
first may be defined by means of the second But such a trans-
formation of the system of primitive terms would be in no way
advantageous, in particular, 1t would contribute nothing to a
simphfication of the axioms, and to the reader, who 18 possibly
more familiar with the symbol “ <”’ than with the symbol “<7,
1t might cven appear rather arfafictal Another equipollent sys-
tem can be obtamed by replacing mn the original system the
symbol “+” by “—"'; but, again, this transformation would not
be at all expedient In conclusion we should note that other
systems of piimitive terms are known which are equipollent to the
system 1n question and consist of but two terms.

59. Problem of the consistency of the constructed theory

We shall now briefly touch on some other methodological
problems concerning the fiagment of arithmetic considered above,
these aie the problems of consistency and of completeness (cf
Section 41) Since 1t 18 quite irrelevant whether we refer our
remarks to onc or the other of two equipollent axiom systems, we
shall now always speak of System A

If we believe 1n the consistency of the whole of arithmetie (and
this assumption has been made previously and will be made agam
m our further considerations), then we must all the more accept
the fact that

The mathematical theory based on System U is consistent.

But while the attempts to give a strict proof of the consistency of
the whole of arnthmetic have met with essential difficulties (cf.
Section 41), a proof of this kind for System ¥ is not only possible
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but even comparatively simple One reason for this 15 the fact
that the vanety of theorems which can be derived from the axiom
system 15 very small indeed, 1t 1s, for instance not possible to
give. on 1ts basis, an answer to the very elementary question as
to whether any numbers exist at all  This circumstance facilitates
considerably the proof of the faet that the part of anthmetic
considered does not contain a single patr of contradictory theorems
With the means here at owr disposal, however, 1t would be a
hopeless undertaking to sketch the proof of the consistency or
even to try to acquaint the reader with its fundamental idea, this
would requite a much deeper knowledge of logie, and an essential
prelimmary task would be the reconstruction of the part of
anthmetic 1n question as a formalized deductive theory (cf.
Section 40) It may be added that, if System ¥ 1s enriched by a
single sentence to the effect that at least two distinet numbers
exist, then the attempt to prove the consistency of the axiom
system thus extended will meet with difficulties of the same degree
as are encountered 1n the case of the entue system of anthmetic.

60. Problem of the completeness of the constructed theory

In comparison with the question of the consistency, that of the
completeness of System ¥ can be dealt with much more readily.

There are numerous problems formulated exclusively 1n logical
terms and 1n primitive terms of System 3, that do not 1n any way
admt of a decision on the basis of this system  One such problem
has already been mentioned mn the preceding section  Another
example 15 given by the sentence stating that to any number z,
there exists a numbe1 % such that

z=y+y

On the basis of the axitoms of System ¥ alone, 1t 1s umpossible erther
to prove or to disprove this sentence That this 1= so can be seen
from the following consideration By the symbol ‘N™' we have
denoted the set of all real numbers, that 1s to say, the set N com-
prehends the integers as well as the fractions, the rational numbers
as well as the irrational ones But 1t can be seen at once that
none of the axioms and, hence, none of theorems following from
them would lose therr vahdity if by the symbol “N”’ we were to
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denoto either the set of all integers (Lhe posilive and negative ones
ncluding the number 0), or the set of all rational numbers; that
is to say, all these statements would remain valid if the word
“number’ meant either “integer’’ or “rafzonal number’’. In the
first case, the sentence mentioned above, which states that for
any given number there is another number half as large, would
be false, in the second case 1t would be true. If, therefore, we
succeeded 1n proving this sentence on the basis of System U, we
would arrive at a contradiction within the arithmetic of integers,
if, on the other hand, we were able to disprove 1t, we would find
ourselves mnvolved 1n a contradiction within the arthmetic of
rational numbers.

The argument sketched just now falls under the category of
proofs by mterpretation (cf. Sections 37 and 56), in order to make
this clear let us rcformulate the argument shghtly Let “I”
denotec the set of all integers, and ‘“R” the set of all rational
numbers We shall now give two interpretations of System %
within arithmetic The symbols “<”, “>"" and “4" remamn
unchanged m hoth interpretations, while the symbol “N” which
occurs explicitly or implictly in cach of the axioms 18 to be replaced
by “I” mn the first and by “R” m thc second mterpretation.
(We disregard here the remarks made 1n Section 43 concerning the
possible chmination of the symbol “N”’, since this would shghtly
complicate our reasoning ) All axioms of System ¥ retain their
valhdity i both interpretlations, the sentence.

Jor every number x there cz1sts a number y such that
z=y+4

however, is fulfilled only 1n the case of the second interpretation,
while in the case of the first interpretation 1ts negation holds:

not for every number z 15 there a number y such that
T=y+y

On the assumption of the consistency of arithmetic we conclude
from the first interpretation that the sentence i question cannot
be proved on the basis of System ¥, and from the second inter-
pretation we conclude that it also cannot be disproved.

We have thus shown that there exist two contradictory sen-
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tences, formulated exclusively in logical terms and in primitive
terms of the mathematical theory which we have been considering,
with the property that neither of them can be derived from the
axioms of that theory Consequently we have:

The mathematical theory based on System ¥ s tncomplele.

Exercises
1 Let us agree that the formula:

r@y
means the same as:
z+1<y

Now replace, 1n the axioms of System U@ of Section 57, the
symbol “ <’ throughout by “®”’, and determine which of the
axioms retain their validity and which do not, and hence infer that
Axiom 1® cannot be derived fiom the remaining axioms What
18 the name of the method of inference here apphed?

2. Following the Imes of the indcpendence proof sketched in
Section 56 for Axiom 2, show that Axiom 2? cannot be derived
from the remaining axioms of System A®,

3. Let the symbol «§ designate the set consisting of the three
numbers 0, 1 and 2. Among the elements of this set we define a

relation < , stipulating that 1t should hold only in these three
cases.

0<1, 1<2 220

Further, we define the operation + on the clements of the set N
by the following formulas.
oto=1+2=2+1=0,
ot1=1f0=2+2=1,
ote=1f1=2f0=2
Now replace, in the axioms of System %A®, the primitive terms
of that system by “N n «Z” and “+” respectively (and the
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word “number” by the expression ‘“one of the three numbers 0,
1 and 2"), show, by doing so, that Axiom 3® cannot be derived
from the remaining axioms

4, In order to show by means of a proof by interpietation that
Axiom 4® 18 not derivable from the remaining axioms of System
A, 1t 1s sufficient to replace the symbol of addition 1n all axioms
by the symbol of a certain one among the four operations men-
tioned 1n Exercise 3 of Chapter VIII. Which 1s the operation
that has to be used?

5. Consider the operation @ satisfying the following formula
t@y=2(+y.

Show, with the help of this operation, that Axiom 5® cannot be
deduced from the other axioms of System U@,

6 Construct a set of numbers of such a kind that, together with
the relation < and the operation +, 1t fails to satisfy Axiom 6®
but forms a model of the remaining axioms of System A® What
conclusion may, therefore, be drawn with respect to the possibility
of deriving Axiom 67

7. In order to show that Axiom 7® 1s not a consequence of the
other axioms of System UA®, one can proceed by replacing n all
axioms two of the primitive terms of the system by corresponding
symbols mtroduced in Exetcise 3, leaving the third primitive term
unchanged Determine which tetm should be left unchanged

8 The results obtamned in Exercises 1-7 go to show that none
of the axioms of System A® can be derived from the remaining
axioms of that system Cany out analogous imndependence proofs
for the axiom systems A® of Section 55 and AP of Section 58
(using, 1 part, the mnterpretations apphed in the prcceding
exercises)

9 Show, on the basis of the axiom system @, that any set of
numbers which 1s an Abelian group with respect to the operation
of addition 1s at the same time an ordered Abehan group with
respect to the relation less than and the operation of addition
Give examples of sets of numbers of this kind.
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10 In Exercise 5 ol Chapler VIII several sels of numbers were
given which foom Abehian groups with respect to multipheation.
Which of these sets are ordered Abehan g1 oups with respect to the
relation less than and the operation of multiplication, and which
are not?

11. Use the result obtained in Exercise 10 for a new proof of the
independence of Axiom 7® from the remaining axioms of System
A® (cf Exercise 7).

*12. On the basis of the axiom system %® prove the following
theorem.

of there are at least two different numbers, then there is, for
any number z, a number y such that = < y.

As a generalization of this result, prove the following general
group-theoretical theorem:

of the class K 1s an ordered Abehan group with respect lo the
relation R and the operation O, and 1f K has at least two elements,
then, for any element z of K, there exists an element y of K such thai
zRy.

Show with the help of this theorem that no class which 18 an
ordered Abelian group can consist of exactly two, or three, and so
on, elements Can 1t consist of just one element? (Cf Exercise 8
of Chapter VIIT)

*13 Show that the system of Axioms 1®-3® (of Section 57)

is equipollent to the system consisting of Axiom 1% and the
following sentence

f z<y y<z z2<t t<u and u<v, then vz

As a generalization of this result establish the following general
law of the theory of 1elations

for the class K to be ordered by the relation R 1l 1s necessary and
suffictent that R is connected 1n K and that 1t satisfies the Sollounng
condation:

if 2, 9, 2, I, u and v are any elementsof K,andyf z Ry, yRze,
zRt, tRu and uRv, thenitisnotthecasethat v Rz
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*14 Using the considerations of Sections 48, 55 and 58, show
that the following three systems of sentences are equipollent:

(a) the system of Axioms 6-9 of Section 47,
(b) the system of Axioms 4@-6® of Section 57,
(c) the system of Axioms 3 and 4® of Section 58.

Generalizing this result, formulate new defimtions of the ex-
pression:

the class K 1s an Abelian group with respect to the operation O,

that are equivalent to, but simpler than, the definition given in
Section 47

*15. Consider the system A consisting of the following five
axioms,

Axiom1®, If z+y, then z<y or y<w=.

Axiom 29 If z<y, y<z z<t t<u and u<y,
then v 4 =z.

Axiom3%, z+ (y+2)=(z+2)+y

Axiom 4% For any numbers z and y there exisls a number 2
suchthat z =y -+ 2z

Axiom 5W, If y <z then z+y<z+ 2

Using the results of Exercises 13 and 14, show that System A®
is equipollent to each of the Systems 2@ and Y©®

16. In Scction 58 1t was asserted that the system of the three
primitive terms “N”, “<” and “+4”’ 1s equipollent to the system
of the terms “N”, “<" and “+", to this assertion 1t should
really have been added that these systems are equipollent with
respect to a certan system of sentences, for instance, with respect
to System A® of Section 58 and Definition 1 of Section 46. Con-
sider why such an addition 1s indispensable. In general, why is 1t
necessary always to refer to a particular system of sentences when
mtending to establish the equipollence of two systems of terms
(1n the sense of Section 39)?
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*17. Consider the system A® consisting of the following seven
sentences:

ax10M 1®. For any numbers z and y we have. z <y or
¥y Sz

AxioM2®, If 2<y and y=<=z, then z=y.
AxioM3®, If <y and y<z then 1<z
Axiom4®, z+y=y+ =

AxioM 5®. z} (y+2)=(+y)+ 2

Axiom 6®. For any numbers x and y there exists a number z
suchthat = =y + =.

AxioMm7®, If y=<z then z+y=<z+2z

Show that the axiom systems A® (of Section 57) and A®
become equipollent systems of sentences, 1f Definition 1 of Section
46 is added to the first, and Theorem 8 of Section 46 to the second,
considering the latter thecorem as a definition of the symbol “<”,
Why may we not sumply say that Systems A® and A® are
equipollent?

18 Following the line of argument taken i Section 60, show
that, on the basis of System %, the following sentence can be
neither proved nor disproved

if z <z then there exists a number y for which z <y and
y<a

*19. Show that, on the basis of System 2, the following sentence
can be neither proved nor disproved

for any number z there exists a number y such that = <y

*20. In the present chapter we have used the method of proof
by interpretation in order to establish the mndependence or incom-
pleteness of an axiom system The same method 1s also employed
in investigations concerning 1ts consistency In fact we have the
following methodological law at our disposal which represents &
consequence of the law of deduction
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If the deductwe theory © has an inferpretalion in the deductwe
theory ¥ and the theory T 18 consistent, then the theory & 15 also
conssient,

Show that this statement is correct. In Section 38 some re-
marks have been made concerning possible mnterpretations of
anthmetic and geometry; applying the law just given, deduce
from these remarks consequences concerning the consistency of
artthmetic and geometry and 1ts connection with the consistency
of logre.



. X -

EXTENSION OF THE CONSTRUCTED
THEORY

FOUNDATIONS OF ARITHMETIC OF REAL NUMBERS

61. First axiom system for the arithmetic of real numbers

The axiom system ¥ 1s msufficient as a foundation for the
whole of the arithmetic of real numbers, because—as has becn
seen 1 Section 60—numerous theorems of this diseipline cannot
be deduced from the axioms of this system, and also for another,
no less important and, mncidentally, quite analogous reason a
number of concepts belonging to the field of aiithmetic can be
found that are not definable with the help of the primitive texms
occurring 1n System ¥  Thus, System ¥ does not cnable us to
define the symbols of multiplication or division, or even such
symbols as 1”7, 2", and so on

The question at once presents 1tself as to how we have to trans-
form and supplement our system of axioms and primitive terms in
order to arrive at a sufficient basis for the construction of the
entire arithmetic of real numbers This problem can be solved
in a vanety of ways. Two different methods of solution will be
sketched here !

In the case of the first method, we choose as our point of de-
parture the system A (cf. Section 58), to the pimitive terms
appearing 1n that system we add the word “one¢”’ which, as usual,

1 The first axiom system for the entire arithmetic of real numbers was
published by Hizsert 1n 1900, this system 1s related to System %” with
which we shall become acquainted further below  Before the year 1900,
axiom systems for certain less comprehensive parts of arithmetie had been
known, the first system of ths kind relating to the arithmetie of natural
numbers was given 1n 1889 by Prawo (¢f footnote 1 onp 120) Several
axiom systems for anthmetic and various parts of 1t—and, 1n particular,
the firat axiom system for the arithmetic of complex numbers—were pub-
bshed by Huntineron (cf footnote 8 on p 140)

213
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will be replaced by the symbol “1”, and the axioms of the system
are supplemented by four new sentences In this way a new
System A’ is obtaned, contamning the four primitive terms
“N”, “<” “4" and “1” and consisting of the nine axioms which
we shall hist explicitly below

Axioml’. If z %y, then 2 <y or y<az

Axiom2' If z <y, theny < =

Axiom 3’ If z < z, then there exisls a number y such that
z<y amd y <z

Axiom &' If K and L are any sels of numbers (1e., KCN
and L C N) satisfying the condition:

for any z belonging to K and any y belonging {o L, we have: z <y,
then there exists a number z for which the following condilzon holds:

of z 15 any element of K and y any element of L, and of z ¥ 2
and y+z then <z and z <y.

Axiom 5. z4+ (y+2)=&+2 +y.

Axiom 6'. For any numbers x and y there exisis a number 2
such that = = y + =.

Axiom7 If z+z<y+t then z<y o z2<t
Axiom 8’. 1leN.
Axiom 9. 1 <141,

62. Closer characterization of the first axiom system; its
methodological advantages and didactical disadvantages

The axioms listed 1n the preceding section fall into three groups.
In the first group, consisting of Axioms 1’~4’, only the two primi-
tive terms “N” and “<” occur, in the second group, to which
Axioms 57’ belong, we have the additional symbol “+'’; finally,
in the third group, mn which we have Axioms 8’ and 9’, the new
symbol “1” appears.
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Among the axioms of the first gioup there are two which we
had not met before, namely Axioms 3’ and 4’. Axiom 3’ 15 called
the LAW oF DENsITY for the relation less than—it expresses the
fact that this relation 1s dense in the set of all numbers. In
. general we say that the relation R 1s DENSE 1N THE crass K if, for
any two elements z and y of this class, the formula*

zRy

always implies the existence of an clement z of the class K for
which

zRz and zRy

hold. Axiom 4’ is known as the L.AW oF coNTINUITY for the rela-
tion less than or as the AXIOM OF CONTINUITY or, also, as DEpE-
KIND’S Ax10M?; 1n order to state in gencial, under what condition
the relation R is called coNnTINUOUS IN THE crasS K, 1t 15 sufficient
to replace, In Axiom 4/, “N”” by “K” (and, in connection with
that, the word “number’ by the expression “element of the class K''),
and further “<’' by “R” If, n particular, the class K 1s ordered
by the relation R, and if B 1s dense or continuous mn K, then K
18 said to be DENSELY ORDERED Or CONTINUOUSLY ORDERED,
respectively

Axiom 4’ 18 imntuitively less evident and more complhicated than
the remaining axioms, for one thing, 1t differs from the other
axioms 1nasmuch as 1t 1s concerned, not with mmdividual numbers,
but with sets of numbers. In order to gwe this axiom a simpler
and more comprehensible form, 1t 15 expedient to have 1t pre-
ceded by the following definitions.

We say that the set of numbers K preCEDES the sct of numbers L
+f, and only 1f, every number of K 1 less than every number of L

We say that the number z SEPARATES the sels of numbers K and
L +f, and only 1f, for any two elements z of K and y of L, both distinct
fromz,wehaver <z and 2<y

2 This axiom—in a shightly more complicated formulation—onginates
with the German mathematician R Depeninp (1831-1916), whose re-
searches have contributed greatly to the foundations of anthmetic and,
especially, of the theory of irrational numbers
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On the basis of these definbions we can give the axiom of con-
tinuity the following very simple formulation

If one set of numbers precedes another, then there exists at least
one number separating the two sets.

All the axioms of the second group are already known to us
from carher considerations The axioms of the third group,
though new, have so simple and obvious a content that they
hardly require any comment. We might only remark this much,
that if Axiom 9’ is preceded by definitions of the symbol “0’’ and
of the expression “posilive number”, then 1t may be replaced either
by the formula:

0<1
or else by the sentence:
1 18 @ positive number.

The Axioms 1/, 2’, 5, 6’ and 7’ form just what we called System
A® which—hke the equipollent System A ?—characterizes the
set of all numbers as an ordered Abeclhian group (ef Section 57)
Considerng the content of the newly added Axioms 3/, 4/, 8
and 9, we may now describe the whole system as follows.

System A’ expresses the fact that the set of all numbcers 15 a densely
and continuously ordered Abelian group wrth respect lo the relation <
and the operation of addition, and it singles oul a certain positive
element 1 wn that set

From the methodological point of view, System 9’ possesses
several advantages Formally considered, 1t appears to be the
simplest of all known axiom systems that form a sufficient basis
upon which to found the entire system of arithmetic With the
exception of Axiom 1/, which—though not quite easily—can be
denived fiom the remaming axioms, all the other axioms of the
system as well as the primitive terms occurring in these axioms
are mutually independent The didactical value of System ¥,
on the other hand, 1s far smaller, because the ssmplicity of the
foundations causes considerable complications 1n the further con-
struction Even the definition of multiplication and the deriva-
tion of the basic laws for this operation are not easy to carry
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through Almost from the very beginning, the arguments wll
have to make essential use of the continuily axiom (without its
help, for instance, 1t would not be possible to piove, on the basis
of System ', the cxistence of the number §, 1¢ of a number y
such that y 4+ y = 1), and the inferences based on that axiom
are usually found rather difficult by the beginner

63. Second axiom system for the arithmetic of real numbers

For the reasons mentioned above 1t 1s worth while to search for
a different axiom system upon which to construct atithmetic A
system of this kind can be obtaimned 1n the following way  As our
pomnt of departuie we usc System A® Thiee new primitive
terms will be adopted ‘‘zero”, ‘“‘onc’ and “product”, the first two
will, as usual, be replaced by the symbols “0” and ‘1", while,
instead of the expression “the product of the numbers (or faclors)
z and y” (o1 “the resull of multiplyang = and y'’) we shall use
the customary symbol “z y” Further, thirteen new axioms
will be added, of these, {wo are already known to us, namely
the axiom of continuity and the law of performability for addition
We thus finally airive at SysteEm %” containing the six primi-
tive terms “N”’, “<”, “47, 0", ¢.” and “1”, and consisting of
the following twenty sentences.

Axiom1” If z<+y, then 2 <y or y<=z
Axiom2” If 2 <y, then y<Lz
Axiom3”. If z<y and y <z then z<z

Axiom 4”. If K and L are any sets of numbers satisfying the
conditron

Jor any z belonging to K and any y belonging lo L, we have z <y,
then there exists a number z for which the following condstion holds:

if = is any element of K and y any clement of L,and if z ¥z
and y=+z then z<z and z <y.

Axiom 5”. For any numbers y and z there exists a number =
suchthat z =y -+ z (n other words. of yeN and zeN, then

¥ + zeN).
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AXIOMG”I. z4+y=y+r=
AxioMm7”. z+ (y+2)=(+y) + =

Axiom 8”  For any numbers © and y there exisis @ number z
suchthat z =y + 2

Axiom9” If y<z then z+y<z+az
Axiom 10”. OeN.
Axtom 117, z + 0 = z.

Axiom 12”7 For any numbers y and z there exisis a number z
such that « = y.z (in other words: 4f y €N and zeN, {then
y-zeN).

Axiom 13”. z.y = y.z.
Axiom 147, z-(y.2) = (z.9)-2.

Axiom 15”. For any numbers z and y, of y £ 0, there erisis
a number z such that z = y-z.

Axiom 16”. If 0<z and y <2 then z.y < z.2,
Axiom 177, z-(y + 2) = (z-y) + (z-2)

Axiom 18” 1eN.

Axiom 197, z.1 = =z.

Axiom 20”. 0 1.

64. Closer characterization of the second axiom system;
concepts of a field and of an ordered field

In System A”, as in System ', three groups of axioms may be
distinguished In Axioms 17-4”, which form the first group, we
have only the two primitive terms “N” and “<"’; the second
group, consisling of Axioms 5”-11”7, contamns the two further
symbols* the addition sign ““+’ and the symbol ‘0”; finally, the
third group, which 1s made up of Axioms 127-20”, involves pri-
marily the multiplication sign *“.” and the symbol *“1”.
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All axioms of the first two groups, with the exception of Axioms
10” and 117, are already known to us Axioms 10” and 11”7
together state that 0 1s a (right-hand) unit element of the opera-
tion of addition For, 1n gencral, an element « 1s said to be a
RIGHT-HAND Or LEFT-HAND UNIT ELEMENT OF THE OPERATION O
IN THE cLass K, if ¥ belongs to K and if every element z of K
satisfies the formula:

zO0Ou=2 or u0z =gz,

respectively. If u is both a nght- and left-hand umt element it 1s
simply called & UNIT ELEMENT OF THE OPERATION O IN THE
cLass K, evidently, mn the case of a commutative operation O,
every right- or left-hand unit element 18 stmply a unit element.

In the first three axioms of the third group, 1e Axioms 12”-14”,
we recognize the LAW OF PERFORMABILITY and the COMMUTATIVE
and ASSOCIATIVE Laws for multiplication; they correspond pre-
cisely to Axioms 5”-7” Axioms 15” and 16” are called the Law
OF RIGHT INVERTIBILITY for multiplication and the rAw oF
MONOTONY for multiplication with 1espect to the relation less than.
These axioms correspond to the laws of mnvertibiity and monotony
for addition, but not quite exactly The difference lies 1 the
fact that therr hypotheses contain the restrictive conditions
“y %= 0” and “0 < 27, n spite of their names, therefore, they do
not permit us to assert ssmply that multiplication 1s invertible, or
that 1t 13 monotomc with respect to the relation < (in the sense
of Sections 47 and 49).

Axiom 17” establishes a fundamental connection between addi-
tion and multiphecation; 1t 1s the so-called DISTRIBUTIVE LAW (or,
strictly speaking, the LAW OF RIGHT DISTRIBUTIVITY) for multi-
plication with respect to addition. In general, the operation P
is called RIGHT- or LEFT-DISTRIBUTIVE WITH RESPECT TO THE
OPERATION O IN THE cLASS K if any three elements «, y and z of
the class K satisfy the formula:

zP(@y02) = (xPy)0(zP2),
or zOy)Pz=(xP2)0(yPa2),
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respectively If the operation P 1s commutative, the notions of
right and left distributivity comncide, and we simply say that the
operation P 18 DISTRIBUTIVE WITH RESPECT TO THE OPERATION O
IN THE cLAss K

The last three axioms concern the number 1  Axioms 18” and
19” together state that 1 1s a 1ght-hand unit clement of the
operation of multiplication The content of Axiom 20” does not
call for any cxplanation, the role played by this axiom 1n the con-
struction of arithmetic 1s greater than might at fiist be supposed,
for without 1its help 1t 18 1mpossible to show that the set of all
numbers 18 infinite.

In order to describe briefly the totality of properties attributed
to addition and multipheation in Axioms 5”-8”, 12”-15” and 177,
one says that these axioms chaiacterize the set N as a FieLp (or,
more precisely, a COMMUTATIVE FIELD) WITH RESPECT TO THE
OPERATIONS OF ADDITION AND MULTIPLICATION If, in addition,
the axioms of order 1”-3” and the axioms of monotony 9” and
16” are taken into account, the sct N 15 said 1o be characterized
4S an ORDERED FIELD WITH RESPECT TO THE RELATION < AND THE
OPERATIONS OF ADDITION AND MULTIPLICATION The reader will
easily guess how the concepts of a field and of an ordered field are
to be extended to arbitrary classes, operations and relations —
If, finally, the continuity axiom 4” and the axioms conceining the
numbers 0 and 1, 1¢ Axioms 10”7, 117, 18”-20”, are taken into
consideration, then the content of the entune axiom system A”
may be described as follows

System " expresses the fact that the set of all numbers 18 a con-
tinuously ordered field unth respect lo the relation < and the opera-
twons of addition and multiplication, and singles out two distinct
elements 0 and 1 wn that sel, of whach the first 18 the unit element of
addition and the second the unit clement of mullyplication.

66. Equipollence of the two axiom systems; methodological
disadvantages and didactical advantages of the
second system

The axiom systems 2’ and %” are equipollent (or, rather, they
become equipollent as soon as the first system is supplemented by
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the definitions of the symbol ““0” and of the multipheation sign
“.”, which can be formulated with the help of its primitive terms).
However, the pioof of this equipollence 1s not casy It 1s true
that the dervation of the axioms of the first system fiom those of
the second 1s not especially difficult, but as far as the opposite
task 1s concerned, 1t alicady follows from our earlier remarks that,
on the basis of the first system, both the definition of multiphea-
tion and the proof of the basic laws goverming this operation
(which occur as axioms m the second system) present considerable
difficulties

In methodological respects System 9’ surpasses System 9” con-
siderably The number of axioms 1 9” 1s more than twice as
large The axioms aie nol mutually independent, thus, for -
stance, Axioms 5” and 12”,1¢ the laws of petformability for addi-
tion and multiplication, aie derivable fiom the remaining axioms,
or, If these two axioms aie retained, certain others such as Axioms
6”7, 11”7 and 14” may be elmmated The primitive terms, too,
are not indepcendent, for three of them, namely “<”, “0” and
1”7, can be defined 1 terms of the others (*one of the possible
definitions of the symbol 0" has been stated in Section 53%),
and consequently the number of axioms can be further reduced

We see, therefore, that System %” admits of important simpli-
fications of vaious kinds, but as a consequence of these simplhfica-
tions the didactical advantages of the system would be diminished
considerably And thesc advantages ate mndeed gieat  On the
basis of System %” 1t 15 possible to develop without any difficulty
the most important paits of the anthmetic of real numbers,—
such as the theory of the fundamental 1clations among numbeis,
the theory of the four elementary arithmetical operations of addi-
tion, subtraction, multiplication and division, the theory of lincar
equations, mequalities and functions The methods of inference
to be applied here are of a very natuial and quite elementary
character; in particular, the axiom of continuity docs not enter at
all at this stage, it plays an essential 10le only when we go over to
the “higher”’ arithmetical operations of 1a1s1ng to a powel, of ex-
tracting roots and of taking loganthms, and 1t 1s indispensable for
the proof of the existence of irrational numbers No other system
of axioms and primitive terms appears to be known that might
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furnish a more advantageous basis for an elementary and, at the
same time, strictly deductive construction of the arithmetic of
real numbers.

Exercises

1. Show that the set of all positive numbers, the relation <,
the operation of multiplication and the number 2 form a model of
System %’ and that, therefore, this system possesses at least two
different interpretations within anthmetic.

2. Whch of the relations histed in Exercise 6 of Chapter V are
dense?

*3 How can we express—in the symbolism of the calculus of
relations—the fact that the relation R 18 dense (an the universal
class)? How can we express the fact that the relation R is both
transitive and dense by means of one equation from the calculus
of relations? (Cf Exercise 17 of Chapter V.)

4. Which of the following sets of numbers are densely ordered
by the relation <:

(a) the set of all natural numbers,

(b) the set of all integers,

(c) the set of all rational numbers,

(d) the set of all positive numbers,

(e) the set of all numbers different from 0?

*5. In order to prove, on the basis of system ¥’, the existence
of the number 1, 1e of a number z such that:

z4+2z=1,

we can proceed as follows Let K be the set of all numbers =
such that.

z+z<1,
and, similarly, let L be the set of all numbers y such that:
1<y+uy.
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We show first that the set K precedes the set L  Applying now
the axiom of contmuity, we obtamn & number z separating the
sets Kand I Next it can be shown that the number z can belong
neither to K (otherwise a number £ m K greater than z would
exist) nor to L. From this we can conclude that z 1s the number
looked for, in other words, that

z4+2z=1
holds Carry out in detail the proof sketched above.

*6. Generalizing the procedure of the preceding exercise, prove
the following theorem T on the basis of System %’

T For any number « there extsis a number y such that z =y + y.

Compare the result obtamned in this way with the remarks in
Section 60

*7 Replace, in System A’, Axiom 3’ by Theorem T of the
previous exercise Show that the system of sentences obtamned
thereby 1s equipollent to System U’.

Hint In order to derive Axiom 3’ from the modified system,
substitute “z + 2” for “z” in T; m view of the hypothesis of
Axiom 3’, it can then be shown easily that the number y fulfils
the conclusion of this axiom.

*3, Use the method of proof by interpretation to show that,
after omission of Axiom 1, System 3’ becomes a system of mutually
independent axioms

*9 QGive a geometric nterpretation of the axiom systems o’
and %”, by way of an extension of Exeircise 2 of Chapter VIIL

*10 Write all axioms of Systems %’ and A” in logical sym-
bolism.,

11 Do the operations of subtraction and division and the opera-
tions mentioned in Exercise 3 of Chapter VIII possess right- or
left-hand umt elements, or simply unit elements 1n the set of
numbers? Do the operations of addition and multipheation
point sets possess umt elements in the class of all point sets?
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*12 Show that any operation commutative 1 a class possesses
at most onc umt element 1n that class Futher, 1n generalization
of the result obtained in Exercise 24 of Chapter VIII, prove the
following group-~theoretical theorem®

of the class K 1s an Abelwan group with respect to the relation O,
then the operation O possesses exactly one unat element in the class K.

13 Consider the five arithmetical operations of addition, sub-
traction, multiplication, division and rasing to a power Formu-
late the sentences asserting that one of these operations 1s right-
and left-distiibutive with respect to another (there aie altogether
40 such sentences), and determine which of these are true

14 Solve the same problem as m the preceding exercise with
respeet to the four operations A, B, G and L introduced i Exercise
3 of Chapler VIII. Further, show that every operation per-
formable 1n a certain sel of numbers 1s right- and left-distributive
in that set with respect to the operations A and B

15. Is the addition of classes distributive with 1espect to multi-
plication, and vice versa? (Cf. Exercise 15 of Chapter IV )

16. Which of the sets of numbers hsted 1n Exercise 4 are fields
with respect to addition and multiplication or ordered fields with
respect to these opeirations and the relation < ?

17. Show that the set consisting of the numbers 0 and 1 15 a
field with respect to the operation @ defined in Exercise 6 of Chap-
ter VIII and to multipheation.

18 Find two operations on the numbers 0, 1 and 2, of such a
kind that the set of these three numbers forms a field with respect
to those two operations

19 How 1s 1t possible to define the symbol “1”” with the help of
multiplication?

20 The following theorem can be denved from the axioms of
System N”:

if 0 < z, then there exisls a number y such thal z = y-y.
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Supposing this theorem to have been proved already, derive with
1ts help from the axioms of System A” the followng theorem:

z <y of,andonly+f, z+y and of there exrsls a number
z such thatz 4+ z.z = y.

Does this theoiem justify a remark made in Section 65 con-
cerning a possible 1eduction in the number of primitive terms of
System %A”?

*21 Prove Theorem T of Exercise 6 on the basis of System %”.
Compare this proof with the one suggested in Exercise 6 with
reference to System U’; which of the two proofs 1s more difficult
and requires a greater knowledge of logical concepts?

Hint In order to deirve Theoremn T from System ", apply
Axiom 15”7, with “y” and “z” 1eplaced by “1 4 1" and *‘y"
respectively (it has, however, fiist to be shown that 1 4+ 1 1s
distinct from 0); thereby a number ¥ 1s obtained, of which 1t can
be shown with the help of Axioms 13”7, 17” and 19” that 1t fulfils
the formula given 1n Theorem T.

%22, Derive all the axioms of System ' from the axioms of
System ”.

Hint. In order to deduce Axiom 3’, assume Theorem T of
Exercise 6 to have already been proved on the basis of System #”
(cf. the previous exercise), from there on proceed 1n the same way
as mm Exercise 7.






SUGGESTED READINGS

In concluding this book we should like to point out to the
reader a number of works which may be of service to him in
deepening and extending the knowledge acquired heie. How-
ever, none of the woiks listed below offeis a systematic and ex-
haustive treatment of all the problems upon which we have
touched. As 1t 1s, the hiterature of the field mn which we are
interested 1s as yet comparatively poorly supphed with textbooks,
and 1t 18 hard to name many books whose presentation combines
comprehensibility with the required degree of exactitude.

E V HunxtingtoN The Fundamenial Propositions of Algebra.
Monograph IV in Monographs on Topics of Modern Mathematics
relevant to the Elemeniary Field, edited by J W A Youne. New
York 1911.

We commend this work to the attention of those readers who are
Interested 1n the considerations contamed 1n the last two chapters of the
present book, They will find there a simple, precise and clear presenta-
tion of the results of methodological investigations into the axiomatic
foundations of the arithmetic of real and complex numbers

C. 1 Lewis A Survey of Symbolic Logze. Berkeley 1918 (out
of print}.

Though the systematic part of this book 15 somewhat outdated, its
historieal part can be warmly recommended, since 1t offers a great deal
of interesting and instructive information on the development of modern
logre.

C. 1. Lewis and C. H Langrorp  Symbolic Logee  New York
1932.

This book contams much mteresting and relevant material from
various parts of symbolic logic and the methodology of deductive sciences,
and, especially, from the domamn of sentential ealculus and 1ts method-
ology. It cannot, however, serve as a systematic text of logic and
methodology, since 1t fails to touch on many important topies helonging
to these fields The valuable historical material contamed n Professor
Lewis’s work mentioned above has not been included 1n tlus book,

B. RusseLr. Introduction to Mathematical Philosophy Lon-
don 1921 (2d edition)
227
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This work gives a clear and easily ntelligible presentation of the most
mportant concepts of modern logie, especially of those necessary for the
establishment of mathematics as a part of logic It treats among other
tlungs of many topics not discussed or only superficially touched upon
1n the present book, such as the theory of types or the problems con-
nected with the axiom of mfinity and the multiphcative axiom, 1t can
serve as a preparatory text for the study of the work Princspra Mathema-
tica listed below

J W Youna. Lectures on Fundamental Concepts of Algebra
and Geometry. New York 1911.

In this extremely informative little book the reader will find many
interesting considerations and examples from the domain of the method-
ology of mathematics Moreover, the reader may acquaint himself here
with some of the basic concepts of the general theory of sets

J H WoonGerR  The Techmgue of Theory Construciion  Chi-
cago 1939. (International Encyclopedia of Unified Science, vol. 2,
no 5)

This short monograph will acquaint the reader by means of a concrete
example with the techmque of constructing formahized deductive theores,
1t contains also a discussion of general methodological problems and 1n-
teresting considerations as to the possibility and usefulness of applying
deductive methods within empirical sciences It can be warmly recom-
mended, especially to readers interested in the last-mentioned problem

The following two works arc much more difficult

*R CArNAP. The Logucal Syniax of Language New York and
London 1937.

This book 15 interesting but not easy  As for 1ts content, 1t corresponds
to what we have called the methodology of deductive sciences, but n
that wider conception which was discussed 1 Scetion 42 Emphasis 18
laid, however, not so much on a presentation of the results achieved 1n
this field, as on the development of the conceptual apparatus The sys-
tematie, deductive part of the book 1s tieated rather sketehily, and 1t calls
for quite a considerable amount of skill in abstract deductive thinking on
the part of the reader, to enable hum to fill the gaps which he will find
and even, 1n places, to introduce some corrections 1 the arguments of
the author The book should be recommended, first of all, to those read-
ers who are interested in the question of the sigmificance of methodological
mvestigations for general philosophical problems, they will find numerous
remarks on this subject throughout the text and, moreover, more sys-
tematized considerations on 1t m the last part of the book
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\‘/.A{. N. Warreseap and B. RusseL,  Pruncipia Mathematica.
Vol. 1-3. Cambridge 1925 and 1927 (2d edition)

This work has already been quoted several times i the present book.
It 1s undoubtedly the most representative work of modern logie, and as
for the influence 1t has exerted 1t has been no less than epoch-making in
the development of logical investigations The purpose which the
authors had 1n mind was to construct a complete system of logic which
would provide a sufficient basis for the foundations of mathematics
This task was fulfilled 1n a very thorough and exhaustive manner (though
not 1n every detal complying with the very strictest requirements of
present-day methodology) By most people the study of tlus work,
which 1s written preponderantly in symbolic language, will not be found
easy, but 1t 15 indispensable for anybody who desires to acquire a thorough
knowledge of the conceptual apparatus of modern logic

From the foreign hiterature we recommend a few books, exact
equivalents of which are not available in English:

R Carnap. Abrissder Logisttk  Vienna 1929  (Schriften zur
wissenschaftlichen Weltauffassung, vol 2)

In spite of 1ts shortness this book gives a clear survey of all important
concepts of contemporary logie, thereby constituting a popularization of
the above-mentioned work Principia Mathematica, moreover, we find
there interesting examples of applying logical concepts and methods 1n
other sciences

K. Greruing Mengenlehre. Leipzig and Berln 1924
(Mathematisch-physikalische Bibliothek, vol 58 )

We recommend this easily intelligible little book to those readers who
desire to become acquainted with the most important concepts and funda-
mental results of the general theory of sets,—without intending to devote
themselves to more profound studies in this field

D. HiserT and W ACKERMANN  Grundziige der theoretischen
Logik. Berlin 1938 (2d edition). (Grundlehren der mathe-
matischen Wissenschaften, vol 27)

This book outhnes the more elementary and fundamental parts of
mathematical logic and discusses the most important methodological
problems concerming these parts of lo;ic It 1s both precise and mtelhgi-
ble, and may well serve as an mtroduction to a systematic study and more
profound nvestigations 1n the fields of logic and methodology.



230 SUGGESTED READINGS

H. Scuovz. Geschichle der Logtk. Berlin 1931. (Geschichte
der Philosophie 1n Langsschnitten, vol. 4.)

‘We have here a historical survey of the development of logic up to
the present time The behef in the far-reaching role of contemporary
mathematical logic permeates every page of this book, and the vivaaty
and colourfulness of the style will make the book attractive reading even
to a layman,

As a more advanced work we list the following.

*D HisBerT and P BerNAYs. Grundlagen der Mathematik
Vol 1-2. Berhn 1934 and 1939 (Grundlehren der mathe-
matischen Wissenschaften, vol 40 and 50.)

This book 15 a very ecomprehensive, though not exhaustive, exposition
of the more 1mportant results obtamed so far i the methodology of
mathematics (in that conception of this science which was discussed 1n
Section 42) In accordance with the theoretical outlook of the authors
in the question of methodological investigations, emphasis 15 laid on the
results obtaned by means of so-called constructive methods Without
a thorough study of this work, which 1s umque 1n 1ts kind 1n the literature,
1t would scarcely be possible to conduct independent research work in the
field of methodology The reader may find some difficulties 1n studying
the book, and the reasons for the chosen arrangement of the material
may perhaps not always seem obvious to him, but shortcomings of this
kind are, after all, hardly avoidable, in view of the fact that the results
presented 1n the work are quite recent and belong to a field whach 1s stall
n the process of wntensive development

In conclusion we may mention that there exists m the United
States a speeial soclety, the Association for Symbolic Logic, which
brings together all scientific workers m the fields of logic and
methodology  Since 1936, the Association has published its own
quarterly, the Journal of Symbolsc Logre, edited by A CrurcH
and E, NAGEL, in which both original contributions and reviews
of the entue cuirent logical literature are published Volume 1
(1936) of this periodical contains an exhaustive bibliography,
assembled by CHURCH, of all publications in the domain of mathe-
matical logic during the whole period of its existence up to the
year 1935; a supplement to this bibliography appeared in Volume 3
(1938).
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The index contains the more important terms and expressions used 1n
this book 1n a technical meaning as well as the names of scientists men-

tioned 1n the text

The square brackets following a term enclose ex-

pressions used 1n the book as synonyms of that term
All numbers refer to pages, numbers 1n bold type indicate the main
references and most 1mportant passages

A certain, 10

ApeL, N H, 169

Abelian group, 168 ff., 193, 196 {

Absolute product of relations, 92

Absolutely evistential sentence, 9

AckERMAN, W, 229

Addition of classes, 77 ff., 84, — —
numbers, 168 f., 218 f , — —
sentences, see Logical —

Advanced geometry, 137

Algebra, xn, 3, 30, 81, 99

Algebraie equation, 3, 6, — ex-
pression, 6, — fiaction, 30, —
sum, 184

All, 10

Analysis, 81

Analytic geometry, 130

And, 19 ff., 36, 30 f

Antecedent [hypothesis] of an 1m-
plication, 23 ff , 31 1, 44, 48, 176

Antinomy of RussgLL, 73

Any, see For any

Apparent vanable, sce
variable

Arbitrary, see For any

Argument, see Function of one,
two, vanables, — value
[value of the independent vari-
able], 99 f , 103, 107

Anstotelian logic, see Traditional
logic

Aristorir, 19

Arnthmetic, 3, 6, 61, 79 4., 119 f,
129 , 137 £, 204 ff , — of real
numbers, 155, 213 ff , 227

Anthmetical equality [cquality of
numbers], 61 f.

Article, see Definite —

Asserted statement [assertion, law,
statement), x1v, 3, 117 f£., 126 f ,
130 ff

Assign a value of a funciion, sce
Correlate

Assocratron for Symbolic Loguc, 280

Bound

231

Associative laws (in amthmetie),
70, 219, — — (in sentential
calculus), 43; — — (in the the-
o1y of classes}), 78, — operation,
169, 193

Asymmetiical relation, 94, 96 f,
114, 157, 166

Al most equal, sce Less than or

equal lo
Axiom(s) [primitive statement(s)],
ff , — of continmity [con-

tinuity —, DEDEKIND'S —, law
of continmty], 216 ££., 221, —
of infinity, 81, 130, 228, — sys-
tem [system of axioms], 121 ff.,
135 fT , 140 f , 147, 152, 156, 159,
168, 191 ff , 213 ff

Barbara, see Law of the Syllogism
Belong to, 69, 89

Berniys, P, 140, 230
Blbl;g%raphy of mathematical logie,

Binary operation, 107 f ; — recla-
tion, see Two-termed relation

Biumique function [one-one rela-
tion], 103 £.

Boorg, G, 19, 69

Bound [apparent] variable, 11 f.,

16,
Bovrzano, B, 106

Calculus, see Sentential —, — of
classes, 68, 74 ff, 79, 85, 90,
140 ff , — of quantifiers, see:
Functional —, — of relations,
88,90 ff , 114

Canror, G, 69

Cardinal number [number of ele-
ments, power] of a class, 69,
79 ff , 104 f.

Carxap, R, 228 f

Categorical syllogism, see Laws of
the — —
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Caurcr, A , 138, 230

Circle, see  Vicious —

Class(es) [Set(s)], 68 ff., 88 f , 103 ff ;
class of all ithings such thal,
70 f.; — of the first, second,

- order, 68, 73, 89

Class-theoretical law(s), of contra-
diction, 79; of DE MoRGaN, 84;
of 1dentaty, 76, 98, of excluded
mddle, 79

Closed class, 168; — system of sen-
tences, 176 f.

Column of a truth table, 41 £., 146

Common language, see Everyday
language

Commutation, see Law of —

Commutative field, 218, — law(a)
(1n arithmetie), 7, 170, 219, —
— (1o sentential calculus), 43;
— — (1n the theory of classes),
78; — operation, 169 f., 172,
181, 193, 219 f

Complement of a class, 78 f., 108,
1—4[negatlon] of a relation, 91 f ,

1

Complete axiom system, — deduc-
tive theory, 13¢ ff., 152, 205 & ,
— proof, 48, 133 f , 158

Complex number, 3, 213, 227

Composition, see Laws of —, —
of relations, see Relative
product

Comprehend as a parl [— as a proper
subclass], — as a subclass, 74,76

Concept, see Logical —, Mathe-
matical —, Methodological —

Conclusion of an implication, — —
a theorem, 28ff.; see also
Consequent

Condition, b, 29

Conditional sentence, see Impli-
cation

Conditionally exiatential sentence, 9

Configuration, see Geometrical —

Congruent geometrical figures, 62 f.,
95 f, 120 ff,

Conjugate sentences, 44 ff

Conjunction, see Sentential —,
— [logrcal product] of sentences,

’
Connected relation, 94, 96 ff , 114,
164, 197, 209
Consequence, 29 ff., 119, 139, 195 f
Consequent [conclusion] of an 1m-
plication, 23 f,, 31 f , 44, 48, 176
Consist of one, two, - -, n elemenis,

INDEX

Consistent [non-contradictory] ax-
10m system, — [non-contradic-
tory] deductive theory, 134 ff.,
204f,2111

Constant, 3 f., 5 ff, 18; see also
Logical —, Mathematical —,

‘“— number”, ‘— quantity”,
4, 100

Constructive method, 230

Contain as an element (— — a

member), 69
Contemporary logie, see Mathe-~
matical logic
Continuity axiom, see Axiom of —
Continuous relation, 21

Continuously ordered Abelian
group, 216, — — class, 216, —
— field, 220

Contradiction, see Law of —
Contradictory sentences, 20, 135
Contraposition, see Law of —
Contrapositive sentence, 44 fi.
Converse of a relation [— relation],
93, 114, — of a sentence [—
sentence], 32, 44 ff , 176
Converse-domain [Counter-domain)
of a relation, 88
Correlate [assign] a value of a func-
tom, 99, 102 f , 107
Correspondence, see Establish a
one-to-one correspondence
Corresponding value of a function,
L
Counter-domain [eonverse-domain]
of a relation, 87 f£.

Decision problem, 134 ff,, 152

DEebpexIND, R, 216

DEDEKIND’S axiom, see Axiom of
continuity

Deduced statement, see Derived
statement

Deduction, see Sentential calculus,
— of a statement, see Deriva-
tion, — theorem, see Law of —

Deductive logic, see Mathematical

logie, — method, x1, 117 ff,
228, — theory [— discipline, —
sclerfxce], 117 &#., 152, 195f,
2

1
Defined term, 117 f., 130 ff , 146, 150
Definiendum, defimens, 36 f., 150,
181 ff
Definite article, 100
Deﬁ.;létl(&n, 83 f., 118 ff , 132 {, 150,

De Morean, 52, 88
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De MorcaN’s laws, §2; see also.
Class-theoretical laws of Dg
MorgaN

Denote (designate), 4 ff, 18, 30,
102, 139

Dense relation, 216

Densely ordered Abehan group, 216,
— — class, 216

‘‘Dependent variable’, 99 f

Denvation [deduction] of a state-
ment, 118 f.

Dernivative truth table, 41, 146

Derived [deduced] statement, 119,
124 f , 130 ff , 152, 195 f

‘Description’’, see Designation

Descriptive function, see Designa-
tory function

Desagnale, see Denole

Designation [‘‘description’], 6 f,
58 ff , 139

Designatory [descrégtfwe] function,

*y J ’

Detachment, sece Rulc of —

Difference of [resuli of subtracting]
numbers, 181

Dzﬁeﬁqmt f;om [not deniical with],

Dioborus Cronus, 27

Discipline, see Theory

Discourse, see Universe of —

Disjoint [mutually exclusive] clas-
ses, 76 £., 83, 87, 144

Disjunction [logical sum] of sen-
tences, 21 ff , 40, 139, 163

Disproved sentence, 136

Distributive law(s) (in anthmetie),

, — — (in sentential caleu-

lus), 62; — — (in the theory of
classes), 84, — operation, 219 f

Diversity, 87, 92, 97 f, 162

Division of numbers, 182

Domain of a relation, 87 f.

Double complement, see Law of

Double negation, see Law of — —

Either or,21f,161f

Element(s), sce Umt —, — [mem-
ber(s)] of a class, 68 f , 70 ff , 89

Empty class, see Null class

Empincal science(s), xiu ff , 102, 228

Equal to, 54 ff ; see also: Identical
with, Less than or —

Equality, 54, 61 f., 87, 95 f , — of
geometrical figures, 62 f., 96, —
of numbers, 61 f.

Equation, 30, 62, 165, 178

Equform expressions, — signs, 112
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Equinumerous [equivalent] classes,
79 1., 96, 104 f.

Equipollent systems of scntences,
130 £., 194, 198 fT , 220 f , — sys-
tems of terms, 131, 204, 210

Equivalence (as a eategory of rela-
tions), 96, — (as a category of
sentences), 32 ff., 151

Equivalent classes, seec Equinu-
merous classes, — numbers,
124 f , — sentences, 33 ff., 53,
— transformation of equations
and 1nequalities, see Law of

Establish an order, 97; — a one-lo-
one correspondence [map 2n o
one-to-one manner], 103 £,

Euvucuip, 120

Every, 10, 76, sce also For any

Everyday [common, ordwnary] lan-
guage, 10, 19 ff , 24 ff , 81,759, 163

Excluded middle, see Law of —

Exclusive classes, see Disjoint, —
meaning of a disjunction, 21

Existential quantifier, 9 ff., 63 f,
— sentence [absolutely — —,
ge;ltence of an — character],

Ezpres.; a properiy, 72, — a relation,

Expression(s) [— of a language,
hngwstic —], 58 ff, 112, —
containing variables, 4 ff.; —
ocecurring 1n logic and mathe-
maties, 30, 102, 117 ff , 130, 133,
138 f , see also Algebraic —,
Speeific —

Factor of a logical product, see*
Member of a conjunction, —
— — produet of numbers, 217,
~— — — relative product, 167

False sentence, 8 f, 20 ff, 40 ff,
58 f, 135, 159, 175, 179 f

Field [commutative —], 218 fI.

Figure, sce Geometrical configura-

tion

Finite class, 79 ff , 106

Follow, 29 ff., 44

For any [for arbilrary, for everyl,
74,381, 42, 157

For some, 8

Form of a sign, 112

Formal character of deductive sci-

ences [— — — mathematics],
126 ff, 133, — mpheation
implheetion 1n — meamng],

95 ff.; — system, 129
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Formahzation of defimtions and
proofs, 132 ff.

Formalized  deduective
132 ff., 146 {

Formula, 6

Four-termed relation, — functional
relation, 106 f

Fraction, 3, 81

Free {real] vanable, 11 £., 16, 69 fi ,
R7 fi, 113

Frecg, G, 19, 81, 133, 147

Function [functional relation, one-
many relation], 98 ., 107 f , —
of one, two, variables [—
with one, two, arguments],
106 ff , —- value [valuc of a —,
value of the dependent van-
able], 97 £, 103, 107

Funetional calculus [calculus of
quantificrs, theory of apparent
variables], 64

Functional rclation, see Function,
gee also Four-termed relation,
Many-termed relation, three-
termed relation, two-termed
relation

Fundamental  relations  among
classes, 74 ff., 79, — — — num-
bers,167ff., —truth table, 41, 146

Gavrors, E , 169

General theory of sets, 68 f., 105

Geometrical configuration [- figure,
pownt set], 62 f , 68, 70,77,1291 ,
137, — equahty [equality of —
figures], 62 f ,

Georlxg;tri'_y, ol ff, 68, 119 ff , 129 f ,

Gergonng, J D, 76

Goper, K , 138

Gottingen cenier, 110

Graphical method, 130

Grealer than [relation of being
grealer), 97, 166 ff., 171

Group(s), 168 f, see also Abelian—

GRELLING, K, 220

Half-line, 103 ff
HAvuRer, K F, 178
HauBer's low, see Law of closed

theory,

systems
Hivsrrt, D, 120, 136, 140, 213, —
and ACKERVANN, 229, — and

BERNAYS, 230
Hu~TiNnaToNn, 1§V, 140, 213, 227
Hypothesis of an implication, — —
a theorem, 28 ff., scc also Ante-
cedent,

INDEX

Hypothetical syllogism, see Law
of th

e — —
Identical wuth [equal to, the same as],

Identity [logical —], 64 £., 58 fi , 72,
87 £, 92, 94, 96, 100, 157, — of
classes, -— of properties, 74 f,
95 f, 98, — of relations, 91 f,
— sign, 181 ff

If -, then, 19, 23 ff., 36, 39

If, and only 1f, 32 ff., 39

Imaginary number, 3

Implication [conditional sentence],
23fF ,40f, 44 7, 176 f , — 1n

formal meamng, — — matenal
meaning, see Formal —, Ma-
tenal —

Imply, 29 &., 41

In case that, 36

Inclusion of classes, 74 ff , 87, 98,
— — relations, 90

Incomplete axiom system, — dedue-
tive theory, 135 f | 207

Inconsisient aviom system, — de-
ductive theory, 135, 152

Independent axiom system, —[mu-
tually—]— independent axioms,
130 ff., 194 ffi, — system of
primitive terms, —[mutually—]
primitive terms, 130 ff , 199

‘‘Independent vamable’”, 99 f

Indircet proof [— inference, —
mode of 1nference, proof by
reductio ad absurdum], 169,
175, 179 £

Individual, 68, 73, 81, 89

Inequality, 30, 87, 166, 178, 1n the
narrower sense, — — — wider
sense, 166

Inference, see Indirect proof, Rule

of —

Infimte class, 79 f., 106, — regress
[regressus in wnfiniium], 118, 132

Infimty, sce Axiom of —

‘‘Inhomogencous’’ class, 73 £

Integor, 80, 138, 205 f

Interpretation of an axiom system,
— — a deduective theory, 120 ff.,
195 f , 206, 212

Intersecting classes, 74 f.

Intersection [product] of classes, 77,
— — relations, 91

Intransitive relation, 111

Inverse of a sentence [— sentence],

ff., 176, — — an operation,

180 f

Invertible operation, 169, 219
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Irra,tz;lzonal number, 3, 81, 205, 215,
1

Irreflexive relation, 93, 96 f , 114, 166
Journal of Symbolic Logic, 230

Lancrorp, C H , see Lewis and —

Language, 58 f , sce also Everyday
—, Scientafic —

Law(s), see Asserted statement,
— of addition of numbers,
168 ff.; — — asymmetry, 167,
— — closed systems {HAUBER'S
—1], 176 f.; — — commutation,
148,— — composition, 142; — —
connexity, 161, 197, — — con-
tinwty, see Axiom of con-
tinuity, — -— contradiction, 43,
135, see also Class-theoretical

, — — contraposition

[— — transposition], 96 £., 175,

177, — — deduction [deduction

theorem), 126 ff., 196, 211f,

— — density, 216, — — double

complement, 84, — — double

negation, 62, — — equivalent
transformation of equations

and 1nec{unlltles, 177 £., 184,

— — excluded middle, 43, 135,

see also Class-theoretical — —

— —, ——1dentity 38, see also

Class-theoretical — — —, —

— nrefleavity, 1678 , — —

monotony, 171 £ , 177 ff, 184,

219, — — order for numbers,

156 f£., — — reductio ad ab-

surdum, 168; — — rcfleuivity

(in the theory of 1dentity) 68,

(in the theory of classes) 76,

— — rnight distnbutivaty, 219,

— —right invertibihity, 170, 219,

— — gentential ealeulus, 36 f ,

42 f,, 52 54, 66, 85, 146 ff , 152,

175, — — subtraction of num-

bers, 184 f , — — symmetry,

, — — tautology (1n senten-
taal ealculus) 43, (1n the theory
of clagses) 78, — — the ealculus

[— — — theory] of classes,

T4 ., 841, 140 ff , — — the

categorical syllogism, 75 f , 83,

— — the hypothetical syllo-

Flsm, 38 f., 149, — — the syl-

ogism Barbara, 76 f.; — — the

theory of identity, 66 ff., 94,

— — the theory of relations,

122 £, 166, 209, — — transitiv-

ity (n anthmetic) 167, (in the
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Law(s) (contt)
theory of 1dentity) 68, (1n the

theory of classes) 76; — —
transposition, see — — contra-
position, — — tnichotomy

(strong) 161, (weak) 167

Left 1inverse of an operation, 181

Left side of an equation, — — — —
inequality, 166, — — — —
equivalence, 32

Left-distributive operation, 219 f.

Left-hand umt element of an opera-
tron, 219

Left-invertible operation, 169

Left-monotome operation, 172

Length of a segment, 95, 103 f

LeeNiz, G W, 19, 55

LEeisniz’s law, 66 f., 61 f, 72

Less than [relation of being smaller],
97, 166 ff., 171f, 1981, 215,
219, — — or equal to [al most
equal], 83 £ , 162 ff,

LESNiEwskr, S, 133, 140

Lewis, C I, 28, 227, — and LaNg-
FORD, 227

Levicographical order, 113

Lig, S,169

Line [straight line], 104, 129, 185, —
segment, sec  Segment

Linguistic expression(s), sec Ex-
pression(s)

Locus of the points [set of all
points], 70

Logie, a1 ff, 18 £, 76 f , 108 £ , 134,
139, “— of deductive sciences,”’
t— of empirical sciences,”’ xu

Logieal addition of sentences, 38,
43, 52, — concept, — constanl,
— term, xvu, 18, 54, 80 f, 108,
119, 133, 139, 229, — identity,
sce Identity, — laws, xvu, 18,
54f,76f,81,108f,119,126f,
134,  — multiplication of scn-
tences, 37, 43, 52, — product of
sentences, sce  Conjunction, —
sum of sentences, sece Dis-
junction, — symbol, — sym-
bolism, an, v, 10, 38 f, 43,
54f, 69, 71, 73f, 711, 88,
90 ff, 99, 107, 144, 146 f , 150 f ,
158, — syntax and semantics of
deduetive sciences, 140, —
type(s), 74

Logistic, see Mathematical logic

LukasiEwicz, J , 19, 140

Many-termed relation, — functional
relation, 106 ff.
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Many-valued function, 102

Map wn a one-to-one manner, see
Establish an order

Maternal imphcation (impheationin
matenal meaning), 23 ff.,

Matrix, see Truth table

Mathematical concept, — constant,
— term, xv1, 3, 18, 63, 129, —
logic [oontemporary, deductwe,
modern, new, symbolic logic,
logistie], x1 £ , xv11, 18 £, 54,
796, 87, 117 f, 128 130 134
227 E — proof [— rea,aomng],
xviii, 13 54, 133, — symbol, 3
61, 63, 81 120 124, 156, 162
165, 181f 213f 217f, —
theorem, 3 7, 10, 13f 28 fF.,
51, 61, — theory [— dlscxplme,
— scxence], 109, 118, 1291,
133, 1551f, 168 ff

Mnthematlcs X11, xvu 3,131,281,
54, 100 f , 108f 117ﬁ 128f
133 f, 228 f

Meamng, 27, 33, 95, 117 ff,
128§, f

Member of a class, see Element of a
clags, —— a conjunction [fa,ctor
of a loglcal product], 20 f.;
a dm]unctlon [summand of a
logteal sum], 2

Metg.;lg)glc and meta-muthematlcs,

Method(s), 117, 132, 138, — of
constructing sentential calcu-
lus, 146 ff.; — of equations, 13,
— of proof by mterpretatlon
[— — — — exlibiting a model],
126, 194 ff,, 199, 211 f , —
truth tables [— — matrices],
38 f£., 146 f., 151 f

Methodologlcal concept, — term,

; — law, 127, 152 2111,
postufa,te, — prlnclple, 117 ﬁ'
127, 1321, 197

Methodology of deductive sciences
[— — mathematies], x1 ff , xviu,
117, 120, 1271, 138 f£., 227ﬂ'
—_— cmplrlcal sclences, xlll f

‘“‘Maxed’’ relation, 89

Mode of inference, see Indirect

122,

proo
Model [rea.hza.txon] of an aviom

system, — a deductive
theor 120 ﬁ., 195

Modern oglc, see Mathematical
logic

Modus pornens rule, sce Rule of
detachment

INDEX

Monotonic operation, 171 f., 219

Multiplication of classes, 77 £.,
numbers, 182, 219ﬁ
sentences, see Loglcal —

Mulhplwatwe axiom, 227

Mutually exclusive classes, see Dis-
joint classes, — independent
axioms, sce Independent axiom
systcm, — — primitive terms,
see Independent system of
primitive terms

Nager, I , 230

Narme, 58 ff , 65 f , 139

Natural number, 80 £., 104, 213

Necessary condition, 29, — and
sufficient condition, 33

Negation [complement]| of a icla-
tion, 91 £., 114, — of a sentence,
20, 135, 195 ¢

Negative number, — 1nteger, 3, 81,
104 £, 205

New logie, sec  Mathematical logic

Non-contradictory axiom system, —
deductive theory, see Consist-
ent axiom system

N onitigulform expressions, — SIgNS,

Non-exclusive meaning of a dis-
junction, 21

Nop-negative number, — integer,
80, 103 ff

Nol, 19 f., 30 f

Null [empty] class, 72 f., 75, 79, —
relation,

Number(s) [real —], 3f, 61f,
68 ff, 81, 101, 129, 205f
Iipe, 185f — of elements of a

class, see ‘Cardinal —
Numenecal constant, 6, — quanti-
fier, 63 £
Old logic, see Traditional logie
One, 63 £, 80 f., 213 {
One-mn.ny relatlon, see Function
One-one relation, see Biumque
funection
One-to-one correspondence [— map-
ping), see Establish an order

Opera.tlon(s), 106 ff., 168 ff, 18I,
193, 198 f , 219f , — on cla.sses,
7 f — — relatlons, 90 f.

Opera.tor, 9 ff., 63, 71
Qr, 19,21 E.,27, 39 139, 163
Order, see FEsiablsh an order, Laws
of — for numbers, Lexico-
graphlcal —, — of a class, 68,
, 89, — — a relation, 88 £.
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Ordered Abehan group, 198 f.,
208 f , 216, — class, 97, 209, 215,
— field, 218 ff.

Ordering relation, 98 f.

Ordinary language, see Everyday
language

Overlapping classes, 74 f., 87

Parenthesis, 39, 148

Part [proper subclass], 74, 76, 105

Prano, G, 120, 213

PxrrrcE, CH S, 14, 38, 88, 105

Performable operation, 168 £., 193

PuI1LO of MEGARA, 27

Point, 68, 103 ff, 129, 185, see also.
Locus of the points, — set, see
Geometrical configuration

Polynomaal, 30

Posxgll‘ée number, 3, 70, 104 £, 206,

PosT, E L, 137

Postulate, 118;
odological —

Power of a class,
number

Preceding theory [— discipline,
presupposed theory], 119, 128,
138, 152, — set of numbers,
215 f.; — word 1n lexicograph-
1cal order, 113

Predecessor with respect to a rela-
tion, 88 f., 99

Presupposed theory [— discipline],
see Preceding theory

Primitive statement, see Axiom, —
[undefined] term(s) [— sym-
bol(s)], 117 ff., 146 1 , 150, 155 f ,
196 ff , 204, 210, 213 f , 217 f , 221

Principle, see Methodological, —
of abstraction, 96

Product of intersection of] classes,
77; — — [result of multiplying]
numbers, 217; — — [absolute
— —, intersection of] relations,
91; — — Bpentences, see Con-
Jjunction

Proof, 3, 13, 46 ff , 118, 122, 126,
132 ff , — by interpretation,
128, 206, — by reductio ad
absurdum, see Indirect —

Proper subclass, see. Part

Property (1es), 65 f , T2, 76, 95, — of
operations, 108, 168 {.,
relations, 99 f., 114, 122 f

Propositional calculus, ses Senten-
tial celculus

Proved statement [— sentence], see
Theorem

see also Meth-

see Cardinal
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gus.ntlﬁer(s), 9 ff., 14, 139

uantity, see ‘‘Constant —'",
‘‘Variable —"

Qe l{m(quod eral demonsirandum),

Quotation marks, 68 ff., 65 f
Quotient of numbers, 182 f

Real number(s), 3, 155f, 168 fT,
213 ff., 226, see also Number(s)
Real vanable, see Free variable
Realization of an axiom system, —
— & deductive theory, see
Model of an axiom system
Reductio ad absurdum, see In-
direct proof, Law of — — —
Reflexive relation, 93 ff , 114, 122 f
Reflexavity, see Law (s) of —
Regress [regressus in infinilum], see
Infinite —
Relation(s), 87 ff., 111, 114, 122 ff ,
139, 166, 171, 198 f , 209, 215,
— among classes, see Funda-
mental — — —, — — numbers,
162 ff , — of being greater, — -—
— smaller, see Grealer than,
Less than, — — the first,
second, order, 88 f.
Relative product of [composition of]
relations, 92, 167, — sum of
relations, 93
Result of an operation, 107, 169
Right inverse of an operation, 181;
— side of an equation, — — —
— 1nequality, 166, — — — —
equivalence, 32
Right-distributive operation, 219 f.
Right-hand umt element of an
operation, 219 f.
Raght-invertible operation, 169, 193
Right-monotomc operation, 172
Root of an equation, 6, 30
Row of a truth table, 41
Rule(s) 1n sentential calculus,
146 ff.; — of defimtion, 36,
132 f, 140, 150, — —

detach-
ment {modus ponens —], 47 f.,
147 f, 151, — — 1nference

[— — proof}, 47 &., 53, 132 ff ,
140, 146 fi
RusseLy, B, 19, 73, 81, 227 ff

Satisfy a sententral funclrion [— a
condation), B ., 13§, 14, 63 f,
70ff,73§,89, 123, 126 f

Scrorz, H , 230

ScrrtpER, E , 88, 140

Science, see Theory
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Scientafic language, 25, 29; —
theory, xiv, 3

Segment [hne —], 103 f, 120 ff , 144

Selection of axioms, 130 f., 191 ff |
— — prumtive terms, 130 f.,
191, 204

Semantics, see Logteal syntax and

Sentence(s), 3 fi , 11 fi , 19 f., 59 £,,
66, 130 f , 133, 1351 , 152,195 £ ,
— of an existential character,
see Existential —, — — a
universal character, see Um-
versal —

Sentential calculus [propositional
ealculus, theory o? deduction],
19 ff., 54, 66, 137, 146 £., 227, —
conjunction, 19, — function,
4ff, 11§, 14, 37, 391, 471,
69 ff, B7ff, 1021, 122, 126,
133, 139, 146, 148, — vanable,
37 ff., 47, 66

Separale two sets of numbers, 216 f.

Set(s), 68

Set of all numbers such that, 69 ff.

Set of points, see (Geometric con-
figuration, Locus of the points,
— — numbers, — — 1Integels,
68 ff , 124 f , 166 ££., 170, 198 f ,
2051, 214 fi

Side of an equation, — — — In-
equahty, 165, 178, — — —
equivalence, 32 f

Sign(s), 112

Single-valued function, 102

Singular sentence, 9

SocraTes, 228

Some, 10

Specific expression, — statement, —
term, 18, 119, 133

Stand for a designalion, — — a
name, — — @ senlence, 6 f., 66

Statement, sce Asserted —

Stoie School, 27

Strong law of trichotomy, see Law
of trichotomy

Subclass, 74 £.

Substitution, see Rule of —

Subtraction of numbers, 180 f.,
184 {.

Successor with respect to a relation,
88 f., 98 f

Sufficient condition, 29

Sum, see Algebraic —, of [umon]
of clasges, T7; — of [result of
adding] num‘:em, 166 f.; —
[union] of relations, 91, — of
sentences, see Disjuanction

INDIEX

Summand of a2 logical sum, see
Member of a disjunction, — —
a sum of numbers, 156, 170 f

Superfluous axioms, 131 £ , 191 ff , —
primutive terms, 132, 196

Suppositio formahs, — matenahs,

Syllogism, see Law of the —
Barbara, Laws of the eategor-
cal —, Laws of the hypothetical

Symbol, 4, 58, 60

Symbolic logic, see Mathematical
logie

Symbolism, see Logical —, — of
sentential ealeulus, 38 f.

Symmetrical relation, 93 ff., 114,
122 £

Synonymous, 95

Syntax, see Iogical —
System(s) of avioms, see Aviom
system, — — mutually 1nde-

pendent axioms, see Independ-
ent axiom —, — — — — primi-
tive terms, see Independent —
of primitive terms, — — terms,
— — primitive terms, 131, 204,
210, — — sentences, 3, 126,
130 £, 195

Table, see Truth —
Tautology, see Laws of —
Term(s), 3, 18

Ternary  relation, see Three-
termed relation
The, 100

The same as, see Identical with

Theorem [proved statement], 8,
117 ££., 133 ff

Theory [discipline, science], see
Deductive —, Mathematical —,

Scientific —, — of apparent
variables, see Functional cal-
culus, — — classes, 68 £.; — —
deduction, sra Sentential cal-
culus, — — groups, 108, 169;
— — 1dentaty, 54 f.; — —[——
logical] types, T4, 228, — —

roof, 140; ‘— — properties,’
?2, — — relations, 87#f.,
122f , — — sets, see: General

Then, see. If , then

There 18 [— exis8is], — are [— exist],
ff.; — — al leas!, at most,
exaclly, one, — are at least, al
most, exactly, two, 30, €3 1.,
BOf, 183
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Three-termed [ternary] relation, —
functional relation, 106 ff., 183

Traditional [Aristotelian, old] logie,
xin, 19, 76 f.

Transformation of an algebraie
expression, 171, 189

Tranmtive relation, 94 ff., 114,
122 £, 166

Transposition, see Law of contra-
osition

Trichotomy, see Law of —

True sentence, 3 ff , 20 ff, 31, 36,
40 ff , 58, 60, 118, 135 ff, 146,
151, 175§

Truth function, 39 £.

%ruth table(s) [Matrix], 40 ff.

wo, 63
Two-termed [binary] relation, —
functional relation, 106, 106 ff
Two-valued function, 102

Unary operation, 108

Undefined term,see Primitive term

Union of classes, see Sum of
classes, — — relations, see
Sum of relations

Unit element of an operation, 219 {.,

224

Universal class, T2 £., 75, 79, 88, 94,
170, — quantifier, 9 f., 38, 42,
471, 631, — relation, 90; —
sentence [sentemce of a um-
versal character], 7, 9, 37 f , 157
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Uni\i%se of discourse, 78, 94, 156,
Unknown, 6

“Va.,tz:gously” satisfied 1mplication,

VariaTi, G, 168

Vealue of a function, see Funection
- ——2a vnnai)le, 8, — — the
degendent, vanable, — — —
independent vansable, 100, sce
also Funetion —, Argument—

Varnable, 8 f., 47 f, 66, 68, 881,
99, 107 f., 139, ‘“— number,”
“— quantity,’”’ 4, 99 f

VieTA, F, 14

Vicious circle 1in defimtion, 96, 81,
117, — — — proof, 36, 118

Warsaw center, 140

We say that, 84 ff.

Weak law of trichotomy, 167

WaiTeaeap, A N, 19, 81, — and
RussELL, 19, 74, 81, 228 f

WoobgER, J H, 2

Word, 58, 113

Youne, J. W, 228

Zero, 182, 216 ff






