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The diagram originally designed by the author for the cover, symbolizes
the matter dealt with in this work.

It shows in the colour triangle X'YZ of the ICI, the curve of the spectral
colours and the purple line derived from the investigations of Wright
and Guild. The curve also bears the name of Newton, 'who, in his
colour circle has given the first approximation as well as those of
Helmholtz and Konig, the pioneers of the quantitative elaboration
of Young’s theory. . '

The curve of the marginal colours, closely connected with the work of
Goethe and the curve of the characteristic ‘colours of Ostwald, are
represented as well. The figure in the right-hand top corner symbolizes

the theory of heredity which is so important for the explanation of
Daltonism. . ..



PREFACE
TO THE ENGLISH TRANSLATION

.[N Seplember 1944, a few weeks before the liberation
of Eindhoven, Dr Bouma, who had been suffering since 1940 from a
disease of the central nervous system, which fortunately did not inlerfere
with his keen scientific thinking but gradually bereft him of the
control of his body and the powers of speech and writing, communicated
to me his plan to collect in book-form his accumulated knowledge in the
field of colorimetry and colour science. He started writing with s left
hand and finished the manuscript tn Duich in April 1945. Due to
various circumstances the printing was delayed uniil 1946, and in
November of that year I was able fo place the first copy of his book
in his hand, Although he was seviously ill this event gave him great
pleasure, On Jan, 19, 1947 Pieter Johannes Bouma died,
much mourned by his colleagues of the Philips laboratory and by all
those who had met him in his various functions in the field.of illumi-
naling engineering.
At the request of Mrs C. J. Bouma-Querner, I sef myself the task of
supervising the English translation, which was cavried out by Mrs 4.
Wolters-Dawson. I am also much indebled to Mr F. G. Garralt and
to Mr.C. G. A. Hill jor a careful revision with respect to technical ex-
pressions. The translation follows faithfully the original Dutch fext.
A few additions, which in my opinion might increase the value of the
book, are marked by an asterisk (sections 33a, 36a, 75, 75a). Sect. 36a
has been rewritten after one of Bouma's last papers on the subject
(Physica 12, 189, 1946). Al the same time I havetaken the opportunity
of referving in a few places (sections 65 and 67) to vecent work of Dy
Hessel de Vries (Groningen), which seems to throw a new light on
the nature of the fundamental response curves of Helmholtz and their
relation to the relative luminosity function. In 1946 I called B ouma’s
attention to the first of these papers and I am convinced that, had he
lived, he would have approved it. I am very thankful to Mr De Vries
for his permission and advice.
< It 4s hoped that Boumia's clear exposition and his simple style, often
verging on the naive, will charm the English-speaking reader and that
the book in ils new form may prove useful to those interested in colowr
science.

EINDHOVEN, November 1947 W. DE GROOT
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PREFACE
TO THE DUTCH EDITION

]:I E subject of ““Colour” lies on the boundary of various
pure and applied sciences, including physics, physiology, illuminating
engineering and chemistry, while it also has several points of contact
with art and aesthetics. As a result the same subject may be treated:
from different points of view. An ideal treatment would take all these

wviewpoinis equally into account. Two practical daifficulties prevemt
the attainment of this ideal: in the first place the ireatise would become
very extensive and secondly the author does not feel competent to take
wnto account all the different sides of the colour problem. He has thevefore
restricted himself in the main to approaching the subject from the side
of experimental physics and illuminating engineering, the siress in this
book falling on the expression of colours by numbers, and on the calcula-
tion and measurement of colours.
The physiological and the psychological aspects. of the corvesponding
problems are only considered so far as is necessary for a betler under-
standing of the physical aspects. Here too, where possible, the exposition
is based on established experimental facts-and the prolific theovies are
omiited.
The relations with art and aesthelics arve not discussed, neither are the
physics and chemistry of coloured substances.
This book is intended for all persons imtevested in the origin and the
measurement of coiours, such as students of physics, slluminating
engineers and technicians, bul 1t is hoped that it will also prove of
intevest to biologists and physicians (especially Ch. X), and to all those
who have to do with the manufacture and use of colovants and coloured
products in general
The veader is assumed to be acquainied with mathematws and physics
as far as they are taught in secondary schools and fo possess a ceriain
amount of zeal ! The parts in small print genevally make higher claims
but they may be skipped without detriment to the understanding of the
main subject.
The purpose of the book is io swmy the theory of colorimetry and ‘iis
applications to praclical problems, to. enable the reader to carry ot the
calculations occurring in practice, to facilitate his study of professional

6



PREFACE

literature and to hand him the tools necessary for a deeper study of other
aspects of the colour problem. -

The theoretical development follows the path developed by Schridinger
in 1920-1926, which, in the author's opinion, is the only method lead-
ing logically to a complete insight into colour problems. Colour space
forms an integral part of this theory.

Various deep-rooted concepts, the heritage of an historical development
which did not always proceed along straight paths, and which are noi-
adays often an impediment to a clear understanding are either omiited or
treated separately in an appropriate place (Ch. XI).

A general survey of the conlents of this book and of the chief fields of
application are to be found in sect. 6 (pp. 28-29). The reader is also
referved to the table of combents.

Finally I havethe agreeabletask of thanking my wifeand a few colleagues,
who assisted me by their constructive criticism, and others who by
vendering innumerable lesser services made it possible for me to write
this book wnder difficull civcumstances. My colleague Dr W. de Grool
especially must be named in this connection.

EINDHOVEN, Sepiember 1945 P.7J. BOUM A
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CHAPTER 1

Iniroduction

§ 1 Dramatis personae

Liberation of Eindhoven, September 1944,

Children, gay with orange ribbons, are dancing and singing on a lawn
under the shade of a yellow American patachute. Golden-orange
sunshine helps us to realize that a new and better era is about to
begin.

While musing over this happy scene it occurs to me that all the
important and indispensable actors that play their part in the
production of colour and therefore have their place in this book are
now present.

The action of the play is really a succession of events begirining with
the golden-orange sunshine and speeding by way of the parachute,
orange ribbons, green grass, light and shade, through my eye and
its optic nerve to my brain, where it finds its happy ending in my
consciousness.

In this first chapter the parts which the various actors take in this
play of colours will be sketched in bread outline.

§ 2 The sun as source of light

The importance of this actor, whose rdle is often played by under-
studies, is obvious. Without the sun, or more generally speaking
without a light source, we should have no light and the eye would
consequently be doomed to inactivity. Colours would therefore be
entirely out of the question, unless one could count as colours the
coloured stars observed on bumping into concrete objects, and
similar phenomena. We shall, however, concern ourselves exclusively
with colour phenomena caused by light. But supplying light is
certainly not the only task performed by the light source in the
play of colours. This can best be seen by comparing the sun with
other light sources. .

Sodium light, for instance, already universally known before 1940.

13



INTRODUCTION . CH.1

through .its use in street lighting [see Dorgelo})J*), is not
capable of conjuring before our eyes any variety of colours worth
mentioning; even the most colourful objects all appear yellow and
yellowish brown when illuminated by this light.

Mercury light, also employed for various illuminating purposes and
known to many people as the light radiated by the artificial sunlight
apparatus, gives us a much greater wealth of colour. But it is very
striking with this kind of light that various objects are seen in a
“wrong” colour; that is to say they cause a different colour sensation
from that to which we are used in daylight. Red and reddish objects
especially display this colour distortion to a great degree. They usually
assume a brownish tint and not infrequently appear almost black.
Light from incandescent lamps shows coloured objects in a manner
which is much more in conformity with their appearance in daylight.
An attentive observer, however, will still see clear differences between
these two kinds of light. Thus slight variations of colour — especially
in the case of bluish tints — will be more easily observed by daylight
than by incandescent light; complexions are clearly different, while
draughtsmen are well acquainted with the difficulty of seeing
yellow lines on white paper. Finally the difference is also illustrated
by the fact that ladies out shopping, before buying material offered
for sale in artificial light, invariably desire to see it in daylight.
Sunlight or daylight appears in many respects to be the ideal light.
It displays a great variety of colours, makes it easy to distinguish
slight shades of colour, and the colours of objects round ahout us
obviously look natural.

The fact that moonlight and starlight fall so far short in all these respects
is due not to the kind of light (this does not deviate much from sunlight,
but to our inability to bring coloured objects close enough to the light
source. Far too little light ever falls on things from these light sources
to enable the eye to distinguish the colours well {see also sect. 4).

What are the physical properties which make some kinds of light
specially suitable and others unsmtable for distinguishing colours?
This question remained an enigma for centuries until Newton
in 1666 got himself a glass prism,“to try therewith the phenomena
of colours”, theréby paving the way towards the solution of this
problem. Soon Newtorn was able to show unshakably the sur- -
prising fact that white sunlight, seemingly so homogeneous, might
be conceived as consisting of a series of light rays dis'tinguishable

*) Proper names, suffixed with a number, refer to the hst of references see the
appeniix to this book’

14



§2 THE SUN AS SOURCE OF LIGHT

from one another both by the eye and by various physical properties.
We now call these components spectral radiations or primary colours,
the latter name being due to'the fact, also discovered by New t o n,
that these radiations cannot be again divided into components with
different properties. To the eye the spectral radiationsare distinguished
by the colour sensations they evoke. They display the well-known
series of colours that can be observed in the rainbow: red, orange,
yellow, green, blue, violet and all intermediate hues. Physi-
cally they are distinguished by a number of properties and each
of these properties is in principle useful to characterize the various
spectral radiations.
Newton?) chose that property which led him to their discovery,
namely the difference in change of direction which the various
radiations undergo when they pass from air into glass. He distinguished
them, therefore, by their refrangibility.
As ideas about the nature of light underwent further development
other physical properties came into use for this purpose. When, in
the 18th and 19th centuries, the general conviction prevailed that
light should be considered as a phenomenon of self-propagating
vibrations, and that the various spectral colours were distinguished
one from the other by their frequency, it was quite natural to take
one of the following three properties to characterize them:
a) frequency », the number of vibrations per second,
b) time of vibration T, the time required for the completion of one
vibration,
¢) wavelength A, the distance covered by the vibration phenomen—
on in the time 7.
The last quantity, the wavelength, is the one most generally accepted
and it will be employed throughout this book. The lengths of the
various light waves are very small. Theyare expressed in the unit my
— onemillionth of a millimeter —or A = 1/10 my. We shall invariably
employ the unit mp. There are various methods of determining the
quantities v, T and )\ very accurately, but we cannot discuss them here.
Since the beginning of the 20th century there has been a growing conviction
that for an explanation of various phenomena it would be better to consider
light as a rain of projectiles each representing a very definite and extremely
tiny energy (quantum theory). A new, very mathematical theory (wave
mechanics) demonstrated that this was not contrary to the conviction
that light in other phenomena seemed to behave entirely according to the
old vibration theory. The energy represented by such a quantum is differ-
ent for each of the spectral radiations, being proportional to ». Thus

in this theory it is natural to use the energy of one quantum as a charac-
teristic propbrty for the various spectral radiatiéns.

15



INTRODUCTION CH. I

TABLE 1 There is, of course, a certain connection

Colour between the wavelength of a spectral

Wavelength | censation colour and the appropriate colowr name.
380-436 my | violet It must,however,.be borne in mind t_hat
436-495 . | blue the v‘.lavelength' is a purely .phyfsmal
405-566 ,, | green magmtude,.wl-nch can be ob;ect.lve.ly
566-580 , | yellow fnea,s'ured with great accuracy, while in
589-627 ,, | orange judging thel colour se?satlgn we are
627-780 red . concerned with a physiological-optical
! problem, the result of which will depend

on all kinds of properties of the human
visual organ. The name given to a colour will depend on the
circumstances in which the spectral colour is displayed to the eye,
and furthermore two observers in the same circumstances may
still obtain slightly deviating results because their eyes may be
different and, moreover, because the assignment of a name to a
given colour is a question of personal taste. The relationship shown
in table 1 must therefore be taken as an approximate division
of the colours of the spectrum according to their wavelengths.
Thus, for example, the light of 560 my will be called ‘yellowish-
green” by most people. The colour lies in between green and yeéllow,
while, in the opinion of these people, green predominates, The indivi-
dual diversity of the observers comes to the fore in the fact that
there are also people who call this same colour ‘“‘greenish yellow” ;
in their case yellow makes the preponderating impression. If the
observers are requested to classify the colour under either green
or yellow, the first group of people will call the.colour green and the
second group yellow,

Among Dutch researches on this subject we may mention those of O r n-
steinf'), Verbeek? and v. d. Werthorst?). (Seealsosect. B8

and British Colour Council ?).

We have gone a little more extensively into this point, as it forms a
typical example of the position of most colour problems, being
on the border of two sciences: on the one hand physics and on the
other hand physiology and, in some cases, psychology. This border-
line must always be borne in mind if one wishes to penetrate into
the nature of colours. Spectra] radiations with wavelengths
smaller than 380 my or. larger than 780 my are in geperal
invisible to the eye. The former form the ultra-violet rays and the
latter the infra-red rays (heat radiation). These limits also display
the uncertainty mentioned above.

16



3 COLOURED OBJECTS

Apart from individual differences these limits are strongly influenced by
the intensity with which the spectral radiations are presented to the.eye,
The greater the intensity the wider the space between the two limits. Thus
investigators have succeeded in making radiations of 313 my and 900 mp
visible to the majority of observers [see Graham!), Saidmanl),
Bidchtiger!), Fabryl!), d¢e Grooth?, Goodeve!l), Scho-
b er!)]. In practice, however, it is desirable to keep to 2 definite agree-
ment as to the two limits. For example we might take the wavelengths
at which the visibility curve (sect. 12) has fallen to 10"°* [Uyterhoe-
ven!)], namely 376 and 788 my, but in future we shall keep to the limits
380 and 780 my, these being the limits to which most internationally
accepted tables for colour measurement extend,

From what has been said above we can now give a rough explanation
of the varying degree in which the various light sources (daylight,
incandescent electric light, sodium light, etc.) are capable of pro-
ducing a diversity of colours.

Physically speaking these kinds of light are distinguished by
their spectral distribution, or, differently expressed, by the propor-
tions in which they contain the various spectral radiations
Sunlight and incandescent electric light (as well as gas, oil-lamp and
candle-light) emit a so-called continuous spectrum, that is to say
their radiation contains all visible spectral colours. The other kinds
of light mentioned contain relatively more red radiation and less blue
radiation than sunlight. Mercury light consists mainly of some spec-
tral radiations with wavelengths 404.7, 407.8, 435.8, 546.1, 577.0
and 579.0 my. Sodium light consists practically entirely of light of
the wavelengths 589.0 and 589.6 my.

In order to see how thesc differences are expressed in the power to
. evoke a lesser or greater wealth of colour we must call upon the
second actor.

§ 3 Coloured objects

In our introductory example these were: green grass, orange ribbons
and a yellow parachute.

We have seen that objects in our environment show hardly any
difference in colour when illuminated by sodium light, which consists

. practically of light of one single wavelength.

The orange-yellow light emitted by the light source (see table 1)
falls on the objects, is partially reflected and the reflected light falls
partly on the eye. When reflected, the wavelength and hence also
the colour of the light remains unaltered, whence it may be under-
stood that in the case of sodium illumination no other colours than
vellow occur (the otcurrence of brownish tints is a complication due

2 : 17



INTRODUCTION CH. I

exclusively to special properties of the eye, which will be discussed
further in sect. 5)

This consideration gives us at the same time the key to the more
general problem of the origin of colours when illuminated by light
sources containing more than one spectral colour. We "have seen
above that the differences in colour of the light reaching the eye
directly from various light sources is to be ascribed to differences in
spectral distribution, Now when we illuminate two different objects
with one and the same kind of light and we notice a difference of
colour, it is natural to suppose that this difference must be ascribed
to different spectral distributions of the light that reaches the eye
via the two objects. This supposition is indeed correct. Each spectral
colour radiated by the light source is partially reflected by the
object. The wavelength still remains unchanged but the propor-
tion reflected isnot only different (a) for the various wave-
‘lengths but also (b) for each object. It appears from the first fact (a)
that the spectral distribution of the reflected light will generally not
be equal to that of the light emitted directly by the light source, and
from the second fact (b) follows the confirmation of the supposition
that the spectral distribution of the light reflected by the two
differently coloured objects will indeed be different.

We can illustrate what has been said by the use of the concrete
examples chosen in sect. 1. The yellow parachute reflects the red,
orange and yellow rays of the sunlight in a fair degree, the green
and blue rays, however, 1n a very limited degree. The orange ribbons
have almost the same properties, except that they do not reflect a
part of the yellow quite so well.

Finally, we receive from the green grass light in which the green rays
are strongly represented, while the radiations lying at both extremi-
ties of the spectrum are considerably weaker.

All light falling on the object that is not reflected is absorbed, that
is to say, tranformed into heat.

“White” objects constitute a special case. These appear to reflect
all rays of sunlight well and to an approximately equal degree. The
result is that the light reaching the eye from a white object has
approximately the same spectral composition as the light emitted
directly by the light source. It is in fact somewhat illogical to label
objects with these properties as merely “white”’ objects, since, if we
illuminate them, for example, with sodium light or with the light of
a red dark-room lamp, they will make a yellow or in the latter
case, a'reddish impression on the eye. The only‘excuse existing for

18



§4 THE PART PLAYED BY THE EYE

this less accurate denomination is the fact that at the time when
such an idea was formed people had not yet any great experience of
. such strongly coloured light sources.
The example of the white objects illustrates most clearly that for
the production of colours at least two actors must co-operate: the
nature of the light source and the reflecting qualities of the object
both play a part. If this fact is borne in mind it will not he difficult
to understand a little of the different colour rendering of the various
light sources. We have already spoken of sodium light. Mercury light
contains no red and orange rays. If a “1ed object”, which is capable
of reflecting only red and orange light, is illuminated with this
light, it is plain that hardly any light reaches the eye from the
red object. In other words, red objects invariably. look dark in
mercury light, and sometimes almost black. Some of the less con-
spicuous differences between the colours produced by daylight and
incandescent electric light now become clear. The difference in the
reflecting properties of white paper and yellow ink, for example, lies
~ chiefly in the fact that the ink-'reflects the blue and greenish blue .
rays to a far smaller degrec than the white paper. As incandescent !
electric light, in comparison with davlight, contains fewer blue and .
green rays the difference in reflecting properties between ink and
paper will produce a less obvious colour sensation by incandescent
light than by daylight. The ink shows up less against the paper.
Yet by no means all colour phenomena can be explained by the
co-operation of the two actors mentioned. Thus, for example, it is
still inexplicable why *‘yellow objects’’, which reflect the red, orange
and yellow, as well as a portion of the yellowish green part of the
sun’s rays, display approximately the same colour as sodium light,
which consists only of one spectral colour. Moreover it cannot yet
be understood why, in spite of the enormous difference of the
continuous spectrum of sunlight and the line spectrum of the mer-
cury lamp, the colour of the light emitted directly by both light
sources differs so little that we are inclined to call both *white”.
This and similar cases point to the fact that yet a third actor plays
a very important part in the production of colours. This actor is the
visual organ of the observer.

§ 4 The part played by the eye

The construction and functioning of the human visual organ is such
an interesting and complicated subject that a multitude of books
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might be written about-it,
while numerous side issues
of the problem of sight are
still far from-solved.
So when we are compelled
to enter the territory of
the physiology of sight,  we
The human eye (very schematically) must do so with the ne-
A = aqueouws humour; V = vitreous humour; cessary circumspection We
F = fovea centralis; N = optic nerve; C = .
cornea; I = lens; R = retina; I = iris, Shall only consider here
those points which are in-
_dispensable to a general survey of the process of the production
of colour. In the following chapters we shall, when necessary,
give amplifying details. We shall also endeavour to avoid spe-
culations and unproved theories as much as possible, and to build
only upon experimentally established facts. The physiologist is
.chlefly interested in the problem kow we see, i.e. in the mecha-
nism underlying the various links in the process of sight. The
physicist, the technician and in general the practical man, on the
other hand, attach most importance to the question what we see;
that is to say, the final result reached by the chain of processes
" occurring when the eye.is exposed to a given physical situation.
Without wishing to go to extremes, we state explicitly that generally
speaking it is our desire in this book to consider the problems of sight
from the second point of view.
Fig. 1 shows diagramatically a transverse section of the eyeball [for
more detailed illustrations see Polyak?), Wright1)]. Let PQ be
an object. (For the sake of convenience the distance between PQ and
the eye in fig. 1 hasbeen taken far too small, for in reality this distance
measures at least 10 times the size of the eye.) We see the object
because a pencil of rays starting from PQ strikes the front of the eye
(that is the cornea C) and via the aqueous humour (A), the crystal-
line lens (L) and the vitreous humour (V) reaches the back of the
eyeball, the retina (R). The various curved planes through which
the pencil of rays has passed produce a sharp inverted image PQ of
the object, in the same way as the lens of a camera throws a sharp
image on the sensitive plate. Focussing at various distances, ac-
complished in the camera by the shifting of the lens, is brougfxt about-
in the eye by a change of form of the crystalline lens (L). The quantity
of light falling into the eye can be regulated by the opening and
closing of the ring-shaped iris diaphragm (), by Which the diameter
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of the pupil is made smaller or larger (analogous to the diaphragm
of the camera).

Up to this point we have only had a simple optical problem to deal
with, But as soon as the pencil of light has reached the retina the
whole process is changed ; for the various organs situated in or near
the retina have the task of transforming the energy of the incident
light into another form suitable for carrying the stimulus via the
optic nerve to the brain. The first phase of this transformation is of a -
photochemical nature. The various elements sensitive to light
(rods and cones) contain substances which undergo chemical changes
under the influence of light. When the illumination ceases their
original condition is restored after a while. These photo-chemical
changes are accompanied by the liberation of energy in electrical
form. The liberated energy, in 2 manmer still for the most part
unknown, causes certain equilibrinm disturbances of an clectrical
Inuature, which can be transmitted by the optic nerve (N). Finally
this stimulus reaches the part of the cortex (regio calcarinia) destined
for the assimilation of sight impressions, where the most mysterions
and enigmatic stage in the production of colour sensations takes
place, the commutation of the stimulus introduced by the nerves
into a conscious light and colour sensation. Although we are still
groping in the dark at many points in the preceding series of process-
es, it may well be expectéd that as research proceeds we shall be
able to explain all stages of the process as physical and chemical
phenomena. But this last stage, the stage of consciousness, lies so far
beyond the sphere of science that mankind ma.y never succeed in

_penetrating its nature,

Scientists have succeeded, chiefly with the eyes of animals, in investigating
by measurement two stages in the electric processes occurring in the act
of seeing.

In the first place the potential differences between the front and back
walls of the eye were measured. This method is especially suitable for
investigating transient phenomena. When the eye is suddenly exposed to
light the potential is seen to change with a characteristic curve and
finally to assume a constant end value. If the light is suddenly switched
off, we see the potential return once more to its starting value,.

In the second place the electric currents flowing in the separate tissues
.of the optic nerve were measured when the corresponding patrt of the
retina was stimulated. These currents have the character of a swift succession
of equal impulses which follow each other with increasing speed as the
intensity of the stimulus increases.

The transition from the former kind of electric equilibrium disturbance to
the latter must be imagined as follows:

Between the hght-sensmve element and the optic nerve there is among
other things 2n “equivalent metwork’ that works as a condenser. The
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observed changes in potential difference depend on the charge of this
condenser. When the charge has reached a certain amount the condenser
discharges suddenly and this brings about an impulse which propagates
itself along the optic nerve.

In surveying the long road from light pencil to colour sensation we
must fix our attention chiefly on the retina in order to giin some
insight into colour laws.
As we have already seen, the retina contains two kinds of light-
sensitive elements, rods and cones, which possess very different
properties. In the first place there is the difference in shape, whence
the names. Much more important is their different manner of
furictioning. The rods contain a light-sensitive substance called
visual purple, the photo-chemical properties of which are already
fairly accurately knowr.

[See for example the investigations of Kénig®, Trendelen-

burgh 8, Hechtil), Studnitz?, Dartnalll), Granitl),
Ludvigh!), Brodal), Goodevel), Lythgoe etc. etc.].

The sensitivity of the rods is enormous. Rough estimates have shown that
in the most sensitive condition of the retina one or two light quanta react-
ing on a rod chemically are sufficient to produce a sensation of light [d e
Vries!)], while ingenious experiments by van der Velden!) have
made it highly probable that at least two light quanta, absorbed in the
visual purple, are required. Accordingto Hec ht and others [Stiles?)]
this number is five to seven.

The cones, on the other hand, do not contain visual purple, or only in
such a very low concentration that we must look for other chemical
substances to explain the light-sensitivity. Only very recently
Von Studnitz?) succeeded in indicating a light-sensitive
substance in the cones of various animals, the general properties of
which make it probable that this is the substance we are looking for.
The distinction in photo-chemical substances leads to enormous
differences in functioning. When the level of illumination is low, as
in moonlight and still lower levels, practically only the rods functlon
With medium and higher levels of illumination, i.e. in artificially
lighted apartments and in daylight, it is the cones that function. In
between lies a region in which our light sensations are due partly to
the cones and partly to the rods, for example on most of our artifi-
cially illuminated roads.

A second important difference is that we can observe the various
colours with the cones, while the rods do not enable us to distinguish
colours. With the rods we see the world actually as a black and white
photograph. All objects are white, grey or black. In the dark all cats
are grey!
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This difference between cones and rods explains the unsuitability of
moonlight and starlight for distinguishing colours, hence the gradual
fading of colours at dusk.

A third important difference lies in the local distribution of both
light-sensitive elements over the retina. When we look straight at a
small object, i.e. stare at it, an image is formed in the central part F
(see fig. 1) of the retina. About this point extends a practically
circular-shaped retinal area of about 0.25 mm in diameter, called
the fovea cemiralis or central groove (the retina is slightly depressed
here). The fovea contains nothing but cones. It forms the centre
of a retinal area called the yellow spot or macula lutea, of about 2 mm
diameter, faintly coloured by a yellow pigment. As we pass out from
the fovea through the yellow spot the number of cones per cm?
gradually decreases and the number of rods increases. This state of
affairs also continues outside the yellow spot, so that, far from the
centre, in the so-called periphery, the cones are only thinly spread
and the rods predominate.

In this local distribution lies the explanation of further peculiarities
of sight. Thus in daylight we can observe most accurately with the.
fovea, because the cones are closest together there. If we wish to
examine a detail carefully we stare at it, When the light is feeble
conditions are quite different. Small, barely visible objects, for
example faint stars, are lost to sight when we try to fix our gaze
on them, as their image then falls on the fovea, which contains no
rods. If we avert our gazc slightly, say 10°, the image again becomes
visible.

It appears from the above that in studying the origin of colours we
must confine ourselves principally to cone vision, and may not
descend to very low illumination levels, and must therefore pay
most attention to events taking place on the fovea, i.e. observations
made centrally.

The reader wishing to go deeper into the physiology of sight should refer
to Helmholtz?), Hering?'), v. Kries? (moreorless antiquat-
ed classical works), Schrédinger?, Alb. Kénig!) (handbook
articles), Wright? (short survey), Studnitz? (chemical), Tren-
delenburg?l, Polyak!), Duke Elder!).

§ 5 The fundamental number three in the colour problem

We now return to the questionraised in2 and 3, the relation between
the spectral composition of light as it strikes the eye and the resulting
colour sensation. We have already established the important fact

23



INTRODUCTION ' CH. 1

that a difference in colour between two objects observed simultan-
eously always goes hand in hand with a difference in spectral com-
position of the two pencils of rays meeting the eye, but that the
reverse is not always true. There are cases where two pencils of
light have a radically different spectral composition aud yet cause
‘the same colour impression. Of this phenomenon, which, as we shall
see, forms one of the foundation stones for the classification of
colours, we shall first give a striking example in connection with
what was said at the end of sect. 3. The yellow light radiated by
some motor head-lamps is caused by placing before the bulb of an
incandescent lamp a certain kind of glass (cadmium oxide glass)
which allows all rays with a longer wavelength than 500 mp to pass
practically unimpeded, but absorbs almost completely rays with a
smaller wavelength. The beam of light radiated, which therefore
contains red, orange, yellow and green light, is hardly distinguishable
in colour from the spectral radiation with a wavelength of
576 mp. and by a slight variation in the composition of the glass.can
even assume the colour of sodium light (589.3 my).
We may conclude from this and like phenomena that the number
of actual colour sensationsis very much smaller than the
number of spectral distributions we might be able to make.
- An altogether different consideration confirms this fundamental
fact for us. If we think of all the spectral colours from violet to red
plus the transition colours from spectral red via carmine, purple 10
* violet, we have a continuous series of brilliant colours gradually
passing from the one into the other. Their essential difference,
namely the property of beingred, orange, yellow etc., we call their Aue.
But there are of course other colours, the less brilliant, paler, more
whitish ones. From each spectral colour, or purple colour, we can
pass through colours becoming progressively paler till we approach
white, The colour retains its hue throughout, so that, for example,
a series of ever paler oranges is obtained. The aspect in which the
individual members of such a series differ, namely the property of
being more or less white, we call their saturation. The progression
_from a spectral colour towards white is spoken of as the desaturation
of the colour. But the collection of possible colour sensations is not
" yet exhausted. For, starting from a particular colour, we can modify
the colour sensation still further by taking care that the relative
spectral distribution (the proportion in which the various spectral
. radiations occur) remains unchanged, while decreasing the total
" quantity of light reaching the eye, forinstance by removing the light
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source farther away from the coloured object under observation.
If a similar reduction of light is applied simultaneously to all objects
in the field of vision, the character of the colours will change little
{provided one does not descend too low; see sect. 4). The apparent
brightness of the various coloured objects will diminish in equal
measure. If, on the other hand, the light is reduced only on one
object, while the surroundings remain unchanged, for example by
illuminating that one object with a separate adjustable lamp, or by
replacing the object by another that reflects one and the same factor
of each spectral colour to a lesser degree, a reduction in the apparent
brightness will also be observed, but in this case it will often be
accompanied by a modification of the character of the colour im-
pression. Thus a ved colour will approach black via reddish brown,
an orange colour via brown, yellow- via yellowish brown, or olive
brown, green via olive green and white via grey. If, as is usual in
measuring colours, care is taken that only one colour or two slightly
varying colours appear in the field of vision, this complication will
not occur. In that case the colours brown grey, etc. will never
be met.

We have now varied the colour sensation in our imagination in three
independent ways, by modifying the hue, the saturation and the
apparent brightness. The remarkable fact is that we have now met
all imaginable colour sensations. In other words, we can pass from
" any colour sensation whatsoever to any other one by altering in
succession the three magnitudes: hue, saturation and apparent
brightness. Expressed differently, a colour sensation is completely
determined by these three properties.

The train of thought developed here is not in the nature of a strict
argument and will therefore be followed later by a more exact
discussion, but enough has been said to convince oyrselves how
greatly the number of colour sensations lags behind the number of
possible spectral distributions. While we can completely exhaust
the number of colour sensations by varying only three quantities, it
would be necessary to vary the contributions of all spectral colours
independently of each other in order to run through the entire
number of spectral distributions. The contradistinction “three— all”
expresses the relation of the contents of the two families or sets very
well indeed, The set of spectral distributions is infinitely richer than
that of the colour sensations and one particular colour sensation may,
as we shall see later, be evoked by an unlimited number of different
spectral distributions.
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In the preceding argument the idea of a set’” must not be thought of in
the strictly mathematical sense. If all quantities were allowed to vary
continuously there would, mathematically, also exist a great distinction,
namely the power of a set of functions of one variable to the power of the
cantinuum. If only a finite number of values are allowed, as both physics
and physiology demand, both sets become finite, although even then the
set of spectral distributions will be very much more extensive,

§ 6 Experimental confirmation of the part played by the numbenr three

An exact proof of the part which the fundamental number three
plays in the set of colour sensations can only be furnished by careful
experimental research. The results of this research will also show how
an exact measurement of the colours is possible.

Since in this problem the question is always what colours belong to
certain mixtures of spectral colours, it goes without saying that the
research referted to also concerns the mixing of coloured rays, or,
as the usual but less exact expression has it, the mixing of colours,
This mixing must of course take place in the experiment in the same
manner as the mringling of the spectral components takes place in
nature, namely by ensuring that the various colours to be mixed
strike the same part of the retina simultaneously. As the actions of
the separate rays add up together as it were, we speak here of
additive mixing.

In contrast to the process of additive mixing there is subtractive
mixing, also known by the more correct but less usual name of
multiplicative mixing., By this is understood the changes that the
colour of light undergoes when passing two or more coloured filters
in succession, or when reflected by two or more coloured surfaces in
seccession. *) This process occurs especially in the mixing of colouring
materials. Much simpler laws obtain for additive mixing than for
subtractive. Henceforth when we speak of “mixing” we invariably
mean additive mixing. ' '
Furthermore, the experiments alluded to are so arranged that the
observer always sees and compares two coloured light spots simul-
taneously, preferably in the shape of two contiguous semicircles.
The two light spots strike the eye with light of quite different
spectral compositions. Now the task of the observer is this, that
leaving one of the light spots unchanged, for instance the left-hand
one, he must alter the spectral composition of the other, right-hand,

*) As no mixing of spectral colours occurs in this process it weould probably be more
corract to speak of subtractive or of multiplicative colour formatlion.
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light spot in such a way that the colour semsation he receives from
both lights becomes identical. Then the two halves of the circle
have become indistinguishable, the demarcation line between the
two having vanished.

The left-hand colour has therefore been matched by varying the other
colour in a particular way. In these experiments the eye is therefore
employed merely to determine whether the two halves have become
indistinguishable, and this form of observation is actually the only
one in which the eye can act as an accurate and reliable measuring
-instrument. The result of such an adjustment to obtain equality of
colour sensations is obviously that two otherwise different spectral
distributions have been found which produce the same sensation.
If we were to collect in a haphazard fashion as many as possible of
such pairs, we should obtain an array of facts impossible to evaluate
dnd from which it would be practically impossible to draw simple
conclusions. The experiments were therefore more systematically
arranged. The system lies in the way in which the spectral composi-
tion of the right-hand colour is varied to obtain an identical sensation.
Led by a surmise in existence since the time of Newton, the
light of this right-hand semicircle is compounded by additive mixing
of three previously selected, fixed radiations. Spectral colours can -
be used for this, for instance a red, green anc blue colour, but other
coloured lights are also usable.

The only alteration made while adjusting for identity of colour is a
modification in the quantities of the three component spectral
colours. If this experiment is rgpeated, adding various other colours
in succession in the left-hand half of the field of vision, we obtain the
result — a priori by no means self-evident — that with this limited
possibility of variation an adjustment that gives identical colour
sensations is always possible. (For a few limitations see sections 19
and 21.) This experimental result, which forms one of the basic laws
of colour theory, can be expressed thus: By mixing three selected spec-
tral colours in definite proportions any given colour sensation can be
maiched.

This confirms exactly our former statement that ‘‘the set of colour
sensations can be completely exhausted merely by varying three
quantities”

But the result obtained is also of far-reaching significance in another
sense, for the quantities of the three spectral colours used for match-
ing can be used to fix and characterize the colour. Two colours of
similar appearance, although their spectral composition need not be
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the same, can be imitated by the same quantities. Two colours of
different appearance, however, will require different quantities.
This classification and measurement of colours, based on the funda-
mental law formulated above, will form the piece de résistance of
" this book. After an introductory discussion of classification (chapter
III) there follows the theoretical basis of colour measurement (IV
and V) and colour calculation (VI), illustrated by some interesting
examples (VII). Next the practice of colour measurement will be
discussed (VIII and IX), while finally in chapter XIV a survey will
be given of the aspects of science and technology in which what has
been discussed can be put into practice. As a knowledge of the sub-
jects we have just mentioned is absolutely essential for a fairly
complete treatment of it, we were obliged to keep this subject for the
last chapter. For the sake of some readers who may not feel satisfied
with the more theoretical and abstract discussions if they have not
gained some idea as to where this all leads and what practical
advantage may be gained, we shall anticipate a little on the subject
matter of the last chapter. The flelds of practical apphcatmn have
been divided into three groups.
In the first place (sect. 89 and 90) a thorough knowledge of colours
is necessary as a guide to the development of new light sources. This
problem has become acute, especially during the last ten fo twenty
years, since progress in technology has made it possible to construct
light sources producing the most divergent colours economically.
For example, it is of the -greatest importance to the science of
signals to know whether a certain spectral distribution will produce
the intended colour signal for the observer. If the light source is
used to slluminate our surroundings we are especially interested in
the colour sensations the light produces in the eye after reflection
by coloured objects. According to the way in which the light sourge
is employed, in dwellings, offices, workshops, on highways, etc. the
questions must be studied whether these colour sensations produce
a pleasant, natural and tranquil effect, whether the colours enable
us to perform certain operations well, whether the kind of light
employed makes it possible for us to distinguish fine shades of colour,
etc. In all these cases it is of primary importance for us to ‘be able to
calculate the colours and to define them in unambiguous numbers.
In the second place (sect. 91) the measurement of colours is practised
in trade, industry and science. There are often great difficulties
attached to the use of colour samples to define the colours required
or proffered for certain articles, particularly in the case of perishable
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articles. In this case it is of great importance to possess a system in
which each colour can be unambiguously defined by a limited set of
numbers — as may be surmised, this number is generally three.
In industry the measurement of colours is also of importance in
another respect. The colour of a product often forms an important
indication of its quality. Finally, in scientific work the colour
produced by a particular phenomenon can be indicated much more
exactly by certain numbers than by an inevitably vague description
of the nature of the colour sensation.

In the third place the theory and practice of colour measurement are
practically indispensable for the development of technical processes
for the purpose of reproducing colours: colour prints, colour photo-
graphy, colour films, etc. “Trying out’’ and the critical assessment
of the results do indeed play a great part here, but without the
guidance of colour theory it would be a mere groping inthe dark, which
would never lead to the best results. Besides the piéce de resistance
just mentioned, in the remaining

chapters we shall deal with a num- z

ber of other subjects which are of
interest for the production -and
judgment of colour impressions.

§ 7 Comparison of the set of calours
with other three-dimensional sets s

B X

In sections 5 and 6 we have been able a
to show, both byspeculation in gener-

Z
al and by accurate experiments, the
special réle the number three plays in F
the survey of all colour sensations. .

To summarize the result once more: / b

“The set of colours is three-dimen-
sional” It is of value to give a few 0

other examples of similar collections xS /"
which can be entirely exhausted by

varying three quantities and in which 4 c
each of the members can be de- " .
signated by particular values of these Fig. 2

three quantities. Three-dimensional sets.

. a. Points P inspace; b. Forces OF
In the first place we take the num Aoplied ats point O; c. Weights

ber of pomts in space (fig. 2a). placed on a horizontal plane XOY,
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To fix any given point P in space choose three fixed planes OXY,
OYZ and OZX which meet at the axes OX, 0Y, OZ and of which the
origin O is the common point of intersection (one can imagine these
three planes as being the floor and two adjoining walls of a room).
The distances ¥ y z may serve to mark the point P exactly and it is
clear that by varying these three quantities independently of each
other any point of space can be reached.

In the second place we choose the set of forces which may act at a
given point O (fig. 2b). After having added, as above, the three
planes with their axes OX, OY and OZ any given force acting at
O can be represented by an arrow the direction and length of which
agree with the direction and magnitude of the force. The position
of the end P of the arrow determines clearly the magnitude and the
direction of the force acting at O. As the set of points ‘P is three-
dimensional, this is also the case with the set of forces.

In the third place we choose the set of weights that could be placed
on a horizontal plane (fig. 2c). Each individual of this set is charac-
terized by its place on the plane and the magnitude m of the weight,
or if we add two fixed straight lines OX and OY, by the three quan-
'tities x, v and ». By varying these three quantities independently of
each other we again discover each individual of the set.

Precisely these three examples were chosen because all three will be
used in later chapters (the first in discussing colour space, sect. 24,
the second in the addition of colours, sect. 26, and the third for
Newton’s centre of gravity construction, sect. 69).

§ 8 Thg physiological significance of the.number three

Now that we have shown the significance of the number three in
colour theory, it is natural to ask the physiologist whether in the
morphological examination of the eye properties have come to light
which give evidence of a corresponding triple activity of the eye.
The answer to this question is disappointing. Various theories have
indeed been devised to explain the occurrence of this number.
According to the oldest theory there were supposed to be three
different types of cones reacting to light in different ways. The one
type was supposed to be sensitive chiefly to rays from the red end
of the spectrum, the second fo those of the centre, the third to those
of the blue end of the spectrum. The presence of these three types of
cone would fully explain the experimental results. The strengths to
which these three types of cone were stimulated would form the
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three independent magnitudes by which a colour sensation is deter-
mined. But in spite of a century of progress in the examination of the
retina not a single trace has been found of the existence of these
three kinds of cones, nor has any triplicity been discovered in the
separate fibres of the optic nerve. Other arguments also bear witness
against this original supposition. Thus the colour of very tiny specks
of 'light would be very uncertain and variable, for when the eye
makes small involuntary movements the image would fall first on a
cone of one type and then on a cone of another type. There was
therefore nothing for it but to suppose that each cone possesses
separate threefold properties. This supposition has lately received
support of an experimental nature, since von Studnitz?)
claims to have succeeded in discovering in the light-sensitive matter
belonging to the cones three components which react to light in
different ways. The situation might be compared with cones each
possessing three different kinds of photo-electric cells, and two
colours would then only be judged as equivalent when the three cells
supplied the same current in the two cases. A similar equivalent
mechanism (a schematic representation of a system, which need not
be quite correct but which reacts externally in exactly the same way
as the organ it represents) would indeed entirely explain the experi-
mental data (sect. 53), but the aforementioned investigations into
" the existence of three kinds of light-sensitive substances in the
cones are so uncertain and are contradicted so repeatedly by others
[Polyak?), Granit®?, Le Gros Clark?), Wald?]
that it would be premature to try to draw definite conclusions.
These speculations form a striking illustration of what was said at
the beginning of sect. 4 about “what” and “how”. It is clearly
apparent from experiments what we see, but on the question how
these impressions are produced we are still for a great part in the
dark. For practical purposes, therefore, we shall go farthest if we
confine ourselves mainly to the question ‘“what’.

§ 9 Apparent brightness as one of the characteristics of colour

In the survey given in sect. B of the set of colour impressions, one of
the three characteristics takes a special place, namely the apparent
brightness While variations of the other two quantities modify the
character of a colour, this is not the case when the apparent bright-
ness is varied (strictly speaking this statement is only correct when
we consider one colour at a time or vary the apparent brightness
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of the surroundings at the same time). Colours which only vary in
brightness occur frequently round about us. Think of a table top
unequally illuminated by a reading lamp, the play of light and shade
on a lawn and, finally, the various objects in a scene illuminated
by sodium light. In all of these examples the light rays that strike
the eye from various parts of the field of view have the same relative
spectral distribution (in the second example only approximately)
but contain various quantities of light. And in every case it appears
that colours which differ only in brightness are called by the same
name. The table is brown both in its well-lighted parts and in its
shadowy parts, and grass is green in the shade t00. Among the three
colour characteristics discussed in sect. 6 (i.e. the quantities of the
three selected colours required for matching) there is no characteristic
that takes such a special place. But we can easily see that brightness
plays a simple part also in this system. Let us consider two colours,
which need not be similar either in their colour impression or in their
relative spectral composition, and which we display in succession on
the left-hand side of the field of vision. If we suppose, further, that the
three characteristic numbers for the one colour are proportional to
those for the other colour, this means that we can match them by
producing on the right-hand side of the field of vision successive
mixtures of the three selected spectral colours which have the same
mixture proportions. But in that case the two right-hand colours have
the same relative spectral composition and therefore differ only in
brightness. The same also holds, therefore, for the two original colours
(left-hand side of the field of vision). So we find that two colours
differ only in brightness when the three characteristic numbers for -
the one’ colour are proportional to those for the other colour.
However the system of arranging the set of colours is chosen, the
brightness is invariably found to occur as a special characteristic.
On account of the great practical and theoretical importance of this
quantity, both for colorimelry and for photometry in general, the next -
chapter will be devoted solely to the conception of brightness.
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CHAPTER 1II

Brightness

§ 10 A general view of the subject. The three main concepts

The subject to be treated in this chapter is largely neglected in books

about colour, and in those cases where it is more widely discussed

the confusion of ideas is often so great that it is better to skip that
discussion in order to understand the rest of the book.

What are the apparent difficulties of this subject? They can be

divided into two groups:

1. An attempt is made to define the idea of brightness by means of
extensive experimental research; but the trouble is that the
results of the experiments vary exceedingly according to the
manner in which they are arranged. Consequently it is impossible

to decide which of the results is the correct one on which to base
the concept of brightness.

[

. Frequently the word ‘‘brightness’ is used for a series of different
ideas which are indeed partly related to each other but yet differ
so much that the ambiguities lead to great confusion.

The difficulties of the first group seemed at first so insurmountable
that Schrddinger in 1920 expressly suggested building up
the theory of colour without making use of the concept of brightness,
and showed at the same time that this was indeed possible. Theoretic-
ally this course, which has been adopted before, seems very attrac-
tive, but in practice the concept of brightness keeps cropping up,
and the connection between colorimetry and photometry is so close
that such a separation is not to be recommended. Moreover since
1920 the difficulties have been partly overcome, so that we prefer
to take the bull by the horns and to analyse the concept of brightness
in such a way that in the following chapters we shall know precisely
what is meant. The difficulties of the second group are only to be
avoided by introducing different names for different conceptions.
If this principle were to be fully carried out we should have to invent
five or six names to cover the various senses in which “brightness”
has ‘been used. For our purpose, however, three will be sufficient.
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BRIGHTNESS CH. I

a. Apparent brighiness. This is the more or less vague concept em-
ployed in the previous chapter. It corresponds directly to our
original, intuitive conception of brightness, and cannot be further
defined by any more or less arbitrary agreements. It is inseparably
connected with the properties of the eye: a blind man has no
conception of brightness, and apparent brightness can vary from
person to person.

b. Brightness. A concept for which “physical brightness”, ‘“‘objective
brightness’ or “normalised brightness’ are perhaps better names.
We shall, however, abide by the name “brightness”, as this name .
and its foreign equivalents have been fixed by international
agreement. This latter concept is in many respects the exact
opposite of the former. It has been strictly and completely defined
by a series of more or less arbitrary conventions. It is pre-eminent-
ly suited for making calculations. Although it has grown in the
course of time from the former concept, it has lost during this
evolution so many of its original characteristics that in its present
form it is a property of the radiation from a surface and contains
practically nothing more of the co-incidental properties of the
human eye. Even a blind man can in principle measure brightness,
and the brightnesses measured by different people on the same
object must he identical, otherwise one at least has measured
inaccurately.

c. Swubjective brighiness. In the course of development between (a) and
(b) we can distinguish various intermediate stages. They all differ
from concept (a) because they are based on various, more or less
arbitrary conventions, which make them .to a certain extent
suitable for calculations. They all differ from concept (b) since, in
defining them, the various properties of the eye are taken into
consideration to a far greater degree. All these intermediate
stages we shall group under the name “subjective brightness”.

§ 11 Apparent brightness

The human eye is to some extent capable of judging and comparing
apparent brightness. How far does this ability go? Let us consider
two spots of light, for instance the same two adjacent semicircles,
radiating light of the same relative spectral composition. If we
observe the two spats of light simultaneously we find that the eye
is able to make the following decisions:

1. to decide whether the two spots have the same apparent brightness.
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§ 11 APPARENT BRIGHTNESS

2. to decide which of the two spots, if they are not equal, is the
brighter,

3. very roughly to decide whether the difference between the two
spots is great or small.
The first of these points is the most important. As we have supposed
the relative spectral distribution to be the same, we can, merely by
varying the quantity of light. from one of the spots, make the two
pencils of light — physically speaking — equal. In this case the
apparent brightness is also the same. This is the same case as dis-
cussed in sect. 6: the appearance of both spots has become in-
distinguishable and the demarcation line has vanished.
If we compare the case of sect. 6 with the present case we see that
the eye plays the same part in both, but that the equality of the two
halves of the field of vision is arrived at in different ways.
In the experiments described in sect. 6 this was attained by varying
three characteristics of one of the two halves independently of each
other. This is the typical process occurrmg in most colour measure-
ments, i.e. in colorimelry.
In the experiments dealt with at the moment equality is attained
by varying only one magnitude, namely the total quantity of light
of one of the halves. This is the typical process which occurs in most,
measurements of light quantities, i.e. in photometry. The numbers
‘‘three-one” give the impression that photometry is actually a much
simpler science than colorimetry; that light measurement is merely
a simple special case of colour measurement, But this conclusion is
not generally correct, for we have presumed hitherto that the relative
spectral composition of the two spots was the same. In photometry
it often happens that two lights of quite different spectral composi-
tion are to be compared, for instance the light of a sodium lamp and
that of an incandescent Jamp. In that case the two halves cannot
possibly be made indistinguishable by simply varying the quantity
of light; a difference in colour always remains. The eye now has the
much more difficult task of ascertaining whether two unequal
colours have the same apparent brightness or not. This process
is called heterochromatic photometry. This difficult task for the eye
does not occur in colour measurements in which we only have in-
distinguishability to decide upon. In this respect therefore photo-
metry has difficulties to overcome which do not exist for colorimetry.
These difficultiesled Schrddinger to suggest keeping the two
sciences strictly separate (sect. 10).
Is the eye really able to compare the apparent brightness of two
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BRIGHTINESS : CH. 11

different colours? More accurately expressed, supposing we leave
the left half unchanged and vary the total quantity of light in the
right half, which emits a light of another colour, is the eye then able
at a given moment to decide that “s#ow the apparent brightness of
both halves is the same’'? From time immemorial opinions on this
question have been divided. Some eminent workers in this field
believe that such adjustments have absolutely no meaning, and that
in the process of seeing the apparent brightness and the colour are
so closely connected that it is impossible to judge the equality of the
one while ignoring the differences in the other. And yet this is what is
required of the eye in this case. When one asks oneself whether the
apparent brightness of a red flower is greater or smaller than that
of the surrounding green grass, one may be inclined to support this
opinion. However, if one tries without prejudice to carry out the
experiment, the following experiences are encountered.

1. The adjustment can be made so that the right half undoubtedly
shows a stronger apparent brightness than the left half. An ad-
justment with the opposite effect can also be easily made.

2. The greater the colour difference the farther apart these two
adjustments lie, if the. decision greater or smaller is to be made
without hesitation. '

3. For the unskilled these two adjustments lie far apart (when the
colour difference is great there may be a factor of 5 to 101). The
interval between both adjustments can be considerably lessened
by practice. o

4. Such an interval also occurs in comparing the brightnesses of
homochromatic colours. When a satisfactory adjustment
to indistinguishability has been made the quantity of light in one
half may be slightly increased or decreased (1 or 2 %) before a
clear distinction between the twa halves can be observed (see also
chapter XII). An experienced observer makes the equality ad-
justment in the middle of this interval.

5 A similar method is also possible in the comparison of hetero-
chromatic colours. The interval is made as small as possible
and the adjustment is made in the middle. As the size of the
interval increases with the increasing colour difference. the
accuracy and reproducibility will be much less in comparing
widely differing colours than when they are equal. - .

6. In comparing unequal colours the result is far more:dependent E
+ on slight differences’in the arrangement of the experimerit, in the
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§ll APPARENT BRIGHTNESS

method of adjustment, in the psychological state of the observer,
skill in abstracting oneself from the colour difference, consciously
or unconsciously applied artifices for the attaining of this, etc.
These influences cause a considerable deterioration in the agree-
ment between different observers and also between the observa-
tions.of one and the same person on different days.

 To sum up we can say that adjustment to equal apparent brightness
is certainly possible with different colours (heterochromatic photo-
metry), although the accuracy and precision of the adjustment
obtained in comparing homochromatic colours can by no means be
attained.

These considerations are of course only valid when the intensities are
high enough. When the intensities are lower all the difficulties’
described disappear along with the colour differences (sect. 4).

We shall see later in the further study of the properties of colours
that in certain cases the eye has a task to fulfil which is entirely
analogous to the adjustments of heterochromatic photometry
(sect. 82).

One further word about the case in which the two spots of light do
not appear to the eye simultaneouvsly but in succession. If they are
shown immediately after one another practically the same consider-
ations apply as before. If, on the other hand, some time elapses
between the displaying of the two spots a comparison of the apparent
brightness is hardly possible. In the first place our memory for
apparent brightness is fairly weak, but besides this there is the
possibility that the condition of the retina (sect. 4) has altered in the
meantime. Thus we may even in certain circumstances judge the
same spot of light differently when it is shown twice running with
a fairly large interval, if, for example, the sensitivity of the retma
has altered in the meantime. -

The conception "subjective brightness” introduced by Wright8), which,
in spite of its name, is fairly.covered by our term “apparent brightness”,
takes this variable sensitivity of the eye into account. In order to compare
the apparent brightness of two colour sensations which reach the eye in
quite different circumstances, Wright allows one impression to strike
the left eye and the other the right eye (binocular matching). This method,
‘nvented"by Hering? and refined by Wright4), is especially
suited to giving us an idea of the changes of sensitivity in the eye, but if
we wish to use the method for quantitative measurements the necessary
care and precautions must be observed. Wright always did this, but
some investigators have applied the method in a manner which probably
leads to incorrect results [Frieéser?®)], while others have employed it
in problems of glare {Schouten?)] which is certainly not justified.
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BRIGHTNESS CH. I

We shall in future restrict ourselves to the case in which the two
light impressions to be compared occur simultaneously on adjoining
parts of the retina, so that we are not concerned with unequal sensi-
tivity of the retina.

§ 12 Relative luminosity curves

The purpose behind our development of the concept of brightness
in this chapter is to be able to calculate unambiguously the resultant
brightness from physical data on the light source and the reflecting
surfaces etc. If we were not able to succeed in this purpose it would,
for instance, be impossible to determine the quantity of light
emitted by a given incandescent lamp. A step which brings us a little
nearer to this purpose, and which is still based solely on the concept
of apparent brightness in the comparison of two spots, is the deter-
mination of the relative luminosity curves [Gibson?%), Jones9].
We know already that the eye is not equally sensitive to all spectral
colours. Its sensitivity is high for colours in the middle of the spec-
trum, but towards the extremities of the spectrum (red and violet)
the sensitivity gradually diminishes and eventually reaches the
vanishing point (infra-red and ultra-violet).

Expressed differently, in order to attain the same apparent bright-
ness we shall have to transmit much more energy per second of violet
light into the eye than of yellow light. As this wording of the matter
contains the expression ‘‘the same apparent brightness” it is obvious
that the human eye will be capable (see the beginning of sect. 11) of
investigating the problem of eye-sensitivity experimentally and give
us the result in numbers. This is indeed the case.

In a purely physical sense the quantity of a certain radiation which
reaches the eye is expressed in energy, which can be measured by
transforming all the light into heat and by determining the increase
in temperature imparted to a certain body as a résult of that quan-
tity of heat. But we are only interested in the quantity of light which
reaches the eye per second. If we wish to express the radiation in
physical units we must measure the energy radiated per second. This
quantity is called the power radiated. As a unit of power we can use
the waif, the same unit as is used in the theory of electricity.

The problem can now be expressed in the following form: in the left
half of the field of vision a colour sensation is produced by causing
a power E,; of a selected wavelength 3, to fall on the eye. Now we
throw light of another wavelength A on the right half and ascertain
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§12 RELATIVE LUMINOSITY CURVES

what power E of this new light species must be used to make the
apparent brightness of both halves equal.

The eye has therefore the same task to fulfil here as that described
in sect. 11: an adjustmeni to equal apparent brightness of two
differently coloured lights. Once the adjustment has been made, the
power E; must still be measured, but this is a purely physical
measurement about which we cannot enter into details here. After
the experiment described above has been repeated several times
in succession for different values of ), a series of powers will have
been found which must be used in each case in order to obtain the
same apparent brightness. If, for instance, for one wavelength the
power required is three times as great as for a second, we shall agree
to call the sensitivity of the eye for the first wavelength one third of
that for the second wavelength. The sensitivity is therefore inversely
proportional to the power required in the experiment,

The results of a series of such experiments can therefore be repro-
duced by a curve showing the 0
sensitivity to various wave- (& )/\
lengths. Since in practice we 0}

are usually interested in the a5 / \
relative sensitivity to the var- _ / g
ious wavelengtlhs, it has be- 0¢#

come the general practice to A \
multiply all values of that \ N
curve by the same constant, o ma 70
so that the maximum of the
curve receives the value 1.
Fig. 3a shows such a curve
measured at very Jow intensi-
ties, thereforein the area where
only the rods are active. Fig, 0¢
3b is the result of measure-
ments at high intensities, i.e. / N
where only cones play a part. OTm“"ﬂ 600 my 700
Itistrue that both curves show

a maximum value 1, and the . _Fig. 3
cproel s . s Relative luminosity curves. a) At very low
sensitivity is seen to diminish brightness levels (rod vision), V, (1) after

at both ends of the spectrum, Weaverl); k) At Ligh };}'ig)htness levels
We draw special attention, (cone vislon), V().

_however, to the diffeiences between the two curves. In fig. 3a the
maximum lies at 513 my. (blue green) while in fig. 3b it lies at 555 mp.
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BRIGHTNESS CH. Ii

(yellowish green). The curves as a whole have been shifted with
respect to one another. The difference on the red side is particularly
great: the cone-curve ¥, extends much farther into red than the
rod-curve or scotopic curve V.

Referring to sect. 4 we therefore find a fourth distinction between
the two light-sensitive elements in the eye: they have different
spectral sensitivities, If the sensitivity is measured with intensities
at which both cones and rods come into action, curves are found
which lie between those of fig. 3a and 3b.

Finally we must observe that V, is better and more unambiguously
fixed than V,,as in determining V, we are not impeded by colour
differences. The uncertainties in V| are, however, insignificant as
compared with the difference between ¥y and V.

§ 13 The Purkinje effect

It follows from the considerable difference between the curves V
and V, that the relative brightness in different coloured objects
- alters when the total quantity of light is greatly decreased. We shall
illustrate this with an example. Let one half of the field of vision be
strongly illuminated with yellow light of 581 myu and the other half
with green light of 530 mp. It is clear from fig. 3b that the eye sen-
sitivity for these two wavelengths is equal. If we make the apparent
brightness equal we have automatically made the powers equal also.
If we descend to lower illumination levels, for instance by lowering
both powers by a factor 1000, the powers of the two halves have indeed
remained equal but the eye sensitivity, which must now be read from
fig. 3a, has become quite different for the two lights, namely 0.134
and 0.84 respectively. This means that after lowering the illumina-
tion level we should have selected the power of the yellow light about
6 times higher thdn that of the green light if we wished to attain
equal apparent brightnesses. Consequently, with egual powers the
green light has a much stronger apparent brightness than the yellow
light. (Here we employ the second and third determinations of the
eye summed up in sect. 11.)
If we had performed the same experiment with red and green spectral
colours the effect would have been much stronger.
A similar phenomenon also occurs in nature when we compare
different coloured objects first by strong light and then by very
feeble light. The effect is indeed less strongly pronounced here than
with spectral colours (the objects always. reflect other rays as well,

40



§ 14 THE SUMMATION LAW

which generally weaken the phenomenon) but it is still very pro-
nounced for whoever pays heed to it. The most striking example is
again the combination red-blue, but also with red-green (red tulips
in the grass) the effect is still very striking: the red object becomes
almost black, as the rods are so insensitive to red light (fig. 3a).
The effect just discussed was first described in writing by Purkin-
je [Purkyneé?)] the Czech physiologist (although it will have
struck many people, of course, before him) and is therefore generally
called the Purkinje effect. Even the cause — the shifting of
the luminosity curves — which at the time of Purkinje was
still undiscovered, is referred to as the Purkinje effect by many
authors. -

The Purkinje effect plays a great part in the construction
of the concept of brightness and of colour theory, and also’in street
illumination [Bouma®5), Luckiesh?)], in the illumination
of the dark room [v. Liempt1)], and in astronomy, etc. The three
latter subjects cannot be discussed here.

§ 14 The summation law

By determining the relative luminosity curve under various condi-
tions (sect. 12) we have solved the question: “When do two colour
impressions produced by different lights possess the same apparent
brightness?"”

As in practice we are usually concerned with colours consisting of
several spectral colours we must also put the same question for these
composite light species.

We can of course carry out the experiments described in sect. 12 for
all possible composite lights, but this is a hopeless task considering
the enormous number of possiblo combinations. A far better way
therefore is to try to find a law by which the results of such experi-
ments can be foreseen from the spectral composition of the light and
the sensitivity of the eye for the composite spectral colours. Such a
law can then be verified experimentally by a number of divergent
cases.

In sect. 12 we attained equality of apparent brightness by projecting
a spot of light of wavelength A, in the left half of the field of vision
which struck the eye with a power E,, while the right half'emitted
light of wavelength A; with a power E,. The eye sensitivity was
defined as being inversely proportional to the powers required in
this experiment, i.e.
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BRIGHTNESS CH. II

Vo: Vy=E : E; or Vo Ey = V0 E; (1)

Equation (1) forms the condition with which the powers must
comply in order to arrive at equal apparent brightnesses right and
left. This condition may bc extended in an obvious manner to com-
posite lights. Leave the left half of the field of vision unchanged but
replace the right half by a combination of two spectral colours with
wavelengths A, and 23 which produce respectively the powers E, and
E, and together effect the same apparent brightness as the left hali.
Let us suppose that the two lights A, and 2, have been, as it were,
added up by the eye, then in this case the condition V  E( =V, E,
must evidently be replaced by

VoEo = Vz E2 + V:;Ea . (2)

If the light of the riéht half contains further components A,;, 2y,
A, }; with the powers E,, Ey, E,, E;, then the condition for equality
of apparent brightness becomes

VoEy = VoE, + VaEg + VyE, + VL + ..
or more concisely
VoEy = TV, Ey 3) %

If the light contains a continuous speetrum we may, without com-
mitting any noticeable error, think of it as replaced by a great
number of spectral colours (for instance lying at distances of 10 mp.
from each other in the spectrum) each with its own power. This
shows that equation (3) can be applied in this case as well.

Actually the expression [ ¥ (3) E(3)d) should be substituted for £ ¥ E,
when passing from a line spectrum to a continuous spectrum. In practical
calculations, however, we replacc the integral again by a summation.
We sum the wavelengths which lie, say, 10 my apart

In equation (3) we have found the required law for composite light
. which enables us to foretell from the various contributions of the
components, assisted by the relative luminosity curves, whether the
apparent brightness will be the same as that of a fixed spectral colour
with wavelength ), and power E,,

Naturally those values must be taken for the various V’'s which
were found by comparing the power E, of wavelength A, with the
various other spectral colours: we must therefore always use the

*} £ (pronounce sigma) is the Greek capital S, which is gencrally u’sed to denote a
summation.
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§ 15 SUBJECTIVE BRIGHTNESS

relative luminosity curve appropriate for the level of brightness of
the particular light sensation.

This summation law, however, is based on an hypothesis regarding
the manner in which the retina adds up the various components of
the light, and must be experimentally verified. On this point an
extensive investigation has been made by the author on those
brightness levels in which the rods assist entirely or partially
[Bouma?)). In this domain the validity of the summation law
could be accurately established,

Another way of formulating the summation law is the following: when a
ray with power E, (spectral distribution 1) and a ray with power E,
(spectral distribution 2) effect the same apparent brightness this also holds
for the mixture 2 E; 4 (1 —a) E, in which & is any number between 0 and 1.
This methdd of formulation was used in testing the summation law.
Van Kreveld!) formulated the corresponding law for the photo-
graphic plate analogously.

In the region of pure cone sight deviations from the summation law
may occur in certain circumstances

§ 15 Subjective brightnesg

We have advanced quite a long way towards our ultimate object
merely by the help of our conception of “apparent brightness”, as
formulated at the beginning of sect. 12, but by itself it can take us
no farther. For the illuminating -engineer will not only ask the
question ‘“‘under what circumstances are the brightnesses equal?”’
but also “‘what is the relation of these two brightnesses? What is the
relation of the quantities of light radiated by these two lamps?”
And to these questions the eye can give no answer (sect. 11) because
it is by its nature incapable of determining the relations of apparent
brightnesses. We can now only proceed by agreeing to certain
conventions. Here we enter the region of subjective brightnesses.
Seeing that these conventions are more or less arbitrary it is not to
be wondered at that in the course of time several concepts have been
introduced which all bear the character of a subjective brightness,
but yet show individual important differences.

In order to achieve a logical convention we shall examine more
closely the questions of the illuminating engineer. In asking about
the relation of the quantity of light from two lamps he generally
means: “by how many lamps of the one kind can I replace onelamp
of the other?” And when he hears that the brightness of a table
surface is a factor two too low he will expect that by adding a second
lamp all will be well.
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It is clear from this that theory can best be joined to practice by
defining brightness for each particular kind of light as proportional
to the power radiated.

If it were merely a question of one kind of light there would not
be the least objection to this, and since the eye is incapable of
estimating with any accuracy the relative brightness of two spots
of which the one radiates twice as great a power as the other, it is
natural in definition to call the subjective brightness of the one spot
also twice as great as that of the other spot. But difficulties appear
as soon as we consider two different lights, and those difficulties are
for the greater part directly connected with the Purkinje effect.
In order to realize this we must return to the experiment of sect. 13.
One half of the field of vision radiates yellow light of 581 mp and
the other half greenlight of 530 my., the power as well as the apparent
brightness having been made equal for right and left. We will now
lower the powers of both halves by a factor 1000. The two powers
therefore remain equal. But when we define the subjective bright-
nesses of both colours proportionally to the radiated powers, both
subjective brightnesses have decreased by a factor 1000 and are
therefore still equal to each other. The apparent brightnesses have,
however, as we have seen in sect. 13, become considerably different.
We now find ourselves, therefore, in the unpleasant situation that the
general convention that “subjective brightness is proportional to
power” no longer corresponds in general with the property so much
desired that “the apparent brightness is equal when the subjective
brightness is equal”. The only way out of this dilemma is to give up
one of these apparently conflicting desires. For half a century there
has been dissention as to which of these demands shall be retained,
and although this dissention has officially been settled, the symptoms
still appear now and again in the literature.

For physiologists and all who investigate the properties of the eye
the second desire is the most precious one. “Of what use is a concep-
tion of brightness”, they say, ‘that assigns equal values in circum-
‘stances in which the eye observes an obvious difference in bright-
ness?”’ But the first desire is dearest to the heart of the engineers.,
“Of what use is a conception of brightness to us”, they say, “which
does not accept the double value when I hang up twice as many
lamps?”’

Something may be said for both arguments, but most perhaps
for the first. This argument was employed by Ko6nig, who
in 1891 defined subjective brightness as follows. “For the spectral
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colour 535 my. the subjective brightness (*‘Helligkeit”) is proportional
to the power. In order to determine the subjective brightness of
another spectral colour compare it with the spectral colour of
535 my and call the subjective brightnesses equal if the two apparent
brightnesses are equal.”

This definition is complete and complies with the second requirément,
and with the first in so far as that is possible without falling into
contradictions.

On the grounds of this definition K ¢ nig?) was the first to measure
relative luminosity curves with very divergent subjective bright-
nesses. (The wavelength 536 my therefore plays the part here of 2,
in sections 12 and 14.)

In later years this definition was saved from oblivion, amplified and
applied notably in the field of street lighting [Boumal %4 5],

The choice of the comparison colour (535 my) is of course arbitrary, We
cannot discuss further other definitions with other comparison colours,
built up in the same way [Dresler?), Bouma?d), Weaverl)or,
while retaining the “second requirement’’ supplemented in another manner
[Voet-Mogendorffl), Bouma?)]. A survey is to be found in
Bouma?l).

§ 16 Brightness

‘Although, as appears in the previous sections, it has been possible
to form a definition for subjective brightness which is at once
scientifically correct and practical, engineers have in the meantime
not been idle in their efforts to get their wishes realized.

This controversy has not always been conducted along logical lines,
but we shall endeavour to arrange the arguments as systematically
as possible.

A good example of this controversy is given in the discussion carried on in
1934-35 between Bertling!), Reeb?), Dresler?), Bouma?d

The difficulties with the concept of subjective brightness originated
chiefly in the Purkinje effect, which is in turn due to the
shifting of the relative luminosity curve (sect. 12) occurring in the
transition from cone to rod vision. If we wish to obtain an attractive
definition of brightness from a practical point of view, we must first
eliminate the chief cause of complications, i.e. the rods. In other
words we must confine ourselves for the present to the domain of
cone vision. This is undoubtedly not the only domain that interests
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the illuminating engineer but it is certainly the most important one.
It includes daylight illumination and artificial illumination indoors.
The problems of colour vision are also chiefly concerned with this
domain. As soon as rod vision begins to take part in the process
noticeably, the colours begin to fade and we shall see afterwards that
the simple laws governing the theory of colour measurement no longer
obtain. If we confine ourselves to the domain of pure cone vision and
measure the relative luminosity curve under various levels of
brightness by the same methods, we shall always find approxim-
ately the same curve having the character of that of fig. 3b.

But if we have exorcised the Lucifer of the Purkinje effect
we have on the other hand opened the door to the Beelzebub of
colour differences. In the domain of pure cone vision the various
colours are so pronounced that the difficulties discussed in sect. 11
(particularly those mentioned under 6) arise in the highest degree.
In order to arrive at the satisfactory agreement between the various
investigaters required in order to obtain a standardized, generally
recognized concept of brightness, it was found compulsory to seek
another method of brightness comparison. The following require-
ments are asked of such a method:

1. It must not deviate in its results too much from the. resu]ts of
direct comparison (as in practice hitherto).

2. It must be accurate and reproducible.

3. It must produce relative luminosity curves which are independent
of brightness level in the domain of cone vision.

4, Tt must conform to the summation law.

After some fruitless attempts two methods were found which under
certain conditions [Ives?] not only fulfilled the requirements
but moreover agreed fairly well in their results. These were the
flicker method [Ives?), Nutting?, Coblentz?, Ree-
vesd), SoY] and the step by siep method, [Hydel), Gibson?),
Ives®). By means.of the flicker method the two spots of light
to be compared are imaged in turn in quick succession on the same
part of the retina. Now as the eye has the property of being slower
in the reception of colour impressions than of light impressions, the
possibility exists of setting the speed of the change so that the eye

only observes the difference in brightness but not of colour. In these
circumstances an adjustment to equal brightness can be made while
eliminating the troublesome colour difference.

By means of the step by step method the colour dlfference is avoided
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or reduced to a minimum by comparing two greatly differing colours
not with each other directly but by introducing intermediate colours
forming a series from one colour Lo the other, the difference in
colour between two successive steps being very small and if possible
so small that the eye does not observe it.

These two satisfactory methods having been discovered it was
possible to standardize an average of the best measurements obtained
by these methods with a great number of observers, as an inter-
national relative luminosity.

This decision was taken in 1924 by the international organization
for illuminating engineering known in various countries under the
following names:

France, England, Holland etc.: C.I.LE. = Commission Internationale
de V'Eclairage.

America, etc.: 1.C.I. == International Commission of Illumination.
Germany etc.: 1.B.K. = Internationale Beleuchtungs-Kommission.

The sittings of the C.I.E. have taken place in the last 20 years in Geneva
(1924), Saranac Inn (U.S.A. 1928), Cambridge (1931), Berlin-Karlsruhe
(1935) and Scheveningen (1939).

“The international relative luminosity curve usually referred to as
V{(3) or V3 is reproduced in fig. 3b, while the numerical values are
tobe found in table D under columin Y3 = V). On the curve V(3), the
conception of brightness and all other illumination and photometric
units are based.

§ 17 The definitions of brightness and othe_r photometric quantities

“The brightness of a certain light is proportional to the power
radiated per cm? of the surface (observed in the direction of the
observer). For comparing different lights the international luminos-
ity curve V3 is employed.”

Mathematically this definition of brightness B is as follows:

B=KXV,E; 4)

in which the summation must be made over all wavelengths of the
field of vision occurring in the light, while Ej and V) represent
respectively the power and the international relative luminosity
curve:

If a continuous spectrum is concerned the wavelength range is
divided into sections, say 10 my in size, and Ej then represents
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the power radiated in the section between A—5 and A + 6.
The constant K occurring in (4) (maximum luminosity factor) is
determined by the convention that a certain value is ascribed to the
brightness of a well defined standard light source. If Ej is expressed
in watts per cm? the value of K is then about 660. The unit in which
B is expressed is called the st:lb.
-For the standard light source the following have been chosen in the course
of time: various kinds of candles, oil lamps (in Germany right up to 19411),
electric lamips (since 1907). Since 1941 we have an internationally accepted
standard, namely a black body at the melting temperatufe of platinum
the brightness of which is fixed by definition at 60 stilb (see also sect. 43)
The still existing uncertainty about the value of the constants ¢; and ¢,
in the Planck formula entails a fairly large uncertainty in the value X in
(4). If ¢4 is varied from 1,432 to 1.439, K varies from 636 to 688 [H el-
ler?!), de Grootd), Dresler?). According to Birge?) ¢ ==
3.7403, ¢, = 1.43848, from which Caldin?l) calculates K = (83
[see also Harding?!)]. Most tables for the calculation of colours are
based on. the value ¢, = 1.435.

The introduction of this brightness definition has, in principle,
completely modified the aspect of photometry. Where there were
formerly endless discussions as to the question which method of
photometry was the ““correct’ one, in other words corresponded best
with the properties of the “‘average eye’’, the answer to this question
is now ‘‘a photometric method is correct if it produces results in
agreement with formula (4).”
In the new definition all individual differences between the eyes
of the observers have been eliminated. Of course the éye can still be
used as a measuring instrument for determining brightnesses provi-
ded one is convinced beforehand that the method complies with the
requirement just mentioned, within the limits of accuracy which the
" particular measurement demands. Recently scientists have been
trying increasingly to eliminate the eye as much as possible from -
photometric science [Ives4), H. Konig?'), Voogd"]: there
is a growing tendency to substitute physical photometry for visual
photometry. In future when we refer to the conception of brightness
we shall do so in the sense of equation (4). '
We cannot discuss here the many investigations on the relative value of
the various visual methods of determining the relative luminosity curve
as well as the validity of the summation law. The following are a few
examples from the abundant literature on the subject. Apart from the
articles quoted in this section see also H, Konig2 9, Weigell),
A.Kohlrausch?), Arndt?, Fedorow?), Rieck?), Dres-
leri3%), Preston?), Forsythe!), Jainskil), Jaggi},

Pieron!), Crittenden?), etc. ete, Gibson® and Dres-
ler5) give good surveys, ' '
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§17 THE DEFINITIONS OF BRIGHTNESS

Various other concepts from photometry and illuminating enginee-
ring are connected with the concept of brightness, as can be seen
from the following.

We obtain the luminous intensity from an object (light sonrce or
illuminated surface) in a certain direction by multiplying the
brightness id that direction by the area seen from this direction. The
luminous intensity is therefore a measure for the quantity of light
radiated per second in a given direction. The unit of luminous inten-
sity is still designated by the old-fashioned title of “‘candle’ and is the
intensity of 1 cm? of surface that has the brightness of 1 stilb.
Instead of saying: the surface has a brightness of 1 stilb, we can
therefore also say, the surface radiates 1 candlepower per cm?
Therefore: 1 stilb = 1 candlepower/cm®.

The tllumination of a surface is the quantity of light which it receives
per m? in 1 second. The unit of ilumination is the “lux”, that is the
illumination that a small surface would receive from a light source
at 1 meter distance with a luminous intensity in the direction of the
surface of 1 candlepower. The luminous flux is the total quantity of
light radiated by a light source or received by a surface per second.’
The unit is the “Jumen”, that is the light flux that a surface receives
per m2 when under an illumination of 1 lux; 1 lux = 1 lumen/m?2.
Now take a light source with a luminous intensity of 1 candlepower
in all directions. This illuminates an imaginary sphere of 1 meter
radius surrounding the light source as centre with an illumination
of 1 lux. But the surface of the sphere is4 = m?, so the sphere receives
altogether a luminous flux of 4 = lumen. For a light source radiating
an equal quantity of light in all directions we find the luminous flux
(in lumens) by multiplying the intensity (in candles) with the factor
4 . Tf the light source does not radiate equally in all directions then
the total flux is 4 = times the average luminous intensity.

Besides the units mentioned the following '1re also often used:
decalumen = 10 lumen; candlepower/m2 e candlepower/c:m2

10,000
= 1o 000 stilb; the millilux = 1_065 lux.

There are a number of other units in use, especially for brightness, but their
use is inadvisable. [See vocabulary Ned. Sticht. Vetllchtmgal{unde 1.

We sce, therefore, that we can deduce the most important photometric
concepts and units directly from the brightness, and that all these
concepts are therefore also based on the international relative
luminosity curve.
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§ 18 The standardized conception of “brightness” and the lowe
brightness levels

To conclude this chapter we would like just to return to the domain
where the rods also (perhaps even exclusively) play a part. May we
in this domain, where the conception of brightness defined in sect. 17
comes into conflict with our natural conception of “apparent bright-
ness”, also work with ‘brightness” or'must we return to '‘subjective
brightness’’? There are various points of view for this question. Qur
view is as follows: if we wish to ascertain the properties possessed
by the eye at lower brightnesses by measurement, we should begin
by defining unambiguously the physical circumstances (power,
spectral distribution of the light sources, etc.). For this purpose the
concept “‘subjective brightness” with its dependence on all kinds of
accidental circumstances and on the choice of the observer is not
suitable. If it is desired to fix the starting point by a brightness as
well, only the conception of ‘brightness” as defined in sect, 17 can
hold. The experimenta] investigation consists usually of examining
the reactions of the eye while varying one or more physically defined
circumstances in a measurable manner. As an illustration see fig. 4
[B ouma %)), giving the results of the work of K 6nig (see end
. of sect. 15).
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y18 LOWER BRIGHTNESS LEVELS

example, we take the extreme case of having to compare blue light
of 450 my with red light of 650 my we see that in order to obtain a
subjective brightness b = 100 of both kinds of light we must take
the same brightness (points P and Q), while to obtain a subjective
brightness b = 10°¢ of the red light (Q’) a brightness approximately
200 times greater must be taken than that of the blue light (P’).
The points P and () lie in the area of pure cone vision, while for P’
and Q' the light sensation is caused almost exclusively by the rods.
If for all research purposes brightness B is chosen as starting point
the results of the various investigators can be better compared than
if they are based on the conception of subjective brightness, which
varies from circumstance to circumstance.

51



CHAPTER III

The Colour Triangle

% 19 The possibility of the representation of colour sensations in
a plane diagram

Our aim is to obtain a comprelensive survey of the apparently
chaotic collection of all colour sensations. In order to attain this
end it is usually profitable to represent the set by a- diagram; in
other words to formulate laws and relationships whereby each mem-
ber of the set has its own place at a given point of the diagram. Defi-
nite relations between the various members may then usually be
illustrated by simple geometrical theorems.

Is such a representation of the whole colour field in a planar diagram
possible? If we recall the considerations of sections 5-7 we sec at once
that the answer to this question must be in the negative. For in order
to encounter all colour sensations we had to vary three magnitudes
independently of each other: the set was three-dimensional. Now
the manifold of all points in space is also three-dimensional (fig. 2a),

that of all points in a plane surface two-dimensional (fig. 2c), that
of all points on a straight line one-dimensional (it is only necessary
to vary the distance from a selected origin to reach all points).

It appears immediately from this that the only possibility of com-
bining all colour impressions in a geometrical representation is to
represent them as points in space. This representation we shall
actually deal with in chapter IV. But both human powers of imagina-
tion and of drawing (the page of a book being merely two-dimension-
al) seem to be better suited to representation on a plane surface.
We shall therefore deal with such a representation in this chapter.
As a plane diagram contains too few points to give each colour
sensation a separate place we shall have to represent various colour
sensations by the same point. We shall therefore make the obvious
decision to represent by one point all those colours which only differ
in brightness, and which thereforc can be made indistiriguishable by
varying the total radiated power.

It is said of such a set'of colours that they belong to the same colour
species or that they have the same chromaticity. So while in space

52



§20 THE ORIGIN OF THE COLOUR TRIANGLE

we can represent all colours separately, the colour plane is a repre-
sentation of all colour species or chromaticitics. The decision taken
has this advantage above other equally possible conventions that
all colours with different characters (see sect. 9) are represented in
the diagram by different points. The convention chosen, which has
reduced the three-dimensional collection to a two-dimensional one,
does not therefore prevent us from obtaining a complete survey of
all chromaticities.

There are, however, various other decisions to be taken if we wish

to obtain an unambiguous representation:

1. Everything must be referred to the normal eye, or rather to an
average of a great number bf eyes which are fairly normal.

2. We presuppose that the colour under observation is present in the
field of vision either alone or with a comparison colour differing
very little from it (for instance in the shape of two semi-circles,
and excluding brown, olive-green and grey tints, as these only
occur through the influence of other colours present in the field
of vision (sect. 5). '

3. We presuppose that the eye is not tired, so that the condition of
the retina is not influenced by previous light and colour impres-
sions.

4. We presuppose that the brightnesses observed are all above a
certain limit (about 3 candlepower/m? == 3.10"4 stilb) so that
we are assured of using pure cone vision.

5. For accurate measurements, the twd semi-circular spots must not
be too'large, so that we see them in a visual angle of about 2°: in
this way practically the fovea alone is in action (sect. 4).

These conventions, which involve a certain standardization of the

concept of a colour sensation, are to some extent comparable with the

conventions which led ns from the somewhat uncertain concept of

“apparent brightness” to that of -brightness” (chapter II). We

shall, therefore, when these conventions are used, no longer speak of

a colour sensation but merely of a colour or stimulus [Bouma18)],

$ 20 The origin of the coloir triangle {see also B ouma 8]

We shall again proceed from the experimental result which has
already served us in sect. 6 and which we there called one of the
fupdamental laws of colour theory"

“By mixing three selected spectral colours in definite proportions,
we can match any desired colour sensation.”
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CH, IIT

We shall only apply this fundamental law under the conditions just
mentioned. The law does indeed hold over a muéh wider field [Guild?),
Boumal)], but only leads to simple conclusions in the limited field.

We now take for the three “selected spectral colours” those with the
wavelengths 700 mp (red), 546.1 my (green) and 435.8 my (blue) *)

and represent those colours in the
colour plane (fig. §) by the points
R, Gand B respectively. Now in
order to define the other colours
in the diagram we make a gen-
eral rule that we shall represent
the mixtures of two colours by
the points on the line connecting
the two points representing those
colours.

Thus the line RG, for instance,
contains all colours that can be
matched by a suitable mixture
of R and G.

visss

Fig. 6
The colour triangle' formed according
to our convention (mixture collinear

with its components). R, G and B are

The PlaCé of the mixture on the primaries, W is the white point.

line is determined by the propor-

tion in which we have to mix the two components: for  in-
stance the greater the percentage of colour R we have to take the
nearer the point is to R.

Quantitatively we can arrange everything so that this convention never
leads to discrepancies, We shall return to this quantitative side of the
problem in chapters IV and V (ses the formula derived from fig. 23).

When we proceed from R along a straight line to G we traverse a
continuous series of colour mixtures between red and green. These
are orange (point 1), yellow (2) and yellowish green (3). In the same
way various blue-green tints lie along the line GB (e.g. 4), forming a
gradual transition from green to blue, and on the line BR lie the
series of purple colours (e.g. 5), which brings us back to our starting
point R.

Hitherto we have only allotted places in the figure to those colours
that could be matched by mixtures of two of the primary colours.
. These colours (1-5) all lie along the outline of the triangle RGB.
Colours which can only be matched by using all three primary colours
will be found inside the triangle.

*) The colours G and B chosen hei'e
light.

b4
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-§ 20 THE ORIGIN OF THE COLOUR TRIANGLE

An example will make this clear: seek the place of white in fig. 5
(more accurately: the colour that a white object assumes in day-
light). To reproduce this R, G and B are all required. We now mix R
and G in the required proportion. This mixture is given by point 2.
White is now produced by a suitable mixture of the colours 2 and B.
According to our convention the white point W therefore now comes
to lie on the line 2B. In this way it appears that all colours that can
be matched by a mixture of R, G and B are represented by points
inside the triangle RGB. And on the other hand these colours entirely
fill the triangle: each point can be realized by selecting suitable
proportions of R, G and B and then applying the construction just
used to find the place of W..
To survey the distribution of the various colours over the triangle
we shall draw the line WG. A point (6) on this line will now represent
a colour which can be matched by mixing the selected spectral green
G with a certain quantity of white W. As we proceed from G to W
we shall encounter colours that require an ever greater percentage of
white. Starting from the deep green colour G we shall gradually
meet less saturated (duller, paler, less brilliant) greens until finally,
at W, the extremely pale green becomes white. We recognize in this
process a correspondence with what was dealt with in sect. 5: the
‘line GW contains colours all possessing the same hue (namely green),

but whose saturation gradually decreases.

The analogy is not quite complete. While in sect. 5 we spoke of colour

sensations, experienced by the eye, we mean here properties of

colour which can be ascertained by measurement.
In the same way the line WR contains red hues of increasing satura-
tion and WB the gradual transition from white to B. Proceeding
from W to 4 we find an ever deepening blue-green. In contrast to the
preceding examples the maximum saturation has not yet been
reached at 4. For among the spectral colours we meet with a still
more brilliant blue-green colour (7): this latter must therefore be
miked with a certain quantity of white (made paler!) in order to
produce the colour of point 4. According to our convention point 4
must therefore lie between W and 7, so that the blue-green spectral
colour 7lies on the extension of W4 (fig. 5).
A similar consideration now obtains for the other spectral colours,
They are all (except R, G and B) represented by points lying slightly

. beyond the triangle RGB. For that part of the spectrum with a

wavelength greater than 546.1 my (the wavelength of G) this effect
can, however, be practically ignored.
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y Fig. 6 illustrates the situation. The same
triangle RGB is again drawn, but now
with the addition of the spectral colours,
The numbers give the wavelengths,
Note that the wavelengths 700-780 mp.
are designated by the point R. That
is to say the spectral colour species
of this region are all represented
in point R. All these spectral
colours can therefore be com-
pletely reproduced solely by
a certain quantity of the
primary colour R. This
p P fact can be verified by
. V=380

Fig. 6 wtse an accurate observation

The complete colour triangle with spectrum locus  of the spectrum:  be-
and purple line RV and the triangle XYZ sur-
rounding botl. tween 700 my and the

extremity of the spec-
trum the colour does not alter. We now draw the line RV con-
necting the red extremity R of the curve of the spectral colours
with the violet extremity (V). The line RV contains, therefore, no
spectral colours, but the various purple hues, mixtures of red
and violet. '
It follows from our general “mixing rule” that all colours are
represented by points within the area enclosed by the curve of the
spectral colours and the “purple line” RV. For all colours are pro-
duced by mixing spectral colours, and in mixing we must always
remain within the area just described. *)
Now in order to be able to express the various chromaticities by
numbers we draw an equilateral triangle XYZ completely enclosing
the curve of the spectral colours, and fix the place of the point repre-
senting a certain colour by the relation of the distances from that.
point to the three sides of XYZ. In this way each chromaticity is’
characterized by the ratio of three numbers.
This result reminds us of the conclusion of sect. 6, where we found
that each colour could be characterized by three numbers, and of
sect. 9, where it appeared that for all colours differing in apparent
brightness only, and therefore belonging to the same chromaticity, -
the ratio of the three quantities is the same.

TS

*) 1tis incorrect therefore to call the points outside that curve by the name of colours
(unreal, virtual or imaginary colours) as many authors do.
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§ 21 “NEGATIVE QUANTITIES” OF A COLOUR

The exact connection between all this will be considered more
closely in chapter IV,

§ 21 The introduction of ‘nedative quantities’ of a colour

Although it is clear from the ahove how each colour receives its
allotted place in the diagram, this explanation still does not enable
us to make quantitative calculations regarding the colours. This is
chiefly due to the fact that our “general rule” is still rather vague,
for we have still to agrce on the connection between the situation of
a mixed colour and the mixture proportions of its two components
(i.e. where 6 lies on WG, sce fig. b).

Nevertheless we can draw various general conclusions with the help
of fig. 8. In the first place let us look at the colours which found their
place outside the triangle RGB, for instance the spectral
colour of 510 mp. As we have seen that the mixture of certain
amounts of the colours R, G and B always producesa point within
the triangle, we come to the conclusion that the spectral colour of
510 mp, cannot be reproduced by mixing R, G and B in suitable
proportions. Here we have therefore an exception to our “fundamen-
tal law”, a limitation in its application to which we already alluded
in sect. 6. '
A careful examination of fig. 6 shows us that we could not have
avoided this difficulty by another choice of the three primary
colours. For, whichever three points we may select within (or on) the
curve of the spectral colours as primary colours, a part of the spectral
colours will always fall outside the primary colour triangle. We
might indeed have made the outside area a little smaller (by for
instance selecting for the green primary colour A = 520 my), but
there will always remain exceptions to the fundamental law.

As it is very unpleasant to have to work with a law admitting of
exceptions, we shalk take care that these exceptions disappear. This
convention and the manner in which we shall carry it out will appear
strange to many people at first sight. It must be remembered,
however, that we shall be doing exactly the same as in many mathe-
matical problems, in which it is also necessary to eliminate nnpleaqzmt
exceptions! For instance, having fixed the meaning of “‘to subtract”
we are faced with the exception that a greater number cannot be
subtracted from a smaller number and when solving quadratic
equatlons we get stuck at x® + 1 = 0. The exceptions are elimina-
ted, in the first case by the introduction of negative numbers and in -
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the second by introducing imaginary numbers. The first example
shows a great similarity to our problem, for we are going to introduce
negative quantities of colours. It appears from fig. 6 that the colour
510 my can still be simply related to R, G and B. We can, by mixing
the colour of 510 my with a certain quantity # of the colour R,
reproduce colour S. This is in symbols:

(510) + #(R) ~~ (S)

in which «- means: ‘“‘matches” [see also B ouma!3)]. But we
can also reproduce this same colour (S) by mixing a quantity g of
colour G with a quantity & of colour B:

(S) ~~ g(G) + &(B).
It foliows from these two ‘‘colour equations’ that:
(510) + 7(R) «~ g(G) + ¥(B) ()]

or, verbally, if we mix on the left half of the field of vision the colour
of 510 mp. with a quantity 7 of the colour R, and in the right half
a mixture of a quantity g of G and a quantity b of B, the line of
demarcation will disappear. The equation (5) would indicate that
(610) could be matched by certain quantities of R, G and B if the
term with R stood at the other side. Then let us brmg the term to
the other side by writing for (1):

(610) <~ — r(R) + g(G) + &(B) (6)

and let us then say that we can reproduce (510) by a negative quan-
tity of R plus two positive quantities of G and B.

In this manner the fundamental law holds universally, while the
meaning of a negative quantity of a colour has become clear. It must
not be mixed with the other — positive — primary colours, but be
added to the other half of the field of vision in order to establish
colour equation (5) between the two halves of the field of vision.
This is the same as the bookkeeper who does not add his debits with
his credits but posts them “on the other side” in order to obtain, as
with colour adjustments, a balance sheet that tallies!

§ 22 Dominant wavelength and saturation

We learn from fig. 7 (again with the assistance of our “general rule”)
that we can also reproduce the colour represented by a point K by
mixing the white W with a spectral colour (in our case 520 my) in a
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§ 22 DOMINANT WAVELENGTH AND SATURATION

certain proportion. This reproduction is Y
possible for all points K lying within
the curve of the spectral colours,:
except those lying in the triangle
700-W-380. In this triangle lié the
purples, which become the more 960
saturated as we approach the
“purple line” 700-380. We &
can reproduce such a purple  gag
shade K’ by mixing the
white W with a colour

A, lying on the line
700-380. We can also
reproduce white Wby x 30
mixing K’ and a cer- Tig. 17 waw
tain spectral colour Dominant Ig;ﬂ:%‘ﬂ:fﬂ; ) O?:ng ;0113:!}“};;? purity .
{here » = 540 my). For K':3, = — 540, p = Ba [ B’

We have now found '

both for colours such as K and for colours K’ an appropriate
spectral colour of a certain wavelength, which we shall call the
dominant wavelength. For the purple shades the dominant wave-
length 3, is the wavelength which, when mixed with the purple
shade, can reproduce white, while for the other colours 2; the

wavelength is to be mixed with white to reproduce the original
colour.

————
——

The expression dominant wavelength is not very happily chosen, for i,
is by no means always the wavelength predominating in the spectrum
(with colours as K’ in fig.™7 this is of course not the case at all). It is even
quite possible that the wavelength ), does not occur in the spectrum of
the colour. The expression has become general however. The term “equi-
valent wavelength” which is sometimes used for the same idea expresses
the sense better — for the non-purple shades at least (compare also the
German expression: farbtongleiche Wellenldnge).

In matching a colour by mixing white and a spectral colour not only
the dominant wavelength but also a second concept occurs: the
degree of saturation or colorimetric purity, p.

Supposing colour K (fig. 7) to have a brightness Byx and that a
brightness By of the spectral colour is necessary for matching by
mixing white with spectral colour, then p = By : By is the purity.
In other words p is the relative share that the spectral colour takes
in the match.

" For the purple colours K’ the purity p means the relative share that
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the saturated purple colour A takes in the mixture of W and A.
In the language of colour equations:

Bg(K) «~ Bg(S) + (Bx — Bg) (W); p = By : By
Bg. (K') =~ By(A) + (Bgy — By (W); p = B, @ By

The colours for which ¢ = 1 obviously lie on the curve of the spectral
colours, or on the purple line 700—380. The value of $ gradually
diminishes to 0 as we approach the centre of the colour triangle, in
the direction of W. Given the dominant wavelength of a colour K we
can determine on which straight line, starting from W, K stapds.
Given the purity as well, this means that a selection has been made
from all the colours lying on the given straight line, in other words
the situation of K on the straight line has been determined. This
shows that the place of K can also be fixed by the dominant wave-
length and the purity instead of by the relations of the distances to
the sides of A XYZ.

The latter systcm we call the trichromatic system and the former the
monochromatic-plus white system or monochromatic system.

One objection may be raised to the latter system. On the line A-W-
540 (fig. 7) for example there are two points corresponding with the
same value of Ag and ; the one lies in the purple area and the other
not. A particular example is formed by the colours 540 my. and A:
for both Ay = 540, $ = 1. In order to distinguish between these
colours with the same A; and $ we put a niinus sign for the value
of 24 for the colours in the purple area. In this way for 540 mu:
A =540, p = 1and for A: A = —540, » == 1. This minus sign reminds
us, moreover, that a negative quantity of the spectral colour is
required for the reproduction of K'.

Now we can determine a colour completely by its place in the
colour triangle and its brightness, therefore by its dominant wave-
length, its purity and its brightness: Ay, ¥ and B.

These threefold characteristics of a colour (tlie number three once
more!) remind us strongly of the threefold characteristics we allotted
in the general considerations of sect. 5 to colour sensations, i.e. hue,
saturation and apparent brightness.

For a correct understanding of colour theory it is necessary, however,
to distinguish sharply between these two sets of three. We therefore
mention the differences once more. The hue, saturation and apparent
brightness are intuitive impressions; one need know nothing of the
colour theory to obtain these impressions. These impressions are very
difficult to express in numbers; they are to a high degree dependent
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on all kinds of accompanying circumstances, such as the momentary
condition of the retina, the presence of other colours in the field of
vision, etc. The same pencil of light rays can, in various circumstan-
ces, produce quite different sensations. The dominant wavelength,
purity and brightness on the other hand are well defined quantities;
they can be measured; in order to make the measurements unam-
biguous the accompanying circumstances can be eliminated by
various conventions; the measurement is based on the knowledge of
the colour theory (in particular our “fundamental law”). The same
pencil of light rays will always give the same A4, # and B (provided
no errors of measurement are made); we can arrive at standardized
values as a result of measurements made (as described in sections 16
and 17), which with the assistance of formulae and tables can be
calculated straightaway {rom the pewer and the spectral composition
of the pencil of rays (see chapters IV - VI). If we recall what was said
in sect. 2 regarding the border line character of colour problems we
can distinguish between the sets briefly by remarking that the first
set of three lies entirely on the psychological side and the second
on the other hand almost entirely on the physical side of the
boundary.

The same remarks as we made here regarding A;  and B of course
apply also to the three characteristics already dealt with in sect. 6:
the quantities required of three primary colours for the reproduction
of a colour form a set of three also lying on the physical side.

§ 23 The meaning of the word “white’; complementary colours

The same applies to the word “white” as to the word ““brightness”:
almost everyone uses it without further explanation in the most
divergent senses. Although the dangers hidden in such a careless use
are not so great here (usually the meaning is quite clear from the
context), it might be as well to sum up the various meanings. There
are mainly three:

1. A property of the reflecting objects (see sect. 3) which allows them
to reflect all spectral colours well and in equal measure. What do
we mean here by “well”? There are surfaces, for instance, mag-
nesium-oxyde, which reflect up to 97 % of the light falling on
them; good white paper reflects 80-85 %, but in most circumstan-
ces we call all objects white which reflect about 60 % or more. If
they reflect less they are called grey or drab.

9. The colour sensation *white”. This, as an intuitive idea, needs no
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further explanation. Apart from the spectral composition of the
penc11 of rays, whether we call a colour sensation white depends
on many accompanying circumstances, for instance on the con-
dition of the retina, the influence of surrounding coloured objects,
the knowledge that we have an object before us which we should
call white in most circumstances (which is for example white in
the sense of 1), etc. In other words ‘‘calling something white” is
influenced by all factors usually influencing a ‘‘sensation”. In
sect. 5 the word “white” is used in this sense.

. The colour (chromaticity) “white”. In connection with the exact

definition of colours we also require an accurate definition of the
colour *‘white”, Thus in sect. 22 we repeatedly made use of the
colour ““white”. In the course of time numerous and varied con-
ventions have been used, in this respect. We confine ourselves to
those made internationally (by the C.I.E.), which still obtain.
These conventions can be divided into two groups according to
the object in view.

In the first place we must define a white colour so that the ideas

of dominant wavelength and purity are accurately fixed. For this

purpose the “equal energy spectrum’ has been chosen. This
spectral distribution, designated by E, is one which radiates
the same energy per second, that is to say the same power, in
every wavelength interval (of for instance 10 my) of the visible
spectrum,

In the second place there is a need for a standardized hght for
defining the colour of surfaces. We have already seen (sect. 3)
that this depends both on the spectral distribution of the
light, striking it and on the reflecting properties of the object.
Theoretically the only corréct method is to define the percentage
that the object reflects of each spectral colour, If we note down
this percentage for each wavelength we get a curve called the
“spectral reflection curve”, which establishes the reflecting pro-
perties of the object completely. With the aid of this curve we
can calculate, as we shall see later, the colour of the object when
illuminated by any light of which the spectral distribution is
known. But in practice matters are slightly different. The illu-
mination of the coloured object occurs in by far the greater
number of cases by means of light sources whose spectral distri-
bution approximates either to'that of an incandescent lamp, to
sunlight or daylight. Hence it has been decided to define ane of
each of these groups and always to measure the colour of the
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object when illuminated by one of X
these standard light sources. This
has the advantage that now only
three numbers need be given 547
for the colour instead of the
whole reflection curve. The
disadvantage of this method
is that we cannot foretell
from these three num-
bers what colour the
object will assume
when illuminated
by a light source

A

differing greatly X Ve300 ¢
from the normal Fig. 8 "

. . Complementary colours. K and K’, Vandi;, Rand },
{i.e. mercury light). A and ), are pairs of complementary colours.

As standard light
sources for this purpose (C.I.E. 1931) the following has been agreed:
Illuminant A: A gas-filled incandescént lamp with a colour tempera-
ture of 284%° K. The colour temperature of an incandescent surface
is determined by comparison with the so-called ¢‘total radiators”,
being light sources whose spectral distribution is described by a
formula given by Planck. If the incandescent body has the same
distribution as a ‘‘total radiator” of the temperature T, we call
T the colour temperature of the incandescent body. The colour
temperature of an incandescent lamp is always a little higher than
the true temperature (see also section 42).
Illuminant B (approximating sunlight): the light obtained by trans-
mitting iluminant A through an accurately specified coloured liquid
filter in which the colour temperature is brought up to about 4800°.
Illuminant C (approximating to daylight): a similar light source to B
but with another filter in which the colour temperature is brought
up to about 6500°.
The filter used for B consists of two consecutive layers of liquid, each 1 cm
thick, of which the first is composed of copper sulphate (2.452 g), mannite
(2,462 g), pyridine (30 cm®) and ‘water (up to 1000 cm?) and the second of
caobalt ammonium sulphate (21.71 g), copper sulphate (16.11 g), sulphuric
acid (10 cm?®), water (up to 1000 ¢cm3). For C a similar filter is used of which

the corresponding mumbers are however: 3.412 g; 3.412 g; 30 cm3;
1000 cm?® and 30.58 g; 22.52 g; 10 cm?, 1000 cm®. [See Davis?].

In fig. 9 and table F are given the relative spectral dlstnbutlons of
111ummants A,Band C.

63



THE COLOUR TRIANGLE CH. 1Il

In contradiction to the standard light sources A, B, C we can imagine
E as being replaced by a light source with another spectral distri-
bution but giving the same colour. This is straightaway clear when
one fecalls the purpose of the standard light sources. To indicate
clearly the difference between A, B and C on the one hand and E on
the other we sometimes call A, B and C normal light sources or
normal whites, while E is called standard white.

There has lately been an endeavour to replace B and C by one light source
agreeing in colour with E. No international agreement has, however,
yet been reached about the desired spectral distribution. In Germany a
third liquid filter has been prescribed for this purpose, to be combined
with A [Richter %]; Wright 19 also recommends the same
solution.
Directly connected with the choice of the standard white E is the
conception ‘“complementary colours”. We call two lights K and K’
complementury when it is possible to reproduce the colour of standard
white E by a suitable mixture of K and K’. With an eye to our
“general rule”’, E lies therefore in the triangle between K and K’
(fig. 8). In particular the two spectral lights given in fig. 8 by A
and A"are also complementary, as they are in a straight line with E.

If we follow the curve

0 £ 7| of the spectral colours
) /£ from the violetextrem-

[ ity V to the red ex-
/ tremity R we see the

180 /q following: the wave-
160 pé lengths between V
/ and A, have comple-

140 7 mentaty colours with
20 A / wavelengths between
/ \\ ] )y and R; ) has the

100 / o 7 "—\\ red extremity of the
© pi / BN —| spectrum as its com-
/ / \ plementary  colour;

€0 the wavelengths be-
/ A tween A, and A, have

/ /" no  complementary
20—~ spectral colour. Thus
0 | —=} | the wavelength A, has
“0 S0 &0 00 my as its most saturated
Relative spectral distribli;ltgi;.:gs of illuminants A, "’1‘;“:: complementary colour
(see table F). purple A; }; has as
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its complementary colour the violet extremity of the spectrum; the
wavelengths between A; and R have complementary wavelengths
lying between V and 3,

Table A gives the various pairs of complementary wavelengths

(A and ). For the wavelength 2, we find 493.9 my; for 2, we find
569.7 mp. ' .

It has long been the fashjon to search for an empirical formula giving the
connection between ) and i [see forinstance Grinberg 1), Priest l),
Godlovel), Richtert), etc] -

Two wavelengths may also be complementary with respect to the
colour of one of the illuminants A, Bor C [Hardy ).

; 65



CHAPTER [V

Colour space i1 1S szhap/eﬂ‘ form

§ 24  Representation of colours in space; Grassmann's first law

In the previous chapter we have tried with the aid of the colour
triangle to survey the position of thé colours in respect to each other,
which enabled us at the same time to demonstrate some properties
of colours and some related concepts.
In many ways, however, these speculatlons were far from complete.
This is because of the “general rule” — made for the sake of sim-
plicity — concerning the situation of the mixtutes in the colour plane
(sect. 20), and on the other hand it is due to the fact that we were
forced time and again to represent a large number of colours by the
.same point. These two causes are connected. The concurrence of
colours with varying brightness made it very difficult to deal quan-
titatively with the mixture laws in a simplé way, and this had the
further result that we were not able to define the correct position of
a particular mixture of two components quantitatively, and it was
therefore not at all a matter of course that the “general rule” after
repeated applications did not lead to some discrepancy.
Although the colour triangle in the manner dealt with in chapter III
has been of great service to us, it is necessary to give now a more
general treatment which will-do away with the incompleteness of the
old method and at the same time be stricter, so that we need no
longer fear any discrepancies.
The key to this method lies, as the reader will already guess, in the
employment of a geometrical representation whereby each colour
has its own allotted point, In séct. 19 it appeared already that this
geometrical representation must of necessity be -three-dimensional,
that is, a representation in space. We must substitute the colour
plane by a colour space, in which the representation of all chrom a-
ticities is replaced by a representation of all colours (see
also sect. 19),

On the question of whether it is desn-able to make use of represéntations
in space in building up the theory of colour, opinions have been divided
in the last 50 years. This is due chxeﬂy to the fact that the representation
in a colour plane (as in chapter III) is the most suitable for gwmg the
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§24 REPRESENTATION IN SPACE; GRASSMANN'S FIRST LAW

reader in 2 simple manner a general survev of the order of colours; if on
the other hand it is desired to penetrate deeper into the colour theory and
learn to understand and apply the various methods of calculation as well,
the use of a colour space is to be recommended.

Helmholtz employed a colour space, but the majority of his followers
confined themselves to the colour triangle. Schrédinger in some
excellent treatises tried to infuse new life into colour space, but few writers
have since ventured to employ spacial representation in their explanation
of the basic facts. Various authors did feel compelled [viz. Richter8)]at
a later stage of the construction to have recourse to spacial representation
for certain purposes (see sect. 47).

We do not wish to take up the extreme standpoint in this argument that
is held by some authors: “....to"attempt to represent the world of colour
by a plane surface is patently absurd” [Drever?)}, but we share
sincerely the opinion of Ives?® (1915) that the use of colour space
forms “the clearest method of representing the facts of colour mixture™

In sect. 6 and 7 we have already alluded to the way in which we
could allot to each colour its place in space. We shall use the “funda-
mental law of colour mixture” dealt with in those sections. The
content of this law was first explicitly formulated by Grass-
mann?) and we shall call it therefore Grassma nn’s first law.
We will summarize this law once more in its general form:

If we select three suitable spectral distributions {three kinds of
light) we can reproduce each colour completely by additive mixing
of these three basic colours (also called primary colours). The desired
result can only be attained by one particular proportion of the
quantities of those primary colours. ¥)

The conditions under which this law generally obtains are:

a. In taking measurements the general conditions (sect. 19) as to
brightness level, size of the field of vision, condition of the retina,
and normality of the eye of the observer must be complied with.

b. In certain circumstances negative quantities of a colour (sect. 21)
must be introduced.

c¢. The three primary colours must be selected so that it is impossible
to match one of them by any mixture of the other two. This
condition is implied by the word **suitable” in the general for-
mulation. A glance at fig. 5 shows at once that this condition is
necessary. If we chose, for example R, 2 and G (2 can be repro-
duced by mixing R and Gl) all mixtures of those three basic
colours would lie on a straight line and we should never be able to
reach the white point W.

It follows from Grassmann’s first law that we can characterize

I*) Actually the term “primary ,colours’ is incorrect, and ought to be replaced by
“primary chromaticities’’, We shall, however, stick to the term in general use.
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a colour quite unambi-
guously by the numbers
B,, B, and B,, . being the
brightnesses (luminances)
of the three primary co-
lours required for the
reproduction of the colour.
In the notaticn of sect. 21:

.Fig. 10 , B (colour k) -~ B, (col.1) -
Characterising a colour by a point K lying at | oy 1.
distances By, B, and B, from the coordinate + B, (col. 2) + By(col. 3)
planes. a) Rectangular frame. b) Fradme with . .
oblique angles (£ 102 = £ 203 = ~£301).  Let three straight lines 01,

02 and O3 (coordinate
axes) be drawn through a point O of space. These three axes can be
chosen at right angles to each other (fig. 10a) or with oblique angles,
for instance by allowing the axes to form three equal angles respec-
tively, smaller than 90° (fig. 10b). Now each two of those axes form
a plane that we may call a coordinate plane: thus we have the planes
(0,2,3),(0,1,3)and (O, 1, 2).

If we then choose a point K in space possessing the distances B,,
B, and B, to those coordinate planes (distance B, measured parallel
to axis O2 etc.) then we say that point K has the coordinates B,
B, and B;. Point K therefore represents the colour which is also
.characterized by the numbers B,, B, and B,. It is clear that each
colour can be given its own point in space in this manner. Otherwise
expressed, we have rcpresented the three-dimensional manifold of
colours (sect. 6) in the equally three-dimensional manifold of all
points of space (see also sect. 7, 1st example and fig. 2a)."

In principle it is of no consequence whether we choose the represen-
tation of fig. 10a or that of fig, 10b. Henceforth we shall make use .

of the oblique angled system of 10b, this giving figures ‘which are
casicr to comprehend.

d .
. §°25 Position of the spectral colours; Grassmann’s second law

When examining further the position of the various colours in colour
space we shall no longer employ more or less arbitrary conventions, -
. but base everything on experimentally established facts. The flrst
experimental result we shall employ is the following:
Grassmanw's second law: If two different light spots give the
same colour sensation they continue to do so if we increase or decrease

68



§25 POSITION OF SPECTRAL COLOURS; GRASSMANN'S SECOND LAW

the brightness of both by the same factor (thereby leaving the rela-
tive spectral distributions unchanged).

This law too only holds when the general conditions summed up in
sect. 19 have been complied with, particularly the conditions of an
adequate brightness level.

Consider, for example, any colour K and the mixture of the primary
colours which match it. As in sect. 24, we can express the equality of
the colour sensations as follows:

K «- B (colour 1) -+ B, (colour 2) -+ Bj; (colour 3).

The second law now says that this equality remains when multiply-
ing all the brightnesses occuring in it by the same amount #; in
symbols:

nK -+ nB, {colour 1) 4 nB, {colour 2) -+ 2B, {colour 3)

From the two equations we learn that with any change whatever in
the brightness of K, the quantities required for the match increase
proportionally. But that means that the coordinates of the colour
in space also increase proportionally, so that we proceed in space
along a straight line through the origin (fig. 11).

Instead of representing all colours differing only in brightness by
one point in a plane, as was the case in chapter III, the various
members of such a series now take their place on different points
of a straight line through the origin. This straight line represents
therefore a colour species; its points represent the
separate colours. In the neighbourhood of O lie
the colours with a low brightness (for the bright-
nesses B,, B, and B, of the matching primary
colours are low there too). The further we are
removed from O the higher become the bright-
nesses of the colours (# becomes ever greater),

The relation between the colours K and =K is
sometimes expressed by the statement that they
represent different “quantities’ of the same colour
{or colour species), the quantities being in the
proportion % : 1 (see section 33a, 36a, 69).

Fixing our attention particularly on the three

Fig, 11
In colour space a
line through O re-
presents a chroma-

. . . ; . ticity, whilst th
straight lines O1, 02 and O3 of fig. 11, we notice E:f,:,fta of ;:at nnf;
that a point in O1 lies in the plane of coordinates represent separate

013 as well as in O12. The coordinates B, and
B, (the distances to these planes) are therefore
both zero for a point in O1. But that means that

colours. O, O2 and
03 represent the
chromaticities which
are chosen as pri-
maries.
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this colour can be re-
produced by using
only the first primary
colour. Hence it fol-
lows that the straight
line O1 represents the
colour species which
weé'.chose as our pri-
mary cclour, In the
same way O2 and O3
represent the colour
species of the other
two primaries. Each

Fig. 12 «we Spectral colour is re-

Colour space constructed with the spectral primaries resented by astraight
700, 541.6 and 435.8 mp. The spectral chromaticities P y g
lie on the surface of a cone containing the axes Ol, line through O as
02 and 03, which cut the plane op the right along  we]l,
T, o, g, &, b, v (g = yellow). The plane rOv contains .

&8 (gsa,tu);ated )purp]el_ In order to define the

manifold of all these
straight lines it is sufficient to determine one point in each straight
line. We must therefore fix experimentally the three brightnesses
required to match a certain brightness of the spectral colour.
In fig. 12 these straight lines have been drawn in the diagram. Together
they form the shape of a .come. To show the shape of this surface
sections have been drawn with some parallel planes each cutting off
equal parts of the coordinate axes O1, O2 and 03. On one of these
sections the positions of the spectral colours red, orange, yellow,
green, blue and violet are indicated. Since we have selected, as
before (sect. 20), the spectral colours 700; 546.1 and 435.8 mp. for
the three primary colours 1, 2 and 3, the axes O1, O2 and O3 also lie
on the cone surface

§ 26 Mixture of colours in space; Grassmann’s third law

If the coordinates of two different colours K and K’ are known, how are
the coordinates of the mixture K +- K’ determined? In answering this
important question we shall again use an experimental result, namely:
Grassmann's third law. Two light mixtures which, when dis-
played next to each other, produce the same colour sensation, act in
exactly the same manner when mixed with other lights. They
may therefore be substituted one for the other in any mixture,
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§ 28 MIXTURE OF COLOURS IN SPACE; GRASSMANN'S THIRD LAW

If K «- B, (colour 1) + B, (colour 2) - B; (colour 3)
and K’ «-+ By’ (colour 1) + B,’ (colour 2) + By’ (colour 3)

then we can, according to this law, replace both colours in the
mixture K + K’ by their matching primary colour mixtures without
altering the total colour impression. The formula is:

K + K’ «- (B + By) (col. 1) + (B, + B,") (col. 2) + (By + By (col. 3)

We therefore arrive at the simple rule: the coordinates of the mixture
are found by adding the corresponding coordinates of both compo-
nents (i.e. By and B, ctc.). It is easy to see what this means geome-
trically. In order to find the mixture of the colours represented by
K and K’ (fig. 13) all that need be done is to draw a straight line
starting from point K’, running parallel to OK and having the same
length. The end of this line represents the mixture KX + K’. If we
.recall that each of the coordinates means a distance to one of the
coordinate planes (24) we see that after passing down the line OK’
we have moved over a distance B,’ from the O13 plane. If after that
we pass along the line K’ ~ K + K’ we move another distance B,
further from the same plane. The point K + K’ which we have
found lies therefore at a distance B, + B, from plane 013. An
analogous reasoning for the distances up to the two other coordinate
planes shows that the point K + K’ has the coordinates B, + B/,
B, + By and B, + B, and therefore indeed represents the mixture
of K + K"
If we remark that in fig. 13 OK(K + K’)K' is a parallelogram we can
summarize the geometrical “mixing construction” as follows:
From OK and OK' we find the colour point of the mixture by a
parallelogram formation exactly as if OK and OK' were two forces
to be added to obtain the resulting force
O (K + K’ (see also sect. 7, second example
and fig. 2b).
The con-tents of Grassmann’s laws men-
tioned here indeed originate from Grass-
-mann, but the formulation in his original
publication is quite different from ours. More-
over Grassmann adds two other laws,
one on the continuity of colours (which will
be taken by many people as self-evident) and
another on the additivity of brightnesses which
follows directly from the present definition

of brightness.
The formulation given here is by no means

TFig. 13
When mixing two co-
lours K,K“ one finds
the place of the mixture
perfect either. For the sake of simplicity of K 4 K’ by vector ad-
treatment we have added much more than Jdition of OK and OK’,
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is necessary for the building up of colour
metrics. For a rigorous treatment of this
question see Boum ald).

Grassmann’'s laws have been extensively
tested experimentally by Helmholtz and
his followers [Kénig4), Brodhun]

If we leave the domain of pure cone vision
all three laws show important discrepan-
cies, A theoretical attempt has been made
[Boumal'?] to give simple laws in these
circumstances as well, but the theory has
been insnfficiently tested.

In the colour space of fig. 12 the
colours at the inside of the trihedral
angle 0,123 have positive coor-

dinates. The other colours have one [t appears in particular from fig. 13
negative coordinste. that K, K’ and X + K’ lie in one
plane with O. Hence the necessity of condition (c) of sect. 24
again appears. If one of the primary colours could be reproduced
from the other two, the three primary colours would lie in one plane
with O. But then any mixture of the three primary colours would
also produce a colour lying in the same plane and we would therefore
only be able to match a two-dimensional collection of colours by siich
a mixture! '
Further it follows from fig. 13 that K + K’ always falls within the
angle KOK'. If we appiy this rule to fig. 12 we see that in mixing
two or more spectral €olours we always remain within the cone which
is bounded by the spectral colours and the plane rOv. Within this
cone each point represents a definite colour; the points outside the
cone do not. ¥) .
The plane rOv contains the saturated purple colours, namely the
mixtures of the colours forming the red end of the spectrum (Or),
and the colours occurring at the violet end of the spectrum (Ov).
In fig. 14 we see the cone once more with the three coordinate axes
01, 02 and O3 (which again repiesent the spectral colour species
700; 546.1 and 435.8 mp).
It will be seen that a number of the points falling inside the cone fall
also within the solid angle 0,123 (among others, those of the shaded
part of the plane of transverse section) but the rest fall outside
(among others most spectral colours). The first group of colours has
therefore purely positive coordinates; the second group of
colours contains one coordinate with a negative value. Thus,
for example, for the saturatedpurple colours B, is negative; they
lie below plane 103; the distance to that plane must therefore

*} 1t is therefore incorrect to call these points '‘unreal”, “virtual” or “imaginary”
colours (sect. 20). ,
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§ 27 CONNECTION BETWEEN COLOUR SPACE AND COLQUR PLANE

be considered as negative. Here we find requirement (b) of sect. 24
confirmed.

§ Q7 The connection between colour space and the colour plane

The attentive reader will have noticed many points of resemblance
and a great many analogies with what was considered in chapter I11.
Although the use of'colour space is almost indispensable for a satis-
factory explanation, yet in practice we almost exclusively meet the
much more easily handled two-dimensional representation — the
colour plane or colour triangle. We shall now show that there is a
very simple connection between these two methods of representation.
In doing so we shall be able to apply our well-established knowledge
of colour space in order to give a firmer basis to the theory of the
colour triangle as well,
In space we defined a colour by the quantities By, B,, By. In sect. 26
it appeared that the ratio of these quantities remained unchanged
when we merely changed the brightness of the colour. Now if we
return to the colour plane, in other words, if we once more represent
all colours which only vary in brightness by one point, it is clear that
a certain relation of B,, B, and B, pertains to each point of the colour
plane.
We can now determine this point by the quantities:
by= B, : (B, + By + By); b, = By : (B, + By + By);

= By: (B, + By + By (7)
The ratio of the quantities 4, b, and b, is apparently the same as
that of B;, B, and B; and their sum equals 1. Arising from this
latter property, it is sufficient to give only two of the three b values
(the third can then be directly calculated), so that we have indeed
obtained a two-dimensional manifold, which can be represented in a
plane, while all colours only differing in brightness (therefore having
the same relation B, : B, : B;) meet in one point.
It is always important to make a sharp distinction between colour
coordinates in colour space — often called for short ¢(richromatic coor-
dinates — and the quantities defining the colour in the colour plane
(often called trichromatic coefficients). Therefore we shall henceforth
always indicate the first kind of coordinates by means of capital
letters (B; By By X Y Z R G B etc.) and the second kind by means
of small letters (b, bybyxy 27 g b etc.).
There are various ways in whxch the representation in a plane can
be effected.

73



COLOUR SPACE IN ITS SIMPLEST FORM

CH. 1V

In the first place (fig. 16a)
we can draw an equilateral
triangle with height 1 and
choose the point k for the
chromaticity having the dis-

tances b,, b, and b, from the )

2.10

sides of the triangle. Of course
it will have to be proved that
this is always possible, so
that for each point k the sum
of the distances to the three

] 1
Fig. 15 ° ssans

Plotting chromaticities in a plane using the
quantities by, by, by (by
and b; 4 b, + b, =1). a) In an equllatera.l

byiby=B,: By: By

triangle. b) Ina rectangular triangle.

sides equals 1. This, however, is easily seen by noticiﬂg that the area
of A 123 is the sum of the areas of A k23 A k13 and A k12

The equation is:

3 (I3) =45, (@) + § b, () + 4 b, (@
As the sides 13, 23 and 12 are of equal length it follows by d1v151on

that: 1 = &, + b, + bs.
480
5461
2
w 450
580
610 40
700~
780 INg35,8

Fig. 16
+Spectrum locus according
to fig, 1ha.
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In the second place (fig. 16b) we
can take a rectangular set of axes
and place along the axes two of
the b quantities (for instance b,
and b,); b, can then be calculated
directly. Now the quantities B,
B, Byare known by measurements
for the spectral colours, so that
we can also calculate directly the
quantities b, b, by (see table B).
If we plot these quantities in the
manner shown in fig. 15a we get
fig. 16. Aswas to be expected, most
spectral colours again fall outside
the triangle. In sect. 26 we saw
that the majority. of these colours
had one negative B coordinate,
and according to formula (1) this
also leads to one negative & coor-
dinate, therefore to a point o u t-
side the triangle.

The great similarity of fig. 16 with
the section of fig. 14 now becomes
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obvious, and this similarily is no
coincidence. For we can prove that.
these two figures are completely
correspondent. For this purpose we
once more draw in fig. 17 the three
coordinate axes and the plane 123.
We would recall the fact that the
individual angles between the three . Fig. 17
Relation between colour spaco O,

axes have been made equal and that 123 and the colour triangle 12 3.
the plane 123 cuts off equal parts of

the axes, from which it follows directly that triangle 123 is cquilateral.
Further let K be the representation of a colour lying in the plane 123.
It can be seen from the figure that: A,: B, = k : 02, If we represent
the last ratio by ¢ it appears from the symmetry of the pyramid
0.123 that not only 4, : B, =g but in the same manner: h, : B, = ¢
and A, : B, = ¢. Hence it follows that: %, : by : hy = B, : B, : B,
The dlstances from K to the sides of the equilateral triangle 123 are
- therefore proportional to the coordinates B,, B,, B; of K in the colour
space, in other words: the place of the point K in the triangle 123 is
fixed in the same manner as the point K in 15a. Hence it follows that
in the section 123 of fig. 17 the same representation of the cclours does
indeed occur as in fig. 16 (the only difference lies in the fact that the
figures may still be drawn on different scales; this is, ‘however, of no
importance).

We can also express this important result as follows: If O is a small
light source, and a few colours K are represented by their points in
colour space, then the shadows of those points thrown by the light
source at O on the plane 123 will be the representations of the selected
colours in the colour plane.

In mathematical language: the colour triangle can be produced by
projecting the points of colour space from O on to the plane 123.
. In fig. 12 this projection is portrayed for the spectral colours,

§98 Conclusions from the connection between colour space and
the colour plane

The connection just discovered enables us to deduce the properties
of the colour triangle from those of colour space. In the first place
we are again interested in how the mixture of two colours K and K'
takes place in the colour plane. Now we have already seen in sect. 26
that in colour space the mixed colour K + K’ was coplanar with
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K, K’ and O (fig. 13). This plane has been
chosen in ftg. 18 as the plane of diagram.
Further AB represents the line of inter-
section of this plane with the colour plane
{plane 123 in fig. 17). The representations
of the three colours in the colour plane are
k, k' and k + k' — the shadowgraph of
Fig 18 e K, K and K + K" '
How the “geperal rule” of We see, therefore, that in the colour plane
Ch. III follows ‘from the the mixture k + k' lies on the connecting
e ‘f:i(;r.‘sig.l‘:t‘q“ of line of k. and k’. This important result,
which we formerly (sect. 20) accepted
without any scruples, is now proved beyond doubt by the simple
properties of colour space.
Plane 123 from fig. 17 possesses one more remarkable property: it is
in fact a plane of constant brightness. A point K of that plane has the
spacial coordinates B; B, and B and the triangular coordinates
by by and b, while according to sect. 24: B, == ¢b,, By = gb, and
Bg == qb,. From this it follows that the brightness B = B, + B, +
By = ¢ (by + b, + bg). Now ¢ is the same for each point of plane
123, and the same obtains for b, + b, + bs. Therefore the brightness
B is constant too.

There is, however, one small flaw in this argument. It is undoubtedly
true that the matching mixture of the three primary colours has a bright-
ness B = B; + B, + Bj (this follows from the definition of brightness
sect. 17).

But, does it follow that the colour reproduced also has brightness B? In
reproducing them we have made the two light spots indistinguishable.
This implies that the apparent brightnesses are equal but
not that the brightnesses are equal. For theinternational relative
luminosity curve ¥V, was derived from the difficult heterochromatic
luminosity measurements, and heroc we have a quite different and equally
subjective measurement. For this measurement it is therefore not certain
‘a, priori that equality of apparent brightness implies also equality of bright-
ness, If this should not appear to be the case for the average observer this
would form & serious defect in the established curve V, and it would be
advisable to revise that curve and thereby to take info account the hetero-
chromatic luminosity measurements as well as the colorimetric adjust-
ments. In practice it appears, however, that the defect mentioned does
indeed exist to a certain degree but that it leads to only the smallest
deviations'in all colorimetric adjustments occurring in practice, so that we
may consider our argument as correct. It is clearly apparent from this
example how cautious one must be as soon as ane departs from the
precept given by Schrddinger’: ‘“keep all brightness measurements
quite separate from colour measurements”. In this connection one may
perhaps wonder if it is not possible to establish a relative luminosity curve
exclusively based on colorimetric adjustments, thereby avoiding all
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§29 OTHER COLOUR SPACES AND COLOUR TRIANGLES

heterochromatic photometry. This appears, however, not to be possible,
We can indeed in this manner restrict the use of heterochromatic adjust-
ments to a minimum, namely to the determining of the relative luminosity
for the three selected primary colours Seealso Guild4®), H. K& n ig)
and Richter?),

We can now calculate where the mixture K + K’ has to lie on the
connecting line kk'. It can be proved quite easily by algebraic or
geometrical means that (see fig. 18) : (k-k + k').: (k + k' ~ k) =
B’ : B*). This expressed in words means that the distances inthe
colour plane of the mixture k + k' to the two components k and k'
are in the ratio of the brightnesses B’ and B of the two components.
Algebraically this propert'y is proved as follows: let the space coordinates
of the two components and their mixture be respectively (B, B, By)
(By By By') and (B," By" By”), their coordinates in the colour pla.ne be
(by by by), (b by by') and  (," b," by") and lastly their brightnesses be
B, B, and B”, then: (k—>k + k) : (k + k"-+> k") = ("3 —b,) : (b —by")
(the three colours should be marked in the manner of fig. 156a in the
colour triangle). If we fill in here in succession the equalities b, = B, :
(By + By -+ By) = By:B; by = B :B;b,"” = By :B";, By =
By + By and B” = B -+ B’, the relation sought for will be found by a
simple calculation.
Geometrically we derive the property by the aid of fig. 19 in which the
letters have the same meaning as in fig. 17. Draw KK, parallel to AB.
As AB is the section of the diagram with a plane of constant luminosity,
k and k’ (considered as points of colour space) represent colours of equal
brightness. The same obtains for the points K and K, so that OK; : OK’
not only represents the ratio of the brightnesses of K, and K’ but also the
ratio of the brightnesses of K and K’;- 0K, : OK’ = B : B".

But now: (k—+k 4+ k) : (k+ k'=> k) = KC:CK, =
(K- K + K') : OK, = OK': OK, = B': B.
In the special case that the two brightnesses are equal the mixture
lies exactly between the colours k and k'. As the “general rule” of
sect. 20 now appears to hold in our
new colour triangle worked out from
the colour space, the conclusions
drawn from this in chapter III are
also valid without alteration.

§ 29 Other colour spaces and colour
triangles

The colour tnangle 123 found in fig.

Fig. 19 e
16 compared with the triangle XYZ .. of i (ke K):
~of fig. 6 has two great disadvantages. (k + X —>k') = B’ : B.

*) The sign — should not be confounded with <—: k—+k-- k' aunply means
the distance between the' points k and k+ k',
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In the first place several colours have negative coordinates. This
property that the triangle has inherited from the colour space of
fig. 14 appears in practice to be a great disadvantage: calculating by
means of these coordinates is greatly impeded by it.
A second disadvantage appears when we determine the situation of
the white point in fig. 16. When we know the position of the spectral
colours this determination is made most easily by selecting two pairs
of complementary spectral colours (sect. 23). The white point must
then lie on both the connecting lines of the two pairs and is therefore
found as the point of intersection of these two lines. Now it turns
out that the point W lies as shown in fig. 16, close to the yellow
spectral colours. In other words, a very small contribution of blue is
sufficient to pass from very saturated yellow to white.
The consequence of this is that all red, orange, yellow and a part of
the green colours are compressed in the narrow triangle 1W2. The
colour triangle of fig. 16 is therefore not particularly suited to giving -
a general ‘picture of all colours.
How can this be improved? That is to say, how can we arrive at
another colour triangle not having the two disadvantages men-
tioned? Is it possible to construct various colour triangles? If we take
the standpoint of chapter IIT we can answer the latter question at
once in the affirmative. In fig. 8 both the place of the colours R, G
and B and the position and size of the triangle XYZ were chosen
arbitrarily. Merely by selecting this triangle large enough, all spectral
colours can find a place in it and the occurrence of negative coordi-
nates is therefore avoided. In order to see the possibility of various
types of colour triangles from the more exact standpoint adopted
in chapter IV, in which colour triangles are derived from a colour
space, we must seek in the formulation of the colour space (sections
24, 2b) for points where we have acted in any way arbitrarily. After
choosing the system of axes.of fig. 10b we agreed to mark off the
three coordinates B, B, and B, of any colour K along these axes. In
other words, we have placed the spectral colours 700, 546.1 and
. 435.8 my. (for which only one of the B’s differs from 0‘in each case)
-along the axes and, moreover, we have placed these primary colours
at equal distances from O when they displayed the same brightness.
This allotting of definite places to these spectral lights (with bright-
ness 1) can be called arbitrary: they might just as well have been
placed anywhere else in the space.
If we choose another position all colours are then disposed differently
over the space (and therefore also over the colour plane). If we keep
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§29 OTHER COLOUR SPACES AND COLOUR TRIANGLES

the primary colours on the coordinate axes but place the three
colours possessing equal brightness at unequal distances from O (in
other words, make the scale in which the colours of different bright-
nesses are distributed along the axes different for the three primary
colours), it would be possible in this way to get the white point right
in the middle of the colour triangle. In order, however, to avoid
negative coordinates in the colour space (and at the same time in the
colour plane too) it has been found necessary to allot a place to the
spectral colours 700, 546.1 and 435.8 not lying on the coordinate
axes. Fig. 14 shows straightaway that these spectral colours have
to be placed more to the middle of the shaded triangle if all spectral
colours are to have a place inside this triangle. In the following
chapter we shall see how to choose the position of the spectral colours
700, 546.1 and 435.8 to obtain a satisfactory colour space and
colour triangle.
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CHAPTER V

The CIE. Coordinate system XYZ

§ 30 Introduction of the XYZ system

In 1931 the C.I.E. (see section 16), considering the possibilities men-
tioned at the end of the previous chapter, recommended a new
system of colour coordinates based on new measurements by
Guild4% and Wright?.
Cf. the explanations of this system given by Smith?), Judd8), Ri-
baudl), Escherl), Fleury!), Richter? etc,
The introduction of this new system, which has since been adopted
internationally and is in general use, aimed at establishing unifor-
mity in the specification of colours, for which hitherto various
systems were in use, mostly based on the old measurements of
K 6 nig¢®) (1892), sometimes supplemented by those of Abney?),
Ives?3, Exner?), and others [see also Judd?) and Tro-
lan d¥]. The introduction of this new system may therefore be
compared with the introduction of the concept of brightness based
on the international relative luminosity curve (sections 16 and 17).
Here too a selection was made from the measurements hitherto
effected and a standardised system based on those measurements was
invented. The same law applies to colour measurements as to bright-
ness measurements, 4.6, a method is correct when its results corre-
spond with the values arising from the standardised definitions.
"The new system, generally known as the “C.I.E. system 1931”, not
only adopts the newer measurements but is moreover arranged so as
to make practical calculations as simple as possible. In particular the
objections summed up in sect. 29 have been eliminated.
"We again take three coordinate axes in space, named in this case the
X axis, Y axis and Z axis, forming together equal angles. The coor- -
dinates, too, which define the place of a point in colour space are
indicated by X, Y and Z. As in fig. 10, the coordinate Y. is again the
" distance of the point to the plane OXZ (measured in the direction
parallel to the Y axis) etc.
Further, in order to give the colour space (and at the same time the
colour triangle derived from it) all the properties desired, the following
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INTRODUCTION OF THE XYZ SYSTEM

places have been allotted to the spectrum colours 700, 546.1 and
435.8 my (with brightness1) (fig. 20):

700 mp:X= 27689; Y=1; Z= 0,
5481 mp: X = 0.38169; Y ==1; Z = 0.012307, (8)
4358 my : X = 18.801; Y =1; Z = 03.066.
We cannot here go further into
the question of how this clever Y

choice was made.

How can the place of any given
colour K be determined in the
XYZ space? Let the colour K
again be reproducible by the
.mixture of the colours 700, 546.1
and 435.8 my. with brightnesses
B, B, and B,;. These three com-
ponents lie on the three lines
given in fig. 20. Their place in
the XYZ space is given by their
XYZ coordinates. These are, as

= R T e =

X

43470
Fig. 20

Introduction of the X Y'Z system (C.L.E.

1931). The primaries 700, 546.1 and

4356.8 (each with brightness -1) are

allotted special places in XYZ space.

follows directly from (8): - For all three ¥ = 1

red component

(A=1700) :X= 2.7689 B, ;
green component

(A =546.1) : X = 0.38159 B,; Y = B,; Z = 0.012307 B,,
blue component

(A = 435.8) : X = 18.801 B,

Y= B; Z= 0,

; Y= By, 7 ==93.066 B,.

Now the colour K is obtained by adding these three components.
The X, Y and Z coordinates we find (sect. 26) by adding the
corresponding coordinates of the separate components: so for the
colour K we have:

X = 2.7689 B, + 0.38159 B, + 18.801 B, l
Y =B+ By, + B, ©)
Z = 0.012307 B, + 93.066 B, ]

These are therefore the coordinates which enable us to calculate the
coordinates X, Y, Z of any given colour K when the coordinates
B, B, and B, are known. Or, to use a more mathematical term,
these are the equations for transforming the B,, B, and B, system
to the XY Z system.
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THE C.L.LE. COORDINATE SYSTEM XYZ CH. V

Now in order to obtain an insight into the distribution of the colours
over the XY Z space we must repeat for the XY Z system in a few
words all the considerations regarding the B,B,Bj; system given in
chapter IV. With this end in view we shall sometimes use the formu-
lae (9) and sometimes adopt more mathematical considerations,
whichever best furthers our desire to keep the reasoning as simple as
possible. In many cases it will appear that we can transfer the pro-
perties discovered in chapter IV withont further ado to the XYZ
system. In other cases the properties of the two systems seem to
differ considerably.

In the XY Z systemn each colour has its allotted point. The formulae
(0) enable us to determine the coordinates of that point. As a descrip-
tive method the XY Z system is therefore equivalent to the B,B,B,
system (cf. sect. 24).

The property of sect. 25: *If we only alter the brightness of a colour,
the colour point moves along a straight line through O”, is un-
changed, for, when the brightness of the colour K is raised a factor
n, B; B, and B; will also be increased by the same factor # (sect. 25)
and according to (9) the same applies to the quantities XYZ. The
quantities therefore increase proportionally, so that in the XYZ
space we also proceed along a straight line through O.

In particular we shall now consider the straight lines each represen-
ting a certain spectral colour which together form the surface of a
cone.

In sect. 25 we established the corresponding straight lines by esta-
blishing experimentally the three brightnesses B; B, and Bj re-
quired to match each spectral colour at one particular brightness.
In table B (the tables denoted by a letter are at the end of this book)
these experimental results have been reproduced: B, B, and B, give
therefore the space coordinates of the spectral colours, presupposing
that the power (number of watts) is the same for each colour.

The use of capitals signifies that we are concerned with space-coar-
dinates (see the agreement made in sect. 27), the bar above the letter
reminds us that the quantities are related to colours with equal
power. '
All the tables at the end of the book are based on the measurements
of Guild and Wright, mentioned before, adopted by the
C.LE. for the specification of colnur.

Of course all values B, B, and B, might have been multiplied by
any given equal amount. ’

If-we set out the values of B, B, and B, for each wavelength we
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get three curves
called by the not
veryhappily chosen
name of “distribu-
tion curves” (of the
spectrum of equal
energy) or tristim-
ulus values.

In addition the
accessory trichro-
matic coefficients
(coordinates in the
colour plane) &, b, Fig. 21 -

by are givenin table Colour space XYZ with cone of spectral colours and the
B (see sect. 27). intersections of this cone with a number of parailel

planes. The lines OX, OY, OZ do not represent
It can be seen that chromaticities.

almost all spectral

colours do indeed possess one negative coefficient.

From the coordinates B, B, B given in table B we can now calculate
the corresponding coordinates X Y and Z, according to formula (9).
Table D gives the results, which of course again apply to spectral
colours of equal powers, Besides X ¥ Z, the corresponding coefficients,
5=X:(X+Y+2); y=Y: X +Y+2) andz=Z: (X +Y + 2)
of the colour plane are given (table E).

We see straightaway from table E that one of the objections to the
old system has disappeared: there are no longer any negative coor-
dinates. This also appears from fig. 21. Here the cone surface of the
spectral colours {analogous to fig. 12) as it follows from table D has
been drawn, again with some sections with planes cutting off equal
parts of the X, Y and Z axis. We see that the whole cone surface —
in contradistinction to fig, 12 — lies within the pyramid: this is the
necessary condition for the avoidance of negative coordinates.
Infigs. 11 and 12 the axes O1, O2 and O3 represented certain kinds of
colour, namely those selected as primary colours. In fig. 21 on the
other hand the axes OX, QY and OZ lie outside the colour cone and
therefore represent no colours. These three directions only serve —
just as the triangle XYZ in fig. 6 — to make it possible to give the
position of the colour points in numbers.
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§ 31 Further properties of the XYZ system

Let us now mix two colours K (coord. B;B,Bg) and K’ (coord.
B, B, By). The mixture has, according to sect.-26, the coordinates
B, + By; By + By; By + By’

The X coordinate of K is therefore
2.7689 B, + 0381598, + 18.801B; = X
that of K':  2.76895B, + 0.38159B," + 18.801B,' = X'
and that of K + K':
9.7689(B, -+ By) + 0.38159(B, + B,) + 18.801(B; + By')

From this it follows immediately that the X coordinate of the mixture .
is equal to X + X'. 1f the same reasoning is applied to the Y coor-
dinate and the Z coordinate we find that the thesis proved in sect. 26:
“the coordinates of the mixture are found by adding the correspon-
ding coordinates of the two components”” obtains here too. Geome-
trically this means again that the addition of K and K’ takes place
by parallelogram construction (fig. 13). Hence it follows in sect. 26
that mixtures of two or more spectral colours always remain within
the cone which is bounded by the spectral colours and the plane
rOv.- Within this cone each point represents a certain colour, while
points outside the cone represent no colour. This proves at the same
time that negative coordinates never occur even with composite
colours, .

The quantities t = X ! (X + Y + 2);y=Y: (X + Y + 2).and
2= 2 :(X + Y + Z) can again be plotted in the colour plane by
the two methods of fig. 15a and 15b. Fig. 22a gives the colour
triangle in the equilateral form. We have already met this method
of representation in figures 6 and 7. As only two of the three coordi-
nates are used for the rectangular triangle there ane three possibilities
(fig. 22b-d) of fitting the colours into a rectangular triangle on the
C.LE, system. From practical considerations the use of the rectangu-
lar triangles has lately become more and more usual, There is no
international agreement regarding the choice of the three possibili-
ties. In practice forms 22b and 22d are met with more or less exclu-
sively (the former particularly in the Netherlands and the latter in
England, France, America and Germany). We shall choose for our
further illustrations the form 22d. We shall not discuss further the
minor advantages and disadvantages of each of the triangular.
shapes. As the shapes 22b and 22d are both met with in the literature
on the subject it is desirable to become familiar with both representa-
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tions. For this reason a few figures will be given according to both
methods. When the rectangular forms are used the oblique side is
usually omitted, as we are only interested in the distances from the
colour points to the two sides of the rectangle (see for instance
fig. 26). For the sake of convenience we shall continue to speak of
a “colour triangle” although actually the expressions ‘“colour dia-

-
8 —n . x

8

510 :

AN
c d

-— 45412
Fig. 22
Colour triangles or chromaticity diagrams derived from
the X YZ system. a) equilateral form; b, ¢, d) rectangular
forms.

gram’ and “chromaticity diagram” or “chromaticity chart” and the
more general ‘‘colour plane’’ are more correct in this case.

Fig. 22a, the colour triangle in equilateral shape, corresponds with
the figure occurring in the sections of fig. 21.

By analogy with the corresponding proof of section 27 (fig. 17) we
find By : X = ¢; hy: Y = g and hy: Z = q; therefore h, : hy:
hy =X :Y : Z. The distances from K to the sides of the triangle
are therefore in the same proportion as the space coordinates X, ¥
and Z. : ]

From this property it follows again (see fig. 18) that in the colour
plane the mixture k + k' lies on the connecting line of k and k’. All
conclusions drawn in chapter III from this property evidently
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! obtain also for the colour triangle of the C.LE. system.
& Wecomenowtoa property in which the XY Z system
_ deviates from the B,B,B; system, namely the -
k+4 planes of the transverse section in fig. 21 are
no longer planes of equal brightness.

From the second example of the equations
P, (9) of sect. 30, Y = By + By + B,
_, it follows that Y = B, so that we find

P

.sf‘ for the planes with constant bright-
])erivntion}:iff' %:t’le formula ness the planes with constant Y, i.e.
"(k ~+k+k): (k+k »k) = the planes parallel to the coordinate
i: s plane XOZ. Fig. 20 illustrates such a

v y.

plane. For the planes of transverse
section in fig. 21, however, X + Y + Z = constant and.we see also
{hat they do not run paraliel to the plane XOZ, so that these planes
are not planes of constant brightness.
Directly connected with this deviating property of the XY Z space
is the fact that the last property of sect. 28, the position of the
mixture k + k' between k and k’, does not remain unaltered for the
XYZ triangle.
In contrast to what was found previously (fig. 18): (k +k + k') :
(k + ¥ ~k') = B’ : B we find for the new system the formula:

B B
k-k +k):(k r kK -k)==5:—
yilles Yy
or, verbally, in the new colour plane the distances of the mixed

colour k + k’ to the two components k and k' stand as E, :-E- s
therefore as the quotients of the brightnesses and the Y-coordinates
in the colour plane of the two components.

‘The derivation of this formula is carried out in exactly the same way
as that of the corresponding formula sect. 28.

Algebraically: the space coordinates of the two components and
their mixture are respectively (XYZ2), (X'Y'Z’') and (X"Y"Z"), their
coordinates in the colour plane are (xy2), (x'y'z’) and (x"y"z") and
their brightnesses ¥, ¥’, Y". Then (k-k+k): (k+k'-k')
o) s ' —y").

H the equations y = Y: (X +Y +2); 9 =Y : (X' + YV’ + Z');
Y =Y (X' +Y+Z2) X" =X +X;Y" =Y +Y and
Z' = Z + Z' are substituted successively it can be calculated
that
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§ 31 FURTHER PROPERTIES OF THE XYZ SYSTEM

tk-k+kK):(k+k'-K) =X +Y +2)V:(X+Y + 2) =
Y'Y B B
Yy 'y ¥y
Geometrically: In fig. 23 K and K’ again represent the colours to be
mixed and AB the intersecting line of the plane of drawing with a
surface cutting off equal parts of the axes OX, OY and OZ. We now
get for the brightnesses of k and k’ (considered as points of space) :
By:Bp =Y Y, =9, 9 (X+Y + Zis the same for all
points of AB). Likewise Bk : Bro=¥: ¥ =y:¥"
For the ratio OK' : OK, we get thercfore:

/

' — B By _B. B
OK'O]KO—B'BKO’_“—B' S/—;—-—;;—.-;.
But now: (k- k + k') : (k + k' - k') == KC:CK, =

—(K-K + K) : 0K, = OK’ : 0K, = 2. B

This property is more complicated than the corresponding property
for the B,B,B; system which we derived in sect. 28, but this is an
unavoidable consequence of our endeavour to bring the white point
more into the centre of the coldur triangle. For, if we imagine the
reproduction of white by a mixture of the complementary colours
yellow and blue, this endeavour means that we wish to modify the ’
position of whitein respect to these two components, and it is clear
that the simple property of sect. 28 is then lost.
Finally it must be remarked that the theorem just proved for the
position of a mixed colour obtains unaltered for the rectangular
triangle. In fig. 24 the same mixture of a colour C from the compo-
nents A and B is illustrated in the equilateral and rectangular
triangle. Seeing that in both representations the distance from a

colour point to the hase is equal to v, the dotted lines are all parallel,
so that

A'C  AC By By

C'B'" CB™ yy 7\
‘We shall now return for a moment
to the second example of equa-
tions (9) namely: Y = B, +
Bg + Bs- 0 -2
From this formula we read Fig. 24 s

. . The formula of fig. 23 also obtains in the
that in the C.I.E’system the ,ectnngila, diagram., ,
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Y coordinate is proportional to the brightness. In table D-the
column Y also represents the brightnesses of spectral colours which
all radiate the same power. But these brightnesses are by definition
proportional to the international relative luminosity curve ¥V (see
sect. 17). We can rightly call this column therefore: ¥ = V.

§ 32 Gencral transformations of colour space

Equations (9) of section 30, which tranformed the B,B,B; system
into the XYZ system, form a special case of a general homogeneous
linear transformation:
X" = aypX’' + ay,Y' + ayZ’
Y" = agX' + apY' + agZ’ (10)
Z" = anX' + a5 Y’ + agl’
transforming a coordinate system (X'Y’Z’) into a system (X"Y"Z")
in which the a's are any given constants. The only thing required of

it

@1 19 13
these constants is that the determinant (@, @5, a45| does not vanish.
Q3) @33 @33
If this condition is fulfilled we can find the inverse transformation
by solving (10) which transforms (X"Y"Z") into (X'Y’'Z’"):

X' o= by X" + b Y" + byyZ”
Y= by X" 4 byy Y7 4 byZ” (1)
Z' o= by X" + by Y + bgZ”
in which the b’s are connected with the 4’s in the well-known manner.
A point in the X"Y"Z" space always corresponds with a point in
the X'Y’'Z’ colour space and inversely.
Straight lines and plane surfaces are still straight lines and plane
surfaces after transformation and parallel lines remain parallel lines.
The following properties, which we have already proved for the
B\B,B; and X Y Z systems, hold for all colour spaces connected
with those systems by homogeneous linear transformations:
“When the brightness is changed a colour moves along a straight line
through O.”
“The spectral colours, together with the saturated purple colours,
form the outlines of a cone within which all colours ke.”
*“Mixing of colours takes place by vector addition.”

‘““We find the corresponding colour triangle in a colour space by cen-
tral projection.”
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“In the colour triangle the mixture k + k' lies in one straight line
with k and k'.”

The simple proofs we can leave to the reader.

As nine arbitrary constants occur in (10), the number of transfor-
mations that can be applied to a given system is oo®. This number 9
recurs in various ways.

Geometrically we can consider (10) as a transition to another coordinate
system. In"this case the number of parameters amounts to 6 (for the
establishment of the new axes) plus 3 (choice of units along the three
axes) = 9.

Physically (10) may mean another choice of primary colours coupled
with a different choice of brightness units for the three primary
colours. As the three colours, which are to be placed at a distance 1
from O on the three axes, can dlways be chosen from the three-
dimensional colour manifold, the number of parameters is 3 x 3.
This physical formulation is only correct when the coordinate axes
both before and after the transformation actually represent colours
(in the XY Z system this is not the case). In general, however, the
physical formulation obtains which we have already found in sect. 29
and 30: any given place in space can be assigned to the 3 fixed
colours (for instance, the spectral colours 700, 546.1 and 435.8 with
brightness 1). This is also the formula by which the C.I.E. established
the XY Z system. Number of parameters 3 x 3 = 9.

In practice we do not bother about whether a general constant in-
creases all the space coordinates by the same factor. We are therefore
actually only interested in the ratios of the 9 coefficients of (10). In
this way, for practigal purposes, the number of parameters has been
reduced to 8.

If the system (B,B,B,) (chapter IV) has been chosen for (X'Y'Z’)
we find by adding the three equations (11):

k .
B = B;+By+By = (by +by +b3)X" + (bya +bag +-b3) Y +
+ (byg+byg i byg) 2"

In general, therefore, we can ascertain that the brightness of a colour
is always a linear function of its three coordinates. The coefficients
occurring in this linear form, which are called luminosity coefficients,
can assume any given value. For the B,B,B; and the XY Z
system they assumed the values (1,1,1) and 0,1, 0) respectively.
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THE C.I.E. COORDINATE SYSTEM XYZ CH. V

§ 33 General transformations of ‘the colour plane

1f colour space'is transformed the corresponding colour plane is
automatically .transformed as well.

Since the following holds for coordinates in the colour plane (tri-
chromatic coefficients):

3o XY HZ); Y o= Y (XY 42
d o= 7 (X 4Y' +2)

(and analogously for x"y"z") it follows from (9) that the transforma-
tion formulac for the colour plane must be:

o= (% Foagy +agd): T
9" = (A" + Gy + y2) 1 E (12)
2" = (ag¥ + A9y’ + ag2) 1 B

in which,

I = (ay + g +ap)x’ + (313 + Gy + 950)Y" + (@13 + Ggg + gz’

From (11) the inverse transformation can be deduced analogously.,

The transtormation (10) of colour space was homogeneous and linear,

in other words, it was an affine transformation. The transformation

(12) of the corresponding colour plane is on the other hand a prdjec-

tive transformation.

In consequence of this the connection between the two colour triang-

les is much less obvious than the connection between the two colour

spaces. That is why in the foregoing all properties of the colour plane
were deduced from the simpler properties of colour space.

Some of the consequences of the difference between affine and pro-

jective transformation are the following:

a. Whereas in the transformation of colour space the plane at
infinity passes over again into the plane at infinity,in the transfor-
mation of the colour plane the straight line at infinity in general
passes over into a finite straight line, while inversely in the
x'v7 plane a finite straight line can in general be indicated,
which after transformation plays the part in the #"y”z" plane
of the straight linc at infinity. The latter we can represent as
appears in (11), by Z = 0.

In the transformation of the B,B,B, system to the XY Z
system, dealt with previously, the straight line at infinity passed
over into the straight line y = 0.

b. Whereas in the transformation of colour space parallel lines re-

main parallel, and therefore a parellelogram remains a parallelo-
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§ 33a . QUANTITY OF A COLOUR; TRICHROMATIC UNIT

gram, we can transpose a parallelogram in the colour plane into
a quadrangle of any given shape.

c. In the colour plane a projective series of points corresponds with
a series of equidistant points in space (for instance, the colours
K, 09K + 0.1K’, 0.8K +0.2K’....K") which remains equidis-
tantin any transformation. This fact explains why, in the colour
triangle, in general the mixture of two colours of the same-lumino-
sity is nof situated half-way between the two components.

In general we shall therefore have to determine anew the position of

the mixture of two colours on the connecting line of the components.

If the coordinates of the two components are (X'k., Y'i., Z'¢) and

(X', Y'g, Z2'g) we find, in the same way as in sect. 31: (k -k + k') :

(k+ K -K) = (X + Vg +2%) : (X'g + Y + Z'g).

But now B = L, X' + L,Y’ + L,Z’ holds, wherein L, L; L, are

the luminosity coefficients (sect. 32), so that we can also write:

(k-k +K) © (k +K'=k") =
By ) Bg
Lig'go+ Ly’ + Lot'y " Lix'g + Lyy'g + Lz

For I, = L, == Ly = 1 this property passes into that of sect. 28,
for L, =1, L, = 0 and L; = 1 into that of sect. 31.

Finally we notice that the distance of k + k' to k and k’ only stands
as Bg. . Bx when k and k' lie on a straightline Lyix' + Lyy" 4 Ly’ =
constant. In the C.I.E. system these are the straight lines y = con-
stant. In the B,B,B, system all straight lines conform to the re-
quirement that Lb, + Lby+ Labg = b, +b,+b; = 1 and the simple
property with regard to the position of k + k' therefore holds.

§ 33a Quantity of a colour; trichromatic unit

#* In section 25 attention has been drawn to the fact that two colouwrs K
(coord. X’, Y7, Z’) ahd nK (coordinates nX’, #Y’, nZ’), belonging to the
same colour species, are sometimes said to represent different quantities of
the same colour (or colour species), the quantities being in the proportion
l:n
As a “trichromatic unit” of the colour K (having the trichromatic coeffi-
cients or coordinates in the colour plans 'y 'y; ') one defines the colour
whose coordinates in colour space are #; y'jz and #'g. The quantity of a
colour K (X’Y“2’) is therefore expressed in trichromatic units by
X’K ;le= Y’K : ylm= Z’K :le = (XIK+ Y’K+ Z’K) : (‘V'K + le. +
7g) = (X'g + Yg+ Z'g) 1l = X'+ ¥+ 2y
Dencting X'g + Y'g + Z% by mg and X'g- + Y'g'+ 2’k by
myg’ it is seen from section 33 that in the colour plane the colour point of
the mixture k + k' is determined by ’

(k+k+ k) :(k+ ¥ >k') = mg :mg.
9



THE C.LE. COORDINATE SYSTEM XYZ CH. Vv

In words: in the colour plane the distances of the colour point of the
mixture ta the colour points of the components are inversely proportional
to the quantities of the colours K and. K’ expressed in trichromatic units
of each colour (see section 69).
The relation of the unit colour (k) to the primaries of X‘Y’Z’ space may
also be expressed by the colour equation

(k) +—>#'g (X) + ¥g (Y) + 7 (29,
or in words: one trichromatic unit (k) of the colour K matches the additive
mixture of 2" units of (X'}, ¥'g units of (¥’) and #'g units of (Z). The
colour (X’), bemg one trichromatic unit of the X’ primary, is represented
by the coordinates X' = [, ¥’ = Z’ = 0 etc.
The coefficients of the colour equation adding up to 1, such an equation is
sometimes denoted as a “*unit equation’’. Some authors prefer to build
up the theory of the transformation of colour space by means of unit
equations [see Wright1Y) and section 36a).

§ —34 Requirements a transformation should fulfil

Since the existence of the ideas of colour space and colour triangle
all kinds of desires have been expressed regarding their properties.
We can satisfy some of these requirements by passing over with the
aid of a skilfully chosen transformation to a system possessing the
desired properties. This *skilful choice’’ of the transformation con-
sists always of a suitable selection of the 8 ratios of the coefficients
of transformation (10). As we have not less than 8 arbitrary para-
meters at our disposal the possibilities for fulfilling requirements
are very great. This fact is continually being lost sight of by some
authors. A striking example is the application, by Helmholtz?)
of K 6nig's?) measurements of sensitivity to wavelength differences
to a general theory, based on an extension of the Weber law
(see sect. 77). In this application Helmholtz had so many
parameters at his disposal, which he could vary ad I:b., that every
mathematician would have been astonished if this application (to a
fairly simple experimental curve) had not succeeded with reasonable
accuracy. And yet Peddie?) and Allen?) forty years later still
spoke of the success of that application as “one of the strongest and
most direct evidences for the establishment of the trichromatic
theory of vision™ (see alse sections 80 and 81). All the same there are

- of course a great number of requirements that cannot possibly be
fulfilled.

a. Requirements in conflict with either the affine or the projective
character of the transformation. Thus, for instance, it is impossible
to transform the curve of the spectral colours to a circle and thus
to imitate the colour circle of N ewton?). This would only be



§ 34 REQUIREMENTS A TRANSFORMATION SHOULD FULFIL

possible if this curve in the XYZ triangle was already a conic
section.

b. Requirements which are mutually conflicting. See the example
mentioned in section.31. It is impossible to place the white point
about equally distant from all spectral colours and for the pro-
perty that the mixture of two colours of equal brightness always lies
half way between the two components to obtain at the same time.
According to sect. 33 the latter requirement is equivalent to the
equality of the three luminosity coefficients.

c. A combination of requirements representing more than 8 inde-
pendent conditions.

We shall now give two examples of combinations of requirements

which can be fulfilled. In earlier systems [K & ni g 9] very special

directions have been chosen as axes in colour space (the isochrome
directions of the dichromats, see sect. 65) and moreover daylight was
placed in the centre of gravity of the colour triangle. The fulfilment
of the first requirement makes six independent demands on the
parameters; and the second requirement two. The 8 degrees of free-
dom therefore exactly allow of the fulfilment of all these requirements
fsee also Schrédinger?)]. The combination of demands made
on the XYZ system of the C.L.E. is a little more complicated. In
the first place the equal energy spectrum must lie- dt the centre of
gravity of the colour triangle. This amounts to two independent

demands. .

In the second place we have the simplest possible luminosity formula

B = Y (the possibility L, == L, = L, was already ruled out by the

first requirement!). Two requirements.

1n the third place the plane X = 0 must touch the tone surface of the

spectral colours along the generator represented by A = 507 mp

(see fig. 21). Two requirements.

Finally the plane Z = 0 must touch the said cone as well, and that

along the generator representing A = 700 my. This makes another

two requirements.

The requirements regarding the contact with the planes X = 0 and

Z = 0 were for the purpose of causing the colour triangle to enclose

the curve of the spectral colours as closely as possible. In this second

example also eight separate conditions have been expressed.

Another requirement sometimes asked of a projective transformation

is the preservation of the shape of the curve of the spectral colours.

If we require this curve to remain unaltered both as regards shape

and dimensiors, there only remain three degrees of freedom (one
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rotation and two translations in the colour plane). This requirement

appears therefore to have been five-fold. If we only require the shape

to be preserved a four-fold demand has been made which wecan

formulate as follows:

a. The triangle formed by any three spectral colours must keep its
shape (two-fold condition).

b. The relative position of the white point with regard to this triangle
remains unchanged (two-fold condition).

The transformations of the colour plane conforming to these require-

ments ave affine (the straight line at infinity keeps its place) and

form a sub-group of the group of general projective transformations,

For literature regarding transformations of the colour plane and

space see Ives™9), Schrédinger®7, Froehlich?),

Guild!), Dziobek?), Judd?), MacAdam?® etc.

§ 35 The monochromatic system

Besides the trichromatic system with which we have been chiefly
occupied so far, and which is based on the possibility of matching
each cqlour by mixing three primary colours, there is another
system in use, namely the monochromatic system, based on the
possibility of reproducing each colour by mixing a ““white” colour and
a spectral colour (see also sect. 22).
Instead of the three coordinates XY Z of the trichromatic system we
now have the three quantities; dominani wavelength (), colori-
metric purity (p) and luminosity (B). These conceptions have al-
ready been defined in sect. 22. '
One may perhaps wonder why this system has also been maintained
beside the entirely adequate XY Z system, and why it was considered
worth while continually to translate the values of the one system
into that of the other.
In a certain sense tradition has played a part in this. Historically the
monochromatic system can boast of the same respectable old age as
the trichromatic system, and both systems have been maintained
and developed side by side in the course of time.
But this historic development would not have been possible if the
monochromatic system had not possessed some advantages lacking
in the other system. These advantages are as follows:
a. For people not steeped in the subject the exact significance of the
monochromatic coordinates is much easier to understand than
that of the trichromatic coordinates. This is the more so because
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§ 35 THE MONOCHROMATIC SYSTEM

at the very beginning of the development of the trichromatic
system coordinate axes were adopted which lay outside the
cone-shaped area of the colours (see for example fig. 21), while a
less happily chosen terminology made the subject still more
inaccessitle for the layman.

. The definition of the monochromatic coordinates is less arbitrary
than that of the trichromatic coordinates. For a long time very
different trichromatic systems were in use side by side and it
was almost an impossible task to show adequate accurate
relationships between the different systems. But in the use of
the monochromatic system far greater unity existed; the mutual
differences consisted chiefly in a slightly divergent choice of
white. Since, however, thanks to the C.I.E., by far the greater
part of humanity makes use of the same XY Z system (or a system
which can be directly calculated back into it), this advantage of
the monochromatic system has practically disappeared.

. The most important advantage of the monochromatic system is
considered to be the fact that it is in practice easier to get a general
picture from it than from the trichromatic system. Indeed if the
trichromatic coefficients xyz of a colour are given it is practically
impossible to form from this an approximate idea of the character
of the colour. 1f, however, the monechromatic coordinates are
given such an idea can easily be made from this, e.g. “saturated

1 X PP

bluish green’’, *‘pale orange” etc.

The advantages are very obviousif two colours differing only slightly

are to be compared. Yet this advantage is
uot so great as appears at first sight. We
must bear in mind that the colour sensation
depends very largely on the surroundings
and the condition of the observer’s retina
(influences which we eliminated as far as
possible in the case of colour measure-
ment). Thus the monochromatic coordi-
nates under certain circumstances can even
cause an incorrect representation of the
colour impression. '

Fig. 25 illustrates such a case. E and A
represent respectively the colour points of
standard white E and incandescent lamp
light, and K a colour situated between the
two. If E is used for the white point for

Fig, 25
The chromaticity K may
evoke the sensation of pale
yellow (3¢ = 583myp) or of
pale blue (3 = 483 my) ac-
cording as the surroundings
are illaminated by E or A,
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THE C.LE. COORDINATE SYSTEM XV¥Z CH. Vv

the monochromatic system we find for the dominant wavelength of
K the value A =583 mgy (yellow), so that it might be expected that
K would make a pale yellow impression under all circum-
stances. This is, however, not the case. There are circunrstances in
which K makes quite a different impression. If, for instance, we
look at a large white surface illuminated by incandescent light and
allow a small object to appear in the field of vision, which with this
illumination possesses the colour coordinates of K, the object will
then look pale blue. The idea evoked by the value of A appears
therefore in this case to be incorrect.

Such gross contradictions can only be disposed of by choosing another
white point each time in accordance with the illumination used. If,
in the case described above, we choose A as ‘white point for the
determination of the monochromatic coordinates, we find for K the
value A = 483 mp (blue). This value evokes the correct idea that we
have here a pale blue colour impression.

Only when the surroundings have a colour whose cooerdinates do not
deviate too strongly from those of E, and the observed colour
sensation is not too unsaturated, the monochromatic coordinates
(starting from white point E) can evoke a fairly correct idea of the
nature of the sepsation.

Here we see, therefore, the following disadvantage -of the mono-
chromatic system emerging. If we wish to profit to the utmost from
advantage (c) we must every time choose a new white point, so that
one particular set of monochromatic coordinates no longer belongs
to a particular point in the colour surface. The monochromatic
coordinates no longer follow unambiguously from the trichromatic
ones.

A second disadvantage is that the monochromatic system does not
lend itself to making calculations. While we are able to give simple
instructions about the mixing of colours and the calculation of a
compound colour for the trichromatic system, this is not possible
for the monochromatic system. The only way to calculate a mixed
colour from its components given by 3, # and B is to calculate the
trichromatic coordinates-for the various components, to apply the
well-known mixture laws and finally to determine the };,  and B
again from the results,

Opinions may differ, after considering the various advantages and

disadvantages, as to whether it is desirable to maintain the mono-
chromatic system, but everyone will agree that it is certainly not

desirable to support t wo monochromatic systems. And yet this is, -

be
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we are sorry to say, a fact. Besides the conception colorimetric
purity defined in sect. 22, there is yet another conception of purity
in use, indicated by ¢ *). This is a ratio of distances in the X ¥ Z
colour triangle, namely (fig. 7) for purple colours the relation WK’ :
WA, for the other colours WK : WS.

As in the case of 9, ¢ also increases from 0 to 1 when the colour
moves from the white point to the spectral curve, but in a different
manner from p (see sect. 40).

In the long run one of the two quantities $.and o will dlsappcar but
it cannot yet be foretold which will survive. Personally I should
prefer to drop e, as this magnitude has something artificial about it,
and is, moreover, connected with the — more or less arbitrarily
chosen — XYZ system. But in various countries the opposite
tendency exists. For distinguishing between the two conceptions it
will in many cases be sufficient to use the letters p and o. If it is
desired to distinguish the conceptions by name, p should be called
‘“colorimetric purity’’ and ¢ “‘excitation purity”.

*) ¢ (pronounce sigma) is the Greek letter s.
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CHAPTER VI

Colour calewlations in the CIE. system

B}

§ 36 Calculation of the colour coordinates of a light source

The mast frequently reenrring problem of calculation s as follows:
determine the colour coordinates of a mixture when the components
are given. This problem takes various shapes according to the way
in which the components are given. Finally, however, the calculation
is always based on the property mentioned in sect. 31, i.e. “the
conrdinates XY Z of a mixture are found by adding the correspon-
ding coordinates of the components.”
If the components in the X Y Z space possess the coordinates
(X,Y,.2), (X, Y, 2,), (X3Y,Zy) .. ..
then it follows that X = X, + X, + X; ....
Y Y, + Y, + Y5 ... (13)
Z =2y + Zy + Z
The calculation is simplest, of course, when we are dealing with a
line spectrum and the coordinates of the components are directly
given. :
As an example we take the light
of a mercury lamp in which  the
mercury vapour has a pressure of 578 |yellow| 31.20 31.28] 0.06
. BAB ¥ " 4
1 atmosphere [for instance the i‘;g}‘ green | 12:;; 232%3 3%-38
mercury lamps of the type MA 14078 |violet | 0.08] 0.00| 0.40
manufactured by Philips. Sce for fur-  J404.7 | violet 1 0.27) 0.01| 1.26
ther particulars Uyterhoeven?)].
This light possesses the components given in the above table,
If we add the contributions of the separate components according
to formula (13) we get the following for mercury light.:

X = 49.62; Y = §9.82; 7 = 38.38.
As X + Y + Z = 147,82 we find for the trichromatic coefficients
{coordinates in the X Y7 triangle):

1

A |colour| X, Y, z,

X = 40.62-: 147.82 = 0.336
y = 50.52 : 147.82 = 0.405

2 o= 3838 . 147.82 = 0.2595
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CALCULATION OF THE COLOUR COORDINATES

In fig. 26 (C.I.LE. triangle in the shape of

fig. 22d) this result has been included in the |
diagram: the point Hg represents the colour__

of this mercury light.

As a second example let us calculate the
colour point of the “‘equal energy spectrum”’
(white point E, see sect. 23).

This is a continuous spectrum; therefore
we must divide the spectrum (as in sect.
14 and 17) into a large number of equal
intervals and add the contributions from
each interval. Now table D, mentioned al-
ready in sect. 30, contains the XY Z values
for the spectral colours when all have the
same - power; exactly the contributions
required here. We therefore find the XY Z of

— -

Fig. 20
Calculated colour points of
a number of light sources
plottedin the XYZ triangle
A, B, C, standard illumi-
nants. E = equal energy
white. Hg, Hg’ two kinds
of mercury light. M =
Blended light (mixture of

the white point E by adding the coordinates Hg' and A). .

of table D. The result is as follows: X =21.37, Y = 21.37, Z = 21.36.
From this we find the coordinates in the colour triangle, as follows:

x = 03334; y = 0.3334; =z = 0.3332.

The white point E therefore lies exactly at the centre of gravity of
the triangle. This is of course no coincidence. The XY Z system was
previously selected so as to comply with this condition.

We can also check the results we have just found in the following
way. By adding the space coordinates (B,B,B,) of table B we find
the space coordinates of the white point E in the B,B,B; system:

B, = 1.891 B, =: 8.681 Bg = 0.1136.

Hence we calculate according to equation (9) of sect. 30:

X = 10.685 Y = 10.685 Z = 10.88 or
¥ = 0.3334 y = 0.3334 z = 0.3332.

Beside the XY Z system — intended for general use — the C.LE.
has introduced another system (RGB) for the special purpose of
establishing any possible new measurements regarding colour coor-
dinates of spectral colours. This coordinate system lies between the
B,B,B, system and the X Y Z system. The same choice has been
made as regards coordinate axes as in the B,B,B; system, namely
the spectral colours 700, 546.1 and 435.8 m, but care has been taken
that the white point E (as in the.X Y Z system) falls at the centre of
gravity of the triangle. By these qualifications the system is com-
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pletely established, as follows: 3 x 2 + 2 = 8 (see section 34). The
relation between (B,B,B,;) and (RGB) is simply:

R = Bl ; G = 0.21783 Bg ; B = 16.639 Ba.
The relation between (RGB) and (XY Z) is as follows:

X = 2.7689 R + 17518 G + 1.1302 B,

Y = R + 45909 G -+ 0.06012 B,

Z = 0.05650 G + 5.5944 B.
Table C gives the spacial coordinates (RG B) of the spectral colours
of equal power and the accessory trichromatic coefficients (rgb).
Here again negative values occur. The addition of all R G and B
values of table C gives for the white point E:

R = 1.891, G = 1.891, B =: 1,889 and therefore

r = 0.3334, g = 03334, b = 0.3332,
From Y = R + 4.5909G + 0.06012B it follows directly that the
luminosity coefficients of the RGB system are as follows:

Ly=1 , Ly=4591 , L,=0.0601

§ 36a The transformation of RGB into XYZ

% As an example of what has been said in sections 32, 33 and 332 we shall
derive the transformation equations connecting the C.1.E. systems (RGB)
and (XVY2Z).

The trichromatic coefficients of the primaries R, G, B are:

x 4 z
(R) (b =700 my) 073487 0.26533 0
(G) G = 546.1 my)  0.27376 071741 0.00883 (@)
(B) (+ = 4358 my)  0.16658 0.00886 0.82456

as may be derived from eq. (8), #, ¥ and z representing the coordinates of
one trichromatic unit of (R), {¢) ahd (B) in the X Y'Z colour space. When,
the colour points represented by (a) are transformed to the RGB space
the corresponding colour points lie on the R, G and B axis respectively,
but they will not represent trichromatic units in the new system. The
coordinates in the RGB space therefore will be

R G B
(R) (¢ =700 mp) @ 0 0
(G) (& = &46.1 my) 0 5] 0 (b)
{B) (« = 436.8 my) 0 0 7

The transformation between the two systems is given by eqs (10), where
X*Y"Z" and X’Y'Z’ are to be replaced by XYZ and RGB respectively;
substituting the values from (b) into (a) we find

0.73467 = a,,2 0.26533 = a,a 0 = age
0.27376 = a8 0.71141 = a,,8 0.00883 = a,,8
0.16658 = a5 0.00888 = a,,7 0.82458 = 2y,

eqs (10) therefore liecome
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THE TRANSFORMATION OF RGEB INTO XYZ

X = 073467 2! R 4 0.27376 31 G 4 0.16658 7' B

¥ = 0.26533 2! R + 0.71741 -1 G + 0.00886 7' B (c)
z 0.00883 8- G + 0.82456 /' B

To fix the constants «, 8 and 7 we claim that in both systems the standard
white E must have equal coordinates and that the colour paint representing
one trichromatic unit of E in the X YZ system will be transformed to the
colour point representing one trichromatic unit of E in the RGH system.
The coordinates of one trichromatic unit of E are therefore

X =1} YV =} Z = } and

R=1} G=1% and Bz}

and these two points should correspond. Substitution ot these values into
{c) leads to three linear equations for a-1, 8-t and -}, from which we find

L = 0.66604, Bl = 11324 31 = 1.2006
With these values (c) becomes
= 048980 R - 0.31001 G -+ 0.20000 B

(I

Y = 0.17696 R -- 0.81240 + 0.01084 3 (d)
£ = 0.01000 G 4 0.98999 B

The coefficients in each of the eqs (d) add up to 1, as should be the case,
for substitutionof R = G == B = 3 mustgive X' = ¥V = Z = }.

The transformation of the xyz colour plane to the rgb colour plane according
to eq. (12) is

0.48089 r <+ 0.31001 ¢ -- 0.20000 b

0.66394 r -+ 1.13241 g + 1.20063 b

0.17696 r =+ 0.81240 g - 0.01064 &
T 0.66394 r - 1.13241 g + 1.20063 &

0.01000 ¢ <+ 0.98099°b

T 0.66304 r + 113241 g -+ 1.20003 b
Dividing all coefficients of (d) by the factor 0.17606 we have:
X = 27080 R+ 1.75189 G + 11302 B
Y = L0000 R -+ 4.5900 G + 0.06012 B (f)
Z = 0.0365 G+ 55044 B
These equations again represent a transformation from X YZ to RGH but
now one trichromatic unit of E in X YZ is no longer transiurmed into one
trichromati¢ unit of E in RGE space, as may be seen from the substitution
R =G = f3 = {in (f), giving:
X =V = Z == 568921 : 3 == LRRG2,
However, (f) is the most common form for this transformation. From (f)
we see that the luminosity factors in the RGH system are
Ly=1, Ly = 45909, L, = 0.06012
which values agree with those given in section 36.
From (d) we may finally calculate the reverse transformation
k= 23647 X — 0800566 Y — D.46808 Z
G = —0.51515 X + 14264 Y - 0.08874 Z (&)
B = 00052 X— 00441 Y -+ 1.00021 Z
whose coefficients again add up to 1 in each horizontal row.
The same problem may be solved by means of colour equ.mtmns
[W right10 )] We denote one trichromatic unit of the RGI primaries
in the X YZ system by (R), (G) and (B) and in the RGE system by [R].
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COLOUR CALCULATIONS IN THE C.LE. SYSTEM CH. VI

Ter] and (1L (K) denotes a (spectral) colour (2 = ‘700 my) whose coordin-
ates in XYV Z space are given by (a). On the other hand [R] denotes a differ-
ent “quantity” of the same colour, whose coordinates in RGB space are
(100). Frow (b) it may be seen that (R) = «[R], The colour (R)is matched
by certain quantities of the “primaries” (X) (Y) (Z). It is trué that, as
has heen stressed in sections 20 and 26, (X), (Y) and (Z) are not ‘real”
colours, but for the moment this will be disregarded. The quantities of
(X} (Y) and (Z) needed to match (R) are given by (a). So we may write

(K) - @ [R] <= 073467 (X) + 0.20538 (V).
(63} B 1G] <> 027376 (X) -} 0.71741 (Y) 4 0.00883 (Z), (h)
() 3 118] « > 0.16658 (X) -+ 0.00886 (Y) + 0.82456 (2).

As hefore, the problem is to fix the valoes of &, 8 and ¥. This may bedone
using the equality of Lhe colours (1) and [E], each representing one tri-
chromatic nnit of the standard white in the XYZ and RGB system respec-
tively, where

(E) «— 03333 (X) 4 0.3333 (Y) + 0.3333 (1), ) {i1)
whereas [E] will fulfil the requirement
[E] «0.3333 {R] - 0.3333 (G] + 0.3333 [B]. (i2)

Adding the colour equations (b} after dividing them by @, 3 and y (thisis
allowed in consequence of ‘Grassmanun's laws), the first member
is [R] + [G] + [B] and the second member a linear form in (X) (¥) and
(Z). Frow the equality of (il) and (i2) we see that this linear form must be
identical with {X) + (Y} + (Z). This condition leads to three equations
in «-1, 8- and -1, from which we find again

2-t= 0L.68694, 3-t = 1.1324 and 5 -t = 1.2006.

The transformations (h) (relations between the primary units of both
systems) hecome therefore

[RT > 0.48008 (X) + 0.17696 (Y),

(G - 0310001 (X + 0.81240 (Y) ~+ 0.01000 (Z). 8)]
[B] =— 0.20000 (X} + 0.01064 (Y) + 0.98000 (2).

and the inverse fransformations

(X) > 23647 [R]— 0.51515 [C] 4- 0.00520 .[B],

(Y] < - 089656 [R] 4 1.4264 [G]— 0.01441 [B], (k)
(7) =~ » —-044308 [R] 4 0.08874 [G] - 1.00921 [Bl.

When comparing (j) and (k) with (d) and (g) we see directly how we can
derive the colour equations from the corresponding algebraic equations by
transpositiun of the coefficients. The difference between both types of
eruations proves the necessity of making a clear distinction between colour
equations and algebraic equations, We have avoided the danger of con-
founding them by using the symbal < for the colour equations, That
danger of confusion really exists is proved by Bouma), from whose
paper this section has been rewritten. In the opinion of Boum a colour
erjuations shoulid be used as little ay possible, e.g. only when deriving the
properties of colour space from Grassmann's laws,

§ 37 Caleulation of the colour coordinates of a lizht source
(continued)

The hypothetical case given in sect. 36, namely that in which the
colour coordinates of the various components are all cut and dried,
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§37 CALCULATION OF THE COLOUR COORDINATES (CONTINUED)

seldom occurs in practice. {Jsually the coordinates have first to be
calculated and only then can the colour of the mixed light be deter-
mined by addition.

The components of which the light consists may be given in various
ways.

a. If the components are the spectral colours of which a heterochro-
matic source is built up, these are mostly given by the power they
emit.

b. If the components are the lights from various sourccs that
together form the composite illumination, we usually know the

.colour points of the separate components and the ratios of the
quantities of light radiated by the various sources. The colour of
the blended light is the colour produced by additive mixing of the
colours of the individual components in proportions corresponding
to the intensity ratios of the two sources.

c. When we deal with a light source otherwise unknown to us we
must not only make a calculation to determine the colour, but
also take measurements.

In case (a) we make use of table D. This gives the colour coor-
dinates of the spectral colours of equal power. Now, seeing that
the coordinates increase proportionally as the power increases, we
find the colour coordinates of the spectral components by multi-
plying, for each wavelength occuring in the light species, the numbers
of table D by the power with which the wavelength concerned occurs,
The space coordinates of the heterochromatic colour we find by
adding those of the spectral colours.

As a first example let us calculate once more the colour point of the
mercury lamp mentioned already in sect. 36, but we now imagine
the composition of the light given by the ratio of the powers E,
E, E,.... which every wavelength contains. The value X, (first
coordinate of the yellow component A = 578 mp) we calculate by
multiplying E; by the value X(578) which we find by interpolation
from table D:

A | colowr | E, |X,=EX,|Y,=E7T,|2, =E7Z,

|
3120 31-28 008

678 yellow | 352

5461 green | 288 1074 2814 036
435-8| blue 22-0 7-33 0-39 36-30
407-8| wviolet 24 0-08 0-00 ()
404.7] wiolet 118 027 0-01 125
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After addition we find:

X = 4962; Y = 09.82; Z = 3838
or x = 0336,y = 0405; z = 0.2595.

An analogous calculation for the light of another type of mercury
lamp (the so-called super high pressure mercury lamp, viz. a lamp
of the ME type, mercury pressure about 20 atmospheres, manufac-
tured by Philips) gives:

% = 0.309; y = 0.367; z = 0.324 (Hg’ in fig. 26).

As a second example let us calculate the colour point of the standard
white A (see sect. 23), of which the relative spectral distribution is
given in table F, namely E,. Now for each wavelength E, must be
multiplied by the respective X, ¥ and Z from table D. This calcula-
tion has heen worked out in table G. A series of numbers, as in
table G (obtained by multiplying the radiated power of a given
light source for each wavelength by the X ¥ Z given in table D)
is called a trichromatic distribution curve. Thus, for example, tables
G, H and I give respectively the trichromatic distribution curves of
standard whites A, B and C, while the values of table D are them-
selves to be taken as the trichromatic distribution curves or tristim-
ulus values of the equal energy spectrum (see also sect. 30).
Addition of the values of table G gives us coordinates of the normal
white A:

X = 1185; Y = 1079; Z = 3834,
or the triangular coordinates:

% == 04475; y = 0.4075; z = 0.145.

The latter are plotted in fig. 26 (po'mt A).

In the same way tables H and I give the calculation of the colour
points of standard illuminants B and C, the spectral distributions
of which are also given in table F. We find

for B: x = 03485, y = 0352; 2z = 0.2095,
for C: x = 0.310; 7y = 0.3165 z = (.3735.

The points in the colour triangle are again plotted in fig. 26. As an
example of case (b) we shall blend the mercury light Hg’ of fig. 26
(mercury lamp of the ME type) with incandescent light, and that
in the ratio of 1 : 2, as regards the light quantities. For the mercury
light we found x, = 0.309; y; = 0.367; z, = 0.324 and for the
incandescent light x, = 0.4475; y, = 0.4075; z, = 0.145. But
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§38 COLOUR COORDINATES O COLOURED SURTFACES

for calculating the mixed colour we require the spacial coordinates
X,Y,Z, and X,Y,Z, These are proportional to the triangular
coordinates and are obtained from them by multiplying them by
certain constants. Now, how must we determine these constants for
the mercury light and for the incandescent light? If we remember
that in the XYZ system the luminosity is proportional to the Y
coordinate (sect. 30), we see at once that we must sclect the two
constant factors in such a manner that Y,:Y, = 1:2. This
result can be attained, for instance, by selecting the constant 1 for
the mercury light, and for the incandescent light (0.367 : 0.4075) x
2 = 1.801.

We find therefore:

X, = 0309; Y, =0.367, Z, = 0324,
X, = 0806; Y, = 0.734; Z, = 0.261.
Addition gives the coordinates of the blended light as follows:

X =117, Y = 1101; Z = 0.585,
¥ = 03985; y = 0.395; z = 0.2085
(see point M in fig. 26).

In case (c) two courses lie open to us. In the first place we can measure
the spectral distribution of the light and then work out a calculation
as described for case (a). In thesecond place we can ascertain experi-
mentally in what proportion we must blend any three selected lights
in order to match the given light. From these results we can calculate
X Y Z in the same way as this was done in sect. 30, from B;B,B;.
The means of carrying out these measurements and the advantages
and disadvantages of the two methods will be discussed in chapters
VIII and TX.

§ 38 Caleulation of the colour coordinates of coloured surfaces

So far we have only been concerned with calculations on light coming
directly from a light source. As a result we have not had to bother
much about the total quantity of light radiated and the cor-
responding brightness of coloured surfaces. By bringing the source of
light closer, for example, the brightness of a light spot thrown on a
screen could be altered at will. The only things that remained un-
changed were: the relative spectral distribution of the light
penetrating the eye and the colour point in the colour triangle.

Now when we begin to calculate the colour of a coloured surface, or,
more accurately, the colour coordinates of the light which the
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surface transmits in the direction of the eye under a certain illumi-
nation, the same is true, up to a certain point. But if we consider
that two differently coloured surfaces, if they are illuminated by the
same light source, generally display different brightnesses,
and that the relation of those two brightnesses remains unchanged
if we vary the quantity of light radiated by the light source, we see
that in this case the brightnesses are certainly a matter of greater
concern to us.
We can express the matter thus: when we alter the quantity of light
radiated by the light source, t w o quantities now remain constant;
firstly the colour points (in the colour triangle) of the light reflected
by the coloured surfaces, and secondly the brightness ratio
of the surfaces.
Let us take for one of these surfaces the so-called “standard white
surface”, that is a screen covered with a thick layer of magnesium
oxide (MgO) applied by holding a plate in the smoke of burning
magnesium. This material is the best approach to “‘ideal white”. By
a good approximation we mean that it satisfies two requirements,
namely: :
1. All the light is completely reflected whatever the colour of the
incident light may be: there is therefore no absorption.
2. However the surface is illuminated it always assumes the same
brightness from whatever direction
| 0 itis observed (perfect diffuser, ab-
< sence of gloss or glitter).
Now if we wish to determine the
colour of any given surface numeri-
cally, we must first agree on the kind
of light with which to illuminate it.
In many cases this will be onc of the
normal lights mentioned in section 23.

50 - S In other cases we shall be concerned
e specifically with the colour when
/ illuminated by another light source
it K wre (for example, mercury light), In the
Fig. 27 second place we must define the di-

Hlzmination and easuring di- rection from which we shall illuminate

rections when measuring the co- 3 i i ich’
lour of a surface K. G = incan- it and the direction in which we shall

descent lamp, F = filter (to form  ODbServe it or measure it. This is ne-

illuminant B or C}, O = place of i irec-

measuring instrument or abserv- c,essar,y because, if one of these dn:ec
ing eye. tions is changed not only may an im-
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§ 38 COLOUR COORDINATES OF COLOURED SURFACES

portant modification in brightness take place (glitter), but in certain
cases a change in the character of the colour can also be observed
(as with textiles and some kinds of ink). As a rule illumination
takes place at an angle of 45° and the observation or measurement
from a direction perpendicular to the surface (see fig. 27). In cer-
tain cases, of course, other directions may be morc desirable; they
must then be mentioned specifically.

The data from which we start to calculate a colour are of two kinds;
in the first place, of course, the relative spectral composition of the
light with which we illuminate the surface; in the second place the
reflecting properties of the surface. These properties are fixed by
giving for each spectral colour the spectral reflection fuctor. By this
term we understand the ratio of the brightness which the surface to
be studied assumes when illuminated by the spectral colour, to the
brightness which the normal white surface would display under the
same circumstances.

We represent the spectral reflection factor by the symbol ¢,.*) As a
rule e, is smaller than 1: the normal white surface throws back more
light than any other surface. Under special circumstances (highly
glossy surfaces. under a special choice of illumination and measuring
direction) ¢, can, however, be greater than 1. From these data we
can calculate:

a. The colour point of the light radiated by the surface in the
direction of the eye. .

b. The reflection factor ¢ of the surface, that is the ratio of the
brightness assumed by the surface when illuminated by the
heterochromatic light to the brightness assumed by the normal
white surface under the same circumstances.

A knowledge of ¢ enables us to determine the constant ratio of the
brightness of two differently coloured surfaces when illuminated by
the same kind of light.

Now that these conceptions have been established the calculation
appears simple. For, if the light falls on the normal white surface,
it will have the same spectral composition after reflection and we
would have to determine the coordinates X Y Z as in sect. 37, by
multiplying for each A occuring in the light the power E by the
values X ¥ and 7 (table D), and afterwards to add the results for
the various wavelengths.

I{ we now replace the normal white surface by the coloured

*) € (epsilon) is the Greek letter e.
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a% § surface to be meas-
080 ured, this means that

J[ the contribution given
¥, 7 by a certain wave-
060 Q length 2 to that ad-

dition must also be
multiplied by e,.
Instead of EX, EY
and EZ we must then
calculate for each A
the quantities sAEY,
b £ EY and ¢ EZ. Ad-
dition then gives the
0 it values X V Z for the
i _ Fig. 2§ heterochromatic light.
Spectral reflection factor of the coloured papers used .
in the caloulaticn 1) green puper; 2) purple paper. The reflection factor
e is calculated by
making the same calculation for the normal white surface (here
all =, are equal to one) and dividing the Y values of the first
calculation by that of the second (these being of course proportional
to the brightnesses).

050

0401~

030}~
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§ 39 Calculations on coloured surfaces (examples)

As an illustration of the considerations laid down in sect. 38 we shall
calculate the colour of a green slip of paper (from the well-known
Ostwald colour atlas, in which it is registered as nc 79) under various
illurninations. Fiy. 28 (curve 1) gives the spectral reflection factor
for the various wavelengths. If we illuminate this piece of paper with
the mercury light described in sections 36 and 37 (Hg in fig. 26) the
calculation appears as follows:

e
. ' o T -~ . l
A EX | EY | EZ A LEAEI‘ §,EY | ¢ EZ
578 3120 [ 3198 006 | 0165 { b-16 516 | 001
MG 1074 | 2814, 036 | 0.301 | 323 847 | o011
B5K. 7831 089 36.30} 0204 | 1.495 008 | 7.403
078, 003 000, 040 0135 | 001 000 | 0.05
4047, 027 GO0LI 1961 0131] 0.04 000 | 0.17
arvording b § 37 i

Addition gives for the green colour of the paper: X = 9.93;
1oy



§ 39 CALCULATIONS ON COLOURED SURFACES (EXAMPLES)

Y = 13.71; 7 =774 or x =
A | &, |&EX |6 EY 6, EZ( 0.3165; y = 0.437; z = 0.247.
Addition of the column EY shows
380 0-01 9 :
250 | o138! o0 0.08 59.8.,.'Therefore we find for the
400 | 0.186| 0-08 0.14 reflection factor:
410 | 0.186| 0.10 .49 y
420 0160 | 0.42{ 001 3.03 e = 13.71 : 59.82 = (.229
3 .25 X . . .
ﬁg 8;;'(7’ ;23 8,?55 1?_;2 If the calculation is repeated for
450 83}3 3-251) 036 16311 the second kind of mercury light
igg 0343| 2.87 9;2 iggz mentioned in section 37 (Hg' in fig.
480 | 0.418} 1.98) 280! 16.89] 26) we find the following:
490 | 0488 084 547 12.24
50(0) 84;1(2) 853 121-51 8.01 x = 0.286;, vy = 0.402;
b1 -4 207 1662, 4.91 — . —
53,8 g‘§g3 1'?,"5’, 53.29 546 z == 0.312; e = 0.240.
it .3871 b- 401 1.29
50 | 0.334| 8.33| 97.89| O.£8 Now we shall 'calculate the .colou.r
650 | 0.283 | 11.40| 26.16| 0.23] of the same piece of paper illumi-
6560 | 0-285 ! 13.97| 28.38| 0.09 i i -
70 | 01881 15.77] 1969| 004 nated. by {ncandescent. light (Stan
580 | 0-168{ 16-67| 1678| 0.03| dard illuminant A as light source).
6590 | 0.130| 16.26| 11.98; 0.02 , 7 D 7
D a0 1ean) A58 002 ’I_‘he }alue of EZ, EY and EZ we
610 | 0.000| 13.64| &.79: o.01] find in table G. These values must
620 | 0-091 ) 11.17| 4.98 nli
830 | 0.006| 5.33| 844 now bfa multiplied by the spectral
640 | 0.084] 594! 2.32 reflection factor ¢,, as has been
660 | 0.082| 38.86| 1.43 3
¢60 | 0.083| 238| 0.87 done. in the annexed table. ‘
670 { 0086 1383 (.49 Addition for the green colour gives:
680 | 00861 0756, 0.97)
690 | 0.089| 089] 0.14| X=1692 Y=2389 Z=1213
700 | 0092 o021 007 - B oy =
;18 Oggg 8(1)‘15 80% x =03195 y =0451 =2 70.229
2 0. - -0 it
730 | o101| 008 o.01 Addition of the column EY from
740 | 0.204] 0-02] 0.01 table G shows ¥ = 1079.0, so that
760 | 0109 0:01 we find for the reflection factor:
1692 2389 [121-3
g = 238.9 : 1079 =- 0.2215
Finally we shall carr 120
y. Y El \ -
out this same calcula- n /| L
tion for illumination I ~N—ot"
by davlight. The spec- &
tral distribution used ,
. . - 3 4
is given in fig. 29 and
40
" Fig. 29 201
Relative spectral distribu-
tion of the daylight used in ¢
the calculation. o 0 my

45480
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COLOUR CALCULATIONS IN THE C.LE. SYSTEM CH. VI

, 5 ' represents about the average colour of daylight in
WAt N.W. Europe with a completely overcast sky
510 10 in the month of December. We find for the

Vi colour of this daylight itself: x =

560 - 0.3175; y = 0.332; z = 0.351 and for
the colour of the green card:

ool N - %=0.2235; y = 0.3575; z=0.265
\ .’-1 In fig. 30 we have plotted the

o 'mrm &00 various calculated green co-

“ A lour points. Hg and Hg’ =

0% -\sog—- -~ > e

i mercury light, = day-

03— e light, A = incandescent light.

oo | W L] It strikes us that the points

@ Hg and A almost coincide.
0 a‘\,g v In spite of the enormous .

(/Y R/ AR /¥ T

Fig. 30 composition of the mer-
Calculated colour points of the green paper . .
() and of the purplish paper (o) illuminated cury light and the incan-

by various light sources. A = incandescent descent light and in Spite
filament, Hg Hg’ = two kinds of mercury :
light, C = daylight, M = blended light,  of the fact that the colour
points of the two lights also

lie far apart (fig. 26), they both lend almost the same colour to this
green card. This example shows how careful one should be in making
rough predictions about the colours under differently coloured il-
luminations. Only careful calculation can show the correct results.
Of course the great similarity between Hg and A in fig. 30 is the
result of the choice of the coloured paper. For other colours this
similarity does not exist at all. If we take, for example, a purple
coloured paper (from the same colour atlas, marked nc 42) of which
the spectral reflection factors are given in curve 2 of fig. 28, by
exactly similar calculations we find the following colour points:
For mercury light (Hg)

*=0.260;, y=0201; 2=0.539; c==0.114,
for mercury light (Hg") .

#=0243; y=0.166; 2z=0.691; ¢==0.1155,
for incandescent light

x=0.4695; y=0.302; z=0.2285; &=0.171,
for daylight 2=0.2056; y=0.191: z= 0.514; =0.271.
These results are indicated by circles in fig. 30. We see that the acci-
dental similarity between Hg and A no longer exists.
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§39 CALCULATIONS ON COLOURED SURFACES (EXAMPLES)

As a final example we shall calculate the colour assumed by the
purple paper when illuminated by the blended light we
mentioned in sect. 37, .. mercury light Hg "plus incandescent light
in the ratic of 1 : 2,

The triangular coordinates of the paper when illuminated successively
by mercury light and incandescent light are already at hand. In
order to discover the spacial coordinates which after addition give
the colour of the paper illuminated by blended light, we must again
multiply each set of triangular coordinates by a certain constant
factor. If this had been a normal white surface these two constants
would have had to be chosen so that the brightnesses of the compo-
nents — 4.e, the Y’s — stood to each other as 1 : 2. After taking
into account the difference in the reflection factor when illuminating
the purple paper by mercury light and incandescent light, the ratio
of the two brightnesses (and therefore of the Y’s) becomes as follows:

(1 x 0115858) : (2 x 0171) =1 : 2.906.

This is obtained by multiplying ¥, y and z for the incandescent light
by 1.628. We therefore find for the mercury light contribution
X, = 0.243; Y, = 0.166; Z, = 0.591 and for the contribution of the
incandescent lamp X, = 0.764; Y, = 0.4915; Z, = 0.372.

If we add these contributions we find for the paper illuminated by
blended light:

X = 1.007; Y = 005875, Z = 0963 or
x = 0.383; v = 0.250; z = 0.367

The colour point (M) is included in fig. 30 and lies as it should on
the line AHg’. What figure do we find in this case for the reflection
factor? '

When we replace the purple paper by the normal white surface we
find for Y, and Y, the values 0.166 : 0.1155 = 1.438 and 0.4915 :
0.171 = 2.875 and therefore ¥ = 4.313. The reflection factor we
wished to find is thercfore 0.6575 : 4.313 = 0.1525. We obtain this
same tesult in a slightly simpler way if we realize that the blended
light consists of one part mercury light to two parts incandescent
light; therefore

e == % g + § €y = 0.0385 4 0.114 ‘= 0,152

For another method of colour calculation sec sections 51 and 5H2.
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§ 40 Relation between the monochromatic and the trichromatic
coordinates

In continuance of sect. 35 we shall now set out to calculate the
monochromatic coordinates of a colour from its trichromatic coordi-
nittes and vice versa. We can find the colorimetric purity  and the
dominant wavelength A of a colour when its point in the colour
triangle is known very easily, though with no very great accuracy,
with the aid of fig. 31, in which the XY 7 triangle lines of constant
3, (lines through the point x - z = 1) and lines of constant p are
drawn. If we inscribe in this figure the colour given by its # and z
value, we can at once read off p and Ay, In fig. 32 the same diagram
has been drawn again, proceeding from the rectangular x, y represen-
tation (see fig. 22d).

v ~ Supposing we have not got figures such as
1] b fig. 31 or 32 at our disposal (or supposing
% ] Ve wish to start from another white
h 5«.7\ v point than the E employed there), we
ar—J ~ \ can determine the dominant
1™ wavelength graphically by
?m\ \ drawing a sufficiently large
% AN triangle (with the aid of
T P o colour table E) in which
1 :“\ \ weindicate the various
e - wavelengths on the
+ A e ¢ curve. of the
el e 195 spectral  co-
| N lours [see
LT Q Hardy?)]
Tonf (. - \\
o 0
00 e ‘
| ) -49‘-"<>\<” \
] VTS
ar{—- =
] e »
ol""ql" g2 " @3t T TgeT T TGS "o.s';:’cw qa‘m

B ) Fig. 31
Chromaticity diagram with lines of constant colorimetric purity p and lines of con-
stant dominant wavelength by (v,2 diagram).
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§ 40 MONOCHROMATIC AND TRICHROMATIC COORDINATES

Now we join the colour point K to the white point; the connccting
line intersects — on extension — the curve of the spectral colours at
a certain point. The wavelength inscribed at this point is the dom-
inant wavelength A; we wished to find. In fig. 33 this construction
has been given. In this E (x = y == 2 = 1) has been chosen as white,
This simple graphical method, if carried out with care, enables us to
determine the value of 2y for nearly all colours with an accuracy of
about 1 my. (for colours in the neighbourhood of the lines E — 780
and E — 380 (fig. 33) the accuracy is not so great). If we wish to
determine A, with greater accuracy we must use a different method.
We see from fig. 33 that all points on the line EK possess the same
3y. The dominant wavelength depends therefore solely on the slope
of the line EK. This slope we can determine in its turn by the ratio

(y — %) : (x — 3). For we can easily see that this

Y ratio is also the same for all points of the
a?g: line EK. But the ratio (y — 1) : (x —3)
] l can be easily and accurately calculated
1] from the trichromatic coefficients of
pral K. The only thing, therefore,
s that we require in order to
] determine )y accurately, is
as an extensive table giving
] the relation between
& ‘ the ratio (y — 3) :
05- 50 (x — %) and the
] N dominant
] wave-
e length 3.
1 ' . - -
] 620
03170
] -780
az- - s
1 p <50
ot
061‘||m. aglllnmllllq41_¥|lo'5|llnqsl_;xl|q7||||"n£
Fig. 82

The same as in fig. 81 but according to fig. 22d (x,y diagram).
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520 In table J we find the required data. In order to
avoid the occurrence of very large values of the
ratio (this would make the estimation of inter-
mediate values difficult) in all cases in which
the ratio would become greater than 1, the

inverse value, namely (x — %) : (y — %)
has been given. Table J enables us to
determine the values of )4 for almost
all colours (provided their tri-
chromatic coordinates have
been sufficiently accurately

given) with an accuracy

580

0780 o 0.1.
Analogous tables for
other white points (A,
B, C) are given by
Judas).
380410 —_—x s
Fig. 33 Finally we wish to draw

Grephical determination of the dominant wave- gsttention to the fact that
length }; of a colour K.1; only depends on the ’
slope of EK, i.e. on the ratio (y—3) : (+—4) t0 a colour K’ on the

extension of KE (fig. 33)

the same slope, the same ratio (y — 3) : (x — ) and therefore,
according to table J, the same ); pertains as to colour K. This is in
agreement with the previous convention regarding the dominant
wavelength of a purple colour (section 22),
We shall now calculate the colorimetric purity $ of the colour K.
A rough estimate is again possible with the aid of fig. 31 or 32. In
order to determine p accurately, we deduce a formula enabling us to
determine $ from the values x, y and 2. 1f we call the coordinates of
the spectral colour possessing the wavelength 3, %.,2, and if we
recollect the definition of  — we can match the colour K (brightness
B) by mixing A (brightness $B) and E (brightness () — 1) B) —
we see (section 31) that the following holds in fig, 83:

KAd:‘EK='1'::"£:£

_ I %
But geometrically we find

Kd : EK = (yg—9) : ¢y —
From these two equalities it follows:

1-2 .2 e (oo
iy We-9) : (&=
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§ 40 MONOCHROMATIC AND TRICHROMATIC COORDINATES

If we solve p from this we find the equation:

¥s y - %‘) '
= 28 Y 4/ 14
R T “
In the same manner we can deduce the equivalent relations
1Y -1
p= 2= (15) and p = Y2 E=3 )

y (2, —3%) Y (& —4)
In practice we choose from the equations (14} (15) and (16) that which
allows of the most accurate calculation. For instance if y, is very
little different from } we do nof employ equation (14), as in this both
the numerator and the denominator are very small and inaccurately
known. If we use, exceptionally, another white point instead of E,
namely %,V 2y, equations (14), (15) and (16) become

Ye (x—xw) — Ye (}’—YW) — Ya (Z _zw)
Yy (xa - xw) y ()'s - ¥Yw) y (zs_ zw)
If we are dealing with a purple colour (for instance K’ in fig. 33) we
must substitute in equations (14)-(17) for x, y, 2, the coordinates of
the saturated purple in question (P in fig. 33). We can find the
coordinates of P by extending the line EK’ in the colour
triangle and reading off the x and y of the point
of intersection with the purple line. We can

also, starting from the ratio (y — 3} :
: (x —1), calculate the coordinates of *

P = amn

P. If we represent this ratio by ¢
then the following equations
10 hold for the x andv of the
500 point P:

. — £ — 122758 |
T 81— 1.41906

0.24677 ¢ —0.47332

Y = T aTaon

31 —1.41006
780 (18)

In order to deduce equations
(18) we need only calculate
the point of intersection of EI¥’
and the purple line. The equa-

I 047 u; a7 a3 7] . 7 tions of these two straight

—i 51201 lines are: :
Fig. 34

Chromaticity diagram with lines of constant excitation ¥ = —0.07685 +0.47332 % ;
purity o and lines of constant dominant wavelenght 3. ¥ = 4 (L —18) + tx. .
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COLOUR CALCULATIONS IN THE C.LE. SYSTEM CH, VI

If, instead of the colorimetric purity (p), we wish to determine the
excitation purity () we have at our disposal entirely analogous
methods. Fip. 34 enables us to make a quick but rough deter-
mination. From fig. 33 we see that 6 = EK : Eay = (y —§) : (¥g— ),
so that we obtain the following cquations for o:

oo (r =) = —D =P =E—P:EG—D (19
If we compare this equation with equations (14)—(16) we see straight-
away that the values of p and ¢ are only equal if y, == y, therefore
(fig. 83) on the horizontal straight liné through the white point. In
(19) toon, in the case of purple colonrs, we have to fill in the trichro-
matic coefficients of the saturated purples (according to equation)
(18) for x,y,2,

The inverse problem — the determination of the trichromatic from
the monochromatic data — occurs far less frequently. This is a
simple mixture problem. For colour K has the same x and y as the
mixture of the colour A (brightness $) and colour E (brightness
1 — $). We have already solved a similar mixture problem in sect. 37
(case b), so that we need not here go any further into this.

§ 41 Caleulation of p and Aq (examples)

We should like to illustrate the considerations of sect. 40 with a few
examples, First we shall calculate A and # for the standard white A
(see fig. 26). For this we found (sect. 37):

¥ = 0.4476; ¥ =0.4075 and (y — }) : (x — §) = 0.649

According to table ] we then find that 3; = 583.45.
For the determination of $ we use formula (16) of section 40:

=1y =0y (x5 — P | = (04640 x 0.1143) : (0.4075

' x 0.2016) = 0.644
We deduce from the values of A; and p that standard illuminant
A has a decided yellow hue (verging on orange). This is again
a case of an apparent contradiction caused by the influence of
the environment. In the evening the light in a room illuminated by
incandescent light appears to us practically white. If, however, we
burn an incandescent lamp (with frosted glass bulb) in clear daylight
the colour impression is about what we predicted from the calculated
monochromatic coordinates. We see here once more how careful we
must be in interpreting such data: they can only give a fairly reliable
prediction when the environment in ‘which the object is seen in
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§ 41 CALCULATION OF p AND ), (EXAMPLES)

practice corresponds roughly in colour with the white used for the
calculation of A,

The calculation of »; and ¢ for coloured surfaces is carried.out in a
similar manner. As a first example we shall again take the green
piece of paper described in section 39, the spectral reflection factors
of which we find in fig. 28 (curve 1).

When illuminated by daylight (see fig. 29) this had the coordinates:

¥ = 0.2235; vy = 0.3875; =z = 0.419.

We therefore find (y — 3§) : (x — 3) = 0.2204 and from table J:
Ay = 494.50. The value of p we find from (1B) of sect. 40:

b = 35’5 (x — =},—)§ : :y(xs — %); = (0.4005 x 0.1098) : (0.3575
, %X 0.3079) = 0.400 or from (16)

)y ivz,— 3| = (0.4006 x 0.0857) : (0.3575 x
0.2408) = 0.400

As a second example we shall consider the purple piece »f paper of
section 39 (fig. 28 curve 2) for which we found, when illuminated by
incandescent light:

x = 0.4695; y = 0.302; z = 0.2285

We find (y —}): (¥ — }) = —0.23 and from table J: 3; = —494.63.
The minus sign signifies that we have here a purple colour to deal with.
From equation (18) we calculate the x and y of the corresponding
saturated purple (! = —0.23). We find y, = 0.249 and x, = 0.700.
Finally we find p from equation (15) of section 40:

p =y, =1} Iy (x, — B} = (0.249 x 0.1362) : (0.302 x 0.367)
= 0,306 or from (16):

B o= lylz — DI @ Iylz, — = (0.249 x 0.1048) : (0.302 x
0.2823) = 0.306

The correspondence of the two p values is a check on the correctness
of the determination of P (in the previous example of Ay). The result
means that we can match the purple colour by mixing the saturated
red purple colour P (brightness 0.306) and the white E (briglitness
0.694).

The character of the colour sensation is again different from what one
would expect. The colour P lies on the purple line very close to the
red, while the colour of the paper makes the impression of lying
about as far from the red as from the purple. The reason lies of course
again in the fact that we illuminate the surroundings with incandes-
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COLOUR CALCULATIONS IN THE C.LLE. SYSTEM CH. VI

cent lamps whose colour deviates greatly from the standard white E.
A better correspondence can therefore be expected if we choose, this
time too, standard illuminant A (incandescent lamp) for the white
point.

Then we find (for instance by the graphical method) 3 = —b565 and
for the saturated purple P: y, = 0155 and x, = 0.501.

Finally we find # from (17) of section 40:

p = Iyy —0.4075){ : Iy(y, — 0.4076] = (0.165 x 0.1085) :
(0.302 x 0.2525) = 0.2145 or

p = 1y, (z—0.1449)} : §y(z, — 0.1149)} = (0.185 x 0.0836) :
(0.302 x 0.1991) = 0.2145.

In fact the pdint P lies now about half-way between the two extrem-
ities of the spectrum.
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- CHAPTER VII

A few special light sources and colours

§ 42 Temperature radiation, black body radiation

One of the most important radiations for practical purposes is
temperature radiation, by which we understand the radiation of bodies
brought to a very high temperature. To this group, of course, belong
electric incandescent lamps, but candle-light must also be classified
as temperature radiation, the light in this case originating from hot
particles of carbon floating in the flame.

The spectral composition of temperature radiation is important to
us for the calculation of colours. In order to investigate this we must .
first take into account another kind of radiation closely connected
with temperature radiation, namely “black body radiation”. By a
black body or total radiator we understand a body that absorbs
completely all radiation falling on it whatever the wavelength. It
may perhaps appear strange that a “radiator” is defined by a
property which at first sight has no connection at all with radiation,
namely the power of absorption. Kirchhoff (1860) was the
first to see that there is a connection between the two properties.
If on the one hand we define as rAA*) the power which any given
"body raised to a high temperature T radiates per em? in a small
wavelength interval A to A + A\ and if, on the other hand, we
call a the fraction that the same body, at temperature T, absorbs
of a radiation of wavelength 2 falling on its surface, then, according
to Kirchhoff’s law, the ratio of the “spectral emissivity” »
to the absorbing power a is independent of the nature of the body
and therefore for all bodies depends in the same way onthe quan-
tities A and T.

Now if we had a good general idea of the way in which this ratio
depends on A and T, we should be able to calculate the spectral radia-
tion directly from measurements of the absorbing power and hehce
also the spectral distribution of the light radiated at a certain
temperature.

*) A (pronounce delta), the Greek capital D, is égnerally used to indicate a very
slight increase. A\ means therefore a very slight increase of the wavelength A
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A FEW SPECIAL LIGHT SOURCES AND COLOURS CH. VII1

The importance of the black body at once -

£ 1 becomes obvious here. For in this case 2 = 1
(for each T and ) so that for the black body

the ratio r/a becomes 7,. Therefore if we know

the spectral radiative power 7, of the black

«m body as a function of A and T, by the same

Fig. .35 token we know the ratio 7/a for all temper-
Realisation of the hlack .
body. ature radiators.

For the spectral radiative power 7, of black
bodies Planck in 1900 gave his famous formula:

= BOT) = o2® : | ec“/)‘T—l} 20)

in which the letters have the following significance:

E(»T)Ax = the power radiated per cm? in the wavelength interval
between A and A 4 A\ at a temperature T (this power
is of course proportional to Al).

e = 2,71828.... (a constant that plays an ifnportant part
in higher mathematics).
€y, Cq = the so-called radiation constants; for the relative

spectral distribution of light only ¢, is of importance.
If we express A in cm, ¢, = 1.438.

T .= the absolute temperature (measured from the absolute
zero at which T =—273° C); the absolute temperature
is therefore the temperature in° C plus 273 {degree
Kelvin or ° K).

Planck’s formula appears to tally with all experimental data.
In order to realize a black body, it is not sufficient to blacken a
surface with paint eor soot. Such surfaces do not appear to absorb
all radiation. We must have recourse to an artifice (fig. 35). We
take a hollow opaque body with a very small aperture. Now if we let
a beam 1 penetrate the aperture it is reflected several times in the
cavity., At each reflection a part will be absorbed. If we make the
aperture small enough practically none of the radiation caused by 1
will emerge again finally: all radiation is absorbed, giving us a black
body. Then, if we raise the hollow body to a high temperature (for
instance by dipping it into a bath of molten platinum) light will
radiate from the aperture, the spectral distribution of which is
given by formula (20). The standard illuminant mentioned in sect. 17
was realized in the same fashion [see Heller?!), Dresler 9]
Since most “temperature radiators” — especially in the range of
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§ 42 TEMPERATURE RADIATION, BLACK BODY RADIATION

visible radiation — behave more or less like black bodies, we can
learn a great deal from ‘Planck’s formula about the spectral
distributions of our light sources and especially of incandescent
lamps.

Fig. 86 llustrates formula (20). The variation of E with the wave-
length (in the visible range) for temperatures between 1000° and
5000° is reproduced. In order to reproduce the very divergent values
in one figure we have chosen a logarithmic scale for E. The correspond-
ing wvalues of E (right) increase by a factor of 10 every time
we pass from one horizontal line to the next. We see from this
figure how astonishingly fast E increases as we raise the tempe-
rature. When we pass from 1000 to 2000° the power rises at 520mp.
by a factor of one million! At higher temperatures E increases less
quickly with the temperature. This increase of E has two reasons.
In the first place the total energy radiated over all wavelengths in-
creases very rapidly with the temperature. From formula (20) we
can calculate that this

total amount of ener 0 1
increases with T4 (S tgesi oyE 5000'1 £
fan-Boltzmann law) f 3600° T
and is therefore 16 times S —F~ 3

as large for T = 2000° as _— |

for T = 1000°. But the U1 L
chief rcasonisa different |- g}wf. — o
one. Fig. 36 only shows - ]
the visible range. If we _5/ s 1 1
extended the figure to ° // R /, /”
the right, i e.in the infra- !

red region, we should -e/ AT A e
see that all the curves Z' y T

have a maximum. For , >

T = 5000° this maximum _, ,/ K -
lies right in the visible I3

range. For lower temper-

atures it passes more _j, / o~
and more to longer wave- /

lengths, thus deeper and

deeper into the infra-red. -4 — N lp*
For this maximum we ¥ o &0 00mit e
can deduce the following Radiation of the bla,]é;:g .bﬁgy at different wave-
two laws from eq. (1): lengths and temperatures.
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1. For the wavelength at which the maximum occurs, the following
holds:
AT = C (C = 2,897,000)
when we express the wavelengths in my..
2. The height of the maximum is proportional to T.

It follows from the first law that the maximam only falls in the visible
range for temperatures between 3700 and 7600°; when T = 2000° it
lies at 1449 my., for T = 1000° at 2897 myp.

The lower the temperature the further is the visible range from the
maximum and the greater is the part lost in the infra-red. This is the
chief reason for the rapid fall of E with the lowering of T

§ 43 Calculation of the colour point of a black body; colour tem-
perature

In the calculation of colours we are chiefly interested in the relative
spectral distribution. This can be better seen fiom fig. 37, where E
isarbitrarily put equal
10100 at 590 my. The
shifting of the maxi-

/ § of 4
W mum ig again clear:
; at T = 2000° it lies
Fa

; s

2 N

in ‘the infra-red, at
T = 5000 in the visible
and at T = 10,000°
in the ultra-violet part
of the spectrum.
Below 5000° the red
rays predominate in
the visible spectrum,
P .above 5000° the blue
“and violet rays. All
e this is true for black

f bodies.
The importance of all

this for the study of
q température radiators
w 500 .600 ZO—>Mm80  ties in the fact that

Fig. §7 for every temperature-

Relative spectral distribution of black body radiations . . .
at temperatures between 1000 and 10,000°K. radiator (for which a is
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§43 COLOUR POINT OF A BLACK BODY

always smaller than 1 and moreover not exactly the same for each 2)
a certain temperature value — the colour temperature T, — can be
given, which has the following property: in the visible range the
relative spectral distribution of the temperature radiator, as a good
approximation, is equal to that of a black body at a temperature T,
This colour temperature T, is not equal to the true temperature T
of the temperature radiator. For instance, T, of the present incandes-
cent lamps is about 80° higher than T

Fig. 37 and equation (20) can therefore be used for temperature radia-
tors as well, provided we fill in the values T, for the temperature.
Table 2 lists the colour temperatures of the most common light
sources. The Hefner candle is the former German light standard, the
“new candle” is the present, internationally accepted light standard,
i.e. a black body “at the temperature of melting platinum (see also
section 17), ,

For incandescent lamps the colour temperature is given for the types
intended for a voltage of 220 volt. The colour temperature of the
corresponding 110 volt lamps lies about 50-100° higher. As a rule the
higher of the values given hold for the lamps with the greater power
input.

Incandescent gas light has such a peculiar ‘type of radiation that no
colour temperature can be attributed to it.

TABLE 2
Light species T,
Ordinary candle .........ccovvivvevnns 1900—1950
Hefner lamp......... N 1880
Kerosene’ (paraffin oil)...........covnvnt 1920—2050
Incandescent gas light ................ —
New candle .........o0i0vinvnrennnnen 2046 .
Acetylene ........vvvveiineiinananennes 2350—2450
Incandescent electric lamps ............
Carbon filament ................ 2100—2200
Tungsten filament:
Vacuum .....cevveieinnairenes 2400—2500
Gas-filled (BOW) ........c0enn... 2700
ditto (150—500 W) .............. 2800—2900
ditto coiled coil,..............c0n 2700—2750
Cinema and projection .......... 28503200
Carbon arc ........coviiinieiniiaennns 3700—3800
and higher
Moonlight .....ccovvvivnnn, e 4100
, Sunlight .. .o.oviiiviii it 5300—6800
Daylight (sun -+ clear sky) ............ BS00—B500
ditto (overcast sky) ... ...l 6300—7200
 Clear blue.sky .......co0vuens e 14000—50000
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~

520 The spectral distributions of sunlight and daylight
A = also deviate fairly strongly from that of the
.50 \‘{'b black body, but in this case the colour agrees

fairly clesely with that of a black body,
5170 so that a colour temperature can be
assigned. The figures are valid for

®

e

0 - es \ the middle of the day (9 a.m.—-
O—ato, Q& N 3 p.m.) and for fairly normal
{800 8 & ? N\, atmospheric conditions
7800~ T Y\ [Taylorl)]. In the early
32— morning and in the
T~ (%  evening there are often

0 I much lower values (the

7% 02 03 0 05 06 07 08 red of sunriseand sunset).
Fig. 38 2 I “®  Finally we must point
Black body locusin the y, 5 chromaticity diagram gyt that with artificial
for temperatures above 800° K, . .
light soyrces a higher
colour temperature generally also indicates a higher true temper-
ature. For sunlight, daylight and moonlight this is not the case.
Here the spectral distribution (from which the colour temperature
is determined) is influenced by quite different causes, such as light
dispersion in the atmosphere, the reflection of the moon's surface, etc.
The measurement of high temperatures is also based, in the last
resort, on the Planck formula. Hence the uncertainty in the
value of ¢, (see section 17) also involves a slight uncertainty in the
freezing point of platinum. The value given in table 2 is based on
¢y = 1.432. If we take ¢, = 1.438 we find 2042° for the freczing point.
We have just seen that we can even speak of a colour temperature for
light sources whose colour point coincides with that of a black body,
although the spectral distribution differs (daylight, sunlight). It is
inadvisable, however, to apply the conception thus extended to
spectral distributions which differ greatly from that of a black body.
In the literature on the subject various methods have been given for
fixing a colour temperature to a light source whose colour point does
not quite coipcide with that of a black body [Davis¥, Judd® )],
These should only be applied to slight deviations too.
The calculation of the colour coordinates of the light from a black
body of a given temperature, or of a temperature radiator of given
colour temperature takes place as described in section 37 (case a).
The figures of table D are multiplied by the E values derived from
equation (20), then added and (in order to find the trichromatic
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§ 43 ) COLOUR POINT OF A BLACK BODY

coefficients) the three resulting figures are divided by their sum. In
table K the results of such a calculation are given for various colour
temperatures and in fig. 38 they are plotted in the colour triangle.
Fig. 39 gives the same results in the rectangular x,y representation
[(see Harding?)].

In table K the dominant wavelengths of the calculated colours are
also given. There is no sense in giving values between-5000 and 6500°,
since the curve of the black bodies passes the white point E so closely
that the colours look practically white. We see from fig. 38 and the A
values that the lower the temperature (below 5000°) the more
saturated a yellow colour we obtain. At about 2000° the yellow
passes over into a saturated orange and finally becomes red at a
colour temperature of about 600°. Above 7000° the light assumes an
increasingly pronounced blue colour. At extremely high colour
temperatures we approach closer and closer the point indicated in
fig. 38 by co. These colours can again only be clearly observed when
the environment has a colour approximately corresponding to the
white point E (see fig. 35). If the whole environment is illuminated
by the black body under consideration we shall certainly have to go
below about 3000° or above 10,000° to be able to observe a noticeable
colour in the light. Between these two rough limits we always cail
the light white or colourless.

Under different conditions than those mentioned the limits may lie much
closer together [see Priestd), who places the limits at 4100 and 6200°1]

The light sources mentioned in table 2 we can find for ourselves in
fig. 38. Note that in the course of time black bodies of increasing
colour temperature have

been  employed  (from AM\ Fig. 30

candle to ‘‘coiled coil” a {5’0 N The same as in fig. 38
difference of about 800°). g;‘:gr;; the #,y
From what has been said '

in connection with fig. 36 a6
it will surprise no one that :
during that development : '45};_
the luminous efficiency (the a4 & 8
quantity of light divided W

by the power input to the 42 ™

light source) increased to

agreat degree. Thegas-filled \4&7 7
incandescentlampcertainly
does not form the end uf 007 02 03 0Of 85 O6 07 08

45488
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this rising curve, but from
this point no extraordinary
improvements are to be ex-
pected from the temperature
radiators. Here the curve is
continued by gaseous dis-
charge lamps, the discussion
of which falls outside this
chapter. . y
The colour of the incandes- Fig. 40 Qo “5am0

cent gaslight is given in fig. The eye O looks through a prism (p) at the

. dividing line (s) between a light strip (I) and its
.38 by GG. As it does not dark surroundings. The observer supposes (1)

fall on the line of the black and (s) to be in ;he. positiod (') and (s').
bodies we cannot very well a) in perspectu;t;,n ta)l ;J::lar:lz?]ectlon on hori-
speak of a colour tempera-

ture here.' The same is true for the white point E.

§ 44 Boundary colours

We shall now discuss a group of spectral distributions occasionally
met with in practice, which moreover show a number of interesting
properties causing the corresponding colours to play a great part in
the history of colour science (see chapter XI). We refer to the boun-
dary colours which often appear as coloured bands or fringes along
the dividing lines of light and shade, as when sunlight plays on cut-
glass. The coloured fringes we observe in imperfect optical instru-
ments also belong to this same category. We see these colours most
plainly when we look through a prism (p) at a dividing line (s) between
a light and dark part of the field of vision;

A § i o .

i : . o, 10 fig. 40a (s) represents the  vertical
T w dividing line between a white strip (1)
; 1 «» and its dark surroundings. o

: ‘ ¥ The rays proceeding from (s) change their
| L - direction on the way to the eye as a
A e Yesult of refraction, at the two glass

-Fig. 41 surfaces, so that the observer thinks he
The position of (I') (see fig. 40) Sees the strip (1) with the dividing line

for a number of spectral col- i iti ry 4 ;

ours betweon A o B ool (s) in the position (1) a.nd,('s ). Fig. 40b

ours are seen because only a ShOWS the p]an of the experlment.

part of the spectral colours i

contributes to the forming of Buf: we have a.lready seen t'h:at the
an image. variousspectral colours undergo different
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§ 44 BOUNDARY COLOURS

degrees of refraction (section 2). The conse- . i
quence is that the apparent displacement mé‘—
[from (s) to (s')] will also be greater for one * 5
spectral colour than for another. In fig. 47the o« 7}
positions in which we observe (1) and (s) for some ™ : T
spectral colours have been drawn one beneath Fie. 49
the other. The wavelengths have been chosen SChematiég’ representa-
so that each image has been shifted an equal tion of boundary cl-
ours originating when
amount relative to the previous one (in a2 the light strip of fig. 40
horizontal direction the scale of fig, 41 is I 5;0;']?:&02&,1;2“0;“(?;
about 10 x as large as in fig. 40). What im- being ,‘mchanged,
pression does the eye receive on observing
all the bands formed by the spectral colours at the same time?
To the left of the line A it is dark; no spectral colour penetrates
to the left of A. To the right of B it is light and the colour is
that which we would observe if we saw band [4)) Wlthout a prism,
In fact all wavelengths are present.
Between the lines A and B lies the transition region from light to
darkness, in which not only does the brightness steadily decrease from
Bto A, but we can also observe colour phenomena. All this is the
immediate conscquence of the fact that at each point between A and
B only a part of the spectral colours is represented. Thus the light we
receive from C consists entirely of wavelengths shorter than 534 my.
We may therefore conclude that all “boundary colours” appearing in
the transition region between darkness and light can be considered
as the original colour emitted by (1), from which all spettral compo-
nents above a certain wavelength have been removed.
But in this way we have only met half the number of possible bound-
ary colours. The other half comes into existence when we exchange
the roles of light and darkness in fig. 40. Expressed differently: we
leave the position of the dividing line unaltered but now place the
white strip (1) to the left of (s). This has the result that in fig. 41 the
roles of light and darkness have been interchanged, so that we obtain
the scheme of spectral components shown in fig. 42.
In this case the light proceeding from C consists exclusively of wave-
lengths greater than 534 mp or, more generally, the boundary
colours are produced from the original light by the omission of all
the spectral components below a certain wavelength.
Now when we know the spectral composition of thelight emitted by (s)
(fig. 40), it is not difficult to determine the colour points of all the
boundary colours to be met with. If we choose, for example, the
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spectral composition of standard illuminant B (see secticn 23) to
delermine the colour, we need only take the distribution curve for
illuminant B (see table H) and add the values for the wavelengths
smaller than 534 my [compare sect. 37 case (a)]. In the same way, for
the light we observe in C in the case of fig. 42 we must add up table H
from 534 to 780 myu and calculate the trichromatic coefficients from
the three results by dividing by the sum of the three results.

We have divided the distance AB (in figs. 41 and 42) into ten equal
parts and determined the colour we observe at the posmon of the
boundary line by the above method. The results are given in table 3.
Besides the number of the subdivision the following data are given:
the wavelength range present in the particular colour, the x and y of
the colour, its reflection factor ¢ and its dominant wavelength a4
(this time calculated with respect to the white point B).

TABLE 3
Scheme fig. 41 Scheme fig. 42

No. -
7 (myp) % ¥y £ W] A (mp) E y & A
0 }380—404/0:173 | 0-005 | 0.00002}400 } 404—780{0-851 }0-352 | 1.000 |B708
1 1380—4190-172 | 0-005 | 0.00016416 |419—-780{0-360 | 0-356 | 1.000 |A71
2 |380—436G|0-169 |0-007 -[0.0013 |427 | 436—780(0-362 10377 [0.999 |671-
3 |380—456(0-163 {0-012 | 0.0065 {442 { 466—780;0 892 10-431 {0.994 |571%
4 1380—478/0-150 | 0-026 ; 0.0226 466 | 478—178010-435 {0-493 | 0.977 |578
b |880—b02|0-133 |0-069 | 0.0706 |470 | 602—780(0-470 10-5611 | 0.930 | 576
6 |380—534{0-126 {0-200 { 0.2562 483 { 584—78010-626 {0472 [ 0.748 | 582
7 1380—571]0-186 [0-336 | 0.699 491 } 571—780/0 622 |0-378 |0.401 599
8 1380—616/0-300 |0-360 |0.902 |495 | 616-—780/0-710 j0-290 | 0.098 |632
9 [380—674(0 347 {0-352 {0.997 [496 {674—780{0-784 | 0-266 [ 0.0036 {689
10 {380—750{0 348 | 0352 [ 1.000 |4965] 750-—780(0-7856 {0-2656 { 0.00002( 700

The wavelength ranges in table 3 are to some extent dependent on the
nature of the prism glass. In calculating table 3 normal crown glass was
used with the following refractive indices:

% 768.2 656.3 © 580.3 ' 486.2 4341
# 16116 1.5146 1.5171 1.5233 1.5282

In fig. 43 the boundary colours appearing under these circumstances
have been plotted in the usual manner. The curve VB contains the
boundary colours of the scheme of fig. 41 (left of table 3), the curve
BR those of fig. 42 (right of table 3). The figures of the subdivisions
are also shown in the figure. With the assistance of fig. 43 and the
.calculated values of ¢ and A\ we can get a good idea of the boundary
colours usually to be met. Passing from V to B we flI'St get violet
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v tints with a very low brightness (1— 3); then the

J 520 colour gradually passes over into pure blue

8 IS with increasing brightness (4—®6); then

510 \540 l greenish blue colours appear (7—9)

07 with ever increasing brightness but

ssp |  continually smaller saturation,

o6 and finally the colour passes

a5 500 £\ into white. This, therefore,

7 o is the colour sequence which

oal ==l __ L7 appears in the coloured

= Crdl 7W800| fringe AB of fig. 41. Tf we

0.3}\400 —A4 ALE e pass from B to R (fig. 43)

l /"/ g =~ 3750 the sequenceis as follows:

0.2 6 v greenish yellow with in-

/ creasing saturation and

] M S i slowly iecreasing bright-
5 =

- e ness (1-4); saturated yel-

a 07 v0Z 03 04 05 06 07 . low(B-6);then, withgra-

Fig. 43 — % we dually decreasing bright-

Bt_)undary colours in the chromaticity diagram (illu~ €SS, orange (7) orange
et o) e, i on VR detoted by 40 red (8) anded (0). These
those on BR to the right half (see fig. 42). colours appear in the col-
our fringe AB of fig. 42,
Because the brightnesses in the blue-viclet band (B—V) decrease
much faster than in the yellow—red band (B-—R), on looking through
the prism we get the impression that theé first band is narrower than
the second (in the blue band the brightness has already sunk to 7 %
of the maximum in the middle, subdivision 5, while in the other
band an equally low brightness only occurs after point 8).
As fig. 42 is produced from fig. 41 “by interchanging light and
darkness”, a colour in the fringe of fig. 42 contains exactly those
spectral colours which are missing in the corresponding colour of the
fringe of fig. 41 (table 3 also shows this at once). If we mix these
corresponding- colours addittvely they will yield the complete illu-
minant B precisely. In other words, the two corresponding colours
are complementary. We can ascertain this fact in fig. 43. The two
colours marked 6 lie on a line with B.
According to what we have just said, 'a colour situated on the
branch BV in fig. 43 but close to B lies on the straight line connect-
ing B with a colour lying close to R. Hence it follows that the curve
VB touches the straight line BR at B. Similarly the line BV is the
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1 tangent of the curve BR at B. Finally fig. 44illustrates
T }'E,_ the boundary colours we obtain if we make the
oz =g same observations by incandescent lamp-
s light (standard illuminant A). Although
¥ N the curves have now of course been
- 50 shifted, the considerations we have
% ~ko discussed above apply, in prin-
a5 71 . ! 550 ciple, unz_xltered. ‘The ap-
\ R \yy parent differencein breadth
o / of the two bands has not
7 K 600 .
/ p ~d been discussed here.
7 = Boundary colours were
{ / extensively studied and
' 7 described by Goethe.
o k S L] K We shall return to this
,/' - in section 70.

o o %0 § 45 Combinations of

Fig. 44 — boundary colours
Boundary coloutszim;l:i:;ingt;?cent electric light The colours described

above are met at every
dividing line between light and darkness that runs parallel to the
three parallel ribs of the prism (see fig. 40a). Such dividing lines
. [such as (s)] are displaced by the prism in a horizontal direction, and
as this displacement is different for the various spectral colours,
“coloured edges appear. If, however, we look at a dividing line running
perpendicular to the three parallel prism ribs (horizontal lines in
fig. 40a) we see no colours, Here each point of the dividing line is.
displaced in the direction of that line. It is true that here, too, onespec-
tral colour is more displaced than another, but all coloured bands pro-
duced by the separate points of the dividing line overlap each other
on that same line in such a way that the result is always colourless.
It will have struck the reader in the description of the boundary
colours that green is missing. This is confirmed in table 3. For the
green colours in the spectrum we gave at the time the approximate
limits 495 and 566, and none of the A; values in table 3 lies within
these limits. This absence of green is one of the many differences
which' distinguish the series of boundary colours from that of the
spectral colours. Other differences are that the boundary colours are
mixed colours and some of them very desaturated. We shall see
presently how green may be produced by a combination of boundary
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§ 45 COMBINATIONS OF BOUNDARY COLOURS

l Lo colours and how, with the aid of such com-
binations, we shall even be able to produce
a complete transition from boundary col-
our to spectral colour. In figs. 40-41 we
70  only studied the colour phenomena ap-
“wa pearing ontheleft border of the strip(l). If
B Fig. 45 . we now take into account the coloured
oundary colours of a light . .
strip limited on both sides €dge appearing on the right border of (1)
(case I>>7). On the left the we ghyll see that in certain cases more
colours of fig. 41 appear, on . .
the right those of fig. 42. complicated colours can appear. This
depends on whether the length of the
strip (call it ) is greater or less than the distance over which the
boundary colours proceeding from one dividing line (AB in figs. 41
and 42) extend. This latter distance we call ». The simplest case
" occurs when I is greater than ». If we then draw the displacement
of (1) for the various wavelengths (analogous to figs. 41 and 42)
we get the scheme of fig. 45. To the left we see the phenomenon
of fig. 41 over a distance  (violet and blue boundary colours).
Then follows the unchanged spectrum over a distance ! — 7.
Finally we see to the right over a distance r the phenomenon of
fig. 42 (yellow, orange and red boundary colours). We therefore see
that the original white strip has shrunk to a length /— and hasa
coloured edge on both sides. Now if = 7 the white part entirely dis-
appears and the two coloured edges join each other. .
Now what shall we see if / is smaller than r? It is clear that the two
coloured edges then overlap each other in one way or another. As an
example in fig. 46 the positions of the strip are drawn for various
wavelengths on the supposition that ! = 0.6 7. From the figure we
read the following: from A to C some of the '
boundary ¢olours of fig. 41 are found. At C the r——sp—t—m

light contains all wavelengths smaller than 534 mp. -y '
But from C to E a new phenomenon arises. Wave- 73 |

d
T

lengths are now absent from the light both on the ﬁ‘,
long-wave and the short-wave side of thespectrum. ! im0
Thus the light we observe at D contains onlythe 4 cosr £

45494

wavelengths between 436 and 616 my. Finally ,

. . . Fig. 46
between E and F the only spectral colours missing  Boundary colours of
dre on the short-wave side of the spectrum, so that # light strip limited

, . oa both sides (case
we see part of the boundary colours of fig. 42. ;). Between C
Outside the range AF no light is to be observed. and E combinations

. . X f d I¢
From the diagram of fig. 46 the trichromatic ° bo“nocir,ﬂ,co‘ours
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y
t 5261 coelficients of the colours appearing in this in-
P stance are easy to calculate. Illuminant B
ﬂ o0 \% ' is again taken as a light source. The
o) colours are ‘plotted in fig. 47. The
letters ACDEY correspond with
as S50 those of fig. 46. From A to C
500 and from E to F the colours
05 Er—=Xgs560 lie on the curve previously
X y, found (fig. 43) but the
g 4 portion CDE diverges
/ % from the-old curve, as we
i 780> have a new type of col-
OA C ] our to deal with in this

\ L~ space.

7 M L~ It appears from fig. 46
// that these colours are
x 123180,4 R I R iy _ngL 1 produced by the com-

wn  bination of two systems

Fig. 17 of boundary coloursover-

The colours of fig. 46 in the chromaticity diagram. lapping each other. We
AC and EF represent boundary colours; hetween o 1.
C and E combinations of boundary colours, should be inclined tosay,

by mixing the colours
which would have been produced on that spot by both systems.
But here we must be cautious. We can indeed call it a mixture
but it is in this case not an additive mixture but a spegial kind
of subtractive mixture (see section 6). The best known example of
a subtractive mixture is that in which a pencil of rays is sent succes-
sively through two filters, one behind the other. Ome filter Te-
duces a part of the spectral components and afterwards the second
filter reduces a part of the remainder. If we study the colour produced
at D (fig. 46) we see that this is quite an analogous process. 1f only
the left border of (1) were present only the components with wave-
lengths greater than 616 my would have disappeared from-the light,
but because of the existence of the right border wavelengths smaller
than 436 my were removed from the remaining light.
In figs. 46-47 we studied a white strip on a dark background. If, on the
other hand, we observe a dark strip on a white background we must
apparently exchange light and darkness in figs. 48 and 46 too. It is
obvious that in the case in which / (length of the dark strip) is greater
than 7 we see the dark strip shrunk to a length [ — 7 with a system
of boundary colours on both sides (this time the red-yellow edge to-
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§ 45 COMBINATIONS OF BOUNDARY COLOURS

theleft). Ifl = » then the dark piece between
has vanished and the coloured edges meet.
If I is smaller than 7 the circumstances
sketched in fig. 48 arise (in which the shaded
L ; part represents darkness), which was pro-
A coe F ww duced from fig. 46 by again interchanging
Fig. 48 light and darkness. The figure indicates
Boundary colours of a dark  that, from A to C and from E to F, there
strip, limited on both sides, .
on a bright background (case are again parts of the boundary colour
! <7). Between Cand Fnew  gystems of figs. 42 and 41, but from CtoE
combinations of boundary . .
colours appear. there is again a new phenomenon. Here a
wavelength range is missing from themiddle
of the spectum; at D, for example, the wavelengths between 436 and
616 my are missing. On calculating the trichromatic coefficients of the
colours displayed we obtain fig. 49; from B to C on the curve found
previously (fig. 43), from C via D to E the new types of colour, and
thence from E to F back to the white point.
If we gradually decrease the length of I in figs. 46 and 47 we shall
diverge increasingly from the original curve of fig. 43. The central
section will rise continuously and for very small / approach closer
and closer to the curve of the spectral colours. This latter was to be
expected, for if we

y . .
i . Fig. 49
laok through a prism 4 520’ The colours of fig. 48: AC and
(174

750

at a very narrow strip IS EF represent boundary col-
of light we see an or- { < ours (see fig. 43); be-
510

dinary spectrum. w twe::m%i?:ﬁnism;‘;
If, in the case of the
dark strip on a light
background, we de- U
crease the value of 7 500
we first pass along the
original curve of fig. 43 /
(for I == #); for smaller ?{A N
|
! we traverse an ever /]
narrowing loop (illus-
trated in fig. 49), until
finally, for verysmalll,
the loop shrinks to the |
white point, Thislatter
phenomenon was also 280 |
to be expected. A very & o7 w5 s g5 06 87

boundary col-
ours occur.

]
D
5

I

{E

N,

78

460

28
\

W
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narrow dark strip cannot exert anyinfluence worth mentioning, either
as regards colour or brightness, on the large, bright surrounding field.
Fig. 50 shows the form of these curves for various values of the ratio
I: 7. The upper part of the figure contains the colours seen when observ-
ing a white strip against a dark background,’ the lower those of
the opposite case. ,

We also see at once from {fig. 50 that when combining boun-
dary colours there can be no question of additive mixing. With
additive mixing the saturated green would never be produced, as
there are no two boundary colours that lie on one line with satur-
ated green (green lying between them). We see therefore the con-
firmation of our earlier observation that the simple mixing laws
we deduced for additive mixing do not hold for subtractive mixing,

§ 46 ‘Ydeal” and “optimal’’ colours

All the colours plotted in fig. 50 were produced by omitting certain
parts from the continuous spectrum of a particular light source (here
illuminant B). We can clearly also produce colours
possessing similar spectral distributions by
causing the original light to be reflected
by a coloured surface with a suitable
spectral reflection curve (see sect. 38),
such as one of the shapes sketched
in fig. 5r. Reflection curves of
type ¢ only reflect the spec-
tral colours below a certain
wavelength and there-
fore produce the colours
we knew in fig. 43
(branch VB) as bound-
ary colours. In the same
way type d corresponds
with the boundary col-
ours on the branch BR
of fig. 43 (yellow-
orange-red).
Fig. 50 A surface with areflec-

Theb_complete system of boundary colours and tioncurve of type a re-
combinations of bhoundary colours occurring when
! in figs. 46 and 48 is made to take on all values flects only the SPGCtra'l

between 0 and 1 colours between two

5 g7

X 51290
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particular wavelengths, and therefore produces 75"~ 1

the same colours which appeared in the com- o ==
bination of boundary colours when we looked 1@16,
at a white strip on a dark background. These (:L" _::'_::
colours lie above the two curves of boundary ¢ HEx
colours in fig. 50. In the same way type b 4

corresponds with the colours which lie below gLf_I____‘___”E‘

the two curves of boundary colours (combi- .
nations of boundary colours seen when looking -y, f,,uf‘gzpi_: of spec-
at a dark strip on a white background). tral reflection curves
It will be clear that the excision of certain “c‘;’,';ﬁ;{‘ Eiezlo csllz,i,:"o'
parts of the spectrum illustrated in fig. 51
can also be brought about by passing the light through a filter the
transmission curve of which possesses one of the shapes a-4. We say
of coloured surfaces with reflection curves of these types and of the
corresponding filters that they display ‘‘ideal” colours,

although, properly speaking, there is nothing ‘'ideal’’ about these colours.

It is the reflection or transmission curves and therefore the spectral

distributions that are *ideal”.
In practice ‘‘ideal colours’” do not of course occur. The reflection
curves will never jump so abruptly from the value 0 to the value 1.
But there are, as a matter of fact, coloured objects whose reflection
curves approach those of the ideal colours fairly closely.
We shall now discuss an important and remarkable property of the
ideal colours. We start from a certain kind of light with a continuous
spectrum (e.g. illuminant B) and illuminate any selected colour-
ed surface with it. The reflected light will have a certain spectral
composition corresponding to a certain point k in the colour triangle.
The same point k can also be attained, according to fig. 50, by the
combination of two boundary colours, and, as we have seen above,
a coloured surface can also be indicated having one of the reflection
curves of fig. B1, which, illuminated by the chosen light source,
will produce point k. Hence we see that quite different reflection
curves can correspond with the same point in the colour triangle.
This is not surprising if we remember the fact that the collection of
spectral distributions is much more extensive than that of the colour
points. '
If we consider all reflection curves leading to point k in combination
with the selected light source, we see that the colours produced.
can only differ in brightness. We can now ask the question, which
of all these reflection curves produces the colour with the greatest
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brightness. We say of the surface with this re-
flection curve that it possesses an ‘‘optimal”
colour. Now the answer to the question is sur-
prisingly simple. The greatest brightness is
attained when the reflection curve is one of
the types of fig. 51. In a word, “ideal”” colours
are at the same time “‘optimal” colours.

This remarkable property holds for any selected

(i

——d
B ST
Tig. 52
A reflection factor
which in a certain
wavelength range is
neither 0 nor 1 cannot
givean optimal colour.

light source with a continuous spectrum and for any point k.
The existence of this gencral property was first proved completely
by Schridinger?!). We shall give a short account of the principles
on which this proof is based. If we wish to show that an “optimal”
colour can only be attained by a reflection curve of one of the types

of fig. 51 we must prove two things:

1. A reflection curve of the type of jig. 52 — where in a certain

wavelength range, g, is neither 1 nor 0 — can produce no optimal
colour. This is shown by selecting in this wavelength range three
smaller intervals (shown black in the figure). The chromaticities
represented by each of the intervals could be mixed in such a
proportion that the chromaticity of k was matched (Grass-
m a nn's first law, see section 24). Hence it follows that by alter-
ing ¢, in these three ranges in the right manner we can add a
certain quantity of the colour species k. We can, therefore, by
altering the curve of fig. 52, increase the brightness of the colour
species k. This curve is therefore not yet optimal. An optimal
colour can therefore contain no ranges in which e, is neither 1 nor 0.
But then the reflection curve must be of the type of fig. 53.

. A reflection curve of the type of fig. 53 cannot produce an op-
timal colour as long as there are at least 3 wavelengths at which
¢, jumps from 0 to 1 or from 1 to 0.

This again follows from Grassmann’s first law. The chro-
maticity k can be reproduced by a suitable mixture of the wave-
lengths A;, 2, A;. Hence, by shifting the places
where e, “jumps” a little in the right direttion

§ 1" (for instance, towards the positions given by
o---- 4. L i dotted lines) we can add a certain quantity of

" T\ em  the chromaticity k. We can, therefore, by chang-
A refE 53 curve DB the curve of fig. 53, increase the brightness

with t, either 0 or 1,
but jumping at more
than twoplacescannot
givean optimalcolour,
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of the chromaticity k. Therefore this curve does
not produce an optimal colour either.
We therefore come to the conclusion that the
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reflection curve producing an optimal colour must everywhere have
the value ¢, =1 or ¢, = 0, and that ¢, must “jump’ at no more
than two places. But only the 4 types given in fig. 51 comply with
these demands.

The proof of the thesis on the ideal and optimal colours is only given
sketchily above, chiefly with the aim of giving an idea of a method of proof
that can be applied to various colour problems. If we examine the proof
more closely we see that in some cases it does not apply, for instance, if the
colour points of the three small wavelength ranges in figs. 52 or 53 lic on
one straight line and k does not lie on that straight line. Such cases cause
the statements “each ideal colour is an optimal colour” and *“each optimal
colour is an ideal colour” to be not without exceptions. It happens that a
colour point k can be attained by several ideal colours which are not
always all of them optimal calours. And sometimes by way of exception a
non-ideal colour may happen to be an optimal colour. When, however, the
thesis is formulated thus: "among the one or more optimal colours having

their colour point in k at least one ideal colour occurs”, it holds quite gener-
ally.

Further it is tacitly understood in the prpof that ¢, values greater than 1 do
not occur. The proof therefore only holds for diffusely reflecting surfaces.

§ 47 Applications of the theory of ideal and optimal colours.

When considering the ideal and optimal colours in section 46 we
were chiefly occupied with the reflecting properties of coloured
surfaces. It is, however, clear that quite analogous considerations
are valid for the transmitting qualities of filters. In both cases part
of the light is lost and the only difference between the filter and the
coloured surface lies in the different directions in which the remaining .
part of the light is propagated. We can therefore draw important
conclusions from what has been said above both for filters and for
coloured surfaces. In manufacturing and studying pigments one of
the problems most frequently roccurring is how to make a pig-
ment which, when a certain light source is used, produces a given
chromaticity with as great a brightness as possible, therefore with
the greatest possible.e. And what are the limits above which ¢
cannot possibly be varied? The answer to the first question is clear.
Try to find a pigment whose reflection curve resembles as much as
possible one of the curves given in fig. 51. As in practice such curves
can never be completely realised it is of importance to find out how
far an existing pigment is removed from the theoretical ideal. Here
the second question asserts itself, to which the answer is: Find the
accessory ideal colour for the given chromaticities and calculate
the reflection factor. This factor forms the theoretical maximum
that can never be exceeded with actual pigments. In fig. 54 these
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maximum values are
given for illumination
withincandescent light
(illuminant A) and for
illumination by sun-
light (illuminant B) in
fig. 55.
Analogous  figures
for thestandard light
sources C and the
German L are to be
found in Mac
Adam 1) and
Richter 8.
In both figures we see
that very desaturated
colours can appear
with high brightnesses.
In producing these
colours we can allow
almost all spectral

CH. VIl
" | Tig. 54
t Maximum reflection and
2 transmission obiainable
08 with incandescent
electric light (il-
510 20 luminant A}
a7
560
% o
500 (S é ®
g3 o 580
A
ot 4 > 600
03
490
780
140 T
0 380
ot G e w0

components to play a part. But as more saturated colours are
produced fewer spectral colours are involved and so we can only
attain a smaller ¢, therefore a lower brightness. If, for instance,
¥ we wish to attain a very saturated green colour, then
the ideal colour only contains a very small

part of the spectrum. For a saturated

s |

yellow, however, the circumstances are
quite different. As the curve of the

spectral colours runs straight we

580 J—-[—

can stilluse an appreciable por-
tion of the spectrum. Satur-

ated yellow colours can
be obtained with higher
brightnesses than other
equallysaturated colours.

We can represent in
colour space the whole
set of colours that may

Fig. 56
Maximum reflection and trans-
mission obtainable with sun-
light (illuminant B).
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appear when illuminating all imaginable coloured,
diffusely reflecting surfaces with the same kind of
light and the same illuminating strength. As any
colour can be produced but in this case a certain
brightness may not be exceeded, this set is called
a "‘colour solid”, having as houndary surfaces the
cone of the spectral colours (extended by the purple
surface) and a curved plane containing the colour

especially in German publications [see Luther?)],
Nyberg?!), Richter?, Fricserl!), Neu-
gebauer?!) etc.] As a rule the X YZ space is not
used bul a linear transformation of this which, in
many cases, displays the unpleasant attribute that
the curve of the spectral colours cuts the straight
line at infinity at oneor two points in the accessory
colour surface [Richter®, Frieser?t)]. The
consequence of thisis that the surface representing
ideal colours consists of two parts which only meet

{
aheLf
EII} 35
‘ oNe
ase 66} 030}
620 L 025 | points of all optimal colours.
We repeatedly come across such colour solids,
0,30 0,20 —
638 @15
22—
005 |
" 780
0,26 l
000t 0002~z
Fig. 58 a0 al infinity!

The region of avia-
tion red in the y, 2
chromaticity  dia-
gram with the max-
imum obtainable
transmission of col-
oured filters (illu-
minant A). Ne =
colour point of neon
light.

When

studying coloured [iliers — especially

traffic signals for land, sea and air — the anal-
ogous problem is of still greater importance.
Consider again a particular light source (usually
an incandescent lamp) and a particular required
chromaticity. For eco- :

nomic reasons it is very
desirable that the col-

oured filter used allows the transmission of
as great a portion .of the light as possible.
In other wordsits fransmission factor should
be. as high as possible. Fig. 54 shows im-
mediately how great the theoretically at-
tainable maximum is for each chromaticity.
Figs. 66 and 57 will serve as illustrations.
Here two ranges of the colour triangle are
shown within which — by international
agreement — the colour points of the lights
used for aerial traffic as red and as yellow
signals must lie.
The red range is limited by the conditions
$<<0.335, 2<C0.002, the yellow range by
0.402 < y <0.460, z <0.007. 1n both
ranges the maximum transmission factor

is given for the various colours (see also
fig. 110).

o042

0002 goot 0,006 0poé
. et Z 3504

Fig. 57
The region of aviation
yellow in the ¥, z diagram,
with maximum transmis-
sion of filters (illuminantA)
Na = colour point of yel
low sodium lines (the so-
dium lamp proper is out-
side the diagram 2z =

0.026).
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In practice this maximum is never reached. In

the yellow range the best existing filters

54;~—r_
AR
a

reach about 85 % of the theoretical

maximum, while the red filters
seldom attain to more than

75 9, of the theoretical trans-
mission. In the case of
green filters conditions

are much less favourable,

A filter having 309%, of
the theoretical value
must be counted as a

good one, This difference
in the practical attain-
ment of ideal filters for
various colours can be
explained. The red and
yellow filters require an
approximate imitation of
the type of transmission
curvesketchedinfig.51d;
for the green filters, how-
ever, we have to try to
reproduce fig. 51a, Now
it is much easier to find pigments which cut off all wavelengths
below a certain limit fairly sharply than pigments showing a more or
less sharply defined transmission range on both sides.

Finally we wish to draw attention to the fact that for signalling
purposes discharge lamps are coming more and more into use beside
incandescent lamps with filters. Thus, for instance, the colour point
of the neon-lamp (Ne) lies in the red range and that of the sodium
lines (Na) in the yellow range. Both neon-lamps and sodium-lamps
have the advantage of having a much greater luminous efficiency
than the combination of incandescent lamp and filter,
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Fig. 58

The situation of the characteristic colour on the
line SB. An ideal colour having its point on SB
may be matched by a mixture of illuminant B
{brightness Bp) and the spectral colour S (bright-
ness Bg). The quantity Bg has its maximum
value in 3. Thereore 3 is the C-colour, The limiting

wavelengths Ay and 1’3 are complementary.
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§ 48 The G-colours. “Characteristic colours" or full colours

Among the set of “ideal” colours we find another group of examples
distinguished from the rest by their special properties. In the German
language these colours are designated by the word “Volifarben”
(full colours). The best formulation seems to me to be ““the most
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§48 - THE C-COLOURS

colourful examples among the ideal colours”, while perhaps the term
“characteristic” colours might serve. We shall call them C-colours.
When moving (fig. 58) from the white point (in this case standard
illuminant B) along a straight line to a point S on‘the curve of the
spectral colours we find that the colorimetric purity steadily in-
creases. If we now examine the ideal colours whose colour points lie on
BS in surroundings illuminated by the light B, we may wonder which
example of this series of colours makes the most colourful impres-
sion, or, in other words, which example has the most pronounced
characteristic property of the whole series, that is, the “greenest”.
The characteristic colour does not lie close to B (the colours are not
pure enough there) nor close to S (even the ideal colours have too low
a brightness there). The colour sought must therefore lie somewhere
about halfway between W and S and form a compromise between
the contradictory demands of high brightness and high purity.
The question as to the position of the characteristic colours is ac-
tually far removed from the sphere of the problems hitherto dealt
with. Such questions lie entirely in the realm of colour sensations. The
oft-mentioned limit to the study of colour has clearly been over-
stepped here in the direction of psychology. Still an obvious effort
has been made to bring this psychological problem into relationship
with the other properties of colours which can be fixed exactly on the
basis of the known mixture laws.

If we consider that — at a certain illumination strength — each of
these ideal colours can be matched by a mixture of a brightness B
of the “colourless” standard white B and a brightness By of the
“pure” colour S it is more or less self-evident to suppose that the
characteristic colour requires the greatestr brightness Bg for its
reproduction. It has not yet been sufficiently investigated whether
this supposition is quite correct. Probably the greatest divergences
will be in the red. Here the colour with the maximum Bg gives the
impression of being by no means the most colourful. When the
colorimetric purity is increased the red colour becomes more pro-
nounced. If, however, we accept this supposition the problem is
reduced to a relatively simple mixing problem. We sée at omce that
Bgin the neighbourhood of point B approaches zero. But also when we
approach S, By decreases as the total brightness of the ideal colour
decreases up to S, and Bgis always smaller than that tetal brightness.
Between B and S there is therefore a point where By is maximum.
This point.represents the characteristic colour of the selected series.
In order to determine the position of that point we shall find out
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A FEW SPECIAL LIGHT SOURCES AND COLOURS CH. VI

what wavelength range the ideal colour must reflect to include the
various points of BS,.
1f we first choose a point 1 close to S it is apparent that a reflection
curve of the type of fig. 5la is required with a fairly narrow range
A, — ), in which ¢, equals 1.
If we pass to a point 2 further removed {rom S this can be attained
by extending the wavelength range where <, equals 1 to both sides.
By choosing the ratio of these two e\tcnsions suitably we shall suc-
ceed in remaining on the line SB. Now what happens to By during
these extensions?
When passing from 1 to 2 we add the spectial ranges A; -~ A, and
N3+ Ay'. These two ranges produce, additively mixed, a colour whose
point lies within the quadrangle A A,\'32";, and as a matter of fact
on the straight line SB (since 1 and 2 lie on it). The colour we added
can therefore be replaced by a mixture of the colours B and S. It
appears from this that a positive amount has been added both to
Bg and Bpy. We have therefore not yet reached the characteristic
colour. This increase of Bg remains until the line A,\’, has arrived
at the position AN, therefore until the two limiting wavelengths
A, and A’; have become complementary. If we continue a colour is
added composed of the ranges »,~A; and A»'3»A,". But the colour point
of these added colours lies on the extension of SB and can therefore
only be replaced by a mixture of the colour B and a negative amount
of colour S (see section 21). The consequence is that Bg now decreases.
In the language of colour equations:
- For point 3: By (colour 3) «~— Bg (colour S) + By (colour B).
For the added colour 3':
By (colour 3") + By’ (colour S) «+ B’y (colour B).
.For point 4 therefore (addition of the two equations):
B, (colour 4) + By’ (colour S) «- By (colour S) + (B + By') (col. B)
or B, (colour 4) +- (BS — By
e {cOlOUr S) + (By + By') (colour B).
p | A ' By | Bg We see therefore that Bg hasindeed
| decreased to By — By/'. '
1.000 | 520—520 | 0.000| 0.000] Hence it appears that By in point 3
8%; Zgg—gég.%g 8?(1)‘13 8.{2%7 has passed through a maximum.
0.666 | 470—67488 | 0.207 0:4]§ The characteristic colour has there-
ggé‘} i(r‘:g—-?ggég 8.?2‘: ggso -fore a reflection .curve according
0:207 | 440—619.36| 0.724 | 0. ,2?, to bla with two complementary
0.01 | 430—687.28/ 0,876| 0.088| wavelengths which limit the range
0000 380—780 | 1.000] 0.000|  yhere e, equals 1. Table 4 gives as
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§ 48 THE G-COLOURS

JT’ an example the course of A, ¥, By and By
520 if we pass from the point S (here A = 520)
ag TN to B, and so allow the colorimetric
50 0 purity p of the ideal colour to drop
o from 1 to 0; By continually in-
. N | creases b'1.1t Bg passes through
U a maximum near the cha-

\ racteristic colour.
as ! 7 w-—‘» It may happen, how-
X / d ever, that before Ay and
o# 7 %'y become complemen-
o 00 8 plemen
oA\ ™ [T / /] tary one of the two has
780 reached the end of the
[ / _~1  spectrum. This takes
a?t( L /' place when S’B inter-
o 48 e sects the curve of the
- boundary colours (fig.
0 58,seealsofig. 43)before
0 o 02 03 04 05 06 O Bghasreacheditsmaxi-
Fig. 59 mum value. Until this

The complete collection of C-colours obtained with  jntersection is reached
illaminant B. The types & to d correspond to the four . . .
types of reflection curves of fig. 51. Bs steadily increases;

. after passing it DBy

decreases again; so in this case the characteristic colour is reached
just at the line of the boundary colours and the characteristic colour
has a reflection curve of the type of figs. blc or 51d. Finally, if we find
out where the characteristic colour lies on a line such as PB, we
obtain, by quite analogous reasoning, the result that this charac-
teristic colour has a reflection curve like fig.-51b with two comple-
mentary wavelengths. We can therefore sum up the results as follows:
all characteristic colours are either ideal colours with two comple-
mentary wavelengths or boundary colours with a limiting wavelength
‘with no complementary.
All characteristic colours have been inscribed in fig. 59 starting from
standard illuminant B. The letters a-d correspond to the types of
reflection curves of fig. 51. The dotted line gives theboundary colours.
The characteristic colours form the starting point of the colour
system drawn up by Ostwald (see section 75). An important
part of their properties was pointed out by Luther?).

A
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CHAPTER VIII

Obyective colovimetry

§ 49 Introduction. Objective and subjective colour measurement

In the course of time countless methods and instruments have been
invented for measuring the colour both of light proceeding directly
from a light source and of light reflected by a coloured object. We
cannot hope to give any complete survey of this subject. The restric-
tions which we shall impose upon ourselves will chiefly be of two
kinds. In the first place we shall restrict ourselves to methods
enabling us to define colours with reasonable accuracy in terms of
the trichromatic system (XY Z) which was explained in the previous
chapters. In the second place we shall chiefly occupy ourselves with
the principles on which the various methods are based, while the
technical difficulties and the ingenious ways of overcoming them
in the construction of the instruments will only be mentioned very
briefly. The reader who wishes to study the latter more closely is
referred to the appropriate publications on the subject (if, for in-
stance, he wishes to construct such an instrument himself).

As with photometry (sect. 17), so also for colorimetry we can divide
the instruments and methods into two main groups: objective or
physical colorimetry, which is chiefly based on purely physical
measurements, and subjective or visual colorimetry in which ample
use is made of the properties of the eye of the observer for colour
vision. There are cases when it is doubtiul whether a particular
method belongs to the first or to the second group. To distinguish
more sharply we shall agree to consider as belonging to objective co-
lorimetry those methods in which the eye has work to do, the results
of which are not dependent on the individual properties of the ob-
server’s eye. By this we mean in the first place the reading of elec-
trical measuring instruments and the position of movable parts of
instruments, and also the adjustment to equal brightness of the two
halves of the field of vision, provided the two halves radiate light of
exactly the same spectral compositon (for instance, spectral colours
of the same wavelength). For in this last instance, too, the results
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§49 OBJ)ECTIVE AND SUBJECTIVE MEASUREMENT

of various observers will agree even if there are persons among them
with strongly divergent relative sensitivity curves, or who are
abnormal in colour vision, or even quite colour blind.

Of the two groups mentioned that of subjective colorimetry is of
course the older. The whole standardized C.I.E. system (cf. sect. 30)
is as a matter of fact due to the results of subjective measurements,
and only after the introduction of the C.I.LE. system could serious
efforts be made to invent objective methods yielding results which
were in agreement with the system.

The present state of affairs is such that in practice we must insist
that both subjective and objective colorimetry furnish results in
agreement with the C.I.E. system.

It is of course self-evident that in principle it is easier for objective
colorimetry to comply with this requirement than for subjective. In
the latter there is always the question of the observer’s eye, whose
properties never correspond exactly with the C.I.E. standards laid
down in the tables. Moreover Kohlrausch? has shown that
these properties undergo periodical changes with the seasons. The
same periodical phenomenon was shown by Dresler ) for the
relative sensitivity curve (measured by the flicker method). These
fluctuations are not very great, it is true, but they can be clearly
observed. For precision measurements the subjective methods have
the further disadvantage that the eye sets a limit to the accuracy of
adjustment by notl being able to observe: colour differences smaller
than a certain amount (limen). On the other hand, in using objective
methods it is in principle possible — and already attainable in prac-
tice — to differentiate between colours lying considerably closer.
As against the disadvantages of subjective colorimetry there are
also disadvantages in objective measurements. In the first place
very delicate and costly instruments are required in order to realize
the high accuracy possible in principle, and these can only be worked
by a staff skilled in the problems of experimental physics. Moreover,
many objective measuring methods have the disadvantage of
requiring a great deal of arithmetic.

It will therefore depend on all kinds of practical circumstances
whether ‘we prefer a method from one group or the other in any
particular case. It will, for instance, depend on the accuracy required
whether a few measurements or a whole collection are necessary, or
whether skilled assistants are available or whether we have access to
certain instruments etc. etc. It is therefore to be expected that both
groups will remain in existence side by side, and that all efforts will
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OBJECTIVE COLORIMETRY CH. VI

be made to eliminate by further improvements the disadvantages of
both methods.

As the disadvantages of subjective colorimetry are, as a rule, more a
matter of principle and therefore more difficult to overcome objec-
tive colorimetry (as also objective photometry) has, in my opinion,
the best chances for the future.

For this reason we shall deal with this group first.

§ 50 Spectrophotometry

The most obvious objective method is the determination of the
spectral energy distribution of the light proceeding from the light
source or from the coloured surface, followed by the calculation of
the trichromatic coordinates with the aid of the tables given at the
end of this book.
The measurement of the spectral distribution of energy can be divided
into the following steps:
1. The formation of the spectrum of the light rays to be measured,
that is the analysis of the light into its spectral components.
2. The measurement of the intensities of these components.
For the first purpose a prism is almost always used. We allow the
pencil of light to fall on a small aperture S in an opaque screen
(fig. 60a). 1f we make all light rays proceeding from a point S
parallel by means of a lens L; and then focus them in a point &'
by means of a second lens L,, we produce in $' an image of S, Let us
now place the prism P (fig. 60b between L, and L,). As the parallel
pencil of rays falling on P still consists of parallel rays even after
leaving the prism, the lens L, will again produce an image S’ at the
same distance from the aperture S. Compared with fig. 60a this image
has shifted. But now the amount of
this displacement is different for
the various spectral components,
so that instead of an image S’ we
have a continuous series of images
lying next to each other in the
plane AB, each containing’ its own
spectral colour. From the specirum
thus produced we can'now separate
a special wavelength (or rather
- “* a very narrow spectral band) by
g. 60 . . .
Principle of spectral decomposition. placing in the plane AB an opaque
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§60 SPECTROPHOTOMETRY

screen with a second aperture S’ in the plane AB, which only trans-
mits the spectral light falling on this point of the spectrum. By
passing S’ across the plane AB, or by turning P and L, together
through a small angle we can bring each wavelength in succession to
the position of S'. We can also transpose the spectrum in the plane
AB by shifting the aperture S to the side.

In the above we have only dealt with the principle on which spectral
analysis is based. We cannot diséuss here further improvements and
refinements such as the use of more complicated prisms or the use of
several prisms.

Now the intensity ratios of the various- wavelengths must be
measured. .

If we wish to compare the ratio of the power possessed by each of
the spectral colours directly, various experimental complications
crop up. Thus, amongst othér things, we must take into account
the fact that in displacing S’ the isolated spectral band A->A + AX
does not remain the same size: the value of A alters. Further we
must be absolutely sure of the sensitivity of the measuring instru-
ment employed to the various wavelengths, All such complications
are avoided by comparing the spectrum to be investigated, wave-
length by wavelength, with a spectrum of known spectral composi-
tion. If it is intended to determine the spectral reflection curve of a
coloured surface the spectrum proceeding from the coloured surface
must, as a matter of course, be compared with the spectrum pro-
- ceeding from a normal white surface (see section 38) illuminated by
the same kind of light and at the same illumination intensity. If we
measure the ratio of the intensities with which one wavelength occurs
in these two spectra, we at once obtain the spectral reflection factor '
for that wavelength.

If the spectral composition of the light of a light source is to be
measured, that of a known light source is chosen as a comparison
spectrum, preferably a black body, for which it is only necessary to
know the colour temperature in order to be able to calculate-the
spectral distribution (sect. 42). One of the standard illuminants
A, B or C may also be used.

Workmg in this way one deals exclusively with comparisons between
two quantities of light of the same spectral species. This comparison
can be effected by various measuring instruments. The only require-
ment is that the instrument should possess sufficient sensitivity to
each spectral colour.

The following instruments are among those sensitive fo light: photo-
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electric cells and thermo-elements (producing an electric current
which can serve as a measure for light sensitivity), photographic
plates (the density is a measure of the quantity of light) and the eye
(adjustment to equal brightness).

When using the photo-electric cell we measure the two lights in
succession. If the photo-electric cell is linear (that is to say if the
electric current or voltage is proportional to the amount of light)
then the light ratio is simply the ratio of the two currents or voltages.
If, however, we have a photo-electric cell or another detector which
is not linear (photographic plate, eye, etc.) we can measurably
weaken one of the quantities of light to be compared until the
instrument indicates that the two are equal. The reduction factor
required now gives the desired ratio (of course the same is possible
with a linear detector).

When using the photographic plate we first photograph the unknown
spectrum and then the spectrum of the known light source; the
latter in a series of various intensities. We can now trace for each
wavelength the points at which the photographs of the known and un-
known spectra correspond (i.e. produce the same density on the plate).
If the eye is used to make the comparison, we must arrange the in-
strument so that we see the two quantities of light simultaneously as
two adjacent parts of the field of vision. We now adjust to equal
brightness by a measured reduction of one of the two halves. We can
effect this reduction and the required form of the field of vision in
countless ways. For these reference must be made to the numerous
publications [among others, McNicholas?), Ley?l), Orn-
stein®, Gibson®3), Sewig?)]. ‘

In conclusion another remarkable instrument must be mentioned
[Hardy®, Michaelsonl), Gibson4%], which was developed in
America and which is capable of measuring and recording the spectral
reflection curve of a coloured surface quite automatically. In this
instrument the light of a particular spectral colour — jsolated from
the spectrum of an incandescent lamp — is allowed to fall alternately on
the coloured surface V and on the normal white surface N in quick suc
cession. A photo-electric cell (F) receives these alternating lights. If F
Teceives equal quantities of light from N and V then the photo-electric cell
produces a constant electric current. If, however, the two quantities are
unequal then an alternating current is produced which, after amplification,
works a2 small electric motor (M). This motor works a mechanism that
reduces tho quantity of light falling on F until V and N again produce the
same current. Then F stops its alternating current supply and the motor
stops. The size of the revolution performed by M is a measure of the
required weakening and therefore also 2 measure of the spectral reflection
factor of V. A second motor M’ then moves the aperture separating the
wavelength from the spectrum slowly through the spectrum. At each
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position of the aperture the motor M ensures equality of the quantities
“of light produced by V and N.

M’ also turns a registration drum uniformly. The pen that draws a curve
on this revolving.drum is driven by motor M and gives in each position of
the drum the spectral reflection factor of the transmitted wavelength. In
this way the spectral reflection curve is registered quite automatically in

a few minutes.

For the manner of illumination of the surface to he measured by this
instrument see Knipe?).

§ 51 Caleulation of colour points from the measured spectral

distribution

In order to determine the trichromatic coordinates of lights or
surface colours from the measured. spectral distribution of a
light source or the spectral reflection curve, we must carry out
the calculations which have already been extensively discussed in

chapter VI, We can there-
fore restrict ourselves here
to giving a few methods
of shortening these often
long and tedious calcu-
lations.

In the first place we shall
consider’ the method of
selected ordinates. Earlier
in the book the following
intructions were given for
the calculation of the col-
our point of the light radi-
ated by alight source with
a continuous spectrum:
divide the spectrum into
a large number of equal
wavelength intervals (for
instance, 10 my), deter-
mine for each interval the
products EX,, EY,,
E,Z, (E, from the spectral
distribution, X,, ¥,, Z,
according to table D) and
find the XYZ of thelight
by summation:

1.0+ /f\

X \

0,61 . 20\

o4

02+

M R 700 mye
ol .

1201 m W

o0 b / \

80t~ A

60_

40t

20+

by 50 60 = omy

45508
Fig. 61
One of the distribution curves for the equal
energy spectrum (X, in fig. 61a) and for illumin-
ant A (E,X, in fig. 61b). The spectrum is divid-
ed into intervals of 10 mp.
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10 X = ZEAY N
Y =ZEY, (21)
08 .
_ Z=ZXEZ,.
06 X ¥
If the intervals are taken
of in 10 my sizes, there are
g2 100 multiplications to be
made besides the addition.
o 400 500 500 700mu ~ We shall now show how to
Fig. 62 “s00  gave the trouble of all

The same curve as in fig. 61a but now t:xe area  thoge multiplications by
under, ho curve s devded inte ewul st 1 method of selected
ordinates. In fig. 61a the
quantities X, (table D) and in fig. 610 the quantities E, X, are
plotted for the various wavelengths (for E in this example the
spectral distribution E, of standard illuminant A has been
selected, see table F). In both figures the spectrum has been
divided into intervals of 10 my. In fig. 6la the areas of the
blocks are proportional to X,, in fig. 61b to E,X,. The sum 2E X,
(formula 21) is therefore proportional to the whole area lying in
fig. 61a below the curve, while the area below the curve in fig. 61b is
equal to £X; this is therefore the quantity we require to determine
the X coordinate of the equal energy spectrum, which we shall in-
dicate by Xg.
Now in these figures the blocks have been selected of equal widths,
but it is of course also possible to calculate the area below the curve
by summing blocks of unequal width. We now take (fig. 62) for the
curve X, a division of the spectrum into 30 blocks all with the same
area (viz. TxJD‘ Xg); as YA increases the blocks therefore become
narrower.
1f we apply the same division to fig. 61b the blocks no longer have
the same area, but their area is proportional to E ,- The total area
below the curve E, X, is therefore:

X=EEA-'§10‘XE=:T’16‘XE.§EA, (22)

since Xy is the same constant for all blocks and can therefore be
placed before the I sign.

We have now substituted equation (22) for (21).

In order to calculate X by equation (22) we must indeed make an
addition, but the hundred multiplications have disappeared.

The expression EE , means that we must find the value E . from the
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spectral distribution for the centre of each block from fig. 62 and
add these 30 values. The centres of these blocks are called selecied
ordinates for the curve X .+ we find their values in table L, where they
are indicated by A,.

In exactly the same way we find:

Y = §‘U YEEEA and Z = ‘r;lﬁ' ZEEEA.

Here we must add the values of E, for the wavelengths A; and A,
which are obtained in the same manner by dividing the area below
the curves .Y ,and Z , into 30 blocks of equal areas. These selected
ordinates are also given in table L. Finally we find.:

X :Y:Z =gy X 2E, a3y YRZE, | g ZpREa
X ¥ z
= ZE) : ZE) : ZE) (23)
x Y z
for Xz = Yy = Zg.

We can apply an entirely analogous method for coloured surfaces
. whose reflection factors have been measured and whose colour points
when illuminated by one of the standard illuminants A, B or C are
required.

If we choose illuminant A as an example we find by the old method:
X = EsAEh—Xa; Y = 3¢ EY,; Z=Z3e¢EZ

ATAT A2 AT AT A

in which the summations take place over a number of equally wide
blocks. We now draw the curves E, X3, E, Y3 and E, 7 (see table G)
and divide the spectrum into 30 wavelength intervals in such a
manner that the area situated below the three curves is divided
every time into 30 parts of equal area. The area of one part is there-
fore gy X4, 5l Ya anc.l gg Za respectively.
If we apply this block division to the curves

EAEA.X;. SAEA.YA sAEA_Z-;_
the area of these blocks becomes proportional to

e, . g5 Xa, & .5y Yaande . g5 2,

The total area below these curves is therefore:
X = 2 SA.':_?]'(‘)‘ XA. = 151'(—) XAZEA’

Y = 4Y5 YaZs,, Z = 5 ZpZs, (24)
or: X 1Y :Z = X,Ze, : Y, e, 1 Z,Xe, (25)
X Z Y

so that we have once more found equations in which the 100 multi-
plications have been done away with. The summations must again
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take place over selected ordinates, the values of which are given
in table M. ‘

The reflection factor ¢, of the ccloured surface is found by applying
equation (24) to the normal whitc surface for which all values ¢, are
equal to A, therefore:

Y“y ="——;516- YA'30 == YA and ¢ = Y : YW = 75]0 §€A

(hence ¢ is the average of the 30 values that e, assumes for the
wavelengths A,). Tables N and O give the selected ordinates for
standard illuminants B and C.

§ 52 Examples (continued)

We should like to illustrate the use of the selected ordinates by two
examples of calculation.

The first concerns the trichromatic coefficients of standard illumin-
ant A. These have alrcady been computed in section 37 in the
“0ld” manner. The *“new” calculation is given in table 5. For
each selected wavelength of table L the value of E, (see table F)
has been tabulated. Addition then shows (according to equation 3):

or %, = 0.448, y, = 0.4075, z, = 0.145.
The second example concerns the colour of the green paper “nc 79"
under standard illuminant A. This example. was worked out in
section 39 in the “‘old” manner. The new calculation is carried out in
table 6. For each selected ordinate of table M the value of ¢, (see
fig. 28) has been given. Addition gives the following results:

Ze, = 4.361; e, = 6.691; e, = 9.508.

X Y z
If we apply cquation (25) with the values worked out in the previous
example for X,, ¥, and Z, we find:

X 1Y : Z = 14490 : 20220 : 10210

or x = 03225, 9 = 0.4545 and z = 0.228.

For the reflection factor ¢ we find ¢ = 47 X 6.691 = 0.223.

The results agree well with the results obtained in section 39 by
another method.

We have always worked with 30 selected ordinates. The choice of
this number is determined by two factors: the accuracy we wish to
attain and the question whether the spectral distribution or the
spectral reflection curve has a fairly level course.
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§ 52 EXAMPLES (CONTINUED)

In by far the majority

of the cases occur- TABLE 5 TABLE 6
ring in practice the n
number 30 seems to be E(ly) | Elly) | E(da) | E(kx) | E(dy) | E(%3)

very satisfactory.

Ifthe curves for B, or | | 38\ @7 553|058 847 | b1
P _— . . . L X 3 2

g, are very flat, or if 3 516 | 5| 208 | 0513 | Oare | 3%
we are content with a g 22.8 g;g 323 8532 8'&;8 8'13},
i 1 3 . . 24, A , .9
fairly rough estimation 8 soo| Tial o5 | 02| o290 o208
of the colour point, 10 g gg.g gg.g ggg 8.%?8 8.337 ngg

i oy : 60 314 | 0.

selected ordinates are | 9 |1000| 82.9| 281|057 | 0:294 | 0:260
sufficient. We take for }(1) ig?g gg.t’l; %g.% 8%; 82%2 83;1
. - 010 267 | 0.280

these the wavelengths | 13 (1106 | 90.7| 809 | 0129 | 0.289 | 0288
numbered 2, 5, 8, .. 29 13 |1136| 93.1| 8180122 | 0.223 | 0.295
i L-O (marked 14 |1165| 96.7 | -82.7 | 0.116 | 0.207 | 0.801
in tables L-O {marke 16 |1191| 981 836 | 0.110 | 0.195 | 0.307
with an asterisk in the 16 |121.7|100.7 | 34.6] 0.107 | 0.180 ! 0.810

[
-3
=
0o
L
[\
=]
@
w

ol 31 8556|0104 | 0.169 | 0.316
tables). 18 [126.6 | 106.0 | 36.5 0.101 | 0,157 | 0.322
20 |131.6| 111.4 | 38.6 | 0.095 | 0.136 | 0.340

the E, and ¢, have a gé 134.1 114.4 39.3 0.093 | 0.126 | 0.351
very et ; 23 |1393 | 1206 | 421 | 0,090 | 0.110 | 0.382
if we wish to attain a gg 1421 | 1241 42.6 0.088 | 0.105 | 0.416
eat accu ’it 1456.1 | 127.9 46.1 1 0.086 § 0.100 { 0.449

very Bre racy 96 |1485| 1812 | 47.1 | 0,085 | 0.095 | 0.476
is sometimes desirable 23 122.4 187.1 49.3 8.084 0.090 | 0.494
00 instead of 28 |167.1| 148.0 | 52.9 | 0.082 | 0.087 | 0.493

to take 100 instead 20 |1686|160.8 | 68.0 | 0.082 | 0,085 | 0.474
30 wavelengths. Har- | 30 |175.6 1648 | 68.4 | 0.086 | 0.082 | 0.408

dy 8 gives tables for
this case.

8326 | 3027 | 1075 4.851 | 6.691 | 9.508

n = number of selected wavelength.

For some light

sources other than

E, A, B and C selected ordinates have been calculated by MacAdam 9)

and Richter?). See also Bowditch?). If we wish to determine

the colour points of coloured objects for illumination by a light source
for which we have no table of selected wavelengths, there are two ways
open to us:

a. We can calculate such a table for ourselves from the values E,X,,
E,Y, and E,Z,. This method is only to be recommended when we
wish to examine a very large number of colours by the same light
source, _

b. In the formulae X = %, E,X,, ¥ = I, E,Y, and Z = 5, £,Z, we
can calcnlate the products ¢, E, and sum them up over the selected
ordinates of table L. In this way we save two-thirds of the otherwise
necessary multiplications.

If we have to determine the colour point of a large number of only slightly

differing lights we can tale one of them as standard (spectral distribution

E,) and determine photometrically the ratio f, for each other light source
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of the power that this light source emits at the wavelength, to Z,. For the
required colour point the following then obtains:

X:Y:2 = f,E,X, :3,E Y, ¥,EZ,

so that we can determine the ratio of these sums by adding the values of

1, for the selected ordinates calculated for the standard employed.

As f, will only change slightly with the wavelength, we can manage with

a small number of selected ordinates. The method of selected ordinates

can be applied in numerous other cases. We may mention here only their

use for calculating brightnesses according to B = MXE,V,.

For colour calculation the method in the form dealt with here was first

proposed by Hardy?), but we find the principle in a somewhat modi-

fied form in Luther 1), while the well-known Rousseau diagram

in photometry is really based on the same principle,
Finally we wish to point out the existence of methods that still
further reduce the calculation involved in working out spectral
measurements. Various ingenious instruments have been constructed
— partly of an optical and partly of a purely mechanical nature —
which perform the required multiplications and additions automatic-
ally. For further particulars we refer to the publications of
Hardy?!), Résch?, v.d. Akker?, Razek?), Sears?),
Swank?) etc, '

§ 03 The analogy of the eye and a combination of three photo-
electric cells

18 In sect. 8 we pointed out
[ \ : that the properties of the
16! :

’ th eye in the matter of colour
14 mixture could be perfectly
2 \ explained if we accept the

" \ fact that each cone con-
10 r4 sists of a combination of
06l \ A \X,\ ‘three photo-electric cells.

\ / / \ \ Let usnow consider further

il this possibility of re-
o4 } / \ X placing the eye by photo-
/~<7. )’ / \\ electric cells. Imagine

42 7, \ \\ three different photo-
0 ] electric cells of which the
%0 500 & = 7Mome  spectral sensitivity is pro-

Fig 63 “"*  portional to Xu T’A and
The eye may be replaced by three photo-electric Z A (/ig. 63 and table D).

cells whose relative spectral sensitivities cor- T
e v - - 118
Tespond to the distribution curves X,, ¥, and Z, means that, when we

of the equal energy spectrum. allow the same power of a
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§ 53 COMBINATION OF THREE PHOTO-ELECTRIC CELLS

spectral colour of the wavelength A; and. of the wavelength 2, to
fall in succession on the photo-electric cells, the electric currents
produced in these two cases by the first cell will be in the ratio of
X, Xa,, while for the second and third cells the currents will he
in the ratio of Ya, : Yayand Zs; @ Za,.

Further we suppose the photo-electric cells to be linear (i.e. that the
current for a certain light is proportional to the power in the light
beam) and that their action is additive (the current produced by a
mixture is equal to the sum of the currents that each component
would produce separately).

If we now direct a light pencil on these photo-electric cells having a
spectral composition E,, the cells then produce the following currents:

EX, =X; ZEY =Y; 3ZEZ = Z
The currents are therefore proportional to the trichromatic coordi-

nates XYZ of the light directed onto the cells.
From this important result two conclusions can be drawn:

a. The three photo-electric cells act in the same way as the normal
eye. For if the corresponding trichromatic coordinates of two
" pencils of light are equal, the eye sees no difference, while the one
light pencil produces the same triplet of currents as the other. If,
on the other hand, the eye does see a difference between the two
light sensations, this means that at least one of the coordinates is
unequal. In this case at least one of the photo-electric cells will
also produce different currents for the two pencils of light.
As the whole colour comparison is always based on the judgment
as to whether two light pencils produce an equal colour sensation
or not, and the combination of photo-electric cells produces the
same results as the eye in that respect, we can indeed say that
we can unreservedly substitute the three photo-electric cells for
the eye in the judgment of colour.

We might have used the verdict "“the eye acts as a combination of three
linear photo-electric cells with sensitivities X,, Y,, Z,” as the starting
point of the theory of the ordering of colour sensations in the chapters
III-V. Grassmann's laws are already included in the supposed
properties of the photo-electric cells, as we can easily prove. This way
would undoubtedly lead to a shorter development than the considerations
given in chapters IV-V, but we should have gained no insight into the
experimental basis on which the whole rests.

Even if the photo-electric cells had the property of producing currents
proportional to the trichromatic coordinates of another system, the com-
bination would still be equivalent to the eye. This, for instance, would be
the case if the cells had the sensitivities B,, B, and B; (see table B) or
R,, G, and B, (table C). More generally speaking “the eye acts as a
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combination of three linear plhoto-electric cgls whose spectral sen-
sitivities are linear combinations of 3?,\, ), and Z,”. In practice we shall
only be able to realize such a trio of photo-electric cells if this “other”
system gives exclusively positive eoordinates,

b. From the proportionality of the currents produced and the tri-
chromatic coordinates it further follows that we can also employ
the three photo-electric cells to measure the X, Y and Z of
a light beam. As we have eliminated the use of the eye in such
a measurcment (namely replaced it by the equivalent combina-
tion of photo-electric cells) we see here a typical example of the
transition from a subjective to an objective method.

§ 54 Objective colorimetry with the “photo-electric tri-colorimeter”’

This method is based on the facts described in section 53. Historically
the method arose from one of the most primitive attempts to define .
colour sensations. The light source (or the coloured object) was
examined in succession through red, green and blue tinted glass and
the observed brightnesses were measured visually. The three numbers
— if necessary multiplied by constants @, b and ¢ — would produce
the trichromatic coordinates. Here we have in fact the case dealt
with in section 53, in which instead of the photo-electric cells the eye
was used, covered by filters. Just as with the use of photo-electric
cells, we also require the spectral sensitivity of the eye covered with
filters to be proportional to the values X,, ¥, and Z A
Now the spectral sensitivity of the eye itself is V,. If we look through
a filter that transmits the value (v,), for 2 wavelength ), the eye thus
reinforced has a spectral sensitivity of V. (r;),. The same with the
use of the two other filters : V,.(z5), and V,.(r),. The required
equivalence with X,, Y, and Z, therefore exists only if the filters
comply with the following conditions:
V, G, =cX,  V, . (rg),=cY; V,.(rg, =¢Z, oor
(F), =¢X, 1 Vas (), =Y, 1 V,; (), =¢Z, :V, (26)
If the filters do not comply with this requirement there is the risk
that two light beams with equal trichromatic coordinates will yet
produce different results.

This risk is eliminated if the filters satisfy the nore general requirement

arising from (26) by replacing X,, 7, and Z, by arbitrary linear combina-

tions of these three functions.
But even if the filters do come up to the requirement — which
was first explicitly stated by Luther?') — the method has still
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§ 64 THE “PHOTO-ELECTRIC TRI-COLORIMETER"”

the great disadvantage that visual brightness oy
comparisons have to be made in which there 586 omm
is always a colour difference between the two b6 oot vszHaaN?%
halves of the field of vision. To what un- -
certainties this may lead we have already _Fig. 64

. . - Acombined filter as used
seen in section 11. by Dresler for adapt-
The only way to avoid these uncertainties ing the photocell sen-
is by substituting an objective measurement Y tothe curvey,
for a subjective one, i.e. by employing three photo-electric cells
instead of the eye.
The great practical difficulty (which by the way exists for the sub-
jective method too) is to comply with the requirement that the
spectral sensitivity of the photo-electric cells must be proportional
to the quantities X ,\' VA, Z,. No single type of photo-electric cell
fulfils such requirements unconditionally.
As a rule we employ one photo-electric cell to which we endeavour
to give the required spectral sensitivities by using different filters in
succession. This sounds very simple but in practice we encounter
very great difficulties if we wish to satisfy the requirements with
accuracy. The filter that has the task of adding sensitivity X, to the
photo-electric cell, owing to the queer shape, of X (see f1g 63), is
particularly difficult to achieve. Efforts have been made to remove
these objections by ingenious combinations of filters used partly in
series (the light passing the filters in succession) and partly in pa-
rallel. The latter principle, which is particularly freely employed by
Dresler?),is in fact equivalent to the employment of one or two
different photo-electric cells used parallel to each other [Barnes?)]
In fig. 63 it strikes one that the short-waved part of X is about
proportional to 7 This was made use of by employmg the same
filter for both pa.rts [v. d. Akker?!),Dresler?].
Fig. 64 illustrates the use of filters placed one behind the other
or next to each other. It represents the filter used by Dresler?) to
give a spectral sensitivity to the photo-electric cell proportional to
¥, and it isconstructed entirely from the well-known Schott filters.

We can also use the fact that it is sufficient for spectral sensitivities to be
proportional to arbitrary linear combinations of X,, ¥, and Z,. In this
way we can arrive at filters easier to realize [Winch?)]. A principle
suggested a long while ago by Ives?), ie to analyse the light spec-
trally and to bring about the necessary reduction of the various spectral
colours in the spectrum by templates, has been followed on u limited scale
both in photometry [Voogd?), H. Kénigl), Laporte?),
Winch?], and in colorimetry [Knipe!), H Kénig?%)]. See also
Guild®, Hunter?), Perryl)
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Summing up we can make the following judgment of ‘photo-electric
colorimetry’’. Of all methods it is perhaps the one with the best
chance of survival, as it combines relative simplicity with very
rapid measurement, and with all the advantages that an objective
measurement offers over a subjective one. Undoubtedly there are
still technical difficulties to he overcome. At the moment. the same
accuracy can be attained with relatively simple means as with the
best subjective methods. If we should succeed in raising the accuracy
to the level of that of the best spectro-photometric methods — and
this is chiefly a question of better filters — then probably no single
method would be able to compete against that of photo-electric
tri-colorimetry.
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CHAPTER IX

Subjective co/orzMez‘@/

§ 55 Range of application and cldssification of subjective methods

In section 49 we have already dealt with the distinction between
objective and subjective methods of colorimetry and the most
important advantages and disadvantages attached to both systems.
In the past, of course, the subjective methods had everything their
own way. The knowledge of the properties of the eye, research into
the laws of colour mixture and into the existence of normal and
abnormal organs of sight, the principles upon which the C.LE.
system was based, were all built upon subjective measurements.
But subjective methods are still of importance to-day, for scientific
purposes: for continued research into the properties of the eye and
for eventual improvements of the standard system of the C.I.E., and
for practical purposes: in all cases in which the advantages of the
subjective method are of greater weight than the disadvantages.
The choice between subjective and objective methods is determined
in a great measure by the accuracy we wish to attain. In this respect
we can distinguish the following cases:

a. The maximum ‘accuracy is required without much regard to cost
in time and money. In this case objective methods are the
most suitable. It is possible to limit the errors made in deter-
mining the XY Z values so that they are no greater than the col-
our differences that the eye can just distinguish, while in com-
paring colours of the same species and in measuring small colour

. differences a considerably greater accuracy can be reached.

b. No greater accuracy is desired than can be attained with the best
visual instruments. In this case both groups of methods are
satisfactory and the choice made will often depend on all kinds of
side issues,

“Photo-electric colorimetry’’ will in future probably be of par-
ticular importance here (section 54). The mutual differences
between measurements made with the varions instruments and
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by observers and between the measured results and the C.LE.
system in most cases do not exceed more than a few times the
colour differences just visible to the eye. As for the establishment
of small colour differences, the objective methods for case (b) are
about as sensitive as the unaided eye.

¢. If accuracy is of still less importance, or if it is sufficient to com-
pare the colours with certain standards without the necessity of
knowing the values of XYZ with any precision, we can use the
simplest methods of subjective measurement. These are simpler
than rough objective measurements. '

Subjective measurements are always based on the fact that the
colour sensation to be examined is made indistinguishable from
another colour sensation. This “other” colour sensation can arise in
various ways. In the first place, and this is especially important for
the judgment of coloured surfaces, we can select from a large collec-
tion of coloured objects the one whose colour most resembles the
colour to be examined. This method, seemingly so simple (section 56),
is only of use if accuracy is of little importance (case c).

In the second place we can maich the colour sensation by additive
mixing of colours (sect. 8) or by varying a known colour in some
other known way so that an equality of colour sensation is pro-
duced. With the aid of instruments by which such a matching is
brought about we can’ attain the degree of accuracy mentioned in
case (b).

§ 36 Colour determination with the aid of a colour atlas

If we have at our disposal an extensive collection of colour samples
(a colour atlas), it seems at first sight easy to determine the colour
of a given object by finding out to which item of the collection
the colour of the object to be examined corresponds. This would
appear to be a very simple, direct, accurate time-saving method of
colour determination.

In practice, however, it is disappointing. For the method to be
satisfactory the colour atlas must be of very high quality — which
is true of none of the existing colour atlases — and when using it
various precautions must be taken with which hardly any user ever
complies. If it is deSired to use a colour atlas to determine the colour
of a given object with some accuracy, the atlas must comply, inter
alia, with the following conditions:

1. The atlas must be complete, i.e. contain all colours met with in
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§ 66 COLOUR DETERMINATION WITH COLOUR ATLAS

o

practice. The difficulty of this can be understood when we re-
member that not only must it possess representatives of all colour
points of a great part of the colour triangle, but that these colours
must alse be present in various brightnesses. In other words, we

' must have a whole series of colour samples at hand each having

the same chromaticity but varying reflection factors, from values
so low that the colour can hardly be distinguished from black, up
to the highest values that can be realized (see sect. 48).

- The atlas must be sufficiently dense, 7.e. two neighbouring colours

must differ very little from each other. The ideal case would be
that two neighbouring colours differed so little from each other
that they could barely be distinguished by the eye. For accurate
colorimetry the colour differences between neighbouring examples
must certainly nowhere exceed more than twice this amount.
The first and second conditions imply that the atlas must contain
an enormous. number of specimens. As an illustration Ost-
w ald’s colour atlas may be mentioned, which contains in its .
original form more than 2000 coloured cards and still does not
comply either with the first or with the second condition!’
Amesl) estimates that about 13000 cards are required to fulfil condi-
tions 1 and 2. The number of surface colours distinguishable with a given

illumination under favourable conditions of observation is very much
greater: according to an estimation by J ud d % about ten million!

. If we wish to employ this method to define colours in the XYZ

system, the X, Y and Z values assumed under a certain illumina- .
tion (preferably two illuminations, for instance A and B) must
be marked on each specimen of the collection.

.- Even if we do not arrange the colours to be measured in the XY Z

system and are satisfied with giving the number of the colour in
the atlas used, we must ask for reproducibility. Differ-
ent copies of the atlas must be identical to the extent that it does
not matter if we have a colour measured by P or Q (supposing
they both poss:ssan Ostwald atlas).

. The condition of colour fastness implies that in normal use the

colours shall not change in the course of time, This condition is
particularly important if we wish to measure the spectral re-
flection curve of a specimen. For this purpose we generally
require a fairly protracted and strong illumination.

In using an atlas for the classification of unknown colours the follow-
ing rules must be observed. In the first place both the colour to be
measured and the comparison colours must be illuminated by a well

1
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defined . light isource!,whicli must be quoted with the result ,For
itimay happen  that, two .coloured objects. under, mecandescent
Lightj give the same dcolour,sensation . bul_ in, dayhght show. clear
differences (In the: second -place wemiust consider, how the samples
are ilurmpated 4If possible thejsnstructions given.in section 38
(Figs. 27y should, be adhered: to. The, use of other, lluminating .and
obsenwing arrangementsshould ibe; gnoted with.the results This.rule
1s in some jcases, of the greatest ymportance, as-for some surfaces
(espacially, with'textiles), the colour and;the, getlection factonmay
depend;to a fairly, large degree on the dirpctions of; illumination and
observation ; Thirdly, we.. musti 1y to, observe, the ¢olours in such a
way that nothing can be seen of the.structure, of the surface, there-
forq insuch a,way thatwe cannot scerotwhat kinds of mateuial the two
colours tobe compared are made ,We-can;aftain this, for instance,
by placingthe object far ,enough away. or, by lpoking at the surface
through a lens, sp_thatl itas not,sharply reproduced on the retina. We
can alsg; cayse the structure,to, disappear by, letting the, surface
revolve rapidly, If wedo not take such precautions great difhculties
will be experignced in colour comparison when ong of the.objects hasa
surface that is not quite smopth and uniform 1n colour (for mstance

textiles, wood, agrlcultural products etc.). Fma]ly we must.comply —
dl leasgt apprommately w1 with the conditions summed up m section
19, which must’ apply o all visual colour measuremeént

Only when all the'requirerhents mentioned have been fulfilled and all
precantions taken, caw thisi method. develop mto dne of precision

Since, howewver, i practice these conditionis have never been satishied
and are partly impossible to satisfy, colour determination with the aid
of a colour atlas must be classed among the rough estimationy methods
{group (c) of section 55) 1+ - T

We by no means wishito imply, however, that for. certam‘purp‘oses
the method would not be of greal practical-value.

Some well-known coldur atlases are those of Ridgway?), M u n-
sell’), Ostwald?»?, Maerz! and 'Prase [Baumann?)].
See further the surveys by Ames?), Pander?), Richter?
and the extensive publicatinns regarding the Munsell system
widely known in America (for instance, Nrckerson?), Gran-
ville®?), Gibson?®, Glenn?, Kelly?), Newhallfﬂ"’)

Judd®, Tyler?yy, Bond?)etc].
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757 1 Ppists B fret Uded in v B pbdiral

AT A e ole R bRl il o e
bun bl sewloa Tspnog, o1t dnads,
Wei wish{ o, dispuss mowslarge group
of :subjective jmethods; by which ,a
golour, sensation » i3 ;huilt; ups from .a
yeryilimited.pumber of colours, tobe
indistingmshable from, the -eolqur fo
hetexafmm;dmlm,;tbe majanty ofgthese
methodg rthLS)E'EprC?duqt}mhkas Bla&emml : e:;m N8R TR IR O
by additive, mixture oof rthre@”che;;l " 2
goloutsyInisuchy cases t,he[mstmmqnts nl

arelcalled {\trichromatie colorimeters’. v~“’,
fihe;principle of this method, onwhich. .. |,
therwhele trichromatic: theeryns acs, 1.
tually, basedvhas heen repeatedly dise o, alr cpn e
susserl, gorthat we canmestrict ourselyes, 1 [, \y 1 [ fd herodo
here to the discussion,of the constrng-q TS 777 g e, sl
tno;n o measumng ImStIumerntS ,based, iy pphcatloﬁ cffliri(s}?ris inl tuchrgt
on, this Prmﬁll?le{)‘ R@themham SUM- UP;, mrabic (daldrumeters: The parallel
s endlessu o, ofmstruments and . Fog ol e prans e 0 b
methogds . Oi execution, we, tha’nruuqt T plane of, drawmg (seeif1g., 40} .+ .
mention the.vanious parts that,06cut; ./ L Lu. © »0 o 16
m.,all, suchj apparatuses,, Fqr the“ 1ﬁf¢rent tpqh,mques the reader
s referred; to,the extensive literature, on. the isubject, An, abquain-
tance ; with., the yvarious, parts will :faglitate, thls,,sstudy . BEvery
trlphr’omath, cplor;meter canfans pne, or, more kinds, pf prisms
which are used for the; most .divergent, purposes. A:number. of the
most, frequently, occurnng, types, and, the manner, in which ,they
1nﬂuen;c& the passage [qf hight Tays agre grven, below, ,,, «~ .,
The simplest, prism,,is, one ;with a 1gctangu(m'.1sosceles transverse
section, used almost gxclusively as aymirror (fig, 66a, b).. The rays
striking. ope of the sides, at an angle of 45° are totally reflected. The
entrapce and exit of the light always takes place perpendlculan to
the surface,,so that no undesirable, colour cuspersion takes place. The
three-sided prism. thh equzlataml transyerse section 1s employed for
the spectral analysis of hight {frg 65¢, see also flg 60) and for the
additive, mixture, of lights (fig. 65d). Here Jights (1) (2) and (3) are
mixed and leave, the prism as one penciliof rays {4). This method
can oaly be apphed 1f (1) and (2) are spectral lights, otherwise an

undesirable colour displacement takes place.

et

1
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2 Finally the equilateral triangular prism

occurs in the combined réle of bringing
—s— about the spectral analysis oflight and
forming a field of vision divided into
two halves for colour comparison.
Fig. 65e illustrates this. We have
b o here actually a combination of two
Phomﬁ‘igt-efﬁprisms spectroscopes of the type sketched in
) fig. 60 having a common prism. The
course of the rays 1-2 is from one opening and 3-4 from the other.
The two spettra both lie in the plane AB, so that we can cut out a
narrow spectral band from both by placing a common slit at S’. An
eye behind S’ now sees the left half of the field of vision, in the colour
transmitted from the beam 3-4 through the opening S', and the right
half in the colour transmitted by beam 1-2 through S'. The rib R
here forms the vertical dividing line between the two differently
coloured halves of the field of vision. The principle described here
has been applied by Helmholtz for the comparison of light
mixtures consisting each of two spectral colours (see section 72).
The bi-prism (fig. 65f), a three cornered prism the transverse section
of which is an isosceles triangle with very acute angles on the
hypotenuse, serves to turn two divergent beams 1 and 2 into the
parallel beams 3 and 4. As the part of beam 1 falling on the left
half of the bi-prism leaves the prism again at a strongly divergent
angle, an eye placed at some distance sees on the left-hand side of the
prism only light from beam 2 and from the right only light from
beam 1. The rib R therefore again forms a vertical d1v1d1ng line
between two differently coloured halves of the field of vision.
Slightly more complicated are the so-called photometer prisms of
which fig. 66 gives two examples. The prism of fig. 66a, the
Lummer-Brodhun prism, is to be considered as a com-
bination of two prisms I and II each being shaped as a half cube,
Before they are stuck together a part of the oblique side of one
of them is made into a mirror (the part heavily drawn in fig.
66a). *) After sticking the two parts together and directing two
beams onto it in the way indicated, we see in direction 3: from the
mirrored parts of the diagonal light from beam 1 and from the
unmirrored parts light from beam 2. By giving a special shape to the
mirrored parts we can divide the field of vision into any parts

I

N

1=

*) Thig can be done by grinding away a part of the dividing surface.
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radiating partly light 1 and partly light 2. The most
usual is again a vertical division into two halves.
Such a prism is used in photometry to adjust the two
halves of the field of vision to equal brightness, while
ess 1t 1S employed in colorimetry to adjust two beams
Pl x0T to an equal colour. Another division of the field of
olarized and un-
polarized Light, Vision is into a number of vertical bands giving in
turn the colours of the two pencils of light (fig. 66a).
Fig. 66b shows a photometric prism of a slightly different con-
struction giving a field of visien illuminated in one half by light 1
and in the other half by light 2 (the part of the boundary surface
drawn heavily is again a mirror).
Finally fig. 68 shows some prisms whose action is based on the pro-
perties of polarized light. Considering a beam 1 (fig. 67), we see a
vibration phenomenon propagating itself along this line. The direc-
tion of the vibrations is always perpendicular to the direction 1.
Usually all vibration directions lying in the plane ABA'B’ are
represented, but in cerlain cases a pencil of rays is produced from 1
(by the action of prisms, mirrors, etc.) in which only one direction
of vibration occurs (for instance the direction AA’). In this case we
say that the light is polarized. If another ray only contains vibrations
in the direction BB’ we then say that the plane of polarization of the
first ray is perpendicular to that of the second, or that ”the two
rays of light are mutually perpendicularly polarized.”
The prisms shown in fig. 68 each produce two such mutually per-
pendicularly polarized light beams, which also differ in other respects,
by which they can be distinguished. In contradiction to the prisms
illustrated in figures 65 and 66, which are
usually made of glass, the phenomena sketched
in fig. 68 only occur in prisms cut in a
certain way from the crystals of substances
such as quartz or Iceland spar. A ray of light
falling on such a prism (fig. 68a) is split in

the manner indicated into two beams (2 and
3) which are refracted in different directions N
d 2‘I!I‘

1

»
[
(1]
- W
%ZM
o

and which appear to be mutually perpendic-
ularly polarized; such a prism is called “bi- 2y \3
refringent”. Since in the case of fig. 68a £

the two beams leaving the prism are parallel, Fig. 68

this form of prism is not suitable for sepa- The use of polarized

. . . light in trichromatic
rating these beams completely. With a prism of colorimeters.
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the ftype sketched 1n {1y 680 this ¢ould berdotte, but 11;:\c'auses an
undesirable colour dispersion, while the fact thai the direction ot
bath depatting beams 2 and 3idiffers - from that of 1 can alsg b:(; very
annoymg 'Both 'objections are temoved iby using the /ptism of
frgi 68c. This consists‘of a bi-refringent prasm { and a glass ‘prism IT
(the lower 1n the figure) having for'beami2'the same refractive index
as [.Beam 2:now leaves an’'a'direction'parallel’to 1 and, shows, ng
colour ,dispersion whatgoever, 'We can ‘obtainithe same result by
takinginstead of I a bi-refringent, prismiof Iceland spariground ina
different manner from'l ‘We can also arrangé€ 1t so that the'bearmns
3 and 3 be symmetrically with respect to directign il (Wollhston
prism) A Wollaston prism 1siused 1f forisgme: reasonior other
we wislt to gplit a beam nto two mutually per pendictular polahzed
beams, 'and also (and mow.we chanke the' diregtibn ol the ariowsrof
fig 168¢) to unite two beams of differentduectioninte atyght pencil
in which the rays procceding from 2 and & arestillfmutually pess
pendicularly polarized.ss v oo 2ot un weth tary B pdine o
Hotasrequiredito sphit hghtanto two mutually perpendscular polariz-
ed beams and only use onc'of those beams, then the prismiof f1g..674)
the Nicol pmsm, commonly:called 'the “‘nicol” for short, 1susedi Here
one polanzed beam (2)leaves theiprism. in the spmeé:threction as (1)
while.the other pencil {3)hs totally reflected ab the(boundavy surface:
of/1 and II and then reaches the hdundanylwl fito by completely
absorbed there. If light pencil2 usiagaimn; directed:omto aimcoladens
tical withs the first one and in the sime positionthe second micol will
let the hght jpass nmmpeded.ilfs theisecondombol 1, now; turned . 00f
onuts axis (parallel to 2) no lightywhalever. wall dppeayyall theight:
of 2 has been reflected and dbsorbeddnfthe manneriofi8 4f theisecond:
nicol 1s in an intermediate: pamtion the.same kind: ol duvusion, takesr
place as in-the-first nicoljiso that apart af.2 agamn leaves the prsmu
parallel to the axis and another part 1s destroyed Ifithe second micol
1sgturped slowly aboutiits axs dhe.quantityofihight. transnytted it
gradually decrease from isimaximuzm valye gthetwo miools pazallel)
1o %__"il‘p (crossed nicols)i:In the sombination ofithe)two nicels wehave
the;ef/gre a Fl(npke method of whakenig.p penoiliof fayssn amepsure
able manner If we observe.he positions of thesecondquceb e ¢ans
calg}xliixte the reductionufactoslquitesimply r done | fstrsle vivln

A nicol can also be used tystaryithe #atio of the twb companentsun additaver

. pustyre For this, purpese cage g faken, dhat the, tyvo, gompenents 3
. mutuglly perpendicularly P?la“f,e ({:hxlé cqn lge"’doné 1‘;/111;51 aP i Rgl j aftstofgj
] hiCol U dlimtd ity rdtiatbt thb!

i PrSm); I thuy mgc‘tﬁr% 1s ireclEd OAtS a
Sweispmponents wilkichange xcén’imuouslyl{“{hsn theimool ‘IS“miﬁnqd.Limr
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§b8IT THE CHOICE'OFPRIMARY CULOTRS

! particular 1wo mutually perpendicular positions of the nheol can héfdund
n whych one or the other gomponent 1y trgmsmlttcd exclusn elv, «
In certain cases poldnzed light must be used with cate for mtensxty regula-
‘tion; partichiarly When ‘the reflection fabtots of' dbutace ate dbpendent

qn the directiord of ' polarization of the.hght;ﬁ eosonle testrles) see
Nutting?]

P 1 ¢y i ’ ' 1 . [N yoTo

§.08,. The choice of, primary coloyns, , .

We shall now ‘consider step By step, ﬁiehpmblq:mls met with m the
construction of the trichiomatic colorimeter In the first place we
have the choice of the primary colouts from which the matching
mixture will be built up Sometimnes three spectral colours are select-
ed-for this purpose, ortthey may, for imnstance, be obtained by placidg
three (different coloured filters 10 tront ‘of uncandescent ldmps: (we
then speak of “filter colours”) In either case 1t-4s important that the
three primary colours lie as far apart as possible \In other ‘words,
their colour' pomts'must form as large'a triangle as possible m the
colour plane It would appear then that the great majority of colours
can be measured without having to iesort to negatlve quamtltles
(section 21) P ‘ ‘ ARRTI A .

In the oldest trichromadtic colorimeters, 'whicli were chiefly built for
the purpose of studying 'the ‘laws of quantitative colour muxturd,
spéctral primary coelours were practically always used; as in this case
the calculation: of the resuits as sumplest (Maxwelll), Helm-
holtz-X oni1g?®)] Subsequently, however, when a deeper insight
mto theory was ganed, the advantage was not felt s» keenly and
colommeters with composite primary ‘eolours were used for the same
purpose [Guild ] as well as mstruments with spectral colours
(Wright 3] « 5

The situatiori’has altered shghtly smce the introduction of fhe
XYZ system, when the.demand 2rase that the resu]fts obtained with
trichromatic ‘colorimeters should | corresr)ond with this gystem as
far as possible; This restlted 1n a great ,dlgadvantage accompanying
the use of spectral primary colours, fé)r if we reproduce the colour
sensalionsto beimeasured by mixing three spcctml colours, the two
foatching mixtures as.a rule ciffer strongly from each other in theu
spectral ‘composihions ! These great dwergences cause: the results 1o
be. gréatly anfluenced by the unavmd‘abie 1nd1v1dua1 d1fferenc¢s n
the: colous, visions of the’ various obsérvers” With the use ol primary
colours, each '¢contaimng wavelengths from a great range of the
spectrumy the difference 1n spectral composmon 18 much smaller ; 50
that,the resulis of-the various observers devidte less a;u;l it 15" ealsier
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SUBJECTIVE COLORIMETRY ' CH IX

to link up well with the XY Z system. After the instruments designed
by Ives?), Wright?') and Verbeek?), which still worked
with spectral primary colours, we find filter colours vsed almost
exclusively [Donaldson?), Guild?, Richter?%) etc] in
modern colorimetcers.
In visual phatometry, too, the same trend can be seen. Before we make a
visual adjustment (for instance with a flicker photometer) we must try

to equalise, by means of filters, not only the colours of the two lights to be
compared but also their spectral composition.

§ 59 Additive mixture of primary colours

When the primary colours have been chosen they must be additively
mixed. Various means can be used. One of the oldest methodsis with
the aid of a spectroscope (fig. 69a, see also fig. 60b). Light from an
incandescent lamp falls on an opening S and produces a spectrum
in the plane AA’ via prism P and lenses L, and L, so that the light
transmitted through opening S consists of only one particular speciral
colour,

If we now. add a second opening S, a spectrum will also be produced
in the plane AA’', but this will have been displaced with respect to the
first spectrum. The result is that a spectral colour of another wave-
length will fall on the opening S'. If we use the openings S, and S,
simultaneously an additive mixture of the two spectral colours will
therefore appear at §'.

This method of mixing primary colours can of course only be applied
to spectral primaries. Amongst others it is'used in the early instru-
ments of Maxwell
and Helmholtz.
Fig. 69billustrates a very
simple method of mixing
colours additively. The
three projection lanterns
1, 2 and 3 project three
different coloured light
spots on the screen AA’.
If these spots cover
cach other an additive
blended colour is pro-
duced. This method is

Fig. 69 -
Different methods of realising additive mixing muc}.l used for demor.l
(partly after Richter), stration tests but is
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§ 59 ADDITIVE MIXTURE OF PRIMARY CbLOURS

hardly ever employed for the measurement of colours. A ,more

favoured method is shown in fig. 69c. In this the oblique line

represents a glass plate which partly reflects the beam 2 in direc-

tion 3 and at the same time partly transmits beam 1 without change

of direction. Beam 3 therefore contains the additive mixture of 1

and 2. If another colour is to be added (4) a second mirror which

mixes beams 3 and 4 is used in the same way.

Fig. 694 shows a method of mixing that has already been discussed

in section 57. By the aid of a Wollaston prism W the two

beams 1 and 2 are combined into beam 3, in which the components

proceeding from 1 and 2 have been mutually perpendicularly pola-

rized. This method is not suitable for blending three or more colours.

Finally fig.  69¢ shows a method, adopted in various modern in-

struments [Donaldson?), Richier?®) etc.], which employs a

photometer sphere, also called an Ulbricht sphere (U). This is

a sphere the inside of which has been covered with white paint

which reflects the light well and diffusely. If we illuminate a small

part of the inner surface the rest of the sphere is illuminated gquite

uniformly by the reflection of the light from A. In photometry this -
property is utilized to measure the total luminous flux radiated by

a light source. The illuminant is suspended in the centre of the sphere

and the brightness assumed by a part of the inner wall of the sphere

as a result of the reflected light is proportional to the required total

light flux, if care is taken that this part is not illuminated by direct

. radiation from the. light source. In trichromatic colorimeters the

various coloured beams 1, 2 and 3 are concentrated onto a small

part A. If we ohbserve the opposite part of the wall of the sphere

through an opening O, we see the additively mixed colour radiated

with uniform brightness. Compared with fig. 69b this method has

the advantage that all difficulties that may occur in fig. 69b (irregu-

lar brightness, the three light spots not accurately covering each

other, coloured edges etc.) are automatically avoided. It must be

noted that in photometry very large spheres (viz. 2 metres in dia-

meter) are usually employed, as the dimensions of the sphere must be

large compared to those of the light source. In the trichromatic

colorimeters, however, small spheres are used (about 10 or 20 cm

diameter) which have the advantage of producing adequate bright-

nesses of the wall of the sphere even with a relatively smallamount”
of light. In the methods of mixture dealt with so far the light of the -
three primary colours was united in one pencil of rays, so that the
same part of the retina received the three lights simultaneously.
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Ariother ‘method of additive mixing consists ‘o
' directitg dufférent colouréd lights 1n Succession on-
torthe leyé with sticht'a tugh'speed that a constant

colour sehsation T8 obtained';“blen'd?d"colourslare

thefr produced which obey' the'same laws asithe
“" colouts produced By simultinedus additive mixing
g 70 TFor thisteason the method of swift' colour ‘exchange
Addtivesnung, g alsg'useful for mixing primarycolowrs: rle
with thesechored, [ e ‘ . i L
dise' (222 black) ' " F1g ' 70 shows’ the dldest and'best known method
v gPlabplying this iprinciple,! one’ which sstoften used
for 'demonstration tests and' wlach allows' a blénding' of' the
calouts proceeding f1om: thffetent coloured objects’ (for ‘instance
papers)! The ‘colours are’ placed on a' flat disc (mrour example red,
green, blue, black and white) By’ turning thé tisc' with -sufficient
speed’ about the axis A (perpendiculaf to” the “driwing) 'wel'sée
the “intier crcle umformly’ iluminated, while the: outer rmg 18
also seen ‘as ome'colour Ul v o B lta e
By a suitable choice of the surfaces observed with ‘the varibis colours
the dividing hne between circle and ring ¢an be ‘made to.disappear:
In our example grey (from black and white) has been matched by
misture of'the three colours red, green'and blue: ' w0 by
In some colormmetefs thé radiations' of*three ‘colour'saniples are
actually ‘used as primary colours [N1icdkeir son 3] and these are
mixed n a similar'manner Instedd of alrevolving disc 4 stationary
disc 15 used, observed'through a' revolving prlbm. « wet ver oy g
Intorder to muix ébloured: light rays we employ 2 shghtly dtfferent
method (fig 71a). A system of two: prismis A ‘and A" is-made tq
fevolve 1apidly about the axis OO’ The hght rays then follow the
path drawn Inthe fixed dividing wall CD there.drd openings pro-
vided with coloured fittets wineh transmitidiffetent colouted irays
in succussion to cettain positions of the prisms’ If the beart of hight
18 broad arld hohogeneousiénough'«(feg #15) -ovie prism s Sufficent:
Fig 7le 1t a-sketch of theidividimg plane: €D three coloured: ight
1ays ate to be mixedy Ry G anidl'B are the openingd.provided with
colouredfiltersi{1,.2 and 8-ure adjistabléshuttéts; olosimgpart: of thd
openings-atd allowing the ratie of the three coloursito be regulated
(hght can- only pass thiough the shaded parts inthé: figury) 3 o
The ristiument sketehed.ini fig’ 7415 known as.theé “Brodhud sectorit
ane iss einployed m.the (G Ahwl dircolommetet;dmonglothbrsd ! *n
There rire a few otler possitnlttids of additiveticolourmixing bt
these are tiot applied in colorimetdly: i 1 tio: 1) 1y Fray vorwe
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o0 Of theselwermaysmentibnd 1o b p ol oo [ 1
teac b The, ﬂc‘ldltl\{f‘: rxing  that. tﬂ;emp}’l.qe 1 the aye when }ookmg,at a
o sufﬁmqntly fxr%e mosalc of dafferent coloured spotq emp/loyecl mn colour

p'hotography and colour prmtmg)/' e

o) Bnbeulhr ‘colour miding 1f dhfferent coloured lights fall on correspond-
il Lot hng parls of the retiha of eacky eye,! i certain orrcumstan@es’a. rixéd
RGN golaur 15 seen For fflus myxturg other laws wbtatn -than fod“ordlmrv"
addltxve colom miang [Lohmann Y, Trendelcabumng 9,

NI ‘\HRO hl xtq)ll I—Iec‘h*’c"‘) leglﬁltzkl}lx il L .

'
i

Y

R P T R R & B I ST P (B IR AT AL E TR '
’ O

x”! xr“, ,u»)i, f Dty i "f] (SN R Lot oo,
§ :@q T rzchromatzc co]?mmet‘grﬂ Kafzous!fonsqur’anorgs W ot
eyt i Pt 1

An xmpm‘tant ﬁomt 1'the ‘construdtion 'of trichiortiatic eolorimeters
discussed 'bélov' i the: madher in which!the 1nterisities of the {hree
pﬂmary‘ coloirs'are regulated’éd thit'the thagmiude of thequantity
of each primary'colotir-used cah be réad: éhrettly trom the regulatlng
tethanista 7tepe v b Dol et g e
T Ile‘mosf”&éual ‘method of teguldtiohi’in Visual phbfottietry, namely
varying the' ch%tance of the’ light source!’ 1s"'very Se‘ldom ernployed
here [sed, howévef the' PY1ést!n) colotimetér]’ A‘s d'rule fixed
positioh’for the tuminants is preferred; andalrtiost' without excepuon
the ‘qdan‘tihes 161 light 'are régulated’ wheh’ maktng the' célour 'ma‘tch
by dne of the follotwing two methods ! ! 1 i B
a’ By hdjuétaﬁle shutters *or diaphragms that stréen off'a pdrt'ti
iihédiameter of the beam ' of hight"and thereby' régulatlr the hgh{
o' ftux ‘trinsmhiitéd " These' tiiaphragfns are' ¢ f”‘che thost!dvergetit
ishapés The wellZknown'ihs diaphragm er‘nployeﬂ an cameras‘(aﬂ
“itiriafion’ of ‘the' ‘thaphragm’ bf theteyt)is ‘oné of these' We have
I glréady: sden. quite another ‘Shipe'in“fig e o usmg sukl dral
phragms care must be taken that they are set up at thé nght
" place i the phth of'light;'s0 t’hat’ the moverhent oFthe didphragm
'only produ(:es a gradﬂal‘ alteratiofl of the quantity bflight < without
o mﬂuencmg eﬂ:her thé shape’or size of the field of 'visioh [Gul B

D 0‘11 1d Oﬁl)l’ M "C ‘\ 7“v i lf‘ L R U R
o ‘Richteﬂ) Wr’ightl) DT RNET .
Verbeeklj ”étb]““-l | BT
b~ With Hicols” ! Phis ‘ e

"”nfé‘t‘h d“v@f@’ﬂéﬂré’ i AHPY RN
" dusséd 4l the ’_ﬁé‘ of tHIMig
« ket 5‘7“‘ I(t 1§ Jotd l T ,[’
f[ﬂo ed '’ the mstru- Wi el s e b

ne e N L o
2 Vg 1L a0 00 R s
alits o FelmHolt, 12 e E
R { Coanad U ey eyl Fage gl birepon
. NUthng Y, RlChtér5) § Addz’éwe mrang with Brodhun sector
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SUBJECTIVE COLORIMETRY CtL I_\

In order to produce a field of vision divided into two
halves a Lummer Brodhun prism (fig. 66a)
is commonly used. In some instruments other
means are employed, such as the bi-prism (fig. 85f)
or the prisms described in fig. 65¢ and fig. 66b.
We shall now discuss briefly a few other problems
arising in connection with trichromatic colorimeters.
Fi§ 22 In all instruments the possibility exists of also
Metnod: for ol producing negative quantities of one of the primary
taining negative  colours, that is to say, of adding a certain quantity
‘512:’;‘““(.‘75,;,;?;;; of one of the primary colours to the colour to be
switching over”,  measured instead of to the matching mixture.
'Ilffc;rgl:”; rt)o A very ingenious method of attaining this end
has been invented by Richter (fig. 72). A
screen is placed before a lens L with two square opcnings I
and II. A queerly shaped shutter S, mobile in a vertical direc-
tion, always closes one of the openings entircly and the others
partially. The light transmitted by I forms part of the matching
mixture; the light proceeding from II follows another route and
i finally added to the colour to be measured. In the position of
fig. T2 only the shaded part of I makes a contribution to the matching
mixture. If S is now shifted a little higher, this contribution becomes
increasingly smaller. At the moment, however, when the contribu-
tion becomes zero (when I is quite closed) II begins to open and to
produce a “‘negative’” contribution. Without the observer noticing
anything he has passed automatically from a positive contribution
through zero to a negative contribution. [Richter?® speaks here of
an “optical switch over’].
If we wish to use a colorimeter to measure the colour of a coloured
object an apparatus must be added to illuminate the object in a
particular, prescribed manner (for instance according to fig. 27). In
some instruments [Richter %)] this apparatus is built into the case
in which the whole colorimeter is mounted. In others this appar-
atus is constructed separately from the instrument itsclf. With a
trichromatic colorimeter we measure the quantities of the three
kinds of light which have been used in the instrument as primary
colours required to match the unknown colour K. From these
three quantities we must deduce the values of X, ¥ and Z. This
task is related to that of the transition from the B;B,B, system
to the XYZ system (see section 30). Here too we began with the
required quantities of the three kinds of light. If we know the XY Z
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§ 60 TRICHROMATIC COLORIMETERS

coordinates of the primary colours useéd we can deduce formulae,

just as in scction 30, enabling us to caleulate the XY Z values of the
colour K from the measured quantities B’, B, B',. If

for unit brightness of the first primary colour:

X=ua, Y,=b, 7Z=g¢,
for unit brlghtness of the second primary colour:

X=ay Y==0, Z=c¢,,
for unit brightness of the third primary colour:

X—-*-an, Y=:ba, Z=ca,

and if colour K can be reproduced by a brightness B'; of the first,

B’, of the second and By’ of the third primary colour, then the XYZ
values of the colour K are clearly:

X == 31'41 'l‘ Balaz + Bs'asl
Y = Byb, + By'by + By'b,
Z = ‘Bl'cl + leaz '+' Ba’(:a.

Here therefore are the required equations. They have a form similar
to that of the transformation equations (9) of section 30. In order
to be able to pass from the measured values to the XY Z values we
need therefore know only the coefficients a,a,....cy or the XYZ
values of the three primary colours used. But these can be calculated
with the aid of table D from the spectral distribution of the light
source and the spectral transmission curves of the filters used.

Corrections must be made for the lack of selectivity of the other parts used
in the instrument (mirrors, photometric spheres etc.). Another method
given by Guildl) to determine the coefficients a;-cy is by measuring a
number of known light sources (for instance some speciral colours, a
standard white) with the trichromatic colorimeter. Each measurement
then supplies us with some equations for the coefficients sought for. If we
make more of such measurements than are required for determining
@ya4....¢5, we have a check on the accuracy of the measurement and on
the degree of correspondence of the observer with the X YZ system. This
method is less intricate than the previous one but has the disadvantage
that in determining the coefficients all the uncertainties of the subjective
measurement slip in and with the spectral colours in this case to a far
greater degree than with the normal use of the instrument.

The following method has been suggested by Smith?) and Guild to
minimize the influence of individual differences and of small alterations
in the instrument. Let the observer intending one day to make a series of
measurements first measure the colour of a standard 1lluminant (B or C).
From this measurement certamn values (B,'B,’B,’) must appear which
can be calculated from (1). If the observer now obtains values which are
respectivély ;% £:% and ;% too large, the further observations of that
day can be corrected by reducing all other readings by p,, p, and p3%. It
one of the p’s is large there is something amiss either with the instrument
or with the observer!
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CII N

}f fey 3, il A special thethod 1s{recommendedi by Wright 1)
g’ \v 7 T 1y imihg event; of having to measuie a large
N ', numbsr of only, shghtly duffering colpurs,
o SO - -, Instead of the standard flymmnant a
D fized colout' (in the rangé of the
ad . —Lr —- colm}rs to be measured) 1s
WXNe Pt Naven, which hds''been
o o) \“‘ established by an objec-
DN hive methidd © 1 10 :
o o2 1 here are still two methods
Jq ! i 0 rho nr worth mentiomhg  whach
h 1 X L T e 1 lo1g kedrtarhiroases fdcihitade
07 — e S i1~ rthed euldulatidhl of 1ihe
AN 4 ) | , -aoordjpates of one system
o' X A bAT—" 1 « 1n terms of the other
0 2 ! S ) M Graphical method
i pnu o ] (72 031 8 0; i QLL’FJ?UP %”f‘)ll poae [ uéfv?negi?;;ﬁoﬁﬁz )

f1aphical determnplion of 4 fand v frotmgand by §
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W wre 10 bd trahstbt niell

Y| I v i the XYF syatem
the lines of constant g and thgse of constapt b' are drawn jn an »
diagram In frg 73 tius has been done for the '(RGBf ﬁ}llstcm b tile
C 11 ‘dealt with Mi'seetibn 36 Suth i fipure cdn bé used for transforma
tions1n both directions 11 or wnstance we ¢an réad directly fiom 18 thet
the standard white & has the ceordnates (§ 4 3), i} bot}r systems In the
construction of such ngres use 1s made of thenli'act thdt' all lines of
tonstant g aywel 4s all lihes of constant b pass thrunghone point (1n
tlie example chbsen these two points are # = +J0 848 y += —0 3116
and ¥ = —0 886 y =] 385} and thdt there 1 a system of parallel hines
in the r:yl9hane on which the hnes of constant g hnd thebe oficonstant b
make regular intercepts (1n our exa'mple' the limes 1

]

09146 x — 0 0864 y — const) ‘!
Nomo,rams
1t ond takes (fig 74) two verneal
straight hmes for the ¢ and r'scalés
ahd two horizontal Ytraght lines
for the g and b stales 1t 15 then
possible t6 make 1 limear Jeale on E
each of those straight lines such that o

..
=%

Y P
P
e
4

L

any diigonal rund exaétly through
a set of corruspontling values ofy 4,
g and b If we put the projective
tranformation in the form
_ny 4 8z + ¢
@y + bz +
o Ta¥ b bef Aoy
ag) + b3z + ¢
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E

e
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9
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Fig 74 \

Principle of notnographic method

for cattying out a projective

transfortriation inthe golour plane
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§ 61 'Other sub]éétwe colbmmetens

, For the colorlmeters S0 far discussed we had! three fixed eolours
at our, disposal, and the matching of the ‘colour to be
. examuned was brought abont by ad-

TS T R ST T toae B

f

ag —i—  ditive mixing, We shall now discuss
; .| ' some colorimeters based on shghtly
@ ' s, different . principles. :. 0. .
06 . Closely related to the trichromatic
’ colotimeters 15 Richters

st o . 3 . strument. already men-
NgK o tioned The only devi

o4l B 4 ation 1s that this mnstry-

, , . N\'| + ment has no less than 9
WL T ~ T 6*5 primary colours at its cis-
" : + posal These mine colours

03

4 e}

02— ‘ ™77 . have been mdicated in
" , ‘ fig 76 One of the primary

¥ i : colours 1s the white point
0 : = - W (x =19 =z, the German
o e @ o G b, standard luminant L,
Fig 76 X see section 23), the other

The primaries of Richter's coloruneter 1 t f th
The colour K 15 matcbed by mixing W, 1 and 2 colgurg comsisiing 0 ¢
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g | same standard white provided with different filters,
' ' If, for instance, one wishes to measure a colour
08 — K, the three primary colours W, 1 and 2 are
50 40 l used for matching ; for themeasurement
07 of KW, 2 and 3 are used, etc.
50 It is clear that negative quan-
tities of W are only some-
times required; these are
obtained by the “optical
a switch over’ described in
sect. 60. One can usually
490 }\ény decide at first sight in which
triangle (W12, W23 etc.) K
: _ Jies. It is only necessary to
480 1 consider the hue.
The advantage of such a
380 subdivision of the range of
¥ 02 4@ U4 7'5_.}% ¥.. colours lies in the fact that
o Fig. 77 the position of K can be
Guild’'s vector method. K is matched succes- .
sively, by mixing 4, with 4,’ and 2, with 2,". determined more accurately
The colour point is ,the point of interscction by matching with the aid
) of LA/, and 4,4, .
of the primary colours W12
than, for instance, by matching with the colours 1, 3 and 5§, which
are much farther from K. Another advantage is that with the use
of W, 1 and 2 as a rule the spectral distribution of the match
resemnbles that of K more closely than with the use of 1, 3 and 5.
The result is that the individual differences between the observers
is less significant,
Farther removed from the trichromatic colorimeters is the group of
instruments whose purpose is to define the colour to be measured
at once in the monochromatic system. In these instruments the
matching therefore takes place by mixing a standard white with a
spectral colour. Equality is again obtained by adjusting three mag-
nitudes, i.e. the choice of the spectral colour (the dominant wave-
length) @nd the quantities of white and of this wavelength required
(the ratio of these quantities determines the colorimetric purity)
The best known instruments of this type are those of Nutting?)
and Priest 4. As compared with the best trichromatic colori-
meters they have the following disadvantages:
a. very strong divergence between the spectral composition of the
two halves of the field of vision;
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§ 61 ' OTHER SUBJECTIVE COLORIMETERS

b. as a rule brightness equality is required between greatly differing
colours (white and a spectral colour), which always leads to un-
certainty and individual differences.

Beside these disadvantages the advantages fall well into the back-

ground. These are: a slightly easier adjustment, since 2, .can be

adjusted fairly accurately at the beginning and so there are only
two variables to regulate, and a saving of some arithmetic if we are
only interested in 2; and $. For these reasons this type of instru-
ment has lately become quite obsolete. For their technical construc-

tion see the discussion in sect. 57-60.

A system of colour measurement invented by Guild?) is illu-

strated in fig. 77. In order to define the position K in the colour plane

of the colour to be measured, the obsexrver first finds two wavelengths

A\, Ay capable of matching the given colour by additive mixture.

Without having to determine the ratio of the two components

and 2., we know that K must lie on the straight line a2,

If now a second set of wavelengths A,),’ is determined, possessing

the same property, then the position K is fixed at the intersection

of the lines A\, and A2, Instead of 3, and A, two fixed lights

(either spectral or otherwise) may be taken and A,” and A, deter-

mined in the same manner once more.

The advantages of this method are the avoidance of sources of error

connected with the determination of the ratio of the components,

the simple construction of the instrument with which the measure-
ments can be effected, easy control of the results, namely by finding

a third pair of wavelengths (the three lines must then pass through

one point), and the avoidance of arithmetic.

Against this stands the often repeated disadvantage that the results

depend to a very great degree on the individual properties of the

observer, owing to the great difference between the spectral com-
position of the two lights to be compared. G uild himself calls this
the “vector method”.

A method described by Résch?) is based on the property dis-

cussed in chapter VII that colour sensation can be matched by an

ideal colour. The colour can therefore be characterized by the two
wavelengths A, and A, occurring in the ideal colour, and its bright-
ness. R 8 sch, whose method is specially intended for the measure-
ment of coloured objects, has chosen three other quantities, namely
the width of the interval in which the ideal colour radiates light, the
":average’’ wavelength of this range and the ratio of the brightness
of the colour measured to that which the matching ideal colour
177
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would assume under the same illumination (in other words, the
ratio of the reflection factor of the colour measured to the:greatest
value that it can assume with the given illuminant and in the gWen
point of the colour plane).
R 8 sch has constructed. an instrument with which it is possible to
measure these three quantities directly. The ideal colours appear by
projecting a spectrum of the illuminant and screening off a particular
part of it. The advantages of this method are the simple construction
of the instrument, the slight influence of the individual properties
of the observer and fairly easy adjustment. The method has the
disadvantage that it does not supply the trichromatic coordinates
directly, but this can be minimized by using suitable tables and
graphs. '
Finally we must mention another group of instruments in Wthh the
colour is reproduced by subtractive mixing. We let the light of the
— white — illuminant pass through a combination of filters placed
one. behind the other. As a rule these filters are chosen from a
series of blue, yellow and red specimens, and at first the colour to be
examined was defined by the numbers of these series used in the
adjustment [Lovibond?)] “
The colour was in fact défined by three numbers but, as a result of
the use of subtractive mixing, these three values are quite unsuitable
for making simple calculations, as can be done with the trichromatic
coordinates. It is therefore a first necessity for us to be able to
calculate the XY Z coordinates from the values found.
The connection between these two groups of magnitudes is generally
complicated and not clearly to be seen. For Lovib on d’s instru-
ment, called a linfometer, it has been possible to simplify these
calculations considerably (Schofield ), Fawcetty].
On account of its very simple construction this instrument has
found its way into various fields in which it can be applied.
Instruments of this group have also been developed in which the colour

can be continnously varied, for instance by the use of filters with varying
thickness of the absorbent layer [Kallabl), Jones®)].
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CHAPTER X

Defectz'ye colouy vision

§ 62 The normal and abnormal eye. Survey of defective colour vision

In chapters III-IX our attention was engaged exclusively with the
ability of the normal eye to adjust two colour sensations until they
are indistinguishable.

This sharply defined subjecl of research can-now be extended in two
different directions. In the first place we can still restrict ourselves
to equality adjustments but this time take abnormal eyes into
consideration as well. In the second place we can turn our attention
to other powers of the organ of sight than those mentioned above.
In chapter X we shall restrict ourselves mainly to the first extension
of the subject and in chapters XII and XIII the second extension
will be discussed. The first question that arises is: ““When shall we
call the eye of an observer normal?”

It is difficult to give a definite answer to this. In any case we shall
have to limit ourselves to the properties of the eye which govern
colour sensations in deciding what is normal or not and particularly
the power to judge equality of colour. A short-sighted eye can be
absolutely normal as regards the observation of colour.

One might, of course, put it thus: an eye is to be called normal if it
answers to the ““average” properties of the eye established by the
C.I.E. system but in this case we should seek in vain for a normal
eye, for such an intricate living organ as the eye always shows
individual deviations. We shall therefore have to call an eye normal
if its properties deviate only slightly from the established averages.
What exactly is meant by “only slightly” is left to some exlent to
our discretion. The same uncertainty attaches to the idea of “‘average
height”.

Yet there is a real distinction between the concepts of *‘average
height” and “normal sight”, namely that: if we count in succession
the number of men with the heights of 5’8"—9", 5'9""—10", 5'10""—
117, 5'11”—6', 6’'—6'1".... 6'6"—T7", 6'7"—8'"...., we shall see
that the number of men (n) belonging to each of these groups con-
tinuously and regularly increases and then decreases according to a
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particular law (probability curve).
Fig. 78a shows a diagram of this curve.
We shall now call the men whose height
lies between say I, and I, of ‘““average”
height. If the same calculation is made
for certain properties of colour vision —
for instance the ratio v in which the
observer has to mix a certain spectral
red and green in order to match the
yellow of the sodium lamp — quite a
different phenomenon is often found.
For relatively small devialions from
the most frequent value v, a similar
wms curve is found to that of the height
Fig. 78 measurements (fig. 78b), but with in-
Normal and abnormal body creasing deviations the number of per-
length and colour vision. aj
Frequency of different body Sons often decreases less steeply than
lengths. b) Frequency of mixing  might be expected. The curve becomes
proportions ¢ obtained with a . :
certain colour-ajustment. practically horizontal and may even
show a new maximum (A and B in
fig. 78b) and sometimes it happens that between the primary
maximum and a secondary one B there is a space where # = 0.
Not a single observer has mixture ratios in this region. The maxima
at A and B point to the existence of a certain number of persons
with a peculiar defect of colour vision. That this is actually a new
phenomenon and not a coincidental divergence from the average
can be confirmed in two ways. In the first place the observers
belonging to the region indicated by B display various other
peculiarities of colour vision. In the second place — and this is
more important — these defects are hereditary. They recur in later
generations according 1o fixed laws (see section 67). So while we
cannol say exactly where the mixture ratio should lie, in erder to be
able to call an observer normal (for instance between v, and v,) we
can say with certainty that observers whose mixture ratios lie in the
neighbourlicod of A and B show a deviation from the normal.
Now there are a number of types of such deviations; we have already
seen two in fig. 78b.
In order to obtain a provisional general survey of these types we must
remember what role the number three plays in the colour vision of
the normal observer (sect. 5 and 8). The set of colour sensations of the
normal observer is three-dimensional. With some abnormal observers
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SURVEY OF DEFECTIVE COLOUR VISION

this collection may be either three, two or one-dimensional. There is
never a greater number than three,

Now the different forms of defects can be subdivided according to
this characteristic (one, two or three-dimensional) and we then have
the following general classification. '

1. People whose set of colour sensations is three-dimensional: these
can reproduce all colours by the mixture of thiee fixed colours.
These persons, called trichromats, can be divided into the follow-
ing groups:

a. normal trichromats, or in short, normal obscrvers;

b. anomalous trichromats of the first kind, called protanomalous;

c. anomalous trichromats of the second kind, called deuteranoma-
lous [the existence of the two secondary maxima in fig. 75b
is due to the existence of the two groups (b) and (c)].

d. anomalous trichromats of the third kind, called tritanomalous
(very rare).

2. People whose set of colour sensations is two-dimensional: these
can match all colours by mixing only two fixed colours. These
people, called dichromats, can be divided into the following groups:
a. dichromats of the first kind, or protanopes (formerly called
red-blind);

b. dichromats of the second kind, or deuteranopes (formerly
called green-blind);

c. dichromats of the third kind, or tritanopes (formerly called
blue blind or violet blind; very rare).

3. People whose set of colour sensations is one-dimensional: these
cannot distinguish any colour whatsoever; to these any two given
colour sensations can be made equal to each other simply by
varying the brightness. These people, called achromats, mono-
chromats or totally colour blind, can be divided into the following
groups:

a. monochromats with blind cones (rather rare);
b. monochromats with colour blind cones (very rare).

We shall only apply the much used term ‘‘colour blindness” to
monochromats, whose colour sight is really missing.

This classification is based exclusively on the mixture laws holding
for different observers, therefore on adjustments to equality. Of the
other properties of the eye, the way in which the dichromats see
colour, for instance, is particularly important. Does a dichromat,
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unable to distinguish between certain green and red papers, see
them in the same way that a normal observer sees the green paper?
Or does he get an impression from both papers corresponding to that
which the normal observer receives from the red one? This question
cannot be solved for ordinary dichromats; for the only means of
communicating our subjective sensations of a colour to another
person is a description by means of colour names, and the colour
names given by the dichromat are not exclusively determined by his
colour sensations hut chiefly by his obstinate efforts to make his
denominations agree with those of the normal ohserver. Very rare
cases have been ascertained in which one eye of an observer is normal
and the other dichromatic [Hippel?), Holmgren?), Die-
rl), v. Trendelenburg,’ v. Kries?3)). In these cases
the question can be answered as the observer can compare the im-
pressions of the one eye with those of the other.
All the defects of the eye mentioned are congenital, hereditary and
practically unalterable during life. We shall not discuss here the far
less frequent defects that may arise during life (by injuries, poisoning,
disease). These defects are not hereditary and may change in the
course of a lifetime, perhaps even disappear,

See Judd') for'a description of these defects.

§ 63 Anomalous trichromats

These deviate least from the normal. Although'this type of defect
occurs most frequently (60 to 70 %, of the abnormal cases belong to
this group), knowledge of their properties is still very incomplete and
fairly confused. There are various reasons for this. In the first place
the mutual differences within the groups of protanomalous and
denteranomalous persons is much greater than in the other groups.
This can go so far that there are cases in which it is doubtful whether
we have a protanomalous trichromat or a normal trichromat. (With
deuteranomalous persons the distinction between normal and ab-
normal observers is much sharper.)

In the second place the differences between anomalous and normal
trichromats in the results of equality adjustments are considerably
smaller than the differences occurring in some other factilties of the
eye. As an example the discrimination of wavelength differences may
be mentioned. For the normal observer.a certain minimum difference
(limen) is required between the wavelengths of two spectral colours
if he is to perceive a colour difference between the two lights. Now
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this limen is as a rule considerably greater for the anomalous trichro-
mat than for the normal trichromat; protanomalous and deuter-
anomalous persons are less sensitive to wavelength differences. The
problem becomes still less manageable since the limen of deuter-
anomalous people, for instance, can vary very greatly and the
deviations in limen need on no account run parallel with the devia-
tions of the equality adjustments. There are observers with whom
the results for the equality adjustments deviate very much from
those of normal trichromats, although their limens are only slightly
raised, and vice versa [Nelson 3J]. It is to be understood that it is
difficult for people whose sensitivity to colour differences lies far
below the normal to determine trichromatic coordinates with any
accuracy..

The following rules hold for colour matching by anomalous trichro-

mats: .

a. The three laws of Grassmann (sect. 24-26) remain un-
changed; the number three plays the same part as with normal
observers.

b. The quantitive results of matching experiments — which led,
for instance, to table B for normal trichromats — are different
from those of normal observers.

c¢. The different classes into which the anomalous trichromats are
divided (see survey in section 62) are also distinguished by differ-
ent results in these experiments. .

Hence it appears that for the complete study of anomalous trichro-

mats it is necessary to determine the trichromatic coordinates of the

spectral colours for each observer. This determination is very intricate
and since it is desirable to extend this investigation to as many
individuals as possible, and also because of the great individual
spread among anomalous trichromats, substitutes have been sought
for these measurements. One of these takes the shape of a spot test
which quickly enables us to separate the normal from the anomalous
trichromats, and at the same time to sub-divide the latter into
protanomalous and deuteranomalous (Tritanomalous people are
excluded on account of their extreme rarity.) Such a test consists of
the matching of one colour sensation by mixing some chosen lights.

It must be remembered in setting up the test that the spectral

distribution in the two halves of the field of vision to be compared

must differ considerably, for an adjustment to equality of colour
sensation in which equality of spectral composition exists at the
same time, is also judged correct by people with a very defective
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sense of colour, and therefore forms no reliable test for our purpose.
The test consists in this, that the person tested must match the
colour of sodium light (589 my) by mixing red light (671 my. or lately
more usually 665 my) and green light (535 my or 537 my.).

The niixture is slightly less saturated than sodium light but the difference

is so slight (p = 0.983 — 0.986 instead of 1.000) that in general no incon-
venience is experienced,

The normal observer requires a particular brightness ratio of the red
and green lights for this match. The anomalous trichromat, however,
requires a ratio generally differing from the normal, while at the
same time the distinction between protanomaly and deuteranomaly
comes clearly to the fore. The protanomalous require a smaller ratio
green/red and the deuteranomalous a larger (therefore relatively less
red) than do normal observers. If therefore in fig. 78b the “mixtyre
ratio” represents this green/red ratio, then the maximum A is due
to protanomalous and maximum B to deuteranomalous trichromats.
According to Trendelenburg4) and Schmidt thereisa
region between B and v, where # =0, while this is not the case
between »; and A. In other words, this test completely separates the
deuteranomalous from the normal people, while between the prot-
anomalous and the normal there is still a very small number of
transition cases. According to N els o n ), however, such boundary
cases would also occur with deuteranomalous people. The test
described here, which apparently answers its purpose very well, was
first introduced by Rayleigh?). An instrument (anomaloscope)
which is in frequent use has been constructed by Nagell) for
carrying out this test [see also L. Hardy %) and Shaxby ¥].

The considerable width of the chief maximum in fig. 78b is to be ascribed

mainly to the maore or less yellow colouring of the macula lutea (sect. 4).

By replacing the wavelength of sodium light by other wavelengths we can

find out in dukious cases whether the observer is an anomalous trichromat
or one with a strong colouring“of the yellow spot. [Schiddinger#¥).

If we determine the trichromatic coordinates of the spectral colours
for anomalous trichromats, defective colour vision (relative to that
of the normal observer) seems for protanomalous people to be
restricted chiefly to the red curve (the X of the C.LE, system); this
curve is shifted to shorter wavelengths. Directly connected with this
is a displacement of the relative sensitivity curve which shows itself
particularly in a low sensitivity to orange and red colours: the
protanomalous trichromat sees the spectrum shortened on the long
wavelength side. In the case of deuteranomalous people the defect lies
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chiefly in the green curve (¥), which is here shifted to longer wave-
lengths, while the same holds for the relative sensitivity curve. The
results of different investigators [Kohlrausch?), Schmidt?),
Nelson?)] are very divergent,

Actually one should understand by the red and green curves mentioned
above the trichromatic coordinate curves relative to the three axes
selected in the isochrome directions of the dichromats (sect. 64 and 65).

The practical importance of the detection of anomalous trichromats
lies in the fact that they are less suitable for some occupations. Their
defective colour judgment will only be an impediment in very special
occupations ffor instance they are unsuitable as observers in colori-
metry by subjective methods). They will, however, be much more
impeded by defects in other properties of their vision, for instance,
their lack of sensitivity to colour differences. Particularly when
required to distinguish and recognize colours under difficult circum-
stances their achievements will usually lie far below those of normal
trichromats [Pitt?)].

§ 64 Dz'chromlats

Dichromats show a much more defective colour vision than the
previous group. While most anomalous trichromats are unaware
that they have defective vision, dichromats know very well that
their colour sight is abnormal.

The most important properties of dichromats are the following:

a. Grassmann’s laws still hold, but with this difference,
that in the first law (section 24) the number three must be
replaced by the number two; only two primary colours need be
chosen; the set of colour sensations is two-dimensional for di-
chromats.

b. When a normal trichromat has made the two halves of the field
of vision equal by matching a colour from three primary colours,
the two halves will still appear equal to the dichromat; the di-
chromat will agree with any adjustment made by the trichromat
(this is not the case with the anomalous trichromat!). This fact
was ascertained by Seebeck?) in 1837.

The protanope generally also agrees with colour adjustments made by a
protanomalous observer, the deuteranope with those of a deuteranomalous
observer, This proves the mutual relationship between the two proto-

defectives and between the two deuter-defectives. We find this relation-
ship confirmed when studying heredity (section 67).
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Fig. 79
Isochrome direc-
tions for a certain
type of dichromats,
When for a dichro-
mat A and A’ are

indistinguishable
the colours on a line
(') parallel to (1) are
also indistinguish-
able.

. The - inverse reasoning, however, does not

hold: when a dichromat has made an ad-
justment to equality - the trichromat will
generally disagree with it. This was to be
expected: since the set of colour sensations of
the dichromat is so much poorer than that of
the trichromat it must repeatedly happen
that the dichromat calls two colours equal
which differ considerably to the trichromat.
It is not a matter of very small differences,
which, on account of a lower sensitivity to
colour differences, would remain unobserved,
but often of enormous differences such as a

red and green colour which the dichromat
calls equal, or a particular colour of the spectrum which the
trichromat calls blue-green while the dichromat sees no difference
between that colour and white (daylight)! The dichromat there-
fore can not distinguish certain colour diiferences existing for
the trichromat.

d. The differences between the three types of dichromat lie in the
fact that different colour confusions are made by the protanope,
the deuteranope and the tritanope.

How doés the dichromat react to the XY Z space and the colours
arranged therein by the normal trichromat? All colours appearing
the same to the trichromat and which he places at one point in the
space are also indistinguishable to the dichromat [property (b)]. The
dichromat will therefore approve of the arrangement made in so far
that for him too a particular colour sensation corresponds to each
point of the XY Z space. But he will disapprove of the fact that there
are frequently two different points in the colour space whose colours
made the same impression on him [property (c)]! We shall now trace
how these points are distributed in the colour space. For the present
we shall keep to one type of dichromat and suppose that the colours
that the normal observer places at point A (coordinates XY Z) make
the same impression on him as the colours placed at A’ (coordinates
X'Y'Z'y (see fig. 79). We can then show, in the first place, that all
colours ranged on the straight line AA’ invoke the same colour sen-
sation in him, -

Any given point A” lying on that straight line will have the coordinates
kX + (1—R)X’; kY. 4 (1—k} Y’ and kZ 4+ {(1—&)}Z’. For the colour A*
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both for.the trichromat and for the dichromat [property (b)] the followmg
will therefore obtain;

A" «—>RA + (A—k)A!
But for the dichromat the following also holds:
Al A or (1—k) Ae—s(1—R)A’
(Grassmann's third law) and therefore: .
A"« kA 4+ (l—k)A+—— A
"(Grassmann's second law).

In the second pldace we can IIJI'OVE that all points on a given line I’

parallel to 1 contain colours Wthh are again indistinguishable to the
dichromat.

LetB (coordmates X+ AX, Y4 AY,Z 4 AZ)bea point of I’; complete

the parallelogram AA’B’B then B’ has the coordinates X’ 4 A X, ¥’ 4

AY, Z'+ AZ. But now as A (coord. X ¥Z)«—A’ (coord. X’¥’Z’) also

B«—B’ (Grassmann’s second law),

Fer any given point B” of 1’ the proof is analogous to that of A”.
In summarizing we can say, therefore, that the XY Z space contains
a set of parallel lines with the property that all colours placed on one
particular line by the normal trichromat are indistinguishable to the
dichromat. Otherwise expressed, each line of that system forms a
straight line of constant colour for the dichromat. As we call lines ol
constant temperature isotherms, so we can indicate these lines of
constant colour by the name of isochromes.
For a dichromat belonging to one of the two other types we can also
indicatc a system of isochromes but their common direction is differ-
ent according to whether we are concerned with a protanope, a
deuteranope or a tritanaope.

The isochromes that can be drawan through the origin of the X YZ coordi-
nate system are generally called “Fehlfarben (missing colours) der Dichro-
maten" in German. We have given no literal translation for this as in the
first place these ‘“Fehlfarben” dre not colours (the straightlines referred to
lie outside the colour cone), and in the second place the addition ‘“Fehl”
{= missing) recalls too strongly a certain theory the correctness of which
has yet to be proved.

§,65 Dichromats (continued)

As described in section 64, three directions therefore appear — the
isochrome- directions — with-the inherent property that protanopes
observe no colour change along the first direction, deuteranopes no
colour change in the second direction and tritanopes no change in the
third direction. -

We can make good use of the existence of these directions by intro-
ducing a new set of coordinates suitable for defining the colour
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sensations of both trichromats and dichromats
in a simple way.
Let K be a point in the XYZ space at which
the trichromat has defined a colour; for. this
definition we always need a-trichromat, while
the dichromat must always accept that decision,
see property (b). Further let O be the origin of
Fig. 80 the XY 7 coordinate system, and OI,, OI, and
Isochrome direc- (], the lines that can be drawn through O in the
tions OI,, OI,, OI4 . . . ' .
for the protanopes, three isochrome directions. These directions do
thel ﬂdeutt?;anwes not, of course, coincide with the X, ¥ and Z
anc e Irits es . . : H
respectively. 132,0 fhe axis nor with the O1, 02 and O3 directions we
fixation of the co- ysed in chapter I'V as axes {fig. 10b, fig. 12); but
lour point of a di- . .
chromat twq of the We can use them to characterize the point K
threc ~ coordinates jlready otherwise defined by three points in
R G’ B’ are suffi- .
cient. the space, namely by the distances from K to
the three planes Ol I, OI,I; and OI I, These
distances — which must of course be measured again in the direc-
tions of the axes, in thisinstance in the isochrome directions — are
indicated in fig. 80 by R’, ¢’ and B’.
The accents arc intended as a distinction from the RGB system of the
C.1.E. mmentioned in section 36

The advantage of the coordinates R'G'B’ over XYZ is .that the
values R’G’B’ of course completely define the colour K for the
trichromat, while in order to define the colour sensation of a dichro-
mat we nced only know two of the three quantities. If we take as an
example the deuteranope who has OI, as his isochrome direction, we
obtain point K’ by changing G’ (leaving R’ and B’ unchanged). But
the colour defined at K’ for the trichromat creates the same sensation
in the deuteranope as that of K (for KK’ is for him the isochrome
direction). The quantity G’ has therefore no influence on the colour
sensation for the deuteranope, so that we need only know R’ and B’
in order to define his colour sensation. In exactly the same way we
can prove that the colour sensations of the protanope can be entirely
established by ' and B’ and those of the tritanope by R’ and G’

So we have indeed found in the R’G’ B’ coordinates a system suitable
both for trichromats and for dichromats, while the property that
two quantities are only needed for the dichromat illustrates in a
striking manner the fact that for them the set of colour sensations
is only two-dimensional.

We have illustrated above the position of the dichromat in relation
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to the colour space of the trichromat:; now
we wish to ascertain his position as regards
the colour triangle derived from this.

For this purpose we make use of the geo-
metrical connection between a colour space
and the colour triangle derived from it (see
close of section 27 and fig. 21).

In fig. 81 we have shown the XYZ space
with a plane V cutting off equal parts of
0X, OY and OZ: the colour triangle orig-
inates in this plane. Further one of the
isochrome directions has been drawn through

Fig. 81
Colour space and colour
O, which cuts plane V at point A (the iso- plane for a dichromat,

. . . . V = colour plane, OA and
chrome direction is therefore chosen in.the () isoch,omc‘,’us directions.

OXY plane; we shall see later on that All colours on KA display
two of those directions do indeed lie in this = e ;f‘;?r?:;?t) for
plane).
Finally we consider a colour point K in V and draw the line I through
K parallel to OA. Now the dichromat selected sees all colours on
line 1 exactly as K. In order now to find the points in the colour
triangle whose colours make the same sensation on the dichromat as
K, we join K to A. Aslis drawn parallel to OA the straight lines OA,
land AK all lie in one plane. According to section 27 we now find
the point in the colour triangle corresponding to a point P of 1 at the
intersection of the line OP with V. But OP also lies in the plane of
OA, 1and AK, therefore the point p sought for in the colour triangle
y lies on the line of intersection AK of the said
plane with V. We therefore see that all colours
which, for the dichromat, correspond with K
in the colour space lie on 1 and in the colour
plane on the line AK.
In fig. 82 the colour triangle has been
drawn separately with the point of
‘intersection A (fig. 81) and some colour

i Zz points; the lines AK, AB and AK’
%‘: therefore contain the colours which for

Fig. 82 “*  the dichromat correspond with K, B

Colour plane fcr a dichromat. Al gpnd K’ respectively. We now see also
colours on a straight line through

A appear to him with the same -that there is a monochromatic light

chromaticity. The spectral colouxi — with wavelength Ay — that makes
Y eutral point) is for him equal .. . . )
a (neu ey ‘?v?,i)tés(g), g the same irhpression on the dichromat
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as sunlight (standard illuminant B).: Light -of
wavelength. ), we call the neutral point of the
spectrum. For protanopes this point lies at
496 mp, for .deuteranopes. at 500 ‘my
[Pitt?)]; in the rare cases of tritanopy
-we see a neutral. point. occurring at
about §70 my .and according to some

g . . observers a second neutral point inthe
7// ..ﬁ © blue. . That this. second neutral point
Fig. 83 -~ was to be. expected appears from fig.

Cfolt;“fh Plan;jc fOZ “}: txrc:rzytl’:: .83 in which the points of intersection
?nt;rl:et;:?g:la sof the ?:olgur plane - AﬂA\zAa'aE the axes O], ‘OI-g- and (?Ia
;vl;:gu thheo l(szzh;lﬂgm% o)difecfquis - -given in fig, 80.have been.drawn with
and ,f are the neutral points of * the -colour plane as. calculated -hy
Pmta;‘:&?;- eger‘;z"’:c‘}t:"l,’;{ and . Boumal% from the measurements
pes Tep i of Pit't.: For protanopes %, is .the

neutral point, for deuteranopes A, and for tnt'mopes we see the
two points 24, 24'.. = .. . T - e
If we draw a number -of stralght hnes through each .of the pomts
A,, A, and A, (the same as those through A in fig. 82) we can read off
directly what colours-are confused:by the. various dichromats: Thus
both the protanope and the deuteranope confuse the red yellow and
greemsh yellow colours of the spectrum. .. . C

The positions of the points A, A, and A, are'not accutately known: The
. early measurements of Ko6nigl % were carried out with far from
perfect instruments, while the publication of newer measu;ements by
Pitt isin such'a form that it is very difficult to determine the points
accurately, 'In the latter case we are obliged to make use of the relative
sensitivity curve of the protanope and the deuteranope, a datum wlich is
Jouch less reliable than the results of mere adjustments to equality.’
The uncertainties have been an added iducement not to-use the system
{R'G'B') of fig. 80 for practical purposes, but the XYZ system [See
BoumaV) and A, A, Kruithof?¥)]. .
The following additional theoretical speculations have attended the
introduction of the coordinates R’, G’ and B’ {fig. 80). Suppose three
photochemical processes take place in the normal eye (cf. section 53)
and that the coordinate R’ is a- measure of the stimulation of ‘the
first process, while G’ and B’ play the same part for the second and
third processes: then the occurrence of dichromats would be simple
to explain, for the deuteranopic observer does not notice if we only
vary G', which leads to the obvious supposztlon that for deuteranopes
the second photo-chemical process is inactive. In' the same way we

should be able to explain-the properties of protanopes by the fact
190
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§ 66 TOTAL COLOUR BLINDNESS

that the first process is missing, and those of the tritanopes by the

lack of the third process. This line of thought, originating from

Helmholtz and his collaborators, gives us a very attractive

possibility for explanation, but it has so far been impossible to prove

the correctness of the hypotheses. The same holds for other theories
submitted for the explanation of the deficiencies discussed.

If we try the experiment described in section 63 on protanopes and

deuteranopes we see that they only require two colours for an ad-

justment to equality. They can make the red and green indistinguish-

able to themselves merely by varying the brightness, Yet this test can

serve to decide quickly whether the person is protanopic or deuter-

anopic, for in order to make the colour indistinguishable from the

same green colour the protanope requires much more red light than

the deuteranope (about 6 x). This fact appears from fig, 84 in which

the various sensitivity curves are given: N for the normal observer,

P for the protanope, D for the deuteranope [according to Pitt %],

% Renewed interest in Helmholtz's theory hasbeen aroused by the work

of Hl. de Vries%34), who devised new methods of determining the

response curves of the receptors, According to De Vries the red and

green curves are identical with the luminosity curves of deuteranopes

and protanopes respectively, whilst the blue curve practically coincides with

he [unction Z{4) of the C.I.E, (It may be mentioned that thisidea has already

been put forward by Kénig) The green curve of the deuteranomaldus

coincides with the red curve of the protanom'\lous, in accordance with a

conjecture made by Schouten?), Thiscurve is intermediate between the

normal red and green curves and very near to the normal red curve. The fact

that protanopes agree with the adjustments of the protanomalous and the

deuteranopes with those of the deuteranomalous is expl:ca.ble in this
manner.,

§ 66 Monochromats or achromats; total colour blindness .

While we are still ignorant of %0 m

the nature of the defectsinthe go—— -

organs of vision which lead to . / &?\\D

the existence of dichromatsand . \ \\
anomalous trichromats (hence o4 R

the large number of different a \ \\\
theories!) this is not the case ‘ y

with the defects leading to ==t 0 Y00 my
total colour blindness. Fig. 8 4'—’% o4

In the first and most frequent Relative luminosity curve for the normal

trichromatic observer (N) the protanope
type of Ir.lonoc.h romats the (P) and the deutera.nope (D). Measurements
defect conmsists simply of the of Pitt.
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fact that the cones do not function at all and are therefore truly
blind. The monochromat of this type can see only with the rods.
This fact has a number of consequences which might have been
predicted directly from the properties of the rods (sec. 4 and 12).
The most important are the following:

1. The monochromat is unable to distinguish the various colours. He
sees his whole environment in black, grey and white hues. The
only difference that he can observe is the difference in brightness.
If he is shown any two lights he can make the two sensations
indistingnishable simply by varying the brightness of either of the
two. His set of “colour’ sensations is therefore one-dimensional.

2. Inthe central part of his retina there is usually a region that cannot
give rise to a sensation of light (fovea centralis). In order to
observe small objects he must always look slightly to one side.

3. At very low brightnesses the monochromat sees as well as the
normal observer, but at high brightness he can see practically
nothing: he is “light-shy”, or photophobic.

4. His relative sensitivity is that of rod sight (fig. 3a).

5. His visual acuity is very low.

The cones are not entirely absent but their shape is different from
those in normal eyes. Perhaps in some cases they have been partly
replaced by rods. ’

In the second, much rarer type of total colour blindness the pheno-
mena mentioned under 2-5 do not occur at all. All properties point to
the fact that in this case the cones are normally present, maybe
even the three photochemical processes are functioning. But by some
defect or other the sensations of colour difference do not reach the
brain of the observer. At what point a link is missing from the
chain of processes is unknown. '

Another theory is that the photochemical processes are all identical, Just
as for the dichromats two processes overlap, so here do all three. Against
this theory, which would explain monochromatism in the same way
as dichromatism, the shape of the semsitivity curve bears witness.
The sensitivity curve of this second type of total colour blindness
agrees fairly well with the normal cone sensitivity (fig. 84 N).

The phenomena occurring with monochromats are so conspicuous
that no special experiments are necessary to distinguish them from ,
one another.

In summing up we can state that anomalous trichromats are un-
suited for work requiring the accurate and rapid distinguishing of
colours, dichromats are unsuited for all work in which colours play a
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§ 67 HEREDITY OF THE DEFECTS

part and monochromats (with cone blindness) are deficient in every
aspecl of vision.

§ 67 ' Heredity of the defects

All the defects discussed in sect. 63-66 are hereditary. In studying
the problem of heredity it strikes us at once that the manner: of
inheritance is not the same for all defects. This fact makes defective
vision particularly suited to illustrate the general laws of heredity in
mankind. We shall therefore go a little deeper into this interesting
problem, although it-lies partly outside the scope of this book.

The transmission of characteristics to posterity takes place via the
germ-cells (ovum and sperm). In fig. 85 the contents of these germ-
cells are shown very schematically, in so far it concerns our sub-
ject. The germ-cell contains a number of particles called chro-
mosomes (48 in human beings). The majority of these are arranged
in pairs and occur in the same manner in the male and female germ-
cell. An exception is formed by the so-called x chromosomes: of
these two are found in the female germ-cell and only one in the male
cell. This single, chromosome is coupled with a chromosome possess-
ing quite different properties, designated the y chromosome. The
x and y chromosomes are also called the sex chromosomes. Before
impregnation of the ovum by the spermatozoon takes place (fer-
tilization) the cells have split in two (reduction division) as shown by
the dotted lines in fig. 85. When fusion occurs two of the “halves”
originating in this way unite to form a new cell which again contains
the original number of chromosomes and can now develop into a new
organism. If this new cell contains a y chromosome (if the parts A
and D or B and D have united) a son is begotten, and in the other
case (from the combination of A p

and C or B and C) a daughter. t _

Each hereditary characteristic is
connected with a particular pair
of chromosomes. At fertilization
one of these chromosomes trans-
mits the property or the defect
to posterity. Now there are certain .
characteristics which ore trans- . l;lgl:.nszhe femslo germ
mitted by the x chromosome. We cell, & in the male germ cell. x and y
say’ that these characteristics 8ex chromosames. In fertilisation one

. . ” ‘g of the halves A and Bcombines with one
display ‘‘sex-linked” heredity. \ of the halves C and D.
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gﬁ‘i‘zﬁ‘h
gﬁxxﬁx

Foesn

th. 86
Heredity of a recessive characteristic
(not sex-linked). Empty triangles: nqr-
imal persons. Black'triangles: the charac-
teristic shows itself. Triangles with dot:
persons who may transmit the character-
istic but who are outwardly normal.

Other characteristics are con-
nected with other particular pairs
of chromosomes [for instance (a)
and (b)]; these characteristics
are therefore not sex-linked.
In the inheritance of the first
group of properties the male and
female germ-cells play different
parts, but in the second group
these roles are identical. .
After fertilization two chromo-

somes form a new pair. It may
happen that both chromosomes are bearers of the same defect or that
only one of the two is defective. In the first case the son or daughter
will also show this defect. The second case is more complicated and
we must here distinguish between sex-linked defects and others.
Among the non-sex-linked defects we find some which appear if
only one of the chromosomes is the bearer of the defect. We then
speak of dominant defects (the chromosome with the defective
property dominates over the other). In other cases the defects do
not appear in a child if enly one of the chromosomes is the bearer.
In this case we speak of recessive defects. The possession of one
abnormal chromosome does not then lead to the appearance of the
defect in the child, but it is present latently to the extent that it can
be transmitted to the grandchﬂdren in whom it may either appear or
remain latent.
Forthe defects connected w1th the x chromosome we must distinguish
between sons and daughters, If the daughter inherits one abnormal
and one normal x chromosome some defect will appear (dominant
characteristics) and others remain latent (recessive characteristics)
In the son (who has only one x chromOSOme) the defect only appears
if that particular chromosome is abnormal.
An.example of a recessive characteristic which is not sex-linked is
total . colour blindness (cone blindness), discussed in section 66.
(Other examples are: hereditary forms of epilepsy, mental deficiency
and blindness, blue eyes, fair hair etc,). The way in which these
characteristics — or defects — are handed down to posterity can be
traced completely from what has been said above and is illustrated
again in fig. 86. Here a black triangle represents a person in whom
a particular characteristic appears, a triangle with a dot an out-
wardly normal person with, however, one abnormal chromosome and
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§ 67 HEREDITY OF THE DEFECTS

finally a blank triangle an entirely normal ‘person. Thus fig. 86c re-
presents the following case: father and mother are oulwardly
normal but can both transmit the defect. They both therefore have
one normal and one defective chromosome. In the children four cases
can occur, In the first place the two normal chromosomes may have
coupled during fertilization and then the child is entirely normal.
In the second and third places the abnormal paternal chromosome
and the normal maternal one may have taken part in the fertiliza-
tion, or vice versa: hence the child will have one abnormal chro-
mosome and is therefore outwardly normal but carries the defect
latent with him. In the fourth case the child may have inherited two
abnormal chromosomes, .and in this case the defect will appear.
These four cases occur with equal frequency, so that chance plays a
decisive part.

From fig. 86 we can infer the following details:

1. Entirely normal parents have entirely normal children (a): if the
same defect appears in both parents it also occurs in all the
children (f).

‘2. Two outwardly normal parents may have a child in which
the defeet appears (c).

3. If one of the parents is entirely normal the defect cannot appear
in the children (b and d).

It is the last point in particular that makes total colour blindness
one of the very rare cases. When the defect is not very common,
then after case (a), marriages (b) and (d) are far and away the most
usual and in both cases the defect remains latent in the children.

An example of a dominant defect which is not sex-linked is the here-
ditary form of night blindness.
This forms a parallel to total
colour blindness. In this case
the cones are normal but the

JAVA AV AA
AAAA AAAA AAAI
rods do not function (other

examples of dominant charac- A A A A A A AA xﬁ

teristics are brown eyes, brachy- I s

dactyly etc.). Fig. 87 shows the
possibilities arising in the mar-
riage of night blind persons. A
blank triangle again represents
a normal person, a half black
triangle anight blind person with

Fig. 87

Heredity of a dominant characteristic
(not sex-linked). Empty triangles: normal
persons; filled triangles: persons with two
abnormal chromosomes; the characteristic
shows. Partly filled triangles: one abnor-
mal chromasome: the characteristic
shows likewise.
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only one abnormal chromosome

and an entirely black triangle a

8 b € night blind person with two ab-
normal chromosomes. Fig. 87

differs from fig. 86 only in that

4 8 T e»  the person with the latent

Fig. 88 . i -

Heredity of a recessive characteristic (sex~ de:feCt 18 replaf:ed ‘by a mght
linked). Empty squares: normal men, blind person with only one ab-
empty circles: normal women; black normal chromosome. This is
squares: abnormal men, black circles: | X L :
abnormal women. Circles with dot: women indeed the difference between
recessive and dominant defects.
Cases .1-3 are now as follows:

who can transmit the characteristic but
are outwardly normal.

1. Normal parents have normal children (a).

2. If one of the defective parents has two abnormal chromosomes
no normal children can occur (d, e, f). If this is the case with both
parents (f) even normal grandchildren are impossible!

3. Inspecial cases two night-blind parents can have a normal child (c).

Dominant defects often occur frequently in one family. Thus C u-.
nier and Nettleship [Duke-Elder?)] found in a pedi-
gree extending over three centuries and containing more than 2,000
persons not less than 153 night-blind people! This is due to the
fact that — after (a) — the most frequent unions, »iz. (b) and (d),
produce on an average 75 9%, of night-blind children!

Examples of recessive sek-linked defects are the various cases of
dichromasy and anomalous trichromasy (another example: haemo-
phily). Fig. 88 shows the results of marriages of deuteranopes. Here
we must consider the sex: men are represented by squares, women
by circles. The black figures are dichramats, the circles with dots
outwardly nofrmal women able to transmit the defect. Finally, the
blank figures are entirely normal persons. The following facts can be
inferred from this diagram:

1. Completely normal parents have completely normal children (a);
two deuteranopes have exclusively deuteranopic children (f).

2. Two outwardly normal parents may have a deuteranopic son but
. no deuteranopic daughter (b).

3. If the mother is normal the defect can appear in none of the
children (d).

4. The condition of the sons is quite independent of that of the
fathers [(a) and (d), (b) and (e), (c) and (f)], for the son inherits no

196 '



§67 HEREDITY OF THE DEFECTS

x chromosome from the father and the y chromosome cannot be
the bearer of the defect.

5. Deuteranopy is much rarer among women than among men.

For, after (a), the most frequent marriages (b), (¢) and {d) produce
deuteranopic sons but no deuteranopic daughters.

The same diagram and the same conclusions also hold for protanopes,
protanomalous and deuteranomalous persons.

Interesting cases occur when the father and mother have different defects.
In such cases the daughter may possess two x chromosomes which are
abnormal in different respects, If one defect is protanomaly or protanopy
and the other denteranomaly or deuteranopy no defect will appear but she
may transmit either of them. If one defect is protanomaly and the other
protanopy she is protanomalous; in the same way with the two deuter
defects. Such cases teach us a great deal about the interconnection between
the various forms of defects.

HL de Vries*?, starting from the original Young-Helm-
holtz supposition that three different kinds of receptors exist in the
retina, has found a method of determining the ratios of the ‘‘numbers” of
these receptors, in particular the ratio of the number #, of the red-seusitive
to the sum %, -~ #, of the numbers of green-sensitive and red-sensitive
receptors, which we shall denote by gq,,,. '

Gotw = ~—t
obs u‘ Y ”r
For protanopes g,, = 0 und for deuteranopes ¢,, = 1. De Vries

supposes that the value g, is composed of the separate values of
certain quantities ¢ which are to be attributed to the different x-chromo-
somes, A female individual with chromosomes x;, x, having the values
¢1°q, will- show on examination the value

Zons = ¥ (71 + g1
whereas for a male individual with chromosomes x,,¥, simply ¢,,; = ¢a
According to the same author the 4 values of the separate chromosomes
are hereditary. This leads to the following scheme of possibilities for the g
values in a family, where a, b, ¢, denote numerical values different from

zero.

The relations between the

values of ¢y, of the mem- fathey mothey soRs§ daughiers
bers of the family which 73 0192 Ia 0192

follow from this table have

been confirmed experimen- ¢ ab - aork | acorbe
tally. ¢ 0b Oordb | Ogorbe
Comparing this table with ¢ 00 0 ) gﬂ o
fig. 88 and remembering 8 82 ;') g: ; 0:; g‘r' 06
that in & male individual 0 00 0 00

a g value zero results in
dops = 0O but that in a fe-
male individual ¢,,, is only zero if both ¢ are zero, we now understand better
how it is possible that A woman may transmit the characteristic g,,
= ( without showing this characteristic herself and why the same is not
the case with a man. The measurements of De Vries therefore provide
a “guantitative” insight into the phenomenon of recessivity.

197



DEFECTIVE COLOUR VISION

CH. X

9 observed calculated
TABLE 7

men | women women
Protanomals . . ., 0-68 0-05 0-029
Deuteranomals, . 4.01 0.27 0-304
Protanopes, . . . 1.08 0-02 0-012
Deuteranopes . . 1-78 0-02 0-032
Totals, . .. ... 7.55 0.38 0-38

From the laws of
heredity we can cal-
culate what relations
there must be between
the numbers of women
and the numbers of
men showing a par-
ticular sex-linked de-

fect. Table 7 shows the percentage of the populations of Berlin
suffering from the different defects [calculations by Schmidt?)],
and also the percentages for women which can be calculated from
Schmidt’s data for men. Considering the small number of ab-
normal women the correspondence can be called good.

Othet calculations as to the frequency of the various defects can be found
in Nelson!) (total of 8.82% in men), Waaler?l) (8.01 in men, 0.44
in women}, von Plantal) (7.95% in men); for the heredity of the

defects see Just?),
burg%®, Kihn?% Gothlinl).

Waaler?),

Brunnerl), Trendelen-

For a general resumé of Mendelian principles see Bateson?) or

Gates?).
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CHAPTER X1

The bistorscal development of colour science

§ 68 Introduction. The pre-Newtonian era

To try to give a complete history of the development of ideas regard-
ing colour vision would take us far beyond the scope of this work.
For this would be a task in which an historian, a physicist, a painter,
a physiologist and a psychologist would have to collaborate. We
shall limit ourselves mainly to a few historical remarks on the
subjects with which we have dealt in the previous chapters. We
shall moreover take the opportunity of touching on a few subjects
which have so far had no place in a more or less systematic arrange-
ment; subjects which are partly only of historical interest but which
may assist in deepening our insight into what has been discussed
hitherto.

Where does the history. of colour vision begin? Many are inclined to
place this beginning as far into the past as possible, Some people
place it at about the time of Homer, others in the Stone Age, while
some even reach back to the era before Man had assumed human shape.
Those who favour this last opinion are mostly engaged in considering
the history of the development of the human organ of sight and of
the power to distinguish colours [see Schrédinger¥]. Un-
doubtedly such subjects are interesting but the theories constructed
round them are so highly speculative that it would be as well not to
attach too much value to them.

The material for such theories has mostly been derived from two
different sources. In the first place a comparative study has been
made of the structure of the eye (and — where possible — of the
power to observe colours) of various species of animals. Among
vertebrates eyes resembling the human eye in structure are tsually
found, but not all possess rods and cones, As a rule nocturnal animals
and many water-dwellers only possess rods, while most rodents
possess cones also (and sometimes exclusively). Probably only the last
group of animals is able to distinguish colours. Scientists have suc-
ceeded in proving for various birds and mammals, by means of
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training experiments, that their set of colour sensations is, as with

human beings, three-dimensional. The anthropoid-apes seem to have

a system of colour vision closely corresponding to that of man.
Treatises on the subject of colour vision among animals are to be found in
works of de Voss?, Schnurmann?), Miller), Gregg?l),

Kihnl), Bierens de Haan'), Trendelenburg?, Gre-
therl), Birukow?!), Raochat®, van Eck?), among others.

In the second place data on the history of development have been
deduced from the occurrence of defective colour vision dealt with in
chapter X and from other properties of the human eye.

Starting from all these data some authors have concluded that the
human eye originated in a pure rod apparatus, that the first colour
vision was dichromatic (split up into a blue'and a yellow organ) and
that the trichromats would only have made their appearance at a
higher stage of development.

From coloured drawings found in caves and dating from the Stone
Age we may conclude that in these times colour vision was already
well developed. From what has been said about anthropoid-apes
and the fact that even among the lowest types of the human race
colour vision is practically the same as that of the West European,
this might well have been expected. Any possible evolution in colour
vision must therefore undoubtedly have taken place at a much
earlier epoch. The fact that ancient Greek literature is poor in colour
names certainly does not prove that (as some used to think) colour
vision has appreciably developed in those few thousand years. In the
Graeco-Roman civilisation period and later on at the time of the
Renaissance (Leonardo da Vinci) literature aboat colours
is found [G o et he? collected much of this literature] but the ideas
on which the present colour theory is based are by no means to be
found there. These ideas are first met in the work of Newton,
that is at the end of the seventeenth céntury. For us, therefore, the
actual history of the science of colour begins in 1666 when ‘N e w-
ton began his researches into this subject.

§ 69 ILaac Newton (1642-1727)

When Newton is mentioned one thinks first of the law of
* gravity named after him. In the second place comes his work on the
subject of light and only thirdly does one think of the other important
contributions which N e wton made to all kinds of mathematical
and physical subjects. This is an example of a typical phenomenon
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which occurs repeatedly in the history to be studied here. Many of the
figures which we shall encounter have become famous in quite
different sciences. To prove the accuracy of this statement we need
only add the following names: Da Vinci, Newton, Goethe,
Schopenhauer, Thomas Young, Dalton, Max-
well, Rayleigh, Schrédinger. Trulya varied company!
Perhaps the fact that the science of colours stands on the border of
many other sciences has been the reason that so many men with
many-sided interests have felt drawn to it.

We have already discussed in section 2 how Newton1) laid the first
indispensable foundation for the accurate understanding of colour
phenomena when he split np sunlight into its speciral components.
The chapters in his well-known work *“Opticks” dedicated to
this subject form a real masterpiece in the field of -experimental
physics. Step by step we can follow the course of thought in N e w-
ton’s mind: a course which led logically every time to the next
experiment in answer to the questions raised by the previous one.
And step by step.we see how N e wt o n in experimenting developed
his instruments. We see him at one point close still further the “small
hole in my window-shut” (through which the sunlight was-allowed
to enter) until it finally became a slit. We see him bring a lens to the
beam of light and in this way, in principle at least, the first spectro-
scope came into being. :

The spectra obtained in his first experiments were still very impure.
As he did not then work with a narrow slit he observed the colours
we saw appearing in fig. 46 (see sect. 45) as combinations of boundary
colours. We can conclude from N-e w-ton’s accurate data that the
value of / : 7 in these experiments amounted to about 0.27. We can
therefore read from fig. 50 (see dotted line) what colours were seen
by Newdton in his first spectrum and by comparison with fig. 31
what the colorimetric purity was for the various colours. Fig, 89
gives the results of such an investigation. We see that the colorimet-
ric purity in this first primitive spectrum — for which neither slit
nor lens was used — nowhere fell below 0.80 and that the colours for
which the dominant wavelength is greater than 590 my appeared
practically in absolute colorimetric purity.

Later on, when N e wt on saw that a purer spectrum was necessary,
he improved his apparatus by introducing a narrow opening and im-
aging by lens, in such a way that / : 7 was reduced to a value of
0.018, and then he could see all colours with a colorimetric purity of
practically 1.
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Besides the analysis of sunlight, the proof that speciral colours
cannot be further resolved and the reconstruction of white light by
additive mixing of all spectral colours, Newton also gives

1,00 \ r’
095 P 7T

NNy

L/

450 500 550 600 650mu

—_—Agd akfas
Fig. 89

Newton’s first spectrum; the purity p for different dominant
wavelengths 34.

schematically the arrangement of the set of colours in the colour
plane. He placed white in the centre of the diagram and the spectral
colours round it, while the points within the circle represented the
desaturated colours; the more desaturated the closer they lay to the
centré: Newton also realized that the use of a third dimension
was necessary to distinguish the various colour sensations of the
same chromaticity. He then arrived at the idea of representing a
given colour by a small weight placed on the appropriate point of the
colour plane, the size of which was equal to the intensity with which
the colour appeared (see figure 2¢). Then he made the surprising
pronouncement that the position of a mixture of colours can be
determined by calculating the centre of gravity of the set of weights
representing the separate colours.

Was this pronouncement correct? As Newton gave it, not quite,
as he was not yet able to carry out accurate* quantitive measure-
ments. He had arbitrarily represented the curve of the ‘spectral
colours by a circle, and this choice was the reason why his statement
was not quite correct, a fact which, remarkably enough, he men-
tioned himself,

But almost two centuries later when Newton’s circle had been
replaced by the curve of the spectral colours as we now know it, and
when what is understood here by intensity (or quantity of colour)
had been established more . accurately, it appeared that Ne w-
ton’s prophetic statement was correct in the strict sense of the
word. In fact it could even be shown that this statement alreddy
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implied the Grassmann laws laid down 150 years after
Newton!

In many books this ‘“‘centre of gravity rule” of Newton is the
corner stone on which the whole theory of colour is based.

For didactic reasons we have not done this. The difficulty lies in the
concept of *quantity of colour” which Newton wisely did not define
further. How this concept is to be understoodl appears from the following
deduction of the rule from the ideas developed in the previous chapters
(see sect. 33a).

1f we mix a colour (X,Y,Z,) with a colour (X,V¥,Z,) to a mixed colour
(XYZ) then:

X=X+ X, Y=Y, 4+ Y, Z =2+ Z,
Butnows = X: (X + Y+ Z2)or X = (X + ¥V 4 Z) etc. If we sub-
stitute this in the aboyé we obtain:

2L = 4T + %8y, I =y T & pefa B =203 4 24, (27
inwhith X4+ Y+ Z=3% X;4+Y,+2Z,=%, X4+ Yy+2Z,=2
If we characterize ‘the colours (according to Newton) as (v;3,m)
(#29amy) and (¥ y m), the centre of gravity rule demands:
Am=xymy S+ Kgmy, yM = Yymy + Yoy, IM = 2y + Ty, M= g + my (28)
The rule then only gives a correct method of calculating the trichromatic
coefficients if the relations (28) are identical with (27). This is apparently
the case if we make m = X; m; =¥, and m, = X, (the last equation of
(28)we find by adding the three equations (27)!
We find, therefore, that the rule is correct if we apply to each colour a
mass equal to the sum of the trichromatic coordinates, In' other words: by
intensity or quantity of colour in this rule we must understand this sum.
If we wish to deduce the whole colour theory from this rule we must intro-
duce right at the beginning, besides the concepts of power and brightness,
a third concept, namely that of the quantity of colour for the spectral
colours. Such unnecessary complications in the fundamentals seemed
undesirable.

In the few pages N e wton devotes to the arrangement of colour
sensations he sketches, as it were, the plan to be used in later ages
for the comstruction of the whole edifice of the science of colour.
If then we remember that Nc¢ wton did not have a single prede-
cessor on whose discoveries he could build further, we may draw the
certain conclusion that even on this subject the master had no equal.

§ 70 Johann Wolfaang von Goethe (1749-1832)

In 1672 N ewton published his first results; in 1704 the first edi-
tion of “Opticks” appeared. The whole of the eighteenth century in
fact continued to build on the foundations laid by him.

Many copied N e wt on more or less literally, others added a little
to what he said, but it cannot be said that there were any great
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figures in this century in the science of colour. At the end of the
eighteenth and the beginning of the nineteenth century a man
already famous in quite a different field interested himself in the
problem of colours. This man was Goethe?). It is almost impossible to
compare two great men who differed so widely as Newton and
Goethe and who had absolutely nothing in common with each
other except that both studied the origin of colours. Was Goethe
a great figure in this matter too? That is impossible to say. In any
case he was not so important as N e wt o n, but he was undoubiedly
an extraordinarily interesting figure. Newton and Goethe
started from totally different points of view, and, how could it be
otherwise, approached the problem from quite different directions.
This fact must be continually borne in mind if the different con-
clusions of both investigators and the almost hostile attitude of
Goethe towards Newton are to be seen in the right light.
Newton, an experimental physicist if there ever was one, took
the view that quite independent of the observer there exists a great
system, the nature and behaviour of which is regulated by strict
laws, and he made it his purpose to. discover some of those laws, a
task in which, as we all know, he was extraordinarily successful. To
study these laws one must set to work as objectively as possible and
eliminate as far as possible the individual properties of the obsetver.
This conviction is at once seen reflected in his first experiment. He
admitted the light of the sun — the origin of everything -— into his
room through a small hole and let it pass through a prism so that &
spectrum was produced on the opposite wall. He put the light to all’
kinds of tests, as it were, in order to discover something of its nature,
and himself stood on one side as an interested but objective and
unbiassed examiner.

How differently did Goethe face these problems! For him man
was always the starting point; in this particular case the subjective
colour sensations received and the numerous and divergent sensations
they evoked in his fine artist’s mind. The purpose of his investigations
was to discover how these impressions originate and how they are
influenced by circumstances. Typical of his point of view is his first
experiment. He placed a prism before his own eye and observed
through this first of all a white wall and after that a vertical division
between a light and dark surface etc. In a sense he was not the
examiner but the examined! ‘

In continuance of his first experiments as the foundation stone of his
theory, Newton discovered the spectral colowrs. Goethe on
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the other hand discovered the boundary colours as we know them
from section 44, as a “basic phenomenon”. The answer to the
question from which of these foundation stones the composite colours
are actually built up, is this: they can, in principle, be considered
either as mixtures of spectral colours or of boundary.colours.

We can, for instance, imagine a light which contains only a narrow band
of the spectrum, builf up of two very slightly differing houndary colours.
For a boundary colour R; (from 380 to ) must be added to the said
colour K (radiating between X and A 4 A)) to obtain another boundary
colour R, (from 880 to ) 4+ Al), or in the language of colour equations:
Ry + K+—+Ry or K+~—=R,—R,.
A colour showing an arbitrary continuous spectrum can be considered as
the total of a large number of spectral colours but also as a combination of
an equally large number of boundary colours. We can define the colour
properties of an observer just as well by measuring the trichromatic coor-
dinates of all spectral colours (those of the other colours then follow from
Grassmann's law), as by taling the same measurements from a

complete set of boundary colours.
In principle, therefore, Goethe and Newton were both
equally right, but in practice N ewton’s proposition has such
enormous advantages that Goethe’s is entirely left out of the
question and is never applied.

Some of these advantages are:

a. In building up from spectral colours we never have negative quantities
to deal with (as was the case in the example K +—— R, — R;).

b. A particular, commonly occurring class of colours, namely line spectra,

can be much more easily broken up into spectral colours than into
boundary colours.

c. Spectral colours play a much greater part in other branches of physics
than the boundary colours.

Fig. 50, which we formerly considered as a transition from bouyndary
colours to spectral colours, we can therefore now see as a’continuous
transition from the opinions of Goethe to those.of Newton.
In the first experiments of Newton there was actually still a
transition stage (dotted line in fig. 50).
The reader will perhaps wonder why we bring out the contrast
between Newton and Goethe. Thisis for historical reasons,
for unfortunately, instead of supplementing the work of Newton
from his own point of view, Goethe devoted the greater part of
his considerations to the thankless task of disproving Newton's
theories (in his own words “Enthiillung der Theorie Newton’s™).
We shall mention a few points in this confliet.
Newton states that sunlight consists of lights of various wave-
lengths (actually different refrangibilities) and that he separated
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the rays in his experiments. Goethe on the other hand takes
white light to be an indivisible unity containing no spectral colours.
The colours would originate in the experiments through interplay
with matter.
The last opinion is quite understandable when coming from such a
man as Goethe. Many people will have wondered how it is
possible for colourless daylight, which psychologically makes an
impression of simplicity, to contain all those bright colours.
Which of the two opponents is right depends mostly on individual
philosophic taste. Most people will, however, prefer Newton’s
opinion, as it enables us to give a much simpler physical description
of the phenomena.
We need not go deeply into the other point of difference, of whether
the additive mixing of all parts of the sun’s spectrum produces a
white colour or a grey. In section b we saw that grey (just as brown)
only occurs when there are other colours in the neighbourhood of
inadequate brightness. This fact does not appear to have been clear
either to Newton orto Goethe. Moreover this question was
clouded by misunderstandings about the use of the word “white”,
which has so many meanings (see section 23).
A last difference between the opinionsof Newton and Goethe
concerns the colour “green’”. Goethe" states (in agreement with
the opinion maintained in artistic circles) that it is not a simple
colour but can only be produced by a combination of yellow and
blue. According to Newton there also exists a simple green,
namely the spectral colour, while the blending of yellow and blue
- can produce white but never green. On this point, too, both investiga-
tors were right from their own point of view.
No green appears among the boundary colours, but it is produced by
a combination of two boundary colours (sect. 45). And the divergent
result of the blue-yellow mixing is explained by the fact that the
combination of boundary colours spoken of in section 45 is actually a
subtractive mixing (as in the mixing of pigments) while Newt{on
had an additive mixing in mind.

§ 71 Younz, Grassmann, Maxwell etc.

In this section we shall call to mind some historical facts which at
first sight appear of minor importance but which have had an
influence on the later development of the colour theory. The first
'name we must mention in this connection is that of Thomas Young
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(1773-1829), another remarkable many-sided figure: a physician,
physiologist, physicist, linguist, Egyptologist etc., he owes his greatest
reputation to his work on the interference of light and his share in the
deciphering of the Egyptian hieroglyphics. On the subject of colours
he was the first to stress explicitly the significance of the number
three (sects. 5-8). For he was the first to put forward the hypothesis
that colour vision is based on the presence of three different light-
sensitive organs [Young?)], an idea taken up half a century
afterwards and developed further by Helmholtz and his collab-
orators. There are interesting details to be found about the life and
work of Young in a series of articles that appeared in America
on the occasion of the first centenary of his death [C rewl),
Williams?), Hecht?3)].

About 1800 the first development of views regarding the various
kinds of defective colour vision occurred. Although dichromasy had
undoubtedly been noticed centuries before, it appears to have first
been explicitly mentioned in the literature by Priestley (1777).
Later on it became more generally known owing to the fact that the
English chemist Dalton (1794) described his own defect in great
detail. From this description we can infer that Dalton was a
protanope. He again is a person, renowned in another realm "of
thought, who as a side issue interested himself with the problem of
colours, The influence of that interest is still to be traced in the
French collective noun “daltonisme” for the defective colour vision
described in chapter X. Young, a contemporary of Dalton,
already suggested that in such persons one of the basic processes did
not function, another idea which Helmholtz and his collabo-
rators were to develop later on. At first no distinction was made
between the two sharply divided cases of dichromats which to-day
are indicated by the names of protanopes and deuteranopes. These
two groups of abnormal observers were known as ‘‘red-green con-
fusers”. Seebeck?) (1837) was the first to ascertain explicitly
the existence of the two different phenomena. Since then the names
“red-blind” and “green-blind” were used, and these were only
replaced by protanopes and deuteranopes in the twentieth century.
The third class, the tritanopes (originally called blue-blind), were
discovered and described much later [K 6 ni g 1) 1897]. -

That it took so long to discover that the distinction made by See-
beck was correct was due to the methods by which defective
colour vision was ascertained; methods which indeed enabled di-
chromats to be sharply distinguished from normal observers but to
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which protanopes and deuteranopes reacted in about the samie
manner.

In the previous chapter we learned that the most suitable test for
distinguishing various types of defective colour vision was that in
which the observers were made to match a yellow colour by a mixture
of red and green. Rayleigh?) (L882) was the originator of this
test, who for this purpose matched the colour ot the yellow sodium
line (589 my) by an additive mixture of the red lithium line (671 my)
and the green thallium line (835 mp). Rayleigh’s tests led to
the discovery of anomalous trichromats and to the sharp distinction
between protanomalous and deuteranomalous persons. In more
recent times the colours of this “Rayleigh equation” were
replaced by slightly different colours. For the investigation of trit-
anopic and tritanomalous people it appeared to be necessary to
choose quite different colours [see for instance Engelking?),
Trendelenburg?].

In the second hall of the 19th century the further development of
Newton’s and Y oun g's ideas took place, with which the names
of Grassmann, Maxwell Helmholtz and Ké6nig
must {irst be mentioned.

H. Grassmann (1809-1877) has the honour of enumerating explicitly
and clearly the laws already implied in N ewton’'s work, and
thereby laying the foundation of the whole further development of
the colour theory (1853). He too was a remarkably versalile man.
Like Newton he devoted himself in the beginning to theological
studies and later did very good work as a philologist, physicist and
mathematician. He was also active in politics and music.

James Clerk Maxwell®) (1831-1879) was the first to measure and
define the spectrum (1860). By this must be understood the experi-
mental establishment of the trichromatic coordinates of the various
spectral colours when they are shown in succession with the same
power (distribution curves for the specirum of equal cnergy). The
measurcment and definition of the spectrum leads, for instance, 10 a
table like table B (see appendix). The Grassmann laws,
together with the definition of the spectrum enable us to predict the
result of each matching test. The weakest point of most spectrum
delerminations (particularly the older measurements) lies in the
establishment of the power occurring in each of the spectral colours
to be examined. Should we disregard this difficult part of the
measurement entitely, we could only determine the trichromatic
coefficients of the spectral colours, which would be 1nadequa.te for
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calculating the same quantities for compound lights with known
relative spectral distributions.
It would indeed be possible to calculate the trichromatic coefficient of the
mixture from the luminosity raiio of the components (for instance with
blended light), provided the luminosity coefficients of the system employed
were known in some way or another (see calculation in section 37). More
generally: we can calculate the distribulion curves from the trichromatic
coefficients if the relative sensitivity curves and the luminosity coefficicn.s
of the primary colours used for the determination are known. This less
elegant method (undesirable mingling of colorimetry and heterochromatic
photometry!) was also used in establishing the C.L.E. system [Guild 4|
Maxwell used as primary colours spectral lights of wavelengths
631, 529 and 457 my. For additive mixing hc applied the method
sketched in figure 69a (sect. 59). His measarements fell into oblivion
later on, owing to the more complete and accurate measurements

of Kénig. The same fate befell the later measurements of
Abney?).

§ 72 Helmholtz, Konig ete.

In the person of Hermann Ludwig von Helmholtz (1821-1894) we
meel with a many-sided scientific talent and interest. Beginning his
career as a physician, he made a name for himself as a physicist,
mathematician, physiologist, philologist and musicologist, coupling
all this with a talent for organization. It is largely owing to this last
talent that he collected such a large number of excellent disciples
and collaborators around him. In the domain which interests us here,
his most important collaborator was undoubtedly A#thur Kinig, a
man with an extraordinary talent in the experimental field and who
undertook research on countless subjects of a physiological-optical
nature which have not been surpassed in the last thirty years.

Arthur Kdénig must be distinguished from two other people of the
same name who were active in the same field at a later period, fo wit,
Albert Koénig, the wriler on Physiological Optics in the ““Handbuch
der Experimentalphysik” and Hans Kénig, who in the last ten
years has produced important work on the subject of photometry and
colorimetry.
Helmholtz adopted Young's idea about the three fundamental
processes, leaving, however, unexplained the nature of those pro-
cesses, while Y oung explicitly speaks of three kinds of fibres in
the optic nerve. The explanation of the existence of dichromatic
persons suggested by Young was further developed by Helm-
holtz and Kénig and supplemented by the idea that by in-
vestigating the properties of dichromats — especially of their iso-
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chrome directions — it would be possible to arrive at a more quan-
titive formulation of the three-colour theory for normal vision; the
spectral sensitivity of the three separate processes which, according
to this theory, actually take placc in the retina, might thereby be
determined (see also section 65).

Helmholtz also applied his theory to explain other phenomena
of colour vision, such as the accommodation of the visual organ to
coloured light, symptoms of fatigue, after-images etc. In such expla-
nalions the supposition that each of the three fundamental processes
can separately become ““tired’’ and therefore decrease in sensitivity,
plays a great part. While phenomena based purely on the laws of
additive mixing in the eye can be completely explained by the
Young-Helmholtz theory, this explanation has only a
partial success with other phenomena. So many difficulties remain
that it must really be said that the theory is quite inadequate to
explain all the facts.

The experiments necessary for the quantitive support of the
Young-Helmholtz theory are mainly the work of K 6nig.
One of the first investigations (performed together with Brodhun)
concerned the verification of the Grassmann laws [Kénig 9],
These appeared to hold accurately in the region of not too low a
luminosity, K énig's8) chief work consists of the first accurate
and very complete measurement of the spectrum which he performed
in collaboration with Dieterici. He used spectral colours as primaries.
As in this case negative quantities almost always occur and in both
halves of the field of vision there must therefore be a mixture of two
spectral colours. The Helmholtz-K&8nig “mixture appara-
tus” used for the experiments is' especially constructed for this
purpose. The most important part of this instrument is an equilateral
prism which creates, as shown in fig. 85a, two adjacent halves of the
field of vision, and at the same time fulfils the function of the prism
P in fig. 69a, so that the pencils of rays 2 and 4 in fig. 65e each contain
only two spectral colours which can be regulated at will, both in
wavelength and quantity of light. For a description of the modern
construction of this instrument see Richter®).

Konig did not restrict his measurements to normal observers; he
also examined the various types of dichromats with the main purpose
of establishing the isochromatic directions. He was the first to give a
_ description of the rarely occurring defect of tritanopia, called by
Konig') ‘blue-blindness”, He too attempted to trace racial
differences in colour vision [K énig %)]. Finally it must be mentioned
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that K6nig?® was the creator of one of the first spectro-photo-
meters in which the eye acts as a measuring instrument (section 50);
this photometer is still frequently used in the improved form con-
structed by Martens?).

§ 73 Other theories of colour vision

The influence of the work of Helmholtz and K6nig on the
later developments of colour theory has been very great. The theor-
etical considerations gave rise to lively discussions and were the
beginning of such an enormous number of new theories regarding
colour vision that we cannot dream of sketching even the most
important here. A few general remarks must suffice. For a short
summary and list of references see Schmidt?).

Most theories apply particularly to one aspect of colour vision or to
a particular group of experimental facts. For this group of phenome-
na they give a good explanation, but for phenomena remote from
this group they appear to’ be unusable, The Young-Helm-
holtz theory is no exception: the group of phenomena to which
this theory is applied in the first place is that of additive colour
mixture. Within this group such strict laws appear experimentally
to exist that it is quite justifiable to take these into consideration
from the start when working out a theory. But if we turn our atten-
tion to those phenomena of colour vision which have nothing to do
with colour mixture it is frequently apparent that the theory is
quite powerless; it even at first sight seems to be in conflict with
the facts. This is particularly the case with phenomena of a more
psychological nature. The following is a good example. If we ap-
proach the various colours of the spectrum with an open mind we
come to the conclusion that there are fowr “main colours” each
making the impression of forming a separate unit: red, yellow, green
and blue. All other colours (orange, yellowish green, purple etc.)
immediately suggest an association with the colours on either side,
from which they can be produced by additive mixture. Everyone
will recognize in orange a relationship with yellow and red, but
hardly anyone will discover in yellow a combination of red and
green. At first this fact of four psychological main colours appears
to be contrary to the Helmholtz-Young theory, which
refers to three primary colours.

Such examples can be amplified and it is therefore not surprising
that there was the most serious opposttion to the opinions of H e 1 m-
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holtz on the part of circles mainly concerned with the colour
problem from the psychological side. The leading figure in those
circles was HeringV %), There is a certain correspondence between the
attitude of Goethe asa psychological protest against the opinions
of Newton and the attitude of Hering towards Helm-
holtz Hering applied the above four main colours in his
theory by accepting three processes: a red-green process, a yellow-
blue process and a white-black process.

These processes are to be considered as chemical equlhbna that can
be displaced under the influence of light. Thus in the first process a
certain equilibrium will make the sensation of “white’’, while dis-
placement to the one side will produce the sensation of red and to the
other side the sensation of green. The other two processes act in the
same way. Various symptoms of colour vision — especially those
for which the theory of Helmholtz was inadequate — can be
better explained by the opinionsof Hering, but.... the laws of
additive colour mixture can only be explained with difficulty by this
theory, while, for instance, the difference between protanopia and
deuteranopia cannot really be understood according to Hering’s
ideas. In general the-fact that there are three kinds of dichromats
and three kinds of anomalous trichromats (see section 62) points
strongly in the direction of Helmholt 2's opinions.

The circumstances which we have just sketched were responsible
for the fact that for a long time investigators were divided into two
camps: adherents of theories closely related either to that of H e l m-
holtz orthatof Hering.

In retrospect this was truly an amazing phase in the history-of célour
science. Here were two conflicting theories, the principles of neither
of which could directly be proved correct, Both camps were obliged
to admit that a.certain part of the phenomena could not be explained
by them; the conflict consisted mainly in bringing forward certain
phenomena which could be particularly well understood by means
of the theory in question.

It was soon realized that the only possible solution was a fusion of
the most important parts of both theories. This thought was most
clearly uttered by v. Kries in his “Z6ne Theory” in which he
accepted the fact that the processes in the retina act in accordance
with Helmholtz’s ideas, while Hering’s theory obtains for
a further link in the chain of processes which in the end produce the
colour sensation. Von Kries expressed very fertile thoughts here,
but his formulation is so vague that we should rather speak of a
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‘““programme’’ than a “‘theory”. Many later investigators have devo-
ted themselves to the working out of this programme. Countless
new theories have thus been built up and in a certain sense these new
theories suffer just the same fate as the old ones: each theory has its
group of phenomena for which it is especially snited!

The mass of solutions points to the fact that we are still far removed
from a complete and final explanation of all phenomena. A first
requirement for making progress and to make the theories less
speculative is a better knowledge of the anatomical facts of the
organ of sight.

Mathematically the bridge between Helmholtz's and Hering's
ideas was spanned by Schrddinger5 and Lutherl), who
showed that transformatlions can be applied to the colour triangle such
that the figures produced can be taken as an illustration of the four-colour
theory of Hering [seec also Richter ],

§ 74 The further development of the experimental side of colorimetry

Not only the theoretical considerations of Helmholtz but also
the experimental researches of K 6 nig have influenced the develop-
ment of colorimetry for decades. From 1892 to 1931 almost all colour
calculations were based either directly or indirectly on K 6 nig’s
results. It was indeed realized in the course of time that even these
excellent measurements were not perfect. Hence the fact that various
later authors such as Ives3), Exner®?, Weaver, [see
Troland?], Judd?) etc. modified and “*improved” the system
designed by K dnig, partly by combining it with their own or
other measurements, partly by working them round in all manner
of ways. Thus a number of more or less divergent systems arose of
which we may mention-the following: the original system of K &-
nig-Djeterici, the Konig-Exner and Xonig-
Abney-Weaver system. This latter system arose from the
fact that Weaver combined the values of Kdnig with those
of Abney?), giving rise to the so-called 0.5.A. system (Optical
Society of America), which for six years has functioned as the
officidl system in America and also found many users outside
America. Gradually the undesirability of this state of affairs became
more and more obvious. Not only was the existence of many systems
that could not be accurately transposed into each other felt as a
drawback, but the incompleteness of X 6 nig's original measure-
ments began to be felt. This incompleteness is mainly of two kinds:
in the first place the measurements were carried out by only two
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normal observers (Kdnig and Dieterici) so that it was
doubtful whether the results could really be taken as that of the
‘“average” normal observer; in the sccond place it became a known
fact that K 6 nig did not always work at a sufficiently high bright-
ness so that rod vision was not completely excluded [this last draw-
back was pointed out by v. Kries ® 5) in 1897). But il took till
about 1930 before any considerable improvement was made in the
state of affairs, when from two independent sources new determina-
tions of the spectrum were published, both of which had been carried
out with modern instrumentis and to the exclusion of the influence
of rod vision. These werc the measurements of Wright 1)
(10 observers) and Guild %) (7 observers). Both investigators used
quite different trichromatic colorimeters (of course of the subjective
type). The fact that after transposition [see G uild*%)] the results
of ithe iwo investigations showed a satisfactory correspondence (the
0Q.S.A. figures differed at least six times as much from those of
Guild, asdid thoseof Guild and Wright from each other)
formed an indication that the ideal was now not far off: the accurate
determination of the mixing properties of the eye of the average
normal observer, .
Hence the average of the measurements of Wright and Guild
were used, after recalculation to deduce a practically useful system.
This is the system recommended by the C.LLE. in 1931, a system
which in the course of the following decade replaced the old systems
everywhere and on which all the calculations and tables in this book
have been based.
That the measurements of K8nig were very deeply rooted appears
from the fact that Sc’houten!), for instance, used these measurements
as late ag 1935 in thinking out a new quantitive (l) ‘"four-colour theory"”,
just as Stroblel) did in his dissertation in 1937 and in a publication
of 1939, Such examples are known in still more recent times [see Will-
merl), who uses Abney's 1895 curve], but it can be said that by about
1940 the C.I.E. system had been universally adapted.
Together with the adoption of the new determination of the spectrum
came the intiroduction of the “white"” standard illuminants A, B and
C (section 23) whereby a certain unity has also been obtained inter-
nationally in the measurement of coloured surfaces.
An increasing understanding has also been attained in the last 30
years of the foundations on which colorimetry is based. In this
respect the excellent work of Schrédinger®7) in particular
must be mentioned, who in contrast to most of his contemporaries
again brought colour space to the fore and thus arrived at a clear and
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logical method of explaining the basic facts. On broad hines I have

followed the example of Schrédinger in ihe preceding
chapters.

§ 75 Wilhelm Ostwald (1853-1932)

It can be said that the development of the science of colorimetry
has moved in a fairly straight line from Newton via Young,
Maxwell, Helmholtz, Kdnig to the modern investiga-
tors such as Schrdédinger, Wright, Guild etc.
However, just as Goethe, at the beginning of the previous
century, deliberately abandoned this straight path, so have others
in this cenlury, for instance in the direction of the Ostwald colour
theory.

There is in some respects a correspondence between these two
wanderers {from the straight path. Juslas Goethe turned against
Newton and considered, quite incorrectly, his ideas as quite
wrong and valueless, so Osiwald (and particularly his disciples!)
turned againsl the school of Helmholtz. Here he fell into the
crror already mentioned in section 72 of renouncing the whole work
of Helmholtz and Kénig, losing sight of the fact that a great
part of this work is firmly based on undeniable experimental facts.
Another remarkable coincidence exists in the fact that Ostwald,
like Goethe, started from boundary colours or combinations of
boundary colours.

Ostwald’s¥® % ‘“colour theory’' is, touse von Kries' words,
“eine gliickliche Systematisierung der Korperfarben” (an excellent
classification of surface colours), therefore a method of obtaining a
general view of all colours that surfaces may assume. In some respects
this method appears to be more demonstrable than the method dealt
with so far (the assignation of XYZ values). We know that the
colours of the objects depend on the nature of the illuminant used:
Ostwald works only with sunlight in his speculations.

The starting point of his colour theory is the so-called “Vollfarben”
(full colours) or C-colours whose properties we have discussed exten-
sively in section 48. In fig. 59 the position of these colours in the
colour triangle is given (with a standard white B as illuminant).
Ostwald considered these colours as the most “colourful’” among
all possible colour sensations and supposed that all surface colours
occurring in practice have their colour points within the curve drawn
in fig. 59.
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e z____,  Nowthe C-coloursforma special case of the ideal
2L _JL_ 1" colours, and they have therefore a spectral reflec-
c————2%____1  tion curve of one of the types sketched in fig. 51,
L L™ in which, in cases z and b, the two limiting wave-

|r_e:_—=;|::g’ ¢, lengthsare complementary. Further, Ostwald
b -'?’ took as an accepted fact that all colours occurring
oy~ e m—————

ik

493y

Fig. 90
Schematization ofsur-
face colours actording

to Ostwald.

‘in practice are either C-colours-or can be deduced

from C-colours, by replacing the reflection factors
0 and 1 by other constants. In other words,
that all surface colours show reflection curves

approximately like one of the types sketched in
fig. 90. From this assumption it follows directly
that each surface colour is related to a certain C-colour (produced
by replacing the constant reflection factor by 1 and 0) and that we
‘can imagine any surface colour to be produced by mixing that C-
colour and the standard white in a certain ratio. The C-colour there-
fore here plays exactly the same part as the dominant wavelength
in the monochromatic system: the surface colour always lies on
the connecting line between white point and appropriate C-colour
in the colour triangle. Now we can completely establish a surface
colour with a reflection curve. as given in fig. 90, by quoting the
two (or one) wavelengths at which the reflection curve makes a
sudden jump (by this the appropriate C-colour has already been
specified) and further by giving the two constant reflection factors.
In Ostwald’s system, however, the C-colour is not as a rule
fixed by the two complementary wavelengths but by a certain
number N; the C-colours lying on the curve of fig. 59 must therefore
be provided with an identification number. Ostwald let these
numbers run from N = 0 to N = 100, later from 0 to 24. The value
of N therefore plays an analogous part here to 3; in the monochro-
matic system. The positions of the numbers on the curve were fixed
by the “Prinzip der inneren Symmetrie” (‘‘Principle of inner sym-
metry’’). This is as follow§: when additive mixing of the C-colours N
and (V + 2) takes place a colour is produced with the same domi-
nant wavelength as the C-colour (N + 1). The colour N 4 12 then
automatically becomes complementary to N. This principle enables
us to calculate exactly the distribution of the C-colours over the
curve. In fig. 91 the result of this calculation has been given.

The calculation is the work of Boum a4, An earlier calculation by
Richter!® makes rather arbitrary use of other instructions given by
Ostwald which partially contradict each other.
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4 Fig. 91
I Characteristic colours (full
colours) with their
a8 numbering
according to
the principle
of inner
symime-
try.
2.
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In order to distinguish all
colours with the same do-
minant wavelength (there-
fore having the same N),
Ostwald fixed the two
constant reflection factors
as shown in fig. 90 by the
three magnitudesk, wand z.
‘These three letters are used
to indicate the colour con-
tent, white content and
black content. The logic of
this nomenclature can best
be seen by imagining the
colour to bereproduced with
the aid of a revolving sector
disc (see also fig. 70).

Place the colour to be exa-
mined in the central circle

(which colour is supposed to be of the type of fig. 90); the match
can then be obtained by dividing the outer ring into the following
sectors (fig. 92):

We can see from the

k-360° of the appropriafe C-colour
-360° of the brightest white : 1
2-360° of the deepest black : 0

reflection curve of fig. 90 that we can indeed

imagine ‘the colour to be compounded of the given parts of white
and the appropriate C-colour. For the wave-

lengths not reflected by the C-colours the light
proceeds partly from w and partly from %, so
that part w + % is reflected. We Lherefore get
exactly the reflection factors indicated in fig.

902 for all wavelengths,

Of course fig. 92 only represents an imaginary
experiment, for the colours required by the outer
circle are not to be realized without special aids
and appliances. [f we should, however, succeed
in carrying out the experiment correctly, the
match would be correct for all trichromats, di-

the spectral reflection curve!

Fig. 02
The meaning of the
terms colour content

(k) white conient (w)
chromats and monochromats, for we have not 554 ylack content {z)

only reproduced the colour sensation but also  jn connection with the

sectored disc.
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According to O st wald’ssystem a colour is therefore characterized
by the quantities N, &, w and z (in which clearly # + » + z = 1).
On this system Ostwald’s? ?) well-known colour atlas is based.
The values of these four quantities are marked on each of the colour-
ed cards (more than 2,000 in his first edition).
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In the abridged form of Ostwald’s atlas every “page” (N = const.,
therefore constant i,) contains the grey scale (8 steps) and 28 coloured
chips. .

These 36 colours are denoted by the following symbols:

ca
ea c
ga ec
ia gc e
la ic ge
na Ic ie g
pa nc le ig
pc ne Ig i
pe ng 1.
Pg ni 1
pi nl
p! n
pn

. P
In each combination of letters, such as ne, the first (n) denotes the white
part, in percent:

a - ¢ [ g i 1 n P

w 80 56 35 22 14 8.9 5.6 3.6
the eight numbers forming a geometrical progression in accordance with
“Weber's law” (section 78).
The second letter (c) denotes the black part £ in per cent:

a c e g i 1 n P
z 11 44 66 78 86 91.1 95.4 96.5
The corresponding numbers in the two tables add up to 100, e.g. for (a.):
80 + 11 = 100, etc,
Both tables also apply to the grey scale. Soa grey colour denoted by (i) has
a white content of 14 per cent and a black content of 86 per cent. For the
colour ne:w = 6.6, 2 = 65 and therefore k£ = 20.4 (5.8 4 65 -+ 20.4 = 100).
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For the red and yellow hues the notation 'correspands reasonably well to
reality; for the bluish hues, however, the black part is in reality higher
(up to 10 per cent) than corresponds to the inscription on the chip.

This adjustment was made in favour of Ostwald’s colour harmony .
laws, according to which simple relations should exist between the letter
combinations of harmonising colours, a subject which occupied an im-
portant place in Ostwald's considerations on colours, upon which
however, we shall not enter here (section 77 E).

In addition Ostwald has given a simple method of determining
these quantities: N is measured by comparison with a series of 100
(or 24) cards of which N is fixed once and for all with the aid of
the “Prinzip der inneren Symmetrie”. (“Principle of inner sym-
metry”’). For measuring &, w and z for colours of the type of fig. 90
it is sufficient to measure the reflection factor in two narrow spectral
bands: if the bands are well selected, the one factor gives w and the
other 2 + w = 1 — 2. The measurement can be made with the aid
of filters which only transmit a narrow part of the spectrum.

In the above sketch of Ostwald's colour system many intrinsic
contradictions and vague ideas have been omitted and the rather inexact
form of the original speculations has been replaced by the language now
usnal in works on colorimetry.

The advantages of O st wald’s system, to which it owes its popula-
rity in certain circles, are obvious:

a. The definition in terms of N, &, w and z is much more acceptable
and easier for the layman to understand than that in terms of
X, Y and Z: not much imaginative power is required to *see”
immediately the large proportion of black in a dark brown colour
and the high proportion of white in a light pink colour.

b. The methods of measurement are very simple, whether we spe-
cify the quantities by direct comparison with the colour atlas,
or whether we determine k, w and z by means of filters in the
manner described above.

There are, however, very serious disadvaniages attached to Ost-
w ald’s system which partly originate from the fact that the as-
sumptions made by Ostwald are not all correct. For instance:

a. The assumption that all colours belong to one of the types of
fig. 90 is incorrect. Only in a limited number of cases is there a
reflection curve of approximately those types. Now the theory
can indeed be saved by adding the stipulation that two colours
with the same appearance must have the same N, %, » and z
(whereby these quantities are also fixed for any other given
colour), but it is at once clear that we can no longer apply the
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simple method given by Ostwald for the specification .of
black content and white content. By this one of the greatest
advantages of the system is lost.

b. The assumption that all colours lie within the curve of the
C-colours is incorrect. Many colours occur in practice, especially
among the reds, which lie outside that curve. The consequence
of this fact is reflected in the colour atlas: certain shades of very
saturated pure red are completely missing. In an attempt to save
the theory (which here leads to a negative white content) the
advantage of demonstrability is lost here also.

¢. As a result of the incorrect methods of measurement used in
making the cards of the colour atlas, the quantities given on the
cards do not coincide with those calculated by the theory as
above extended [see (2)] to arbitrary colours.

d. All the drawbacks already discussed in section 56 apply to the
use of the colour atlas.

Considering the advantages and disadvantages just brought forward
it need not be found surprising that the Ostwald colour theory
has been the subject of lengthy discussions.

Opponents, von Kries!), K. W. F. Kohlrausch?)
Schrddinger®), Schifer?, Bernays!) among others
and supporters, Meissner?), Seitz!), Oryng?), Scholl-
meyer?l) among others pursue one another, while in more recent
years an attempt was made to extend and correct the theory in such
a way that the worst contradictions disappeared, so that a connection
could be made between Ostwald coordinates and trichromatic
coordinates [Miescher?®), Luther?), Richterl & 10))
In this way it is hoped to save Ost wald’s colour theory for those
subjects in which the advantages exceed the disadvantages.

See also . Zeishold?!), Foss!), Granvillel, Birren?).

§ 752 Albert H. Munsell (1858-1918)

* A. H. Munsell was an artist and an art teacher. To aid his
teaching he devised a system of colour-order which is in principle
a monochromatic system in which the colours are distinguished by
their lightness, hue and saturation (called ‘*value” ( V), “hue” (H)
and “chroma” (C) by Munsell).

Although originally an artist, Munsell wasenoughofa physicist
to understand the ptinciples of photometry and colorimetry. As a
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result his system was partially founded on physical principles. For
instance the reflectivity . relative to MgO (e, = €/gyyo) was
correlated with the ‘‘value”. A scale of ten apparently cqual value
steps was painted (painting went first!) and then by photometric
measurement it was found out that approximately

Vi = ¢,.100
s0 g, = 0.36 would correspond to ¥V = 6.
The correspondence which is now generally accepted is empirical:
v T 2 3 4 B 6 7 8 9 (10)
100 ¢, 1.21 3.13 6.56 12.0 19.77 30.05 43.06 59.10 78.66 (102.56)
For the fixing of the hue-number, the colour circle (the range of
spectral colours, completed by the purple line) was divided into ten
*‘equal’’ steps by first choosing five principle hues R (red), Y (yellow),
G (green), B (blue) and P (purple), and then 5 intermediate hues
RY, YG etc. These hues were again found empirically by comparing
painted chips, but they were to comply with the requirement that
two hues 5 numbers apart in the scale should' be complementary
(e.g. R and GB). Each hue step may be divided into 10 smaller steps
(R ranging from 1R to 10R, for instance).
Finally every hue was painted in a number of apparently equal
‘‘chroma”’ steps for each value. Colours of equal chroma but different
hue or value should show equal apparent saturation.
A colour is indicated by H V/C, e.g. BR 8/6, where 5R denotes the
_ hue, 8 the value number and 6 the chroma number.
Originally Munsell applied a physical principle to chroma in conse-
quence of which equal areas of two complementary colours having' the

same VC product shquld add to grey in a disc mixture test. In consequence

of this, for any hue, the ‘relation between colorimetric purity, value and
chroma should be

pric = (C[V) psi5
whereas colours having the same value of the ratio I'/C should have the
same chromaticity (¥, ¥} [Gibson% and Nickerson)

We thus see Munsell following up two trains of thought at the
same time, one psycho-physical, based on physical concepts (¢, A, $),
the other psychological, based on empirically determined apparently
equal steps.

The psychological problem of ‘colour differences has not been dis-
cussed in the foregoing chapters. This will be done in chapter X111
and the reades is referred to this chapter for further information.
As the simultaneous pursuit of the two lines of thought at the same
time proved impossible, some of the psycho-physical requirements
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(especially those referring to chroma) have been dropped, the
system gradually growing into an almost purely psychological system
of colour order. By the cooperation of the Munsell Colour
Company?), the Colour Council and the Nat. Bur. of Standards, the
tristimulus values of the Munsell Book of Colour have been
measured and calculated for a number of illuminations, so that the
colours may be located inthe C.I.E. chromaticity diagram [Kelly 1)].

From the charts given in this publication it may be seen that the require-

ment of complementarity is only approximately fulfilled. Neither are the

lines of constant hue straight lines passing through the white point. The
lines of constant chroma, although fairly regular, show some irregularities.

At the same time the psychological requirement of equality of con-
secutive steps has been tested by a number of persons [Newh a119)].
This has resulted in a preliminary renotation of the existing samples,
using decimal numbers. By using these numbers smooth curves of
constant hue and chroma can be drawn in the chromaticity diagram
for each value {see also Granville?) and Nickerson?4].
The lines of constant hue are not straight and not the same for
different values. The lines of constant chroma in no way coincide
with the lines » = const or ¢ = const (sect. 83),

Ostwald met Munsell in 1905 and exchanged ideas with
him.In1913 and 1914 Munsell went to Europe to give an exposi-
tion of his ideas. Wide-spread use is made of the Munsell colour
atlas in America [revised by Munsell’s son A, E, 0. Munsell?)]
and there is an increasing interest for this system in other parts of
the world [see Judd )],
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CHAPTER XII

Discrimmation

§ 76 Other tasks for the eye

In the previous chapters we have constructed a kind of ““colour
geometry” and have learnt to classify and measure colours. All these
speculations are based on experiments in which one of two simul-
taneously displayed spots of light was varied until both spots were
indistinguishable. Here the sole task of the eye was to judge whether
. both colour sensations were equal.

Besides the many colour problems which can be solved by experi-
ments of this kind there are, however, a number of others in which
the human organ of sight does indeed act as judge but has another
and usually more difficult task to fulfil than that of a guide in
adjusting to equality. Some of these tasks are as follows:

A. Discrimination. When a good adjustment to equality has been
made it appears to be possible slightly to alter one of the colours
to be compared without the eye being able to ohserve
the difference. It is often important to know how far such an
alteration can go before the eye begins to notice a difference in
colour. In the measurements that should give an answer to this
question it is usual to start with two halves of the field of vision
which not only look equal but are completely identical in a
"physical sense as well, meaning of course as regards radiated
power and spectral composition. Then the amount by which one
of the two has to be altered to make a noticeable difference,
the so called ‘‘discrimination step”, ‘‘threshold” or ‘limen’ is
measured. The alteration is usually such that a certain property of
the colour is varied while leaving the other properties as far as
possible unaltered. For example, the brightness alone is varied,
the spectral composition and the chromaticity left unaltered; or
we begin with a spectral colour and change the wavelength
(leaving the brightness constant). In the first case we speak of the
brightness-difference limen, in the second case of the wavelength-
difference limen. More generally we can say that the change

_ always corresponds to a movement through the colour space
along a particular curve. In the first example this curve was a-

L}
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pp_p
/_T—Mﬁ"\
455
Fig. 93
Limen for a given di-
rection in colour space.
Along the curve the co-
lour can move from
P to P’ without a dif-
ference being observed.

straight line through the origin, in the second
example the curve of the speciral colours in a
plane of constant brightness.

As the alterations are as a rule very small
we can replace the curve by its tangent at
the starting point. We may then speak of the
limen or just noticeable step for a certain

divection in colour space: see fig. 93 which
illustrates the second example: the curve represents the curve
of the spectral c¢olours in a plane of constant brightness B. P
is the starting point of the experiment (spectral colour with
wavelength A and brightness B). P’ is the point to which we
can move before a colour change is observed (spectral colour
with wavelength A + A\ and brightness B); AX is the limen
for the wavelength difference, while the arrow gives the direc-
tion in the plane of constant brightness in which the limen is
determined by the experiment.
Among other things a knowledge of discrimination steps is impor-
tant for judging the accuracy to be attained in visual colorimetry
and photometry; for the requirements with which different colour-
ed objects must comply in order to appear to match the colour;
for the minimum differences in brightness required for an
object to show against a background (street lighting) etc. The
task to be performed by the eye in determining the limen
agrees fairly closely with the task with which the eye was formerly
charged. The difference is that formerly we moved alang a curve
(see fig. 93) in colour space and tried to determine the centre
of the range PP’ in which no difference in colour sensation
appeared, while in determining the limen we are concerned with
fixing the distance from P" to P’, or the size of che interval P"’P’.
. The selection of a sample in a set of colours most resembling a
given colour in a certain respect.
As a first example of an experiment in which the eye has to
perform such a task we can take the visual adjustment to equal
apparent brightness if we have two different colours to compare
(heterochromatic photometry, see section 11). Here one of the
colours is left unaltered while we make the other pass through a
series in which the brightness is variable, while the chromaticity
is kept constant. We must now choose the sample from this series

which agrees in apparent brightness with the colour in the other
half of the fieldi of vision.
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As a second example we will take the adjustment to-equal satura-
tions of two lights differing in dominant wavelength and there-
fore in hue. This example is analogous to the first. We leave
one colour unaltered while we make the other pass through a series
in which the saturation is varied but the brightness and dominant
wavelength arc kept constant; we must choose from this series
the sample agreeing in saturation with the colour kept constant.
The essential difference from the former tasksis that here among
the series of colour sensations from which we must make a choice
there is no sample that is indistinguishable from the constant
colour sensation in the other half of the field of vision. The result
will therefore always be that two colours are chosen showing
mutual differences but which agree in a particular property (for
instance apparent brightness, saturation or hue).

The changes to which we subject one of the colours durmg
adjustment again resolve themselves into this, that we make
a colour pass along a certain curve in colour space (in hetero-
chromatic photometry a straight line through the origin). In
contradistinction to case A the colour point of the unaltered
light impression of the other half of the field of vision does not
lie on the curve,

. Determining the extent to which two colour sensations differ.

First example: Let two light sensations be given with the same
relative spectral composition but considerable differences in
brightness. Required: the adjustment of a third colour so that the
chromaticity corresponds with the two other colours, while the
apparent brightness of this third colour differs just as widely
from that of the first colour as from that of the second.

Second example: Given a “white’” colour (for instance, standard
illuminant A) and a green colour with a colorimetric purity of say
p = Y, both colours have a brightness B. Required: to adjust
the colorimetric purity ¢’ of a third colour whose dominant wave-
length and brightness must amount to 589 my and B respectively,
so that this third colour differs as much from the white colour as
from the green.

We therefore see that w1th this type of adjustment at least three
colours are involved, while only one of these is varied; the
variation again takes place along a curve in colour space.

In general it may be said that in passing from the simple equality
adjustment to processes A, B and C the adjustment becomes
continuously more difficult and uncertain, while the result is
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D.

increasingly influenced by attendant circumstances and the
individual properties of the observer.

The naming of colours. The simplest case is that in which only
one colour (for instance a spectral colour) is shown in the field of
vision and the observer is asked to judge whether he would call

. the colour green, yellowish green, yellow green, greenish yellow,
. yellow etc. Often, beside the colour to be named, another colour is

present in the field of vision, forinstance in the form of coloured sur-

. roundings. Tests of this kind are important in cases where signal

colours have to be recognized and in studying the influence of en-
vironment on the colour sensation and the condition of the retina.

. Specifying colour combinations pleasant to the eye. This problem

lies outside the scope of this book. It is undoubtedly rather com-
plicated and can only be solved by an artist and a physicist in’
collaboration. The artist must create or indicate the desired
combinations and afterwards they must be measured by.the
physicist, who will try to deduce general rules from the results.
This field of research is.still for the greater part unexplored.:

§ 77 Brightness discrimination

As hids already been remarked, the sensitivity to brightness differen-
ces is important for several
845 .
160 very divergent purposes, and
/ it need not therefore be sur-
140 - : )
/¢ prising that many investiga-
120 / tors have carried out meas-
/ urements in this respect.
00 e
/ It may seem strange at first
80 / sight that the results of these
o measurements are very diver-
/ a r gent and that a great many
4a / ,/ misconceptions exist in this
. / field.
Some of these results are given
0 » - N
STH T T o o 2 fig. 94. As the range of
2 1+ 0 1 2 3 4 5-wmgs -brightness over which the

Fig. 94
Sensitivity B/A B for differences in bright-
ness: a .brightness B 1+ AB can just be
distinguished from a brightness B. a) Dark
surroundings, b) light surroundings.
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the horizontal axis, log B increases regularly while B increases
every time by a factor 10 when proceeding over equal distances.)
To the brightness B we must now add a brightness AB (the limen),

i . oo B
necessary to see a distinction. This means a relative increase of AB .

This quantity is therefore a measure of the sensitivity of the eye for
small differences of brightness. As, however, a low value of AB/B
points to a high sensitivity (a small relative liminosity increase can

be observed) we prefer to plot the inverse value B as has been done

AB’
in fig. 94, and call B/AB the sensitivity of the eye to differences of
brightness.

The name ""contrast sénsitivity”, often used for this concept, is less happily
chosen for it may cause confusion in connection with the fact that the
physiologist understands something quite different by “contrast” than
do the ilfluminating engineer and the photographer.

Now in fig. 94 curve a represents the average results of the measure-
ments of K6nigf), Blanchard?l) and the aathor, which agree
well with each other; curve b gives Stile's’!) measurements. The
great difference in the two curves is due to the conditions under
which the measuremenis were carried out. In the measurements
resulting in curve a the two light spots to be compared only occupied
a relatively small part of the field of vision, while the remainder was
dark. In the tests from which curve b resulted the whole field of vision
showed a uniform brightness B, while subsequently in a part of the
field of vision the brightness was increased to B + AB.

It is cléar from fig. 94 what an enormous influence certain accessory
conditions can have on the results of discrimination measurements
(for instance the illumination of the surroundings). In general it may
be said that the processes described in section 76 under A, B, Cand D
are much more sensitive to such influences than is the case with
simple equality adjustments.

The curves a and b of fig. 94 both have their practical interest. In
some cases conditions. occur in practice corresponding to those of
curve a (observations on artificially lighted roads, the use of search-
lights, various photometric and colorimetric instruments etc.). In
other cases conditions resemble more ‘those giving rise to curve b
(observations in the open country, especially with snow-covered
landscapes, diffusely lighted rooms with light walls etc.).

In many cases conditions lie midway between these extremes: the
environment is well lit but fir less brightly than the middle of the
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field of vision where observations are carried out. In such cases
values for the sensitivity of the eve lying in between a and & must be
expected.

Finally it may happer that the environment or a part of the environ-
ment displays a considerably greater brightness than the field in
which we wish to observe small differences of brightness. In that case
the sensitivity of the eye to differences of brightness is greatly de-
creased by the disturbing presence of the high brightness. We then
speak of glare: this makes all discrimination steps greater. Examples
are: the presence of an illuminant of too great brightness in the field
of vision; the distinguishing of very dark colours in a light environ-
ment, etc.

The shapes of curves 4 and b are also influenced by other factors.
For instance, the q1ze of the surfaces to be compared and the colour
of the light. The first influence makes itself felt particularly for
objects seen at a very acute angle (less than one degree for instance).
The influence of colour is mainly felt at low brightnesses when the
Purkinje effect occurs. [For sensitivity to differences of
brightness under radically different conditions, see for instance
A.E.O. Munsell®?), Sloan and Godlove].

It'is obvious from the above considerations that we cannot speak of
a general connection between BJAB and B. Yet there is a wide-
spread opinion that such a simple and generally obtaining connection
should exist. This opinion is formulated in the form of Weber's
law (“Psychophysisches Fundamentalgesetz”’) according to which
the ratio AB should be constant, or in other words: the limen AB
. should be a fixed percentage of the original brightness B.

The much-used name “Weber-Fechner law” is less exact. The
law originated with Weber (1834), whilst Fechner (1858) drew
the very questionable conclusion from it that the brightness sensation
must be proportional to the logarithm of the brightness B [see the exten-
sive, witty but not always well founded criticisms of Moonl) and
further Cobb?) and Guild?¥].
It appears from fig. 94 to what extent the Weber law holds.
Under the conditions of curve a (dark surroundings) the sensitivity
to differences of brighiness in the luminosity range of 10 to
5,000 c/m2*) is very approximately constant (53 =4 5). In this
luminosity range (comprising most daytime brightnesses and those
of illuminated living rooms) Weber's law is useful under the

*} 1 ¢/m*P = 1 candle per square meter =
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§78 ' HUE DISCRIMINATION

stated conditions as an ‘approximation. In the luminosity range

with which we are concerned in street lighting the law does not hold
at all.

§ 78 Hue discrimination

Hue discrimination, although of less practical importance than

brightness discrimination, has also been studied by innumerable
investigators.

Fig. 95 gives some results. If a spectral colour X\ can just be
mp
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Limen 4 2 for wavelength differences. The wavelength 2 + 4 A is just distinguishable
from ). a: average of a number of observers; b: Wrig h t's results; ¢: see sect, 81.

distinguished from spectral colour A + A then Al is the requu-ed
discrimination step.

In fig. 95 AA has been plotted for the different values of A, Curve a
gives the average result of a large number of investigators [U h t-
hofil), K6nig?, Dieterici, Exner?), Steindler?),
Jones?!), Laurens!, Rosencrantzl), Sachs?,
Tyndall?), Wright?), Méller Ladekarl’), Haase?))]
while curve b gives the results of investigations which Wrigh t 9)
carried out on his own eye,

In these investigations, too, all kinds of accessory circumstances
appear to have exercised a considerable influence on the result. The
results of the individual investigators are consequently rather widely
divergent, especially in the blue and violet, while the various obser-
vers who carried out measurements with the aid of the same appara-
tus, and therefore under identical conditions, show a much better
agreement among each other. '

The results are further influenced by the brightness and the size of
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DISCRIMINATION CH. X!

the coloured light spots to be compared, the environment (which for
most experiments was dark), etc. Moreover another source of diver-
gence can occur here. As it is particularly desired to measure the
sensitivity of the eye to wavelength differences of the spectral colours
the brightnesses of the two halves of the field of vision must always
be kept equal: a slight difference in brightness can have a strong
influence on the results. To maintain this equality of brightness may
be rather difficult, and several investigators have not paid sufficient
attention to this point, so that they sometimes actually measured a
combination of the sensitivity to wavelength differences and to
differences in brightness. In other words, they measured the limen
in the wrong direction in colour space. The part of curve a (fig. 95)
for the wavelengths smaller than 450 my is particularly unreliable in
consequence of this source of errors.

The sensitivity to wavelength differences has also been studied
repeatedly for people with defective colour vision (see chapter X),
and it has been found that most of such persons manifest a lower
sensitivity, therefore a larger discrimination step, than normal
observers. We shall not discuss this further. Extensive investigations
on this point are to be foundin Pitt?!) (dichromats), Nelson?)
(anomalous trichromats) and innumerable other authors [see
Brodhunt!), Steindler?), Rosencrantzl), Sachs?),
Moller Ladekarl?), Corbett?), Engelking®].

" With the help of a curve giving AX as a function of A we can estimate
the number of colours distingunishable in the spectrum by the obser-
ver. For instance, from curve a of fig. 95 about 152 are found. (Of

“course not all the colours can be named, but when placed side by side
the difference can be seen.)

If we do not start from the spectral colours but from a series of
colours of equal brightness B and colorimetric purity $ but varying
dominant wavelength 1, the sensitivity of the eye can be determined
for the differences AX. We therefore measure the limens along
curves of constant # (see fig. 31). Such measurements have been
carried out, for instance, by Tyndall?) and Haase?l). Both
investigators come to the rather unexpected result that p can be
made to fall from 1.0 to about 0.5 before the curve giving Ax as a
function of A alters perceptibly. Hence it follows that almost as many
colours can be distinguished along the curve p = 0.50 (fig. 31) as
along the curve of the spectral colours (p = 1). If the colorimetric
purity is allowed to fall still further this number of distinguishable
colours rapidly decreases. This.is of course self-evident. If we describe
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Fig. 96
Thresholds Ap for differences in purity. The colour hdving a purity ap can just be

distinguished from white (p = 0). a? Average of a number of observers. b; Wright's
results. ¢ See sect. 81.

a curve of constant but very low $ we always remain in the imme-
diate neighbourhood of the white point, so that hardly any difference
in colour is observed.

§ 79 Other limens and thresholds *)

If the limens for colorimetric purity are required we must move ina
plane of constant brightness along a straight line running through
the white point (one of the straight lines drawn in fig. 31 through E)
and measure the extent of such a movement before a difference in
apparent saturation is observed. Many workers have occupied them-
selves exclusively with the beginning and the end of this range. In
other words they have either measured how far one must be from the
white point before a faint difference is visible or how far one must be
from the spectral locus (in the direction of the white point) in order
to be able just to notice a difference from the spectral colours.

In the first case, therefore, a white light spot (brightness B) is com-
pared with a mixture of a certain spectral colour (brightness Bg)
with white light (brightness B — Bg) and the threshold of By deter-
mined. The colorimetric purity of one half of the field of vision
is therefore = 0 and that of the other half $ = By : B. We can
therefore just distinguish a difference in colorimetric purity of an
amount B/ Bg.

*) Throughout this took the smallest perceptible value of any quantity is called
thyeshold, whereas the perceptible increment of any quantity is called difference
. threshold or Hmen. This practice is purely conventional, for‘the meaning of the
latin word “limen” (plural in English: limens) is also “threshold’’. Some authors
prefer circumscriptions as “just noticeable difference” etc,
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DISCRIMINATION : CH. XI1I

Tf the sensitivity of the eye to differences in colorimetric purity is to
be studied, the inverse value of this threshold, B : Bg, comes 1nto con-
sideration.
Fig. 96 shows the results of some investigators who have measured
the threshold Ap = By : B along different lines through the white
point (therefore for different wavelengths A\ of the spectral colour
used in the mixture). As the values of Ap vary very considerably
with wavelength (up'to a factor 40!) we have plotted the threshold
Ap logarithmically.
On the left is the scale of log (Ap) (regular scale division), on the right
Ap itself (irregular division).
Curve @ gives the average result of a number of 1nvest1gators
[Jones?3), Purdy?), Warburton?), Martin?),
Wright®, Nelson?), Priest?®] while curve b gives the
result of the investigations which Wright$) carried out on his
own eye. It will be seen that the curve displays a pronounced maxi-
mum for a wavelength of 570 my. That is to say, for this yellow
colour the threshold is highest and the eye is therefore least sensitive
to differences in colorimetric purity. For this wavelength about
1/6 of the white light must be replaced by the spectral colour before
a difference in colour is noticeable, while for red (680 mp) the ad-
mixture of 1/60 part is already sufficient!
The results of the various authors quoted are rather widely divergent, as
a result of different accessory circumstances (chiefly the size of the field
of vision), but these causes increase the thresholds for all wavelengths by
about the same factor. If we therefore plot the results on a logarithmic

scale (fig. 06) the various curves are shifted relative 'to each other but have
the same shape. This is shown very well by curves  and b.

In the second case mentioned at the beginning of this section a
spectral colour (brightness B) is compared with a mixture consisting
of a small part of white (brightness By) and the remainder spectral
colour; the threshold of By is determined. The colorimetric purity
of one half of the field of vision is then 1, and in the other half
p =1 -— By/B the difference is therefore By, : B; in this case a
difference in colorimetric purity of Ap = By/B can just be
distinguished. Fig. 97 shows some experimental results: a the average
of several investigators [Jones?, Wrights, Warbur-
ton?)]; bthe values of Wright?). :

In contrast to fig. 96 we see that here the results depend only slightly
on the wavelength. The eye is about equally sensitive to saturation
differences for all points in the neighbourhood of the curve of the
spectral colours. For intermediate cases — sensitivity to saturation
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§79 OTHER LIMENS AND THRESHOLDS

differences starting from colour points lying between the white point
and the curve of the spectral colours —— fewer reliable measurements
have been carried out. The following general conclusions can be drawn
from the measurements of Jones3 and Warburton H:ifa
straight line from the white point to the spectral locus is traversed
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Fig. 97
Thresholds Ap for differences in purity: the colour having a purity 1 — Ap can just

be distinguished from a spectral colour (p = 1). @ Average of a number of observers.
b: Wright's results. ¢; See sect 81,

(if, therefore, the colorimetric purity p is increased from 0 to 1 with
a constant dominant wavelength) the sehsitivity tosaturation differ-
ences decreases at first, reaches a flat minimum between $ = 0.4
and p = 0.6 (here the sensitivity has decreased by a factor 2 — 3)
and then rises again to the final value for = 1 (see fig. 97). The
limen for saturation differences is therefore greatest for colours of
medium saturation. Other investigators [Donath1)], however,
‘ found a somewhat divergent sensitivity curve.

Just as the total number of spectral colours was calculated from
the limens for wavelength differences (sect. 78), the total nuinber of
steps of just noticeable colour differences along a straight line from
the white point to the curve of the spectral colours can be counted
if the magnitude of the limen for saturation differences is known
for each point of the line.
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DISCRIMINATION CH. XI1

In fig. 98 curve a shows some results for different values of the domi-
nant wavelength A; [average of the careful measurements of W a r-
burton?and Martin?) and the less extensive measurements
of Jones?® and Lowry] This curve shows a minimum where
that of fig. 96 had a maximum (570 my). This was to be expected ; for
this wavelength the sensitivity to differences of saturation was
particularly low, so that we can only distinguish a small number of
colours between the white point and this yellow spectral colour.
Besides the limens for differences in brightness, wavelength and
colorimetric purity, measurements of just noticeable steps along
other curves have been carried out, for instance, along the curve of
temperature radiators [Jud d®), Priest3] and through a series
of coloured filter glasses [Jud d ® 7)), but we shall pay no further
attention to these investigations.

§ 80 Attempes to summarize all diserimination measurements

In sect. 77-78 a number of investigations in the field of discrimina-
tion and the sensitivity of the eye to colour differences have been
described. Of course the number of these investigations ean be con-
siderably extended and limens could be measured along the most
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The number of steps of just noticeable colour difference along straight lines connect.
ing the white point with different spectral colours.: ¢ Experimental values.
¢: see sect. 81. .
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§ 80 SUMMARIZING ALL DISCRIMINATION MEASUREMENTS

varied curves in colour space, but it is difficult to get a general
view of the material thus obtained. Early attempts, therefore,
were made to obtain a systematic survey of this whole field. A formu-
la or a precept was sought by which it would be possible to calculate
the limens (and therefore the sensitivity of the eye to colour differen-
ces) along any given curve in colour space.

It is immediately clear, however, that such a systematic classifica-
tion of the discrimination steps would give rise to far greater diffi-
culties than the classification of the colour sensations themselves, such
as was possible in the previous chapters. The cause of this differ-
ence is twofold: in the first place there are no such simple and strict
laws for limens as was the case for colour sensations (Grass-
mann's laws), and in the second place the accessory circumstances
under which the measurements take place influence the measure-
ments to a much greater degree than colour measurements.

It ‘appears from this last fact that if we should succeed in finding such
a general precept, the possibilities of applying it would, for the time
. being, remain restricted to the conditions prevailing during the ex-
perimental researches. Through losing sight of this fact many in-
vestigators tried for a long time to find a formula that would hold
generally; such attempts were of course doomed to failure. The
earliest effort in this direction was made by ‘Helmholt z (1891);
it was based on the idea that Weber's law (sect. 77) would hold
not only for the brightness of a colour sensation but also for the
three basic processes by which Helmholtz supposed colour
vision to be governed. This first attempt must be considered as a
failure. In order to make his theoretical precept correspond with the
experimental facts Helmholtz was obliged to make fairly
arbitrary assumptions which were in conflict with his own general
theory of colour vision (cf. sections 656 and 34). .
Asecondinteresting attempt was undertakenby Schrédinger?)
(1920). Starting from a small number of assumptions, he constructed
a theory — in an extremely elegant manner, mathematically — by
which it would be possible to predict not only the sensitivities to all
sorts of colour changes but also the results of a number of other
measurements (among others those mentioned under B and C of
sect. 76). Unfortunately it has since appeared from continued
experimental investigationis that almost all the assumptions from
which Schrodinger started were incorrect or only correct in
certain restricted circumstances.'It is therefore not surprising
that the numerous discrimination measurements carried out in later
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DISCRIMINATION CH. XI1

gt,o years appear to correspond
WH $ | T 1 so badly with the formulae de-
D38 NS Lo g
TN ‘q duced by Schrédinger that
0,36 EINY S we must also consider this at-
254 3 N8 \\‘é‘ tempt, on a grand scale, to
N \ be a failure.
032 Py Subsequent investigators were
090 é’ more modest. In the first
024 0% 078 030 032 0% 0% 0%~ place luminosity variations
Fig. 99 were abandoned and all at-

The colours which are just distinguishable .
from the white B plotted in the y,-z diagram, tention was therefore concen-

trated on differences measured
under constant brightness (in this category belong all the in-
vestigations described in sections 78 and 79). Since by this restric-
tion it was possible to illustrate all the results in a colour plane,
the question automatically arose whethér perhaps the size of
the various steps was not bound up in a simple manner with
the geometrical properties of the colour triangle. The simplest
connection that can be imagined is that two equal distances in the
colour plane correspond with the same number of steps of just
distinguishable colour difference. If this simple connection existed it
would follow that if a certain colour (for instance the white point)
was plotted surrounded by all colours just distinguishable from it,
these colours would then all lie in a circle with the chosen colour in
the centre, for they are all one step removed from this colour.
We can now easily check by means of experiments if this is the
case. In sect. 79 we discussed the threshold found by moving away
from the white point in different directions: the limens for. satu-
ration differences in the neighbourhood of = 0 (fig. 96). With these
‘tesults we can calculate the locus of colours just distinguishable from
the white point.
Fig. 99 shows the results of such a calculation (for Wright's
results see curve b of fig. 96), on a greatly enlarged scale, of a part of
the colour triangle. As we see, the points do not at all lie on a circle
about the white point B: For the colour triangle, derived from the
XYZ system prescribed by the C.LLE., the very desirable property
that ‘‘all Steps of just distinguishable colour difference are represent-
ed by equal distances” in no way holds.
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§ 81 The U.C.S. triangles of Judd and "his school .

The negative result just obtained was in no way a discouragement
for it brought to mind that there is actually an enormous number of
possible colour triangles (see sect. 29, 30), all of which may be used
to define colours unambiguously (fig. 16 shows one which differs
greatly from the XY Z triangle). As the XY Z triangle is an arbitrarily
chosen example from this collection, it is obvious that we should
investigate whether perhaps some other choice of triangle would
satisfy our. purposes better, in which the various limens would be
represented by approximately equal distances. It is already apparent
from fig. 99 that this demand cannot be strictly fulfilled. The points
plotted there mostly lie on the ellipse drawn, but at the two extrem-
ities (especially on the blue side) there are deviations. Now it is
possible, by a simple transformation of the colour triangle, to change
the ellipse into the required circle, but the deviating extremities will
remain,

It must be said that with this renewed attempt quite a different
course has been adopted from that of, for instance, Helmholt z?)
and Schrddinger3). Where these investigators proceeded from
certain theoretical considerations we have cast away all theory and
sef ourselves the purely practical task of representing the colours
numencally in such a way that these numbers not only represent
colours in a simple way but also the limens.

If the new colour space and colour triangle are to retain the same
simple properties which apply in the XY Z system, the new coordi-
nates must be simply related to the old. The methods of calculating
the new coordinates from the old ones (transformation equations)
must therefore be similar in form to equations (2) of section 30 which
connected the XYZ system (chapter V) and the B,B,B; system
(chapter IV). In passing from the B, B,B, system to the XY Z system
the most simple properties rémained valid.

Clearly the whole matter reduces to this, that a projective transtormation
of the colour plane must be found; it is clear that in this way the ellipse of
fig. 90 can be transformed into a circle.

Judd® was the first to follow this path successfully. He gave the
following transformation equations:

R" = 31956 X + 24478 Y — 01434 Z
G" = —2.5455 X + 7.0492 Y + 0.9963 Z
B" = 1.0000 Z

which therefore enable us to calculate the new coordinates
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8" (R'G'B")*) of any colour for which the
X, Y and Z are given.
Fig. 100 gives the colour triangle (in the
equilateral shape) which follows from
the space coordinates R”, G" and B”
[»"=R":(R" +G" + B")etc.}with
the curve of the spectral colours,
the white point E, the line of
the purples, that of the total

AVAVA radiators etc. In this triangle
lines of equal length there-
_‘NA AAA qua’ leng

fore represent, approxim--

780 £ ’,, ately, colour differences
Fig. 100 ews  which can be bridged
Judd's USC triangle. Here the discrimination  with an equal number of
steps are approximately represented by equal
distances. steps of just noticeable

colour differences.
Judd had various imitators. Thus McAdam?2 gave other
transformation equations with the same object while preserving more
favourable properties of the C.I.E. system than was originally ithe
case with Ju d d. Further advantages of this' system are that the
equilateral triangle is replaced by a rectangular one and the for-
mulae are simpler; the new space coordinates (U, V, W) follow from:

U=2X, V=Y, W=—3}X+3Y +3Z

Finally Breckenrtidge?) and Schaub have devised a
new system (also rectangunlar) that is slightly more comprehensible
. than the other systems but otherwise lacks several of the advantages
- of that of Mc Adam. The equations which the space coordinates
(X'Y’'Z') of this system give are:

X = 0.82303 Z
Y' = —2.3280 X + 64461 Y + 1.3690 Z
Z' = 29683X +22476Y — 0.56176 Z

From these the trichromatic coefficients follow in the well-known
manner: x’ = X' : (X’ + Y’ + Z’) etc. If we now plot in a rectangu-
lar coordinate system the quantities x” = 0.078 — &' and y” = o' —
0.5 an arrangement of the colours as in fig. 701 is produced in which
E 1is the white point: 2" = y” = 0, while the four parts into which

*} The coordinates R” G” B” are not to be confounded with those of sections 35
and 65.
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the x” and y” axis divide the colour sur- "
face correspond approximately to green, au[_ 4901310
blue, purple, yellow-red. 02— dagp" -
Finally the connection between the =40
brightness of a colour sensation and its o 960
coordinates in the different systems -—o0i-4s g J}
must be mentioned: -0t \ 580
Brightness = Y = 0.08852 R” +
0.11112 G" —0.09802.B" = # 400
= 0.13857 X' — ' -03
0.12182 Y’ — 0.09554 Z'. » 420
In America the systems dealt with in )
this section are combined under the name "85 2725 a1
of ““uniform chromaticity scale systems” A
(U.C.S. systems), which means that in Fig. 101

these systems the colours as judged by The U.C.S. chromaticity dia-
the eye are equally distributed overthe ° accoﬂlﬁggtg_ Brecken-
colour surface.

Now to what extent do these systems fulfil the demands as regards
‘limens? Judd worked this out extensively for his system. He
was, however, obliged to use experimental material of very devious
origins, that is to say, discrimination measurements carried out
under very different conditions. There is a better control if we com-
pare the limen predicted from a U.C.S. system with-measurements
carried out as far as possible by one and the same observer and all
under the same conditions. We are enabled to do this by the ex-
perimental work of Wright %6) and his collaborators Pitt and
Nelson, from which, among others, curves b of fxgs 95, 96 and 97
have been derived.

Now we have drawn curves marked ¢ in the flgures 95 97, as predicted
from the U.CS. system of Breckenridge (fig. 101) if it is
assumed thai eath limen . in this colour surface is represented by a
distance 0.0128.

The value 0.0128 is a. compromise between the values required to adapt

the empirical curves as well as possible to the experimental results of

‘fig. 96 and 986.

From fig. 96 (curve 4) we deduce that the spectrum between 440 and

830 mp contains just 113 distmguxshable colours. If we make the same
demand of Breckenridge's system we must represent the limen

by a distance of 0.0102. The best adaptation to the measurements

of fig. 96 is found, however, by making this distance equal to 0.0160

(fig. 102).
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Fig, 102
The colours which®can just be distinguished from the white B are plotted as in
fig. 99, but this time according to Breckenridge's diagram.

] / §

Finally we have illustrated in fig. 102 how the points drawn in fig. 99
liein Breckenridge’s x"y” space. If we look at the figures
95-97 and 102 giving the comparison between Wrigh t's experi-
mental results and the predictions from the U.C.S. system, we see
that the correspondence is still far from perfect. -
It appears from fig. 102 that as much as can be attainable has been
attained here: the points lying on the ellipse in fig. 99 now lie on a
circle with a radius 0.016. In agreement with this, curve ¢ in fig. 96
has also the same course as curve b over the greater part of the
spectrum.
In fig. 95 the agreement is much worse; the maximum at 520 mp.
particularly is too high and moreover is displaced. Curves ¢ and b
correspond completely within a factor 2. The worst agreement is
found in fig. 97: in the blue as well as in the yellow (570 my.) experi-
ment and prediction differ by more than a factor 5. The sharp
maximum at predicted 570 my does not occur in the experiments.
Finally in fig. 98 a fairly reasonable correspondence between experi-
ment and theory is found. '
We shall summarize the results as follows: o
a. In the neighbourhood of the white point and also for the unsatu-
rated colours the U.C.S. systems give by their distances in the
colour plane a fairly correct measure of the number of steps of
" just noticeable colour differences.
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b. In the neighbourhood of the spectral locus and in general for
very saturated colours, the agreement between the U.C.S. system
and the experimentally determined limens is much worse.

¢. As far as thresholds for colorimetric purity are concerned the
U.C.S. system is useless.

If these three points are taken into account the U.C.S. system can
still prove serviceable. It gives a much better impression of small
colour differences (as judged by the eye) than the C.LE. system.
From recent measurements [(Wright?®), McAdam?®)], Wright 19
draws the following conclusion. If we set out in the C.I.E. triangle all
measured limens (that is the various values of PP’ from fig. 93)
a variation in length occurs, amounting in some cases to 1 : 20. If we

transfer themto Breckenridge’s system the maximum varia-
tion is reduced to 1 : 4.

A further improvement of the U.C.S. systems is not possible in a simple
way: the best possible use has already been made of the four parameters we
had at our disposal to give the colour domain the desired form (see sect. 34).
The only way to achieve any improvement is to invent a more com-
plicated precept by which we can have more parameters to hand in
order to obtain a good fit with the experimental data. An example
in this direction is"van Sinden's attempt to invent a (¥,x,%,)
3ystem by projective transformation of the C.I.E. triangle, in which
for each limen the quantity

2 ] / 2
ot A tog 8 #

(o) (s (s 1s2) =

assumes the same value as would hold for the quantity (#")? 4 (y”)? with
Breckenridge. A close examination shows that in this case we have
not four but six parameters at our service and that the U.C.S. triangles
are all special limiting cases of Sinden's general assumption. It is
therefore not surprising that Sinden arrives at a slightly better adap-
tation to the experiments (especially for the left-hand side of fig. 95 and
the right-hand side of fig. 98). It does not, however, seem desirable to us
for the sake of this slight improvement to pass over to the very unsurvey-
able precept (28). We can consider such precepts as purely empirical at-
tempts; we can also, like Helm holtz2) (from whom (29) was derived
by Sinden), Schrddinger? and Sinden!?, represent them as
conclusions of certain theories. Considered from this point of view Sin-
den's precept is not very successful, as he had to admit himself
that in his “"theoretical”’ derivation he had to make use of an assump-
tion by Helmholtz which is undoubtedly incorrect.
A still more complicated precept is given by Silberstein?). In his
speculations the fundamental assumptions are so concealed under the
mathematical brushwood that it.is difficult to make out whether his
considerations have any theoretical valne. They have certainly no prac-
tical significance. See further Silbersfein2®4, McAdam?®19).
Moon?, Stilest, Wundheiler?). '
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CHAPTER XIII

A closer study of the character of

colour sensations

§ 82 The problem of adjustments to “partial equality”

We now turn to those problems in which the eye has to fulfil the
task described in section 76 under B. Of two colours in the field of
vision one is kept constant while the other is altered along a particu-
lar curve (or straight line) in colour space until both colours cor-
respond in a certain respect, for instance until they display the same
apparent brightness or correspond in saturation. If we remember the
contrast set out at the end of section 22, between the physically
defined concepts of dominant wavelenth (A;), colorimetric purity
($), brightness (B) on the one hand and the intuitive psychological
concepts of hue, saturation and apparent brightness on the other
side, it is at once obvious that for adjustments to ‘‘partial equality”
(equality in one particular attribute) we are continually on the
(oft mentioned) border between the different sciences on which
colour study rests. Thus the aim of heterochromatic photometry
(sect. 11), for instance, is to form a judgment regarding the psycho-
logical property “apparent brightness” while keeping the physical
properties A and $_ constant. Such a mixed character is shown by
practically all tests in which an adjustment to partial equahty takes
place.

Consequences of this are that our knowledge of this kmd of adjust-
ment is still only fragmentary, the results of different investigators
often contradict each other (a result of the great influence of the
attendant circumstances) and opinions as to the nature of the whole
problem are widely -divergent. On this last pomt the mvestlgators
can be divided into two main groups.

The first group believes that the concepts hue, satura.tlon and appa-
rent brightness — which together characterize the colout sensation
— are to a certain extent independent properties of the colour sen-
sation, and that by arranging the tests suitably each of these pro-
perties can be studied separately. As an ‘example heterochromatic
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§ 82 ADJUSTMENTS TO "PARTIAL EQUALITY”

photometry may be mentioned, in which an attempt is made to study
the apparent brightness separately and to ignore the differences in
hue and saturation deliberately.
The other group (of whom Schrédin ger was one of the
principals) conceived the problem quite differently. The -three
psychological properties mentioned are, in their opinion, so closely
interconnected that it would not be possible to isolate, as it were,
one of them. Any attempt in that direction — therefore any adjust-
ment to partial equality — is taken by them as an adjustment to
maximum ‘‘similarity’’ between the two colour sensations. In other
words, the point at which the two colour sensations display most
similarity must be looked for on the curve along which the variable
colour moves, no matter whether this similarity is expressed in the
approximate agreement of one of the three properties mentioned or
whether the two colour sensations resemble each other most in
another sense. [Helmholtz# already expresses this view.]
1f the difference in view-point is formulated, the solution of the
controversy must be sought, for the greater part, on psychological
or even philosophical grounds, and it is well-known that, particularly
in the latter field, contradictory opinions can remain side by side
for centuries. .
Schrédinger?), however, completed his views on makimum
similarity with the assumption that the measure of similarity be-
tween two colour sensations is determined by the number of steps of
just distinguishable colour difference. This would reduce the pro-
blem of “adjustment to partial equality” to a problem of limens.
We should therefore adjust to that point of the curve on which the
variable colour moves which — measured in limens — is situated
closest to the colour point of the fixed colour sensation.
By this addition the experimental verification of the views of the
second group becomes possible in principle; for, after an adjustment
to partial equality, one can ascertain by discrimination measurements
whether the adjustment is in agreement with Schrédinger's
assumption. )
It is important to choose the conditions with care, for in most cases
the accuracy of such adjustments will be too small for a decision to
" be possible. For instance the variable colour sensation might move
along a straight line () with a point A at which the brightness cor-
responds with that of the fixed colour sensation and a second point B
at which the dominant wavelength is the same as that of the fixed:
‘colour K; we should then have to request an unprejudiced observer
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" to adjust to maximum similarity, to equal apparent brightness and
to equal hue in succession. After this he must determine the distance
from K to the different points of (I) in steps of just distinguishable
colour differences.

The author’s opinion on this question is that neither of the two
extreme views outlined above is quite correct We can, indeed, in
given circumstances, deliberately adjust to equal apparent bright-
ness, hue or saturation (after overcoming an initial reluctance and
lack of self-confidence we soon learn to make fairly reproducible
adjustments), but the result is to such a high degree dependent on the
conditions of the test that we cannot say that a certain apparent
brightness, hue or apparent saturation indisputably belongs to a
given colour sensation. Among the influential attendant circum-
stances we must undoubtedly also include the psychological adjust-
ment of the observer: the results may be influenced in a great measure
by the nature of the explanation given to the observer before the
adjustment by the person conducting the experiment. Indirectly the
personal view of the latter may also make its influence felt.

In general it will also depend on the setting up of the experiment and
on the conditions whether the result will agree better with the one
or with the other point of view.

§ 83 Saturation

We have already discussed the adjustment to equal apparent
brightness (in which 24 and are constant) in section 77. We now
turn to the adjustment to equal saturation with constant A; and
brightness B. In other words, the variable colour is moved in a plane
of constant brightness along a straight line through the white point
and one has to determine which example in the series of colours
thus selected produces the same apparent saturation as a fixed
comparison colour possessing the same brightness but another
dominant wavelength, We see here the same principle that is met
with in all adjustments to “partial equality” (sect. 76): the colour
to be adjusted moves along a curve in colour space which does not
pass through the colour point of the fixed colour. The most careful
investigations of this type are those of Klughardt?l) and
Richter3d). Since the results of these tests may, in various
ways, teach us something about the relations between the in-
dividual concepts, we shall discuss them fairly extensively.

244



§83 SATURATION

Fig. 103
Lxperimentally deter-
mined curve of constant
saturation, A: after
Klughard and
Richter, B:
after Nicker~
son-Gran-
ville.

Curve A in fig. 108 shows {
the results. This curve was
derived in the following
manner. First of all a fixed

. colour, colour 1 (dominant g ]
wavelength ), was chosen
and on the line E A, colour
2 wastraced, whichgavethe g4
same saturation as 1. Then
2 was used as a fixed colour
and point 3 was determined g3
on line E),4 giving the same
saturation as 2. Proceeding
in this manner the curve 0 '
was traced step by step: 0 g2 - of G5 08
in 20 steps the starting
point was reached, when the line joining E to the colours found
(E 1, E 2 etc.) had turned through 360°. :

We can therefore consider curve A as a curve of constant saturation.
The method is strongly reminiscent of the step-by-step method
mentioned in section 16 appertaining to photometry. In both cases
small steps are chosen, as the adjustment would be too difficult and
too inaccurate if large steps were made, i.e. if one attempted to
compare two colours of a widely differing A,.

Both the psychological adjustment (the investigators had made it
their purpose to find a curve of constant apparent saturation) and
the method of measurement employed (thus the observer did not
himself adjust by varying the colour sensation continuously, but
received a number of samples in succession to judge) point strongly,
in this investigation, in the direction of the views of the first group
of section 82, so that we should do well to consider the results from
that point of view too.

The opinion that in this experiment the property “apparent satura-
tion” has successfully been isolated and measured in a certain sense,
finds further support in the experimental fact that an actual “round”’
was made that ended in the same point 1, and that the direction of
revolution had no influence on the shape of the curve A found. These
are all properties that are self-evident if apparent saturation is con-
sidered as an independent unambiguous characteristic of the colour
sensation if, however, we consider the whole from the standpoint of
adjustment to maximum ‘‘similarity” [according to Schré-
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dinger?] these properties ought then really to be called sur-
prising.
1f we take this last point of view the problem is then more or less analogaus
to the geometrical construction illustrated'in fig. 104. By continually drop-
ping perpendiculars we shall not return after one revolution to point 1,
while, proceeding in the opposite direction, we shall not obtain the same
curve!l According to Schrddinger's later theory these differences
would only lic in the fact that in determining the distance of two colour
sensations we should have to make use of a non-euclidian measure; in that
case the two experimentally found properties might still hold in special
cages.
If we now try to bring curve A of fig. 103 into line with the other
laws of colour vision it would be a matter of course to compare the
curve of equal apparent saturation first of all with the formerly
considered curves of equal colorimetric purity. Comparison of fig. 103
with figs. 31 and 32 shows that the “saturation” curves and the
‘“purity’” curves do not agree at all in form. Hence we can draw the
important conclusion that neither the colorimetric purity ¢ nor the
excitation purity o give a correct picture of saturation. If we move
along a curve of constant colorimetric purity the saturation will
vary. Conversely neither $ nor o possess constant values for the
different points of curve A (fig. 103). This can be seen from fig. 105
where $ and o are plotted for the different points of the line of con-
stant saturation (A) (as a function of dominant wavelength): on the
left for the spectral colours, on the right for the purples (A; negative;
see section 35). Since the curve of constant saturation does not
therefore appear to be simply related with $ or s, we may now see
whether the shape of curve A is connected with the discrimination
measurements. Are the points of curve A perhaps
allat an equal number of steps of just distinguish-
able colour difference?
In order to find this out we plot these points in
Breckenridge’s U.C.S. system (see fig. 101)
and see whether the curve thus obtained is a
- circle (as was the case with the curve of fig. 99).
Fig. 104 The result is again disappointing: 'the curve
From the point of marked UCS in fig. 105 gives the course of the
view of an adjust-  digtance of the various points from the white
ment to maximum . . . , .
similarity the step- point, measured in Breckenridge’s system (in
by-step. method of  arhitrary measure); this distance appears to be
fixing a curve of con-
stantsaturationisto 1ar from constant.
. be compared with Tf we remember, however, that here we have

the geometrical con- . . f g e e
struction given. applied the U.C.S. system to a case in which it is
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SATURATION
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Fig. 105
Properties of curve A of fig. 103; from the curves p and o it appears that neither the
colorimetric nor the excitation purity is constant. The curve UCS gives the distance
of the points of curve A tp_the centre in the UCS diagram and the points represent
the same distances expressed in the number of steps N.

least useful (see the end of section 81: relatively high colorimetric
purity; limens measured in the direction towards the white point)
and if we notice that, as in fig. 97, the greatest deviations again
lie in the neighbourhood of A = 570 my, it would appear only
right to compare curve A with some actual step measurements. The
measurements of Jones?® and Lowry enable us to ascertain
for 8 different wavelengths whether the distance of the points
of curve A from the white point, measured in steps, is constant.
In fig. 105 the'number of steps (N) is given for these 8 wavelengths.
We see to our surprise that for 7 of the 8 wavelengths N is prac-
tically constant, namely 12 == 1, so that (apart from the point
at 440 mp) we may conclude that under the conditions in which
the measurements of Klughardt and Richter were carried
out, two colours with the same saturation are an equal number
of steps of just distinguishable colour differences from the white point.
This thesis will undoubtedly not hold for all experimental conditions.
Thus, for instance, for the points of a curve of constant saturation,
which Nickerson? and Granville measured under quite
different conditions (curve B of fig. 103), the distance — measured in
steps — to the white point itself is not even approximately constant.
It will be interesting to fix the boundaries of the range in which this
thesis does hold and to ascertain how the curves of constant satura~
tion run when the eye has accommodated itself to strongly coloured
light instead of daylight.
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Ag for the deviating point at 440 mp, we can only say that at this wave-
length both the threshold measurement (influence of stray light, individual
deviations of the relative luminosity curve) and the determination of the
point on curve A (the close congestion of the curves of constant p) are
very uncertain, In reality the thesis will probably hold here too.
It must be noted that curve A of fig. 103 coincides approximately
over the greater part of its length with the curve of the C-colours
(see fig. 89). This explains the fact that different members of the
same colour circle in the Ostwald atlas (constant k, » and 2)
produce about the same apparent saturation.

§ 84 Hue

There are no complete and reliable data regarding adjustments to
equal hue — in which brightness or colorimetric purity are kept
constant. We do, however, know approximately how the lines of
constant hue run in the chromaticity chart, They are more or less
the straight lines joining the various spectral colours to the white
point. In other words, the straight lines of constant hue coincide
roughly with the straight lines of constant dominant wavelength
(cf. for instance fig. 31). Here the question arises, however, which
point in the colour triangle must be taken as the white point in this
connection. This question is directly related to the phenomenon of
chromatic adaptation of the eye, a phenomenon which we shall
examine more closely in section 8. In general, it can be said that if
we observe two small coloured light spots — when judging equality
of hue — while the rest of the field of vision radiates mostly ““white”
light, we find that the lines of constant hue coincide approximately
with the straight lines through the colour point representing the
colour of the “white” used for the background.

It follows from this general rule, among other things, that the value
of the dominant wavelength only gives a rough indication of the
expected colour sensation when the monochromatic system (A4 ard )
is based on the white point appertaining to the environment (see also
the example of fig. 25). :

If on the other hand we observe the test.colours against a completely
dark background (as is usually the case with signals and with colour
and discrimination measurements) we shall in general find different
lines of constant hue. The results of various investigators are still
very divergent on this point. Sometimes we find straight lines passing
through a fixed point (there is no agreement as to the position of this
fixed . point), sometimes, on the other hand, we find systems of
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straight lines which, when extended, do not pass through one point,
and in certain circumstances even definitely curved lines [Ros e-
mann?)] '

In any case it appears that the judging of equality of hue is very
greatly influenced by all kinds of side issues. Among these the colour
of the environment undoubtedly plays the chief part, but there are
apparently still numbers of other factors. Especially in the neigh-
bourhood of the curves of the spectral colours deviations from the
straight line may occur [Abney?, Judd?)

The judgment of hue differs from the judgment of apparent bright-
ness and saturation in so far that, instead of comparing two colours, '
we can observe one colour separately and can always under all cir-
cumstances define the result by such verdicts as ““the colour is bluc,
but has a slight tinge of green’” etc. (the branch D mentioned in
section 76). For the two other sensations this is only possible under
certain circumstances and then in a very limited degree [see for
instance Judd??)]

§ 85 Chromatic adaptation of the eye

In the course of this chapter, which deals more with colour sensations
than with colours, we have spoken repeatedly of the influence of the
colour of the environment and even from time to time used the
expression ‘the eye is adapted to a certain environment colour”.
We shall now examine this latter phenomenon a little more deeply.
In order to demonstrate fhe importance of adaptation we must
mention a ‘‘law’’ that has aroused great interest for decades among
psychologists and physiologists, namely the rule that the colour
sensations produced by the coloured objects in our surroundings are
approximately independent of the nature of the light by which they
are illuminated.

Now this-rule was laid down at a time when illuminants were almost
exclusively those whose spectral distributions more or less cor-
responded with those of black bodies (fig. 37) (from candlelight to
daylight). For lights whose colour points lie far outside this range or
whose spectral distributions are quite different (sodium light, mer-
cury light, neon light etc.) this rule does not hold at all (see, for
instance, Helson's?) work on strongly coloured illumination).
Even with this limited validity the existence of this rule is really
rather surprising. Let us now examine fig. 30, in which we calculated
the colour in the C.LE. system of the same purple-coloured paper
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once by incandescent light (A) and once by daylight (C). The rule
says that the paper should look approximately the same in both
cases (when'at least the whole background is illuminated by the
particular lights). In other words, two colours (radiated by the same
object under different circumstances) which according to fig. 30
differ very widely produce about the same colour sensation under
the given circumstances. This pronouncement appears indeed to be
correct. ' :

How should such phenomena be explained? This problem again lies
on the boundary line of various sciences, with the result that psycho-
logists, physiologists and physicists who have occupied themselves in
turn with it have mostly given far too one-sided explanations of the
phenomenon and in most cases have not understood each other’s
lines of thought, far less appreciated them.

An almost gratesque example of the differences in meaning given by these
groups to the same word is the word '‘transformation” used by both
physicists and psychologists in this connection. The one understands
by the term a mathematical calcnlation and the other a psychological
process [See J a enschl)]. Some other literature on the various concepts
is to be found in Richter9).

Only one conclusion can beé drawn with certainty from the frequently

contradictory.speculations which have been made; and that is that

the validity of the rule in practice is a consequence of the collabora-
tion of some very divergent causes, some of which are as follows:

a. changes taking place in the retina under the influence of the
colour of the surroundings in which we observe the colour (chro-
matic adaptation);

b. memory for colours and association. This means that we uncon-
sciously associate a certain colour with a certain object. If we
recognize a flower as a buttercup it requires a great deal of per-
suasion before we will believe that it does not look yellow;

c. various more complicated psychological phenomena ¢f which the
majority are combined by psychologists under the name of
“transformations of colours”.

The boundary between causes (a), (b) and (c) is not always sharp. At
the risk of being accused of one-sidedness I shall restrict myself to the
discussion of (a). This cause has been examined most thoroughly and
explains the greater part of the phenomena. Moreover it is possible to
study chromatic adaptation under such circumstances that the
influence of both the other causes is largely eliminated.

Everyone is acquainted with the phenomenon of,‘‘adaptation to

brightness”, an automatic change in the sensitivity of the retina
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which enables us to see reasonably well at extremely different levels
of illumination, provided we have sufficient time, in the case of
large sudden changes, to accommodate ourselves to the new circum-
stances. ‘

Chromatic adaptation is a quite analogous phenomenon, Instead of
the accommodation of the retina to the average brightness level in
the field of vision, whereby a tenfold increase of brightness often
hardly strikes us, here a partial accommodation of the sensitivities
of the retina to the average colour occurs, whereby we hardly notice
a fairly large change in the average colour of our environment. The
ceiling of my room looks white.both in daylight and by incandescent
light (note, however, that in this example cause (b) may also play a
part) [see Bouma 16)].

We have previously repeatedly ascertained that the brightness
problem is one-dimensional, so that the brightness can be defined by
the aid of one luminosity curve. The colour problem, however, is
three-dimensional. For the definition of a colour it is necessary to
take three luminosity curves into consideration. If we assume — in
the spirit of von Helmholtz — that these three sensitivities
belong to three independent processes taking place in the eye, then
the supposition is obvious that the phenomenon of chromatic adap-
tation consists simply in a modification of the ratios of the three
sensitivities. In this case the shape of each curve remairs, of course,
unchanged, just as in the case of the relative luminosity curve. We
shall see in the following section what conclusions can be drawn from
this simple assumption.

§ 86 Chromatic adaptation; conclusions

In the first place we shall consider the case of subjective colorimetry.
We have made two light spots indistinguishable to the eye, while the
spectral distributions of the two halves may still be considerably
different. We conclude from the equality of the colour sensation
that the three processes are stimulated as strongly by the one light
mixture as by the other.

If we assume that chromatic adaptation consists of a change of the
three sensitivities, that adaptation will therefore exert exactly the
same influence on the appearance of one spot as on the other, so
that, when the eye is accommodated to another colour the equality
of the two colour sensations still remains. This property, known of old
under the name of ‘“the permanence of colour equations”, actually,
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holds within wide limits. Hence in measuring colours we need never
bother about the phenomenon of chromatic adaptation. This adap-
tation may alter the character of the colour sensations but cannot
disturb their equality, and it is with this equality that colour measure-
ments are ultimately concerned.

It should be noted that a similar law does not hold for heterochromatic
photometry. If a heterochromatic adjustment to brightness has been made
this adjustment can be disturbed if the sensitivity of the retina has been
noticeably altered (for instance by fatiguing with coloured light, the
introduction of a coloured environment, continued staring at the coloured
field of vision etc.). This fact forms one of the causes of the uncertainty of
heterochromatic adjustments (see sect. 11).

" The phenomenon that a white. surface — filling the greater part of
our field of vision — remains white even if we change the colour of
the light within moderate limits, also tallies with our simple idea
regarding chromatic adaptation. In passing from one light to the
other the colour coordinates of the white surface will change, the
three processes will be stimulated in another ratio and initially the
colour sensation will therefore also be changed. Then, however, chro-
matic adaptation takes place and it is clear that through a modifi-
cation of the sensitivities the modification of the stimuli can be
compensated, so that, finally, the signal to the brain will again

-become the same as before the change of illumination. But then we
also get the same white colour sensation as before. If, however, we
modify the illuminant too radically (for instance, by passing over to
a saturated red), the chromatic adaptation can no longer keep pace.
The change in stimulus is anly partially compensated by a change in
sensitivity and the result is that the white surface does not entirely
regain the white colour sensation but, in this example, still gives a
desaturated red sensation.

The phenomena described are quite analogous to the effects occur-
ring when the brightness is modified. At first the apparent brightness
will appear to us greatly modified, but adaptation will endeavour to
compensate for the change of stimulus. If the change in brightness
is not too great this compensation will be complete and we obtain
the'same apparent brightness as before the change; if the change is
too great only a partial compensation will take place and the appa-
rent brightness will change too.

The fact we have just described, that a large white surface still
makes a ‘‘white” impression even if we modify the illuminant to a
fairly great extent, is apparently a special case of the rule mentioned
in section 85. How does this rule obtain in general? In other words,
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is chromatic adaptation
able to bring about a
' similar compensation for
\ coloured objects in the
field of vision at the same
time as the compensation
of' the modified white
surface?
If we again start from

» w our simple assumption
L / % about the nature of chro-

§ 88—~

matic adaptation, the

w /
/p P answer to the latter ques-
»

g8 & 8 %

g tion will in general be
negative. For the modified
ratio of the sensitivities of -

the three processes was
o & a & o & w»  already completely deter-
Fig. 106

i rule “white
Influence of the chromatic adaption on the colour mmefl by tl‘.le s ,u W.hl .
sensation of a large white surface (w) and small’ Temains white”, and it is

coloured patches (g) and (p) presentthereon. When  ynthinkable that the same
switching over from daylight to incandescent

electric light the chromaticity shifts to w’ g’ p’ modification in the ratios
but this is wholly or partly compensated by would give back exactly

chromatic adaption, as indicated by the arrows. . .

their previous appearance
to the colours of all our surrounding objects as well.
That the compensation for colours must be incomplete in certain
cases becomes clear to us if we observe, for instance, two coloured
objects which have a considerably different reflection curve but
produce the same colour sensation in daylight. If we now replace
daylight by incandescent light that equality of colour sensation will,
as a rule, be initially disturbed (this can be shown by calculation
of the colour coordinates in both cases). The subsequent chromatic
adaptation can never restore that equality (rule of the permanence of
colour equations!) so that at least one of the objects does not return
to its former colour sensation.
In fig. 106 the colour points w, p and g are those assumed in da.y—
light by a large white surface and two purple and green papers
placed on it, while w’, p’ and g’ represent their colour points
under incandescent light.
If we first examine the whole by daylight and later on by incandes-
cent light we know already (owing to chromatic adaptation) that the
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colour w’ will in the second case make the same colour sensation as
the colour w in the first case (white remains white). We have sym-
bolized that equality of sensations in fig. 108 by an arrow connecting
w to w'.
Analogous arrows may now serve to represent the influence of chro-
matic adaptation on the colour sensation of the coloured objects
present in the field of vision (examples g’ and p’). The beginning of
the arrow always indicates the colour point that the object produces
by incandescent light. The same sensation is produced as before the
modification of the light species by the colour indicated by the point
of the arrow. It is clear that a complete compensation would only
occur if the point of the arrow reached point p (or g).
If we introduce the above modification of the light species with
various small coloured objects on the white background, each colour-
ed object will have its own arrow. The points of the arrows will all be
different because the colour points of the objects, calculated for the
illumination with the new light species, are all different. How can we
now obtain a general view of the position of all such arrows starting
from different points of the colour surface?
Since we started from such a simple notion about the nature of chro-
matic adaptation, there must be a simple connection between the
coordinates (xyz) of any given colour at the foot of the arrow and
the coordinates ('y'2') of the corresponding arrow head. It can
indeed be proved that the connection between (xyz2) and (sx'y'z") is of
exactly the same character as the connection between two different
systems of colour coordinates, for instance (¥gb) and (b, b, bs) (see
chapter V). Such a connection is called by the mathematician a pro-
jective connection.
The case mentioned above of two colours indistinguishable by day-
light can be illustrated by fig. 107. In daylight the two objects
produce the point k, and by incandescent light the two different colour
points k; and k. The influence of chromatic adaptation is 1nd1cated
by the two arrows, whose points can never coincide.
If we now keep to the colours most frequently occurring in nature,
namely those displaying a more or less regular reflection curve and
Ry k ‘When two objects (with differ- which are ot too. highly
g ent spectral reflection curve) saturated, the displace-
“%  have the same colour point k  ments of the colour points

N when illuminated with daylight,
Fig. 107 generally, on switching over to (as w -~ w’, g - g' and P

incandescent light two colour points Lk, k ''in fi
will occur; this difference cannot be com- p' In fig. 106) all appear

pensated by chromatic adaptation. to take place in about the
254



§ 87 THE ESTIMATION OF COLOUR DIFFERENCES

same direction, while the arrows have about the opposite direction
and lead us back, approximately, to the starting pomt
Under the same restricting circumstances the rule given at the be-
ginning of section 85 therefore holds to a fairly close approximation.
With the use of lights with widely differing colour points or spectral
distributions, and with colours not answering to these limitations, the
rule does not hold at all. Chromatic adaptation is not able to com-
pensate for the colour difference. All these conclusions are in complete
agreement with what is shown by experience.
Tn order to test the preceding considerations quantitively, Kruithof?)
and Bouma 11 1%) observed about a hundred different coloured cards of
the Ostwald?) colour atlas (series nc) on a large white background,
the objects being illuminated in succession by eight different light sources.
The hue of each was decided upon, the observer having the choice between
36 colour names, In working out the results, besides the simple notion of
the nature of chromatic adaptation, the approximation mentioned in
section 84 for the lines of constant hue (coloured spots on large white

background) was also assumed. Mathematically the following conclusions
were drawn from the theory:

1. The lines of constant hue drawn for two lights give rise to two projective
bundles. If the geometrical position of the points of intersection of pairs
of corresponding rays (which therefore have the same hue) is deter-
mined, we find a conic section (hyperbola).

2. All the conic sections originating in this manner must pass through three
fixed points,

3. From the position of these points we can deduce the sensitivities of thé
three separate processes in the eye.

All these theoretical conclusions are confirmed by experfﬁnents to a close
approximation.

Other interesting contributions 0 this field are to be foundin Wright4),
Judd?!®) and Frieser?).

§ 87 The estimation of colour differences

The human visual organ is only to a certain degree able to compare
differences of colour sensation (task C of section 78). This task can
assume the following forms, amongst others (see also Boring):
a. Four colours A, B, C and D are displayed simultaneously. The
observer must judge whether the difference between the sensa-
.tions C and D is greater or smaller than the difference between
that of A and B,
b. One of the four colours (for instance D) can be changed in a
" certain manner. The observer must make the difference between
C and D equal to that between A and B.
¢. In cases (a) and (b) the same colour can be chosen for both B and
C; then only three colours are displayed and it must be judged
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) B whether A or D differs most
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A A equally great.

____.__-____é ————i £ d. A special case of (¢). B can
i P be moved in colour space
0t along a line on which A and
) 8 D are also situated; decide
i L whether B lies nearer to A
A £ prem or to D; adjustment until
Fig. 108 the differences are equal

Different methods of estimating colour f .
differences, In the diagrams two differen- (therefore where — in a psy-
ces which are estimated as being equal chological sense — B bisects

are indicated by equal distances.

the distance AD) or an
adjustment until B divides the distance between A and D, for
_ instance, in the ratio 1 : 2.
e. A special case of (d). Colour A has brightness 0. Two colours only
are therefore displayed and the task is to adjust colour B in such
a way that the apparent brightness of B is half as large, for
instance, as that of D,
f. For the four fixed colours, A, B, Cand D the ratxo of the difference
CD to that of A and B can be estimated [Balinkin?)].
Fig. 108 shows the possibilities a-f schematically. For differences
judged “equal”, equal distances are drawn. The estimation of colour
differences illustrated here has hitherto been more or less exclusively
applied by psychologists. The more physically minded'investigators
were usually reluctant to carry out such experiments. The psycholo-
gical nature of these adjustments was too great for their taste, the
accuracy too low and they were not able to refute such remarks as
“it is really nonsense to speak of one apparent brightness being half
as great as another’” clearly and in the language of physicists.
Added to this was the fact that they thought they possessed a general
method which would make such estimations superfluous, namely the
measurement of steps. The difference of the sensation given by
colours A and B is expressed in the number of steps of just distin-
guishable colour difference which-must be made in coloir -space in
order to pass from A.to B by the shortest path (here the name of
Schrédinger must be mentioned once more).
Various objections can be raised against this. method. Thus it is not
at all a matter of course that for large differences thé colour differen-
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ces estimated are actually proportional to the number of steps.
Moreover, very often the number of steps of a U.C.S. triangle (see
section 81) are used for the calculation. These triangles are based on
measurements carried out under circumstances which differ entirely
from the conditions under which it is desired in practice to apply the
results. Very little is known about the seriousness of the latter objec-
tion. What happens, for instance, to the steps when chromatic adap-
tation of the eye takes place? In summing up we cansay that measvre-
ments of the type a-f are wrongly avoided by a certain group of
investigators; they are necessary to check the validity of the step
method; on the whole there is more advantage to be had from a
direct measurement — even if less accurate — of a magnitude we
desire to know, than from an accurate measurement of a property
which may not be relevant. As for the repugnance to apply such
estimations it is, as a rule, an exactly similar case to that of adjust-
ments to partial equality: at first most observers experience a slight
reluctance to performing the task, but when this reluctance has
been overcome one is surprised that the adjustments and estimations’
appear to be much more accurate and much more reproducible
than one had thought.

Literature on the estimation of colour differences: Boring!), New-
halll), Richardson!), Helson %2, Judd®), Balinkinl)
etc. As regards analogous estimations in acoustics see Geiger!?),
Stevens!), Newmant?), Richardson? etc.

§ 88 The naming of colours

Closely related to the problem of the estimation of colour differences
is that of the naming of colour sensations (task D of section 76). The
difference is that here the attention is fixed on only one colour and
one tries to define one’s impression by a name. This is easiest for
hues for which there are names in general use: red, orange yellow etc.
Many authors show how the hue names are divided over the spec-
trum. Table 8 gives a survey of the average results of a very large
number of investigators [see Judd?)]. In the column “average”
the average wavelength values (in my) are given representing the
purest orange, yellow etc., as well as the A at which the one colour
passes over into another. In the column “Variation” the boundaries
are listed within which the results of various authors are contained.
No average value is given for red, as according the various authors
the “purest” red does not occur in the spectrum but lies a little
further on, on the purple line.
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in table 8 are surprisingly
great. Thus the average
wavelength for pure yellow
is B77 my, but that same
wavelength is given by one
, author as the boundary
TR between green and yellow,
while the pverage value for
~ the green-blue boundary
(495 my) is called “pure
green’’ by one of the inves-
a4 tigators. These variations
are not to be ascribed in the
. l main to individual differen-

cesin the colour vision of the

“ v P ¥ Y. observersbut to differences
Fig. 109 in the circumstances in

The part of an Ostwald circle nc which, when . .
seen against a large white background, is which the observations were

arranged under ‘“green”, DD with daylight, ¢arried out.

GG, with incandescent electric light. As regards . .
the dotted line see ﬁé 110. 8 The influence of the envir-

onment on the judgment of
the hue of a coloured card comes clearly to the fore in fig. 109 (from
the investigations of Kruithof? and Bouma?!). Here the curve
DD contains the colour points of the coloured cards of a complete
Ostwald “colour circle’” which were called green (or more accu-
rately between yellow-green and greenish blue) when observed
against a white background illuminated by daylight. The curve
GG contains the colours called green when the large white back-
ground was illuminated by incandescent light. It is obvious here
what a great influence the changed chromatic adaptation has on the
judgment of hue, ,
The average values of table 8 are characteristic for the observation of
fairly small spots of light against a dark background, a method of
observation which is of special importance in studying colours for
signalling purposes. '

7
[ | ' The “variations’ mentioned
0

o4

8
\

(]

For the influence of the brightness of a calour sensation on the judgment
of its hue (observed in a dark environment) see Ornstein?) and
Purdy?;

The accurate definition of the spectral colours which make impres-
sions of pure yellow, green or blue on the eye has also aroused much
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interest in psychological and physiological circles, attempts having
been made to relate these colours to the ‘“primary colours” of the
various theories on colour vision.

From the measurements of Westphall), Purdy®?, Drever?l)
and Hubbard?) follow the average values 574, 509 and 475 my (in
fairly good agreement with table 8). Trendelenburg?® gives
570-585, 500-520 and 470-480 m. See also Dimmick?!) and Bezoldl).
Besides the previously mentioned property of these colours, that
psychologically they give the impression of being pure and non-
composite, these colours show a certain stability lacking in other
colours. Thus their hue changes little or not at all when the brightness
changes, or when white light is added or if the sensitivity of the
retina changes.
The colour which psychologically gives an impression of being “pure
red” does not occur in the spectrum, according to most psychologi-
cally interested investigators — as we have already remarked
before — but is obtained by the addition of a little violet to the
extreme red side of the spectrum (it therefore lies on the purple line
in the colour triangle). Remarkably enough most physicists do not
agree with this pronouncement. -
It is practically impossible to TABLE 8

define apparent brightness and :

: 3 Colour | , Colour- Aver- Variation
apparents saturation by names if boundary | age
the colour to be judged is the )

. . . Red
only one occurring in the field red-or. 627 | 604—666
of vision. If the colour, however, | Orange 533 592—608
appears against an extensive | yerewl O 0" | Boo ggtggg
background, itself displaying yellow-gr. | 5666 | 568—677

. lour or other. it i Green 512 | 495—b36

some co “ or o , 118 POS" green-bl. | 495 | 487—502
sible to give the colours suit- | Biuve . 4%% 462:185
able names, for instance light bl.-violet | 430 | 421—456

blue, very pale green, etc. By a

combination of such a name with the estimation of colour differences
Judd succeeded in defining numerically the apparent brightness
and the saturation in a differently coloured environment.

In America great useis made at present of the colouratlasof Munsell
(see section 56) for naming colours under normal circumstances [Juddw)
and Kelly]. In this atlas each colour sample is characterized by three
magnitudes: value, hue and chroma, the first of which is defined as the
brightness relative to a magnesium oxide surface illuminated by the same
illuminant (standard white C), expressed, however, in a certain scale, so
that for the colour white, for instance, equal steps in value correspond to
equal increment of apparent brightness. The concepts “hue'’ and “chroma”’
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roughly equal our concepts of hue and saturation. Here too, however, the
scale has been selected in such a way that equal increments in number
correspond as far as possible to equal differences in hue and saturation,
[An extensive survey is given by Newhall?), Nickerson® and
Judd.] In accordance with what has been said in section 84 the lines ot
constant "hue” in the C.I.E. chromaticity diagram are not straight and,
moreover, depend on the value, The lines of constant ‘‘chroma” in no
way coincide with those of constant  or & (see sections 83 and 75a).



CHAPTER X1V

Practical applications

§ 89 Illuminating -engineering. General applications

In this final chapter we shall try to present a survey of the branches
of science and technology in which all that we have hitherto dealt
with is put into practice. It is inevitable that we shall be compelled
to treat most subjects only very briefly while other aspects can only
be hinted at. For the field of practical application is so large that
hundreds of pages would be required to give even a fairly detailed
survey. We shall begin with the most obvious field of application,
that of the science of illumination, and especially illumination for
general purposes.
Let us consider the living room as an example. In most middle-class
families reading, writing, sewing, recreation and the consumption of
meals take place in the living room. Illumination must be such as to
take all these occupations into consideration. The first three require
a quantity of light falling on the work (illumination level), which
must be suitable to the nature of the work. Further it is important
how the light falls (avoidance of troublesome shadows and high
lights, not too great local brightnesses or contrasts in the field of
vision etc.). The two last mentioned occupations make quite diffe-
. rent demands, in which colour plays a great part. Recreation, con-
versation and suchlike require in the first place a cosy, tranquil
and aesthetically pleasing appearance, while moreover during the
consumption of meals it is of great importance that the illuminated
objects appear ‘“natural”. Should potatoes or butter assume a
greenish tinge our appetite might be affected!
The requirements summed up here also apply to general illumination
of another kind (offices, factories, shops, street lighting etc.) with of
course the difference that sometimes one requirement and some-
times another is of more importance. In many cases the luminous
efficiency of the light sources (the quantity of light received in
© return for a certain quantity of electric energy) plays a very impor-
tant part in the choice of the kind of light.
Some decades ago problems of colour were fairly wnimportant, for
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the simple reason that there was still very little choice in colour and
spectral distribution of the light sources. Most light sources had the
character of temperature radiators (see sections 42 and 43) and were
chiefly distinguished by different colour temperatures. Nor did this
distinction form any stimulus for the development of colorimetry.
For if we know that it is a temperature radiator we can determine
the colour much more simply than with the aid of the more or less
intricate means at the disposal of general colorimetry. The luminous
efficiency, electrical properties, measurements of the ratio between
the power radiated at two particular wavelengths, colour match
with a light source whose colour temperature can be measurably
regulated, these are the means by which we can obtain more or less
accurate information regarding the colour temperature, which com-
pletely determines the colour properties of the light source.

The requirements of pleasant surroundings and natural appearance
of colours were complied with fairly well. In fulfilling the last require-
ment chromatic adaptation (sect. 85, 86) of course plays a great part.
The luminous efficiency of temperature radiators increases greatly
with the colour temperature (scct. 42) but in spite of the great im-
provement in this respect brought about in the course of time (from
1900° to 2900°) the relatively low luminous efficiency was always the
weak side of the light sources used. And all attempts to improve the
colour properties (coloured lampshades, sunlight lamps) lower the
luminous efficiency still further!

A new era dawned when gaseous discharge lamps made their debut
in illuminating engineering, 7.e. the sodium lamp and the mercury
lamp ([see for instance Uyterhoeven?), Oranje!?), L.
Dorgelo?), Cotton?)]. The demands made by each branch
of practical application forced themselves on the attention of scien-
tists. Thus it appeared directly that both sodium and mercury light
were unsuitable for the living room: sodium light on account of the
impossibility of rendering colours and mercury light because colours
appeared unnatural in this light.

When used for other purposes (for instance for street lighting) with
quite different requirements, the new light sources were extensively
employed. Sodium light especially, with its high luminous efficiency
and its excellent qualities in connection with seeing on illuminated
arterial roads, proved to be an ideal kind of light.

Attempts were soon made to extend the area of employment of
mercury lamps. By two different methods, while preserving entirely
or partially the high luminous efficiency of the mercury lamp,
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attempts were made to improve its unpleasant colour properties.
In the first, mercury light was combined with incandescent light
giving rise to the so-called blended light. By sacrificing a part of the
high luminous efficiency a better colour rendering for coloured
objects was attained. Such combinations are frequently employed
in factories and workshops and also in offices. In this last case,
however, the quality of the colour rendering has already reached
the limit. For the living room blended light is quite unsuitable.
Here much higher demands are made as regards a natural rendering
of colours. An important advantage of blended light is that with a
well chosen mixture ratio its colour point approaches so close to that
of daylight that during twilight daylight and blended light can
supplement each other without unpleasant effects such as ‘“false
light’" and coloured shadows etc.
The second method of improving mercury light is much more attrac-
tive as no reduction of the luminous efficiency need occur. Here the
important quantity of energy emitted by the mercury lamp as
ultra-violet radiation is transformed into visible light by the aid of
fluorescent materials. By a suitable selection of these substances the
mercury spectrum can be supplemented in the spectral bands where
this is most needed (especially in the red). The first steps along this
.path did indeed lead to a considerable improvement, but the colours
were not good enough for use in living rooms.
In this period of development when more and more possibilities of
coloured light sources lay open to use, it was natural for interest
to be aroused in methods for defining the colour of the light source
in the colour plane [see B oum a?8)]. It was not long, however,
before it was seen that the kind of light was not sufficiently charac-
terized by its colour point; and in particular that it is not possible
to deduce from the colour point how the colours of the surroundings
will look by that light. An extreme example of this fact has already
been seen in section 23 in the comparison of daylight with a light
source showing the same colour point but conmsisting of only two
complementary wavelengths. A practical example derived is that
of a blended light possessing the same colour point as sunlight, but
rendering certain colours very unnaturally.
In order to predict the colour rendering completely we must, appa-
rently, know the complete spectral distribution of the light source.
But even if this is known, it is still difficult, for instance, to compare
fluorescent mercury light with daylight for it would be desirable to
“spread out” the contribution of the mercury lines over a certain
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spectral range, in order to obtain a spectral distribution practically
equivalent to the original and more easily compared with a continu-
ous distribution, such as that of daylight.

With this purpose in view Bouma™ 8) proposed to divide the
spectrum in the following 8 wavelength intervals:

400 — 420 — 440 — 460 — 510 — 560 — 610 — 660 — 720 mp.

and to determine the contribution to the light flux radiated in each
of these bands. The choice of the 8 bands is such that two light
sources whose light flux contributions in each of the 8 bands corres-
. pond will also differ as little as possible in all their other colour pro-
perties,

An apparatus has been constructed by van Alphen?) for mea-
suring these eight contributions directly. Other attempts in this
- direction are those of Richter4) (who worked with four filters),
Taylor?) (a division similar to the one mentioned above but with
less happily chosen intervals), an early proposal of I v e s?%), and re-
cently Harrison ! and Aldington?). Various methods
have also been invented for the immediate estimation of the colour
sensation, given by objects under a certain light source, for instance
by Richter4 and Bouma?”8. We would stress the fact
that in all these methods the phenomenon of chromatic adaptation is
not taken into account.

The problem of the different coloured light sources has entered into
a new phase since-the invention of a new light source. There are the
tubular low pressure mercury lamps (such as the MCF/U lamps
manufactured by Philips) with fluorescent material on the inside of
the tube, which contain a considerably smaller proportion of the
troublesome mercury lines, and transmit an important part of their
radiation in the form of the continuous spectrum of the fluorescent
material. By varying this material the most varied colours can be
attained [Kruithof!)], and the appearance of the coloured
objects is with most of these types of lamp so satisfactory that they
are suitable for the living room. While formerly it was sufficient to
imitate daylight or incandescent light as well as possible by the aid
of mercury lamps, the field of investigation has now been considera-
bly extended in the sense that all kinds of different light species are
being studied to see if they are suitable for interior illumination. The
following points form the preliminary results of this investigation:

1. The colour point of the light source should not be too far removed
from the black body locus (see fig. 38).
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[

. Deviations to the green side (in fig. 38 above the locus) are much
sooner unpleasant than those on the other side.
3. The spectral distribution must be as continuous and even as
possible,
4. If the colour point lies on the black body locus the appropriate
colour temperature should preferably lie between 3000 and
5000°; as the illumination level is raised so, on the whole, a
higher colour temperature is preferred [Kruitho f1].

Undoubtedly chromatic adaptation will have to be taken seriously
into account with all further investigation into the most suitable

spectral distributions. The study of this phenormenon is still very
young. ’

§ 90 Illuminating endineering, Special cases

Having given a brief survey in section 89 of the part colours play
in illumination problems of a general nature (illumination of living
rooms, offices, factories, arterial roads ete.), we now wish to touch
lightly on some special cases. In the first place there are various
cases in which a light species is required to imitate daylight as
closely as possible. We have in mind museums, and shops where
coloured materials are sold. Formerly the only possibility was
incandescent lamps, to the light of which — by means of filters or
coloured bulbs — a spectral distribution had been given approaching
that of daylight. The imitation was very imperfect and a great deal
of light was lost. The closer the imitation of daylight the lower
became the luminous efficiency of the whole. In these cases the
fluorescent low pressure mercury lamps mentioned above will find
an ever growing field of employment. : ‘

In the second place come those cases in which it is necessary to com-
pare and judge colours as accurately as possible. For this, incandes-
cent light is on the whole less suitable. As blue rays are only weakly
represented in this type of light it is not possible accurately to
distinguish colours whose reflection curves differ chiefly in this
range. If it is required to distinguish the most divergent colours well,
a light in which none of the colours of the spectrum is missing or too
weakly represented must be chosen. Lights which correspond approx-
imately to daylight fulfil this requirement best. If only a limited
group of colours are to be clearly distinguishable (the sorting of
particular products according to their colour, for instance, in the
cigar industry) special spectral distributions can be indicated which
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will best answer this purpose. In this case too, the
progress of science that enables us at present
to make illuminants with a high luminous
efficcieuy in very varied colours, is of
" the greatest importance.
0 In the third place coloured illumi-
nants are used for interior light-
\ ing for the purpose of creating
a certain atmosphere or cer-
tain artistic effects (festive
illumination, theatres). The
09 : range of colours suitable for
these purposes is of course
a3 -~ very extensive. To prevent
e unpleasant surprises illumi-
nants should preferably be
selected whose spectral
07ar 22 a3 8405 x"' 87 . distributions are more or
The location of tlfalg:;v%algon colours red (I), less IEgul?'r al.]d cm:xtmuou.s.
yvellow (IT) and green (III) in the colour plane. In choosing illuminants in
In the green area the maximum transmission these cases, the material to
factors are indicated (see also figs. 56/57). . L
: be illuminated must of
course be taken into account. Up to now we have only considered
cases where a particular appearance must be given to the objects
in our environment. We have seen that in such cases it is
insufficient merely to give the colour coordinates of the illumi-
nant; we must also have some idea of the course of the spectral
distribution.
We shall now turn to cases in which it is not the intention to illumi-
nate objects but to shine the light of the illuminants straight into
the eye. In these cases spectral distribution plays hardly any part
at all and the indication of the colour point is on the whole sufficient
to characterize the light species. Beside the field of illuminated ad-
vertisements the use of illuminants in connection with signalling
must be mentioned here. In the latter case, the idea is to send certain
information with the aid of different coloured illuminants to persons
at a distance (for instance, “safe”, “unsafe”, “you can land here”,
the course to be followed). It is of the utmost importance here that
the person signalled to should be able to decide with certainty the
colour of the signal observed. This decision consists in practice of an
estimation of the hue. This is only possible with certainty if
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a. the observer has a normal colour vision;
b. the colours are sufficiently saturated;
c. the colours do not lie in transition areas (for instance yellowish-
green or greenish blue);
d. the recognition of hue is not too much 1nf1uenced by any possible
coloured environment (chromatic adaptation etc.).
These factors are taken into account in international agreements
covering a number Iof public services (air traffic, road traffic and
railways) regarding the colour range within which the different
signal colours must lie. This range can be indicated in the chromat-
icity diagram. Fig. 110 is an example, showing the ranges within
which aviation red, yellow and green must lie (see also figs. 56 and
57). In the green range the maximum attainable transmission factors
have been indicated (section 47). In fig. 109 (see section 88) the green
range has been plotted for comparison with the hue estimations
given there. From this we see that all colours in the prescribed green
range are all properly saturated. The cards used for the measurement
of the curves DD and GG had a fairly saturated colour (they be-
longed to the series nc, practically the most saturated series of the
Ostwald colour atlas) and yet they lie outside the prescribed
green range.
Further we notice that the position of the green range fits the curve
DD much better than the curve GG. Hence we conclude that even in
daylight the green range of fig. 110 is still serviceable, but that in
incandescent light the prescribed range is not covered by the range
of colours the observer will call green.
It is interesting to compare the limits for the very saturated colours
of the green range with table 8 (sect. 88) in which we read that the
spectral colours whose wavelengths lie between the limits 495 and
566 my. are called green. The green range of fig. 109 extends on the
blue side right up to the limit of 495 mp while on the yellow side it
does not extend anything like as far as 566 my. This is related to the
fact that one must be careful on the yellow side in all circumstances
to prevent a confusion with yellow signal lights. Since blue light is
practically never used for signals, the danger of such confusion on
the other side of the green range is not so imminent.
The ranges of the aviation colours can be described numerically as follows:
red: ¥ <0.335; z < 0.002; yellow: 0.402 < y < 0.460; 5 <0.007; green:
2> 0.610 — 0.829 y; 2 > 1.17—2 9; 0.76 y > 0.173 + 0.24 =
Extensive investigations on colours in connection with signalling
have been carried out by Holmes®% and Hill%).
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§ 91 Application to trade, industry and science

The science of colours is put to practical use in numbers of ways in
trade and industry, in the first place as a method of defining the
colours of the most divergent articles (dyes, enamels, paper, textile,
flowers etc.), These are articles for which the colour is one of the
most important properties. Two obvious methods exist for defining
and afterwards reproducing these colours, namely by giving the
trichromatic coordinates or by making and keeping samples for
comparison. Both methods have their advantages and disadvantages.
The indication of colour coordinates (for instance the x and v and
the reflection factor when illuminated by one of the standard illumi-
nants) has the advantage that it is easier to distribute three numbers
among a great many interested people than actual colour samples.
Moreover in this way the danger of the sample modifying its colour
in any way in the course of time is dlso excluded. On the other hand
it is true that the method of using coloured samples — especially for
the layman — gives a good representation of the colour sensation
to be expected far more directly. It must be remembered too that a
relatively intricate measuring method must be applied to attain the
accuracy possible by direct comparison with a colour sample,
These .two objections have hitherto greatly restricted the field in
which colour coordinates are applied. In certain cases we can check
colours much more simply than with a trichromatic colorimeter. If,
for instance a manufacturer of enamels wishes to ascertain whether
the colour of his product remains constant during the course of
time, it is sufficient for him to measure the spectral reflection factor
for four wavelengths. An undesirable change of colour will then
certainly appear in at least one of the factors [Went?)]. Once a
certain colour is fixed, the question at once arises in practice how
great is the tolerance. How much may a colour deviate from the
fixed colour and still be acceptable? It is self-evident that in deter-
mining such tolerance the sensitivity of the eye to colour differences,
and therefore the size of the limens plays an important part. It
can therefore be understood why it was for a long time thought
possible to solve the problem of tolerance by the following simple
rule: the colour may not deviate more than » times the just dis-
tinguishable colour difference from the fixed colour. Here the factor
n depends, of course, on the nature of the application. A further
simplification was brought about by the introduction of the U.C.S.
systems (see section 81), in which the problem. was thought to be
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solved as follows: if the prescribed colour is marked in a U.C.S,
system we can consider another colour as “sufficiently correspond-
ing” if the colour point of that colour lies within a particular circle,
the centre of which is the prescribed colour point. This precept was
extended later on, in order to take differences in reflection factor
into account [Judd?)].

The conviction has steadily grown, however, that the problem can-
not be solved in practice in such a general manner. The acceptable
deviations are determined jointly by a number of factors which have
been left out of account in the above formulation. The same is true
for the definition of a favourable spectral distribution of an illumi-
nant (sect. 89).

Statements such as ‘‘a deviation of the colour point from the black
body locus is most troublesome in the green direction’” or ‘‘butter
may look a little pale but on no account green”, the simple step
method cannot take into account. These and similar considerations
have led to the view that it is necessary to determine the admissible
deviations experimentally for each individual case.

The tolerances thus found can then be fixed in the colour plane, and
afterwards it can be ascertained by a trichromatic measurement,
whether a certain colour lies within these tolerances [Ma c-
Adam 9). In addition it may also be desirable to indicate a
tolerance for the reflection factor.

Summing up, we can say that the important problem of tolerances
is far more complicated than would at first appear, and that it is far
from being completely solved.

In America particularly great interest is shown in this problem, witness
for instance the “Symposium on colour tolerance’ (reprint from Am.
]ourn of Psych. 52, 1939) in which the problem has been examined by a
series of experts of the most divergent kinds [Boring!’), Helson}¥),
Balinkin!) ete)

The problems of colorimetry are of course of special interest to the

dye industry. Several of the problems treated previously are grate-

fully put into practice in research work here. Let us quote as an
" example the theory of the optimal and ideal colours (section 47),

which limit the satisfiable demands in the matter of high reflection

factors and high colorimetric purity. The problems of dyes are com-

plicated by the fact that besides additive colour mixing subtractive
. mixture often plays an important part.

See Dohnerl), Duncanl), Ellisl),Harrison1),Grundy‘),
Vickerstaffl), Whitel).
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Besides the examples already mentioned there are also numerous
cases in which the colour itself seems not to be of such great im-
portance, except that it can give us indications of the quality,
purity and other important properties of the products studied. As
‘an example of cases where colour measurements are applied in this
sense, the examination of sugar, various agricultural products,
tobacco, oil, beer etc. may be mentioned.
See Moon®%), Reimannl), Taylor?),

Finally something must be said about the practical use in more
scientific fields. Colour descriptions are regularly to be met with in
scientific descriptions of natural objects (plants, animals, minerals).
If these colours are to be accurately described, the proper way
would again be the measurement and representation of the colour
coordinates. The same is true of the various branches of chemistry.
In pure physics there are fewer possibilities of practical use than one
would be inclined to suppose. On the whole the physicist is more
interested in the spectral composition than in the colour sensation
that light produces. Yet there are cases where colour coordinates
have their uses. A simple example has already been seen in the
boundary colours (chapter VII). Much more complicated phenomena
may appear when diffraction, double refraction, polarisation etc.
play a part. In general it may be said that when we have an optical
phenomenon entirely at our command we know the spectral distri-
bution of the light that strikes the eye from any given point of the
field of vision. But in that case it is also possible to calculate the
colour coordinates of all points of the field of vision and so to describe
completely the colour phenomenon as it appears to the eye. Such a
calcylation may be of service to us in two different respects. In the
first place it enables us to describe the colour phenomenon accurately
to other people and even, simply with the assistance of the calculated
trichromatic data, to make a coloured reproduction of the phenome-
non, which may be of importance for teaching purposes, for instance.
In the second place the calculated colour points may serve to check
our calculations and theories: by an attentive observation of the
field of vision we can ascertain whether the image observed agrees
with what was theoretically predicted.

As an example we might mention the colours of the rainbow. This well-
known natural phenomenon conjures a play of colours before our eyes,
which is approximately a prismatic spectrum. Popularly the spectral
colours are indicated by the name of ''colpurs of the rainbow’’, According
to the classical theory of Descartes (1837) the rainbow colours are
indeed practically pure spectral colours, determined by the dispersion
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of drops of water in which the sunlight is refracted, A more accurate
theory given by Airy and taking into account the diffraction offers a
finer analysis. This theory also explains the repetition of colours one often
sees on the inside of the inner bow. Perntner[see Prins!)] on the
basis of this theory described the colours of the rainbow in great detail.
Prins!) and Reesink have computed the colour points for different
sizes of drops (500 and 50 p) and sun diameters (0’ and 32‘). The same
authors also calculated the colour points of a number of diffraction
patterns [Prins?)]

§ 92 Colour reproduction; additive method

By the reproduction of colours we understand in general the making
of pictures of objects in natural colours, This occurs in the first place
in the art of painting, which we shall not discuss in this book, and
also in the following technical processes, i.e. colour printing, colour
photography, colour films and colour television.® Much might. be
written about the various processes that are used in these arts. We
shall therefore have to restrict ourselves to a few remarks of an
essential nature showing the connections with the subjects already
dealt with in earlier chapters. The principles are the same for all
four cases: they are again founded on the number three that governs
the properties of our colour vision and the whole of colorimetry.
Further there is a close analogy with the “photo-electric-tricolori-
meter’” as used for colour measurements. Just as we allowed the
light of the colour to be measured to fall through three different
filters on three photo-electric cells and then combined the three
photo-electric currents produced in order to define the colour in
colour space, so we might have taken three photographs with the aid
of different coloured filters and then used these photographs in com-
bination to produce colour sensations, forming as good a reproduc-
tion as possible as that of the original object.

The simplest method of reproduction, in principle, is that of additive
combination. In the colour film this consists of making three differ-
ently coloured pictures of the object, with the aid of the ihree
photographs (a red, green and blue picture), and uniting them
again to one picture by additive colour mixture. Thie colour of each
part of this picture is then determined by the contribution of the
three separate pictures. For additive mixing all kinds of methods
can be used, of which most have already been mentioned in section
59. Thus, with the help of prisms and mirrors, we can unite therays
proceeding from each of the separate pictures; a picture.can also be
produced that is built up of very tiny particles of red, green and
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blue images; the eye itself then supplies the additive mixing. Finally
we can show the three coloured pictures separately in swift succes-
sion (cinema, television). In this case, too, the mixing takes place
in the eye of the observer. These additive methods are at first sight
so attractive because the various steps of the process can be followed
and calculated fairly easily (owing to the simple laws of additive
mixing). By such calculations we can also draw up the conditions
with which the filters, the photographic malerial and the lights used
for the red, green and blue picture must comply in order to obtain a
natural reproduction of all colours of the scene. “Natural’’ includes
also the condition that colours which in the original radiate light of
different spectral composition but make the same colour sensation
must look the same in the picture. We see therefore that the above
conditions for the filters etc. must be closely connected with the
distribution curves of the eye. This connection 1s, in spite of Ltechnical
differences, in principle the same for all additive processes, and in the
subsequent mathematical calculations the same set-back is always
met with: the demand for a completely faithful reproduction leads
automatically to the absurd result that for certain spectral colours
either the spectral transmission factor of a filter or the sensitivity of
the photographic material must be negative [Hardy4]. This
impossible requirement forms a serious obstacle in the way-of a
perfect reproduction. We shall mention some attempts to remove or
to evade this obstacle.

a. The occurrence of the negative values goes hand in hand with the
impossibilily of matching all colours in the colour triangle by
additive mixture of a fixed triplet of colours without making use of
a ‘‘negative quantity of a colour” (section 21). It is possible, how-
ever, to limit the necessity for negative transmission factors and
sensitivities to a minimum by a favourable selection of the three
coloured illuminants producing the red, green and blue image.
(The triangle RGB, formed by the colour points of these lights
must contain as large a part as possible of all colours of the colour
plane.)

b. If the negative parts have been made as small as possible we can
try to substitute the value 0 for all the negative values required
by theory. This, of course, causes deviations from the naturalness
of the reproduction: the colours do not quite correspond either
in hue or saturation with the original. Deviations in hue are the
most unpleasant.
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¢. It can be so arranged that while avoiding negative values the
colour deviations are almost entirely limited to saturation [see

for instance M a ¢ A d am 4)] and become therefore less notice-
able,

d. There are various possibilities for meeting the necessity of nega-
tive values. For this purpose a subtraction of colours must take
place in a certain sense. If therc is in the reproduction process some
intermediate stage in which we have electric potential differences
to deal with instead of colours (television) the possibility will
exist, in principle, of letting this subtraction take place in the
shape of voltages with a reverse sign. In the colour film and in
colour photography we can perform the subtraction to a cerfain
degree by correcting the negative in printing by a weak positive
placed before it [MacAdam9]. In some cases it is possible,
with an eye to negative values, lo make use of special properties
of the photographic material (Hers chel effect, curving
of the density curve) but such methods are far less generally
applicable than the other. On the whole, attempts to satisfy the
demands for negative values only make the various processes
more intricate.

§ 93 Colour reproduction ; subtractive method

Besides the methods of colour reproduction mentioned there is a large
number of processes in which subtractive mixture occurs. In colour
printing ihis takes place by printing several coloured photographs
on the paper on top of each other, so that in considering the final
result each light ray must penetrate different layers of pigment in
succession before the light — in a coloured state — reaches the eye.
In the colour film the subtractive colour mixture takes place at a
slightly earlier stage. While 1n the additive reproduction the image
is built up by a mixing of three coloured pictures the coloured picture
in these methods is formed by allowing the light — in this case white
light — to pass in succession through three photographs placed
one behind the other.

In some methods applied in colour printing it is often, at first sight,
not clear whether the method employed is additive or subtractive.
Take for example the process in which the separate coloured photo-
graphs of each part of the scene consists of a very fine network of
coloured points (fig. 111). These three coloured photographs are
printed on top of one another, and the colour produced by this is
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determined by the ratio of the size
of the points in the three coloured
photographs.
Now during printing, the following
, events may occur: 1. a point of the
Fig. 111 . . P
The different gratings of dots are Daper will receive no colour; 2. it
superimposed in printing. The will receive only one colour; 3. it
ratlos o ameters dotermine iy roceive two overlapping colours
and 4. it will be coloured by three
overlapping points, Fig. 112 illustrates these four possibilities,
The eight parts given in fig. 112 by numbers all show different
colours. Some of these colours are produced by subtractive mixture
(namely colours 3 and 4). The whole picture therefore contains only
eight colours but on looking at it, an additive mixture of those eight
colours takes place in the eye (because the network of points is so
extremely fine), whereby the resulting colour is determined by the
relative size of the three kinds of coloured points. [For a theoretical
treatment of this case see Neugebauer 3]
With purely subtractive methods of reproduction (as is often the
case in colour films) it is very difficult to get a complete theoretical
view of the course of the different processes. The difficulty is chiefly
due to the fact that the process of subtractive colour mixture is
governed by much less simple laws than that of additive mixing. In
attempts to set up an exact theory [Y ule ¥ 3)] or to find a practical
method of approximate calculation [MacAdamB5)] it appears
that the properties of the photographic material must be taken into
account to a much greater extent than was the case with additive
methods. The same difficulties regarding negative values as discussed
in section 92 appear to arise here too; the best method to overcome
them is the method given under (d) of correction of the negatives by a
weak positive. The only case in which the calculation of the subtrac-
tive reproduction becomes as simple as with the additive methods,
occurs when each spectral colour is partially absorbed by only one
of the pigments used for the photographs placed the one over the
other while the other two transmit the light unimpaired. This will
occur if the transmission curves of the three pigments have shapes
as drawn in fig. 113 [see Hardy %]

Only in this special case is the influence of a modification of one of the
tilters independent of the other filters.

Subtractive colour mixture complies approximately with simple rules
when it is a question of passing successively through filters which only
absorb very little. Let W be the point in the colour space of the unfiltered
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Fig. 112
The 8 "primary co.
lours”, arising from
the method of fig, -
111, which are ad-
ditively mixed by
the eye.

light, W, and W, the points of the light when
passing only through the first (or the second)
filter, point W,, (the light transmitted by both
filters in succession) can then be found by vector
addition: WW,W,W,, is approximately a paral-
lelogram see also [Neugebauer!')).
Although it is theoretically much more difficult
with subtractive methods to give the conditions
for a correct reproduction than it is with additive
methods, yet we find the subtractive principle
far more frequently employed in practice. In
order to understand this, we must remember

that, in practice, a compromise must always be found between
many often contradictory desires and demands. In making this
compromise the following points must be censidered (with special

reference to the film):

The expense of the various processes.
P

(SR

fect system. : '
How unpleasant are such divergences?

o

The technical possibilitiés of obtaining a ‘‘faithful” reproduction.

The degree of intricacy of the reproducing apparatus.
The degree of divergence the colours show when using an imper-

‘What colours occur most in the scenes to be filmed?

g. Is a perfect copy of the reality required or desired?

We shall discuss one or two of these points.

The frequent use of the subtractive systems is chiefly due to points

a-c. The point (d) has been dealt withby Yule 2).

Point (e) brings us once more to the complicated problem of tolerances.
. Here it is of the greatest importance that the observer has some idea

of the colours of the original. A colour divergence
which is not conspicuous in a photograph of an
interior may be very unpleasant in a photograph
in the open air. Allowances must also be made
for the fact that a part of the colour divergences
can be partially compensated by chromatic adap-
tation. .

For point (f) the correct reproduction of the colours
must be taken into account in making one’s de-
mands. Thus we have often seen that yellow
colours — indistinguishable to- the eye — may
have been produced from a very narrow portion
of the spectrum, or by combination of red, yellow

Fig. 113
This figure repre-
sents the spectral
transmission of
three pigment co-
lours whose subtrac-
tive mixing gives
simple results.
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and yellowish green rays. As, in practice, the second manner of
production occurs practically exclusively, we need not keep too
strictly to the rule in this case, that two similar colours must be
reproduced in a similar manner.

In considering point (g) we must remember that the picture is seen
under quite different circumstances from the original. As regards the
environment of the pi¢ture, with coloured pictures in a book there is
usually a white background, the brightness of which is therefore
greater than the average brightness of the picture, while with colour
films, on the other hand, the environment is quite dark. Such differ-
ences do not influence the colour of a picture but they can be of
great importance for the production of colour sensations. Thus
most colours when observed in a relatively small field of vision with
dark surroundings produce a more saturated impression than when
seen under other circumstances. Hence we must draw the apparently
rather strange conclusion that the most accurate reprodustion of the
original does not always produce the most natural impression!
[Lagorio?)].

Surveying the field of colour reproduction as a whole it strikes us
how ¢omplicated it actually is and how many factors arising from
different branches of science play a part. In this respect the last
subject considered by us is a faithful picture of the general theory
of colour which we have also learnt to know as the borderland be-
tween different sciences. :
For further enlightenment in the matter of colour reproduction
we must refer the reader to the special literature on this subject.
Besides the references already quoted further information is to be
found inthe works of Schrédinger?”) (section 37), Kleind),
Eggert!), MacAdam?, Evans?!, Custers?) etc
May the short survey given here, as this book itself, serve to facilitate
the further study of literature of the subject.
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Appendix

I. TABLES FOR THE CALCULATION OF COLOURS

TABLE A Complementary wavelengths with respect
to standard white E

’ 2 ’ ?

A A A A A A A A

380 | 569-7 | 480 | 580-4 | 570 | 427-4 | 690 | 4868
400 | 560-7 | 481 | 581-4 | 571 | 447-6 | 591 | 487-2
410 | 569-8 | 482 | 58246 | 6572 | 457-1 | 592 | 487-6
420 | 560-8 | 483 | 583-7| 573 | 463-5 | 593 | 4880
430 | 570-1 | 484 | 5850 | 574 | 467-8 | 594 | 4883

440 | 570-5| 485 | 586:6 | 575 | 470-8 | 595 | 488-7
450 | B571-2 | 486 | 588-4| 576 | 473-3 | 596 | 480-0
455 | 6717 | 487 | 690-6 | 6§77 | 4756-2 | 597 | 4890-2
460 | 5724 | 488 | 593-0| 578 | 476-0 | 598 | 4895
465 | 573-3 | 489 | 596-1| 579 | 478:-3 | 599 | 489-7

470 | 5747 | 490 | 6000 | 580 [ 479:6 | 600 | 490-0
471 ) 5751 ] 491 605:1 ] 581 | 4806 | 610 | 491.7
472 | 5756 | 492 | 612-8 | 582 | 481-6 | 620 | 402-6
- 473 | 6759 | 493 | 627-3| 583 | 4825 630 | 4031

474 | 5764 584 | 483-3 | 640 | 493-5
475 | 5769 585 | 484-0 | 650 | 493-6
476 | 5774 6§86 | 484:6 | 660 | 4938
477 | 5781 587 | 4852 | 680 | 493-8
478 | 5788 588 | 4858 ] 700 | 4939

479 | 6795 589 | 4863 | 780 | 493-9
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TABLE B Tristimulus values for the equal energy
spectrum and coordinates in the colour plane
for B,B,B, system (Ch. IV)

B B, By A B ba by

0.0000 —0:0001 | .0-00011 380 ] 4-0-810 | —1.573 1763
0-0001| —0.0020 | 0-0002] 390 0-792 | —1.586 1794

0.0003 | -—0-0006 | 0-0007| 400 07568 | —1-677 1.819
0-0008| —0-0019 | 0-0022| 410 0705 | —1-667 1.862
0-0021| --0-0050 | 0-0060] 420 0-528 | —1264 1.736
00022 | —0-0065 | 0-0148] 430 0-188 | —0-470 1.283
—0-0026| 00068 | 0-0188] 440 | —0-113 0-297 0.816

—0-0121| 0-0311| 0-0190] 460 | —0-319 0-818 0-501
—0-0261| 00682 0-0170] 460 | —0-435 | "1-136 0-209
—0.0393( 0O1166| 0-0188| 470 | —0-432 1.280 0152
—0:0404| 017971 0-0087| 480 | —0-355 1293 0-063
—0-0681( 02612 0-0050| 490 | —0-280 1.256 0-624

—0-0717| 0-3019| 0-0029| 500 | —0-222 1213 0.009
—0-0890( 0-5904 | 0-0016} 519 { —0-177 1.174 0-003
—0-0926| 0-8018( 0-0007| 520 | —0-130 1-128 0-001
—0-0710{ 0-9327 0-0003} 530 | —0-082 1-082 0:000
—0-0816( 0.9854¢( 0-0001( 540 {-—0-033 1-083

+0-0228| 0-9722 | —0-0000| 560 | 4-0-023 0-977
0-0906| 0-95045 [ —0-0001 560 0-091 0-909
0-1677, 07844 | —0-0001] 570 0-176 0-824
02453 0.6248) 0.0000) 530 0-282 0-718

0-3003| 04478 590 0-409 0-59]
0-34431 02867 600 0-646 0-454
0:3397) 0-1633 610 0-475 0-325
02971 0-083¢0 620 0-780 0-220
02268] 00382 . 630 0-856 0-144
0-1697] 0-0153 640 0-912 0-088
0-1017] 0Q-0058 650 0-950 0-050
0-0693| 0-0017 660 0-972 0-028
0.0815( 0-0006 : 670 0-084 0-018
0-01891 0-0001 680 0-902 0-008
0-0082 | 0-0000 . 690 0-998 0-002
0-0041 700 1-000 0-000
0-0021 710 1-000
0-0010 720 1.000
0-0006 730 1-000
0-0002 . 740 1-000
0-0001 750 1-000
0-0001 760 1-000
0-0000 770 1-000

2'1-801 8.681 | 01136

278



TABLE C

RGB system (C.I.E. 1931) Tristimulus values of the equal energy
spectrum and coordinates of spectral colours in the colour plane

¥ | ¢ | B

A 7 g b

0-0000 | —0-0000 0-0012 380 00272 | —0-0115 0-9843
0-0001 { -—0-0000 0-0036 390 0-0263 | —0-0114 0-9851

0-0003 | —O0-0001 0-0121 400 00247 [ —0-0112 0-9866
0-0008 | —O0-0004 0-0371 410 0-0226 | —0-0109 0-9884
0-0021 } —0-0011 0-1154 420 0-0181 | —0-0094 0-9913
0-0022 § —0-0012 02477 430 0-0088 } —0-0048 0-9960
—0-0028 00015 0-3123 440 | —0-0084 0-0048 1-0038

—0-0121 0-0068 0-3167 450 | —0-0360 0-0218 10172
—~0-0261 0-0148 0-2982 460 | —0-0909 0-0517 1-0392
—0-0393 0-0254 0-2299 470 | —0-1821 0-1175 1-0646
—0-0494 0-0391 0-1449 480 | —0-3667 0-2906 1-0761
~0-0681 0-0569 0-0826 400 | —0-7150 0-8996 1-0154

—0-0717 0-0854 0-0478 500 | —1.1685 1-3005 0-7780
—0-0390 0-1286 0-0270 510 | —1-3371 1-9318. 0-4053
—0-0926 0-1747 0-0122 520 | —0-9830 1-8634 0-1296
~0-0710 0-2032 0-0065 530 | —0-5159 1:4761 0-0398
—0-0315 0-2147 0-0015 540 —0-1707 1-1628 0-0079

0-0228 0-2118 | —0-0006 550 0-0974 0-9051 | —0-0025
00906 0-1970 | —0-0013 560 0-3164 0-6881 | —0-0048
0-1677 0-1709 | —0-0014 §70 0-4973 0:5067 | —0-0040
02453 0-1361 } —0:0011 580 0-6449 0-3579 | —0-0028
0-3008 0-0975 | —0-0008 590 0-76817 0-2402 | —0-0019

0-3443 006256 | —0:0005 600 0-8475 0-1587 | —0-0012
0-3307 00356 | —0-0008 610 0-9059 0-0949 | —0-0008
0-2971 0-0183 | —0-0002 120 0-9426 0-0580 | —0-0005
0-2268 0-0083 | —0-0001 630 0-9640 00364 | —0-0003
0-1597 0-0033 [ —0-0000 640 0-9797 0-0205 | —0-0002

0-1017 0:0012 650 0-0888 00113 | —0-0001
0-0593 0-0004 660 0-9940 0-0061 | —0-0001
0-0315 0-0001 670 0-9966 0-0036 | —0-0001
0-0169 00000 680 00984 00016 | —0-0000
0-0082 690 0-9996 0-0004

0-0041 700 1.0000 0:0000

0-0021 : 710 1-0000

0:0010 720 1-0000

0-0005 730 1.0000

0-0002 740 1.0000

0-0001 750 1-0000

0-0001 760 1.0000

0-0000 770 1.0000

1-801 1.891 1.889
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TABLE D

XYZ system (C.LE. 1931): Tristimulus values

energy spectrum

of the equal

Y=VA

z

Y=V,

X

P=V,

380
385
399
395

400
405
410
415
420

425
430
435
440
445

450
455
460
465
470

475
480

490
495

500
510

515
520

0-0014
0-0022
0-0042
00078

0 0143

0 0438
00776
0-1344

02148
02839
0-3285
0-3483
0-3481

0-3362
0-3187
:2908
(2511
01054

0-1421
0-0956
0-0580
0-0320
00147

0-0049
00024

-0-0003

0-0291
0-0633

0-0000
0-0001
0-0001
0-0002

0-0004
0-0008

00012
0-0022
0-0040

00073
0-0116
0-0168
0-0230
00298

0-0380
0-0480
0-0800
0-0739
00010

0-1126
01390
0-1693
0-2080
0-2586

0-3230
04073
0-6030
0-6082
0-7100

0-0085
0-0106
00201
0-0362

0-067¢
0-1102
0-2074
0-3713
0 8459

1-0391
1-3866
1-6280
1747}
17828

17721
1-7441
1-6692
1-5281
1-2876

1-0419
0-8130
0-6162
0-46862
035633

02720
02123
0-1882
01117
00782

625
530
635
540
546

560
555
560
565
570

575
580
585

590

695

600
605
610
615
620

625
630
636
§40
§45

650
665
660

670

0-1006
0-1866
02257
0-2004
0-3697

0-4334
0-5121
0-6946
0-6784
0-7821

0-8426
0-9168
0-9786
10268
1-0667

1-0622
1.0466
1.0026
0-0384
0-8644

07514
0-68424

0-5419

04479
0-3608

0-2885
02187
0-1649
01212
0-0874

0-7982
0-8620
0-0140
0-0640
0-9803

0-0950
1.0602
0 9950
0-9786
0-9520

0-91564
0-8700
0-8183
0-7870
0-6040

0-6310
0-5668
0-5030
0-4412
0-3810

0-3210
0-2650
0-2170
0-1750
0-1382

0-1070
0-0816
0-0810
00446
0-0820

675
680
686
690
695

700
705
710
7156
720

723
730
735
740
745

750
765
760
765
770

775

0-0838
0-0468
0-0329
0-0227
00158

0-0114
0-0081
0-0058
(-0041
0.0029

0.0020
0.0014
0-0010
0-0007
0-0005

0-0003
0-0002
0-0002
0-0601
00001

0-0000.

0-0232
0-0170
0-0119
0 0082
0-0067

0-0041
0-0028
0-0021
0-0015
0-0010

0-0007
0-0006
0-0004
0 0003
0-0002

0-0001
(-0001
0 0001
O-OOOO

0-0000

0-0000

2137

2137

2137
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TABILE E

Xyz system (C.1.LE.1931) Trichromatic coefficients (coordinates in the
colour plane) of the spectral colours

5251 0-1142 | 0-8262 | 0-0596 || 675 | 0-7327 | 0-2673
380 | 0-1741 | 0-0050 | 0-8208 | 530 | 0-1647 | 0-8059 | 0-0394 1| 680 | 0-7334 | 0-2666
385 | 0-1740 | 0-0050 | 0-8211 |[ 535 0-1929 | 0-7818 | 0-0256 (| 685 | 0-7340 | 0-2660
390 | 0-1738 | 0-0049 | 0-8213 }| 540 0-2296 | 07543 | 00161 |] 6801 0-7344 | 0-2056
395 | 0-1736 | 00049 | 0-8215 || 5451 0-26568 | 0-7243 | 0-0099 ;) 695 | 0-7346 | 0-265¢

400 | 0-1733 | 0-0048 | 0-8219 |{ 550 0-3016 | 0-06928 | 0-0061 |} 700 | 0-7347 | 0-2653

405 | 0-1730 | 0-0048 | 0-8222 || 555| 0-3373 | 0-6589 | 0-0088 |1705 0-2663
410 | 0-1726 { 0-0048 | 0-8226 {1 560| 0-3731 | 0-6245 | 0-0N24 | 710 0-2653
415 | 0-1721 | 0-0048 | 0-8231 || 565| 0-4087 | 0-5806 | 0-0017 |} 715 0-2053
420 | 0-1714 | 0-0081 | 0-8235 || 570 0-4441 [ 0-5547 | 0-0012 || 720 0-2653
-} 425 ] 0-1703 | 0-0058 | 0-8239 || 575 0-4788 | 0-5202 | 0-0010 || 725 0-2653
430 | 0-1689 | 0-0060 | 0-8242 (| 580 0-65125 | 0-4866 | C-0009 [[ 730 0-2653
435 § 0-1669 | 0-0086 | 0-8245 |} 585 0-5448 | 0-4544 | 0-0008 || 735 0-2653
440 | 0-1644 | 0-0109 | 0-8247 || 590| 0-5752 | 0-4243 | 0-0006 || 740 0-2653
445 | O-1611 | 0-0138 | 0-8251 {{ 595 0-6029 | 0-39G5 | 0-0006 |} 746 0-2653
450 | 0-1566 | 0:0177'| 0-8257 || 600| 0-6270 | 0-3725' | 0-0005 || 750 0-2653
455 | 0-1510 | 0-0227 | 0-8268 || 606 0-6482 | 0-3514 | 0-0004 }{ 755 0-2853
460 | 0-1440 | 0-0297 | 0-8263 || 610 0-8658 | 0-3340 | 0-0002 || 760 0-2053
465 | 0-1356 | 0-0390 |"0-8246 || 615 0-6801 | 0-3187 | 0-0002 || 765 02653
470 | 01241 | 0-0578 | 0-8181 |} 620 0-8915 | 0-3083 | 0-0002 || 770 0-2653
475 1 0-1096 | 00868 | 0-8036 {| 625 0-7006 | 0-2993 | 0-0001 [} 778 0-2653

480 | 0.0913 | 0-1327 | 0-7760 || 630 0-7079 | 0-2920 | 0-0001 || 780 j 0-7347 | 0-2653
485 | 0-0687 | 0-2007 | 0-7306 |{ 635| 0-7140 { 0-28569 | 0-0001
490 | 0-0454 | 0-2050 | 0-6596 |1 640 0-7190 | 0-2810 | 0-0001
495 | 0-0235 | 0-4127 | 0-5638 || 646 0-7230 | 0-2770 | 0-0000

500 | 0-0082 | 0-53%4 | 0-4534 |} 650 0-7260 | 0-2740
506 | 0-0039 | 0-6548 | 0-3413 |j 656} 0-7283 | 0-2717
510 | 0-0139 | 0-7502 | 0-23569 || 660} 0-7300 | 0-2700
515 | 0-0380 | 0-8120 | 0-1401 || 665) 0-7311 | 0-2089
520 | 0-0743 | 0-8338 | 0-0919 || 670| 0-7320 | 0-2680
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TABLE F

XYZ system (C.1.E. 1931): Spectral energy distribution of standard

illaminants A, B, and C

Li Bal|Es | Bo || } | Ba Ep | Eo Al Ba | Er | Eg
5251 7579| 90-43| 96-78)) 675] 182-1 | 104-6 | 85-30
380) 9979]22:40) 33-00||530) 79-13| 9220 98-00|) 680 185-4) 10306 ) 84-00
385] 1000|2685 30-02)| 535} 8252 | 04.48| 00-94}}685] 188-7|102-8 | 8291
390) 12.00| 31-30| 47.40]} 540} B85:95) 96.90) 102-1 890] 191-9 )| 101-8 | 8020
305) 13.38| 36.18| 55-17)| 545 89.41| 09-18) 104-0 |} 605) 195-1 | 100-4 | 78-24
400| 1471 | 41-.30| 63-30}| 550 ©2-91|101-0 | 1052 || 700| 198-3| 99-1Q} 76-30
405) 16:18 46.62| 71-81|| 555) 06-44) 102:2 | 1067 }} 705} 201-4] O7-70) 74-38
410] 17-68| 52-10| 80-60|} 5607 100-0 | 102-8 | 10563 || 710} 2044 | 96:20| 72.40
415 10:281 5770 89:53|| 565 103-8 | 102.9 | 1041 [{715] 2074 | 94-60| 70-40
4201 21-00 6320 98-10(|570{107-2 [102:6 [102:3 [{720( 2104 92-90| 68-30
425| 22.79 | 68-37| 105-8 || 5757 110-8 | 1019 | 1002 [{725]213-3| 91-10| 66-30
430( 24.67| 73-10( 112-4¢ || 580| 114-4 |101-0:| 97-801{730} 2161 8840 6440
4351 26.64.{ 77-31{ 117-8 |{585( 118-1 | 1001 054311 734 218-0| 88-00( 6280
440| 2870 80-80 | 121.5 ]| 590( 121-7 0920 9320|| 7401 221-7 | B86-50{ 61-50
445 80-86 | 83-44 | 123-5 || 594} 1264 0844 | 91221 745] 2244 B5-00| 60-20
4501 33:001 85-40} 124:0 1] 600 129:0 | 0800 8970117501 227-0 8520 5920
455) 35-41| 86-88 | 1238 || 605 132-7 9808 | 88-83)] 755! 229-6| 84-80! 58-50
460) 37.82 | 88-30) 123-1 || 610} 136-3 0850 88-40|} 760} 232-1| 84:70! 58-10
465 40-30} 90-08 | 1233 [} 615] 1400 99-08| 88-10|| 765] 284-6| 84-90} 58-00
470] 42.87) 82-00) 123:8 ) 620 143:6 | 9970} 88-10}) 770} 2370) 85-40) 5820
475| 4552 93-75) 124-1 || 625] 1472 | 100-4. 88:08|) 775) 2304 | 86-10| 58-50
480| 4825] 95201239 | 630|160-8 |101-0 | 88-00||780| 241-7| 87-00| 50-10]
485| 51-04] 562371 122-0 || 635| 154-4 | 101-6 | -87-86
490] 53-91| 96-50 | 120-7 || 640] 1568-0 | 102-2 87-80
495| 5686 96-71 | 1169 || 645]161-56 | 1030 | 8799
5001 690.881 94-20| 112.1 || 660} 1656-0 | 1039 8820
5051 62.93| 92-37 107-0 ({655} 168.6 | 1046 | 8820
5101 66-06 90-70| 102-3 {| 660 172-0, ( 108-0 | 87-90
515] 69-26 80-65( 08:8111 665] 1754 { 104-1 8722
520} 72.50 89-50 { 96-90|] §70|178-8 { 1049 86-30
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XYZ system (C.IE. 1931): Tristimulus values of spectral colaurs

TABLE G TABLE H TABLE |

[Hluminant A Illuminant B {lluminant C

y | EX| BV EZ||EpX| ExY | E,Z | |EX| E,¥| EGZ |

380

-01 000 | 0.06 0-03( 0.00 0151 00 ({2 .
o o 0 5 1 00y 022 380

0-00 -24 013 0.00 063 || 020 o0.01 095 ] 390

0

0

400 0.21 001 | 1.01 0-60 0.02 2.8311 091 002 4341 400
410 076 002 3.64 235 0.06 | 10.71|| 348{ 00! 16-68] 410
420 2.82 008 | 13.56 8.501 025 | 40.82||13-1861 0.39| 63.36 420
430 7007 029 ( 3418 {| 20.76 085 { 101.29 {[ 8102 1.30 | 16574 | 430
440 9.06| 0.66 | 49.04 || 28.03 1.86 | 140.61 || 42-16| 2.79| 21143 | 440

450 11.12 1.26 | 58.66 || 2871 3.24 | 151.30 (| 41.69| 4.71| 219.81{ 450
460 11001 237 | 63.13 || 25.69 630 | 147.40 {1 3681 | 7.39| 20540 | 460
470 838] 3.90 | 55.22 17-98 837 [118.50 | 24.10] 11.27 15846 | 470
480 4.61 671 | 39.22 9101 1323 | 77.38 )} 11.85{ 17.22{ 100.71 | 480
490 173 1121 | 25.07 3:09] 2007 | 44.88|| 3.86) 25.11| 56.13| 490

500 029 19.34 | 16.28 046 3043 | 25.62 || 065 36.21; 3049| 500
510 0621 33.23 { 1046 085| 4562 | 1435 095 5146} 16.18| 510
520 459 | 5148 | 587 566 | 63.54 7.00| 613| 6880\ 7.58| 520
530 13.09| 6821 | 3.34 15.26.] 79.48 3.80 (| 1622 84.48| 4.13| 530
540 | 24.96| 8200 | 1756 || 28.14| 9244 1.97 {1 20.66 | 97-40 2:08| 140

550 40.27| 92.44 | 0.82 43.78 | 100.50 0-88 || 45.60 | 10487 002 550
560 5945( 90.50 | 039 || 61.11| 102.29 0.40 |] 62.06 | 104.77 0.41| 560
570 81.69 | 102.04 0.22 78.20 | 97-68 021 |1 7797 97.39 021 570
580 | 104.83 [ 99.56 0-18 02.54 | 87.87 0.16 [] 80.61 | 85.00 0.16| 580
500 | 124.97( 9215 014 }) 101.84 | '75-00 0.12 || 95.68 | 70.55 011§ 590

600 | 137.04| 81.42 | 0-10 || 104.07{ 61.84 | 0.08}|95-26| 5600 007} 600
610 | 138.73| 6858 | 0.06 {| 08.78( 4985 004 |{ 8866 | 44.46; 003} 610
620 | 122.72, 5472 | 0-03 || 8510 37.90 0.02 || 76-28 | 33.57 002 620
630 | 96.90 3907 | 0.0 || 64.80) 28.76 001 || 58.54| 2332| 0.01] 630
640 | 70.156) 2785 | 0.01 §] 46-77) 1788 0.001)30.32| 1536 0.00] 640

650 | 46.79| 17.66 | 0.00 || 2046] 1112 25.01| 944 650
660 | 28.36| 1049 1732] 6.40 1450 | 536 660
670 | 1662| 572 217] 336 754 276 670
680 | 867 315 486 177 303 143 680
690 | 435 157 230| 083 182| 066 690
700 | 225| 081 112) 041 087| 0381 700
710 | 119 043 056 020 042| 015 19
720 | 061 0322 027] 010 020 007 720
730 | o081 o011 013| 005 0.00] 003 730
740 | 0.15] .0.06 0.06] 002 0.04| 002 740
650 | 008| 003 0-03| o001 0.02| 001 750
760 | 004 001 0-01| 001 0.0L| 000 760
770 | 0.02] 001 0-01] 0.00 000] 000 770
780 | 001 000 000| 000 0.00| 000 780
v | 1185] 1079 3834 || 1038| 1046%| s01.3|| 1044 1085] 1287

sy | 0447| 04078 0145 || 0.3489 0352 | 0.300{[0310| 0316| 08738
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TABLE ] XYZ system (C.ILE. 1931): Slopes of dominant wave-

A =Xy a X=Zw 2 XAw A F~¥e myw A F-Fw V¥
Y=Y Y-Vw Y-¥v Y~Yw XNy b 2% A~y

380 | 0-48508 || 410 | 0-4893 |} 440 | 0-5240 || 470 | 0-7594 500 ~0-6304

381 [ 0-48613 )| 411 0-4807 || 441 0-5247 {471 | 07825 501 . 07013

382 | 0-48517 || 412 0-4000 || 442 | 0-5296 [{472 | 0-8084 502 07714

383 | 0-485265 || 413 |0-4903 || 443 | 0-5323 |[473 [ 0-8372 503 0-8408

384 | 048532 || 414 | 0-4906 || 444 | 0-5354 ||474 | 0-8699 504 0-9081

385 | 0-48537 |( 415 |0-4909 (| 445 (0-5391 ({475 [ 0-9075 506 ( —I1-0262 | —0-9754

386 | 0-48548 {| 416 0-4913 || 446 | 0-5428 |/ 476 | 0-8510 10515 ;506 0-9504 |—1.0423

387 | 0-48555 | 417 | 0-49014 || 447 [ 0-5485 [|477 | 1:0009 0-9891 {{ 507 0-9021

388 | 0-485663 || 418 | 04024 | 448 | 0-5507 ({478 0-9449 {1 508 | 0-8516

389 | 0-485674 || 419 | 0-4027 | 449 | 0-5555 ;| 478 0-8888 (| 508( 0.8068

390 | 0-48584 || 420 | 0-4935 (| 450 | 0-5600 || 480 0-8290 |l 510 —0-7666

3911 0-48505 1 421 | 04942 1] 451 | 0-5648 |1 481 0-7870 || 511{ 0-7304

392 0-48606 || 422 | 0-4950 ; 452 | 0-5701 1482 07033 || 512] 0-6977

393 | 0-48620 || 423 ) 0-4959 || 453 | 0-5753 |} 483 06374 || 513 0-6677

394 | 0-48633 |) 424 | 0-4966 || 454 ) 0-5811 || 484 0-5704 ] 514 0-6403

395 | 0-48643 || 425 | 0-4979 || 455 | 0-5871 )| 485 0-5013 ]| 515 | —0-6183

396 ¢ 0-48659 || 426 | 0-4991 || 456 | 0-5935 |} 486 04302 ]| 516 0-5028

397 | 0-48673 || 427 | 0-5000 || 457 | 0-6003 || 487 0-3677 |} 517| 0-5722

398 | 0-48687 || 428 | 0-5012 || 458 | 0-6079 || 488 0-2838 || 518| 0-55628

399 ] 048705 || 429 | 0-5024 || 459 | 0-6155 |{489 0-2089 1519 0-5347

400 | 0-48722 | 430 | 0-5038 || 460 | 0-6236 || 490 . 0-1333 {| 520 [ —0-5178

401 | 0-48740 (| 431 | 0-5056 {| 461 | 0-6319 ([ 491 0-0860 ({521 0-5019

402 | 0-48757 (| 432 | 0-5072 {| 462 | 0-6410 | 492 —0-0225 {1 522| 0-4870

403 | 0-48774 || 433 1 0-5086 1| 463 | 0-6610 (493 —0-1008 {1523 04726

404 | 0-48792 || 434 | 0-5108 || 464 | 0-6622 || 484 —0:1786 |{ 5241 0-4587 -

405 | 0-48913 || 435 | 0-5126 |{ 465 { 0-8743 | 495 —0-2559 || 525 | —0-4448

406 | 0-48830 || 436 | 0-5148 || 466 | 0-6877 |1 496 0-3329 || 626 04313

407 | 0-48854 |} 437 | 0-5167 || 467 | 0-7030 || 497 0-4087 |1 627 04177

408 | 048877 [} 438 | 05100 |} 468 | 0-7200 || 498 04838 |{ 528} 0-4045

409 | 0-48908 (| 430 | 0-6212 )| 469 | 0-7382 ;499 0-5574 || 5291 0-3913.




length lines

with respect to

standard white E (sect. 40)

el ] F ¥y | Y Vw Y YVy Y=Y Y=Yu
A Y=Vw A V—Yw | X=%y A Xy A X%y A X4y d By
| 530 |—0-3782]] 560 (01364 590 | 0-37550} 620 |—-0.0701t 650 |—0-1513 0} 680 | —0-16700
531 0-3652|| 561 |0-1647 5911 0-3433[1 621 | 0.0750)) 651 | o0-1524)I681) 0.16725
532| 0-3523]| 562 [0-1040 592} 0-3136(1 622 | 0-0798)i 652) 0-1535)|682] o0-16750
5331 0-3304{| 563 [0-2261 593) 0:2862() 623 | 0-0844) 663 0-1543)j683) 0.10773
534 0-3264| 564 |0-2501 594) 0-2680]1 624 | 0-0886|| 654| 0-1554],684) 0-16796
535 |—0-3135|| 565 |0-2039 595| 0-2341)) 625 |—0-0020[1 655 |—0-1562]) 685 | —0-16819
536 0-200A}| 566 ]0-3307 596 0-2112)626| 0-0068)}656| 0.1571)|686] 0-16830
537| 0.2872| 567 (0-3605 597| O-189911627| Q-1005)j657| 0-1577)|687| 0-16858
538(" 0:2737(] 568 |0-4107 598 | o-1698(l628| 0-1038)658| 0-1586]688| 0-16877
539| 0-2602|f 569 |0-454¢ 599 0-1508)i620| 0-1074)659| 0-1592{|689! 0-16%03
540 |—0-2468]| 570 }0-5002 600 0-1332}; 630 |-—0-1105} 660 j—0-1599|} 690 | —0-16908
541| 0-2325| 571)0-5485 601! 01161631 0-1136)} 661] 0-1603//601| 0-16920
5421 0-2182|| 572 |0-8005 602| 0-1002]632) 01167} 662 0.1600)/602| 0-16831
543| 0-2084| 573 {0-B564 603| 00847);633| 0-1195]1663; 0-16131i603| 0-16939
544 | 0-1884|l 574 {07154 604( 0.0704[ 634| 0-1223)664| 0-1618[l694| 0-16947
545 |—0-1720|| 575 (07784 605 | 0-0572] 635 |—0-1248 ) 665 |—0-1622|| 695 | —0-16951
546 | 0-1573(| 576 |0-8456 606 0-0440](636| 0-1273)|666| 0-1626[/696| 0-16957
647( 0-1400(| 577 [0-9180 607 | 0-0320){637| 0-1296]| 667 | 0-1630/697| 0-16960
548( 0-1230([ 578 |0-0052|1-0048]| 608 | 0-0218{ 638 | 0-1319{| 668| 0-1634||688{ 0-16062
549| 0-1067|[ 576 |1-0788|0-9260]1609| 0-0115() 639 | 0-1341(660| 0-1637){699| 0-16864
550 [—0-0886|| 580 0-3554)1610 | 0-0018|| 640 |—0-1362}] 670 |-—0-1641
551 [—0-0898|| 581 0-7894 611 |—0-0075]| 641 0-1382)) 671 | 0-1643
B52 |—0-05061| 582 0.728011 612 |—0-0162]| 642 | 0-1399]r672| 01647
553 [—0-0304 [ 583 0-6729]) 613 |—0-0243]| 643 | 0-1417}1 673| 0-1649
554 | -0-0006|| 584 0-6207] 614 |—0-0320{| 644 | 0-1432)] 674| 0-1853
556 | +0-01204} 585 0:5724{| 615 [—0-0395}{ 646 | —0-1448]| 675 | ~01855
556 0-0348|[ 586 0-5276/|616 | 0-0464 646| 0-1483)| 676| 01660
557| 0-0587|| 587 0-4857(|617 | 00526 647 0-1470)| 677| 0-1662
558 | 0-0833(| 588 0-44631( 618 | 0-0588)| 648{ 0-1480) 678 0-1684
560 0-1004f 589 0:4101{(619| 0.0846)| 649| 0-1502) 679| 0-1668
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TABLE K
XYZ system (C.LE. 1931): Trichromatic coefficients of a
total radiator (black body) at different temperatures

T % y ] Ay T x Y g | Ay
100 | 0736 1 D285 | 0-000) 895 | 3000| 0-436 | 0-404 | 0-160 | 5829
300 0734} 0-266) 0-000) 684 )1 3100) 0-420 | 0-401} 0-170 ) 5824
500 | 0-721 ) 0-279) 0-000 ) 841-5}! 3200) 0-423 | 0-308 ) 0-178 | 582-1
600 | 0-708 | 0291 0-001 | 630-8|| 3300| 0-417 | 0-306 ( 0-187 | 581-8
§00 | 0-681 | 0-318| 0-001 | 615-5)| 3400 0-411 | 0-393 | 0-196 | 681-3
1000 | 0-852 ; 0-345 | 0-003 | 806-7|; 3600} 0-406 | 0-390 ( 0-205 | 580-0

1300 } 0-810 | 0-378 0-011 | 598-21) 4000} 0-380 | 0-377 | 0-243 | 578-9
1600 ) 0-586 | 0-303 | 0-021 | 594-81| 4500 0-360 | 0-364 | 0-276 | 576-8
1600 | 0-573 | 0-400 | 0027 | 503-1|| 4800} 0-3561 | 0-356 | 0-203 | 574-8
1800 | 0-549 | 0-408 | 0-043 | §90-7|| 5000| 0-345 | 0-351 | 0-304 | 5732

2000 {05261 0-413| 0-061 | 688-7)! 5500 0-332 | 0-341 | 0-327
2100 | 0-516) 0-415} 0-070 ) BB7-8]} 6600} 0-322 | 0-331 ) 0-347
2200 | 0-505) 0-415| 0-080 | 637-1|} 65600 0-313 | 0-323 | 0-3A43 | 4852
2300 | 0-495)| 0416 | 0-000 | 686-4|) 7000| 0-308 | 0-816 | 0-494 | 483-7
2400 | 0-488 | 0414 | 0-100 | 585-9|{ 8000| 0-295 | 0-305 | 0-400 | 4810

2500 | 0-476) 0-414 } 0-110 | 585-3 {110000) 0-280 | 0-288 | 0-431 | 479-1
2600 | 04681 0-412 | 0-120 { 684-8{124000( 0:253 | 0253 | 0493 | 4770
2700 | 0450 0411} 0-130) 684-3]} oo | 0:240 ) 0234 | 0-526 | 475-8
2800 | 0-451 | 0-408 | 0-140 583-8
2990 | 0-444 | 0408 | 0-150 | 683-3|( 2848/ 0-4475! 0-407%) 0-145 | 583-6
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XYZ system (C.IE. 1831): Selected wavelengths (sect. 51)

TABLE L
Standard white E
(v= 0333, y = 0.333)

TABLE M
1lluminant A
(= 0.447%, ¥ = 0.4077)

TABLE N
Illuminant B
{x = 0,348, p = 0'352)

TABLE O
Illuminant C
{x=2 0330, y=0:316)

| Ay | A

Ay

Ay

Ag

A

A | Ay

Ao | Ay ‘ Ay

423-7
4385
4468
4577
472:1

631-6
544-9
5634
560-0
666 &

570-4
674-8
§78-9
582-8
586-4

589-9
593-4
696-7
600-1
6036

606-9
8104
614-0
817-9
6221

469-7
4021
50448
512-1
5180

622-9
527-4
531-8
5365
539-3

5431
546-7
5603
5639
5674

561-0
564-6
8683
8720
576-9

579-9
584-1
6885
593-3
598+

804-3
611-0
6191
620-0
649.7

4104
4196
424:1
4274
4301

432:5
434-8
4370
4385
44141

443-1
445-1
4471
4491
451-1

4532
4562
4572
459-3
4615

4837
4660
468-5
471-3
4743

4779
4824
488-2
498-9
613-7

626-7
632-2
638-8
6480
885-4

4440
5169
544-0
6542
5614

667-1
§72:0
576-3
5802
5839

5872
590-6
563-5
5085
6994

802-3
6052
608-0
6109
613:8

6170
620-0
623-3
626-9
@308

8363
640-5
646-9
656-9
6736

487-8
6077
617:3
524-1
520-8

4164
424-9
4204
432-9
4360

438-7
441-3
4437
446-0
4483

450-5
4526
4547
4568
4588

460-8
462-9
464-9
487-0
469-2

471-8
474-1
476-8
478-9
483-4

4875
402.7
400:3
65084
526-7

634-8
630-4
543-7
547-8
661-7

5554
569-1
562-7
566-3
569-8

573:3
5769
580-5
5841
587-9

b0i-8
685-9
6001
604-7
8097

6152
6215
6202
630-7
660-0

4281
442-1
454-1
4681
527-8

6433
561-9
558:5
564-0
568-8

5781
6771
580-9
684:5
588-0

5914
594-7
5981
601-4
8047

8081
6118
8156-3
619:1
6233

472:3
494-5
6067
513-6
519-8

524-8
629-4
533-7
6377
641-6

541
5487
552-1
656 6
5590

5624
5658
689:3
572:9
6787

6580-8
5847
589-1
503-9
599-1

606-0
a11-8
610-9
4309
6607

414-8
4229
427-1
430-3
4330

4354
4377
439 9

44L 0

446:0
448-0
4500
4514
4539

4668
4578
469-8
461-8
463-9

4661
4684
470-8
473-8
4769

480-2
484-5
4902
4988
6152

628:0
633-4
6401
649-2
666-3

424-4
435-6
4439
462-1
461-2

473-9
5310
5442
552-3
558+7

5g4-0
568-8
5732
6778
6812

685-0
583-7
562-3
696-9
599-5

6032
608-9
610-8
614-9
6192

624-0
629-6
636-4
6462
6622

465+9
4804
600-4
508:7
515°1

414-1
422-2
428-3
429-4
4320

434:3
4386
4386
48
4425

4444
4463
482
4502
462.1

6206
5264
6520-8
5339
5377

5414
b44-9
548-3
5617
565+1

5685
561-9
5653
568-8
672+6

576+
5804
584-8
589-6
5048

6007
607-8
616-0
627-1
6470

4540
4559
457-9
4599
4820

464-1
4664
468-8
4714
4744

477-8
4819
487'3
4953
6116

i1*
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LIST OF SYMBOLS

A,BC

ayy
BB, By

‘B, B, B,
by.by.by

€1.69
E, A%

II'IEIIS

kaw,2
LyLyLy
!

mp.
N
o

?
(RGB)
R.G,B
R.G,B
RGE

v.g.b

( rRC Bl)
Rl' G', B
r’: gl' 1

(R"G"B")
R’, G‘l B
Tl o '

s
T
Uvw)
U: V, W
#,0,w
V}.
AR
(XYZ)
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II. LIST OF SYMBOLS

The numbers between brackets refer to sections

Uluminants (23)

Angstrém = Y,mp = 107 mm = 109 m (2

Absorbing power (42)

Coefficients of general linear transformation

Brightness (16, 17)

Names of primaries in the B,B,B, system; ttxchromatlc coordinates
in B, B, B, colour space

Distribution curves of the equal-energy spectrum in the B, B,B; system
(table B)

Trichromatic coefficients (coordinates in the colour plane) in the
B, B, B, system (table B)

Radiation constants (Planck's formula, 42,

Standard white; colour point of equal energy spectrum (23}

Power; cnergy radiated per second (12)

Energy radiated in a continuous spectrum in the wavelength mterval
=i 4-4%,

© 2./71828.... (an important constant in higher mathematics)

The isochrome directions of the dichromats; directions of coordinate
axes in R’ G’ B’ system (64.65)

Colour part, white part, black part in Ostwald's system (76)
L.uminosity coefficients (32)

Distance between two division lines (light - dark) uqed in the descrip-
tion of boundary colours (45)

Milli-micron = 108 mm = 10-* m (2)

Number indicating hue in Ostwald's system (76)

Origin of a coordinate system

Colorimetric purity (22, 35)

Trichromatic C.I.E, system (36)

* Names of primaries in RGB system

Trichromatic coordinates in RGB colour space

Distribution curves of the equal energy spectrum in RGE system
(table C)

Trichromatic coefficients {coordinates in colour pla.ne) in RG B system
{table C)

Trichromatic system of sect, 65

Trichromatic coordinates in R'G'B’ colour space

Trichromatic coefficients (coordinates in colour plane) in R'G'B’
system

Judd’'s U.L.S, trichromatic system (B1)

Coordinates in J udd’s U.C.S. system

Trichromatic coefficients {coordinates in colour plane) in U.S.C. system
(R*G*B*)

Spectral radiative power

Time ol vibration (2), temperature (42)

MacAdam's trithromatic system

Trichromatic coordinates in U VW system .

Trichromatic coefficients (coordinates in colour plane) in U VW system
International relative luminosity (visibility) (16, table D)

Relative luminosity for rod and cone vision

Trichromatic system C.LE. (ch.V)



LIST OF SYMBOLS

X, Y,z Coordinate axes in X YZ system
XYZ Trichromatic ‘coordinates in the XY Z colour space
XYZ Distribution curves of equal energy spectrum in X ¥Z system (table D)
x,9,3, Trichromatic coefficients (coordinates in colour plane or chromaticity
diagram) in X YZ system (table E)
X,y Denotations of human sex chromosomes (67)
(x'y'?) Trichromatic system (Breckenridge 81)
#'y's Trichromatic coordinates in the x'y’s system
x2 Trichromatic coefficients (coordinates in colour plane) in the #"y'z’
system
#'"y"s" | Displaced coordinates in the #'y'z’ colour plane; #” = 0.075 — #’;
Y=y—05 :
A delta Small increment of a quantity
€ epsilon Reflection factor (38)
€ Spectral reflection factor (38)
A lambda Wavelength (in my) (2)
A Complementary wavelengths
Ty Dominant wavelength
© mu Micron = Tloo mm = 107%m (2)
v nu Frequency (2)
T pi 3.14159....
= sigma Sum of'a number of terms
G sigma Excitation purity (35)
T tau Transmission factor
T, Spectral transmission factor (47)
c Candle (unit of light)
c/m’ Candle per square metre (unit of brightness) = IT:IW stilb
Ix Lux (unit of illumination) = 1 lumen/m?
Im Lumen (unit of luminous flux)
sb Stilb (unit of brightness) = 1 cfcm?
-C.ILE. Commission Internationale d'Eclairage
ILLBK Internationale Beleuchtungs Kommission
I.C.T. International Commission of Illumination
0.8.A. Optical Society of America (16)
U.C.S. Uniform chromaticity scale (5) (81)
+~-r Looks like, matches
Q Female
8 Male
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