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PREFACE

There is no useful mathematical weapon
which an engineer may not learn to use.

—Lorp KELVIN

This book does not purport to be a formal textbook on probability,
statistics, or logic.! It is a summary of certain working parts of these
sciences, designed for the practical man whose interest is centered in
his industrial or engineering work. It endeavors to place in his hands
a few practical working tools which, without any serious alteration in
his working principles, will enable him to do what he wants to do more
quickly, surely, and economically.

The presentation, therefore, is as brief as is compatible with clarity.
Controversial issues and statistical methods of lesser practical impor-
tance to industrial and engineering work are neglected except so far as
the discussion of them contributes to development of important
methods. Proofs, elucidating explanations, and methods too important
to be omitted altogether are minimized or covered in appendices.

The principles relating to inspection methods and statistical infer-
ence are predicated on recognized standard procedures or on research
conducted at the Ballistic Research Laboratory, Aberdeen Proving
Ground, incident to various ordnance problems, but principally in
connection with designing an inspection procedure for the Army for
determining the quality of reserve stocks of ammunition which have
suffered parim] deterioration. The principles relating to process
inspection and eonttol of manufactured products are predicated on like
grounds ‘#id on ‘experience at a Government manufacturing arsenal.
Tllustrativé®2amples from actual experience are altered so as to convey
no information of a military or engineering nature, but not in a way
to prejudice their illustrative value.

It is a pleasure to acknowledge my indebtedness to Dr. Walter A.
Shewhart of the Bell Telephone Laboratories, Dr. W. Edwards Deming
of the Department of Agriculture Graduate School, and Mr. A. Adele-

1 Some relevant textbooks on these subjects are listed under Literature Cited,
v
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man of the Technical Staff, Office of the Chief of Ordnance, without
whose unselfish counsel, advice, and criticism this work would not be
possible. I am also indebted to various members of the staff of the
Ballistic Research Laboratory, and the officers stationed at Aberdeen
Proving Ground, for many helpful suggestions.

This book is written primarily for use in the Ordnance School,
Aberdeen Proving Ground, for instructing Ordnance officers in the
minimum of statistical techniques necessary to their functions as
engineers, supervisors, and executives in technical and industrial work.
It is believed, however, that it is of especial value to professional men
in like fields to whom statistics is merely one of a number of convenient
tools for accomplishing their professional ends.

Lesue E. SimMon
Tus BavrisTic RESEARCH LABORATORY
ABERDEEN PROVING GROUND, MARYLAND
January, 1941
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AN ENGINEERS’ MANUAL OF STATISTICAL
METHODS

CHAPTER 1

INTRODUCTION
MAKING SENSE OUT OF FIGURES

Egad, I think the interpreter is the hardest
to be understood of the two!
—RicHARD BRINSLEY SHERIDAN: The Rivals

The advance of statistical methods. In the last few years the
increasing use of statistical methods has been too striking to have
escaped one’s attention, whatever his business or profession. A little
over a decade ago their use was confined almost exclusively to bio-
metrics and the social sciences. At the present time, however, their
application to engineering and manufacturing has been so success-
fully developed that to ignore them is sheer folly.

The development of any new product or new idea requires an ini-
tial outlay which yields no immediate return. It is not surprising,
therefore, that the initial development of statistical methods for
industrial and engineering use was confined almost exclusively to a
few corporations capable of maintaining large research staffs. The
pioneers in this field were prompt in employing the product of their
research with great economic advantage to themselves. Their
methods were investigated and their lead followed by many others of
the larger corporations so that, at the time of the present writing, a
list of the organizations using statistical methods reads like a Who's
Who in American industry.!

The fruit of this research and the guidance of its subsequent use
which has proved its value are now available to all. However, the
literature on the subject is written largely by and for statisticians.
The mode of thought and terminology are largely unfamiliar to the
uninitiated, and the practical man is likely to wonder what it is all

1 See Proceedings of the Industrial Statistics Conference, Pitman Publishing Corp., New

York, 1939.
1



2 MAKING SENSE OUT OF FIGURES

about and why he as an executive, engineer, or industrialist should
adopt these new methods when he is probably doing very well as he is.
Stripped of their verbiage, statistical methods become very easy, and
their application is still easier. It is believed that a simple illustra-
tion will show the plain, logical common sense behind statistical
methods, demonstrate their mode of operation, and at least indicate
some important ways in which they can be of service to the practical
man.

An ordinary sampling problem. Everyone is concerned with
drawing inferences from samples. Sampling is the heart and soul of
almost all specifications; and almost everyone is concerned directly or
indirectly with specifications. Sampling may be classified in two
ways: sampling by attributes and sampling by variables. The
former relates to the classification of articles in one of two ways; e.g.,
those which pass the go, not-go gauge and those which do not pass the
go, not-go gauge; those which function as intended and those which
do not function as intended; in short, those which possess any
assigned characteristic and those which do not possess that character-
istic. On the other hand, sampling by variables refers to classifica-
tion made on a continuous scale such as the length of a piece part,
the burning life of an electric lamp, the blowing time of a fuse, ete.
Since sampling by variables is somewhat more complicated than
sampling by attributes, let us first consider the simple case where 10
articles are selected at random from a large lot, batch, or consignment
of articles and, upon inspection or test, 9 prove good and 1 defective.
The sample might be larger or smaller, and the number of defectives
greater or zero; 10 and 1 are selected merely for the purpose of con-
venient illustration and because many acceptance specifications use
these actual figures, i.e., require that a sample of 10 shall be selected
at random and not more than 1 shall fail. This problem may be
regarded as a sample taken from one’s production line for the purpose
of estimating whether or not a current batch of product is of sufficient
quality to warrant its being sent out to service; it may be a sample
from a consignment of goods that is offered for acceptance; it may
represent the test of a few pilot models of a newly developed article or
apparatus; or it may be a specification that one’s product must meet,
and naturally one wonders how good he must make his product in
order that it will have a fair chance of passing the specification. The
important question is, what does such a type of sample or requirement
mean?
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Statistics has been defined as the art of making common sense out
of figures. Therefore, it is proposed to examine this requirement in
the light of ordinary unaided judgment, and in the light of statistical
analysis. This critical examination will reveal two rather startling
phenomena. The first might be called ‘“things are not what they
seem,”” for the discussion will show that small samples taken from a
moderately defective lot of articles are better than the lot more fre-
quently than they are poorer than the lot. This may sound strange,
so let me repeat it in figures. For example, if a lot of articles consists
of 9000 good articles and 1000 defective articles, and if this lot is
repeatedly sampled by random samples of 10, samples which have
a higher percentage of good articles than the lot will occur consider-
ably more frequently than samples which have a lower percentage of
good articles than the parent lot. The discussion of the second
phenomenon will show that specifications of the above type do not
specify anything in particular about the quality of the products
accepted thereunder, and that the accepted quality is practically
that which happens to be offered for acceptance. The discussion will
also show that, from an economic point of view, the manufacturer
need not make the best possible product to meet such a specification,
but instead may consciously set his level of quality so that the cost of
manufacture plus the cost of relatively infrequent rejections is a
minimum.

Casual judgment. In the light of ordinary unaided judgment one
would be likely to infer that a sample which is 109, defective came
from a lot which is 109, defective. Likewise, it might appear that a
specification of the above type would insure the acceptance only of
lots of articles which contain at least 909, good articles. However,
a moment’s reflection shows that this premise may be untrue, for the
percentage of good articles in a sample (or sample fraction effective)
is not necessarily the same as the percentage of good articles in the
lot (or lot fraction effective). The influence of chance in the selection
of samples precludes this very simplifying situation. Consequently,
some lots may be accepted on a basis of sample fraction effective
equal to or greater than 0.9, when the lot fraction effective is less than
0.9. Hence, these rather apparent estimates are faulty. Suppose,
then, that the casual estimate is made in a more conservative manner,
and let one say that lots of 0.9 fraction effective will be accepted only
509, of the timpes that they are presented. This estimate, of course,
implies that, in lots of fraction effective 0.9, the sample fraction
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effective will be greater than the lot fraction effective just as fre-
quently as it will be less than the lot fraction effective. Such a rela-
tionship cannot be accepted without proof; and it therefore appears
proper that one should inquire into the relationship between large
lot and small sample before attempting to draw an inference from
the observation of 1 defective in a sample of 10 or to place an inter-
pretation on the requirement that a sample of 10 shall not contain
more than 1 defective.

Relationship between small sample and large lot. Suppose then
that a large lot of articles is fraction effective 0.9. If a random sample
of 10 is drawn from this lot, one can figure by simple combinations
the probability that a random sample of 10 will contain 10 good
articles and 0 defective ones, 9 good and 1 defective articles, 8 good
and 2 defective articles, - - - 0 good and 10 defective articles. The
method is so simple and amusing that it is well worth giving.

If the fraction effective of the lot is 0.9, then 9/10 of the articles
in the lot are good articles. If a single article is drawn at random,
the probability that it will be a good article is obviously 0.9. If 2
successive articles are drawn, the probability that they will both be
good articles is manifestly 0.9 X 0.9 or 0.81. Similarly, if 10 successive
articles are drawn, the probability that all 10 will be good is (0.9)!°=
0.35. The probability of drawing 9 good articles and 1 defective
article is scarcely so easy, but not difficult at that. Such a sample can
be drawn by first drawing 1 defective article and then drawing 9 good
articles. The probability of drawing 1 defective article on the first
draw is 0.1. The probability of drawing 9 subsequent good articles is
(0.9)°. Thus the probability of 1 defective article followed by 9 good
articles is (0.1)(0.9)° or 0.039. This same net sample can be obtained
by first drawing 1 good article, then 1 defective article, and then 8
good articles. The probability of this event is (0.9)(0.1)(0.9)%, or
again 0.039. If this reasoning be continued for 2 good articles,
1 defective article, and 7 good articles, etc., one finds that there are
10 different ways of drawing a net sample of 9 good and 1 defective
articles, and that the probability in each case is 0.039. Therefore the
probability of drawing 9 good articles and 1 defective article in any
one of the 10 ways (which one is immaterial) is 10(0.9)°(0.1) = 0.39.
In like manner it can be shown that there are 45 ways of drawing 8
good articles and 2 defective articles, the probability of each of which
is (0.9)8(0.1)%, or a total probability of 45(0.9)%(0.1)2.= 0.19. The
process of arranging these combinations soon becomes very laborious;
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but it can be readily avoided, for one can see that the probability of
drawing ¢ defective articles in a sample of » is merely the number of
combinations that can be made of n things taken ¢ at a time, multi-
plied by the probability of drawing (n — ¢) successive good articles,
times the probability of drawing ¢ successive defective articles. Now,
by fortuitous circumstance, it happens that the first, second, third,
ete., terms of the expansion of the binomial (0.9 + 0.1)" are precisely
these numbers of combinations times these respective probabilities
for c =0, c =1, ¢c =2, ete. Hence, the probability of drawing ¢
defectives in a random sample of n articles is merely the (¢ + 1)th
term of the binomial. If one happens to remember the binomial
theorem he can write the expansion as:
nn = 1) 0 gyn—2(0.1y2. - -

12 (0.9)~2(0.1)
The general formula for the (¢ 4 1)th term can be conveniently
written as:

0.9)" + %‘(0.9)"—1(0.1) +

n! n—c (]
———————~(n =y 61(0.9) (0.1)°,
where n! is the product of all the natural numbers from 1 to n inclu-
sive and 0! is by definition 1. Thus, if @ is the fraction defective of
of the lot, and therefore 1 — @ = P is the fraction effective, then
one can at once calculate the probability of drawing ¢ defective
articles in a sample of n from the simple expression 2

n!
(n —¢)!cl!

which is easy when n is small but becomes increasingly difficult, even
with the aid of tables, when # is large. Pursuant to this well-estab-
lished procedure, Fig. 1-1 has been drawn to show the percentage of
times that random samples of 10 will be fraction effective 0.0, 0.1,
0.2, - - . 1.0, when drawn at random from a large lot of fraction
effective 0.9. The asymmetry of the curve is significant. It should
be noted that a lot of fraction effective 0.9 will yield a sample which
is perfect 35% of the time, a sample which is 0.9 fraction effective
399, of the time, and a sample which is of poorer fraction effective
than the lot only 1009, — 399, — 359, or 26%, of the time. (These

2 For a thorough discussion of the binomial, see Probability and Its Engineering Uses,
‘T. C. Fry, D. Van Nostrand, New York, 1928,

Pn —-ch,
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exact figures are 0.3486784401, 0.387420489, and 0.2639010709.)
Thus, it is obvious that samples of 10 taken from a large lot which is
109%, defective are better than the lot considerably more frequently
than they are poorer than the lot.

An additional line on Fig. 1-1 shows the distribution of samples
of 10 from a lot which is fraction effective 0.5. Note that this curve
is perfectly symmetrical; and there is no tendency for the sample to
misrepresent the lot, since samples which are better than the lot
oceur just as frequently as samples which are poorer than the lot.
Although rigorous proof would be tedious, a study of these curves

]

408 SAMPLES OF 10

2 3 4 5 6
SAMPLE FRACTION EFFCTIVE
Fia. 1-1,

will show that, the nearer the lot fraction effective is to 0.5, the less
skewed the curve, and the less the discrepancy between the frequency
of samples which are better than the lot and the frequency of samples
which are poorer than the lot. Similarly, the dotted line on Fig. 1-1
showing the distribution for samples of 50 from the lot of fraction
effective 0.9 shows that the larger the sample size the less skewed the
curve and the less the havoe played by chance in the selection of
samples. That is to say, if the sample is large enough, or if the
fraction defective of the lot is close enough to 0.5, this difficulty is
overcome. However, these are seldom the conditions met in prac-
tice. Thus the statement that small samples taken from a moder-
ately defective lot will be better than the lot more frequently than
poorer than the lot is proved. Hence, having observed 1 defective



A PHYSICAL DEMONSTRATION 7

in a sample of 10, one should rather suspect that the lot contains
more than 109, defectives.

A common-sense check on the relationship between sample and
lot. Someonie is likely to remark that the proof is only mathematical
and does not make common sense. Let us see if it does. Suppose
that the lot consisted of 10,000 articles, 9000 of which were good and
1000 of which were defective; and that 1000 samples of 10 were
taken; i.e., the lot was sampled until exhausted. The average of the
sample fractions effective would of necessity have to equal 0.9. Now
note that the sample can be better than the lot only by being perfect:
a margin of 1 unit. It can be poorer than the lot by containing
0,1,2..-8 good articles, which is a margin of up to 9 units. For
every sample containing only 7 good articles (2 below average), 2
perfect samples must be drawn to make up for it; for every sample
containing only 6 good articles, 3 perfect samples must be drawn,
etc. Thus, when the lot fraction effective is greater than 0.5, it
stands to reason that samples which are better than the lot must
predominate in frequency over samples which are poorer than the
lot, because the occurrence of just 1 sample (in the present example)
of 7 or less good articles would force this predomination. Statistics
will always check with common sense, or there is something the
matter with the statistics.

A physical demonstration of the relationship of sample to lot.
Occasionally some proponent of the proof-of-the-pudding-is-in-the-
eating attitude remains unconvinced by these arguments. To
convince these people by means of gestures, one of the laboratory
mechanics constructed the sampling machine shown in Plate I. At
the beginning of a discourse, such as that just given, the hopper of the
machine is loaded with 900 copper-plated steel balls and 100 chro-
mium-plated steel balls (the latter being regarded as defectives). The
adjustable mechanism on the front of the machine is set for sample
size 10, and a spectator is invited to operate the machine.. The steel
balls are continually agitated during sampling. The samples of 10
flow into the slot shown on the face of the machine. The operator can
tell at a glance whether the sample is better than the lot (perfect),
the same as the lot (1 defective in 10), or poorer than the lot (more
than 1 defective in 10). By rotating the sampling disk, samples
which are better than the lot are caused to flow into the right-hand
test tube; samples which are the same as the lot into the middle test
tube; and samples which are poorer than the lot into the left-hand
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Prate I—Machine for Sampling of Attributes.
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test tube. The photograph shows a typical run. Results are subject
to sampling fluctuations, of course, and seldom are 359, 399, and
26%; but out of a great many runs, there has never been (and,
incidentally could not be) a case in which samples poorer than the
lot exceeded samples better than the lot.

A statistical method of estimating lot quality. If ¢ failures out of n
have been observed, what conclusion is the practical man to draw,
and how is he to avoid a long analysis for which he has no time?
These questions are discussed briefly in the following chapter and at
length in Appendix A. If the practical man is willing to accept a
conservative procedure recommended therein, all he need do is look
on Chart 0.5 = I (see pocket on back cover) and read the value of
Qu (estimated lot fraction defective) which is opposite the intersection
of the appropriate ¢ curve and the appropriate n line. In the case of
¢ =1, n =10, it is 0.148. .

Analysis of some specifications. With the above discussion as a
background, the statements about specifications can readily be
proved. Calculating the probability that a lot of certain fraction
defective will produce any one of a number of kinds of samples at
once suggests the process of calculating the probability that a sam-
ple of certain fraction defective or less (e.g., that required by a speci-
fication) will be produced by any one of a number of kinds of lots.
All one has to do is fix n» and ¢, and substitute different values of P
and @ in the expression,

Pn—cQe
; (n — c) lel PrQe.
For a specification requiring that not more than 1 defective shall occur
in a sample of 10, this expression becomes (1 — @)" + 10(1 — @)"~1q,
which is the probability for not more than 1 defective wken the lot
fraction defective is Q. The solid line on Fig. 1-2 shows the result of
this operation for all possible values of @; and an examination of this
figure, which the author chooses to call the operating characteristic
of a specification, will throw a great deal of light on the whole mean-
ing of specifications of this type. Thus, one sees that if lots of articles
are submitted which are 109, defective they are not rejected 509, of
the time, as might appear from a superficial reading of the specifica-
tion, but only 269, of the time. A product which is fraction effective
0.95 would generally not be regarded as very good, yet it would pass
the specification more than 919, of the time. If it costs more money
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to make a product of good quality than of poor quality, it is but
natural (barring other influences) for a manufacturer to attempt no
level of quality beyond that which makes his cost per accepted article
a minimum. Thus, this type of specification renders quality almost
exclusively dependent upon margin of profit, which is a very ques-
tionable control, because a large margin of profit only encourages
poor manufacture, whereas a too small margin of profit may, of
course, readily hamper the production of good quality.

Again, noting Fig. 1-2, it is evident that if manufacturer A makes
a very good, but not quite perfect product, some of his lots will be
rejected; and if manufacturer B presents only very bad lots, some of

¢ IN A SAM
(o M A Fl NS TI

@®
o

o
o

20|

PROBABILITY OF }°C* DEFECTIVES
4 .
o
ACCEPTANCE

2 3 p s
LOT FRACTION EFFECTIVE
Fig, 1.2

his lots will be accepted. In general, if a large number of lots, all
having the fraction defective Q, are presented for acceptance, then
100P%, of the lots will be accepted and 100(1 — P;)% of the lots
will be rejected. The most discouraging factor, however, inheres not
in the rejection of some good lots or in the acceptance of some bad
lots but in the fact that the accepted lots in this case are no better than
the rejected lots. It should be further observed that, if only products
of any given level are offered, for example, the shaded area on Fig.
1-2, they will be accepted with occasional rejections. Although no
precise statement can be made as to the proportion of accepted prod-
uct at any given quality level without a knowledge of the number of
lots presented at each quality level, nevertheless it is obvious that
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the average of the accepted quality will differ little from the average
of the presented quality, and that the limits are the same. For the
shaded area of Fig. 1-2, and equal frequency of all kinds of lots,
the average quality levels are 0.85 (presented) and 0.86 (accepted).
It is therefore clearly evident that the quality of product accepted
under the old type of specification is practically that which happens
to be offered for inspection.

Furthermore, it is obvious that the specification is no reliable key
to the quality of products that will be accepted thereunder, and that,
if estimate one must, the only rational way to approach the problem
is to make some assumption to the effect that a manufacturer who
suffers more than some percentage of rejections (say 25%) could not
stay in business, and then to take the quality level corresponding to
this percentage of rejection as specification quality. Specification
quality is to all intents and purposes simply that which happens to
be offered for acceptance; and also it appears that the only way to
prevent the acceptance of poor quality is by preventing its being
offered for acceptance. After this exposition, it appears needless to
dwell on the effect of retest provisions which are generally a part of
specifications. It is obvious that, since they operate only on rejected
lots, they can serve only to reduce still further the level of accepted
quality.

Failure of the independent small sample to detect poor quality.
One might suspect that these weaknesses could be relieved in some
degree by reducing ¢ to 0, thereby allowing no defectives in the
sample. This is a stratagem which is frequently employed in praec-
tice. The dotted line on Fig. 1-2 is the operating characteristic for
the specification requiring 0 failures out of a sample of 10. It is true
that it somewhat reduces the chances of acceptance of poor quality;
but its penalties fall both on the just and the unjust, and it results
in rather high rejections of relatively good quality. Unless a manu-
facturer attains perfection, a rather fantastic ideal in practice, it is
almost impossible for him to have a reasonable assurance of escaping
chance rejections. Try what alterations one will with this quite
popular type of specification, it is like the poor cooper’s barrel: if it
does not leak at the spigot, it leaks at the bunghole.

So much for destructive criticism. It is important to know that
time-honored methods of making sense out of figures are quite
defective in the accomplishment of their objective, uneconomical,
and frequently unfair; it is more important to know what can be
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done about it. Statistical methods enable one to write specifications
which offer reliable assurance of the quality of products accepted
thereunder, which are fair to producer and consumer, and which
minimize chance rejections of good quality and chance acceptances
of poor quality. The method is so logical and simple that it can be
outlined in a few brief paragraphs; and, although the discussion will
be from the viewpoint of specifications, it will also become evident
that by using similar interpretative means one can depend upon
small samples in checking the quality of one’s product, in sampling
consignments of goods, ete. It is believed that the procedure can be
most clearly presented by first making just a few observations, then
giving an example, and then outlining the underlying principles.

The general situation confronting the sampler. It is rather
obvious from the foregoing discussion that an important thing to
know is the manufacturer’s quality level. This is important for two
reasons; first, in order that steps may be taken to correct the faulty
manufacturer or stop the influx of his product; and second, because,
without a knowledge of the general quality level of the relatively large
stock from which a single lot comes, it is quite impossible to predict even
the approzimale quality of the lot from the observation of a small sample,
even though the sample is perfect. However, with a knowledge of the
general quality level of manufacture, obtained from more extensive
sampling, statistical methods (as has already been indicated) fre-
quently enable one to predict the limits within which sampling
fluctuations should vary 509, of the time, 909, of the time, or practi-
cally all of the time. As long as the results of sampling are within
limits of the order of size last enumerated, the variation from sample
to sample may be attributed to chance, and no action taken. How-
ever, the occurrence of sampling results outside of the limits of chance
fluctuations is a strong indication that the manufacturer has changed
from his previously established satisfactory level of production.

To illustrate just what is meant without going into the theory
behind the procedure, which is briefly explained in Chapter V, a part
of a specification governing the velocity dispersion or uniformity of
complete rounds of ammunition will be cited. Velocity is measured
on a continuous scale; hence this is a case of sampling by variables,
whereas the previous -discussion was concerned with attributes.
However, it is not believed that the change will result in any con-
fusion, and opportunity is afforded for illustrating both types of
sampling. The same phenomensa previously described still obtain,
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viz., the tendency of the small sample to misrepresent the lot favor-
ably (in this case with respect to smallness of dispersion), and the
inability of the small sample to furnish an efficient independent basis
for inference regarding the quality of the lot. Although average
velocity is an important consideration in ammunition, only uni-
formity or velocity dispersion is being considered at the present time,
and the measure of dispersion used is the simplest. It is variously
known as maximum dispersion, bracket, or range, and consists merely
of the difference between the highest and the lowest value in a series
of observations.

The two specifications which must always exist. Prior to writ-
ing the specification, a careful study was made of items of this sort,
and it was determined that the article could be economically and
efficiently manufactured with such uniformity that the average
range of groups of 5 would not exceed 0.729 of the average velocity.
This is taken as specification quality. The aim or goal of the speci-
fication, therefore, is to accept practically all lots which are of speci-
fication quality or better, and to minimize the chance of acceptance
of lots which are poorer. -This is the design specification as dis-
tinguished from the acceptance specification, and the point wherein
the writers of specifications sin most grievously, for it should be
obvious that a person is ill equipped to write a specification for a
thing unless he has a clearly defined idea of just what is wanted in the
first place. The acceptance specification merely defines the quantity
and kind of evidence that will be accepted as sufficient that the
product will meet the specification goal.?

The discussion has proceeded sufficiently far for it to be obvious
that the evidence submitted must satisfy three criteria: (a) from a
relatively large initial sample, it must show that the manufacturer’s
quality level does not appear to be poorer than specification quality;
(b) that the character of the product (uniformity) does not appear to
be such as to preclude prediction from sample to lot; and (c) that by
statistical tests there be no indication of a change in quality level as
successive small samples are taken from successive lots. In setting
up numerical values for these criteria, use will be made of the fact that
it can be shown statistically ¢ that, if a product is statistically uniform,

3 These ideas are admirably expressed in ‘‘Some Aspects of Quality Control,”” W. A.
Shewhart, Mechanical Engineering, December, 1934.

4 Chapter V explains the basis of this relationship for standard deviation. A similar
relationship can be shown to hold for range; see Appendix C.
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the range of very few samples of 5 will exceed 2.085 times the average
value of this statistic for all samples of 5. Now let us quote the per-
tinent parts of the specification and see how they operate.

Example of a specification based on statistical methods.

1. The first lot of a series. Thirty samples shall be selected as
nearly as practicable in the order of manufacture, tested, and the
results arranged in 6 subgroups of 5, in the order tested. The
range (greatest value minus least) of no subgroup of 5 shall exceed
2.085 times the average range of all 6 subgroups of 5, nor shall the
average range of the 6 subgroups times 2.085 exceed 1.5%, of the
specified velocity.

2. Subsequent lots of a series. Five samples shall be selected at
random, tested, and the range of the 5 observations shall not exceed
1.5%, of the specified velocity.

3. Assignable causes. If the range of a sample of 5 represent-
ing a lot other than the first exceeds 2.085 times the average range
of all previous groups of the same series, steps shall be taken to
discover the assignable causes for fluctuation from the standard
of the product (these steps are described elsewhere). If, at any
time, the acceptance of a lot as prescribed above causes 2.085
times the average range of all accepted lots of a current series to
exceed 1.5%, of the specified velocity, the next lot submitted shall
be considered the first lot of a new series.

Operation of the statistical specification. Figure 1.3 is a graph-
ical exposition of the operation of this type of specification. The
first six dots show how the manufacturer’s quality level and apparent
uniformity of product are established by a relatively large sample
from the first lot.5 Thereafter a running record is automatically kept
of the status of the manufacturer’s supply to date. In Fig. 1-3 the
unit of measure of dispersion has been changed from percentage of
velocity to feet per second, as this is simpler and is the usual practice.
The individual dots do not purport to show the relative merit of the
lots they represent. Statistical methods clearly show that an
attempt to distinguish between lots on a basis of such small samples
is quite hopeless. They do show, however, that there is no reason
for not believing that the lots come from the same level of production;

$ If sampling were by attributes, much larger samples would be required. The com-
parison, however, is nonetheless valid.
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and the solid central line gives quite a reliable indication of that level
to which the whole group belongs. Lot 13 is, of course, a rejection,
as such a fluctuation (well outside of the 9939, chance limits) cannot
be readily attributed to chance. It is important to note that para-
graph 3 of the specification calls for action when a point falls outside
of the manufacturer’s chance limits, even though it is still within the
specification limit. This is necessary because such an occurrence indi-
cates lack of statistical uniformity in the manufacturer’s produect;
and, without this control, one is no longer justified in making pre-
dictions (i.e., that lots do not appear to be other than essentially the
same) based on small samples. The occurrence of a point such as
that associated with lot 13 may be due to a change in process, change
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in raw materials, careless workmanship, sabotage, ete. It is worth
while to note that in practice a rejection of this type should not occur,
for one of the most valuable features of this type of chart is its ability
to predict trouble before it actually occurs. The general trend of
lots 7 to 12 inclusive indicates increasing dispersion, and it would be
thoroughly evident to one familiar with statistical methods that a
rejection would soon occur unless the manufacturer quickly did some-
thing to check the tendency for his process to change.

Figure 1-4 shows an approximate operating characteristic for the
specification just deseribed. If a manufacturer produces lots of
articles which are just barely specification quality, he has a theoret-
ical probability of 0.995 that each lot will pass. This probability is a
function of the factor 2.085, which involves some assumptions regard-
ing the variation in the product. Actually the probability of passing
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may differ somewhat from this theoretical figure; but, in any event,
the manufacturer of just barely specification quality stands a quite
reasonable chance of justice. If the product is of somewhat better
quality, the probability of passing is even better. Admittedly, the
specification allows a possibility of acceptance of lots of poorer than
specification quality; but let us examine the nature of this possibility,
for it is hedged in two ways: First, the manufacturer has to establish
a satisfactory level of production before he has an opportunity of
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offering lots for acceptance on the small-sample basis. Second, even
though he may by chance secure the passage of one poor lot, the
chance of his passing two or three lots becomes increasingly remote;
and then, when caught, he must begin all over again with a new first
lot of a series. A detailed discussion of the writing of specifications is
given in Appendix D.

It therefore appears that statistical methods have yielded several
important advantages, even in this simple and rather fragmentary
example. A real specification quality has been established which is
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certain to be at least fairly closely met by the accepted product. The
real quality of lots of the same series (or grand lot), whether of barely
specification quality or materially better, will be quite accurately
known from the position of the solid central line on the chart. The
chance of acceptance of any material proportion of products which
are of poorer than specification quality has been made very small;
and likewise, the chance of rejection of lots equal to or better than
specification quality has been minimized. Surely the good manufac-
turer would prefer the latter type of specification to the former, for it
assures him of a fair deal; but the poor manufacturer would surely
prefer the former, which is less rigorous in separating the good from
the bad and hence allows him a percentage of successes based on the
gambler’s chance. A noted financial authority advertises, “If you
must play the market, learn the rules.” Everyone engaged in any
occupation whatever must play the game of probability and chance.
1t therefore appears expedient to know the rules, and at least protect
oneself from the ravages of chance, if one cannot make chance his
slave rather than his master.

The case in favor of statistical methods. The avowed purpose of
this Introduction was to show the practical man his need for stat-
istical methods, their closely knit relationship with plain common
sense, and their ease of application. The need appears to be rather
evident, whether one is in the position of buyer or manufacturer, for
frequent samples from one’s production line, used in the manner out-
lined, are marvelous aids to economy® of process and quality of
product. The common sense, however, had perhaps better be pre-
sented in summary: (1) The small sample is not sufficient evidence
for judging the large lot, hence must be supplemented by other knowl-
edge. (2) This knowledge is readily available in the form of hind-
sight predicated on past performance. (3) Statistical inference, like
many other methods of acquiring knowledge, makes use of the
process of postulating a hypothesis and then checking to see whether
observed results probably would have arisen under the conditions of
the hypothesis. (4) One therefore makes the hypothesis that suc-
cessive lots are essentially alike; and the small sample, though insuffi-
cient as an independent index of quality, is sufficient under these
conditions for judging whether or not a change appears to have taken

8 For a discussion of large savings actually accomplished by means of quality control,
see ‘‘Statistical Analysis of Metallurgical Problems,” by Edward M. Schrock, Supervisor,
Statistical Division, Jones & Laughlin Steel Corp., Metal Progress, Aug., 1940.
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place in quality level. (5) It is then necessary only to determine what
the quality level is, either from a single large sample or from the long
run of small samples.

As for ease of application, it is not at all necessary for one to
compute a whole series of probabilities as was suggested in the devel-
opment of the first operating characteristic shown in Fig. 1-2. Ordi-
narily, one is not interested in an exact probability, but only in the
fact that the probability is very remote or quite proximate. Hence,
for practical purposes a few simple levels of probability such as 0.5,
0.9, 0.995, etec., suffice. Charts of these probabilities have been
worked out in advance, so that in application one can read one’s
data directly from the charts. In short, it may be said that, whereas
not all statistical methods are being offered—that would be quite
beyond the scope of any moderate-sized book—nevertheless the
methods which appear to be of principal importance in engineering
and industrial work are being offered, with nothing more in the way
of mathematical preparation asked of the reader than grocery-store
arithmetic in most instances and high-school algebra in others.
Detailed proofs of procedures cited in references or worked out in the
appendices or notes are more exacting, of course; but it is presumed
that he who wishes to investigate such details will have the moderate
additional background to render the task not only light but even
entertaining,.



CHAPTER 1II

INSPECTION OF A SINGLE LOT OF ARTICLES—SAMPLING
BY ATTRIBUTES

Ce que nous connaissons est peu de chose,
ce que nous ignorons est immense.
—LAPLACE

A method of estimating lot quality. If one merely notes the
presence or absence of some quality characteristic in a series of sam-
ples and counts how many articles do or do not possess it, the sampling
is by attributes. Thus, for example, in sampling a consignment of
alloy die castings, one might count those which possess blow-holes and
those which do not possess blow-holes. The same consignment might
be further classified into those which are corroded and those which
are not corroded, those which pass the go, not-go gauge and those
which do not, ete. (When measurement is made on a continuous
scale such as length, volume, or weight, the sampling is by variables.)
Since defects of various kinds are generally of importance, it is con-
venient merely to speak of those which are defective and, conversely,
those which are effective, and allow one to classify defectives as one
wishes.

The following discussion refers to small samples from large lots.
One of the most frequent problems one meets in sampling is: a certain
number of defectives, ¢, having been observed in a sample of n articles,
and nothing else about the lot being known, what inference may one
draw regarding the true but unknown proportion of defectives, @, in
the lot; and what probable limits can one assign as the maximum and
minimum proportion of defectives to expect in the lot? It was shown
in Chapter I that the small sample from a large lot of moderately
defective articles tends to misrepresent it favorably, and that the
‘assumption that the lot fraction defective is the same as the sample
fraction defective will lead one to an unduly low estimate of the
defectiveness of the lot more frequently than to an unduly high one.
To correct for this tendency of the small sample to misrepresent the

lot favorably, and to yield an answer to this perplexing question,
19
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Chart 0.5 = I¢ has been supplied.! This chart makes no assump-
tion regarding homogeneity and is equally applicable to a shipment
of electric-light bulbs from Japan, a carefully controlled and highly
uniform product from a modern plant, or a heterogeneous mixture
of lots: it requires only that the sample be random.? Thus, having
observed ¢ defective articles in a random sample of n articles and
possessing no other information, one finds the intersection of the
ordinate erected at the appropriate value of sample size, n, with the
curve corresponding to the number of defectives, ¢, and reads the
corresponding value of Q). This is a middle-most value of the un-
known lot fraction defective, arrived at by considering all possible
values of the lot fraction defective as equally likely, finding the
probability that each would produce the observed sample, and then
selecting the middle value thus found. Hence this is a value which
under these conditions will yield an estimate which is too high just
as frequently as it is too low. For example, suppose that one has
observed 1 defective article in a sample of 50 articles. Looking up
the intersection of n» = 50 with the curve for ¢ = 1, one reads
Qu = 0.0325, not 0.02, as one would estimate from c¢ divided? by n.

1 Charts of general use are in a pocket at the back of the book.

The unusual nomenclature “Chart 0.5 = I¢” is adopted because it is peculiarly de-
scriptive of the true nature of the chart. The appropriateness of the symbology inheres
in the relationship between the charts and the solution of mathematical functions called
the incomplete beta-function ratio on which they are based. The incomplete beta-function
ratio has the property of summing the terms of a binomial expansion, and in the symbology
here employed would be written Ig(e, n — ¢ + 1), thereby designating a probability equal
to the sum of the last n — ¢ + 1 terms of the expanded binomial [(1 — Q) + Q]* Here
are four variables: the probability (which is the value of the incomplete beta-function
ratio), ¢, n, and Q. Values of ¢, n, and @, having been fixed upon, the incomplete-beta
function ratio yields the value of the probability. However, in practical work one gener-
ally prefers to fix the value of the probability and solve for the value of ¢, n, or Q. That
is to say, the inverse solution of the incomplete beta-function ratio is wanted. That is
precisely what the charts do. They fix the probability, Jq(, n — ¢ + 1), at 0.5, 0.9,
0.995, etc., and offer a solution for any one of the other three variables, ¢, n, or Q for any
fixed values of the other two. Hence, one can solve all possible binomial expansions be-
tween n = 1 and n = 500 for these respective fixed values of the probability, and the
charts are rigorous solutions for whatever problems the summations of the binomials are
solutions. (Incidentally, only a few of many possible uses are mentioned in this book.)
Hence, it is appropriate to designate the charts by the symbols 0.5 = Iq, 0.9 = I, etc.
Plotted values of ¢ and n sometimes differ from their true values by == 1 for reasons given
in Appendix B.

* Random is merely defined as unbiased. Further discussion of the practical meaning
of random is given in Appendix A.

3 The reader is likely to wonder why cognizance is not taken of lot size. Lot size is
important: (1) if the withdrawal of a sample with an unusually large or small proportion
of defectives can materially alter the proportion of defectives in the remainder of the lot;
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The precision of the estimate. However, the estimate of 0.0325
may be higher or lower than the true lot fraction defective, and one
undoubtedly wishes some objective means by which he can judge how
much the true value is likely to differ from the estimate. This:
information is supplied by Charts 0.1 = Iy and 0.9 = I and also
by Charts 0.005 = I and 0.995 = Ig; but they must be read a little
differently, and in accordance with directions printed on the face
thereof, because they have been designed to fulfill most conveniently
their principal use, which is associated with another problem. Thus,
looking up n = 51, ¢ = 1 on Chart 0.1 = Ig, one reads Q. = 0.0105;
and the accompanying interpretation is that, under the conditions
stated, the probability is only 0.1 that the true @ is less than 0.0105.
In like manner, looking up n = 51, ¢ = 2 on Chart 0.9 = Iy, one
reads Qy = 0.0740; and the probability is 0.9 that the true @ is less
than 0.074.

Thus, having observed 1 defective in a sample of 50, one has three
estimates of the true but unknown lot fraction defective: a middle-
most value, 0.0325, and two bounding values, 0.0105 and 0.0740,
such that the probability is 0.9 that the true value is greater than
the former and less than the latter. If these values are too widely
spaced, so that the sampler feels that he must have an estimate in
which he can have more confidence, then there is just one thing to
do: take more samples.

A little experimentation with these charts will soon show that
rather larger samples (of the order of 200 to 400) are required to
yield estimates with fairly close limiting values. However, lacking
evidence other than the sample, there is nothing that can be done
about it. There simply is no more information in the sample itself,
and any alternative one may choose other than that of utilizing addi-
tional evidence is almost certain to prove to be nothing more or less
than a comforting delusion. Ways to reduce this huge sample size
by logically and mathematically combining existing engineering
knowledge with the evidence of the sample will be discussed in
Chapter I11. .

The probabilities 0.1 and 0.9 (or a probability of 9 chances out of
10 that Q is greater than one value and a probability of 9 chances

(2) if the sample tends to exhaust the lot significantly. However, for example, probabili-
ties for a sample of 50 drawn from a lot of 1000, 10,000, or infinity, in general, differ so
little that from a practical point of view the distinction can be ignored in drawing small
samples from large lots.



22 INSPECTION OF A LOT BY ATTRIBUTES

out of 10 that it is less than the other) is selected for no reason other
than the fact that people are rather accustomed to think in these
terms. If one desires higher probabilities, one can use Charts
0.005 = Iy and 0.995 = Iy in precisely the same manner that
Charts 0.1 = Ig and 0.9 = Iy were used, thereby obtaining limits
(although much wider) for the probability of 199 chances out of 200,
or a probability of 0.99 that @ lies between them.

The logic of probable judgments. At this point, it is worth while
to reflect for a moment on the nature of probable knowledge. One
might ask the question, what are the limits within which Q certainly
lies? It does not take mathematics, but only a moment’s reflection,
to answer this question. No empirical knowledge is ever certain.
From the cradle to the grave, one must of necessity act on knowledge
which is probable only. If the lot contains N articles, one is not cer-
tain of the lot fraction defective @, even when N — 1 have been
sampled, for there is still uncertainty regarding the Nth article.
Thus, for a sample containing 0 defectives out of 500, Chart 0.5 = I4
gives the estimated value of Qi as 0.0014, which is small indeed, but
which indicates the impropriety of assuming the lot to be perfect.
If the sample is from an infinite source, such as successive experiments
to determine the acceleration due to gravity, certainty can be associ-
ated only with an infinite sample, which, of course, is impossible.
The certain limits of Q are 1.0 and 0, and they are certain only
because one has defined them that way; those are the limits that
one’s concept of a fraction prevents one from exceeding.* Hence,
with the sample size fixed, the width of the probable limits merely
varies with the probability; and increased knowledge is available
only through increased sample size. The probability level selected,
be it 0.9, 0.95, or 0.995, may therefore be unimportant. It is only the
interpretation placed upon results which is important, and the 0.9
probability is recommended merely because it appears to be suited
to customary habits of thought.

Furthermore, it should be observed that a great deal of nonsense
has been written about probability, and the subject has received a
great deal of unwarranted abuse, because of failure of people to make
a common-sense distinction between cold, mechanical, objective prob-
ability and subjective, wish-tinged, personal attitudes. Some writers
have called limits such as those just derived confidence limits. They

4 Reference is made to Chapter X of Mind and the World Order, C. 1. Lewis, Charles
Scribner’s Sons, New York.
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are nothing of the sort. Confidence is subjective, arises from within
oneself, and is subject to a gamut of influences ranging from objective
facts to personal idiosyncrasies and unsuppressed superstitions. Thus,
for example, two people presented with the same evidence, viz., 1
defective in a random sample of 50, and cognizant of the associated
objective probability limits, might feel quite different degrees of con-
fidence, especially, let us say, if one is the buyer and the other the
seller. Again, the same evidence and the same objective probability
limits might give one quite a different degree of confidence on a morn-
ing when it seems that ‘“all’s right with the world” from what the
same conditions would make one feel on, let us say, the morning after
celebrating New Year’s Eve. Probability is a most useful tool in aid-
ing the frailty of human judgment, for it is quite impossible for even
the shrewd but untutored mind to estimate situations as unerringly
and consistently without it as with it; but to fail to distinguish be-
tween objective probability and subjective confidence is prejudicial to
its intelligent use.

Another error which is perhaps more common and more injurious
is the failure of persons to distinguish between probable judgment and
indisputable fact. Some go so far as to say that true Q is what it is,
and there is no probability about it, with the idea that the statement
is at least prejudicial if not a death blow to probability. The state-
ment is absolutely true, but it is not for one moment at variance with
probable judgment. The statement that the probability is 0.8 that
true Q lies between 0.0105 and 0.074 does not require for its truth
that @ actually lies between these limits. It only requires that it be
genuinely probable, on the basis of the evidence presented and under
the conditions stated.

Probability is always relative to certain evidence and conditions.
Having taken 50 additional articles and found 0 defectives, one now
has the evidence n = 100, ¢ = 1; and the corresponding probable
judgment yielded by the charts is that the probability is 0.8 that the
true Q lies between 0.005 and 0.038. Both statements are eternally
true and neither contradicts the other, for each is relative to different
evidence. An illuminating example of one’s subconscious recognition
of the relativity of probable inference to the evidence presented is
embodied in the old bridge saying that “one peek is worth two
finesses”’—an absolutely correct evaluation. Given all relevant data,
a thing is certain. Given anything short of this, the judgment must be
probable only, and the probability is relative to the data given.



24 INSPECTION OF A LOT BY ATTRIBUTES

The statistical method as a mere aid to judgment. It is believed
that the use of the charts as described in this chapter is a valuable aid
in arriving at decisions in engineering and industrial work. Neither
engineering ability nor business acumen seems proof against the
human propensity for overconfidence in predictions based on scant
data; and the value of the charts perhaps consists more in showing
one what he does not know than in giving assurance regarding the
reliability of probable inferences. The rather mild assumption
involved in this predictive use, which is briefly described on the face
of the charts, is in general on the side of safety. It is a significant
condition, however, and, unless the reader is familiar with the subject
or does not care for a detailed explanation, he is advised to read the
simple but fairly complete exposition of the problem offered in Appen-
dix A.



CHAPTER III

INSPECTION OF A NUMBER OF RELATED LOTS OF
ARTICLES—SAMPLING BY ATTRIBUTES

There was never in the world two opinions alike,
no more than two hairs or two grains; the most
universal quality is diversity.
MicHEL DE MONTAIGNE: Of the Resemblance
of Children to Their Fathers

The limitations of sampling evidence. The procedure described
in Chapter II had as its objective the extraction of a maximum of the
information that exists in the sample itself. Nevertheless, results
were meager. For example, suppose that one were presented with
two lots of articles, one of which was really 19, defective and the
other 59, defective. The charts show that, with sample size 100, the
first lot will yield 2 or less defectives 9 times out of 10; and that the
second lot will yield 2 or more defectives 9 times out of 10. Thus, it
is obvious that even with 100 samples from each of the two lots the
probability of distinguishing between them is not so very high; in
fact, the probability of rating them in reverse order of merit could
scarcely be considered remote.! A plot of data from the charts which
is made in Appendix A unquestionably shows that for most purposes
sample sizes of the order of 300 to 600 are a minimum for achieving
satisfactory working estimates of the lot fraction defective from the
evidence of a sample, and that very small samples are not only prac-
tically worthless for distinguishing between lots (except where
defectives are overwhelming), but likely to be positively misleading.

The value of engineering judgment in conjunction with sampling.
On the other hand, sampling is expensive. When the sampling proc-
ess is destructive, as in testing the blowing time of electric fuses,
function testing ammunition, etc., large samples are absolutely pro-
hibitive. Practical men know perfectly well that they have long
experienced a reasonable measure of success with quite moderate
sample sizes, and will accept no such fantastic sample size (as 300 to

1 The problem of when differences in two samples significantly indicate a difference in

the lots sampled is covered in Chapter XI.
25
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600) on theoretical grounds, however sound. What is the basis of
this divergence of opinion between the perfectly sound practical man
and the perfectly sound theorist? It is not far to seek. The practical
man does not confine himself to the evidence presented by the sample.
He draws upon his engineering knowledge of the process and condi-
tions relating to the production of the type of article sampled, his
knowledge of the character of product made by cértain producers,
and his experience with similar lots of articles. He knows a great deal
about not only what the result of sampling should be, before the sam-
ple is taken, but also about whether or not he should pay any serious
attention to the test results after the inspection is completed. Un-
doubtedly he does not use this existing evidence in the most efficient
manner, for surely his method is subject to all the frailties and
human ills associated with the personal equation; nor has he any
scientific and formal process of arriving at his predictions, or of assur-
ing their consistency when made from time to time even under like
conditions. Nevertheless, he has a marked advantage over the most
precise theorist who is dependent solely upon the evidence presented
by the sample.

It has long been felt that an impersonal mathematical approach to
the problem, with cogent methods of analysis and scientific pro-
cedures, would be productive of even better results than the praectical
man’s moderate measure of success, if only the practical man could
put his additional knowledge in a form that the mathematician could
use. The practical man’s knowledge inheres almost exclusively in an
expert judgment that certain lots, classes, consignments, etec., of
articles are (for certain reasons known to him) essentially alike.
Attempts to combine these two types of special talents were severely
hampered because the mathematician wanted something in the
nature of an equation, and the type of additional knowledge which
the practical man uses never appeared to be conveniently adaptable
to equations. .

A method of combining practical judgment and sampling evidence.
Modern statistical methods, and principally those methods which
have been developed since 1924 in.-connection with the control of
quality of manufactured products, offer a simple and effective vehicle
for combining the knowledge gained from the sample with existing
engineering knowledge, with checks and balances on each so that
inconsistency between the sources of knowledge or scantness in either
source of knowledge is, in general, promptly revealed, thereby mini-
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mizing the probability of erroneous conclusions. The procedure for
reducing sample size by means of the application of engineering
knowledge is called the grand-lot 2 scheme. It can be outlined in a
few paragraphs. .

The grand-lot scheme. Suppose that, instead of sampling just
one lot, one is sampling a considerable number of lots (either simul-
taneously or as received). One groups together lots which for engi-
neering reasons are believed to be essentially the same into categories
called grand lots. In general, member lots of the grand lot should be
of the same manufacturer, made consecutively or at nearly the same
time, under essentially the same conditions, etc. Now, let us sample

. not the lot but the grand lot. The charts introduced in Chapter 1T
place no requirement on homogeneity and will apply * whether the
grand-lot judgment is good or poor. Furthermore, one can obtain
the huge sample size of 300 to 600 required by the conditions of
Chapter II by taking only a moderate-sized sample from the respec-
tive lots of the grand lot.

Let ny, ny, - - -, n, be the number of articles in each respective lot

sample. Therefore, the sum of the n’s, or Z n;, is the number of
. t=1

articles in the grand-lot sample.

Let ¢y, ¢, - - -, ¢, be the number of defectives in each respective

lot sample. Therefore, the sum of the ¢’s, or Z ¢;, is the number of
’ i=1

defectives in the grand-lot sample.
By looking up < n; c,-) on Chart 0.5 = Iy, one has

quite a precise estimate of the fraction defective Qr of the grand lot.
If one wishes a measure of the precision, he can look up the cor-
responding @y and @ on Charts 0.1 = Ig and 0.9 = I,.

Let it now be tentatively assumed that the respective lot fractions
defective are essentially the same as the grand-lot fraction defective.

3 This term is attributable to Mr. R. H. Kent of the Ballistic Research Laboratory,
Aberdeen Proving Ground, who first used it in connection with a study of-cannon powder,
wherein he facilitated his.work by combining similar lots together into a single lot which he
called a grand lot.

3 If the grand-lot judgment is good, i.c., the lots are the same, the sum of the random
samples from the lots is the same as random samples from a single grand lot. If the lots
are different the sum of the random samples from the lots constitute a non-random sample
from the grand lot, but the sample is better than a random sample (see Chapter 19, Yule
and Kendall, 11th Ed.). In this event, the charts are a trifle pessimistic. '
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That was the practical judgment. However, it will be readily
admitted that there may be relatively large isolated errors in this
judgment. Here Charts 0.9 = Ig and 0.1 = I, serve their more
important function. They instantly and rigorously solve a problem
which would otherwise involve a great deal of computational labor
and difficulty, viz., the problem of predicting, with a certain weight
or probability, the kind of sample a given lot will produce. Merely
by entering the charts with the grand lot @ and the lot sample size =,
they yield two values of ¢, cyop and cros, such that, if the lot frac-
tion defective is really @, the probability is 0.9 that a random sample
of n would not have contained more than cyqo defectives and the
probability is 0.9 that it would not have contained less thHan cpo;
defectives. A lot whose c is greater than cyoy is suspected of being
poorer than fraction defective @, for otherwise the probability is
0.9 or greater against this occurrence. A lot where ¢ is less than
c1o. is suspected of being better than fraction defective @, for other-
wise the probability is 0.9 or greater against this occurrence. Lots
whose samples fail to meet this criterion are termed suspected
mavericks, for they are suspected of not being of essentially the same
quality level as the grand lot.*

Test conditions are generally such that only one class of these
suspected mavericks should be subjected to a more extensive test in
order to determine their quality more precisely, for, if the grand lot
is satisfactory, lots which are better than the grand lot are satisfac-
tory. If the grand lot is unsatisfactory, lots which are poorer than
the grand lot are unsatisfactory. The lots whose samples fall between
cvo.p and cro.; are accepted as bona fide members of the grand lot and
tentatively assigned the grand-lot fraction defective. Thus the
mathematical method works hand in hand with and checks and
supports the practical judgment.

Test of the grand-lot judgment. However, there is still one
more logical check to be made. There are experts and experts, and
some judgments may be rather poor. One must be saved from
rash judgment. By entering Chart 0.1 = Iy with @ equals 0.1
(the probability basis of the chart) and n equals the number of lots
in the grand lot, one reads a value of ¢ such that, if the respective
lots are really of fraction defective Q, the probability is 0.9 that not
more than this number, ¢, of suspected mavericks would have

4 It should be noted that the probability is not 0.9 or any other assignable figure that
a suspected maverick is greater or less than the grand-lot level. This would be a most
misleading inference from so-called inverse probability.
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occurred above cyo.e. (The same criterion applies to the number
below czo.1, but it is recommended that the test be applied to only
one limit.) It is believed that the logical basis of this test is obvious,
for it amounts merely to assuming that the grand-lot hypothesis is
true, and then checking to see whether observed results would have
probably arisen under the conditions of the hypothesis.® If the
grand-lot judgment meets this criterion, the lots other than the sus-
pected mavericks are assigned fraction defective Qu; otherwise the
grand-lot judge is called upon to revise his grand-lot grouping, if a
logical basis for regrouping exists, or the grand lot must be abandoned
and resort made to individual sampling.

To one of a reflective turn of mind the question will arise whether
the grand-lot fraction defective Qs should be altered in view of the
elimination of the suspected mavericks. Obviously, one would like
to include in the estimate of Qu all suspected mavericks which are
not really mavericks, and exclude all others. A working rule to
accomplish approximately this end is offered. Enter Charts 0.005
= Jg and 0.995 = I, with the grand lot @ and the lot sample size n,
thereby obtaining two more values of ¢, cro.00s and cyo.ges, such that,
if the lot fraction defective is really @, the probability is 0.995 that
the sample would not have contained less than cp¢.005 defectives and
the probability is 0.995 that it would not have contained more than
Cuo.oos defectives. If any suspected maverick contains more than
Cuo.9es OT less than crg o5 defectives, it should be eliminated from the
grand lot, and the grand-lot fraction defective Qu recomputed. How-
ever, it is not generally necessary to repeat the remainder of the
analysis. The above action is necessary to keep an isolated error of
extreme character from unduly prejudicing the whole analysis.

Illustration of the grand-lot scheme. By way of illustration of
the operation of the grand-lot system, consider the following data
from the inspection of a tentative grand lot:

Lot n c Lot n c
1 40 1 7 40 3
2 40 2 8 40 1
3 40 2 9 40 7
4 40 5 10 40 2
] 40 0 11 40 1
6 40 4 12 40 1

Zn =480 Z¢c =29

§ The probability is specifically confined to an “if then” proposition: if the lot is of
the grand-lot level, then the probability is 0.9 against this occurrence. Whether the ob-
served sample represents a remaining 0.1 chance or some other chance is quite unknowable.
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Looking up n = 480, ¢ = 29 on Chart 0.5 = Iy, one reads the esti-
mated lot fraction defective @y = 0.062. Looking up @ = 0.062,
n = 40 on Chart 0.9 = Iy, one reads ¢4 = 1. The same coordi-
nates on Chart 0.1 = Iy give cyoo9 = 4. Thus, if a lot is really frac-
tion defective 0.062, the probability is 0.9 that it will not yield less
than 1 defective in a sample of 40 and the probability is 0.9 that it
will not yield more than 4 defectives in a sample of 40.

A plot of the data is shown in Fig. 3-1. Lot 5 is suspected of
being less defective than the grand lot. Lots 4 and 9 are suspected
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of being poorer than the grand lot. All the other lots are tentatively
assigned fraction defective 0.062.

Looking up @ = 0.1, n = 12 on Chart 0.1 = Ig, one reads ¢ = 2.
Thus the probability is 0.9 that, if the 12 lots are essentially the same,
not more than 2 suspected mavericks would occur above cyog. The
grand lot meets this criterion, and lots other than 4, 5, and 9 are
assigned fraction defective 0.062.

If this is a satisfactory grand lot, it is not necessary to retest lot 5
for it appears to be even better. Lots 4 and 9 should be retested with
8 larger sample size (generally the grand-lot sample size), to confirm
their quality.
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An appraisal of the grand-lot system. This system appears to
estimate quickly, simply, economically, and reliably the lot fraction
defective and to save as much as about 809 of the theoretical sample
size required for single lots. Very good grand-lot judgments are
desirable but not essential to the operation of the system, as very poor
ones will almost invariably be caught. Poor grand-lot judgments
result in retesting more suspected mavericks and serve to decrease the
efficiency of the system. Of course, if one ignored engineering judg-
ment, and deliberately juggled lots so as to meet criteria (thereby
nullifying the practical man’s contribution), the system would be
reduced to mere sampling of single lots on a small-sample basis.

The minimum grand-lot sample size and the minimum lot sample
size are contingent upon the precision desired. In sampling by attri-
butes the question of sample size is amazingly free of complex con-
siderations. The lot sample size must be such that lots of signifi-
cantly poor quality have a good probability of being detected. Mani-
festly, an inferiority in quality cannot be detected unless the sample
exhibits at least 1 failure. Henece, having decided on engineering
grounds what constitutes a significant deviation in quality—e.g., that
lots which are of fraction defective 0.04 or poorer should be classified
separately from those between 0.04 and perfection—one needs only
select a lot sample size, n, such that lots of fraction defective 0.04
have a probability, P, of yielding at least 1 defective in a sample of n.
For the probability 0.9, and @ = 0.04, the corresponding sample size,
n, is readily read from Chart 0.9 = I asn = 54. For other probabili-
ties one need only read the other charts in the a priori sense. For con-
venience, Fig. 3-2 gives this type of information for the probability
0.9 for a considerable range. In Chapter X, under tests of increased
severity, methods will be shown for reducing the sample size even
further. :

In general, the grand-lot sample size is dictated by some action
limit. For example, if one were going to scrap, rework, or 1009
inspect lots of articles which appear to be poorer than @ = 0.08, one
would wish a reasonable probability that grand lots of articles which
were significantly above this level, say @ = 0.06, would not by chance
be rated as poorer than this action limit. Figure 3-3 shows a chart for
minimum grand-lot sample size predicated on a probability of 0.9 of
not misgrading lots which are three-fourths as bad as the action
limit. This type of chart can be constructed for a variety of condi-
tions by entering charts Iy with initial data and plotting results. It
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may be remarked that, a considerable part of the time, the lot sample
size will force a grand-lot sample size of equal to or greater than the
minimum.

One may well question what one should do when there is not a con-
siderable number of lots on hand but when instead one is receiving
consecutive lots from a manufacturer. The answer has already been
implied by the discussion in the introduction. From the first few
lots, or at least from the first lot, one must take a large sample in order
to have a reliable estimate of the manufacturer’s general level of qual-
ity as measured by the fraction defective Q. From then on, one can
treat his successive lots as additional members of a grand lot, testing
each suspected maverick by a large sample to see if its quality is really
satisfactory. However, the occurrence of an extreme suspected
maverick (beyond the 0.995 or 0.005 limits) or an excessive number
of suspected mavericks should result in terminating the manufactur-
er’s grand lot and in making him qualify all over again.

It appears desirable to observe in closing this chapter that the
system outlined offers little that is novel. The procedure followed is
one of the most time-honored and reliable methods for gaining knowl-
edge, viz., the postulating of hypotheses, making assumptions, and then
testing to see whether or not observed results would probably have arisen
under the conditions of the hypotheses. The hypothesis that certain
groups are essentially alike, is tantamount to a concise way of sum-
marizing the practical man’s existing knowledge. The operational
procedure is frankly an adaptation of the principles of quality control,
which has been thoroughly tried in industry and is admirably described
in W. A. Shewhart’s, Control of Quality of the Manufactured Product.



CHAPTER 1V
PROCESS INSPECTION—SAMPLING BY ATTRIBUTES

Dead flies cause the ointment of the apothecary
to send forth a stinking savour- - -,
—Ecclestastes, Chapter 10, Verse 1

Advantages of statistical quality control. The inspection proe-
esses described thus far presumably were conducted after manufac-
ture. Their objective was either the rating of lots of articles in order
of merit, or the acceptance or rejection of lots. Process inspection
has to do with the control of quality during manufacture. Inciden-
tally it yields a highly reliable index of quality, but it has as its primary
objectives (1) uniformity of product, (2) catching trouble—i.e.,
detecting a change in product due to some trouble in process before
it has progressed to a serious stage—and (3) saving the manufacturer
money by helping him to do what he wants to do more efficiently
and economically.

For one who has any experience in the supervision of manufacture
it is unnecessary to dwell upon the vexing problem which arises when
everything just seems to ‘‘go sour”’ with the process, when the product
is terrible, rejections are occurring, and one damns everything from
the foremen to the raw materials, but does not know where to put his
finger on the trouble. Under a system of quality control this situa-
tion could hardly arise; but if it did, one would have some excellent
leads regarding the causes of the trouble. Another plague which
drives executives to early graves is the discovery of an unusual but
serious error in manufacture, and the concomitant tragic wonder
which arises regarding how many hundreds or thousands of the
product may have gone out to service before the error was discovered.
Quality control not only detects a change in quality promptly, but
frequently predicts the approach of trouble before it actually occurs.
Process inspection under a system of quality control gives better
inspection at less cost, effects a marked economy by reducing rejec-
tions, gives one an indubitable guarantee of the quality of the product,

34
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indicates ways of improving quality at no increased cost, and brings
to light much engineering knowledge regarding the process. But the
advantages of statistical methods are at most merely of incidental
interest in a book on methods and their application.

It is not proposed to discuss in detail the theory of quality con-
trol, the details of its manifold advantages, or even, thoroughly, its
mode of application. For these matters the reader is referred to
Shewhart’s original work ! on the subject or to a simplified and con-
densed version 2 of quality control prepared under the joint sponsor-
ship of the American Society for Testing Materials and the American
Society of Mechanical Engineers. It is proposed to give only the
irreducible minimum of simple directions essential to the practical
application of these powerful methods to some of the commoner prob-
lems, in the solution of which it has proved of greatest economic
value, and to offer a few simplifying and labor-saving shortcuts for
facilitating its use by persons more skilled in their particular fields
than in mathematics or statistics.

Conditions favorable to sampling by attributes. It has previously
been remarked that sampling of variables is in general more efficient
than sampling of attributes; i.e., one gains more information from
the inspection of a given number of articles. However, it sometimes
happens that it is cheaper to sample a large number of piece parts by
attributes (say by a go, not-go gauge or by passing articles over two
weighing scales set at certain tolerance limits) than it is to sample
a much smaller number by quantitatively measuring the variable
linear dimension, actual weight, etc. Again, it frequently happens
that no quantitative way of measuring a thing is known. For exam-
ple, the small primer which is assembled into the base of complete
rounds of ammunition appears merely to either fire or not fire when
struck by a given blow of a firing pin. Sometimes there is no con-
venient unit of measure of a quality characteristic;? for example, in
producing plated or painted surfaces, photographic film, etc., one may
resort to merely counting surface defects per unit area. Hence
process inspection by sampling of attributes cannot be omitted, even
though sampling of variables may offer more attractive results,* is
more frequently met in practice, and is in general preferable.

. .

'?:@m;.S.T.M. Manual on Presentation of Data, Second Printing, March, 1933,
A.8.T.M., Philadelphia.

3 This condition is given special treatment in Chapter VIIL
¢ See Chapters VII and VIII.
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Similarity of process inspection to the grand-lot scheme. When
process inspection is on a basis of sampling by attributes, the statis-
tical method known as quality control operates almost precisely like
the grand-lot scheme described in Chapter III. It is worth recalling
that the inspection system was drawn as a parallel to quality control.
The whole flux of continuous product corresponds to the grand lot;
the successive samples from increments of the continuous output
(call them sublots, batches, ete.) correspond to the samples from the
member lots of the grand lot. The hypothesis is to the effect that the
quality of the product remains essentially the same from increment to
increment; and samples which fall beyond the probable limits corre-
spond to the suspected mavericks and are indications of trouble in the
process.

The basic theory of quality control. The logic underlying quality
control is almost basic in its simplicity. Since the beginning of time
no two things appear to have been made exactly alike. Products
vary from article to article. Variability in the manufactured product
can be classified under two heads: (1) that which is due to the oper-
ation of a number of systems each composed of a large number of
chance causes, and (2) that which is due to assignable causes.® The
variability due to chance causes is inherent in the system of manu-
facture and cannot be materially altered without significantly chang-
ing the system of manufacture. The variability due to assignable
causes can be eliminated by discovering the assignable causes and
removing them. As long as the variability of the product is due only
to the operation of chance causcs, the product will follow the laws of
chance associated with the causes. Consequently, knowing these
laws, at least approximately, one can predict with corresponding
proximity the limits within which any assigned percentage of samples
of size n should lie. However, when an assignable cause of variability
enters the system, it will superimpose an additional variation upon
the chance variation, thereby causing samples to exceed the probable
limits. This is a parallel to the suspected maverick. Hence, the
statistical method will show the presence of an assignable cause of
variability.

Since samples are generally taken at regular intervals either with

8 Shewhart designates these as Assignable Causes Type I, and subdivides the chance
causes into two categories, one of which he designates as Assignable Causes Type II, which
consists of a system of chance causes, having a predominant effect, which can be discovered,

and at times eliminated with more or less concomitant change in system. The author
does not wish to go into this refinement in this book.
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respect to time or to multiples of units of the product, the method
frequently gives a good indication of the nature of the assignable
cause. It cannot be too strongly stressed that order of occurrence is
of great tmportance in this type of sampling; i.e., the sampling results
must be charted in the order of their occurrence. Once the order is
lost and the results scrambled, all the king’s horses and all the king’s
men cannot put the data back together again. The heart and soul
of the system consists in detecting whether samples taken not ran-
domly, but in some purposive order such as the order of production,
meet criteria associated with random samples. If so, it follows that
arbitrary order had no effect on sampling results, and hence that the
product did not appear to change with respect to a parameter such
as time; i.e., there is no reason for not believing that the product is
statistically uniform. Is that not simple and logical?

Order of occurrence is also helpful in indicating trends and giving
important leads regarding the causes of unwarranted variation. The
actual location and elimination of the assignable causes of variation
constitute an engineering problem. The above information, how-
ever, is all the engineer either needs or desires. The principal source
of power in the system may be regarded as its intelligent use of hind-
sight, since it considers not only the sample at hand but also its
predecessors. It should be remembered that, although the small
sample does not offer sufficient evidence for judging quality efficiently,
it does offer a sound basis for judging whether or not the increment
sampled appears to be essentially the same as its predecessors.

The relationship between cogency of hypothesis and probability
level. Again noting the parallel to the grand-lot scheme which was
drawn from quality control, one observes that his hypothesis in the
present case—viz., that the successive increments of processed prod-
uct are essentially the same—is much stronger. Consequently, it
takes a higher probability to cause one to abandon one’s hypothesis,
i.e., suspect real variation from the established level of quality. The
upper and lower limits of allowable variability in the number of
defectives, ¢, in a sample of size n which are generally taken in this
type of work are the mean number of defectives per sample, &, plus
or minus three standard deviations of ¢, o., where a standard devia-
tion of ¢ is computed as, o, = v Q1 — Q)n. The probability associ-
ated with limits computed in this way is very high for the upper (of
the order of 0.995) and very low for the lower (of the order of 0.005),
but varies considerably with different values of @, n, and ¢. This
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method has given splendid results in practice, and it is therefore more
with a view to eliminating the labor of multiplying out @ times
(1 — Q) times n and taking the square root of the product than to
remove a slight variation in probability that Chart 0.995 = Iq and
Chart 0.005 = I are supplied from which the limiting values of ¢
can be read directly. It is believed that an illustrative example will
clear up any doubts about the mode of operation.

An illustrative example. Figure 4.1 shows the results of test of
samples of size 40 taken from the production process of a component
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mechanism of a powder train anti-aircraft time fuze.® The plot
shows the number out of each sample of 40 which failed to function
(defectives) under the conditions of the test.” The dotted limits
shown in Fig. 4-1 are predicated on the first 17 samples of 40, con-
sisting of a total of 680 articles and showing a total of 180 defectives.

¢ As a statistical illustration, the chart is like the original, but the data have been
altered so as to render it entirely fictitious.

7 The large sample fraction defective does not necessarily indicate poor quality, for the
test conditions were made more severe than the working conditions; otherwise only
slightly defective batches would be likely to show no failures at all. The principles of this
type of testing are given in Chapter X.
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Chart 0.5 = I goes only to n = 500. For samples of larger than
500 one may just as well use the average sample fraction defective
for Q; i.e., §8% or 0.2647. Entering Chart 0.005 = Iy with Q =
0.2647, n = 40, one reads ® the nearest ¢ line as 18. The probability
is 199 to 1 against observing more than 18 defectives in a sample of
40 from a lot of fraction defective which is equal to the average of
the 17 samples. Hence, if sample 17 came from the average quality
level, the probability is extremely remote that it would have had 23
defectives. It is highly probable, therefore, that an assignable cause
of variation is operating to produce variation beyond that which
should be left to chance. One should note, however, that one cannot
say how probable this contingency is (see footnote regarding sus-
pected mavericks, page 29). Actually, there was an assignable cause
introduced between samples 10 and 11, and the lack of control shown
by sample 17 might have been at least suspected from the upward
trend (which could happen by chance) of samples 11 to 16.

If the information yielded by this chart appears meager, it is at
least highly probable knowledge and provides a sound basis for action,
which is appreciably more than one could say for unaided judgment
based on the mere observation of an apparently somewhat high sam-
ple. However, it will be shown in Chapters VI and VII that a
similar system based on sampling by variables appears to offer con-
siderably more guidance. It was remarked in the beginning that
sampling by attributes, although simple and cheap, has its dis-
advantages.

Initial conditions for quality control. In contemplating the
initiation of a system of process inspection based on quality control,
one naturally wonders how many points one should have initially
before looking up limits, and how frequently limits should be re-
assigned. The answer to such a question involves engineering and
economic considerations associated with the particular type of pro-
duction sampled, and hence does not readily admit of a general
answer. All statistical methods are merely tools in the hands of the
engineer and must be used with the same good judgment and com-
mon sense as other principles, methods, and tools. At least a partial
answer to this question, however, will be found in the example (taken

8 An approximation is involved here. The probability 0.0056 does not correspond to
a whole number of failures. In sampling of attributes, however, one cannot observe a
fractional failure; hence the only practical thing to do is to take the nearest whole number.
This results in varying the probability slightly from 0.005.
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from actual working conditions) of a simple quality-control system
given in Appendix C. In this example, all necessary details of the
quality-control system, including the number of points on which
limits should be based, are presented in only five pages, and so simply
that foremen and inspectors having no more than high-school educa-
tion successfully put it into operation without additional instruction.



CHAPTER V

INSPECTION OF A SINGLE LOT OF ARTICLES—SAM-
PLING BY VARIABLES

Great fleas have little fleas upon their backs
to bite ’em,
And little flcas have lesser fleas, and
so ad infinitum.
—Dg Moraan: A Budget of Paradoxes

The concept of frequency distribution. A discussion of sampling
of variables necessitates at least a rudimentary conception of fre-
quency distributions. However, such a conception is neither difficult
nor a matter of mere academic interest. Anyone either directly or
indirectly associated with repetitive process (either mass production
or repeated experimental observations) will find the concept a most
helpful background in visualizing and more completely understand-
ing his daily work.

To begin with, let it be observed that try as one will one cannot
produce any two things which are exactly alike. Suppose, for
example, that one were given a considerable length of dowel rod and
told to cut one hundred 2-inch lengths. Some would perhaps be 1.98
inches, some 1.99, some 2.01, and perhaps some, let us say, as far off
as 1.95, variation depending upon skill, kind of tools, ete. However,
the majority of the pieces would be closely clustered about some
average length, say 1.97 inches; and the number which occurred of
any given length would be less, as the given length diverged more
from the average. If a large number were cut, the distribution of
lengths would presumably be somewhat of the form shown in Fig.
5-1, where the width of the bars represents the limits within which
lengths of rods are grouped, and the height of the bars shows the
number in the group. That'is to say, small deviations from the aver-
age occur frequently, and large ones relatively infrequently. The
diagram is illustrative of a frequency distribution, and it is often quite
helpful to think of a lot of articles in terms of a frequency distribu-
tion, rather than as merely being between certain limits such as
would be determined by a go, not-go gauge.
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42 INSPECTION OF A LOT BY VARIABLES

A smooth curve through the centers of the tops of the bars of
Fig. 5-1 is representative of what is variously known as the error
law, the Gaussian law, the probability curve, or normal distribu-
tion.! It is shown in Fig. 5-2, where the average is represented as X
(the average of the measured characteristie, X), and the dispersion
of the individuals about the average is measured in standard devia-
tions. The standard deviation is conventionally represented by the
Greek letter, o. The equation of this curve is well known, and under
normal law, plus and minus 3¢ includes practically the whole universe
(theoretically 99.73%,). Plus and minus 0.6745¢ includes 50%, of the
total X’s—hence the familiar term probable error (the 509, zone),
i.e., the error which is as likely to be exceeded as not.
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Fia. 5-1. Schematic Frequency Distribution of Lengths of Rods

The average and standard deviation. It is thus apparent that
when one samples any lot, universe, or population he is, in general,
either consciously or unconsciously seeking estimates (a) of the cen-
tral tendency (the average, X), and (b) of a measure of the dispersion
of the individuals about that center (the standard deviation, o),
whether he thinks in these terms or chooses others. Knowing the
average and the standard deviation, one would know everything
about the whole distribution, if only it were normal.

The assumption of normal law is a most popular and comforting
simplicity. In practice, distributions are at best somewhat skewed,

1 There are many other well-known distributions. For example, the work of Chapters

11, III, and IV involves the Bernoulli distribution; that of Chapter VIII is predicated
upon the very skewed Poisson distribution.
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flattened, or peaked, thereby playing havoc with precise percentage
zones, derived in the conventional manner. Yet, almost every time
one reads an empirical constant together with a precision measure
such as 324.074 + 0.006, where the 0.006 is quoted as the probable
error, the assumptions have been made (a) that the universe is
normal and (b) that the estimate of the dispersion (P.E. or std. dev.)
is correct. These assumptions are practically never justified and
lead to grave error, as will become apparent as the practical procedure
about to be offered is developed.

Certainly one of the first requirements of a practical procedure is
that it must not purport to do what it cannot do. Furthermore, the
assumption of normality is generally not necessary. First, let it be
frankly admitted that in practical work one can never have precise
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Fie. 5-2. Schematic Diagram of a Normal Universe.
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probable limits. Is that a serious fault? In general it is not, for in
practical work it generally does not matter whether the probability
is 0.9973, or 0.95, just so it is sufficiently proximate or sufficiently
remote. Even if the admission of approximateness were a fault, it
would scarcely be the part of wisdom to exchange it for a spurious
exactitude. A simple chart method will be given for quickly arriving
at reliable probable limits; but instead of attaching any exact proba-
bility to the limits, they are frankly designated as fair]y probable (of
the order of 0.75 to 0.90), highly probable (of the order of 0.89 to
0.95), and extremely probable (of the order of 0.95 to 1.0). Only
one mathematical procedure will be asked of the reader, and that
procedure consists of the relatively simple process of calculating the
standard deviation. Even this calculation could be avoided in many
cases by use of a method outlined in Chapter XII and Appendix C,
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“but it is of such great fundamental importance that it should by no
means be omitted.

Computation of limits for X and 0. Given a set of observations
X,, X5, X3, - -+, X, the sample standard deviation, o, is calculated
by taking the average of these observations; subtracting the average
from each of the observations, thereby obtaining a series of devia-
tions from the average; squaring these deviations; taking the mean
of the squared deviations; and, finally, taking the square root of
this mean. For example, suppose that, during the cutting of a large
number of nominally 2-inch lengths of dowel rod, samples were
taken from time to time, until 20 samples were accumulated. Upon
careful measurement, the 20 samples proved to be as tabulated in
the column X. The remainder of the tabulation shows the calcula-
tion of the average and standard deviation.

COMPUTATION OF STANDARD DEvVIATION

X x -X) X — X2 X X-X) | Xx-X»
1.95 0.02 0.0004 1.98 0.01 0.0001
1.99 0.02 0.0004 1.95 0.02 0.0004
2.01 0.04 0.0016 1.95 0.02 0.0004
1.96 0.01 0.0001 1.96 0.01 0.0001
1.95 0.02 0.0004 1.96 0.01 0.0001
1.97 0.00 0.0000 1.95 0.02 0.0004
1.96 0.01 0.0001 1.97 0.00 0.0000
1.98 0.01 0.0001 2.01 0.04 0.0016
1.95 0.02 0.0004 1.99 0.02 0.0004
1.98 0.01 0.0001 1.98 0.01 0.0001

n

E X;=3940 X =197

=1
n
E (X; — X)? = 0.0072
i=1

0.0072
¢=_[—— = 0.019
\/ 20
That is to say,

&"=1\W
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Now, let it be observed that, although small samples do not yield
an average which tends to differ consistently from the lot average
(as small samples by attributes tend in general to yield consistently
a smaller fraction defective than the lot fraction defective), never-
theless the average based on a small sample may obviously be greater
than or less than the true lot average, owing to the influence of
chance in the selection of samples. One therefore wishes some esti-
mate of the limits within which the true lot average probably lies.
These limits are given by the Alignment Chart for Reading the
Probable Range of Error in an Observed Mean. In the present
instance, the observed mean, X, is 1.97; the observed standard devi-
ation, o, is 0.019; and the sample size, n, is 20. By placing a straight
edge on the chart and lining up 20 (the sample size) on scale A with
19 (the significant digits of the observed standard deviation) on
scale B, one reads 91 and 136 on scales C and D, respectively. Plac-
ing the decimal point by inspection,? we may therefore say that it is
highly probable (probability of the order of 0.90 to 0.95) that the
lot mean lies between 1.97 + 0.009, and that it is extremely prob-
able 3 that the true lot mean lies between 1.97 =+ 0.014. This state-
ment graphically transmits a great deal of information about the
average of the lot. If one wished the probable error of the mean
(or theoretically 0.50 probable limits), it could be readily computed
by multiplying 0.0136 by 0.2248, thereby obtaining the answer
1.97 + 0.003. However, probable error is not theoretically correct,
except in the classical normal distribution; and, from the practical
viewpoint, it seldom offers sufficient assurance to be a satisfactory
guide to action. Hence, the limits offered by the chart are believed
to be preferable.

Interest is as frequently centered in the measure of dispersion as
in the measure of central tendency. Therefore consider the observed
value of the standard deviation, 0.019. It can be shown that the
standard deviation calculated from a small sample tends to be smaller
than the true standard deviation of the lot. (This is analogous to the
general tendency of the small sample by attributes to misrepresent

21f n is between 9 and 100, the reading on scale D is less than the observed standard
deviation, and lies between ¢ and 0.30. If n is less than 10, the reading on scale D is be-
tween ¢ and 1.7¢. No other rules for pointing off are necessary. The reading on scale C
is always 2 the reading on scale D.

31t is realized that several statistical technicalities are involved in this statement;
however, they are not of practical significance, in view of the fact that the stated proba-
bility is not numerically exact.
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the lot favorably, as explained in Chapter I.) Appropriate correc-
tion factors to allow for the effect of sample size in estimating the
true standard deviation can be readily calculated from Student’s ¢
distribution of o, and tables of these factors are published. However,
the observed standard deviation based on a sample of size n having
been calculated, the Alignment Chart for Reading the Estimated
Lot Standard Deviation will yield at once the value corrected for the
bias of sample size. Thus, by placing a straight edge on the chart
and lining up 20 (the sample size) on scale E with 19 (the significant
digits of the observed standard deviation) on scale B, one reads 20
(the estimated lot standard deviation) on scale D. Since the correc-
tion is small, the position of the decimal point is obvious, and the
estimated lot standard deviation is, of course, 0.020.

Estimation of the lot standard deviation. However, this esti-
mated lot standard deviation, like all statistics based on observations,
may be greater or less than the true standard deviation, owing to the
effect of chance in the selection of samples. The estimate is based on
a sample of only 20. One wishes to know the probable limits within
which the true standard deviation lies. The same chart supplies
these limits. By lining up 20 (the sample size) on scale A with 19
(the significant digits of the observed standard deviation) on scale B,
one reads 62 and 93 on scales C and D, respectively. Placing the
decimal point by inspection,® we may therefore say that it is fairly
probable (probability of the order of 0.75 to 0.90) that the true lot
standard deviation lies between 0.020 + 0.006, and it is highly prob-
able ¢ (probability of the order of 0.89 to 0.95) that the true lot
standard deviation lies between 0.020 = 0.009. One must ask one-
self, is this close enough? Only engineering judgment can yield a
practical answer, and all the statistics under the sun cannot relieve
one of this burden. If the answer is no, then one must take more

4 Biomelirika, Vol. 6, 1908, pp. 1-25.  Previously published by F. R. Helmert, 4strono-
mische Nachrichten 88, No. 2096, 122 (1876). See footnote on page 133.

5 If n is between 4 and 100, the reading on scale D is less than the observed standard
deviation and lies between o and 0.2¢. If n is less than 5, the reading on scale D is slightly
greater than o. No other rules for pointing off are necessary. The reading on scale C
is always § the reading on scale D.

% One may point out that this is an inverse probability—so it is. However, the avoid-
ance of the inverse probability generally has little effect on numerical results, and the state-
ment is valid because the stated probability is not numerically exact but is merely of the
order of thus-and-so. It is believed that practical application would merely be rendered
more complicated and not improved by more refined procedure, and this simplifying but
not misleading approximation will be found in subsequent instances of this character.
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samples. If one wished to get the so-called probable error (theo-
retically 0.5 probability), it could be readily calculated by multiply-
ing the D-scale reading by 0.2248, which yields an answer of =+ 0.002
in the present case. However, probable error is rapidly falling into
disuse; hence no scale is given for reading this corresponding
probability.

Thus, given the 20 observations regarding the nominal 2-inch
lengths of rod, one would estimate the average length of the lot to be
1.97 inches and judge that the individual lengths are distributed
about the average length with an estimated standard deviation of
0.020 inch; and one would make this judgment well knowing that
these figures which are based on a sample of 20 are inexact as indi-
cated by the probable limits. The important thing about knowing
the average and standard deviation consists in being able to judge
therefrom the distribution of the whole lot of articles with respect
to the quality characteristic under investigation; in this case, length.
Since plus and minus three standard deviations includes practically
the whole universe, one would judge that, if one continued to cut
nominal 2-inch lengths in this same way, practically all lengths would
lie between 1.97 inches =+ 3 X 0.02 inch, or between 1.91 inches and
2.03 inches. It should be noted that these calculated limits are much
wider than the limits between which the 20 observations actually
fell, viz., 1.95 inches to 2.01 inches inclusive. It is generally the case
that, in drawing a small sample from a large lot (an infinite lot, in
the example cited), the extreme members can scarcely be expected to
be included; and the calculated limits for the universe or lot will
considerably exceed (and justly so) the observed limits in the sample.’
However, in order to make this type of generalization, prior knowl-
edge must exist to the effect that this type of product is approxi-
mately normally distributed, or else certain types of tests should be
made which will be discussed a few paragraphs later.

At this point a moment’s digression appears advisable. Three
frequency distributions have been discussed, and not just 6éne. The

7 If one wishes other limits, the following formula is recommended:

1
2.26¢2°
where P is the proportion of the lot of articles and ¢ is the number of standard deviations.
Thus, taking ¢ = 1.5, one has P = 0.80. Approximately 0.80 of the lot of articles are be-
tween 1.97 =+ 1.5(0.20) or 1.97 &= 0.30. This formula is in general somewhat conservative

and may tend to promise of slightly less than true proportion between limits. Its nature
will be enlarged upon in Chapter X.

P=1-
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first is the frequency distribution of the quality characteristic, X
(length in this case), which is represented schematically in Figs. 5-1
and 5-2. The estimated values of the average and standard devia-
tion of this distribution were calculated, and as a consequence of these
values one can draw various deductions regarding the frequency dis-
tribution; e.g., that it is highly probable that practically all values
of X be between 1.91 and 2.01 inches (X =+ 30).

The distribution of averages. This frequency distribution gave
rise to another. That is to say, if samples of 20 are drawn from the
parent distribution, and the average observed, some averages will be
greater than others. These averages also form a frequency distribu-~
tion. This frequency distribution also has an average and a standard
deviation. The average and standard deviation of this frequency dis-
tribution bears a statistical relation to the parent distribution, and
could be calculated; and as a result of these calculations one could
draw various deductions about the frequency distribution of the
average of samples of 20; e.g., that it is extremely probable that the
true average lies between 1.97 + 0.014. In fact, such calculation is
the normal process; however the chart for means did this work. We
merely put certain statistics of the parent distribution in it; turned
the crank, so to speak, and it ground out the probable deductions.

The distribution of standard deviations.? In like manner, the
parent frequency distribution gave rise to a frequency distribution of
the standard deviations of samples of 20, which itself possessed an
average and standard deviation. It was not necessary, however, to
calculate these statistics (the average and the standard deviation), as
the chart for standard deviations gave the kind of probable judgment
needed for practical use.

It is not proposed to burden the reader with a theoretical discus-
sion of statistics; but if the concepts of the frequency distribution of
the statistics (average, standard deviation, etc.) of a parent frequency
distribution are kept in mind, the philosophy and logic underlying
all future discussion of statistical methods of dealing with variables
will become most agreeably simple.

The test of data for validity of predictions. The procedure out-
lined thus far will not appear very complicated even to one who has
never seen it before. Its application is exceedingly quick and simple,

$ For an excellent discussion of the subject matter implied by this chapter, see On the

Statistical Theory of Errors, W. Edwards Deming and Raymond T. Birge, The Graduate
School, Department of Agriculture, Washington, D. C,, 1938.
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and indeed the procedure has been applied in one form or another
for many years. However, there is a fly in the ointment. Except for
admitting that the probability is inexact, the principles governing the
procedure outlined are much the same as those on which time-honored
P.E. is based. The question was not raised whether one appeared to
be justified in applying this procedure to these data. This is a very
grave question, and it was never seriously raised from the time of
Gauss until the very recent present. This inaction was due largely
to ignorance, but is also attributable to the fact that no practical
way was known of getting an answer to the question. The failure to
raise this question has at times led to very distressing results. Shew-
hart ® has shown that, even in such precise work as Michelson’s
determinations of the wave length of light and Heyl’s determination
of the acceleration due to gravity, an application of this procedure
for determining probable limits yields results which are contradicted
by subsequent and equally precise determinations. That is to say,
quoted measures of precision, if quoted at all, were frequently wrong,.
Why? Because in applying this procedure one tacitly assumes that
the data behave as random drawings from a statistically uniform
product whereas the data may be (and not infrequently are) subject
to assignable causes of variability. If one is making predictions on
which no one can or will check, perhaps he can ignore this point with
impunity; but if one is rendering the predictions as a guide to prac-
tical operational use, as is generally the case with the industrial
statistician, hundreds or thousands of articles will be checked in
accordance with his prediction, and he is almost certain to be caught
if wrong. Hence, it appears highly advisable to make a check on the
statistical uniformity of the data—i.e., absence of assignable causes
of variability—for, unless the data are statistically uniform (and this
means the data of the universe), one simply cannot reliably predict
from sample to lot. Fortunately, modern statistical methods offer a
check which is indeed simple, and it will be illustrated with the data
used in the example just cited.

Illustration of test for assignable causes of variability. Divide
the data into small rational subgroups, according to some engineering
reason, if such exists; otherwise, into mere arbitrary groups in the
order of observation; then take the average and standard deviation
of each subgroup. By dividing the 20 observations of length into 5

9 Chapter 111, Statistical Method from the Viewpoint of Quality Control, W. A. Shewhart,
1939, The Graduate School, Department of Agriculture, Washington, D. C.
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subgroups of 4 observations each in the order of observation, the fol-
lowing statistics result:

X, =19775 o1 = 0.0238
X, = 1.9650 o2 = 0.0112
X, = 1.9650 o3 = 0.0300
X = 1.9550 o4 = 0.0100
X, = 1.9875 o5 = 0.0296
X =1.9700 7 = 0.0209

Then treat @ as an observed or uncorrected standard deviation,
and from the alignment charts, obtain the scale-D reading for n = the
subgroup size (4 in this example), and ¢ = 7 (0.0209 in this example).
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Fia. 5-3. Test for Assignable Causes of Variability by Control Chart Method.

This consists of nothing more or less than solving the frequency dis-
tribution of averages for samples of 4 for its probable limits and of
solving the frequency distribution of standard deviations of samples
of 4 for its probable limits. The reading for averages is + 0.039, and
the reading for standard deviationg is =+ 0.027. If a X should fall
outside of 1.97 =+ 0.039 or any ¢ outside of 0.021 =+ 0.027, it is highly
improbable that the data are statistically uniform, for, if the sub-
groups were really taken from a statistically uniform parent lot, the
probability is very high against this occurrence. A simple control
chart plot is strongly advised in this case (see Fig. 5-3), as the
graphic exposition has many virtues. If any points should fall out-
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side the control chart limits, one can quite assuredly conclude that
no reliable prediction is possible.

No points fall outside the control chart limits; hence there is no
reagson for not believing that the data are statistically uniform. It
does not follow that the universe is necessarily statistically uniform;
it merely has not been proved otherwise. However, experience
shows 1° that the meeting of this criterion by 25 subgroups of 4 is
indeed reliable assurance of uniformity. It is sometimes necessary
to accept the hazard of making tentative predictions, based on satis-
faction of the criterion by a considerably smaller number of samples
of 4, when the sampling is expensive or further sampling impossible
and there are cogent engineering reasons for believing the product to be
uniform. Under such circumstances the probable inference, of course,

_becomes more a matter of engineering judgment and less a matter of
statistical analysis. However, in offering tentative predictions based
on scant data one must recall the story of the weary man who went
into the restaurant and ordered coffee, toast, and a soft-boiled egg.
“Would you care for anything else?’”’ asked the waitress.

“Yes,”” said the customer, “A few kind words.” As the waitress
started silently away, after bringing his order, he asked, ‘“How about
the few kind words?” She deftly whispered, ‘“‘Don’t eat the egg.”

10 1933 A.S.T.M. Manual on Presentation of Data, Third Printing, August 1940 or
March 1941, reprinting, sce. 35.



CHAPTER VI

INSPECTION OF A NUMBER OF RELATED LOTS OF
ARTICLES—SAMPLING BY VARIABLES

Alle Kunst ist umsumst
Wenn ein Engel auf das Ziindloch brunzt.
—An Old Folk Saying

Comparison of the grand-lot systems for attributes and variables.
The discussion of the principles underlying the grand-lot scheme for
exploiting engineering knowledge in Chapter III and the discussion of
the nature of variables in Chapter V have laid a foundation for the
development of a grand-lot scheme for the inspection of related lots
when sampling by variables.

It is presumed in this case that (a) one is sampling lots of articles
which one has had on hand for some time or (b) that one is sampling
consignments from some company or manufacturer. The control of
quality of one’s own product is the subject matter of Chapter VII.
Of course, it is further presumed that one inspects the lot with a view
to estimating the constants of the distribution (in this ‘case the
average and standard deviation), in order that by means of these
constants one can further estimate the limits within which practically
all the articles of any lot will lie, or the limits within which any
assigned proportion will lie. The means of making such estimates,
knowing X and o, are discussed in Chapters V and X.

The grand-lot system devised for attributes cannot merely be
extended to apply to variables, because of some fundamental differ-
ences in the two problems. In the interest of clarity it appears advis-
able to consider some of these points of difference at the outset.

Variables are inherently more complicated than attributes. In
dealing with attributes there is no question about the functional form
of the universe (whether it is bell shaped, skewed, flattened, ete.) and
there is but one parameter of interest, viz., the fraction defective.
One cannot know the exact grand-lot fraction defective from the
observation of samples, but one can know it very closely; and having

chosen a grand-lot fraction defective, one can, subject to the sole
52
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assumption of randomness of sample, calculate absolutely rigorous
probable limits within which the observed sample fraction defective
should lie.

In dealing with variables, it almost appears that chance has sys-
tematically introduced obstacles to hinder one who would scientifi-
cally gain probable knowledge. The functional form of the universe is
practically never known, and to follow classical error and assume it to
be normal would surely be dangerous in practical work. One must
deal with at least two parameters (the average and the standard
deviation), and, up to the present time, theoretical knowledge regard-
ing the distributions of these parameters is incomplete. Hence, even
with values of the average and standard deviation assigned, exact
probable limits cannot be calculated within which sampling results
should lie; and anyone who claims so to calculate them is either
misinformed or indulging in such looseness of statement as to distort
facts misleadingly. However, as was indicated in the preceding
chapter, sufficient knowledge appears to be available for calculating
limiting probabilities; e.g., the probability is at least 0.95, 0.90, etc.,
that a statistic lies between certain limits.

By way of advantage, however, sampling of variables is, in general,
much more efficient with respect to sample size than sampling of
attributes; and consequently required sample sizes are in general
much smaller.

Pursuant to these observations, grand-lot schemes can be set up
for sampling by variables. Of course, there should at least be engi-
neering reasons for believing (@) that the lots of the grand lot are essen-
tially the same, and (b) that the respective lots were made under
conditions purporting to insure uniformity. Furthermore, two
schemes must be applied, one for averages and one for standard
deviations; also, both schemes must be applied to each quality char-
acteristic one chooses to investigate.

The grand-lot scheme for standard deviations. Suppose that
one has 15 lots of articles which on engineering grounds are believed
to be essentially the same with respect to the quality characteristic, .
X, which is sampled by variables. The matter of sample size will be
covered in Chapter X, but for the present let it merely be stated
that the grand-lot sample size should be relatively large, and that the
lot sample size should be at least 5. Suppose that samples of 5 are
taken from each of the 15 lots, and the average and standard deviation
of the sample from each lot calculated with results as shown in the
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second and third columns of Table 6-1. The table also shows the
detailed computation of the average and standard deviation of lot

1, the average of the averages, X, and the average standard devia-
tion, G.

TABLE 6-1
StarisTics OF A GRAND LoT OF ARTICLES

Lot X a n Lot X o n
1 10.14 0.15 5 9 9.95 0.14 5
2 10.02 0.06 5 10 9.93 0.12 5
3 9.80 0.18 5 11 10.05 0.12 5
4 9.90 0.34 5 12 9.90 0.22 5
b 9.98 0.19 5 13 9.66 0.45 5
6 9.82 0.17 ] 14 9.84 0.14 5
7 9.88 0.18 5 16 9.82 0.21 5

8 10.01 0.05 5 —_— P

2X = 14870 Zo =2.72

X = 991 ¢ = 0.181

Lor 1
X X -X) X - X)?
10.24 0.10 0.0100
9.96 0.18 0.0324
10.26 0.12 0.0144
10.29 0.15 0.0225
9.96 0.18 0.0324
50.71 0.1117
X =1014

Z(X - X)?
c = ‘/———
n
0.1117
= »"—5— = 0.15

It was observed in the previous chapter that calculations regard-
ing either the average or the standard deviation involve the true but
unknown standard deviation of the universe. In this case the uni-
verse is the grand lot, and the samples from the lot are merely
regarded as random samples from a subgroup of the grand lot. One
therefore wishes an estimate of o', the true grand-lot standard devia-
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tion. This could be obtained at once from the Chart for Standard
Deviations by setting off 5 on the E scale, 0.181 (which is &) on the
B scale, and reading 0.215 (which is the estimated ¢’) on the D scale,
if one only knew that the grand-lot judgment satisfied certain cri-
teria. It therefore appears that one should first test the grand-lot
judgment with respect to dispersion. This is easily accomplished by
means of a grand-lot scheme for standard deviations.

The first thing one wishes then is a pair of inner limits, beyond
which any point is a suspected maverick; and a pair of outer limits,

TEST OF GRAND LOT JUDGEMENT WITH

0.5 RESPECT TO DISPERSION
© .
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Fia. 6-1.

beyond which any point necessitates recalculation of the average
statistic (in this case 7). Entering the Chart for Standard Deviations
with 5 (the lot sample size) on the A scale, and 0.181 (the average
statistic) on the B scale, one reads! 0.131 on the C scale and 0.205
on the D scale. Limits are calculated as 0.181 =+ 0.131 (for suspected
mavericks) and as 0.181 =+ 0.205 (for extreme suspected mavericks). -
This amounts merely to saying that a lot which produces an average
standard deviation of 0.181 for samples of 5 has a fair probability
(of the order of 0.80) of producing a standard deviation of between
0.181 =+ 0.131 for any sample of 5; and a high probability of produc-

1 Pointing off by inspection as explained in Chapter V.
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ing a standard deviation between 0.181 =+ 0.205 (lower limit taken
as zero).? Figure 6-1 is a plot of this analysis.

One need go no further. Lot 13 is an extreme suspected maverick,
and must be eliminated from computations. Its o is 0.45; therefore,
subtracting 0.45 from Z¢, which is 2.72, and dividing by the reduced
number of lots (14), one has a new & of 0.162. Entering the Chart
for Standard Deviations with » = 5 on the A scale, ¢ = 0.162 on
the B scale, one obtains new probable limits of 0.162 =+ 0.122 and
0.162 =+ 0.183. Figure 6-2 is a plot of this analysis.

For the sake of clarity, one should note just what this figure
means. It merely states that, if all the samples (except lot 13) had
been drawn from a single grand lot of average standard deviation
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0.162 for samples of 5, it is fairly probable that the standard devia-
tion of any sample of 5 would fall between the inner limits and highly
probable that it would fall between the outer limits. This is almost
precisely the situation encountered in the grand-lot scheme for sam-
pling by attributes, and the inner limits are at sensibly the same
probability. Lot 4 is then, under this criterion, a suspected mav-
erick.* The test for rejection of the grand-lot judgment is obviously

2 The limits for suspected mavericks are merely =+ 2 standard deviations of the standard
deviation; the limits for extreme suspected mavericks are = 3 standard deviations of the
standard deviation. The order of probability quoted for these limits is much lower than
that associated with a like number of standard deviations of a"statistic under the familiar
normal law because of various unknowns connected with the distributions involved. See
Chapter X.

8 As in dealing with attributes, we abandon the engineering hypothesis of essential
sameness of lots, when the observed sampling results are such that the probability is of
the order of 10 to 1 against their occurring under the conditions of the hypothesis.
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the same as in the case of attributes; i.e., the probability is approxi-
mately 0.1 that a bona fide member of the grand lot will be a sus-
pected maverick above the line.t Looking up n = 14, Q@ = 0.1 on
Chart 0.1 = I, one reads a c of between 2 and 3; i.e., the proba-
bility is approximately 0.9 that not more than 2 suspected mavericks
will occur above the line in a bona fide grand lot of 14 member lots.
Since there is only 1 suspected maverick, there is no ocecasion to
reject the grand-lot judgment. Therefore, all lots except 4 and 13
should be assigned the grand-lot standard deviation, for one freely
admits that, on the basis of a sample of only 5, he cannot distinguish
between the other lots. The best estimate of the grand-lot standard
deviation is that ¢ which would produce an average standard devia-
tion of 0.162 in samples of 5. By entering the Chart for Standard
Deviations with 5 on the E scale and 0.162 on the B scale, one reads
the estimated grand-lot ¢ as 0.193 on the D scale. Whether one
further tests lots 4 and 13 or otherwise disposes of them is dependent
upon practical considerations.

The grand-lot scheme for averages. In addition to knowing the
standard deviations of the lots one must also know the averages of
the lots, before one can judge even approximately the nature and
extent of the frequency distribution® of the quality characteristic.
A grand-lot scheme for averages is therefore essential. Even to a
reader with no previous statistical knowledge, the design of such a
scheme is, by this time, rather obvious.

The first question that arises is whether lots which were suspected
mavericks or extreme suspected mavericks with regard to dispersion
should be eliminated from consideration with regard to averages.
It is obvious that a lot could be of quite acceptable average level and
still have a very large dispersion. Nevertheless, the standard devia-
tion is an essential parameter in the distribution of the average; and
consequently not so much precision could be expected of the aver-
ages of 5 taken from lots of apparently greater standard deviation as
from those of apparently lesser standard deviation. The practical
answer is more a matter of engineering than of statistics. However,

4For both practical and statistical reasons it appears better practice to count only
suspected mavericks above the inner limit.

5 Both average and dispersion are not always of great interest. For example, in many
types of ammunition a considerable latitude can be allowed in the average, because ap-
propriate correction can be set on the sights; but dispersion retains its practical impor-
tance. One’s major interest is then in the frequency distribution of the standard deviation
rather than the parent distribution of the quality characteristic.
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a moment’s reflection will show that little harm can be done by
retaining the suspected mavericks with regard to dispersion in the
grand-lot scheme for averages, but little could be gained by retaining
the extreme suspected mavericks, as one would be suspicious of them
whatever the result. This policy is therefore recommended.

If, therefore, referring to Table 6-1, the X of lot 13, which is
9.66, is subtracted from X, which is 148.70, and the difference is
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divided by 14, one gets a new X of 9.93. Entering the Chart for
Averages with n = 5 on the A scale, 0 = 0.162 (the & of the accepted
grand lot), one reads® the inner and outer limits” on the C and D
scales as =+ 0.175 and =+ 0.263. Drawing limits at 9.93 + 0.175 and
9.93 + 0.263 and plotting the points results in Fig. 6-3. There are
no extreme mavericks, so the computation of the estimate of the
grand-lot average, f, need not be repeated (the average of the
¢ Pointing off by inspection, as explained in Chapter V.

7 The inner and outer limits are at =2 and =3 standard deviations of the average,
respectively.
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observed averages is the estimated average; and the average of the
observed standard deviations must be corrected for sample size by
means of the chart, in order to get the estimated standard deviation).
Lot 1 is the only suspected maverick.

Now let one observe that the limits in the case of averages are
placed at a higher probability than in other cases.® The probability
is approximately 0.1 that a lot of true average equal to the grand-lot
average will yield a suspected maverick; therefore the test for rejec-
tion of the grand-lot judgment is different in the case of the scheme
for averages. As before, one enters Chart 0.1 = Iy with n equal to
the number of lots and Q@ equal®to 0.1, and reads the corresponding c;

TABLE 6-2

FiNaL Grapes or Lots oF A Granp Lot

Lot Estimated Estimated Lot Estimated Estimated
X 4 X 4
1 Unknown 0.193 9 9.93 0.193
2 9.93 0.193 10 9.93 0.193
3 9.93 0.193 11 9.93 0.193
4 9.93 * Unknown 12 9.93 0.193
5 9.93 0.193 13 Unknown Unknown
6 9.93 0.193 14 9.93 0.193
7 9.93 0.193 15 9.93 0.193
8 9.93 0.193

* An apparent figure, but not worthy of quite so much weight as the other tabulated figures.

but in the case of averages the total of the suspected mavericks both
above and below the limits must not exceed ¢. In this example c is
2 and the total of the suspected mavericks both above and below the
lines is only 1, so that the grand-lot judgment is not rejected.

The complete results of this inspection are given in Table 6-2.
It is worth while to note that the unknown X of lot 1 casts no doubt
on its ¢ of 0.193, because its variation was determined about its own
observed average and its ¢ is on an equal footing with the other ¢’s.
However, the unknown standard deviation of lot 4 casts doubt on

8 Reasons for the shift to higher probability can be inferred in part from Chapter V

and in part from Chapter X.
9 Grounds can be given for choosing @ somewhat smaller, and within the range 0.05

to 0.1.
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its average of 9.93 because a greater dispersion in this lot might
account for its observed average having by chance fallen between the
probable limits when its true average was somewhat distant from the
grand-lot average. That is to say, the scheme for averages is depend-
ent upon true standard deviations; the scheme standard deviations -
is independent of true averages. It might also be noted that lot 13
would have been a suspected maverick if it had been included in the
grand lot for averages, and the fact that it was a suspected maverick
below the bottom line would not even lend much assurance that its
true average was not greater than the grand-lot average; for, with
¢ unknown, anything might happen.

Results of the inspection system. One may well ask what has
been gained by this inspection system? Or, more specifically, how
much better is Table 6-2 than Table 6-1? One might answer that it
is better by the value of the engineering judgment that went into the
system, but that would be in the nature of an understatement, for the
system minimized human bias and frailty, and applied the engineering
judgment systematically, so as to admit of reproducibility and pro-
mote condistency. One does not need an expert to render these
grand-lot judgments. A clerk can do it on a basis of simple rules,
such as lots made by the same manufacturer, under the same draw-
ings and specifications, at about the same time, etc. In fact, a card
file system of data, some rules, a clerk, and the occasional supervision
of a qualified engineer is likely to prove better than some good old-
time experts. Under Table 6-1 there would have been 15 judgments
of standard deviation ranging from 0.05 to 0.45 and 15 judgments of
X ranging from 9.66 to 10.14, neglecting corrections for sample size
which would not improve their consistency. This is an overwhelming
percentage variation. Under Table 6-2 one frankly admits that 4 of
these 30 statistics are unknown, for judgment was at variance with the
evidence of the sample, in these instances. It is worth quite a bit to
know how much one does not know. As for the remainder of the
statistics, one frankly admits that the X’s are not exactly the same
and the ¢’s are not exactly the same; but one also knows that, based
on the sample size, they appear to be so near to the same that he can-
not detect a significant difference between them. That is to say,
statistically one lot represented by these values is the same as another,
and this statistical judgment checks with the engineering judgment.

An estimate can be made, however, of how much a member of the
grand lot can be expected to differ from its assigned value. If alot is
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of true standard deviation which would correspond to a central line
on Fig. 62, the probability of its inclusion in the grand lot is approxi-
mately 0.8; if it is of true standard deviation corresponding to either
of the dotted lines marking the inner limits, its probability of inclu-
sion in the grand lot is 0.5; if it is more remote, the probability of its
inclusion is, of course, less than 0.5. Since the central line is predi-
cated on a mean, and since the grand-lot judgment that the lots are
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essentially the same should be of at least some value, it stands to
reason that the lots of the grand lot should be considerably more
closely clustered about the mean value than at the limiting values.
Hence, the probability is very small that a final grand lot will contain
any considerable number of lots whose true standard deviations differ
from the grand-lot standard deviation by more than % the distance
between the inner limits. Consequently one may regard the inner
limits as a grand-lot band, in view of the facts that this band should
contain practically all members of the grand lot and that a member of
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the grand lot may lie anywhere within the band. Of course, the
members should be more dense in the center portion. The expected
distribution can be represented schematically in Fig. 6-4. The
width of the grand-lot band can be reduced as much as one chooses
by increasing the lot sample size.



CHAPTER VII
PROCESS INSPECTION—SAMPLING BY VARIABLES

Quoth she, I've heard old cunning stagers
Say fools for arguments use wagers.
—SaMUEL ButLer: Hudibras

Some advantages of quality control. The type of process inspec-
tion about to be briefly described pertains to that branch of industrial
statistics known as quality control. It is presumed that the reader
has some knowledge of the advantages of this powerful technique. As
an inspection process it renders an authentic guarantee of the quality
of the product, and it promptly detects variations in quality. As an
inspection system it is a most efficient method of inspection at
extremely low cost, for in general it not only reduces wastage in
product due to rejection but also effects a great saving in the labor of
inspection. However, its economic advantages extend far beyond this
phase, for through quality control one can maintain the variability
of the product between limits which are economic: i.e., it gives one a
very definite lead as to what variation should (from an economic point
of view) be left to chance, and what variability should be corrected,
thereby leading to the most efficient use of time, labor, and raw
materials. Incidentally, these are difficult types of judgments to
attain in practice without such an aid. It is a powerful technique for
securing uniformity of product. Only bare outlines will be offered
here. For more detailed information, the reader is referred to Shew-
hart’s original work,! the American Society for Testing Materials,!
or the British Publication, Applicatton of Statistical Methods to
Industrial Standardization and Quality Control.2 The method of proc-
ess inspection described in this chapter is based on standard devia-
tion, which, of course, requires the squaring of numbers and the
taking of square roots. The application is greatly simplified by means
of charts. The method of standard deviation is offered because of its
broad applicability and high efficiency, i.e., greater information from
a given number of samples.

10p. cit.
3 Edited by E. S. Pearson, procurable from the British Standards Institution, London.
63
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Practicability of simple systems of quality control. However,
conditions are frequently met in practice where it is more economical
to take a few more samples and avoid computational labor. This is
especially true, if the difference enables the employment of less
highly skilled labor. In that event the simple method offered in
Appendix C may be used to advantage; this method is based on
range, i.e., the difference between the greatest value and least value
in a sample.? Furthermore, the system based on range, although
completely described in only six pages, includes the necessary details
for setting up the system initially. By way of caution, however, it is
recommended that the system based on range be checked for a pre-
liminary period against the system based on standard deviation,
before depending upon the former alone.

Adoption of quality control without disruption of existing process.
Where production is already established, the institution of statistical
process inspection will, in general, occasion no appreciable change in
the things or quality characteristics for which one inspects. That is
to say, one merely continues to inspect for the same things for which
he previously inspected. These are generally the quality character-
istics upon which tolerances are placed by drawings and specifica-
tions.” The change lies in the method of recording (by simple control
chart), the interpretation of results, the number inspected (generally
less), and in the economic results. One must still inspect for each
quality characteristic of importance. The control chart will not tell
one what is wrong, but it will tell when the trouble occurred and
frequently will predict the approach of trouble before its actual
occurrence. In order to make the greatest possible use of the method,
it is necessary to keep the control charts up to date so that the process
will be under continual surveillance. The order of samples is also of
great importance. The location of the assignable cause of variation
(trouble) and its elimination are engineering problems. These
matters are discussed in more detail in Appendix C. The rating and
grading of articles on a basis of merit, taking cognizance of all their
principal quality characteristics, constitute the subject matter of
Chapter IX.

The details of computing the average and the standard deviation,

3 Range on a sample of 10 may be said to convey approximately the same information
as standard deviation on a sample of 9. If sampling is destructive, it may well pay to do
a little additional computational labor and use the smaller sample. If sampling means
merely taking another measurement, it may be more economical to take the additional
sample and save labor in computation.
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and of the use of the alignment charts, are given in Chapter V. With
this knowledge, and the background of Chapter IV, the details of the
quality control technique in sampling by variables can readily be
given by two examples.

How the quality control chart works. Figure 7-1 shows a control
chart* for a quality characteristic of an article not previously subject
to statistical quality control. In the case cited, the article was
thought to be very carefully controlled, from an engineering point
of view. It sometimes happens that a process not subject to statistical
control will show control; but processes subject to the highest type
of engineering control frequently show assignable causes for varia-
bility. The omitted half-hour points on April 1 indicate the usual
difficulties encountered in starting production on a new order. Dur-
ing such a period some type of 1009, inspection, usually by the
go, not-go method, is advisable. The points outside the extremely
probable limits (for averages) and highly probable limits (for stand-
ard deviations) observed on April 1 and April 2 indicate assignable
causes for variation both in the average and in the standard devia-
tion. Corrective measures taken at that time appear to have cured
the trouble with regard to dispersion, since no standard deviations
fell outside the limits on the next working day (April 5), but the
average weight still seemed to vary unduly from hour to hour.
Further corrective measures taken on that date were successful in
accomplishing statistical control. Only one dot fell outside limits
during the period April 5 to April 19 (a part of the chart is omitted).
On that date sampling was reduced (in view of the demonstrated state
of control) from 5 samples every 30 minutes to 5 samples every hour.

The relationship between the control chart and tolerances. The
question naturally arises regarding the relationship between the
information given by the control chart and tolerances set by draw-
ings, specifications, or other authority. In the present state of indus-
try, one seldom encounters a tolerance range expressed in terms of the
average and standard deviation. Neither engineers nor the consum-
ing public are as yet accustomed to thinking in these convenient and
most enlightening terms. Instead, the tolerance range is generally
expressed by stating that the product, meaning every article thereof

4 The method of computing the average (X) and the standard deviation (¢) and of
avoiding computational labor by reading limits directly from the Chart for Averages and
the Chart for Standard Deviations is covered in detail in Chapter VI. In process inspec-

tion the hypothesis of essential sameness from sample to sample is much stronger than in
inspection of related lots, and limits are always read from the D scale of both charts.
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trol chart. If it is remembered that practically all members of a

controlled product will fall within the average plus or minus three
standard deviations, it is a very simple matter to inspect the control
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chart after the plotting of 256 or more groups of 4 (showing control)
for the average and standard deviation and to calculate the limits
within which practically all the product will lie. Hence, at least
at the end of every lot, a notation should be placed on the control
chart in effect as follows:

“Approxlmabely all products between L; and Ls—
Allowed L; to Ly”

L, and L, are the over-all limits inherent in the process as calculated

from X =+ 3¢’ (¢’ being obtained from the chart for standard devia-
tions by reading the subgroups sample size on the E scale, & on the
B scale, and ¢’ on the D scale). In any sort of quantity production,
the number of plotted points will be at least several hundred; and,
if the chart does not indicate a lack of control, the manufacturing
limits are known with as extreme precision as that associated with
the majority of the world’s most precise scientific measurements.

The conditions under which percentage inspection is practicable.
The relationship between the manufacturing limits L; and L,, and
the designated limits L; and L, is a most important one. If the
manufacturing range L, to L, is definitely less than the tolerance
L, to L, and if there is no difficulty about the location of X’, per-
centage inspection with quality control y1e1ds most happy results.
However, if L; to L, is greater than L; to Ly, that is quite another
matter. Two points deserve utmost emphasis: (1) the manufacturing
range s inherent in the process, and nothing can be done to reduce it
without altering the process; (2) if the manufacturing range is greater
than the tolerance range, there is no way to meet the tolerance except
through 1009, inspection. If the inspection process is destructive,
of course 1009, inspection is impossible; and inspection, whether or
not destructive, is always expensive.

The contribution of quality control to design. It not infrequently
happens that upon the introduction of quality control in an estab-
lished process, the manufacturing range L, to L, is found to be sig-
nificantly greater than the tolerance range Ly to L;.- This situation
arises even when quality control has made a marked improvement
in the uniformity of the product. The answer to the paradox is two-
fold: First, in the absence of statistical methods, the judgment of
quality is generally predicated on taking a few small samples and
inspecting to see whether or not they meet the criterion L; to Lj.
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Such an inspection method does not begin to reveal the total varia-
tion in the product, and the interested persons are completely lulled
into a false sense of security regarding the uniformity of the product.
Second, the tolerance range L; to L is often very much smaller than
what is actually required (a) because experience has appeared to
indicate that it had to be reduced and reduced, in order to obtain
satisfactory products under the inspection methods extant, or (b)
because it was set merely by arbitrary authority. Where such a
situation is discovered, it is quite in the interest of all concerned to
face the facts frankly and revise the standard on a scientific basis.

However, if a tolerance range must be met which is less than the
manufacturing range (without 1009, inspection and elimination of
the non-conforming articles), then the process must be altered so as
to yield a product which has a smaller range of chance variation.
This is largely an engineering problem. The statistical method
merely tells the engineer what he has accomplished. For a statistical
method which may help the engineer in this problem, the reader is
referred to Chapter XXI of Shewhart.®

Some services rendered by the control chart. Figure 7.2 illustrates
the beginning of manufacture on an article, where a similar article
has been previously manufactured under a system of statistical
process inspection. It will be seen that in this instance there is no
evidence of lack of control even at the start, and that the sampling
is on a very moderate basis. The sampling on which the chart is
based was non-destructive and comprised about eight-tenths of 19,
of the product.’

It should be noted that a file of these charts give a detailed and
authentic record of the quality of each lot of product manufactured.
The information given is far superior to that which could be given by
almost any reasonable acceptance test. The cost of installation of
the system may be considerably less than nothing, because under
this system of process inspection, it becomes feasible in many
instances to replace 1009, inspection with percentage inspection with
no loss in precision of information or reduction in quality. In fact,
quality is almost always improved, wasted labor saved, and cost re-

*An actual account of such a procedure is given in “Deviations in Product Prove
Machine Performance,”” L. E. Simon, Product Engineering, December, 1936.

¢Op. cit.

7 As a statistical illustration the chart is as the original, but the data have been altered
8o as to render it entirely fictitious.
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duced. Furthermore, one really knows the quality of the product,
which, strange as it may seem, is not always the case even under 1009,
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inspection. Under percentage inspection one can afford much more
precise measurements than when all or a large part of the product
must be inspected. This type of process control is a potent factor in
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making the most economic use of materials, for it effects a factual
presentation of the situation with respect to manufacture and inspec-
tion; and thereby lays the groundwork for a meeting of the minds
between these two divisions and the engineering division; and paves
the way for the intelligent establishment of standards which are
economic,



CHAPTER VIII
THE SPECIAL CASE OF INDETERMINATE SAMPLE SIZE

All nature is but art, unknown to thee;
All chance, direction, which thou canst not see—
—ALEXANDER PorE: Essay on Man

There is a type of sampling which may be regarded as partaking
of the nature both of sampling by attributes and of sampling by
variables. This type of sampling occurs in the inspection of plated
work for surface defects, the examination of insulated conductors on a
basis of the number of breakdowns per unit length, the inspection of a
surface like photographic film or sheet metal, or the inspection of any
finished product for visual defects. It is concerned with the special
case of classification of articles according to the number of defects
per article as distinguished from a classification of articles into the
two simple categories defective and not-defective.! It is believed
that clarity will be enhanced in this very interesting case by dealing
with process inspection, inspection of a single lot, and inspection of
related lots, in a single chapter and in the order stated.

Process inspection. This is a type of sampling which production
men appear to regard as quite perplexing. However, the problem of
measuring this type of quality and of predicting the probable limits of
variation due to chance causes is easily solved by statistical methods.

If one were to regard an article which possessed 1 or more defects
as a defective, and if practically all articles possessed at least 1
defect, the fraction defective, @, would be unity, and the sampling

1 Specifically, the quality characteristic defect is a discontinuous variable. It is a
variable because it can tauke a number of different values. It is discontinuous because it
can have only discrete values. If a discontinuous variable is treated by manifold classifi-
cation, as is done herewith, the treatment results in a series of quantitative attributes as
distinguished from the mere gualitative attributes discussed in Chapters I, II, III, and IV.
Of course, if the treatment is reduced to the ultimate crudity of only two classes, one has,
in effect, a qualitative attribute. An enlightening discussion of these classifications is
found in Chapters 1, 5, and 6 of An Introduction to the Theory of Statistics, Eleventh Edition
G. Udny Yule and M. G. Kendall, Chas. Griffin & Co., Ltd., 1937.
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would mean nothing. However, a moment’s reflection will show that,
even in a sample of 1 article, the sample size with respect to the
number of possible defects may be almost infinity; i.e., there is an
almost infinite number of points at which a defect could occur. If a
considerable number of articles have been inspected and the average
number of defects per article is ¢, the problem of measuring practi-
cally the full range of variation due to chance is reduced to merely
finding two numbers, cy and ¢z, such that the probability is 0.995
that not more than ¢y defects will be observed in a single sample
when the average number is ¢; and that the probability is 0.005 that
less than ¢;, will be observed under like conditions. It is presupposed
that variation is due to chance in random samples. Failure to meet
the criterion, of course, implies other than chance causes of varia-
tion. This happens to be a type of problem which is capable of
ready and rigorous solution.?  Solutions for all values of ¢ up to 40
are given by Fig. 8-1.

Thus, to operate a quality control system on this type of article,
one should take a single sample (an article, a given area of a surface
material, a given length of cable, ete.) every hour, every 50 articles
produced, or other unit of spacing. After having inspected a con-
siderable number of samples, compute ¢ and look up the ¢y and ¢,
associated with this value of ¢ on Fig. 8-1. Any sample which has
a number of defects not within the range cy to ¢y, is an indication of
an assignable cause for variability.

For example, suppose that, in the production of brass cartridge
cases, approximately every fiftieth case from a production line is
inspected for folds in the metal or foreign inclusions (surface defects),?
with results as shown in Table 8-1 (example is fictitious). On look-
ing up ¢ = 5 on Fig. 8:1, one finds cro.00s = 1 and cyo.ges = 11.
The probability is 0.995 that not more than 11 defects will be
observed in a single sample, when the average number of defects

1 These are the ideal conditions for the Poisson exponential binomial limit, which is
otherwise known as the law of small numbers:

T KA el
P>c—1)=1—c¢ (1 +iitgt +(c_1)!),
where P (>¢ — 1) = the probability of at least ¢ defects.

3 Cracks which would cause unserviceability would be sampled on a basis of fraction
defective (see first part of chapter). Diameter or length would be sampled in like manner,
if a go, not-go gauge were used, but would be sampled by variables (see Chapter VII) if
these dimensions were actually measured on a continuous scale.
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TABLE 8-1
Surrace Derecrs IN Brass CArRTRIDGE CAsES
Sample Number of Sample Number of Sample Number of
Number Defects Number Defects Number Defects
1 4 11 2 21 6
2 5 12 5 22 0
3 7 13 7 23 4
4 3 14 4 24 5
b 2 16 1 25 7
6 8 16 4 26 8
7 6 17 2 27 6
8 4 18 7 28 13
9 1 19 5 29 5
10 5 20 9 30 5
Total 30 150
150
C = Ea =5

is 5. Figure 8-2 shows a control chart for these data. Sample num-
ber 22 and sample number 28 indicate the prescnce of an assignable

CONTROL CHART=SAMPLING BY DEFECTS

Zz

n |4

5 12 )

EQ.IO ----------------------------------- )
8 . .

b 6 * . * ) . * .

E 4 .. . . ® [ ] . . [ ] .. o0

g 2_ . . .

2 o ------------ - ——- W - e e - ——————— -

0 4 8 12 .16 20 24 283
SAMPLE NUMBER

Fia. 8-2.

cause for variability. Steps should be taken to discover the causes
of lack of uniformity and eliminate them, for otherwise there is no
assurance from taking small samples that some members of the
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unsampled portion of the lot do not contain almost any number of
defects. That is, without a state of statistical control, one cannot
predict lot quality from sample quality.

In a broader sense, analysis by defects is not so much a special
kind of classification by attributes as an entirely different considera-
tion. One can readily see that the same data can be analyzed from
both points of view, depending upon whether one is interested in
defective articles or in number of defects per article. For example,
suppose that, in Table 8-1, an article which contains more than 5
defects is not considered fit for service, and hence is classified as
defective; and further suppose that the 30 observations be classified

g CONTROL CHART=DEFECTS TREATED
AS ATTRIBUTES
et
=
I e L ——
W
652!3 .
2 L] ) )
gé | . .
0 =2 3 4 5 6
SAMPLE NUMBER
Fia. 8-3.

as 6 samples of 5. The analysis by attributes would then be as shown
in Fig. 8-3.

Zc = 11, n = 30, Qx = 0.37 cL =0, cy = 4.

The analysis by attributes is rather ineffective because of the small
sample size. However, if sufficient data were given to form, let us
say, 10 samples of 40, the analysis by attributes would apply satisfac-
torily. The two analyses illustrate the importance of clearly under-

4 At first glance this may appear to be a contradiction of the statements that predictions
regarding fractions defective do not require control—only randomness of sample. There
is no contradiction. Probabilities regarding the proportions which contain defective
articles and the proportions which do not contain defective articles can be calculated irre-
spective of statistical uniformity. In the case now under consideration the probability
has to do with the number of defects in an article, not the proportion of defective articles,
and statistical uniformity is essential. The former gives a key only to the quality of the
lot as a whole; the test by defects gives a key to the distribution of the quality characteristio
within the lot. *
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standing the thing for which one is analyzing, and the necessity for
straightforward thinking in interpreting results. In one case, one
analyzed for defects; the sample size was so large as to be almost
infinite, even though the sample was one article, and only a few
samples sufficed for an informative analysis. In the other case, one
analyzed for defectives (a defective being defined as one chose to
define it); the sample size was very small, even though the same
samples were used as those used in the previous analysis, and change
from part to part of the lot (lack of uniformity) could not be de-
tected by such an inadequate sample.

It may be observed from Fig. 8-1 that, after the average number
of defects becomes less than approximately 4, one is unable to detect
significant improvement in quality, because crg.o05 is taken as zero.
That is to say, an article which contains zero defects has to be
accepted as coming from the same level of quality as articles which
contain several defects (significantly poorer quality can, of course, be
detected). How can one detect significant variation in quality, when
the average number of defects is less than 4? One can accomplish
this end by the simple expedient of taking the unit sample as 2
articles instead of 1, and counting the number of defects in the 2
articles. That is to say, by doubling the sample size. In like manner,
it can be tripled or quadrupled, if necessary. If one should raise the
proposition that the sample of 1 constituted a sample size of the order
of infinity with respect to the possible occurrence of defects, and
that twice the order of infinity is still the order of infinity, it is
suggested that he reflect upon the proposition that not all infinities
are equal.

Inspection of a single lot. The reader has probably observed that
in this special case, as in sampling of attributes, there is no question
of the functional form of the universe. In sampling by attributes,
the functional form of the universe was the binomial distribution;
here it is the Poisson distribution. However, a particular lot
sampled may not be a true lot in the sense that a lot should be
composed of members which are essentially alike, but instead may
be a pseudo-lot composed of members drawn from two or more
universes. As has been previously pointed out, predictions regarding
the lot are impossible unless the lot is statistically uniform. A test
was provided for uniformity in inspection of a single lot—sampling
by variables—but was omitted in the case of attributes, because
there are no predictions to be made about this parameter, in the sense
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of proportions of a lot within certain limits. Sampling by defects is
" well suited to a test for uniformity because of the large sample size.
Having taken n samples from an unknown lot, and having computed
¢, one should then look on Fig. 8:1 for cyg.ge5 and cro.00s. The num-
ber of defects observed in any sample should fall within these limits;
otherwise_one should suspect the lot of not being statistically uni-
form. If the lot is statistically uniform and if € is known, then one
can predict the limits within which any given percentage of the lot
should fall. Two limits are given on Fig. 8-1 and additional ones
could be readily computed. Hence, the whole of the information
about the lot is given by the one statistic, ¢.

Of course, there is a question about how closely one knows é.
This closeness can be judged from the following approximate for-
mulas:

PROBABILITY LimiTs oF ¢
_ 1645V
0.90 c+x \/1-;
1.963
0.95 tx oy
3%
0.997 T —\77"'

Inspection of related lots. It is quite obvious that, given % lots
of articles, one could take n samples from each lot, compute the

grand lot € as Z;—c , get the limits for suspected mavericks from the

P = 0.90 formula, the limits for extreme suspected mavericks from
the P = 0.997 formula, and thus construct a grand-lot scheme for
sampling by defects. However, this type of sampling is in general
not destructive, and an inspection of the approximate formulas will
show that sample sizes tend to be quite small. Therefore, the sam-
pling of lots individually is not so burdensome as in sampling by
attributes; and the grand-lot scheme, although readlly available,
does not appear to be of great importance.



CHAPTER IX
A METHOD OF EXPRESSING QUALITY!

To kerke the narre from God more farre,
Has bene an old-sayd sawe;
. And he that strives to touche a starre
" Oft stumbles at a strawe.
—EpMuNp SpENsEr: The Shepheardes Calendar

Chapters II to VIII inclusive have given a number of ways of
measuring the quality characteristics of lots of articles. These'meas-
ures, however, are quite unsatisfactory from the viewpoint of express-
ing the quality of a whole article, principally for two reasons: (1) they
bear no clearly defined relationship to any base point as standard;
(2) there is no provision for associating the several quality charac-
teristics of an article so as to yield a composite value of the resultant
quality arising from the measured quality characteristics. An enu-
meration of the quality characteristics of an article, each followed by
its fraction defective, or its mean and standard deviation, or its mean
defects per unit, would indeed present an unreliable basis for judging
the relative merit of lots or for judging whether the quality level as a
whole was getting better or worse. One could not judge the com-
posite quality as a whole for the mass of detail.

A method will be offered for grading or rating lots or batches of
articles on a basis of merit into such grades or ranks (corresponding to
good, bad, indifferent, etc.) as one may choose for practical reasons as
suitable to his purpose. This method may not apply in all cases, but
it has been found applicable and quite satisfactory in practice in a
considerable number, and is believed to be of broad application.
The importance of some types of quality characteristics must of
necessity be assessed by judgment; and consequently the exactitude
of the final grade is dependent upon the equitability of these assess-
ments. But the procedure having been established for a type of

1 An address presented by the author before the Indnstrial Statistics Conference, Massa-
chusetts Institute of Technology, 1938. Republished with the kind permission of Pitman
Publishing Corp., New York.

, 78
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article, it at least results in consistent judgments of quality, when
these judgments are made from time to time, from lot to lot, or by
one person or another.

Even the simplest of articles possesses a very large number of
quality characteristics. For example, one could trace the quality
characteristics of an ordinary commercial caliber .22 cartridge all the
way back to the tensile strength, ductility, and hardness of the copper
cartridge case; and then on back into the percentage of impurities in
the copper, its chemical properties, etc., almost ad infinitum.
Happily, however, for practical specification of quality, one need
consider only relatively few of the possible quality characteristics.
For the caliber .22 cartridge these might well be limited to the muzzle
velocity, the firing of the primer (whether it fires or does not fire),
and a few observable faults. Therefore, the quality characteristics
of an article may well be limited by definition as those quality
characteristics which one chooses to consider in evaluating the
quality of that article.

Functioning and non-functioning quality. A careful consideration
of quality from the point of view of grading lots of articles on a basis
of merit leads to the conclusion that two distinet types of quality
must be considered. One is functional, i.e., relates to the quality of a
lot of articles with respect to the extent to which they accomplish
the objective of their design. Quality characteristics significant
of functioning are generally capable of rather definite commensura-,
tion and are the main subject matter of most specifications. The
other aspect of quality is non-functional and pertains to the article
in its relation to human wants, desires, prejudices, etc. It is not
capable of positive specification, as any number of unforeseen faults
may detract from its goodness; and it is generally specified nega-
tively under some such phrase as ‘“‘any other defects or abnormali-
ties.”” In order to summarize the quality of articles by rating them
in good, bad, indifferent, etc., grades, one must consider both these
types of quality for which no common denominator exists;? hence
one must grade the lots of articles with regard both to functioning
quality and with regard to non-functioning quality; and then one
may express quality as a whole by quoting both grades, or less
precisely by merely quoting the lower of the two grades. For exam-
ple, if functioning quality were expressed by Grades A, B, C, etc.,

3 A system which makes use of weighting factors is described in, ‘A Method of Rating
Manufactured Product,” H. F. Dodge, Bell System Technical Journal, Vol. 7, April, 1928,
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and non-functioning quality were expressed by Grades 1, 2, 3, etc.,
one could express the final quality of a lot as Grade B—3 or, by
limiting the expression to the lower grade only, it could be expressed
as Grade III.

As a basis of discussion, let it be assumed that three grades (as
many could be created as desired) are suitable for our purposes,
defined as follows:

First Grade (A or 1)—Good quality, ranging from perfection to the lowest quality
one is willing to present under his name.

Second Grade (B or 2)—Indifferent quality, ranging from the bottom of the First
Grade to the lowest quality that is suitable for use and which can be marketed
under an alternative name.

Third Grade (C or 3)—Bad quality, ranging from the bottom of Second Grade
downward; and which must be reworked or scrapped.

The assignment of numerical limits for these grades will be discussed
after measures of quality are developed.

In order to measure functioning quality, it appears convenient to
classify functioning characteristics in three ways: (1) those which
result in success or failure; (2) those which result in success, one or
more degrees of partial success, or failure; and (3) those which result
in a variable degree of success. These classes may be briefly expressed
as measures by (1) failures, (2) partial failures, and (3) variables (of
course the first two are attributes).

Measurement of quality by failures. If a lot of articles happens
to possess only a functioning characteristic of the first kind, only that
fraction of the lot which possesses the functioning characteristic
will be effective as successes; hence that fraction (the expected value
of which is determined by statistical means) can be called the fraction
effective. Manifestly, the fraction effective adequately describes the
functioning quality of the lot. If the lot has several such functioning
characteristics, it is also evident that the product of the fractions
effective describes the functioning quality of the lot, for this fraction
describes the ratio of the effectiveness of the lot in question to the
effectiveness of a perfect lot. If,.for the caliber .22 cartridge, it is
determined by the statistical procedures outlined in Chapters II, III,
and IV that the fraction effective of the primer is 0.96, then 0.96
describes the effectiveness of the lot with respect to the primer.

Measurement of quality by partial failures. If a lot happens to
possess only a functioning characteristic of the second kind, and if it is
statistically determined that the fraction A are expected to be
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successes, that the fraction a’ are expected to be 1/x’ successes,
and that the fraction a are expected to be zero successes
(failures), then the fraction A + (a’/z’) can be called the equivalent
fraction effective, since it describes a lot of like size and effectiveness
composed only of successes and failures.? If the lot has several such
functioning characteristics, the product of the equivalent fractions
effective approximately ¢ describes the functioning quality of the lot.
If in a lot of caliber .22 cartridges it is statistically determined that
0.94 of the powder charges ignite satisfactorily, that 0.04 ignite with
a hangfire (perceptible delay), and that 0.02 fail to ignite at all, and
if a hangfire is authoritatively accepted as 1 a success,® then the
equivalent fraction effective of the powder charge is 0.94 + (0.04/2)
or 0.96.

Measurement of quality by variables. If a lot of articles happens
to possess only a functioning characteristic of the third kind, the
frequency distribution of this functioning characteristic will be
described by a measure of central tendency and a measure of disper-
sion such as the average and the standard deviation. If it is known
or authoritatively accepted that articles possessing values of the
functioning characteristic within certain limits are certain fractions
of a full success, then, under the assumption of normality,® one can
readily calculate the fractions of the lot possessing the respective
fractions of success. By the preceding paragraph, the sum of the
products of the fractions of the lot in each category of success each
multiplied by its corresponding fraction of success is the equivalent
fraction effective of the lot. If the lot has several such functioning
characteristics, the product of the equivalent fractions effective
approximately describes the functioning quality of the lot. Thus, in
the lot of caliber .22 cartridges, if it were statistically determined by
the methods of Chapters V, VI, and VII that the average muzzle
velocity was 1110 feet per second and that the standard deviation was
20 feet per second, and if it is authoritatively established that bullets

3 Obviously 4, a’, and a are mutually exclusive events each of which is an attribute of
the article and each of which could be considered as a functioning characteristic. The
artifice of selection and arrangement herein suggested enables one to avoid the complica-
tions which would arise from such procedure and to treat the group simply as a single
independent functioning characteristic.

4 An exact solution can be reached by the expansion of products of weighted polynomials.

§ Actually this type of malfunction is generally associated with the primer rather than
the powder charge, and hangfires are regarded more seriously.

¢ A simple method of computation is given in Chapter X.
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with muzzle velocities between 1070 and 1130 are successes, those
between 1040 and 1070 and between 1130 and 1160 are } successes,
and those beyond these limits failures, then the equivalent fraction
effective of the muzzle velocity is 0.82 4 0.18 (3) or 0.91.
Functioning effectiveness. It follows from the above that the
functioning quality of a lot of articles possessing functioning charac-
teristics of all three kinds is approximately given by the product of
all fractions effective and equivalent fractions effective, and that the
fraction so obtained describes a lot of like size and effectiveness com-
posed only of successes and failures. Let this product be called the
Sunctioning effectiveness of the lot. This procedure gives a consistent
and rational method of ranking lots, which is not based on a mere
arbitrary index but which is actually indicative of the amount of
goodness or effectiveness inherent in the lot. For the lot of caliber
22 cartridges the functioning effectiveness is (0.96) (0.96) (0.91) or
0.839. It should be carefully noted that functioning effectiveness is
the result of a multiplying process (not an additive or subtracting
process), as a great deal of confusion has been occasioned from time to
time by attempts to add failures and partial failures together.
Non-functioning quality. As previously intimated, non-function-
ing quality is almost too illusive for specification. It is characterized
by the absence of faults. Faults in manufactured articles can be
classified in two ways: (a) major faults of such serious nature that no
articles containing them should ever go to service as they are danger-
ous to life, property, or the reputation of the product; (b) minor
faults which are expected to occur at least infrequently even under
good manufacturing practice, which have little or no effect on
the functioning of the article, are difficult to weigh, predict, or
classify, but which nevertheless detract from the desirability of the
article. Any major fault should result in a special classification of
the lot under the category bad, and relegate it to 1009, inspection,
reworking, or salvage. But the minor faults, in general, may as well
as not be classed all together; and, if this procedure is followed, the
frequencies of the respective minor non-functioning faults become
merely additive. That is, if by statistical methods A per cent of the
lot is expected to have one non-functioning fault, B per cent of the
lot is expected to have another non-functioning fault, C per cent, etc.,
the frequency of non-functioning faults is merely A plus B plus C,
etec. It should be noted that non-functioning quality is specified
negatively (by absence of faults) and computed by addition; funec-
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tioning quality is specified positively and computed by multiplica-
tion. Thus, if it were statistically determined that 0.01 of the lot
of caliber .22 cartridges had the manufacturer’s initial poorly stamped
thereon, 0.01 of the lot had dented cases, and 0.02 of the lot had
corroded cases, then the frequency of non-functioning faults would
be 0.01 + 0.01 + 0.02 or 0.04.

Grading of lots. The numerical limits for Grades A, B, C, and
1, 2, 3 previously described are, of course, dependent upon the type of
article and must be set in accordance with experience and judgment.
Suppose that in the case of the caliber .22 cartridge it had been found
from the quality control charts used in process control that this
article could be economically and efficiently manufactured with a
functioning effectiveness of not less than 0.90 and a frequency of non-
functioning faults of not more than 0.05. These values would be
likely to be selected as the respective limits of Grade A and Grade 1,
respectively. If it were further determined from experience that it
was difficult to market the item if its functioning effectiveness were
less than 0.80 or its frequency of non-functioning faults greater than
0.30, these would be rather logical limits for Grade B and Grade 2,
respectively. Functioning effectiveness below 0.80 would then be
Grade C, and frequency of non-functioning faults in excess of 0.30
would be Grade 3. Thus the grading with respect to functioning
quality and non-functioning quality becomes a mere comparison of
observed quality with defined standards. Under such a grading
system, the lot under discussion would obviously be Grade B-1. Of
course a grading schedule, a list of functioning faults with penalties,
and a list of non-functioning faults must be established as standard
for every kind of article subject to the grading system.

It is obvious that the precision of the grading system is dependent
both upon the equitability of the penalties assigned and on the choice
of quality characteristics selected for consideration. It should also be
noted that the quality characteristics should be so chosen as to be
independent; i.e., the absence of one characteristic should not
influence the presence or absence of another; otherwise the simple
procedures outlined are impaired. However, it does yield a common-
sense summary of quality which is based on merit, and it has the
great advantage of consistency as opposed to the bias and incertitude
of casual human judgment.



CHAPTER X
SAMPLE SIZE

Attempt the end, and never stand to doubt;
Nothmg’s 80 hard but search will find it out.
—RoBerT HERRICK, Seek and Find

The importance of sample size. Sample size is probably of greater
interest to the average man than any subject discussed thus far.
However, no discussion of sample size is possible without reference
to the statistics with which it is concerned. Therefore it appeared
necessary to postpone the discussion until the presentation of sta-
tistical methods has prepared a minimum background for it.

Even in organizations associated with considerable technical
advancement, sample sizes are often set by custom, experience (on
which few if any scientific checks have been made), or mere guess.
Sample sizes that are set in this manner are sometimes uneconomie,
because they are larger than necessary. However, it appears that
more frequently they are set too small. In this event, they are
likely to be still more uneconomic, for, if they were large, wastage
was at least limited to the excess samples, whereas, if they are too
small, the paucity of sample may lead to inappropriate action
regarding the entire lot. It is obvious, therefore, that there must be
an economically right sample size for each sampling problem. The
determination of the most economic sample size may, however, be
impracticable, but it appears that whoever is connected with sampling
should at least know enough of the fundamental facts which bear on
sample size to make his sampling procedure logically consistent with
his engineering and economic aims and purposes.

Prior essentials for estimating sample size. A moment’s digres-
sion to get the subject straight will not be wasted. One often hears the
question, “What size of sample should I take?”’ In a logical sense,
that is not a question; it is an exclamation, because it is incomplete.
The appropriate rejoinder would be, “What size of sample should
you take to do what?”’ and the answer to that ‘“what’’ leads directly

to the fundamental considerations that often escape one’s notice.
84
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The nature of these considerations can at least be indicated if the
question is reworded as follows: ‘“What size of sample shall I take in
order that the probability will be thus-and-so that the error in my
estimate of the statistic (average, standard deviation, fraction
effective, etc.) will not exceed E?”’ That improves the matter, but all
necessary considerations have not been enumerated, for surely the
choice of the probability and of the error limit, E, involve economic
considerations; and as indicated in Chapter V some knowledge of the
shape of the distribution of the statistic and some knowledge of its
dispersion is also essential for calculating an answer. However, in
the light of modern statistical methods answers to the question of
sample size which are sufficiently precise for practical purposes can be
offered.!

The requirement of prior knowledge of the fraction effective (in
sampling of attributes) and of the dispersion and shape of the distribu-
tion (in sampling of variables) seems a bit paradoxical, since, if these
parameters were known, the need for sampling would often cease to
exist. However, on second thought the requirement is not too
onerous, since in practice one nearly always has a sufficiently definite
idea of the general magnitude of the parameters or at least of the
magnitude that he is interested in detecting to serve as a reasonable
datum on which to predicate sample size.

Information gained from sampling would be of academic interest
only, unless some action were going to be taken in event the universe
sampled appeared to be worse than some predetermined value.
Therefore, the mere answer to the question, ‘What level of quality
is of economic importance to you?”’ often serves as an excellent guide
to sample size. The objective probability chosen, as will become
obvious with subsequent discussion, is a function of engineering
considerations. :

Sample size (attributes), binomial calculation. In the closing
paragraphs of Chapter III a brief discussion was given of -lot sample
size and grand-lot sample size, and two charts were offered (Figs.
3-2 and 3-3) for reading these sample sizes, under a set of definite

10lder books on the theory of-errors tend to ignore practical distributions; assume
the Gaussian or normal distribution as a matter of course, and assume the observed dis-
persion as the true dispersion. For practical purposes such procedure is likely to be a
pleasant delusion. Some recent books on industrial statistics provide the methods for the
solution of practical problems on sample size; but, so far as known, none attacks this essen-
tially complicated problem from the viewpoint of getting ready answers to engineeting
problems.
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criteria suggested in that chapter. Since these criteria are not likely
to suit all conditions, answers of a more general nature must be
offered. :

In general one would like to know what sample size to take in
order that the probability will be P that the observed fraction defec-
tive in the sample will be correct to within =E. One can have the
probability P, but in general one cannot have the =+ E, because the
distribution ? is apt to be skewed; and plus and minus errors of the
same magnitude are not equally likely. Therefore, having estimated
Q and having chosen P, one can get the answer * that, with sample size
n, the probability is P that the sample fraction defective will not be
greater than Q + E; and the probability is P that it will not be less
than Q — E,.

Figure 10-1 answers this problem for the probability 0.9, various
values of @, and values of n up to 500. For values of @ not shown,
one may interpolate. A study of this chart will throw much light
upon the behavior of samples by attributes. For example, if the
lot @ equals 0.04, and the sample size is 500, the probability is 0.9
that the sample @ will be less than 0.04 + 0.01 and the probability
is 0.9 that it will be greater than 0.04 — 0.01; i.e., a sample size of
500 yields a probability of 0.8 that the observed fraction defective
will be correct within =+ 19,. That is the kind of answer one likes.
However, the plus and minus increments are approximately equal
only because the sample size is so large as to render the distribution
almost symmetric. If one goes on down the @ = 0.04 curve, one
finds that, for n = 210, the limits ¢ are + 1.509, and — 1.46%,; for
n = 107, the limits are + 2.009% and — 1.879%; and for n = 50,
the plus limit is 2.15%, and there is no minus limit because the curve
for @ = 0.04 stopped at n = 56 on the negative plot. Why did the
curve stop at n equals 56? Because, with n = 56 and @ = 0.04, the
probability is 0.9 for at least 1 defective. If » is less than 56, there
cannot be a 0.9 assurance of at least 1 defective. (The probability

* The term disiribution is used to refer to the bar chart frequency diagram; not to o(z),
where ¢(z), is the probability that the random variable is less than z.

314 should be noted that this prediction can be made irrespective of conditions of
control, requirements as to universe, etc., and is subject to the sole restriction that the
samples be random. See the discussion at the beginning of Chapter II and Appen-
dix A.

4 Of course, one can quote the larger of the two limits with a plus-or-minus sign (in this
case, 0.04 = 0.015), with the interpretation that the probability is 0.8 that the observed
sample fraction defective will differ from the lot fraction defective by less than =ta.
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of at least 1 defective would have to be slightly less than 0.9). Hence,
for lots of @ = 0.04, there is no use in bothering with sample sizes of
less than 56, if one (a) is interested in a probability of 0.9 that the
precision is within 2.29, or (b) wishes a probability of 0.9 of detecting
lots as poor as 0.04 fraction defective, if they exist. This last state-
ment should be compared with the latter part of Chapter III.

Figure 10-2 is a like chart, but for the probability 0.995. It should
be noted that the @ = 0.01 line does not appear on the negative
side. For Q = 0.01, the sample size must be 500 to have a 0.995
probability of at least 1 defective. Charts are offered for two prob-
ability levels in this type of estimate, just as Charts I are offered
for like levels, in order that one may have a low probability where
occasional errors are less important than smallness of sample size or
when the a priori knowledge is scant (as in the early stages of experi-
mental work), and one may have a high probability when errors are
very important or when the a priori knowledge regarding the level of
product is very cogent.

These charts were constructed by the process of replotting data
from the charts for Iq. For example, referring to Chart 0.9 = I
and taking @ equal to 0.02, one finds that, for¢ = 1, n = 115; hence
with Q equal to 0.02 and n equal to 115, the probability is 0.9 that
at least 1 defective will be observed. In this instance, the observed
fraction defective is equal to or greater than 1/115 = 0.0087; hence
the probability is 0.9 that the negative error will be less than
0.02 — 0.0087 or 0.0113. This is the bottom point on the @ = 0.02
curve. Successive points are calculated in like manner. Of course,
the curves are only aprroximate, for only whole numbers of defec-
tives can be observed. However, as there is always uncertainty in
the estimate of @, it appears better to draw continuous curves for
estimating purposes rather than plot a series of points.

Approximate methods for various probability levels. The charts
have been offered to make reasonably precise solutions easy. Ordi-
narily, the occasional user of statistical methods does not have time
for protracted calculations; however, occasion may arise when
approximate solutions for other probability levels are desired, even at
the expense of some labor.

As shown in Chapter I, all the properties of attributes may be
regarded as functions of the binomial (P 4 @)". However, in order
to answer the question of what sample size to use when @ = 0.02 so
that the probability will be 0.8 that the sample fraction defective will -
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be correct to within approximately =+ 0.01, one would have to do a
considerable amount of summing of high-powered terms of the ex-
panded binomial. The summing of binomials with large exponents
by ordinary methods is hopelessly laborious. Therefore, if n is large,
it is common practice to sum the binomial approximately by one of
two methods. If @ is small and »n reasonably large, one can use the
Poisson distribution. If @ is not small (the nearer to 0.5 the better)
and n is fairly large, one can use the normal or Gaussian distribution.
The latter procedure will be explained under Sample Size (Variables)
on page 93 et seq. The former is offered herewith. Both are some-
what tedious.

Sample size (attributes), Poisson calculation. It is shown in
elementary textbooks on statistics & that, if @ is very small and n
very large, the successive terms of the binomial (P + Q)" can be
reduced to
=3

" =

54 a5, 0 3

e ° + ce +2[e +3!e ,
where the successive terms are the probability of 0, 1, 2, ete., defec-
tives; e is the Napierian base of the logarithm; ¢! is the product of
all the natural numbers from 1 to ¢ inclusive; and ¢ is nQ, i.e., the
average number of defectives for the sample size taken. Note that
the binomial treatment of (P + @)", n very large and Q very small,
gives rise to the handling of very large numbers. Consider (0.99
+ 0.01)2®, On the other hand, the numbers in the Poisson exponen-
tial limit are moderate, since one will not often be interested in a
value of ¢ that is greater than 4 or 5. Practically all engineers’
handbooks tabulate e to various positive and negative powers, and
a solution of the above equation would not be difficult. However,
Fig. 10-3 shows a chart which should give sufficiently accurate solu-
tions for most practical purposes. This chart gives all probabilities
from 0.001 to 0.999. It will be found useful for several types of work.

By way of parallelism with the notation ¢ used in Charts I, it is
well to view Fig. 10-3 as giving the probability of at least ¢ defec-
tives in a sample (do not mention‘size), when the average number of
defectives in samples of that size is &. Of course, the sample size
should theoretically be infinity, but quite satisfactory results can be
obtained in a moderately wide range of finite cases.

8 See Yule and Kendall, Chapter 10.

¢ Appendix B disousses G. A. Campbell’s original solution for Poisson binomial expan-
sion limit over a wide range. :
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By way of illustration and check of accuracy, consider the prob-
lem previously solved by Fig. 10-1. What is the least number of
samples that one can take from a lot of fraction defective 0.02, so as
to have a probability of 0.9 of observing at least 1 defective, and
what is the precision of the result? Entering Fig. 10-3 on the line
P = 0.9 and finding its intersection with ¢ = 1, one would read
¢ = 2.303, if one could read the chart that closely. Now ¢ equals
nQ, hence

2.303

"= 0.02

= 115,

which does not differ from the answer previously obtained by more
accurate procedure. Of course, the probability is 0.9 that the error,
0.02 — ¢/115, is less than 0.02 — 1/115 or 0.0113.

One can also readily find the precision of the positive error asso-
ciated with the specific sample size 115. If the probability is P that
one will observe ¢ or more defectives when the average number is ¢,
it follows at once that the probability is 1 — P that one will observe
¢ — 1 or less defectives under like conditions; therefore, entering
Fig. 10-3 on the line P = 1 — 0.9 or 0.1, and finding its intersection
with ¢ = 115 X 0.02 or 2.30, one finds that this intersection is almost
on the line for ¢ = 5. One would estimate the value at perhaps 4.8.
That is, the probability is 0.1 that 4.8 or more defectives will be
observed, because the chart reads that way, viz., at least ¢. There-
fore, the probability is 0.9 that 3.8 or less defectives will be observed
under like conditions, viz., sample size 115, @ = 0.02. In this
instance the observed fraction defective would be 3.8 + 115 or 0.033.
The positive error is 0.033 — 0.02 or 0.013. This appears to check
very closely with the more exact method. It should be noted that
the check could have been made more readily and precisely by using
Chart 0.9 = Ig and Chart 0.1 = I¢. In order to:calculate precision
limits as a function of sample size, it would be necessary to resort to
some method such as plotting a series of points in the manner of
Figs. 10-1 and 10-2.

In the above example Fig. 10- 3 gave rather accurate results
because Q was small and n large. As one departs further from the
ideal conditions of the Poisson, results are less accurate. For instance,
consider the upper and lower limits of defectives for @ = 0.50,
n =21, and P = 0.9. Sample size 21 and P = 0.9 are selected in
order to have a ready check from Charts Iq.
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If @ =050, n =21, then nQ = 10.5 = ¢&. Therefore, entering
Fig. 10-3 on the ordinate 10.5 and finding its intersection with P =
0.900, one reads ¢ = 7.0. The probability, therefore, is approximately
0.9 that 7.0 or more defectives will be observed. This is the lower
probability limit that one seeks. The correct value from Chart 0.9
= Jgis 8.

To find the upper limit, enter Fig. 10-3 on ordinate 10.5 and find
its intersection with P = 0.100. One reads ¢ = 15.2. Therefore, the
probability is approximately 0.1 that 15.2 or more defectives will be
observed. Note that this is not the upper limit that one seeks. One
wishes a limit such that the probability is 0.9 of ¢ or less defectives.
However, if the probability is 0.1 of 15.2 or more, then it is 1 — 0.1
of 14.2 or less defectives. This is the desired upper limit. Its cor-
rect value is read from Chart 0.1 = Iy as 13. Thus the Poisson
gives 0.9 probability limits of 7.0 and 14.2 as opposed to correct
limits of 8 and 13, which is very poor approximation.

For samples of 50 or more and Q’s of 0.1 or less, the approxima~
tion becomes rather close. For the probability 0.9, @ = 0.1, and
n = 50, the Poisson limits appear to be 2.8 and 7.4 as opposed to
Chart I limits of 2.9 and 7.3.

Sample size (variables). Chapter V gave a brief discussion of
the distribution of the variable X in a parent universe, the distribu-
tion of the averages of samples of size n drawn from the parent
universe, and the distribution of standard deviations of samples of
size n drawn from the universe.” These concepts should be borne in
mind when considering sample size. It was further pointed out that
the well-known normal distribution is practically never met in prac-
tice, and that the distributions of X and especially of o are likely to
depart considerably from normality. However, the practice of
assuming all distributions to be normal is still too popular and is too
important historically for the procedure associated with this assump-
tion to be omitted in a discussion of sample size. Nevertheless, one
is gravely warned against quoting exact numerical results derived
in this manner, and against attaching great importance to results
based on this assumption.

7 As heretofore, the term disirtbution will be used to refer to the density curve, e.g.,
the well-known bell-shaped curve in the case of normal law. This terminology is adopted
for simplicity and in accordance with popular conception. The reader familiar with mathe-
matical statistics will, of course, understand that reference is made to the first derivative
of the distribution, when such derivative exists, and to the bar chart diagram of frequency,
in the case of discrete variables. See I'ntroduction to Mathematical, Statistics, J. V. Uspensky,
MeGraw-Hill Book Co., New York, 1937.
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THE INTEGRAL OF THE NORMAL PROBABILITY CURVE
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Figure 10-4 is offered for reading probabilities under the normal
distribution as it is quicker and easier to read than most tables of
the normal probability integral. This figure is merely the right half
of the bell-shaped curve drawn to such a scale that the curve becomes
a straight line. Since the curve is symmetric, the left half is not
required. The upper and lower scales show the percentage of area
to the right and left of any point on the curve. For example, an
ordinate erected at the point X = 20 will (noting the abscissa of the
ordinate passing through the intersection of X/¢ = 2 and the curve)
cut off an area of 2.3%, on the tail of the curve and an area of 97.79,
on the body. If X’ and o’ be used to designate the true average and
standard deviation of a normally distributed lot, universe, or popu-
lation, it follows from the conditions set forth above that one can
readily calculate the frequency of individuals of the lot between any
pair of limits. This frequency, of course, is the probability that any
single individual drawn at random from the lot will be between those
same limits.

Sample size for distribution limits under normal law. The
probability that a single individual will be between X’ =+ t¢’ is readily
read from Fig. 10-4. Having read this fraction (probability), all
one needs to do is treat it as a fraction defective, and obtain the
necessary n for the probability P of at least k defectives, in the man-
ner described for attributes. As a military example, let it be assumed
that hits are normally distributed, and that the center of 1mpact is
on the center of the target; i.e., aiming is correct and X’ equals zero.
What is the number of trials necessary to have a probability of 0.9
of scoring at least 2 hits, when ¢’ is 100 feet and the length of target
is 135 feet? Only range is considered.

Since the center of impact is on the center of the target, the dis-
tance =+ X to its boundaries is =+ 67.5 feet; therefore X/o equals
0.675. By entering Fig. 10-4 with X /o as 0.675, one reads that the
area to the right of this ordinate is 259, ; the area to the left is 75%;
and consequently the area between two such symmetrically placed
ordinates is 509%,. That is, the probability of hitting on a single trial
is 1, for the length of target is 2 probable errors.! To find the num-

8 A term which is defined as the error which is as likely to be exceeded as not. It has
practically disappeared from statistical usage. In general it is neither an error nor prob-
able. It is very misleading and entirely without meaning unless the distribution is normal.
The standard deviation, on the other hand, is always valid. The same can be said of

variance (the squared std. dev.), but being non-linear, its interpretation is not as obvious
as that of standard deviation.
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ber of trials, n, in order to have a probability of 0.9 of 2 or more hits,
one merely needs to know what value to assign n in the expression
(0.5 + 0.5)*, so that the sum of the terms beyond the second will
be equal to 0.9; or, entering Chart 0.9 = I¢ with @ = 0.5 and find-
ing its intersection with ¢ = 2, one reads n = 6.

Now let it be noted that this problem did not need to be of a
military character. It would be the same problem if one were cal-
culating the percentage of one’s manufactured product between cer-
tain limits, or the probability that % or more articles in a sample of
n would be outside of certain specification or tolerance limits. What
is the matter with this solution?

Dangers in the use of the normal integral in practical work.
Nothing is the matter with the solution under the conditions stated.
The fault lies in the fact that these conditions are seldom found in
practice. In the first place, one generally does not know X’ (in the
above case zero) or ¢’; but, instead, only X and o, which are esti-
mates of these parameters. This, however, need not be such a serious
fault, for if X and ¢ are calculated from even a moderately large
number of observations, they are not likely to be greatly in error,
and one need only modify his statement by saying that the proba-
bility is approximately 0.9 that at least 2 hits will be scored in 6
trials. There is a much more serious hazard in this procedure, how-
ever, than that of using estimates of the parameters instead of the
parameters themselves.

The use of the integral of the normal probability curve involved
the assumption that the parent distribution was normal. The solu-
tion was not predicated on the actual distribution. The determina-
tion of the actual distribution, in the practical case, with even mod-
erate accuracy would require a very large number of observations.
One would likely need something of the order of 1000 to 5000 observa-
tions, to, let us say, get a measure of the average, standard deviation,
skewness, flatness; and then apply a goodness-of-fit test such as the
Chi-square Test. By way of further discouragement, it might be
remarked that the distribution, even if determined, would be likely
to be too cumbersome to be of ready practical use; and, in general,

9 It is recommended that the occasional user of statistical methods seek the advice of
a competent statistician when the application of more complicated statistical methods
appears necessary or desirable. Even such well-known tests as the Chi-square test, the “t’’
test, and the “z’’ test may readily be misinterpreted, unless one is thoroughly cognizant

of -the exact meaning of the test. Furthermore, even the literature specifically devoted
to these tests does not necessarily warn one of their limitations.
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the occasional user of statistical methods may as well spare himself
the trouble. If then, probability predictions predicated on normal
law are invalid for the practical problem of measuring the limits of
the parent distribution, and if the empirical determination of the
actual distribution is also impractical, what shall one do?

No nice answer is going to be found to this question. However,
a procedure can be pointed out by which the person applying the
statistical methods can generally make valid predictions of a satis-
factory form for practical use. In discussing the procedure, it appears
best to divide the problem into two parts: (@) broad limits of high
probability, i.e., X/o greater than the order of unity; and (b) narrow
limits of low probability, i.e., X/o less than the order of unity.

Sample size for distribution limits, X/o large. If one considers
distributions which only roughly approximate the bell-shaped curve
of normal law, one sees that these distributions can be considerably
skewed, flattened, or peaked without greatly changing the area under
the curve which is contained between limits set at plus and minus
two, three, or more standard deviations. In fact, the Camp-Meidell
inequality, which was cited in Chapter V, gave the following assur-
ance.
_ 1

"2.25¢2°

where P, is the probability within the interval =+ to. This inequality
is subject to the restriction that the distribution be smooth, uni-
modal (only one hump), with average value coinciding (in practice
we may say approximately coinciding) with the most frequent value.
If engineering judgment is called into play, one can generally judge
from only a moderate number of samples, or even from the kind of
article itself, whether or not these conditions are fulfilled. If they
are, then one can abandon the precarious ground of normal law, and
make valid predictions based on the Camp-Meidell inequality.

Returning to the military example, what is the pumber of trials
necessary to have a probability of 0.9 or greater of scoring at least
2 hits, when ¢ is 100 feet and the length of target is 500 feet? In this
instance, it is known that the distribution does not fully comply
with the requirements of normal law, but that it does, at least, satisfy
the Camp-Meidell  inequality.

10 ¢“ A New Generalization of Tchebycheff’s Statistical Inequality,” B. H. Camp, Bulletin

of the American Mathematical Society, Vol. 28, 1922, M. B. Meidell “ Sur un probléme du
calcul des probabilités et statistiques mathématiques,” Comptes Rendus, Vol. 175, 1922.
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With the center of impact on the target, X /o equals 2.5. There-
fore,

Pz‘“z 1 - or 0'930

1
2.25(2.5)

Therefore 939 or more of the parent distribution will fall between
X =+ 2.50, and the probability that a single trial will be between
these limits is at least 0.93. Now, to find the n so as to have s
probability of 0.9 of at least 2 hits, one may call the hits defectives,
and use charts of Ig for this purpose. One therefore wishes to find n
for 0.9 = Iy93 (¢, n — ¢ + 1), where ¢ = 2. For this purpose one
need only observe the n associated with @ = 0.93, ¢ = 2. For @ not
greater than 0.50 the problem offers no difficulty, but for @ greater
than that shown on the chart one must resort to an expedient. The
following relation exists:

Iole,n—c+1)=1—-1I,_on —c+ 1,0).

Therefore, one can consult Chart 0.1 = I and find n for ¢ = 2, but
not in the usual way, for when used in this sense the chart is for the
probability of at least » — ¢ + 1 defectives in a sample of n (not at
least ¢ defectives) and a knowledge of ¢ does not give the value of
n — ¢ + 1 when #n is unknown. Therefore, one must look along the
@ line for a value of n such that the values of » and ¢ read on the
chart differ by the ¢ under consideration. In this case the observed
values of n and ¢ must differ by 2. By inspection along @ = 0.07, this
condition is seen to occur almost at ¢ (on the chart) = 0. Hence, one
has a choice of 2 trials with a probability of perhaps slightly less than
0.9, or 3 trials with a probability ! of somewhat greater than 0.9. It
should be noted that the single trial probability (see Fig. 10-4) under
normal law would have been 0.988 and that consequently 2 trials
would have appeared to have more than satisfied the requirement of
a 0.90 assurance, since the probability of exactly 2 hits out of 2 trials
is (0.988)2 or 0.976.

If one cannot be assured that the requirements of the Camp-
Meidell inequality are met, one can fall back on the Tchebycheff

.11 The reader should not get discouraged if the manipulation of the incomplete beta-
function ratio appears to present difficulties. Unless used constantly this process is almost
certain to be provokingly tedious. The practical solution lies in the construction of special-
purpose charts to fit one’s special need, when use is frequent.
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inequality. It holds irrespective of the form of the universe and
tells one

£
Applying this inequality in the above example, one has

Pyso, 21 — or 0.84.

.
(2.5)?’
Having obtained the frequency within the specified limits, one would
solve for n as previously outlined.

Limits within which practically all of a distribution will lie. An
important inversion of the question of sample size consists of esti-
mating the limits within which practically all of a lot or universe of
effects will lie. This question frequently arises in connection with
specifications, since it is not unusual for a specification to require that
all of a product shall lie between certain limits.!? The question also
arises in problems of design, when it is necessary to make allowance
for maximum and minimum products. From the discussion of
Chapter IV, the remarks of this chapter, and Table 10-1, it is
obvious that practically all of a product can be expected to lie
within plus or minus about three or four standard deviations, depend-
ing upon how closely the distribution appears to approximate nor-
mality. It is also obvious that it is advisable not to quote any
numerical percentage but merely to say “‘practically all.”’

It should be noted that the adoption of the probabilities furnished
by the inequalities, when the ratio of X to ¢ is large, does not dras-
tically reduce the figure which would be obtained from the integral of
the normal curve and has the important advantage of leading one to
results of which one is sure, instead of dubious or false results for
which one may have to render subsequent apologies. The following
tabulation gives basis for comparison.

12 The requirement is, of course, absurd where inspection is destructive and operational
verification of the requirement is neither contemplated nor possible. Such a specification
is therefore without definite meaning either to purchaser or vendor. Hence, it is obvious -
that in the interests of clarity and fairness the acceptance specification should be confined
to a simple statement of (1) the quantity and (2) the kind of evidence which will be ac-
cepted as a satisfactory indication that the product will meet the chosen quality standard.
Such a statement must include method of sampling, sample size, and limits of parameters.
The subsequent discussion will indicate a way in which (1) and (2) may be stated so as to
yield a chosen probability that practically all of the product will be between certain limits.
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TABLE 10-1

PROBABILITY FOR X /o, YIELDED BY DIFFERENT TECHNIQUES

N’ 0667 | 1.0 | 15 | 20 | 25 | 30 | 35 | 40
Technique

Normal law.. .| 0.4845 | 0.6827 | 0.8664 | 0.9545 | 0.9876 | 0.9973 | 0.9994 | 0.9999
Camp-Meidell.| 0 0.5566 | 0.8025 | 0.8889 | 0.9338 | 0.9520 | 0.9638 | 0.9723
Tchebycheff..| 0 0 0.5556 | 0.7500 | 0.8400 | 0.8889 | 0.9185 | 0.9375

Sample size for distribution limits, X/o small. It is obvious
from Table 10-1 that the Camp-Meidell inequality gives no assurance
of any frequency between limits of less than approximately 1 prob-
able error and the Tchebycheff inequality fails at plus or minus one
standard deviation.®® In this dilemma shall one turn to time-honored
normal law for lack of something better?

““All right,” said the affable guest to the host’s small daughter,
“I will tell you a story about Africa. Have you ever been to Africa?”

“No, sir,” said the child. '

“Ah! T may speak freely then.”

-Probability predictions of doubtful validity have been made in
many fields, under the favorable conditions which surrounded the
guest, and have brought no penalty because they were of such a nature
that they were not subject to future verification. In the industrial
field thousands of inspections of a product can be expected to be per-
formed in the next few months or the next year, and the industrial
statistician who makes a practice of accepting the hazard of making
invalid predictions regarding the subject matter of those inspections
is certainly (not probably) going to get caught.

There is generally a way to make valid predictions of frequency
within limits even with X/o small. In this case, one need not know
the shape of the whole distribution but only that within approximately
plus and minus one standard deviation. This type of knowledge does
not require huge samples. Knowledge of the whole distribution re-
quired a huge sample, because frequencies in cells near the tails of the
distribution are very small, and s huge sample is required to yield a
sensible frequency in these regions. The frequency for cells near the

18 This obsemtionshmﬂdkﬂlthelastvemgeoffaithintheonoewidespreadbutnow
rapidly passing uses of probable error.
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middle of the distribution is large, and that portion of the curve can
be empirically approximated with much less effort.

However, even such approximation may not be absolutely neces-
sary. If the quality characteristic under investigation has been
subject to any material amount of observation, one almost always
has knowledge of the type that frequencies at distances of less than
to from the mean are never less than frequencies at (o (¢ being small).

Again, returning to the military example of scoring hits on the
target, in which instance o was 100 feet, one may know that the
frequency of hits on intervals that are referred to the center of impact
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SCHEMATIC DIAGRAM OF A PARTIALLY KNOWN
DISTRIBUTION
Fia. 10-5.

by + 0 to = 10 feet, == 10 to =+ 20 feet, --- + 80 to =+ 90 feet is
never less than the frequency of hits on the interval at the distance
=+ 90 to =+ 100 feet (like signs taken together). In particular, this
condition holds rather closely for every method of projecting projec-
tiles at targets which is in ordinary use. Therefore, in the absence
of even enough data to construct the central portion of the distribu-
tion curve, one can be assured of at least a chosen uniform density of
probability within X & ts. The distribution may therefore be
regarded as shown schematically in Fig. 10-5. The solid curve result-
ing from the application of the Camp-Meidell inequality must be
regarded as a mean between the frequencies summed at symmetric
intervals, because the inequality guarantees nothing on either sid@of
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the mean, but only the sum between symmetric limits. The dotted
curve, of course, shows the normal curve, for purposes of comparison.
It should be noted that, if the actual distribution is known to be
somewhat irregular, and also if its irregularities cannot be controlled
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with respect to practical applications, the actual distribution, if
obtained, is not likely to yield probability assurances significantly
higher than those given by this rather simple analytical scheme.
Figure 10-6 gives the integral of this minimum probability curve.
Of course, similar construction is easy for different limits of uniform
prebability and for the Tchebycheff inequality.
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Sample size for limits of the average. Calculations regarding
averages involve considerably less incertitude than those regarding
the individuals of the population because: (1) averages of samples of
size n drawn from a normally distributed population are themselves
normally distributed; (2) averages of samples of size » drawn from a
non-normal population approach normal distribution as n increases;
and (3) the standard deviation of the distribution of averages,
0%, is equal to ¢’/+/n. It is an easy problem in mathematical statis-
tics to show that statement (3) holds, irrespective of the form of the
parent population, subject to the sole restriction that the parent
distribution has finite first and second moments, which is a condition
that could hardly fail to be met in practice. In calculations regarding
averages, one can therefore apply normal law with a moderate degree of
safety; 1 however, it is still the part of wisdom not to quote numerical
probabilities, but merely to assign zones of probability, e.g., extremely
high probability of the order of 95 to 100%,; high probability of the
order of 90 to 959, etc. Therefore, if one has a satisfactory estimate
of ¢/, and selects an order of magnitude for the probability, one can
readily calculate the sample size required in order that the proba-
bility shall be of the order of P that the average of the sample of n
shall be within =+ E of the true average. To do this, one need only
ascertain the ratio of X /o associated with P from Fig. 10-4, and
solve the equations:

E = toy,
’ o’
ox = '\/7’&

or
1 a_l 2
n = (E) :
For example, suppose that one is going to test a lot of fuzes to deter-
mine the average burning time. Predecessors of this lot have showed
control with a standard deviation of the order of 0.03 second, under
standard test conditions. What sample size must one take in order
to have a high probability (probability of the order of 90 to 95%,)
that the observed average will be within =+ 0.01 second of the true
average?
14 The restriction that the population be a population, and not a hodgepodge of popu-

lations, as assured by prior knowledge or demonstrated by satisfactury response to a test
by a control chart, is, of course, not removed.
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Figure 10-4 shows that 959, corresponds to 2¢ under normal law.
Figure 10-6 shows that 909, corresponds to 20 under Camp-Meidell.
Two, therefore, appears to be an appropriate value of £. Substitut-

ing, one gets
(& - (200 g
"=\g/) “\To01 /=

If, on testing the sample, the standard deviation should appear to be
significantly greater than 0.03 second, one might then conclude that
some additional samples should be tested in order to yield the desired
precision of results.

Sample size for limits of the standard deviation. Calculations
regarding the standard deviation can be made only on less certain
grounds than those regarding averages because: (1) standard devia-
tions of samples of size n from a normally distributed population are
not themselves normally distributed, but only approach normality as
n increases; (2) the distribution of standard deviations of samples of
size n drawn from a non-normal population cannot, in general, be
satisfactorily handled on theoretical grounds, although there are
empirical grounds for considerable assurance that under controlled
conditions such distributions approximate normality as n increases.
The application of normal law is therefore quite dubious; and,
instead, it is recommended that probabilities be quoted only by
categories such as highly probable and fairly probable, and that in
these instances the upper limit be taken from the Camp-Meidell
inequality and the lower from the Tchebycheff. The relationship
between the universe standard deviation, ¢/, and the standard devia-
tion of the standard deviation, is o, = ¢’/+/2n. Therefore,

()

Hence, if one has a satisfactory estimate of ¢’ and obtains an appro-
priate ¢ for the order of magnitude of probability he chooses to select,
one can confidently calculate the sample size, if the product is
controlled.

. For example, in testing the same lot of fuzes just cited under
averages, suppose that one wishes to know what sample size to take
in order that the probability shall be high (probability of the order
of 0.89 to 0.95) that the observed standard deviation will be within
= 0.01 second of the true standard deviation? Note that this is the
same assurance and same limits demanded under averages.
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Figure 10-6 shows that 959, corresponds to 3s, under the Camp-

. . . T 1
Meidell inequality. Substitution in the formula P, = (1 - t—’>

1/t
shows that 899, corresponds to 30. Therefore, n = 2 (%,) =

1 /3 X 0.03\2
2 <—:)<T) = 40.5. The sample sizes for like assurance of like

precisions in average and standard deviation are therefore not
greatly different. It should be noted that meticulous precision in
calculations of this sort is not generally warranted, as the actual
selection of sample size is often strongly influenced by practical
considerations such as convenience, relationship to other tests, num-
ber that are ordinarily packed in a box, etc. That is, having deter-
mined the theoretical sample size, one will generally select the next
larger sample size which is a multiple of standard packing; or, if a
multiple is just slightly less than the theoretical sample size, it may
sometimes be selected. However, the theoretical sample size is none
the less very important as a guide to action.

Sample size (attributes), normal probability calculation. It
was stated in the discussion of approximate methods of calculating
sample size—sampling by attributes—that an approximate method of
calculation of sample size for various degrees of probability in the
case of Q of the order of 0.5 would be given under variables. In view
of the previous discussion, the method is almost obvious. If Q is
approximately 0.5 and n moderately large, the binomial (P + @)"
can be closely approximated by normal law. In this case X = nQ
and o= (PQn)%, or, in terms of fractions, X = Q,s = (PQ/n)%. Since
normality is assumed, plus and minus deviations of like magnitude
must be assumed to be equally probable. Thus, having an estimate
of @, one has like estimates of X and o, and consequently all types
of calculations can be made under normal law.

For example, if the fraction defective is 0.50, what sample size
must one take in order to have a probability of 0.8 that the observed
fraction defective is not in error by more than + 5%?

Here one wishes to find the ratio of X /o = ¢, which in normal law
corresponds to 90%; i.e., the probability is 0.9 that the fraction
defective will be less than X + o, the probability is 0.9 that the
fraction defective will be greater than X — tr, and the probability
is 0.8 that the fraction defective will be between X + to. Figure
10-4 shows this value of ¢ to be 1.28.



106 SAMPLE SIZE

005 - 128 [OB0H),

n = 164.

Figure 10-1 shows this answer to be correct. In like manner, the ¢
on Chart 0.1 = Iy forn = 164, Q = 0.50, is 90, and 90/165 = 0.549,
" which is just within 5%, of 50%. However, if this same procedure
is applied when Q is very small, and solved under calculation by the
Poisson, results will not be so good. There, @ was equal to 0.02, and
the 0.8 probable limits of error were + 0.013 and — 0.0113. Solu-
tion by the method of normal law for sample size 115 gives

E=+1.28 /Q-(Pl)l(g—gs) =+ 0.017,

which is a poor approximation of 0.013. If n had been smaller, the
approximation would have been poorer.

Thus, with @ of the order of 0.5, approximate calculations for any
probability can be made by means of normal law; with @ small, the
same is possible with the Poisson; but n should be large in both
cases. For intermediate values of @ and » small, there is no approxi-
mate method, and one must use the binomial. The most satisfactory
method appears to consist of all solutions from the binomial summa-
tion as given by charts of the incomplete beta-function ratio like
Figs. 10-1 and 10-2, which can be prepared for any probability.

Unit sample size in the special case of indeterminate sample size.
Chapter VIII discussed a special type of sampling where inspection is
made for defects per article and the presence of defects does not
necessarily result in the classification of the article as a defective
article. Attention was called to the applicability of this type of
inspection to surfaces such as photographic film, textiles, plated
products, etc. The sample size was indeterminate, for the reason
that a single unit area of surface may have a potential capacity of
many defects, although zero or only a few may be present. During
the discussion a significant fact of sample size was brought out.
If the unit area selected as a sample proved to have such a small
average number of defects, ¢, that there was not a reasonably good
probability of observing at least 1 defect per sample of marginal
quality, then the unit area should be increased.

Therefore,

and therefore
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In the present chapter interest centers in this type of sampling
only to the extent of answering the question, ‘“How many unit sam-
ples must I take in order that the probability will be P that the
observed average number of defects per unit sample, ¢, does not
differ from the true average number of defects per unit sample, &,
by more than E?” It was noted in Chapter VII that the universe of
defects has the Poisson distribution. In the Poisson, the mean is &
and the standard deviation is &. The standard deviation of the
average is, of course, the square root of the average number of de-
fects divided by the square root of n, since this relationship holds if
the distribution has a finite first moment. Also, the distribution of
averages must be approximately normal and must approach nor-
mality rapidly as » (n being the number of unit samples) increases.
Therefore, ¢ can be regarded as normally distributed with mean equal
to ¢ and standard deviation equal to (¢/n)”%. It follows that n can
be calculated, in this case, in exactly the same manner as sample size
for limits of the average.

to"\? té"‘)2

=) -(5)
For example, suppose that one wishes to know how many sample
units must be inspected in order that the probability will be high
(probability of the order of 90 to 95%) that the observed ¢ will not
differ from & by more than 1 of a defect. Suppose that it is known
from previous work that & is of the order of 4. The value of ¢ cor-

responding to P = 0.95 is 2 for normal law, and the value of ¢ cor-
responding to P = 0.90 is 2 for the Camp-Meidell inequality. There-

fore, y
2
n=(2>i4) — 256.

4

If it is desired to express E as a fraction of ¢, then ¢’ should also be
divided by &, and the formula becomes

- G

For example, changing E in the above case from 1 of a defect to

6.25%, . ,
n = (W) = 256.
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The most economical sample size. The preceding paragraphs
have discussed the sample size required in order to have a given
probability that the error in an estimate based on a sample shall be
within certain limits. Although a valuable guide to judgment, such
information is not of necessity of direct assistance in selecting the
sample size which will result in the greatest monetary gain.

To determine the most economical sample size, one gets an
expression for all the costs, C, associated with the inspection and the
consequences thereof, including the cost of testing and the average
cost of misgrading as a function of sample size, n; takes the derivative
of C with respect to »; equates the derivative to zero; and solves for
n. From a practical point of view there are two difficulties in such a
procedure: (1) it is difficult to estimate accurately the costs resulting
from the misgrading of a lot; (2) without the aid of suitable charts or
tables, which are not at present generally available, it is tedious to
evaluate the derivative of C with respect to n, as a function of n.
This is not an elementary procedure,'® and the occasional user of
statistical methods had best employ the services of a competent
mathematician. However, the reader should at least be cognizant
of the existence and general mode of operation of such techniques;
and therefore some results of procedures will be briefly outlined as a
guide for the occasional user of statistical methods.

For example, suppose that lots of articles are being inspected by
attributes; let

n = sample size.
¢ = number of defective articles in a sample.
N = number of articles per lot.
T = cost of selection and inspection of an article.
M = cost of misgrading an article.
P,, = probability of misgrading a lot of articles.
b = an action limit such that the lot will be rejected if in an
ctlzy
n + 2
C = cost of inspection plus average cost of misgrading.
Then

n round sample

C = nT + P.NM,

15 These solutions were proposed by Mr. R. H. Kent, who, in an unpublished report,
supplied various charts for the ready selection of the most economie sample size for con-
ditions of tests and costs associated with an ammunition problem.
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since the average cost of misgrading is the product of the probability
of misgrading, P, into the cost of misgrading a lot, MN. To find
the value of n for which C is a minimum,!® take the first derivative of
C with respect to n and equate to zero.

One then gets P, as a function of n, and thus it is possible to
evaluate 17 the most economical sample size. Like solutions are pos-
sible for sampling of variables. Such types of solution are sometimes
helpful when at least approximate limits of sample size are not indi-
cated by some_one or more obvious common-sense factors.!®* But in
the majority of cases some one or two considerations (such as a limit
which must be met with a probability P) are of such predominant
importance that a little engineering judgment, in connection with the
simple aids previously given, will show that the economic sample
size must lie between limits which are so close that refinement by
nice formulas is not required.

Reduction of sample size by tests of increased severity. It may
be observed that the necessary sample size for accomplishing one’s
objective is sometimes quite large. This is especially true in sampling
by attributes when Q is very small. There is a rather obvious reason
for this. If the frequency of an event, e.g., failure, is very small, say
2 or 3 failures in 100, then a large number of trials must be made to
determine its frequency with even a moderate degree of precision,
because the chance occurrence of 1 or 2 events more or less than
average will play such havoc with the observed ratio. It follows

1 4 AP dPn —T
an =T+ g, VM =0and =% = oy

17 The evaluation of dP,/dn may be difficult. If the fraction defective is small, it can
be assumed that the Poisson applies, and dP,./dn reduces to

e—a[ bee ¥ Q”H]
c—-H -1’

where b = (c + 1)/(n + 2). If Q is large, normal law may be assumed and dP,,/dn re-
duces to

e~v/2 [ ¥y _Q-b ]
@)% 2n ~ Pent]’
where y = (¢ — ¢ + §)/(PQn)*%.
In order to get solutions for n, curves of constant Q should be plotted on a plane of
which the coordinates are MN/T and n, where MN /T = —1/dPy/dn.

" 18 In Conirol of Quality of Manufactured Product, Chapter XXIII, Shewhart gives an
interesting deduction on minimizing the cost of measurement. In this case he distin-
guishes between the number of articles sampled, ny, and the number of measurements on
each article, ns. He finds the value of n; and ng which render the cost of inspection a
minimum,
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therefore that for economy of sample one should test in a range which
yields a sensible number of failures, i.e., shift the test point to a place
where the proportion of failures becomes large enough that a differ-
ence from some expected proportion can be more readily sensed, care
being taken, of course, to see that a shift in test point does not
involve a change in engineering features that would vitiate the test.

Engineers have long observed this principle, but on rather different
grounds, and not to the full extent. For example, given a certain
piece of apparatus which in a working system composed of several
pieces of apparatus must not fail at some certain maximum impact,
the engineer would generally test such apparatus not at that maxi-
mum impact, but at some greater impact. His reason for testing at
the greater impact, however, would be predicated on the need of a
factor of safety, not on the statistical necessity of observing a
considerable number of failures in order to distinguish between levels
of quality. Now suppose that practically all articles tested pass this
test of increased severity. Omne would say then that the article
appeared to be fit for service, because all (or at least the samples
tested) passed the service test plus a factor of safety. However, one
would not know whether manufacturer A’s product was better than
B’s or C’s; and, if the article happened to be one which was subject
to deterioration in service, failures in the poorer quality of product
might subsequently become a matter of significance. This holds even
in the case of 1009, testing. If the test happens to be destructive,
thereby necessitating percentage inspection, another difficulty arises.
The condition of practically no failures precludes assurance of
control or detecting lack of control. Therefore, a quite non-uniform
product may escape detection; and the fact that the sample passed
the test gives poor assurance that the untested remainder may not
contain pieces of apparatus which will not even meet the service
condition. It should be remembered that, without a state of control,
prediction from sample to lot is invalid.

If, on these grounds, it is accepted that a test of increased severity
is sometimes desirable, the question arises as to how severe the test
should be. It appears that the test would be statistically most
advantageous if made at the point which would yield approximately
509% failures in a product of standard quality; but this observation,
even if true, is not sufficiently inclusive, for a knowledge is also
needed of what happens at 409, failures, 30%, etc. A brief analytical
inquiry therefore seems appropriate.
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In the practical application of statistical methods one is inter-
ested in learning about quality characteristics of lots of articles.
Quality characteristics are sampled by attributes, not because they
are per se of a two-category nature, but (a) because we choose to
classify them in two categories, or (b) because our method of meas-
urement is not sufficiently sensitive to classify them in greater
detail, or (c) because an application of the measure changes the
article so as to preclude subsequent measures which would lead to a
quantitative measure of its value rather than a mere qualitative
measure. In fact, it is almost safe to assume that a quality charac-
teristic in almost any physical population is distributed on a continu-
ous scale as indicated schematically in Fig. 10-7.

SCHEMATIC DIAGRAM OF THE DISTRIBUTION
OF A QUALITY CHARACTERISTIC

DEFECTIVES

£ FREQUENCY

456------ R-===-= t MAGNITUDE OF QUALITY CHARACTERISTIC
F1a.10-7.

This may be pictured as the distribution of the quality charac-
teristic resistance to impact, where R is the required amount of
resistance to impact and ¢ is the point of test. The distance t — R
represents the factor of safety. Any article tested which possesses
the quality characteristic to the extent j (j = R) merely passes the
test. The additional extent of its ability to withstand impact
remains unknown. The technical objective of . a test of this
character consists in an attempt to estimate the percentile of the
distribution cut off by the point of test, where percentile means the
percentage of area to the left of the point of test. In the terminology
of attributes, this is the fraction defective at the point of test. In
the present case R, of course, should be to the left of the zero per-
centile. The test point ¢ (including the factor of safety ¢ — R)
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would, in general, be at some very small percentile, for it is likely
that, under customary procedure, only a small fraction defective
would be admissible even with the factor of safety. The question
for investigation is the relative advantage of moving ¢ to some other
point, ¢ + h = ¢, when ¢ is the ¢th percentile.

An answer to this question with respect to distributions in general
is impossible. However, an answer to the question with respect to
the normal curve will throw much light on what the answer would
be with respect to smooth unimodal distributions which approximate
the normal curve. .

The solution with respect to the normal curve is easy. The advan-
tage of testing at any percentile is proportional to the precision
constant at that percentile or inversely proportional to the standard
deviation of the percentile. The standard deviation of the percentile
is well known.!®* However, for engineering purposes, it appears
better to make the precision a constant and show the relative sample
size required at various percentiles to render the same precision.
Thus, taking the 0.5 percentile as a base, Fig. 10-8 shows the sample
size required for like precision at any other percentile. For example,
if a certain degree of accuracy is attained with sample size n at the
0.5 percentile, it will take a sample size of approximately 1.7 times
n to attain like accuracy if testing is done at the 0.9 percentile, and
approximately 64 times the sample size if testing is done at the 0.999
percentile. It is also seen from Fig. 10-8 that efficiency of test as a
function of point of test remains almost constant from the 0.25
to the 0.75 percentile. Thus, considerable latitude in choice of
working range is allowable without serious impairment of efficiency.

The advantages of testing in a range which exhibits a sensible
number of failures have been covered in detail, because it is a principle
which frequently passes unrecognized. However, the principle also
involves some dangers, and great care must be exercised in its
application. For example, suppose that a distribution happened to
have a long range of uniform density of probability as shown at b on
Fig. 10-7, or a range rapidly changing density as shown at v, and
suppose that one of these ranges was in the vicinity of the testing
point. Obviously some invalid conclusions might result. It is there-
fore obvious that, in applying a test of increased severity, two things
should be done: First, the fraction defective of articles of standard
quality at the test point should be experimentally established, and,

19 Chapter XVII, eleventh edition, Yule and Kendall.



TESTS OF INCREASED SEVERITY 113

at the same time, some experimental verification should be obtained
to support the inference that lots of larger fraction defective at the
test point are in fact inferior. Second, before attempting to grade
articles in a quantitative way, at least the approximate relationship
between fraction defective at the test point and the distance between
test point and the point of practically no failures should be worked
out experimentally for at least a few values of the average.

60 CHART FOR THE EFFICEENCY
OF TEST AS A FUNCTION OF
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It is obvious that the application of a test of this character implies
that the distribution retains essentially the same shape from lot to lot,
that the standard deviation of the distribution does not change sig-
nificantly from lot to lot, and that the change, if any, is likely to be
attributable to a change in average value. This is a broad field, but
the control chart technique previously described is sufficiently power-
ful to leave little to chance if it is employed in connection with teste

of this kind.
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There are times when a test of increased severity is practically a
necessity. For example, the small primer which goes in rounds of
ammunition must almost never fail. If sufficient samples from each
lot of primers were tested at the degree of initiation expected in the
gun to obtain a satisfactory assurance of practically no failures,
there would simply be no primers. All lots would be exhausted in
test. However, for a certain type of primer it can be determined
that lots which exhibit only 1 or 2 failures in 1000 (this from history)
show 100PY, at a certain test level of initiation (this from trial of the
remnants of the historically satisfactory lots). In like manner, data
are gathered with respect to various lots that have a less satisfactory
technical history, to show that a shift in mean gives expected results.
Thus a standard test procedure of increased severity can be estab-
lished. This type of procedure has proved very satisfactory, both as a
test criterion for service and as a method of spotting changes in level
of quality. This procedure has also proved effective in process inspec-
tion, where destructive tests of piece parts are involved. Each
instance, however, appears to require good engineering judgment,
statistical study, and a careful experimental check. Statistical
methods cannot give something for nothing. They are mere auxiliary
tools for facilitating the accomplishment of tasks which could be
accoroplished at somewhat greater effort without them.



CHAPTER XI
SIGNIFICANT DIFFERENCES

Appearances to the mind are of four kinds. Things either are what they
appear to be; or they neither are, nor appear to be; or they are, and do
not appear to be; or they are not, and yet appear to be. Rightly to aim
in all these cases is the wise man’s task.

—EricTETUS: Discourses.

General discussion. Significant differences are associated with
the problem of deciding whether one shall attribute a disparity in
sampling results to chance or to an actual dlfference in the universes
under consideration.!

This is a problem of great frequency. One is constantly faced
with the question, is product type A better than product type B?
The basic evidence for solving the problem almost always consists of
samples. As a matter of economy, and often of necessity, the
samples may be quite few. For example, in development work one
may test 15 or 20 tool-made samples of a product. Suppose that
3 fail, and that this is considered unsatisfactory. A change is made
in design; another sample of like size tested; and none fail. Ques-
tions: Is one design superior to the other? Or may the disparity in
sampling results be attributed to sampling fluctuations? Engineers
are all too prone to accept evidence of this character as conclusive
evidence of a real difference. If one goes back to the principles of
Chapter I, it is readily seen that, if a product is 109, defective, the
probability of 0 defectives in a sample of 20 is 0.12, whereas the prob-
ability of 3 defectives is 0.19. On these grounds, it appears not par-
ticularly unlikely that the 2 samples might have come from products
of practically the same, if not the same, quality. The engineer is not
often brought to account for this sort of mistake in judgment, for he is

1If there is & considerable number of samples, and one wishes to discover if 1 or more
of them appears to be significantly different from the rest, the control chart methods of
Chapters III, IV, VI, VII, and VIII may be applied. The present chapter is devoted

primarily to significant differences in 2 small samples of size n, or of size n1 and ng, although
the principles given can, of course, be applied to several samples if eonsldered successively,

or in combinations,
115
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like the doctor who is so frequently accused of burying his mistakes.
The engineer’s abandoned designs do not arise to mock him. The
loss, however, may be nonetheless real. In more general form, the
problem can be illustrated thus: having observed c¢; defectives in a
sample of 7, articles, and having observed ¢; defectives in another
sample of n, articles, shall one’s action be predicated on the hypoth-
esis. (a) that the disparity in sampling results is due to chance, the
parent universes being the same, or (b) on the hypothesis that the par-
ent universes are really different? Of course, like problems arise with
respect to the observed disparity in averages, standard deviations,
and other statistics. In order to arrive at a decision, one would like
to know the probability that the universes are the same. Now let
us consider three important factors in such a decision: (a) the level
of significance, or degree of objective probability, (b) the nature of
the probability, and (c) the statistical method.

In significant differences, a level of significance is a degree of
objective probability. However, the subject matter of the proba-
bility is not (as is often popularly believed) the probability that the
samples are from the same lot, but the probability of something else
that is supposed to be indicative of this condition. The nature of this
concept will become clear in the next few paragfaphs. In order to
quickly gather the necessary concepts for a logical consideration of
the problem of significant differences, consider first the degree of
probability rather than its nature, and for the moment suppose that
one can find the probability that 2 samples under consideration
came from the same lot.

If the probability were moderately remote and the decision not of
great moment, one would be satisfied to assume a difference. If the
decision were of a very serious nature, one would be inclined to
demand that the probability be very, very remote, before being
satisfied with assuming a difference. Hence, it is apparent that
levels of significance are dependent upon engineering considerations,
and a probability that would be considered as significant of a dif-
ference under one set of circumstances might not be considered sig-
nificant under others. Therefore, choice of level of significance
presents an economic problem which must be solved on engineering
grounds.

Contrary to the assumption of the above paragraph, the proba-
bility that 2 samples came from the same lot presents a problem for
solution which is an absolute philosophic impossibility. The truth of
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this statement is easily seen if one considers the simple case of 2
samples by attributes, (¢;, n) and (¢z, n). It is an easy matter to find
the probability that these 2 samples would be produced by any spe-
cific lot, @;. However, that may not be a satisfactory solution, for
there is a just slightly different probability that they would be pro-
duced by a slightly different lot Q., etc.; and a moment’s reflection
will show that even the summation of the probabilities of all possible
lots 2 would be without avail unless one knew the frequency of occur-
rence of lots of various . However, Q is in general unknown.
Furthermore, the question of significant differences is most apt to
arise when the samples are so small that even from the combined
samples one cannot get a satisfactory estimate of Q. In fact, that is
quite the crux of the matter. It therefore follows that instead of the
probability that the samples came from the same lot, one must secure
some alternative method of judging whether or not the samples
appear to be from the same source.? The nature of the probability
therefore raises a problem in estimation which must be solved on
philosophie grounds.

The statistical method of solution is, of course, a problem in
mathematical statistics, but no logical consideration is possible until
at least partial solutions are obtained for the above two problems.

Thus, significant differences present three distinet problems:
(a) degree of probability, (b) nature of probability, and (c¢) statis-
tical method, which, in turn, must be considered on three bases:
(a) economic grounds, (b) philosophic grounds, and (c¢) mathe-
matical statistics.

A detailed theoretical discussion is undesirable in a brief presen-
tation of practical usages. However, at least a brief discussion is
absolutely necessary, (a) in order for the occasional user of statistical

1 Solutions have been made on a basis of Bayes’ theorem (see “Some General Results
of Elementary Sampling Theory for Engineering Use,”” P. P. Coggins, Bell System Technical
Journal, January, 1928). A very detailed solution for samples of attributes (with which
the author disagrees) is given in Methods of Estimating the Significance of Differences in or
Probabilities of Fluctuations Due to Random Sampling, G. F. McEwen, University of Cali-
fornia Press, Berkeley, Calif., 1929. However, Appendix A indicates the grave danger of
the assumption of a priori equal likelihood when samples are small; and, since the question
of significance of differences is so often raised with respect to small samples, it is quite
obvious that solutions on this bagis may be most misleading.

3 Note that the significance of differences answers a question of commonness of causa-
tion with respect to 2 samples of the same phenomenon. The question of commonness of
causation with respect to 2 samples of different phenomena is a problem in correlation
which is discussed in the next chapter.
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methods to interpret his results properly and intelligently, (b) because
there is such a widespread misconception to the effect that probabili-
ties of sameness or difference are possible, and (c¢) because highly
respected men in various fields of engineering, industry, and science
for some quite inexplicable reason tend to abandon the good sense on
which their reputations are founded, when faced with differences
in samples, and rashly come to conclusions based on scant data
without.even a semblance of an investigation of the probable reality
of the apparent difference. In this connection, it is not for a moment
contended that a statistical test of significance is a sufficient criterion
for action. Various practical considerations may be of equal or
greater importance. It is merely contended that the statistical
test of significance is quite too important a help to human judgment
to be ignored with impunity.

SIGNIFICANT DIFFERENCES OF ATTRIBUTES—SMALL SAMPLES

As a basis of discussion, let it be supposed that 2 samples of 17
are tested and in one sample none proves defective and in the other
sample 3 prove defective. Does this difference appear likely to be due
to chance? At least one logical reason for doubting the sameness*of
lots sampled appears to inhere in the disparity of defectives; ie.,
3 — 0 = 3, or, in more general terms, the disparity in ratios of defec-
tives 3/17 — 0/17 = 3/17; one might then inquire into the proba-
bility that a lot Q@ would produce this type of disparity in sampling
results. Note that in this instance it is not the size of ¢, viz., 0 defec-
tives out of 17 or 3 defectives out of 17, which raises the doubt (there
would be little doubt if results were 0, 0 or 3, 3), but the disparity *
3/17 — 0/17. Therefore, one does not wish to inquire into the prob-
ability that the lot Q would produce 0 defectives, 3 defectives, 3 or
more defectives, but into the probability that the lot @ would produce
an absolute (the sign does not matter ) difference in ratios as great
as 3/17. Since probability runs on a scale from 0 to 1, and, since
the disparity must be 0, 1/17, 2/17, --. 17/17, it is better to con-
sider the probability that the lot @ would produce a disparity in ratios
as great as or greater than 3/17.

4 Contrast this situation with that in the control chart technique, where a number of
samples were taken and a ¢ which was greater than cy or less than cy, raised a similar doubt.
In that case, something was known about Q and the probability of various ¢’s.

5Jf the sample sizes are different, a refinement can be introduced whereby the sign
does become of some consequence.
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This would appear to be a satisfactory approach to a solution of
the philosophical problem of estimating a difference, if Q were known.
It appears satisfactory for two reasons: first, it classifies the situation
at hand into a category (that of finding a probability of a difference
of ratios); second, the category is such that if this process is done
repeatedly, and if a certain objective probability P, is chosen as a
rejection criterion, e.g., 0.01, as a level of significance, then in
random sampling one will make the error of judging lots which are
really the same to be different just 100P,%, of the time.® That is,
the method of estimation ties in with the level of significance in such
a way that one can make an economic choice.

By way of factual nicety, one other point should be noted. Asin
all tests of this character, it is tacitly implied that sampling is ran-
dom. That is to say, one makes no direct statement regarding the
observed samples, but instead states that ¢f samples are taken at
random from a single lot of fraction defective Q, then a difference of so
much will be observed such and such a percentage of the time. The
statement is eternally true. The cogency of its application o the
samples in question, of course, inheres in the randomness of those
samples. However, in the practical case, the samples are not apt to
be seriously biased,” and the experimenter himself is the best judge
of the bias likely to exist in the type of sample under consideration.
Even if bias should exist, there is quite nothing that can be done about it.
In small samples, one cannot even test for randomness. Nevertheless,
it would hardly be the part of wisdom to abandon the test in favor of
arbitrary decision, because of inability to secure methodical assurance
of randomness. As has been previously pointed out, the test is only
an important guide to judgment; not a binding criterion for taking
action contrary to that indicated by other plausible evidence. Hence,
in this discussion, it will be assumed that sampling is random.

" Calculation of the maximum probability of a chance difference.
However, one does not and cannot know Q. A knowledge of Q is not
always necessary. One knows that the standard deviation of the
fraction defective is (PQ/n)%. This is a maximum when P = Q =
0.5. Therefore, no lot is as likely to give any specific disparity ® as

8 It is quite impossible to say how frequently different lots will be erroneously judged
the same. Obviously that depends upon how different the lots happen to be.

7 See the discussion of randomness of sample at the beginning of Appendix A.

& More specifically, the standard deviation of the difference is /2 +/P@n, which is

a maximum for @ = 0.5. See Chapter XII for a discussion of a variable which is the dif-
ference of two random variables.
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the lot Q@ = 0.5. Therefore, if one finds the probability P; that a
lot of fraction defective 0.5 would give a disparity in 2 samples of
17 which is as great or greater than (3/17), then one knows that the
probability associated with any other lot whatsoever is less than Pg.
If P, is less than the chosen level of significance, P,, then there is no .
occasion for further inquiry. On these grounds, one would judge
lots of the same Q to be different not more than 100P,%, of the time.
The method of calculating the particular case, @ = 0.5, is easy to see.

Before calculating this probability, it is well to reflect on just
what it means. There are 18 possible values of ¢ on the first sample,
0,1,2, --- 17. A like number of values of ¢ can occur on the second
sample. Hence there are 18 X 18 pairs of samples possible (con-
sidering order). Of these possible pairs, (0,0), (1,1), (2,2), ---,
(17,17) or 18 pairs yield a disparity of 0; (0,1) and (1,0), (1,2) and
2,1), -+, (16,17) and (17,16) or 34 pairs yield a disparity of 1/17;
(0,2) and (2,0), (1,3) and (3,1), etc., or 32 pairs yield a disparity
of 2/17, ete. One can calculate these respective probabilities
for a specific case and sum them.* The actual summation of the
probabilities indicated above for the case of P(3/17) is 0.608. This
is the probability of an absolute difference of less than 3/17. There-
fore, P; = 0.392. This is the probability of an absolute difference of
3/17 or greater. We know, therefore, with absolute certainty that the
probability that any lot whatsoever would produce a disparity in
ratios as great or greater than 3/17, in 2 random samples of 17 is
equal to or less than 0.392. TUnless we choose to assume that @ is
much smaller than 0.5 (in which event P; would be somewhat less
than 0.39), this difference surely does not appear to be significant.
It is possible that it could occur as frequently as 39 times in 100 with
samples from the same lot.

It may be observed that the above calculation is very laborious.
However, one is not generally interested in the exact value of P,

9 The general case of the probability of an absolute difference in ratios of less than z/n
where z/n = (c1/n — 62/n), can be wmten

z—-1n—

( ) -3 Pewed +2 Ep(che1+d) +2 > Peer—a,
01=0 d=10=0 dml ¢y =d

where P(c1, c1 + d) is the probability of ¢ defectives on the first sample and ¢; + d defec-

tives on the second sample.

10 The author has shown that the value of P to seven decimals can ba. read directly
from the tables of the Incomplete Beta-Function Ratio by looking up 2Io.5(n + z, n —
z+1)wheren4z=pandn—2z+1 -qinthetermmologyofthetables The proof
of this relationship is tedious.
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but only in knowing whether it is less than the chosen level of sig-
nificance P,. One can obtain this knowledge for P, = 0.2 from
Chart 0.1 = Ig and for P, = 0.01 from Chart 0.005 = I.

In the case of Chart 0.005 = I, find the value of ¢ which cor-
responds to @ = 0.5, 2n. If ¢ is greater than n + = — 1, the differ-
ence is not significant with respect to the 19, level of significance;
ie., n + 2 — 1 would have to be greater than ¢ for the probability
of the difference to be less than 0.01. The operation in the case of
Chart 0.1 = I, is identically the same, but the interpretation is
with respect to the 209, level of significance. This level of signifi-
cance is too low to be of much practical use except for the purpose of
showing how unreliable small samples are. This, however, is an
important usage. The example of (0,17), (3,17) just cited was taken
from actual experience. The experimenters, who were seasoned
engineers, were so sure that the difference was significant that they
went ahead with the experiment without awaiting the calculation of
the significance of the difference, which at that time was being done
by the method of summing the 84 probabilities. In the next 15 trials,
the kind of article which gave 0 failures out of 17 actually gave 3
failures out of 15. .

Calculation of likely probabilities of a chance difference—small
samples of equal size. There will be times when one will not be
satisfied with the maximum probability of a chance difference, espe-
cially if one has sound reasons for believing that true @ is very much
less than 0.5. Under these conditions there are two plausible alter-
natives. It can be readily shown ! that the most likely lot to
produce two samples (c;, n), (¢z, n) is the lot in which

a+t+e
Q 2n

If one chooses this value of @ (instead of 0.5) and sums the proba-
bilities of appropriate pairs outlined above, then in repeated trials he
will make the error of judging lots to be different, when they are the
same, approximately 100P,%, of the time. On the other hand, one
may have reason for believing that neither of the samples is typical

11 By principles previously given, the probability that the lot Q would produce the
samples (cy,m), (coyma) is: | \

™ m-ey M2 -
Pl(cym), (c2, m2)] = m@"(l - QM- b T— 2),Q°'(1 QM4

To find the value of Q which makes P[(c1, n1), (c2, 72)] & maximum, take the first derivative
with respect to Q, equate to zero, and solve for Q.
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of the kind of article under investigation, and wish to substitute
some value of @ which from experience one knows is of the order of
magnitude which should be encountered in the lots sampled. One
generally has something of this type of knowledge independent of
the sample. Under these conditions the frequency with which lots
of the same fraction defective are judged to be different is a function
of the excellence of the engineering judgment involved. It should
be noted that a moderate error in the solution of @ introduces only
an error of secondary order in P;.

For the more general case of @ not equal to 0.5, it appears desir-
able to derive a general procedure, even though it may be less precise
than the one given for @ = 0.5. It may be observed that the differ-
ence, x/n, where ¢;/n — ca/n = z/n, is symmetrically distributed
about zero as a mean irrespective of the value of Q. This is true
because every z/n really bears a =+ sign, the sign merely depending
upon which ratio is subtracted from the other. Under the hypothesis
that the lots are the same, it is also known that the modal value of
z/n is zero. Therefore, it is known that z/n approximates the nor-
mal curve, is symmetric, and unimodal, with mode and mean at zero
and standard deviation 2 equal to /2 v/PQ/n. The probability of
a z/n less in absolute value than that observed can therefore be
approximately * summed by means of the normal law. P(<z/n)
may therefore be found by looking up the probability associated

with the range
;= (&/n) = (1/2n)
V2 VPQ/n

This value of P can be found by reading ¢ = z/s on Fig 10-4. How-
ever, the actual probability is rather unimportant, and the mere
observation that ¢ is greater than 2 (for approximately a 59, level of
significance) or 3 (for a very cogent level of significance) is generally
quite enough, for obviously no great importance can be attached to

exact probabilities where Q is inferred from a small sample. It should
be noted that for small sample sizes the subtraction of 1/2n from

13 8ge Chapter XII.

13 For Q ranging from 0.10 to 0.5, and n = 10, the approximation is correct to — 0.003,
for the working range P = 0.05 to P = 0.005. For very small Q, the method is worthless;
likewise, small samples are worthless for detecting a difference in such a range. When P
is large, the answer may be in error by several per cent; however, when P is large, no sig-
nificant difference is indicated. It may therefore be observed that the method is a good
working approximation in the practical range.
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z/n is important. In this instance one is approximating a discon-
tinuous function (one that moves by jumps) by a continuous function.
Therefore the cutoff point on the continuous function is selected
midway between the jumps. The jumps can occur only at 0, 1/n,
2/n, etc., whence the midpoints are at 1/2n. Hence 1/2n is sub-
tracted from the range which is being summed.

Returning to the example ¢;/n — ¢;/n =|0/17 — 3/17|= 3/17, let
us test for significance, using the most likely Q, viz., @ = (0 4+ 3)/2n
= 0.088. In this case, z/n = 3/17; therefore

_ 3/17 — 1/34 _
V2V (0.088)(0.912)/17

From Fig. 10-4 an z/0 of 1.52 gives an area to the left of the ordinate
of 93.4%. The area included in the symmetric range of = ¢ is
2(0.934 — 0.50) = 0.868 =P(z/n). Therefore P; = 0.132. This is
decidedly less than the probability of 0.392, which was the greatest
probability that any lot could have of producing an absolute dif-
ference as great or greater than 3/17, but surely not significant at
that. It should be further noted that significance, in the case of
assuming a small value of @, is greatly lessened by virtue of the
assumption; i.e., lots of small Q are less likely to produce differences.

Let us use this approximate method for the case of @ = 0.5 where
it is known that P; = 0.392.

Here,

_ 31T —1/34
V2 V(0.5)(0.5)/17

The approximation is surely satisfactory. This is as expected since
P = Q = 0.5 and a fairly large » have rendered the distribution
almost normal.
Significant differences of attributes for samples of different sizes.

It sometimes happens that one wishes to test for a significant dif-
ference in samples which are not the same size. Consider the
general case ¢1/ny, Cz/n2 (let it be assumed that n, is greater than »,
but that the subscripts have no meaning of magnitude with reference
to the ¢’s). In this case, the approximate method just described still
applies, but some care must be exercised in the selection of the cutoff
point. By way of distinction, let

& _ L Me —me _ A

ny ng nmng nng

= 0.858, and P; = 0.39.




124 SIGNIFICANT DIFFERENCES

Then,
= (8/mmg) — [(A — Ai)/2mm,]
VPQ(1/m + 1/ny)

where A; is the next A lower than the observed A which can exist.
The selection of A; must be made by trial but is not difficult. Sub-
tract 1 from A and try this new A in the expression;

A; + kng
where k is allowed to take successive values 0, 1, 2, etc., but subject

to the restriction that A; + kn, shall not be greater than nyn,.
As an extreme example consider the samples 3/3, 3/17. In this

case

= an integer,

m n, 3 17 51 51 51
Find the next lower jump to 42/51.
Allow A; = 41.
It k = 0, then 2110

If k = 1, then 41 + 17 > 51.
Allow A,‘ = 40.

If k = 0, then 20+ 0

If k = 1, then 40 4+ 17 > 51.
Allow A; = 39.

If k¥ = 0, then

# integer.

# integer.

= 13.

39+0
3

Therefore 39/51 is the next lower jump. Taking the most hkely
value of Q, viz., (8 + 3)/(3 + 17),
42 42-39
o 01 102
Vv (0.30)(0.70)(} + )
Therefore P;=0.0058 approximately. The value of P; computed from
7-figure tables of the Incomplete Beta-Function Ratio is 0.0054574.

For small Q or large probabilities and the samples unequal, the
approximation is not so close. In Table 11-1 for (n, = 3, ng = 17)

= 2.77.
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the approximate value of P;is shown on top, the exact value on the
bottom, and the most likely @ is used in all cases.

TABLE 11-1

COMPARISON OF EXACT AND APPROXIMATE PROBABILITIES OF THE SAMPLES (€1,3) AND (c3,17)

Q
\ 0.05 0.10 0.20 0.30 0.40
' 0.0176
17/51 | 0.0639548
0.2187
18/51 ‘ 0.2783615
0.1416
24/51 0.1493336
0.0316
28/51 0.0378888
0.0005
34/51 0.0054982
0.0253
36/51 0.0191799
0.0058
42/51 0.0054574
0.00026
48/51 0.0009458

If n; differs but little from n;, one had best try the method for
both »’s equal and see if it appears to be necessary to use the more
complicated method for unequal n'’s.

SIGNIFICANT DIFFERENCES OF ATTRIBUTES—LARGE SAMPLES

If samples are large the approximation methods given for small
samples not only hold but also, of course, are more accurate. In fact,
if the n’s are of the order of 50 or greater, and @ is not very small,
one may dispense with the refinement of splitting the difference
between the jumps, and write

_ (e1/my) — (ca/na)
VPQ(l/m + 1/ng)’
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where Qis taken as (¢; + ¢z)/(n; + np). If samples are large, observed
ratios should not differ greatly from true ratios; and therefore it
would hardly be plausible to assume Q to be 0.5, when observed
ratios are considerably different from this value.

If n, is very large and n, much smaller, the question of the sig-
nificance of the difference can often be answered by observing the

ratio
_ (a/m) — (ca/m)

\/PQ/”Q)

where Q is inferred from n, (the large sample) and the n under the
radical is taken from the other 4 (the small sample). If the ratio is
greater than 3, the samples appear to be from different cause systems;
if the ratio is less than 2, there appears to be no statistical reason for
suspecting a difference. For large samples (neither sample less than
50) the chl-square test is more elegant. A simple explanation of
this test is given in Chapter XXII of Yule and Kendall’s book.

SIGNIFICANT DIFFERENCES OF VARIABLES

In sampling by variables one is faced with all the problems men-
tioned in the general discussion at the beginning of this chapter.
Furthermore, instead of merely wishing to know the unknowable
about @, one now wishes to know the unknowable about at least two
statistics, X and o. Statisticians have therefore tried to devise tests
which are predicated on distributions which are either independent
of these parameters or dependent on only one of them. Two well-
known distributions of this type are Student’s i-distribution and
R. A. Fisher’s z-distribution. The former is used in connection with
means; the latter in comparing two standard deviations. These
distributions have been widely advocated in connection with biologi-
cal ® and agricultural work,!* but simpler methods appear to find
favor in industrial work. The test for neither statistic is entirely free
of limitations on the other statistic; and, although elegant and sensitive
if properly applicable (see 3rd paragraph of page 163), each involves

14 Note the difference in philosophy in this case and also its cogency. Let one infer Q
from (c1, n1). Then, if n, is large, Q must be near the true value and ¢;/n; near the true
average value. The ratio then measures in standard deviations the probability of a value
as far away from the average as c1/ny — c2/ng, which is a most dependable measure of
significance in this case.

16 Statistical Methods for Research Workers, R. A. Fisher, Oliver and Boyd, London, 1936.

16 Chapters 3 and 10, Statistical Methods, George W. Snedecor, Collegiate Press, Ames,
Iowa, 1938,
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the assumption of normality. In the application of statistical meth-
ods, one must consider the extent to which one wishes to enter into
refinements, the concomitant necessity of appraising the real and im-
plied assumptions upon which the method is predicated, and the logic
underlying the inferences drawn therefrom. In the light of this
cautionary statement, two simple and rugged tests are recommended
to the occasional user of statistical methods.?
- Two averages appear to be significantly different if

X, — X, |

—_— > 3.
V& + ok,

Two standard deviations appear to be significantly different if 1

ln—al
In these formulas X; and X, are the calculated values of the average,
unless one of them is known or assumed; and o3, 0%, o,, and o,,
are calculated values of the standard deviation of the average and
standard deviation of the standard deviation, respectively, unless one
or both are known or assumed. These formulas are valid subject
only to the restrictions that the population or populations sampled
are controlled (in the control chart sense) and that the samples are

not very small. It may be recalled that, for a sample 1 of n,05z = :}:
and g, = —=- "
' V2n

The ratio of the difference of two means to the standard deviation
of their difference would be normally distributed 2 if true values of ¢
were used instead of estimated values and if the parent population

17 For a very readable explanation of more precise tests of significance, see Croxton and

Cowden, Applied General Statistics, Chapters XII and XIII, Prentice-Hall, New York, 1939.

18 These tests consist merely of dividing a difference by the standard deviation of that

difference. In general terms, two observations of any statistic @ appear to be significantly
different if

-6l

Vg + o

for the simple reason that deviations in excess of 3 standard deviation seldom occur.

1 For the standard deviation of a standard deviation computed from & subgroups of m
(where km = n), see Chapter XII.

2 Note comments of Chapter V on “Distributions.”

>3
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were normal. With a controlled parent population (not necessarily a
normal one) the ratio is still almost normally distributed if the sam-
ples are as large as 5. The experimenter himself is the best judge of
the accuracy of the estimates of . Thus, it is apparent that, whereas
no numerical probability can be attached to this test, its use as a
criterion will seldom lead to the error of judging lots which are the
same to be different, even if samples of the order of size 10 are used.
In samples of this size a test of control could not be applied, and
the state of control would have to be inferred from independent
knowledge. T

In the inequality for standard deviations, the ratio of the dif-
ference of two standard ‘deviations to the standard deviation of their
difference would not be normally distributed even if the correct
value of ¢ (as represented by the radical) were available and if the
parent population were normal. This is true because the standard
deviations of samples of n from a normally distributed population
are not themselves normally distributed, but only approach nor-
mality with large n. However, for sample sizes of 5 or greater,
from a normal universe, one may safely assume that the Camp-
Meidell inequality applies.?? However, if the parent universe departs
appreciably from normal, statistical theory cannot in general predict
the distribution of the standard deviation, and one can safely assume
only that the Tehebycheff inequality applies. This very melancholy
estimate does not include a consideration of the fact that the radical
in the denominator of the inequality is an estimate of the standard
deviation of the difference rather than the standard deviation itself.
It is thus apparent that the level of significance represented by this
inequality may be as poor as 0.10.

However, it is not recommended that it be improved by substi-
tuting a 4 for the 3, as such action would materially lessen the
probability of detecting the differences when they exist. With
very small sample size, no test is dependable unless the difference is
overwhelming; with sample sizes of the order of 20 from controlled
universes the test will give moderately satisfactory results in prac-
tice; with larger sample sizes taken under controlled conditions, re-
sults, of course, become more dependable.

Ilustration of significant differences of variables. Suppose that
two types of bullets have been fired under essentially the same con-
ditions with results as shown in Table 11-2. Only the average, X,
and observed standard deviation, ¢, of the chronologically arranged

11 Shewhart, op. cit., Chapter XIV.
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groups of 5 are shown. The question is raised whether these two types
of bullets appear to be significantly different (a) with respect to aver-

TABLE 11.2
ComparisoN oF VELoOCITY CHARACTERISTICS OF Two TyYPES oF BULLETS
22 groups of § for bullet type 1 20 groups of § for bullet type 2
- X . X
75 2,900 145 2,805
52 2,855 50 2,770
182 2,715 65 2,650
254 2,820 160 2,660
85 2,790 130 2,705
162 2,856 60 ' 2,745
187 2,640 215 2,660
95 2,955 150 2,625
80 2,860 35 2,650
177 2,780 55 2,720
210 2,730 175 2,530
135 2,865 105 2,810
50 2,685 40 2,605
110 2,870 80 2,680
120 2,845 85 2,595
122 2,770 90 2,720
148 2,775 1156 2,780
80 2,665 65 2,665
130 2,820 95 2,725
70 2,960 195 2,700
35 2,805 . _— E—
90 2,750 Total 2110 Total 53,600
Total 2649 Total 61,710
Aver. 120.41 Aver. 2,805 Avc_er. 105.5 Aver. 2,680
12041 106.6
Est. o1 = 084l Est. 0, = 0.841
= 143.3. = 125.5.
143.3 125.6
ﬁl=7?=M,0. q=—%=56.2.
143.3 125.5
¢"=_\7f6=45'2' ¢¢,=7—‘17=396

age velocity (level of the quality characteristic), and (b) with respect

to velocity dispersion (uniformity of the quality characteristic).
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As a first step, one should test to see whether or not a state of
statistical control appears to exist, as no predictions of the usual
type are possible in the absence of statistical uniformity. Therefore,
graphical control charts 22 as shown in Figs. 1114 and 11-1B should
be constructed. The estimated o/ and control limits can be read
directly from charts as described in Chapters V and VI, although
the caleulation is indicated in Table 11-2. No points fall outside of
the limits, so there is no reason for believing that the universes in
their present state are not statistically controlled.

Apply the criterion for a significant difference in averages:

|1 X - X,
Vok, + 0%,

that is to say, one makes the hypothesis that there is no significant
difference in average, and then tests to see whether observed results
would be likely under the terms of this hypothesis. The first average
was calculated as 110 observations; therefore oy, = estimated o}
divided by +/110. Hence,

2 _ (143.3)"’.

> 3;

T 70
In like manner,
s _ (125.5)
T 7100
Hence, one raises the question
2805 — 2680
(143.3)? + (125.5)2
110 100
125
ET6—5 > 3.

The ratio of the difference to the standard deviation of the difference
is 8. It is practically certain, therefore, that bullet type 1 has a
significantly greater velocity than bullet type 2, as a deviation of 8
standard deviations can scarcely be attributable to chance causes.

12 Since the samples are arranged in chronological order of firing, this process tests for
control in the testing process. It does not necessarily test for control in the universes
sampled, since the universe or lot may have been thoroughly mixed, i.e., order thereby
lost, prior to the testing process. An uncontrolled produet, if thoroughly mixed and then
sampled, may not show a lack of control. Hence, in control chart technique, order is an
important consideration. If order is lost, there is nothing that can be done about it, since
by no known process can one restore it.
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One must be cautious in applying a like test to the standard
deviations. The first standard deviation was not calculated directly
from 110 observations, but from 22 subgroups of 5; therefore o,, is

not equal to 143.3/V'2(110). Of course, one could go back and cal-
culate ¢ over the whole 110 observations (which were not actually
tabulated, in the present case), and this procedure would be the
most accurate. However, the o from & subgroups of m is generally
available, since it is obtained as a by-product of testing for control;.
and, although it is less precise (has a larger standard deviation of
the standard deviation) than the ¢ calculated from the n observations,
it has the same expected value, and one will generally use it for the
sake of convenience. It is suggested, therefore, that the reader turn
momentarily to Fig. 12-1, and enter the chart with m = 5 at the
bottom and read the abscissa corresponding to the line marked & =
22. The reading is 0.0775. A universe of unit standard deviation
would have ¢, = 0.0775. Therefore, ¢, = 0.0775(143.3) = 11.12.
In like manner ¢,, = 0.0812(125.5) = 10.20. Therefore

143.3 — 125.5
Vv (11.12)% + (10.20)?
178
15.15

Therefore, upon the evidence submitted there is no reason for believ-
ing that the two types of bullets are significantly different in standard
deviation.

One would therefore conclude: (a) that bullet type 1 has a signifi-
cantly higher muzzle velocity and that the difference appears to be
of the order of 100 feet per second; (b) that bullet type 1 may be less
uniform in muzzle velocity but that the difference, if any, in vari-
ability is not significant as judged from this test.

Under these circumstances one might be tempted to resort to
calculating the sigmas from the n observations. However, again
looking at the chart for precision ‘of estimates of ¢, one sees that
o, or 20 subgroups of 5 is 0.0812; ¢, for 1 group of 100is 0.0711. The
reduction in the standard deviation of the difference would therefore
be of the order of only 129,. This could scarcely be expected to
change the ratio 17.8/15.15 to a ratio greater than 3. Therefore
such effort is unwarranted. '



CHAPTER XII
MISCELLANEOUS STATISTICAL TECHNIQUES

Statistics? I can prove anything
by statistics except the truth.
—GeEorGE CaNNING (1770-1827)

Comments on measures of dispersion. In the brief discussion of
the concept of frequency distribution which was given in Chapter V,
the standard deviation was used as the measure of dispersion. Men-
tion was also made of the probable error (0.6745¢), which is appli-
cable when the distribution is strictly normal; and of the simpler, but
less precise, statistic range, R. In order to provide a minimum of
necessary tools for ordinary statistical analyses, this knowledge should
be supplemented with a brief discussion of the relative merits of and
the relationships between several measures of dispersion.

The standard deviation. The standard deviation was defined as

and it was pointed out that the expected value of the standard devia-
tion of small samples is less than the true standard deviation of the
universe. In order to overcome this tendency (on the average) a cor-
rection factor, c;, was introduced for use in estimating the universe ¢’;
but, in the cortrol chart technique as outlined, the correction was auto-
matically provided by the charts for averages and standard devia-
tions. It is sometimes desirable to use these factors® directly. A
list is given in Table 12-1.
1 These are merely solutions of the equation:

n—2
- \/5( 2 )' o
T =4/ o =ad,
nfn—3 '
( 2 )0
which follows from the distribution function of the standard deviation published by
“‘Student,”’ Biometrika, Vol. VI, 1908. Actually, the so-called Student distribution was

discovered much earlier by Helmert. F. R. Helmert, A stronomische Nachrichien, Vol. 88,
No. 2096, 122 (1876).

133
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TABLE 12-1
CORRECTION FACTORS c3 FOR o

n Cca n (] n (] n Cc2
11 0.9300 21 0.9638 55 0.9863
2 0.5642 12 0.9359 22 0.9655 60 0.9874
3 0.7236 13 0.9410 23 0.9670 65 0.9884
4 0.7979 14 0.94563 24 0.9684 70 0.9892
5 0.8407 15 0.9490 25 0.9697 75 0.9900
6 0.8686 18 0.9523 30 0.9748 80 0.9906
7 0.8882 17 0.9551 35 0.9784 85 0.9912
8 0.9027 18 0.9577 40 0.9811 90 0.9916
9 0.9139 19 0.9599 45 0.9832 95 0.9921
10 0.9227 20 0.9619 50 0.9849 100 0.9925

The standard deviation of the standard deviation. Consider 100
measurements of a variable X, X,, ---, X;00. Suppose that it is
desirable to obtain the standard deviation of these 100 measure-
ments, and also to estimate the standard deviation of the standard
deviation. One method of procedure consists of taking the root
mean square over all the measurements; i.e.,

3 ® - x)p

1=1

100

In this event, o, = ¢’/4/200. As a basis of discussion, suppose
that ¢’ = 1; then o, = 0.0707.

However, it is laborious to take the root mean square over the
whole number of observations. Work would be greatly reduced by
breaking the data into 10 subgroups of 10; i.e., ¥ subgroups of m,
where n = km. In this event, est. ¢/ = 7,/c;, where c; is for sample
size m,

1
est. o’ = —
Co

Om = Z'(X' "‘_“““_ X‘.—)z

T=1 m

1 k
Om = 7{: Zd,'.

Since, as previously pointed out, these two estimates of ¢’ have the
same expected value, assume for illustration that ¢’ = 1. How-

’

and



135

STANDARD DEVIATION OF THE STANDARD DEVIATION
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ever, ¢, is not in this case ¢//+/200, because the n used was not 100;
it was 10 groups of 10, which is quite a different matter. Under
these circumstances the expression for o, does not reduce to simple
form, but Fig. 12:1 provides an easy means not only for reading
standard deviations of the standard deviation but also for compar-
ing the relative precision of different methods of grouping with a
view to choosing the most economic method.? In the present ex-
ample, the intersection of the curves for £ = 10 and m = 10 (reading
the bottom scale) is opposite o, = 0.0745. The loss in precision is
slight and (as can be seen by noting the value of m corresponding
to 0.0745 on the £ = 1 curve) is the same as the precision which
would be obtained from a single group of 92. In like manner, one
can see that o, for 20 samples of 5 is 0.081; and, finally, for 50
samples of 2, o, is 0.107. This is serious, as it corresponds to a loss
of more than 509, in efficiency. Had estimated ¢’ been some value
other than unity, e.g., 176.42, then o, for 10 samples of 10 would
be 0.0745 X 176.42 = 13.14. That is, o, can be found from Fig. 12.1
for any o, if £ and n are known.

This method of getting o, is often very convenient, as data are
often in the form of rational subgroups for control chart purposes
(as such a test is so frequently desired before applying any statis-
tical measures). Therefore, 7, may be readily available, whereas
the calculation of estimated ¢’ from the whole sample would be a
new, laborious, and perhaps not merited operation.

It should be noted, however, that, when a single small sample
comprises all the data, there is no point in multiplying the observed
standard deviation of a small sample by 1/c;, as the observation
itself is of little merit. The operation of the factor ¢, is of particular
merit in connection with control chart technique. For general pur-
poses it is to be depreciated as it does not readily lend itself to alge-
braic use. In the remainder of this chapter the use of the factor c,
should not be implied where it is not specifically stated.

Variance. Variance is defined as

VX - X
-3 &=

0,2

8 Figure 12-1, of course, is predicated on a normal universe. This assumption will be
implied throughout this chapter, except where otherwise noted. Knowledge of the rela-
tionships between statistics of universes other than normal is very scant, although some of
the relationships of the normal universe appear to apply fairly well to universes that are
approximately normal.
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The estimated universe variance, which is

n
n—1 7

does not suffer from the algebraic disadvantages associated with o
and is somewhat superior from the statistical viewpoint. From the
engineering viewpoint the interpretation of a non-linear measure is
awkward. For example, it is difficult to picture a case where prac-
tically all observations fall within + f6® as one does in the case of
=+ 30. However, no such use is ordinarily made of variance.

Much is to be said for a standard deviation defined as the square
root of estimated universe variance.? Although its distribution differs
slightly from standard deviation as defined by

X - X)
S PIE

an advantage arises because estimated universe variance is alge-
braically more tractable than ¢/c; and leads to a more precise estimate
of ¢’. Although it lacks a background of successful usage in control
chart work, like that associated with standard deviation, there is
certainly good reason to believe that it would work satisfactorily in a
slightly altered control chart technique, and it may be a development
of the future.

Range (bracket or maximum dispersion). The simplest of all
statistics, the one which is intuitively a part of man’s natural mode of
thinking and one of quite popular use, is the mere difference between
the greatest and least values in a group. That is to say, having
made n observations of a variable, X,, X,, -+, X, if the range
(X max. — X min) I8 very small, one naturally concludes that a high
degree of uniformity exists. The interpretatiqn of range, however,
is very dependent upon the sample size; e.g., a range of 0.14 second
in a sample of 15 anti-aircraft time fuzes at a 10-second setting is
much less disturbing than the same range of 0.14 second on a sample
of 5 fuzes at the same setting. It is therefore desirable in comparing

3 Chapter 23 of Yule and Kendall contains a lucid explanation of this definition of o.
Briefly ¢ is estimated from X — X, where X is the observed mean instead of the true
mean. This unknown parameter results in the loss of one degree of freedom; hence n — 1.
That is, having availed oneself of the X, one could find any X, given the n — 1 re-

maining X’s. In like manner, when work involves several parameters which are estimated
from data, one generally loses one degree of freedom for every parameter so estimated.
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ranges to reduce them to some common denominator. A convenient
method of accomplishing this end consists of converting the ob-
served range to the universe standard deviation which would (on
the average) produce such a range. This can be accomplished by
multiplying the observed range by a factor, just as one multiplies
the observed standard deviation by the factor 1/c,. By way of
analogy,-this factor is noted herein as 1/d,. Table 12-2 gives the
factors ¢ dy forn = 2ton = 15. It should be noted that d, is merely
the average number of standard deviations included in a bracket of
a sample of n. Naturally, d, for n very large is slightly greater
than 6 (it reaches this value at n = 444); i.e., £30 includes practically
the range of the universe. There is very little point, except for
purposes of comparison, in multiplying an observed range of a small
sample by 1/ds, just as there is little point in multiplying an observed

TABLE 12-2

Facror dz For CHangING R To EsT. o

n 2| 3|4|565([|6 |7 |89 (10[11|12]13]|14]15

ds 1.1281.692(2.059(2.326{2.534/2.704/2.847(2.970(3.078(3.173(3.258/3.336|3.407(3.472

standard deviation of a small sample by 1/¢;. The observation itself
is quite too indefinite to merit a meticulous operation. However,
there is a great deal of point in multiplying the average range, E,
of k samples of size m by 1/d;. This gives a very good estimate of ¢’
and is exceedingly easy to compute.

The standard deviation of the standard deviation (estimated from
range). Suppose that est. o/ = (1/d,)E,, where R, is the mean
range® of 10 samples of 10. As in the case of estimated ¢’ from &
samples of n, o, is not equal to ¢’//2n. Figure 12-1 gives o, for a
wide range of k¥ and m, by reading m on the top scale. Thus, if est. ¢’

4 The expected value and standard deviatidh of the distribution of ranges of samples
of size n from a normal universe is known. See L. H. C. Tippett, “On the Extreme Indi-
viduals and the Range of Samples Taken from a Normal Population,” Biometrika, Vol.
XVII, 1925. The relationship between range and probable error for a normal universe
was also derived independently in an unpublished paper by Dr. L. 8. Dederick of the
Ballistic Research Laboratory, in connection with work in gunfire.

8 See O. L. Davies and E. 8. Pearson, “Methods of Estimating from Samples the Popu-
lation Standard Deviation,” Supplement to the Journal of the Royal Statistical Society
(Industrial and Agricultural Research Section), Vol. I, No. 1, London, 1934,
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for 10 samples of 10 is 1, ¢, is found to be 0.081 (note that this is
slightly larger than o, for 10 samples of 10 using standard deviation,
which was 0.0745). In like manner, o, for 20 samples of 5 (est. o’
being unity) is 0.082, which is only very slightly inferior to that ob-
tained with standard deviation. It is thus seen that, by an exami-
nation of Fig. 12-1, one can inquire into the relative merits of various
choices of k& and m and of range and standard deviation.

"Comments on range. Writers on statistics are almost unanimous
in their condemnation of range as the worst possible measure of
dispersion. Its marked lossin efficiency as n increasesis all too evident
from Fig. 12.1. For example, a sample of 25, using standard devia-
tion, yields precision equal to a sample of 50, using range. However,
as the sample size decreases, the disparity in efficiency also decreases;
and, of course, the statistics are equally efficient for n = 2. For
small samples (n = 2 to n = 10 or 15) the loss in efficiency is rela-
tively slight. If sampling is being done by small subgroups, as is
general in quality control work, it may be easier and more economic
to take an additional measurement and use the simpler statistic.
In the destructive sampling of expensive articles of ammunition,
the use of range, even for small subgroups, is not recommended, for
even a loss of 4 or 5%, in efficiency means a substantial monetary
loss. However, in a system for process inspection by the control
chart technique as described in Chapter VII, the use of range in-
stead of standard deviation has been found to be not only entirely
satisfactory from the engineering and statistical point of view, but
also valuable from the practical point of view, because it makes
the institution of quality control (with its many economic advan-
tages) possible without the necessity of either changing plant per-
sonnel or giving existing personnel any special training. This subject
is discussed further in Appendix C.

Mean deviation. The mean deviation is historically of impor-
tance and still enjoys considerable currency. It is defined as

Z|X - X|,
n

M.D. =

With appropriate procedure, it can be used for almost all the pur-
poses for which other measures of dispersion are used. The average
mean deviation of k¥ samples of n can be changed to estimated
standard deviation by multiplying the average mean deviation by
1.253Vn/(n — 1). The use of mean deviation, hawever, is not
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recommended for two cogent reasons: it has (a), neither the effi-
ciency ® of the standard deviation, (b) nor the simplicity of range.

By way of protection from the wrong use of statistics by others,
one or two dangers associated with mean deviation should be pointed
out. For small samples, the mean deviation is very sensitive to
sample size; and, unless the sample size is quoted, mean deviation
is almost meaningless. This difficulty can be overcome by multi-
plying the observed M.D. by Vn/(n — 1). However, many people
who use mean deviation are aware neither of the necessity for the
correction nor of the manner of accomplishing it.

In older work it was popular practice to multiply mean deviation
by 0.8453 (known as Peter’s formula) to estimate probable error,
in order to avoid the labor of getting the root mean square deviation
(standard deviation), which would then have to be multiplied by
0.6745. This procedure was predicated on the principle that, for
large n, ¢ = 1.253 M.D. and 0.6745 X 1.253 = 0.8453. There are
two objections to Peter’s formula in addition to those already cited
with respect to probable error: (a) the loss of efficiency 7 due to
estimating the standard deviation from the first moment; (b) failure
to take account of sample size.

Occasionally one encounters work in which a mean of deviations
is taken, not from the mean of the observations themselves, but from
some arbitrary or aimed-at value. This mean of the deviations from
the arbitrary value is then treated as a mean deviation. Such pro-
cedure is too fallacious to bear comment. Strange to say, this
procedure, under certain circumstances, has given sufficiently satis-
factory approximations for its error not to be obvious through its
false results.

Successive differences. A method has been developed for esti-
mating the standard deviation from the mean square successive
difference 42, where

n—1
2 X = Ku?
# =

n—1

¢ For normal populations, no other measure of dispersion can be as efficient as that
calculated from the second moment; i.e., the standard deviation and variance. For an
interesting proof, see Chapter VII, The Calculus of Observations, E. T. Whittaker and G.
Robinson, Blackie and Son, London, 1929.

7 For large n (greater than 25), mean deviation is 889, efficient as compared with
standard deviation. For small n (2 to 10), it is comparable to range.
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Let the symbol ¢(8) designate the estimate of standard deviation
from successive differences. It can be shown that

a(8) = \/.;—-f

This statistic is a powerful tool for measuring the variation due
to a system of chance causes, even though variation due to other
causes may be present in the data. It is also of service in detecting
the presence of assignable cause of variation even when such causes
may not be detected by dividing the data into supposedly rational
subgroups by the control chart technique previously outlined. Its
properties can be brought into focus by a few comments on its
origin which are well merited, since this statistic appears to have little
background of use outside of military circles.

The probable error of artillery matériel is determined by firing
a number of shots from the matériel in question, measuring the dis-
tance to the points of impact, and computing the estimated probable
error. Dr. A. A. Bennett, who was on duty at the Ordnance Office
and later at the Proving Ground during World War I, realized that
the probable error estimated from

2 (X - X

=1

n—1

P.E. = 0.6745

was sometimes fictitiously large owing to weather conditions sur-
rounding the experiment; e.g. an increasing tail wind would intro-
duce a shifting mean and, hence, increase the second moment of
points about the mean of all points. He therefore introduced the
method of estimating P.E. from ¢(8),

P.E. = 0.6745 o(3),

in order to minimize external effects.

Recently, Mr. R. H. Kent of the Ballistic Research Laboratory
and Professor J. von Neumann of the Institute for Advanced Study,
in an unpublished paper, rigorously deduced the formula for the
average squared standard deviation estimated from successive dif-
ferences, ¢?(5). Bennett’s result was right ® although his procedure

8 Bennett also deduced P.E. = 0.6 times the mean successive difference. This rela-
tionship is also shown without proof in Chapter XI, C. Cranz and K. Becker, Hand Book
of Ballistics, H. M. 8. Stationery Office, London, 1921. The efficiency of the statistic as
shown in Cranz is wrong. Helmert’s work, to which he refers, treats of the differences
of all the pairs.
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was in error. Subsequently, the author deduced a proof * which re-
quires only elementary methods.

The exact distribution of ¢%(8) is not known, nor are all its
moments known. However, von Neumann and Kent have shown
that the variance of ¢%(8) is

The variance of the estimate of variance, i.e., of [(n — 1)/n] ¢'?, is

\/2(n —1)
n2
The ratio of these variances, relative to the squares of the expected values

of the estimates themselves, is a measure of their relative efficiency.

2(n — g  (n—1* |
+ o

n? n?
BAL. = 3n — 4 " ”
n — 1)20 + 0
This reduces to:
2m—-2 2 1
Ef. =3n—4=§[1+3n-4]'

It is thus obvious that, for large n, the efficiency of the estimate
from the mean square successive differences, relative to that from

? Given n observations X, X3, --+, Xp, n being even. Divide the data into k,
(kg = n/2) subgroups of 2, in the order of occurrence,
2 _ 15 o~ Fi = Xi),

Jg T
kit 2-1

This is an unbiased estimate of (¢’)%. Divide the data into ks (ky = [n — 2]/2) subgroups
of 2, in the order of occurrence, omitting the first and last observations.
2 _ 1 Nh s (X — X,

op = T

ky £=4 = 2-1

This is also unbiased estimate of (¢*)2. The weighted mean of ¢ and ¢} is an unbiased
estimate of (¢’)%.
kaos + ksai
ka + Ky

By substitution of values and a little rearrangement this reduces to ¢%(3). For n odd, the
proof is similar.

= est. (¢')%
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variance, is approximately 679%, and that as n decreases the former
estimate becomes more efficient. For n = 2, the efficiencies are,
of course, equal. It may be concluded, therefore, that, for small
samples, the standard deviation by successive differences does not
appear to lose a great deal in efficiency. This observation, of course,
is subject to limitations which might result from the nature of the
distribution. However, it has been confirmed by rather extensive
empirical checks that, with samples of the order of size 20, #(8) ap-
pears to have about the same precision as ¢ computed from approxi-
mately % the sample size. The efficiency of ¢(5) is appreciably
superior to standard deviation from % subgroups of 2, as can be seen
from comparing the above ratio for samples of 20 with the standard
deviation of 10 samples of 2 as shown by Fig. 12-1. )

In addition to its use for measuring the variation of a chance
cause system (like the distances of shots from a gun) as if it were
independent of an external cause system (like the shifting mean),
the standard deviation by successive differences can be used as a
check on the rationality of subgroups.

Given k subgroups of m, n = km. It is well known that, if the
standard deviation computed over the whole n observations is sig-
nificantly greater than the average standard deviation of the sub-
groups divided by ¢z, one may doubt statistical control even though
no points on the control chart are outside of limits. That is,

Opn > l‘ Im
C2

indicates 1* lack of control (> meaning significantly greater than).
o(8) having been computed for each of k¥ subgroups in like manner,

13 \/1 £

Om 2

- "> —_S_ LA
C2 kj-l ! )

indicates ** a changing cause system within one or more of the sub-
groups; i.e., the subgroups are not rational in the sense that the cause
system is constant within the subgroup. This may lead to the dis-
covery of rational subgroups (through the method of trial and error)
which will lead to the discovery of the assignable cause for variation.

10 A beautiful measure of this character can be performed, using variance and the z-test
aé a measure of significance, see Chapter 23 of Yule and Kendall, op. cit.
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Correlation, general. To the student of general statistics it may
seem unusual to relegate correlation to miscellaneous techniques.
It is first in appeal to the imagination, it is widely used in so many
fields, and it is the subject matter of approximately twenty-five per-
cent of the literature. The reasons for this apparent slight are three-
fold. First, occasions for its use in engineering work are relatively
infrequent, and, even when they arise, unaided engineering judgment
is likely to be more nearly self-sufficient than in the cases previously
discussed. Second, correlation, without both a competent knowledge
of statistical theory and a mastery of the technical features of the
scientific or engineering field to which the data pertain, may lead to
erroneous conclusions. It is important that statistics lead to valid
conclusions and not be used through design or ignorance as a support
for unwarranted assumption. Third, a comprehensive procedure for
the occasional user of statistical methods cannot be offered in a
clear-cut and ready form.

The meaning of correlation. Correlation is an expression of
relationship. This idea is brought more clearly into focus if one first
considers a simple functional relationship such as y = f(X). In
this case, for every X there is a corresponding Y. For example,
consider the formula:

L = 27r.

For every r there exists one and only one L.

Now suppose that, instead of an r giving rise to one and only one
L, the selection of an r gives rise to the selection of an L from a
frequency distribution in which, let us say, the mean L is a function of
r. Then the values are statistically related, and two values which
are statistically related are said to be correlated.

Correlation implies commonness of causation with respect to two
or more phenomena. This does not necessarily mean a relationship
of cause and effect, nor is it even necessary to know the reason for or
technological explanation of the commonness of causation, if the data
are extensive enough. For examplé, in certain types of metals there
is a high degree of correlation between hardness and tensile strength.
This relationship is so reliable that in many types of commercial work
hardness is tested rather than tensile strength, especially in instances
where the latter test would be destructive as testing the strength of
automobile axles. Of course, there is seldom a one-to-one correspon-
dence between phenomenon A and phenomenon B. If there were,
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the relationship would be functional and not statistical. That is to
say, a hardness reading of 70 (Rockwell) may on the average corre-
spond to a tensile strength of 32,000 pounds per square inch but
may be expected to be as high as 40,800 or as low as 23,200 pounds
per square inch. A measure of this scatter will be given shortly.
Therefore, in using the indirect but correlated test, allowance must
be made for the lack of perfect correlation between the two phe-
nomena. Perfect correlation is indicated by a correlation coefficient
of 1.0; no relationship between phenomena is indicated by a correla-
tionship coefficient of 0; and a perfect negative relationship (in the
sense that one variable increases as the other decreases) is indicated
by a correlation coefficient of — 1.0.

However, the observation of a moderate degree of correlation does
not necessarily mean that commonness of causation exists. The
observation may be due to chance. Likewise, the observance of zero
correlation does not necessarily mean that no correlation exists.

Nature of the correlation coefficient. It has been shown for
various statistics that, if the true value of the statistic is 6’, the
observed value of 6 in samples of size n may be greater or less than ¢/,
and on the average may or may not approach 6’ as a limit. For
example, the observed values of o in small samples from a normal
universe do not approach ¢’ on the average but require the correc-
tion factor 1/c;. A similar condition holds for the correlation coeffi-
cient, . Shewhart ! has shown that, in the actual drawing of 86
samples of 25 from a normal universe of v’ = 0, the observed value
of r varied from —0.60 to +0.30. However, in 86 samples of 25
from a normal universe in which 7 = 0.98, r varied only from 0.95
to 0.992. The lesser dispersion of r as r’ approaches unity is obvious
from the approximate formula for the standard deviation of r,

1 — 2
g

The formula also indicates reduced dispersion as n increases. R. A.
Fisher 2 published the distribution of r in 1915.
Calculation of the correlation coefficient. Given n pairs of
values X1 Yl, XzYz LR XnYn,
XY - XY

r=——m—m—)
gxO0y

Oy

11 Loe. eit.’
12 Biometrika, Vol. X, 1918, page 507, et seq.
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where XY = the average of the products of the pairs.
YX = the average of the X’s times the average of the ¥’s.
ox = the standard deviation ® of the X’s.
oy = the standard deviation 2 of the ¥’s.

Consider the following example. A certain component mechanism
of a fuze was subject to test by measuring the number of pounds
(force) required to cause the mechanism to function. Owing to
difficulties associated with this type of test, it was desired to sub-
stitute in lieu thereof a simple test of resistance of the mechanism to a
falling weight. The substitution required a knowledge of the statis-
tical relationship between falling weight and pounds of force as
applied to this particular mechanism. The data of Table 12-3 are a
part of the test data * for this purpose.

2" X2
. : 2266.70
:T —-X2 = \/

20
V113.34 — 111.30 = 1.42.

— (10.55)

oy = \/M — (80.55)* = 13.88 (see note 15).

20
oo XY — XV _ 868.32 — (10.55)(80.55) _  oon
oxey (1.42)(13.88)

By using this value of r as an estimate of true r/, the standard devia-
tion of r can be calculated by the approximate formula
_1—-92 1-09372
(n — 1)* (19)%
13 In this case the correction factor ¢z should be omitted in the calculation of ox and oy,
because cz should be applied only in connection with linear functions of the standard devia-

tion, and generally only in connection with control chart technique. Another formula
for r which avoids this issue is

O

= 0.028.

X -XN(Y-P
r = .
VEX -X)Z7 - V)
14 The data have been altered but not in a way to prejudice the illustration.
— 9
u “\[z(x X) =JE£_2XZX+FHJE_32.
n n n n

It should be observed that in the notation employed the capital letters refer to observa-
tions whereas the small letters refer to the difference between the observations and their
mean. Thus X refers to the mean of the X’s but £ to the mean of (X — X,).
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If one recalls that positive correlation varies between 0 and 1, this
appears to be a rather high degree of correlation. It is difficult to say,
however, just.-what this means in a clear and concise way. At least
a part of this difficulty is associated with the nature of r itself. The
correlation coefficient is of considerable value inasmuch as it enables

TABLE 12-3

CoMPUTATION OF CORRELATION FOR INCHEs DRoP AND Pounps FoRCE

Inches drop of .
1.1b. ball Force ;n lbs. x? ¥ xy

X
7.13 48.00 50.77 2304.00 342.00
7.87 59.25 62.02 3510.56 466.59
9.19 60.75 84.41 3690. 56 558.14
10.50 68.25 110.25 4658.06 716.63
9.19 71.25 84 .41 5076.56 654.61
10.13 73.50 102.52 5402.25 744.19
10.69 75.75 114.22 5738.06 809.58
10.12 78.75 102.52 6201.56 797.34
9.94 79.50 98.75 6320.25 790.03
10.31 81.75 106.35 6683.06 843.05
10.31 83.25 106.35 6930.56 858.52
11.44 84.00 130.82 7056 .00 960.75
11.06 86.25 122.38 7439.06 954.14
10.88 87.75 118.27 7700.06 954 .28
10.31 88.50 106.35 7832.25 912.66
12.00 90.00 144 .00 8100.00 1080.00
12.00 93.00 144.00 8649.00 1116.00
12.56 97.50 157.82 . 9506.25 1224 .84
12.37 99.75 153.14 9950.06 1234.41
12.94 104.25 167.38 10868.06 1348.73
Total 210.94 1611.00 2266.70 133616.22 17366 .49
Aver. 10.55 80.55 113.34 6680.81 . 868.32

one to express the degrees of relationship between two series of data
in general numerical terms which are independent of the units of the
original data. It does not, however, supply any means of passing
over from one series of data to corresponding values of the other
series, nor does it give any definite knowledge of the loss in precision
that should be expected if such a transfer were attempted by some
known process. Sometimes the mere expression of the degree of
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relationship r is surely an advantage. However, from the engineering
point of view it appears much more important to know the best way
to interpret one series in terms of the other, i.e., pass over from one

INCHES DROP OF I/4 LB. WGT.
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series of data to the other, and to have a measure of the precision of
this type of interpretation. It will be seen that this is a relatively
simple procedure.

Estimating one series of data in terms of a correlated series.
Figure 12-2 shows a plot of the data of Table 12-3. A very rough
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engineering way of interpreting one measure in terms of the other
would consist of drawing a line by eye through the scatter of points
so as to appear to approximate the points as closely as possible. A
more elegant and frequently used procedure would consist of fitting
the points with a least squares line so as to make the sum of the
squares of the distances of the points from the line (measured per-
pendicular to the line) a minimum. This is known as the line of best
fit.. However, if one considers the fact that X is the independent
variable which is going to be directly measured and hence has no
error about it (except errors of observation) and that Y, the de-
pendent variable, is statistically related to X, then it is obvious
that it is better to minimize the Y errors (the X errors already being
small). Hence, it is far better to use, as an estimating line, a line
that makes the sum of the squares of the vertical distances of the
"points from the line a minimum. This is known as the regression
line of ¥ on X. The equation of the line (assuming that the relation-
ship is linear) is obviously of the form

Y =a + bX,
and the constants ¢ and b can be evaluated by solving the equations:
ZY = na + bZX,
ZXY = aZX + bZXZ

After a systematic tabulation of X, ¥, X2, Y?, and XY, the solution
of these equations is easy. In the present case the indicated sum-
mations can be taken from Table 12-3.

1611.00 = 20a + 210.94b,

17,366.49 = 210.94a + 2266.70b.
Solving, one gets
Y = — 12,74 + 8.85X.

Now, if the statistical relationship between X and Y is such that
the standard deviation of the points on any ordinate erected on
Fig. 12.2 is equal to the standard deviation of the points on any
other like ordinate !* (measurements being made from the regression

18 This is the usual assumption, and the distribution is said to be homoscedastic. In
this example, paucity of data and method of measurement cause some ordinates to have q
or 1 point.
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line of Y on X), then the standard deviation of the Y values about
the regression line, o, is

Ou = V1 — 12,

Thus, in the present case o,, = 13.88V'1 — 0.937 2 = 4.86. By this
procedure one can now put in limits at +30, on Fig. 12-2 which
are similar to control chart limits and within which practically all
observed Y values should fall. The standard deviation oy, gives a
measure of the variation or error that may result from estimating
Y from X. Thus, by the procedure just outlined, one has a method
of estimating ¥ from X and a measure of the range of variations
in such estimates.?

In like manner one could, of course, regard Y as the independent
variable and X as the dependent variable, obtain the best line for
estimating X from Y which is the regression line of X on Y, and
derive g;,. Then the line would be different, and the equations are:

X =a + bY,
ZX = na 4+ b2V,
ZXY = aZY + b2Y?
Ozs = a,\/l—:—r‘;.

The two regression lines coincide if, and only if, r = 1. The best
representative line (minimizing the sum of the squares of the devia-
tions perpendicular to the line) lies between the two regression lines,
and all three lines pass through the point, X, Y.

Comments on correlation techniques. If the pairs of observations
were 100 or more, the procedure just outlined would become quite
laborious. Under these circumstances much labor can be saved by
grouping data into cells as explained in various elementary textbooks
on statistics. It is suggested that the occasional user of statistical
methods who is not familiar with such procedure avail himself of the
services of someone who is, rather than incur the labor of going into
such a matter for the sake of a few isolated applications.

7 Chapter XXII of Applied General Siatistics, Croxton and Cowden, gives an illumi-
nating explanation of these variations in terms of variance (the squared standard devia-
tion). o} is regarded as the total variance of the ¥ values about their mean. Of this
total variation, the amount r%s} is explained by the correlation coefficient, hence is ac-
counted for. The remainder of the total variance, o, is regarded as ‘“unexplained vari-
ance’” and is the amount we must allow for in making estimates.

03 = ’;‘ + r’vz.
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In the example cited it was assumed that the statistical relation-
ship was linear. This assumption appears to be a close approxima-
tion in the practical working range, but it is obviously not true in
principle as can be seen by contrasting the engineering certainty,
X =0, Y = 0, with the regression equation, ¥ = — 12.75 4 8.85X.
That is to say, at least the lower left-hand portion of the line must
become curvilinear and concave upward. Whereas in many cases
linear correlation is either correct or a sufficiently close approxima-
tion in the working range, instances arise where a correlation ob-
viously exists which is non-linear in the working range.

Whereas it is possible to fit data with curves of any order, the
treatment of non-linear regression is distinctly a task for the statis-
tician or mathematician rather than the occasional user of statistical
methods. However, a large proportion of these apparently difficult
problems will yield to the elementary methods just outlined, if a
little ingenuity is employed. It is suggested that at least the follow-
ing simple steps be tried:

(a) Plot the data on semi-logarithmic paper with X on the
logarithmic scale.

(b) Try Y on the logarithmic scale.

(¢) Try the data on paper with both axes to logarithmic scale.

By proper choice of scales many curves can be changed to approxi-
mately straight lines. Obviously, the above procedure takes care
of curves of the forms:

Y = AB¥and X"Y = A

Note that the correlation is between one variable and the logarithm
of the other and between the logarithms of the variables, respectively,
and calculations must be performed with these respective values,
not the original data.®

By way of illustration consider two series of measurements
of the blast effect of an explosion as shown in Table 12-4. The
measurements were made at various distances from the explosion
by two types of instruments: instrument type A and instrument

18 Linearity can sometimes be improved by multiplying one variable by a constant,
and handling the new variables X and CY; or by substituting a new variable, Z, for XY
in a relationship of the form XY = A 4+ BX. Tests of linearity are beyond the scope of
this book.

19 Thege data have been altered but not in such a way as to prejudice the illustration.
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type N. From the engineering principles of the instruments it ap-
peared that both should measure the same thing, viz., the integral
of pressure times differential time, f Pdt, and hence that the meas-
urements should be correlated.

TABLE 12-4

MpBasurREMENT OoF UNiTs OF BLast ErrecT BY Two TYPES OF INSTRUMENTS

B
Units . Units Units Units
Inst. Type N Inst. Type A Inst. Type N Inst. Type A
30.0 7 8.5 3
25.0 7 8.0 3
17.5 5 7.7 2
19.3 5 7.5 2
14.5 5 6.5 1
11.5 4 5.0 0
10.8 4

A plot of the readings, Fig. 12-34, shows that the correlation, if
any, is distinctly curvilinear. However, when plotted on semi-
logarithmic paper, the relationship appears to be clearly linear (see
Fig. 12.3B).

In this case X2 = 1.1212, X? = 1.1735.

P2 = 13.6331, Y2 = 17.8462.
XY = 4.3681, XY = 3.9096.
2 =X2 — X2 = 0.0524, . = 0.2289.
ol =77 — 7?2 = 4.2130, 0, = 2.0526.
XT/‘ Xy

0. 0y

The correlation between the reading of instrument type N and the
logarithm of the reading of instrument type A therefore appears to
be very high. The equation of the regression line of the reading of
instrument type A on the logarithm of the reading of instrument
type N, i.e., the equation for changing observations of N to corre-
spondmg observatlons of 4, is

A = —5.58 4 8.75log N.

= 0.9760.
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Hence, the correlation between the observed value of one variable
and the logarithm of the other is no detriment to interpreting one
variate in terms of the other.

TABLE 12-5

PRECISION OF ANALYSIS OF SMOKELEsS PowpER DETERMINED BY DuPLICATE SAMPLES 20

Difference
Analysis Analysi
Sample No. 8 YBIS
sample A, %, | sample B, %, D D - D (D’ — Dy?

1 4.64 4.86 + 0.22 + 0.22 0.0484
2 4.71 4.73 + 0.02 + 0.02 0.0004
3 4.71 5.03 + 0.32 + 0.32 0.1024
4 4.93 4.73 + 0.20 + 0.20 0.0400
5 4.72 4.78 + 0.06 + 0.06 0.0036
6 4.98 4.91 + 0.07 + 0.07 0.0049
7 4.90 4.68 + 0.22 + 0.22 0.0484
8 4.81 4.73 + 0.08 + 0.08 0.0064
9 5.03 4.35 + 0.48 + 0.48 0.2304
10 4.68 4.81 + 0.13 + 0.13 0.0169
11 4.80 4.84 + 0.04 + 0.04 0.0016
12 4.95 4.92 + 0.03 + 0.03 0.0009
13 4.82 4.62 + 0.20 + 0.20 0.0400
14 5.00 5.04 + 0.04 + 0.04 0.0016
15 4.80 4.86 + 0.06 + 0.06 0.0036
16 4.83 4.70 + 0.13 + 0.13 0.0169
17 4.90 4.60 + 0.30 + 0.30 0.0900
18 4.66 4.76 + 0.10 + 0.10 0.0100
19 4.73 4.87 + 0.14 + 0.14 0.0196
20 4.76 4.66 + 0.10 + 0.10 0.0100
21 4.48 4.74 + 0.26 + 0.26 0.0676
22 4,80 4.72 + 0.08 + 0.08 0.0064
23 5.01 4.65 + 0.36 + 0.36 0.1296
Total 0.00 0.8996

Aver. 0.00 0.0391

It should be emphasized that the significance of any measure of
relationship is highly dependent upon the form of the relationship;
and, in contrast to this observation, it is well to bear in mind the fact
that the simple statistics X and ¢ convey so much information which

2 QOriginal data have been altered but in such a way as not to be prejudicial to the illus-
tration. '
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is independent of the form of the distribution and is made useful
through the Tchebycheff theorem.

Measurement of precision of observation of a variable. In engi-
neering work it is often desirable to know the precision of observation
of some phenomenon. The statistical method offers a ready means of
measuring the precision of an observing process even though the
true objective measure of the phenomenon is never known. For
example, suppose that the acceptance of a product requires that the
chemical analysis of a sample be between certain limits. If the
chemical determination is imprecise, the product may be rejected
because of errors of observation. The method of checking the
precision of observation can be easily shown by an example.

In the manufacture of smokeless powder, acceptance of lots of
powder is dependent upon the maintenance of the amount of one of
the chemical ingredients at less than an assigned percentage. It was
suspected that lots were being rejected because of lack of precision
in chemical analysis of samples. The chemical laboratory insisted
that its results were precise beyond question. In order to test this
stand, duplicate samples were taken from each powder lot, without
permitting the laboratory to know which samples were duplicates.
The duplicate samples were not two random samples from the
same lot, as such might differ considerably from each other, but
halves of a single sample obtained by the process of mixing and
quartering. Hence the duplicates were in fact duplicates in the sense
of being almost precisely the same. The results are shown in columns
2 and 3 of Table 12-5.

Since the true but unknown percentage is the same in sample A
and sample B, their difference is due to accidental errors of observa-
tion which occur in the two independent tests of the duplicate
samples. That is, the variable shown by the fourth column of Table
12.5, viz., D, is the difference of two independent variables, viz.,
the first analysis and the second analysis. The two independent
variables, however, are equal, since each is the product of the same
operational process.

' )2
The std. dev. of the difference = op = \’@-—7{—]—)‘—)

= v0.0391 = 0.1977.

The std. dev. of the error of observation = a,.



156 MISCELLANEOQUS STATISTICAL TECHNIQUES

It can easily be shown that the standard deviation of the sum of
two independent variables * is equal to the square root of the sum
of the squares of the standard deviations of the respective varia-

bles; i.e.,
op = Va4 + o5
Since 0as = 0a8 = 04, op = 0,V/2, therefore

ap 0.1977 _
Ga Vo 1a1d 0.1398.

Since the standard deviation of the observation is 0.14%, it is
eagily seen that reported results might well be in error by as much as
+0.42%. After this demonstration the laboratory was willing to
run check tests in cases which were close to the limiting value.

It should be noted that this procedure measures the precision
(reproducibility) of the test, not its accuracy (closeness to the true
value). For example, suppose that the tests consisted of measuring
the loss of weight of the sample after desiccation and that desiceation
was always incomplete. There could well be a mean constant error
in results, and no statistical means would detect the error. Precision
can generally be measured by statistical means; measurement of
accuracy is often more difficult. A measure of accuracy generally
involves some engineering technique. For example, in the present
case it might be accomplished by making a synthetic sample of
known percentage of the ingredient in question, then subjecting the
known sample to the analysis, and finally comparing results of
analysis with the known percentage. In general, a test of accuracy
requires an artificial set-up in which the answer is known before the
test is made.

Further use of the sum of two independent variables. Consider
a universe composed of k£ universes which are identical except for the
values of their respective averages. Let the universes be controlled
about the averages, X3, X, - - -, Xi; and each with standard deviation
s, Where g, can be considered the variation due to accidental causes.
Let the X’s of the respective universes be controlled about a mean

81 The standard deviation of a sum of any number of variables is

o ="Vel+o} - 4 oh+ 22008+ - 2rn_1,nTn10m

where r is the correlation coefficient. (For independent variables, r = 0.) See Yule and
Kendall, Chapter 16.
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value X with standard deviation a,, where a, is used instead of o3
to promote thinking of the variation as due to systematic causes,
i.e., a cause which is constant for a set of X’s measured about a
specific X.

As an example of this type of compound variation, consider a
product manufactured by % automatic machines all of which have
been set by an operator or operators at an objective value of X'.
Suppose further that the settings are randomly distributed about b¢
and that the variation in the product of each machine about its re-
spective X is essentially the same and equal to ¢,. How can one
predict the variation, or, in the product resulting from the operation
of all the machines on a basis of n samples from each machine at
each setting?

The total variation is equal to the sum of two variations, i.e.,

-VaTa

Let X;; be the ith observation in the jth subgroup. With respect
to o, one has nk observations consisting of % subgroups of sample

gize n. One can, therefore estimate 22 o2 from - Z E ‘T: , Where

Z (X, — X)?

2 _f=1 0

% = n—1 '
However, with respect to true X’s, one has no observations what-
soever. Instead, one has only estimates each of which is based on n
measurements of X;. Therefore o3 (or rather ¢?) computed from
the observed X’s will be too large, as it contains not only the varia-
tion in X but also the variation due to the errors of measurement.

Therefore . = ,
X - X, %
i= k-1 - d? + (\/;) ’

8 Tt was shown by Gauss and later by R. A. Fisher, Statistical Methods for Research
Workers, Oliver and Boyd, London, that the formula

z:(X—Xi)’
2 f=1
’ n—1

yields an unbiased estimate of o2
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where (s./v/n)? is, of course, the squared standard deviation of
an average of n, and the total variation measured is the sum of the
variations due to the systematic causes plus the variation due to the
accidental errors in an average of n.

Solving for o2, one gets

s Y E =X 4
a‘—-l k-1 n

It follows, therefore, that

y =
or = o?+a= (; ____(Xk——}i,-)’ - ¢g‘>+ A
L X-%)2 n-—1
=« k- 1J + n .

j=1

Now note that in this case o2 is used and that one is making no
practical use of o, The formula

oINS

gives an unbiased estimate of the standard deviation, . It does
not give an unbiased estimate of o%. It can be easily shown that the
formula

o = 2": & —2)?

= n-—-1

gives an unbiased estimate of ¢>. Since the mean of the squares of
two or more numbers is not necessarily equal to the square of their
mean, it follows that in the above case it was better to use the
formula for the unbiased estimates of the squared standard deviations.

Observing the notation previously indicated, and for brevity

allowing d.‘j'= Xj—X.'j and Dj= 2;— X,’, one can then write
cT=\/2_D_2"_.+n—IZ Y _.__dz__
=t k-1 n StT45tkn-1)
o R RE
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If kn in the last expression is changed to (kn — 1), and ¥ — 1
changed to k¥ — 1/n, this is the result that would have been obtained
if est. o7’ had merely been computed from the whole of the observa-
tions in the usual way 2 for computing an unbiased estimate of o%.
This is as one would expect, and the advantage of the illustrated tech-
nique lies not in its peculiar efficacy in computing o7, but in the ability
to compute or from its components. All control technique would ordi-
narily be centered on the components, since analysis by each compo-
nent is the best way to detect and eliminate the assignable causes for
variation. One can then get o7, if one desires, without an additional,
extended computation.

This technique is of especial value in the analysis of bombing data,
where the two types of variation just pointed out comprise the most
important way in which the underlying principles of bombing differ
from those of gunfire.

If the n's are not equal, and if one wishes to introduce the question
of weighting factors, complications arise which are beyond the scope
of this book. It may be observed, however, that if the n’s are not
equal the introduction of weighting factors is not likely to do much
good in the practical work, however much one may wish for meticu-
lous precision.

23 Because Jp = Jo + D? where Jp = the second moment about a point D distance
from the mean and Jo is the second moment about the mean.

It is my feeling that the chief duty of a statistician is to interpret data
in such a way that they convey knowledge for the purposes of prediction;
another is to collect the data in such a way that they provide the maximum
information; and still a third function is to help bring about some changes
in the source of the data. There is no use in taking data, if you do not
intend to do something about the sources of the data.

—Letter from Dr. W. Edwards Deming to the Chairman of the War Pre- -
paredness Commiltee of the Institute of Mathematical Statistics, October, 1940.






APPENDIX A

ESTIMATING THE FRACTION OF A LOT WHICH POSSESSES
A PARTICULAR QUALITY CHARACTERISTIC FROM SAMPLES *

General discussion. The one’ certain way to determine the
fraction effective of a lot of articles is to test each article thereof under
appropriate conditions. However, inspection and testing are always
expensive, and in cases where the test is destructive, 1009, inspection
is, of course, impossible. It therefore follows that in most practical
work lot quality is estimated from sample quality, and one must
accept an assurance somewhat less than certainty that the estimate is
correct.

Chapter I threw some light on this sampling problem and showed
that small samples from a moderately defective lot of articles are
better than the lot more frequently than they are poorer than the
lot. Chapter II gave a method of allowing for the bias of the sample
and of estimating the precision of the estimate, viz., estimating the
probable limits within which the lot fraction effective can be expected
to lie. Neither chapter dealt with the fundamental principles under-
lying the -problem. The problem can be divided into three parts:
first, the design of the sampling scheme so that known laws of proba-
bility apply; second, either knowledge or a hypothesis regarding the
distribution of the kind of lot or lots sampled; and third, the mecha~
nism for readily handling numerical computations. This appendix
proposes to discuss these fundamental principles.

Randomness of Sample. Differences of opinion with regard to
randomness and its relation to analysis are often attributable to in-
complete understanding of a few basic concepts and their relation to
analytical techniques. A sample has been selected in a random
manner when all articles of the lot were equally likely to be selected
during the sampling process. For brevity, such a sample is called
(with doubtful propriety) a random sample. However, it is impor-
tant to note that the randomness pertains to the operation of selecting
the sample, and not to the sample itself ; and that any sample whatever
can be arrived at either by a random or non-random operation.

Homogeneity of lot bears an important relation to randomness of
161
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sampling. The word homogeneous, as applied to a lot of articles which
is actually heterogeneous in that the articles differ one from another,
implies that these articles are throughly mixed. But if they are
thoroughly mixed, then every article has an equal chance of being in
any part of the lot; and, consequently, any portion of a homogeneous
lot is, per se, the equivalent of a random sample. Therefore, it may
be noted that the random operation of selecting the sample is tanta-
mount to mixing the articles in the abstract. Furthermore, if the
sampling 18 random, it is not necessary that the lot be homogeneous;
and if the lot is homogeneous, 1t is not necessary that the sampling be
random.

Footnote 3 of Chapter IIT should now be clear. Although the
specific definition of random sample is violated, if the member lots
are the same, then the grand lot is also the same as any member lot.
Hence, the random sampling of the member lots is nothing more or
less than the successive random sampling of the grand lot. But if
the member lots are different, then the above equivalence does not
hold, and one has simply an aggregate sample consisting of random
selections from different strata of the grand lot.

The randomness-homogeneity relationship is the mainspring of
the powerful control-chart technique. The small samples from the
rational subgroups certainly are selected in a non-random manner
with respect to the whole lot. The control chart is essentially a test
of whether the samples appear to behave as random samples from a
universe. If the non-randomly selected samples appear to behave
as random samples, it follows that the universe appears to be homo-
geneous. ,

The assumption of randomness of sample is an inevitable sine
qua non in a large part of the calculation of basic relations of sampling
phenomena. It is essential that the engineering principles involved
in lots of articles be carefully studied; and when practicable, that the
sampling procedure be logically planned so as to take every reasonable
precaution to insure randomness.

However, the absence of formal assurance of randomness does not
necessarily preclude statistical aid. The engineer may insist that the
statistical requirements are without important effect in his work; and
reject physical mixing as impossible, mixing in the abstract as im-
practical, and sufficient samples for a statistical test of randomness
as financial improvidence. His stand as he presents it may appear
to be on intuitive grounds only, but actually there are three cogent
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arguments in his behalf. The practical aspects of the problem are
worthy of consideration.

First, since randomness of sample inheres in the operation of
selecting the sample the most intimate evidence of randomness is the
judgment of the experimenter. The man familiar with the tech-
nological aspects of the articles under consideration is in position to
be a good judge — perhaps the only competent judge — of whether
the selection was random or at least unbiased with respect to the
quality characteristic under consideration.

Second, absence of homogeneity is not a valid a priori assumption.
The practical man well knows, for example, that, under mass pro-
duction, articles get quite a deal of mixing without either intent or
design. They get mixed in the process of manufacture, mixed in the
packing room, mixed as they are placed in the box car; and, if they are
transshipped once or twice, they may be mixed almost as thoroughly
as chips in a bowl. Ask the production man who has discovered that
some defective articles have gone out and who has tried to recapture
the articles.

Third, allowance must always be made for only partial fulfillment
of hypotheses. In all sampling procedure, one or more hypotheses are
implied. If one makes a test for a significant difference by a proce-
dure that involves normal distribution, and if a significant difference
is indicated, such a result merely means: (a) that the difference is sig-
nificant; or (b) that the distribution is not normal; or (¢) that the
sampling was not random. In any event, the engineer must judge
whether the conditions implied by the hypotheses are met, or approxi-
mately met, in practice. In the interest of precision and reproduci-
bility, the judgments of the idealized conditions of hypotheses must
be held to a minimum. Some of these judgments are very difficult to
render. For example, the approximation of the distribution of the
lot to normality could scarcely be judged without extensive statistical
tests. This hypothesis should, therefore, be avoided when prac-
ticable. However, the assumption of randomness of sample can
seldom be avoided. It appears that the engineer simply must include
this consideration, when he selects his action criteria.

With respect to randomness of sample, one can neither throw dis-
cretion to the winds nor place undue burdens on practical execution.
Even though the condition of randomness cannot be specifically
checked, certainly this condition is no valid reason for abandoning
otherwise satisfactory tests in favor of unaided and arbitrary decision.
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Distribution of lots. Assuming that the sample satisfactorily
approximates randomness, is one then in a position to predict lot
quality from sample quality? It is suggested that the answer be
deferred pending the consideration of a few examples. Chapter I
showed how to calculate (a) the probability that a lot of certain
fraction defective would produce any one of a number of kinds of
samples, (b) the probability that a certain sample would be produced
by any one of a number of kinds of lots. Let us now consider the
probability that a certain sample came from a certain lot.

A posteriori probability. Consider a sample of 2 articles taken
from a large lot of articles. Both articles prove to be good. The
lot sampled was one of a stock of lots constituted as follows:

2 lots, @ = 0.50;
6 lots, @ = 0.25;
2 lots, @ = 0.00.

One lot is as likely to have been sampled as another. What is the
most probable quality of the lot? The procedure can best be shown
in tabular form:

TABLE Al ;

CALCULATION OF A PosTERIORI PROBABILITY WHEN THE EXISTENCE PROBABILITY Is KNOWN

V) @) ® (€]

. Probability that lot e
Quality of lot would produce the Probability that lot | Product of the proba-

P sample was sampled bilities
0.50 1/2X1/2 =1/4 2/10 1/4 X 2/10 = 4/80
0.76 3/4 X 3/4 = 9/16 6/10 9/16 X 6/10 = 27/80
1.00 1X1=1 2/10 1 X 2/10 = 16/80

Answer. It is most probable that the sample came from the lot
which is P = 0.75, since it has 27/80 chances out of (4/80 + 27/80 +
16/80), or 579, against 9%, and 349, for the other two kinds of lots.
Hence, the most probable quality of the lot is P = 0.75, not P = 1.00,

‘a8 one might suspect. It is suggested that the reader reflect on the
logical relationship between this answer, the sample size, and the
distribution of lots.
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This is a very simple illustration of a posteriori probability,! i.e.,
the probability after the sample is taken. The great difficulty in a
posteriori probability consists in knowing the distribution of lots, a
factor which was given in this case. In general, this factor is not
only unknown, but, if one took enough samples to determine the
distribution with satisfactory approximation (assuming such sampling
were possible), one would have enough sampling evidence regarding
the respective lots without resort to any statistical methods.

TABLE A2

A PosTERIORI PrOBABILITY, EXISTENCE PROBABILITY UNKNOWN

(0)) 2) 3) 4)
Probability that lot -
3 Probability that lot Product of the
Lot in terms of P | would produce ?e X was sampled probabilities
sample (n = 10,¢c = 2)

1.00 0.0000 1/100 0.000000
0.99 0.0042 1/100 0.000042
0.98 * 0.0153 1/100 0.000153
0.97 0.0318 1/100 0.000318
0.96 0.0520 1/100 0.000520
0.80 0.3020 1/100 0.003020
0.00 0.0000 1/100 0.000000

Let one consider then the sample (n = 10, ¢ = 2) taken from a
large lot, where the distribution of lots is not known. If nothing is
known regarding the lot except the evidence of the sample, and if in
the absence of knowledge one chooses to assume that one kind of lot
is just as likely as another, then the probability that the sample came
from any particular lot can be computed. This seems to be as rea-
sonable an assumption 2 as one could make in a case of total ignorance

1 An interesting discussion is given in Calcul des probabilités, 2 ¥™® éd., H. Poincaré,
Gauthier-Villars, Paris, 1912.

2 It is not contended that ignorance is a logically valid basis for inference. It will be
shown, however, that, within an experimentally limited range, it may serve a practically
useful purpose.
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regarding the stock, and it supplies that essential unknown regarding
the prior conditions of sampling which is essential for proceeding from
results to probable conditions, i.e., estimating the lot from the sample.
The procedure on this basis for finding the probability that the
sample (n = 10, ¢ = 2) came from any lot is similar to that in the
example just cited. In the former case the stock was composed of
10 lots: 2 with P = 0.50; 6 with P = 0.75; and 2 with P = 1.0.
In the present instance (by way of convenient approximation) the
stock may be considered as consisting of a large number of lots, an
equal number of which are P = 1.00, P = 0.99, P = 0.98 ---
P = 0.01, P = 0.00. A table similar to Al can be constructed.

PROBABILITY THAT SAMPLE (=10, ¢=2) CAME FROM ANY POSSIBLE LOT

s \ \\\7%

o 0 .20 ~0 .40 .50 .60 70 -
FRACTION EFFECTIVE OF LOT

Fm.~ Al.

The probability that the sample (n = 10, ¢ = 2) came from any
lot is equal to its corresponding number in column (4) divided by the
sum of the numbers in column (4). This is a simple illustration of
Bayes’ Theorem, discussions of which can be found in Shewhart,
Coolidge,* Keynes,® Bell System Technical Journal,® ete. The table,
however, would be difficult to scan, and the results are much clearer
in graphical form. Figure Al is a curve showing the probability
that the sample came from the lot which is 0.35, 0.36, 0.37 - - . 0.99

3 Loc. cit.
+J. L. Coolidge, An Inroduction to Mathematical Probability, Oxford Press, London, 1925,
* John Maynard Keynes, A Treatise on Probability, Macmillan and Co., London, 1921,

¢ E. C. Molina, “Bayes’ Theorem: An Expository Presentation,” Bell System Tech-
nical Journal, January, 1924,
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fraction effective, each point on the curve being obtained in the
manner just indicated.’

As may have been suspected, a lot of 0.80 fraction effective is the
most probable lot, in the sense that of all possible lots it has the
highest probability of having existed (under the basis of the hypothe-
sis) and of having produced the sample. However, should one make
a practice of making this type of decision, it is also obvious from Fig.
Al that one’s estimates would in general be badly biased. (Note
that the area to the right of lot 0.80 is much smaller than that to the
left of this point.) If, however, one were to be faced with this deci-
sion once and only once, then the solution yielded by the modal or
most likely value would appear logical. If one wished to make his
estimates in such a manner that on the average the estimates would
be closest to the true values, then, instead of selecting the modal
value, he should select the average. This value would be the mean
ordinate of the curve. It can easily be shown ® that the average lot
is the one whose fraction defective is?

_c+1
Q_n+2

In the present instance this lot would be @ = (2 + 1)/(10 + 2) =
0.25. However, in general, the action taken on estimates of this
sort is predicated on arbitrary limits; i.., one takes some specific
action if the lot appears to be more defective than some predeter-
mined value, and the action is the same whether the lot appears to be
only slightly poorer than the criterion or a great deal poorer. There-
fore, in order to make one’s errors a minimum, one should select a
value so that one’s estimates will be too high just as frequently as
too low. That is to say, one takes the average value with respect to
frequency rather than with respect to magnitude. Obviously this is
the median, or the value which divides the area under the curve into

7 No discussion of a posteriori probability is offered in connection with continuous
functions (sampling-of variables), as other means of estimation are used. An interesting

discussion is given in “The Frequency Distribution of the Unknown Mean of a Sampled
Universe,” E. C. Molina and R. I. Wilkinson, Bell System Technical Journal, Vol. 8,
October, 1929.

8 Coo]idge, loc. cit.

% This is known as the law of succession. See Laplace, Théorie analytique des proba-
bilités, Gauthier-Villars, Paris, 1886. It can be vigorously attacked as a general solution
of this type of problem. See J. M. Keynes, A Treatise on Probability, Macmillan & Co.,

London.
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two equal portions. In the present instance, this value is P = 0.76.
Chart 0.5 = Ig yields the solution of this problem sample sizes up to
500.

The effect of the a priori distribution of lots upon a posteriori
probability. If one started to apply the procedure just outlined to a
problem in one’s professional field, it is quite likely that the assump-
tion of a priori equal likelihood would appear to be an obvious fallacy.
In most work one generally has at least some sort of general knowl-
edge of the limits within which the kind of things sampled should lie.
It is therefore proposed to make some more assumptions which, for
specific cases, one knows are much more nearly in accordance with
fact. By comparing a posteriori probabilities obtained under these
more nearly correct assumptions with the probability obtained under
a priori equal likelihood, one can get some idea of the limits within
which the general assumption can be used as a practical working
basis. These comparisons will show that if n is reasonably large
(of the order of 100 or greater) and if P is large (of the order of 0.90 or
greater), then the distribution curve for the fraction effective is so
sharp and steep that a rather wide divergence between assumption
and fact, even to the extent of assuming equal likelihood, generally
makes very little difference in results. Therefore, under such con-
ditions, this procedure is of practical value. For P less than 0.90,
of course, the sample size should be larger or else one takes increasing
risk both of lack of precision and of bias.

Suppose that one has taken the sample (n = 10, ¢ = 2) from an
unknown lot of articles, but from long previous experience one
knows that this type of article, although severely defective, practi-
cally always has a P between 0.60 and 1.00, and that the average
value of P is about 0.83. Given such experience, the actual dis-
tribution could be determined with a high degree of approximation by
mathematical means,® but by way of illustration let it be assumed
that it is approximately as shown in Fig. A2.

19 A well-known procedure consists of employing several terms of the Gram-Charlier
series. The first term involves only the parameters associated with normal law, viz., the
average, X, and standard deviation, o. As few as 100 observations may yield fairly precise
estimates of these parameters. The second term involves the measure of skewness or
lopsidedness of the curve, 8. Something of the order of 500 or more observations should
be employed in estimating this parameter. If consideration must be given to the flatness
or peakness of the curve, the third term of the series should be employed, which involves
the measure of kurtosis, 8s. In this estimate something of the order of 5000 observations
should be employed. It is therefore apparent that empirical determinations of distribu-
tions may, in practice, involve considerable difficulty.
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The present assumption states that the lot sampled is one drawn
at random from a large stock of lots distributed as shown in Fig. A2.
The probability that a lot of any given fraction effective is the lot
sampled is calculated as illustrated in Table A2; viz., the proba-
bility that the lot would produce the sample is multiplied by the
frequency with which that kind of lot occurs, and this product is
divided by the sum of like products for all possible lots. Carrying
out this process on a basis of lots at 19, apart yields the solid curve

AN ASSUMED STOCK OF SEVERELY DEFECTIVE LOTS OF ARTICLES

5

5%

PERCENT OF LOTS OR PROBABILITY OF OCCURRENCE

70 B0
FRACTION EFFECTIVE OF LOT.
Fra. A2.

of Fig. A3. Obviously, the information is less indefinite than that
yielded by Fig. A2. To improve the comparison the two figures are
plotted together to the same scale in Fig. A3.

To complete the picture of the effect of the a priori distribution in
connection with very small samples, let one assume that the lot
came from a stock of lots which is known to be only moderately
defective, so that practically all lots are between P = 0.80 and
P = 1.00, with mean at 0.925. The a priori distribution or existence
probability curve together with the corresponding a posteriori proba-~
bility curve are shown in Fig. A4.
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PROBABILITY THAT THE SAMPLE % = IO, ¢ = 2 CAME FROM ANY LOT, ASSUMING LOTS BETWEEN 0.60'0.99
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To summarize, all six curves are shown in Fig. A5. The down-
ward-pointing arrows on the three respective probability curves
indicate the middle value of the lot fraction effective which may
have produced the sample. It divides the area under the curve into
two equal parts. It is the median, or value such that in repeated
trials the estimate would be too high just as frequently as too low.!
The upward-pointing arrows mark limits which are offered for the
purpose of estimating the precision of the median. They cut off tails

15%

PROBABILITY THAT SAMPLE n =10, =2 CAME FROM ANY LOT UNDER THAEE BXISTANCE ASSUMPTIONS;
VIZ.,EQUAL LIKELIHOOD, ALL. LOTS BETWEEN 000-099, AND ALL LOTS BETWEEN 0.80-1.00.

PROBABILITY

P

0 70 B0 K ]
FRACTION EFFECTIVE OF LOT

Fia. AS5.

of one-tenth” the area of the curve. Thus, whereas the median
yields the estimate of the lot, the upward-pointing arrows show two
limits such that (based on the hypothesis and the evidence pre-
sented) the probability is 0.9 that the fraction effective of the lot
sampled is less than one limit and the probability is 0.9 that it is
greater than the other. The following deductions can be drawn from
the curves:

11 Tt should also be noted that in the binomial distribution the median is very close to
the mean.|
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Limils of fraction effective

Assumption of distribution of Estimate of fraction of lot (chances 9 out of 10

actual fractions effective effective of lot for each limit)
Equal likelihood 0.76 0.57-0.92
Lots between 0.60 and 0.99 .

(mean at 0.83) 0.83 0.73-0.89
Lots between 0.80 and 1.00

(mean at 0.925) 0.01 0.81-0.92

From this tabulation one sees that, the narrower the a priori range of
possible values for the fraction effective, the more definite the
probable conclusions about the individual lot from which the small
sample was taken. On these grounds it appears desirable to have as
accurate an a priori assumption as possible, and to hope that such an
assumption will have a very narrow range. However, one danger
immediately suggests itself. The estimated value of the lot fraction
effective is drawn toward the mean value of the assumption; and
the more narrow and peaked the assumption, the more it is drawn.
For example, in the assumption of equal likelihood, the estimate is
0.763, a slight shift from the observed fraction effective of 0.80
toward the equal likelihood mean of 0.50. In the assumption of lots
between 0.60 to 0.99, the estimate is 0.83, a shift toward the assump-
tion mean of 0.83. In the assumption of lots between 0.80-0.99, the
estimate is 0.91, a very pronounced shift toward the assumption
mean of 0.925. Hence, when the assumption is narrow and peaked, it
exerts a very powerful influence on the estimate, which is well and
good if it should be that way, but which may well lead to quite false
conclusions if there is an error in the assumption. However, before
judging too closely, the effect of larger sample size should be investi-
gated.

Effect of sample size on a posteriori probability. With the fore-
going paragraphs as a background, the effect of sample size on
accuracy of the estimate can be presented swiftly. If the sample had
consisted of 50 articles and if the sample had been found to be 0.80
fraction effective, the curves for the probability that the sample
came from any lot under the three respective assumptions would be
as shown in Fig. A6. Here the estimates of the fraction effective of
the lot are brought much closer together, viz., 0.79, 0.81, and 0.87,
respectively, for equal likelihood, lots between 0.60 and 0.99, and
lots between 0.80 and 1.00. This is because of the increased influ-
ence of the sample, due to its larger size, which tends to drag all
estimates toward itself, viz., observed sample fraction effective 0.80.
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This is a wholesome influence, since, in general, the sample is a more
intimate witness of the lot value than the mean associated with the
lots; but it is purchased at the cost of increased samples.

Had the sample consisted of 400 items, and had the sample been
0.80 fraction effective, the curves would have been as shown in
Fig. A7. Here the respective estimates are 0.80, 0.81, and 0.835.
This figure illustrates the fact that, even though the sample is large,
it is rather important that not the wrong assumption be chosen. If

PROBABLITY THAT SAMPLE hs50, C:i0 CAME FROM ANY LOT UNDER 3EXISTANCE

ASSUMPTIONS; VIZ, EQUAL LIKELIHOOD, ALL LOTS BETWEEN 060-099, AND
ALL LOTS BETWEEN .80-100
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70 B0
FRACTION EFFECTIVE OF LOT
Fia. A6.

the lot sampled really has a fraction effective of about 0.80 or 0.81,
as some lots under the third assumption must have, the chances are
rather small of its being rated at that figure, unless the sample
happens to give considerably more than the average number of
defectives. Hence, the danger of the narrow peaked assumption
is obvious. On the other hand, if the assumption is moderately
widened, as in the case of the 0.60-0.99 assumption (see Fig. A7),
the width of indefinite range is very little improved over that of
equal likelihood, when the sample is large.
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Effect of the fraction effective on a posteriori probability. The
preceding charts have already partially illustrated the effect of P on
the estimate. To illustrate further the effect of P on accuracy and
its relationship to the assumption, Fig. A8 has been drawn. In this
instance the sample is still 400, but the sample proved to be 0.95
fraction effective. With these values of P and n, all three assump-
tions give practically the same result, viz., 0.95, 0.95+ and 0.95—.

a0%

PROBABLITY THAT SAMPLE n:400,
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ASSUMPTIONS!
PROBABILITY THAT SAMPLE n:400 C:80 CAME
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I
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When increase in data gives little increase in knowledge. It may
sometimes occur that quite large samples can be made available
without great cost or effort. Let it be observed that, although the
discussion has related to lots, all remarks made thus far would be
equally true regarding the fraction defective (or effective) of any
aggregation whatsoever irrespective of its composition and lack of
homogeneity, because the discussion has not required, made, or
implied any assumptions regarding homogeneity. It has also been
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observed that minimum sample sizes of considerable magnitude are
unavoidable and that, incidentally, these large sample, sizes may
justify the assumption of a priori equal likelihood. Is there also
some maximum sample size taken from an aggregation beyond which
it does not pay to go?

RELATIONSHIP BETWEEN SAMPLE FRACTION EFFECTIVE
AND PROBABLE LOT FRACTION EFFECTIVE.

t

900

SAMPLE mS'ZE " 4 o
g ¢ 8 8 g

@
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60 70 .80 90
LOT FRACTION EFFECTIVE ‘P
Fia. A9.

Figure A9 has been constructed to show the probable lot fraction
effective for four sample fractions effective; lot, in this case meaning
lot, grand lot, or aggregation of grand lots. The solid lines show the
middle value, under the a priori assumption of equal likelihood, and
the dotted lines show the 0.9 probability limits. Thus, if a sample
of 500 were taken from a grand lot and found to be 0.98 fraction
effective, its probable lot fraction effective is almost 0.98 and the
chances are 0.9 that it is less than about 0.987 and the chances are 0.9
that it is greater than about 0.97. If the sample were increased to
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1000, the accuracy would be only a little better, but a material
decrease in sample size below 500 results in markedly less accuracy.
Hence, even if a superpopulation of several grand lots were sampled
with a view to determining the a priori distribution, even the mean
of this superpopulation would not be known much more accurately
than the grand-lot mean. It therefore appears that a practical solu-
tion of the problem is to sample grand lots, not lots or superpopula-~
tions, and to use the procedure outlined in Chapters III and IV, when
this is possible. If this procedure is not possible, then careful con-
sideration should be given to the effects of the assumption, the
sample size, and P.

Summary of the effects of assumption, sample size, and fraction
effective. If the lots sampled are of high fraction effective (0.90
to 1.0) and the sample is large, the a priori assumption regarding the
universe of lots sampled is of little consequence, provided only that a
too peaked distribution curve is not assumed. If the lots are of
poorer quality, even though the sample is large, the a priori assump-
tion of the actual distribution is significant. If the sample is small,
the assumption is always of importance, but it is not practical to
make reliable estimates of lot fractions effective from very small
samples under any arrangement of a priori assumptions.

Estimation of lot fraction effective without any a priori assump-
tion. Despite the demonstration of the fact that the assumption of a
priori equal likelihood will have little, if any, ill effect when used in an
experimentally limited range, some persons may still prefer some
other means!* of estimation. It is therefore suggested that one
consider constructing a chart for estimating the fraction defective, @,
on the basis of selecting a @ such that the probability that such a lot
would produce more than the observed number of defectives, ¢, in the
random sample of n is equal to the probability that the same lot
would produce less than the observed number of defectives, ¢, in the
random sample of n. Such a value of @ (which could also be desig-
nated Q) would be a median value of @, since it is obvious that, if
the experiment were repeated a large number of times, the number of
times that the estimate of Q was greater than true @ would approxi-
mate the number of times that the estimate was less than true Q.

By the use of the incomplete beta-function ratio, which is dis-

12 8o “On the Problem of the Most Efficient Tests of Statistical Hypotheses,” J. Ney-
man, Phil. Trans., Royal Society (London), Vol. CCXXXI-A, pp. 288-337, London, Feb. 16,
1033. .
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cussed in Appendix B, the construction of such a chart is readily
possible.

The probability that a lot @ would produce ¢ 4 1 or more defec-
tives in a sample of » is the incomplete beta-function ratio,

Ig(e+1,n —c).

The probability that the lot @ would produce ¢ — 1 or less defectives
is 1 — the probability that it would produce ¢ or more defectives, or

1 —TIge,n—c+1).

In order to solve for a @ which will make these two probabilities
equal, let

Ie+1,n —¢) =1—=1Ig(c,n—c+1)
or

Ioce+1,n—¢) +Iglc,n—c+1)=1.
The solution now reduces to fixing pairs of values of ¢ and n, and
then finding from the T'ables of the Incomplete Beta-Function Ratio a
value of @ which satisfies the above equation. For example, let ¢ = 1,
andn = 4. Then I4(2, 3) 4+ I¢(1,4) = 1. The tables list I¢(p, ¢),
when p > ¢. Hence one must read

I—o(3, 2) and I1_q(4, 1).

Ordinarily, we would subtract each from 1, add, equate to unity, and
solve for Q.
However, if z + y = 1, then

l-2+(1 -y =1
Hence, it is not necessary to subtract from 1 before adding.

Forl — Q = 0.73, i.e., for @ = 0.27:

I,_q(3, 2) + I,_q(4, 1) = 0.2840 + 0.7041 = 0.9881.
For Q = 0.26,1 — Q = 0.74:

I,_¢(3, 2) + I,_q(4, 1) = 0.2999 + 0.7213 = 1.0212.
For @ =025, 1 — Q = 0.75:

I,_q(3,2) + I,_q(4,1) = 0.3164 + 0.7383 = 1.0547.

Interpolating, the value of Q which yields the sum equal to 1 is
0.266. From the Qi Chart one reads 0.314 for n = 4, ¢ = 1.
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A summary of results for this and other values obtained in
similar manner is shown in Table A3.

TABLE A3
CoMPARISON OF ESTIMATES OF Qy WITH AND WITHOUT AN A PRIORI ASSUMPTION
Q to give ¢’s greater than L .
(¢, n) observed ¢ and less than Qbya pr:;r]l.ﬁ;l‘lm p(:wn of
observed ¢ with like frequency equat tkelihoo

c= 1,n= 4 0.2660 0.3140
c= 1l,n=11 0.1010 0.1360
c= 2,n=25 0.0851 0.1010
c=12,n =25 0.4800 0.4800
c= 1,n =250 0.225 0.0326
¢ =10,n = 50 0.2020 0.2080
¢ =20,n=250 0.4000 0.4040
c= l,n=05 0.2161 0.2600
c= 2,n= 05 0.4056 0.4160

It will be seen that, as n increases and as @ approaches 0.5, the
difference becomes small,

If ¢ = 0, then I¢(c,n — ¢ + 1) = 1 for any Q, since the probability
of 0 or more failures must always be unity, regardless of Q. Hence if:

Iole,n~c+ 1)+ Igce+1,n—0¢) =1,
then
Iglce+1,n=¢) =0.

The only @ which has a zero probability of yieldingc¢ 4+ 1 = 1 or
more failures is @ = 0. This can also be explained as follows:

We are looking for a @ which will produce failures greater than
the observed c and less than the observed ¢ with equal frequency;
i.e., ¢ is the median value. If ¢ = 0, the only @ that will yield a
median ¢ of zero i8 Q = 0. (This is also true for an average ¢ = 0 or
modal ¢ = 0).

The practical answer, however, is that, where ¢ = 0, there are not
enough samples to give a definite estimate. For example, if ¢ = 1,
n = 11, we would estimate that the @ is 0.101 (see above table).
However, if ¢ = 0, n = 11, we could only say that our estimate is
that Qs is less than 0.101.

In accordance with this procedure, the author entered dotted
lines on a Chart 0.5 = Ig for¢ = 1, 5, 10, 15, and 20. As can be seen
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from Table A3, the modified chart showed that, as the sample size
increases, and for moderate defectiveness, the difference in the esti-
mated Qy under the two procedures is small—so small, in fact,
as to be negligible under certain conditions for n greater than about
25. It might appear preferable to use curves predicated on no a
priori assumption. However, since the latter curves do not differ
appreciably from the former for any except relatively small samples
(which are at best unreliable), since the latter are difficult to compute,
and since in sampling work the former give estimates on the side of
safety, the curves as shown on Chart 0.5 = Ig are recommended.

It is obvious that like reasoning could be used for obtaining esti-
mates of Qro.; and Quoe Without any a priori assumption; i.e., one
could look for a lot of fraction defective Qro.1 such that the prob-
ability would be 0.9 that less than ¢ defectives would occur in a
random sample of n. In this case one has Io(c, n — ¢ + 1) = 0.1.
This is a regular incomplete beta-function ratio and involves no cut-
and-try solution. It is notable that it is the same solution which one
would obtain by a posteriori probability from Chart 0.1 = Iy, except
that one fails to increase » by one. However, in the light of the
discussion of these upper and lower limits as given under “The
Logic of Probable Judgments,” in Chapter II, there appears to be
no reason for such procedure.
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ON RELATIONSHIPS OF THE INCOMPLETE BETA-FUNCTION
RATIO AND THE CALCULATION OF THE CHARTS FOR ITS
SOLUTION

General discussioﬁ. The complete beta function,
B0 = | P = 2,
and the incomplete beta~function,
B.(p,q) = _[ 1 - 2t

are well known.! The incomplete beta-function ratio,

B:(p,9)
B(p,g)’

is less common. This function is available in tabulated form: with
values of the probability given to seven decimal places and values of
p and ¢ up to 50. However, in the application of statistical methods
to engineering work one desires the function for values as high as
g = 500, although one is, in general, not interested in precision in the
probability beyond two or three decimal places. Since the calcula~
tion of the published tables required the work of a staff of approxi-
mately eleven workers for eight years, the necessity of a less laborious
method of approximate evaluation is obvious, in order to extend the
function to the desired range even for a few chosen probabilities.

It should also be remarked that the published tables are for vari-
ous statistical uses and yield the probability as a function of p and g,
whereas in engineering work one generally wishes values of p and ¢
for a chosen value of the probability. Such a type of solution from
the tables is quite too time-consuming for the engineer who wishes to
use statistical methods as an auxiliary tool in accomplishing his

1 See any textbook on advanced calculus.
3 T'ables of the Incomplete Bela-Function, edited by Karl Pearson, F. R. 8., The Bio-

metrika Office, University College, London, 1934.
180
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professional ends. By presenting the function in graphical form, the
type of solution which the engineer desires is instantly available
without any impairment of other uses of the function.

In this book, and in the charts supplied herewith, p has been
replaced by ¢, and ¢ by n — ¢ 4+ 1, because of the clarity of this
notation in indicating the summation of terms beyond the cth in the
binomial [(1 — @) + @)]*, which is the principal practical use that is
herein made of the function.

The use of the function in connection with a posteriori proba-~
bility is less important, but it is believed that the exposition of its
engineering uses and the procedure by which it was evaluated will
proceed more smoothly if the proof of its relationship to a posteriori
probability (under the assumption of a priori equal likelihood) is
given first.

A posteriori probability. Having observed a certain number ¢
defective articles in a relatively small sample of n articles drawn at
random from a large lot, what estimate should one make of the
proportion @ of defective articles in the lot? Without attempting a
complete analysis, which would require the repetition of much
detailed matter available in textbooks on probability, it may be
stated that the problem presented is a characteristic one in a posteriori
probability. A brief discussion of a posteriori probability is given in
Appendix A. The formula for the solution of the problem is well
known.

The probability W(Qy,Qu) that the true proportion of failures in
the lot lies between the limits Q;, and Qy is by the Laplacian generali-

zation of Bayes’ formula,
U

W(x)-z°(1 — )" °dz
W(Quv) = =k , (1)
f W(z) z¢(1— )" °dz
(1]

where W (z) is the a priori probability that a lot with the proportion of
defectives Q = z existed; and 2¢(1 — x)"~° is the simple productive
probability by the binomial expansion * that such a lot would pro-
duce the observed sample.*

3 The coefficient p is omitted in both numerator and denominator, as they

n!
cancel out. ltn = o)!

¢ One should compare the logical parallelism of meaning of equation 1 with the simple
exposition of a posteriori probability given in Appendix A.
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This formula, however, is incapable of solution without some
definite knowledge or assumption regarding the analytical form of
W(z). For lack of knowledge regarding W(x), and because such
assumption yields results of wide practical application, it is proposed
to assume that W (z) is a constant; i.e., that W(z) is independent of z.
The practicality of this assumption of equal likelihood is discussed in
Appendix A. With the aid of this assumption equation 1 can be
reduced to?®

Qu
f z¢(1 — 2)"do .
()3 _ (n+1! v e
fl-”c(l — )" ‘dx “el(n— c)!_L‘ z°(1 — z)""“da.
° (2

For the probability that @ is not greater than some arbitrarily as-
signed value Qyu, put Q1 equal to zero, and
1)! Qu
wW(0,Qu) = _(n_+)_/' z°(1 — )" °dz. 3)

clin —¢)l o

W(QL;QU) =

There is no convenient method of solution of equation 3 over a
wide range of values of n and c. There are two well-known methods
of approximate solution. Laplace transformed the equation so as to
permit an approximate solution by means of the normal curve, sub-
. e (Q - Py
jeet to the limitation that wBQ
tion into the Poisson binomial expansion limit is also possible.t A
part of this treatment will be used subsequently. This method pre-
supposes that Q is very small and n very large. Thus neither method
is suitable for small values of n. It is interesting, however, to note
that both these theorems may be regarded as special cases of the

be small. Another transforma-

Um! 1 n—e
G+m+nl” * ./o.z U =a)ncde
may be recognized as the complete beta function and treated as follows

Te+1)r(n—c+1)
e+ 4+ Mm—c+1)]
- Te+1)rn—c+1) - clin —¢)!
I'(n + 2) n+1)!

1
s Integral tables give /0. (1 —z)"dz =

Be+1l,n—c+1) =

Also, see latter part of note 8, page 183.

s ¢Application to the Binomial Summation of a Laplacian Method for the Evaluation
of Definite Integrals,” E. C. Molina, Bell System Technical Journal, January, 1929,
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incomplete beta-function ratio expressed in equation 3. In order,
therefore, to make practical use of this expression, it becomes desir-
able so to transform it that reasonably accurate solutions can be
readily obtained for all ranges of ¢, n, and z.

The general point binomial. An.article by George A. Campbell 7
discusses the general point binomial

n! a/n

P(c, n, a) = Dl =il £ — 2)""dz, )

where P is the a priori probability of at least ¢ defectives in # trials,
when the average number is known to be a. The article includes
tables and charts for the complete solution over a wide range of the
special case P(c, «, a) which is the Poisson exponential binomial
limit. The special case of n = « would not be very helpful in the
present problem, but Campbell offered in a footnote an approxima-
tion formula by which values of P(c, «, a) can be altered to apply
to P(c, n, a), where n is any value. The nature of the approximation
will be discussed subsequently.

7 “Probability Curves Showing Poisson’s Exponential Summation,” Bell System Tech-~
nical Journal, January, 1923.

8 Ordinarily, one would think of the a priori probability of at least ¢ defectives out of n
trials when the average number is a as being P(c, n, @) = sum of the last (» ~ ¢ + 1) terms

n
of the binomial I:(l - g) + E] or
n n

‘i" _n (1 _g)n—z (g)z.:___"_!__ (1 _a n-c a ¢

imt.m —2x)lz! n n (n—c)lel n n
n! a\*"°" ! [a\°*?! a\"

+(n—c—1)!<c+1)!(l'7u) (71) e (;) '

Formula 4 can be transformed into this form. If formula 4 is integrated by parts, using
the following formulas from standard integral tables,

f zm—-lzpdz = ﬂ. + _i xm—!zp—ldz’

m+p m-+p
g, T _bmtpt1)
f 2" edz am am f a"eds.

where z = a + bz, and using the first formula and then the second alternately, it will be
found that the result of the integration is identical to the last n — ¢ + 1 terms of the
binomial expansion indicated above.

Equation 4 may also be recognized as the incomplete beta-function ratio

Byn—c+1)

I’(c'”—c+1)=B(c n—c+1)
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Transformation from a posteriori to a priori probability. In
equation 3, substitute (n’ — 1) for n and (¢’ — 1) for ¢, and observe
that a change in the constants results in no change in the limits of

integration. Then
c'—l nl—¢!
@ 1)1 (n ')f (1 =2)"da.

w(0,Qu) =
This equation is exactly similar in form to Campbell’s equation 4
except for the limits of integration. However, if one ignores the fact
that the equation represents an a posteriori probability, and regards
it as an a priori probability like equation 4, then @, the proportion
of defectives will of necessity be equal to the average number of
defectives divided by the sample size, in this case, a’/n'. Hence,

a’/n’
W(0,Q0) = P(c, n’ ) = T ] 1),(n s f 21 —2)"~de. (5)

The form of equation 5 is nrow the same as Campbell’s equation 4;
hence, by observing the relationship in the meaning of the terms, the
problem in a posteriori probability can be transformed into one in a
priori probability * and the curves and tables of Campbell’s article
can be used with extremely close approximation in evaluating the
formula under consideration; that is to say, if ¢, n, and Qy are the
terms of equation 3, then Campbell’s charts must be entered using
¢+ 1,n+1,and Qu/(n + 1). Specifically, the meaning of this rela-
tionship can be expressed as follows:

The a posteriori probability that a large lot contains a proportion
of defectives not greater than an arbitrarily assigned value Qy when
¢ defectives have resulted from a sample of n articles is equal to the
a priori probability of obtaining at least ¢ + 1 defectives in a random
sample of n + 1 articles taken from a lot in which the proportion of
defectives is Qu.

This relation is as expected since Edward C. Molina has proved that
the a posteriori probability that a universe of N items contains not
more than X defectives when ¢ defectives have resulted from a

¢ Mr. Paul P. Coggins in “Some General Results of Elementary Sampling Theory for
Engineering Use,’’ Bell System Technical Journal, January, 1928, accomplishes a like trans-
formation for the probability W(X,Xs), having observed ¢ defectives in a sample of n,
taken from a lot of size N. He develops charts for a wide range of lots, samples, and
several probabilities, and takes cognizance of lot size. Charts of a more generalized char-
acter and of maximum convenience in use are sought in the present case.
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random sample of n items is equal to the a priori probability of
obtaining at least ¢ + 1 defectives in a random sample of n + 1
items from a universe of N + 1 items of which exactly X + 1 are
defective.

The foregoing discussion explains the meaning of the notes on the
charts 7o which provide for the reading of both a priori and a posteri-
ori probabilities from the same chart. It also explains the mathe-
matical basis of the charts. To complete the discussion, the approxi-
mation method for n finite should be explained.

Campbell’s tables and charts give values for P, ¢, and a. For
example, for P = 0.5, ¢ = 1, the corresponding value of a is 0.6931.
This means that the probability is 0.5 of obtaining at least 1 failure
out of a very large sample when the average number of failures in
"samples of that size is 0.6931. The sample size is pointedly omitted,
for theoretically it should be infinity. If it is assumed that n is 1000,
then the above data means that the probability is 0.5 of obtaining
at least 1 defective in a sample of 1000, when @ (the average number
divided by n) is approximately 0.0006931. The answer is approximate,
because 7 is no longer «. If one assumes n to be 50, of course, the
answer

Q = - =—— = 0.013862

is less proximate as n now departs further from infinity.
However, Campbell gave the following relationship:!®

a(c,n,P) —a(c,«,P) =An—! +(-1l§)[14A2+(3a+2)A+a]n"’+- ..
a(c, x,P)

where A = (3)(¢c — a — 1) and a = a(c, «, P).

Now, for the finite sample size n = 50, it is easy to find the
approximate a.

“6{1 = An™' 4 (&)[1442 + (3a + 2)4 + a]n™?,

a = 06931, A = ()1 — 0.6931 — 1) = — 0.34655.

1] am indebted to Mr. R. M. Foster of the Bell Telephone Laboratories for delving
into Mr. Campbell’s original material, which he left at the Bell Telephone Laboratories
at the time of his retirement, and explaining to me, at Mr. Campbell’s request, the deriva-
tion of this series. Additional terms for closer apprommatlon are not theoretically diffi-
cult to derive, but are laborious, and the next term is too complicated to be of service as
an easy method of approximation.




186 APPENDIX B

Therefore :
oo = 0.6031 — 0891 ;<0 0.34655)
1\[14(0.34655)% — (3 X 0.6931 + 2)(0.34655) + 0.6931]
+ (12)[ 50 X 50 (0.6931),
= 0.6931 — 0.00480 + 0.00002,
= 0.6883,
a 0.6883
=== ——" = 0.01377.
Q - 50 0.01377

Now, carefully noting the meaning of the terms, one recalls that
n and ¢ in equation 4 are each one greater than n and ¢ in equation 3.
Therefore, the point on Chart 0.5 = I¢ for which the solution has
just been made is ¢ = 0, n = 49, Q = 0.01377. This is the only
chart on an a posteriori basis. In working with the charts for
0.005, 0.1, 0.9, and 0.995 probabilities, it is not necessary to subtract
1 from ¢ and n. In this manner solutions were made for 9000 points
from which the charts were plotted. Additional corrections were
made by the method of simple combinations, where the formula did
not yield the desired accuracy.® In a few cases when n was greater
than 400 and @ was exactly 0.50, check points could be obtained from
the normal distribution.

The accuracy and precision associated with the charts. Except
for very high and very low ranges of @, the data for the charts were
calculated to three significant figures. The plots were made to a
large scale, the curves carefully smoothed, and the charts finally
photostated down to reduced size. The grid of the charts is espe-
cially designed to spread the curves over the surface and to keep the
precision in significant figures as nearly uniform as possible. Actu-
ally, the calculations of the points were carried to four figures and
then rounded off; and this precision, together with that lent by
graphical smoothing on a large scale, tends to give the charts con-

n! o/n
1 Since e —ai _c),j; 21 — z)"— dz

equals the sum of the last n — ¢ + 1 terms"of the binomial [(1 -s) +%],.evaluation
of equation § is possible but highly laborious by direct computation even using tables of

the logarithm of the factorial. Other methods are given in T'ables for Statisticians and
Biomelricians, Cambridge University Press, London.



ON RELATIONSHIPS OF INCOMPLETE BETA-FUNCTION RATIO 187

siderably greater precision than that to which they can be read. It
should be noted, therefore, that for practical purposes the accuracy 2
of results obtained from the charts is, in the case of a priori probabil-
ities, a function of the accuracy of the data with which they are en-
tered. In the case of a posteriori probabilities, it is a function both
of the accuracy of the data and of the appropriateness of the as-
sumption of a priori equal likelihood.

13 The distinction between accuracy and precision is important to the engineer. Ac-
curacy relates to deviation from the true value; precision is associated with mere repro-
ducibility. For example, a one foot scale graduated to fiftieths of an inch might be re-
garded as a very precise measuring instrument. However, if the same scale (perhaps due
to some accident), contained an initial error of y% inch, its accuracy would be very poor.
An enlightening discussion is contained in Statistical Method from the Viewpoint of Quality
Control, W. A. Shewhart, The Graduate School, Department of Agriculture, Washington,
D. C., 1939.



APPENDIX C

SAMPLE ILLUSTRATION OF A SIMPLE, WORKING SYSTEM
OF QUALITY CONTROL

‘With Various Control Chart Factors for the Use of Range

Introduction. When it is decided that it is desirable to institute
a system of statistical quality control in an organization, two very
practical problems arise: (a) the design of a system which is adapted
to the technical and mathematical abilities of existing plant personnel,
and (b) the procedure for gathering initial data for setting control
limits.

These problems were met in somewhat acute form when it
wag decided to institute a system of statistical methods for quality
control at Picatinny Arsenal, Dover, N. J. No men were available
who had more than a high-school education, and no records suitable
for computing control limits were extant. Accordingly a system was
devised which is so simple that it was readily administered by existing
personnel with no preliminary instruction. As an acid test of the
simplicity, small pamphlets precisely as reproduced in this Appendix
were issued to the foremen and inspectors a few days prior to the
order directing that the system be put into effect. The system
worked from the start with only a few questions from operating
personnel. -

Prior to instituting the system, a careful study was made of the
processes it was to control. Trials were made of types of systems,
using various sizes of subgroups of samples. In this process, parallel
control charts were kept based both on range and standard deviation,
with no relaxation in the existing inspection system. These meas-
ures were taken to insure a properly working system at the begin-
ning of its establishment.

Economic advantages of the system. Prior to instituting the
system, the management of the Arsenal sharply raised the question of

how many additional inspectors would have to be hired to adminis-
188
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trate this precise and scientific system of quality control. The pre-
liminary surveys for the institution of the system had been made, and
the management was informed that no new personnel need be
employed: on the contrary, over half the existing force of inspectors
could be made available to the management to overcome an existing
shortage of foremen in other departments of the Arsenal not con-
cerned with the new system.

Despite the marked reduction in the cost of inspection, the
inspection function was performed far better than it had ever been
before, the quality of product was much improved both in uniformity
and aimed-at level, and costs were reduced. The outstanding ex-
ample of improvement of quality consisted in holding a quality
characteristic (the weight of explosive in a certain piece part) to
X 4 % gr. (a standard deviation of 0.013), on which the specification
was X =+ 2 gr., and about which repeated complaints had been pre-
viously received from the assembling arsenal for violations of tolerance
limits. The outstanding reduction of cost of an operation consisted
of a reduction of 859, which was due (a) in part to reduced cost of
inspection, and (b) in part to reduced cost of production, because
the quality control technique made possible the employment of sta-
tistically tested loading machines ! which would hold the product well
within tolerance limits. In no instance did costs increase.

It is not suggested that the system as shown in the illustration is of
general application.? A system should be carefully fitted to the
engineering principles governing the products in question. This
system is offered merely as a guide, and especially as an illustration of
the simplicity to which the administration of statistical methods can
be reduced. In the illustration the older notation w is used for
range instead of B. An extensive tabulation of various limits for use
in systems of various choice together with a brief comment on their
derivation is offered at the end of this Appendix.

As occasion may arise when the reader may find a general treat-
ment more useful than a specific example, an outline of the considera-
tions involved in the design of a simple quality control procedure of
this kind is furnished.

1 For a method of testing machines statistically, see L. E. Simon, “Deviations in Product
Prove Machine Performance,”” Product Engineering, December, 1936.
3 It should be noted that par. 18 of the sample procedure does not provide a control

chart in the usual sense, but was merely a special procedure for defecting a future product
which appeared to be different from the previous kind.
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Check List of Steps in a Simple Quality Control Procedure ?
1. Attain both statistical and engineering competence in design of quality control
procedure.
a. Careful study of the production lines by the statistician.
b. Collaboration of the statistician with an industrial engineer who has some
statistical knowledge.
2. Choose statistical techniques which are simple and economic.

a. Adjust sample sizes so as to employ a statistic which is simple of ealculation,
with perhaps more mechanical effort, rather than a technically more efficient

one.
b. Weigh the economic aspects of increased sampling versus more efficient
statistics.

¢. Consider the physical and engineering interpretation of the techniques, and
_ their appeal to the engineer, industrialist, or executive.
3. Keep full emphasis on the economic viewpoint.

a. Consider statistical aids for the better attainment of the economic aims of the

process.

(1) Larger volume.

(2) Greater uniformity of product.

(3) Reduction of cost of inspection.

(4) Reduction in wastage.

(5) Avoidance of trouble.

(6) Authentic record of the quality of product.

b. Avoid the temptation of attaining basic scientific knowledge which is not of
immediate economic value; this can be obtained after the statistical method
is working.

¢. Try to make provision for the employment of personnel displaced by the more
efficient process.

(1) Tactfully suggest their employment in other parts of the plant.
(2) Tactfully suggest increased volume of production.
(3) Be cautious about intruding on the logical prerogatives of management.

4. Publish the Quality Control Procedure in clear written form, signed by the
management.
a. Alter the existing process and personnel as little as possible without sacrifice
of fundamental principles. :
(1) Fit the statistical techniques to the-existing process and engineering con-
siderations.
(2) Devise methods that can be administered by existing personnel in as great
a measure as practicable,
b. Reduce the procedure to a simple set of functions, steps, and consequent
actions each of which is the duty of the incumbent of a designated position.
* Extracted from an address entitled, “On’ the Initiation of Statistical Methods for

Quality Control in Industry’’ delivered by the author at the 102nd Annual Meeting of
the American Statistical Assoctation, Chicago, 1940.
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Employ simple language and engineering terms; avoid technical statistical
terms.

. Delegate clearly defined and routine duties of the procedure to positions or

offices such as inspector, foreman, superintendent, etc., rather than to persons.
(1) Collection and posting of data may be put under foreman.

(2) The unit which makes the product should not participate in its sampling.
(3) Interpretation of record, a responsibility of the inspector.

(4) Location of trouble, a responsibility of supervising engineer.

. Choose inspection intervals which are appropriate to the process, such as

every half hour, every 100 items, every buggy load, etec.

. Prescribe the number of articles to be inspected at each inspection interval—

by whom and how.

. Describe the exact way in which records shall be kept, who shall keep them,

and provide convenient forms for that purpose.

. Provide the administrators with multiplying factors, charts, etc., so that they

will neither have to do mathematical or statistical thinking nor have to refer
to any liteiature other than the published Quality Control Procedure, in
posting the records.

. Provide for reduction of inspection with improvement in process control by

allowing competent authority to change the inspection interval.

. Prescribe the action to be taken when points are out of control limits on the

record, such as stop the process, hunt for the cause of the trouble, inform the
superintendent, etc.

. Insure ease of location of uncontrolled product by not permitting sampled

increment to continue in production, until the sampling result is seen to be
within limits.

Arm the Quality Control Procedure with a thinking clause by providing that
any case not covered by routine instructions will be referred to a designated
office whose incumbent is capable of competent engineering or statistical
analysis.
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INSTRUCTIONS for CONTROL of QUALITY of PRODUGT
T ghru PERCENTAGE INSPECTION

GENERAL INSTRUCTIONS

1. The following procedure is designed to govern the inspection of
all manufactured items on which the nature of the work performed can be
measured quantitatively; e.g., weight of explosive charge in various
components, explosive power of detonators in terms of weight of sand
crushed, specific gravity of cast or pressed materials,.burning time
of fuzes, etc., except where 100% inspection is performed. )

Sampling Schemes

2. The sampling scheme described herein is btesed on & sample of

5 items per bour, and is practical on the majority of production orders.
In some instances, however, the cost of sampling may prohibit this
procedure; whereas, in others, more extensive sampling may be advisable,
especially at the beginning of an order. Hence, the shop inspector
will submit his recommended sampling scheme to the Department Chief

for approval prior to production. The procedure for other sampling
schemes is covered in notes on sampling schemes.

DUTIES of the FOREMAN
Sampling

3., Take & sample of five items from the assembly line each hour,
day, or other period of time, as instructed by the shop inspector.

Recording Observations

4, Accurately measure each sample with regard to size, weight,
explosive power, or other characteristic describded by the respective
drawing and specification and record the measurements in the order taken.

Computing Data

5. a&. Take the sum of the five recorded measurements of the group
and divide it by 5. This figure is known as the "average" or "mean" and
1s designated by the symbol X (ter X).

b, T¥or each group of 5, subtract the smellest recorded ‘meaguree
ment from theilargest recorded measurement. This figure is a measure
of dicporu'dr'&ind 18 commonly known as "renge" or "meximum dispersion"
and is designated by the symbol W, (W sudb t).

¢c. Table 1 shows & semple of Foreman's Data.

ale
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Plotting Data
6. a. Plot the chart described below on cross section paper. Head
the chart "Control Chart for ", (inserting the name of the

item sampled), "Samples of 5" followed by the production order number.
On the face of the chart indicate the lot number or batch from which the
samples were taken, the approximate daily production, &nd the desig-
nated measurement that the item should meet, e.g., weight of charge 30.0
gr. £ 2.0 gr,, per drawing 70-1-11, revised 6-20-36. See Figures 1 to 5
inclusive.

3. On the piece of cross section paper mark & horizontal scale
across the top for the working days of the month; e.g., September lst,
September 2nd., etc. Ordinarily, one linear inch for each day is con-
venient. If the paper has eight divisions to the inch, one division
will represent a working hour of the working day.

¢. Mark two vertical scales on the left hand margin of the
paper; one near the top for the purpose of recording the averages
(X's) and one a moderate space below it for recording the renges
(w,'s).
t

d. Plot the observed average (X) for each group of 5 (see
paragraph 5 & abvove) opposite the vertical scale for averages (see
paragraph 6 ¢ above) and under the horizontal scale for date and hour
(see paragraph 6 b above).

e. In like manner plot the observed range (W,) (see paragraph
5 b above) opposite the vertical scale for range and un&or the appro-
priate date and hour. Date should be plotted as promptly &s practicable,
and at least prior to the observation of the next group of data.

Foreman's Interpretation of the Chart

7. Llimits will be placed on the chart by the Shop Inspector, with-
in which practically all points should fall (see paragraphs 10 and 13
below). If any points fall outside of these limits, call the Shop
Inspector without delay.

Disposition of Charts

8. The Foreman will conspicucusly post the chart in the nearest
office to the place of work, while the work is in progress; and, upon
the completion of the production order will forward the chart to the
Department Office for file, gs g record of the guality of the product.

Delegation of Duties

9. In lieu of personally performing the functions outlined in para<
graphs 1 to 8 inclusive, the Foreman may designate one or more trusted
assistants to do them under his supervision. Such assistant may not
in any case be the workman who performs the work being sampled.

-2
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DUILES of the SHOP INSPECTOR
Computing and Plotting Control Limits

10. a. After the data from between eight and eighty groups of five
bhas been plotted (see parsgraph 11 below), compute the average of the

observed averages. This figure is designated as X (bar bar X). Draw a
heavy horizontal line on the chart for averages at the computed figure

and under the hours for which the samples were taken. See Figures 1 to
5 inclusive.

b. Compute_the average of the eight to eighty observed renges.
This figure is called W, (bar W sub t). Draw a heavy horizontal line on
the chart for ranges at this value and under the hours for which the sam-
ples were taken.

g. Multiply W by .594 and plot two heavy dotted lines on the

chart for averages parellel to the heavy line at X-and located at X t
594 Wi. Mark each of the lines A 0.001.

d. In like manner, plot two heavy dotted lines on the chert
for ranges, one at 2,08 W, and one at 254 Wi, Mark each of these lines
D 0.005.

Judging and Interpreting of Charts

11. &. Practically no plotted values of X should fall outside
the dotted limits A 0.001 (theoretically only one above and one below
in a thousand). Hence, the presence of a point outside the dotted limits
is a very strong indication that the general level of quality (weight of
material in & component, size, strength, or other quality) is changing
from time to time. The Shop Inspector will advise the foreman to inves-
tigate at once to determine if someone is doing something wrong, if
some machine is functioning wrong, if a change has been made in the rew
material, etc., and the Shop Inspector will also report the situation
to the Department Chief without delay.

b. A significant deviation of 1? from the mean value desig-
nated by the drawing or specification obviously calls for measures to
btring the average of the product in closer alignment with the desig-
nated average and the Shop Inspector will advise the Foreman accordingly.

The X from 80 groups of 5 is generally 80 near the true value of the
product sampled that for purposes of control it may be treated as such.

¢. Practically no plotted values of W, should fall outside
the dotted limits D 0.005 (theoretically only 5 above and 5 below in a
thousand). The presence of & point cutside these limits is a strong
indication that the variafion in the product (lack of uniformity) is
greater than it should be. The same action will be taken as outlined
in & above.

.3.
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4. With respect to both charts, the plotted dots should be
socattered rather evenly on both sides of the central line: the greater
portion should be near the central line, and only relatively few should
fall near the dotted limits. Trouble can frequently be forestalled by
a study of the charts. If there is a general drift of the plotted points
on either chart toward the bottom limit or the top limit, & timely inves-
tigation may eliminate the cause of the drift and prevent the occurrence
of a point outside the limits. In like manner the too frequent occurrence
of points at @ value other than in the immediate vicinity of the central
value indicates erronsous observations protably due to & faulty meamur-
ing; instrument, use of an instrument not sufficiently sensitive for the
work involved, or bias on the part of the observer. Action same as oute
lined in g above.

Kumber of Groups on which Limits should be based

12. In the interest of acocuracy, convenience, and economy of
labor, it is desirable to have limits plotted on the data from eighty
groups of 5 (a normal 10 working day period). .However, at the beginning
of a job, limits should bs calculated on the first & plotted pointe, then
after a total of 16 have been accumulated, then after & total of U0,
and finally after 80, all preceding points included in each successive
calculation. The next set of limits will be based on the next 80
points; viz. points No. 81 to No. 160 inclusive, etc.

Predicting Limits

13. The importance of these charts lies not so much in disclos-
ing that trouble occurred yesterday, or last week @s in disclosing it
instantly, or before it occurs. ‘Hence, it is most important that limits
exist for the plotted points, (see paragreph 7 above), before the points
are plotted. To accomplish this purpose, the Shop Inspector will, at
the time he computes and plots & set of limits for a period of eight to
eighty plotted points, extend these limits in light lines for the next
data period. These extended limits are binding upon production for the
next period during which another set of plotted points are being accumu-
ldted (ses paragraph 7 abtove). The limits from the accumulated data
will then serve &s a check on these extended limits and as & basis for
new extended limits. This procedure is clearly illustrated in Figures
1 to'5 inclusive. Thus, when limits are calculated as dstailed in paree
graph 10 and extended as detailed in this paragreph, there are always
limits predicted ahead, except for the first 8 points. Even this de-
ficlency can be supplied by taking advantage of data from a previous
order and this procedure should be followed if such data are available.

Meeting Drawings and Specificationg

14. The meeting of drawings and specifications (as most of them
are now written) is often more a matter of engineering judgement and inter~
pretation than of methematical statistics. In general, the drawing or
specification will state that the product (presumabdly meaning every item
thereof) will be A £ d. Actually, there is no way of knowing if every

.L
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ifem falls within the 1imits A £ d unless every item is sampled; snd,
if the sempling be destructive, there is no product left. EHowever,
if the product has showed "control" during manufacture; i.e., prac-
tically no points have fallen outside the control limits; no exhibi-
tion of & pronounced drift or trend; and, if the number of plotted
points be large (e.g., forty or more), then it cen be said with
reasonable certainty that approximately 90% of the individual items

will lie between X £ .707 Wy; 95% between X £ .843 W, and 993%
between X £ 1.21 W,. (For X and W, see paragraphs 10 & and 10 b
respectively). Upon completing each period of 80 points the Shop
Inspector will note on the chart "approximately 994% within

X £ 1.21 W, substituting for X its numerical value and for 1.21
¥, its numerical value.

NOTES on SAMPLING SCHEMES

Time not 2 Factor

15. It is not necessdry that the groups of 5 be taken each hour.
All the rules outlined above apply with equal force if the groups of
5 be teken every helf hour, every 5 minutes, day, week, or other
period of time, Just 80 long &s the observations are grouped in fives.
Hence, in devising sampling schemes, sampling may be increased or
decreased at will by merely varying the time interval.

Grouping

16. Groups of 4 can be used Just as readily as groups of 5 by
changing all 5's to 4's and changing constants as follows:

Peragraph 5 g - Divide by U4 instead of 5.

Paragraph 10 ¢ - Change .534 to .750.

Paregreph 10 4 - Change 2.08 to 2.26; and .25% to .185.

Paragraph 14 - Change .707 to .798; .843 to .952; and 1.21 to 1.36.

Groups of 10 can be used instead of groups of 5 by changing all
5ts to 10's and changing constants as follows:

Paregreph 5 a - Divide by 10 instead of 5.

Paragraph 10 ¢ - Change .59% to .31§.

Paregraph 10 & - Change 2.08 to 1.758 and .254 to .439.

Paragraph 14 - Change .707 to .536; .843 to .637; and 1.21 to .913.

For a given number of observations, the relative precision of results
obtained by the use of groups of 4, 5, or 10 undsr the method outlined
is practically the same. However, the smaller groups are to be pre-
ferred because of their greater sensitivity to a changing cause system,
which is of relatively great importance in manufacturs.

Revised 1-15-37.

laslie E. Simon,
5 Capt., Ord. Dept,
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The following change is added to "Instructions for Control of Quality
of Product thru Percentage Inspection®.

Interpolate in Paragréph 16.

Groups of six cen be used just as readily as groups of five by changing
all 5's to 6's and changing constants as follows:

Paragraph 5 & - Divide by 6 instead of 5.

Paragraph 10 ¢ - Change .53 to .L98.

Paragraph 10 d - Change 2.08 to 1.97 and .254 to .308.

Paregraph 14 - Change .707 to .64g; .B43 to .773; and 1.21 to 1.11.

17. Although groups of 4, 5, 6, or 10 are to be preferred, groups of
2 or 3 can be usged.

Groups of 2 can be used instead of groups of 5 by changing all 5's
to 2's and changing constants as follaws:

Paragraph 5 g - Divide by 2 instead of 5.

Paragraph 10 ¢ - Change .594 to 1.94,

Paragraph 10 d - Chaige 2.08 to 3.52 and .25% to 0.

Paragraph 14 - Change .707 to 1.46; .843 to 1.74; and 1.21.to 2.49.

Groups of 3 cen be used instead of groups of 5 by changing all 5's
to 3's and changing constants as follows:

Paregraph 5 & - Divide by 3 instead of 5. 5. .58

Paregraph 10 ¢ - Change .59% to 1.05.

Paragreph 10 4 - Change 2.08 to-2762 and .254 to ~oPr. 0-49
Paragraph 14 - Change .707 to0 .972; .843 to 1.16; and 1.21 to 1.66.

18. In some cases where averages (X's) are plotted, it becomes
necessary to odbtain the limits for the chart for averages from the chart
itself, instead of from the averege range W.. This procedure can be
accomplished as follows: Ignore the chart for ranges, if one exists.
Consider the first 5 plotted averages as observations. Subtract the
least from the greatest. Call this value W,_ (W sub t ter X).

X

Consider the mext 5 plotted averages as observations: subtract the least
from the greatest, thersdy obtaining anothesr "i" etc. Upon the completion

of this process for all available plotted averages, compute the averasge
of the ":' s. Call this value Wy_. The &verags of the averages £ 1.33
X

i‘i will give the A.001 limits for the chart for averages, This method

should only be used when there is no chart for renges or upon the advice
of the Department Chief.
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THE STATISTIC RANGE

Published work on the statistic range is attributable for the most
part to Pearson and Tippett.* They worked from the viewpoint of
Pearson-type curves and of obtaining the distribution of range by the
method of moments. They tabulated the mean values of range for
n = 2 ton = 1000, the standard deviation of range for a considerable
number of values of » and the values of range for a variety of proba-
bilities for n = 2 to n = 100, thereby laying the foundations for the
use of range in control chart technique.

Dr. L. 8. Dederick of the Ballistic Research Laboratory, in an
unpublished paper, derived the exact distribution of range in con-
venient form. His interest was from the viewpoint of ballistics,
since the statistic range defines the bracket or limits of a salvo for a
battery of guns or bombs dropped in mass from an airplane. For the
Gaussian distribution his result is:

r - o B[ () ()] e

where P(R<k) is the probability that the range is less than k and
P(u/7s) equals the integral of the Gaussian function for the limits zero
to any desired value w. This equation yields readily to numerical
integration by quadrature. Mr. H. R. Bellinson of the Ballistic
Research Laboratory pointed out that solutions other than Gaussian
could be obtained from the same distribution funection. Dederick
tabulated the values of a number of functions of range, and his results,
although carried to a greater number of significant figures, agree with
those of Tippett and Pearson. In addition, he tabulated the modal
and median values.

The tables of factors for ranges. Tables Al and A2 are an
extension of these researches so as to present factors for range in most
useful form for control chart work. The control chart limits for

averages are merely X AR, where X is the average of the sub-

3E. 8. Pearson, Application of Statistical Methods to Industrial Standardisation and
Quality Conirol, The British Standards Institution, London, 1935.

L. H. C. Tippett, ‘“On the Extreme Individuals and the Range of Samples Taken from
a Normal Population,” Biomeirika, Vol. XVII, 1925, pp. 364-387; E. S. Pearson, Bio-
meirika, Vol. XVII, pp. 173-194; “Student,” Biometrika, Vol. XIX, pp. 151-164.

O. L. Davies and E. 8. Pearson, ‘‘Methods of Estimating from Samples the Population
Standard Deviation,” Supplement to the Journal of the Royal Statistical Society, Vol. 1, 1984,

Tables for Statisticians and Biometricians, Part 11, pp. CX-CXIX, Tables XXI, XXII,
XXIII, and XXIV, Cambridge University Press.
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group averages, K the average range, and A is given in Table C1.
The column headed A3, is supplied for those who prefer to use sym-
metric multiples of the standard deviation with careful avoidance of
any associated probability. The limits, Ag 001, 4o.005, are supplied
for those who may find slightly different limits justified in practice.
It should be noted, however, that the specific numerical probabilities,
0.001 and 0.005, cannot be associated with these limits as actual dis-

TABLE C1
Facrors FOR CONTROL LIMITS FOR AVERAGES
(Using Range)
Sample | R in Std. The limits are X + AR Sampla
size Dev.’s size

Asze Agoor | Acoos | Acor | Aoss | Ao

2 1.128 1.880 | 1.937 | 1.614 | 1.458 | 1.031 | 0.803 2
3 1.693 1.023 | 1.054 | 0.879 | 0.794 | 0.561 | 0.437 3
4 2.059 0.729 | 0.761 | 0.626 | 0.565 | 0.399 | 0.311 4
5 2.326 0.577 | 0.594 | 0.495 | 0.447 | 0.316 | 0.246 5
6 2.534 0.483 | 0.498 | 0.415 | 0.375 | 0.265 | 0.206 6
7 2.704 0.419 | 0.432 | 0.360 | 0.325 | 0.229 | 0.179 7
8 2.847 0.373 | 0.384 | 0.320 | 0.289 | 0.204 | 0.159 8
9 2.970 0.337 | 0.347 | 0.289 | 0.261 | 0.185 | 0.144 9
10 3.078 0.308 | 0.318 | 0.265 | 0.239 | 0.169 | 0.132 10
1 3.173 0.285 | 0.2904 | 0.245 | 0.221 | 0.156 | 0.122 11
12 3.258 0.266 | 0.274 | 0.228 | 0.206 | 0.146 | 0.114 12
13 3.336 0.249 | 0.257 | 0.214 | 0.193 | 0.137 | 0.107 13
14 3.407 0.235 | 0.242 | 0.202 | 0.183 | 0.129 | 0.101 14
15 3.472 0.223 | 0.230 | 0.192 | 0.173 | 0.122 | 0.095 15

tributions will not be strictly Gaussian. The author has found the
wider limit for averages, Ag.on, useful in conjunction with the slightly
narrower limits for ranges, Dy o5 and Dy gg5, a8, otherwise, indicated
lack of control on the chart for averages appeared to cause one to
look for trouble unnecessarily with greater frequency than like action
was caused by the chart for ranges.

The additional factors Ag.o1, Ao.0s, and Ao.; are supplied for use in
inspection techniques. In general, the 5% level is quite useful in
detecting significance.
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From the column E in standard deviations one can readily com-
pute the limits within which approximately any percentage of the
product should lie such as those given in paragraph 14 of the illus-
tration. That is, the observed average range divided by E for the
subgroup size yields an estimate of the universe standard deviation.
The approximate percentage of all individuals expected between sym-
metric limits of {r can be taken from Fig. 10-4. For example, using

TABLE C2

Factrors Fror CoNTROL LiMiTs FOR RANGES

Lower Limits Upper Limils
Sample The Limit is ED The Limit is ED Sample
Size Size
D_3s | Do.oos | Do.or | Doos | Doo | Dise | Do.ses | Do.ss | Do.gs | Do.so

2 0 0.008 | 0.016 | 0.079 | 0.158 | 3.268 | 3.518 | 3.228 | 2.457 | 2.061 2

3 0 0.080 { 0.113 | 0.255 | 0.365 | 2.574 | 2.613 | 2.435 | 1.958 | 1.715 3

4 0 |0.167 | 0.211 | 0.369 | 0.476 | 2.282 | 2.280 | 2.139 | 1.765 | 1.5674 4

0 |0.239]0.2806 | 0.443 | 0.542 | 2.114 | 2.100 | 1.979 | 1.658 | 1.495 5

0 0.296 | 0.343 | 0.494 | 0.587 | 2.004 | 1.986 | 1.878 | 1.591 | 1.445 6

7

5

6 3

7 ]0.076 ] 0.341 | 0.388 | 0.533 | 0.620 | 1.924 | 1.906 | 1.806 | 1.542 | 1.408
8

0.136 { 0.378 | 0.423 | 0.562 | 0.844 | 1.864 | 1.845 | 1.752 | 1.505 | 1.381 8
9 |0.184 | 0.408 | 0.453 | 0.586 | 0.664 | 1.816 | 1.798 | 1.709 | 1.477 | 1.359 9
10 |0.223 | 0.434 | 0.477 | 0.605 | 0.680 | 1.777 | 1.760 | 1.676 | 1.454 | 1.342 | 10

11 ) 0.256 | 0.456 | 0.497 | 0.622 | 0.694 | 1.744 | 1.720 | 1.647 | 1.435 | 1.327 | 11
12 |0.284 | 0.475 | 0.515 | 0.636 | 0.706 | 1.717 | 1.702 | 1.623 | 1.418 | 1.316 | 12
13 ]0.308 | 0.491 | 0.531 | 0.648 | 0.716 | 1.692 | 1.679 | 1.603 | 1.405 | 1.304 | 13

14 |0.329 | 0.506 | 0.545 | 0.659 | 0.724 | 1.671 | 1.659 | 1.5685 | 1.392 | 1.205 | 14
15 |0.348 | 0.519 | 0.557 | 0.668 | 0.732 | 1.652 | 1.641 | 1.570 | 1.381 | 1.287 | 15

subgroups of 5, estimated ¢’ = E/2.326. From Fig. 10-4, + 2.82¢
includes 993% of the universe (0.25% cut off on each end). There-
fore, the average observed range + E times 2.82/2.326 or X + 1.21F
includes approximately 9939, of all articles.

The control limits for ranges are obtained without the necessity
for adding or subtracting. They are merely ED, where D should be
selected in a symmetric manner with respect to approximate prob-
ability; i.e., Do.go5 should go with Dy g95, ete. The columns D_s, and
D, are useful in connection with limit inequalities such as the
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Tchebycheff theorem. An objection to their use is that, for sample
sizes best adapted to range (subgroups of the order of 5), these limits
prevent one from detecting an assignable cause of variation which is
in the interest of improved uniformity. Such a cause may prove a
direct lead to improvement of process.

If one or more subgroups in a series differ in sample size from the
remainder of the subgroups, an important caution must be observed
in the use of . For example, suppose that subgroups of size 5 are
being used, but that in one subgroup 2 observations were lost, thereby
reducing that subgroup to sample size 3. For the purpose of com-
puting R, this irregularity might be ignored; but for the purpose of
detecting lack of control, cognizance must be taken of the change in
control limits for the outsized subgroup. Hence, one must not only
take the A from Table Cl1 and the D from Table C2 which corre-
sponds to sample size 3 (instead of 5), but one must also use a E
appropriate to groups of 3 instead of the observed E which is asso-
ciated with groups of 5. The observed K; can be easily transformed
to a corresponding K; (which, of course, is smaller) by multiplying
E; by 1.693/2.326; i.e., by multiplying the observed R by the ratio of the
correction factor, ds, associated with the new R to the correction factor
associated with the observed E. The correction factors are tabulated in
Table 12-2 and in the second column of Table C1. Manifestly the cen-
tral line of the control chart for range may be adjusted for the outsized
group and cognizance may also be taken of this relation in tabulating
the outsized group for the purpose of computing the original E.

The limits Dggos and Dgggs have been found to work well in
practice. In control charts on artillery primers covering millions of
primers, the number of points outside these limits was in very close
agreement with the indicated probability. The charts shown in the
sample system are an extract from actual experience with nomen-
clature and specific technical data altered. The other limits of D are
given for the same reasons as the variety of limits for A. A study
of the nature of the distribution of range indicates additional reasons
(those of efficiency have already been discussed) for preferring sub-
groups of the order of 5. As the subgroup size increases, the distri-
bution becomes increasingly leptokurtic (peaked), and the tails of the
distribution approach the abscissa more slowly. Consequently,
deviations much in excess of 3 standard deviations can legitimately
occur. The use of range for subgroups in excess of size 10 is not
recommended.



APPENDIX D
SPECIFICATIONS AND STANDARDS OF QUALITY!

Introduction. Chapter I gave a preview of the services which the
statistical method can give the writer or user (either purchaser or
vendor) of specifications. These broad aspects of the technique
having been shown, it appeared better to defer a detailed discussion
of the contribution of statistical methods to specifications, until a
minimum of essential statistical methods and basic concepts of
frequency distributions were covered, lest frequent side excursions
to explain techniques should render the progress of the discussion of
specifications tedious.

One generally regards specification as synonymous with inspection
specification, i.e., a statement of requirements which the product
must meet in order to pass the acceptance test. It is true that the
inspection specification may be a necessary and sufficient basis for a
“meeting of the minds” between purchaser and vendor and may be
all that need be published. However, the attainment of a non-
controversial relationship does not mean that the purchaser will
secure maximum satisfaction of his economic wants. A good specifica-
tion has a background which may far exceed the obvious import of
the wording of the inspection specification. It requires for its logical
composition:

1. A standard of quality.
2. A design specification.
3. An inspection specification.

In this Appendix it is desired to give emphasis to three points:
(a) the need for the concept of a design specification as separate
from the inspection specification; (b) the need for a stendard of
quality; and (c) the usefulness of the statistical method in the

1 Based in part on an address entitled, “Contribution of Statistics to the Development
and Use of Purchasing Specifications and Standards or Quality,” given by the author at
the Symposium on Statistical Methods in Engineeiing, the University of Pennsylvania
Bicentennial Conference, 1940.
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logical and scientific promotion of efficiency and orderliness in
speaking of and in procuring what one wants. The role of the
statistical method in this program can be brought into sharper focus
by occasional contrast with the procedure which usually exists in its
absence.

The standard of quality may be regarded as providing little more
than a datum point from which quality can be reckoned. A clear
definition of the current concept of at least one quality level (and
preferably the acceptedly satisfactory quality level) is essential to
the specification of any definite quality level. It follows, therefore,
that the standard of quality is a live and changing thing, not fixed by
will or edict, but inherent in a state of current circumstances, just as
the manufacturer’s control limits (see Chapters IV and VII) were not
subject to will, but inherent in the established process. One does
not create standards of quality; one discovers and defines them.
Shewhart shows that the standard of quality has its origin in:
natural law, authority, specification, custom, and precedent.

The design specification is, in brief, a statement of what is wanted.
In a hasty consideration, one might confuse this with the inspection
specification, from which it is separate and distinet. A producer
cannot contract to give a purchaser what he wants; he can only
contract to give a purchaser a product which meets certain defined
tests. Without the concept of a design specification, however, it is
quite impossible to define the inspection requirements most intelli-
gently. The design specification states a quality goal. To state this
goal it must enumerate the quality characteristics to be considered,
must specify the operational means by which they are to be per-
ceived and the technique of evaluating results. The technique of
evaluating results is essentially statistical and involves not only
tolerance limits but also statistical measures such as sample size,
number of measurements, degree of objective probability, X, ¢, etc.

The inspection specification, on the other hand, merely states the
quantity and kind of evidence which will be accepted as satisfactory
proof that the product will meet the design specification goal. State-
ments which are incapable of operational verification, such as “The
materials and workmanship shall be of the best quality,” have no
place in this matter-of-fact statement of a contractual relation.
Note that the inspection specification is predictive in character, and
its prediction is that the product will (in the future, i.e., in service)
meet the design. It too involves the quality characteristies, specified
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operations, and technique of evaluating results. However, neither
the operations, the limits, nor statistics are necessarily the same in
the two specifications. Perhaps a brief example will clarify these
relationships.

Suppose that one wishes to consider the instantaneous point
detonating fuze Mk. 0, from the standpoint of percentage of failures
to function. An investigation is conducted of the test records of this
product and its recorded service use, and of like records of compara-
ble fuzes and fuzes which perform approximately the same funection.
Suppose that, whereas, in general, failures are due to the fuzes, some
failures are due to the nature of the soil on which they impact, so that,
as the fuze approaches perfection, an increase in its reliability becomes
unimportant and undetectable owing to the operation of external
causes of failure. As a result of the investigation it appears that
fuzes which give 969, functioning are considered satisfactory, ade-
quate, dependable, and economical by those concerned with the use
of the fuze. Fraction effective 0.96 (with its associated operational
verification and technique of evaluation) may then be the current
standard of quality for this fuze.

Now, suppose that records show that this type of fuze deteriorates
in storage at the rate of 0.19, failures the first year, 0.29, failures the
second year, 0.4%, failures the third year, etc., so that the cost of
increased perfection must be balanced against the cost of ultimate
replacement (and other incidental expenses). As a result of this
investigation it is found that it appears most economical to manu-
facture fuzes such that when fired with the ammunition components
and in the gun for which intended, for impact on normal soil, they
give a fraction effective of 0.98. This (with certain other require-
ments) is the design specification.

The inspection specification must now state the quantity and
kind of evidence which will be accepted as proof that a product pre-
sented will meet the design specification. This function is distinctly
predictive in nature, and in sampling procedure the assurance that a
lot of produet will meet the design must always be less than certainty.
Consequently, an inspection system designed to give some prede-
termined assurance must be devised. An example was given in the
latter part of Chapter I. If the product meets this requirement, it
must be accepted, even though it is known that some lots may meet
the requirements of the inspection specification, and when consumed,
may fall short of the design specification.
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In the actual inspection specification the operational verification
of meeting the requirement might consist of fuzes fired by initiating
the fuze statically and observing its effect on a lead cylinder, instead
of firing in a gun on normal soil. In this event various alterations
would be made in the requirements to allow for the relationship
between the two concepts of performance.

Faults in specifications. The non-statistical type of specification
has two faults. First, it attempts to judge each lot on its own merits
on a small-sample basis, which, in the light of Chapters II and V,
is obviously not an efficient basis for discrimination between good and
bad lots even though the lots are homogeneous. The second and
corollary fault is that the specification fails to use hindsight as an
intelligent guide to foresight; i.e., it fails to make use of available
prior knowledge in addition to that supplied by the sample itself (see
Chapter III).

The quite non-technical discussion of Chapter I showed the
futility of the grabbag type of specification. The organization that
attempts to avoid a careful and scientific study of the problem by
writing what appears to be a few good, stiff requirements and hoping
for the best, is likely not only to fail to get what it wants, and not
know what it has, after it has gotten it, but actually to put a penalty
on good production. Without a scientific consideration of the
problem (and the problem of dealing with a variable product is fun-
damentally statistical), it was shown that even the brutal extreme of
requiring no defectives in a random sample of n only subjected the
good, but not quite perfect, producer more mercilessly to the rigors
of an unjust chance, and only slightly lessened the extent to which
the poor producer could profit from its vagaries.

The role of statistics in specifications and standards of quality.
It has been shown in Chapters III, IV, VI, and VII that the tech-
nique supplied by the statistical method for checking the validity of
accumulated prior knowledge and of combining it with that supplied
by the sample is a common-sense rather than a technical procedure.
It requires for its operation only three ideas:

a. The concept of statistical uniformity.
b. The operation of an elementary statistical technique.
¢. Recognition of a simple empirical la,w?

Trrespective of homogeneity, one has almost certain (not just
probable) knowledge of the product actually sampled. However,
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any inference drawn about the remainder of the lot inheres in some
relationship, known or unknown, between sample and lot. Unless a
product is homogeneous in the sense of being statistically uniform,
inferences regarding the lot, based on the observation of samples
taken from that lot, must be severely circumscribed, since the
reliability of sample quality as a witness of lot quality is unknown.

On the other hand, if (a) statistical uniformity exists, and if
one knows (b) the general level of a quality characteristic and (¢) the
measure of its variation, then elementary statistical theory can predict
the limits within which practically all samples of any size, n, should
lie. One can obtain the knowledge of the general level of a quality
characteristic and the measure of its variation from the accumulation
of a large number of small samples. One can then predict the statis-
tical limits of sampling fluctuation for practically all samples of size n.
If a sample falls outside these limits, it appears that a state of sta-
tistical uniformity does not exist. If, however, no samples fall out-
side the limits, there is at least no reason for not believing the product
to be statistically uniform. This inference is dependent upon the
following empirical law.

Extensive experience has shown that, once a state of statistical
uniformity is attained in a manufacturing process, the state of quality
is inherent in the process itself and cannot be changed without
changing the process.

With these 3 ideas, viz., statistical uniformity, a statistical tech-
nique, and an empirical law, and with these 3 pieces of knowledge,
viz., a state of statistical uniformity, the quality level, and the
measure of sampling fluctuations, the small sample becomes a sig-
nificant index of lot quality. The steps to significance are two.
First, the state of statistical uniformity, level of quality, and measure
of variation are inferred from the accumulation of samples. (This
is the available prior knowledge.) If statistical uniformity cannot
be inferred from the data, then efficient discrimination between lots
of good and bad quality by means of small samples is impossible.
Second, if the quality is satisfactory, and if a subsequent sample
falls within limits, there is no reason for believing that the satisfac-
tory quality level has changed, but if it is not within limits, then the
quality level appears to have changed from the known satisfactory
level. (This infererfce comes from the information of the sample
only.)
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These are essentially the principles already stressed in discussing
inspection and process control in manufacture. Concisely, then, one
may say that, whereas one cannot judge, except most approximately,
the quality of the lot from the small sample, one can judge by sta-
tistical methods whether or not there is any reason for believing
that the lot is of a different quality level from its predecessors; and,
knowing the quality level of the predecessors from accumulated
data, one can then infer the quality of the lot with considerable
assurance. In this way, hindsight is used as an intelligent guide to
foresight.

Contribution of statistics in the evolution of a standard of quality.
In the light of these observations, let us consider the role of statistics
in the development of a purchasing specification. One is in an ill
position to write a specification unless one knows what one wants in
the first place. Even if one knows what one wants, it does little good
to specify it, unless there is at least some assurance that it can be
met. Hence, that which is ideally desirable must be tempered by
that which is practically obtainable. The only way to ascertain
what is practically obtainable is through examination of records.

From a long run of records one can readily determine the fraction
defective, the average, the standard deviation, or other measures of
the principal quality characteristics of the product which should be
expected under good manufacturing practice. Without statistical
methods a fair consideration of such mass data would be almost
impossible. Furthermore, the statistical method is essential as a
means of inquiry into the homogeneity of the product, for, without a
state of statistical uniformity (as has just been pointed out), one is
very limited in drawing conclusions regarding the lot based on the
observation of samples.* If a homogeneous product of satisfactory
quality level can be economically produced under good manufactur-
ing practice, then one is in a position to describe an economic standard
of quality. The statistical methods used in connection with the
standard of quality throw much light on what kind of a,_speciﬁcation
one can write; and the standard of quality gives a known starting

2 When the product is new, resort must be made to the process described under “The
Judgment of Statistical Control,” Chapter I, pp. 43-46, and Chapter II, pp. 50-79, Statis-
tical Method, W. A. Shewhart, Graduate School, Department of Agriculture, Washington,
D.C., 1939. ‘

s Chapter X, pp. 121-144 et seq., Economic Conirol of Quality of Manufactured Product
W. A. Shewhart, D. Van Nostrand Co., New York, 1931.
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point for quality measurements. Hence, though not a part of the
specification, it is surely an almost essential adjunct.

Contribution of statistics to the design specification. It is impossi-
ble to specify completely a definite series of operations which will
certainly detect that a very simple product is or is not of standard
quality. Some of the quality characteristics are not capable of
definite measurement, and after all, there is a limit to detail. Hence,
the specification of the intended quality must be limited to some
chosen or principal quality characteristics of the product. This is
termed the design specification, as it describes the design which it is
intended that the inspection specification shall obtain. Statistics
makes an important contribution to the design specification, as the
intended or aimed-at values of the quality characteristics of the design
and their tolerance limits can be most concisely described by such
statistical measures as the average and standard deviation.

It is notable that the statistics of the design specification involve
operations. They are operations of measurement such as the
measurement of physical quantities: mass, length, etec., or measure-
ments of phenomena, time, velocity, ete. Thus, the design specifi-
cation expresses quality in terms of something concrete, experience-
able; i.e., it states that, if one does so-and-so, thus-and-so shall follow.
For example, if one takes n measurements in a certain way on the
focal length of a lens, the average of the n measurements shall
be within X’ + E. Thus, quality is expressed in the only terms in
which it can be clearly conceived, viz., as a succession of perceivable
quality phenomena associated with a previously specified set of
operations.* Thus the specified quality of a thing should be and is
capable of operational verification; and attempts to express quality
otherwise by such phrases as “The materials and workmanship shall
be of the best,” which do not depict the possibility of experiencing a
definite and previously conceived succession of associated impacts
on one or more of the five senses, are empty gestures. If this is more

4 Attention is invited to page 13 of Chapter I. Under the subhead, “The two specifi-
cations which must always exist,” it was stated that careful study showed that the product
could be economically manufactured with a uniformity such that Eg > 0.72% X. This
was the design specification. Actual analysis of every lot of that type of product which
had ever been tested showed that 0.60% X could be expected to be met. This was the
standard of quality. The specification purposely aimed ‘below the standard,” because it
was engineeringly allowable and would facilitate production in & time of national emergency.

# 8ee Chapter V, C. 1. Lewis, Mind and the World-Order, Charles Scribner’s Sons, New
York, 1929,
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like philosophy than statistics, so much the more reason for regarding
statistics as common sense reduced to figures.

Contribution of statistics to the inspection specification. The con-
tribution of statistics to the inspection specification is perhaps more
marked. In the inspection, which is generally on a percentage basis,
it is obviously impossible to determine with certainty that all the
product will meet the ideal of the design. Here again it is necessary
to compromise with practicality and frankly admit that the logical
mission of this specification is a mere statement of the quantity and
kind of evidence which will be accepted as a satisfactory indication
that the product will meet the standard of quality. It describes no
indefinite ideals but confines itself to the delineation of quality char-
acteristics to be experienced, a sequence of operations to be performed
upon the product, the interpretation of the results of such operations,
and a definition of the limits within which such interpreted results
must lie in order for the product to be acceptable. The objectivity
of the statistical méthod makes it ideally adapted to the role of dras-
tically limiting the need for interpretations of requirements. The
necessity of interpretations and vague estimates usually opens the
field for differences of opinion, whereas the statistical method swiftly
produces the estimate of the measure under consideration in & manner
superior to unaided judgment and without the bias always associated
with personal consideration. This is a great step toward placing both
purchaser and vendor on solid ground of mutual trust and under-
standing.

It is notable that the inspection specification is distinctly predie-
tive in character. By carrying out the dictates of the inspection
specification, one acquires a piece of evidence of quality. Based on
this evidence of quality (which after the moment of acquisition is
in the past), one, at the present time, renders the prediction that the
product will, in the future, meet the goal of the design specification;
i.e., that certain operations will result in experiencing certain definite
successions of phenomena, thereby making the predicted quality
capable of operational verification. Any prediction rendered in this
uncertain world carries an assurance of less than certainty. It is
therefore highly desirable that the inspection specification be written
with some degree of objective probability in view, so that one can
form some estimate of the degree of belief one may have in the predic-
tion that the product will meet the design. The probability associ-
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ated with the symmetric range, & 3 standard deviations, is very useful
in this regard.

Furthermore, a probability prediction requires for its practical
effectiveness an assurance that the product does not appear to be
statistically non-uniform. It is therefore desirable that this part of
the specification include a test of the control chart character, in order
that non-homogeneous lots can be detected and invalid predictions
avoided. This step leads to the profitable utilization of existing
knowledge (past performance or hindsight) as an intelligent guide to
foresight, as was brought out in Chapters III and VI.

In the light of the statistical technique the probability of accepting
poorer than standard quality can be consciously minimized to any
degree which appears to be economically desirable. One can do much
to reduce the chance rejection of good lots and the chance acceptance
of bad lots. Without an exhaustive investigation into the reasons for
each step, which would be somewhat tedious, let us see one way (a
number of others could be suggested) that these principles can be
employed. An example of general character, analogous to that given
in Chapter I, will serve as an illustration and guide.

A Statistically Sound Inspection Specification. 1. From the first
lot of a series, &k test samples of n shall be taken as nearly as prac-
ticable in order of manufacture, and the fraction defective, ¢, of each
sample computed. The average of all ¢’s shall not exceed the design
specification value, ¢/, and no g shall depart from the average by more
than 3 times the standard deviation of g.

2. From subsequent lots of a series, a test sample of n shall be
taken at random and the fraction defective, g, computed. The
observed ¢ shall not depart from the average of all ¢’s by more than 3
times the standard deviation of ¢ (based on all accumulated samples),
nor shall it cause the average of all ¢’s to exceed the design specifica-
tion value, ¢’.

3. In the event of a rejection, the next lot presented shall be
considered a first lot of a new series.

Detailed steps in the specifications and provisions for retests
have been omitted in the interest of focusing attention on statistical
measures.

Part 1, which involves a relatively large sample, has two objec-
tives. First, to subdivide the lot into subgroups with respect to
time, in order that undue variation in the lot from part to part can
be detected. Second, to provide a large sample from which quality
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can be estimated with a high degree of precision, thereby providing
effective discrimination between the manufacturer who has an
established process in which the inherent quality level is good, i.e., of
specification quality or better, and the manufacturer who is poor and
who would otherwise ride as a parasite on the sampling fluctuations
provided by a kindly chance. Part 1 makes relatively efficient dis-
crimination on a small-sample basis subsequently possible. It may be
noted that the difference in discrimination produced by the relatively
large sample of kn is only one of degree, but it is nevertheless an
important difference.

Part 2 is a step designed merely to detect a change in quality. It
should be noted that it is necessary to take adverse action if there
appears to be significant change in quality, even though the sample
which is indicative of the change might be acceptable if the average
quality level inherent in that manufacturer’s process had happened to
be poorer but still within specifications. This procedure is necessary
since such an instance indicates either a change in average quality or
a loss of statistical uniformity and hence results in an unknown situa-
tion, and one can no longer validly use the accumulated inspection
data in predicting from sample to lot.

Part 3 is, of course, an avenue (though a somewhat painful one)
for the manufacturer to reestablish himself.

These measures provide for an adjustment in acceptance criteria
whereby the probability of rejection of a product of specification
quality can be made very remote without prohibitive sampling.
However, in attaining this end, the door has not been opened to the
acceptance of poor quality, for: (1) the manufacturer has to qualify
first on a large-sample basis; and (2) if he should relax his quality
after qualification, he might succeed in passing one or two poor lots,
but the probability of passing several poor lots becomes increasingly
remote, and once caught, he has to start all over with a new first lot
of a series. The extensive operation of these principles at the Ballistic
Research Laboratory on accepted stocks of ammunition which were
produced under non-statistical specifications not only shows in bold
relief the advantages of their employment, but also shows the great
gain that would be made if the influx of poor quality were checked at
the time of its occurrence.
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Check List of Steps in the Determination of a Standard of Quality
1. Collection of data.
a. Designation of type of product or types of allied products to be investigated.
b. Designation of size, kind, etc.
¢. Designation of minimum sample size from each source, if more than one source
is investigated.
(1) Designation of method of dividing samples into subgroups.
(i) Arbitrary subgroups.
(ii) Subgroups by shipments, lots, consignments, etc.
2. Analysis of data.
a. Selection of the measure of variation.
(1) Standard deviation.
(2) Variance.
(3) Range, etc
b. Method of computation of the measure of dispersion.
(1) Large samples.
(i) Subgroups of equal size.
(ii) Subgroups of unequal size.
(2) Small samples.
(i) Subgroups of equal size.
(ii) Subgroups of unequal size.
¢. Computation of the average.
(1) Methods of weighting.

3. Designation of limits for statistical control.
a. Choice of limits.
b. Method of computing limits,
4. Action to be taken with regard to data which show lack of control.
5. Basis of recomputing data after elimination of that which,
a. Is to be rejected for statistical reasons.
b. Is to be rejected for engineering reasons.
¢. Is to be rejected because it comes from a product not judged to be satlsfactory
and economic.

6. Brief statement of the standard of quality, preferably in terms of the average
and standard deviation of its principal quality characteristics.

Check List of Steps in a Design Specification
1. A study of the standard of quality.
2. A study of the quality required of the product in connection with its intended use.
3. Selection of an economic quality considering increased cost of high quality and
decreased utility of low quality.
a. By mathematical means.
b. By means of judgment.
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. Expression of quality.

a. Selection of the quality characteristics to be specified.

b. Specification of operation of measuring or otherwise experiencing the evidences
of the quality characteristic.

¢. Specification of the technique of verification.
(1) Statistics to be considered.
(2) Limits of statistics.

d. Selection of statistics of the specified quality, characteristics: fraction defec-
tive, X, o, etc.

e. Method of weighting, combining, and evaluating the aggregate of the quality
characteristics.

Check List of Steps in an Inspection Specification

. Designation of the operational technique of inspection or test.
. Specification of the quality characteristics to be experienced.
. Selection of degree of objective probability that the product will meet the design

specification.

. Construction of ‘“operating characteristic of the specification.”
. Measurements to be taken of each quality characteristic of a single article,

a. Number of measurements.
b. How taken.
¢. By whom.

. Number of articles to be measured or inspected.
. Statistics to be considered.

. Method of computation of statistics.

. Method of evaluating results.

a. Consideration to be given existing knowledge of associated and previously
inspected products.

b. Tests of statistical control.
(1) Limits within which test results must lie.

Conditions under which retests will be permitted.

Calculation of the change in objective probability, produced by the retest pro-
vision.
Recast of specification if probability is not satisfactory.
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GLOSSARY OF SYMBOLS

arbitrary constant.

a factor for control limits for averages using range.

fraction of a lot.

an arbitrary constant. Also used to designate the average number of
defectives.

arbitrary constant.

an arbitrary constant.

cost of inspection plus average cost of misgrading.

the true average number of defects or defectives in a lot or universe.

the average number of defects or defectives, usually the average
number in a sample of n.

the number of defects or defectives, usually the number of defectives
in a sample of n.

lower limit of ¢ for the probability 0.1.

upper limit of ¢ for the probability 0.9.

lower limit of ¢ for the probability 0.005.

upper limit of ¢ for the probability 0.995.

a factor which is a function of n, and expresses the ratio of & to o’.

a factor for control limits for ranges using range.

an arbitrary constant generally used to designate the magnitude of
an error.

the incomplete beta-function ratio.

the symbol for the incomplete beta-function ratio.

Q 1
symbolises [ @11 - @@ / [t - @ a0; s
Appendix B.
the probability of at least ¢ defectives in a random sample of n.
arbitrary constant.

the second moment about the mean.
the second moment about a point the distance D from the mean.
arbitrary constant.
arbitrary constant.
tolerance limits.
arbitrary constant.
the cost of misgrading an article.
arbitrary constant.
the number of articles in a population, lot, or universe.
number of articles in a sample.
the probability associated with a symmetric range of tg.
the probability of at least ¢ defectives in an infinite sample when the
average number in such sample is a.
223
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the probability of at least ¢ defectives in a sample of n when the
average number is a. .

probability of at least ¢ defectives.

the probability of misgrading a lot of articles.

a probability level of significance.

the probability of a difference as great as or greater than that
observed.

the true lot fraction effective, i.e., the true proportion of effective
articles in the lot or universe.

the sample fraction effective, i.e., the proportion of effective articles
in the sample.

the true lot fraction defective, i.e., the true proportion of defective
articles in the lot or universe.

the middle-most value of the lot fraction defective often used as the
estimated lot fraction defective.

a lower limit of estimated lot fraction defective.

upper limit of estimated lot fraction defective.

the sample fraction defective, i.e., the proportion of defective articles
in the sample.

arbitrary constant.

average range.

the correlation coefficient.

the cost of selection and inspection of an article.

an arbitrary constant generally used to designate the number of
standard deviations.

arbitrary constant.

the a priori probability that @ equals z.

the probability that true Q lies between Q. and Qy.

the square of the average of X’s.

the average of squares of X’s.

a single measure or observation of a quality characteristic; a member
of a frequency distribution.

the sample average of two or more X’s.

the true lot or population average.

the average of two or more X’s.

the deviation of an X from X (exception, used as a variable in
Appendix B).

fraction of a success.

the average of two or more deviations of X from X.

the deviation of an X in standard deviations as a unit.

the deviation of a ¥ froma ¥

the square of the average of ¥’s.

the average of squares of ¥’s.

the incomplete beta function.

the complete beta function.

the numerator of a fraction resulting from the difference of two ratios.

any statistic.
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summation of a discrete variable.

the observed standard deviation.

the standard deviation of the X values about the regression line.

the standard deviation of the ¥ values about the regression line.

the standard deviation of the correlation coefficient.

the standard deviation estimated from successive differences.

the average squared standard deviation estimated from successive
differences.

the true standard deviation of the lot or universe.

the observed standard deviation of the standard deviation.

the average of two or more observed standard deviations.

the standard deviation of a difference of two variables.

the standard deviation of an accidental error.

the mean square successive difference.

gamma function (¢ + 1): equals ¢! for positive integers.

the standard deviation of the total variation.

the standard deviation of a systematic error.

factorial; e.g., n! is the product of all the natural numbers from 1 to
n inclusive. 0! is 1.

greater than.

less than.

not greater than.

not equal.

A bar over a statistic, e.g., X, is used to indicate the average of that statistic.
A prime on a statistic, e.g., X' is used to designate the true but unknown universe
value of that statistic.
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ofaverage................... 45
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Estimation
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This pocket contains
Charts 0.005 = I
01 =1Ig
05 =1
09 = IQ
0.995 = Iq
Jor sampling of attributes, and also
A Chart for the Probable:Range of Means
and .
A Chart for the Probable Range of Standard
Devmtxons

Sor the sampling of variables.

The five I, charts in size T4 X 11 inches are available
separately at 75 cents per set.






