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P. 17, 1. 29: for side read radius.

P. 20, 1. 6: omit numbering 2. The sentence closes
with vertices in line 19.

. 30, 1. 25: for Figure 6 read Figure 5.

35, second line from end: omit second =.

56, 1. 13: insert the side of after and.

. 60, 1. 14: for first squares read rectangles.

63, 1. 20: for regular read star.

66, 11. 11-13: for the present reading substitute On
this same diagram, h is the vertex of the Pyramid in-
scribed in the sphere of radius OA' (the total height of
the face is equal to

P. 66, 1. 15: for LOC read LOK.

P. 125, footnote 2: for dimension read dimensions.
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Introduction

And 1t was then that all these kinds of things thus established
received their shapes from the Ordering One, through the
action of Ideas and Numbers.

(Plato, Timaeus)

IT 1s Not generally suspected how much the above pronounce-
ment of Plato—or in a more general way, his conception of
Aesthetics—has influenced European (or, let us say, Western)
Thought and Art, especially Architecture. In the same way that
Plato conceived the “Great Ordering One” (or “the One ordering
with Art,” § teyvimi|g 9edc) as arranging the Cosmos harmoniously
according to the preexisting, eternal, paradigma, archetypes or
ideas, o the Platonic—or rather, neo-Platonic—view of Art con-
ceived the Artist as planning his work of Art according to a pre-
existing system of proportions, as a ‘“‘symphonic” composition,
ruled by a “dynamic symmetry’’ corresponding m space to musical
eurhythmy in time. This technique of correlated proportions was
in fact transposed from the Pythagorean conception of musical
harmony: the intervals between notes being measured by the
lengths of the strings of the lyra, not by the frequencies of the
tones (but the result is the same, as length and numbers of vibra-
tions are inversely proportional), so that the chords produce com-
parisons or combinations of ratios, that is, systems of proportions.
In the same way Plato’s Aesthetics, his conception of Beauty,
evolved out of Harmony and Rhythm, the role of Numbers
therein, and the final correlation between Beauty and Love,
were also bodily taken from the Pythagorean doctrine, and then
developed by Plato and his School. A great factor in Plato’s
Mathematical Philosophy—and, in a subsidiary manner, in his

1x



x INTRODUCTION

system of Aesthetics—was the importance given to the five regu-

lar bodies and the interplay of proportions which they reveal;

we shall see this point of view transmitted all through the Middle

Ages to the Renaissance and beyond, with the study, and the

application to artistic composition, of the same proportions.
a_c

The name of the geometrical proportion (—5— (_i) was in

Greek, and in Vitruvius, analogia ; harmoniously ordered or rhyth-
mically repeated proportions or “analogies” introduced “sym-
metry” and analogical recurrences in all consciously composed
plans. Let us point out at once that “symmetry” as defined by
Greek and Roman architects as well as the Gothic Master Build-
ers, and by the architects and painters of the Renaissance, from
Leonardo to Palladio, is quite different from our modern term
symmetry (identical disposition on either side of an axis or plane
“of symmetry”). We cannot do better than to give the definition
of Vitruvius: “Symmetry resides in the correlation by measure-
ment between the various elements of the plan, and between each
of these elements and the whole. . . . Asin the human body . . .
it proceeds from proportion—the proportion which the Greeks
called analogia— (it achieves) consonance between every part and
the whole. . . . This symmetry is regulated by the modulus, the
standard of common measure (belonging to the work considered),
which the Greeks called the number. . . . When every important
part of the building is thus conveniently set in proportion by the
right correlation between height and width, between width and
depth, and when all these parts have also their place in the total
symmetry of the building, we obtain eurhythmy.”

For this notion of symmetry seen as correlating through the
interplay of proportions the elements of the parts and of the
whole, the Renaissance coined the suggestive words “commodu-
latio” and “concinnitas.” The mention of eurhythmy as a result
of well-applied “symmetry” underlines the affinity between this
correct (also etymologically sound) interpretation of symmetry
(as opposed to the modern, static meaning usually applied to the
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word) and rhythm; an old but correct definition of rhythm was:
“Rhythm is in time what symmetry is in space.”

This classical meaning of the word “symmetry” has been,
with the technique itself, brought into light again within the last
thirty years, and will henceforth be used in this work; we will
meet later on the expression “dynamic symmetry” found in
Plato’s Theaetetus, and examine the special “eurhythmical” plan-
ning system covered by this term. It is also quite recently that, in
the field of biology too, it was found that certain morphological
intuitions of the Pythagorean and Platonist schools, and their
interpretation by the Neo-Platonist thinkers and artists of the
Renaissance, are confirmed by modern research. The Pythago-
rean creed that “Everything is arranged according to Number”
(taken up by Plato) ! is justified not only in Art (1t was a Gothic
Master Builder who m 1398 said, “.irs Sine Scientia Nuhal”) but
also in the realm of Nature. The use of Geometry in the study and
classification of crystals is obvious, but it 1s only lately that its
role in the study of Life and Living Growth has begun to be
recognized.?

Curiously enough, the patterns, themes of symmetry, spirals,
discovered in living forms and living growth, show those same
themes of proportion which in Art seem to have been used by
Greek and Gothic architects, and, paramount amongst them, the
ratio or proportion called by Leonardo’s friend Luca Pacioli “the
Divine Proportion,” by Kepler “one of the two Jewels of Geom-
etry,” and commonly known as ‘“The Golden Section,” appears
to be the principal “invariant” (to use an expression popular in

1“Numbers are the highest degree of Knowledge” (Epinoms), and
“Number 1s Knowledge 1tself” (Id.).

2 Leonardo and Diirer had no doubts about this point. The most impor-
tant books published in England concerning the Geometry of Life are: The
Curves of Life, by Sir Theodore Cook (the illustrative matenal 1n itself gives
the reader complete aesthetic satisfaction); Lectures on the Principles of
Symmetry, by Professor Jaeger; and Growth and Form, by Professor D’Arcy
Thompson, a masterly treatise, as suggestive by 1ts plates and diagrams as by
its text, lately reprinted by the Cambridge University Press.



xii INTRODUCTION

modern Mathematical Physics), as remarkable by its algebraical
and geometrical properties as by this role in Biology and in Aes-
thetics. There are then such things as ‘“The Mathematics of
Life” and “The Mathematics of Art,” and the two coincide. The
present work tries to present in a condensed form what we may
call a “Geometry of Art and Life.”
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CHAPTER 1

Proportion in Space and Time

THE NotioN of proportion is, in logic as well as in Aesthetics,
one of the most elementary, most important, and most difficult
to sort out with precision; it is either confused with the notion
of ratio, which comes logically before it, or (especially when talk-
ing of proportions in the plural) with the notion of a chain of
characteristic ratios linked together by a modulus, a common
sub-multiple; we have then the more complex concept which the
Greeks and Vitruvius called “Symmetria,” and the Renaissance
architects, “Commodulatio.” Let us start from the definition
of ratio.

Rario

The mental operation ! producing “ratio” is the quantitative
comparison between two things or aggregates belonging to the
same kind or species. If we are dealing with segments of straight
lines, the ratio between two segments AC and CB will be sym-

bolized by ‘(A‘g or % if a and b are the lengths of these segments

measured with the same unit. This ratio %,
the appearance but all the properties of a fraction, is also the
measure of the segment AC =a if CB =D is taken as unit of

length.

which has not only

1 'This companson of which a ratio is the result is a particular case of
judgment n general, of the typical operation performed by intelligence. Judg-
ment consists of: (1) perceiving a functional relation or a hierarchy of values
between two or several objects of knowledge; and (2) discerning the relation,
making a companison of values, qualitative or quantitative. When this com-
panson produces a definite measuring, a quantitative “weighing,” the result
is a ratio.

1



2 THE GEOMETRY OF ART AND LIFE

GEOMETRICAL PROPORTION

The notion of proportion follows immediately that of ratio.
To quote Euclid:

“Proportion is the equality of two ratios.” If we have estab-

lished two ratios %, %, between the two “magnitudes” (com-
parable objects or quantities) A and B on one side, and the two

magnitudes C and D on the other, the equality% 2% (AistoB

as C is to D) means that the four magnitudes A, B, C, D are con-
nected by a proportion. If A, B, C, D are segments of straight
lines measured by the lengths a, b, ¢, d, we have between these
c.
"('i'y
metrical proportion, called discontinuous in the general case
when a, b, ¢, d, are different, and continuous geometrical propor-
tion if two of these numbers are identical. The typical continuous

measurements, these numbers, the equality % = —; this is the geo-

a
b

b = Vac is called the proportional or geometrical mean be-
tween a and c. It is the geometrical proportion, discontinuous or
continuous, which is generally used or mentioned in Aesthetics.
specially in architecture.

proportion is therefore — = }F) or b* = ac.

The equation of proportion can have any number of terms,
a ¢ e __h a_b ¢ d .
= = < = < = = etcetera,or — = — = - = —, ctcetera; we have
b d f g b 7e d e
always the permanency of a characteristic ratio (this explains
why the notions of ratio and proportion are often confused, but
the concept of proportion introduces besides the simple compari-
son or measurement the idea of a new permanent quality, which
is transmitted from one ratio to the other; it is this analogical
invariant which besides the measurement brings an ordering prin-
ciple, a relation between the different magnitudes and their
a_b ¢ d

=-= - =—, et cet-

measures). The second series of equalities N
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era, represents the characteristic continuous proportion, geomet-
rical progression or series, like 1, 2, 4, 8, 16, 32, et cetera.

The simplest asymmetrical section and the corresponding con-
tinuous proportion: The Golden Section.

The Golden Section.—The Greeks had already noticed that
three terms at least are necessary in order to express a propor-

tion; ! such is the case of the continuous proportion % = h But

we can try to obtain a greater simplification by reducing to two
the number of the terms, and making ¢ = a + b. So that (if for
example a and b are the two segments of a straight line of
b

length ¢) the continuous proportion becomes: %:Wﬂ 0

=)

If one makes 5 = X, one sees that x, positive root of the equa-

1+ V5
2

.1 —V5y\¢ .. . .
being 2= V2)" This is the ratio known as “Golden Section”;
2

tion x*=1x +1, is equal to (the other, negative, root

1Cf Plato, Tvmaeus: “But 1t 1s impossible to combine satisfactonly two
things without a third one: we must have between them a correlating link

Such 15 the nature of proportion . . .”

2 There 1s another way of finding the Golden Section as the most logical
asymmetrical division of a hne AB nto two segments AC and CB; 1if we call
a, b, ¢, the respective lengths of AC, CB, AB, measured in any system of

units, we get 6 different possible ratios: o = == 3 =; then the sim-

plest possible proportions are obtained by applying here also “Ockham’s
Razor” and wniting that any two of these ratios are equal; the fifteen pos-
sible combinations are reduced to the symmetrical division a = b, and the

asymmetncal ones S 2 (a = AC being the longest of the two segments of AB)

b
and 2°b (b = CB being the longest segment) which leads again to the

equation of the Golden Section x2 =x-1 and the two roots +,)\/5 and

1— V5
5



4 THE GEOMETRY OF ART AND LIFE

when it exists between the two parts of a whole (here the seg-
ments a and b, the sum of which equals the segment c) it deter-
mines between the whole and its two parts a proportion such that
“the ratio between the greater and the smaller part is equal to the
ratio between the whole and the greater part.”

This proportion, called in the text-books “division into mean
and extreme ratio,” has got, as we will see in the next chapter,
the most remarkable algebraical properties. The Greek geometers
of the Platonic school called it 1) tops}. “the section” par excel-
lence, as reported by Proclus (On Euclid); Luca Pacioli, Leo-
nardo’s friend, called it “The Divine Proportion.”

GENERALISATION OF THE CONCEPT OF PROPORTION

The geometrical proportion (resulting from the equality be-
tween two or several ratios) is only a particular case of a more
general concept, which is “a combination or relation between
two or several ratios.”

The more usual proportions, besides the geometrical, are: (1)
The arithmetic proportion in which the middle term (if we take
the minimum of three terms for a proportion) overlaps the first
term by a quantity equal to that by which it is itself overlapped
by the last term, or (if a, b, ¢, are the three terms)c —b =1

b—a
(example: 1,2, 3) and (2) the harmonic proportion, in which the

middle term overlaps the first one by a fraction of the latter
equal to the fraction of the last term by which the last term over-

laps it,or b —a = (c — b)% equivalent to ;:2 = :—(example:
2,3,60r6,8,12).

There are in all ten terms of proportions, established by the
neo-Pythagorean School.

Ezample Ezample
c—b _ ¢ (1,23)... arithmetic c—b _ ¢ (236)...harmonic
b—a ¢ proportion b—a a proportion
c—b ¢ (1,24)...geometrical b—a ¢ (3,58)
b—a_b proportion o —b — 5
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Example Example
b—a _b (245) c—a _c (679
c—b a c—b a
b—a _c. (1,4,6) c—a ___p_ (4,6,7)
c—b b b—a a
c—a _c (689) c—a _b (358).. .Fibonace
b—a a c—b T a series

The tenth corresponds to the additive series 1, 1, 2, 3, 5, 8, 13,
21, 34, 55, . . . et cetera, in which each term is equal to the sum
of the two preceding ones; it is intimately connected with the
Golden Section and plays an eminent role in Botany. We will
meet it again in the next chapter.

We have seen in the Introduction that the technique by
which, in a complex plan or design, the proportions were linked
so as to get the right correlation (or “commodulation”) between
the whole and its parts was called by the Greek architects and
Vitruvius “Symmetry”’; and the result obtained where this tech-
nique was correctly applied was the “eurhythmy” of the design
and of the building. We generally associate the terms of
“rhythm” and “eurhythmy” with the Arts working in the time
dimension (Poetry and Music) and the notion of Proportion
with the “Arts of Space” (Architecture, Painting, Decorative
Art). The Greeks did not care for these distinctions; for them,
for Plato in particular, Rhythm was a most general concept domi-
nating not only Aesthetics but also Psychology and Metaphysics.
And Rhythm and Number were one.! (Rhythmos and Arithmos
had the same root: rhein = to flow.)

For them, indeed, Architecture was not only “Frozen Music”

1 “Everything 15 arranged according to Number” was the condensation
of the Pythagorean doctrine. And Plato, who developed Pythagoras’ Aes-
thetics of Number into the Aesthetics of Proportion, wrote in his Epinomis:
“Numbers are the highest degree of knowledge” and: “Number is knowledge
itself.” Plato (Timaeus) mentions the concordance between the rhythm of
the harmoniously balanced soul and the rhythm of the Universe; he even
establishes 1n one of his mathematical puzzles (in the Timaeus again) what
he calls the “Number of the World-Soul,” a super-scale of thirty-six notes
based, of course, on his theory of proportions.
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(Schelling) but living Music. The notions of periodicity and
proportion, and their interplay, can be used for succession in time
as well as for spatial associations. If periodicity (static like a
regular beat, or dynamic) is the characteristic of rhythm in time,
and proportion the characteristic of what we may call rhythm or
curhythmy in space, it is obvious that in space, combinations of
proportions can bring periodical reappearances of proportions
and shapes, just as in a musical chord or in the successive notes
or chords of a melody we may really perceive an interplay of
proportions.'

If Architecture is petrified or frozen Music, so is Music
“Drawing in Time.” * But we will, in what follows. leave aside
the “numbers” of Music and Poetry in order to elucidate how the
Greek and Gothic Master Builders applied their knowledge of
proportion and “Symmetry,” and how and where their Geometry
of Art meets the Geometry of Life.

1 Here are three definit:ons of Rhyvthm

(1) Rhythm 1s a succession of phenomena which are produced at inter-
vals, either constant or vanable, but regulated by a law. (Franeis Warrain)

(2) Rhythm 1s perceived periodicity. It acts to the extent to which such
a periodieity alters in us the habitual flow of time . . . (Pws Servien)

(3) Rhythm 1s this property of a succession of events which produces on
the mund of the observer the impression of a proportion between the dura-
tion of the different events or groups of events of which the succession is
composed. (Professor Sonnenschein)

Although the authors of these three distinct but excellent definitions are
here thinking of Rhythm mn time, we see how even in that temporal frame,
proportion can play its part To sum up: there are proportions in time, and
rhythm n space, and one could say, to cover both fields, that “Rhythm is

produced by the dynamic action of Proportion on a umform (static) beat or
recurrence.”

20r, to quote Francis Warrain: “La Musique est au Temps ce que la
Géométrie est a Espace.”



CHAPTER 11

The Golden Section

TuE “GoLDEN SECTION,” the geometrical proportion defined in

1 +2\/5 = 1.618. . . positive root of the

equation x> =x + 1, has a certain number of algebraical and
geometrical properties which make it the most remarkable alge-
braical number, in the same way as n (the ratio between any cir-

the preceding chapter,

cumference and 1ts diameter) and e = lim (l +%) are the most
remarkable transcendent numbers.

If, to follow Sir Theodore Cook’s example (in The Curves of
Lafe) we call this number, or ratio, or proportion ¢, we have the
following equalities:

@ = Y51 _ 61803308875 . (so that 1.618 is a very
2 accurate approximation)
e—9p618...  —Y2+3
3
1 V5 —1
1 _oe18.... =
) 8 5

P=0+1 P* = ®* + @ and more generally
(Dn —_ (Dn-l + Qn-z

(this applies also to negative exponents so that:

‘I’=1+%» or @' =@ + @7,
O2=0Q*+ P or —(fl); = % + il%’ et cetera).

7
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We have also 2 = (I)+(I) andtl)—q)il
d=1+ —"J‘—
147 i”___
+1
1"+ _l
1
O=V1+
V1+
+
VT +
In the geometrical progression or series 1, @, ®? @3, . .,
®@"..... each term is the sum of the two preceding ones; this

property of being at the same time additive and geometrical is
characteristic of this series and is one of the reasons for its role
in the growth of living organisms, specially in botany.

1 1

In the diminishing series 1.&—) F e SR %.;, we have
% = (T}‘_‘ - 2(each term is the sum of the two following
ones) and: <I)—(D+(p2+q)s+ +q)m+ ...... when m

grows indefinitely.
The rigorous geometrical construction of the ratio or propor-
1+ V5
5

tion of @ is very simple, because of its value Fig-

ures 1 and 2 show how, starting from the greater segment AB, to

AB _
BC— ®, and how

inversely, starting from the whole segment AC, to place the point
B dividing it into the two segments AB and BC related by the
golden section ratio (another construction in Figure 3). This
most “logical” asymmetrical division of a line, or of a surface, is
also the most satisfactory to the eye; this has been tested by
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Fechner (in 1876) for the “golden rectangle,” for which the
ratio between the longer and the shorter side is ® =1.618......
In a sort of “Gallup Poll’ asking a great number of participants
to choose the most (aesthetically) pleasant rectangle, this golden
rectangle or @ rectangle obtained the great majority of votes.
This rectangle (Figure 6) has also the unique property that if
we construct a square on its smaller side (the minor term of the
® ratio), the smaller rectangle aBCd formed outside this square
in the original rectangle is also a @ rectangle, similar to the first.
This operation can be repeated indefinitely, getting thus smaller
and smaller squares, and smaller and smaller golden rectangles
(the surfaces of the squares and the surfaces of the rectangles
i . cal diminishi o ft.l i
orming geometrical diminishing progressions of ratio ) as in
Figure 7. Even without actually drawing the square, this opera-
tion and the continuous proportions characteristic of the series
of correlated segments and surfaces are subconsciously suggested
to the eye; the same kind of suggestion operates in the simple
case of a straight line divided into two segments according to the
golden section, or when three horizontal lines are separated by
intervals obeying this proportion (Figure 9; for example, the
horizon between the upper and lower bar of the frame in a
painted seascape). Professor Timerding sums up this subcon-
scious operation and the resulting aesthetic satisfaction in the
short sentence: “. . . . the reassuring impression given by what
remains similar to itself in the diversity of evolution.” We shall
! The simplest method for obtaining a similar rectangle inside a given
rectangle 1s to draw a diagonal of the latter one, and from one of the remain-
ng vertices a perpendicular to the diagonal In Figure 8 this construction 1s
shown on the @ rectangle J Hambidge, whose theory of “dynamic rectan-
gles” is explamned in Chapter VIII, calls the similar smaller rectangle, thus
produced in the original one, his “reciprocal rectangle.” The other rectangle,
formed within the onginal one, can be called, to borrow Sir ID’Arcy Thomson’s
terminology (inspired itself by the Greek theory of figurate numbers), the
gnomon of the reciprocal rectangle—the gnomon being the smallest surface

which, added to a given surface, produces a similar surface. The @ or golden
rectangle 1s the only rectangle the gnomon of which is a square
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see in another chapter that this is but a particular case of a very
general aesthetic law, the “Principle of Analogy.”!

The principle applies whenever in a design the presence of a
characteristic proportion or of a chain of related proportions
(this is an imported notion which will be illustrated later on)
produces the recurrence of similar shapes, but the subconscious
suggestion mentioned above is specially associated with the Golden
Section because of the property of any geometrical progression

of ratio @ or %(like a, a®, a@? ad? ... .ad".. ., ora, %, é—;‘;, 7;3,

a ) of having each term equal to the sum of the two

..... ¥ CIRRE
preceding ones or (respectively) of the two following ones. To
this particularity (which combines the properties of additive and
multiplicative, geometrical, series) corresponds the geometrical
illustration of the progression; that is: a series of straight seg-
ments with lengths proportional to the terms of this series can
be constructed by additions or subtractions of segments, by simple
moves of the compass. On Figure 10 (a diminishing series of
1
()
we see how out of the first two terms the whole series may be
thus obtained; we see also how this progression or continuous
proportion combines the most important asymmetrical division or
cut with the symmetrical division into two equal parts (AB = BC
+ CD, et cetera).

To quote Timerding again: “The golden section therefore

imposes itself whenever we want by a new subdivision to make
two equal consecutive parts or segments fit into a geometric pro-
gression, combining thus the threefold effect of equipartition,
succession, continuous proportion; the use of the golden section
being only a particular case of a more general rule, the recurrence
of the same proportions in the elements of a whole.” The Sym-

segments, with ratio =, having the unit of measure as first term)

! Figures 4 and 5 show the construction of the Golden Section or @ ratio
on the sides of the double-square and of the square (the square is thus divided
into two rectangles having @ and ®2 as characteristic proportions).
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metria-producing analogia of Vitruvius. It is this property of
producing, by simple additions, a succession of numbers in geo-
metrical progression, or of similar shapes (what Sir D’Arcy
Thompson called “gnomonic growth”) which explains the impor-
tant role played by the Golden Section and the ® series in the
morphology of life and growth, especially in the human body and
in botany.

We must here introduce another additive series which is very
nearly related to the @ progression; it is the series:

1,1,2, 3, 5,8,13, 21, 34, 55, 89, 144,. . . . .. , In which, starting
from 1, each element is (as in the ® series) equal to the sum of
the two preceding ones. The ratio of two consecutive terms
tends to approximate very quickly to the “Golden Section”

d=1618..... , by values alternatively greater and smaller than
8 13 21 34 55
(D(g 16 —8—-—1625 ﬁ—l6154..21—1619 - 33 =
89

1.6176. . ., ;-—161818 ).

We can therefore say that this “two-beat” additive series 1, 1,
2, 3,5, 8, 13, 21,..., et cetera, called the series of Fibonacci
(from the nickname, Filius Bonacct, of Leonardo of Pisa who
rediscovered it in 1202) tends asymptotically towards the @ pro-
gression with which it identifies itself very quickly; and it has
also the remarkable property of producing “gnomonic growth”®
(in which the growing surface or volume remains homothetic,
similar to itself) by a simple process of accretion of discrete ele-
ments, of integer multiples of the unit of accretion, hence the
capital role in botany of the Fibonacci series. For example, the
fractionary series

112358 1321 3455 89 2

1' 235813 21' 34’ 55 89’ 144"

1 Or rather, quasi-gnomonic, as here the process is only an approximation.
But, as we have seen, the approximation becomes so quickly rigorous that
we obtain practically a geometric progression.

2 Here each fraction has as numerator the denominator of the preceding
one and as denominator the sum of the two terms, numerator and denomina-
tor, of the preceding one.

D
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appears continually in phyllotaxis (the section of botany dealing
with the distribution of branches, leaves, seeds), specially in the
arrangements of seeds. A classical example is shown in the two
series of intersecting curves appearing in a ripe sunflower (the
ratios 13 21 34 or 89 appear here, the latter for the best

21’ 34’ 55’ 144 '

N
variety.) The ratios —g %, appear in the seed-cones of fir-trees.

.21, ..
the ratio 33 In normal daisies.

If we consider the disposition of leaves round the stems of
plants, we will find that the characteristic angles or divergencies '
are generally found in the series

1123 5 88 1321
23 5 813 21'34 55
The reason for the appearance in botany of the golden section
and the related Fibonacei series is to be found not only in the
fact that the @ series and the Fibonacci series ? are the only ones
which by simple accretion, by additive steps, can produce a “gno-
monic,” homothetic, growth (we will see that these growths,
where the shapes have to remain similar, have always a logarith-
mic-spiral as directing curve), but also in the fact that the “ideal
angle” (constant angle between leaves or branches on a stem
producing the maximum exposition to vertical light) is given by

% = —E_—B, a + @ = 360°; one sees that @ divides the angular cir-
o
11f we develop round the stem an hehix passing through the intersection
points of the leaves, we will after some time meet a leaf situated exactly
over the first leaf. If n is the number of leaves passed on the way, and p
the number of turns (complete circles in projection) made around the stem,

then %is the divergency (or angle of divergency), constant in the same plant
2 The Fibonacci series is only a particular case of the general “two-beat”

additional seriesa, b, (a+b), b4 (a+b),b+ 2 (a + b),2b 4 3 (a 4 b),
3b+5(a+Db),...,ora,ba-+b,a -+ 2b, 2a 4+ 3b, 3a 4 5b, 5a -} 8b,
...... , where the ratio between two consecutive terms has also @ for limit.
It is also identical to the tenth type of proportion of the Pythagoreans
(Chapter I).
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cumference (360°) according to the golden section. 923?1?
=220° 29’ 32”; o = (—3-= 137° 30’ 27” 95. The name of “ideal

()
angle” was given to a by Church, who first discovered thdt it
corresponds to the best distribution of the leaves; the mathemati-
cal confirmation was given by Wiesner in 1875.

The Golden Section also plays a dominating part in the pro-
portions of the human body, a fact which was probably recognized
by the Greek sculptors, who liked to put into evidence a paralel-
lism between the proportions of the ideal temple and of the
human body (cf. Vitruvius), or even to trace a harmonious corre-
spondence (a proportion or analogia, in fact) between the terms
Universe-Temple-Man. The correlation Universe-Man as mac-
rocosmos-microcosmos was studied later on by the Kabbala
as well as by the Christian mystics of the Middle Ages, and by
later dabblers in white and black magic. The bones of the fingers
form a diminishing series of three terms, a continuous propor-

. 1 . . .
tion 1, T %5, (in which the first, longest term, is equal to the

sum of the two following ones), but the most important appear-

ance of the golden section is in the ratio of the total height to the

(vertical) height of the navel; this in a well-built body is always
13

@ = 1,618. ... or a near approximation like g =16o0r 3= 1.625.

One can, in fact, state that if one measures this ratio for a great
number of male and female bodies, the average ratio obtained
will be 1.618. It is probable that the famous canon of Polycletes
(of which his “Doryphoros” was supposed to be an example),
was based on this dominant rdle of the golden section in the pro-
portions of the human body ; this role was rediscovered about 1850
by Zeysing, who also recognized its importance in the morphology
of the animal world in general, in botany, in Greek Architecture
(Parthenon) and in music. The American Jay Hambidge (his
first results were published in 1919), guided by a line in Plato’s
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Theaetetus about “dynamic symmetry,” established carefully
the proportions and probable designs not only of many Greek
temples and of the best Greek vases in the Boston Museum, but
also measured hundreds of skeletons, including “ideal” specimens
from American medical colleges, and confirmed Zeysing’s results,
but with the following precisions:

A rigorous, mathematical interplay of proportions based on
the Golden Section or directly related proportions (especially

those produced by the V5 and ®; we know that ¢ = \/52+ 1)

is shown by any normal human skeleton (in the living body the
presence of skin, hair, introduces millimetrical deviations). In
the most healthy specimens this interplay of proportions shows
a really “symphonic” subtlety, the geometrical diagrams being
often the same as exhibited by Greek temples, vases, mirrors.
The purely geometrical properties of the Golden Section intro-
duce another unexpected reason for its preponderance in botany
and in living organisms in general; as could be suspected from

S54+1 . T .
the formula ¢ = v 2+ , this proportion is intimately associated

with the regular pentagon and with the regular star-pentagon or
pentagram, so much so that the construction of the pentagon
(Figures 17 and 18), discovered by the Pythagoreans and given
by Euclid, is directly based on the Golden Section and on the
formula:

pr side of regular pentagon = —121\/ 10 — 2 V5.

(In Figure 17, AP is the side of the pentagon, AD the side
of the regular decagon, A’S’ that of the star-decagon). If we call:
ps the side of the star-pentagon, or pentagram, (AG = A’S’), d.
the side of the regular decagon, d. the side of the star-decagon,
R (as above) the side of the circumscribed circle, we have

ps = 32- V 10 +2 V5 and g% = @; this very important relation

between the diagonal of the regular pentagon and its side shows
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Ficure 17 Figure 18

us the intimate relation between the Golden Section, the penta-
gon, and pentagonal symmetry in general (Figures 12 and 14).

We have also d: = % ds = R.® (the side of the regular decagon,

the radius of the circumsecribed circle, and the side of the star-
decagon form a @ progression of three terms).

And because of this connection between the Golden Series or
® series, the Fibonacci Series, and homothetic growth, and be-
tween the Golden Section and the pentagon, we shall not be sur-
prised to see the preponderance of pentagonal symmetry in living
orgenisms, especially in botany® and amongst marine animals
(starfishes, jellyfishes, sea-urchins).

The pentadactylism (five fingers, or corresponding bones or
cartilages) general in the animal kingdom is a manifestation of
the same predominance of the number 5 and pentagonal sym-

1 Let us note among five-petalled flowers (the number of petals can here
also be 10 or any multiple of 5) all fruit-blossoms, water-lilies, brier-roses
and all the genus rosa, honeysuckle, carnations, geraniums, primroses, marsh-
mallows, campanulas, passion-flowers, et cetera.

Lilies, tulips and hyacinths, on the contrary, show the hexagonal sym-
metry which we will see is mainly connected with crystals.



THE GOLDEN SECTION 19

metry. We will see in another chapter that this predominance is
indeed a characteristic of living forms and living growth, and that
pentagonal forms or lattices do not, can not, appear among
crystals,



CHAPTER III

Geometrical Shapes on the Plane

IF N POINTS are given in a plane, such that no straight line meets
more than two of them, and if we draw all the straight lines
joining two of these points together so that two lines (and two
only) meet in each point (instead of the n — 1 possible ones),
we obtain all the possible types of polygons with n vertices,
numbering 2"% The polygons having equal sides and equal
angles at the vertices are called regular; they can be inscribed

into a circumference. If o, §, ¥ . . . are the prime factors of n
(n=20¢" #% ¥ . . .) the number m of regular polygons with n
sides is

m-_-%(l_.i.)_ (1—%). (1—5-)

. . n—
If n is a prime number, ¢ = n, m = 5

we have one regular convex polygon; the other are star-polygons.
So that there are

1. For each value of n,

1 star-pentagon

2 star-heptagons

1 star-octagon

2 star-enneagons (9 sides)
1 star-decagon, et cetera.

One sees immediately that the number of regular convex poly-
gons is infinite, as n can take any integer value.

Gauss proved that a regular convex polygon of n sides can be
constructed with compass and rule (in an “euclidian” manner).
if (and only if):

(1) n =2 (p being any integer)
20
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(2) nis a prime number of the typen =2*+1; ' or

(3) if n is a product of different factors of that type, that is, if
n=2° (2"+1). (2241)...... , 241,241, .. being dis-
tinct prime numbers (the enneagon, n =9 =3 X 3, or the poly-
gon with 18 sides, n = 18 =2 X 3 X 3, cannot be constructed
rigorously, because 3 = 2' + 1 is repeated twice). From Gauss’
theorem it follows that we can construct rigorously the regular
polygons of 3, 4, 5, 6, 8, 10, 12, 15, 16, 17, 20, 24,. . . .sides’ (that
is, we can divide a circumference into the corresponding numbers
of equal segments), but that we cannot construct those with 7, 9,
11, 13, 14, 18, 19, 21, 22,23, 25,. .. .. sides. It is therefore impos-
sible to construct exactly a regular convex polygon with seven
sides (heptagon), or to divide a circumference in seven equal
parts; % so that the heptagon is very rarely used in architectural
plans (Viollet-le-Duc mentions one Romanesque pillar in Rheims
with heptagonal base, and Notre-Dame shows an heptagonal
stained-glass rose).?

We will examine here the most remarkable of the regular
polygons and some of their irregular cousins.

1In this case we have always k = 29; but the inverse 1s not true;
n = 2294 ] i not always a prime number. For mstance, n 1s prime for

q=0 n=3
q=1 n=2>5
q=2 n=17
q=3 n = 257
q=4 n = 65,537

but not for q =5, 6, 7, 9, 11, 12, 18, 23, 36, 38, 73.

1The theorem of Gauss denves from the fact that the roots of the
equation x® — 1 =0 can be represented by a combination of square roots
when (and only when) one of the conditions above 1s fulfilled

2In Pythagorean Number-Mystic, seven was the Virgin-Number.

3We have seen that in theory the regular polygons with 257 and
65,537 sides can be constructed rigorously, as both numbers are prime-numbers
of the type 2¢ 4 1. This has been done not only for the 257-gon (by Richelot
in 1832), but even for the one with 65,537 sides (in 1894), by Professor

Hermes of Gottingen, who spent ten years in studying this formidable geo-
metrical entity.
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TRIANGLES

In the equilateral triangle (Figure 19) having angles of 60°
at its three vertices:

If t be the side of this triangle, R the radius of the circum-
tv3
-

S (the surface of the triangle) is ——

scribed circle, we have R =

\/3

The most important of the non-equxlateral triangles are:

(1) The right-angled triangle with sides proportional to 3,
4 and 5 (Figure 20) already known to the ancient Egyptians; it
enabled them (and later the Greeks) to draw a right angle on the
ground with a rope knotted at intervals of 3, 4 and 5 equal units.!
This triangle is also the only (right-angled) one having its sides
in an arithmetical progression. It is sometimes called the sacred
triangle of Pythagoras, or of Plutarch.

(2) The “Great Pyramid” right-angled triangle, or triangle
of Price (W. A. Price noticed that the meridian section of the
Great Pyramid was formed of two such triangles having in com-
mon the greater of the right-angle sides) > which has its sides
proportional to 1, V® =1273... and ® =1.618... (P being
the “Golden Section” ratio). This triangle can be derived from
the “Golden” rectangle (OPQM, having ® as ratio between the
longer and the shorter side) by the simple construction shown in

1 The rope was actually divided 1n twelve units, and knotted at intervals
3 4 5

12’ 12 12°
this tnangle to establish the profile of their elliptic domes (Figure 21).
2The specifications of the Great Pyramid (Howard Vyse) are:
Height OS 148m,2 (Figure 23)
AB Side of base-square 232m,8

OM = 2322,8 1482

(we have 1.273 X 1.273 = 1618 = P).
The angle SMO, measured by Howard Vyse on the Great Pyramid, is

51°507, which is exactly the value of the corresponding angle in the triangle
1, vO, &.

The Persian (Achemenid and Sassamid) architects made use of
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Figure 22. Mr. Price proved also that this triangle is the only
(right-angled) triangle having its sides in geometrical progres-
sion.

(3) The isosceles triangle having 36° as angle at the isosceles
(sharp) vertex, or “Sublime Triangle,” or Triangle of the Pen-
talpha. The last term is another name for the Pentagram which
can indeed be considered as formed of five interlocking A’s.

This triangle (Figure 24) is not only an element of the penta-
gon (joining a vertex to the opposite side) and pentagram, but
also of the decagon, joining the centre of the latter to any of its
sides (Figures 25 and 26). It follows that the ratio between the

B .
' B is equal to @ (the

Golden Section); also that the two angles at the base, ACB and
ABC, are equal to 72°, the double of the sharp angle CAB = 36°.
Those two relations confer to the “sublime” triangle the most
interesting “harmonic” properties; Plates I, IT and III give exam-
ples of designs based on it, designs in which the pentagon appears
in a more or less explicit form.

longer (isosceles) side and the shorter

THE SQUARE

The construction of the square inscribed in a given circle, of
the square having a side or diagonal of given length, are all par-
ticular cases of the elementary construction: through the middle
of a line to draw a perpendicular to it. We will find the square
an important element of rectangular “modulations.”

RECTANGLES

(1) We have already examined the Golden Rectangle, or @
rectangle, or Rectangle of the Whirling Squares, and its property
of having the square as gnomon, that is: the addition of an outer
square to (on the longer side), or the subtraction of an inner
square from the @ rectangle produces a similar or reciprocal rec-
tangle; we have also noted that the inner square can be obtained
by drawing a diagonal, and a perpendicular to it from one of the
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The Triangle of the Pentagon
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The Triangle of the Pentagon



Prare 111
The Triangle of the Pentagon, Harmonic Composition
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remaining summits (Figure 8). The diagonal of the @ rectangle
is also equal to the side of the star-pentagon inscribed in a circle
having the shorter side as radius (if a is the length of this shorter
side, we have the diagonal d = a V®? + 1). The addition of a
square on the shorter side produces the rectangle ®? (®? being the
ratio between the longer and the shorter side).

(2) The Double-Square Rectangle. This rectangle plays an
important role in the surface modulations associated with the
Golden Section; its diagonal, if a is the smaller side, is equal to
a. V5, hence the affinity to ¢ = V52+ 1. If keeping a as smaller
side we take the length of this diagonal as longer side of another
rectangle, we obtain the very important V5 rectangle, which, like
the double-square, and for a similar reason, is intimately asso-
ciated with the Golden Section theme of “symmetry.” We will find
the double-square as basis of the interesting “Volume of the
Chamber of the King” in the Great Pyramid. In Figure 5 we

have shown several ways of dividing the sides of this rectangle in
the @ ratio.

(3) If starting from the @ rectangle OMPQ (Figure 27) we
take its longer side MP as diagonal SM to another rectangle, we
see that this latter has as ratio between its longer and shorter
sides the number V® = 1.273 (because if the shorter side, OM,
is taken as unit of measurement, the longer side of the new rec-
tangle OMNS will be equal to V®* — 1= VP, as &* =P + 1).
We see by referring to the paragraph on triangles that this rec-
tangle V@ (the number attached to a rectangle as specification
means always the ratio between its longer and its shorter side)
is formed of twe right-angled triangles with sides proportional
to 1, V@, @, that is, halves of the meridian triangle of the Great
Pyramid, or triangles of Price.

This rectangle V® = 1,273, related of course to the @ theme,
has many interesting properties; for instance, it can be divided
into three similar rectangles (Figure 28) and so ad infinitum, the
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surfaces of those rectangles forming a geometric progression ot
ratio é—) (this being an illustration of the Greek notion of “Dy-
namic Symmetry,” or commensurability in the square as redis-
covered by J. Hambidge—cf. Chapter VIII).

Figure 29, starting from the construction of the side AB of the
pentagon inscribed in a given circle of radius OC, shows on the
same diagram not only the sides of the pentagon (AB), penta-
gram (BL), decagon (AO) and star-decagon (AC = OL), but
also the rectangles ® (BNLO and BLTA), v® (ADCE and
OCGF). ®? (BKHI) and V5 (MNLA). Another simpler combi-
nation of the same rectangles is given in Figure 30. Plate IV
represents a V@ rectangle divided “harmonically” according to
the ¢ and the V@ proportions, the two themes blending together.!
We may state here the principle called “rule of the non-mixing
of discordant themes,” or symmetries, already stated by Alberti
and rediscovered by Hambidge (see Chapter VIII). It is for
instance a mistake to mix on the same plane design the themes or
proportions V2 and @, or V3 and ¢, or V2 and V3; but the
themes @, v, 2, V5, 1 (the square), 2 (the double-square),
can be mixed, as they belong to the same symmetry (the square
can be used with any theme, being universal). In three dimen-
sions, on the contrary, two different planes, projections or faces
can be treated with two different, “discordant” themes (like V2
and @), as long as the principle is respected within each face. In
Figure 6 we have shown a simple construction for dividing the
side AC of the square into the @ ratio. ADEB is then a @ rectan-
gle (if AD=1, AB= ). CBEF a & rectangle (CB=1—

! Among the interesting properties of the \/® proportion is the one that
in a dimmshing series of ratio \/®, the sum of two consecutive terms is equal
to the sum of the next four ones. This ratio \/® = 1.273 (more seldom the

ratio @ = 1.618) is often found between the heights of the drawers of Queen
Anne and Chippendale chests of drawers and tallboys.
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PENTAGON AND DECAGON

We have already shown in Chapter 11 the rdle of the Golden
Section ratio or proportion in the symmetry of the pentagon.
pentagram, decagon and star-decagon, and illustrated this by the
corresponding figures.

Figure 31 shows the construction of a pentagon of given side
AB; Plate V shows an amplification of the same construction.

Ficure 31

also the interplay of pentagon and pentagram. Plate VI gives
different variations on the same theme.
We have seen that the side of the decagon, the radius of the

circumscribed circle and the side of the star-decagon, form a &

progression (B = %": ®). Incidentally, this radius is also equal

to the side of the inscribed regular hexagon. The same @ ratio
exists also between the sides p. and p. of the pentagram and
of the pentagon (they meet in the “sublime triangle”).

Plate VII shows (after Moessel) the interplay of proportions
in the same circle between the sides of pentagon, pentagram
(star-pentagon), decagon and star-decagon, and the radius of the
circle, the whole within the network of the star-decagon. The

2
surface of the pentagon is S, :% = \/5(5 +2V5), of the

decagon Sq = g d* /542 V5.
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Curiously enough, although the pentagon and the ® rectangle
obey the same @ proportion, it is not easy to combine them on
the same design in a direct way; Figure 32 gives the nearest

approach to this interesting problem (also the lower figure on
Plate XLIII).

ABCDE abcd ) _ guces
ABCD& abdd

Figure 32
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We have the following relation between R, radius of the cir-
cumseribed circle, and pr side of regular pentagon,
ps side of regular star-pentagon,
dr side of regular decagon,
ds side of regular star-decagon

pr=%\/10—2\/.5 p.=%\/10+2\/§

—————— T -I.)_::
75 —1 R.® o d.

de =

Hexacon

The side of the regular hexagon (Figure 33) is, as noted
before, equal to the radius of the circumscribed circle; this con-
fers to the hexagon an important role in the equipartitions or
regular lattices of the plane, as also does the fact that it can be
divided into six equal equilateral triangles.

Figure 34 shows the star-hexagon, hexagram or “Shield of
David” (or “Seal of Solomon’), which is really composed of two
independent equilateral triangles.
3R* V3

7

If h = R be the side of the hexagon, its surface S =

OCTAGON

The regular octagon (Figure 35) has played a great rdle in
architecture, and was used in the planning of many churches,
domes, towers, especially in the byzantine, arab, and romanesque
schools (San-Vitale of Ravenna, Carlovingian cathedral of
Aachen, Mosque of Omar in Jerusalem, St. Nectaire, et cetera).
Its symmetry is obviously related to that of the square and
of the “theme” V2 (diagonal of the square). If R be the radius
of the circumscribed circle, the side of the octagon is equal to
0= 2R

Vv2(2+ V2)

The star-octagon (Figure 36) and the pseudo star-octagon

composed of two overlapping squares (Figure 37) have been used

. The surface is S = 20?(1 4+ V2).



8¢ auasry L¢ aunory 98 FUNOLJ

A\
4

N
7

g¢ Funoly

¥g FTWNOLJ

£¢ Funo1y

o?




GEOMETRICAL SHAPES ON THE PLANE 39

as geometrical patterns of ornamentation in Arab, Moslem, and
Indian-Moghul decorative art.

The circle is often (in Gothic designs) subdivided into 20
parts instead of 10, but this leaves the same “symmetry,” based
on the Golden Section. With that exception (and that of the
pentedecagon of 15 sides, found in Gothic roses, a simple con-
struction of which is given in Figure 38 ') the polygons of more
than 10 sides have no interest, as the essential symmetries in
Art and Life are based on the themes V2, V3 and V5 (or ®).

10ne constructs first AC = AD, side of the regular decagon inseribed
in the circle with radius OA = R (one has AC = %}, then AB = R, side of
the inscribed hexagon. BC will be the side of the pentedecagon, as it 1s the

360°  360° °
chord to an angle of 2(:5 T 24° = 3?2 This side BC 1s equal to

%( vVo&+2-— %)—3) . The formula given at the beginning of this chapter shows

that there are also three star pentedecagons.
The cathedrals of Rouen and Amiens have each got a pentadecagonal
rose-window.



CHAPTER 1V
Geometrical Shapes in Space

WE HAVE SEEN that the number of regular polygons (character-
ized by the number of their sides) has no limit, like the number
of the integers. N being any integer number, we can (in theory)
produce a regular polygon with N sides, of which we have seen
that only a certain number, satisfying the conditions set down
by Gauss, can be constructed with rule and compass (in an
“euclidian” way). But this number is also infinite. Curiously
enough, this property has no correspondent in three dimensions;
the number of regular polyhedra (solids with equal sides, equal
regular faces, equal solid angles, inscribable in a sphere), far
from being infinite, is limited to five, called since the time of the
neo-Pythagoreans the five “platonic” bodies:

Number of

Name Vertices  Number of Sides Number of Faces
Tetrahedron 4 6 (3 per vertex) 4 eq. triangles
(3 per vertex)
Octahedron 6 12 (4 per vertex) 8 eq. tniangles
(4 per vertex)

Cube 8 12 (3 per vertex) 6 squares
(3 per vertex)
Icosahedron 12 30 (5 per vertex) 20 eq. triangles

(5 per vertex)

Dodecahedron 20 30 (3 per vertex) 12 pentagons

(3 per vertex)
The number of vertices, v, the number of sides, s, and the number
of faces, f, are related in each polyhedron by Euler’s formula?

v+f=84+2

1We shall see that Euler’s formula is only a special case of Schlifli's
formula for any number of dimensions. The fact that there are only five
regular solids (and their specifications) can be proved in several ways.
Descartes did it by observing that there were eight solid right-angles round

40
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Plate VIII shows the five regular polyhedra. Those five solids
are connected to each other in a subtle way. The octahedron and
the cube are reciprocal; that is, if we take the centres of figure
of the surfaces limiting one body, we obtain the other one (the
number of faces becomes the number of vertices and inversely,
the number of total sides does not change). The same is true
for the couple icosahedron-dodecahedron. The tetrahedron is
auto-reciprocal, that is, reproduces itself by taking the centres of
its faces.

Whereas in the plane the triangle, the square and the penta-
gon were irreducible to each other morphologically, the same
antagonism does not subsist in three dimensions; we can in space
pass from dodecahedron or icosahedron to cube, from cube to
tetrahedron. For instance: the 12 vertices of the icosahedron
(and 6 of its sides) are on the surface of a cube; the 8 vertices of
this cube coincide with 8 of the vertices of a dodecahedron
having its side equal to that of the icosahedron. The 12 other
vertices of the dodecahedron and 6 of its sides are situated on the
surface of another, enveloping, cube, such that its side and the
side of the first cube should be in the @ ratio. In the same way
the 6 sides of any tetrahedron can be set as diagonals on the 6
faces of a cube, the 4 vertices of the tetrahedron coinciding with
4 of the vertices of the cube (the 4 remaining vertices of the cube
and the 6 other diagonals producing another tetrahedron).!

any point in three-dimensional space, and that if (for a regular body) a be
the number of solid angles belonging to each body, and y the number of faces,

then 22 —%'and 2Ya_ 4 must be integers.
Alscz if § be the number of plane angles on the surface of a convex body,

8 must be an integer.

1 Also: the 20 vertices of the dodecahedron are also the vertices of 6§
tetrahedra, or of 5 cubes (2 cube vertices for each dodecahedron vertex).
Figure 39 shows how the tetrahedron can be derived from the cube, Figure
40 how the octahedron can be derived from the tetrahedron, Figure 41 the
connection between dodecahedron and cube. Let us mention here that the 12
vertices of the icosahedron are also the vertices of three @ rectangles perpen-
dicular to one another and having a common centre of symmetry. One of
these rectangles appears on the projection of the enveloping icosahedron on
Plate XI.
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Those affinities between the five regular bodies were men-
tioned by Campanus of Novara (thirteenth century), as also the
fact that the Golden Section which directs the “symmetry” of
the two ‘“higher” ones (dodecahedron and icosahedron—this
presence of the Golden Section is natural, as dodecahedron and
icosahedron together constitute the projection in three dimen-
sions of the pentagon and of its properties) seems to dominate
the morphological relations between the five bodies.!

Those relations were given a great importance not only in
Aesthetics but in Philosophy; Plato in the Timaeus establishes
a correspondence between each regular body and some element
of Nature, the dodecahedron being taken as a geometrical sym-
bol for the harmony of the Whole, or Cosmos.

In the sixteenth century Kepler, for whom the Golden Sec-
tion was “a precious gem, one of the two treasures of Geometry,” 2
attached a great importance to these morphological interconnec-
tions between the five regular bodies, and used them, together
with Platonico-Pythagorean ideas about correspondence be-
tween the orbits of the planets and musical intervals, to establish
the famous astronomical laws bearing his name.

Figures 39, 40 and 41 show some of the connections between
cube, tetrahedron, octahedron, dodecahedron; Plate IX shows a

modern version of the Keplerian interlocking of the five regular
solids.®

1Campanus of Novara states in a subtle verbal antithesis that the
Golden Section (proportionem habentem medium duoque extrema) brings
together the five regular bodies in a logical way (rationabiliter) but by a sym-
phony ruled by an irrational (geometrical) proportion (irrationali sym-
phonia).

2 “Mysterium Cosmographicum de admirabili proportione orbium caeles-
tium,” 1596. The other “treasure” was the theorem of Pythagoras.

31In his diagrams (op. cit.) Kepler adds to each solid the corresponding -
circumscribed spheres, which allows the arbitrary introduction of planetary
orbits. In spite of his (to our minds, gratuitous) starting point, Kepler's
Laws are perfectly valid; still more curiously, the fanciful correlations

between planetary orbits and musical intervals are not as absurd as they
sound.
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Fiaure 41 Ficure 42

There is another way of passing from dodecahedron to icosa-
hedron, and from icosahedron to dodecahedron; it is to lengthen
out all the sides (or the planes of the faces—the result is the
same) of either of these solids until they meet; this operation on
the dodecahedron produces the twelve vertices of an enveloping
icosahedron, on the icosahedron the twenty vertices of an envel-
oping dodecahedron. These operations can be repeated indefi-



Prate X
Star-Dodecahedron with Twenty Vertices
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Prate XI
Star-Dodecahedron with Twelve Vertices



Prate XII
Model of Star-Dodecahedron with Twenty Vertices



Prate XIII
Model of Star-Dodecahedron with Twelve Vertices
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nitely, producing alternating ever-growing dodecahedra and
icosahedra, and we obtain thus a “pulsation” of growth in which
lines, surfaces, volumes, are ruled by the golden section or ¢
proportion. But these same operations, in their first step (and if
we do not link together the vertices obtained in prolonging sides
or faces), produce also the two star-dodecahedra® called star-
polyhedra of Kepler, shown on Plates X and XI. The bigger
figure on Plate XI shows an orthogonal projection of the star-
dodecahedron of the first order, derived from the inner dodeca-
hedron (vertices of this star-dodecahedron coincide with those of
an enveloping icosahedron), which plays an important part in the
symmetry of the human body, as we shall see in Chapter VI.

Plate XIII is the photography of a model of this star-poly-
hedron, Plate XII of its companion; they are seen inside the
network of the reciprocal enveloping icosahedron, respectively
dodecahedron.?

Let us return to convex polyhedra. We have here, besides the
five platonic bodies (regular, convex and continuous), thirteen
semi-regular solids, which can also be inscribed in a sphere, and
have as faces two or three different kinds of regular polygons
(triangles, squares, pentagons, hexagons, octagons or decagons).
They are called “Archimedian” solids or polyhedra; here are
their specifications:

1These two star-polyhedra of Kepler (there are two others, less impor-
tant for us, but also with pentagonal symmetry, called the star-polyhedra of
Poinsot) are indeed dodecahedra, being each composed of twelve interlocking
pentagrams. Together they represent the expansion of the pentagram in three
dimensions, in the same way that the dodecahedron and icosahedron repre-
sent the expansion of the pentagon.

2 There is also a pseudo-star-polyhedron composed of two tetrahedra
cutting each other (one vertex of each through one face of the other), with
the same centre of symmetry, and an inner octahedron as common nucleus.
This 18 the “Stella Octangula” of Kepler, corresponding to the pseudo-star-
hexagon or “Shield of David” in the plane.
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SEMI-REGULAR ARCHIMEDIAN SOLIDS

Number of Vertices
(the index on the top
right shows the num-
ber of sides meeting Number of Number and Specification
at each vertex) Sides of Faces
128 ..., 18, ..t 4 hexagons, 4 triangles
124, ... .. ..., pZ: S 6 squares, 8 tnangles
30%............ 60............ 12 pentagons, 20 tnangles
243 ... ..., 36. .. 8 hexagons, 6 squares
243 ..., 36. ...t 6 octagons, 8 triangles
603............ 90............ 20 hexagons, 12 pentagons
603............ 9. 12 decagons, 20 triangles
244 ..., 48. .. ... ... 18 squares, 8 triangles
60%............ 120............ 12 pentagons, 30 squares,
20 triangles
483 ... 720t 6 octagons, 8 hexagons,
12 squares
1208............ 180............ 12 decagons, 20 hexagons,
30 squares
245 ..., 60............ 6 squares, 32 triangles
60%............ 150............ 12 pentagons, 80 triangles

Euler’s formula, v + f = s + 2, applies also to the vertices, faces,
sides, of these thirteen Archimedian bodies.

To them we must add two infinite series of equally semi-
regular inscribable polyhedra: (1) The regular right-angled
prisms which can be inscribed in a sphere (two regular iden-
tical parallel polygons with n sides linked together by =
squares); (2) The regular antiprisms (two regular identical
360°
2n
in relation to the other, linked together by 2n equilateral trian-
gles); they are equally inscribable in a sphere.

The regular Prisms and Antiprisms so defined have all the
properties of the Archimedian Polyhedra (in each one the solid
angles issuing from the vertices are identical); their specifica-
tions can be obtained as follows:

polygons, parallel but one being rotated by an angle of
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Number of Number of Number of
Vertices Sides Faces
v. s. f.
Prisms ............ 2n 3n n—+2
Antiprisms .......... 2n 4n 2(n+1)

Euler’s formula is also valid for them.

The most important Archimedian polyhedra are:

(1) The cuboctahedron, having 14 faces (8 equilateral trian-
gles and 6 squares) 24 sides and 12 vertices (Figure 42). It has
the important property of having its side, AB, equal to the radius
OA of the circumscribed sphere (property analogous to that con-
necting the hexagon and the circumscribed circle in the plane).
If one considers this circumscribed sphere, one can see that the
vertices of the cuboctahedron coincide with those of three hexa-
gons obtained by the intersections of three great circles cutting
each other reciprocally at 60°. We may thus think that the
cuboctahedron is the representant or expansion of the hexagon
in three dimensions; in reality the hexagon is represented con-
jointly by three solid bodies: the cuboctahedron, the hexagonal
regular prism (Figure 43)' and the Archimedian polyhedron
examined hereafter (truncated Octahedron, or tetrakaidecahedron
of Kelvin); those two last ones have in three dimensions the
property of being able to fill space by repetition, parallel to the
analogous property of the hexagon in the plane. The cubocta-
hedron has two other remarkable properties connected with ideal
partitions of space (cf. Chapter V), and plays a predominant part
in crystallography (Figure 44 represents a crystal of salt, NaCl,
the atoms of Chlorine coinciding with the vertices and centre of
a cuboctahedron, the atoms of Sodium with the vertices—and

!In contradiction to what one might expect, the radius R of the sphere
circumscribed to the hexagonal regular prism is not equal to the qndo h of the

latter; the relation betwecen R and h is R = \/5 r h= — also
\/5
h= 20R
¢4 1

This intrusion of the Golden Section is unexpected.
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centres of faces—of the cube out of which the cuboctahedron can
be generated by taking the middle-points of all sides and join-
ing them).! The atoms of carbon in its close-packed crystalline

1 The cuboctahedron can equally be produced by taking the middle-

points of all the sides of an octahedron. Cube and octahedron, being recip-
rocal, have of course the same number of sides (12).
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form (diamond), also the atoms of gold, silver, copper and
aluminum are at normal temperature packed in cuboctahedral
lattices.

The cuboctahedron plays also an important part in architec-
ture, especially in byzantine (and Moslem) architeeture, and
wherever we meet the problem of setting a dome on a cubical
supporting frame. The vertices of the cuboctahedron coincide
with the points of contact of six tangent orthogonal circles
inscribed on the square faces of the generating cube (Figure 45);
if we draw the sphere passing through those twelve points, and
if we consider the upper half of this figure, the vertical semi-
circles AEB, BFC, CGD, DHA, correspond to the semi-circular
arches, the spherical triangles EBF, FCG, GDH and HAE to the
pendentives which in this solution (the one chosen by the archi-
tect of Santa-Sophia) are part of the surface of the above-men-
tioned sphere (circumscribed to the cuboctahedron). This
solution is also illustrated in the upper figure of Plate XIV; the
lower figure shows the other solution in which the dome is a
complete hemisphere set on the upper circle HEFG.

The Truncated Octahedron (or tetrakaidecahedron of Kelvin
—incidentally the cuboctahedron is also a tetrakaidecahedron,
having 14 faces—or heptaparallelohedron of Fedorov), with 24
vertices, 36 sides, 14 faces of which 8 are hexagons and 6 squares.
As pointed out by Lord Kelvin, this polyhedron is the only one
amongst the thirteen Archimedian solids which can fill space by
repetition ! (close-packing without intervals). This polyhedron
can be produced by dividing each side of an octahedron in 3 equal
parts and joining the points thus obtained (Figure 46). One can
also obtain the truncated octahedron by starting from 8 close-
packed cubes, dividing into 2 equal parts each of the 4 sides of
the small cubes meeting in the centre of each face of the great

1 We will see that amongst the five platonic solids only the cube has this
property.



Puate XIV
Cuboctahedron and Byzantine Cupolas
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cube formed by the juxtaposition of the small ones, and joining
to one another the points thus obtained as on Figure 47.

(3) The Triakontagon (or Triakontahedron) having 30 ver-
tices, 60 sides, 32 faces of which 12 are pentagons and 20 trian-
gles. This polyhedron (Figure 48) can be obtained by taking the
middles of the sides of either the dodecahedron or the icosa-
hedron; its 30 vertices coincide with the sides of 6 decagons
produced by the intersecting of 6 great circles symmetrically
placed on a sphere. The triakontagon is indeed the expansion or
projection of the decagon in three-dimensional space; we shall
not be surprised to see it closely connected with the golden sec-
tion: the ratio between the radius of the circumscribed sphere
and this polyhedron is ®.

Archimedes studied these thirteen seémi-regular polyhedra
named after him. The Painter-Geometers of the Renaissance
were interested in them, as well as in the five regular platonic
solids and the star-polyhedra. In 1492 Pier della Francesca dedi-
cated the treatise De Quinque Corporibus to the Duke of Urbino.
Luca Pacioli in his Divina Proportione examines besides the pla-
tonic solids! some of the Archimedian ones, in particular the
cuboctahedron and Kelvin’s polyhedron (“il corpo de 14, cive 6
quadrate, 8 exagone”), also the star-polyhedra (Plate XV repro-
duces two of Leonardo’s illustrations for his friend’s fascinating
book, the upper figure the star-dodecahedron of the second type,
the lower figure the “Stella Octangula”), so does Diirer in his
Treatise on Proportions. But the Renaissance author who took
most interest in the Archimedian solids was the all-knowing
Daniel Barbaro, Patriarch of Aquilea and Venetian diplomatist.
In his Prattica de la Perspettiva (Venice, 1569) he establishes
them all by the method of cutting off angles or sides of generating

! According to Pacioli, the icosahedron was taken as an abstract model
in planning the temple of Ceres at Cercio near Rome. The little temple of
Minerva Medica (known as temple of Vesta) in Rome seems also to have
been inspired by the icosahedron or the dodecahedron (see Plate LXI).
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Star-Polyhedra after Leonardo
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polyhedra; he develops them on the plane of one of their faces
(Diirer’s method), composes fancy star-polyhedra by setting reg-
ular pyramids on their faces, and takes up again Paolo Ucello’s
mazzochios by inscribing regular polygons in tori (rings with cir-
cular section) and also studding them with pyramids.

We have already quoted Kepler’s partiality for polyhedra and
star-polyhedra (1619).

OTHER REMARKABLE VOLUMES

The solid corresponding in space to the rectangle is the right-
angled parallelepiped (we will call it hereafter R.A.P.). As the
rectangle is completely defined by the lengths of its two adjoin-
a
b
portion of the rectangle), so is the R.A.P. completely defined by
the ratios of two adjoining rectangles, that is by three perpen-
dicular dimensions (or two ratios). We will thus define a R.A.P.
by three numbers proportional to these dimensions.!

The ratios between these numbers, and the resulting propor-
tions in volumes, surfaces and lines, have obviously a great im-
portance, whether the volumes are those of buildings, rooms, or
pieces of furniture.? Apart from the cube,® the most important
R.A.P’s, as proportions, are:

ing sides (the ratio between them - defines the shape and pro-

1 The Greeks studied the proportions of different R.A.P.’s (which they
considered as solid numbers, of the type abc), especially the ones the char-
actenstic numbers of which formed arithmetical, geometrical or harmonic
progressions or proportions. Plato studied thoroughly the proportions be-
tween volumes, stating even as a theorem that “two middle-terms (propor-
tional means) are necessary to link two solids in a proportion” (for the cubes

3 2
a3 and b3, the two middle-terms are a2b and ab?, because -a%s = %l—;-.

2 Palladio writes that the ideal height of a state-room must be the pro-
portional mean between the two other dimensions; he seems to favor a
R.A.P. of characteristics 1, /®, ®, the floor and ceiling being @ rectangles.

3The cube is an important element in Byzantine architecture, as support
for domes on square or octagonal base. Herodotus wrote that among the
Egyptian monuments, the one which most impressed him was the temple of
Buto, n the Nile delta, a monolithic cube measuring 40 ells in each dimension
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(1) The R.A.P. a, a®, ad or more simply 1, ®, § (Figure 49).
This shape is often found in ancient Egypt, generally with

“Fibonaccian” approximations 166 and % instead of 0.618. The

Papyrus of Rameses IV (in the Turin Museum) describing the
“Golden Chamber” containing this king’s tomb, gives as its
dimensions 16 ells (length), 16 ells (width) and 10 ells (height).
(See Plate LVIII).

(2) The R.A.P. 1,1, ® (Figure 50). The base is a ¢ rectan-
gle, the vertical transversal section a square; then the vertical
sides (and of course the “ceiling”) are also ® rectangles. It is a
shape often found as over-all volume in pieces of Egyptian furni-
ture (stool of Tutankhamen'’s tomb, et cetera).

(3) The R.A.P. 1,1, 2 (Figure 51) in which the base and ver-
tical squares are double-squares, the vertical transversal section
a square. This R.A.P. consists of two adjoining cubes, and corre-
sponds of course in space to the double-square on the plane. Its
diagonal rectangles have as characteristic ratios V5 and V2, its
great diagonal DB’ is V6; it was often used as overall volume for
Egyptian and Greek temples and for romanesque and gothic
churches.

(4) The R.AP. 1, ®, ®? or “Golden Solid” of S. Colman
(Figure 52). The three characteristic faces are two @ rectangles
(the smaller side of the “ceiling” @ rectangle ABCD is the greater
side of the vertical @ rectangle BCC'B’) and a @* rectangle
(ABB’A’). The ‘“great diagonal” DB’ is equal to 2BC, that is
2®, so that the centre of symmetry of the volume is at the dis-
tance @ of the 8 vertices. This volume has been often used for
Egyptian tombs (example, tomb 105 at Gizeh, dimensions
1.780, 2.795, 4.°75). The Abbey Church of Maria Laach also
shows these proportions; when expressed in rhenan ells (the unit
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used at the time of its construction) its three dimensions show the
remarkable figures:

261.8... Total length
61.4... Width of the nave
99.2... Length of the nave

100 ... Height of the tower

. _ 1000)
(we have ®* = 2618, ® = 18 )

(5) Nearly as important as the “Golden Solid” and found as
controlling volume in many pieces of furniture, cupboards, tall-
boys of Queen Anne and Chippendale styles, is the R.A.P. 1,
@2, @* (Figure 53). If a horizontal plane is drawn through the
vertical rectangle ABCD so as to cut off the square ABGH, the
lower volume HGKJCC'D’D thus obtained is a “Golden Solid”
1, ®, °.

(6) A R.A.P. of very subtle proportions is the shape of the
“King’s Chamber” in the Great Pyramid of Cheops, the base of
which is a double square, its height being equal to half the
diagonal of this double square; then its specifications will be 1,

%5-, 2 (Figure 54). The great diagonal DB’ is g, and the remark-

able proportions or characteristic ratios of the diagonal rectan-
gles are:

ACCA’ ............ 2
ABCD'............ g.
ABCD ...... ... 122_1

The (here vertical) rectangle BCC'B’ with characteristic ratio V5

2
is often found as over-all frame for human bodies with extended

1 This diagonal rectangle A’B’CD 1s formed of two right-angled triangles

with smaller sides proportional to 2 and %, or 4 and 3, that is two triangles
of Pythagoras 3—4-5.
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(horizontal) arms, and as over-all frame or component of Greek
vases (as seen in orthogonal projection). This R.A.P. of the
King’s Chamber has other properties connected with the Geom-
etry of the Sphere, of the Icosahedron, and of the Great Pyramid
itself, as shown by Professor F. J. Dick in an article published in
the American Mathematical Monthly. Professor Dick’s very
subtle construction is reproduced in Plate XVI; ABCD is the
double-square base of a R.A.P. similar to the King’s Chamber;
then JF = OA is the height of the King’s Chamber, AN is the
side of the icosahedron inscribed in a sphere having its centre in
O (centre of figure of the R.A.P.) and a radius equal to OA, and
the square PQ.RS is the base of a Pyramid similar to the Great
Pyramid having its vertex in O and the four corners of its base
on the same sphere. The side of this square base, SR or RQ, is
equal to the side AN of the icosahedron. The triangle tHt' repre-
sents the meridian triangle ! of the Great Pyramid, laid down on
the plane of the base. The lateral side of the Great Pyramid
(joining its vertex to one of the corners of the base) is equal to
OA (radius of the circumscribed sphere), and as we have (if
Ot' =a) OA =a V®? + 1, d is also the side of the regular penta-
gon inscribed in a circle having a as radius.

Plate XVII shows a variant of Professor Dick’s diagram; the
relations between sphere, inscribed icosahedron, inscribed Great
Pyramid (meridian triangle THK’, base QRSP) with centre at
the centre of the sphere, are still the same, but the base of the
King’s Chamber, ABCD, is on a different scale, its constructions
being associated with that of an inner icosahedron.

This diagram (where the meridian @ rectangle A’'NC'M of
the icosahedron is rotated so as to lie in the plane of symmetry of
the page) has the advantage of leading to another unexpected
property of this special projection of the icosahedron; that is, its

1 As seen 1n Chapter III, this meridian tnangle 1s composed of two right-

angled tnangles of Price, such that g—t' = @. This 15 obtained by the con-

tl
struction on the diagram as t'W = 00’ = Ot’ XX ®.
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correlation with the “symmetry” (in the Vitruvian sense) of the
ideal*or average (the average of a great number of individuals)
human body and face. The theme of the interlinking proportions
of the human body as revealed by this projection of the icosa-
hedron (which is also, as we have mentioned before, the projec-
tion of the star-dodecahedron generated from a dodecahedron as
nucleus) will be examined in Chapter VI; let us only mention
here that the point o on the top of the projection of the inner
icosahedron is on plate XVI also the projection of the navel!
(on the “ideal” human figure with extended horizontal arms).
Curiously enough, on this same diagram the vertex H of the
Pyramid inscribed in the sphere of radius OA’ coincides with the
projection of the mouth (the total height of the face is equal to
00. If we take on another scale the projection of the great icosa-
hedron as the frame of the human face, LOC is the horizontal of
the eyes, mn of the tip of the nose, PS of the mouth). We will
see this diagram again in Chapter VI.

We have just seen some of the geometrical properties of the
Great Pyramid considered as a solid; it is of course not a tetra-
hedron, but has four lateral triangular faces sloping to a square
base. All these properties (apart from the astronomical and
geographical ones which are just as remarkable 2) are a conse-

1Vitruvius, in a sentence comparing the “commodulation” of a well
planned-out temple with that of the human body, had already noticed that
the navel is the centre of symmetry of the latter.

“Simaliter (he has just mentioned the accurate planning of interlinking
proportions by the ancient painters and sculptors) vero sacrarum aedium
membra ad universam totius magnitudinis summam ex partibus singulis con-
venientissimum debent habere commensuum responsum. Item corporis centrum
medium naturaliter est umbilicus.”

2The mendian plane of the Great Pyramid, contaiming the axis of the

entrance tunnel, faces exactly North (error smaller than 4’35” or 17106 of the

angular 360° sweep of horizon). The meridian of the Pyramid is the one
which crosses the maximum surface of land and the minimum of seas; it
divides exactly in two equal parts the land on the surface of the globe. The
parallel of the Pyramid (29°58’5”") is also the one which crosses the greatest
surface of land.
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quence of the proportions 1, V®, ®, between the smaller side,
the longer right-angle side, and the hypotenuse (a, half the side
of the square base, h the height, ¢, the perpendicular drawn from
the vertex to one of the sides of the base) of the half meridian
triangle of the Pyramid (Figure 55). We must mention here the
interesting theory of Jarolimek and Kleppisch. They both noticed
(as Petrie had already discovered) that if one calls r the royal

FiGure 55 FiGure 56

ell, standard measure of length used by the ancient Egyptians.
equal to O™ 524 (20 inch. 63), one finds:

(1) that all the dimensions of the meridian triangle of the
Pyramid are multiples of 4r = 2 096, which seems to have been
the unit or modulus used in establishing the plans;

we have (Figure 55) a = 55 X 4r = 115 *28

¢ = 89 X 4r = 186 =53

h =70 X 4r = 146 72!
(2) that the coefficients 55 and 89 are consecutive elements
of the series of Fibonacci, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144,. . .
! The measurements for a and h are here the recent ones, different from

those of Howard-Vyse; but curiously enough g 1s still equal to V@ = 1.273,
and OAM is still a triangle of Price.
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asymptotic to the @ series. This suggested the possibility that
the architect of the Great Pyramid, having decided for the
profile of his meridian triangle on a theoretical Golden Section
basis (Figure 56 gives the rigorous construction of Price’s triangle
starting from a + ¢ = PM), did execute their practical laying
out in taking the Fibonaccian approximations:

a-+c =144 X 4r

a 55 X 4r

. 89 X 4r (@: 1.61818. . ., a very

close approximation
of = 1.618).

Then, with the same degree of approximation,
70

h = 70 X 4r. (5= 1.273 = \/<I>).

The numbers 55, 89 and 70 are also connected by their squares

55% 4 702 = 7925
and 892 = 7921.
If we apply the same clue to the King’s Chamber, we find that
the smaller side of the double-square forming the base is 10r and
the longer 20r (r being still the Egyptian royal ell).

Hoar

REGULAR HYPERSOLIDS IN THE FourTH DIMENSION

In order to round off this brief sketch of the theory of regular
shapes, we may here state that in four-dimensional space there
exist six regular bodies or hypersolids, bounded by three-dimen-
sional “cells.” They are: (1) the Pentahedroid or Hyperpyramid,
or C; (the index shows the number of three-dimensional cells),
corresponding to the Tetrahedron; (2) the Octahedroid or Hyper-
cube, or Cs, corresponding to the Cube; (3) the Hexadeca-
hedroid, or Cis, corresponding to the Octahedron; (4) the Icosa-
tetrahedroid, or Cz; (5) the Hexacosihedroid, or Ceoo;
corresponding to the Icosahedron; (6) the Hecatonicosahedroid,
or Cizo, corresponding to the Dodecahedron. We not only know
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all the specifications (numbers and kinds of cells and faces,
numbers of sides and vertices) of each of these hyperpolyhedra
(for example Ci20 has 120 dodecahedra, as bounding cells, 720
pentagonal faces, 1200 sides, 600 vertices, obviously the realm of
the Golden Section in four-dimensional space) but can even
construct their projections in three-dimensional and two-dimen-
sional space. The latter have been used by the American architect
Claude Bragdon in order to obtain new decorative patterns.
(Plate XVIII represents several projections on the plane of 3 of
the hypersolids.)

Euler’s formula in four-dimensional space becomes C — F + S
— V =0 (the letters representing the numbers of cells, faces,
sides, vertices). The general formula for a space of any number
of dimensions is Schldfli’s formula 3(k =0, 1, 2,..., n) (=1)~
Al( =1.



Prate XVIII
Plane Projections of Three Hypersolids



CHAPTER V

Regular Partitions on the Plane and
in Space

Ir BAVING cuT BITS of cardboard into equal regular triangles,
squares, pentagons, hexagons, octagons, we try by placing identi-
cal polygons next to each other to fill a sheet of paper without
leaving any intervals, we discover immediately that this con-
tinuous mosaic or pavement can be obtained only (amongst the
regular polygons) with triangles, squares or hexagons (Plate
XIX); the explanation is of course that the vertex-angle of the
plane-filling polygon must be a sub-multiple of 360°, and not

[
o
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bigger than 120° (as at least three polygons must meet at each
junction). Only 60°, 90° and 120° satisfy this condition (Figure
57), that is: the plane can be filled (without leaving intervals)
only by triangles, squares or hexagons, if a single type of regular
polygon is used. We may call these three types regular isomorph
partitions or regular equipartitions of the plane.

If we allow regular polygons of several types to meet at each
vertex of the lattice, we get 22 more partitions,’ which we may

1 These regular and semi-regular partitions of the plane obey the follow-
ing algebraical conditions: (1) If n1s the number of sides of a regular polygon,

the inner angle at each vertex is a = n—2 .180°; (2) when several regular

polygons of the same kind meet at one point without leaving any interval, we
must have 2 < n < 7; (3) if several regular polygons of specifications
(numbers of sides) n,, n,, ng, etc. meet at the same point without leaving any
interval, we have (it results from (1); n,, n,, et cetera may be i1dentical or
not) :

for three polygons n,, n,, ng, (n, —2 4 I —2 4+ Ms T 2). 180° = 360°
n,; Ny ng
1 1 1 1
T T T T2
for four polygons ............. — + — - — + —=1
"2 ng
for five polygons ....... ...... —+—+—+—+ni=—
for six polygons ............... — + + + + + — =2

n] nl
Six solutions, each with three types of polygons (3, 7 42—3 8, 243,
9, 18—3, 10, 15—4, 5, 20—and 5, 5, 10) are to be rejected, because they give
only one point each without possibility of repetition; this leaves the possible
combinations:

n, N ng Ny Ng Nz Ny N, Ny Nz Ng Ny Ng
Ne 1 3 12 12 N°5|13 3 412 | N° 913 3 3 4 4
Ne2(4 6 12 N°6 (3 3 6 6|{N°10{3 3 3 3 6
Ne3i4 8 8 N°7 13 4 4 6| N°©11|3 3 3 3 3 3
N°416 6 6 N°8 |4 4 4 4

Nos. 4, 8, 11 are the three regular isomorph partitions (equipartitions),
Nos. 1, 3, 6, 7, 9, 10 give seven regular (identical vertices) polymorph parti-
tions (number 9 gives two), Nos. 2, 5, 6, 7, 12, 13, 14, 15, 16 give the fifteen
semi-regular (with different kind of vertices) polymorph partitions.
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call “polymorph” ; out of these, 7 can be called regular polymorph
partitions (having identical vertices in which several kinds of
polygons meet), and fifteen can be called semi-regular polymorph
partitions (several types of vertices, several types of polygons).
The following table gives the specifications of all twenty-five
regular and semi-regular plane partitions of space. The horizon-
tal numbers show the numbers of the sides of the polygons meet-
ing at each junction; when there are two lines (in one case even
three) of such numbers, they show the two (or three) different
types of regular partitions from which they are derived. The ver-
tical rows of angles show the clockwise succession of angles for
each type of vertex.

The three regular isomorph partitions (regular equipartitions
of the plane) have been shown on Plate XIX; Plate XX shows
the regular polymorph partitions 9 and 9-bis.; Plate XXI the
regular polymorph partitions 6, 1 and 10, Plate XXII the regu-
lar polymorph partitions 3 and 7, Plate XXIII the regular poly-
morph partition 2, Plate XXIV the semi-regular polymorph
partition 13 quatuor (with 2 types of vertices), Plate XXV the
semi-regular polymorph partition 16, with 4 different types of
vertices (the only one with this particularity), Plate XXVI the
semi-regular polymorph partition 14-bis., and Plate XXVII the
semi-regular polymorph partition N¢ 12, which combines dodeca-
gon, hexagon, square and triangle.

PARTITIONS OF SPACE

The only one of the five regular polyhedra which allows an
equipartition of space is the cube; 8 cubes and 12 lines (fused
into 6) meet in every vertex of the lattice thus produced. This
lattice is not isotropic (the distances from one point, taken as
centre of figure, to the neighbouring ones, are not equal). We
can obtain an isotropic® point-lattice in space in starting from

1 Isotropic: homogeneous as regards both linear and solid angular struc-
ture.
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four series of equidistant planes cutting each other under the
same angle—that is, parallel to the four faces of a tetrahedron.
But oddly enough the partitions thus obtained (Plate XXVIII)
do not correspond to a division of space into close-packed tetra-
hedra (this in euclidian space cannot be realized) but to a divi-
sion into tetrahedra and octahedra (twice as many tetrahedra as
octahedra), or in cuboctahedra and octahedra in equal numbers.
The point-lattice is identical to the one obtained in filling space
by the most dense possible system of equal tangent spheres, and
in taking either all their centres, or their centres and points of
contact.

As in the plane we can place outside a circle six tangent circles
identical to the first (Figure 58) and repeat the process indefi-
nitely,! (the centres of the circles are then part of a triangular or
hexagonal isotropic point-lattice), so in space we can have twelve
spheres tangent to an identical inner sphere (Figure 59). It is
in this perfectly isotropic close-packing of thirteen spheres,? in-
definitely repeated, that the centres (or else the centres and
points of contact) produce the cuboctahedral point-lattice, be-
cause in relation to the centre of each sphere the centres of the
twelve surrounding tangent spheres (also the twelve points of
contact) coincide with the vertices of a cuboctahedron (Figure 59).

1In nature the hexagonal lattice 1s very frequent—for instance, when
living cells more or less equally distributed on a plane or curved surface
develop by lateral expansion or growth. In space, superficial tension makes
living cells (hke unicellular organisms) take spherical shape which, apart
from an equal repartition of stresses, gives the maximum volume for a given
surface (or the mmmmum surface for a given volume), hence economy of
substance. Whenever those cells are closely distributed on the same plane,

and have a sufficiently strong expanding force, they take for the same reason
hﬁxagox;al shapes (corals, colonial madrepora, also the facets on the eye of
the fly).

2There is another way of packing tangent spheres m a regular way,
when their centres are the centres of close-packed cubes, each sphere being
tangent to the six faces on the enveloping cube. The equilibrium, the balance
of stresses, is of course not as stable as in the other arrangement, as the
centres do not form a perfectly isotropic lattice. The cuboctahedral packing
of spheres corresponds to the “natural” piling of shot or balls.
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Plate XXIX shows another projection of these thirteen tangent
spheres, only the upper layer being completely drawn; they
correspond to a projection of the cuboctahedron in which its
affinity to the hexagon is clearly seen, as in the upper figure of
the plate.

We have seen that among the thirteen Archimedian semi-
regular polyhedra, Kelvin’s polyhedron (Figures 46 and 47) is
the only one which can be close-packed in space without leaving
intervals; it is also amongst the regular or semi-regular solids
allowing an equipartition of space (the cube and hexagonal regu-
lar prism are the only other ones in this category) the one which
gives the greatest volume for a given surface; ! this property is
derived from the hexagon (as are for the cuboctahedron the prop-
erty of producing isotropic point-lattices and of having its side
equal to the radius of the circumscribed sphere). Among the
regular right-angled prisms (which are really semi-regular poly-
hedra as they have two different kinds of faces) the hexagonal
prism (and its subdivision the triangular prism) also allow the
equipartition of space (a property equally inherited from the
hexagon, which has thus three representatives in three-dimen-
sional space).

We have already seen that space can be closely filled in a
“polymorphic”’ way (two or more different kinds of regular or
semi-regular polyhedra) by a system of tetrahedra and octahedra
(twice as many tetrahedra as octahedra) or by a system of octa-
hedra and cuboctahedra in equal numbers. Other systems of
close-packing regular and semi-regular polyhedra of two or more
kinds might be deduced from a general formula starting from
the fact that the solid angles meeting at one point must add to
eight solid right-angles (right-angled trihedra). These regular
and semi-regular partitions of space play of course an important

1So that if one supposes that the spherical cells in a system of spheres
close-packed according to the isotropic (cuboctahedral) arrangement possess

a faculty of indefinite elastic expansion, the cells will tend to take the shapes
of Kelvin’s polyhedra.
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role in crystallography ; elementary crystals are close-packed and
produce simple or complex space-lattices according to the differ-
ent elements and different axes of symmetry. The basic config-
urations are the three principal systems of partition of space:
cubic, hexagonal (derived from close-packed hexagonal or tetra-
hedral prisms) and cuboctahedric, which partakes of the two
previous ones.! There are in all seven fundamental groups of
symmetry, representing 230 possible types of point-lattices.?
The fundamental law in crystallography is the “law of rational
coefficients”: the coefficients expressing (in three-dimensional
analytical geometry) the relations between the different plane
facets of a crystal and the directions of the three principal axes of
symmetry are small integer numbers.

The different configurations of crystallized matter correspond
to states of stable or relatively stable equilibrium determined by
rigorous causality, the chemical reactions of the different elements
being themselves explained by a tendency of the electrons to
combine with each other according to more stable arrangements.
The most general principle governing the states of equilibrium
of physico-chemical systems is the “Criterium of Dirichlet”: in
order that the equilibrium of a closed system should be stable it
is sufficient that its potential energy should be (or should pass
through) a minimum. A corollary is Curie’s Law: a body tends
to take the shape presenting the minimum surface energy made
possible by the directing forces. In many cases (for crystalline
systems as well as for the more complex ones of organic chemis-
try) the minimum of superficial potential energy corresponds to
the solution which for a given volume produces the smallest sur-
face agreeing with the linking forces. (In space the sphere gives

1We have seen that common salt (Sodium Chloride) crystallizes accord-
ing to the cuboctahedrc lattice; so does carbon in diamond, and so do in
general gold, silver, copper and aluminum. Iron at normal temperature crys-
tallizes in the cubic system (including the centres of the cubes).

2 A crystallized body shows a number of interlocked point-lattices corre-
sponding to the number of atoms in each molecule.
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the most perfect balance of surface energy and the minimum sur-
face stress).

All those principles ruling the stable configurations of physico-
chemical systems are special cases of the most general law apply-
ing to inorganic bodies: the Principle of Least Action or Prin-
ciple of Hamilton.!

The thermodynamical aspect of the Principle of Least Action
is the Law of Degradation of Energy, or of the Growth of
Entropy (energy is degraded when passing from high tension
forms to low tension forms, the lowest being diffused warmth).

Another form of the general principle is Curie’s principle: in
order that a phenomenon should be produced in a system it is
necessary that certain elements of symmetry should be missing
(it is “dissymmetry” which is the cause of the phenomenon; in
a perfectly homogeneous and isotropic medium, there is no “suffi-
cient reason” for any change).?

1In order to pass during the interval of time t, — t, from one state to
another, a physico-chemical system passes through stages such that the
average value of action (difference between the Kinetic and the potential
energy of the system) within that interval should be as small as possible.

21t 1s also the Principle of Least Action, under its form of “Principle of
Stationary Action,” which enabled Einstein to establish his General Theory

of Relativity, also enabled De Broglie to investigate the inner workings of
the atom and establish his Wave Mechanics.



CHAPTER VI

The Geometry of Life

WE HAVE in the preceding chapters sketched the outlines of what
may be called the “Science of Space” in the abstract, including
the Theory of Proportions, the study of regular and semi-regular
polyhedra, and of the interlinking, through the operation (or, to
follow Plato’s trend of thought, the mediation) of proportions,
of those solids and of other remarkable volumes.

This same Science of Space was the basic discipline, the aes-
thetical frame and guide for the painters and architects of the
First Renaissance, and for Diirer (who rode in the autumn of
1506 from Venice to Bologna, residence of Luca Pacioli, in order
to be initiated in the mysteries of a “‘secret perspective”).

It is here tentatively suggested that what was good enough
for him, for Alberti, Leonardo, Vignola, et cetera, might be good
enough for the painters and architects of today. The ignorance
of the rudiments of the geometry of solids is especially surprising
when noticed in painters of “cubist” ideals and tendencies.!

The enumeration and examination of regular and semi-regular
solids has led us naturally to consider equipartitions and parti-
tions of space, and to delineate the general laws under which
physico-chemical systems may sometimes order themselves into
geometrical patterns or “constellations.” We have found that the

! The most impressive ‘“cubist” mamfesto has been formulated by
Plato in the Philebus:

“But by beauty of shape I want you here to understand not what the
multitude generally means by this expression, like the beauty of living beings
or of paintings representing them, but something alternatively rectilinear and
circular, and the surfaces and solids which one can produce from the rectilinear
and the circular, with compass, set-square and rule. Because these things are
not, hike the others, conditionally beautiful, but are beautiful in themselves.”

87
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most general “Law of Nature,” at least as applying to inorganic
systems, was the Principle of Least Action, or Principle of Hamil-
ton; that its general effect is to produce a state of equilibrium, of
minimum potential energy, balanced stresses and equipartition
of surface energy, all obtained with the greatest economy (or
smallest production) of real (resisting) work.

The statistical form of the principle is: “A system (even a
Universe) passes constantly from its least probable to its most
probable states,” the configuration of maximum probability being
at the same time that of the maximum entropy, of the greatest
“degradation” of energy (passing from high-tension to low-
tension, low-grade energy, to diffused warmth). When the state
of final equilibrium produces relatively stable or even rigid
arrangements of molecules, as in crystals, we generally obtain
geometrical patterns and lattices, resulting from more special
aspects of the general principle.!

The consideration of isotropic (identical to themselves in
every point) systems and point-lattices allowed us to foresee a
preference for cubic or hexagonal systems of symmetry; the law
of rational indices or coefficients (which is not only an empirical
fact but can be deduced from the general theory of groups of
symmetry and homogeneous partitions of space) shows us that
we have here more than a preference or probability; the cubie,
hexagonal, or cuboctahedral symmetries and lattices must appear
in crystalline inorganic systems to the exclusion of all others, and
the pentagon, dodecahedron, icosahedron, do not and cannot
appear there (one of the subsidiary reasons being that the angles
at the vertices of pentagon, dodecahedron and icosahedron are
not compatible with regular partitions of space).

1 We have seen that the law of the minimum surface potential energy
introduces for a given volume the solution giving the smallest possible sur-
face agreeing with the linking forces. Another consequence is the tendency to
obtain an homogeneous or symmetrical disposition of molecular and atomic
elements, hence plane faces as in crystals (and in regular arrangements of
piles of shot or cannon-balls), and the “law of rational indices.”
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The directed, asymmetric, “pulsating” forces manifested in
growing living organisms act, or can act, quite differently from
the physico-chemical reactions obeying the “Principle of Least
Action,” ! so that the “Geometry of Life” will introduce shapes
and volumes not met with in rigorously inorganic systems. One
of the most striking examples of the predominance of hexagonal
symmetry in those (inorganic) systems when conditions are
favourable to a homogeneous repartition of stresses is shown by
the microscopic examination of snow-flakes; these give a practi-
cally infinite number of hexagonal (more rarely, triangular) pat-
terns, sometimes with a strikingly beautiful but hard perfection
(Figure 60 gives an example out of the many thousands of
different snow-crystals photographed by W. Bentley and others).

On the other hand the pentagon and the dodecahedron (its
representative or expansion in three-dimensional space) whilst
never appearing in inorganic crystalline systems,? play a pre-
dominant rdle in the shapes of living organisms, and in the dia-
grams of living growth; this for the double reason that:

(1) The Golden Section, the @ series or progression (and its
asymptotic subsidiary the Fibonacci series) have the property of
producing by simple addition (accretion of identical parts) a suc-
cession of numbers in geometrical progression, or a succession of
similar shapes (the two results are intimately connected), what

! This Principle is in fact a mathematical test of discrimination between
morganic and organmic systems. It is not that the physico-chemical laws are
really in abeyance within a closed system containing life, but that hfe in such
a system can act as an “external force”; the system, although apparently
closed, does not behave as a closed system. The tendency of plants to absorb
carbon dioxide and to give up oxygen is a most “improbable” reaction; so is
also the continuous photosynthesis by which plants, with low-grade elements
(water and carbon dioxide) and low-tension energy, build up stocks of sub-
stances of high-grade chemical potential (dextrose, et cetera).

21t is the regular dodecahedron which never appears there; irregular
dodecahedra, with non-identical faces, do (but very seldom) appear in iron-
pyrites, as the different angles may so adjust themselves to each other as to
produce a stable equilibrium and an isolated irregular crystal.
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Ficure 60

Sir D’Arcy Thompson calls “Gnomonic Growth”; * this type of
homothetic growth by intussusception or imbibition (from inside
outwards) is the one associated with living organisms, whereas
in crystals the growth is by “agglutination,” simple addition from
outside of identical elements, each particle getting at the place
most easily reached, the final distribution of energy in the system
being such as to cause no further motion (this incidentally corre-
sponds to plane facets or faces). And the Golden Section and the

1In the Greek theory of figurate numbers, a gnomon was a number
which added to a figurate number (plane or solid) produced the next figurate
number in that series (that is, a “similar” number); the Greek gnomons
corresponded thus to our finite differences, but had always a geometrical
n(nl-{2~ l)’ has
as corresponding series of gnomons the series of natural integers 1, 2, 3,.. .,
n, and corresponds also to a series of growing similar triangles.

aspect. Thus the series of triangular numbers, 1,3,6,10,15,21,. ..
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related series are, as we have seen, intimately associated with the
pentagon and pentagonal symmetry.

(2) Whereas this pentagonal symmetry cannot be (for purely
arithmetical reasons in angular distribution) associated with
equipartitions of space or homogeneous point-lattices, it fits in
perfectly with the asymmetric and vectorial (directed) pulsations
of living growth, especially the ones creating similar shapes,’
(gnomonic growth). As Professor Jaeger stated for the first time
in his “Lectures on the Principle of Symmetry,” a certain prefer-
ence for pentagonal symmetry, a symmetry connected with the
Golden Section and unknown in inanimate systems, seems to
exist in the animal reign as well as in botany (we have just seen
the reasons for this preference). Professor Jaeger notices that the
shapes of the five regular solids are found in radiolarian skeletons
(the icosahedron in Circogonia Icosahedra, the dodecahedron in
Circorhegma Dodecahedra), whereas the regular dodecahedron
and icosahedron are never found in mineral crystallizations.

We have already mentioned the presence of the @ rectangle
and of the Golden Section in the human body; before giving
more details about this, we must point out an algebraical curve
intimately connected with homothetic (“gnomonic”) growth, the
logarithmic spiral. Its definition is: a plane curve produced by a
point on a straight line which (the line) rotates uniformly around
a pole situated on it, this point moving on the line (vector radius)
with a speed proportional to its distance from the pole (Figure
61). The logarithmic spiral is the only plane curve in which two
arcs are always “similar” to each other, varying in dimensions
but not in shape (in the same spiral), and this property is ex-

! Another difference between inorganic (purely physico-chemical) and
organic reactions is that whereas in the first case the Principle of Least Action
tends to produce an economy of energy (of production of useful energy, but a
maximum spending of accumulated, useful, energy), in the second case (living
systems) there seems to be a tendency towards economy of substance (D’Arcy
Thompson, op. cit.). There is a curious analogy here with gothic architecture,
whgre the balancing of stresses on pillars and buttresses allows of a minimum
weight in walls and roofing.
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Ficure 61

FI1GURE 62
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tended to the surfaces determined by the vector radii limiting the
arcs." Inversely, any plane curve starting from a pole and such
that the vectorial area of any angular sector be a “gnomon” for
the whole of the preceding shape is a logarithmic spiral. This
property of gnomonic growth and the role of the logarithmic
spiral in living growth have been specially studied by Sir D’Arcy
Thompson in his outstanding treatise on “Growth and Form”
(C.U.P.); the property of gnomonic growth applies also to the
curved surfaces and volumes bounded or defined by logarithmie
spirals, and inversely: if a geometric structure is composed of
successive homothetic (similar) parts, similarly situated, we can
always trace through the corresponding points a series of loga-
rithmic spirals. All this applies specially to the growth of shells 2
and horns (antelopes, wild goat and sheep, et cetera).

Every logarithmie spiral is directly connected to a character-
istic geometric series or progression determined by the intersec-
tions of any vector radius by the consecutive spires; then the
successive lengths of the segments form a geometrical series * and
so do the segments between the spires (LF, FB, et cetera); the
ratio of any of these progressions is the same for any given loga-
rithmic spiral. But every logarithmic spiral is also related to the
shape of a characteristic rectangle determined by the intersection
with the curve of three radii separated by right angles (as on the

1 The equation of this curve i polar coordinates can be deduced from
the defimtion; 1t 1s p = a® (equivalent to & = K log o) The radius grows in
geometrical progression, whilst the angle grows in arithmetical progression, so
that the angles are (apart from a constant factor) the logarithms of the corre-
sponding radii. The vector radius in every logamthmic spiral makes also a
constant angle a with the curve (Figure 61). The straight hne and the circle
are extreme hmiting cases of the loganthmic spiral, with a respectively o°
and 90°. The curve 1s so rich in remarkable algebraical and geometrical prop-
erties that Bernouille named it “Spira Mirabilis.”

2 The magnificent Haliwotis Splendens or Abalone Shell of Califorma (upper
figure, Plate XXX) 1s a perfect example of gnomonic growth, as regards lines,
surfaces, volumes.

3 Like the segments OL, OF, OB, et cetera, or the segments OK, OE, OA,
et cetera, in Figure 62.
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lower right figure in Plate XXXI and on Figure 62) and the
characteristic ratio of the rectangle (between its longer and its
shorter side) is also sufficient to specify the corresponding spiral
(it is also the ratio between two consecutive perpendicular radii,
OB OA
6—6’ or (‘)‘1—3,

Plate XXXI shows three abstract pentagonal designs (there-
fore in the Golden Section proportion theme) of which the upper
ones suggest floral shapes; the lower right figure is a logarithmic
spiral having the @ rectangle as characteristic or directing rec-
tangle and @ = 1,618 as characteristic ratio or modulus (this
spiral characterizes the shape of the small Abalone Shell, Haliotis
Parvus). But the ratio of the geometric progression determined
by the intersections of radii and consecutive spires is ®*. Figure
62 shows the logarithmic spiral having the V® directing rec-
tangle, and therefore V@ = 1,273 as characteristic ratio or num-
ber; the ratio of the geometric progression determined by the
intersections of radii and spires is ®*. This rule is general: if r
should be the characteristic ratio or number of any logarithmic
spiral (that is, the characteristic ratio of its directing rectangle),
then the ratio of the geometric progression determined by the
spires on any radius is r*. One can call r the quadrantal pulsation,
r* the radial pulsation of the spiral. The spiral of Figure 62 (with
V@ as characteristic ratio or quadrantal pulsation) is associated
to the shape of the beautiful shell Dolium Perdiz. This spiral
and the one having ® as characteristic ratio can be taken as
typical curves of “harmonious growth.” In the shells Murez,
Fusus Antiquus, Scalaria Pretiosa, Solarium trochleare, many
fossil Ammonites, and in the volutes of many Ionic capitals, the
specific spiral has V@ as characteristic rectangle or ratio, or.
quadrantal pulsation, and therefore @ as radial pulsation.

Plate XXXII shows the approximative logarithmic spiral
connected with a pseudo-gnomonic-cellular growth with Fibo-
naccian accretion (series 1, 2, 3, 5, 8, 13, 21, 34, 55, 89,...); it is

in Figure 62).



PLATE AAA

Logarithmic Spiral and Shell-Growth



qimorn uewosuoqyy jo [endg-opnasq qimolar) snommouIely Jo ferrdg—AnsurmAg uodevjuag

IIXXX 32v1d IXXX avig
ao_80_ @= 28
J0 VO A4
P 8
@0 AN L
A==
1”2
n” ,/
w v

€

3] [




THE GEOMETRY OF LIFE 97

often met in biology and is asymptotic to the logarithmic spiral
with characteristic ratio and quadrantal pulsation ®. We have
seen that a similar, Fibonaccian, approximation (the progression
55, 89, 144) was probably used in the execution of the Great
Pyramid.

On Plate XXXIII are seen typical examples of pentagonal
symmetry in flowers; this symmetry is also met in many marine
organisms, specially starfishes and sea-urchins, as in Plate
XXXIV (the whole system of covering plates of the sea-urchin
is based on pentagonal design; Plate XXXIV shows in its lower
right figure the extraordinary masticating gadget of the sea-
urchin, called “Aristotle’s Lantern”).

Plate XXXV gives two examples of X-rayed shells, showing
clearly the directing spiral of Nautilus Pompilius and the gno-
monic growth of Triton Tritonis.

Let us return to the human body; as mentioned before, the
average human body (and within the body, the face) shows an
extraordinarily symphonic “commodulation” of proportions
either in the Golden Section theme, or in that of the “consonant”
V5 proportion. J. Hambidge has analysed hundreds of skeletons
and published the striking results of his measurements in his
magazine Diagonal (Yale University Press). Although the indi-
vidual measurements vary, and although even the ways in which
the proportions are linked may take many forms (variations of
key or mode), each normal skeleton reveals what is a perfect
“symphonic” design or harmonic theme. We must here admit
with Hambidge that the skeletons show the details and over-all
designs of these themes more rigorously than the living human
body where skin, muscular tissues, hair, et cetera, introduce fluc-
tuations less easily translated into precise measurements.
Whereas in the living body the navel is the visible centre of
symmetry, pole, or focus of the system of proportions (as already
noticed by Vitruvius) in the skeleton this centre is (in frontal
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projection) the intersection of the vertical axis with the hori-
zontal line tangent to the upper bones of the pelvis.*

The ideal Golden Section Symphony appears in the average
values of measurements taken of hundreds of bodies, or else
in “ideal” specimens; I reproduce in plates XXXVI, XXXVII,
XXXVIII, XXXIX, and XL the perfect Golden Section theme
of proportions appearing in the face of Helen Wills (the Olympic
tennis champion), in the profile of Isabella d’Este, and in the
body of a Viennese athlete.

The readers of the previous chapters will recognise on Plates
XXXVII and XL the icosahedron (or the star-dodecahedron)
which already appeared in the diagrams (Plates XVI and XVII)
combining the proportions of the Great Pyramid and of the
King’s Chamber.

An interesting point is that in this particular “ideal” theme,
the fundamental diagram of the face is the same as the one of the
whole body; the link between the two is that the height of the
face is equal to the vertical distance between the middle of the
body (intersection of the legs in “ideal” specimens) and the navel.
The vertical distance between the top of the head and the navel
(the minor of the two segments in the @ proportion determined
by the navel) is equal to the distance between the tip of the
medium finger (the arm hanging vertically) and the floor or
horizontal level supporting the whole.?

1 A most thorough analysis of the proportions of human skeleton and
living human body is given by Mr. E. Beothy (sculptor and architect) in his
very useful book La Série d’Or (Chanth, ed.).

2The ® proportion appears in many other projections or measurements
of the human body. I have already mentioned that the three bones of the
middle fingers form universally a @ progression (the longer being equal
to the sum of the two other ones).

Amongst Miss Veronica Lake’s measurements given in an American
magazine, I notice 34” for the chest contour, and 21” for the waist, both
Fibonaccian numbers, having as ratio 1.619.

In the average or ideal face, we find also the ® ratio between the height
of the face (up to the roots of the hair) and the vertical distance “line of
eye-brows-lower tip of the chin,” and between the vertical distance “lower

part of the nose-lower tip of the chin” and the distance “meeting line of the
lips-lower tip of the chin.”



Prate XXXIII

Pentagonal Symmetry in Flowers
(Photograph, Wasmuth, Berlin)



Prate XXXIV

Pentagonal Symmetry in Marine Animals
(Photograph, Bibliographisches Institut, Leipzig)
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Prate XXXVI
Miss Helen Wills, Harmonic Analysis
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~ Prate XXXVII
Miss Helen Wills, Diagram of Proportions in Face
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Prate XXXVIII

Isabella d’Este, Harmonic Analysis
(Photograph, Alinari)
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Prate XL
Diagram of Preceding Analysis (¢ Theme)
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It is also interesting to study the fluctuations of the ratio %

(total height to navel height) during the continuous growth of
one particular body; here is a table giving the different values

of that ratio (as also of the ratio r% where m represents the ver-

tical distance between the top of the head and the navel) as
observed by Zeysing on a particular boy from his birth to the
age of 21 (he published his results in 1855):

Vertical Height Age h n
hinmetres:  myears: n m
0.485 0 2 1
1 190 111
0.863 2 184 117
3 1.79 1.26
4 175 134
5 1.70 142
6 1.68 146
7 167 150
8 165 154
9 1.64 1.56
10 164 1.57
11 1.63 158
12 163 159
13 1.625 160
17 1.59 1.70
1.731 21 1.625 1601

Zeysing observes that in this special case the ratio 'r%’ after having

reached once its definite future value (1.60) about the thirteenth
year, overreaches it in a strong oscillation which, about the seven-
teenth year, gives to the adolescent male body ultra-feminine

1 We see that in this case the popular belief that when two years old a
child has half his future adult height is justified within an approximation of

five millimetres. If we write p = x—r:‘-, we have% = p_—{—_l It is interesting also

p
to note that in the new-born infant the navel divides the body into two equal
parts.
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proportions, returning afterwards to the male ratio 1.60 when
adult growth has been achieved.!

If the human body gives the most striking and obvious illus-
trations of the presence of the Golden Section in living growths
and shapes, other examples can be found all through the animal
world (including insects), and the resulting diagrams of propor-
tions, however diversely arranged, can be deciphered by the
same key.

The analysis of the profile projection of the photograph of a
perfect thoroughbred (Plate XLII) shows an interesting combi-
nation of squares, ¢, VP, and ® VP rectangles; the resulting
over-all frame is unexpectedly a square.

Having finished this brief presentation of what we have called
“The Geometry of Life,” and shown the part played therein by
Pacioli’'s Divine Proportion and the correlated pentagonal sym-
metry, we will now try to present the conclusions of recent re-
search concerning the transmission of Greek and Gothic plans
and canons of proportion, considered also under the angle of the
“Science of Space” sketched in the first five chapters.

1Zeysing found that this value 1.60 = -85- for% 1s an average value for

male proportions, and that ;57. = 1.666 is an average value for feminine pro-

portions; he also correlated those values respectively to the major and minor
tnads and scales.

The smallness of the head on the ‘“ideal” body of Plates XXXIX and XL
is of course exceptional; a more normal set of good proportions is shown in

Plate XLI, where in an over-all rectangle of charactenstic ratio —\-é—s, the head

is -é of the total height, and the navel has a vertical ordinate of % of the

whole body.
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Male Body in \/5 Theme, with Diagram
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Prate XLII
Harmonic Analysis of Horse in Profile



CHAPTER VII

The Transmission of Geometrical

Symbols and Plans

HavING DISCOVERED that there is a “Geometry of Life” correlated
to what we have called the Theory or Science of Space (and
showing characteristic differences from the Geometry of ordered
inorganic systems like crystals), we shall now proceed to find out
if there is also a “Geometry of Art,” and the connections, if any,
between it and the Geometry of Life. The answer to the first
question, if we consider the case of Architecture, is obviously in
the affirmative, and it is in this realm that our research will start;
we will later see that the other “visual” arts, Painting, Sculpture,
specially Decorative Art (any craft in fact where design is useful
or necessary) have to take the “Science of Space” into consid-
eration. We can even state that Geometry, and especially the
concept of Proportion, thoroughly worked out by the followers
of Pythagoras and Plato on the lines presented in Chapter I, are
the foundation of the whole development of European or West-
ern Architecture, leading through the Vitruvian concepts of
analogy and “symmetry” to a “eurhythmic,” symphonic attitude
to Art in general.

This conception was intimately related to the Pythagorean
axiom that “Everyihing is arranged according to Number,” ! and
to the vision of the Universe as a harmoniously ordered Whole;

! Hieros Logos of Pythagoras, quoted by Iamblichus. In his Epinomis,
Plato supports the Pythagorean pont of view: “Numbers are the highest
degree of knowledge” and “Number 1s Knowledge 1tself.” The whole argu-
ment of the Timaeus, the text of Plato’s magnificent Seventh Letter, his

friendship with Archytas of Tarentum, confirm the supposition that Plato
had adopted, then developed, the core of the Pythagorean doctrne.

111
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the word Cosmos was, according to tradition, credited to Pythag-
oras, and meant originally “Order,” and this order is perceived
as harmony, as consonance between ourselves and the Universe.
This idea was developed as the correspondence between the
Macrocosmos (the World) and the Microcosmos, or Man, with
sometimes the Temple as link, as “proportional mean” between
the two.

This point of view was reinforced by the importance given by
the Pythagoreans to the theory of Music, and the Platonic theory
of Proportions is directly issued from that of musical intervals
(considered as ratios between the lengths of the strings of the
tetrachord).!

Number and its translation or illustration, geometrical form,
played thus a dominant part in the Weltanschauung of the most
important and influential school of Greek thought.?

For the Pythagoreans and Plato indeed, Number, the “ideal”
or “divine” number (as distinguished from the ordinary, arith-
metical counting or measuring number—this distinction has been
reintroduced by the modern school of Mathematical Logic, or
Logistics, with Bertrand Russell’s and Whitehead’s concept of
number as a “Class of Classes”) is one of the archetypes, para-
digma, eternal patterns guiding the “Great Ordering One”; in
fact the different integers were not two, three, four, five, ten,
et cetera, but the dyad, triad, tetrad, pentad, decad, having their

1Cf. in the Timaeus the establishment by Plato of the “Number of the
World-Soul,” or Cosmic Scale of 36 notes. Plato starts from the two geo-
metric progressions 1,2,4,8 and 1,3,9,27, combined into one series 1,2,3,4,9,8,27,
then “fills” twice all the intervals, first by anthmetic, then by harmonie

means (b = a -2}' Candb = a,2_—:0c' respectively).

2 That Plato was the interpreter of the still esoteric Pythagorean creed is
abundantly proved, not only by many passages in the Timaeus and Theaetetus,
but by his beautiful Seventh Letter to the heirs of Dion of Syracuse. I repeat
here the quotation out of the Timaeus set in front of my Introduction: “And
it was then that all these kinds of things thus established received their
shapes from the Ordering One, through the action of Jdeas and Numbers”
(Timaeus)
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special character, one might say personality, in the “Society of
Numbers.” This leads naturally to a Number Mysticism which
had a direct offspring (born in the rich intellectual soil of the
Alexandrine Diaspora) in the Hebrew Kabbala, and which was
transmitted through numerous more or less underground chan-
nels (Medieval Magic, Rosicrucian Esoterism, Operative and
Speculative Masonic Lodges).

The most important “personalities’” among the archetypal
numbers (setting aside the One or Monad out of which by
“fluxion” all the others could be produced) were for the Pythag-
oreans the Five, or Pentad, and the Ten, or Decad.

Five was the number of Love (uniting Two, the first even,
female, number, and Three, the first odd, male, number);?* it
was also the symbol of Health (Hygeia) and Harmony.? With
the Pentad or Five was associated its geometrical symbol, the
Pentagram or Pentalpha (five interlinked A’s). And a passage
of Lucian (“On Slips in Greeting”) informs us that the penta-
gram was the secret sign of brotherhood between the Pythag-
oreans.®* The importance of this symbol and of the constructions
related to it, all based on the Golden Section, and kept jealously
as the most important mathematical secret of the Fraternity, is
underlined by a reference in Iamblichus (Life of Pythagoras):

“Hippasus who was a Pythagorean but, owing to his being
the first to publish and write down the construction of the sphere
from 12 pentagons (the construction of the dodecahedron), per-
ished by shipwreck for his impiety, but received credit for the
discovery, whereas this really belonged to HIM (Pythagoras).”

Hippocrates of Chios is reported to have been expelled from

! The students of the Chinese Pa-Kua or Eight Magic Trigrams, will
recognise an identical conception, curiously justified by the modern theory of
Chromosomes and Genes

2If Five was the Number of Love, Seven was the Virgin Number. We
have seen that the circle cannot be divided into seven parts by a rigorous
construction. A neo-Pythagorean manuscript of the French ‘“Bibliothéque
Nationale” states: “4 wévte ydpog. 6 énvd napdévos.”

3 This is confirmed in the Scholium 609 to Aristophanes’ Clouds.
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the Fraternity for having divulged the construction of the
pentagon.

The importance attached to the pentagram is confirmed by
Lucian in an episode in which, in the night before a decisive
battle, Alexander appears, in a dream, to Antiochus, showing him
a pentagram.'

After what we have seen about the role of pentagonal sym-
metry and of the associated Golden Section in the Morphology
of Life and living Growth, the choice of this symbol seems to have
been guided by an extraordinary intuition. We have already
mentioned that in the Timaeus, Plato chooses the dodecahedron,
projection in three dimensions of the pentagon, as guiding scheme
for the harmony of the Cosmos. Here, too, he seems to have
followed a Pythagorean inspiration; we find the following hint
in Aetius (Placita): “Pythagoras, seeing that there are 5 solid
figures . . . said that the Sphere of the Universe arose from the
dodecahedron.” 2

Pacioli (Divina Proportione) states that Plato’s choice is due
to the presence of the Golden Section (quoting Campanus of
Novara he reminds us that this proportion links together in a
rational way the five regular bodies by an irrational-geometrical-
symphony). The Pentagram became later, especially in medieval
magic lore, the special symbol of Man, the Microcosmos, as cor-
responding by “analogy” to the Universe, or Macrocosmos. The
Principle of Analogy, which was in the nineteenth century for-
mulated by Thiersch as the leading guiding principle of Western
Art? is already found in Pythagorism as a general law:

1 The same anecdote 1s related by A Kircher n the chapter “De Magicis
Amuletis” of his Arithmologia, the enemy (the Galates), being defeated after
Antiochus had carned into battle a vexillum with the pentagram, following
the advice of his professional dream-interpreters.

2 A Scholium on Euchd’s Fourth book. including the problem: “to con-
struct a regular pentagon through mean and extreme ratio (Golden Section),”
says: “The whole book is the discovery of the Pythagoreans.”

3“We have found, in considering the most remarkable architectural
productions of all periods, that in each of these one fundamental shape is
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“You will know, as far as it is allowed to a mortal, that Nature
is from all points of view similar to itself.” (Hieros Logos or
Sacred Speech, collected by the direct disciples of the Master of
Samos).

The numerical symbol of the Macrocosmos or Universe was
the Decad, or Ten; ' the geometrical shape corresponding to it
being the Decagon. We have seen that the decagon and pentagon
have the same “theme” of symmetry (ruled of course by the
Golden Section). The esoteric concept of correspondence or
analogy between Macrocosmos (Ten) and Microcosmos (Five)
was condensed by Hermetists, Kabbalists, Magicians, Rosicru-
cians, in the sentence:

ID QUOD INFERIUS
SICUT QUOD SUPERIUS

borrowed from the hermetic Emerald Table.
The Pythagorean oath by which the members of the Frater-
nity 2 bound themselves not to betray their mathematical and

repeated so that the parts by their adjustment and disposition reproduce
similar figures Harmony results only from the repetition of the principal
figure throughout the sub-divisions of the whole.” (Die Proportion n der
Architektur.)

! Let us here quote Nicomachus of Gerasa, the most explicit exponent of
Pythagorean Number-Mystic:

“But as the Whole was an 1llimited multitude . . . an Order was neces-
sary . . . and it was in the Decad that a natural balance between the Whole
and its elements was found to pre-exist . . . That is why the All-Ordering
God (hterally: “the God arranging with art”) acting in accordance with his
Reason, made use of the Decad as a canon for the Whole . . . and this is
why the things from Earth to Heaven have for the whole as well as for their
parts their ratios of concord based upon the Decad and are ordered accord-
ingly.” Also: “Because it (the Decad) was used as a measure for the Whole,
as a set-square and a rule in the hand of the One who regulates all things.”

We see here the source of the Vitruvian concepts of analogy, symmetry
(concord) and eurhythmy, and the justification of Thiersch’s conclusion.

Vitruvius also extolled the perfection of the number Ten; we will see
farther down the correlation between Decad and Tetraktys, this latter being
another of the Pythagorean mathematical secrets or passwords.

2The Pythagorean Brotherhood ectablished by the Samian philosopher
(circa 580 to 500 B.C.) in Sicily and Calabria, consisted of three degrees: the
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other secrets was taken in the name of the Tetraktys; this was
the symbol

.

representing at the same time the sum of the first four integers
(14+2+ 3 +4 =10, that is the Decad) and the fourth “trian-
gular” number (in the series with “gnomonic”’ growth 1, 3, 6.

10, 15,.. .,P(L;—-—L). where the successive gnomons or differences

are the integers of the natural series 1,2, 3,4..., n).
Tetraktys and Decad represent the same “archetypal” num-
ber,! but in addition the Tetraktys, owing to its “figurate” con-

novices or “politics” (exoteric stage), the “nomothets” (first degree of initia-
tion), active philosophers who directed the social and political work of the
Society by instructions given to the novices (simple executive and “liaison”
agents), and lastly, the “Mathematicians,” who had been through the com-
plete initiation, including of course the “Laws of Number.” Silence, music,
certain incenses, physical and moral purifications (rigid cleanliness, pure linen
clothes, daily self-examinations), a mild asceticism, played their part in the
discipline of this community (their possessions were actually put in common)
which, through the Therapeutae of Alexandrine Egypt, became a model for the
contemplative monastic orders as well as for the militant ones (Jesuits, Rules
of St. Ignatius) of the Christian Church, and for the most famous of modern
secret societies.

Pythagorean teaching had such a success, that the Fratermity took
over political power in Magna Graecia including Sicily (Crotoniate League);
the Master died about 500 B.C., but the Pythagorean supremacy in Sicily
and Calabria lasted till circa 450 B.C. About this date popular uprisings suc-
cessively detached the vassal cities from the Crotoniate League, and the
leading members of the sect, besieged by the mob in Metapontum, perished
in a gigantic fire (with the exception of Philolaos and Lysis). Later Archytas,
pupil of Philolaos and friend of Plato (whom according to Diogenes Laértius
he initiated to the Pythagorean secret teaching) succeeded in re-establishing
a successful Pythagorean State in Tarentum.

11n Lucian’s Auction of Souls, Pythagoras says to Agorastes: “Do you
see? What you think is Ten, a perfect triangle and our oath.” The form of the
Pythagorean oath has been conserved for us by Iamblichus: “No, I swear by
HIM who has given us the Tetraktys, in which are found the source and
root of eternal Nature.”
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stitution, was an expression of the principal intervals of the
tetrachord lyra (% or %, the octave, 3 the fifth, %— the fourth).

Vitruvius, as mentioned above, underlines the virtues of the
number Ten, and also the perfection of the Six; we have seen that
Six (Tiphereth, the sixth Sephirah, number of Justice and Bal-
ance in the Kabbala), the geometrical symbol of which is the
pseudo-hexagram or Shield of David, is associated to the hard,
“perfect”’ symmetry of crystals. This association of 10 and 6
as important harmonizing numbers was already used by the an-

. . . ... 10_5
cient Egyptians (especially the characteristic ratlo—é— = 3. Fibo-

naccian approximation of @, for rectangles or volumes), and was
later taken up by the architects of the first Renaissance.

The Pentagram itself was transmitted through the centuries
by a triple underground filiation: as frame of the secret planning
diagrams of architects and Master Masons, handed over from
father to son, or adopted son (the same oath of secrecy imposed
upon the Pythagorean initiates, was exacted from architects and
physicians), as one of the esoteric recognition symbols or signs
of certain secret societies, finally as actual element of magic
ritual (pentacle).

The practical secrets of the craft of building were transmitted
by the corporations of Stone Masons, from the antique “Collegia
Opificum” existing already in Roman Republican times, through
their successors in the Roman Western and Eastern Empires, to
the Carolingian monastic architectural workshops (mostly Bene-
dictine), and to the secular Medieval Guilds of Builders and
Masons federated in the “Gothic” period on the continent in the
Bauhiitte, with supreme headquarters in the lodge attached to
Strassburg Cathedral.

In England the oldest masonic documents (Ordinationes of
York, 1352 and 1409) mention King Athelstan (925-940) as
having established the first Guilds of Masons in the British
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Islands. It is interesting to note that the “Cooke Manuscript”
in the British Museum (copy dating from circa 1430 of a four-
teenth century text) quotes Pythagoras and Hermes as having
revealed the secrets of Geometry to the human race; the same
manuscript in its statutory part insists on the obligations of the
Mason of not betraying the secrets of his craft.!

We cannot insist here on the continuous chain, transmitting
rites, passwords, symbols, which stretches from the Pythagorean
Brotherhood and the Greek Mysteries (Eleusis) to these Opera-
tive Masons Lodges, then to Speculative Masonry;? we will
only remark that while the Pentagram travelled as a magic
symbol and tool via Occultist and Rosicrucian circles (we find
it in Agrippa of Nettesheim’s De Occulta Philosophia,® 1530, in
Henry Kunrath’s Amphitheatre de ’Eternelle Sapience, 1609,
finally as defensive pentacle used by Faust against Mephistoph-
eles in Goethe’s drama) ; * it also travelled in its other (politico-

11n another, somewhat later, Masonic manuscript, we find the admoni-
tion: “You shall keepe secret ye obscure and intricate pts, of ye science, not
disclosing them to any but such as study and use the same” (MSS n =2,
Great Lodge of London).

2 The reception of honorary, “accepted,” members by the operative Eng-
hsh and Scottish Lodges is already mentioned in 1600 (John Boswell of
Auchinleck received in the lodge “Mary’s Chapel” of Edinburgh as “non-
operative brother”); in 1663 the Earl of St. Albans is elected honorary Grand
Master of the “Old Lodge of St. Paul,” with Sir Christopher Wren as
“Surveyor.” And it is only in 1717 that “Speculative” Free-Masonry was
established independently with the “Great Lodge of England.”

8 The hnk between Pythagorism and Medieval and Renaissance Occultism
is evident 1n the following extract of Agrippa’s Kabbala:

“Boetius has said: ‘Everything which since the beginning of things was
produced by Nature seems to be formed according to numerical relations,
issued from the wisdom of the Creator’ Numbers are the nearest and sim-
plest relations with the ideas of Divine Wisdom . . . The power of Numbers
in living nature does not reside in their names, nor in the numbers as count-
ing elements, but 1n the numbers of perceiving knowledge, formal and natural
.. . The one who succeeds in linking usual and natural numbers to divine
numbers will operate miracles through Numbers.”

¢ (Faust to Mephisto:) “Das Pentagramma macht dir Pein?” In England,
the Ashmolean Library possesses a fourteenth century magic manuscript in
which a pentagram having in its centre the letter G is shown as a symbol
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esoteric) trajectory from the Pythagorean Society to modern
Free-Masonry, where the “Flaming Star” is none other than our
Pentagram, with the letter G in its middle, Latin transcription
of the hebrew Yod, itself the number Ten or Decad.

We shall not be surprised to see in the next chapter that, ac-
cording to the converging results of recent researches about Can-
ons of Proportions and plans used by Gothic Master Builders, the
fundamental Gothic Diagram, the Key-Diagram transmitted
from Master to Master (the third degree of initiation in the craft)
was based on pentagram and decagon, placed within the circle
of orientation of the church or cathedral.

Anticipating the next chapter, I reproduce in Plate XLIII
this fundamental Gothic Master Diagram, out of which, as illus-
trated by Prof. Moessel (Die Proportion in der Antike und
Mittelalter, C. H. Beck ed., Munich, and subsequent works), all
standard plans of Gothic churches can be derived.!

In the operative Masons Guilds the Companion (second de-
gree of initiation) received at the end of his probation period a
personal “mason’s mark” or seal which remained for life his sign
or password. He had to draw and “prove” it when questioned on
his peregrinations to other lodges. In opposition to the “Funda-
mental” Design, known only to the achieved Master Builders,
these masons’ marks, which were not secret, except for the way of
“proving” them, that is, placing them in their circle, do never
show the pentagram, pentagon or decagon, but obviously obey
very carefully evolved geometrical schemes. About the “placing”
(Stellen) of the sign according to the rules of what the documents

allowing one to obtain “the supreme knowledge.” Two amulets having
belonged to Dr. John Dee, the famous Elizabethan Master Magician, have
each on one side a pentagram within a circle. A “magic” rock-crystal dode-
cahedron of the same period belongs to the London Museum of Medicine
and Magic.

1Top figure Plate XLIII. On the lower diagram 1s shown the connection
between this diagram and the ® rectangle ABCD having as smaller side the
side of the pentagon, AB = EF, and as greater side the side of the pentagram,
BC = be inscribed in the directing circle.
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of the Bauhiitte call “Den fiirnebmsten und gerechten Steinmetz-
grund” (The very noble and right fundamental law of the Stone-
mason), we have to guide us only two mysterious quatrains in the
Bauhiitte ritual of which I give one:

“Ein Punkt der in dem Zirkel geht,
Der im Quadrat und Dreyangel steht,
Kennst du den Punkt, so ist es gut,
Kennst du thm nit, so ist’s umbsonst !”

(A point in the Circle,

And which sits in the Square and in the Triangle,
Do you know the point? then all is right,

Don’t you know it? Then all is vain!)

It has been reserved to a Viennese architect, Franz Rziha,! to
discover the mathematical key to these mysterious and pleasant
masons’ marks of which I reproduce (Plates XLIV and XLV) 10
examples from Rziha's work (he examined 9000 all over Europe,
and published 1000), with their keys; they range from Byzantine
(top left, Plate XLIV) to Romanesque and Gothic marks (they
are often found as signatures on keystones; sometimes, as undet
the chancel of St, Stephen in Vienna, they appear with the effigy
of the Master Architect, sometimes also in shields on funeral
plaques). The thick lines represent the seal or sign itself, the
thin lines represent the ground-lattice, which allows an infinite
number of combinations. There are four types of lattices (Square,
Triangle, Quadrilobed Rose, Three-lobed Rose) corresponding to
signs conferred respectively by the lodges of Strassburg, Cologne,
Vienna and Bern, later Prague also for the last one.

In the following chapter we will examine the conclusions
which the scholars working in this field have reached concerning
the actual cooperation of proportions and “symmetry” in Greek
and Gothic plans.

11n his monumental work Studien iiber Steinmetz-Zeichen.
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CHAPTER VIII

Greek and Gothic Canons of Proportion

ALL THROUGH the nineteenth century architects and archeologists
have tried to find out explanations and keys for the beautiful pro-
portions of Greek and Gothic monuments; to find, that is,
whether their builders had explicit rules and canons of proportion
and design, or whether the perfection of these monuments was
just due to a mixture of luck and good taste.

We won’t examine here the out-of-date and ponderous theo-
ries of Viollet-le-Duc and Dehio, but will only note that about
1850 Zeysing already had observed the obvious presence of the
Golden Section in the frontal view of the Parthenon (%}% = ]K)_(%:
= @ on Plate LVII farther down).

Modern research (in the last thirty years) has elaborated
three principal theories concerning Greek and Gothic canons of
proportion, respectively expounded by the American J. Ham-
bidge,! the Norwegian F. M. Lund ? and the German Professor
Moessel.® The three theories are converging, agree about one
main point, and when combined into one synthesis may be said
to give the most probable solution and key to the problem under
consideration; after what we have seen about the transmission
of the Pythagorean Pentagram and the importance of the Decad,
we shall not be surprised to discover that in all probability

1 Dynamic Symmetry, also the review Diagonal published by the Yale
University Press, and Dr. Caskey’s Geometry of the Greek Vase.

2 Ad Quadratum, in English (Batsford) and French (A. Morancé) edi-
tions. Also Ad Quadratum II, in Norwegian.

8 Die Proportion in Antike und Mittelalter (C. H. Beck ed., Munich)
and other works.

124
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Pacioli’s and Zeysing’s intuitions were right, and that the secret
of Greek “symmetry” and later of Gothic “harmonic” composi-
tion resides not only in the use of analogia (geometric propor-
tion), but especially in the predominance, amongst the different
possible analogies, of the analogia par excellence,' the Golden
Section.

The clue to the manipulation of proportion in agreement with
the Greek concept of symmetry (Vitruvius mentioned the con-
cept, but cautiously refrained from explaining the technique) was
found by Mr. Hambidge in Plato’s Theaetetus, and this in the
sentence concerning numbers which are duvdper ovpperpot;
meaning irrational (non-commensurable) numbers like V2, V3,
V5, such that the squares (or other surfaces) constructed on
them produce sequences linked by commensurable proportions
(“commensurable in the square” being the exact translation of
Plato’s expression). The importance of the use of these irrational
proportions (irrational in the first dimension, but rational, com-
mensurable, consonant in the square *), and the accuracy of Ham-
bidge’s interpretation, are proved by the sentence of Vitruvius
advising the use of “geometrical” proportions (that is, irrational,
as compared to the .arithmetical, rational or aliquot ratios like
123
234
by Pacioli’s very explicit “che la proporzione st molto piu ampia
i la quantita continua che in la discreta” (Divina Propor-
tione, lib. II, cap. XX), the discrete or ‘“static’”’ or “simple”

etc.?) in delicate problems of symmetry, and confirmed

1 Proclus (410483 A.D.) writes: “Eudoxus of Cmdos . . . an associate
of Plato’s school, . . . to the 3 proportions added another three . .. and
increased the number of theorems about the section (megitnvtopnv) which
had their origin with Plato” (On Euclid)

Bretschneider 1dentifies 7 toun with the Golden Section (which 1n
German is also called the continuous proportion, die stetige Proportion).

2 Two rectangles, the linear dimension of which would be in the ratio
Va, would have their surfaces in the ratio a.

8 “The delicate questions concerning symmetry are resolved by geometri-
cal ratios and methods” (Difficilesque symmetriarum quaestiones geometricis
rationibus et methodis inveniuntur).
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symmetries being %, %, 3 and their likes, and the “continuous” or

4
“dynamic” ones being V2, V3, V5, et cetera.

In order to elaborate and illustrate this notion of dynamic
symmetry, J. Hambidge showed that the simplest measurable
and comparable surfaces, the rectangles (corresponding inciden-
tally to the “plane” figurate numbers of the Greeks), can be
classified into two main categories: (a) the Static rectangles,
having as characteristic ratios “arithmetic” rational fractions like
1233
2334
Dynamic rectangles, which have as characteristic ratios ‘“geo-
metric”’ (irrational) fractions or numbers like V2, V3, V5,

¢ = \/52+ 1, P2, VP, et cetera.

Hambidge pointed out three facts: (1) The “static” rectan-
gles are not helpful for producing “harmonic” subdivisions and
interplays of surfaces. (2) The dynamic rectangles however
can produce the most varied and satisfactory harmonic (con-
sonant, related by symmetry) subdivisions and combinations,
and this by the very simple process already mentioned in Chap-
ter I1, of drawing inside the chosen rectangle a diagonal and the
perpendicular to it from one of the two remaining vertices (thus
dividing the surface into a reciprocal rectangle and its gnomon,
as in Figure 8) and then drawing any network of parallels and
perpendiculars to sides and diagonals. This process produces
automatically surfaces correlated by the characteristic proportion
of the initial rectangle ! and also avoids (automatically again)

, (the “discrete” proportions of Pacioli), and (b) the

10f course a dynamic rectangle of modulus or characteristic ratio
m = \/n (n being an integer) can always be divided into n smaller rec-
tangles similar to itself by dividing the long sides into n equal segments and
joining the corresponding points; the modulus of each of the small rectangles

will be 39 = -\%}-, inverse of, but similar to, \/n. It is a useful convention to

take as characteristic ratio of a rectangle the ratio between the horizontal
and the vertical side; then a characteristic ration m > 1 means that the
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the mixing of antagonistic themes like V2 and V3 or V5. V5 and
® on the contrary are not antagonistic but consonant, also with
VP, §? et cetera.

Plate XLVI shows a collection of “static” (§ il-) and dynamic

2’3
(V2, V3, V4 =2, V5) rectangles.!

Plates XLVII, XLVIII and XLIX show harmonic subdivi-
sions, according to “dynamic symmetry,” of the rectangles V2,
V3 and V5 respectively (the lower figures on Plate XLVIII give
the analysis and explanation of the “Gothic” diagram of Plate
LXYV, elevation of the dome of Milan).

Plate L shows harmonic subdivisions of the @ rectangle,
“attacked” in its own or the V5 theme.

J. Hambidge and Dr. Caskey, curator of Greek antiquities of
the Boston Museum, found that most of the Greek vases of the
great periods (like the ones on Plates LI, LIT and LIIT), Greek
ritual implements (sacrificial pans like the one on Plate LIV,
bronze mirrors like the one on Plate LV) could have their design
and proportions analyzed through a “harmonic” combination of
dynamic rectangles. But although, in Mr. Hambidge’s classifica-
tion, the ratios V2 and V3 are “dynamic” themes, they are found
much more rarely 2 than the ratios V5 and ® (and the square
“treated” by V5 or ®@). The reason being that the harmonic
modulations allowed by the former (V2 and V3) are much more

rectangle 1s set horizontally; if m < 1, the rectangle is vertical. When m 18
expressed 1n decimal fractions, and the vertical sides are equal and their length
taken as unity, the modulus of the greater rectangle formed by the juxtaposed
smaller ones is equal to the sum of their moduli.

1Let us repeat that the square (\/1=1) and the double-square
(V4 = 2) can be used indifferently as static or dynamic rectangles; the square
lends 1tself to an indefinite number of harmonic decompositions (Plate LVI)
in the @ or /5 themes (1t has a universal symmetry and can be “attacked”
in any theme) ; the double-square of course, having as diagonal /5, is directly
related to the \/5 and ® rectangles. But the square is even nearer to the @
rectangle, being its “gnomon.”

2We have seen that these symmetries (/2 and \/3) are specially con-
nected with crystal lattices.
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Prate LI
Greek Vase (Stamnos), Harmonic Analysis
(from Geometry of the Greek Vase, by Dr. Caskey)
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Greek Vase (Kantharos), Harmonic Anal
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ysis



——eb oA A

[y ISP — ]

Fig 14

Prate LIII
Greek Vase (Kylix), Harmonic Analysis

(from The Diago

nal, Yale University Press)
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Greek Ritual Pan, Harmonic Analysis

(from The Diagonal, Yale University Press)
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Greek Bronze Mirror, Harmonic Analysis

(from The
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limited than those produced by the themes V5 and @ which,
being related, can be combined in an infinite number of ways
(also with the square and double-square).

These same combinations of V5 and @ rectangles were also
found in the hundreds of human skeletons examined by Mr. Ham-

20 2— = —2—- (two horizontal V5 rectangles

superposed) being paramount, specially as overall frame, the con-
59 — 6 (I) + 1 20—1_ V5
= 1.045, =1309, 2 - =Y2

2 P P

= 1.4472! appearing in the

bidge, the rectangle

nected rectangles

_ 20 2<p
1382’<I>+1 1.528, 5= =1z

separate anatomical subdivisions; the same rectangles appear in
the harmonic subdivisions of Greek vases.? We shall not be sur-
prised to find that when taking up the plans of Greek temples,
Hambidge discovered here also the rectangles V5 and ® (Plate
LVII shows Hambidge’s analysis of the front of the Parthenon;
the horizontal plan for the same—with the front to scale—is shown
on Figure 63. Zeysing had already noticed that ® was the funda-
AC _ED

AD T AE =)
We cannot enter here into all the details of Hambidge's illus-

tration of the Greek “dynamic symmetry” as sketched above;
we can only state that it gives a plausible key, and also a new
method of harmonic composition, widely used now (as shown in
the next chapter) by architects, painters, silversmiths, all over
the world. In Plate LVIII I give an interesting application of
this method to the tomb of Rameses IV, the plan of which is

mental ratio for this facade, —

1 Alo 20 20+1_ 1 ros 82 g0 30—1_
0 = 40451, = 11708, 205 = 1809, TR = 10652,
50 — 4
2

= 2,045, et cetera.

20ut of the 120 Greek vases in the Boston Museum which can be sub-
jected to a “dynamic” analysis, eighteen are based on the \/2 theme (six
having as overall frame the \/2 rectangle, 1.4142, itself), six on the /3
theme (three having the rectangle /3 as frame) ; all the other ones on themes
connected with ¢ or /5.
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Prate LVI
The Square, Harmonic Decompositions in the ¢ Theme
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Prate LVII
The Parthenon, Harmonic Analysis (Hambidge)
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Puate LVIII
Tomb of Rameses 1V, Harmonic Analysis
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given to scale in the “Rameses Papyrus” of the Turin Museum;
the connection between the three inner rectangles is remarkable,
as the smaller one is double square, the intermediate one a @
rectangle, the enveloping one consisting of two @ rectangles equal
to the intermediate one but perpendicular to it. (The smaller
figures at the bottom of the plate show diagrams of pieces of
Egyptian furniture.)

But Hambidge’s theory, interesting as it is, does not apply to
all cases, especially not to Gothic plans, where, as we shall see, a
circle is generally the controlling figure. The next system, which
tried especially to discover the key of Gothic canons of propor-
tion, is that of F. M. Lund. He found, independently of Ham-
bidge, the same and other hints for the importance of the Golden
Section in the Greek and Roman architectural traditions (on the
sarcophagus of a Roman architect, reproduced in the Incono-
graphie Chrétienne of Didron, is clearly engraved, next to a
square, a rule divided in four parts forming a rigorous descending
® progression; on a carved stone in the Naples Museum is en-
graved the “Sublime” Isosceles Triangle of the Pentagram, sub-
divided into the smaller similar triangle and its “gnomon,” et cet-
era); and he tried to explain the plans of Gothic churches and
cathedrals (Beauvais, Cologne, Rheims, Notre-Dame, et cetera)
by grafting directly onto the rectangular naves pentagons or
pentagrams, the centres of which coincide with “focal” points like
the centre of figure of the apse, or the altar. His star-diagrams
are beautiful approximations (in some cases quite rigorous); I
reproduce in Figure 64 one of his diagrams showing a vertical
section through a Gothic cathedral of the Cologne type, in which
the width of the nave and that of the pillars are connected by
interlinking circles and pentagrams.

But it was reserved to Professor Moessel (a Miinich architect)
to build up, independently of the two afore-quoted pioneers, a
completely satisfactory theory and synthesis, and to point out the
most probable way in which, starting as early as Egyptian times
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the plans of the important monuments of every great period or
style of architecture were executed according to a very subtle
and rational “dynamic symmetry” in which the special properties
of the Golden Section were used to obtain the most flexible and
varied “eurhythmy.”

Having first decided that the problem of Proportion domi-
nated all others in the field of architecture, Professor Moessel
spent part of his life in measuring or checking up the dimensions
(lengths, surfaces, volumes) of all the Egyptian, Greek, Roman-
esque and Gothic buildings of which we possess accurate plans.
He did not start from any a prior: theory ; but from the compari-
son of these hundreds of diagrams emerged gradually impressive
analogies, similarities, even identities; amongst the thousands
of numerical ratios thus expressed, certain numbers were always
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recurring, also their powers, and ordered progressions of these
powers.

The geometrical shapes could all be reduced, for the horizon-
tal plans as well as for vertical fagades or sections, to the inscrip-
tion within a circle, or several concentric circles, of one or several
regular polygons. On the horizontal plane this directing circle
was sometimes divided into 4, 8 or 16 equal parts, more fre-
quently by the more subtle division into 10 or 5 parts. This con-
trolling circle seemed to be the direct transposition on the plan
of the circle of orientation of the building traced first on the
ground itself, supposition in agreement with the religious impor-
tance attributed to the orientation of temples by Egyptians,
Greeks and Romans. Vitruvius describes very clearly the way in
which the line North-South was placed into the circle of orien-
tation by marking the direction of minimum shadow-length of
a vertical pole erected at the centre of the circle (true noon and
true South); the tracing of a perpendicular direction, in fact of
any right-angle, was obtained, as we have seen (Chapter III),
by using a continuous rope divided by knots into 3 + 4 +5 =12
equal parts.

The predominant division of the controlling circle into 5 or
10, or 20 parts (which introduced automatically the theme of the
Golden Section) proves that the Greek architects were in pos-
session of the Pythagorean secret of the construction of a penta-
gon inscribed into a given circle; the Egyptians appear to have
used a practical, Fibonaccian, approximation, like the one no-
ticed by Kleppisch and Jarolimek in the half-meridian triangle of

! The method thus made use of the theorem of Pythagoras as concerning
the particular case 32442 =52 The Greeks, as seen from a passage of
Democritus of Abdera (450-360 B.C., the first philosopher who seems to
have used the expressions Macrocosmos and Microcosmos), borrowed this
method from the Egyptian “arpedonapts” or nitual land-surveyors; Pythag-
oras generalized this special case into the theorem applymng to all right-
angled triangles. Pacioli calls this theorem: “the discovery of the proportions
of the night angle,” and specifies that the Pythagoreans called the right angle
“angle of equity.”
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the Great Pyramid (where 55, 70, 89 give the sides, in the @ ratio,
of an approximate triangle of Price; we have 55% + 702 = 7925,
89

892 = 7921, and 7= 1.618, very close approximation to @).

Professor Moessel could thus classify the controlling diagrams
of nearly all the buildings analyzed by him according to a small
number of specific types based on what he calls the “Kreistei-
lung,” or polar subdivision of the directing circle, this for cleva-
tions as well as for the horizontal plans, the elements and wholes
of both projections being set for each case on the same diagram,
and linked by chains of proportions which, in the case of Gothic
plans especially, have as “Leitmotiv” the well-known themes of
the Golden Section group. Plate LIX gives the two specific dia-
grams controlling the majority of standard Gothic churches or
cathedrals; they can both be “set” into the fundamental or
Master Diagram (Plate XLIIT) given in Chapter VII.

Plate LX shows, under the very simple plan and elevation of
an Egyptian temple (where the circle of orientation is divided
into 10 parts) a striking confirmation of Professor Moessel’s
“Kreisterlung” theory as given by the facade of the rock tomb of
Mira (the figure is taken from Perrot and Chippiez, the circle
and pentagon placed by Professor Moessel ). We see that Pro-
fessor Moessel’s solutions combine (without any previous knowl-
edge of their theories) the starry diagrams of Lund with Ham-
bidge’s dynamic rectangles, and are also in harmony with the
cryptic allusions in the Bauhiitte documents to the circle and the
pole.

On Plates LXI, LXII and LXIII are shown analyses by
D. Wiener of the scale plans of three Roman buildings: 2 the little
temple of Minerva Medica (so-called temple of Vesta), the
Pantheon, and San-Stefano Rotondo; they illustrate this inter-

1 e Proportion in Antike und Mittelalter.

2The “Kreistelung” theory 1s also confirmed by Vitruvius’ mention of

the classic planning of Greek theatres—3 squares inscribed in the controlling
circle—and Roman theatres—4 equilateral triangles in the circle.
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Prate LIX
Two Gothic Standard Plans (Moessel)
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Prate LX
Egyptian Temple Plan—Rock Tomb at Mira (Moessel)



Prate LXI

Temple of Minerva Medica, Harmonic Analysis (Wiener)
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Prate LXII

Pantheon of Rome,
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Prate LXIII

Analysis (Wiener)
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play of “Kreisteilung” and dynamic rectangles (the temple of
Minerva Medica is divided into 20 segments by 4 pentagons);
the simple “dynamic” subdivisions of San-Stefano and Pantheon
are illustrated on Plate LXIV. Plate LXV shows without any
addition one of the rare Gothic plans in actual existence; it is
the elevation of the Dome of Milan published in 1521 (in his
Como edition of Vitruvius) by Caesar Caesariano, Master Archi-
tect in charge of the Dome. Not only are the directing circle and
its function clearly shown, but in the Latin sentence on top ap-
pears the centre of the circle, also the words symmetria and
eurhythmia (the plan is here guided by a V3 symmetry, as shown
on the condensed diagrams at the bottom of Plate XLVIII?!).

With the first Renaissance, the heretofore jealously concealed
technique of symmetry ceased to be secret; the “Golden Section”
or “Divine Proportion” itself was glorified in Pacioli’s book, and
the “Science of Space” was openly taken up and expounded
(Piero della Francesca, Alberti, Diirer), whilst the revival of
Neo-Platonism (Platonic “Academias” in Florence 2 and Rome)
contributed to popularize the Platonic, symphonic, conception of
Proportion, Rhythm, and Beauty.

We have no space here to examine the role of harmonic com-
position on similar lines manifested in the works of the Renais-
sance painters familiarized with the ideas of Pacioli and Alberti.
The tests of Hambidge and Moessel have equally been applied
here with success; I shall only reproduce in Plate LXVI an analy-
sis by Dr. Funk-Hellet of a Leda by Leonardo (two superimposed
horizontal @ rectangles). But an unexpected result of the coming
into the open of this long-hidden technique of Dynamic Sym-

1 Professor Moessel has observed that: “the specific subdivisions of the
circle and the numerical ratios which are their characteristics appear in the
plane projections of the regular solids inscribed in the sphere, tetrahedron,

octahedron, cube, dodecahedron and icosahedron.” I have illustrated this

important fact in Plates XVI, XVII, XXXVI, and XL (Great Pyramid,
human face, human body).

?The Florentine Platonic Academy was started in 1459 by Cosimo de’
Medici under Marsilio Ficino’s direction.
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Prate LXV

Dome of Mlan, Elevation and Section
(Caesar Caesariano, 1521)



Prate LXVI
Harmonic Analysis of a Renaissance Painting
(Funck-Hellet)



GREEK AND GOTHIC CANONS OF PROPORTION 153

metry was that after hardly a hundred and fifty years its teach-
ings became mechanized into a sterile fixation on the “Orders,”
and a complete misunderstanding of Vitruvius based on the er-
roneous use of static, arithmetic, moduli. The meaning of the
word “symmetry” itself was forgotten and replaced by the mod-
ern one.

It was in France that this academic fossilization developed
its worst symptoms. The role of Geometry, the very concept of
ordered composition, were attacked, and a manifesto of the
a-geometric school was launched by Perrault in the following out-
burst:

“The reasons which make us admire the beautiful works of
art have no other foundation than chance and the workers’
caprice, as these have not looked for reasons to settle the shape
of things, the precision of which is of no importance.”

But Palladio, Christopher Wren,! the Adams brothers and
Gabriel thought otherwise, and so did the very scientific Baroque
architects of Italy, Spain and southern Germany, who incorpo-
rated the ellipse and the logarithmic spiral into the designs of
their “metaphysical theatres.”

Incidentally the “Kreisteilung” theory, the important role of
the circle and the pole in the “Heimlichkeiten” or secret sym-
bolism of the Bauhiitte, in masons’ marks, et cetera, bring also to
mind the part played by the circle in the Greek mysteries.
Although our information about them is very scant, we know (ecf.
Victor Magnien’s book on the subject) that at Eleusis the third
degree of initiation (or holoclere initiation) was also called “The
Mystery of the Circle,” and that a circular figure drawn on the
ground was an element of the ritual.

We need only recall the immense rose, circle filled by the
white army of the blessed, in which, at the end of the “Divine
Comedy,” Dante sees Beatrice take her exalted place and send

1 The Sheldonian Theatre in Oxford shows a ngorous vertical modulation
in the Golden Section proportion. So does Gabriel’s Hotel de Crillon.
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him her last smile; also the circular diagrams, uniting Macro-
cosmos and Microcosmos, of the Twelfth Century mystics Saint
Hildegard ! and Herrade of Landsberg; byt, to come to our times,
we find mentioned, in Dr. Jung’s studies of the graphic symbols
to which the subconscious mind is most responsive, the quasi-
magical relaxing action of certain circular diagrams (‘“‘the magi-
cally working symbol is required, containing that primitive anal-
ogy which speaks to the unconscious in its very own language

. . and whose goal is to unite the singularity of contemporary
consciousness with life’s most ancient past”). Jung calls them
“Mandala-Symbols,” because of their analogy with the Thibetan
circular mandalas. The Buddhist Shingon sect in Japan uses
similar circular abstract patterns as spiritual “resonators,” in
order to advance the progress of meditation.

Dr. Jung reproduces several of these circular symbols in his
commentary to “the Secret of the Golden Flower”; the funda-
mental diagrams of Professor Moessel (Plates XLIII and LIX),
the Great Pyramid diagrams (Plates XVI and XVII), in spite
of their precise geometrical meaning (or perhaps because of it),
would not seem out of place in this collection.

To come back to our subject, we can sum up this chapter in
stating that in all great periods of Western Art the knowledge
and use of Symmetry in its antique meaning have been the main-
spring of “symphonic” composition, and that among the pro-
portions which have in conformity with Thiersch’s Principle of
Analogy produced the recurrency and consonance of similar
shapes (“the reassuring impression given by that which remains
similar to itself in the diversity of evolution,” like the recurrence
of the tonic key in melody) the Golden Section seems to have
been paramount.

We have seen that this was equally true in biology; there
is a Geometry of Art as there is a Geometry of Life, and, as the
Greeks had guessed, they happen to be the same.

1 Scivias et Liver divinorum operum simplicis hominis.



CHAPTER 1IX
Symphonic Composition

WE HAVE MENTIONED that from about the end of the seventeenth
century the knowledge and use of “Dynamic Symmetry,” of
Vitruvian “symmetry” in general, were gradually forgotten, and
that with the brilliant exception of Baroque Architecture and of
a few masters like Robert Adams and Gabriel, a mechanical,
static, conception of design and ornament had dominated West-
ern Architecture and Decorative Art.

With the recent rediscovery by Zeysing, Hambidge and Moes-
sel of the “lost keys,” the importance of planned composition, of
the knowledge of the “Theory of Space,” including the study of
Proportions, has been realized again; if the enemies of geometri-
cal planning still try to hold to some of their positions, they have
had on most of their front to give way to what we may call the
Neo-Pythagorean surge.

The truth is that, whether or not an architect or a painter uses
“Dynamic Symmetry” or another method of coherent “commodu-
lation,” we can safely state that it is anyhow better for him to
know the workings of the first; exactly as between two composers
of atonal music, it will be the one who has studied tonal har-
mony who will, if both are equally gifted, produce the more satis-
factory compositions.

Incidentally, students of harmony will perceive that there is a
more than superficial similarity between the réle of the tonic, or
of the (tonic) major triad, in music, and the réle of the character-
istic ratio, or leading proportion theme, in a “harmonic” spatial
composition.

The Cubist School of painting was itself a natural reaction

155
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to an obvious lack of geometrical feeling and knowledge,
but, unlike Diirer (I reproduce in Plate LXVII two “cubist”
studies, the top one by Diirer, the lower one by his pupil
E. Schon), most of the modern cubists were blissfully ignorant
of the geometry of the regular solids and of the corresponding
interplay of proportions.

From time to time the Golden Section was temporarily redis-
covered by isolated artists or aesthetic “chapels,” Seurat being a
very interesting case in point. That Seurat’s (1859-1891) now
famous canvases (“Dimanche d’été a la Grande Jatte,” “Pa-
rade,” “Le Cirque,” et cetera) owe their quasi-hypnotic charm
and power to a rigorous geometrical technique of composition (he
called it “divisionism’’) rather than to his “pointillist” treatment
of pigments, is generally admitted; I owe to Mr. André Lhote
the confirmation of the fact that the use of the Golden Section
was Seurat’s master trump or trick.

Plates LXVIII, LXIX, and LXX show three of Seurat’s well-
known paintings (Le Pont de Courbevote, Parade and Le Cirque)
with an indication of their main “harmonic” subdivisions. The
proportions of the frame, of the over-all rectangle, are of course
left to chance; Seurat did not know Hambidge’s “Law of the non-
mixing of themes” (already formulated by Alberti), and attacked
every canvas by the Golden Section. It is just by accident that
the over-all rectangle in Le Pont de Courbevoie shows approxi-
mately two vertical juxtaposed @ rectangles, that in Le Cirque it
should be a very near approximation of V@ = 1.273 (here
1,268); but the subdivisions (both horizontal and vertical) in
those three compositions, as in many works of Seurat, are quite
rigorously in the Golden Section theme, as shown on the dia-
grams of Plate LXXI. Plate LXXII shows the probably sub-
conscious but successful use of the Golden Section in a typical
Guardi painting.

As stated in Chapter VIII, the publication of the theories of
Hambidge and Moessel brought forward not only two very inter-



Prate LXVII
Cubist Studies (Diirer and Schon)
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Prate LXVIII

Le Pont de Courbevoie (Seurat), Harmonic Division
(Photograph, Medic1 Society)

Prate LXIX
Parade (Seurat), Harmonic Division



Prate LXX

Le Cirque (Seurat), Harmonic Division
(Photograph, G. Creés, Pans)
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Diagrams for Three Preceding Plates (Seurat)

Prate LXXII

Guard, Lagoon of Venice
(Photograph, Medic1 Society)
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esting archeological hypotheses concerning past canons of pro-
portion, but also quite independently (that is: whether these dia-
grams were or were not those actually used by Greek and Gothic
artists) a very valuable technique, or rather two techniques (they
can be used separately or together) of “harmonic” composition.
The lesson was not lost upon American and European architects
and artists; if in America J. Hambidge’s Dynamic Symmetry
and his rectangles are favoured by architects like Claude Brag-
don, by designers like Albert Southwick, who planned many pieces
of silverware for Tiffany & Co. of New York, and by the teachers
of the New York City School of Arts, in France both systems were
successfully used. While young architects there too were mostly
partial to Hambidge’s rectangles, the eminent Paris silversmith
and sculptor Puyforcat has been using both these and Moessel’s
circular diagrams for his gold and silver ware and his ecclesiastical
chalices (also for some of his statues like the one of Descartes for
the “Maison de France” in The Hague, Plate LXXIII); Plate
LXXIV shows one of his cups with regulating @ rectangle.

As example of the work of a modern painter using rigorous
dynamic symmetry in the composition of his canvases, I repro-
duce in Plate LXXV the crystal-like lilies of D. Wiener, in
Plate LXXVTI their regulating diagram.

Plate LXXVII shows a Golden Rectangle with all its har-
monic lines and focal points, used as regulating lattice by
D. Wiener, to whom I am also indebted for the stimulating
studies of Roman plans on Plates LXI, LXII and LXIII, and the
photographs of star-polyhedra in Chapter III.

In architecture, the growing part played by the engineer,
especially in industrial buildings, was another reason for the rein-
troduction of geometry in planning; to this was added, at the
psychological moment, the purifying, blasting influence of Le Cor-
busier. I will here take the liberty of quoting a page out of an
article of mine in the review “Horizon” (Frozen Music, Septem-
ber 1943):



Prate LXXIII
Statue of Descartes (J. Puiforcat)
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Regulating Diagram of Cup (J. Puiforcat)
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Lihes (D. Wiener)
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Diagram for Lilies (D. Wiener)
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The @ Rectangle (D. Wiener)
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“Whilst the mathematical laws governing living shapes and
living growth were thus shown to fit in curiously with the
theories and patterns of Greek and Gothic Aesthetics, dis-
covered by the archeological line of investigation, still a
third school of thought and research contributed to the
revival of mathematical Aesthetics. This was a conse-
quence of the reaction against the sterility of nineteenth-
century architecture with (on the Continent especially) its
blind copying and mixing of Renaissance or Louis XVI
clichés, reaction which found its strongest expression in
Le Corbusier’s lashing statements.! The battle-cry of this
new ‘functionalist’ school is Le Corbusier’s untranslatable:
‘la maison est une machine A habiter,’” the argument, Sulli-
van’s ‘Form follows Function,” the justification and pro-

gramme, Sir Walter Armstrong’s ‘Beauty is Fitness ex-
pressed.” ”

The result of the functionalist attitude was to bring back to
architecture not only the “Theory of Space,” the science of pure
volume, but also the science of stresses; engineer and architect
joined hands,? growth in animals and plants was shown to fit in
with that of human constructions; shyly at first, artists began to
admit that in some productions of this collaboration, American
silos and factories, could be found the abstract beauty of Byzan-

! Vers une Architecture, etcetera. “L’architecture n'a rien & voir avec les
styles.”—‘“Les architectes de ce temps, perdus dans les ‘“pochés” stériles de
leurs plans, les rinceauz, les puastres ou les faitages de plomb, n'ont pas
acquis la conception des volumes primares On ne leur a jamais appns cela
a U'Ecole des Beauz-Arts"”

“Les architectes ont aujourd’hui peur de la géométrie des surfaces. L'archi-
tecture est le jeu savant, correct et magnifique des volumes assemblés sous la
lumiére.”

2 To quote again Le Corbusier: “L’ingénieur, inspiré par la loi d’économie
et conduit par le calcul, nous met en accord avec les lows de I'Univers.” “Assu-
jettis auzx strictes obligations d'un programme impératif, les ingénieurs em-
ploient les génératrices et les accusatrices des formes. Ils créent des faits
plastiques limpides et impressionants” (Vers une Architecture).
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tine or Romanesque volumes, that the Golden Gate Bridges could
give the same aesthetic impression of superbly balanced stresses
as a Gothic cathedral.,

The architect must, of course, retain the supreme control,
impart to his creation the organic unity * without which it cannot
be considered as a work of art. Le Corbusier himself found that
the functionalist conditions allow the architect a certain freedom
in the disposition of his structural elements, and rediscovered the
eternal value of proportion, of the interplay of proportions, within
an organic design. He rediscovered also the usefulness of the
golden section as a “regulating theme,” as shown in his plan for
the projected “Mundaneum” (World Centre of Studies and Ar-
tistic and Scientific Co-ordination in Geneva) and for his villa at
Garches.

Plate LXXVIII reproduces the plan of Le Corbusier and
Jeanneret for the “Mundaneum”; it is a @ rectangle treated in
the Hambidge manner.

Amongst the architects working and teaching in conformity
with the principles of “Dynamic Symmetry,” I will also quote
Mr. Ch. Hauptli, Professor of Architecture at the Bienne (Biel)
Polytechnic School, in Switzerland. Plate LXXIX reproduces a
fagade in “Golden Section” proportions by one of his pupils.

Plate LXXX shows the “regulating diagram” of the fagade of
Tiffany’s Paris branch; it was designed by Mr. A. Southwick ac-
cording to dynamic symmetry, and is formed of four vertical @?
rectangles. All the details (including the lettering) of this facade.
as also of the showroom inside, are “modulated” according to the
@ theme.

The afore-sketched rediscovery of Neo-Pythagorean Aes-
thetics did coincide with a startling resurrection of scientific
Pythagoreanism (to quote Bertrand Russell: “Perhaps the oddest
thing about Modern Science is its return to Pythagoreanism.”)

1"“Art is the power of creating organisms, out of stone, clay, colours,
tones, words.” (Schumacher, Handbuch der Architektur.)
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Plato and the Neo-Pythagoreans had clearly stated that structure
and number are the only things which count in our perception—
or rather, reconstruction—of the external world. And modern
science, with its quest for “invariants” and group-structure, has
arrived at the same conclusion, via Einstein, Eddington and
Jeans.!

In the remarkable book published by Dr. Martin Johnson
with the suggestive title: Art and Scientific Thought, I find the
following lucid presentation of the affinity between the point of
view of the scientist and that of the artist:

“. ... The work of scientist and artist alike is the presenta-
tion of Form, Pattern, Structure, in material or in mental images.
For the work of either to fulfil its end it must be communicable:
the hearer, reader or beholder of the work of art must in the end
find coherence and feeling from the images aroused in his own
mind, and the verifier of the scientific theory must be able to
reproduce in his own mathematics and experiments the meas-
urable facts communicated.”

Coherence of course is here the important word, but whilst in
art coherence has a more elastic meaning than in logic or science,
it is in the visual arts produced by “symmetry,” deriving from a
key proportion, in music by the harmonic perspective derived
from the tonic and the related triads. Incidentally, Dr. Martin
Johnson devotes an essay to the singular case of Leonardo da
Vinei, uniting the vision of the artist with the experimental curi-
osity (these are sometimes fused) and the causal rigour of the
scientist.

In the case of art, visual or temporal, modulation is the way
to organize the created work of art harmoniously, in conformity
with the Principle of Analogy quoted in Chapter VII, so as to

1 “Thought, taken in its most general meaning to contain Art, Philosophy,
Religion, Science, taken themselves in their most general acceptation, is the
quest of invariance in a fluctuating world.” (C. J. Keyser). And Eddington:

“All that Physics discloses to us 1n the external world is a structure in con-
formity with the Theory of Groups (Group-Structure).”
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suggest “the reassuring impression given by that which remains
similar to itself in the diversity of evolution.”

The Principle of Analogy was indeed the main instrument in
this quest for permanent structure, for the main “Invariants,”
an instrument common to Art and Science; analogia itself, the
geometric proportion (A is to B as C is to D), was the capital tool
of Euclidian Mathematics. And the master minds in our Western
Civilization have been, since Plato, the ones who have perceived
the analogies, the permanent similarities, between things, struc-
tures, images. If analogy is found at the base of Dynamic Sym-
metry, Eurhythmy and modulation, in the arts of space as well
as in musical harmony, it also dominates literature, metaphor
being only a condensed and unexpected analogy; to quote
Aristotle:

“But the greatest thing of all is to be a master of the meta-
phor. It is the only thing which cannot be taught by others; and
it is also a sign of original genius, because a good metaphor
implies the intuitive perception of similarity in dissimilar things.”

This “intuitive perception of similarity” was the source of
Shakespeare’s metaphors, of Francis Bacon’s and Leonardo’s!®
insight into the Laws of Nature.

Structure, Pattern, on one side, Metaphor on the other, may
lead to Symbol, explicit or veiled, as we have seen in noticing the
connection (the “analogies” in fact) between regulating diagrams

and Mandalas, acting on the conscious or the subconscious plane,
or on both.

1 The writer of Shakespeare’s plays, verily the “King of Metaphor,” and
Francis Bacon may be identical; the arguments of the Baconian theory are
extremely interesting.

About Leonardo’s analogical vision I will quote here a remarkable sen-
tence out of his note-books, also commented upon by Dr. Martin Johnson:

“O marvellous Necessity, who with supreme reason constrainest all
effects to be the direct result of their causes, and by a supreme and irrevoca-
ble law every natural action obeys thee by the straightest possible process.”

We find here not only the Principle of Causality, but, connected to 1t, the
first formulation of the Principle of Least Action, which, as we have seen in
Chapter V, is the Master Law dominating all processes in inorganic systems.
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Concerning the question whether, at least in the realms of
architecture and decorative art, planning should be conscious or
subconscious, we have made clear our conviction that the “sym-
phonic,” organized planning which, through all the great periods
of European Art, was its characteristic feature, was without any
doubt conscious.

Inspiration, even passion, is indeed necessary for creative art,
but the knowledge of the Science of Space, of the Theory of Pro-
portions, far from narrowing the creative power of the artist,
opens for him an infinite variety of choices within the realm of
symphonic composition.

As Claude Bragdon said:

“A work of architecture may be significant, organic, dramatic,
but it will fail to be a work of art unless it be also schematic. It
means (this word) a systematic disposition of parts according to
some co-ordinating principle.”

Or, to express this point of view in the very terms in which
the Gothic Master Builder Jean Vignot put it in 1392 before the
City Fathers of Milan when asked for his expert advice about
the continuation of the work on the famous marble Dome:

“Ars Sine Scientia Nihil”






